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LOCAL WELLPOSEDNESS OF NONLINEAR MAXWELL
EQUATIONS WITH PERFECTLY CONDUCTING BOUNDARY
CONDITIONS

MARTIN SPITZ

ABSTRACT. In this article we develop the local wellposedness theory for quasi-
linear Maxwell equations in H™ for all m > 3 on domains with perfectly
conducting boundary conditions. The macroscopic Maxwell equations with
instantaneous material laws for the polarization and the magnetization lead
to a quasilinear first order hyperbolic system whose wellposedness in H3 is
not covered by the available results in this case. We prove the existence and
uniqueness of local solutions in H™ with m > 3 of the corresponding initial
boundary value problem if the material laws and the data are accordingly reg-
ular and compatible. We further characterize finite time blowup in terms of
the Lipschitz norm and we show that the solutions depend continuously on
their data. Finally, we establish the finite propagation speed of the solutions.

1. INTRODUCTION AND MAIN RESULT

Describing the theory of electromagnetism, the Maxwell equations are one of the
fundamental partial differential equations in physics. Equipped with instantaneous
nonlinear material laws, they form a quasilinear hyperbolic system. On the full
space R?, for such systems Kato has established a satisfactory local wellposedness
theory in H*(R?) for s > 241, see [20]. However, on a domain G # R?, the Maxwell
equations with the boundary conditions of a perfect conductor do not belong to the
classes of hyperbolic systems for which one knows such a wellposedness theory.
The available results need much more regularity and exhibit a loss of derivatives,
see [15].

In this work we provide a complete local wellposedness theory for quasilinear
Maxwell equations on domains with a perfectly conducting boundary. We prove
the existence and uniqueness of solutions in H™(G) for all m > 3 if the material laws
and the data are accordingly regular and compatible, provide a blow-up condition
in the Lipschitz norm, and show the continuous dependance of the solutions on
the data, see also [34]. These results are based on a detailed regularity theory
for the corresponding nonautonomous linear equation which we developed in the
companion paper [35]. Here and in [35], we crucially use the special structure of
the Maxwell system.

2010 Mathematics Subject Classification. 35L50, 35160, 35Q61.
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The macroscopic Maxwell equations in a domain G read

oD =curlH — J, for x € G, t € (to,T),

0B = —curl E, for x € G, t € (to,T),
divD =p, divB=0, for x € G, t € (to,T), (1.1)
Exv=0 B-v=0, for x € 0G, t€ (to,T),

E(ty) = Ey, H(ty) =H,, forzxeg,

for an initial time ¢, € R. Here E(t,x), D(t,z) € R3 denote the electric and
H(t,z), B(t,x) € R? the magnetic fields. The charge density p(t, ) is related with
the current density J(t,z) € R? via

t
plt) = plto) — [ div I(s)ds
to

for all ¢ > tg. In (1.1) we consider the Maxwell system with the boundary condi-
tions of a perfect conductor, where v denotes the outer normal unit vector of G.
System (1.1) has to be complemented by constitutive relations between the electric
fields and the magnetic fields, the so called material laws. We choose E and H as
state variables and express D and B in terms of E and H. The actual form of
these material laws is a question of modelling and different kinds have been consid-
ered in the literature. The so called retarded material laws assume that the fields
D and B depend also on the past of E and H, see [2] and [33] for instance. In
dynamical material laws the material response is modelled by additional evolution
equations for the polarization or magnetization, see e.g. [1], [11], [16], or [17]. In
this work we concentrate on the instantaneous material laws, see [6] and [14]. Here
the fields D and B are given as local functions of E and H, i.e., we assume that
there are functions 61,6,: G x RS — R3 such that D(t,z) = 61 (z, E(t,z), H(t, z))
and B(t,z) = 03(x, E(t,x), H(t,x)). The most prominent example is the so called
Kerr nonlinearity, where

D=E+9EPE, B=H, (1.2)

with ¥: G — R3*3 and the vacuum permittivity and permeability set equal to 1
for convenience. We further assume that the current density decomposes as J =
Jo + 01(E,H)E, where Jg is an external current density and o; denotes the
conductivity. If we insert these material laws into (1.1) and formally differentiate,
we obtain

(0:D,0;B) = O, m)0(x, E, H)0:(E, H) = (curl H — J, — curl E)

for the evolutionary part of (1.1). The resulting equation is a first order quasilinear
hyperbolic system. In order to write (1.1) in the standard form of first order
systems, we introduce the matrices

00 0 0 0 1 0 -1 0
Ji=(0 o0 —1], =0 0 o], H=[1 0 o0
01 0 -1 0 0 0 0 0

and

co_ (0 —J;
w2 D) 0
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for j = 1,2,3. Observe that Z?Zl Jj0; = curl. Writing x for O gm0, f =

(—=Jo,0), 0 = (%1 8), and using u = (E, H) as new variable, we finally obtain

3
x(uw)Ou + Z A5°0ju+ o(u)u = f. (1.4)
j=1

Under mild regularity conditions, e.g., D, B € C([to, T, H*(G))NC([to, T], L*(GQ))
and divJ € L'((to, T), L*(R3)), a solution u = (E, H) of (1.4) satisfies the diver-
gence conditions in (1.1) if they hold at the initial time tq. Similarly, the second
part of the boundary conditions, i.e., B-v =0 on (to,T) x 0G is true if E x v =0
on (to,T") x OG and B(ty) - v = 0 on G. We refer to [34, Lemma 7.25| for details.
Defining the matrix

0 V3 —Uy 0 0 O
B=|-vs 0 vp, 0 0 O
Vg —U1 0 0 0 O

(1.5)

on OG, we can then cast system (1.1) into the equivalent first order quasilinear
hyperbolic initial boundary value problem

3
x(u)Oru + ZA;"aju +o(uw)u=f, xz € G, teJ,
=1 (1.6)
Bu =gy, r€0G, teJ;
u(ty) =ug, x€G,

with additional conditions for the initial value. Here J = (to,T') is an open interval.
We allow for inhomogeneous boundary values which are not only interesting from
the mathematical point of view, but also have physical relevance, see [10]. We
further assume that y is symmetric and at least locally positive definite, which
includes (1.2). Such assumptions are quite standard already for linear Maxwell
equations.

The initial value problem on the full space (without boundary conditions) corre-
sponding to (1.6) has been solved by Kato in [20] in a more general setting. Kato
freezes a function ¢ in the nonlinearities and employs a priori estimates for the cor-
responding linear problem previously obtained in [18] and [19]. Then a fixed point
argument yields a solution of the quasilinear problem. However, Kato works in a
general functional analytic setting which does not cover the Maxwell equations with
perfectly conducting boundary conditions. An alternative approach is to use energy
techniques in order to derive the a priori estimates for the linear problem needed to
apply a fixed point argument. This strategy was applied successfully to quasilinear
hyperbolic initial boundary value problems with noncharacteristic boundary (i.e.,
where the boundary matrix A(v) = ijl A,v; is nonsingular), see [5, 24, 32]. Sys-
tems with characteristic boundary pose several additional difficulties. In particular,
no general theory for the corresponding linear problems is available and even a loss
of regularity there is possible, see [26]. In [29] an additional structural assumption
is proposed in order to prevent this loss of regularity and a quasilinear result is
derived from it in [30]. However, the Maxwell system does not fulfill this structural
assumption. A different approach is taken in [15] for quasilinear hyperbolic initial
boundary value problems with characteristic boundary. The results there require
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high regularity (at least H%(G)), are given in Sobolev-like spaces incorporating
weights in the normal direction, and contain a loss of regularity. In [31] the authors
focus on Maxwell’s equations, but treat different boundary conditions (belonging to
the class treated in [26], see also [7]) than the perfectly conducting ones. Moreover,
only the existence of a local solution of the quasilinear system is obtained there.
Somehow surprisingly, the quasilinear Maxwell system (1.1) with perfectly con-
ducting boundary has not yet been treated in the natural space H3(G) and even
the basic questions on local existence and uniqueness are still open. We will close
this gap by providing a complete local wellposedness theory. We will prove that

(1) the system (1.6) has a unique maximal solution w in the function space
Mo ¢V (T-, Ty), H™/(G)) for all m € N with m > 3 provided the data
are sufficiently regular and compatible (in the sense of (2.10) below) with the
material law,

(2) finite existence time can be characterized by blowup in the Lipschitz-norm,

(3) the solution depends continuously on the data.

We refer to Theorem 5.3 for the precise statement. The derivation of global prop-
erties for (1.6) is a highly nontrivial task. In particular, it is already known that
global existence cannot be expected for all data. Blow-up examples in the Lipschitz-
norm are given in [25]. For different boundary conditions than we consider, blow-up
examples in the H(curl)-norm are provided in [9].

In order to prove the local wellposedness theorem, we follow the strategy men-
tioned above. We freeze a function @ in the nonlinearities in (1.6) and employ
energy estimates to set up a fixed point argument. However, energy techniques
work in L2-based spaces but require Lipschitz coefficients, see [12]. The solutions
there are constructed in C(J, L?(G)) but in view of our fixed point argument, we
need that x(u) is contained in W1°°(J x G). This gap in integrability is bridged by
Sobolev’s embedding. If a solution u belongs to C(J, H™(G)) N C1(J, H" 1(G))
for a number m € Ny, then x(u) is an element of W">(J x G) if m > 2 + 1 and
X is reasonable regular. We thus require m > 3. Reasonable regular here means
that x belongs to C™ (G x U, R5%6) and that x and all of its derivatives up to order
m are bounded on G x U; for every compact subset U; of U, where U is a domain
in RS. For later reference we introduce the spaces

ML™™G,U) = {0 € C™(GxU,R™™): For all a € Nj with |a| <m and U; € U:
sup  |0%0(z,y)| < oo},
(z,y)€G XU

ML (G, U) = {0 € ML™™(G,U): There exists 7 > 0 with =07 >7 on GxU}

for n € N. Actually, we only need n = 1 or n = 6. Although C(J, H™(G)) N
CH(J, H™ (G)) embeds into W1>°(J x G) for m > 3, the techniques we are going
to apply to solve (1.6) require that its solution has the same amount of regularity
in time as in space. We thus construct solutions of (1.6) in the function spaces

Gn(J x G) = () CI(J, H"(G))° (L.7)

s

0

J

for all m € Ny, cf. [5, 24, 32]. (We do not indicate the dimension of u below.)
Defining the function e_.: ¢t + e~ 7", we equip the space G,,(J x G) with the
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family of time-weighted norms
— J
[0llGm, (1xG) = jdnax le— 07 vllL2(rxa)

for all v > 0. In the case v = 0, we also write ||v||q,,(sxq) instead of [|v|la,, o(7x@)-
Analogously, any time-space norm indexed by 7 means the usual norm comple-
mented by the time weight e_., in the following. We also need the spaces ém(J xG),
consisting of those functions v with 9% € L*(J,L*(G)) for all o € N§ with
0 < |a| < m. We equip them with the same family of norms as G,,,(J x G).

The paper is organized as follows. In Section 2 we first study the regularity
properties of §(u) for § € ML™(G,U) and u € G,,(J x G). Based on Faa di Bruno’s
formula we find suitable function spaces and provide corresponding estimates for
these compositions. We further discuss the compatibility conditions. These are
necessary conditions for the existence of a G,,,(J x G)-solution, which arise since
the differential equation and the boundary condition in (1.6) both yield information
about v and its time derivatives on {tg} x 0G.

In Section 3 we then follow the strategy described above to deduce existence and
uniqueness of a solution of (1.6). We freeze a function @ from G,,(J x G) and study
the arising linear problem

3
Apdyu+ Y ACOu+Du=f, weG, tel;

=1 (1.8)
Bu =g, r€IG, teJ;

u(to) =uo, w€G;

where Ag = x(@) and D = o(i). Already the higher order energy estimates for this
linear problem are difficult to obtain since the Maxwell system has a characteristic
boundary (i.e., A(v) = Z?‘:l A$°v; is singular). Here we rely on [35], where the
structure of the Maxwell equations is heavily exploited in order to derive these
estimates. We show how the results from [35] can be employed to set up a fixed
point argument which yields unique local solutions of the quasilinear problem (1.6).
In order to characterize a finite maximal existence time in terms of the Lipschitz
norm of the solution, the a priori estimates from (1.8) are not good enough. We
have to use in Section 4 that the coefficient Ay equals x(u) with u being the solution
of (1.6). Combining Moser-type inequalities and estimates from [35] relying on the
structure of (1.8), we can then control the H™(G)-norm of u by its Lipschitz norm.
In Section 5 we study the continuous dependance of the solutions on the data. Once
again the estimates from [35] cannot be applied directly as they do not prevent the
loss of regularity due to the quasilinearity when the difference of two solutions is
considered. We therefore have to combine the techniques from [35] with certain
decompositions of u already used in the full space case, cf. [3]. Finally, we also
prove that solutions of (1.6) have finite propagation speed. Here, we use a simple
and flexible method relying on weighted energy estimates for the linear problem,
cf. [3].

Standing notation: Let m be a nonnegative integer. We denote by G a domain
in R3 with compact C™ax{m:3}+2_phoundary (the assumption that OG is compact
can be loosened, see [34] for details) or the half-space R} = {z € R®: 23 > 0}.
The set U is a domain in RS. We further write L(Ay, ..., As, D) for the differential
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operator Ag0; + Z?Zl A;0;+ D and 0y for 0;. By J we mean an open time interval
and we set = J x R?. Finally, the image of a function v is designated by imv.

2. CALCULUS AND COMPATIBILITY CONDITIONS

In the study of quasilinear problems one often has to control compositions 6(v)
in higher regularity in terms of v. Derivatives of 6(v) can be expressed by the so
called Faa di Bruno’s formula, which is therefore widespread in the literature, see
e.g. [3, 5]. More important than the formula itself are the estimates which follow
from it. We provide both in the next lemma. Its proof is an iterative application of
the chain and product rule combined with Sobolev’s embedding for the estimates
and it works as the proof of [34, Lemma 7.1]. We work with functions v taking
values in R® in the following.

Lemma 2.1. Let m € N and m = max{m,3}. Let Uy be a compact subset of

U C RS,

(1) Let 6 € ML™Y(G,U) and v € G (J x G) with imv C U. The function 6(v)
belongs to the function space W >°(J x G) and all its derivatives up to order
m are contained in L°°(J,L*(G)) + L>®(J x G). For v1,...,v; € N§ with
Vil <m, 1 <j <|al, and @ € N§ with 1 < |a| < m there exist constants
Cla,v,...,7;) such that

6

0w = Y > > > Clam,. ) (2.1)

B,vENS,Bo=0 1<5<IV] 41,7, ENG\{O} lseensli=1
B+y=« S vi=v

J
. (6ylj e a@/zl 3&51752753)9) (v) H iy,
i=1
Moreover, there exists a constant C (0, m,Uy) such that

10%0(v)|| Loe (,L2(G))+ L (7x6) < CO,m, UL (1 + [Vl )™ (2.2)

for all « € N§ with |a| <m and v € éﬁl(,] x G) with imv C U .

(2) Let 6 € ML™ YG,U) and v € H™(G) with imv C U. The composition
O(v) belongs to L= (G) and all of its derivatives up to order m are contained
in L*(G) + L*(G). We further have

6

0%0(v) = Z Z Z Z Cola, 715+ +575)

BENS 1<G<IY] 1,y ENGV{O} L1l =1
B+y=« S vi=y

J
Oy, -0y, 020)(0) [T 0, (23)
=1

for allv € H™"1(GQ) and o € N} with 0 < |a| <m — 1, and the constants
Co(e,71,---,75) = C((0, a1, 02, 03), (0,711, 71,2, 71.3) -+ (0,751, 75,25 %5.8))
from assertion (1). There further exists a constant Co(6, m,U1) such that
10°0(v)|| L2(G)+1 (@) < Co(8, m,Uy)(1 + ||U||1L1ﬁl—1(c;))m_1 (2.4)
for all o € N3 with |a| <m —1 and v € H™ 1(G) with imv C U;.
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(3) Assume additionally that m > 2. Let 0 € ML™N G U), to € T, and ro > 0.
Then 9]0(v)(ty) belongs to H™I=1(G) and there is a constant C (0, m,U;)
such that

1676(v) (to) | m-i-1(c)

l m—2 14
< C(8,m, o) (1 + g [0 (t0) rgn-1-1 )™ 2 s [0 (to)rgn-1-1

forallje{l,...,m—1} andv € ém(JxG) with imv CU and imv(ty) C U .

For the contraction property of the fixed point operator in Section 3 and the
derivation of the continuous dependance, we need similar estimates for the differ-
ences of such compositions. They are given by the next corollary. Its proof relies
on Lemma 2.1 and works in the same way as the one of [34, Corollary 7.2].

Corollary 2.2. Letm € N, i = max{m, 3}, andy > 0. Take € ML™ (G, U),

R > 0, and pick a compact subset Uy of U.

(1) Letwvi,va € Gro1(J x G) with the bounds ||vi| G, _, (7xc) |v2llGm_ 1 (1xa) < R
and imvy,imve C Uy. Then there exists a constant C = C(0,m, R,U) such

that
[(0*0(00)) (1) — (00w ()llz2ey <C D 901 () = 90s(5) |12y (2:5)
BENS
0<|BI<m—1

for almost all t € J and almost all s € J if a € Ng with 0 < |a] <m —2. In
the case |o| =m — 1 and m > 1 we have the estimate

1(0*0(v1))(£) = (0*0(v2)) ()| 2@y <C Y, 10%01(t) = 0va(s)l|2()

BENG
0<[8|<m—1

6

+C Y > 1@y, - - By, O 72726) (01 (8) (2.6)
;=1

0<j<m—1 0<y<a,70=0 l1,...,l;=
[yl=m—1—j

— Dy, - 0y, O 279G) (02) (8) | L= ()

Y Yz
for almost all t € J and almost all s € J. If 0 additionally belongs to
ML™YG U), the estimate (2.5) is true for almost all t € J and almost all
s € J in the case |a| = m — 1. Finally, if ag = 0, it is enough to sum in (2.5)
and (2.6) over those multiindices § with By = 0.

(2) Letvi,va € G1(J x G) with the bounds ||vi|a,._,(7xc) |v2llGm_(7xa) S R
and imvy,imve C Uy, and 0 € M,Cm’l(G,Z/{). Then there exists a constant
C=C(0,m,R,Uy) such that

[0(v1) — O(v2)llG,,_, ., (1xa) < Cllvr — v
for all v > 0.

Gm-1,~(JxG)

Assume that u € G, (J x G) is a solution of (1.6) with inhomogeneity f €
H™(J x G) and initial value ug € H™(G). Lemma 2.1 implies that we can take
p — 1 time-derivatives of the evolution equation in (1.6), insert to € .J, and solve
for 0¥u(ty). This procedure yields a closed expression for dYu(ty) in terms of the
material laws and the data for all p € {0, ..., m}, which will be utterly important
in the following.



8 MARTIN SPITZ

Definition 2.3. Let J C R be an open interval, m € N, and x € ME;’H(a(G,U)
and o € ML™5(G,U). We inductively define the operators

SyoiGmypt I x HRAm3Y (] Gy x gmx{m2H (G u) — H™P(G)
by Sy.,0,c,m,0(to, fruo0) = uo and

3
S Gamp(to, fu0) = x(uo) (087" flto) = D AL D;Sy0.Gamp1 (b0, S 0)
j=1
p—1

Z( )Ml oo £, 10) Sy G ilfor fro)  (27)
Z ( >M2 thf7 UO) XU,G,m,pflfl(tO)fﬂ Uo)),
=0

6
Z Z Z C p707030)7’717"'77j)

1STSP 1,y ENGAO} L1 sly =
Z'Yt (piOOO)

J
“(y,, -+ Oy, k) (uo) HSX,O',G,m,"YiI(tO? fruo),  (2.8)
i=1
for1 <p<m,ke{1,2}, where 0, = x, O = o, MY = o(ug), and C is the constant
from Lemma 2.1. By Hmax{m’Q}(G,Z/{) we mean those functions ug € Hmax{mvz}(G)
with imug CU.

Lemma 2.1 then implies that

Ru(ty) = Sy,o.cmp(to, frug) for all p e {0,...,m} (2.9)
if u € Gy (J x G) is a solution of (1.6) with data f € H™(J x G) and up € H™(G).
The next lemma shows that the operators Sy » G m,p indeed map into H™ P(G) and
it provides corresponding estimates. The proof relies on Lemma 2.1, Corollary 2.2

and the product estimates from [35, Lemma 2.1]. We refer to [34, Lemma 7.7] for
details.

Lemma 2.4. Let J C R be an open interval, tg € J, m € N, and m = max{m, 3}.
Take x € MEZ?(G,U) and o € ML™C(G,U) Choose data f, f € H™(J x G) and

ug, g € H™(G) such that imug and im g are contained in U. Take r > 0 such
that

3
L

||aff(t0)|\mnfjfl(a) + [Juoll gy <,

<
Il
o

3
L

107 f(t0) | zrm—i—1(cy + |l gy < 7

i
=]

J
Then the function Sy ¢.c.m,p(to, f, uo) belongs to H™P(G) and for a constant Cq =
Cy(x, o,m,r,Uy) it satisfies

H

m—

1Sx.0.G.m.p(tos frw0) | m—» @) < Cl( 107 f(to) || rm—i-1(cy + I|uoll grm G))
7=0
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for allp € {0,...,m}, where Uy is a compact subset of U with imug C Uy. More-
over, there is a constant Cy = Co(x, 0, m,r,Us) such that

||SX70',G,m,p(th fa UO) - Sx,U,G,m,p(th fv ’ELO) HH"L*P(G)
m71 . o~

< 02( > 1107 f(to) — 0 F(to)llzrm-s-1(a) + lluo — ﬁ0||Hm(G))
=0

for all p € {0,...,m}, where Us is a compact subset of U with imug,im @y C Us.

In [35] a solution in G,,,(J X G) of the linear problem (1.8) was constructed for
boundary data from the space
En(J x 0G) = (| H(J, H"T377(9G)),

Jj=0

gl E,,(Jx3G) = Oglja<xm ||agg||L2(J,Hm+1/2*j(8G))~

We thus also take boundary data g € E,,(J x OG) for the nonlinear problem (1.6).
But then we can differentiate the boundary condition in (1.6) up to m — 1-times in
time and still evaluate in ¢y if u belongs to G, (J x G). In combination with (2.9)
we deduce the identities

BSy o.comop(to, fruo) = 07 g(ty) on OG (2.10)

for all p € {0,...,m — 1}, which are thus necessary conditions for the existence
of a G (J x G)-solution of (1.6). We say that the data tuple (x, o,to, B, f, g, u0)
fulfills the compatibility conditions of order m if imug C U and (2.10) holds for all
p € {0,...,m—1}. In the next lemma we relate the operators Sy » @ m.,p With their
linear counterparts from [35]. Therefore, we have to recall some notation. In [35]
we introduced the function spaces

Fi(Jx G) ={AcWh(J x G)***: 9A € L>=(J, L*(G))*** for all a € Nj
with 1 < |a] < m},

”A”Fm(JxG) = maX{HA”Wl"’o(JxG)a 1<T‘I(115|%§m HaaAHLOO(J,LQ(G))}a

F) (G) ={A € L®(G)"F: 9°A € L*(G)"** for all & € N} with 1 < |a| < m},
||A||F,%(G) = maX{HA”LW(G)» max ||aaA||L2(G)}

1<]al<m
for k € N. Moreover, by Fy, j.,(J x G) we mean those functions A from F,, 1.(J x G)
with A(t,z) = A(t,z)T > n for all (t,z) € J x G and by Fy, x(J x G) those which
have a limit as |(¢,z)| — oco. If it is clear from the context which parameter k we
consider, we suppress it in the notation.

Remark 2.5. As noted in Remark 1.2 in [35] the linear theory allows for coefficients
in W1°(J x G) whose derivatives up to order m are contained in L*°(J, L*(G)) +
L>(J x G). In view of Lemma 2.1, we can thus apply the linear theory with
coefficients x (@) and (@) and @ € G5, (J x G). However, the part of the derivatives
in L*°(J x G) is easier to treat so that we concentrated on coefficients from F, (J x
G) in [35]. The same is true for the nonlinear problem. In the proofs we will
therefore assume without loss of generality that x and o from ML™%(G,U) have
decaying space derivatives as |z| — co. More precisely, for all multiindices o € Nj
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with gy = ... =ag =0 and |a| <m, R > 0, U; €U, and v € L>(J, L*(G)) with
imv C Uy and [|v||ge(s,22(q)) < R we have

() (v), (0%0)(v) € L*(J, L*(Q)),

1(0“X) (V)| L= (1,L2(G)) + 1(0%0) (V)| L= (1,L2(c)) < C (2.11)
where C' = C(x,0,m, R,U;). With this assumption we obtain from Lemma 2.1
that x(u) and o(a) belong to F,,(J x G).

Finally, we point out that if G is bounded, the above considerations are unnec-
essary since L?(G) + L°°(G) = L?(G) in this case.

If one has a Gy, (J x G)-solution u of the linear problem (1.8) with coefficients
Ay € Fypn(J x G) with n > 0 and m = max{m,3}, A1, 42, A3 € Fz(J x G)
independent of time, and D € Fj;(J x G) (note that we allow more general spa-
tial coefficients here), the same reasoning as above first gives a closed expres-
sion for dYu(tp) in terms of the coefficients and the data, which we denote by
Sc,m,p(to, Ao, ..., Az, D, f,up), and compatibility conditions on the boundary. We
refer to (2.2) and (2.4) in [35] for the precise notion. We then say that the tuple
(to, Ao, ..., As, D, B, f,g,up) fulfills the linear compatibility conditions of order m
if the equations

BSG,m,p(tO7AOa"'7A3aD7f7u0) :8tpg(t0) on 0G (212)

are satisfied for all p € {0,...,m—1}. Since we want to apply the linear theory with
coefficients x (@) and o (@), we have to know in which way the compatibility condi-
tions (2.10) for the nonlinear problem imply the compatibility conditions (2.12) for
the resulting linear problem.

Lemma 2.6. Let J C R be an open interval, ty € J, and m € N with m > 3.
Take x € ME;'BES(G, U) and o € ML™®(G,U). Choose data f € H™(J x G) and
ug € H™(G) such that imug is contained in U. Let r > 0. Assume that f and ug
satisfy

HUOHHm(G) < ng%ﬁgf_l ||5gf(t0)\|Hm*jfl(G) <r

1 llGn-1xay <70 Nfllam@xa) <
(1) Let @ € G(J x G) with du(te) = Sy.o.cmp(to, fu0) for 0 < p < m — 1.
Then  fulfills the equations
SG,mJ)(tOv X(a)7 A(1307 A§O7 Agov O-(ﬁ’)7 f7 uO) = SX7U,G7m,p(t07 fa UO) (213)

for allp € {0,...,m}.
(2) There is a constant C(x,o,m,r,Ur) > 0 and a function u in G, (J xG) realizing
the wnitial conditions
afu(to) = Sx,a,G,m,p(t07 fv UO)

for allp € {0,...,m} and it is bounded by

m—1

lllg,, (rxa) < COG o my ) (D210 Fto)lln-s-1(a) + luollina) )-
=0

Here Uy denotes a compact subset of U with imug C U, .



LOCAL WELLPOSEDNESS OF NONLINEAR MAXWELL EQUATIONS 11

Proof. (1) Assertion (1) follows by induction from the definition of the operators
SG,m,p in [35, (2.2)], Lemma 2.1, and the definition of Sy 5 ¢.mp in (2.7).

(2) Since Sy o,¢,mp(to, f,uo) belongs to H™ P(G) for all p € {0,...,m}, an
extension theorem (see e.g. Lemma 2.34 in [34]) yields the existence of a function
u with 0y u(to) = Sy,0.cm.p(to, f,uo) for all p € {0,...,m} and

lullg,,rxc) < C Y NSyo.cmp(to, fu0) | zm—r(c)-
p=0

Lemma 2.4 then implies the assertion. ([

3. LOCAL EXISTENCE

In this section we prove existence and uniqueness of a solution of (1.6) by a fixed
point argument based on the a priori estimates and the regularity theory from [35]
for the corresponding linear problem. By a solution of the nonlinear problem (1.6)
we mean a function u which belongs to (-, C7(I, H™/(G)) with imu(t) C U for
all ¢ € I and which satisfies (1.6). Here [ is an interval with ¢y € I. Since the main
result from [35] is omnipresent in the following, we recall it in Theorem 3.1 below.
Prior to this, we want to stress that in [35] the initial boundary value problem (1.8)
on general domains G was reduced to a half-space problem via local charts. The
localization procedure and a subsequent transform lead to the study of

3
Agatu+ZAj8ju+Du:f, xER‘i, te J;

=t (3.1)
Bu = g, zedR3, telJ;

u(to) = uo, T € Ri;

with coefficients Ag € F5, 5 ,(Q), DEF§, 5(Q), Az = AP, and Ay, Ay € FY (RY),
where

FP et(RY) = {A € FP(Q): 3, p2, s € F1 () independent of time,
3
constant outside of a compact set such that A = Z A}
j=1
Moreover, in the boundary condition we have B = B, where B is a constant
matrix in R?*6 with rank 2. There further exists another constant matrix C° €
R2%6 with rank 2 such that
1

A<3:o _ 5 (CCOTBCO + BCOTCC()). (32)
We refer to [35, Section 2| and [34, Chapter 5] for the details.

The main result from [35] shows that the linear initial boundary value prob-
lem (1.8) respectively (3.1) has a unique solution in G,,(J x G) if the coefficients
and data are accordingly regular and compatible. Moreover, the G,,(J x G)-norm
of the solution can be estimated by the corresponding norms of the data.

Theorem 3.1. Let n > 0, m € Ny, and m = max{m,3}. Fiz radii v > ro > 0.
Take a domain G with compact C™2-boundary or G = Rﬁ_. Choose times ty € R,
T">0and T € (0,7") and set J = (to,to+T). Take coefficients Ag € F, , (JxG),
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D e F5(JxG), and A3 = A If G =R3 | pick Ay, Ay € FP

,coeﬂf(Ri)- Otherwise,
let Ay = AS° and Ay = AS°. Assume the bounds

|Aillpixa) <70 1Dl pnxe) <7
max{[|4;(to)llro_ (), _max HagAO(t0)||H7ﬁ*j*1(G)} < ro,

1<j<m
max{[|D(to)llro (@), nax | 10 D(to)|| zrm-i-1(cy} < 7o,

for all i € {0,1,2}. Set B = B if G = R} and define B as in (1.5) else.
Choose data f € H™(J x G), g € En(J x 0G), and ug € H™(G) such that the
tuple (to, Ag, ..., A3, D, B, f,g,uq) fulfills the linear compatibility conditions (2.12)
of order m.

Then the linear initial boundary value problem (3.1) respectively (1.8) has a
unique solution u in G, (J X G). Moreover, there is a number vy, = ym(n,r,T') > 1
such that

,_\

m—

ullZ,. . (rxc) < (Cmo+TCrm) mCIT( 107  (to) || Frm—1- i)+ 19ll%,. (700
7=0

Cnm
+luollim)) + 1l o)
for ally > 7y, where C; = Ci(n,r,T") > 1 and C; o = C;0(n,70) > 1 fori € {1,m}.

We point out that the scope of [35] was to provide the regularity theory for (1.8),
building up on the L2-theory from [12]. The case m = 0 in Theorem 3.1 is already
contained in [12]. We note that we need a further assumption on our material laws
x and o to guarantee that x (@) and o (%) have a limit at infinity, which is required
in Theorem 3.1. We therefore define

MLE(GU) = {0 € ML™™(G,U): A € R™™ " such that for all
(zr, yr )k € (G x U)N with |2y| — oo and y — 0 :
0(zk,yx) — A as k — oo},
ML (G U) = ML (G.U) N ML™ ™ (GLU).
We point out that ML™™°(G,U) coincides with ML™™(G,U) if G is bounded.
Let x € ME;QG’C(G,L{) and 0 € ML™%(G,U) satisfy (2.11) and take a function
@ € G(J x G). Lemma 2.1 and Sobolev’s embedding then imply that x(@) is an
element of F5,  (J x G) for a number # > 0 and o(4) is contained in Fg(J x G).

m,n
In the next lemma we prove the uniqueness of solutions of (1.6).

Lemma 3.2. Let tg € R,T > 0, and J = (to,to +T). Let m € N with m > 3.
Take x € Mﬁgd6’C(G,U) and o € ML™%(G,U). Choose data f € H™(J x G),
g € En(J x 0G), and ug € H™(G). Let uy and uz be two solutions in G, (J X Q)

of (1.6) with inhomogeneity f, boundary value g, and initial value ug at initial time
to. Then U = Us.

Proof. As explained in Remark 2.5, we assume without loss of generality that x
and o posess property (2.11). Set

K = {TO S j: U1 = ug On [to,Tg]}.
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This set is nonempty since wuy(tg) = ug = uz(tp). Let Ti = sup K. The continuity
of u; and wusy implies that the two functions coincide on [tg, T1].

Since u; and ug are solutions of (1.6), there is a compact subset U1 C U such
that imuq,imus C U;. We now assume that 77 is not equal to T. We then
take a time T,, € (71,7 to be fixed below and we set J, = [T1,T,]. We observe
that u; and uy are both solutions of (1.6) in G,,(J, X G) with inhomogeneity f,
boundary value g, and initial value w1 (T1) = ug(71). In particular, both functions
solve the linear initial boundary value problem (1.8) with data f, g, and u;(71)
and differential operator Li := L(x(u1), A, AS®, AS°, o(uq1)) respectively Lo :=
L(x(ug), AS°, ASC, AS°, 0(u2)). Lemma 2.1 and Sobolev’s embedding theorem yield
that x(u1), x(uz2), o(u1), and o(uz) are elements of F5(J x G). Take r > 0 such
that [Ju1llq,(7,xe) < 7. Lemma 2.1 and Remark 2.5 then provide a radius R =
R(x,0,r,U;) such that the bounds

max{||x(u1)llr,rxa), lo(w)llmuxe} < R,

max{[lx(u1 (1))l g max, 10/ X (u) (Tl 13} < R,
max{[lo(u1 (T1)) [ () ax, 10/ (w)(T) || rm-1-5)} < R

hold true. We further note that x(u;) is symmetric and uniformly positive definite.
Therefore, Theorem 3.1 for the differential operator L; can be applied to u; — us.
We take nn = n(x) > 0 such that x > n and set v = y3.1,0(n, R), where 731 o denotes
the corresponding constant from Theorem 3.1. Theorem 3.1 and Corollary 2.2 (2)
then show that

lur = w2l (1, xc) < Caa(n, R, T) [ Lywr = LiuaZs g, )

= C(x, 0., T,U)|| f — x(u1)Opuz — o (ur)uz + x(u2)Orus + o(uz)us — f||%g(JuxG)
< C(X7 o,nT, ul)(Tu - Tl)llat’U‘QH%OO(JuXG) ||X(u1) - X(u2)||2Gg,Y(Ju><G)

+ C(X’ 0,7, T>u1)(Tu - Tl)HuQH%OO(JuxG)HU(ul) - O-(U‘?)Héo,.y(JuxG)

< C(x, 0,1, T,U) (1021, g, ) + N2l g, ) (Tu = Tllur = u2llg, (s, s
where Cs1 is the corresponding constant from Theorem 3.1. Fixing the generic

constant in the last line of the above estimate, we choose T,, > T} so small that

1
C(x, 0,7, T,U)([18susllZ, (1. xay + 102l1Es (1 x ) (Tu = T1) < 3

Hence,

||'LL1 - u2||G0,'y(JuXG) = O’

implying uw; = wug on [T1,T,] and thus on [tg,Ty]. This result contradicts the
definition of T7. We conclude that 77 = T, i.e., u; = ug on J. [l

Finally, we can combine all the preparations in order to prove the local existence
of solutions of (1.6) using Banach’s fixed point theorem. For the self-mapping
and the contraction property we heavily rely on Theorem 3.1. Special care in the
treatment of the constants is needed to close the argument. In particular, the
structure of the constants in Theorem 3.1 is crucial here.



14 MARTIN SPITZ

Theorem 3.3. Lettg € R, T >0, J = (to,to +T), and m € N with m > 3. Take
X € MLIS(GU) and o € ML™(G,U). Let
0 vs(x) —wa(z) 0 0 O
B(z) = | —v3(x) 0 vifz) 0 0 O
va(z) —u(z) 0 0 00
for all x € OG, where v denotes the unit outer normal vector of OG. Choose
an inhomogeneity f € H™(J x G), boundary value g € E,,(J x 0G), and initial
value ug € H™(G) with imug C U such that the tuple (x,o,to, B, f,g,u0) fulfills
the nonlinear compatibility conditions (2.10) of order m. Choose a radius r > 0
satisfying
m—1 )
Z 107 () 3rm-1-5 ¢y + 911, 7wy + [wollFrm @y + [ zmrxay <2 (3:3)
§=0
Take a number k > 0 with
dist({ug(x): z € G}, 0U) > k.

Then there exists a time 7 = 7(x,0,m,T,r,k) > 0 such that the nonlinear initial
boundary value problem (1.6) with data f, g, and ug has a unique solution u on
[to, to + 7] which belongs to G, (J; X G), where J. = (to,to + 7).

Proof. Without loss of generality we assume t3 = 0 and that (2.11) holds true for
x and o, cf. Remark 2.5. If f =0, ¢ =0, and up =0, then u =0 is a G,,,(J X G)-
solution of (1.6) and it is unique by Lemma 3.2. So in the following we assume

I fllamrxa) + 19l B, (7x06) + |luoll am @y > 0. Recall that the map Sy 5.q,m,p Was
defined in (2.7) for 0 < p < m. Let 7 € (0,T]. We set J, = (0,7) and

U, = {y eU: dist(y,0U) > k} N Bace,,.r(0), (3.4)

where Csop denotes the constant for the Sobolev embedding from H?(G) into
L>(G). Then U, is compact and im g is contained in U,.
I) Let R > 0. We set

Br(J;) == {v € Gpn(J; x G): ||v| (T xa) < Ry v — ol Lo (g, ) < K/2,
d]v(0) = Sy.0.c.m.; (0, f,up) for 0 < j <m —1}

and equip it with the metric d(vi,v2) = |1 — v2llq,, (7, xq)- We first show

that Br(J;) is a complete metric space. Recall that Gm(JT x @) is continuously
embedded in G,—1(J; xG) so that Br(J;) is well defined. Moreover, Lemma 2.6 (2)
shows that Bg(J;) is nonempty for all R > C5 g(2)(x, 0, m,r,Uy) - (m + 1)r.

Let (vy,)n be a Cauchy sequence in (Br(J;),d). The functions v,, then tend to v
in Gp_1(J> x G) as n — oo, and hence v satisfies 3 v(0) = Sy,0.G.m,; (0, fyug) for
0<j<m-—1and |||, ,u.xc) < R. Let a € N§ with || = m. The sequence
(0%p)p is bounded in L*(J,, L*(G)) = (L'(J,,L*(G)))*. The Banach-Alaoglu
Theorem thus gives a subsequence (again denoted by (0%vy,),) with o*-limit v,
in L>®(J;, L*(Q)). Tt is straightforward to check that v = v,. In particular, v
belongs to ém(JT x () with norm less or equal R. Finally, as m > 3, we infer

o = wollzoe (1, ) < 10 = vllioe 1, sy + len = voll o=, <
S C’Sob”v - UTLHGQ(JTXG) th—K

as n — oo. We conclude that v again belongs to Br(J:).
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IT) Let @ € Br(J;). Take n = n(x) > 0 such that x > n. Then x(@) is con-
tained in Fy, , (J; x G) and o(a) is an element of Fy (J; x G) by Lemma 2.1,
Remark 2.5, and Sobolev’s embedding. Lemma 2.6 (1) and the compatibility
of (X? 0,0, Ba fa 9, ’U,()) lmply that the tuple (t()a X('&), A(l:oa Ago’ Agoa O—(ﬁ)a Ba fa 9, UO)
fulfills the linear compatibility conditions (2.12). Theorem 3.1 yields a solution
u € G (Jr X G) of the linear initial boundary value problem (1.8) with differential
operator L(x(@), AS°, ASC, AS°, o(4)), inhomogeneity f, boundary value g, and ini-
tial value ug. One thus defines a mapping ®: @ +— u from Bg(J;) to Gy (J- X G).
We want to prove that ® also maps Br(J;) into Br(J;) for a suitable radius R
and a sufficiently small time interval J.

For this purpose take numbers 7 € (0,7] and R > C5 4(2)(x,0,m,T,r)(m + 1)r
which will be fixed below. Let & € Br(J;). We first note that there is a constant
C.4(x, 0, m,r,U,) such that

||Sx,cr,G,m,p(O; f, uO)”Hwap(Ri) < 02,4()(, a,m,r, U,{) (35)

forallp € {0,...,m} due to Lemma 2.4. Lemma 2.1 (2) further provides a constant
C3.1(2) such that

IX(@)O0)[[ro (@) = lIX(wo)llro_ (ay < Caa(2)(x: m, 1, Us),
lo(@)(0)l[ro,_, (@) = llo(uo)llre,_, (@) < Caa(o,m,rUs).
Note that im @ is contained in the compact set
U, =U,+B(0,r/2) CU (3.6)
as & € Bgr(J;). From Lemma 2.1 (3) and (3.5) we deduce the bound
19 (@)0) 1116y < Caay (o Up) (1 + e [9F(O)]|grm-sos )"

m—1

< Coaa) (0, m, U ) (1 + Coa(x, 0,m, U ))™ ™ Y

)
= Ca.103) (X, m, U ) (1 + Jnax, 15x,0,G,m,k (0, fauO)”H'" k1))
(
0} (4)(0 )||Hm =16y < Coagy(o,m,U)(1+ Coulx, o,m,mUys))™ "
for alll € {1,...,m — 1}. We thus find a radius r¢o = r¢(x, o, m,, k) such that
o @) )| zrm-1-1(e)} < o,

||8t0( YO grm—1-1(cy} < 7o- (3.7)

max{|[x(@)(0)[|ro ()
max{||o(@)(0 )HF

1<
-Gy 1<l<
As 4 belongs to Br(J-), Lemma 2.1 (1) gives
IX(@) 5, (126> o (@) |, (1x @y < Conay (0, m,Us)(1 4+ R)™
We thus obtain a radius Ry = R1(x, o0, m, R, k) with
IX(@)F,,(xc) <R and o)l 5, (1xc) < R (3.8)
We next define the constant Cy, 0 = Cp0(x, 0,7, k) by

C’m,O (Xv oa,r, H) = CS.l,m,O(n(X)a To (X? o,m,r, K))v (39)
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where C3.1,m,0 denotes the constant C,, ¢ from Theorem 3.1. We set the radius
R = R(x,0,m,r, k) for Br(J;) to be

R(x,0,m,r, k) = max {\ [6Cro(x, 0,7, 6) 1, Co02)(X; 0, m, 7, Uy )(m + 1)r + 1}.
(3.10)
We further introduce the constants
Ym = Ym (X, 0, T, 7, k) == v3.1.m(N(X), R1(x, 0, m, R(x,0,m,r, k), k), T), (3.11)
Cr = Cp(x,0,T,7) = Cs.1.m(n(x), R1(x,0,m, R(x,0,m,r, k), k), T), (3.12)
where 731, and C3 1 ,, denote the corresponding constants from Theorem 3.1. Let
Co.o2)(0,m, R,U,)

denote the constant arising from the application of Corollary 2.2 (2) to the compo-
nents of € ML™%(G,U).

With these constants at hand we define the parameter v = v(x, o, m, T, r, k) and
the time step 7 = 7(x,0,m, T, 7, k) by

7 = max { . CrlyCon }, (3.13)
7 = min {T, (27 +mCs1.1) tlog2, C. Cro, (CsobR) 'k, (3.14)
[382R%C1 0C3(C3 5y (., Ry U) + C3 gy (0,0, R, U))) ™ }

where Cp and C3 11 denote the corresponding constants from [35, Lemma 2.1] and
Theorem 3.1 respectively. Observe that v and 7 actually only depend on x, o, m,
T, r,and £ as Cp 0, Cm, Cs.1,1, and R only depend on these quantities (see (3.9)
to (3.12)). For later reference we note that the choice of v and 7 implies

Y 2 Ym, (3.15)
“n < o (3.16)
gl
T<T, (3.17)
274+ mCs11) 7T <log?2, (3.18)
CmT S CYm,Oa (319)
CsobRT < K, (3.20)
- 1
4C,0CEC3 5(5)(0,m, 6, R,U)R* T < 3 0 € {x,o}. (3.21)

IIT) We want to bound the function ®(%) from step IT) by means of Theorem 3.1.
In view of the estimates (3.7) and (3.8), the definitions of C,, o, Vi, and Cy, in (3.9),
(3.11), and (3.12), respectively, fit to the assertion of Theorem 3.1. Using also (3.15)
and (3.17), we arrive at the inequality

12(@)Z,, 1. xc) < NG, (7. xa)
m—1

< (Cpo + Tcm)e(27+m03.1,1)7—< Z Hagf(o)nfqmqu(g)
=0

Con oo
+ ||g||125m,7(J7><8G) + ||U0||%1m(c:)) + 7627 ||f||?1;n(J7xG)~
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Observe that (3.3) yields

”inIZ,”(JTXG) <N Fm (. xa) S W erm ey <72

and analogously |9l (s xoc) < l9ll%,, (sxac)- Employing (3.19), (3.16), (3.18),
(3.3), and (3.10), we then deduce the inequalities

H(I’( )HGm JrxG) = (Cm,o + Cm,O) logQ 2 +Cn 10g2 2= GCm OT < R2
(@), (7. xa) < R
Since ® (@) belongs to G, (Jr x G), identity (2.1) in [35] (which is the linear
counterpart to (2.9)) shows that
O ®(@)(0) = Sam.p(0, x(@), AT, AY, A5, 0 (@0), f, uo)
for all p € {0,...,m}. On the other hand, as an element of Bg(J;), the function
@ satisfies 0Vu(0) = Sy, 0.G.mp(0, f,up) for all p € {0,...,m — 1}. Lemma 2.6 (1)
thus yields
9 2(1)(0) = Sa,mp(0, x(@), A%, AS°, A5, 0(@), f, u0) = Sy,0,G,m.p (0, f, u0)

for all p € {0,...,m — 1}. We further estimate

D(a1) — o oo =H‘I’ 0:2(@)(s)ds — H
|@(0) — uoll Lo (s, x @) () / ¢ 5o Lo (J,XG)

t
|| [ a9 dH < Cs, /a d
[ ) ow@resie],, gy G sup [ 108@ i

< Csob7]|0:P() || gy (7, xa) < CsobTR < K

for all & € Br(J;), where we used that ®(4)(0) = ug for & € Bgr(J;) and (3.20).
We conclude that ®(4) belongs to Br(J:), i.e., ® maps Br(J;) into itself.
IV) Let @1,42 € Bgr(J;). Since x(i;) and o(d;) belong to F,(J; x G) for
i € {1,2}, Lemma 2.1 of [35] implies that x(;)0; ®(i2) and o (i;)(ii2) are elements
of Gp_1(Jr x G) = H™ Y(J,; x G) for i € {1,2}. The function ® (i) thus fulfills
L(X(al)a A(l:oa Agoa Agoa 0’(7)1))@(@2)
= x(1)0;®(i2) + 0 (1) P (d2) — x(1i2) 0, P(U2) — o (i) P(t2)
+L(X(ﬁ2)7A(1:07A(2:07A§07 ( )) ( )
= (x(@1) = x(42)) 0, ®(ti2) + (0 (1) — 0 (d2)) P (t2) + f
and this function belongs to Gp,_1(J; x G) < H™ (J. x G). We further stress
that ®(41)(0) = ug = P(2)(0).
As in step III), properties (3.7), (3.8), (3.9), (3.11), (3.12), (3.15), and (3.17) al-

low us to apply Theorem 3.1 with differential operator L(x(41), A®, AS®, ASC, o(1))
and parameter v on J. X G. We thus obtain the inequality

1@(a1) = ®(@2)lIE,,_, (1, xa) < €7TNR(a1) = R(a)lIZ,, , (1. xc)
m—2

< (Como + 7Con)e @m0 ™97 (F — L (i19)) (O)|Em-2-c
=0

Cm m T ~
+Te(2w+ TN = L8y,
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m—2

= (Crm.o + 7Cp )M 0T N "15] (x (1) — X(112)) 0D (112)) (0)
j=0

+ 0] () — 0(82))®(2)) (0) 32—

Cm m T » 1 u
76(2’7+ C3.1,1) ||(X(u1) —X(UQ))at(p(UQ)

+
T (i) = 0 2) () 1oy
Lemma 2.1 and the equalities
6£ﬂ1(0) = Sx,a,G,m,l(Oa fa uO) = ail&iLQ(O)

foralll € {0,...,m—1} imply that the terms in the sum vanish. Employing (3.18),
we then deduce

N X 1 X N X
1@ (i) — @(a2)lIE,, (s, ) < ACm Il (i) = X(@2))0:2(a2) 71 5. o)

FAC (o) = o) (i) -

Before going on, we point out that we know from step II) that ®(is) is an element
of Br(J;) and hence

10:@(U2) |G, (7, xa) < 1 @(02) |G, xa) < R (3.23)

We now treat the first summand. Lemma 2.1 of [35], estimate (3.23), and Corol-
lary 2.2 (2) show that

1 . . .
I < 4Cm;T||(X(U1) = x(02))2® (@), (1o xc)

(JrxQ)

1 . . .
< 4Cm;TC%||X(U1) = X(@)E,,_, o x e 10:2(@)IIE,, (1. <c)
1 ~ N N
< 4C’m;C’123022.2(2)(X,m,R,L{K)RQTHul - UZH%;M_M(J,xG)-
Exploiting (3.16) and (3.21), we finally arrive at

1, R 1, . .
I < §||U1 —dslZ,, , (r.xq) < §||U1 —dallZ,. (7 xa): (3.24)

Analogously, we obtain

1. .
Ir < gllay — da 1 (JoxG)- (3.25)

Estimates (3.22), (3.24), and (3.25) imply

) . 1, . .
(1) — ®(t2)|lG,,_, (1, xa) < Sl = a2l (7. xa)-

We conclude that @ is a strict contraction on Bg(J;).

V) Banach’s fixed point theorem thus gives a fixed point u € Br(J;), i.e., ®(u) =
u. By definition of ®, this means that u € G,,(J; x G) is a solution of (1.6).
Lemma 3.2 shows that u is the only one on [0, 7]. O

Remark 3.4. (1) Using time reversion and adapting coefficients and data accord-
ingly, we can transfer the result of Theorem 3.3 to the negative time direction,
see [34, Remark 3.3| for details.
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(2) Standard techniques show that the restriction and the concatenation of solu-
tions of (1.8) are again solutions of (1.8). For the precise statements and the
proofs we refer to Lemma 7.13 and Lemma 7.14 in [34].

Theorem 3.3 and Remark 3.4 show that the definition of a maximal solution
makes sense.

Definition 3.5. Let to € R and m € N with m > 3. Take x € MC;’EG’C(G7U) and
o € ML™YC(G,U). Choose data f € H™((=T,T) x G), g € En,((=T,T) x G),
and ug € H™(G) for all T > 0 and define B as in Theorem 3.3. Assume that the
tuple (x,0,t0, B, f,g,uo) fulfills the compatibility conditions (2.10) of order m. We
introduce

Ty (m,to, f,g,up) = sup{T > to: I Gy,-solution of (1.6) on [to, 7]},
T_(m,to, f,g,uo) = inf{r < to: 3Gy, -solution of (1.6) on [r,to]}.

The interval (T—(m,to, f,g,u0), T+ (m, to, f,g,u0)) =t Lmaz(m,to, f,g,uo) is called
the maximal interval of existence.

The name maximal interval of existence is justified by the next proposition. It
states that there is a unique solution of (1.6) on the maximal interval of existence
which cannot be extended beyond this interval. This solution is also called the
maximal solution in the following. The proof works with standard techniques,
see [34, Proposition 7.16] for details.

Proposition 3.6. Letty € R andm € N withm > 3. Take x € MEZHG’C(G,U) and
o € ML™Y(G,U). Choose data f € H™((=T,T) x G), g € En,((=T,T) x G),
and ug € H™(G) for all T > 0 and define B as in Theorem 3.3. Assume that
the tuple (x,0,to, B, f,g,uo) fulfills the compatibility conditions (2.10) of order m.
Then there exists a unique mazimal solution u € (Vo C? (Iypaz, H™ 7 (G)) of (1.6)
on Iae which cannot be extended beyond this interval.

4. BLOW-UP CRITERIA

We next want to characterize finite maximal existence times, i.e., the situation
when Ty < oo, by a blow-up condition. As it is usually the case when the solution
is constructed via Banach’s fixed point theorem, the construction allows to derive
such a blow-up condition in the norm which controls the initial value. In our case
this is the H™(G)-norm.

Lemma 4.1. Let to € R and m € N with m > 3. Take x € Mﬁgfi’ﬁ’c(G,U) and
o € ML™Y(G,U). Choose data f € H™((=T,T) x Q), g € En,((=T,T) x G),
and ug € H™(G) for all T > 0 and define B as in Theorem 3.3. Assume that
the tuple (x,o,to, B, f, g, uo) fulfills the compatibility conditions (2.10) of order m.
Let u be the mazimal solution of (1.6) on I.. provided by Proposition 3.6. If
T, =Ty (m,to, f,9,u0) < 00, then one of the following blow-up properties

(1) liminf, ~7, dist({u(t,z): z € G},0U) = 0,

(2) lime 1, ([u(@)]| gm gz ) = 00

occurs. The analogous result is true for T_(m,to, f,g,uo).
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Proof. Let Ty < oo and assume that condition (1) does not hold. This means that
there exists x > 0 such that

dist({u(t,z): © € G},0U) > k

for all t € (to,T4). Assume that there exists a sequence (¢,), converging from
below to the maximal existence time Ty such that p := sup,cy ||u(tn)| gm ®Y) I8

finite. Fix a time 7" > Ty and take a radius r > p with

ml|FIZ,,  ornxay ¥ 191, (orxa) + 0%+ 1 7m0,y 5y < T2
Then pick an index N € N such that
tN + T(X,O',?’)LT/ - t07 T, KZ) > T+a

for the time step 7 = 7(x, o, m, T' —to, r, k) from Theorem 3.3. Identity (2.9) shows
that the tuple (x,o,tn, B, f,g,u(ty)) fulfills the compatibility conditions (2.10) of
order m. Since the distance between imu(ty) and OU is larger or equal than x,
Theorem 3.3 thus gives a G,,-solution v of (1.6) with inhomogeneity f, boundary
value ¢, and initial value u(ty) at ty on [tn,tn + 7]. Setting w(t) = wu(t) if
t € [to,tn] and w(t) := v(t) if t € [tn,tn + 7], we obtain a G,,-solution of (1.6)
with data f, g, and ug on [to, ¢ + 7| by Remark 3.4. This contradicts the definition
of Ty since ty + 7 > T4. The assertion for T_ is proven analogously. (]

The blow-up criterion above can be improved. In fact we will show that if
T, < oo (and the solution does not come arbitrarily close to OU), then the spatial
Lipschitz norm of the solution has to blow up when one approaches T, see Theo-
rem 5.3 (2) below. There are several examples of quasilinear systems, both on the
full space and on domains, where the blow-up condition is given in terms of the
Lipschitz-norm of the solution, see e.g. [3, 4, 5, 21, 23, 25, 24]. This improvement (in
comparison with the H™(G)-norm) is possible as one can exploit that a solution u
of the nonlinear problem (1.6) solves the linear problem (1.8) with coefficients x(u)
and o(u). Deriving estimates for the derivatives of u, one can then use so-called
Moser-type estimates, see the proof of Proposition 4.4 below. These estimates,
introduced in [27] and based on the Gagliardo-Nirenberg estimates from [28], are
an efficient tool to estimate products of derivatives of u. However, as our mate-
rial laws y and o do also depend on the space variable x, we cannot use them in
their standard form (see e.g. [22, 25] and also [34] for domains, where we treated a
slightly simpler case). But the proof of the version below still follows the standard
ideas already used in [27].

Lemma 4.2. LetT >0, J = (0,T), and m € N withm > 3. Let § € ML™ (G, U)
and v € G (J X G). Assume that there is a number (o > 0 and a compact subset

Uy of U such that ||[v||wi.~xa) < Co and imv C Uy. Then there is a constant
C =C(0,¢,U;) such that

10°0(u)0:0°ull 21wy + 10°0(w)0* Pull 121wy < Clvllgiaisxa
for all 0 < B < a and o € N§ with |a| < m.

We will employ this lemma in the proof of the next proposition. There it has to
be combined with a technique developed in [35] to control the derivatives in normal
direction of solutions of (1.6) although this system has a characteristic boundary.
For later reference, we recall the key result in this direction. It is a simplified version
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of [35, Proposition 3.3 and Remark 4.11] and relies heavily on the structure of the
Maxwell equations.

Lemma 4.3. LetT' >0,n>0,v>1, andr > 19> 0. PickT € (0,T") and set
J =(0,T). Take Ag € F§,(Q), A1, Az € Fh 5(R}), A3 = A, and D € F5(Q)
with

[Aillwroc) <7 [[Dllwies@) <7

”Ai(O)HLW(Ri) < 7o, HD(O)”L“(Ri) )

for alli € {0,...,2}. Choose f € H'(Q) and uop € H*(RY). Let u € G1(Q) solve
the initial value problem
3
Apdpu+ Y A;d;u+ Du = f, reR3, telJ;
= (4.1)
u(0) = wo, zeR3.

Then there are constants C1,0 = C1,0(n,70) > 1 and Cy = C1(n,r,T") > 1 such that

2
IVal, @) < €T ((Cro+TCO (D I0ul, (@) + IFOas) + luoldn )
j=0

Ch 9
£ ) (4:2)

We can now prove the main result of this section, showing that we control the
H™(G)-norm of a solution as soon as we control its spatial Lipschitz-norm. For the
proof we differentiate (1.6) and employ the basic L?-estimate from Theorem 3.1 to
the derivative of u. The Moser-type estimate from Lemma 4.2 allow us to treat the
arising inhomogeneities in such a way that the Gronwall lemma yields the desired
estimate. However, this approach only works in tangential directions. In order to
bound the derivatives of u containing a derivative in normal direction, we have to
combine the above approach with Lemma 4.3.

Proposition 4.4. Let m € N with m > 3 and tg € R. Take functions x €
ML(GU) and o € ML™%(G,U). Let

0 vs(r) —wva(z) 0 0 O
B(z) = | —v3(x) 0 vifzg) 0 0 O
ve(x) —vi(x) 0 0 00

for all x € OG, where v denotes the unit outer normal vector of 0G. Choose data

uy € H™(GQ), g € E,,((-T,T) x 0G), and f € H™((-T,T) x G) for all T > 0

such that the tuple (x, o,to, B, f,g,u0) fulfills the compatibility conditions (2.10) of

order m. Let u denote the mazimal solution of (1.6) provided by Proposition 3.6
on (T—,Ty). We introduce the quantity

w(T) = sup |u(®)wr.=q)
tE(t(),T)

for every T € (to,T}). We further take r > 0 with

m—1
> 107 f () | zrm—s-1 (@) N9 B (0.7 x06) + 0l () F | L (10,74 x Gy < 7
=0
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We set T* =T, if T4 < oo and take any T* > tg if Ty = co. Let wg > 0 and let
U1 be a compact subset of U.
Then there exists a constant C' = C(x, o, m,r,wo, U, T* —ty) such that

m—1

Hu||2Gm((to,T)><G) < C( Z ||8ff(to)||§1mﬂ,j(g) + ||U0||§1m(c) + ||g||2Em((t0,T)><6G)
j=0

+ ”fH%{m((to,T)xG))

for all T € (to,T*) which have the property that w(T) < wo and imu(t) C Uy for
all t € [to, T). The analogous result is true on (T—,tg).

Proof. Without loss of generality we assume ty = 0 and that x and o have prop-
erty (2.11), cf. Remark 2.5. Let wy > 0 and U; be a compact subset of Y. If
w(T) > wp or if the set {u(t,z): (t,x) € [to,T] x G} is not contained in U for
all T € (0,7*), there is nothing to prove. Otherwise we fix T € (0,7%*) with
w(T") < wp and imwu(t) C U for all ¢ € [to,T']. Let T € (0,7’] be arbitrary and
denote (0,7) x R% by Q. Note that w(T') < w(T”) < wp and imu(t) C U for all
te [to, T]

To derive the improved estimates, we have to study the problem on the half-
space. To that purpose, we apply the localization procedure already used in the
proof of Theorem 3.1, see [35, Section 2] and [34, Chapter 5]. To streamline the
argument, we do not perform the localization here but assume that G = Ri and
that we have spatial coefficients A;, Ay € F;p)coeﬁ(Ri) and A3 = A$°. The full
space case is easier and treated similarly. We refer to [35, page 9] and [34, Propo-
sition 7.20] for the details.

We pick a number n = n(x) > 0 such that x > 1. Consequently, there is a
constant C' with |x(&)7!] < Cnp~! for all £ € RS. Since the function u solves (1.6),
we infer

3
100l L=y < Ix(w) ™ fllzs o)+ (W) ™ Adull Loe (o) + lIx(w) ™ o(u)ull L= o
j=1

< Cn. 0,y (I ll (e + 3w (T) +w(T)),
HU”Wl,oc(Q) S HatUHLoc(Q) +OJ(T) S C4_3(X70', r, wo,ul). (43)

In the following we will frequently apply (4.3) without further reference.
I) We set

2
fa=007— 3 (g>aﬁx(u)ataa—%—z 3y (g)aﬁAjajaa—ﬂu

0<B<a j=10<B8<a
- (“)a%(u)aaﬁu (4.4)
0<B<La ﬁ

for all « € N§ with |a| < m. As u is a solution of (1.6), the function d%u solves the
linear initial value problem

{ L(x(u), A1, As, As,0(u))v = fa, T € Rﬁ_, t e (0,7);

4.5
U(O) = 8(070“,a27a3)sx,a,]R3+,m,ao (07 f7 u0>7 HANS Ri)’p ( )
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for all @ € N} with |a| < m. Moreover, if additionally as = 0, it solves
L(X(u>7A1vA27A3>U(u))U :fa7 -’I»'ER?H t e (O,T‘)7
Bv = 9%, z € ORY, te(0,T);  (4.6)

v(0) = a(o,al,aa,o)kgx’mm,mﬂo (0, f,uo), zeR3.

Here we used that 8/u(0) = Sx,o&2 m,j (0, f, uo) for all j € {0,...,m} by (2.9).

In view of (4.6) respectively (4.5), we want to apply Theorem 3.1 respectively
Lemma 4.3 to u. We thus need estimates for || fal|r2(0) for all a € Nj with
la| < m, || fallmi@ for all @ € N§ with |a| < m — 1, and ||fa(0)HL2(]R3+) for all
o € N§ with |a| < m — 1. We start with the estimate for || fo||2(0). Take o € Nj
with |a| < m. Let 8 € N§ with 0 < 8 < a. Lemma 4.2 then implies that

Il fallLz@) < (1l a1er @) + C(X, 0,7, wo, Un)|[w]| griet (- (4.7)

Next, we want to estimate ||fol (o) for a € N§ with |of < m — 1. So fix
such a multi-index. Let k € {0,...,3} and set o = a + e;. A straightforward
computation, see e.g. (3.6) in [34], shows the formula

2
far = Onfo — X (W)0:0%u — > 04 A;0;0%u — Do (). (4.8)

j=1

Combined with (4.7), Lemma 4.2 now yields the inequality

Vol @) < COu0, ) (1o oy + ulloisr ) (49)

It remains to estimate ||fa(0>||L2(R3+) for a € N} with |a|] < m — 1. To that
purpose we first insert ¢ = 0 in the definition of f, in (4.4). The product estimates
from Lemma 2.1 in [35], the fact that 9{u(0) = S0k m,j(0; fug) for all j €
{0,...,m} by (2.9), and Lemma 2.4 then lead to the bound

||

[fa (Ol z2 (e ) < C(x,o,m,r,wo,bh)(z 108 f (O) | er1e -1 ey y + ”uO”H\qu(Ri))a
=0
(4.10)

see Proposition 7.20 in [34] for the details.
IT) We will show inductively that there are constants Cy, =Cy(x, o, m, r,wo, U1, T%)
such that

k-1
10%ullZy 0y < Ck( ||3gf(0)||?{k71—j(Ri) + ||g||?3k(J><6Ri) + ”uOH?{k(Ri)

=0

11 ) (4.11)

for all @ € N} with |a| =k and k € {0,...,m}.
We first apply Lemma 2.1 (1) and (3) to obtain a radius Ry = Ry (x, 0,7, wo,U1)
with
Ix(@)llwre (@) + llo(w)llwre @) < Ri(x, 0,7, wo,Ur),
IX(@ON Lo @) + o (Ol @s) < Bilx, 0,7,w0,U).
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Set Yo = VO(X’ g,T,Wwo, Z/{l, T*) = 73.1,0(”()()? Rl (X’ g,T,Wwo, ul)? T*) Z 17 where
73.1,0 is the corresponding constant from Theorem 3.1. As u solves (4.6) with o = 0,
Theorem 3.1 yields

2 20T — ot 2
u < e sup e 7%u(t)
[ullGo ) oo |‘L2(Ri)

< Caa0000 B (ol + 913, rxoms) )

1

+ C3.1,0(n, Ry, T*)e*" ||f||L2 ()

< CoJluoll3s ey, + ||g||§O<JXaR1> + 17132 )

where Cy = Co(x, 0,7, wo,Us, T*) and Cs.1 9 respectively Cs 1o denote the corre-
sponding constants from Theorem 3.1. This inequality shows the claim (4.11) for
k=0.

Let k € {1,...,m} and assume that (4.11) has been shown for all 0 < j < k—1.
We first claim that there are constants Cy o = C, (X, 0, 7, wo,Us, T*) such that

k—1

10%ul|E, () <Cka(ZH5] )l Fre-1-s gs ) + N9l %, (rxomy) + 1ol Fraces)
7=0

e+ [ 10 ey ds) (412

BENG,|B|=k

for all o € N3 with |a| = k. We show (4.12) by another induction, this time with
respect to as.

Let o € N§ with |a| = k and a3 = 0. In step I) we have seen that 9“u solves
the initial boundary value problem (4.6). Hence, Theorem 3.1 yields

[0l 0y < €7 sup [l 0 u() g

t€(0,T) )

< 03_170,0(77, R1)6270T* (||8(0’a1’a2’0)8 0, R3 m, a0 (Oa fa uO)”%ﬁ(R‘j’r)

1

1071, rxomty) + Caraln B TN 1ol o
k—1

< C(x,0,k,r,wo, Uy, T) (Z”aJ ”Hk 1-3 (R3) + ”g”Ek TxOR? ) + ”uO”Hk(RS))
7=0

1 ey + Nl )

where we employed Lemma 2.4 and (4.7). Using the induction hypothesis (4.11)
for the derivatives of u of order smaller or equal than & — 1, we arrive at

k—1

10°ullZ, () < Cralx, 0,7, w0, U, T) (ZH@J 0) | F-1- imy) T 1911%, JxORS)
7=0
ol + 1o+ [ 30 10°u) ey ),

BENG,|8l=k

which is (4.12) for all multiindices o with |a| = k and ag = 0.
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Now, assume that there is a number [ € {1,...,k} such that (4.12) is true for
all @ € N} with |a| = k and a3 € {0,...,1 —1}.

Take o € N§ with |a| = k and a3 = [. The multi-index o/ = a — e3 belongs to
N4 and satisfies [o/| = k —1 < m — 1. Due to step I), we know that 9 u solves the
initial value problem (4.5) with right-hand side f,- and initial value

a(o’al7a27a3_1)5x,o,]R’i,m,ozo (0’ f’ UO)~
As |&/| < m — 1, the function f, belongs to H'(Q) by (4.9), the derivative
of the higher order initial value 9(®evezas=g o (0, f,uo) to H(R3) by
Lemma 2.4, and 9% u to G1(Q). Moreover, x(u) and o(u) are elements of Fs ()

respectively Fg(2), A; and Ay belong to FP  ¢(R}) and Az = A5°. We can
therefore apply Lemma 4.3. We choose 7 = 1 to infer

||8au||200(9) = ||950” UH2G0(Q) < eT||vor U||é0,1(9)
2
< eCHOT((Cro + TC) (D2 10,0 ull, (@ + 1 for (O)22z2))
§=0

+(Cro+ TC1)||8(0’al’a2’a371)5x o R m, a0 (0, £, u0) |32 ®2) T Cill for H%Il(Q))

k—1

< C(x,0,k,mwo, Uy, T*) (Znaa ulld @)+ Y0020 J®)
Jj=0 j=0
ol ey + 1 ey + ell3n ey ), (4.13)

where we used (4.10), Lemma 2.4, and (4.9) in the last estimate and where

Cl,O - Cl,O(Xa o,r, U.}Q,Z/{l) = C4.3,1,0(77(X)7 Rl(XaG7 T, w07u1))7
Cl = Cl(Xa o,r, WO,Z/{l,T*) = 0443,1(77(X)7 Rl(Xvo-a T, w07u1)aT*)'

Inserting the induction hypothesis for ||6j('3'c“lu||2GO () and the induction hypothe-
sis (4.11) for the derivatives of u of order smaller or equal than k—1, we obtain (4.12)
for all a € N3 with |a| = k and a3 = [. By induction, we thus infer that the estimate
in (4.12) is valid for all multiindices o € N§ with |a| = k.

We now sum in (4.12) over all multiindices with |a| = k, which yields

Yo louDfems, < Y 10%ulE @

aEeN, |a|=k a€Ng,|a|=k

<( X Ck,a)(ZnaJ O) 315y + 190, comyoms )y + o e

aEeNg,|al=k

W aman + [ 3 107 i)

BENG,|Bl=k

Recall that the time T € (0,7”] was arbitrary. Since T — || f||3 and

((0,T)xRY)
T+ | g||2Ek((OJ,)X oR3 ) Are monotonically increasing, Gronwall’s inequality leads to

k—1
Z 0% ()HL2(R3 < C;iZ€Ck (ZHaj ”Hk 1-3 (R3) + ||9||Ek((o t)xRY)

a€eNG, |a|=k j=0
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o I3y + 1 W oy )) - (414)

for all ¢ € [0,T"], where we defined C}, = C}.(x, o, 7, wo,Usr, T*) by ZaeNg,|a\:k Ch.a-

Defining Cx = Ci(x, 0,7, wo, U1, T*) by C’,’CeCIICT* and taking again a fixed time
T € (0,T"], we particularly obtain

k—1
S 10Ol Zaqm, < O (3 108 FO sy + 1B, o mpeomy
a€Ng,|al=k Jj=0

+ ||u0||§1’c(Ri) + ||f||§1k((o,T)xRi))

for all t € [0,T7.
We conclude that (4.11) is true for all @ € Ng with || = k. Again by induction,
we infer that (4.11) is true for all @ € N} with |a| € {0,...,m}. Summing over all

multiindices with absolute value between 0 and m, the assertion of the proposition
finally follows. O

This proposition now easily implies the improved blow-up condition. We post-
pone the statement and its proof to the full local wellposedness theorem below.

5. CONTINUOUS DEPENDANCE AND LOCAL WELLPOSEDNESS THEOREM

The investigation of continuous dependance for quasilinear problems is challeng-
ing because of a loss of derivatives. It occurs since the difference of two solutions
satisfies an equation with a less regular right-hand side. For the same reason one
can only hope for continuous (and not Lipschitz-continuous) dependance on the
data. We start with an approximation lemma in low regularity. It is the first step
to overcome the loss of derivatives.

Lemma 5.1. Let J C R be an open interval, ty € J, and n > 0. Take coefficients
AO,n;AO S F?(’:’W(Q)’ A, Ay € FSC,I;oeff(Ri)7 Az = Aic)’o; and D,,D € F3C(Q) fOT
all n € N such that (Ao n)n and (D), are bounded in W1>°(Q) and converge
to Ao respectively D in L>(). Set B = B. Choose data ug € L*(RY), g €
Eo(J x 0RY), and f € L*(Q2). Let u,, denote the weak solution of the linear initial
boundary value problem (3.1) with differential operator L(Ao n, A1, A2, As, Dy) and
these data for alln € N and u be the weak solution of (3.1) with differential operator

L(Aq,...,As,D) and the same data. Then (uy,), converges to u in Go(2).

Proof. Without loss of generality we assume that J = (0,7T) for some T > 0 and
to = 0. Set A(),O = AO and Dy = D. Take r > 0 with HA07nHW1,oo(Q) < r and
||D7L||W1,OO(Q) < r for all n € Ny.

I) We first assume that uo belongs to H'(R3), g to E1(J x 9R3), f to H'(1),
and that Bug = ¢(0) on OR3. Then the tuples (0, Ag n, A1, A2, A3, B, Dy, f, g, o)
fulfill the linear compatibility conditions (2.12) of first order for each n € Ng. The
solutions u, and u are thus contained in G1(§2) by Theorem 3.1. The difference
Uy, — u further solves the linear initial boundary value problem

L(Aon, A1, Az, Az, D) (upn, — u) = fo, zeR3, teJ;
B(up —u) =0, zedRy, tel;
(un, — u)(0) =0, Z‘ERi;
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where f, = (Ao — Ao n)0u+ (D —D,)u for all n € N. As w is an element of G1(12),
the right-hand side of the differential equation above belongs to L?(£2). Theorem 3.1
thus provides constants v = 7y3.3,0(n,7) and Cy = max{C3.3,0,0(1,7),Cs.30(n,7,T)}
such that

[ = |Gy < €77 un = ullZ, ) < Coe®™ ™ [[(Ag—Ao,n)Bru + (D—Dn)UH%g(Q)
< 200627T(||A0,n—A0|\2Lw(Q)||3tu||2Lg(Q) + ||Dn—D||2Loo(Q)||u||2Lg(Q))

for all n € N. Since Ag,, = Ao and D,, = D in L>°(f2), we conclude that the
functions u, tend to u in Go(2) as n — oo.

II) We now come to the general case. Take sequences (f;); in H'(2), (g;);
in Ey(J x ORY), and (do;); in C°(R3) converging to f, g and ug in L?(9),
Eo(J x OR%), and L?(R?) respectively. As B is constant and has rank 2, there is
a sequence (h;); in Ex(J x OR%) with Bh; = g; for all j € N. Extending h; to
J x Rf’r via a suitable sequence of smooth cut-off functions in x3-direction, we obtain
functions h; in C(J, H'(R3)) such that ug ; = o, j+h;(0) converges to 0 in L?(R?)
as j — 0o and Bug,; = Bh;(0) = Bh;j(0) = g;(0) on 9R? for all j € N. We refer
to step I) of the proof of Theorem 4.13 in [34] for the details of this construction.
Note that the tuples (0, Ao, A1, A2, As, Dy, B, f;, g5, u0,;) consequently fulfill the
linear compatibility conditions (2.12) of order 1 for all n,j € N.

Let the function u/, denote the weak solution of (3.1) with differential opera-
tor L(Aon, A1, A2, A3, Dy,) and data f;, g;, and ug; as well as u! the weak so-
lution of (3.1) with differential operator L(Ay,...,As, D), and the same data for
all n,j € N. These solutions belong to G1(€2) by Theorem 3.1. Observe that the
difference u), — u,, solves (3.1) with differential operator L(Aq.,, A1, Az, A3, Dy,),
inhomogeneity f; — f, boundary value g; — g, and initial value ug ; — uo, and the
function u/ — u solves (3.1) with differential operator L(Ag, A1, A2, A3, D) and the
same data. The a priori estimate in Theorem 3.1 thus shows

[uf, = unllesy ) < €77 |ud, — unlly - (o (5.1)

< Co 627T(H“OJ - “0||2L2(R1) + llg; — 9||?50,7(Jx0n§1) + /5 = fHQLg(Q))a

o/ =l @ < €7 = ul, o o

< Co 627T(||U0,j - uo||iz(R§r) +llg; — 9||2EM(JX3R1) + £ - fH%g(Q))

for all n,j € N, where v and Cjy were introduced in step I).
Let € > 0. Because of the convergence of the data, we find an index jj such that

2
3
Co 627T<HUO,J‘0 - UoHiz(Ri) + llgjo — 9||2EM(JX¢9R1) +1f5 = f”%i(ﬂ)) < 9" (5.3)

On the other hand, the tuple (f;,, g;,, 1o, ) fulfills the assumptions of step I), which
therefore implies u/* — u% in Go(Q2) as n — co. Hence, there is an index ng € N
such that

[u> — 0| gy () < (5.4)

Wl ™

for all n > ng. Combining (5.1) to (5.4), we arrive at
lun = ullgo@) < llun = uf llao) + lluf = wllay@) + w7 = ullgy@) <€

for all n > ng. O
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The next lemma contains the core of the proof for the continuous dependance. It
states that given a sequence of data converging in H™ respectively F,, and assuming
that the sequence of corresponding solutions of (1.6) converges in G,,—_1, then the
solutions also converge in GG,,,. The proof involves techniques developed for the full
space (see e.g. [3]) which prevents to lose regularity because of the quasilinearity.
Using methods from [35], we again exploit the structure of Maxwell’s equations to
avoid the loss of a derivative due to the characteristic boundary.

Lemma 5.2. Let J' C R be an open and bounded interval, to € J', and m € N
with m > 3. Take functions x € M,CSHG’C(G, U) and o € ML™%(G,U). Set

0 v3(z) —wva(x) 0O 0 O
B(z) = | —v3(x) 0 vi(fz) 0 0 0],
ve(x) —1i(x) 0 000

for all x € OG, where v denotes the unit outer normal vector of OG. Choose
fo, f € H™(J x G), gn,9 € En(J' x 0G), and uon,uy € H™(G) for alln € N
with

o, — vollzm(ay — 0, llgn — 9llE (7' x0c) — 0, | fu = fllam(rxa) — 0,

asn — oco. We further assume that (1.6) with data (to, fn, Gn, ton) and (to, f, g, uo)
have G, (J' % G)-solutions u, and w for all n € N, that there is a compact subset
Uy of U with imu(t) C Uy for all t € J', that (uy)y, is bounded in G (J' x G), and
that (un)n converges to u in Gp_1(J' x G).

Then the functions u, converge to u in G, (J' x G).

Proof. Without loss of generality we assume that to = 0, that J' = (0,7”) for a
number 7”7 > 0, and that x and o fulfill (2.11), cf. Remark 2.5. The proof is again
reduced to the half-space case G = R3. via local charts. We do not give the details
of the localization procedure here but assume as in the proof of Proposition 4.4
that G = R3 and that we have spatial coefficients A1, Ay € F;P ¢(R3) Az = A,
and B = B®. We refer to [35, Section 2] and [34, Chapter 5] for the details.

Let T € (0,7"], J = (0,7), and Q = J x R%. Sobolev’s embedding yields a
constant C's depending on the length of the interval J’ such that

Z 107 £,.(0) — 8gf(0)”Hm—.7’—1(Rg) < mCsllfn = fllamrxrsy — 0 (5.5)

asn — o0. We set N = NU {00}, tew = U, foo = f, oo = g, and 1 0o = Uup.
Throughout, let n € N and « € N§ with |a] < m. By assumption, (5.5), and
Sobolev’s embedding there is a radius r > 0 such that

[unllc,, (J'xR3) T ”un”LOO(J’XJR") +Z 145l 7, (I xRE) ST (5.6)
Jj=1

,_.

m—

19 £.(0

j=0

«®2) T [ frllfrm (rcmey <

(5.7)

Moreover, (u,), converges to v in L*°(J’ x G) so that there is a compact and
connected set Uy C U and an index mg such that imw,(¢) C U for all t € J'
and n > ng. Without loss of generality we assume ng = 1. Lemma 2.1 (1) then
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shows that x(u,) and o(uy) belong to F£(J' x R3) and that there is a radius
R = R(x,o0,m,r,U;) with
()l () + 10 () 1,z ) < . (5.8)

Furthermore, x(u,) is symmetric and positive definite with x(u,) > 7. We use the
operators and right-hand sides

Ln = L(X(un)v Ala AQ; AS,U(un))a

2
fam=0F0— > (g) X (1) POy — > Y (g) 8 A,0°P0,u,

0<B<a j=10<8<a
- Z (a> P o ()0 Pu,. (5.9)
0<B<La 6

As in [35], the function 0%u,, then solves the linear initial value problem

Lyv = fon, zreRy, telJ;
(0 1,2 Ozg) 3 (5'10)
U(O) =g\ Sx,a,]R‘j’r,m,ao (07 fna uo,n)7 VS R+;
and it is the solution of the linear initial boundary value problem
Lyv = fan, xERi, teJ;
Bv = 0%g,, zedR, telJ; (5.11)

’U(O) - a(o’al’az’O)Sx,a,Rivm,ao <Oa fnaUO,n)v x e Ri;

if also a3 = 0. Here we exploited that A3 and B are constant.
I) To estimate fu,n, and fo.n — fa,c0, We introduce the quantity

3 6
hn(t) = Z Z Z Z ||(6yzj -~-ayzl89(071W2773)9i)(un(t))

=1 0<j<m 0<vy<a,y0=0 l1,...,l;=1
[vl=m—j

— By, -+ By, D210 ()| oo 2

for all t € J' and n € N, where §; = x, 6 = o, and 63 is the matrix inverse of ¥,
cf. Corollary 2.2. Recall that (uy), tends to u uniformly as n — oo and that these
functions map in the compact set U;. It follows

T/
hyn(t) — 0 forallteJ'  and / R2(t)dt — 0 (5.12)
0

as n — oo. Using Lemma 2.1 of [35] and Corollary 2.2 we derive the bounds

||f04,71||L2(Q) < C(X70',m,7",ul,T/),
T
[ fam — fa,OOH%?(Q) = /0 [ fan(s) — fa,OO(S)H%%Ri)dS
T
< C(X’mmﬂ’,UhT’)(an — flFrmay + llun —ullg, @)+ 5|a|m/0 hi(s)ds

[T 10 -0 e ). G13)

&Ny, |al=m
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Let |a| < m — 1. Using also (4.8), we then obtain
||f0t,n||Go(Q) < O(X,O’,m,’r,bﬁ),
”.fa,n - foz,ooHGU(Q) < an - fHGm,l(Q)“FC(Xvo'amvTvul)”un - u||Gm71(Q)’ (514)
”fa,n”Hl(Q) < C(X, o, m,T, Z/ﬁ, Tl)?

| fo,n — fa,OOH%Il(Q) < C(X,U,m,T,Z/ﬁ,T/)(an - f”%{mm) + llun — u”%;m,l(Q)

T T
+5|a‘m_1/ hi(s)ds+/ > ||8aun(s)—8au(s)||2LQ(Ri)ds>. (5.15)
0 0

GENY,|al=m

(See [34] for further details.)
IT) We now look at the tangential case ag = 0. To split 9%u,, we define the
functions

0,a1,02,0
Wo,n = (0 ez )Sx,a,Ri,m,ao (0, Jns UO,n)v

which belong to L?(R3.) by Lemma 2.4. Consider the linear initial boundary value
problems

Lot = fu.co, zeRy, te;
Bv = 0%g., zedRy, telJ; (5.16)
v(0) = wo, 00, x € Ri;
and
L0 = fon — faoos reRY,  teld;
Bv=0%, — 0%goo, T € 8Ri, teJ, (5.17)
v(0) = o, — Wo,00, T € Ri.

Because of the above regularity statements, Theorem 3.1 implies that the prob-
lem (5.16) has a unique solution w, in Gy(2), the problem (5.17) has a unique
solution z, in Go(€2), and that the sum w, + 2, uniquely solves (5.11). We thus
obtain

wy, + zp = 0%uUy,. (5.18)

We point out that in the case n = oo the initial boundary value problems (5.16)
and (5.11) coincide. Since the latter is solved by 0%u,, and solutions of that problem
are unique by Theorem 3.1, we conclude that

Woo = 0o = 0%u. (5.19)

Since (uy, )y, tends to u uniformly and these functions map into the compact set Uy,
we obtain the limits

X (un) = x(W)[L(@) + llo(un) — o(u)l[Le@) < Cx, 0,Uh)|[un — ulla,,_, (@) — 0
as n — o0o. In view of (5.8), Lemma 5.1 therefore tells us that

[wn — 0%ullgy(0) = lwn — wosllgo) — 0 (5.20)
as n — oo. Define v = y(x, o, m,r, Uy, T") > 1 by

Y= 73.1,0(77(X)7 R(Xa o,m,r, ul)v T/)v
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where 731 is the corresponding constant from Theorem 3.1. The estimate from
this theorem applied to (5.17) then yields

l2nllE @) < €Tzl @ (5.21)
< 0062771 (”wO,n_wO,oo”iZ(Ri)"’”aagn_aagoo||2EO,W(Jx8Ri)+Hfa,n_fa,ooH%ﬁ(QO

where Cy(x, o, m,r,U1,T") is the maximum of the constants Cy and Cy o appear-
ing in Theorem 3.1. Because of (5.7), Lemma 2.4 provides a constant Cy 4 =
Ca.4(x,0,m,r,U;) such that

l[wo.n — wo,c0ll L2 (r2 )

_ Ha(O,al,az,O)S o 6(0,041,042,0) SX

X,O’,Ri,m,ao (07 fna uO,n) ,U,Ri,m,ao (07 fa UO) ||L2(Ri)

m—1
< Coa (2 107 a0) = O F(O)lgrm—s=2qey) + lton — woll et )
j=0

for all n € N. Inserting this estimate together with (5.13) into (5.21), we derive

m—1

Izl G () < 05.22< Z 187 £.(0) — 8i7f(0)|\%1m—j—l(uz§r) + luon — uOH?{T"(Ri)
=0

+ lgn = 913, rxoms) + 1n = Sy + llun =l (o)

T T
+Csas | 2(s)ds + Csao / S 9% un(s) — 0 u(s)Zages ds.
0 -

0 &eNg,|a|=m

for all n € N, where we introduce a constant Cs22 = Cs.92(x, 0, m,r,U;, T"). We
write a}, for the first part of the above right-hand side. It follows

T
el <+ Com [ 3 10%un(s) — 0% uls) gy (52)
&ENS |&|=m

for all n € N. Observe that a], converges to 0 as n — co by our assumptions, (5.5),
and (5.12). Formula (5.18) and inequality (5.22) imply that

10%un — aaUHéo(Q) = [lwn + 25, — aauHéO(Q) < 2[lw, — 8au||é0(§2) + 2||Zn|‘2GO(Q)

T
<2l - P ul e + 20, 4205z [ 3 0 un(s) - ) ey s
0

&ENﬁJ&\:m
T ~ ~
— apn + Cs / S 0% un(s) — O u(s)Faen ds. (5.23)
0 - N4 |~—
aeNg,|al=m
for all n € N. Here we set Cs.03 = C5.23(x, 0, m,r, Uy, T") and note that
Qo = 2||wy, — a%néo(m +2a, — 0

as n — oo by (5.20).
III) We claim that for all multiindices o € N§ with |a| = m there is a sequence
(@a.n)n and a constant Co, = Cy(x, 0, m,7,U1,T") such that

T
0% =0l 0y € ot Co [ 3D [0%n(s) =07 u(s) s (520

aeNg,|a|=m
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for all n € N and
aa,n — 0 (525)

as n — oo. One proves this assertion by induction with respect to aiz. Observe that
step II) shows the claim for the case ag = 0. In the induction step one assumes
that there is an index [ € {1,...,m} such that the assertion is true for all o € N§
with |a] = m and a3 = [ — 1. Take a € N§ with |a|] = m and a3 = I. We set
o =a —es.

Unfortunately we cannot directly apply Lemma 4.3 here, since it was derived for
a fixed differential operator. If we apply only one such operator to a difference of
solutions we experience the typical loss of derivatives. Therefore, one has to repeat
the key step of the proof of Lemma 4.3 for the operators L, and the difference
0% 1, —0* w. In this calculation we use results from step II) such as estimate (5.15).
Since in this very lengthy reasoning essentially the same arguments are employed
as in [35], we decided to omit these calculations here. The details can be found in
steps III) to V) of the proof of Lemma 7.22 in [34].

We define a,, and C,, = Cy,,(x,0,7,U1,T") by

Up = E A&,n s Cm = E C&7
&€ENg,|&|=m &€ENg,|a&|=m

for all n € N. Summing (5.24) over all multiindices o € N} with |a| = m, we then
derive

Z 10%un (T) — 6&U(T)||%2(R§_) < Z 10%u, — 3d“”é0(9)

aeNg,|a|=m aeNg,|a|=m

T

& é 2
Sant G [ 3 10%u(s) - Oy
0 aeNg,|a|=m
for all n € N. Since T € (0,7"] was arbitrary, Gronwall’s lemma shows that
S 0% (D) 0T s < ane
&ENS, |&|=m

for all T' € [0,7] and n € N. As (ay), converges to 0 due to (5.25), we finally
arrive at

& &, 112 Con T
> 10%un = 0%ullGy (s xmz) < ane™™ 0
aeNd |al=m
as n — 00. Since ||u, — u||Gm71(J/XRs+) tends to zero as n — oo by assumption, we

conclude that (uy,), converges to u in G, (J' x R3). O

Finally, we can prove the full local wellposedness theorem. In the following we
will write By (x,r) for the ball of radius r around a point = from a metric space M.
For times ty < T we further set

My om(to, T) = {(f, 3, 10) € H™((to,T) x G) x Ep((to,T) x G) x H™(G):
(x,0,to, B, f.q, Ug) is compatible of order m},
d((f1, 31, 7i0,1), (fo, G2, Tio,2))

= max{||f1 — follmm ((to.,1)xG)s 91 — G2ll B, ((t0,7)x0G)» 10,1 — T 2]l () }-
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Theorem 5.3. Let m € N with m > 3 and fir to € R. Take functions x €
MLZHG’C(Gvu) and o € ML™5(G,U) and set

0 v3(x)  —wa(x) 0 0 O
B(z) = | —v3(x) 0 vifz) 0 0 0O
vo(z) —uvi(x) 0 000

for all x € OG, where v denotes the unit outer normal vector of 0G. Choose
data ug € H™(G), g € Ep,((-T,T) x 0G), and f € H™((-T,T) x G) for all
T > 0 such thatimug C U and the tuple (x, 0, to, B, f, g,uo) fulfills the compatibility
conditions (2.10) of order m. For the mazimal existence times from Definition 3.5
we then have

T+ =T+(m,t0,f,g,u0) :T+(k7t07fvgvu0)v
T :T*(mat()afagauo) :T*(k7t07f7gau0)

for all k € {3,...,m}. The following assertions are true.

(1) There exists a unique mazimal solution u of (1.6) which belongs to the function
space (Yo CH(T, Ty ), H™3(G)).
(2) If Ty < oo, then
(a) the solution u leaves every compact subset of U, or
(b) limsup; ~p,_ [|Vu(t)|| =) = oc.
The analogous result holds for T_.
(8) Let T' € (to,Ty). Then there is a number § > 0 such that for all data f €
H™((to, T4) X G), § € En((to, T4+) x 0G), and ug € H™(G) fulfilling

1F = Fllem o yxey <6 113 = gllmn(toriyxoc) <8 lio = uollm sy <6

and the compatibility conditions (2.10) of order m, the mazimal existence time
satisfies Ty (m, to, f,§,Ug) > T'. We denote by u(-; f, g, o) the corresponding
mazximal solution of (1.6). The flow map

U BMX,a,m(to,TJr)((fagvu0)76) — Gm((thT/) X G)7
(f7§7ﬂ0) = u(';.f>§7ﬁ0)u

is continuous. Moreover, there is a constant C = C(x, o, m,r, Ty —tg, ko) such
that

19 (f1,91,00.1) — 9 (fa, Go, io.2)|

Gm—1((to,T")XG)

m—1
< C Y 0] filto) = 0 fa(to) | m—i-1(c) + Cllgr = Fall g (10,7 x06)
j=0

+ Clltio,1 — G 2| arm(ay + Cllfi — Foll rm—1((to, 1) x ) (5.26)

for all (fi,q1,10,1), (f2, G2, t0,2) € Bty on(to,1) (5 9,u0),6), where ko =
dist(im ug, OU). The analogous result is true for T_.

Proof. We show the assertion for T, the proofs for T_ are analogous. Let k €
{3,...,m —1}. We have T} = Ty (m,to, f,g,u0) < Ty (k,to,f,g,up) by defini-
tion. Assume now that T < Ty (k,to, f,9,up). Then T} < oo and the maximal
H™(G)-solution u of (1.6), which exists on (tg,T;), can be extended to a H*(G)-
solution on (tg, Ty (k,to, f,g,u0)) by the definition of the maximal existence time
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and Lemma 3.2. It follows that
sup [[u(t)||gr(e) < oo and litg%nfdist({u(t,x): z € G} oUu) >0. (5.27)

te(to,T+) +
Sobolev’s embedding thus implies

wo = sup [u(t)|lwr.~(q) < oo.
te(to,Ty)

Pick a radius p > 0 such that

m—1 )

> 0] £ () lrm-s-1() N9l B (20,71 yx06) F 10l zrm ) L (0.7 ) x ) < -
§=0
Due to (5.27) and the boundedness of u there is a compact subset Uy of U such
that imu(t) C U, for all ¢ € [tg, T'y]. Proposition 4.4 then yields the bound

sup [u(t)|Fm () < Cualx, o,m, p,wo, Us, Ty — tg) - Cp*.
te(to, T )

But by Lemma 4.1 and (5.27) we have lim; ~r, ||u(t)||Hm(R§r) = oo and thus a
contradiction. We conclude that T (k, to, f, g, u0) = Tt

Assertion (1) is just Proposition 3.6. To show (2), assume that T, < oo and
that properties (2)a and (2)b do not hold. We then have

wo i= sup u(t)[wre (@) < o0
te(to,T+)
and there is a compact subset U; of U such that imu(t) C U; for all t € [tg, T].
We apply Proposition 4.4 with T* = T, again to deduce
”u(t)”%m(]}%i’r) < 04‘4(X7 g, m,r, wOvulv T+ - tO) : C’I"2
for all t € (to,T%) and thus supye(, 1) ||u(t)||Hm(R§r) < 00. Lemma 4.1 however
shows that lim; ~7, ||u(t)|| g3y = co. We thus obtain a contradiction.

(3) Let T € (to,T+). Without loss of generality we assume that x and o
satisfy (2.11), cf. Remark 2.5. The difficulty in assertion (3) is to make sure that
the solutions to the data in the neighborhood we have to construct exist at least till
T’. To that purpose we use an iterative scheme that allows us to apply Theorem 3.3
with the same minimal time step size in each iteration.

Recall that by Sobolev’s embedding there is a constant depending only on the
length of the interval [tg, T) such that

1 Gons(tomyx6) < Csll Flm ((t0.7:) %) (5.28)

for all f € H™((to,Ty) x G). Fix a time T* € (T",Ty). We pick two radii
0 < rg < r < oo such that

lwollzm(ay + 1 fllGu_i ((to.myxc) + 1 fllEm (0.7 xG) < T0s
Csmro <r, and |jullg,,(t,7)xac) < T- (5.29)

Moreover, there is a compact subset U; of U such that imwu(t) C U, for all ¢t €
[to, T*]. Lemma 2.1 thus provides a number 7 = 7(x, o, m,r,U;) with

X £, (0.7 <) + 1o (W 7, (10,7 x0) < T

max{[x(w)(t0) [ ry_y (@, max_ [0 x(u) (o)l rm 516} < 7
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max{||o(u)(to)llry_, (), N o)t m-i-1)} <7 (5.30)

1<]<

I) Let t' € (to,T™) and (f, 8, 10) € My 5.m(to,Ty). Assume that the solution
of (1.6) with data f, §, o exists on [to, t'] and thus belongs to Gy ((to,t') x G).
Pick a radius R’ and a compact subset U, of U such that ltlla,. oty xa) < R
and imwu(t),ima(t) C Uy for all t € [to,t']. Set T = T —to. We first show the
inequality

@ = ullE,, (toryxa) < CIF = FllFm—1(oryxa) + ClT = 9l B (o) x06)
m—1
+C( D2 108 F(to) = 0 F(t0) 3rm—s-2(c) + o = wolFm(cs) ), (5.31)

for a constant C' = C(x, o, m,r, R U, T) To this aim, we apply the linear differ-
ential operator L = L(x(u), A5°, AS®, AS°,0(u)) to @ — u. We obtain

L(i—u) = f+ (x(u) — x(@))0sii + (o(u) — o(@))ii — f = F

Lemma 2.1 and [35, Lemma 2.1] show that F is an element of H™ ((to,t') x G).
Set

Yo = ’Yo(X,O',m,T,Ul,T) = 73.1;0(”()()?7‘;51’;) Z 1’

where x > n(x) > 0 and ~3.1,0 is the corresponding constant from Thereom 3.1.
This theorem then yields

@ —ullZ,. . (toirxa)
m—2

< (Cszmpo + TCB.l;m)emC&MT( D 0T F o) Frm—2-5(cy + o — wol|Fm-1(c)
=0

(5.32)

- 2
+[1g — 9||Em_1,7((t0,t/)xac)) (to )X G)

for all v > 79, where C3.1;m,0 = Cg.l;m,o(n(x)>f), Cs.1m = C3.1.m(n(x), 7, T), and
C31.1 = Cs.1.1(n(x), 7, T) are the corresponding constants from Theorem 3.1. We
next apply Lemma 2.1 (2) from [35] and then Corollary 2.2 to obtain

VIR, (5.3)

((to,t") X Q)
< OIF = FlFmr oy FCTIX@) = XN, (00,0 x ) 10e8lIE,, (1001 6)

+CT o (@) = o(W)llE,, . ((royxe Il

2
Gm—1((to,t')xG)

< CHf fHHm ((to,t")xG) + C(X,O’,m,’f‘, Rlzz;{hT)”ﬂ - u”%lm,lﬁ((to,t’)xG)'

Let j € {0,...,m —2}. To treat BgF(to), we employ Lemma 2.1 and the definition
of the M} in (2.8). The same arguments as in the proof of Lemma 2.4 then show
that

107 F(t0) | zrm—2-i () < |10 F(t0) | zrm-1-i(c) (5.34)

< C(x,o,m,r, R/,Z:ﬁ)( Z 104 f (to) — 04 f (to) | srm—1-1(c) + lluo — ﬁ0||Hm(G))«
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We obtain a constant Cs 35 = C5.35(x, 0, m,r, R U, ) and the bound

@ — U||Gm_1 ~((to,t")XG) (5.35)
m—1

< Cs. 35(*”” —ull&, (ot x Gy (@) T > N0k f(te) - 5if(t0)||?{m—l—1(ne§)
1=0

+1lg — QH%Em,M((to,t/)xaG) + |lto — UOHHm r3) T If - f||Hm L(to, t’)XG))

for all v > 7o by inserting (5.33) and (5.34) mto (5 32). We next fix a number
vy =n~(x,0,m,r, R .Uy, T) with v > ~o and Cs, 3J < 1 to infer that (5.31) is true.

IT) Recall that U, is a compact subset of U such that imu(t) C U, for all t €
[to, T*]. Pick a number & such that

2k < dist(Us, OU). (5.36)

Take the time step 7 = T(X,a,m,T, 4r, k) from Theorem 3.3. Choose an index
N € N with

to+(N—-1)7<T' <ty+ NT.

We set ty, =tg+ k7 for k € {1,...,N—1}. If to+ N7 < T*, we put ty = to+ NT;
else we take any ty from (77,7%).

Let 0 < 09 < rp be so small that Cso,dp < K, where Cggp, is the norm of the
embedding from H?(G) — L*(G). As in (3.4) and (3.6) we define the compact
sets

U, ={y eU: dist(y,dU) > K} N Bacyar(0) and U, = U, + B(0,1/2).

Take (f, g, o) € Bty yo(to,1:) ((f; g, 20), 60). Using the choice of 7 and rg in (5.29),
we deduce that

ol zrm(cy < llwollzm () + lto — wollam(qy < 1o+ do < 2rg < 27,

19| 2,0 (o, 7 x0@) < To+ 80 <21, || Fllarm (o 7% 0y < 7o+ 00 < 2r,  (5.37)
m—1

Y8l F o)l m-1-5(@) < mll fllG (o7 x0) < Csmll fllam ((uo.ryx

=0

< 20gmrg < 2r. (5.38)

Moreover, |[ig — uo|lr~(c) < Csobdo < K so that imig is contained in U.. So
Theorem 3.3 shows that the solution @ of (1.6) with data f, g, and @ at to exists on
[to, t1] and belongs to G, ((to,t1) X G). Moreover, the proof of this theorem yields
a radius R = R33(x,0,m,4r,k) > 4r, see (3.10), such that [|illq,,((t0.t)xa) <
R. This proof also shows that ima(t) C U, for all t € [to, 1], cf. (3.6). We
conclude that W maps By ., . (to,1,)((f;9,0),00) into Ba,, ((t,0)xc)(0, R). We
further deduce from (5.31) that there is a constant

C’5.39 = C'5.39 (Xa g, m,r, Tv H) = 05.31 (Xa g, m,r, R(Xv g, m,r, "/‘:)7 Urcv T)

such that
1T(f, g, o) — T(f, g, uo)| %;,,,L,l((to,tl)xc)
< C5.39Hf - f| %Imfl((t(),tl)xG) + 05.39||§ - 9||?3m,1((t0,t')x86’)
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m—1

+ 05.39( Z 107 f(to) — agf(tO)H?{m—j—l(Ri) + [l — “OH%m(Ri)) (5.39)
=0

for all (fvg’ao) € BMX,U,7YL(tO7T+)((f’g7u0)7 60)
Next take a sequence (fn,9n,%0.n)n 0 B, . (t0,17,)((f, 95 %0),00) Which con-
verges to (f, g, up) in this space. Since

m—1
107 fa(to) = 07 £ (t0) | Frm—s-1() < MCslfa = Fllam (to,74)xc) — 0 (5.40)
(@)
7=0

as n — 0o, estimate (5.39) yields the limit

W (fr Gns wom) — W (f, 9, u0) Gy ((to.t1)xa) — O

as n — oo. Lemma 5.2 thus shows that (U(f,, gn, uo,n))n converges to U(f, g, uo)
in Gy, ((to,t1) X G). We conclude that the map

U Bar oo, ) (5 9510),00) = Gn((to, 1) X G)

is continuous at (f,g,uo). Using also (5.29) and (5.36), we find a number §; €
(0,d0] such that for all data (f,g,%0) € B, ,.(t0,11)((f95%0),01) the function
U(f,g,1u0) exists on [to,t1] and satisfies (5.39) and
19(F, 3, @0) G (0,011 %)
<|1¥(f, g, 1i0) — U(f, g, uo)| G ((tost)x@) T 1Y (f, g, u0)]
dist(im W (f, g, io) (t), OU) > k,
for all ¢ € [to, t1].

Now assume that there is an index j € {1,..., N — 1} and a number J; > 0 such
that W(f,g,do) exists on [to,t;] and satisfies

U (£, 3,10)llG, ((to.t;)xc) < 2r and  dist(im U(f, g, @) (t), OU) > K

for all ¢ € [to, t;] and~(f,§,ﬁ0) € BMX,HYm(t07T+)((f,g7uo),~5j). i
Fix such a tuple (f, §, %p). Then the tuple (x, 0,t;, B, f, §, U(f, §, Uo)(t;)) fulfills

the nonlinear compatibility conditions (2.10) of order m by (2.9) and
”\I/(fagvao)(t])HHm(G) < ||\Il(fagaaO)HGm((to,t]‘)XG) < 2r,
dist(im (£, §, @0) (t;), OU) > k.

In view of (5.37) and (5.38), Theorem 3.3 shows that the problem (1.6) with inho-

mogeneity f, boundary value g, and initial value ¥(f, g, @o)(t;) at initial time ¢;

has a unique solution @ on [t;,t;41], which is bounded by R in Gy, ((t;,tj41) X G)

and whose image is contained in U,. Concatenating ¥(f,g, 7o) and @/, we obtain

a solution of (1.6) with data f, g, and @ at initial time ¢(, cf. Remark 3.4. This

means that U(f,§,uo) exists on [to,¢;11]. Uniqueness of solutions of (1.6), i.e.

Lemma 3.2, further yields W(f, g, o), ,¢,,.] = @ so that

H\Ij(f7gaa0)|

G ((to,t1)x @) < 21,

o ((t0.tye1)x @) < XY T (F, G, 0) |G ((torty) x @5 1771 G (2 00y ) }

< max{2r, R} < R.

As for the interval [to,t1], we obtain a number ¢;41 € (0,;] such that

12(f, 3, %0) |G, ((t0,t;11)xc) < 27 and  dist(im U (f, §, @o)(t), OU) > K
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for all ¢ € [tg, t;41] and (£, §, @) € B, om (t0,T) y(f59,u0),0541).
By induction, the above property holds for j +1 = N so that

T“r(m’ thJF7§aa0) > tN Z T/

for all (f,3,10) € Bt o (tor) (5 9,u0), 0N)-
Next fix two tuples (fl,ghuo 1) and (f?agQaUO 2) in BMX o,m(to, T+)((fvgvu0) ON)-
Replacing u by ¥(fa, §2, @io,2) in step 1), we deduce from (5.31) that

||\I](f1>g1’ aO,l) - lI/(f2vg27710,2)| 2G7n71((t07T,)><G)

<Cllf - fQH%Im*l((to,T’)xG) +C

g1 — §2||2Em,1((to,T’)><G)
m—1

+ C( > 10! filto) = 0] Fa(to)[3rm—s-1 ¢y + lioa — ﬂo,z\\%{m(c))v (5.41)
j=0

where C = C(X,a,m,r,f,m) = C5.31(x, 0, m, 2r, 2T,UN,T) and the constant Cs 3;
from (5.31). This estimate implies (5.26). Finally, we take a sequence (f,, gn, tio.n)n
in Bag, . (to,1,)((f;9,u0),0n) which converges to (f1,d1,%0,1) in My g m(to, T4 )-
Employing (5.28), we deduce from (5.41) that \I/(fn, Gn, Uo,n) tends to \I/(fl, J1,00,1)
in the space G,—1((t0,T") x G) as n — oo. Lemma 5.2 therefore implies that

||\I/(fn7§n7a0,n) - ‘I/(ng,gl,ﬁogﬂ

as n — oo. Consequently, the flow map

: By, tto,ry) (s 9,0),08) = G ((t0, T") X G)

G ((to, T xG) — 0

is continuous at (fl,gl, tip,1) and thus on By, . (t0.7,)((f, 95 0), ON)- O

6. FINITE PROPAGATION SPEED

We finally prove that solutions of (1.6) have finite propagation speed, i.e., that
initial disturbances travel with finite speed. Several techniques to establish this
property have been developed in the literature, see e.g. [3, 5, 13]. While these ref-
erences work on the full space, finite speed of propagation is proven for an initial
boundary value problem in [8], making however several structural assumptions on
the problem which are not fulfilled by Maxwell’s equations. We thus follow a dif-
ferent approach and show that the technique of weighted energy estimates from [3]
is well adaptable to our setting.

We first prove the finite propagation speed property for the corresponding linear
problem (3.1). This result can be transferred to domains via localization as in the
previous sections, see [34, Chapter 6] for details. We concentrate on the half-space
case here since in this case one sees much better how the maximal propagation
speed depends on the coefficients. We however note that the coefficients on the
half-space arising after localization depend on the charts of 0G so that the maximal
propagation speed of the solution on domains depends on the shape of 0G. We refer
to Theorem 6.1 of [34] for a result on G itself.

In this section we set J = (0,7 for a time T' > 0.
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Theorem 6.1. Let n > 0, Ag € F5,(Q), A1, Ay € F5h  g(RY), A3 = A, D ¢
F$(Q), and B = B°. We set

3
1
Co=— Z 1Al Loe (0)-
n =

Let R >0 and 29 € RY. We define the backward cone C by
C={(t,r) eRxR3: |z — 29| < R— Cyt}.
Let f € L3(), g € L*(J, HY?(9RY)), and ug € L*(RY) satisfy
f=0 on C N,
g=0 on CN(J x ORY),
ug =0 on Ci—o NR3,
where Ci—g = {x € R*: (0,z) € C}. Then the unique solution u € C(J,L*(RY))

of the linear initial boundary value problem (3.1) with inhomogeneity f, boundary
value g, and initial value ug vanishes on the cone C, i.e.,

u(t,z) =0 for almost all (t,z) € CN Q.

Proof. 1) Let ¢ > 0 and set K = C;'. We fix a function ¢ € C*(R3) with

— 2+ K(R— |z —20]) <h(x) < —e+ K(R — |z —x0|) forallz € R® (6.1)

VY| oo r3y < K, (6.2)
see step I) of the proof of Theorem 6.1 in [34]. We first assume that f belongs to
H(Q), g to El(JxaRi), and ug to Hl(Ri) and that (¢o, Ao, ..., As, D, B, f,g,uo)
fulfills the linear compatibility conditions of first order. Fix e > 0. We introduce
the cone

C. ={(t,x) e RxR3: |z — 29| < R — Cyt — Cye}.
The cones C;—o . are defined analogously. We set
O(t,x) = —t +(x)
for all (¢t,z) € R x R®. Note that ® belongs to C*(J x RY). We next want to
derive a weighted energy inequality for u. To that purpose, we define
ur=e"tu, fr=ef g, =e"00g  ug, =0y,

for all 7 > 0. Observe that there is a constant C' = C(7,¢) such that

3
eT‘I’(t,x) + Z ‘8jer<1>(t,a:)‘ < Ce—TK|x—wo|
§=0
for all (t,x) € [0,00) xR? and 7 > 0. We further observe that u belongs to G1 () by
Theorem 3.1. Consequently, we infer that u., is contained in G1(Q), f- in HY(Q), g-
in E1(J x OR3), and g, in H'(R3) for all 7 > 0. With this amount of regularity
we can compute

3 3
Agdyur + Y Ay + Dy = fr —7(Ag = 3 05045 )ur (6.3)
j=1

j=1
for all 7 > 0. These functions also satisfy u,(0) = ug . on Ri and Bu, = g, on
J x 8Ri for all 7 > 0.
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Moreover, Ag — Z:;:l 019 A; is uniformly positive semidefinite since

3 3
(A=Y 0wA)6.€) | = mlel® = D110, ooy |14l o ) €]
j=1 j=1

> n|€* —nKCol¢* =0

on Q for £ € R® where we used the definition of Cy = K. Identity (6.3) in
combination with this estimate then yields

I (Aour, UT>L2(R1) X L2(R%)

3
= <atA0uTvuT>L2(Ri)><L2(R3.) + 2<f‘f - ZlAjajuT - DUT’UT>L2(R§;)><L2(R1)
. j
B 2T< (AO B ;aijj)uT’uT>L2(R3 )X L2(R2)
3
< (OrAour, ur) L2 (r3 )xL2(RY) — 2Z<Ajaju7—7UT>L2(R§r)><L2(Ri)
j=1

= 2(Dur,ur) 2 @3 )x2(r2) + 2{fr, Ur) L2 (&3 ) xL2(R2)

for almost all ¢t € J and for all 7 > 0. Hence,

n||u7(t)||iz(R3) (Aotr, ur)p2(rs)x12(R2)
= (A0 (0)ur(0), ur(0)) L2(m3 ) x L2 (2 +/ O (Aouur, Ur) r2(r3 )< £2(R3 ) (5)ds

< [l Aollzo o o 172 g3 ) + (10: Aol () + 2I\D||Loo<m)/O ()72 g3 yds
_22/ 8 uT ) UT(5)>L2(R3+)><L2(]R1)dS

+2 / 1o ()2l ()] 2 s s (6.4)

for all t € J and 7 > 0. Since u, € G1(12), the symmetry of the matrices A; further
implies

1
(AjOjur, Ur)r2®3 )xL2(RS) = *§<ajAjUn Ur)L2(R3)x L2 (RY)) (6.5)

1
<A383uTaUT>L2(R3_)><L2(R3_) = _2<63A3u7'7u7'>L2(]R3 )X L2 (R3)

- % /a | lAa) (@) u)odr (66)

on J for j € {1,2} by integration by parts. We set

€1 = U(ZHA Iwse=iey + 2Dll=iey + 7).

7=0
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Inserting (6.5) and (6.6) into (6.4), we derive

77||Ur(f)\|%2(n§3)

t
< 0 Cillto e + 1l ey +1Cs [ lur o) ey
+ <tr(A3u-,—),truT>L2(pt)><L2(pt) (6.7)

for all t € J and 7 > 0, where we denote (0,¢) x R by I';. In order to estimate
the last term in (6.7), we recall that the boundary matrix A3 = A5° decomposes as

1 1
ASe = = COTBCO 7BCOT co
3 2C t3 ce,
see (3.2). Employing Bu, = g,, B = B®, and u € G1(f2), we thus infer

(tr(Asur), trur) 2, x22(r,) = (CCtrur, B trur) 2,y £2(r,) (6.8)
= (O trur, gr) 20 xL2ry) = (Ctru, gar) 12(0,)x L2(ry)
< |[Ctrull2ry)llg2rlle@,) < I trullzeellgerllzze,) < lullai@)llgerllzzer)

for all t € J and 7 > 0, where I" denotes J x 5‘R3_ as usual. We point out that
l|lul| 1 () is finite as u € G1(€2). Estimate (6.7) and (6.8) finally lead to

Hu‘r(t)HQL?(]Ri) < Cilluo 7

1
\%2(R1) + £ l720) + 5““”H1(Q)”927—”L2(F)

t
401 [ (9 ey s

for all t € J and 7 > 0 so that Gronwall’s lemma implies

1
o) + Ielacoy + o Tl @ lgar ey )"
(6.9)

sup [lur ()13 gty < (Cilluo.r
teJ +

for all 7 > 0.
I1I) To exploit the weighted energy estimate (6.9), we take (s,z) € (J x R3)\C,
ie., |x — x9| > R — Cps and hence

1
—8+K(R—|x—xo\)=—S+F(R—|x—m0|)§O.
0

It follows
€T<I>(s,:c) — e'r(—s+1/)(:c)) <eTE

for all 7 > 0. On the other hand, f(s,z) = 0 for almost all (s,z) € C, g(s,x) =0
for almost all (s,z) € CN (J x ORY), and ug(z) = 0 for almost all z € C,—o NRY.
We conclude that

|fr(s,z)] < |f(s,x)| forall 7 >0 and |f-(s,x2)]—0as7T— o0
for almost all (s,z) € J x R so that
[ f+llL2(@) — 0O
as 7 — 0o. Analogously, we deduce

1927 [lz>ry — 0 and  [Juor[|2ry) — 0
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as 7 — 00. By (6.9) the functions u, thus tend to 0 in Go(2) as 7 — oo, so that

Cy = sup HuT(t)HQLQ(Rg) < 0. (6.10)
teJ,7>0 +

Now take a point (¢,z) from Cs.. We then calculate
3e < K(R—|z—ao|) =t < —t+(x) +2e = ®(t,z) + 2¢,
e < O(t,x).

Estimate (6.10) now implies

/ lu(t, z)|Pdedt < 6_2”/ 2 D)y (¢, ) | dedt
C3:NQ C3.NQ2

< e % TTsup HuT(t)H?LQ(Rz) < CyTe T
teJ +
for all 7 > 0. Letting 7 — oo, we obtain |u(¢,z)| = 0 for almost all (¢,z) € Cs..
Finally, we take a sequence (e,), in (0,1) with ¢, — 0 as n — oo. Since
u(t,z) = 0 for almost all (¢,x) € Cs,, for all n € N, we conclude that

u(t,z) =0 for almost all (t,z) € U Cse,, =C.
neN

IV) Now let f, g, and ug be as in the assertion. We take a family of functions
(f2, 9=, u0,e) in H(Q) x Eq(J x OR%) x H'(R3) for 0 < & < 1 such that f. converges
to f in L*(Q), g- to g in Eo(J x ORY), and ug. to up in L*(R}) as e — 0
and the tuples (0, Ao, ..., As, D, B, f-,ge,u0,e) are compatible of order 1 for all
e € (0,1). Such a family can be constructed as explained at the beginning of step II)
of Lemma 5.1. Using a standard mollifier for the regularization as in step I) of the
proof of Theorem 4.13 in [34], we can construct this family in such a way that

supp fe C supp f + B(0,¢), suppg. C suppg + B(0,¢)
suppug,e € (suppuo U (supp g(0) x {0})) + B(0,¢)

for all € € (0,1).

Let £ € (0,1) and (s,y) € R x R? with (s,y) € C¢ + B(0,¢), where C¢ = R*\ C.
We then find (¢,2) € C¢ such that |(t,2) — (s,y)| < . Assume that (s,y) belongs
to C(2+c%)€' We then obtain

R <|x—ao|+ Cot < |z —yl+ Co(t—s)+ |y — xo| + Cos

1
§5+COE+R—CO(2+F)5:R—COE,
0

which is a contradiction. This means that C¢ + B(0,¢) C C(C2+C%J)e for all € > 0.
We thus arrive at
supp fe N Q2 C (suppf+B(0,s))QQQC(C;JFC%))EQQ
for all € > 0. Analogously, we derive that
supp g NI C (suppg + B(0,e)) NI C C&C%)E nr,
supp uo,. NRY C ((suppuo U (supp g(0) x {0})) + B(0,¢)) NRY
c Cf:o,(ucio)e NRI,
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for all ¢ > 0, where thzo,(2+cio)e = R3 \Ct:07(2+%0)6. Steps II) and III) now
show that the unique solution u. € C(J,L*(R%)) of (3.1) with inhomogeneity f.,
boundary value g., and initial value ug . vanishes on C(2+%)E, ie., u(t,z) =0 for

0

almost all (¢,2) € Cpy 1) for each € > 0.
0

Take a monotonically decreasing sequence (&), in (0,1) with &, — 0 as n — oo.
By Theorem 3.1 there is a constant C3 and a number v > 0 such that

Cs
Huan—U”éM(Q) < C3||u075n_uOH%Q(Ri)—I_C?)”gEn_g||2E0,7+7||f8n_fH%?Y(Q) — 0

as n — oo, in particular (u., ), tends to u in L?(Q) as n — oo. Consequently, there

is a subsequence, which we again denote by (u.,)n, which converges pointwise

almost everywhere to u. Since Cipy 1. C Coy 1y, for all m > n, we infer that
0 0

u(t, ) = 0 for almost all (t,x) € Cpy 1), forall n € N. Hence,
0
u(t,x) =0 for almost all (¢,z) € U C(2+%)En =C. 0
0
neN

We also formulate the finite propagation speed property using the forward light
cone, cf. [3]. This version shows that if the data is supported on a forward light
cone, then also the solution is supported on this cone.

Corollary 6.2. Let n > 0, Ay € Fs,(Q), A1, A2 € FgﬂoeH(Ri), Az = AS,
D € F5(Q2), and B = B®. We set

3
1
Co== Y ll4jll=)-
0=

Let R >0 and z € @ We define the forward cone KC by
K={(tz) eRxR3: |z —x0| < R+ Cpt}.
Let f € L*(2), g € L*(J, HY?(9RY)), and ug € L*(R3.) such that
f=0 on Q\ K,
g=0 on (J x OR3)\ K,
uy =0 on Ri \ Ki=o,
where Ki—o = {z € R3: (0,2) € K}. Then the unique solution u € C(J,L*(R%))

of the linear initial boundary value problem (3.1) with inhomogeneity f, boundary
value g, and initial value ug is supported in the cone IC, i.e.,

u(t,z) =0 for almost all (t,z) € Q\ K.
The assertion can be reduced to Theorem 6.1, see [34, Corollary 6.2] for details.

Remark 6.3. In the framework of Theorem 5.3 assume that the data vanish on a
backward light cone or outside of a forward light cone, see Theorem 6.1 respectively
Corollary 6.2 for the precise statement. Then also the solution of the nonlinear prob-
lem (1.6) vanishes on the backward respectively forward light cone. This assertion
follows from the simple observation that the solution u of (1.6) also solves the lin-
ear problem (1.8) respectively (3.1) with coefficients x(u) and o(u). Theorem 6.1
respectively Corollary 6.2 then yield the assertion.
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