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Abstract

Effective Field Theories (EFT) can be used to quantify deviations from the Standard
Model in a model independent way: keeping the symmetries and local gauge invariance.
It is possible then to write new physics as an extension of the Standard Model in an
Effective Lagrangian including higher dimensional operators composed of the already

known fields.

In general, it is of interest to study the EFT for electroweak precision tests, as they
are among the most sensitive searches to constrain new physics. Therefore, precise
knowledge of the Triple Gauge Couplings and Quartic Gauge Couplings is desirable, as

new physics effects could manifest in their final states.

Once the higher dimensional operators are included in the Effective Lagrangian, the
amplitudes have terms that grow proportional to the energy, hence the cross section
falls off more slowly than expected and it points to a unitarity violation of the S matrix:
this implies that the Effective Field Theory is used beyond its validity region and it leads
to a non-physical cross section, an idea that has been used previously to indicate the
scale of new physics. This unitarity problem needs to be solved, as nature guarantees

unitarity conservation.

The unitarity bounds are calculated from the partial wave analysis of the on-shell 2 — 2
scattering amplitudes and a unitarization scheme needs to be used to reconstruct the off-
shell amplitudes. In this work, a T-matrix unitarization scheme is described for Vector
Boson Scattering at the LHC and implemented in VBFNLO, a parton level Monte Carlo

for processes with electroweak bosons.






Zusammenfassung

Effektive Feldtheorien (EFT) konnen verwendet werden, um Abweichungen vom Stan-
dardmodell modellunabhéngig zu quantifizieren: die Symmetrien und die lokale Eichin-
varianz bleiben erhalten. Es ist dann moéglich, neue Physik als Erweiterung des Standard-
modells als eine Effektiven Lagrange-Dichte zu schreiben, einschliellich h6herdimensiona-

ler Operatoren, die sich aus den bereits bekannten Feldern zusammensetzen.

Im Allgemeinen ist es von Interesse, die EFT fiir elektroschwache Prézisionstests zu stu-
dieren, da sie zu den sensitivsten Suchen gehtren, um neue Physik einzuschrianken. Daher
ist eine genaue Kenntnis der trilinearen und quartischen Eichkopplungen wiinschenswert,

da sich neue physikalische Effekte in ihren Endzustinden manifestieren konnten.

Sobald die hoherdimensionalen Operatoren in der Effektiven Lagrange-Dichte enthal-
ten sind, haben die Amplituden Terme, die proportional zur Energie wachsen. Daher
fallt der Wirkungsquerschnitt langsamer ab als erwartet, und es deutet auf eine Unita-
ritdtsverletzung der S-Matrix hin. Dies impliziert, dass die Effektive Feldtheorie iiber
ihren Validitdtsbereich hinaus verwendet wird und fiihrt zu einem nicht-physikalischen
Wirkungsquerschnitt, eine Idee, die zuvor verwendet wurde, um den Giiltigkeitsbereich
der neuen Physik anzugeben. Dieses Problem der Unitaritédtsverletzung muss gelost wer-

den, da die Natur die Unitaritdt der Streumatrix garantiert.

Die Unitaritdtsgrenzen werden aus der Partialwellen Analyse der 2 — 2 Streuamplituden
berechnet und ein Unitarisierungsschema muss verwendet werden, um die Off-Shell-
Amplituden zu rekonstruieren. In dieser Arbeit wird ein T-Matrix Unitarisierungsschema
fiir Vector Boson Streuung am LHC beschrieben und in VBFNLO, einem Parton Level

Monte Carlo fiir Prozesse mit elektroschwachen Bosonen, implementiert.
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“Would you tell me, please, which way I ought to go from here?”
“That depends a good deal on where you want to get to”, said the Cat.
“I don’t much care where -7 said Alice.

“Then it doesn’t matter which way you go”, said the Cat.

“ so long as I get somewhere”, Alice added as an explanation.

“Oh, you're sure to do that”, said the Cat, “if you only walk long enough”.

Alice’s Adventures in Wonderland, Lewis Carroll.






Introduction

The Standard Model (SM) of particles is a complete and successful theory in physics
able to describe the fundamental particles and their interactions. Nevertheless, it can-
not explain all the phenomena of the universe and many open questions remain to be

answered, leading to the search for a greater description of nature.

It is not the lack of new models that makes this search a complicated task. On the con-
trary, many possible scenarios Beyond the SM (BSM) are being studied and published,
which implies (from an experimental point of view) a huge need of resources to obtain

and analyze data from the different experiments in the search of new physics.

Where should one look to find new physics if the parameter region is so extensive? And,
if new physics is accessible within the energy available in the experiments, e.g. at the

LHC, which theory would it correspond to?

A favorable choice in this sea of options are the so called Effective Field Theories (EFT),
a generalized model to extend the SM without reference to the underlying theory. Ex-
amples through time are existent, with results that have been a good approximation of

the complete model.

For example, consider the 5-decay process described by Enrico Fermi originally in 1933
[1, 2]: the neutron decay did not agree with the known interactions at the time and yet,
experiments could measure a neutron decaying into a proton, an electron and missing

energy, as shown in the relation (1),

n — pe U (1) n

Fermi considered the following idea: take a four-point interaction vertex and define a
“current”, which explains the transition from one particle to another. For instance, a

baryon current for the neutron going to the proton and a fermion current connecting the
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neutrino and the electron, as shown in the figure (1). The interaction point is explained

then as constant coupling, named Gp.

J lepton

J baryon

FIGURE 1: Fermi theory for the S decay.

The corresponding matrix element can be written effectively as the product of the two

“currents”,

M = GF .jlepton : jbaryon ’ (2)

the currents can be written using an operator & corresponding to the transition, for

example,
jlepton X \i]eﬁ\yy . (3)

Therefore, the matrix element for the $-decay can be rewritten as,
M x Gp (9,00, (V.00,) . (4)

Despite the paper and the idea were originally rejected, this is the genesis of the weak
interactions. A posteriori, a more complete theory took over, with the effective coupling

being replaced by a new particle as mediator (the W boson), as shown in the figure (2).

v e

FIGURE 2: Inclusion of the W boson as a mediator of the interaction for the $-decay.

The EFT will introduce higher dimensional operators using the already known SM fields

and an effective coupling (anomalous coupling) to describe possible scenarios beyond the



SM. This approach is useful, for instance, for a better understanding of the dynamical
nature of the spontaneous electroweak symmetry breaking, where one could introduce
anomalous interactions between the electroweak field strength tensors, as the electroweak

sector is among the most sensitive observables to constrain new physics.

Regardless of the EFT advantages, the inclusion of anomalous couplings for new inter-
actions also introduces unitarity violating effects when the model is used beyond the
limits of applicability, leading to non-physical cross sections. As nature will guarantee
unitarity conservation, it is necessary to restore it without inserting ad-hoc elements

that will dilute the generality of the model.

For this purpose, one could either apply a cut-off and truncate any process out of the EF'T
validity region, or modify the scattering amplitudes to guarantee they remain below the
unitarity bound. Nevertheless, as nothing has been observed in the experiments within
the validity region so far, it is necessary to extend this range and ensure that the searches

are not done in a non-valid parameter region.

The goal is to investigate unitarity models for dimension-8 bosonic operators in quasi-

elastic vector boson scattering at proton-proton collisions with two jets,

pp— V= fHWV = ff)+77.

The first part of this work explains basic concepts: in Chapter 1 the SM as an EFT
is introduced and the operators of interest for vector boson scattering processes are
explained; then, in Chapter 2 the Monte Carlo program VBFNLO is introduced, as
numerical calculations become more convenient than analytic phase-space integration

to achieve the desired accuracy in the predictions of SM and new physics models.

The second part of this work addresses the unitarization problem: Chapter 3 explains
the unitarity bounds for 2 — 2 scattering and introduces the T-matrix linear unitariza-
tion model; then, in Chapter 4 off-shell processes (2 — 6 scattering) are introduced,
explaining the challenges that needed to be overcome to obtain a suitable unitarization

scheme.

Finally, Chapter 5 gives an example on how the unitarization can expand the validity
regions to search for new physics, using the current experimental limits on the anomalous

couplings.

Throughout this work the natural units were used, with the speed of light ¢ and the

reduced Planck constant A set equal to 1.






PART I:

Theoretical Foundations






CHAPTER 1

The Standard Model as an Effective
Field Theory

1.1 The Standard Model of particle physics

Since ancient times, the macroscopic matter was theorized as a cluster of components
in an empty space and not divisible into smaller pieces. For example, the ancient Greek
word “atomos” (aTopov) [3] translates as an adjective to define something indivisible,

uncut.

Albeit it is true that the atom did not remain as the smallest component of nature,
the universe is indeed composed of elementary particles interacting with each other and
described by the SM.

The SM is a fully mathematical theory that identifies the fundamental elements of the

Universe, describes the forces they feel and how do they behave given these forces.

1.1.1 Symmetries and interactions

The gravitational and electromagnetic interactions have played an important role in the
history of science for a long time: the electromagnetic interactions describe the behavior
between electrically-charged particles, while gravitational interactions are existent be-
tween all the particles, particularly playing an important role in the macroscopic world
[2]. However, many experimental phenomenoma found from 1900 onward would not

have a satisfactory explanation if only these two interactions existed [4].

Since a nucleus containing several protons holds together despite their electrical repul-
sion, another force (attractive) stronger than electromagnetism must occur. In 1935
Yukawa postulated the existence of pions [2] as mediators of this strong interaction.
Although the pions were discovered, a more fundamental explanation arose, resulting in

the Quantum Chromodynamic (QCD) theory.
7
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In addition, a different interaction was necessary to explain phenomena such as the
process of hydrogen fusion in stars or the radioactive decay of subatomic particles. The
weak interactions made possible to explain these unstable particle decays, but it was
not until 1973 [2] when the first observation of a weak neutral current was observed
at CERN. This discovery confirmed not only the existence of the weak interactions,
but that weak and electromagnetic interactions are two different aspects of the same
force. The unification of the weak and electromagnetic interactions into one underlying
force by Glashow, Weinberg and Salam [5-7], has been one of the milestones in particle

physics from the last years.

The SM is a quantum gauge field theory with a Lagrangian invariant under some sym-
metry transformations (or local phase transformations), which describes the particles

and their interactions.

These symmetries are important not only to derive and simplify the equations that
describe a physical system but, as the Nother’s theorem reveals, due the correspondence
between symmetries and conserved quantities. In other words, “if there is a symmetry,
there is a conserved quantity; and vice versa, if there is a conserved quantity observed,
there should be an associated symmetry” [4]. For example, internal symmetries have
associated “charges”, while spatial translation symmetries are related to momentum

conservation.

The SM!, is based on three internal symmetries, SU(3)¢ x SU(2) x U(1)y:

e The U(1)y group is related to the electromagnetic interactions and it guarantees a
phase invariance. There is only one U (1) generator denoted as Y, the hypercharge.
The gauge field B,, transforms under spatial rotations in the usual way an ordinary

derivative 9,, does.

e The SU(2), group is related to the weak interactions, and it assures a non-Abelian
phase invariance (electroweak invariance). The SU(2) group requires three gener-
ators I, with j = 1,2,3 (the weak isospin). The three associated gauge fields are

named W}.

e The SU(3)c group is related to the strong interactions. It guarantees an addi-
tional, independent, non-Abelian phase invariance. There are eight generators of

the SU(3) group, T, with a=1,2,3...8. The associated gauge fields are G7,.

!The gravitational interaction is not a relevant topic of discussion in this work.
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1.1.2 The elementary particles

In quantum field theory (QFT), the quantum fields have associated particles. They can
be classified into two categories: the matter particles (fermions) and, the interaction
particles (gauge bosons), which constitute the fundamental building blocks out of which

everything else in nature is formed.

e The fermions:

The quarks and leptons are the particles of which all matter is composed (thereby
their name as “matter particles”). There are six flavors of quarks and six of
leptons, which are observed to be either electroweak SU(2) singlets (right-handed
chirality) or parts of electroweak doublets (left-handed chirality).

The lepton flavor doublets (L%) and lepton singlets (I%) are grouped into three
generations, ¢ = 1,2, 3, as shown in table (1.1). The doublet includes the electron

(e), the muon (u) and the tau (7) and their respective neutrinos (ve - ).

The quarks are carrying the color charge necessary for the strong interaction.
They are named (for historical reasons): up (u), down (d), strange (s), charmed
(), bottom (b) and top (t), and are also grouped into three generations, Q' and

u'y, dip, as shown in the table (1.1).

In general, the stable matter is built from the first generation of quarks and leptons

(lightest ones), while the heavier generations decay into them.

Leptons Quarks
1st Generation L} = (SL) ; enp Qp= (Zi) ;i uR, dr
el

Yur, SL

2nd Generation L2 = (HZ) bR Q1= (cL) i CR; SR

3rd Generation L3 = (TL> i TR 8= (Zi) i Ur, bR

Vrr,

TABLE 1.1: Fermion singlets (u%, d%, %) and doublets (Q%, L%), with ¢ = 1,2,3 in
correspondence with each generation.

e Gauge bosons:

The gauge bosons are the mediators of the interactions between the matter and
anti-matter particles. When two particles interact, they exchange quanta of en-
ergy (a bosonic field), as shown in the example diagram (1.1), which will be then

reabsorbed within a given probability.
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FIGURE 1.1: Example of a bosonic field exchange () between matter particles.

The gluon field strength tensor Gf,, can be written as [8],
G, = 0,GL — 0,G% + go f**GLGE, (1.1)
The SU(2) field strength tensor W}, is defined as
Wi, = 0,W] — 0,Wi + g/ " WiWw," . (1.2)
Finally, the U(1) field strength tensor B, can be written as,

By = 8,B, — 0,B, . (1.3)

e The Higgs boson:

To generate massive gauge bosons W*, Z keeping the photon massless and the
gauge invariance, a new field needs to be introduced. Therefore, for a consistent
theory including the particle masses and interactions, another particle with spin
J=0 (a complex scalar) is needed: the Higgs boson (as it will be explained in
(1.1.4.1) ).

1.1.3 Lorentz transformations

In an inertial system S, an event P in a space-time system of coordinates is characterized
by three coordinates specifying the space point & and a time parameter t: P = (¢, z,y, z).

If another inertial system S’ is considered, the same event will be specified by P’ =

(t', 2y, 7).

If the systems of coordinates are moving relative to each other with a velocity v (assum-
ing Cartesian coordinates ¥ = (v, vy,v;)), and the origins O and O’ from each frame

coincide at t = ¢’ = 0, then, the transformation from P to P’ (as explained in [9]) is
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given by the Lorentz transformation matrix L

Y —YBe —By -8
L= _ 182 _ (1.4)
_'YBy (@ gfmﬁy 1+ (v 2)51/ (v g)fyﬁz

— _ _ 2
ifyﬁz ('Y E)fzﬁz ('Y Ilg)égyﬁz 1+ (’Y ﬁlg)ﬁz

where 32 and v are defined as,

1
o _ 1 -
(1-187)2

5= _

)

1l

Any fundamental equation of physics must have the same form in every inertial system.

In other words, the fundamental equations must be form-invariant or covariant under

Lorentz transformations.

For this work, it is necessary to define a new transformation matrix, Tr; = R- L, where
R refers to the rotation matrix around a specific axis?.

For example, to rotate a 2 — 2 scattering (12 — 34), aligning the incoming particles to

the z-axis as shown in the figure (1.2), one could define the following vectors:

s _y
= L g = L3 (1.5)
|P1‘ 3

) )

and redefine new unitary vectors as

g — g (i - i3)
|73 — nz(ng - n3)|

ez =11, e = ey =é3 X €7 . (1.6)

Axy

FIGURE 1.2: 2 — 2 scattering rotation, aligning the incoming particles to the z-axis
(from left to right figure).

2(E,p) and (E’,p') are the total momentum-energy of the system in the inertial frames S and S’.
3For a deeper explanation see [10].



Chapter 1. The Standard Model as an Effective Field Theory 12
The rotation matrix is defined as
1 0 0 O
0 ¢ é é
R— Alw Aly Alz (17)
0 €2x €2y €2
0 é3x éSy é3z

Any quantity invariant under Lorentz transformations should also be invariant under

the transformation matrix Tgy.

1.1.4 The elements of the Standard Model Lagrangian

To guarantee that the SM Lagrangian is invariant under local gauge transformations,

one needs to define a covariant derivative as

o
D, = 0 —ig: TGy, — gL}, —ig/ S By,

with g the SU(3) coupling, g the SU(2) coupling and ¢’ the U(1) coupling.

Fermions
Field Li(ef,vt) U QY (ur,dp)
Qle] 0;-1 -1 43 —3
I; +5-3 0 +4-1
Y —3 -1 3
Dim % % %

i i
Up R
2 1
+§ -3
0 0
2 _1
3 3
3 3
2 2

0

0
0
1

Wi
+1,0
+1,0

0
1

Gauge Bosons

ae B,

0

0
0
1

(1.8)

TABLE 1.2: Overview of the Standard Model content and some of the quantum num-
bers: @ electric charge, I3 the weak isospin third component, Y the weak hypercharge
and the related dimension, dim.

The SM Lagrangian is written in terms of the elementary fields shown in table (1.2),

1 1 . ; 1
Lsm = [_4GZVGWV _ EW;JWWMV _ ZBWB#V

+HY FyDuE = QY uR, di, Ll (i=1,2,3)

fi

< fermions

< gauge sector (1.9)

The dimension (or mass dimension) in table (1.2) refers to the measure of any quantity

in units of energy to some power d: [quantity dimension = (units of energy)?] = d. For

example, [m| = [p#] = 1 while [z/] = —1.
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The action defined as,

S = /d4ﬂc$(az) , (1.10)

is dimensionless, [S] = 0. Therefore, in QFT the Lagrangian dimension is [.£] = 4; this
implies that every term in the SM Lagrangian is dimension 4. For example, [B,, B"] =

4, thus [Bu] =2, [0,] = 1 and [B,] = 1.

1.1.4.1 The Higgs mechanism

Until this moment, all possible ingredients for the SM Lagrangian have been described,
as well as their interactions. Yet, there is not a term in the Lagrangian that will explain

the mass of any of the particles.

To include a mechanism that gives masses to the particles without violating gauge
invariance, it is also necessary to introduce the electroweak symmetry breaking (EWSB),

a original mechanism proposed originally by Brout-Englert-Higgs [11, 12].

A more detailed explanation of this mechanism can be found in [13], but the main idea

is to introduce an SU(2) doublet of scalar fields with at least 3 degrees of freedom,
+ .
+
o= ¢’0 _(# z'd>2 : (1.11)
¢ $3 +i¢y4
and with hypercharge Y = 1. The corresponding SU(2)-invariant Lagrangian is,

Litiges = (D,®)1 (DF®) 4 p20Td — \(@Td)? . (1.12)

To generate the gauge boson masses, it is necessary that ;> < 0. Then, in the ground
state, the field ® develops a vacuum expectation value (vev) and the symmetry breaks

spontaneously,

(@), = (0] ®|0) = <;> v= (f) . (1.13)

Expanding the scalar field around the vev, equation (1.11) is rewritten as,

( 1 + i >
(I): 1 . I
%(U—FH)-FZQM

with H being the Higgs field. When the unitary gauge is used, only the Higgs field

0
P = . 1.14
(\}i(zH—H)) (1.14)

survives
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The values of ;2 and A are not predicted by the SM but obtained from measurements;
however, as shown in equation (1.13), 4 and A are not independent and it is sufficient

to do precision measurements only for one of them.

Expanding the kinetic term from the Lagrangian (1.12), using the expression (1.14), it

is possible to obtain the following expression:

(DF®)T(DH®) :%(aﬂﬂ)(aﬂm + égQ(v + H*(WH —iW)(W) +iW;2)  (1.15)

1
+2 (W H) (gW™ — g'B™)(gW;} — g'By) -

Introducing a linear combination of the gauge fields W', W2, W3 and B

Wy —\2 (W, FiW}7) | (1.16)
Zy =coWS — swBy (1.17)
Ay =suW) + cuBy (1.18)

with ¢, and s, mixing angles, defined as:

g :
W =sinfy = sy , (1.19)
g2g+ 7 = cosby = ¢y , (1.20)
then, the mass terms are
My = 2ug My=-9" Mi=0. (1.21)
2 2 cos Oy

In a similar manner, the scalar field ® allows to introduce the fermion mass terms in the
SM, through the Yukawa interactions of fermions and scalar, with coupling constants

Ay proportional to the fermion masses.

Finally, the Lagrangian responsible for the masses in the SM can be written as,

L = [(D@)T(D%) ~ 20t — A(<1>T<I>)2} < Higgs sector  (1.22)

+ [/\zf@eR + X QP up + \gQPdR + h.c.] .+ Yukawa interactions

1.2 Beyond the Standard Model: Effective Field Theory

Up to this point, the SM has been successful in predicting and explaining experimental

data; for example, the discovery of the W/Z bosons (1983) [14] and the Higgs boson
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(2012) [15, 16]. However, it suffers from fine tuning problems and it is unable to provide
answers to several fundamental questions, which leads to consider scenarios Beyond the
Standard Model (BSM).

In general, the SM can be thought of as a low energy approximation of a more funda-
mental theory. Then, to build a new appropriate quantum field theory, one could try to
deform the SM and parameterize new physics in a model independent way using higher
dimensional operators composed of the SM fields: an effective Lagrangian expansion
[17].

To define a quantum field extension for the SM, as described in [18], it is essencial to:

e identify the relevant degrees of freedom, or fields. The EFT will use the
building blocks (described in table (1.2)) to compose new operators, which are

related through unknown couplings, also known as anomalous couplings;

e identify the symmetries and the interactions. All the symmetries and in-

teractions (as well as gauge and Lorentz invariance) from the SM are imposed;

e find the expansion parameters, or power counting. The EFT describes the
new Lagrangian as an expansion in terms of an energy cut-off scale. To set the
expansion parameters, it is important to count the mass dimension (described in

the previous section).

The EFTs can be either a top-down description or a bottom-up one, as shown in the
figure (1.3). For example, the Fermi theory for beta decay, described in the introduction

of this work, is an important example of a bottom-up EFT.

Theory 2
Bottom—Up

’

o Higher energy
Theory 1 -~

EFT: —_—

.. Theory 0
> Top—Down
Lower energy

FicUure 1.3: Effective Field Theory descriptions. The one used for this work is the
bottom-up description (from SM to higher dimension operators for larger energies).

In general, this formalism is a good theoretical way to describe physics at some scale
A, without knowing the detailed dynamics of the system. In this work, it is only of
interest the bottom-up description, with A being the cut-off energy where new physics

is expected to appear.
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1.2.1 Building an SM bottom-up EFT

To rebuild the SM as an EFT, there are some necessary features that need to be con-

sidered when writing the effective Lagrangian:

e Starting with the Oth order element .Z(©) = Zg\, the expansion of the SM as an

effective Lagrangian can be constructed as,

L =204 o0 L @)

e One should write the most general set of interactions, preserving the symmetries
SU(3)c x SU(2)r x U(1)y and using the fields included in the SM*. For the
purposes of this work, a linear realization is considered with the Higgs signature

measured by the experiments.

e The SM includes all possible dim-4 operators. Assuming Lorentz and gauge in-
variance, new physics (NP) effects start to be described already by any operator

0; with dimension 5 and larger. The Effective Lagrangian is the following:

LErT = LM + Zcz@ with [ﬁz] =d>4.

———
ZNp

e New particles are produced only at the cut-off energy scale (m ~ A) and not

before, as they are not observed in the SM. The coefficient ¢; is defined as

fi
Ad—

C; =

where f; is the interaction coupling. These coefficients are unknown but can be

constrained using experimental data, in a similar way to the S-decay example.

e When baryon and lepton numbers are conserved, only the operators with even
dimension can be constructed (dim-6, dim-8, dim-10, ...). The restrictions on the
coefficients and operators come from high precision measurements. For example,
in the absence of any departure from the SM predictions for fermionic interactions,
one might try to look for effects using bosonic fields operators. A more detailed
explanation on the current experimental limits for the anomalous couplings can

be found in [19].

4Note that the field content varies depending if a linear realization is considered or not.
In a linear realization of the gauge symmetry SU(2)r xU(1)y, the Higgs doublet field @ is included in the
low-energy particle content (SM-Higgs doublet field). While in an SU(2)1, x U(1), nonlinear realization
(or non-decoupling) only the would-be Goldstone bosons which give masses to W* and Z-bosons are
included without the SM-Higgs boson.
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e At low energies the effective Lagrangian should reduce to the SM, if no new lighter
particles (below the cut-off energy) are discovered [20]. In addition, any extension
of the SM should satisfy the S-matrix basic principles, e.g. unitarity, analyticity,

etc.

1.2.2 Anomalous couplings in the electroweak sector

Precision tests are sensitive observables that allow verifying the effectiveness of the SM
to describe the particle interactions up to very high energy scales, or to find direct
evidence of new physics. For instance, now when the LHC is measuring again, a better
understanding of the dynamics behind the Electroweak Symmetry Breaking (EWSB) is
timely and topical; and, for instance, gauge boson self interactions are one of the more

convenient places to search for BSM physics.

Therefore, this work will be focussed on new physics arising from VBS final states as
deviations in the measurements of triple gauge couplings (TGCs) and quartic gauge

couplings (QGCs), shown in figure (1.4).

TGCs QGCs

FIGURE 1.4: Collider gauge boson self interactions: triple gauge couplings and quartic
gauge couplings with leptons plus 2 jets signature.

Acknowledging the bottom-up EFT prescription described previously and truncating the
expansion to the lowest order possible, the bosonic interactions are affected by dimension
6 operators (0;) and dimension 8 operators (Os,, Or, and Oy, whose indices will be

explained in (1.3)). Then, the resulting effective Lagrangian is,

dim—6
ZLEFT = -i”SM + Z O; +Z Isi Og; + Z Iri Or; + Z S O . (1.23)
dzm 4 g

dim—8

Using the VBFNLO definition for the field strength tensors® [8] (without taking the
SU(3) part),

W = igT'W

uy B/u/ = ig/YB,W ) (124)

®There is a difference between the anomalous couplings defined in VBFNLO and those defined in
[21]. The conversion factors can be found in Appendix (B).
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it is possible to define the bosonic operators.

Dimension 6 Operators: When baryon number conservation is imposed, there are in
total 59 dim-6 operators [20], from which only 15 are bosonic operators. Dim-6

operators involve TGCs and QGCs, as it is shown in the table below,

Operator TGCs QGCs

Owww = Te[W,, WYPWY] ZWW, AWW WWWW, ZZWW

Ow = (D#Q)TW“”(DVQ) AWW, HWW, HZZ, HZA ZZWW, ZAWW,
AAWW

Op = (D,®)!B* (D, ®) AWW, HWW, HZA, HAA

Oy = (®)TW,,, WH (D) HZA, HZA, HAA, HWW

In other words, due gauge invariance, deviations coming from dim-6 operators have
effects on the QGCs and TGCs. As the TGCs are known to agree with the SM
within a few percent [22-27], the QGCs will be more suitable for NP searches.

Effective operators with genuine QGCs but no TGCs are generated at tree level

at dimension 8 [28].

Dim-8 Operators: They offer an independent parameterization of QGCs and also al-
low more searches to be done, as some new physics only appears for the first time
in dim-8 operators (e.g. heavy resonances). A more detailed definition of the

operators can be found in the section (1.3).

To simplify the notation, one can define the anomalous coupling as,

fSi i, M
FSi7Ti7Mi = ,’A% . (1'25)

1.3 Dim-8 operators for VBS

As stated before, the genuine bosonic quartic vertices including BSM effects are of
dimension 8 or higher. The table (1.3) contains a summary from the dim-8 operators
contributions to the different quartic vertices. The operators can be classified in three

groups [8, 29]:

e Operators using only D,¢ (Os,): They contain four covariant derivatives of the

Higgs field and, therefore, mainly longitudinally polarized particles have dominant
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effects in the observable calculations:

Oso =[(D,®)'D,®] x [(D"®)' D" ®] (1.26)
Os1 =[(D,®)'D"®] x [(D,®)' D" d] (1.27)
Oss =[(D,®)'D,®] x [(D"®)! D" d] (1.28)

e Operators using only VAVW and BW (Or,): They contain four field strength
tensors and mainly the transversely polarized particles have dominant effects in

the observable calculation:

Oro =Te[ W, W] x Te[WosW 7] (1.29)
Or1 =Tr[Wa, WHE) x Tr[W,s W] (1.30)
Ory =Tr[W,, WHP] x Tr[Wg wre) (1.31)
Ors =Tr[W,, WH] x B, B*? (1.32)
Ore =Tr[Wo, WHP) x B, B (1.33)
Or7 =Tr[Wo, WHP| x Bg, B (1.34)
Ors =B, B" B, B** (1.35)
Org =B, B"’ Bg, B (1.36)

The last two operators give rise to QGCs for neutral electroweak gauge bosons,

which do not appear in the SM.

e Operators using D¢, W/w and B;w (Owr,): They are a mixture of field strength
tensors and two covariant derivatives. In this case, transverse and longitudinal

polarizations have comparable contributions to the dominant effects,

Onro =Tr[W,, WH] x [(Ds®) DA @] (1.37)
O =Tr[W,, WP x [(Ds®)T D* @] (1.38)
Orrz =B, BM) x [(Dg®)  DP @] (1.39)
Oums =B B"?] x [(Ds®)' D"®] (1.40)
Ona =[(D,®) W5, DF®] x B (1.41)
Onis =[(Du®) Wp, D" ®] x B (1.42)
Onrr =[(D®) Wy, W D" @] (1.43)
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WWWW  WWZZ ZZ727Z WWAZ WWAA ZZZA 7ZZAA ZAAA AAAA

Os,, Us, X X X

Onys Oy X X X X X X X

O, X X X X X X X

Oty s Oy X X X X X X

Oy, O, X X X X X X

Ory, O, X X X X X X X X X
Or, X X X X X X X X X
Ory, Ors X X X X X X X X
Or, X X X X X X X X
Ory, Oty X X X X X

TABLE 1.3: Quartic vertices modified by dim-8 operators.



CHAPTER 2

Vector Boson Scattering

2.1 Particle scattering inside the colliders

The vast majority of the experiments in particle physics involve particle scattering,

making necessary to understand the underlying physics inside the collider.

Consider a fixed targed collision, where the particle beam has a rest mass m and total
beam energy Ep, colliding with another particle with same mass but at rest. The energy

available in the collision in the center-of-mass frame (CM-frame) of the two particles is

2]
s = By = 2m? +2mEg , (2.1)

which means that at high energies (Ep > m), the energy available increases proportional

to VEB-

If instead two colliding beams are considered, with 4-momenta p; and po, the energy

available in the collision in the CM-frame is,
s=Fiy = (p1 +p2)?*. (2.2)
Let p; = (Fi, pi), if p1 = —p2 in the collider, then
s = (B + Ey)°.

For example, the LHC fires two proton beams, with /s = 13 TeV.

During a particle collision, the event rate of a specific process per second is given by,

dN
g 2.
dt 7 (2:3)

21
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being L the luminosity controlled by the beam parameters of the collider, and ¢ an
intrinsic quantity to the process, which allows to compare experiments with different

beam intensities.

For example, for a 2 — 2 scattering the cross section o could be calculated from the
respective quantum field theory as a function of the scattering matrix element .# de-

scribing the interactions [30],

do 1 15} 9
dQ 25 32x2 2 I (24)

with 8 = [p|/p" the velocity of the produced particle and 2 a solid angle for the final
state particles. The complete cross section for 2 — n processes will be explained in more

detailed in the section (2.2).

2.1.1 The S-matrix

It is clear now that the cross section is an important experimental quantity, which pro-
vides information about the underlying process. Therefore, it is necessary to understand

how the system evolves from its initial state, |7); , until the measurement of the cross

in?

section in a final state, |f) -

The transition from o (f|i),, is given by a linear operator S, called the S-matrix (or

n

scattering matrix) [31],

out <f‘z>m = in <f’ S |i>in : (25)

The S-matrix needs to be unitary to satisfy the fundamental principle of probability
conservation,

SST=81s=1. (2.6)

Then, the S-matrix can be understood in the following way [32]: if the particles do not
interact at all, S is just the identity operator, meanwhile the non-trivial interaction is
defined by a matrix, T', such as:

S=1+:T. (2.7)

The T-matrix is related to the scattering amplitude .# (equation (2.4)) in the following

way: given a scattering a + b — ¢+ d + e + ..., with 4-momenta pq, py, pr respectively

(pr = > (Pk)out), the T-matrix is,
(FIT paspy) = (FIT i) = 2m)*8 (pr — (pa + p1))-Ari - (2.8)

Thus, the T-matrix is an intrinsic quantity to the process, just like the cross section.
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2.1.2 Detector jargon

In general, not only the integrated cross section is important, but also observables that
could be related to the particle. It is therefore useful to define the differential cross

section as a function of the observables of interest, in other words, do/d(observable).

At the LHC, the origin of the coordinate system in the detector is located in the nominal
interaction point!, as shown in figure (2.1) [33]: the beam direction defines the z-axis and
the x —y plane is transverse to the beam. The positive x-axis points from the interaction
point to the center of the LHC ring, whereas the positive y-axis points upwards.

Y

Detector

Collision
Point y T ]
5 . I 7 Beam

\/

\ X (Center of LHC)

FIGURE 2.1: Coordinate system used by the ATLAS and CMS experiments at the
LHC [33].

The azimuthal angle ¢ is measured around the beam axis, with ¢ = 0 in the positive

x-axis and increasing clocks-wise. The polar angle 6 is the angle from the beam axis.

For a momentum p = (E, ps, py, p2), the rapidity is defined as

1 E+p,
=-1 2.9
y=gloaz—", (2.9)
which in the massless limit (8 — 1) gives the pseudo-rapidity,
1 1+ cos6
=—1 —_— | . 2.10
=39 Og<1—cos@> (2.10)

The transverse momentum pr, the transverse energy E7, the missing transverse energy
¥, and any other transverse variables, are defined in the x-y plane (transverse plane)

unless stated otherwise.

The distance AR in the pseudorapidity-azimuthal angle space is defined as

AR = /A2 + Ag? . (2.11)

!The nominal interaction point is the place designed for the collision to happen inside the detector.
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The Mandelstam variables

The Mandelstam variables are independent of the frame of reference used. For a 2 — 2

scattering (a + b — ¢ + d), they are,

s =(pa +m)° = (P +pa)” , (2.12)
t =(pa —pe)? = (0o — pa)? (2.13)
u=(pa — pa)* = (pb — pc)* (2.14)
(2.15)
and for m; the rest mass for any of the particles,
s+t+u=m2+mi+m2+mi. (2.16)

2.1.3 Vector Boson Scattering at the LHC

As it was stated in Chapter 1, the observation and deeper understanding of processes
involving electroweak bosons have been one of the keys to reveal new physics. But the
production of a pair of vector bosons cannot be directly measured in the detectors, as
consequence of their lifetimes. Instead, it needs to be reconstructed from their decay

products.

When a particle decays into several final states, the sum of the probability of all the

possible decays must be equal to one. This introduces the concept of branching ratio

BR [2],
ZBRi =1.

If the vector boson decay channels are considered, they contain either leptons or hadrons
in the final state. The decays are labeled as leptonic (zero hadrons), semileptonic (one
vector boson decays to hadron) or hadronic (both vector bosons decays to hadrons)
decays. Most of the vector bosons decay into hadronic channels (quark-antiquark pair),
while the fully leptonic decay has a small branching ratio [30, 34]; e.g. the branching

ratios for the W boson are (at tree level),

1
BR(W — ev.) = BR(W — pv,) =BR(W — 1v;) = 9

2
BR (W — hadrons) =3 -

Nevertheless, the focus of this thesis will be on the fully leptonic decay channels, as

they have only a minor background from other processes, which implies that accurate
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predictions for the signal and background processes are required. One could say then
that the new physics findings are highly dependent on the ability to achieve this desired

accuracy.

For this purpose, analytic phase-space integration becomes impractical, and instead

numerical calculations using Monte Carlo programs are used.

2.2 VBFNLO

VBFNLO? [8] is a parton-level Monte Carlo program with a focus on hadron collider
processes involving electroweak bosons, including diboson and triboson production as

well as vector boson fusion and scattering, implemented to NLO QCD accuracy.

VBFNLO calculates cross sections and distributions of observables at the LHC for dif-
ferent processes, including gauge couplings from the EFT. The implemented signal and
background processes are [8],

e Vector Boson Fusion (VBF) processes,

e Higgs production with two or three jets (1-loop electroweak corrections are also

included for two jet final state),
e Higgs production in association with a photon + 2 jets,
e Vector Boson (VB) production + 2 jets,
e double VB production + 2 jets,
e double and triple VB production,
e double VB production in association with a hadronic jet,
e Higgs production via gluon fusion at LO.

This study of quartic gauge boson scattering requires diboson production plus two jets

and fully leptonic decay of the vector bosons, as shown in figure (2.2).

2.2.1 Structure of VBFNLO

VBFNLO does the following [35]: it initializes the program, reads different input files

(with the masses, couplings, desired process, etc.), calculates physical quantities (e.g.

2Vector Boson Fusion processes at NLO QCD.
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—

pp = VVij — 4l + 25 v Is

p{x j I

FIGURE 2.2: Quartic gauge boson scattering as implemented in VBFNLO.

branching ratios), does a phase space mapping and calculates the scattering amplitude
for the given process, and finally calculates the cross section as a function of different

observables that will be output as histograms, following the scheme shown in figure (2.3).

The main part of VBFNLO is the numerical integration at many phase space points of the
cross section, as it integrates the phase space numerically using Monte Carlo integration

to provide the differential distributions of arbitrary observables at the LHC [8].
For a process pp — X (a1 + ag — & — bibe...b,) the cross section is defined as [30],

:/dxlde Zfal/p(xl)faz/p(azg);s/dgbn(x1p+ xop; P1...pn)O(cuts) (2.17)
Z ‘%‘Q(Cblag — blbgbn)

with fq, /p(21) the probability to find a parton a; inside one of the protons with momen-
tum 71 (a fraction of the proton momentum), and similarly f,,/,(72). The summation
is done for all the sub-processes; being 1/2s the flux factor® and d¢, the phase space

integration® defined as

den (P; p1.. H1 ( 2:: 52E > (2m)*s* < sz> , (2.18)

and O(cuts) the acceptance function [30].

3The “Aux” factor includes the beam intensity and the target density. In other words, the flux factor
corresponds to the amount of particles that pass each other per unit of area and per unit time.

4The Lorentz invariant “phase space” factor implies that experiments cannot observe individual states
but integrate over a number of states.
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FIGURE 2.3: The structure in VBFNLO to calculate the cross sections and observables
for different processes.

2.2.1.1 Calculation of the amplitudes

In VBFNLO, the calculation of any amplitude is split into the different contributing parts

of the corresponding process, and later integrated to calculate the total cross section.

For example, for vector boson scattering, the amplitude is divided into the leptonic
tensors and the quark currents, which could allow to calculate the anomalous coupling

contributions to the leptonic tensor without any modification to the QCD calculations.

The amplitudes are calculated using HELAS [36] and MadGraph [37] subroutines. For
instance, for vector boson anomalous couplings the scattering amplitude is the product

of the quark decay currents J,_,;v;, and the anomalous amplitude M for V1 V5 — 4f,

Mgt = T} v, Ty, Mo (ViVe = 4f) (2.19)

The amplitude subroutine distinguishes between SM calculations or BSM models, as

well as LO or NLO calculations.

For the anomalous couplings calculations in Chapter 4, it is explained how the effective

amplitudes are calculated using the Feynman diagrams and the HELAS subroutines.
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CHAPTER 3

Restoring Unitarity for On-shell

Scattering

3.1 The Unitarity Bounds

As mentioned in Chapter (2), the T" matrix corresponds to the non-trivial scattering
information defined in equation (2.7), which satisfies the unitarity condition established

in equation (2.6). In other words,
—i(T—TN =TT . (3.1)

Using equation (2.8) for a 2 — 2 scattering (ab — cd), the unitarity condition (3.1) for

the transition from an initial state |) to a final state |f) is [31]

— i ly; — My) =y (2m)' 5 (Po — P)Myip M (3:2)
where the sum runs over all the possible intermediate states |n) coupled to |f) and [i),

and P; = pg + pp-

The T-matrix has real and imaginary components, T' = Re(T") 4 ilm(7"), where Re(T)
and Im(T") are defined as Hermitian and anti-Hermitian matrices respectively. Therefore,

one can write,

1
mﬂU:?T—ﬂ, (3.3)
1
and
—i( My — My) =20l )i =Y (27) 6 (P — Pyl il . (3.4)
For ¢ = f, expression (3.4) can be understood as the imaginary part of a forward

scattering amplitude equivalent to the sum of all possible intermediate state particle

contributions, as shown in figure (3.1).

31
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Pa

2Im @

Db
FI1GURE 3.1: The unitary relation for a forward 2— 2 scattering amplitude.

Before trying to understand the consequences of the unitary relation in the calculation

of o, it is useful to introduce the Kéllen function A\(x1,z2,x3) [31]
)\(xl, X9, 1/‘3) (2131 + ZL‘2 + $3) — 2$1CL‘2 — 2£L‘2$3 — 2$3.§C1 y (35)

as a kinematical correction is needed for the phase space integration factor (2.18). Then,

for a 2 — 2 scattering,

3 3
Sen) 547 - P) j{:u/" S e (2 (et 1= P)

)\2 (s,m2,m?2)
= dsl 3.6
Z 8s( 27r / (36)
where the sum runs over all pairs ¢, d into which a + b can scatter.

The unitarity condition for 2 — 2 scattering, i.e. neglecting states |n) with 3 particles

or more, then reads

1

E md
2(Im.) ¢ Z 47T2 / fﬁnldﬁ (3.7)
cd

The total cross section for ab — cd' can be expressed as

1

1 A2 2 2

o — : 2(8’m07:ld)/|%ni|2d97 (38)
4[(pa - pp)? —mZmy)z 8s(27)

from which one derives the Optical Theorem for the total elastic cross section (ab — ab),

by setting ¢ = f in equation (3.7),

1

A3 (s,m2,m3)

(Im.7);, (3.9)

g =

! Case for non-identical particles.
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3.1.1 The Partial Wave decomposition

Now let us use the helicity formalism from Jacob and Wick [38] for a 2 — 2 scattering,
such as (Pa, Aa; Db, Ap) = (Pe, Ac; Pd> Aq). The scattering amplitude .#; can be explicitly

decomposed into partial wave amplitudes Aia ApAeAy?

Mpi(5,0) =167 Y (25 + DAL 40, (DL sy nn, () 5 (3.10)
J

with the Wigner & functions as defined in the Appendix C.

Using the equations from section (3.1), it is possible to rewrite equation (3.2) as a matrix

relation in helicity space and process space

J J* _ . 2 2\ —1 4J* j
Aonon ~ Angaan, = D 2002 (s,mi,mi)s T AL Ao - (3.11)

o d!
Consider an elastic scattering with spinless particles. The partial wave decomposition is

oo
M(s,0) = 16 > (2 + 1)P(cos )a’(s) (3.12)
§=0
where P’(cos ) are the Legendre polynomials?®.

The differential cross section (without the kinematical correction) is

do 1
R M2
dQ  6472s |M]

(3.13)

Now, substituting the equation (3.12) in (3.13) and using the orthogonality properties

of the Legendre polynomials, the cross section can be rewritten as

o= 16{ (2 + D)]ad (s)]2 . (3.14)

J

Using the unitary relation (3.4) for the elastic scattering,

_ImM_167r
s s

_ 167

(25 + 1)Im (a’(s)) (25 4 1)|a? (s)]? , (3.15)

J J

g

which is solved by

o’ = Tm(a’) ,

2The Wigner 2 functions reduce to the Legendre polynomials for spinless particles.
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or )
(Re(aj))2 + <Im(aj) — ;) =—. (3.16)

In general, for any scattering with spinless particles, the amplitude is bounded within a

unitary circle (the Argand circle), as shown in figure (3.2),

la’|?> < Im(a?) , IRe(a’)| < (3.17)

DN | =

These results are generalized for particles with spin and accordingly to the scattering
amplitudes (and cross section). In other words, as the partial wave amplitudes are
bounded, they are not allowed to grow proportional to the energy without becoming

nonphysical.

T—1/2

L
0 12 Re(a)

FIGURE 3.2: Unitary circle (Argand Circle) for the partial wave amplitudes: the am-
plitudes @’ (blue dot) must lay on the circle to satisfy the unitarity condition for elastic
scattering.

3.2 AQCs Unitarity Violation

As shown in figure (3.3), the inclusion of higher dimension operators has as a con-
sequence the growing of the cross section proportional to powers of s within energy
regions reachable by the current experiments. That is, the amplitudes calculated us-
ing an effective Lagrangian could lead to non-physical cross sections if the EFT is used

beyond its validity region, where the unitarity condition is not satisfied.

As nature will always guarantee unitarity conservation, it is necessary to remain within
the limit set by the S-matrix on the squared amplitude |M|? to ensure a correct physical
behavior. Moreover, unitarity considerations have proven to be powerful in pointing to

the correct energy regions where new physics could arise.
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FIGURE 3.3: For pp — etveutr,jj at 13 TeV, ie. for off-shell WHW+ — WHw+
scattering: invariant mass My distribution. The plot shows the SM (leading order
and with all possible contributions) in a black thick line and also some dim-8 operators
(Fs,, Fr,, Fu,) are included (red thinner line, green dotted line and light blue dashed
line respectively). In general, depending on the coupling size, the cross section falls
slower with respect to the SM, as the EFT is used beyond its validity region. The bot-
tom plot shows the same results as the upper plot but in a semi-log scale to emphasize
the EFT separation from the SM.

Example of unitarity restriction

Consider the scattering W+TW~ — WTW ™~ within the SM, as shown in the following

Feynman diagram,
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W= W+

W+ W=

Each of the diagrams in figure (3.4) has an individual contribution a;(s,#) to the
scattering amplitude. Within the SM, the sum of all these contributions results in
a(s,0) =, ai(s,0) < s/MZ, [39].

As a consequence when s > My, the cross section o grows proportional to s and the
unitarity condition (3.17) is not satisfied. To restore unitarity, it is necessary to involve
new physics that would modify the vertices for WTW~— — WHW ~ scattering and cancel

these contributions.

In this case, the inclusion of the Higgs contributions (shown in figure (3.5)) restores

unitarity and satisfies the condition (3.17).

w+ W= W= w-

W= W=
Z,
+ +
W W+ w wt W W
FIGURE 3.4: Contributions from the gauge couplings (TGC and QGC) for the scatter-
ing Wrw- — Wtw-.

W_ W_ W_ '\/vvvvv»‘(vvvvvvx, W_
H |
,,,,,, ‘ H

FIGURE 3.5: Contributions from the Higgs exchange for WtW - — WHW—.

However, any extra perturbation in these couplings could eventually spoil the unitarity
condition, making the bosonic couplings a sensitive observable to study in searches for

new physics.
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3.3 The K matrix and T-matrix

The T-matrix is one of the several matrices connected with the S-matrix, which can be

used to characterize the collisions. For S = 1 4T, it is possible to define

e the reactance matrix, X

X = 3.18
"T+s (3.18)
e the reaction matrix, K
1-S
K=2X=2——. 3.19
T+5 (3.19)

In other words, the K-matrix is the Cayley transform of the S-matrix.

Using the equations for the K-matrix (3.19) and for the T-matrix (2.7), it is possible to

write the Heitler’s equation, which will guarantee that the S-matrix is unitary,
1.
T-— §ZKT =K. (3.20)

These relations imply that any Hermitian K-matrix will produce a unitary S-matrix. A

more detailed explanation of these matrices can be found in [40, 41].

3.4 Linear T-matrix on-shell unitarization

Using the Heitlers equation (3.20), it is possible to rewrite T as a function of the K-

matrix [41], B
T=K <]1 - ;K> , (3.21)

which satisfies the unitary condition (3.1) and keeps the S-matrix unitary. In other

words, one can always write the matrix 7" in terms of a Hermitian matrix K.

For example, considering a 2 — 2 scattering with partial wave amplitudes a?, i.e. the
T-matrix is diagonal with elements a/. Then, equation (3.21) can be understood as a
projection onto a unitary circle, as shown in figure (3.6). Then, one could write equation
(3.21) in terms of the eigen-amplitudes to determine the amplitude within the Argand

circle,

(3.22)



Chapter 3. Anomalous Couplings Unitarity Violation 38

Im{A)

ST

1/2

~_ |

Re(A)

FIGURE 3.6: Stereographic projection onto the Argand Circle

One could use this expression (3.21) as an ansatz and expand it to arbitrary models of

scattering matrix T},, which main requirement is to be normal, TJ T, = TOT;r . Then,
i -1
T = Re(T,) <]1 - 2Tj> : (3.23)

This prescription is known as a T-matrix linear unitarization for normal matrices, defined

for 2 — 2 scattering (a deeper study can be found in [42]).

Then, the T-matrix linear unitarization (3.23) is defined as

. 1 —1 .
T = Re(T},) (]1 + %(To —ThH + 4TjTO> <1 + ;T) . (3.24)



CHAPTER 4

Restoring Unitarity for Off-shell

processes

In Chapter 3, physical quantities for on-shell scattering and how to restore unitarity
have been discussed. But within a collider V'V processes are produced off-shell. Thus,

a more general unitarization prescription is needed.

In this Chapter, some existing unitarization prescriptions are described in section (4.1).
However, the aim of this work is to define a new unitarization (more) model independent
for vector bosons produced at the LHC (or in general off-shell), without restrictions on

the 4-momenta of the bosons.

On the following pages, a review of the ideas developed and implemented is made, ex-
plaining all the challenges necessary to overcome along the way, up to the final definition
of the unitarization for off-shell VBS based on the on-shell T-matrix unitarization (in
section (4.6)).

4.1 Previous Unitarization Efforts

As explained before, the inclusion of higher dimension operators leads to non-physical
cross-section regions. Therefore, it is necessary to do a cut-off to truncate and discard
any process out of the EFT validity region, or to modify the scattering amplitudes and

enforce unitarity.

However, for dim-8 operators a cut-off does not seem to be optimal, as the unitarity

bound for AQCs is located within energy regions currently reachable by the LHC.

To modify the scattering amplitudes, the Form Factors and the K-matrix unitarization
(both implemented in VBFNLO) could be used to push back the amplitudes to the region
where SST = 1 is satisfied, as shown in figure (4.1).

39
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FIGURE 4.1: Fg; coupling for pp — WTW™jj scattering. The invariant mass distri-
bution shows how the unitarization prescription pushes back the amplitudes outside
the validity region of the EFT. The upper plot is non-log, while the bottom plot is a
semi-log plot for the same results. Here, the SM distribution (black thicker line), the
anomalous coupling without unitarization (red solid line), the form factor unitarization
(calculated with the form factor tool) with A = 2020 GeV for Fg; = 21.8 TeV (green
short dashed line) and the K-matrix unitarization (aquamarine long dashed line) are
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shown.
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4.1.1 Form Factor unitarization

To supress the raising behavior of the amplitudes and unitarity violation, one could use
a form factor F'F' and multiply it to the couplings. In VBFNLO a dipole form factor is
used,

1
FF=— (4.1)

()
App
where s is the squared invariant mass of the produced bosons, App is the mass scale for

new physics and p is the damping power (e.g. at least p=2 for dim-8) as explained in
8, 43].

To determine the form factor it is possible to use the calculation tool from VBFNLO
(calc_formfactor), which computes the Oth partial wave of the amplitude for the on-shell
VV scattering (/=) and sets as unitarity criterion the real part of the partial wave to
be less than %,

|Re(a?)| < (4.2)

DN =

The choice of A becomes a fine-tuning problem that will depend on the strength of the

couplings.

4.1.2 K-matrix unitarization

Consider a diagonalizable K-matrix with eigenamplitude ag. The corresponding unita-

rized eigenvalue a,, can be written using equation (3.21),

aK
=— 4.3
du 1-— iaK ( )
which can be understood as the projection of the eigenvalue a; onto the Argand Circle
defined in Chapter 3, and which is calculated from the on-shell elastic V'V scattering

amplitude.

One could assume that, in a similar way to the SM, the longitudinally polarized vector
boson contributions are dominant'. Then, in the region where p® > my,, the longitudinal

polarization vector €7 (p) becomes parallel to the mometum p*,

=2 1o <0> . (4.4)

!The polarization vectors are defined in section (4.3).
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Using the Mandelstam variables, one could rewrite

81.5253'54:1_[771-1’ (4.5)
i b
1t
61'8; EQ'SZZWZ 5 (46)
3 g
1 2
E1-€) €2 €3 4 (4.7)

[Limi 4
and rewrite the amplitudes for the EFT using these definitions. For example, using
the Feynman rules defined in Appendix A and the on-shell partial wave decomposition
described in Chapter 3, it is possible to write ay for the anomalous coupling Fg, for the
on-shell WTW+ — WTWT scattering,

ap = FS()$2 . (48)

Then, the unitarized amplitude can be written as (apart from constant factors),

Fg,s?

, 19
© X T T iFgs? (49)

a

This assumption in the polarization vectors is useful to unitarize the amplitudes from
Fs, operators. However, as the Fr; or F); operators have more complicated structure,
the unitarization cannot be achieved easily with this approach, as explained in [41, 44].

Thus, it is necessary to find a simpler unitarization prescription.

4.2 Off-shell Anomalous Quartic Couplings in VBFNLO

The off-shell VV scattering amplitude (2— 6, i.e. an 8 fermion amplitude) can be

written as the result of the SM plus the anomalous part; namely,

My = M+ (JL Ty AV 4 f)), (4.10)

AQC
Mg

where the SM part is unitary and includes all possible contributions (including the Higgs)
without new physics; and .//lgl}QC has the contributions from the EFT higher dimension

operators (as described in Chapter 1).

For example, consider the anomalous contribution for pp — VVjj — 4l 4 24, as shown

in figure (2.2) in Chapter 2: for this quartic coupling the anomalous interaction can be
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described as the product of the quark currents, the VV scattering (VV — VV) and

the leptonic decay currents, as shown in figure (4.2)2. The amplitude is,

VBS amplitude

AQC _ 11 12 — 13 M4
A oy = T T My (4.11)
—_—
External quarks currents Leptons decay currents

Because the currents J* are conserved, it satisfies
qu-J" =0, (4.12)

s0, one could include the following boson propagator in the VBS amplitude,

DY (q) = - gv - TN (4.13)
4 ¢> —mi +imyT q?

as the ¢q”/q? term disappears and could be replaced by ¢tq"” /m?.

s
o K

FIGURE 4.2: Feynman Diagram for off-shell V'V scattering as implemented in VBFNLO
for the anomalous quartic couplings.

In VBFNLO the scattering takes place in the Lab-Frame. As the interaction amplitude is
Lorentz invariant for massless external particles, the results are independent of the frame.
Thus, to ease the calculations and understanding of analytical expressions throughout
this work, some of the quantities (e.g. the polarization vectors) are calculated in the

CM-frame of the V'V scattering.

4.3 On-Shell and Off-Shell polarization vectors

Before defining the polarization vectors, it is important to understand the notation
used, as there is a distinction among the polarization vectors depending on whether the

momenta were defined for an on-shell or off-shell process.

2This color scheme is used to distinguish between the different pieces of the amplitude as written in

VBFNLO for AQCs.
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For on-shell, the momenta notation is k*, which satisfies that k*k, = k% — |k|> = m%,.
For instance, the momenta for the vector bosons in the CM-frame and with the incoming

bosons aligned with the z-axis are defined as,

e on-shell vector bosons: ki, ko, k3, k4,

incoming bosons outgoing bosons

k1 =(0,0,|k1|) = k1 €. ks = |ks| (sinh,0,cos0)
ky = —ki ky = —ks

kﬁl = (Eim ]%in) kgut = (Eout7 Eout)

where, kk, = m? (on-shell condition) .

For off-shell, the notation is ¢*, which only satisfies that ¢*q, = (q% — ]5\2). It should be
noted that for LHC processes the incoming bosons are space-like vectors with ¢*q, <0,
while the outgoing bosons are time-like with ¢#q, > 0. In a similar way the momenta

for the vector bosons in the scattering are,

e off-shell vector bosons: g1, g2, g3, q4,

incoming bosons outgoing bosons

Q= (O’Oa |Q1’) = Gin €: 43 = |(j3| (Sin 0,0, cos 9)
Q1= —q g3 = —qa
qﬁl = (qion’ (jin) qut = (qguta QOut)

Finally, if no distinction is needed between on-shell/off-shell, the 4-momentum is simply

called p*.

For each vector boson V4 a polarization vector is defined (e(qi..4,\)), which depends

on the boson momentum. Broadly speaking, for p* = (po, pz, py,p-) the polarization

vectors £(p, \) are?

0 0
1 1 —
1) =—— | s = — | (4.14)
|plpT DyP- Pr | ps
—p% 0
|p1%
Po
Po Pz
et(p,3) = —— , (4.15)
Vipg — 161?18l | py
Dz

3For massive vector bosons.
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with,
pr=\/p:+pj, and [p|=/p2+p;+p3,
and X\ the boson helicity. The longitudinal or transverse polarization vectors, with

A =0, %, are defined as

e'(p, £) = +—= (=¢"(p, 1) T ie"(p, 2)) (4.16)

1
V2
et(p,0) = e*(p,3) . (4.17)

The polarization vectors also satisfy the following properties,
p“gu(p’ )‘) = 0 I (418)

en(P,N) (" (0, X)) = = Ao (4.19)

here .#)\(p?) gives a sign factor +1, except for longitudinal polarizations of space-like

momenta, then .%(p? < 0) = —1.

Now, consider as an example the incoming bosons with a momentum p; as described
previously (p; equal to q1, g2 or k1, ko). It is easy to show that the transverse polarization
vectors do not depend explicitly on p%. Therefore, they are independent of the process

being off-shell or on-shell.

The transverse polarization vectors (A = %) are,

0
Blpi A = ) = £ - (4.20)
€ iy N = =T = . .
g V2 | i sign | 2]
0

The difference appears for the longitudinal polarization vector ((q/k,0)), as a normal-

ization factor (IVj for on-shell and N, for off-shell) needs to be introduced,

On-shell:  ¢(k,0) = %A =Nj ‘EL , (4.21)
ek Ek

Offshell: e(q,0)= [ VI :Nq(hi). (4.22)
q
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The normalization factors are

Ny = ) for on-shell; (4.23)

for off-shell. (4.24)

Generalizing these results for the outgoing vector bosons, too, it is possible to rewrite

the polarization sums in terms of the normalization factors (with n = 1,...,4),

* v v kﬁk%

3 (ks M) € (ks An) = — gH +

An=:=£,0 M
——g" + NE. kLK, (4.25)

for on-shell bosons. However, for off-shell bosons one need to redefine the polarization

sum in the following way

—_~—

Z (€"(qns An)) " €"(gn, An) = Z i Qn " (qns An))" €”(qns An)

An==%,0 =40
=—g" + N7 diq), . (4.26)

In other words, for the incoming bosons (i=1,2), equation (4.26) can be rewritten as

—_—~—

D@ ) e (g ) = Y (g M) € (g M) — (€4(¢i,0)) € (g5, 0) (4.27)

Ni==,0 Ai==,0
4.4 On-Shell/Off-Shell Matching

Using the polarization sum (4.26) for an off-shell process, the propagators (4.13) can be

redefined as

/Z\:/f*“(% Ne“(q, ) = C(q2)28*“(q, Ne¥(q,N) . (4.28)
>\

A

7

DHa(g) =
(9) ¢> —mi +imyT

c(q?)

Then, one could rewrite the anomalous amplitude ///,f,,QC from equation (4.10) as a

function of the polarization vectors (q1. .4, A\1..4),

MEPC(VV = Af) = Ze (@1, M)es (g2, Na) (4.29)
A1 A2

XZM (g1, A1)e(g2, A2); €7 (g3, A3)e™ (qa, A1) Z3(A3) Za(Ma)
Aaha



Chapter 4. Restoring Unitarity: VBFNLO 47

where M (e(q1..4,M1..4)) is the vector boson quartic vertex, which will be called (for

readability purposes) My, xas\y

M)\1)\2)\3)\4 = M(5((I17 )‘1)8((]27 )‘2)5 5* (q37 )\3)5*(@14, >\4)) 3 (430)

and it is defined as

M aoasns = €M1 (qr, A1)e (g2, A2) My, i g g €42 (43, A3)e™* (qas Aa) - (4.31)

The other elements from equation (4.29) are

Z3()\3) — 8p()\37 QS)J\'D/3_>1[ ) Z4()‘4) = 8’7()\47 Q4)J\Z4_>“* ) (432)

F =[]l - (4.33)

=1

~

Now, to recover the S-matrix unitarity property using an on-shell unitarization prescrip-
tion (like the T-matrix described in Chapter 3), one could try to find an “on-shell/off-
shell matching”, such that My x50, can be replaced by the matrix element of the

equivalent on-shell process. In other words,
M (e(q1, M)e(g; A2);€7 (g3, A3)e™(qa, A1) = Mon(e(k1, M)e(ka, A2); €™ (k3, Az)e™ (ka, Ag)).
Once again, for readability purposes, the following notation will be used

(Mon)xaorsns = Mon(e(k1, A1)e(ka, X2); €™ (ks, Az)e™ (ka, A1) - (4.34)

Note the following example: consider the on-shell scattering WW+ — WTW™*. As

explained in Appendix A, the matrix element for Fg, is,
(]wc,n))\l,\Q,\S)\4 (FSO) = 4F50M{}V E(kl, )\1) . €(k2, )\2) E*(kg, )\3) . E*(k}4, )\4) . (4.35)

Then, one could replace (4.35) in (4.29),

MO (VV = 4f) =F Y et M)ep (a2, Ao) (4.36)
A1 A2
XY (4Fs, My (e(k1, M) - e(ka, Xo) (ks As) - £ (Ka, M)
A3A4
XZg()\g)Z4()\4) .

As for on-shell processes .%(k?) = 1, for the matching one consider i = .. Then,

the “On-shell/Off-shell” matching can be understood as the combination of on-shell and
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off-shell polarization vectors, such as

off-shell off-shell
- ———
My = F Z €,,(q1, M)ev (g2, A2) Z X34 (Mon)a;xorara Z3(A3) Za(Ma) (4.37)
~——————
ALz on-shell

where (Mon)x,a0050, could be unitarized using the on-shell prescriptions existing in the

literature.

The following pages (until section (4.4)) are dedicated to describe the investigation done
to find an accurate “on-shell/off-shell” matching without much success and the reasons
(and challenges) behind these results, as a motivation for the subsequent unitarization

prescription.

4.4.1 Polarization Vector Matching

The matching given in equation (4.37) requires a redefinition of the polarization sum,
in order to obtain the correct propagators (as defined in equation (4.28)) using a com-

bination of on-shell and off-shell polarization vectors,

> (M@ N) e (k,A) = —g" + NJg"E (4.38)
A=%,0

= —g" + N¢* Npk”

where N is the normalization factor for the off-shell polarization vectors in the on-/off-

shell matching, such that it guarantees

NNy =N} . (4.39)
Therefore,
- m
N = Z (4.40)

Then, the longitudinal polarization vectors for the matching need to be defined as,

(g, A =0) = N (gl q0 4)
m

= q2 (|Q|aqo qA) ) for off-shell, (441)

and

(|E\,k0 k:) : for on-shell. (4.42)
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4.4.2 Calculating the New Amplitude

To calculate the new amplitude using equation (4.37), with the vector boson propagator
as defined in equation (4.38), one needs to find the momenta k; for the on-shell scattering

amplitude.

In the on-shell scattering CM-Frame, the following expressions are true:

s+m%/ —m%/
Ei=—7-——"—"> 4.43

s+m?2 —m?
By=_—"Y% "V (4.44)
2¢/s
s—i—m%/—m%/
Ey= — 231 4.45
3 N (4.45)
8+m%/—m%/
E,=—™>23__ 4.46
! e (4.46)

Then, for example, for WTWT — WTW on-shell scattering,

E1:E2:E3:E4:\f. (4.47)

To satisfy the on-shell condition given in section (4.3), the space component should
satisfy
k} = E? —mj, . (4.48)

The momentum k! is obtained from the off-shell momentum ¢!’ calculated with VBFNLO,

as it will be explained below in section (4.4.2.1).

To correctly define the on-shell space component, it is essential to conserve the same
vector direction from the off-shell bosons. Therefore, one can define the scattering angle

(0) for the outgoing on-shell bosons in the following way,

cosf = qf’z . (4.49)
13|
Then, using
4 2
— /1w (4.50)
s

one finds that, for the on-shell WTW* — WTW™ example, the momenta, is:

e for the incoming bosons ki = —ko, and

ki = \f(l, 0, 0,8) ; (4.51)



Chapter 4. Restoring Unitarity: VBFNLO 50

e for the outgoing bosons k3 = —k4, and
EE = \f (1,Bsin@ , 0,5cosh) . (4.52)

4.4.2.1 From ¢! to k!

Throughout this work, different relationships between qﬁ‘ and k‘f were studied for the
“on-shell/off-shell” matching equation (4.37). The resulting observable distributions
were compared with the pure off-shell results (usual VBFNLO results for pp — VVjj
scattering) for different anomalous couplings, as explained below. To avoid the SM
dominant contributions to the distributions, and to compare purely the results from

anomalous couplings, large couplings were taken (between 100 TeV—* and 1000 TeV—4).

The results here shown are for WTW T — WHW T scattering.

1. Same center of mass energy:

One could set the on-shell and off-shell scattering to have the same center of mass

energy. In other words, they should satisfy
s=(q+q@)?=(k+k) . (4.53)

Using equations (4.51) and (4.52), the momenta and polarization vectors were

calculated for the matching.

e Matching for Fg; couplings:

Near the energy threshold /s = A, where F; breaks unitarity (A, < 1TeV),
the “on-shell/off-shell” matching agrees within 20% difference with the pure
off-shell results, as shown in Figure (4.3). Above this region, it agrees within
10% or better.

Whereas the contribution is mainly coming from the longitudinal polarization,
one might accept this result as a first confirmation of the matching working
in a reasonable way. Nevertheless, before using any unitarization scheme, it

is important to confirm a proper behavior for the rest of the AQCs.
e Matching for Fp; and F);; couplings:

For Fp; and F)y;, the disagreement between the observable distributions from
off-shell results and the matching can be observed up to very large energies
(Ecm > 3 TeV), as it is shown in figure (4.4) for Fr,. A thorough under-

standing of these unforeseen results is necessary.
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FIGURE 4.3: Semi-log invariant mass distribution for Fg,= 480 TeV~%. Comparison

between the off-shell scattering (pure off-shell polarization vectors and momenta, black

thick line) and the “on-shell/off-shell” matching (red dashed line) that satisfies equation
(4.53).

In this example, the matrix element is calculated using the Feynman rules

from Appendix A. Then, (Mon)x;rxphsry 1S
M(Fr,) o<[(ps - €2)(p2 - €3) — (€3 - €2)(p3 - p2)]
X [(pa - €1)(p1 - €1) — (€1 - €1)(pa - p1)]
+ [(p3 - €1)(p1 - €3) — (63 - €1)(p3 - P1)]
X [(pa - €2)(p2 - €1) — (€1 - €2)(pa - p2)] - (4.54)

In the Fr, invariant mass distribution shown in figure (4.4), it is possible to
observe that far from the energy threshold where unitarity is broken k; ~ g;.
And therefore, €1 2(k,£) = e€12(q, ) and e34(k,£) = €3.4(q,£). Then, the
dominant contributions for (Mon)x,a,052, COme from transverse polarization

vectors,
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FIGURE 4.4: Semi-log invariant mass distribution for Fr,= 480 TeV~%. Comparison
between the off-shell scattering (pure off-shell polarization vectors and momenta, black
thick line) and the “on-shell/off-shell” matching (red dashed line) that satisfies equation

(4.53).
— =4+ — (1 +cosb?)Fr, s*
-+ —+ %(1+cos9) Fr, s*
—++- %( 14 cosh)?Fy, s*
+-—+ %( 14 cosf)?Fr, s*
+—+- %(1+c0s0) Fr, s*
++— — (1 +cos6?)Fr, s*

while the rest of the helicities combination contributions is negligible. This
complies with the agreement between the pure off-shell results and the on-
shell/off-shell matching for very large energies.

Near the threshold, however, all the helicity combinations have non-trivial
contributions to the matrix element. Thus, contributions from (A = 0) are
also expected. In other words, the first suspicion for the observed behavior
comes from the non-leading terms.

To test this idea and understand better the contributions from different helic-
ities combinations to the amplitude, (Mon)x, xo150, Was calculated considering

different contributions for the matching.
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Figure (4.5) exhibits that for the invariant mass distribution the contributions
from non-leading terms are negligible with respect to the leading ones. Even
more, it shows that the total cross section is primarily the result from the
leading contributions, also in the region where non-leading contributions are
expected. These results lead to consider a similar decomposition for the pure

off-shell amplitude calculation as a comparison.

10"E
10 -
10 E Off-shell (all contributions)
= —— ON-shell (all contributions)
- — — On-shell (leading cont.)
109 E On-shell (non-leading cont.)
108 =
10" =
10°
10°
104E
1 IIIIIIIIIIIIIIIIIIIIIIIIIIllllllllllllll

o

500 1000 1500 2000 2500 3000 3500 4000
My-w- (GeV)

FIGURE 4.5: Semi-log invariant mass distribution for Fr,= 1000 TeV~%, with a cut
for the SM contributions (E.;, > 100 GeV). The black thick line shows the off-shell
distribution, while the red thinner line the matching distribution. The dashed aqua-
marine line (on top of the red one) shows the leading terms distribution. The gray dots

distribution shows all the non-leading terms contributions.

Figure (4.6) shows the off-shell results for all the helicities contributions and
only the leading terms, and the equivalent matching results. Here it is clear
that the on-shell/off-shell matching does not reproduce correctly the con-
tribution from the non-leading terms in the region where they are expected.
Thus, one might wonder the origin of these difference between the non-leading

contributions for the off-shell and the matching results.

A deeper numerical analysis of these results indicated that near the threshold
there are large virtualities contributing to small Ecy. In the pure off-shell
matrix elements, these cancellations are counterbalanced by the off-shell mo-
menta components. However, for the “on-shell/off-shell” matching, these
large virtualities introduce large cancellations in the non-leading terms con-

tributing to the amplitude. Therefore, it would be useful to construct the
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FIGURE 4.6: Semi-log invariant mass distribution for Frp,= 1000 TeV—4, with a cut for

the SM contributions (E.,, > 100 GeV). The black thick line shows the off-shell distri-

bution, while the red thinner line the matching distribution. The dashed aquamarine

line (on top of the red one) shows the leading terms distribution and the green short
dashed line shows the leading terms contributions for off-shell.

on-shell momenta in such a way, that the cancellations can be rectified near
the threshold.

2. On-shell momenta k| = G;:

One could construct the on-shell momenta from k; = ;. Then, using the on-shell

= By =\/m} +q .

From equations (4.51) and (4.52),

condition,

s =4 (m{ +4i)

it is easy to obtain the momenta for all the bosons in the on-shell scattering.

The differential cross section distribution as a function of the invariant mass is
shown in figure (4.7) for Fr,. The result is compared to the previous on-shell mo-
menta computation (s = EZ,,) and to the off-shell distribution. It can be observed
that there are large cancellations, even for the leading terms, which discards this

on-shell momenta construction.

A similar construction with k; = g3 was done. Nevertheless, the observable distri-

butions have similar results as k1 = Gi.
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FIGURE 4.7: Semi-log invariant mass distribution for Fr,= 1000 TeV—4, with a cut for
the SM contributions (Ecym >100 GeV). The black dotted distribution shows the off-
shell results, the red distribution the on-shell momenta construction with s = (¢? +¢3),
the green distribution shows the on-shell momenta built from k; = §;, and the aqua-
marine distribution the average construction for testing the origin of the cancelations.

3. On-shell momenta from an average < qi, g3 >:

The main purpose for this on-shell momenta construction is a deeper understanding
of the cancellations that appear in the on-shell/off-shell matching. Therefore, it
is important to keep in mind that this on-shell construction is not theoretically

motivated, but rather an artificial tool.

So far, the main problem seemed to be the large virtualities of the bosons, which are
not cancelled as required around the threshold in the “on-shell/off-shell” matching.
Then, one could include explicitly the missing cancellations, by defining an average
between qi, g3 in the following way: consider §; = (0,0, 21) and g3 = (z3,0, 23).

The on-shell momenta can be defined as k; = |g|¢1, with

= VATl = lal Y+ 4 1. (45
Then, the Lorentz invariant s for the scattering is defined as
s:4<m%/—i—\z1| |\/23 + 23 |> : (4.56)

Using equations (4.51) and (4.52), all the on-shell momenta can be computed. The
resulting invariant mass distribution is also shown in figure (4.7). For this case,

the difference with the off-shell distribution is smaller than it has been with the
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previous on-shell momenta construction. This result confirms the inability to can-
cel the large virtualities for small Ecy without introducing some arbitrary model
to define the on-shell momenta. And, although it reproduces a closer behavior to
the off-shell, there is no specific reason why one should define the on-shell vectors

using this particular construction.

In summary, the “on-shell/off-shell” matching is not an appropriate approach to find an
analytical way to unitarize the amplitudes with a pure on-shell unitarization scheme.

Instead, a numerical unitarization is required.

4.5 Numerical T-matrix unitarization for off-shell processes

Instead of the “on-shell/off-shell” matching, the matrix element .#,,,

My = F Y _e,(q1, M)en(q2,A2) ) Mayagasas Z3(X3) Za(Ma) (4.57)
/\2;\2 g % to ulni:a:;z:

will be written with all the polarization vectors defined off-shell. Then, a numerical

implementation of the T-matrix unitarization described in Chapter 3 is used to unitarize

My xorshs-

However, as the T-matrix unitarization still requires an on-shell like behavior, the lon-

gitudinal polarization vectors are redefined as,

e"(g,A=0)=N(ql,q q) , (4.58)
€ m(Qv A= O) = Nk: (‘ﬂa q0 (?) (459)

and M), x,x,0, is now redefined as a function of € (¢, A) (the transverse polarization

vectors are the same, € '(¢, +) = (¢, %)),

My xorsn =M (€'(q1, M), €' (g2, A2); € (g3, A3), €™ (qu, Ad))
=" (q1, A1)e™? (g2, A2) My o g a2 (435 A3)e™H4 (qus M) (4.60)

For example, the amplitude for the Fg,coupling for WH W+ — WTW™ scattering is,

M/\1)\2)\3)\4 X FSU (5,((]17 )\1) : 5l(Q27 >\2) 5/*((]37 /\3) : 5/*((]47 )\4)) . (461)
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4.5.1 Partial Wave Decomposition for off-shell processes

The partial wave decomposition explained in Chapter 3 also needs to be extended for
the VV off-shell production. Considering the four A; helicities (12 — 34) and using
the Wigner-Eckart theorem [31], the partial wave decomposition as defined in equation
(3.10) is

[\

Miyaoasns (0,0%) =16 Y (25 +1) a1, (%) @5(0) (4.62)
=0

where o = A\; — Ay and 8 = A3 — \4. The partial wave amplitudes aquzAgM(qQ)Zl will be

projected onto the Argand circle (as described in Chapter 3) and unitarized.

In order to find the af\l AoAsAs corresponding to the amplitude M), ,x51,, the previous

equation can be rewritten as a product of vectors, such as

agl,\g,\3>\4
M/\1/\2)\3)\4 (9i>q2) = 167 (dgﬁ 3daﬁ 5d?xﬂ) (91) ' a%\1)\2>\3>\4 (C]2) . (4'63)

2
AN AoAz s

Therefore, using three arbitrary angles, e.g. 6; = 7/3,7/2,2n7/3 (i=1,2,3), the Wigner

amplitudes a{\ Mooy, are obtained from the inversion of the full matrix. In other words,
1A2A3N4

-1
a3 Ao hshs ) dos(01) 3dpg(01) 5d25(61) My, ..(61,4°)
a}\l)\z)\g)u; (q2) = ﬁ d35(02) 3d(1)4ﬂ(92) 5diﬁ(02) M)\l...(027q2) . (464)
ail)\z)\g)q dgﬁ(e?s) 3déﬁ(‘93) 50@5(93) My, (63,4%)

For example, consider the WTW™* — WTW™ scattering. The figures (4.8) and (4.9)
show the contributions from the partial wave amplitudes to the total scattering ampli-

tudes for Fg, and F}y,, respectively.

It is easy to observe that for Fl,, the partial wave j = 0 gives the largest contribution
to the amplitude (one can show that for Fr, this statement is also true). However, for

Fur,, 7 =1 gives the largest contribution to the amplitude.

4.5.2 From On-shell to Off-shell T-matrix

It is possible to write the partial wave amplitude a&l Aodzh; B8 @ matrix a’, with m x n

components (a,). Here m = (A, X2) and n = (A3, A4) gives all the possible helicities

4The on-shell partial wave amplitude ai Aoaan, is a function of s. However, for off-shell processes, it
1A2A3 A4

is a function of s and all vector boson virtualities, ¢Z, with ¢ = 1, ..., 4. These 5 invariants are collectively
denoted by ¢°.
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FIGURE 4.8: Partial wave amplitude (j=0,1,2) contribution to the total amplitude in

the invariant mass distribution for Fg, coupling (semi-log plot). The yellow thick line

shows the total amplitude (as shown in equation (4.62)), the red dashed line is the

contribution from j = 0, the blue thick dash line is j = 1 and the dot-dashed green line
j=2.

combinations for the incoming and outgoing bosons, respectively. For instance, for
WHW+ — WHW™T scattering, there are 9 possible helicity combinations as shown in

table (4.1); then, afnm = agxg matrix.

\123456789
-—— -0 -+ 0- 00 0+ +- +0 + -+

()"h )‘j)

TABLE 4.1: Helicities combination for WTW* — WTW™*: (A,X2) — m and
(A3, A1) = n mapping.

Using the T-matrix unitarization equation (3.23), one could define the matrix u’, with

m X n components (ui,m), as the partial wave amplitude which will restore the S-matrix

unitarity,
A , A P
uw = Re (a’) <]1 +3 (a])TaH) <]1 + ;;ﬂ) . (4.65)
Then, the matrix element My, x, 1,7, from equation (4.62) can be redefined as Muy, x, x50,

2
Muyaoagng (0,6°) = 167 ) (25 + Dl (00, ) o, an (@) - (4.66)
j=0
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FIGURE 4.9: Partial wave amplitude (j=0,1,2) contribution to the total amplitude in

the invariant mass distribution for Fyy, coupling. The yellow thick line shows the total

amplitude (as shown in equation (4.62)), the red dashed line is the contribution from
j =0, the blue thick dash line is j = 1 and the dot-dashed green line j = 2.

Now, to solve the equation (4.65), it is necessary to find (1 + %(aj)Taj)fl. One could

consider the following,

B

At
For example, for WTW T — WTW™ scattering, this can be rewritten as a 9x9 matrix

product,
) ) . -1
Tj 9%x9 — Bj9><9 (Ajgxg) ) (4~67)

which means that it is necessary to calculate a 9 x 9 matrix inversion. Yet inverting a
matrix is neither numerically stable nor desirable (due to calculation time), in particular

for other processes where the matrices are larger than 9 x 9.

Instead, it is better to solve the system of equations to find the matrix ©/°. Some of the
factorization methods implemented in VBFNLO to solve equation (4.67) are described
in Appendix D.

To verify that the T-matrix unitarization is working, it is fundamental to test that the

S-matrix is indeed unitary, using equation (3.1) described in Chapter 3. One finds

5A deeper explanation on how to solve the system of equations is discussed in Appendix D.
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numerical invalidity of the unitary relation, which implies some failure in the implemen-

tation of the unitarization model for off-shell scattering.

4.5.3 Testing the unitary condition: a non-symmetric amplitude

After different numerical tests were done with VBFNLO, it was found that the unitary

relation is not satisfied. The partial wave amplitude ai aay, does not form a normal
1A2A3/N\4

matrix for the off-shell processes considered. Thus, T-matrix unitarization cannot be

used, unless a new matrix satisfying the following equation (4.68) is defined,
[T,, T1]=0. (4.68)

Therefore, it is vital to find a normal matrix related to My, x,a50,-

In general, any matrix A could be decomposed as a symmetric matrix plus an asymmetric

one, such as

A = Agym + Aasym (4.69)
with
1
_L t
Agm =3 <A | ) , (4.70)
1
_La g
Ausym =5 (A A) . (4.71)

For V'V on-shell production, one could think to rewrite the partial wave amplitude using
the equations (4.69), (4.70) and (4.71), as all the symmetric matrices are normal and
the asymmetric contributions are expected to be negligible in the phenomenologically

important region of small boson virtualities.

Then, the symmetric matrix will be unitarized. One might be tempted to write the

following,

: 1 . ,
(agn,n>sym 9 (agn,n + aq*mj,m) ) (4.72)

with m = ()\1, /\2) and n = (/\37 )\4).

Figure (4.10) shows the invariant mass distribution for Fs, coupling, where the sym-
metric and asymmetric results behave as expected. But, once the coupling structure
includes not only the polarization vectors but the 4-momenta ¢; contributions, e.g. Fr,
it is not possible to rewrite the partial wave amplitude using equations (4.69) and (4.70),
as shown in figure (4.11). This behavior is a clear consequence of the vector boson large
virtualities, which were not considered in this approach, and which establishes a clear

distinction between the incoming and outgoing particles.
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FIGURE 4.10: Semi-log invariant mass distribution for WTW+ — W*TW™* Fg, cou-
pling. The total amplitude is compared with the symmetric and asymmetric compo-
nents: the black thick line is the non-unitarized amplitude, the red thinner line is the
sum of the sym-+asym, the green small dashed line on top of the other two is the
symmetric component and the aquamarine large dashed line is the asymmetric part.
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FIGURE 4.11: Semi-log invariant mass distribution for WTW+ — W+W™* Fr, cou-
pling. The total amplitude is compared with the symmetric and asymmetric compo-
nents: the black thick line is the non-unitarized amplitude, the red thinner line is the
sum of the sym+asym. Here the green small dashed line is the symmetric component
and the pink large dashed line is the asymmetric part, both above the non-unitarized

distribution.
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In summary, a new normal matrix is needed to define the unitarization prescription for

2 — 6 vector boson off-shell scattering.

4.6 Off-shell T-matrix for VBS

So far, the issues in the unitarization are a result of considering V1 Vo — V3V, as an on-
shell scattering, and trying to solve everything without taking the different virtualities
q? of the 4 bosons V; into account. Note that even for WHTW+ — WTW™ the virtualities

render the V; distinguishable.

In this section, one should consider the matrix element as a combination of all the
possible scatterings for the 4 bosons involved, for any 2 — 6 process. Then, the most

general matrix one could write for the scattering is:

ViVo = Va Va3V — 1%
(12 V2 Vsly 12> (4.73)

ViVo = V3Vy Va3V, — VaVy

As the incoming bosons are space like (s), while the outgoing bosons are time like (t),

s—s t—s
s—t t—t

where s — t is the partial wave amplitude from M (g(q1, A\1)e(q2, A2); *(g3, A3)e*(qa, A1)

this can be understood as

used previously. Then,
j j 2
a‘g%t = a‘2\1)\2)\3)\4 (q ) ’
andt —s = (s — t)f.
Here, s — s is the partial wave amplitude from M (e(q1s, A1)e(qas, A2); € (q3s, A3)e™ (qus, A1),

with 3-momentum directions given by the corresponding g;, but

2 2 2
Qs = 43s = 41 > (4.74)

then,

. , 5
al g = ajAl)\Q)\SM(qs) . (4.76)
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And, t — tis the partial wave amplitude from M (e(q1¢, A\1)e(qae, A2); € (q3e, A3)e™(qae, M),

with the momenta similarly defined with

i = 43 =43 (4.77)
G = iy =4 (4.78)

then,
al_ = 5‘{\1)\2,)\3)\4 (q7) - (4.79)

To simplify the calculations, and as it is only of interest to find a normal matrix related

to V1Vo — V3Vy, a new interaction matrix to be unitarized could be defined as

0 Af
T = =177, (4.80)
A 0
with
A =agy; = (at—>s)Tu (481)
AT =aq_s, (4.82)

and therefore, [T, TT] = 0.

Replacing equation (4.80) in the equation (3.23) to find the unitarized amplitude,

Ui(s = s) Us(t—s)

. -1
Ty=T <]1 - 2TT> -
2 Us(t — t)

The encircled quantity Us is the unitary amplitude to be replaced in the equation (4.66).

Using block matrix algebra,

. ]1+iTT:<. ! ;A(tﬁs)> 7
2 %AT(S —t) 1
. (T*)2 _ (A(t — 8)Af(s = t) 0 ) |
0 Af(t — 8)A(s — t)

1

. 1 02 *1_ (]1+%A(t—>s)AT(s—>t))f 0
<]1+4 (T> > N < 0 (]l+%AT(s—>t)A(t—>s))_
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Then,
AL +iat)7Hiar A+ Lata)™

T, = . . ) (4.83)
AT (1 + AAT) AT (1 + ;AAT) S

If the linear T-matrix unitarization scheme is considered, Us (inside the blue circle area)
gives only the real part of the unitarization. Therefore, a complex part needs to be
added to satisfy the T-matrix definition, similar to the equations (3.23) and (4.65). It
is important to consider the type of vectors that would form the imaginary component
of Us(s — t), as it is a s — t process. In the limit where ¢ ~ m3,, A5t — A, which

makes A(t — t) the most reasonable choice for the imaginary part.

Therefore, the new off-shell unitarization scheme for 2 — 6 VBS is defined as,

1 by 1 -1
Tu(s = t) = Agss <]1 + 4At—>sAs—>t> + §As—>tAt—>t <]1 + 4At—>sAs—>t> ;

or simplified,

. 1 -1
TU(S — t) = As—)t <]1 -+ ;At_nj> <]1 + 4At—>sAs—>t) . (484)

To corroborate the results from this new unitarization scheme, a good idea is to compare
the observable distributions using the K-matrix unitarization and the new T-matrix
unitarization for Fg, and Fg,= Fg,; for example, the invariant mass plot shown in
figure (4.12).

This plot (4.12) shows that between 0 and 700 GeV the new T-matrix unitarization, the
K-matrix unitarization and the non-unitarized distributions are in agreement. After
700 GeV (for Fg,= 400 TeV~?), the T-matrix unitarization distribution lies below the

K-matrix within less than 20% difference.

But, it is once again necessary to test the unitarization for another couplings and to

examine whether or not this unitarization prescription is valid.
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FIGURE 4.12: Off-shell T-matrix unitarization for Fs, =400 TeV~ for WHW+ —

WFWT scattering. The invariant mass distribution shows: gray dots the SM, aquama-

rine dots the form factor unitarization, the yellow line the new off-shell T-matrix unita-

rization, the red line the K-matrix unitarization and the black line the non-unitarized
distribution.

The results for Frp, (without any extra cut) are shown in figure (4.13), whose unexpected
behavior (observed in purple triangular markers) implies a deficiency in the unitarization
approach used. For a better understanding, and based on previous experiences from the
virtualities’ influence on the transverse and mixed couplings, cuts on the invariant mass
and the virtuality values of the incoming bosons were implemented, to suppress the large

contributions.

A first suspicion lies on the alignment of the A;_,; and AtﬁsAl _,; eigenvectors, which
might not necessarily be orthogonal and, therefore, the denominator does not achieve
the necessary suppression on the growth of the amplitudes. Nevertheless, a deeper
investigation and proper understanding on this effect needs to be done and it was not

the topic of this work.

Instead, to guarantee proper cancellations and implement a unitarization scheme which
will restore unitarity, one can modify the equation (4.84) using instead the maximum

eigenvalue® of the matrix <At_>sA;r _)t>.

The final T-matrix unitarization model for off-shell VBS (2 — 6) is,

TU(S — t) = As—)t (]l + ;At—)t> (]l + 4Emax> R (485)

5To calculate the maximum eigenvalue, different algorithms were implemented in VBFNLO. They
are explained in the Appendix E.
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FIGURE 4.13: Off-shell T-matrix unitarization for Fr, =400 TeV~* W+W+ — W+w+

scattering. The invariant mass distribution shows: green line the SM, black line the

non-unitarized anomalous coupling distribution, the red line same distribution with

cuts on the incoming virtualities; the blue triangular dots are the off-shell linear T-

matrix unitarization and the aquamarine dots are same distribution with cuts on the
incoming virtualities.

where the maximum eigenvalue is Epax = max(A (At_mAl _>t>). The distribution ob-

tained using this expression can be observed in figure (4.14) for Fs, coupling and figure

(4.15) for Fry.

The off-shell linear T-matrix unitarization for 2 — 6 processes is fully implemented

in VBFNLO for WTW*T — WHW™T and it includes NLO QCD corrections for all the

couplings. For example, figure (4.16) shows these results for Fg,.

The implementation of this approach in VBFNLO is described in Appendix F.
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FIGURE 4.14: Semi-log invariant mass distribution for Fg,= 400 TeV~*, WTW+ —

WFWT scattering at 13 TeV. The black solid line is the SM distribution, the red thinner

solid line the anomalous coupling without unitarization, the dashed aquamarine line the

K-matrix unitarization distribution and the dotted yellow line the new off-shell linear
T-matrix unitarization, as defined in equation (4.85).
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FIGURE 4.15: Semi-log invariant mass distribution for Fr,= 400 TeV~*, WTW+ —

WTWT scattering. The black solid line is the SM distribution, the red thinner solid

line the anomalous coupling without unitarization and the dotted yellow line the new
off-shell linear T-matrix unitarization, as defined in equation (4.85).
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FIGURE 4.16: Semi-log invariant mass distribution for Fg,= 400 TeV~4, WTW+ —

WHWT scattering at 13 TeV including NLO QCD corrections (thinner lines). The

black solid line is the SM distribution, the red solid line the anomalous coupling without

unitarization, the dashed aquamarine line the K-matrix unitarization distribution and

the dotted yellow line the new off-shell linear T-matrix unitarization, as defined in
equation (4.85).



CHAPTER D

Limits for Anomalous Couplings at 13

TeV collisions

In this chapter, to illustrate the importance of the unitarization for off-shell processes at
the LHC, an analysis on the current limits for WW+ — W+W* for the CMS results’
[45] at /s = 13 TeV and integrated luminosity of 35.9 + 0.9fb™! is done.

If the unitarity is not restored for the anomalous couplings, two possible scenarios might
happen: either the new physics limits are beyond the EFT validity, or the new limits

could rule out regions where new physics might appear.

5.1 Electroweak production of same-sing W boson pairs

The final states considered for this process are 2j + 4l: ptutv,vtjj, etetverejy,

e utver,jj and their charge conjugates. The following cuts were implemented:

e my > 20 GeV,
o PSS > 40 GeV,
o ph > 20 GeV,

o 1 < 2.5,

o Rj; =04,

° pjf > 30 GeV,

e |nj| <5,

e m;; > 500 GeV,
o Anj;j > 2.5.

The observed limits on the AQCs from the CMS experiment at 13 TeV for the dim-8

operators are shown in the table 5.1. These limits are calculated without considering

LAt the moment this work was written, the ATLAS experiment have not released new results at 13
TeV on their limits for anomalous couplings.
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any unitarization formalism. The table has the values in the Eboli convention (used in

[45]) and VBFNLO convention.

Coefficient CMS!(13 TeV) CMS?(13 TeV)

Fs, [-7.7,7.7) [-7.7,7.7)

Fs, [-21.6,21.8] [-21.6,21.8]
Fu, [-6.0,5.9] [-14.3398,14.5829)]
Fu, [-8.7,9.1] [-22.1174,21.1452]
Fu, 11.9,11.8 [-28.6797,28.9227]
Fur, 13.3,12.9 [-31.3532,32.3254]

[- ]
- ]

Fr, [-0.62,0.65] [-3.6625,3.8397]
[-0.28,0.31] [-1.6540,1.8312]
[-0.89,1.02] [-5.2574,6.0254]

I Eboli convention (used in [45]).
2 VBFNLO notation.

TABLE 5.1: Observed limits on the dim-8 anomalous couplings: the first and second
columns are the limits obtained by the CMS experiment at 13 TeV [45].

This chapter will be focused mainly on the couplings Fys,, Fis, and Fr,.

5.1.1 QGCs Unitary Bound

First, the SM cross section obtained by the CMS experiment [45] and the one calculated
by VBFNLO are compared for WTW+ — WTWT scattering, to ensure that the cuts
are the same and the results are in agreement within a few percent difference. The CMS
fiducial cross section is ogyy = 3.83 £ 0.66 (stat) £ 0.35 (syst) fb; while the result for
the same process calculated by VBFNLO is ogps = 3.5690 + 0.0015 4 0.0426.

Using the Form Factor tool from VBFNLO described in Chapter 4 [43], the energy
threshold Auuy where the unitarity condition is broken for the 2 — 2 scattering is
calculated, using the partial wave amplitude 7 = 0 as unitarity criterion. In other
words,

[Re(a’=%)] <

(NN

In other words, for energies v/s > Aunit, the amplitudes sature the unitarity bound.

The table (5.2) shows the unitarity bounds for some couplings within the limits given
in table (5.1). This unitarity bound will be useful to compare the saturation observed

in the invariant mass distributions for the V'V scattering.



Chapter 5. Unitarization Limits 71

It is important to note * in table (5.2), as for Fjy, couplings the dominant partial wave
amplitude contribution is j = 1 (recalling Chapter 4). Thus, the bounds are obtained

using crossing symmetry?.

Coupling (TeV %) Aunit

Fs,= 7.7 1989.0 GeV
Fs, = 21.8 2020.0 GeV
Fuy'= 5.9 2028.0 GeV
Fu, = 9.1 2638.0 GeV
Fug = 11.8 2033.0 GeV
Fu, = 12.9 2829.0 GeV
Fr,= 0.65 3326.0 GeV
Fr, = 0.31 3385.0 GeV
Fr,= 1.02 3388.0 GeV

TABLE 5.2: Unitary bound for different QGCs using the limits from table (5.1) and
calculated using the partial wave 0 for the 2 — 2 process (Form factor tool in VBFNLO).

5.1.2 EFT with unitarization: coupling limits

To find the new limits, the following procedure is followed,
1. The cross section oaqc is calculated using the limits for the couplings Fys,, Fiy,
and Fr, from table (5.1) without any unitarization.

2. The cross section oAQC - T-matrix 18 computed with Fgs,, )y, and Fp), using the

T-matrix unitarization.

3. The coupling’s value is slowly raised until oAQc - T-matrix = oaqQc is achieved.
Therefore, the new limit will be lying in the unitarity saturation bound for that

cross section.

The table 5.3 shows the new limits for Fg,, Fy, and Fr,.

The figures (5.1) and (5.2) show the differential cross section distributions as a function

of myw and my; for Fs,and Fr, (respectively).

The importance of the unitarization can be observed in these plots, as one can distinguish

the red area between the non-unitarized distribution and the unitarized one, which

2For a 2 — 2 scattering, the crossing symmetry relates amplitudes by transforming ingoing particles
into outgoing antiparticles.
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Coupling (TeV~*) CMS (13 TeV) New limits

Fs, [-21.6,21.8] [-50.0,60.3]
Fu, -8.7,9.1] [-20.0,14.5]
Fr, [-0.62,0.65] [-1.35,1.60]

TABLE 5.3: New limits on the dim-8 anomalous couplings (using Eboli convention); the
first column shows the observed results by the CMS experiment (5.1) and the second
column the new limits for all the number of events expected according to [45].

saturates the unitarity bound previously calculated. Any measurement done in this red

area is within a parameter region that breaks unitarity.

The plots also show that there is a suppression for the non-unitarized distribution below
the interception between the unitarized and non-unitarized distributions (shown as a
blue area). This could increase the probability of measuring any deviation from the SM

for the coupling in that region.

As the new limits reach the unitarity saturation bound for the respective process, the
intersection of the myy distributions (7T-matrix and non-unitarized, with blue and red
lines respectively) shows the energy threshold Ay, which should agree with the results
from table (5.2).

For example, for Fg, the myy distribution shows Ayt around 2 TeV, in agreement with
the results in table (5.2); while figure (5.2) shows Aynis around 2.9 TeV, being a clue

that a more precise calculation of the limit needs to be investigated.
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FIGURE 5.1: The upper plot shows the differential cross section as a function of the
charged leptons invariant mass, my;, while the bottom plot shows a similar distribution
but as a function of the invariant mass myw for Fg, coupling. The black thick line is
the SM distribution, the red thinner line is Fj, distribution without unitarization, the
green short dashed line is the T-matrix unitarization with the CMS Fg, value, while
the blue large dashed line is the T-matrix unitarization with the new limit. The yellow
dashed-dotted line is the K-matrix for the CMS value. The red area shows the region
where the parameter region is not valid, while the blue area shows the region where the
non-unitarity distribution understimates allowed deviations from the SM distributions.



Chapter 5. Unitarization Limits

10°
= 0.4F - -
: . I M
Q 035 g Non Unit FT0 =0.65 TeV*
T osb 9 - === T Matrix, FT0 =0.65 TeV*
£ O F | «i=e= T Matrix, FTO =1.6 TeV*
&5 0.25F
© -
0.2
0.15—
0.1
0.05F R
= ey,
o8 1.1 I ALY | |
0 500 1000 1500 2000 2500 3000 3500 4000
m, (GeV)
10°
= o.4E o
- I
9 o3 Non Unit FT0 =0.65 TeV-*
€ ,aE PR T Matrix, FT0 =1.6 TeV*
: E . - ===~ TMatrix, FT0 =0.65 Tev* |
g 0.25:— ’_‘ 'w.‘n.ﬂ"““ !
%) - ettt ]
© 0.2 = S,
0.15—
0.1
| 1
- i
0.05— 1
- 1
ol AR RPN B BPRPENG . o S
0 500 1000 1500 2000 2500 3000 3500 4000

My-w- (GeV)

FIGURE 5.2: The upper plot shows the differential cross section as a function of the
charged leptons invariant mass, my;, while the bottom shows a similar distribution but
as a function of the invariant mass myw for Fr,coupling. The black thick line is
the SM distribution, the red thinner line is Fr, distribution without unitarization, the
green large dashed line is the T-matrix unitarization with the CMS Fr, value, while
the blue dotted line is the T-matrix unitarization with the new limit. The red area
shows the region where the parameter region is not valid, while the blue area shows the
region where the non-unitarity distribution understimates allowed deviations from the
SM distributions.
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5.1.3 More Observables

To appreciate the importance of the unitarization for the anomalous couplings, one could
study some measurable observables and the effects in their distributions if a unitarization

scheme is used.

An extra cut in the invariant mass of the charge leptons, my; < 500GeV, which will

guarantee that the SM effects are negligible.

e DY(11-12)
AYj1_jo is defined as,
AYy_2 = Y1 — Yol (5.1)

Figure (5.3) shows the differential cross section as a function of |[AYj;_s| for Fr,.
The solid thicker black line shows the SM, the thinner solid red line shows the
cross sections for the Frp, coupling using the current CMS limit at 13 TeV. The
green dashed line shows the cross sections using the T-matrix unitarization using
the CMS limit. The blue dotted-dashed line shows a new limit for Fr,, if the

T-matrix unitarization is used.
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FIGURE 5.3: Differential cross sections for the process pp — WHW™3j as function of
AYU,[Q for FTO-

Figure (5.3) shows the distribution for Fg,. The solid thicker black line shows the
SM, the thinner solid red line shows the cross sections for the coupling using the
current CMS limit at 13 TeV. The green dashed line shows the cross sections using
the T-matrix unitarization using the CMS limit. The blue long dashed line shows

a new limit for Fjg, , if the T-matrix unitarization is used. The other value for Fg,
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using the T-matrix shows how the saturation of the unitarity bound is achieved
(aquamarine dotted-dashed line). The K-matrix unitarization is also shown with

the long dashed-dotted yellow line using the CMS limit.
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FIGURE 5.4: Differential cross sections for the process pp — WHW T3 as function of

A}/ll—l2 for Fsl .

phi_jj

The differential cross section as a function of the ¢;; is shown in figure (5.5).
The solid thicker black line shows the Standard Model, the thinner solid red line
shows the cross sections for the Fr;, coupling using the CMS limits at 13 TeV. The
green dashed line shows the distribution using the T-matrix unitarization with the
CMS limit. The blue dashed-dotted line shows a possible new limit for Fr,, if the

T-matrix unitarization is used.

Yl'*
Figure (5.6) describes how central the leptons are for Fg, coupling. Y;* is defined
as,

W) . (5.2)

Vi = Yi— ( !
The solid thicker black line shows the SM, the thinner solid red line shows the cross
sections for the Fg, coupling using the CMS limits at 13 TeV. The green dashed
line shows the distribution using the T-matrix unitarization with the CMS limit.
The blue dashed-dotted line shows a possible new limit for Fr, if the T-matrix
unitarization is used. The yellow dotted-long dashed line shows the CMS limit

using the K-matrix unitarization.
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Summary

The effective Lagrangian formalism is a good theoretical way to describe BSM scenarios,
as deviations from the SM can be parameterized in a convenient way using the SM fields.
In general, the anomalous couplings associated with the vector boson scattering provide

a very sensitive probe for new physics.

Despite this, using the EFT beyond its validity region leads to non-physical cross sec-
tions, which violate the unitarity condition from the S-matrix. Therefore, through this
work a better understanding of the unitarity prescriptions for 2 — 6 processes at the

LHC and the challenges involved was attempted.

For on-shell V'V production, the K-matrix and T-matrix schemes have been previously
studied [41], and they were used as a reference in this thesis to define a new prescrip-
tion. However, the underlying phenomena for the off-shell V'V production requires a
thorougher analysis to find a suitable unitarization scheme, such that the non-unitarize

amplitude will be projected onto the Argand circle.

From Chapter 4, it is clear that for off-shell V'V production, large virtualities of the
vector bosons have important contributions, in particular at small s. For example, the
V'V — VV scattering amplitudes form non-diagonalizable matrices, and it is not possible
to rewrite them in terms of the symmetric/asymmetric components. This characteristic
off-shellness of the bosons was an important challenge in each of the attempts to find a

unitarized scattering amplitude.

Althougth there have been studies before on the validity of the K-matrix and T-matrix
extension for on-shell/off-shell processes [46, 47], this work has been mainly dedicated to
the validity of these approaches for vector boson scattering at the LHC. In summary, the
most important message from this thesis is the relation for the unitarization described

in Chapter 4,
i 1 !
Tu(s — t) = As st (]1 + 2Atﬁt> <]1 + 4Emax> .

Using this scattering matrix, which is compatible with unitarity, does result in less

constrained limits on new physics, as shown in Chapter 5.
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To develop the unitarization model here defined, the off-shell WTW* — WTW™ scat-
tering has been used and fully implemented for AQCs in VBFNLO. Now, with a working
framework and theory, it might be simpler to implement in the future more vector boson
processes and do more analyses on EFT for the electroweak sector. Processes including
the Z/~v bosons might also bring new challenges, as it has not been trivial to find a

unitarization prescription for space-like bosons going to time-like bosons.



APPENDIX A

Feynman Rules

As mentioned in Chapter 2, VBFNLO [8] uses the HELAS [36] subroutines to compute
the amplitudes. However, for the anomalous couplings the amplitudes are calculated
using FeynRules [48]. The results of these calculations are compared with previous

works on anomalous couplings (e.g. [43, 44]) and implemented in anomal4ON.F.

At the moment of this work, only WTWT — WTW T was fully implemented and func-
tional, while WtW = — WTW~ and WZ — W Z are work in progress.

Below the amplitudes My, \,2;0, Of equation 4.30 are given for the various dimension 8

operators', using the following notation

e(p1,\1) =e€1, e(p2, A2) = €2,
e(ps, A3) = €3, e(pa, M) = €4 .

Anomalous Couplings for W W+ — W+

Fg,:
4Fs,miye - €965 - €4 (A.1)

Fg:
2Fs, miy (1 - €562 - €} + €1 - ehen - €3) (A.2)

Fg,:
2Fs,myy(e1 - €hen - € + &1 - 560 - €5) (A.3)

FT():

8Fn, (guw*)((qs - €2q2 - €5 — €5 - €2q3 - @2) (qa - €101 - €5 — €4 €104 - q1)  (A.4)

+(g3-€1q1-€5 —€5-€1q3 - q1)(qa - €2q2 - €4 — €} - €2G4 - ¢2))

! Couplings involving another processes are explained in [43] (in German).
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FTl:
Pr(gw*) (g3 - e2q2 - €5 — €3 - €243 - @2) (4 - €101 - €5 — €} - €104 - 1) (A.5)
+(q3-€1q1 -5 —€5-€1q3 - q1)(qa - €242 - €4 — €} - €244 - q2)
+2(q3 - €14 - €3 — €3 -€4q3 - qu)(q1 - €242 - €1 — €1 - €241 - G2))
FTQ:
Fr, (9w4)(2(J1 " €3G2 - €444 - €1G3 - €2 + qa - €3q1 - €4G2 - €1G3 - €2 (A.6)

+2q2 - €3q1 - €1G3 - €144 - €2 + Q1 - €5¢3 - €4G2 - €1q4 - €2

+ g4

+ €5 -

+ &1
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+qq -
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©€302 *€4qG3 - €1q1 * €2 + G2 - €3Q3 1 €444 - €1G1 " €2

ex€1-€2(03 - @2qa - 1 + 43 - 0194 - G2)

e2(—qa - e5(q2 - €1q3

-q2(q4 - €193 - €2 + @3
€161 - €2(2.93 - q2q4 -
-e0ey - €1(2.3 - q1q4 -

e2(+q1 - e3(q2 - €103

€*
5*

g3 €141 - q2 — q2

*

g4+ €141 - 92 — Q2

*
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3
3

g3 €241 92 — q1
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*

44 -€241 G2 — q1
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(
(+a2 - e3(q1 - €243
(
(
(
(
(

4
*
4

Q1'€ZQ3'Q4—Q3'

Q2'€ZQ3'(J4—Q3'

(
(
(+42 - €1(qa - €23 -
(qa-2193- a2 + g3~
(

“q1+q1 €143 G2)
€194 - q1)

€194 42))

a1+ g3 €201 q1)
€144 - q2)

-£1q4 - €2))

a1+ 3 qaq1 - q2)
a2+ g3 qq - q2)
"G4+ 2.q4- €103 - q2)

2.g3-€194-q1 —2.q4 - €143 - Q1)

© €143 - Q1))

ce2(+2q2 - €4(qa - €193 - 1 — g3 - €194 - 1)
Q- €13 - Q4 +2q3 - €144 - @2)

1G4 q1))
cqa+2.q4- €293 - q1)

2.q3-€2q4 - @2 — 2.q4 - €243 - G2)

© €243 - CJ2))
Qs +2.g3-€2q4 - q1)

2.q4-€2q3 - q2 — 2.q3 - £2q4 - G2)

“E2q4 - q2)))
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FMO:

2F ), (gw?)(miy ) (€5 - e2(qu - e1q1 - €% — €5 - e1(q3 - @2 + a4 - 1)) (A7)
+e3-e(qu-eag2-€f — i -e2(q3- @1+ qa - @)

+q3-c1q1 - €36, - €2 + 3 - €2q2 - €36 - €1)
FMI:

(Far, /2)(gw?) (miy) (e1 - €2(g3 - €4(q1 - €5 + ga - €3) (A.8)
+qa-e3(q1- €1+ q2 - €}))
+e1-€2(q2 - €3(g3 - €1 — qa - €1)
+qa-€1q1- €35 — qu-€3q2 - €1)
+e3-e2(q2-€4(qa-e1 — g3 - 1)
+q3-€1q1- €4 — g3 - €492 - €1)
+ei-e1(qr-€3(g3 - €2 — qa - €2)
—qu-E5q1 - €2+ qu - €242 - €3)
—e5-e1(q-€x(g3 - €2 — qa - €2)
+ g3 - €11 - €2 — g3 - €242 - €))
+e5-ei(qr-e2(g3 - €1+ qa- 1)
+q2-e1(q3-e2 +qu-€2))
—ey-erer-ea@B-n @3- @t q+a-g)
—e3-€165€2(q3- G2+ qa - q1)

—e3-c281-€1(q3 - q1 + 4 - q2))

FM7:

—(Fa, /2)(gw?) (miy) (e1 - €2(g3 - €4(q1 - €5 + g2 - €3) (A.9)
+q1-e3(qr- €1+ g2 €1))
+e3-ex(q-e2(g3 €1+ qa-€1)
+q2-c1(q3 - €2 + qa - €2))
—e3-€5e1-€2(q3 1+ g3 G2+ qa 1+ qa - q2)
— 3 €1q1 - €263 €1 — G3 - €442 - €15 - €2

* * * *
— Q4 €341 €261 €1 — Q4" E3G2 - €16 - €2)



APPENDIX B

VBFNLO and Eboli convention

VBFNLO defines the field strenghts as

Wy = igT4 Wy, |
B, =igYB,, ,

Dy =0y +igT*" W} +igYB,

which gives compatible normalizations for operators with field strengths and covariant

derivatives due to the identity
[D/MDV} = Wuu+Byy . (B.l)
In contrast, in [21] a different strenght field definition is used:

1 A A
W = TAW,,

B,, =B, .

This means that the coupling must be rescaled between VBFNLO and the Eboli conven-
tion [49],

VBFNLO Eboli

Eboli
fSO,l fsoffl
1 rEboli
faroa e Mo?f
4 rEboli
fM2,3 972 fM2,3
2 rEboli
fM4,5 g fM475
1 rEboli
fme 2 M6?71
1 ¢Eboli
fTO,l,Q g*JT0,1,2
4  rEboli
fT5,6,7 247 T5’6’7
16 ¢Eboli
fT8,9 g%/ T8,9
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APPENDIX C

Wigner Z-function

The Wigner Z-functions are obtained from the SU(2) representations of angular mo-

mentum J. If one would consider a rotation Ry, whith @ the angle around the y-axis!,

the 2 functions are defined as [31] ,
D (Fg") = 75(0) = d5,.(0) (C.1)

where dg} . (0) are the elements of Wigner’s (small) d-matrix.

Now, for the Wigner-Eckart theorem used previously in Chapter 4, it was calculated
@O{TB(H) matrix, with & = A\; — A\g and a = A3 — A4 (for 12 — 34 processes), and J=0,1,2

(for vector boson j=1). Some useful properties from the d-functions are,
° di,ﬁ(e) = (‘Uaiﬁd‘ia,—g(e) = (—1)a7ﬁdi§,a(9)
o & 4(0) = (—1)7Fd, _(r—0)

The Wigner d-functions implemented for the unitarization are described in the Particle
Data booklet [34].

j =0 j=1 j =2
doo 1 cos %(3 cos? 6 — 1)
d1o - - 811/159 —\/g sin @ cos 0
dll _ 1+62089 1+02059(2 cosf — 1)

di1 - 1*‘2059 1*02089(2 cosf + 1)
Cl20 - - % Sin2 0

dg_l - - —ILQOSB sin 6

d2_2 _ _ (17(32089)2
d _ _ _ 1+4cosb : 0

21 5 Sin
2
Cl22 _ _ (1+c20s9)

Tn this work only one rotation angle is considered.
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APPENDIX D

Factorization methods

It was explained before that a matrix inversion was necessary to unitarize the scattering

amplitude.

. . 1 . .\~ y
m:Rqﬂ)@+ﬂﬂQ (1+Ww>,
e\ My 2

B

C~1= Cinv A
. J _nJ s J J
5o T gxg = Bloyg Cinvlg g Alg g . (D.1)

However, this calculation is numerically non-stable and, in general, there is hardly ever

a good reason to invert a matriz [50].

Instead, from the computational point of view, it is better to implement an algorithm
where a system of equations is solved. The following are some of the factorization

methods used during this work.

LU decomposition and factorization

Consider a non-singular square matrix A. Then, it is posible to decompose A into a

lower and an upper triangular square matrix (L and U, respectively)

A=1LU . (D.2)
For example,
a1l a2 a3 L1 O 0 Un Ui Uss
az1 a2 a3| = |La1 Lo O 0 Ux Uss
az1 agz as3 L31 L3z Lsg 0 0 Uss

Using this, one could solve a system of equations with an LU-factorization, where the

solution for Az = B is obtained by:

Az=B=L{Uz) =B, (D.3)
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which will simplify solving the system of equations.

QR Factorization

For any matrix A, one could decompose it as the product of a square orthogonal matrix

(QT = @7') times an upper triangular matrix,
For example,

ail a2 a3 a4 Qi1 Q12 Q3| [Ri1 Ri2 Riz Ru
a1 azy a3 az| = |Q2a1 Q22 Q23 0 0 Rez Ry

as; aga assz a4 Q31 Q32 @33 0 0 0 Ra

Then, to solve a system of equations A x = B,

Az =B
Q-Rx=1B
= Rz=Q'B (D.5)

In general, to implement a QR factorization, an algorithm is needed to obtain @) and
R [51]. For instance, the Householder algorithm is implemented in VBFNLO for this

purpose, as it is the most widely used (in matlab, c++, etc.).

Summary Computational factorization
The table (D.1) [52] gives a summary on different algorithms available! numerically
equivalent, but with different running times.

The factorization methods are implemented in the subroutine SOE_Decompositions.F
in VBFNLO.

"However, only Partial Pivote LU, Householder QR and Column Pivote Householder QR were used
for this project
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Decomposition | Requirements Computational Algorithm reliabil-
of the matrix Speed ity and accuracy

Partial Pivote | Invertible Fast Depends on compiler

LU

Full Pivote LU N/A Slow Reliable

Householder QR | N/A Fast Depends on compiler

Column  Pivote | N/A Fast Good

Householder QR

Full Pivote | N/A Slow Reliable

Householder QR

LLT Positive definite Very Fast Depends on compiler

LDLT Positive or nega- Very fast good

tive semidefinite

TABLE D.1: Comparison between different factorization methods available. A symmet-
ric matrix A is positive definite if v*Av > 0, Vv # 0. On the other hand, a symmetric
matrix A is positive semidefinite if v* Av > 0, Vv # 0, while is negative semidefinite if
v*Av <0, Yv #0
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Eigenvalues calculation in VBFNLO

In Chapter 4, the maximum eigenvalue of the matrix (AysAs—t) was introduced for
the T-matrix off-shell unitarization. In general, the eigenvalues of a matrix B can be

calculated using the characteristic equation from the matrix,
det (B— A1) =0; (E.1)

but an efficient and fast algorithm that would calculate the eigenvalues for large matrices

is necessary for VBFNLO.

For the following approaches, consider B as a n X n matrix with n eigenvalues; then,
the sum of all the eigenvalues is equal to the trace of B, while the product of the n

eigenvalues is the same as the determinant of B.

Approximate calculation

Eigenvalues using the trace of a matrix

A simplified calculation of the eigenvalues can be obtained using the trace of a matrix.
As defined before,

tr(B) = in i (E.2)

As the unitarization requires only the maximum eigenvalue, one could in principle con-

sider that one of the A is much larger than the others; therefore,

k=n—1

ZAi:)\maX"‘ Z

k#max

Ak

)\max

In general,

tr(B*) => " AF.
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And then, an approximate value of the maximum eigenvalue can be obtained from the

following relation,
tr(B?)
max tI‘(B)

(E.3)

As there is no guarantee that the maximum eigenvalue in the matrix will be much larger
than the others, nor that it does not repeat itself, a constant factor is needed for the

implementation in VBFNLO (e.g « = 1/3). In other words,

tr(B?)
tr(B) -

(E.4)

Amax =

Tarazaga eigenvalue calculation

If the matrix B is also symmetric, the Tarazaga method [53] can be used instead for

the approximate calculation of the eigenvalues. Tarazaga proves that, for each \; with

r n— r(B)2
[ Amax — t (B)” < \/nl (HBHF— t (f) ) ,

n

1=1,...,n

where || B||r is the Frobenius norm, defined as

|Bllr = /T (BBY) .

Therefore, the maximum eigenvalue could be determined from

)\max _ tI’ElB) 4 \/’I’L; 1 (‘BHF . tl"(f)2> (E5)

Full eigenvalue calculation

QR factorization

One option to calculate the exact eigenvalues is using the QR factorization described
in the appendix (D). The matrix B is redefined as B = QR, using the algorithms
described before, QQ and R are calculated, whith R a n x n upper triangular matrix and

() an orthogonal matrix. Then,

e let By = Qo Ry, the initial B matrix,

e while B; is not a diagonal matrix,

QiR = Bi—1 , (E.6)
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o let B, = R;Q;.

If the algorithm converges, the resulting diagonal matrix B; will contain the eigenvalues

on the main diagonal [54].

Figure (E.1) shows the difference in the distribution using the calculation methods here
explained, for a coupling mixture (Fs, + Fr,+ Fay). It is easy to observe that the eigen-
values obtained from the trace method give a good approximation near the threshold
Aunit, yet the eigenvalues for larger myy are underestimated with respect to the exact

eigenvalues distribution. All the other algorithms have distributions with less than 10%

difference.

For this work the QR factorization was used to calculate the distributions in Chapter 5.

However, all the algorithms are available in VBFNLO.

>
(] 1 .
(4
(\5 . . ORI il
o) 10 "MW* []
S ® o, Se
~ 152 ) s S
= 10" - >
= 3 s el 1 Y
E 10 s -
S -4
= 10 1
w [ M,-M. -
o) 10-5 f e P
10° ¢ M )
, . —=—— S1 T2 MO0, No unit
10 j S1 T2 MO, Tmatrix Trace eigenv.
10° ; ———— 1 T2 MO, Tmatrix Tarazaga eigenv.
10° j‘ S1 T2 MO, Tmatrix QR eigenv.
108 0
0 500 1000 1500 2000
My (GeV)

FiGURE E.1: Comparison between the different eigenvalue calculation methods using a

combination anomalous couplings (Fs,+ Fr,+ Fay) for WHW+ — WHTWT (semi-log

plot). The plot shows the SM (black), the non-unitarized distribution (red), the T-

matrix unitarization using the trace method (green), the T-matrix unitarization using

the Tarazaga method (blue) and the exact eigenvalue calculation using the QR method
(pink).
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VBFNLO implementation

Implementation in VBFNLO

The T-matrix unitarization is implemented in VBFNLO, described previously in the
Chapter 2. The new subroutines will follow the flow diagram in figure (F.1) to calculate

the unitarized amplitudes.

The following subroutines were implemented:

1. The VBFNLO subroutine amplitudes calls the respective subroutine to calculate
the squared matrix amplitude for the desired process. E.g., m2s_qqwppqq.F for
WHW+ — WHWT (or its NLO version). This subroutine would decide if the
SM is calculated or a BSM model. If EFT are calculated, it can decide between

no-unitarization, form factor, K-matrix (for Fs,) or the T-matrix here described.

2. For the T-matrix unitarization, m2s_qqwppqq.F calls: Helas subroutines for the
currents, the boosting and rotating transformations (rotCM.F) and wpptowpp-

Wigner (towpm_on.F).

3. Within towpm_on.F, one can find wpptowpp_wigner, which uses explicitly the po-
larization vectors instead of the propagators. It calls to voffxx (off-shell polariza-
tion vectors, using the normalization factor previously defined) and www_onamon4
(anomal4ON.F). It also does the partial wave decomposition using the wigner_d,

wwww-wigner and tmatrix subroutines.

4. anomal4ON.F': uses the Feynman rules calculated with FeynRules to calculate

the VV — V'V amplitudes using the polarization vectors.

5. Inside wigner.F one could find: wwww-wigner, which calculates the numerical
partial wave decomposition for the wwww vertex, it calls the anomalous cou-
pling and the inverse of the wigner D-matrix; wigner-d calculates the Wigner

d-function; while inv_wigner calculates the inverse of the Wigner D-matrix.
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6. Tmatrix.F: tmatrix subroutine rewrites the amplitude as a matrix 9x9 (for
WHW+ — WHTWT) and calculates the T-matrix unitarization for the amplitudes.
There is no need to invert the matrix anymore, but to calculate the eigenvalues.

Then, SOE_decomposition.F or eigenvalues.F are called.

7. SOE_decomposition.F': contains different algorithms for the eigenvalue calcula-
tions, as well as different factorization systems to solve any system of equations.

The subroutine eigenvalues.F was used previously for the FormFac tool.

[ Amplitude.F J

| A
A

m2sxxx: Process?

LOor NLO?
y 3 | a
. WODtoW wpptowpp: BSM
[ wpptowpp: SM } EF-[[)E['-THEHPIK (EFT, Hadronic,
FF or K-matrix)

1 A

i ™
Partial Wave decomp. ‘
Wigner D-matrix

HJZ\

2— 2 AQCs +
|

[T—matrix unitarization]

FIGURE F.1: T-matrix implementation in VBFNLO. The subroutine Amplitude.F will

decide which process is going to be calculated, in agreement with the input given.

If the T-matrix unitarization is done, the subroutine wpptowpp will do the Partial

Wave decomposition and calculate all the quantities needed to unitarize (matrices,

eigenvalues, etc.). Then, the output will be given to the wpptowpp subroutine after
unitarizing and the respective cross section will be given.
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