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ERROR ANALYSIS OF AN ADI SPLITTING SCHEME FOR
THE INHOMOGENOUS MAXWELL EQUATIONS

JOHANNES EILINGHOFF AND ROLAND SCHNAUBELT

ABSTRACT. In this paper we investigate an alternating direction implicit
(ADI) time integration scheme for the Maxwell equations with sources, cur-
rents and conductivity. We show its stability and efficiency. The main
results establish that the scheme converges in a space similar to H ' with
order two to the solution of the Maxwell system. Moreover, the divergence
conditions in the system are preserved in H ' with order one.

1. INTRODUCTION

The Maxwell equations are the foundation of the electro-magnetic theory
and one of the basic PDEs in physics. They form a large coupled system of six
time-depending scalar equations in three space dimensions and thus pose consid-
erable difficulties to the numerical treatment already in the linear case. Explicit
methods like finite differences on the Yee grid [25] are efficient, but to avoid in-
stabilities one is restricted to small time step sizes, cf. [24]. On the other hand,
stable implicit methods for time integration can lead to very large linear systems
to be solved in every time step. Around the year 2000 the very efficient and un-
conditionally stable alternating direction implicit (ADI) scheme was introduced
in [20] and [26] for problems on a cuboid with isotropic material laws. In this
scheme one splits the curl operator into the partial derivatives with a plus and a
minus sign, see (1.4), and then applies the implicit-explicit Peaceman-Rachford
method to the two subsystems, cf. (1.5). In [20] and [26] it was observed that
the resulting implicit steps essentially decouple into one-dimensional problems
which makes the algorithm very fast, see also Proposition 4.6 of [13] as well as
(4.3) and (4.4) below. There are energy-conserving variants of the ADI splitting,
see e.g. [4], [5], [11], [18], not discussed here. We refer to [13], [14] and [15] for
further references about the numerical treatment of the Maxwell system.

Despite its importance, there exists very little rigorous error analysis of the
ADI scheme in the literature, and the available results only cover systems with-
out resistancy, currents and charges. For a variant of the scheme, in [5] error
estimates have been shown for solutions in C, see also [4] and [11] for two space
dimensions. The paper [13] (co-authored by one of the present authors) estab-
lishes second order convergence in L? for the Maxwell system on a cuboid with
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the boundary conditions of a perfect conductor. Here the initial data belong to
H? and satisfy appropriate compatibility conditions, whereas the coefficients are
contained in W23 N W1, We stress that the scheme is of second order classi-
cally and that the needed degree of regularity in [13] is natural for a splitting in
the highest derivatives. As in our paper, the results of [13] are concerned with
the time integration on the PDE level and do not treat the space discretization.
Based on these and our investigations, we expect that one can develop an error
analysis for the full discretization in the future, cf. [14] and [15].

In this work we study the complete Maxwell system with conductivity, cur-
rents and charges for Lipschitz coefficients and data in H2. Compared to [13],
we thus have to modify both the scheme and the functional analytic setting for
the Maxwell equations, see (1.4), (1.5) and (2.4). We establish the stability of
the scheme in L? and H!, and that it converges of second order in H~!, roughly
speaking, which is the natural level of regularity for our data. Moreover, the
scheme preserves the divergence conditions (1.1c) and (1.2) of the Maxwell sys-
tem in H~! up to order 7. To our knowledge, such preservation results have
only be shown for C%-solutions in the case without charges and in two space
dimensions for a related scheme in [4], see also |5] for three space dimensions.

We want to approximate the electric and magnetic fields E(t,z) € R? and
H(t,r) € R3 satisfying the Maxwell equations

OE(t) = écurlH(t) _ é(aE(t) LI@) mQ t>0, (1.1a)
OH(t) = —; curl E(1) inQ t>0, (1.1b)
div(eE(t)) = p(1), div(pH(t)) =0 in@, t>0, (1.1c)
E(t) xv =0, pH(t) - v =0 on 0Q, t >0, (1.1d)
E(0) =B,  H(0) = Hy in Q, (1.1¢)

on the cuboid @, where v(x) is the outer unit normal at © € 9Q). Here the initial
fields in (1.1e), the current density J(t,z) € R3, the permittivity e(x) > 0, the
permeability pu(x) > 0 and the conductivity o(z) > 0 are given for € G and
t > 0. We treat the conditions (1.1d) of a perfectly conducting boundary. As
noted in Proposition 2.3, the charge density p(¢,2) € R depends on the data
and (if o # 0) on the solution via

p(t) = div(¢E(t)) = div(¢Eg) — /Ot div(cE(s) + J(s)) ds, t>0. (1.2

Throughout, we assume that the material coefficients satisfy
e, w0 € WH(Q,R), g, > 06 for a constant § > 0, o>0. (1.3

For the initial fields and the current density we require regularity of second order
and certain compatibility conditions in our theorems.

In Section 2 we present the solution theory for (1.1). In presence of con-
ductivity, currents and charges, one has to work in the space Xg;, of fields in
L? satisfying the magnetic conditions uH - v = 0 and div(zH) = 0 from (1.1)
as well as the regularity div(¢E) € L?(Q) of the charges, see (2.4). The last
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condition also enters in the norm of Xg;,. (If o, J and p vanish, it is replaced
by the equation div(¢E) = 0, see e.g. [13]|.) The electric boundary condition is
included in the domain of the Maxwell operator M from (2.3) governing (1.1a)
and (1.1b). It is crucial for our analysis that the domain of the part of M in
Xgiv embeds into H'(Q)", see Proposition 2.2.

In the ADI method one splits curl = C; — Cy and M = A+ B, where we put

1 1
—er o S e |
A= (125 € ) and B = ( e € ) with
=9 0 —;C’l 0

o

0 0 0 0 05 0 (1.4)
Cl = 83 0 0 and CQ = 0 0 81

0 9, 0 9 0 0

The domains of the split operators A and B are described after (3.1). Let 7 > 0
and t, :=n7 < T for n € N. The n-th step of the scheme is given by

a1 = (= 5B)" (I + 5A4)[(I = A1 + ZB)wn — £(I(tn) + T, o>]).

1.5
Here we modify an approach developed in [22| for a different situation. Note
that the conductivity ¢ is included into in the maps A and B, whereas the
current density J is added to the scheme.

In Section 3 we analyze the operators A and B and their adjoints, showing in
particular that they generate contraction semigroups (possibly up to a shift). In
L?(Q)® we can proceed as in [13], but we also have to work in the closed subspace
Y of H'(Q)% equipped with the boundary conditions in (1.1d), which leads to
substantial new difficulties. Proposition 3.6 then yields the main estimates
needed for the error analysis of (1.5). We point out that the domains of the
parts Ay and By of A and B in Y provide a very convenient framework for the
analysis of the ADI scheme, see Sections 4 and 6. In Section 4 we explain the
efficiency of the scheme. Based on the results of Section 3, its stability in L? and
H' is shown in Theorem 4.2. These estimates should lead to its unconditional
stability independent of the mesh size of a spatial discretization. Moreover, if
o, J and p vanish, we obtain a modified energy equality for the scheme.

Our main results are proved in the final two sections. By Theorem 5.1, the
error of the scheme is bounded in Y* by ¢(1 + T)%e*T'72 times certain second
order norms of Eg, Hy and J, where ¢ and « only depend on the quantities
in (1.3). To show this core fact, we adopt arguments from [12] and [22] to
derive the (rather lengthy) error formula (5.6). It is formulated in a weak
sense with test functions in Y which allows us to work in the present degree of
regularity of the data. To estimate the error, one then uses the above mentioned
Propositions 2.2 and 3.6. In the final Theorem 6.1 we prove a similar first order
bound in H~! for the error concerning the discrete analogues of the divergence
conditions div(uH) = 0 and (1.2). Besides Proposition 3.6, this proof is based
on the surprisingly simple exact formula (6.3) for this error, which follows from
the structural properties of the scheme.

Concluding, we discuss possible extensions of our work. For data in H? one
can establish variants of Theorems 5.1 and 6.1 for the L?> norms of the errors.
For these results one has to develop a rather intricate regularity theory in H?
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for the Maxwell equation and for the split operators A and B. See [8] and
our companion paper [9], where one can also find numerical experiments. The
scheme loses its efficiency for non-isotropic (or nonlinear) material laws so that it
does not make sense to study matrix-valued coefficients ¢, , or o. On the other
hand, numerically one could implement the scheme also on a union of cuboids
(e.g., an L-shaped domain). Since such domains are not convex anymore, the
domain of the Maxwell operator only embeds into H*(Q) for some a € (1/2,1),
see e.g. 3], which should lead to reduced convergence orders. Further technical
difficulties arise since some of the arguments in Section 3 heavily depend on the
structure of a cuboid. These questions shall be investigated in a later paper.
In [14] and [15], an error analysis was given for the full discretization of the
Maxwell system (with o = 0), using the discontinuous Galerkian method and a
locally implicit time integration scheme. We expect that one can treat the full
discretization for the ADI scheme combining methods in these and our papers.

2. BASIC RESULTS ON THE MAXWELL SYSTEM

We first collect notation and basic results used throughout this paper. By ¢
we denote a generic constant which may depend only on ) and on the constants
from (1.3); i.e., on 4, ||lg]|lywi.00, |||yt OF ||o|lypr1,00. We write I for the identity
operator and v - w for the Euclidean inner product in R™.

Let X and Y be Banach spaces. On the intersection X N'Y we use the norm
llz|lx +||z|ly- The symbol ¥ < X means that Y is continuously embedded into
X, and X 2 Y that they are isomorphic. The duality pairing between X and
its dual X* is denoted by (z*, ) y. x or by (z,2%) x x. for z € X and 2" € X™;
and the scalar product by (- | -)x if X is a Hilbert space. In the latter case, a
dense embedding Y < X implies that X — Y* where x € X = X* actson Y
via (z,y)y«y = (x| y)x fory € Y — X.

Let B(X,Y) be the space of bounded linear operators from X to Y, and
B(X) = B(X,X). The domain D(L) of a linear operator L is always equipped
with the graph norm || - || of L. If Y < X the part Ly of L in Y is given by
D(Ly)={yeYND(L)| Ly € Y} and Lyy = Ly. For two operators L and G
in X, the product LG is defined on D(LG) = {z € D(G) |Gz € D(L)}.

Let A belong to the resolvent set of a closed operator L in X. We occasion-
ally need the extrapolation space X_1 = X%, of L; i.e., the completion of X
with respect to the norm given by ||z||_; = |[(A\ — L)"'z|x. One then has a
continuous extension L_1 : X — X_1 whose resolvent operators extend those
of L. If L generates a Cy—semigroup 7'(-) on X, then L_; is the generator of
the semigroup 7_;(-) of extensions to X_j. This procedure can be iterated,
providing L_9 : X_1 — X _o. If X is reflexive, then Xfl can be identified with
the dual space of D(L*). See Section V.1.3 in [2] or Section II.5a in [10].

We use the standard Sobolev spaces W*P(Q) for k € Ny, p € [1,00] and
open subsets Q C R™, where WP(Q) = LP(Q). For s € (0,00) \ N we define
the Slobodeckij spaces W*P () by real interpolation, see Section 7.57 in [1] or
[19]. Moreover, we set W~5P(Q) = Wos’p’(Q)* for s > 0 and p € (1,00), where
p' = p/(p—1) and the subscript 0 denotes the closure of test functions in the
respective norm. We are mostly interested in the case H*(Q) := W*2(Q).

4



In this paper we work on the cuboid @ = (ay,a]) x (a3 ,a3) x (a3 ,a3) C R?
with (Lipschitz) boundary I' = 9Q). For |s| < 1 we use the spaces H*(I") at the
boundary, see Section 2.5 of [21]. We write

- ) + -
I ={zrecQlzj=a;} and T;=T;UTl],
for j € {1,2,3} and dg for the smallest side length of Q.

Our analysis of the Maxwell system takes place in the space X = L?(Q)% with
the weighted inner product

((w,0) | (o)) = /Q (cu-+ o) de

for (u,v), (¢,v) € X. The square of the induced norm ||-||  is twice the physical
energy of the fields (E, H), and because of (1.3) it is equivalent to the usual
L? norm. We further use the Hilbert spaces

H(eurl,Q) = {u € L*(Q)® | curlu € L2(Q)*},  |Jul*yy = llull?2 + [Jcurlul?5

H(div,Q) = {u € L*Q)° | divu € LX(@Q)},  |[ullfy = lulf2 + [divul|Z. .

Theorems 1 and 2 in Section IX.A.1.2 of [6] provide the following facts. The
space of restrictions to @ of test functions on R? is dense in H(curl, Q) and
H(div, Q). The tangential trace u — u x v|r on C(Q)* N H'(Q)? has a unique
continuous extension tr; : H(curl, Q) — H~Y2(T)3, and Hy(curl,Q) is the
kernel of tr; in H(curl, Q). We also have the integration by parts formula

/ curlu - vdx = / u-curlvdr — (tre w, v) go172(Qys x 1/2(Q)e (2.1)
Q Q

for all w € H(curl,Q) and v € H*(Q)3. Similarly, the normal trace u
(u-v)|r on C(Q)3*NHY(Q)? has a unique continuous extension tr,, : H(div, Q) —
H~Y2(I'). Moreover, Section 2.4 and 2.5 of [21] provide the continuous and
surjective trace operator tr : H(Q) — H'Y?(T'), which is the extension of the
map f — f|r defined on C(Q) N H(Q). Its kernel is the space H(Q).

We also have to deal with cases of partial regularity. For instance, take a
function f € L?(Q) with 91 f € L*(Q). We set Q1 = (ay,a3) x (a3,ad). A
representative of f belongs to H'((ay,a]),L?(Q1)), and thus possesses traces
to the rectangles Ff = {af} X Q1 whose norms in L2(F{E) are bounded by
c(I fllz2(@) + 101fllz2(@))- In this way, we obtain trace operators tI'F;t and

trr, for j € {1,2,3}. They coincide in LQ(FJ-i), respectively L?(T';), with the
respective restrictions of tr f if f € H'(Q). We usually write u; = 0 on I'y

instead of trp,(u1) = 0, and so on. The following lemma will often be used to
check boundary conditions.

Lemma 2.1. For some j,k € {1,2,3} with k # j, let f € L?(Q) satisfy
0;f,01f,0;1f € L*(Q) and f =0 on T'j. We then have dyf =0 on T;.

Proof. We only consider I', j = 1, and k = 2 since the other cases are

treated analogously. By the above observations, for a.e. (z2,x3) € @1 the

map f(-,r2,73) is contained in H'(a,a]), and we have f(x1,x2,73) =
5



fff O1Lf(t, x2,23)dt. Similarly, diof(x1,-,-) is an element of L2(Qy) for a.e.
1

71 € (a7, a]). Using the definition of weak derivatives, one checks that

Oaf(x) = /xl Oraf(t, zo,x3)dt for a.e. z € Q. (2.2)

1
For each integer n > dél, there is a smooth cut-off function x,, on [a],a]]

such that x,, takes values in [0, 1], vanishes on J,, = [a],a; + 1/(2n)], is equal
to 1 on [a] + 1/n,af], and |x}| is bounded by cn. We then define f,(x) =
Xn(z1)f(z) for € Q. By dominated convergence, the functions da f, = xn0af
converge to da f in L2(Q) as n — oco. In the derivative O12fn = X502f + XnO12f,
the second summand tends to d12f in L?(Q) again by Lebesgue’s theorem. Let
Sy, be the support of x,,. Using formula (2.2) and Hélder’s inequality, we deduce

HXn82fHL2 / / n? 9o f (21, 2, 73)* d(22,23) day

< n sup / 100 f (01, 29, 3)? (a2, 3)

r1E€Sy

sup/ / |812ftx2,1:3)| d(ze, z3) dt

r1E€SH

) ay +1/n )
=C /_ / |812f(t,$2,$3)| d(CL‘Q,CL‘g) dt — 0
1

as n — 0o. The functions daf, thus tend to dof in H'((ay ,al) L?(Q1)) so

that trp— (Dafn) = 0 converges to the trace of dof in L*(T7). O
On X we define the Maxwell operator
-2 L curl
M = (—12111“1 “ 0 ) , D(M) = Hy(curl, Q) x H(curl, Q). (2.3)
m

This domain includes the electric boundary condition. To encode the magnetic
boundary and divergence conditions in (1.1) and the regularity of the charge
density p = div(eu), we introduce the subspace

Xaiv := {(u,v) € X | div(puw) = 0, tr,(uv) =0, div(eu) € L*(Q)}
= {(u,v) € X | div(uv) =0, tr,v=0, divu € L*(Q)}. (2.4)
The above constraints are understood in H~(Q), respectively H~'/2(T"). The
second equation in (2.4) follows from (1.3) by Remark 3.3 in [13] and because
of div(eu) = Ve - u + edivu. In the same way one sees that divv belongs to
L?*(Q) if (u,v) € Xgiv. Equipped with the norm given by
1w, 0) 1, = s 0) 5 + lldiv(ew)[7z
Xgiv is a Hilbert space since the maps div : L?(Q)? — HYQ) and tr, :
H(div, Q) — H~'/2(I) are continuous.
The part of M in Xg;, is denoted by My;,. We actually have
D(Mglv) = D(Mk) N Xaiv (25)
6



for k € N. To show this claim, let (u,v) € D(M)NXaiy. As in Proposition 3.5 of
[13] (for the case o = 0) one infers that M (u, v) satisfies the magnetic conditions
in Xg4iy. Moreover, according to assumption (1.3) the function

—div(e(M(u,v))1) = div(ou) = V(oe ™) eu + oe~* div(eu)
belongs to L?(Q), and thus M (u,v) to Xgj,. Hence, (u,v) is contained in
D(Maiy), and (2.5) is shown for £ = 1. By induction, (2.5) follows for all £ € N.
The spaces H(curl, Q) and H(div,Q) contain rather irregular L?-functions,
e.g. from the kernels of curl and div. Nevertheless, their intersection embeds

into H(Q)? if one assumes that either the tangential or the normal trace is 0.
See Theorem 2.17 in [3], for instance.

Proposition 2.2. The domain D(Mgs,) is continuously embedded into H'(Q)S,
where the embedding constant only depends on the constants in (1.3). Moreover,
in the sense of the traces trr; the fields (E, H) € D(Maiy) satisfy

E2:E3:0, H1:0 OTlFl,
E1=E3=0, H2=0 077,F2,
Ei=E,=0, Hy=0  onTs.

Proof. Let w = (E,H) € D(Mgiy). The functions curlH = —u(Mw), and
curl E = ¢(Mw); + oE then belong to L?(Q)3. As noted above, also divE
and divH are contained in L?(Q). The asserted embedding then follows from
Theorem 2.17 of [3]. We thus obtain try E = v x tr E and tr, H = v - tr H which
yields the second assertion. O

We collect the main properties of the Maxwell operators and solve (1.1). Some
of these results are contained in Section XVIL.B.4 in [7], for instance. Actually,
the proposition is true on any Lipschitz domain ) with the same proof.

Proposition 2.3. Let (1.3) hold. Then the following assertions are true.

a) The operators M and My, generate Co—semigroups (e"M)i>q on X and
(e thiV)t>0 on Xgiv, respectively. Moreover, etMaiv js the restriction of etM o
Xaiy, and we have ||| x <1 and ”eth‘VHde <c(l+4t) forallt > 0.

b) Let wo = (Eo, Hy) belong to D(Mygiy) and (J,0) to C([0,00), D(Maiy))+
CL([0,00), Xqiv). There exists a unique solution w = (E,H) of (1.1) in
Cl([o’ OO), Xdiv) N C([Oa OO), D(Mdiv)) given by

t
(E(t), H(t)) = "M (Ey, Hy) — /0 ell=IMa (Ly(5),0)ds  (2.6)
fort > 0. The charge density in (1.1c) is contained in L*(Q) and satisfies

o(t) = div(=E(#)) = div(eEy) — /O div(c E(s) + J(s)) ds (2.7)

t
— o~ div(e By) — / eHI(V(2) - eB(s) + div J(s) ) ds, 20,
0

¢) Let wyg € D(M2,) and (J,0) € W2L([0,T), Xaiy) NC([0,T], D(May)) =: E
for some T > 0. Then w belongs to C%([0,T], Xqiv) N CL([0,T], D(Mgiy)) N
C([0,T), D(MZ,)) with norm bounded by c(1 +T)(||w0||D(M2 + 1(J,0)||&).
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d) The adjoint of M in X is given by D(M*) = D(M) and

M 1—%[ —%curl
Ecurl 0 ’

Proof. 1) If o = 0, for instance Proposition 3.5 of [13] shows that M generates
a contraction semigroup on X. Using the dissipative perturbation theorem, see
Theorem II1.2.7 in [10], one can extend this result to the case o > 0. In the
same way one shows that the operator matrix in d) with domain D(M) is a
generator. Because of (2.1) it is a restriction of M*, cf. Proposition 3.5 of [13].
So assertion d) has been shown.

2) We observe that the inhomogeneity (%J ,0) satisfies the same assumptions
as (J,0) in part b), respectively c), see (2.3)—(2.5). Let the conditions of b)
be true. Corollaries 4.2.5 and 4.2.6 of [23] then provide a unique solution
w = (E,H) in C([0,00),X) N C([0,0), D(M)) of (1.1a) and (1.1b) which
also satisfies the electric boundary condition and the initial conditions. It is
given by Duhamel’s formula (2.6) with M instead of Mgy .

In view of the magnetic conditions in (1.1c) and (1.1d), we introduce the
closed subspace Xae = {(u,v) € X | div(uv) = 0, tr,(uv) = 0} of X. As in
Proposition 3.5 of [13], one sees that M maps D(M) into Xyae. Hence, the
resolvent (A\J — M)~ for A > 0 leaves invariant Xyag. The same is true for the
operator ' since it is the strong limit of (%(2I — A)™™)" in X for ¢ > 0, see
Corollary II1.5.5 of [10]. Due to Duhamel’s formula, the solution w then takes
values in Xpag and thus solves (1.1).

Equation (1.1a) implies that d; div(eE(t)) = —div(cE(t) + J(¢)) in H~1(Q)
for ¢ > 0, whence the first part of (2.7) follows. Writing o = Z¢, we infer

Oy div(eE(t)) = =2 div(eE(t)) — V(2)eE(t) — div J(t),
3 (e=" div(¢E(t)) = —e2!(V(2)eE(t) + div J(t))

in H=1(Q). This formula leads to the second part of (2.7), and b) is established.
3) For the remaining assertions in a), we take J = 0. Since '™ is a contraction
in X, we have ||lw(t)||x < ||lwo||x. From (2.7) we then deduce the bound

[div(eE®))[l 12y < div(eEo)lL2(q) + ct [|(Eo, Ho)l x

and that div(eE(t)) tends to div(¢Eq) in L?(Q) as t — 0. Thus, '™ possesses
a restriction e"™div to Xg;y, which forms a Cy-semigroup there and is bounded
by ¢(1 +t). By Paragraph I11.2.3 of [10] it is generated by Myg;y.

4) Under the assumptions of part c), we can differentiate (2.6) in Xgj, twice
in ¢ (after the substitution » =t — s.) Hence, w belongs to C%([0, T, Xqiv) and

w” —w' = (Mg, — Hw' — 1(3',0).

Inverting Mg;, — I, we thus obtain w € C*([0, 7], D(Mgiy)). Similarly, the equa-

tion w’ = Mgiyw—1(J,0) then implies that w is contained in C([0, T, D(M3,,)).

These arguments also yield the asserted bound in c). t
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3. THE SPLIT OPERATORS

We now analyze the operators

_o 1 _o _1
A= (125,2 Egl> and B = (—ECl 5002> with

I I

0 0 & 0 8 0 (3.1)
Cl = 83 0 0 and CQ = 0 0 61 s

0 01 O d, 0 0

which are the main ingredients of our splitting algorithm. These operators are
endowed with the domains

D(A) ={(u,v) € X | (Cv,Cou) € X, trpyu; =0, trryug =0, trp, uz =0},
D(B) ={(u,v) € X | (Cov,Ciu) € X, trryu; =0, trp, ug =0, trr,us =0}.
Each domain contains one half of the electric boundary conditions in D (Mg ),

see Proposition 2.2. These traces exist since they fit to the partial derivatives
in Cou for A and in Chiu for B. Observe that A and B map into X

D(A)ND(B)— D(M) and M =A+B on D(A)ND(B).

However, neither the divergence conditions nor the magnetic boundary condition
for the magnetic field are included in D(A) or D(B). We further write

Ag=A+ <261 8) and  By= DB+ (26] 8) (3.2)

with D(Ag) = D(A) and D(By) = D(B) for the parts without conductivity. As
in Section 4.3 in [13], one shows the following basic integration by parts formula.
Let u, ¢ € L?(Q)? satisfy C1p € L*(Q)?, Cou € L?(Q)3, and

trp, ug - trey o1 = 0, trr, us - trr, w2 =0, trr, w1 - trr, 93 = 0.
(For instance, take (u, ) € D(A) or (¢,u) € D(B).) We then have
(Cou | @)p2 = (u| =Crp) 2. (3.3)

In our splitting algorithm (4.1) we use resolvents and Cayley transforms of A
and B, and those of A* and B* enter in the error analysis. Their properties are
stated in the next proposition. Let L be a closed operator on a Banach space
such that L — kI generates a contraction semigroup for some x > 0. Then the
Cayley transform

(L) = (I +7L)(I —7L)™* (3.4)
exists for all 7 € (0,1/k). Observe that (I —7L)™! =77 1(+=11 — L)~L.

Proposition 3.1. ) In X we have D(A*) = D(A}) = D(A) and D(B') =
D(B) = D(B), as well as Aj = —Ao, B = — By,

—_o7 1o —o7 1o
* € el * 2e 2
A_<_u02 0 > and B-(icl 0).
It follows M* = A* + B* on D(A*) N D(B*) — D(M*) = D(M).

b) The operators A, B, A* and B* generate Cy-semigroups of contractions on
X. As a result, the resolvents (I — L)™' and the Cayley transforms v, (L) are
contractive for all L € {A, B, A*, B*} and 7 > 0. Moreover, D(Mgiy) — D(L).

9



Proof. Lemma 4.3 of [13] says that Ag and By are skew-adjoint on X, and hence
generate a contraction semigroup. This property is inherited by A and B due to
(3.2) and the dissipative perturbation Theorem II1.2.7 in [10]. In the same way
one shows the generator property of the operator matrices defined in part a) on
the domains D(A) and D(B), respectively. As in Lemma 4.3 of [13], equation
(3.3) implies that these operator matrices are restrictions of A* and B*. They
are thus equal to these operators, respectively, since the right half plane belongs
to all resolvent sets. The other assertions in b) then easily follow, using also
Proposition 2.2. ]

For our error analysis we need the restrictions of the above operators to the
subspace of H! given by

YV i={(u,v) € H(Q)® |uj =00on T\ T, v; =0on Ty forall j € {1,2,3}}.
We use on Y the weighted inner product

3 3
() | (p,0))y = /Q(eu-¢+uv-¢+eZaju.aj¢+MZajv 0) d
j=1 j=1

with the induced norm ||-||y. Due to (1.3), this norm is equivalent to the usual
norm on H'. The continuity of the traces implies that Y is a closed subspace
of H(Q)®. We very often use that maps like (u,v) + (eu, uv) leave invariant
Y because of (1.3). Our definitions yield the embedding

Y < D(A)NDB)NDA")ND(B*)ND(M)ND(M*). (3.5)
We denote by Ay, By, (A*)y, and (B*)y the parts of A, B, A*, and B* in Y,

respectively. Their domains are described in the next lemma.
Lemma 3.2. a) We have
D(Ay) =D((A%)y) = {(u,v) €Y | (C1v,Cou) € Y}
={(u,v) € H(Q)® |u; =0 on T\ Ty, v; =0 onT; for j € {1,2,3},
Oaut, O3uz, B1usz, B3vr, D1va, Dovg € H'(Q),
O3v1 =0 on T3, O1vg =0 onTy, Ovs =0 on T},
D(By) = D((B")y) = {(u,v) € Y | (Cov,Ciu) € Y}
= {(u,v) € HY(Q)® |u; =0 on T\ T}, v; =0 on T for j € {1,2,3},
O3u1, Orug, Dyuz, Dyv1, B3va, O1vs € HH(Q),
Oov; =0 on Te, O3v9 =0 onT's, O1v3 =0 onT'1}.
b) Let (u,v),(i,0) €Y and Cyu, Crv,C1a, Cot € HY(Q)3. Then

O3uz = Oaug = O3uz = d3v1 =0 on Ty,
Ovug = Oz3uy = O1ug = O1v2 =0 on Ty,
Oouy = Orug = Goug = Govz =0 on T's;
Oatiz = Dotiy = O3tz = D201 =0 on I'y,
83@1 — 83123 = 811]3 = 83172 =0 on FQ,
O1tg = 01Uy = Ootiy = 0103 =0 on I's.

10



Here the respective first line in a) follows from Proposition 3.1 and (1.3). Part
b) is a consequence of Lemma 2.1 and it yields the rest of assertion a). In a
series of further lemmas we collect the basic properties of the above operators.

Lemma 3.3. The operators Ay, By, (A*)y, and (B*)y are closed and densely
defined in'Y .

Proof. 1) The operators are closed as the parts of closed operators. For the
density, we only treat Ay since the other cases can be handled in the same way,
using Proposition 3.1 for (A*)y and (B*)y.

Let (u,v) € Y. We approximate u; =: f and v; =: ¢ in Y by functions f,
and g, which are the first and fourth components of vectors (u,,v,) € D(Ay),
respectively. We use smooth cut-off functions ngj) : [a7,af] — [0,1] with

A 3%
‘(X%J))/‘ < cn that vanish on [a;,a; + =] U [a;-F — %,aj] and are equal to
one on [a; + E,aj Ll for n > (2dg)~* € and j € {1,2,3}. Also, p(J) is &

standard C'*°-mollifier with support in [— 21 ) 35 L] which acts on z;.
2) We are looking for functions f,, € H(Q) with daf, € H*(Q) that converge

to f in H'(Q) and have zero traces on I'y and I's. We first set ¢, = Xﬁf)f for
n > ng. These maps belong to H'(Q), vanish near I'y and have trace 0 on I's.

Due to dominated convergence, the functions ¢, tend to f and xy P, i f to 0;f
in L?(Q) as n — oo and for j € {1,2,3}. As in the proof of Lemma 2.1 one

shows that ((X,(f))’f) converges to 0 in L?(Q) since f vanishes on I';. Summing
up, (¢n) has the limit f in H'(Q). We then extend ¢, by 0 to R? and define

fa= (/0%2) * (Pn) ‘Q
for n > ¢. This function and ds f,, belong to H'(Q), and f,, vanishes near I's.
For a map h € HY(Q) N C(Q) with h = 0 on I's it is clear that pSE) * h is also
equal to 0 on I's. By approximation, we thus obtain trr, f, = 0.
3) We next have to construct functions g, € H'(Q) with d3g,, € H(Q) such
that trpr, g, = 0, trp, 939, = 0 and (g,,) has the limit g in H'(Q). Let ® be the
linear and bounded Stein extension operator that maps functions in H*(Q) to

functions in H*(R3), see Theorem 5.24 in [1]. We extend g by 0 outside of Q
and define

Ynm = [P+ 0+ Do)+ (X 9)] |

for all n,m > ¢. These maps are smooth and vanish near I'; (together with their
derivatives). Let n > 0. Arguing as in step 2), we can fix an index m = m(n) > ¢
such that

(1) )

Hp (X9 <n.

i <
By the properties of mollifiers, there also exists a number n = n(n) > ¢ with

’Wﬁ—@@g*W%@Wﬂmén

Setting g = 1 7, we obtain the inequality

9

19 =gl < (1 + H(I)||B(H1(Q),H1(R3)))77-
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In view of the needed boundary condition of 03g,, we define
z3
gn(2) = G(2) + / (1) = D53’ 1) dt =: lz) + ra()

for x = (2/,23) € Q and n > ¢. The functions g, and 93g, = X%3)83§ are
contained in H'(Q). Moreover, the traces of g, on I'1 and of d3g, on I's are
zero by construction.

The integrand of r, and its derivatives with respect to x1 and x5 are uniformly
bounded by a constant, and these maps tend to 0 pointwise a.e. as n — co. By
dominated convergence, the functions r,, 011, and dor, thus converge to 0
pointwise a.e. and then in L?(Q) as n — oo. The same is true for dsr, =
(XS’) —1)059. As a result, (g,) has the limit g in H(Q).

The other components of (u,v) are treated in the same way. O

We set
_3lVollL 43 o]l Lo IVell poo N Vel poo + IVl poo
46 442 262 '

Lemma 3.4. The operators Ay —ky I, By —ky I, (A*)y —ky I, and (B*)y —ky I
are dissipative on 'Y .

Ky (3.6)

Proof. Again we only consider Ay. Let (u,v) € D(Ay). In view of the boundary
conditions in Lemma 3.2, integration by parts yields

/ (5']-011) . 8ju + 8ngu . 8j1)) dx = / (8j2v3 8j'LL1 + 8]‘31)1 8jU2 + (9j11)2 8]'71,3
Q Q
+ 8j3uQ 8j1)1 + 6j1U3 8j1)2 + 6j2u1 8]'1)3) dx
=0
for j € {1,2,3}. The above equation, (3.3) and Hélder’s inequality imply

3
(A(u,v) | (u,0))y = /Q(_;; lul® + gClv cu+ %Cgu ‘v — &:Zaj(%u) - 0ju
j=1

3 3
+ 526]- (%Cw) -Oju + ,uzaj(%Cbu) . 8jv) dz

j=1 j=1

3
:_/ ‘;(yum\auy?)dx—z/(aﬂ;_ %% Y, - ju da
Q =17

3 3
—Z/ afClv-Gjudx—Z/ %Cgu-ajvdzn
j=179 =179

HVUHLOO HUHLOO vauLw 2 2
<
_( T+ 5 )/62(35|u| +e|ou)?) dz

|V5||L°° _‘(;2||VM||LOO/(5|8’U,‘2+M‘8’U‘2) dr
2 Q

< ky [[(u, )13,

N
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where |Ou| and |Ov| denote the Frobenius norm of the Jacobian matrices. [

Lemma 3.5. The operators (1+ky )l — Ay, (1+ky)l — By, (1+ky)l —(A%)y,
and (1 + ky)I — (B*)y have dense range in Y.

Proof. 1) As above we only consider (1+ky )l —Ay. We know from Lemma 3.3
that D(Ay) is dense in Y. Let (f,g) € D(Ay). We look for fields (u,v) €
D(Ay) with ((1 + ky)I — A) (u,v) = (f,9); ie

(14 ky + Z)ur — Loovs = fi, (1+ ry)vs — iaﬂbl = g3, (3.7)
(14 ky + Z)ug — L0501 = fo, (1+ ry)vr — ias.uz = g1,
(14 ky + Z)ug — Loy = f3, (1+ ky)v2 — ialufi = g2.

We formally insert in each line the second equation into the first one, obtaining
(8(1 + /ﬁ:y) + %)ul 1+HY Douy = Efl + ﬁagg?, =: hy, (3.8)
(E(l + ky) + %)UQ — ngUQ =cfo+ ﬁ83g1 =: ho,
(6(1 + Iiy) + %)u;g 1+I‘iy Dyug=cfs + 71_:51/ 0192 =: hs.
Here we have set D; = (%%8]- with domain
D(D;) :={p € L*(Q) | Ojp € L*(Q), Djp e L*(Q), oy =0on I';}
={p e L*(Q) | 90 € L*(Q), 07 € L*(Q), ¢ =0onT;}.

for j € {1,2,3}, where we have used (1.3). Since (f,g) € D(Ay), the map h;
belongs to H'(Q) and satisfies h; = 0 on I'\ I';, see Lemma 3.2. We also define

D(9;) ={p € L*(Q) | 9jp € L*(Q), » =0onT;}.

2) Let j = 2. We are looking for a function w € D(Ds) solving (3.8), where
we put h := hy. To this aim, we abbreviate

L= (14 wy)e + §)w — 70 (L0mu)

for w € D(D3). As in the proof of Lemma 4.3 in [13|, where o = 0 and ky = 0,
by means of (3.10) and the Lax-Milgram lemma we obtain a unique map w in
D(Ds) with Lw = h, and w thus satisfies (3.8). Moreover, L is invertible in X.

We check that w satisfies the properties of u; needed for (u,v) € D(Ay).
Let k € {1,2,3} and ¢ € HZ(Q). Since 020w = Opdow in H2(Q) and
Osw belongs to L?(Q), the derivative d20,w is contained in H~1(Q) and hence
Dy0w € H=2(Q) by (1.3). Integrating by parts, we can thus compute

<Lak?w7 90>H*2><Hg
1

— a - 1
= <akw7 ((1 + Ky )e + 2)(p>H*1><H3 + 1+ Ky <82akw’ “82%0>H—1><H3

/ ( (Q+ry)e+ %)+ ((1+my)5+%)8k<p>dm
1

1
1+ Ry /Q((ak’ )@290 + uazakcp) Oow dx

13



= [(@neds— [ @1+ my)e + §)uwpds
Q Q

+ 1 +1’€Y <5)2((8k%)82w),g0>

using that H3(Q) < D(d2). The above identity is true for all ¢ € D(ds)
because HZ(Q) is dense in this space (cf. the proof of Lemma 3.3). We have
shown

Lopw = Oph — 8k((1 + Hy)€ + %))w + ﬁ&((aki)(%w) =: 1/J(h) (3.9)

D(82)*xD(d2)

in D(02)*. We observe that the operator L is given by the symmetric, closed,
positive definite and densely defined bilinear form

(w, W) (((1 +hy)e+ %)w,@)m + 1 +1HY

(iaQw, azw) . (3.10)

on D(8y). The operator L is thus self-adjoint in X and D(d) = D(L'Y?)
by Theorems VI.2.7 and VI.2.23 in [16]. We then deduce the isomorphism
D(82)* = D(L'/?)* and that dpw = L™1¢(h) belongs to D(ds) = D(L'/?), see
Theorem V.1.4.12 in [2]. As a result, w and dew are contained in H'(Q), and
we already know that w = 0 on T's.

3) To prove that w = 0 on I's, we approximate h by functions h,, = XS’)h with
n > dél, cf. step 2) of the proof of Lemma 3.3. As in that proof one sees that h,,
vanishes if |x3 — a3 | < 1/(2n) and that (h,) tends to h in H'(Q) as n — co. We
take a function ¢, € C°((a3,ay)) that is equal to 1 on [a3 +1/(2n), a3 —1/(2n)]
so that h, = ¢,h,. The function w, := L~'h, € D(D3) converges to w in
D(02). We then obtain

Lwy, = hy = ophyp = ¢ Lwy, = L(¢nwn)a

and hence w,, = ¢, w, since L is injective. Therefore w,, vanishes on I's. Equa-
tion (3.9) further yields

105 (w0 — )l p2(gy = 1L 1 — )] 2y < €llln — B[ oy

< c[uakhn — Ol 2 + |9k ((1+ ry)e + §) (wn = w)|| 12
1 1
1 + Ky Hak(ﬁ)az(w" B w)‘ L2(Q)}

for k € {1,2,3}. The right-hand side tends to 0 as n — oo, so that w,, converges
to w in H'(Q). As a result, w has the trace 0 on T's. We set u; = w.
4) In a final step we define

1 11 1
U3 = 1y 93+ 1y 02w € H (@),

compare (3.7). The trace vs on I's vanishes since (f,g) € D(Ay) and dau; =0
on I's by Lemma 2.1. We differentiate the above equation w.r.t. xo and insert
the equations Lu; = hy and (3.8). It follows

0293 + ((1 + Ky)e + %o)ul —hy = —¢f1 + (6(1 + ky) + %)ul
14
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in L?(Q); i.e., u; and v3 satisfy (3.7). This equation also yields that d,v3 belongs
to H'(Q) and has trace 0 on I'y, as required in D(Ay). The other components
are treated in the same way. O

We now easily derive the basic properties of our split operators on Y by
means of the Lumer—Phillips theorem, see e.g. Section I1.3.b in [10]|. Recall the
definition of ky in (3.6).

Proposition 3.6. Let L € {A, B, A*, B*}. The part Ly of L in'Y generates a
Co-semigroup on'Y bounded by e*v*. The resolvent (I—1Ly)~! is the restriction
of (I —TL)™! to Y and it satisfies

1
1— 7Ky
forall0 <71 < %, so that H(I— TLY)_lHB(Y) <2 forall0 <7< ﬁ The
Cayley transforms are dominated by

e (L) llgyy < €7

for all 0 < 7 < 79 and a constant 1y € (0, (2ky) Y] only depending on ky .

(7= TLY)AHB(Y) <

Proof. The generation property and the resolvent bounds follow from Lem-
mas 3.3-3.5 and the Lumer—Phillips theorem. The proof of Lemma 3.5 implies
the asserted restriction property. Let 0 < 7 < $ For Re z > 0 we define

Yr(2) =

1—7(z— Ky)

1+7(z —ky)
It is easily seen that
- 1
sup [7(2)] = o < e
1—
Rez>0 TRy

for all 0 < 7 < 7 and a constant 7 € (0,1/ky) only depending on ky. Since
Ly — ky I generates a contraction semigroup on a Hilbert space, Theorem 11.5
of [17] provides a H*°-functional calculus for ky I — Ly and the desired estimate

e (L) gy = 1Fr (kv T = Ly) gy < sup [Fr(2)] < ™7
Re z>0
for all 7 € (0,7), where we recall (3.4). We set 79 = min{7, (2xky)~'}. O

4. THE ADI SPLITTING SCHEME

Let 7 > 0. We set t,, := n7 for n € Ny and assume that (J(¢),0) € D(A) for
all £ > 0. The ADI splitting scheme is given by the operators

S i = 8|S — Z (I (tn) + I (tn11),0) |,
S = (I —2A)"Y(I+IB): D(B) — D(A), (4.1)
S®) = (I-5B)"'(I+5A): D(A) = D(B),

for @ € D(B). Note that (2J(t),0) € D(A). For n € Ny and wy € D(B), we
further write

NH N>H

J J
(E’m Hn) = Wp = ST,TL T ST,lw()?
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(En+1/27 Hn+1/2) = Wnt1/2 = Sgl)s%],n T STJ,ﬂUo-
Remark 4.1. Let wy € D(By) and (1J(t),0) € D(Ay) for all t € R. Proposi-
tion 3.6 then yields w, € D(By) and wy,41/2 € D(Ay) for all n € No.

The operators Sgk) contain implicit steps. For ¢ = 0 and J = 0 it was pointed
out in [20] and [26] that these steps decouple into (essentially) one dimensional
problems, see also [13]. We now extend this observation to our setting. To this
aim, for \ € {e, u} we define the operators

&30 0 0
Dg\l) = 01%02 = 0 83%83 0 and
0 0 Ay (42)
d3x05 0 0 '
pP=cle,=| 0 ala o
0 0 D3

on the domains D(022)xD(033)xD(011) and D(033)xD(011)xD(022), respectively,
where D(0yy) is the set of f € L?(Q) with O f, Opf € L*(Q) and f = 0 on I'.
Let wyg € D(By) and (1J(t),0) € D(Ay) for all t € R. Remark 4.1 then
yields (E,, H,) € D(By) for each n € N. The above definitions lead to
(1 —+ %)En—i-l/Q = (1 - %)ETL - QLECQHW, + QL{_:ClHn—i-l/%
Hy 12 = Hp — 5, C1En 4+ 5o, 19,
with (E,41/9, Hyp1/2) € D(Ay). Because of this regularity, we can insert the

second equation into the first one and infer
2

(149 = 2D E,p1)e = (1 — E)En + £ cwrl Hy — ZC1LCIE,,
Hn+1/2 = Hn - ﬁc’lEn + ﬁCQET%Fl/Q (43)
in L?(Q)3, using curl = C; — Cy. Observe that E, 11/2 belongs to the domain of

D,(}). Due to (4.2), the implicit part of these equations splits into (essentially)
one dimensional problems; one only has to solve parameter-dependent elliptic
equations in one space variable. Similarly, the second half step is rewritten as

(1+ ) B = (1- F)E, 1+ 2CiH, 1 — 2. CoHop
— (1= ) (I (tn) + I(tus1)),
Hop=H, 0+ 3CE, 1 — 2C1En — 705z (I(tn) + I (tnga))-
As above we then obtain the essentially one-dimensional problem
(L+ )T - gDEE))En—H =(1- %)Emr% + 5 CurlHnJr%
~ROOB, s~ (1= F) £ (1) + (1))
+ 5025025,1@”) + J(tns1)),
H,1 = Hn+% + iCEEnJF% — 2, C1En1
— 2, C25:(J(tn) + I(tnt1)). (4.4)
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Using the Cayley transforms ~y,(L) from (3.4) and induction, we further deduce
from (4.1) the closed expression of the scheme

wn = (I = §B) " (A) e (B)y- (A" (I + §B)wo (4.5)
(=3B ) (A (B MU + 54) (52 (I (tr—1) + I (84)), 0).
k=1

Propositions 3.1 and 3.6 then easily yield the unconditional stability of the
scheme in X and Y. Recall the definition of ky > 0 in (3.6) and that of 79 > 0
in Proposition 3.6. Both depend only on the constants in (1.3).

Theorem 4.2. Let (1.3) hold, n € N, 7 € (0,1] and T > nr. Take wy € D(B)
and (J,0) € C([0,00), D(A)). We then have

Jwallze < elhunls +eT mae (204,
I = §B)unllx < 7 +FByuollx +T mae 17+ 5A)(EI(0.0)x

If 0 < 7 < 79, wo € D(By) and (1J,0) € C([0,00), D(Ay)), we obtain

Jwa |z < ce® YT (lwollBy + Tﬁf&% [(LJ(),0)] 4y ),
(I = ZB)wylly < eI (||(I+3By)wo| g + Ttg%% [(T+Z5Ay)(LJ(1),0)] ).

The constants ¢ > 0 only depend on the constants from (1.3).

Remark 4.3. a) In the above result we can drop the factor % in the assumptions
if ¢ also belongs to W?23(Q) since H(Q) — L°(Q).

b) In Theorem 4.2, for 0 = 0 and J = 0 the inequality in X is actually an
equality since then the operators A and B are skew-adjoint in X by Lemma 4.3
of [13], and hence their Cayley transforms are unitary in X. This can be viewed
as a modified energy preservation of the scheme in the conservative case.

5. CONVERGENCE OF THE ADI SCHEME

For the semigroups from Proposition 2.3, 7 € (0,1] and j € Ny, we define

1 T . 1 T

Ajia(r) = j'TJH/O sJe(T=5)M 45 and A;-ii’l(T) = j'T]H/O sle(T=9)Maiv 45
as well as Ag(7) = e™ and A$Y(r) = e™Maiv. By Proposition 2.3, these op-
erators are uniformly bounded on X, respectively Xgiy, and A}ii"(T) is the re-
striction of A;(7) to Xgiy. Standard semigroup theory shows that the operators
leave invariant D(MP*), respectively D(MY_ ), and commute with M¥, respec-
tively MY . For j > k they actually map into D(M¥), respectively D(ME ).
One can further check that

1 . 1 .
Aj(r) = ﬁl+ TMAji1(7)  and A?IV(T) = ﬁf-i- TMdivA(jij:l(T)' (5.1)

Our first main result establishes the second order convergence of the ADI
scheme in Y*. According to (3.6) the number sy > 0 only depends on the
17



constants in (1.3), and we have Ky = 0 in the case of constant coefficients. We
use the number 75 > 0 from Proposition 3.6, which only depends on sy .

Theorem 5.1. Let (1.3) hold, T > 0, 0 < 7 < min{1, 70}, wo = (Eo, Hp) €
D(M3,) and (J,0) belong to E := C([0,T], D(Mgiy)) N W3[0, T], Xaiv). Let
w = (E, H) be the solution of (1.1) and wy, = S, --- S‘Tj’lwo be its approxima-
tion from (4.1). For allnt < T and (p,v) € Y, we then have

[(wn — w(nr)| (@) x| < e AT (ol paga 1+ 17, 0)l15) G,y

The constant ¢ > 0 only depends on the constants from (1.3).

Proof. Proposition 2.3 yields a solution w € C([0,T], D(M3,)) of (1.1). Recall
from Proposition 3.1 that D(Maiy) < D(A)ND(B). So the scheme (4.1) is well-
defined. The properties of A, B and M contained in (3.5) and Propositions 2.2,
2.3, 3.1 and 3.6 are freely used below. We start from the Taylor expansion

(%J(m- + ), O) = (%J(m’) + ng(nT) —I—/

nrt

nt-+s

(nT+s—r)2J"(r)dr, 0) (5.2)

in Xgiy for n7 + s € [0,T]. This equation, Duhamel’s formula (2.6) and the

above definitions yield the expression

w((n+1)7) = Ao(T)w(nt)+7A1 (1) (= 1I(n7),0)+7% A2 (1) (— 1" (n7), 0) + R (7)
(5.3)

for the solution, where

Ru(7) = /OT o(T=)M < /nnTJrs(nT +s—r)(— %J”(r), 0) dr) ds.

We insert (5.2) for s = 7 into the definition of S;]’m_l from (4.1) with @ =

S ST‘J’lwo € D(B) and obtain

S SL - S0 = (1 - 3B) (14 3A)[(~ 3A) (1 4+ 5B)SL, - ST uy
+ 7'( -
+ (I -

€

B) HI + ZA)r,(7)

J(nT),O) + %72(—1J'(n7),0)] (5.4)

[T IR

with the remainder

(n+1)7
ro(7) = 3 / (n+ 171 —r) (—%J”(r), 0) dr.

-

In the next step we take the inner product in X of the fields z = (p,¢) € Y
with the difference of (5.4) and (5.3). In the following we write A}, and B3
instead of (A*)y and (B*)y, respectively. Putting several operators as adjoints
on the side of z, we arrive at the formula

(SL i1 Siwo —w((n+1)7) | (0,9)) (5.5)
= (8L,-+-SLywo —wnt) | (I +3B*)I + FA)(I — 3A5) (I — 3By) '2)

+ (w(m-) | [(I+ZB*)I + 3A3) — Ao(r)*(I — 5B*)(I — TAY)]

(1= 547) 710 = 5B7) (e, v)
18
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r((-23r),0) [ [(1+ 3400~ 5B5) ™~ M) (08)

(100, 0) | 3+ 549 - 3B3)™" — Aal)) (5,09

+ (ra(7) [ (I + AN = 5B3) (9, 0)) x — (Ba() | (0,9))x
=: ([Sin o Sf_,lwo — w(m')] } (I + 5B )7 (Ay)I — %B;)_lz)x

+ 31(7) 4+ B2(7) + B3(7) + (ra(7) | T+ ZA)YUT + 5By) e, ¥)) &

- (Rn(T) | (907 w))X

where we used that I +35A* and (1 —
We abbreviate

x(1) = (I —3A3) (I — 5By) '(p,9) € D(AY).
Since M* = A* + B* on Y, we obtain

X

ZA*)~! commute on Y < D(A*)ND(B*).

£1(r) = (w(nr)| [(T=Ao(r)) + T +R0 (1) )M+ (I=Ao(7)) B* A | x(7))
By means of (5.1) we expand
I—Ao(7)* = —7M* = 172(M*)? — PAs(7)*(M*)®  on D((M*)?),
I+ Ao(7)* =21 + TM* + 7%Ao(7)*(M*)*  on D((M*)?),
I—Ao(r)" = —7Ai(7)"M* on D(M™).

Because of Y < D(B*), w(nt) € D(M% ) < D(M?) and the crucial em-
bedding D(Myg;y) — D(A) N D(B) from Proposition 3.1, the above expansions
yield

Yi(r) = <w(m'), <_T3A3(T)i2Mj2Mle* + ﬁAQ(T)iQMiQMflM*

3 * *
_TTAI( LM B AY)X > D(M2)x XM

= 7 ([-M2A(7) + M As(7) | w(nr) | MPX(T))
—73(%BMdiVA?“’( (nt ‘A x( ))X

where we employ the extrapolation space X%, = D(M?)*, see [2] or [10]. We
rewrite the term Yo(7) as

(= 230m),0) | [(7 4+ 5AYU = 343) = Ma(m)* (1 = 5B - 547)]x(7))

:T((ng(m),o)wJI Ay — M(r)* (I = 3(A* + BY))

— M) BAX))

Plugging in first the equation A;(7)* = I 4+ 7A2(7)*M* and then Ao(7)* =
21+ 7A3(7)*M* from (5.1), it follows

Sa(r) = 7( (~13(n7), 0), [T AT AT — 7A(7) M + ST

+ G A7) M M = FA(T) B AY]X(7) )

19
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T<(—gJ(m), 0), [~ A% A} — 72 Ag(7)" M2 M* + T Ao(r)"  M* M
2
() Y]X(T)>D(M)xxﬁ41*

A(éJ )‘A* )X (MAg(T)(%J(nT),O)‘ (7’))
MAy (T )(1Jm 0)[M*x(7))  +73 (1 BAT™Y (1) (23 (n7), 0)| A*x (7)) 4 -

.1) implies

<2
—
&
=
‘< D=
—~

~L0(n7),0) | [H(T + 54%) = Ao(7)"(I = 3BT = 5By) 'z
LI+ 2A" — (A1 + 7A5(r)*M*) + LAs(7)* B]
(I -5BY) )
= ((-100m),0)| [54° — Ralr)" M+ balr) B] (1 - §B7) 15

We recursively insert the above expressions in (5.5) and obtain (omitting the
subscript Y several times)

(S7n-Sraw(0) —w(nT) | (¢, 9)) (5.6)
—ng< M2A3 1M2A2(T)]w(k7')|

M (I = 54 oo (B) e p(A)]" T I = 587 (0, 0)

X
n—1
— S (ABMa AT (P (kr) | A1 = 5477 (37 2(B) 2 p(4)] "
k=0
(I+3B) e v)
n—1
- Y ([BA+ 1BAT (7)) (-1 (kr),0) |
k=0

AL = 54 (B 7oA ] T+ 5B o))
+73 Z( [LMAs(r) — MAs(7)] (=13 (kr),0) | M*(T — 34%) 7

2 (BY (4] - 5B 7 (6, 0))

X
n—1
#7830 ((~ 107 (k7),0) | [34" = Ag(r)"M* + SAs(r) B']
k=0
e 2(BY 1 p (A" 1 = 5B e, w))
n—1
+ 3 ()| 4+ 549 [repa(BY 1 (4] TH = 5B o))
k=0
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+§j@m@»MI+;Bw%ﬂuDW%puﬂwﬂxArrﬁkﬁf—;Bw—%)

 (Rocs (1) ] (200))

The terms ry(7) and Ry (7) are bounded in X by cr? fk(fﬂ)‘r (3" (s),0)
Propositions 2.2, 2.3, 3.1 and 3.6 then imply

|(S1n -+ S11wo — w(nT) | (9,9)) 2

n—1

< er? S (k) pogs, ) + 1T ET) 0l pagg,) + 1 (367), 0)]|
k=0

1 (k+1)7 //
w2 [0l ds) 1)
k

SW%HJY§WWWMmmm+WIWMNWWWm,

where we use 7 < 1 and ¢ only depends on the constants from (1.3). g

HX ds

6. ALMOST PRESERVATION OF THE DIVERGENCE CONDITIONS IN H~!

The solution (E, H) of (1.1) fulfills the Gaussian laws (2.7) and div(pH(t)) =
0. We now show that the scheme (4.1) satisfies a discrete analogue of these
divergence conditions up to an error of order 7 in H~1(Q). We recall that the
numbers Ky > 0 and 79 > 0 from (3.6) and Proposition 3.6 only depend on the
constants in (1.3), and that ky = 0 if the coefficients are constant.

Theorem 6.1. Let (1.3) hold, T > 0, 7 € (0,min{1,70}], n € Ny, and nt <T.
Take wy = (Eo, Hy) in D(By) and (2J,0) in C([0,T], D(Ay)) N C*([0,T], X).
Let w, = (E,, H,) be given by (4.1). We then have

H (div(e Ey), div(uHy)) — (div(c Ep), 0)

Nt
+ Z (div($ By y1 + 0By 12 + S Er),0) +/0 (div(J(s)), 0) dsHHil

SCTJMYTMUmHHl+THBYﬂmHH1+1’max(H T, 0) 1+ 701 Ay (1(0),0) )]

T
sor [0 5 as

for a constant ¢ > 0 only depending on the constants in (1.3).

In the proof, see (6.4), we will see that the integral on the left-hand side of
the above inequality can be replaced by the sum

=

5(div(I(t) + I (t41)), 0).
0

B
Il

Moreover, as in Remark 4.3 one can drop the factor % in the assumption if ¢

also belongs to W23(Q).
21



Proof. We first derive a recursion formula for the divergence of w, which is
then estimated by means of Propositions 3.1 and 3.6. Remark 4.1 says that
wp, belongs to D(By) and wy,1/2 to D(Ay). We often use this regularity,
these propositions and that 7 < 1 without further notice. Take n € Ny with
n+1<T/T.

1) As before (4.3), the definition (4.1) yields

<(1 + Z)En+1/2> T (;ClHn—f—l/?) _ <( - Z;)En> T <i02H">
Hp1)2 2\ CE 1) H,, 2\, CiE,

in Y. We insert the second line in the first one to eliminate H, /o and the

first line in the second one to eliminate E, /9, obtaining

((1+ Z;)Enﬂ/?) - T( O[5 OBy + Hn = OB ] )
Hy1)2 Ca32CiH 412 + (1 = )E, — 5-CoH,,)

o) (E)- )
2 502%En+1/2 H, 2 %ClEn

in L?(Q)®. Using curl = C7 — Cy and the definition (4.2), we reorder the above
identity and infer the first half of the recursion step

(BT ) (B ) e )
an+;—ﬁD£2)H pH, - 70t H,)  2\C2E (B, 1 +Ep)
2

4 n—&—%
TE, 1 +E, 1H
(T Bary TE) 7 cwlHy (6.1)
O 2\ —curl E,

in L2(Q)%. Similarly, (4.1) leads to the expression

<(1 —+ Z)En+1> i I <202Hn+1>
Hy, 2 iclEnJrl
_ ((1 - )En+1/2> n T(;ClHn—l—l/Q) B <( — )= (tn) +J(7fn+1))>
Hppa2 LOE, 1) 927 C25z(J(tn) + I (tnt1))

in Y. Proceeding as in the first half step, we conclude
<(1 + Z)EnH) B _7-< 10, [*iclEnH +H, 12+ ﬁC2En+1/2] )
Hy Ci[—£CoHp1 + (1 — E)Epi12 + 2C1H, 11 p2)

0 10 ngl(J(tn)JrJ(th))}
+< CIUTEn+1>+ ( Cl[( ) (J(tn)+J(tn+1))]>

< e n+1/2> +T<5CIHn+1/2)
n+1/2 2 iCQEn-&-l/Q
tn) +J( n+1))>

< 0225 tn)+J(7fn+1))
22



in L2(Q)%. Again with (4.2) and curl = C; — Co, this equation implies the
second step of the recursion

<8En+1 T42 £2)En+1 )
iy — 5DV,

21
_ (eEn-s—; - T4C2M02En+§> _ (Uéf(En-s-l + En+§)> N T( curle_% >
pH, 1 — %201%C1Hn+% 0 2\— cwlE, 1

(6.2)

T 0 7 (Cag; Cagz (I(tn) + I (tns1))
" 2 <01‘Z§(En+; + En—i—l)) " 2 <—C§LZ§ QTE(J(tn) + J(tn—&-l)))
T ( - %)(J(tn) + J(tn-i-l)) T 0

2 ( 0 ) 3 <curl(g€(J(tn) + J(tn+1))))

in L?(Q)5. For ¢ € HY(Q)3 we have 0 = divcurlp = divCip — divCap in
H= Q). Let X € {e, u}. Since Dg\l) = 01%02 by (4.2), it follows div CQ%CQ’U =
diva\l)v in H71(Q) for v € HYQ)? with Cov € HYQ)?, and similarly
div Cl%Clu = div D;Q)u in H=1(Q) for u € HY(Q)? with C1u € H'(Q)3. From
(6.2) and (6.1) we thus deduce the recursion formula
(]

div[pHp 41 — %Dél)Hn—H]

. 2 (1) .
_ (dlv [5En+% — Dy En+%] > B (le[UZ(EnH + En+§)])
. 2 (2)
div [MHn—I—% - TDé Hn—i—%] 0
. T( 0 ) T <div [CQﬁCQQLE(J(tn) + J(tn+1))]>
2\div[C1E (B, 1 +Ens1)] div[C1 25 (I (tn) + I(tn1))]
C o (div[(1 = E)I(tn) + I(tnt1))]
2 0
. 72 (2) .
B (dw [€E, — T D Ey) ) <d1v[<j;En+1 +GE, 1+ ‘i[En]>
~ \div[uH, - T D"H,] 0
7 (div[J(tn) + I (tns1)] n T 0
2 0 8 \div [C1Z(Ept1 — Ep)]
3 < div [D/gl)g(J(tn) + J(tn+1))] > N 7 <div[g(J(tn) + J(tn+1))]>
—div[C1 5 (I(tn) + I(tar1))] ) 8 0
in H=1(Q)%. For N < T/7 an easy induction then yields
(div [cEx — D En] )
div[uHy — 7 DIV Hy]
: 72 (2) N-1 oT oT
<d1v [eEo — D E ) <d1v E, 1+ %E, 1+ 4En])
div [,uHo - g 0

n
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. sz-1 [; <_ djv[J(tn)O-i- J(tn+1)]> n i(div [Cl‘;(E?wl . En)})

73 ( div[DM2(3(tn) + I (tns1))] ) N 2 <div[g(J(tn) + J(tnﬂ))])]
—diV[Clg%(J(tn) +J(tn+1))} 8 0

in H=1(Q)®. We reorder these terms and use div(uHp) = 0 to derive the crucial
formula for the charges of the ADI scheme

(jii:((;ﬂjjva - (diV(gE0)> (6.3)
LT Z de §Eni1 +0E, 1 + gEn]) . <div[J(tn)3—J(th)])]

_ T:(jw((D p ) 1( E(ﬁz f{;i) 5 (dw [cm%N - Eo)])
(tn

e ) gy )

( n—+1

in H=4(Q)°.
2) The term for the current density J on the left-hand side of (6.3) can be
exchanged by the corresponding integral with the asserted error since

H Z div [J(tn) + I(tng1)] — /ONTdiVJ(s) d:;HHi1 (6.4)
1 (tnttni1 tni
<| Z [ / T )~ 30 s+ é o Al =3 ]

n+1 T
sngof/tn 76 dr =7 [ 130

To treat the first and main summand on the right-hand side of (6.3), we insert
the closed expression (4.5) for the ADI scheme obtaining

D(Q)EN 0 C

<D§1)HN> - <01 02) BoSi -+ Spawo = KBSy -+ 57w

=2K(B+S8)3(By+S)(I-5By) " {Vg(AY) [vz (By )vz (Ay)]
N—-1
k

Nﬁl([-ﬁ- %By)wo

S 5 (Av )5 (By)) (1 + 343) 3 (3(tv—icn) +3 (0 ), 0]

=0

in L2(Q)%, where we have put

el 0 ZI 0
— —By_B=|(2
K <O MI) and S=By—B < 6 0) .
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Proposition 3.6 then implies

72
4

(le D( )

<CT€6KYNT{ w + 7| Byw
g | e ol + 7 1Byl

87 ma (100),0) -+ 4y (230, 011

Similarly, it follows

-2 <d1v DR,
1

7 (1) )H < er?||Bowol| g1 < et ([lwoll g1 + 7 | By wol| 1)
leD H-1

In the same way, the remaining term of third order in (6.3) is bounded by

3

N
G Z div [D,(})%(J(tn) +JI(tn11))] HH

—1

< er’N r%a%g] ([1(I(2),0)]| g +THAY(%J(t)7O)”H1)'

The other terms in (6.3) can be estimated analogously. The assertion now follows
from formula (6.3), the inequality 7N < T, and the above estimates. O
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