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MODULATION TYPE SPACES FOR GENERATORS OF POLYNOMIALLY
BOUNDED GROUPS AND SCHRODINGER EQUATIONS

PEER CHRISTIAN KUNSTMANN

ABSTRACT. We introduce modulation type spaces associated with the generators of polynomially
bounded groups. Besides strongly continuous groups we study in detail the case of bi-continuous
groups, e.g. weak*-continuous groups in dual spaces. It turns out that this gives new insight
in situations where generators are not densely defined. Classical modulation spaces are covered
as a special case but the abstract formulation gives more flexibility. We illustrate this with an
application to a nonlinear Schrodinger equation.
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1. INTRODUCTION AND MAIN RESULTS

Classical modulation spaces Mg’q(Rd) (or more general on locally compact abelian groups) have
been introduced by Feichtinger in the 80s (we refer to[4] and the literatue cited there) by means
of the short time Fourier transform (see (19) below for the definition of the latter). There is
an equivalent description of these spaces by so-called “uniform” decompositions of the Fourier
transforms of their elements ([4]), and we shall rely on that one here. Modulation spaces have
been succesfully used in time-frequency analysis and related fields (see, e.g., the survey [5]).
In recent years, modulation spaces M;q(Rd) have been used in the theory of dispersive partial
differential equations such as the (nonlinear) Schrodinger equation (see, e.g., [15, 2]). One of the
appealing features of modulation spaces in this context is that operators e®?, t € R, are bounded
(polynomially in [¢|) on Mps’q(Rd) for all s € R, 1 < p,q < oo (see, e.g., [1]), which is in sharp
contrast to Lebesgue spaces L9(R%), where this only holds for ¢ = 2.

In this paper we propose a different and in a sense more abstract point of view on this phenomenon,
within the realm of semigroup theory and with a variant of the Phillips functional calculus as the
main technical tool. We start with a general polynomially bounded group (7'(t)) = (e~*#) in a
Banach space X and construct modulation type spaces M j’( q(B) associated with the “generator”

B. Then we study the groups (e~*#) and (e ~#*P 2) in My q(B ) and apply the results to Schrodinger
type equations

u(0) = =x.
Note that we do not restrict to bounded groups. Moreover, we are particularly interested in the
case where B is not densely defined in X. It turns out that the theory of bi-continuous (semi-
)Jgroups (see [9]) is well suited to the study of this case, and that this also gives new insight
with respect to continuity properties in the case ¢ = co. In the abstract situation one cannot, in
general, resort to some kind of weak*-continuity, and it turns out that, even when this is possible,
one might have other possibilities to choose a suitable topology.

{iu(t) = B2%u(t), tcR,

The author acknowledges support by the DFG through CRC 1173.
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To be more precise, let T'(-) = (T'(t)):cr be a Cyp-group in a complex Banach space X. We assume
that (7'(t))er is polynomially bounded, i.e. there exist M > 1 and a > 0 such that

(1) IT®)zlx < MBHzllx, teRzelX,

where (t) = (14 [t|?)'/2. We denote the generator of T(-) by —iB and write T'(t) = e 8 t € R.
We shall use the Phillips functional calculus for the operator B (see, e.g. [7, Sect. 3.3]) and
denote the space of complex Borel measures y satisfying [, (t)® d|p|(t) < co by .4 (R). Observe
that .#,(R) is a Banach algebra for convolution (letting |||z, = [z(1 + [t])* d|u|(t) we have
s vz, < lpllallv).e,) I p € Ao (R) and

o) =€) = [ e dur), €eR
R
is its Fourier transform then
(2) ¢(B)x := /Re_iTBx du(t) = /RT(T):L‘ du(t), =€ X,

defines a bounded operator in X. Moreover, ¢ +— ¢(B) is an algebra homomorphism from the
space FMy(R) :=={pi: p € M(R)} into L(X), the space of bounded linear operators on X.

We denote by .(R) the Schwartz space, by
3= (Fo)7) = [ o) dr TeR,
R

the Fourier transform of ¢ € .(R), and by .# ~1¢ the inverse Fourier transform of ¢, given by

1 4
Flo(r) = — / e"p(r)dr, rekR.
2 R
We clearly have .7 (R) C .Z.4#,(R) for any a > 0, and for ¢ € .#(R) the operator ¢(B) is given
by

(3) ¢(B)x = % /R&E(T)G”Ba: dr = /R(flgﬁ)(T)eiTBa: dr, ¢ e S (R).

The map .(R) — L(X), ¢ — ¢(B), is an algebra homomorphism and we have the estimate
|
2

(4) 16(B)lrx) < 5= 1)@l ¢ € L (R),

in particular, ¢ — ¢(B) is continuous for the usual topology on .7 (R).

Remark 1.1. Letting
Lo(R) = {f: ()*f € L'(R)}
equipped with the norm || f[|z1 = [|(1 + - N®fllz1, we have that £L(R) is a Banach subalgebra

of Z.M,(R). By (4) we obtain a bounded functional calculus for B on £L(R). Observe that, by
the Riemann-Lebesgue lemma, L1 (R) C C¥(R) for any k € Ny with k& < a.

Nevertheless, we shall mostly work with the functional calculus for Schwartz functions and use
the formulae in (3). The following example has to kept in mind throughout the paper and shall

give the relation to classical modulation spaces.
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Example 1.2. Let X = LP(R) with p € [1,00) and let T'(¢)f := f(- — t), t € R be the right
translation group with generator —%. The group is bounded, even isometric, and M =1, a =0
in (1). We have B = —i%, e B f =T(r)f = f(- —7) and we see from the second formula in (3)
that

BB = o) = (F0)= f = F7 (€= HOTE), 0 F(R).T € P(R)

Boundedness of the Phillips functional calculus here just means that, for any complex Borel
measure i on R, its Fourier transform i is an LP-Fourier multiplier and that p(B)f = u* f.

We shall associate with B a scale of “modulation type” spaces. The basic idea is to take ¢ €
Z(R)\ {0} and put, for s € R and ¢ € [1, o0],

5) Mg = lallurg,, , = ( /R (168 — Hzllx)"dr) " < o)

with obvious modification in case ¢ = co (observe that it makes no difference whether we plug
B into ¢(- —t) or B —t into ¢ to obtain ¢(B — t)). We shall show below that different ¢ give
rise to equivalent norms, so that we can denote this space by M¥ (or M §(7q(B) if we want to
specify the operator B in notation). In the context of Example 1.2 this will yield the classical
modulation spaces M,  (R). However, we have to be a bit careful about the z we admit in (5).
In the classical case we have the space ./(R) of tempered distributions as an ambient space. For
sufficiently large s we can take x € X, but for s small (depending on ¢) or for negative s we have
to resort to a scale X_g, k € N, of extrapolation spaces, see Section 2.

Just as there is an analogy of classical modulation spaces with classical Besov spaces, our con-
struction can be viewed as a counterpart to the construction of abstract Besov type spaces for
sectorial operators (see, e.g., the “intermediate spaces” in [7, Sect. 6.4.1]).

The results in this paper can clearly be extended to finitely many commuting groups, and one
can thus recover classical modulation spaces Mliq(]Rd) on R? for d > 1. Moreover, iterating
the procedure presented here one can define anisotropic versions of these spaces with different
integrability exponents in different directions. We shall not go into further details here.

The paper is organized as follows: In Section 2 we show basic peoperties of the functional calculus
for Schwartz functions and introduce the extrapolation scale we shall use. In Section 3 we define
the spaces M X, q(B) in the case of a strongly continuous group and establish their basic properties.
In Section 4 consider the situation of a bi-continuous group with not necessarily densely defined
B. Even if the original group in X is strongly continuous, the induced group in Mx (B) is not
strongly continuous, in general. Resorting to the notion bi-continuous groups allows to study this
case in a satisfying setting. Section 5 is devoted to the study of (e*“BQ) in M% ,(B), and this
relies very much on (extensions of) the Phillips calculus. We give an application of our result to
a nonlinear Schrodinger equation in Section 6. In the Appendix we have gathered two auxiliary
results and give their proofs for convenience.

2. BASIC DEFINITIONS AND PROPERTIES

We start with fundamental properties of the functional calculus for Schwartz functions.

Lemma 2.1. Let ¢ € ./ (R).

(1) For xz € X we have ¢(B)x € D(B) and Bp(B)x = 1(B)x where ¥(r) := ro(r).
(2) For any k € N the operator ¢(B) maps X into D(B¥).
(3) For A € C\ R we have R(\, B)p(B)x = ¢(B)x where (1) := ¢(r) /(A — 7).

3



(4) The set U ey p(B)(X) is dense in X and p(B)x =0 for all p € (R) implies x = 0.
Proof. For the proof of (1) let ¢ > 0. Then
T(t)¢ /¢> By dr = — /¢T+t )e'™Pudr

hence T'(t)¢(B)x = (e"t(')gi))(B)x (in fact, this also follows form the Phillips calculus). We
multiply with e, integrate fooo ... dt and use Fubini to get
R(1,—iB)g(B)x = §(B)a,

where ¢(r) = (1 + ir)'¢(r). This implies (1).
(2) follows from (1) by induction, and (3) also follows from (1).

For k € N let gi(t) := e /%) Then g, € .#(R) and gi(r) = v2rke *"/2. For z € X and
k — oo we have

1
gr(B)x =5 gk ye'™Bxdr = / \Vor e PR dr — 6Py | o=

as k — oo. This proves (4) O
Lemma 2.2. Let ¢ € . (R).

(1) The map R — L(X), t — ¢(B —t) is uniformly continuous in operator norm.
(2) If x € X is such that [ ||¢(B — t)z| x dt < oo then [p (B —t)xdt = ¢(0)z.

Proof. The estimate (4) implies

M .
[¢(B —t) = o(B = s)llLix) < o | () [e™ — e [p(¢)| d¢
_ M 77,t s
= o O 1T = 11d(©)) e,

and we can use dominated convergence to prove (1).
To see (2), let again gi(t) = e /(%% k € N. Then we have

/qﬁ —t)xdt = hm/g/z€ B —t)xdt

/gk(t)qb(B—t):Udt = / gk(t)e_iTtg/Z)\(T)eiTBxdet
R

RJR

1 ~ )
= — | Gu(n)o(r)e™Brdr.
.

27'(' R
[k S
= / — kTQ/QgZ)(T)e”Ba:dT.
R 2w

As k — oo this tends to a(T)eiTB:dT:g = gE(O):U in | -]x- O

and

The following construction of extrapolation spaces is well established (see, e.g., [7, Sect. 6.3]). As
—iB generates a Cy-group satisfying (1), B is densely defined and +i belong to the resolvent set

of B. For k € N, we denote by X} the Banach space D(B*) equipped with the norm ||z x, =
4



(i + B)*z|x. We let Xo := X, and for k¥ € N we denote by X_j the completion of X for the
norm ||z||x_, := ||(i + B) *z||. Then

O X1 CXp C X1 CXg=XCX 1 C...CX ,CX oy C ...
with continuous and dense embeddings. For each k € Z there is an operator By in X with
D(By) = Xg41 such that ¢ + By, : Xp41 — X is an isometry, By is an extension of Bjyy; and
By41 is the part of By in Xjpy1 (we recall that, for an operator A in a Banach space X and
another Banach space Y C X, the part Ay of A in Y is the operator given by the restriction of
Ato D(Ay)={yeYND(A): Ay e Y}).
Moreover, we set Xoo := [\eny Xk and X := Upeny X—# (as we do not need topologies on these
spaces, we simply consider them as sets). By similarity, each operator —i By, generates a Cy-group
(e7Bk)er in X, and this group satisfies again (4) in Xj. So everything we have done so far can
be carried over from X to any of the spaces Xj, k € Z. Moreover, we have consistency of spaces
and operators in the sense of (X%); = Xx4; and (By); = By for all k,1 € Z. For simplicity, we
omit in notation the subscript for the different versions of B.
Remark 2.3. (a) By Lemma 2.1 we have ¢(B) : X_o = X for any ¢ € 7 (R).

(b) In the case of the translation group on X = LP(R) 1 < p < oo, we obtain the scale of Sobolev
spaces Xy = WFP(R), k € Z, and X =M W kP (R), which is sometimes denoted by Zr» and
can be equipped with the natural Fréchet space topology. In this notation X _oo = (2 ) would be
the dual space of D, .

Lemma 2.4. Letx € X o and ¢, € S (R). Then [, ||p(B—t)(B)z|x dt < co and [, ¢(B —
t)(B)zdt = (0)¢(B)z.
Proof. By Lemma 2.2 the integrand is continuous in || - ||x. For any k € N we have

lo(B = )(B)llLix_x) = 6(B = )i + B)*4(B)| x)

Thus it suffices to estimate ||¢(B — t)y ( )||L(X) where 1 := (i + (-))*) € #(R). We simply use
the estimate (4) (for the definition of V; f we refer to the appendix):
)

16(B — 03By < o KGRECETBIGIEE

- M/ (V50)(t,€)| de.

By Lemma A.1, the integral is finite for each £ € R and can be integrated with respect to ¢t. [J

3. MODULATION TYPE SPACES ASSOCIATED WITH B

With the scale of extrapolation spaces from the previous section at hand we can now give the
precise definition of the modulation type spaces associated with B.

Definition 3.1. For s € R, ¢ € [1,00) and ¢ € .#(R) \ {0} we define

1/
(6) M go = {2 € Xoo: llallarg,, , = ( /R ((0°19(B — t)allx)" dt) " < oo}
and

(7) Mg =17 € Xoo: |allary _, = sup (£)°|0(B — t)z|x < oo}

teR

We start with a lemma on simple inclusions.



Lemma 3.2. We have X — My, for s < f% (and for s < 0 if ¢ = o0). If p(0) = 1 then

M;’(qp<—>Xf0rs> (and s >0 if g=1).

Proof. By (4) we have for z € X the estimate

M ~
(8) l2llarg, . o < 5 Yl [ lzallzllx

where ||(-)*||za < oo for s < —% (and for s < 0 if ¢ = 00). This proves the first assertion.
Take now p € . (R) with p(0) =1 and s > % (s > 0if ¢ =1). For z € M5, , we then have by
Holder

/R lp(B = t)allx dt < |[()7"l o [1()°p(B = )l pacxy = [[4) "l por 12 llarg

Now we use Lemma 2.2 to obtain [ p(B — t)z dt = x and consequently ||z|x < HQUHM)S(Q o O

We now prove that different ¢ € .(R) \ {0} induce equivalent norms. We also show that the
continuous type norms involving integrals can be replaced by semi-discrete norms involving sums.
We shall study fully discrete norms below.

Theorem 3.3. Let s € R and q € [1,00]. Then all norms || - HM)chdﬂ ¢ € L (R)\ {0}, are
equivalent. Moreover, they are equivalent to the norms given for ¢ € #(R)\ {0} by

1/q
ol = 2up (3 (61605 — k+sllx)?)
’ keZ

again with obvious modification for ¢ = oo

Proof. It is clear that [lz||ars o S ||:CHMS Los for all ¢ € [1,00] and that the reverse inequality
holds for ¢ = co. So it rests to show HxHMs Lo S lzllarg,, , for fixed ¢,¢ € #(R) \ {0} and
q € [1,00]. We give the proof for g € [1,00), the modlﬁcatlons for q = oo being obvious.

Let ¢ € ./ (R) \ {0}, ¢ := ||¢]|2., and set ¢ := ¢ '¢. Then Jg @(r)é(r) dr = 1. We let

:/ o(r + )d(r +t)dr, teR.
0

Then p € #(R),0< p<1,and [ p(r—t)dt =1 for all r € R. For v € &(R) \ {0} and ¢ € [0,1]
we have, using Lemma 2.4,

(Z<k>sq||¢(3 - t)$|’g()l/q

k

. g\ M4
= (SwW B —k+0 [ pB—k+ o))

k

11
< X (;(k>sq||¢(3—k+t)/o [ @om-r+s+a i)
We write k + j for j:

_ Z( k+j5‘1‘|//¢ (k+ )+ 1)(60)(B — k + o + )z drdo|%) Y



Now we use (k +j>5q < (k)*4(j)1*17 and Jensen:

sq/ / [9(B = (k+ j) +)(0) (B — k+0+7')‘”d7"da”X) "

A
Fﬂ

sup [[W(B = (k+ )+ 03B —k+o+7)|x)

IA
—
'Fﬂ

Si

Z o,r€[0,1],k€Z
1 1/q
X sup (Z sq/ |6(B =k + 0 +r)allk do)
rel0,1] 0
= Il><12.

For I; we use (4) and let s :== o +r € [0,2]. As in the proof of Lemma 2.4 we then obtain
(B = (k+5) + )o(B —k+ 0+ )| x
S IO T =G+ DS+ 5) i = 1O F (= j+t = 5)0H
< Y(V50)(j + s — t,€)] de,
< [© VA6 +s -0l

where the integrand is
estimate of Io we fix r

(
(-

(€)7B ()~ for all 8,7 > 0 by Lemma A.1. Hence I is finite. For the
[0,1] and estimate the term in brackets by

S ([0 - o+ nalf o) ",

which is independent of r and equals ||z|| a3, o O

Definition 3.4. According to Theorem 3.3 we can define M5 = My  for s €R, g€ [1, o0]
where ¢ € .(R) \ {0} is arbitrary.

S
€

As announced above we now give fully discrete norms for special p € . (R) \ {0}.
Proposition 3.5. Let p € (R)\ {0} satisfy suppp C [~1,1] and ), ., p(- —k) =1 on R. Then

s 1/q
lalldy = (S llo(B — kyel)

keZ
(obvious modification in case ¢ = oo) defines an equivalent norm on My, for any s € R and
q € [1,00].
Proof. It is clear that ||z 5 ||93HJ\N/[)S( . To see the reverse estimate we observe that, for
a,p »d5P

te[0,1], p(-+1t) = E;:—l p( +t)p(- + 7). Hence we have, for k € Z and ¢t € [0, 1],

lo(B ~k+tallx = | S (6B — K+ 9B~ k+ i) 7|
j=—1
2
< > lpB=k+t)p(B—k+j)z|x
j=—1
2
S D lp(B =k + j)z|x,
j=—1
since suppez tefo,1] /(B =k +1)l|x) < o0 by (4). Now [l S |4 ;. follows. O

7



Proposition 3.6 (Lifting property). The operator i + B is an isomorphism Mff; — Mg, for
any s € R, q € [1,00]. Moreover, M;’(’q(B) = M)S{'tll q(B_l) with equivalent norms.

Proof. For ¢ € .Z(R)\ {0}, ¢1(r) := ré(r), and = with t — ¢1(B—t)z € L1, the basic observation
is that t — B¢(B — t)x € Li is equivalent to t — t¢(B — t)z € L. Hence we have x € M;’(J’rql if
and only if x € M% (R) and Bx € M (R). The assertions now follow easily. O

As a corollary, we can replace X_, in Definition 3.1 by any X g, k > % —sif g € (1,00] and
k>—-sifqg=1.

Proposition 3.7 (Completeness). For s € R and q € [1,00] the space M5 , , is a Banach space.

Proof. We give the proof here for s > % (and s > 0 if ¢ = 1) and can exploit Mx ,, = X. For
the general case we then use the lifting property.

Let (x,) be Cauchy for || - ||M§<,q,p' Then ((-)*p(B — ‘)z, ) is Cauchy in L4(R, X) and there exists
(-)*f € LY(R, X) such that (-)*p(B —-)z,, — (-)°f in the norm of L4(R, X). The assumption on s
implies that (z,,) is Cauchy in ||- || so that z,, = = € X in ||-||x. But then p(B —t)z,, = p(B—t)x
in | -|lx for any ¢t € R. Thus f(t) = p(B — t)z for a.e. t € R, and dominated convergence yields

r € Mg, ,and z, — x in H"|M§(qp~ O

We close this section by the following result on denseness and the group induced by (e~®#) in
modulation type spaces associated with B.

Proposition 3.8. For ¢ € [1,00) and any s € R, X is dense in M}S{’q. The part of —iB in
Mz, which has domain M?'ql generates a Cy-group in Mx, that is consistent with the group
(e7B)cr we started with and satisfies again (1).

Proof. By lifting we resort to s > 1/¢' (s > 0 if ¢ = 1). Choose p € Z(R) \ {0} as in Proposi-
tion 3.5. Take z € M¥ , and, for n € N, set x, := 3, p(B — l)z. Then

p(B—Fk)x , |k|<n-—1

p(B—k)zn= > p(B—1pB -k = ,
li|<n 0 , k| >n 42

so clearly =, € X and z,, € N ser Mx - Moreover

e —zalllyy . < C S (BB~ k)al% -0 (0 oco).
|k[>n

~#B and the induced group

still satisfies (1). Similarly, M o 1s invariant under resolvents of B and norm estimates in X carry

Clearly, the spaces M5 g are invariant under the group operators e

over to M5 - The resolvent operators induce an operator B in M5 q with domain M?‘ql.

By Xoo € M ;‘fql, the domains M)S(qu of B is dense in M¥ . Now Hille-Yosida implies that the

induced group (e~"P) is strongly continuous in M, ” O

We shall study the case ¢ = oo in the next section.
8



4. THE CASE OF BI-CONTINUOUS GROUPS

In our considerations, we also want to include the translation group in spaces such as L* where
it is not strongly continuous and the supposed “generator” is not densely defined. However, the
translation semigroup is weak*-continuous on L°°. Also, in our spaces M j’( ~ the induced group
is not densely defined, but it is strongly continuous for a weaker norm (namely in X_j if k
is sufficiently large). So we resort to the theory of bi-continuous (semi-)groups and recall basic
definitions and properties (cf. [9]).

Assumption 4.1. Let X be Banach space with norm ||-||x and let Tx be a locally convex topology
on X such that

(i) Any normbounded Tx -Cauchy sequence converges in (X, Tx).

(ii) The embedding (X,] - ||x) — (X, 7x) is continuous.
(iii) The space (X,7x)" is norming for X, i.e. for any x € X we have

[zllx = sup{[{z,¥)| : ¥ € (X,7x)', [|¢llx < 1},
where ||Y||x = SUP|2| < <1 [(z,1)] is the usual norm on the dual space (X,| - ||x)" of
(X M)

By (iii), 7x is necessarily Hausdorff. In the following we use the notation

Ox(7x) = ®(rx) = {¢ € (X,7x)": [[¥llx < 1},
then we can rewrite (iii) as [[z||x = supyea(ry) [(,9)| for any z € X. Observe that (iii) is
invariant if we multiply || - ||x by a positive constant.

We rephrase [9, Def. 3] for our purposes. Observe that here we are only interested in the polyno-
mially bounded case.

Definition 4.2. Suppose that 7x is as above and that (T'(t)):er is a group satisfying (1). Then
(T'(t)) is called bi-continuous (with respect to 7x) if

(i) R - X, t — T'(t)x is Tx-continuous for any = € X,
(ii) for any a > 0 the set {T'(t) : [t| < a} is bi-equicontinuous, i.e. for every || - |-bounded
sequence (zp) in X that is 7x-convergent to 0 we have

7x — lim T'(t)(z,) =0
n—o0
uniformly in |t < a.

Following [9, Def. 9], the generator of (T'(t)) is the unique operator A on X such that

[e.9]
(9) R\, Az = / e MT(t)zdt, xeX,Re)>0.
0
The integral here is the limit lim, .o, in operator norm of the integrals foa e*’\tT(t)x dt which
in turn have to be understood as Tx-Riemann integrals (we refer also to Proposition A.2 in the
appendix and to the arguments in the proof of Proposition 4.4). Then (see [9, Cor. 13]) A is
bi-closed, i.e. if (z,,) is a norm-bounded sequence, Tx-convergent to x and such that (Az,) is
norm-bounded and 7x-convergent to y, then z € D(A) and Az = y. Moreover, the domain D(A)
of A is bi-dense in X, i.e. for any z € X there is a norm-bounded sequence (z,,) in D(A) that is
Tx-convergent to x (see [9, Cor. 13]).
The following are our main motivations to include the present section.
9



Examples: 1. The translation group given by T'(t)f = f(- — t) is isometric in X = L*(R) =
(Ll(R))/. It is not strongly continuous, but it is bi-continuous for the weak* topology.

2. More general, if X is not reflexive and (7'(t)) = (e~%P) is a Cp-group in X satisfying (1) then
the dual group (T'(¢)") in X’ satisfies (1) and is bi-continuous for the weak* topology on X'. Its
generator is the dual operator (—iB)" of —iB whose domain is bi-dense in X".

3. The translation group is also not strongly continuous on the space Cy(R) of bounded and
continuous functions equipped with the sup-norm. But it is bi-continuous for the topology 7. of
uniform convergence on compact subsets of R (see [9]).

4. In the situation of Section 3, the induced group (e~*?) is not strongly continuous in M X0
(unless B is bounded). We shall see below that it is bi-continuous for the norm of X where
k < s —1 and its generator is the operator —iB with domain M)S;r;

In the following we assume

Assumption 4.3. Let (X, - ||x) be a Banach space and Tx a topology on X satisfying As-
sumption 4.1. We assume that (T'(t))wer is a group in X that satisfies (1) and is bi-continuous
with respect to the topology Tx. As before we denote the generator of (T(t)) by —iB and write
T(t) =e B,

Before we continue we establish the Phillips calculus for the group (7'(¢)) in X. We shall use that,
for a Tx-continuous and norm-bounded function f : [a,b] — X and a complex Borel measure
w € My(R), the integral f[a o (t) du(t) exists in a Riemann sense. For convenience, we prove this

in the appendix (cf. Proposition A.2).
Proposition 4.4 (Phillips calculus). For p € #,(R) and x € X the limit

A(B)z = lim /[ ()

a——00,b—00

exists in operator norm and x — [1(B) defines a linear operator p(B) € L(X) satisfying the
estimate

(10) 115(B)llLx) < M/R<t>“ d| | (t)-

The map Flo(R) — L(X), g — 1(B) is an algebra homomorphism. Moreover, if F C #(R)
is a || - ||.g, -bounded subset satisfying

(11) lim sup/ > dlul(t) =0
4= eF Jlt|>a
then {f(B) : p € F} is bi-equicontinuous.
Proof. Let pu € M (R) and x € X. By Proposition A.2 the integral f[a B T(t)x du(t) exists in a
Tx-Riemann sense. By Assumption 4.1 (iii) we have
= sup

| Tt
[a,b] X YED(1x)

Denoting the operator z +— f[ab] T(t)xdu(t) by f[ab] T(t)du(t) this estimate implies
f[a p T(t) du(t) € L(X). Moreover, it implies that
lim / T(t) du(t)
[a,b]

a——00,b—00
10
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exists in operator norm. Denoting this limit by i(B) as in the assertion, the estimate finally
shows (10). For the following we observe that, for ¢ € ®(rx), we have

@Bz, v) = lim | /[ T, v) = tim [ (104 due) = e dut.

where the last integral is a Lebesgue integral.

For the algebra property we only have to show multiplicativity, i.e. for u,v € #,(R) we have to
show [i(B)v(B) = j1 * v(B). We do this by applying functionals ¢ € ®(7x):

@B ) = [ @O0 dGur )0
= [ [ @+ e dute) aves
RJR

_ / (T(s) / T(t)e du(t), ) dv(s)
R R
= ((B)i(B)z, ).

Now suppose that F C .#,(R) is || - ||z, -bounded and satisfies (11). Let (z,,) be a norm-bounded
sequence that is 7x-convergent to 0. Let p be continuous seminorm and € > 0. We may assume
p < |- |x. By assumption we find a > 0 such that

sup [ (o dlul ) <.
neF J|t|>a

For p € F we write

p(i(B)zn) < p (/[_ ]T(t)xn du(t)) + AI> T(t)xn dp(t)

X

Using Tx-continuity of p and (10) we obtain

RGOS ICRR Ty G 2(0

[t|>a

< sup p(T(t)zn) sup [ ulla, + Me.
[t|I<a HEF

p(i(B)zn)

IN

By Assumption 4.3 we have supj <, p(T(t)zn) — 0 as n — oo, and this implies the assertion. [

The result on bi-equicontinuity can used to show that {(t)~®T(t) : t € R} is bi-equicontinuous
for any o > «. It can also be used to reprove bi-equicontinuity assertions on (powers of) resolvent
operators in [9].

Remark 4.5 (Extrapolation scale). Also under Assumption 4.3, it is possible to construct the
scale of Banach spaces (Xg, | - ||x, )kez such that i + B : X, — X} is an isometry for every
k € Z, since the construction essentially only uses that +i € p(B) (we refer to, e.g., to [7,
Sect. 6.3]). Similarly, we can use the operator i + B and its powers to transfer the topology
Tx to the spaces Xj, k € Z, and we shall denote the induced topologies by 7x,. In this way
i+ B (Xy,7x,) = (Xk—1,7x,_,) is an isomorphism for each k € Z. Moreover, in each space X},
we have an induced group (e~*#) which satisfies (1) and is bi-continuous with respect to 7x, . Its
generator is the operator —¢B with domain Xy 1.

11



We now comment on the construction of the spaces M X.q under the given assumptions. on the
other hand it shows that we still have the estimate (4). In particular, the argument which shows
continuity of ¢t — ¢(B — t) in operator norm of X is still valid. We also note that, if we apply
P € ®(7x), we have

(12) @B)e.0) = 5 [ e ) dr

where the integral is a Lebesgue integral. Using this observation we can apply functionals ¢ €
®(7x) in the argument of the proof of Lemma 2.1(1). Thus we obtain that the assertions of
Lemma 2.1 (1)-(3) still hold. Concerning the assertion of Lemma 2.1(4) we take a continuous
seminorm p for 7y and have (with notations as in the proof of Lemma 2.1)

p(gr(B)r — ) /\/ e R 2p(e™ By —2)dr =0 (k — o0).

Hence the set | ,c » p(B)(X) is bi-dense in X and p(B)z = 0 for all p € (R) still implies z = 0.

Now it is obvious that the spaces M¥ q(B) can be defined as before. We summarize all this in

Proposition 4.6. Under Assumption 4.3 the assertions of Lemma 2.1(1)-(3) still hold. In the
assertion of Lemma 2.1(4) “dense” has to be replaced by “bi-dense”. The assertions of Lemma 2.2
and Lemma 2.4 still hold. We can define the spaces M?(,q@(B) as in Definition 3.1. The assertions
of Lemma 3.2, Theorem 3.3, and of the Propositions 3.5, 3.6, and 3.7 are still valid.

We now study the induced group (e %)
of Proposition 3.8.

and its properties in the spaces M )S( q and give the analog

Proposition 4.7. For q € [1,00), the part of —iB in Mj’(’q which has domain M§(+q1 generates a

Co-group in M)S(’q that is consistent with the group (e "B)icr we started with and satisfies again

(1). For ¢ = oo, the part of —iB in M% ., which has domain M;folo generates a bi-continuous
group in My  w.r.t. the topology Tx, restricted to M% . where k < s—1. the group is consistent
—z’tB)

with the group (e ter we started with and satisfies again (1).

Observe that the range of k in the assertion is such that M X0 Xk

Proof. As before, the spaces M5, g are invariant under the group operators e **Z and the induced

group still satisfies (1). Similarly, M% o 1s invariant under resolvents of B and norm estimates in
X carry over to My . The resolvent operators induce an operator B in My , with domain M;j‘ql.
For ¢ € [1,00) the space M;;rql is dense in My (by the same arguments as in the proof of
Proposition 3.8). Again, Hille-Yosida implies that the induced group (e ")
in M% , if g € [1,00).

is strongly continuous
We turn to the case ¢ = oo. For s € R, the induced group (e~*#) in the space M ., is bi-
continuous with respect to the topology x| M whenever k € 7Z satisfies s > k + 1. By the
lifting property it suffices to prove the case k = 0, s > 1. We denote by 7js the restriction of 7x
to M% . First we show that 7); satisfies Assumptlon 4.1 in M% _ in place of X. The inclusion
Mf(po, — (X, || - ||x) implies (ii). For the proof of (i) let (x,) be H HMs _-bounded in M%  and
Tapr-Cauchy. Then (z,,) is also || - || x-bounded in X and 7x-Cauchy and thus converges in (X, 7x)

by (i) for 7x in X. We denote the limit by z and have to show z € M% . Let p € (R) \ {0}.
12



Taking ¢ € ®x(7x) we have, for any t € R,
[{p(B = t)a, )| = lim [(p(B = t)an, )| < sup [|p(B = t)zn|x.

Hence using (iii) for 7x in X we get ||p(B — t)z||x < sup, ||p(B — t)x,| x for every t € R which
implies in turn

Il .., = sup(e)* (B — tialx < sup(e)*lo(B — anllx = sup lnllry ., < o
)TV n
Sox € My , ,» and (i) is proved.

For the proof of (iii) we take z € M% . ,. For t € R we then have, by (iii) for 7y in X,
lp(B —t)zllx = sup  [{p(B—t)z,¥)],

YeE®x (Tx

and for every ¢ € ®x(7x) we have

() (p(B ~ i) = Jim o | ((B = ) (1) s (r)0) .

Defining 95 : R — X' by ¢5(r) = %<T’>Sl[t_57t+5] (r)3 we have [[1s 11(xy < 1. Then we see easily
that the functional
1 t40

Us oz /R<p(B =) dr = gz [ 0)%0(B = ryadrv)

1S Tps-continuous on Mf(,oo,p and

(@, U5} < llellarg . sl < el

,00, P

So we have W5 € ®pry p(TM). Using the above we thus have
(@)°[lp(B —t)z|lx < Sup (2, Us)| < sup{[(z,¥)| : ¥ € Prrg _ (Tar)}-

Taking the sup over ¢ € R we obtain (iii) for 7as in M% ,- The same arguments can be used for
the norms || - H%@ where p satisfies the additional assumptions that are needed.
,00,p

Now we show that the induced group (e~*5B) in M X oo 18 bi-continuous with respect to Tas by
checking the conditions in Definition 4.2. Property (i) is obvious from (i) for 7x in X. Property
(ii) also follows from (ii) for 7x in X and Assumption 4.1 (ii). O

Still under the Assumptions 4.1 and 4.3 we comment on another choice of a topology that makes
the induced group on M }700(3) bi-continuous.

Remark 4.8. We denote by X the || - | x-closure of D(B) in X and by || - || x» the restriction of
|-llx to X°. Then the restriction (7'(t)") of (T'(t)) to X” is strongly continuous, and T'(t)* = e~itB’
where B’ is the part of B in X°. Denoting by (X,';)kez the extrapolation scale w.r.t. X? and B’
we clearly have Xy, C X,'; C X for any k € Z which implies XEOO =X_, and Xgo = Xo. By
the results of Section 2 we conclude

M5 oo(B) = My, (B”), s> 1.
Now, Proposition 4.7 tells us that, for s > 1, the group (e~*B”) in M% . (B) is bi-continuous
w.r.t. to the topology induced by || - || x, restricted to M% _(B).

13



We also want to remark that a similar argument applies to, e.g., Mx 1(B) in place of X > we have
Xo = Mx1 < X, 80 Myry;,00(B) = Mx oo(B). On the other hand, we have, for a suitable p
and any k € Z, by an argument as in the proof of Proposition 3.8

1
(k)llp(B = k)zllare, = (k)* Y llp(B = Dp(B — k)z|x < C(k)* Y lIp(B —Dz],
l I=-—1

so that Hx”Mwa - S llzllars, - We conclude that
M3 oo(B) = My | oo(B), s> 1,

as Banach spaces. Again, Proposition 4.7 tells us that, for s > 1, the group (e*ith) in Mf(’oo(B)
is bi-continuous w.r.t. to the topology induced by | - ||ay ,, restricted to My  (B). We remark
that, in the same way, it can be shown that we have

MJ?/I}’(YT(B),q(B) = Mj(—j_qa(B)

for all s,0 € R and r,q € [1,00] which yields more choices for an appropriate topology on
M 59(,00(3)'

; 2
5. THE GROUP e~ "B” IN THE SPACES Mk ,(B)

In this section we briefly consider a functional calculus of unbounded operators for B in X before
we concentrate on the operators e*”B2, t € R, and their properties in the modulation type spaces
M5 ,R). If F: R — Cis C*, then F¢ € C2°(R) C 7 (R) for any ¢ € C°(R) and we define the
operator F'(B) in X by

x € D(F(B)) and F(B)r =y <= V¢ € C°(R) : (F¢)(B)xr = ¢(B)y.

An application of Lemma 2.2 (2) yields that F(B) is a well-defined single-valued linear operator.
Moreover, F(B) is a closed operator in X and the map F +— F(B) has the properties of an
unbounded functional calculus: C*°(R) is an algebra and for F, G € C*°(R) it is not hard to see
that we have

(13) F(B)+ G(B) C (F+G)(B) and  F(B)G(B) C (FG)(B)
where D(F(B)+ G(B)) := D(F(B))ND(G(B)) and D(F(B)G(B)) :={z € D(G(B)) : G(B)x €
D(F(B))} equals D((FG)(B)) N D(G(B)). Examples of such F' are:

(a) If F(r) = (A —7)~! where A € C\ R, then F(B) = R(\, B).

(b) If F(r) = e~ where t € R, then F(B) = T(t) = e~ "B,

(c) If F(r) = r*, then F(B) = B*.

(d) We are especially interested in the case F(r) = e~ for t € R.

In case (a) and (b), F(B) is already in the Phillips calculus: in (a) by the usual representation of
the resolvent operators as Laplace transform of the semigroup, and in (b) we have p = ¢; in (2).
We shall study (d) in the following.

Proposition 5.1. Suppose that Assumptions 4.1 and 4.3 hold. There is a constant C, only
depending on « such that, for all s € R and all q € [1, 0], we have

(14) le™ 2l , < Cal®™ 2lallygre,  teR@ e MY
14



In case a = 0, (e"B*) is a group of bounded operators in M5 ,(B) for each s € R. If q € [1,00)
then this group is strongly continuous, for ¢ = oo this group is bi-continuous w.r.t. the restriction
of Tx, to M% . (B) where k <s—1.

Proof. We first prove the estimate (14). We take ¢ € .Z(R) \ {0} and show
(15) le™$(B ~ B)llzcx) < Calt)*™2(R), kiR
This will prove (14) since we then have

|7 (B — k)| x < Calt)*2(k)||6(B — k)| x,
which in turn implies

—itB2

He mHM)S(,q < Ca<t>a+l/2HxHM§(+qa¢.

b2
For the proof of (15) we write

efit32¢(B — k)= eitk2672iktB€fit(Bfk)2¢<B — k)
and use (1) and (4) (the latter for B — k in place of B) to obtain

—itB2 M? o a7
le™F ¢(B — k)| rx) < g@kw () el 1,

where 1y € .Z(R) is given by 1¢(r) = e~ ¢(r). Then we use
(2kt)* < () (k)“.
In order to get the right dependence on ¢ and o we calculate ||(-)*¢y| ;1 for the special case

¢(r) = e . Then

_ —itr? —r? _—(1+it)r? - _ T —£2/(4(1+it))
wt<7ﬂ) € € € ) wt(f) 1 +Zt €

as can be seen by analytic continuation. Hence

1692 = VA 02 [ (e €0 g

R
For o = 0 we substitute £ = (t)n and obtain

s = @2 [ e,
R
For a > 0 we use (£)® < 2°/2(1 + |£|*) and get with the same substitution as before
(1 [ Jepee €100 dg = (172 [ pgjee e an,
R R

This proves (15). We also infer from Proposition 4.4 that, for any a, N > 0 and ¢ € ./(R), the
set

(16) (" $(B — k) : |t| < a,|k| < N} € L(X)

is bi-equicontinuous w.r.t. 7x. Now let & = 0. The group property follows from (13). We have to
prove continuity properties and that —iB? with domain M)S(Jf is the generator. We shall use
15



Case ¢ < oo: We show that |le™#5°z — :c||M§(q — 0 as ¢t — 0 for any z € M5 (B). So let
z € M% ,(B). For the calculation of the norm we take a ¢ € #(R) \ {0} with compact support.

Then we have, for any k € R, (e7#()* — 1)¢(- — k) — 0 in .(R), which implies (again by (4))
I(e7* —D¢(B —k)alx =0 (t—0).

Since g < oo the assertion now follows by dominated convergence. The argument is the same if
the original group (e~%#) is just bi-continuous in the sense of Section 4.

Case ¢ = oo: We have to show that, for s > 1, the group (e~*B”) is bi-continuous in M5 (B)
w.r.t. the restriction of the topology 7x to M¥ (B)), which we again denote by 75,. We already
know that )/ satisfies Assumption 4.1 in M5  (B). So we only have to show (i) and (i) of
Definition 4.2. We start with (ii) and take a sequence (zy,) in M% (B) such that HanMg(,oo(B) <
C and z, — 0 w.r.t. 7x, and we let a,e > 0. We choose p € .#(R) as in Proposition 3.5. Since
s <1,y=73 p(B—k)y for each y € M5 , where the series converges in || - [|x and we can find
N > 0 such that

1Y o(B=ke ™ allx < Y (k)R p(B - ke P anx <C" Y (k) <e
|k|>N |k|>N |k|>N

itB?
L

for any n € N, [t| < a, where C' := C'supyy <, |le” M ). For a 7x-continuous seminorm
< oo

p < |- |lx and |t| < a we then have
p(e_itBan) < Z p(e_itBQp(B . k):z:n) Y,
k|<N
where the sum tends to 0 uniformly in ¢ as n — oo by bi-equicontinuity of the set in (16). Now
let @ € M5 . (B). By M% o = Mx1 <> X — (X, 7x) we get Tx-continuity of ¢ — e~#5’
continuity in || - [[ary, (the case ¢ =1 is already proved). The generation property is checked via
resolvents and the Phillips calculus. U

z from

Remark 5.2. Taking into account Remark 4.8 we also obtain that, for s > 1, the group (e“BQ)
is bi-continuous in M  (B) w.r.t. the norm-topology of X restricted to Mx  (B) or w.r.t. the
norm-topology of Mx 1(B), restricted to Mx  (B).

Remark 5.3. Concerning only boundedness of operators F'(B), the more general result is, of
course, the following (cf. also [6, Thm. 17(1)] for the classical setting): Take p € . (R)\ {0} with
compact support and suppose that the set

{F(B)p(B—k):keR}CL(X)

is uniformly bounded in operator norm. Then F(B) acts as a bounded operator in every space
My, s€ER, g€ [1, 00].

6. APPLICATION TO A NONLINEAR SCHRODINGER EQUATION

We illustrate our results briefly by a simple application. The cubic nonlinear Schrodinger equation
(NLS) in one space dimension is

(17) iug + gy £ ulPu = 0, teR,zeR
u(0,z) = wo(x), zeR.
We take T'(t)f = f(- — t), the right translation group, as in Example 1.2, hence B = —i%, and

we consider the function space X = C3(R) of bounded continuous on R, which is an algebra
16



for pointwise multiplication. Denoting by BUC(R) the space of bounded uniformly continuous
functions on R we have
L>®(R)” = BUC(R) C X C L®(R).

Thus M% . (B) equals the classical modulation space Mj«  (B) = M5, (R). Since the trans-
lation grdup is bi-continuous on X w.r.t. the topology 7. of uniform convergence on compact
intervals, Proposition 5.1 tells us that, for s > 1, the Schrodinger group (e“d%) is bi-continuous on
M3, (R) w.r.t. the topology 7. restricted to M3, ... On the other hand, M5, . (R) is an algebra
(see, e.g., [4]), moreover pointwise multiplication is 7.-continuous, at least on || - ||o-bounded sets.
We rewrite (17) as a fixed point equation in the space

Cgc([O,T], M3, o (R)) :={v:[0,T] = M3, (R) :vis || - [|mg, . -bounded and 7-continuous },
which equipped with the norm |[v||oc 1= supscjo 7y [[v(¢)|[ a5, . is a Banach space. The fixed point
equation is

(18) u(t) = ey + z'/o elt=9)dz (Ju(s)[*u(s)) ds, t€[0,T).

We call a solution u € C? ([0, T7, M3, (R)) a mild solution of (17). The only thing that we now
need to solve this via Banach’s Fixed Point Theorem in the usual way is the following on the
convolution part.

Lemma 6.1. The convolution with the semigroup (¢%%) maps CP ([0,T], M5, o) into itself and
we have the estimate

N2
1% 5 0| < CT[v]loo, v € CF (10, T], M o)
We omit the easy proof. By standard means we then have

Proposition 6.2. Let s > 1 and ug € M5, ,(R). Then there exists T > 0 only depending on

[uollazs, . such that (17) has a unique mild solution u € C2 ([0, T], M5, o (R)).
Remark 6.3. Doing the fixed point argument in the space of || - [[az5 _-bounded and || - ||co-
continuous or in the space of || - ||ass, _-bounded and || - ||az, ,-continuous functions, which is

possible since pointwise multiplication is also continuous for these norms, yields ezistence of a
more regular solution. However, using the 7.-topology we get uniqueness in a larger space.

APPENDIX A. TWO AUXILIARY RESULTS

Here we provide proofs for a well-known result on the short time Fourier transform and for the
contruction of 7x-Riemann type integrals with respect to measures p € .7 (R).

Fix g € .(R)\ {0}. The short-time Fourier transform with window g of f € .%/(R) is the function
Vof :R xR — C is defined by

(19) Vof@.€) = [ e fu)aly =) dy = (£.Vg(- — ),
where the duality bracket extends the usual scalar product in L?(R). We shall only need that Vy
maps - (R) to rapidly decreasing functions.
Lemma A.1. For g € Z(R)\ {0}, f € ' (R) we have that
(2,6) = (@)"(6)' Vo f (2, €)

is bounded on R x R for all 5,k > 0.
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This is well-known but we reprove it here for convenience.
Proof. We have
Vot @9l < [ Wty ) dy = 111 xlgl(o)

where og(y) = g(—y). By f,g € Z(R) we infer that (z)*V, f(x, &) is bounded for any k > 0. For
any | € N we use integration by parts to obtain
l

(=i6)%, 0.6 = () [ e it - (Y (j)vga_]-) (F9) (@, 9).

j=0
Since .(R) is invariant under taking derivatives we can combine both arguments to obtain the
assertion. n

For the following result on 7x-Riemann type integrals we suppose that Assumption 4.1 holds.

Proposition A.2. Let f : [a,b] — X be a Tx-continuous and norm-bounded function and let
w € M (R) be a complex Borel measure. For any partition a = tog < t1 < ... < t, = b and any
vector (€1,...,&n) with & € [tj—1,t;) we define the Riemann type sum

S(f, ti, &) Zf & J 1’tj))+f<b)ﬂ({b})~

Then the Tx-limit of S(f,t,&;) exists in X as max; |t; —tj_1| tends to 0. This limit is denoted
f[a y f () du(t). We have the estimate

f(t) du(t)

[a,b]

< sup [|f(t)]x [ul(la, b])
tela,b]

X
and for any Tx-continuous seminorm p we have

p( ot d““”) S/ p(f(1) diul(t) < sup p(f(1)) lul(a, B]).

[a,b] tela,b]
Proof. If || f(t)||x < C we easily get

IS(f:t5, &)l x < Clul(la,b]).
By Assumption 4.1 (i) it thus suffices to show the Cauchy property. So we let 6 > 0 and take two
partitions (¢;) and (sj) such that max; [t; — ¢t;_1| and maxy, [s; — sp—1| are < 6 and we take two
corresponding vectors (&;) and (7). Then we rewrite

S(f:t,&) = S(frseme) = > (F&) — F@)) ol wm)),

l
where (u;) is a partition obtained by the union of the ¢; and the s; and we have (&) = {&},
{m} = {m} as sets, but we have to repeat ¢; according to the splitting of the interval [t;_1,t;).
Then not necessarily §l [ug— 1,ul) but we have at least \{l — | <6 and |§l — ;1] < 4. The
same holds for the 7; so that |§l M| < 24. Taking a 7x-continuous seminorm p we thus have

p(S(f,tj,&5) = S(fyskmk)) < ZP () |2l (w1, wr))
< sup p(f(&) = fm)lul(la,b)).
|§—n|<26

18



The assertion thus follows from uniform 7x-continuity of f on [a, b]. The p-estimates are immedi-

ate, for the norm estimate we use Assumption 4.1 (iii) and the p-estimates for p := |(-,¢)| where
Y € D(1x).
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