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REGULARITY THEORY FOR NONAUTONOMOUS MAXWELL
EQUATIONS WITH PERFECTLY CONDUCTING BOUNDARY
CONDITIONS

MARTIN SPITZ

ABSTRACT. In this work we study linear Maxwell equations with time- and
space-dependent matrix-valued permittivity and permeability on domains with
a perfectly conducting boundary. This leads to an initial boundary value prob-
lem for a first order hyperbolic system with characteristic boundary. We prove
a priori estimates for solutions in H™. Moreover, we show the existence of a
unique H"™-solution if the coefficients and the data are accordingly regular and
satisfy certain compatibility conditions. Since the boundary is characteristic
for the Maxwell system, we have to exploit the divergence conditions in the
Maxwell equations in order to derive the energy-type H™-estimates. The com-
bination of these estimates with several regularization techniques then yields
the existence of solutions in H™.

1. INTRODUCTION AND MAIN RESULT

The Maxwell equations are the mathematical formulation of the theory of elec-
tromagnetism and therefore one of the most significant partial differential equations
in physics. In this paper we establish a detailed regularity theory in the case of
nonautonomous linear material laws and perfectly conducting boundary conditions.
Such results are known in the autonomous case, where e.g. semigroup methods can
be applied. For the nonautonomous problem one only has satisfactory results in
the full space case [8, 9] or for other (absorbing) boundary conditions [2, 12, 14].
The general theory of symmetric hyperbolic systems merely yields partial regular-
ity results [6, 12, 16]. In this article we obtain a full regularity theory using the
special structure of Maxwell’s equations. Based on these results, in the companion
paper [19] we develop a complete local wellposedness theory for quasilinear Maxwell
equations in H?, which so far was only known for the full space case, see [10].

In the presence of a linear heterogeneous anisotropic medium, the macroscopic
Maxwell equations in a domain G read

Oi(eE) =curlH — (cE + J), for x € G, t e (to,T),
O(pH) = —curl E, for x € G, te (to,T),
div(eE) = p, div(uH) =0, for x € G, t e (tg,T), (1.1)
Exv=0, (uH)-v=0, for x € 0G, te€ (tog,T),
E(ty) = Ey, H(ty) = Hoy, for x € G,
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for an initial time tq € R. Here E(t,z) € R and H(t,x) € R? denote the electric
respectively magnetic field. The conductivity o(t,r) € R**3 and current density
J(t,r) € R? are given. The charge density p(t,z) depends on the current and the
electric field via

p(t) = div(e(to) Ep) — /tt div(cE + J)(s)ds

for all t > to. We further assume that the permittivity e(¢,2) € R3*3 and perme-
ability u(t, ) € R3*3 are symmetric and uniformly positive definite on (to,7) x G.
In (1.1) we have equipped the Maxwell system with the boundary conditions of a
perfect conductor, where v denotes the outer normal unit vector of G. In order to
write the Maxwell equations (1.1) in the standard form of first order systems, we
introduce the matrices

0 0 O 0 0 1 0 -1 0
J=lo o =1], m=(0o o o], m=(1 0 o
01 0 -1 0 0 0 0 0
and
w_ [0 —Jj
(2 ) »
for j = 1,2,3. Note that 22:1 J;0; = curl. Setting
(e O _(Oee+0o 0O _(=d

and introducing v = (E, H) as new variable, we can write the evolutionary part of
the Maxwell equations (1.1) as

3
Agdru+ Y Ajdju+ Du = f. (1.4)
j=1

Under mild regularity conditions on the fields and the coefficients, e.g. eE, uH €
C([to,T), HY(G)) N C'([to, T), L*(G)) and div(cE + J) € L*((to,T),L*(RY)), a
solution u = (E, H) of (1.4) satisfies the divergence conditions in (1.1) if they hold
at the initial time ¢ = ¢(¢. Similarly, the second part of the boundary conditions, i.e.,
(uH)-v =00n (to,T)x 0G is true if Exv = 0on (tg,T) x G and (uH )(tg)-v =0
on 0G. We refer to [18, Lemma 7.25| for details. Defining the matrix

we can thus cast the Maxwell system (1.1) into the first order linear initial boundary
value problem

3
Agdru+ Y ASd;u+ Du = f, reG, te(t,T);

=1 (1.5)
Bu=g, x € 0G, te (to,T);

u(to) = uo, r e G,
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with additional conditions for the initial value. We also consider inhomogeneous
boundary conditions here. Besides being of mathematical interest, inhomogeneous
boundary conditions for the perfect conductor also have physical relevance, see [3].

The goal of this article is to prove a priori estimates for and the existence of
regular solutions of (1.5) provided that the coefficients and the data fulfill suitable
regularity and compatibility conditions, see (2.4) below. Our main Theorem 1.1
describes quite detailed how the constants in the a priori estimates depend on suit-
able norms of the coefficients. This precise information is crucial for the nonlinear
results in [19]. In view of the above observations our results for problem (1.5)
directly transfer to (1.1).

Problem (1.5) is a symmetric hyperbolic system with conservative boundary con-
ditions. Since the classical work of Friedrichs [5] and Lax-Phillips [11] on symmetric
hyperbolic boundary value problems with dissipative boundary conditions, a lot of
progress has been made. We refer to [1] and [4] for an overview of the state of the
art for hyperbolic systems.

For Lipschitz coefficients, it is known that the system (1.5) has a unique so-
lution in L?(J x G) if the data satisfy ug € L*(G), g € L*(J, H/?(dG)), and
f € L*(J x G), see |4]. Here we set J = (to,T). Moreover, one has the basic
L?-estimate (3.2) for the solutions. We start from this result and use a classical
strategy. A localization procedure transforms the problem to the half-space. In or-
der to derive a priori estimates for more regular solutions, one then differentiates in
tangential directions and applies the basic L2-estimate to these derivatives, as they
again solve an initial boundary value problem with known initial value, boundary
value, and inhomogeneity, see [15, 16, 17]. But this procedure does not work for the
derivative in normal direction since we cannot control its behavior at the boundary.
If the boundary matrix A(v) = 2?21 Ajv; is regular, one can express the normal
derivative of the solution via the equation by tangential derivatives of the solution
and lower order terms and thus obtains the desired full regularity. Even if A(v) is
singular (the characteristic case), one can recover normal from tangential regularity
under certain structural conditions on the problem, see e.g. [12, 13]. However, these
conditions fail for the Maxwell system (1.5) (which is characteristic as the bound-
ary matrix 2?21 ASCv; is singular) with perfectly conducting boundary conditions,
cf. [12]. Tt also seems that Kato’s approach from [8, 9] cannot be applied here. On
the other hand, for general symmetric hyperbolic systems a loss of derivatives in
normal direction may occur, see e.g. [6, 12].

In our paper we use the structure of Maxwell’s equations to prove the full regular-
ity of solutions of (1.5). We proceed as indicated above and focus on the half-space
problem on R} = {z € R®: z3 > 0}. The main difficulty is to control the deriva-
tive in normal direction dzu. Although the boundary matrix is not invertible, using
the equation we can bound four components of dsu by 01u, dyu, dyu, and f. The
key step is then to prove that the structure of the Maxwell operator allows us to
estimate the remaining two components. Here we exploit the divergence conditions
for the Maxwell operator, respectively for a generalized variable coefficient Maxwell
operator which arises due to the localization. By means of a Gronwall argument,
we can then control these two components.

Also in the regularization procedure the characteristic boundary poses several
challenges. It is no longer sufficient (as in the noncharacteristic case) to regularize
only in tangential directions. However, applying a mollifier in normal direction leads
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to a loss of derivatives across the boundary. We overcome this problem by study-
ing a family of spatially restricted problems. The regularity of the corresponding
solutions then implies the smoothness of the solution of the original problem. To
derive the regularity in tangential directions we apply classical techniques from [7].
Here we rely on the structure of the Maxwell operator which allows us to transform
the half-space problem to an equivalent one with A3 = A$° so that no commutator
terms between mollifier and Az appear. For the differentiability in time yet an-
other regularization technique is necessary as the a priori estimates do not allow
for a mollifier in time. Moreover, these three regularization steps have to be subtly
intertwined to retrieve the full regularity of the solution.

Already for the wellposedness in L? in [4] coefficients in W1°°(.J x G) (constant
outside of a compact set) are needed. To treat the initial boundary value problem
in higher regularity, we require the coefficients Ay and D to belong to

Fpi(J x G)={Ac Wh°(J x G)***: 9°A € L>=(J, L*(G))"** for all o € N§
with 1 < |a| < m},

IAll 7, (7xc) = max{|[Allwierxa), | Jnax 0% AllLe (s, 2(a)) }

where m € Ny, see Remark 1.2 below for the motivation of this particular space.
The smoothness of time evaluations of these coefficients will be measured in
F) (@) ={AeL>@G VxR 9% A € L2(G)F*F for all @ € N3 with 1 < |a| < m},

”A”FO @) = maX{HAHLec(G), ITlE‘Dé [0%All L2 G)}

By Fpky(J x G) we mean those functions A from F, x(J x G) with A(t,z)" =
A(t,x) > nforall (t,x) € J x G, by F? (J x @) those which are constant outside
of a compact subset of J x G, and by F k(< G) those which have a limit as
|(t, )| — oo. Finally, F;?, (JxG) and Fy, ;. (JxG) are defined as the intersection
of Fp in(J x G) with Fﬁlp (J x G) respectively Eg .(J x G). We only use the
parameters k = 1 and k£ = 6 in the following. As it will be clear from the context
which parameter we consider, we usually drop it from our notation.

The analysis in [4] requires that the boundary values g belong to L?(J,H'/?(0Q)).
In higher regularity we thus take g from the spaces

n(J x 0G) = ﬂ HI(J, H™ 271 (0@)),

9|l E,.7x0c) = omax 107 gll L2 (g pm 123 (9 -

We want to show that under suitable assumptions the solutions of (1.5) belong to
m(J x G) = ﬂ CI(J, H™ I (G)).
We equip these spaces with the famlly of time-weighted norms

vlla,, L(IxG) = ronax ”efvagvHLZ(JxG)

for all v > 0, where e_., denotes the exponential function ¢ — e~7*. Analogously,
any time-space norm indexed by v means the usual norm complemented by the
time weight e_,.
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As soon as we look for solutions in Gy, (J x G) (with data ug € H™(G), g €
E,(J x 0G), and f € H™(J x G)) with m > 1, we have to note that the time
evaluation of u still has a trace on 0G which equals the time evaluation of the trace
of u on OG. In the case m = 1, we thus obtain Bug = g(ty) as necessary condition
for the existence of a G,,(J x G)-solution. For m > 1 there are more of these
so called compatibility conditions which have to be satisfied. We discuss them in
detail in Section 2 below. We can now state our main result.

Theorem 1.1. Let n > 0, m € Ny, and m = max{m,3}. Fixr >ro > 0. Take a
domain G with compact C™2-boundary. Choose to € R, T' > 0 and T € (0,7T")
and set J = (to,to + T). Take coefficients Ao € Fy, ,(J x G) and D € Fg(J x G)
with

[AollFixey <75 1Dy axa) <1,

max{[|Ao(to)llro_ (a): | Jex 107 Ao (to) | gm—i-1 ()} < 7o,
max{||D(to)| FO_(G)s lgrjngan%(—l HagD(to)HHm—j—l(G)} <.

Choose data f € H™(J x G), g € En(J x 0G), and ug € H™(G) such that the
tuple (to, Ao, A5°, AS®, AS®, D, B, f, g,uo) fulfills the compatibility conditions (2.4)
of order m.
Then the linear initial boundary value problem (1.5) has a unique solution u in
Gm(J x G). Moreover, there is a number vy = Ym(n, 7, T') > 1 such that
m—1
2 (56 < (Cmo + TCR)E™ T (300 (t0) 156 + ]
§=0

[l

2
En ~(JX0G)

C
+lolime)) + 1 o)

for ally > ~p,, where C; = Ci(n,r,T") > 1 and C; o = C;0(n,10) > 1 fori € {1,m}.
Several remarks are in order.

Remark 1.2. (1) Since in the L?-result in [4] the coefficients belong to W1>°(Jx G),
one may ask why we use coefficients from F),,(J xG) and not from W™ (JxG).
The reason is that the space F,,,(J x G) occurs naturally if one applies the above
result to quasilinear problems, cf. [19].

In fact, in Theorem 1.1 and the other results in this article we could replace
F,,(J x G) by the space consisting of those W>(J x G)-functions whose
derivatives up to order m belong to L>°(J, L*(G)) + L>(J x G). Since the part
of the derivatives in L*°(J x G) is much easier to treat, we however concentrate
on F,,(J x G) here.

(2) The assumption that G has a compact boundary is not necessary. We can also
treat more general domains with a uniform C™*2-boundary satisfying some
extra properties. See [18, Chapter 5| for details.

(3) In [19] we also show the finite speed of propagation of solutions of (1.5).

The proof of Theorem 1.1 proceeds in several steps. In Section 2 we describe
the localization procedure which transforms (1.5) into a half-space problem. By
an additional transformation we manage to keep the matrix As = A$° unchanged,
which is a crucial ingredient in the regularization procedure. In this preliminary
section we further define the aforementioned compatibility conditions and provide
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crucial properties of the function spaces F,,,(J x G). We then start to derive a pri-
ori estimates in Section 3. Differentiating in tangential directions and applying the
basic L?-estimate, we obtain bounds for the tangential derivatives of the solution.
As explained above, the crucial step is to derive an a priori bound for the derivative
in normal direction via the properties of the Maxwell operator, which is done in
Proposition 3.3. An iteration argument then yields the a priori estimates of higher
order. In Section 4 we show that the solution of the initial boundary value problem
has the same level of regularity as the data and the coefficients, roughly speaking.
Analogous to the derivation of the a priori estimates, also the regularization pro-
cedure is more difficult than in the noncharacteristic case. We use three different
regularization techniques in normal, tangential, and time direction, which also have
to be subtly intertwined, see Lemma 4.1, Lemma 4.4, and Lemma 4.5. For several
arguments there we need more regular coefficients. However, approximating only
the coefficients violates the compatibility conditions. We therefore have to con-
struct smooth coefficients and data which approximate the original ones in suitable
spaces and which satisfy the compatibility conditions, see Lemma 4.8. Combining
these ingredients we finally obtain the claimed regularity of the solution.

Notation: By m we always mean a nonnegative integer. We further denote
the differential operator Ay0; + Z?:l A;0; + D by L(Ag,...,As, D). If it is clear
from the context which coefficients we consider, we often suppress the argument
and only write L for the differential operator. We also set 0y = 0;.

We further fix a number 7" > to and take T' € (to,T’]. We set J = (t9,T") and
Q = J x R%. Due to the translation invariance of (1.5), we often assume without
loss of generality to = 0.

2. COMPATIBILITY CONDITIONS, FUNCTION SPACES, AND LOCALIZATION

In this section we denote by G' a domain with a compact C™+2-boundary or the
half-space. With F,,,(J x G) and F? (GQ) respectively G,,(J x G) we have identified
the function spaces for the coefficients and the solution of (1.5). In view of the
strategy described in the introduction, it is clear that we will need corresponding
bilinear estimates for functions from these spaces. Also the spaces G, (J x G),
consisting of those functions v with 9% € L*(J,L%*(G)) for all a € N§ with
0 < |a] < m, will be useful for the fixed point argument of the nonlinear problem,
cf. [19].

Lemma 2.1. Take mi,my € N with my > ms and my > 2 and a parameter v > 0.
(1) Let k € {0,...,m1}, f € G, —x(J x @), and g € Gi(J x G). Then fg €
Go(J x G) and
1f9llGo1xc) < Cllfll., —vxayllgllay ,(rxc)-
(2) Let f € G, (J x G) and g € Gy, (J x G). Then fg € Gp,(J x G) and
1f9llcm, ~(1xc) < Cmindl|flla,, 1xa)llgllcn., ,(7xc);
£l ~xey 9l G, (1)}

The result remains true if we ~7“eplace éml(J x G) by Fr,(J x G) and if we
replace both G, (J x G) and G, (J X G) by Fi, (J x G) and Fp, (J x G).
(3) Let k€ {0,...,m1}, f € H™ *(Q), and g € H*(G). Then fg € L*(G) and

1£9llz2) < Clfllmmi-+(e)llgll -
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(4) Let f € H™(G) and g € H™2(G). Then fg € H™(G) and
1£gllmma(ay < Cllflam )9l (6)-

The result remains true if we replace H™ (G) by Fp, (G).
The assertions in (1) and (2) remain true if we remove the tildes there.

The proof relies on a term by term analysis of the derivatives of the products
combined with an appropriate application of the Sobolev embedding theorem and
Hélder’s inequality, see [18, Lemma 2.22].

For the regularity results in Section 4 we have to apply techniques which only
work for smooth coefficients. We then need an approximating sequence for coeffi-
cients in F,,,(Q2) with properties strong enough to transfer regularity.

Lemma 2.2. Let m € N. Choose A € F,,(2). Then there exists a family {A:}eso

in C°°(Q) with

(1) 0°A. € F,(Q) for all « € N§ and & > 0,

(2) [|Acllwr~@) < CllAllwroe) and [[0%AclLe(rr2@ms)) < ClAllF, @) for all
multiindices 1 < |a| <m and e > 0,

(8) Ac = A in L>®(Q) ase — 0, and

(4) A-(0) — A(0) in L>(R3) and 0*A and 0> A. have a representative in the space
C(J,L*(RY)) with 9*A-(0) — 0*A(0) in L*(R3) ase — 0 for all o € N with
0<|a]<m-—1.

If A is independent of time, the same is true for A. for all e > 0. If A additionally

belongs to FP(2), F5 (), Fuy(Q) for a number n > 0, or the intersection of two

of these spaces, then the same is true for A for all € > 0.

The proof again follows standard ideas, see [18, Lemma 2.21] for details.

As indicated in the introduction, we will reduce (1.5) via localization to a half-
space problem with variable coefficients below. In order to discuss the compatibility
conditions in a unified framework, we thus consider (1.5) with variable coefficients
Ay, Ag, As € Fp,(J X G) independent of time for a moment. We further fix a positive
definite coefficient Ay € F,,,(J x G), as well as D € F,,(J x G), B € WmTLe(q)
and data f € H™(J x G), g € En(J x 0G), and ug € H™(G). If (1.5) has a
solution w which belongs to G,,,(J x G), then we can differentiate the differential
equation in (1.5) by Lemma 2.1 up to m — 1-times in time to obtain that

3fu(t) = SG,m,p(ta A07 A17 A27 AB? Da fv u(t))7 (21)

forallt € J and p € {0,...,m}, where S mp = Sc.mp(to, Ao, A1, Aa, A3, D, f,ug)
is defined by

Sa,m,0 = Uo,

3 p—1
_ 1
SGmp = Aolto) " (5f fto) =Y Aj0iSamp-1 — Y (p ! )aﬁAO(tO)SGlm’pl
j=1 =1

p—1 1
- Z (p l )aiD(tU)SG,m,pll) (2‘2)
=0

for 1 < p < m. On the other hand, differentiating the boundary condition in (1.5)
up to m — 1-times in time and inserting any ¢ € J, we derive

BoPu(t) = dg(t) (2.3)
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on JG for all 0 < p < m —1 and ¢t € J. Combining (2.1) with (2.3) in t = ¢o, we
obtain the compatibility conditions of order m

BSG mp(to, Ao, ..., A3, D, f,ug) = 07 g(ty) ondG for 0<p<m—1 (2.4)

for the coefficients and data. These conditions are thus necessary for the existence
of a solution in G,,(J x G). We will show in Section 4 that they are also sufficient.
If it is clear from the context which domain G we consider, we will often suppress
it in the notation.

The operators Sg,mp for 0 < p < m appear frequently in the following and
corresponding estimates are indispensable.

Lemma 2.3. Take n > 0, m € N, and set m := max{m,3}. Pick rqg > 0. Choose
Ap € Fyp(J X G), Ay, Ag, Az € F5(Q) independent of time, and D € Fg(J x G)
with

[Ai(to)llFo_ (@) <7ros [[D(to)llre_ (@) < Tos

| 107 Ao(to) || rm-1-3(a) < 7o, | max 10! D(to)ll grm-1-3(c) < 7o
for alli € {0,...,3}. Take f € H™(J x G) and ug € H™(G). Then the function
Scmp(to, Ao, ..., A3, D, f,ug) is contained in H™ P(G) for all p € {0,...,m}.
Moreover, there exist constants Cy, , = Chy p(0,70) > 0 such that

p—1

1SG,m,pllrm-r(c) < Cm,p(Z 187 £ (to) |l srm—1-4(c) + Hu0||Hm(G))
=0

for0<p<m.

For the proof one applies Lemma 2.1 to the terms appearing in (2.2), see [18,
Lemma 2.33| for details.

Via localization, we reduce the initial boundary value problem (1.5) on general
domains G to the corresponding problem on the half-space. While this procedure
simplifies the underlying domain, we no longer deal with the curl operators but more
general variable coefficient linear first order differential operators on the half-space.
However, this operator still has a structural similarity with the curl operator. Since
this structure is utterly important in the following, we want at least to indicate how
the half-space problem arises from the local charts.

To that purpose, assume that we have chosen a finite covering (U;);en of 0G with
corresponding charts ¢;, which are C™*2-diffeomorphisms from U; to subsets V; of
B(0,1). Denoting the composition with ¢ ! by ®;, we consider on the half-space
the differential operator

3
Liv = (A0, + Y A°0; + D)@ v

j=1

3
=&, (Aoatv o + Z A5°0(vo i)+ Dvo %)
j=1
3 3
ZA;O(I);lal'U anDi,l> + (I)ZD’U
=11=1

=P®;Ag v + (I)i( ‘

J
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3 3
=®;A0:v + Z (Z A§°<I>i8j<pi,l)6lv + ®;D v, (2.5)

=1 j=1

for v € L?(V;), where ¢, ; denotes the I-th component of ¢; for all i € N. Extending
the coefficients of L’ from the bounded set V; to Ri_ appropriately, we obtain
coefficients A € FyP (Q) and D' € FP(Q) if Ag and D belong to FiP (J x G)
respectively FP(J x G). Moreover, the other coefficients A%, A%, and A} are

contained in

FP et(RY) = {A € FP(Q): 3, p2, ps € Fryp1 () independent of time,

3
constant outside of a compact set such that A = Z ASps}
j=1
In fact, they even belong to W™ +12(R% ) as G has a C™*2-boundary. Exploiting
this amount of regularity makes the spatial coefficients easier to treat. However,
in order to streamline the assumptions in the results below, we treat them in the
larger space F,7 . ¢ (R%).

Since the matrix B is of rank 2, we eliminate one row of the boundary condition
in the localization procedure. The boundary condition is then given by a 2 x 6
matrix B’. On the right-hand sides we obtain localized data f?, ¢*, and u}. We
note that the localized coefficients and data can be estimated by their original
counterparts in the corresponding norms with a constant only depending on the
shape of 0G.

Choosing the covering of OG fine enough, there exist numbers 7 > 0 and k(i) €
{1,2,3} such that |u5 ;)| > 7 on RY for all i € N, see Lemma 5.1 in [18]. Here we
denote by /‘é, ; the coefficients for which Al = 2321 A;oug ;- This property allows
us to transform for every i € N the initial boundary value problem on the half-space
into the form

3
Aé@tv+ZAgajv+Div:fi7 xeRi, teJ;
= o (2.6)
Bv =g, redRd, telJ;
v(0) = T, z € R3;

with coefficients A} € FP, (), Ai, A} € EY coet(RY), AL = A, and B = B,
where B is a constant 2 X 6 matrix of rank 2. (The actual form of B depends on
k(i). E.g., in the case k(i) = 3 we have B = (e, —e1)T, where e; and ey are the
correspondent unit vectors of R®.) For the transformed data we have f' € H m(Q)S,
" € En(J x ORY)?, and 4 € H™(R})® for all i € Nif f € H™(J x G)S,
g € En(J x 0G)3, and ug € H™(G)®. The localized and transformed data can be
estimated by its original counterparts in the corresponding norms with a constant
depending on suitable norms of the coefficients and the shape of 9G. The transform
is given by
3
AL =GTAIG;, D'=GTD'G;—)» GlAiG9;G;'G;, B'=B'G;,
j=1
=6l g=g. a=0G7"u,
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for j € {0,...,3}, where
. 1 0
. . 1 1,3
G; = (GOZ G‘O> , and Gj=——= (0 1 13
! p33 \0O 0 pjy

in the case k(i) = 3 and pb 5 > 7 on R3. In the other cases the matrix G, has
to be adapted accordingly. A function u’ then solves the untransformed problem
if and only if @' = G;lui solves the transformed one. Here we employ that the
coefficients A; belong to W™+1->(R3) for j € {1,2,3} in order to conclude that it
is enough to study the transformed problem on the half-space in the following. We
refer to [18, Theorem 5.6 IV)] for the details of the localization procedure and the
subsequent transform.

Finally, we point out that there is a constant 2 x 6 matrix C'°® such that A5° =
1/2(C°T B + BT (). We further note that A$® has exactly two positive and
two negative eigenvalues counted with multiplicities.

Remark 2.4. (1) For the localization procedure we also have to treat the part Uy
of G which is not contained in the cover of dG. On Uy a similar but simpler
procedure as described above leads to a full space problem for the localized
solution. The results in Sections 3 and 4 are also true on the full space and follow
by the same strategy, which is much easier in that case. See [18, Theorem 5.3]
for a more detailed discussion.

(2) The proof that Theorem 1.1 indeed follows from the corresponding result for
problem (2.6) is very technical but follows from standard ideas, see [18, Theo-
rem 5.6] once again.

3. A PRIORI ESTIMATES

In the previous section we have reduced (3.1) to the initial boundary value prob-
lem

3
Apdpu+ Y " A;dju+ Du = f, reR3, telJ;
=t (3.1)
Bu=g, rzedR3, teJ;
u(0) = uo, z € RY;

on the half-space with A3 = A$®> and B = B. In this section we derive a priori
estimates for G,,(€)-solutions of (3.1). We note that L(Ag,...As,D)u = f €
L?(Q) implies that the divergence of ((Aou)g, ..., (Asu);) belongs to L?(Q) for
1<k<6, Ay,...,A3 € WE°(Q), and u € L?(Q). Therefore, this vector has a
normal trace ((Agu)k, ..., (Asu)x) - v in H1/2(99Q), where v denotes the normal
outer unit of Q. On J x R this product coincides with —(Asu)g, which allows
us to define a trace for Asu. One can find a constant matrix M°° such that B =
M A5° so that we obtain a trace operator Tr for the function Bu. We refer to
Section 2.1 in [18] for the details of this construction. By a (weak) solution of (3.1)
we mean a function u € C(J, L*(R3)) with L(Ao,...,As,D)u = f in the weak
sense, Tr(Bu) = g on J x OR?, and u(0) = uo.

We first state the fundamental a priori estimate on L2-level which was shown in
Proposition 5.1 in [4]. The dependancies of the constants follow from the proof of
this result in [4].
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Lemma 3.1. Let 7> 0 and r > ro > 0. Take Ag € F55(Q), A1, Az € Fh  5(RY)
with [|Ai|lw1.@) < r and ||A;(0 )||LOO(R3) < 1o for all i € {0,1,2}, and A3 =
AS°. Let D € L*(Q) with ||D|p~@) < r and B = B®. Let f € L*(9Q),
g € L2(J,HY?(0R3)), and uo € L?*(R%). Then (3.1) has a unique solution u
in C(J, L*(R3)), and there exists a number vo = vo(n,7) > 1 such that

~t 2 2
sup e u(t) ey, + Ml 0

1
< Co,o||U0H%2(R3+) + CO,OHQ”%%(J’HI/Z(QRi)) + Co;”f“?Lg(Q) (3.2)

for all v > ~o, where Co = Co(n,r) and Co o = Co,0(n,70).

We now start to derive the desired a priori estimates. In a first step, we give
estimates for the tangential derivatives of a solution. The proof is classical but since
we are interested in the particular structure of the constants, cf. the introduction,
we provide the details.

We introduce the space H™(£2) which consists of those functions v € L?(£2) with
0% € L*(Q) for all @ € N with |a| < m and a3 = 0. We equip this space with its
natural norm.

Lemma 3.2. Let n > 0 and r > rg > 0. Pick m € N and set m = max{m, 3}.
Take A € F5(Q), A1, Az € FP 5(R 3), A3 = A, D € F?(Q), and B = B®
with

[|Ai]

max{

Fa@ <7 D]

i(0)|

max (| D(0)]ry_zs)»,_max_ [0 D(O)la-1-s3)} < 1o,

Fa(@) ST,

FY,_y (RY)r ) MAX Ha ' Ao(0 )”H’"”*l*j(Ri)} < o,

for all i € {0,1,2}. Choose f € H{Z(Y), g € En(J x ORY), and ug € H™(R3).
Assume that the solution u of (3.1) belongs to G, (). Then there exists vm =
Ym(n,m) > 1 such that

Z ||aau||2coﬁ(sz)+’7||u||§1ggﬁ(n) (3.3)
o] <m
043:0
m—1
< Cono( SN0 O usy + 19l rxoms + Iol3imes )
7=0
s

5 (”.f”H"’ @ T HU”%;MW(Q)),
for all v > ~o, where Cp, = Cry(n, 7, T"), and Cry o = Crno(n, 70).

Proof. Let a € N§ with |a] < m and ag = 0. It is straightforward to show that
0“u solves the initial boundary value problem

L(Ao,...,A3,D)v=f,, z€R3, teJ;
Bv=0%, =z¢€ 3R§_, teJ; (3.4)

v(0) =uga, xE€ Ri,



12 MARTIN SPITZ

where

2
fa=0"F=> Y (g) 0°A;0° Pou— > (g) 9P DO,

7=00< 8L 0<p<
U0, = aau(o) = 8(0’(11’&2’0) S]Ri,m,ozg (O, A07 cee ,A37 Da f, UO),

and where we employed that A3 = A§° and B = B, see Section 3.1 in [18] for
details. We note that f, is an element of H™~1*/(Q) with
1 fallzz @) < ez o) + Cr, T |ulle,. ) (3.5)

ta,y

by Lemma 3.4 of [18], which uses Lemma 2.1 above. Lemma 2.3 further yields that
o, belongs to H™~12I(R%) and

m—1
l[uo,allprm-1aiws ) < C2.3;m,|a|( Z ||aff(O)HHm*1*’°(Ri) + HUOHHm(Ri)), (3.6)
k=0

where C 3. o] = C2.3;m,|a|(7,70) is the constant from Lemma 2.3.
Since 9%u solves the initial boundary value problem (3.4), we can apply esti-
mate (3.2) to 9%u and then insert estimates (3.5) and (3.6) to deduce

l0°ulZ, (@) +M0%ulZ: o)

< Coyp

o 1
|u0,04||i2(Ri) + Co,oll0 9||%g(J,H1/2(aR1)) +CO;Hfa||%3(Q)
m—1
~ k 2 2 ~ 2
< Cm,O( kZO 108 f OVl Egm—1—# g3y + HUOHHm(Ri)) + Cmollglls, . (rxors )

~ 1
+ O (Il o) + 17, )

for all v > ~9. Here v(n,7) = 73.1,0(n,7) is the corresponding number from
Lemma 3.1 and Cm,O = ém,o(ﬂ,ro) and C,, = C’m(n,r, T") denote constants with
the described dependancies. Summing over all multiindices a € N§ with az = 0
and |a| < m, we thus obtain the assertion. O

The above procedure only works in tangential directions because differentiation
in the normal direction does not preserve the boundary condition. Since the bound-
ary matrix As is not invertible, we neither obtain the normal derivative from the
equation itself. Instead, we will use the structure of the Maxwell equations to get
an estimate for the normal derivative. We consider the initial value problem

{L(AO,...,Ag,,D)u:f, zeR3, teJ;

u(0) = wo, z e R3. 3.7)

We define a solution of (3.7) to be a function v € C(J, L*(R3.)) with u(0) = ug in

L*(R%) and Lu = f in H~'(). In the iteration and regularization process it will

be important that we do not impose a boundary condition in (3.7) and the next
result.

For the formulation of Proposition 3.3 below we also need the following notion.

Take Ay, Ag, A3 € Fh, .q(R%). The definition of this space then implies that there
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are functions py; € Fp) (Q) such that

A; _ZAl w; forall j € {1,2,3}. (3.8)

(’6 2) , (3.9)

t;)i5, and we define

We set

=
I

where 1 denotes the 3 x 3-matrix

—

3 3
Div(Ay, Ay, A3)h (Z iTVh) kk,Z(ﬁTVh)(k+3)k) (3.10)
k=1 k=1
for all h € L*(RY).

The next proposition is the key step in the derivation of the regularity theory
for (1.5). It tells us that the derivative in normal direction can be controlled by the
ones in tangential directions and the data although the problem is characteristic.
In the complement of the kernel of AS° we can control Jsu via the equation. For the
remaining components we exploit that the (generalized) divergence Div(A;, Az, A3)
of the (generalized) Maxwell operator Z?:1 A;0ju only contains first order deriva-
tives of u. This cancellation property of the Maxwell system then allows us to apply
a Gronwall argument.

We point out that we do not assume that u belongs to G1(€2). For the derivative
in normal direction it is enough to demand that it belongs to L>°(J, L?(R3.)). While
the gain of regularity which is thus contained in Proposition 3.3 is just a byproduct
of the proof here, the reduced regularity assumption is utterly important for the
regularization procedure in Section 4. Similarly, estimate (3.13) with its less regular
right-hand side is a significant tool in Section 4.

Proposition 3.3. Let 7" > 0,1 >0, v > 1, and r > ro > 0. Take Ay € 3 (Q),
Al,AQ € FOCIt):oeff( i), A3 = Ago’ and D € FOCP(Q) with

[Aillwreo@) <7, [ Dlwres) <,

[ A4:(0 )||L°<>(]R y < To, HD(O)||L°°(R§r) <79
for all i € {0,1,2}. Choose f € Go()) with Div(Ay, Az, A3)f € L*(Q) and uo €
HY(RY). Let u solve (3.7) with initial value uy and inhomogeneity f. Assume that

u e CHJ,L*(RY)) N C(J, HL(RY)) N L>(J, HY(RY)). Then u belongs to G1(9)
and there are constants C1 o = C10(n,70) > 1 and Cy = C1(n,7,T") > 1 such that

2
IVl @y < €@ ((Cro+ TC( S 1050l o + 1715, o0 + 0 s )
=0
Ciys
+ 71” DIV(ALAQ»AS)f”%Q/(Q))' (3.11)

If f additionally belongs to H*(S)), we get
2

IVl2, @) < e ((Cro+TC) (D10l ) + 1FO) 22, + luoll3as))
=0

Cl 2
2 o) (3.12)
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Finally, if f merely belongs to L*() with Div(Ay, Aa, A3) f € L*(2), we still have

2
HVUH%g(Q) < eclT((Cl,O + TCl)(Z ||8ju||2L3(Q) + ||f\|%3(9) + H’UJOH%{l(Ri))
j=0

C .
+HIDIV(AL A2, A3) 1 ). (3.13)
Proof. For the assertion of the lemma it is enough to show that dsu belongs to

C(J,L*(R%)) and that inequalities (3.11) to (3.13) hold.
By the definition of the space Fyh,.q(R3) there are functions uj; € Fgh ()

,coeff
for I,j € {1,2,3} which satisfy (3.8) and are bounded by C(r) in Fy 1(2). Since
Az = A5, we have p13 = po3 = 0 and us3 = 1. Moreover,
co 0 _J .
Al = <Jl 0 l) with Jl;mn = —Elmn (314)

for all I, m,n € {1,2,3}, where €,,,,, denotes the Levi-Civita symbol, i.e.,

1 if (i,4,k) € {(1,2,3),(2,3,1),(3,1,2)},
gijk =4 —1 if (4,7,k) € {(3,2,1),(2,1,3),(1,3,2)},

0 else.

We use the matrix i from (3.9). Since the coefficients are Lipschitz, we can take
the weak time derivative of i7 AgVu componentwise to obtain

(i AgVu) = a0, AgVu + it Agd,Vu

— 370, AgVu + ﬂTon(Agl (f - jz:Ajaju - Du))

3
= {70 A0V + T AV AT (f = 7 A;05u — Du)
j=1
2 3
+ ATV ="y VA;0u— i"VDu - f"DVu— iT Y A;Vo;u (3.15)
j=1 j=1

in L>°(J, H~*(R%)), also employing (3.7) and that
6
(VAT OR) = 3 O A i
=1

and analogously for A; with j € {1,2,3} and D. We abbreviate

3
A= T AgVu + i AV AT (f = 3 Ajdu — Du)
j=1

2
+ A"V ="y VA0 — [iTVDu— " DVu (3.16)

Jj=1
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and note that this sum only contains first order spatial derivatives of u. We further
compute

3 3 3 6
> (/1 > A0, u) = > Z ik A OO up
k=1 7j=1 7,k=11,p=1
3 6 6
Z Z T ARl Ok Oy = Z D ik A5 Ok,
k,n=11[,p=1 7,k,l,n=1p=1

using that f;, = 0 for all (I, k) € {4,5,6} x {1,2,3}. Formula (3.14) thus leads to
g ILL 9 ) b ) b

3

3 3
Z (/lT ZAjvaju) e Z EntphiktniOkOjtp13. (3.17)

k=1 j=1 " dkln,p=1

Interchanging the indices | and n as well as k and j, we arrive at

3 3
~T
Z(M ZAjvaju)kk = Z Elnphng Hik0jOrUpy3
k=1 Jj=1 7,k,l,n,p=1
3
= — Z enlpulkunjakajuerg. (3.18)
J.k,ln,p=1

Equations (3.17) and (3.18) thus yield

i (" i A;V0u) =0, (3.19)

k=1 j=1
Analogously, we derive
3 3
;;1 (" ; 4,9 0;u) —— (3.20)

In view of (3.16), equation (3.15) now implies that

3 3
Z O (i" AgVu) e = Z Apg.
k=1

k=1

An integration in H~'(R%) from 0 to ¢ then leads to the identity

3 3 3 t
Z m onu kk = Z i onu)kk(O) + Z/ Akk(s)ds
k=1 k=1 k=170

for all ¢+ € J. The integrand on the right-hand side is also integrable with values
in L*(R%), implying that the integral exists in L?(R%) and the equality holds in
L*(R%) for all t € J. Starting from (3.20), we obtain in the same way that

3 3
Z i" Ao V) 13k (t Z i" Ao V) (1 4.3)% (0 +Z/ (k4+3)k (8)ds
k=1 k=1
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in L?(R}) for all t € J. We denote the k-th row respectively the k-th column of a
matrix N by Nj. respectively N.; and we set

2
Fr(t) = Z( T AoVu)ii( +Z/ Axr(s Z (" Ao) - Oul(t), (3.21)
k=1

k=1
2

= Z (" Ao V) 1ot3)k +Z/ Akt3)r(s)ds — Z fi" Ao) (43 Oru(t)
k= k=1

for all t € J. Moreover, we define

2
(Fi,...,Fe)" = f =Y _ A;0ju— Du. (3.22)

Jj=0

The function F = (Fy,...,Fs)” then belongs to C(J,L*(R%)). Introducing the
matrix

As
fi=[ (AT Ao)s. | € Fo(2)®*C,
(i Ag)e.
we obtain
fidsu = F. (3.23)
We multiply £ with the matrix
1 0 0 0 0 0 0 O
0 -1 0 0 0 0 0 O
0 0 1 0 0 0 0 O
0 0 0 -1 0 0 0 O
G = 0 0 0 0 1 00 0f (3.24)
0 0 0 0 0 1 0 0
—id Aogs i3 Aoua O fdAoge —fdAgsr 0 1 0
—fgAous g Aoy 0 G Aoue —Ag Ao 0 0 1

where summation over the index I (from 1 to 6) is implicitly assumed. It follows

00 0 01 0

00 0 10 O

00 0 00 O

. 101 0 00 O

GiA=110 0 00 o

00 0 OO0 O
0 0 Q33 0 0 Q36
0 0 Qg3 0 0 (67315

with the numbers
3 6
= Z le{lAO;l(jJrnfia)Mj?) = fiy. Aofin = Aoskn
j=11=1

for all k,n € {3,6}. We conclude that

Q33 (36 Ao.zz Aoz
= ; i > . 3.25
<063 a66> (AO;GS A0;66> =1 (3:25)
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Hence, it has an inverse g satisfying
18] L= () < C(n).

Introducing the matrix

Isxs 0O
o= (e ) 520
we compute
00 0010
00 010 O0
00 0 00O
=1 o 0 00 ol =0 (3.27)
00 0 0 0O
00 1 00O
00 0 0 01

Using also (3.8) and (3.9), we see that
1G2G1llLe () < C(n)(1 + co)

with the constant

.....

Equation (3.23) and (3.27) yield
Mdsu = GG, F. (3.28)

Since the matrices G; belong to C(J, L>(R})) and F is contained in C(J, L?(R3)),
we infer that dsu is contained in C(J, L?(R3)) and

[0su()l|r2(rs) < C)(L+ o) [F()llz2my) (3.29)
for all t € J. To estimate HF(t)HLa(R:jr) we first note that
PO ) < NP B @2 ay + 1 Fr Fo)T (0l (3.30)

2
<Oz + co 3 105 z2s ) + colla®)l sy + | (Fro BT ()l agas
§=0

for all ¢ € J. Applying Minkowski’s inequality, we further deduce
2

”(F?aFS)T(t)”L?(Ri) < Cro)lluollm wy) + co Z [0k u(®)]| 22 (rs )
k=1

t
+ 0(7777”)/0 (HVU(S)HL?(R?;_) + ||U(5)HL2(R1) + || Div f(S)HL?(]Ri) + ||f(5)||L2(R1))dS

for all t € J, where we abbreviate Div(A;, Aa, A3) by Div. This estimate, (3.29),
and (3.30), lead to the inequality
V()] L2 rs) (3.31)
2

< OO+ o) (10l + o D 10su(B)zqeey + collu(®) o e
j=0
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t
+ C(ro)lluoll g e + C(nﬂ“)/o (IVu(s)li2s) + l[w(s)l 2y

1 Div () ey + ()| zqa))ds)
for all t € J. Let v > 1. Using Holder’s inequality, we infer

IVu®)||z2@s) < C)(1 +co)(1 +TC(n,7)) (e’YtHf”Go,’y(Q) + o™ |Jull g, (@)

2
+eoe™ > [0jullg, @) + C(T0)||UO|IH1(R3+))
§=0

1 , !
# 0 (I Sz + [ 1906 sy ds)

t
—g(t) + C(n,r)/ IV u(s)l 2 s ds
0
for all t € J. Since the function ¢ increases in t, Gronwall’s inequality yields

[Vullg,., @) < (C(fia ro) (14 co)*(1+ TC(%’"))(HfHGo,W(Q) +[Jullg, . @)

2
1
+ D 105ullay (@) + ol es) ) + Cnr)—=

DlVf L2(Q )eC(n,r)T.
2 3 \ﬁ” L2 @)

(3.32)
Employing that d;Ag belongs to L>(), we further obtain
[ Aol Lo () < 1A0(0) | Lo r2 ) + Tl Aollw.o (@) < 7o + T

We argue analogously for the other coefficients, which yields ¢y < ro + 1'r.
To conclude (3.11), we write u as

u(t) = u(0) + /0 Dyu(s)ds

in L?(R%) using that u belongs to C*(J, L?(R%)). Minkowski’s and Holder’s in-
equality then imply

1
el ) < QHUOH%Z(M) + ;THatUH%:M(Q)- (3.33)

Plugging this inequality into (3.32), assertion (3.11) follows. If f additionally be-
longs to H'(£2), we argue as in (3.33) for the function f to derive (3.12).

Now assume that f only belongs to L?(Q) with Divf € L?(Q). Then esti-
mate (3.31) is still valid for almost all ¢t € J. We square (3.31), multiply with the
exponential e_,-, and integrate from 0 to ¢. Applying Gronwall’s inequality to the

function ¢ — fg 6*27S||Vu(s)||iz(Ri)ds, we deduce (3.13) in the same way as we

obtained (3.11). O

Combining the a priori estimates in tangential and normal direction with an
iteration argument, we obtain our first main result. It provides the desired a priori
estimates of arbitrary order.
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Theorem 3.4. Let T > 0, n > 0, and r > rg > 0. Pick T € (0,7'] and set
J = (0,T). Let m € N and m = max{m,3}. Choose Ay € F5’ (), A1, A2 €
FP  (R3), Ay = AP, D € F*(Q), and B = B with

m,coeff

||D||Fn~q,(9) <,
iO)llrs,_,3)s 3 HagAO(O)”H’?"—J'—l(Ri)}STO:

max{|[D(0)| rg

Fp L (RY )’1< ”a D( )”H"hfjfl(Ri)} <o

for alli € {0,...,2}. Let f € H™(Q), g € Eyn(J x ORY), and ug € H™(R3).
Assume that the solution u of (3.1) belongs to G,,(2). Then there is a number
Ym = Ym(n, 7, T") > 1 such that

m—1

mC T
ngﬁ(g) < (Cmo+TCp)em? ( Z 167 £( O) [ Frm—1- iry) T ||9||Em A (IxORY)

|

Cn
+ ||u0||§1m(R§r)> + %Hf”?q;n(ﬂ)

for all v > ~p,, where Cp, = Cpy(n, 7, T") > 1, Co = Cro(n,m0) > 1, and
Cy = Ci(n,r,T') is a constant independent of m.

Proof. We prove the assertion by induction with respect to m. To this purpose we
observe that combining Lemma 3.1, Lemma 3.2, and Proposition 3.3, and choosing
v1 = y1(n,r, T") large enough, we obtain the assertion for m = 1. Next assume that
m > 2 and that the assertion has been shown for m — 1.

We now take u, data, and coefficients as in the statement. Let p € {0,1,2}. As
in (3.4) we deduce that Jpu solves (3.1) with differential operator L(Ay,..., As, D),
inhomogeneity f; ,, boundary value 0,¢, and initial value 9,uo, where

2
frp=0pf =Y OpAidiu— 9,Du, (3.34)
i=0
(90U0 = Sm71(0, Ao, N ,Ag, D, f, ’u,o).

Note that fi, belongs to H™~1(€) by Lemma 2.1. Since 4g € Fr,(Q), A, Az €
FY et(RY), D € FP(Q), f € H™(Q), and ug € H™(RY.), Lemma 2.3 yields that

S0, Ag, ..., A3, D, f,up) is contained in H™(R?). The induction hypothesis
therefore gives

m—2

||8puH2Gm71W(Q) S (Cm—l,O +Tcm 1 (m ! Cl (Z ||ajf17p ||Hm 2— J(R3

Cm

1
1001, xomsy + 10pt0lsiag)) + 2 W asliaqy  (335)

for all v > 7,,—1. We next estimate the terms appearing on the right-hand side
of (3.35). To that purpose, let j € {0,...,m —2}. We observe that
. J j
8?(8,9140&11) (0) = Z (l>8£6pAO(O)Sm,j+1l(07 AQ, ce 7143, D, f, UO).

=0
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Since the function 9/9,A0(0) belongs to H™'=2(R3) and S,, j+1-; is contained
in H™~9H"1(R3) by Lemma 2.3, Lemma 2.1 (3) in the case j = m — 2 and
Lemma 2.1 (4) in the case j < m — 2 show

11010, A0(0) S j+1-1(0, Ao, ..., A3, D, f, ug) [ Em-2-5r3)

7=l
< Comgtsr(mro)ro( 32 10FFO) lrmos-nca) + ollsom e )

where we also applied Lemma 2.3. Arguing analogously, for A;, Ay, and D, we
arrive at

>_-

m—

107 F1p (O s gy < CO70) (D210 F(O) gy + oLz ).
k=0
(3.36)
Lemma 2.1 further yields
1ol =10y < Nl @) + Clm,r)|ulg,, @ (3.37)

for all v > 0.
We insert the estimates (3.36) and (3.37) into (3.35) and combine it with the
induction hypothesis and Lemma 2.3 in the case p = 0 to infer

2
lallZ,, ) + 2 105ulle,, o) (3.38)

p=0

m—1
< (Cpmpo + TCm)e(m_l)ClT< Z Hatkf(oﬂﬁfm—l—k(n@ﬁr) + ”uO”?LIM(]RE'r)
k=0

Con
gl coms) ) + = (1) + el o)

for all v > 7,,_1, where C'm,o = ém,o(ﬁ, 7o) and Cn = Cm(n,r, T") denote constants
which may change from line to line.

It only remains to control the Gg (£2)-norm of 95"u. To this purpose, we note
that 95" 'u € G1(Q) solves the initial value problem

Lv = fin s, reRY,  teld; 539
v(0) = 05" 'ug, zER3, :
where
2
-1 ) , _ '
s =057 = <m ' )(Z‘%Ak 3k3§n_1_Ju+8§D8§"_1_JU>.
0<j<m—1 J k=0
Lemma 2.1 (2) implies that f,, 3 belongs to H'(Q) with
1 fim 3l 7 ) < Cr, T’)(||f| Ho oy T 1l Z‘m,w(ﬂ))’ (3.40)

for all v > 0. As & A1 (0) is an element of H™ =J(R%) and O 9pu(0) of
HI(R%), Lemma 2.1 (3) yields

105 4%(0)85" 7 9u(0) | L2zs ) < C,70) (1 (Ol rrm—1 (g3 ) + l[uoll m (a3 )
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for all k € {0,...,2} and 5 € {1,...,m — 1}, where we employed Lemma 2.3 for
the case k = 0. The same arguments applied to D allow us to conclude

o 5(0) gy < C070) (ILFO) s g, + ol gy ) (3.41)
On the other hand Proposition 3.3 applied to (3.39) tells us that

2
105 ullZ, . @) < (Cro +T01)€CIT(Z 1008 ullZ, () + ||fm,3(0)|\2L2(R3+)
§=0
i Cq
05 ol s ) + e sl o
for all v > 1. Combined with (3.40) and (3.41) the above mequahty implies
2
1057 ul1Z, @) < (Cono + TCo)e T (S 107l ey + IF O s s,

Jj=0

C
o) + = (1 oy + I, ) (342

for all v > 1. We then use (3.42) to estimate
2

[l é,,,w(ﬂ) < ul QG,,,L,LN,(Q) + Z \|8ju| 2c:,,,b,w(n) + I\G?UIIéOW(Q)
j=0
. . 2 C
< (@ + T (32 W05l o) + el @) + =0l o)
j=0

. - C
+ (Cmyo + TC’m)eclT(||f(0)||ipn,1(Ri) + ||UO||§1m(R§r)) + Tm”fnz;n(n)

for all v > 1. Together with (3.38), it follows

”u”G L (Q) = (CmO +TC mC1T< Z Hak ”Hm 1=k (RY) + ”g| Ep ~(JXx0RY)
2 Com 2
+ HUOHHm(Ri)) + T(Hf”H;n(Q) + ||“|‘Gm,w(£2)) (3.43)
for all v > ~;,—1. Choosing vy, = vm(n,7,T") large enough, the assertion follows.
([l

4. REGULARITY OF SOLUTIONS

In order to prove that the solution of (3.1) belongs to G,,,(f2) if the data and
the coefficients are accordingly smooth and compatible, we have to apply different
regularizing techniques in normal, tangential, and time direction. We start by
showing that regularity in time and in tangential directions implies regularity in
normal direction. The main difficulty here is to avoid a loss of regularity across the
boundary of R3 .

Lemma 4.1. Let n > 0, m € N, and m = max{m,3}. Take Ay € an(Q),
AL Ay € Foq(R3), A3 = A, and D € FP(Q). Pick f € H™(Q), and

ug € H™(R3). Let u be a solution of the linear initial value problem (3.7) with
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differential operator L = L(Ay,...,As, D), inhomogeneity f, and initial value ug.
Assume that u belongs to (\;L, C7(J, H™ 7 (R})).

Take k € {1,...,m} and a multi-index o € N} with |a] = m, ag = 0, and
az = k. Suppose that 0°Pu is contained in Go(Q) for all B € N} with |3| = m and
B3 <k —1. Then 0%u is an element of Go(£2).

Proof. 1) We have to start with several preparations. Let p € C°(R?) be a nonneg-
ative function with [, p(z)dz = 1 and supp p € B(0,1). We denote the convolution
operator with kernel p. = e ~3p(¢~1.) by M. for all ¢ > 0, where the convolution is
taken over R3. We further define the translation operator

T.v(z) =v(xy, 0,23 + 7) (4.1)

for all v € L} (R%), 7 > 0, and for almost all z € R? x (—7,00). Clearly, T
maps W'P(R3) continuously into W"P(R? x (—7,00)) and 0°T,v = T,0%v for all
ve W'P(RY), & € N§ with |@] <1,1 €Ny, 1 <p<oo,and 7> 0. If v € L (R?),
we further define T:-v by formula (4.1) for all 7 € R.

Functions which are only defined on a subset of R3 will be identified with their
zero-extensions in the following. We extend the translations Ty to continuous op-

erators on H~'(R?%) by setting
<T5vaw>H*1(Ri)xHé(Ri) = <UvT—5¢>H*1(Ri)><H§(]Ri)

for all v € H}(R3) and 6 > 0. Since partial derivatives commute with 7_s and the
zero extension on H{(R3), we thus also have

8jT51) = Tgajl] (42)

for all v € L?(R3) and § > 0.

We next take a closer look on the convolution operator M., which is defined for
functions in L] (R?®). We want to extend this operator in a sense to functions in
Llloc(Ri) without obtaining singularities at the boundary. To that purpose, take
0 < e < 6. For functions v in Llloc(Ri) we will employ the regularization M_Tjsv
and restrict it to ]R‘}_. As it will be clear from the context on which domain we
consider M_Tsv, we will not write this restriction explicitly. It is easy to see that

if v has a weak derivative in R:f’._, then also M Tsv has a weak derivative in Ri and
8jM5T51) = MET[;ajU
for all j € {1,2,3}.
We define p by p(x) = p(—=x) for all x € R3. The convolution operator with
kernel p. is denoted by M, for all ¢ > 0. Fix 0 < ¢ < §. A straightforward
computation shows that

(M T50, ) g-1(m3)xa (r3) = (v, T—6M6¢>H*1(Ri)><Hé (®2) (4.3)

for all v € L*(R%) and ¢ € HI(R%). As T_sM. maps H¢(R?) continuously into
itself, the mapping M.Ts continuously extends to an operator on H ’1(Ri) via
formula (4.3). We deduce the identity

8]‘M€T5U = MsﬁjTérIJ = MET(;@J"U

by duality for all j € {1,2,3} and v € L?(R3) using that the partial derivative
commutes with T_s, M., and the zero extension on H}(RY). We further note that
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for A€ Wh*(R%) and v € H'(R%) we have
(T(;A)T(;v = Tg(AU) (4‘4)

in H*(RY).

IT) Let 0 < & < 4. In the following, we abbreviate the differential operator
L(T5Ao,...,TsA3,TsD) by Ls and Div(T5A1, TsAa, T5A3) by Divs. (Recall (3.10).)
We define o/ = a—e3 € N} and note that |o/| = m—1 and a4 = k—1. In particular,
9 u belongs to Go () by assumption. Due to the mollifier the function M. T50% u
is contained in C'(J, H'(R3)) — G1(), M.T50% ug is an element of H'(R%),
LsM_.T50% u is contained in Go(Q), and Divs LsM.T50% u belongs to L?(Q2). We
want to apply estimate (3.11) from Proposition 3.3 with differential operator Ls to
differences of functions M.T50* u and show that they form a Cauchy sequence in
H 1(R1) as € tends to 0. Therefore, we have to study the convergence properties of

L5M€T58°‘lu and Divy L5M€T58‘1/u as € — 0. We focus on the latter as this is the
more difficult term.
We fix the functions u; € FY,(Q) (independent of time) with

3
Aj =) AP
=1

for all j € {1,2,3} which exist by the definition of F5  .¢(R%). We set
_ _(p O
" (0 u>

(Tsi)) "V Ls M. T50% u (4.5)

and compute

2
= (Tsi) " (T5V A7)0 M T30 w + (Tsj) " (T5V D) M. T50% u
j=0

3
+ T5 (" Ag) VM T50,0% u + T5 (i D)VMT50% u+_ Ts(i" A;)VO; M. T50 u

j=1
3
=i A%+ Ts(a" A;)V; M. T50% u,
j=1
where we exploited the results from step I). The cancellation properties of the

Ls-operator established in (3.19) and (3.20) show that

3 3
> (Z(Ta(ﬂTAj)VajMaTaaa/U)km Z(Té(,aTAj)vajMaTéaa/u)(k+3)k) =0.

j=1 k=1 k=1
We thus obtain from (4.5) that

3 3

Divs LM T50% u = (DAL Al ) (4.6)
k=1 k=1
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We rewrite A% in the form
2
A% =N (TS (AT V Aj), M9, T50% u+ [T (" VD), M T50 u
j=0

+ [Ts5(5" Ag), MV T50,0% u + [T5 (3T D), M) VT50% u

2
+ M.Ty ( N ATV A;0;0% u+ BTV DO u + i AV 9,07 u + ﬂTDvaa'u),
=0

and introduce the function

for = Z (Og)aﬁ(ﬁTAo)Vaa/—ﬂatu—i— Z (Cg/>aﬁ(ﬂTD)V8@’—ﬂu

0<,8<a’ 0<p<a’
+Z > ( ) (B"VA)O Pou+ > ( ) (Z" VD)o~
j=00<p<a’ 0<B<a’

As u and dyu are contained in C(J, H™~*(R%)), Lemma 2.1 implies that the func-
tion f, is an element of L2(Q2). With this definition at hand, we deduce

2
N = N T5(TV Ay), M0 T50% w + [Ts(7V D), M.)T50% u
j=0

+ [T5(i" Ag), MV T50,0% u + [Ts (AT D), MV Ts0 u + 8% M.Ts(i"V f)

3
— M.Tsfor = 0% M.T5(ji" A;VO;u)

Jj=1

3
= 0¥ M.Ty(i" A;V 0u).
=1

The cancellation properties of the differential operator from (3.19) and (3.20) imply
that
3 3 3 3
5, d,e o A0, X d,e
(A% > M) = (oA 2 Al o)
k=1 k=1 k=1 b—=1
In view of (4.6), we conclude that

3 3
Divy Ly M.T50% u = (ZA ZA?,;S)k) (4.7)

Since 3;0% u and 8 u belong to C (7, L*(R%)) and VA; and VD are contained in
L>(Q), we have

[T5(i"V Aj), M)O;T50 w + [Ts(i" VD), M| T50% w — 0 (4.8)

in L?(Q2) as ¢ tends to 0 for all j € {0,1,2}. For the remaining commuta-
tor terms we employ estimates for the commutator of a W'*-function with a
mollifier. Take j € {1,2,3}. To satisfy the assumptions of these commutator
estimates, we extend the function 7 Ay(t) by reflection at OR} to a function
in WH>(R3) which we still denote by a% Ag(t) for all + € J. Theorem C.14
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of [1] now yields that [Ts(i” Ag), M.]9;T58,0* u maps into L?(R?), where we iden-
tify as usual the function 0,0 u with its zero extension to R3. In particular,
(IT5 (™ Ag), M.)9;T59,0% u)(t) is an element of L*(R?) and Theorem C.14 of [1]
further shows that

(5 (" Ao), ML)O; T50:0% u) (8)| 2z (4.9)

< (T5(i" Ao), MO, T50:0% w) (1) p2 o)

< CITs(i" Ao) () llwr. (o) | T50:0 u(t) | 2 r)

< O[(A" Ao)(®) lwr. (r) 10:0 w(t) | L2es )

timn || ([T (37 Ao). MJ0,T50,0 ) ()] e = 0 (4.10)

for all ¢ € .J. Hence, the theorem of dominated convergence implies
[T5(i" Ao). M)0; T50:0% ul| 20y — 0

as € = 0. In the same way we deduce that also the other remaining commutators
in A% converge to 0 as ¢ — 0. As T5(TV f) belongs to H™1(J x R? x (—§,0))
and f, to L%(£2), we arrive at

Divs Ls M.T50% u (4.11)

3
— ZT(s((fa' + 0% (A" f))iks (for + 80/(/1va)>(16+3)1@) =: T faiv,ar
k=1

in L2(Q2) as € — 0. In the same way we infer that LsM.T50% u converges to Ty fo
with

far =0 f = Z > < >65Aaaa u— Y (O/;/>aﬁDaa’ﬁu

j=00<B<a’ 0<p<a’

in Go(©2). Here one combines commutator estimates as in (4.9) and (4.10) with a
standard compactness argument to derive that the convergence is also uniform in ¢,
see [18, Lemma 4.1] for details.

Next take n,r > 0 with Ag >, ||Ai[lwr.~) <7, and ||D|ly1.0c(q) < r for all
i € {0,...,3}. Note that in particular ||Ai(0)||Loo(Ri) < r and ||D(0)||L°°(Ri) <r
for i € {0,...,3}. Now let § > 0 and take ns € N with ny' < §. Fix a number
v > 1 and define the constant C' = C'(n,r,T) by

c
C" = (Caa0+TCs1 + 3731) eCoanT (4.12)

where C3.3.1,0 = Cs.3.1,0(n,7) and C3.3.1 = Cs.3.1(n,r,T) are the corresponding con-
stants from Proposition 3.3. Observe that M.T50“ u solves the initial value prob-
lem (3.7) with differential operator L, inhomogeneity Ls M, _T50* w and initial value
M_Tsug for each e € (0,0). Moreover, || T5A; |y () < rand ||T5Ai(0)||Loo(R3+) <r
for all § > 0 and ¢ € {0,...,3}, and the same is true for D. Proposition 3.3 thus
shows

IV (M2 T30 w = My T50% w12, o (4.13)
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2
< C'(Z (M1 = Mp)3;T50% ullg, (o) + ILs(M1 — M1)d* ullg, (q)
=0

+ I Divs Lo(My — M3 ull3s ) + 1My = M) T30 w3 s )

W z

for all n,k € N with n, k > ns. Since 8;Ts0* u belongs to C (7, L*(R? x (—4,00)))
for j € {0,1,2}, 7 is compact, and T50* ug is contained in H'(R? x (=4, 0)), the
sum and the last term on thelz right-hand side of (4.13) converge to z€ro as n, k — oo.
Exploiting that L(;M% T50% u converges to f, and Divy L(;M%T(;@”‘ u to Ts faiv,a
in Go(Q2) respectively L?*(Q) as n — oo, we infer that (VM%T(;@O‘/u)nZM is a
Cauchy sequence in Go(2). Since (M% T(;aa’u)@m converges to T50 u in Go (),
we conclude that T50* u belongs to C(J, H 1(R3)) and that

HVM%T(;W/u - VTg@a/uHGO,,Y(Q) —0 (4.14)

as n — oo for all § > 0. Applying Proposition 3.3 directly to M1 T50* u and letting
n — 00, we obtain

2
1950l o) < ' (D2 19,70 wll, 0 + I Ts ol o + 1T s 3
j=0

+ 1T50 o 3 as ) ) (4.15)

for v > 1, cf. (4.13).

III) We next show that 0% u(t) is an element of H'(R3) for all t € J. Note
that we only have to prove that 930 u(t) belongs to L*(R3) for this claim. We
abbreviate R? x (§,00) by Rg and denote the restriction operator to Rg’ by Rs for
all § > 0. In the next step we show that Rsu(t) belongs to H'(R3) for all > 0.

Fix d > 0and t € J. Let ¢ € C°(R}). We compute

R(;@O‘/u(t,x)agga(x)dx:/ Ts0% u(t, 2)05Tsp(x)dx

=3 =

=— 93T50% u(t, 2)Typ(x)da = —/ T_s05T50% u(t, z)p(x)dz,
R}

=y
using that Tsp € C2°(RY). It follows
B3 Rs0 u(t) = T_s05T50% u(t) € L*(R? x (8, 0)) (4.16)
as 0sT50% u(t) € L%*(R3) by step II).
Next pick § > & and ¢ € C® (Rg). We compute

/ Rg@gR(;@a’u(t,x)go(x)dx: 93 R50% u(t, z)p(x)dx

RS R?

= 7/ Rgaa'u(t,:c)ﬁgga(x)dx: 7/ Rg@alu(t,x)aggo(x)dz
R2 RS

= [ 33R50% u(t, x)p(x)dz,
R3
5
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where we exploited that supp(p) € R2. Since ¢ € C2°(R2) was arbitrary, we con-
clude 83R38°‘,u(t) = 93Rs0* u(t) on Rg. In particular, we can define the function
v(t) € L} (RY) by setting for all § > 0

loc
v(t,x) = 33R58a/u(t,x) for almost all z € R3.

Take ¢ EKC’(‘?"(R?‘_). Fix a number 7 > 0 with dist(supp(y),dR3) > 7, ie.,
supp(yp) € R3. We then deduce

0 u(t, z)dsp(x)dx = R, 0% u(t,2)03p(x)dx = — | 05R,0% u(t,z)p(x)ds
R2. RS RS
= —/ v(t, z)p(z)de = —/ v(t, x)p(x)dx.
RS R?
This means that 0;0% u(t) = v(t) € L} (R3).
We further note that 83 R0 u(t) converges pointwise almost everywhere on R

to v(t) = 930% u(t) as 6 — 0. Using (4.16), we further infer

105 R50 u(t) ey = / T 505T50% u(t, x)|?dz — / 105 T50% u(t, ) 2da
B3 RY
= ||0sT50* u(t)uizm). (4.17)

Let (6,)n be a null-sequence. Fatou’s lemma, (4.17), and (4.15) then imply

J

< liminf |0sR5, 0% u(t, x)|>dz = liminf ||95T}, ao‘lu(t)Hiz(Rg)
RSJr n— 00 +

1050% u(t, o) *da = / lim inf |85 Ry, 0% u(t, x)|dx
3_ Ri— n—oo

n— oo

29T i "ull?
< e liminf |VT5,0% ullg, (o)

2
< 0/627T<Z 18;0% ullZ, ) + 1 farllE, ) + ||fdiv,a’||%g(g) + |0 “0||§11(R3+))
j=0

= K2 < o0,
where we used that 9;0% u, 0% u € C(J,L*(R%)) for j € {0,1,2}, for € Go(),
faiviar € L2(Q), and 8% uy € H'(R%). We conclude that 930% u(t) belongs to
Lz(Ri) with ||63((9a u(t)”Lz(Ri’r) S Ku forallt e J.
We further point out that Rsd350% u(t) = Rsv(t) = 93Rs0* u(t). This fact
implies that
|05 R50° u(t)] < |050% u(t)]

on R3. As 93Rs0% u(t) tends to 930 u(t) pointwise almost everywhere on R?, we
obtain that

B3 Rs0% u(t) — 930 u(t)
in L2(R3) as § — 0.
Since 9350 u belongs to C(J, L? (R3)) for all § > 0, one can argue as in (4.17)
to deduce that 83 R;0* u is also continuous on J with values in L2 (R3) and thus
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strongly measurable. Hence, 930 u is the pointwise limit of strongly measurable
functions and therefore itself strongly measurable on J with values in L?(R3). As

a result, 30 u and thus VO u belong to L>®(J, L*(R%)). We then obtain via
Proposition 3.3 that 8 u is contained in C(7, HY(R3)). O

Corollary 4.2. Let n > 0, m € N, and m = max{m,3}. Take Ao € Fy’, (),
Ay, Ay € FP  q(RY), As = AS°, and D € F3P(Q). Pick f € H™(RQ), and ug €

m,coeff
H™(RY). Let u be a solution of the initial value problem (3.7) with differential
operator L = L(Ay,...,As, D), inhomogeneity f, and initial value ug. Assume
that u belongs to (\;2, C7(J, H™ 7 (R})).
Take k € {1,...,m} and a multi-index o € N§ with |a] = m, ag = 0, and

az = k. Suppose that OPu is contained in L?(Q) for all B € N} with |8| = m and
B3 <k —1. Then 8%u is an element of L*(Q2).

Proof. We only have to make small adaptions to the proof of Lemma 4.1. In step
IT) of that proof we replace the a priori estimate (3.11) from Proposition 3.3 by
estimate (3.13). The arguments from step II) then yield that T50* u is an element
of L*(J, H'(R%)). Integrating over the time-space domain in step III) of the proof

of Lemma 4.1, we derive that 9 u belongs to L2(J, H'(RY)). O

For the regularization in spatial tangential variables, we first introduce the family
of norms

oy = [ [ 0+ 6PV a0 € ) P,
ol = [ QIR0+ 8ER) P € )P (219

for all v € S’(@) with Fov € LE (R3), s € R and § > 0, where F> denotes
the Fourier transform in ;- and z,-direction and S'(R3) the space of tempered
distributions on R3, see Section 1.7 and Section 2.4 in [7]. The space Hg,(R?)
consists of those v for which |v|| Hy,(RY) 18 finite. As in the unweighted case we have
of course the identity
2
2 2 2
||U|‘H§:;(Ri) = HU”Hfa,s(]Ri) + Z ”ajUHHfa,s(Ri) (4.19)
: =
for all s € R and § > 0. We further note that the definition directly implies
ol yxt) < ol s

for all v € Hi'(R3), s € R, and § > 0.

We further take a function y € C°(R?) such that Fox(£) = O(]¢|™F!) as
€ — 0 and Fox(t€) = 0 for all ¢ € R implies £ = 0, cf. [7]. As usual we set
Xe(x) = e72x(z/e) for all z € R? and € > 0 and denote the convolution in spatial
tangential variables with y. by J., i.e.,

Jou(z) = Xe *a v(x) = /2 XW)v(xz1 — y1, 2 — Y2, z3)dy
R

for all v € L?(R3).
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One of the advantages to work with the weighted norms from (4.18) is that
one can reduce the task of showing that a function v from H,(R%) belongs to
H{PH(RY) to finding a uniform bound in § > 0 for the Hy, s(R%)-norms. The
following properties of this family of weighted norms are a consequence of (2.4.4),
Theorem 2.4.1, Theorem 2.4.2, Theorem 2.4.5, and Theorem 2.4.6 in [7].

Lemma 4.3. Let s € [0,m+ 1), v € Hi '(R2), and let A € C=(R%) be constant
outside of a compact subset of R3.

(1) Assume that there is a constant C, independent of 0, such that
1oz ey < €

for all § > 0 in a neighborhood of 0. Then v belongs to H{,(R3).
(2) There exist constants ¢ and C, independent of § and v, such that

1 2 —
PN -
C||U||Z§;;(Ri) < ”vH?{f;l(Ri) +/0 ||J€U||%2(R3+)€ 2ot (1 + 672) de

2
< Ollol;-p e

for all 6 € (0,1).
(8) There is a constant C, independent of 0 and v, such that

! 2 2s5—1 5%\ 1 2
A ||AJEU - JE(AU)||L2(R§_)€ (1 + ?) de < C””“H:ﬂ:f(ﬂ%i)
for all 6 € (0,1).

We note that Hormander states the commutator estimate only for coefficients
from the Schwartz space. The proof of Theorem 2.4.2 in [7] however also works for
smooth coefficients which are constant outside of a compact set.

Employing the family of weighted norms from (4.18) and Lemma 4.3, we can
now show how regularity in time implies regularity in tangential directions. Since
we want to apply Lemma 4.3, we have to assume that the coefficients belong to

C>*(9Q). We will return to coefficients in F,, () with an approximation argument
below.

Lemma 4.4. Letn > 0, m € N and m = max{m,3}. Take coefficients Ay €
F (Q), Ay, Az € FP g (RY), Az = AS°, D € FP(Q) and B = B. We further
assume that these coefficients belong to C*°(S2). Let u be the weak solution of (3.1)
with differential operator L = L(Ay, ..., As, D), inhomogeneity f € H(Y), bound-
ary value g € E,,(J x OR3), and initial value ug € H{*(RY). Suppose that u
belongs to (-, CI(J,H™ I (R3)). Pick a multi-index o € N§ with |a| = m and

ap = a3z =0. Then 8*u is an element of C(J, L*(RY)).

Proof. T) We will establish the assertion in two steps. First we will show that u is
an element of L>(.J, H{?(R?)). To that purpose we will apply Lemma 4.3 and the
a priori estimates from Lemma 3.1.

Fix a parameter § € (0,1). Let v > 0. The generic constants appearing in the
following will all be independent of ¢ and . We further note that Lemma 4.3 will
be used in almost every step in the following so that we will not cite it every time.
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Applying the differential operator L to J.u, we obtain

2
Llou=J.f +Y [Aj, J)oju+ D, J]u (4.20)
j=0

for all € € (0,1) since A3 = A$°. Lemma 4.3 allows us to estimate

62\ 1
/ —ZW/ 1[4;, J:]ojul(t )||iQ(R3+)g—2m—1(1+5—2) dedt (4.21)
2
< CH’LLH 2( HZZ:SI(Ri)) + CHatu”Lg H;: 52(]R3+))
< CllullZs sy + ClOulpos

for all j € {0,1,2}. The commutator [D, J.]u is treated analogously. In particular,
LJ.u is an element of L?(2). Identity (4.20) further implies that A3d3.J.u belongs
to L?(2) so that AgJ.u is an element of L?(J, H'(R?)). We infer that the trace
of BJ.u is contained in L?(J, H/2(0R3)). Finally, J.ug is an element of L?(R%)
so that we can apply the a priori estimate from Lemma 3.1 to the function J.u.
Before doing so, we use Lemma 4.3 to derive

—2vt t 2m7 <C —2~t ¢ Qm_ 199
sup e u(t) s ey < € 50D ™ Ol a) 2

62
+Csupe? /HJu )||L2R3 gm2m= 1(1+ ) de
teJ

1
ome 6\~
<Clullg,,_, @ +C [ Ieullg, @ (1+ = e
bl 0 v £

for all v > 0. The a priori estimates from Lemma 3.1 now show that there is a
constant Cy and a number 7y > 0 such that

HJ u”Gow(Q < C()HJ U’OHL2(R3 +C()HBJ UHLz JH1/2(6]R )) “r ||LJ u||L2(Q
(4.23)

for all v > ~. Fix such a parameter v in the following. We next treat the terms ap-
pearing in (4.23). Applying identity (4.20), Fubini’s theorem, and estimate (4.21),
we infer

62
/ HLJu||L2 Q)a_gm 1(1—1— ) de
< C/O (HJefH%g(Q) +Z\|[Aj»Je]3jUH%g(Q)
=0

2\ -1

om— 1
+ D, Llulls o)) (14 5 ) de
¢/ / (1= PO +ZHAJ,J w2z

—om— 62\ -1
+|\[D,J5]u<t>||izm))s (14 %) deds
<O||f||L2 JHm 1(R3 +CHU||L2(JH’"7 1(]R3 +C||6tu|‘i[fy"_1(ﬂ)7 (424)
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where we once again employed Lemma 4.3 in the last line. Since the matrix B is
constant, it commutes with the mollifier J. so that BJ.u = J.g for all ¢ > 0. We
note that the proof of Lemma 4.3 (2), see Theorems 2.4.5 and 2.4.1 in [7], shows
that

1 2, —
) 1
2 —2m—1 2
/0 ”JEUHHl/?(B]Ri)E (1 Ez) de < C“””H;"*/Q(aﬂﬁ)

for all v € H™~1/2(0R3) and ¢ € (0,1). Here we identify OR? with R? and make

the natural adaptions in (4.18) to define H?71/2 (OR%), see also Section 2.4 in [7].
Consequently,

1 2
5
2 —2m—1
/O 1Bl i oy e (14 5

=/e*ﬁ/3ugww o (1 ) e
; , E H1/2(9R3) -2

<C [ NGOy n g

>_1d5 (4.25)

<C [ g0 syt < Ol

For the initial value we note that Lemma 4.3 directly yields

B W(J><8R )"

1
o 52
/O et a2~ 1(”52) de < Clluolldp-1ag, < Clluolfrmag - (4.26)

Inserting (4.23) to (4.26) into (4.22), we obtain that

sup e~ 27| u(t )||Hm SR (4.27)
ted
< Cllullg,, . @) + CllwolFrmgs) + Cllglls,, | sxors)
2
(||f||L2(JH,,L(R3 o ClOIZ 1y + Clul2 5 s )
Choosing a number ~ large enough, we thus find a constant K; such that
sup e~ 27 [u(t )||Hm 1(R3) <K (4.28)
teJ

for all 6 € (0,1). Hence, Lemma 4.3 (1) implies that u(t) belongs to H{"(R}) for
all t € J and that u is contained in L>(J, H(R3)).

IT) Applying Corollary 4.2 inductively, we infer that w is an element of H™(f2).
To establish that u belongs to G,,,(£2), we apply Lemma 3.1 again.

Fix a multi-index o € N§ with |a| = m and ap = a3 = 0. Since u is a solution
of (3.1) and we already know that v € H™ (), we derive

0u=0"f — Z 3 ()aﬁA 0 Pu— Y <g>aﬁpaa—ﬁu:: fo

j=00<p<a 0<f<a
where f, belongs to L?(). Next consider the function J1d“u, which belongs to
Go(9). As in (4.20) we compute
2
LJ10%=Ji fo+ Y [Aj,J1]0;0+ D, J1]0%u

Jj=0
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for all n € N. As f, is an element of L?(2), we have
J%fa—>fa (4'29)

in L2(Q) as n — oco. Arguing as in (4.9) and (4.10), we further derive
2
> [A44,J1]0;0%u+ [D, J1]0%u — 0 (4.30)
3=0
in L?(2) as n — oo since u belongs to H™(£2). Since g belongs to E,,(J x IRY)
and up to H™(RY), the functions BJ19%u = J1 19%g and J19%ug tend to 0%g in

Eo(J x ORY) respectively to 0%uq in L2 (R3) as n — 0. Applylng Lemma 3.1, we
get a constant Cy and a number v > 0 such that

||J%8au — J%8“u||2goﬁ(m < Co||J%8au0 — J%G%OH%Q(M)
Co
+ Col| BJ10%u = BJ 0ully, (sxoms) + 7||LJ%aau — LJ10ulls (g

for all n,k € N. We conclude that (J10%u), is a Cauchy sequence in Go(€2).

As (J10%u),, converges to 0%u in L?(2), we obtain that 0% is an element of
Go(Q). O

In the next result we show how to gain one derivative in time. We study the
initial boundary value problem formally solved by 0;u. The time integral of the
solution of this problem then coincides with u. Here one sees explicitly where the
compatibility conditions are needed.

Lemma 4.5. Let 1) > 0. Take coefficients Ay € F35(Q), A1, Ay € F3h 5(RY),

As = A, D € F5P(Q), and B = B®. Choose data ug € H'(R3), g € Ey(J x
OR3), and f € H*(Q). Assume that the tuple (0, Ao, ..., As, D, B, f,g,uo) fulfills
the compatibility conditions (2.4) of order 1. Let uw € C(J,L*(RY)) be the weak
solution of (3.1) with differential operator L = L(Ao, ..., As, D), inhomogeneity f,
boundary value g, and initial value ug. Assume that w € C*(J', L*(R3)) implies
u € Gi(J' x RY) for every open interval J' C J. Then u belongs to G1(Q).

Proof. Without loss of generality we assume J = (0,T"). Take r > 0 such that
||A ||F3 < T, HD||F3 () < T,
max{[|Ai ()| rp ey )» max) 18 Ao ()| rr2-s msy} <

max{[|D(t)]l pgrs ), ; max) HajD( Wrz-sms)t < (4.31)

for all t € J and i € {0,1,2}. Let v = ~(n,r, T) be defined by

v = max{v3.1,0,73.4;1} > 1,

where v3.1.0 = ¥3.1;,0(n, ) and y3.4.1 = y3.4.1(n, 7, T) are the corresponding constants
from Lemma 3.1 and Theorem 3.4 respectively. We further introduce the constant
Co = Co(n,r,T) by

Co = max{C51.0.0, C3.1:0.1, C3.1:0, C3.4:1, (C3.4:1,0 + TC3 4.1)e“* 41T Cy 341} > 1,
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where again C3.1,00 = C3.1,00(1,7), Cs.1.0 = C3.1.0(n,7), C3.41 = Cs41(n,r,T),
and Cs.3.1,1 = C2.3,1,1(n, ) are the corresponding constants from Lemma 3.1, The-
orem 3.4, and Lemma 2.3 respectively. Finally, we set

Ry = Coe® (| £ 113, 0y + 1172 () + HQH%EM(JxaRi) + ||U0||§{1(R1))~
I) Take to € J and assume that u(tg) € H'(R3) with Hu(to)H?{l(Rs) < R;. We
+
show the existence of a time step 75 > 0 and a function v € C([to,T7], L*(R3))
satisfying

t
Lo =0,f — atD(/ v(s)ds + u(to)), reRY, tel

to
Bv = 9,9, zedR3, telJ,;

'U(t()):Sl,l(t(),Ao,...7A3,D,f,u(t0)), mERiy

where we abbreviate

(4.32)

Ly, = L(Ay, ..., As,0:A¢g + D)
and define T! := min{tyg + 75,7} and J’ := (to,77). Recall that the function
S1.1(to, Ao, - -, As, D, f,u(to)) belongs to L*(R3.) by Lemma 2.3.
Take a number Ty € (0,7T) to be fixed below and define J' and T, as above. We
further set Q' = J' x R}. Let w € C(J', L*(R3)). Note that d; 4y + D and 9,D
still belong to L>(€2). Hence, the problem

¢
Lo,v=0,f — 8tD</ w(s)ds + u(to)>, T € Ri, teJ’;

t
Bv = 9,9, O mE@Ri, teJ;
v(to) = S1,1(to, Ao, - - ., A3, D, f,u(to)), T € Ri_,
has a unique solution ®(w) in C(J, L*(R3)) by Lemma 3.1. We next define
Br={v e C(T.L2(B): [olla, @) < R). (433)

where R > 0 will be fixed below. Equipped with the metric induced by the Gy - (2)-
norm this is a complete metric space. Let w € Bpg. Employing Hélder’s and
Minkowski’s inequality, Lemma 3.1, and the bound

51,1 (%0, Ao, - - - 7A37D7f7u<t0))”2L2(]R3+) < 2022.3;1,1(Hf(t0)||2L2(R3) + ||U(f0)||§11(R3))
<AC3R,
from Lemma 2.3, we estimate

t 2
Of — 0D | w(s)ds — D u(to)‘

to
+ CoHat9||?3M(,anRi) + Col|S1,1(to, Ao, - - -, A3, D, f, U(to))\\%z(m)

le(w)IZ, @) < Col (434)

L2()

T t 2
g2cor2/ e—zw(/ ||w(s)\|Lz(]R3+)ds+Hu(to)HLz(Ri)) dt +4(1+ CHR,
to

to
< 4Cyr*Ty||lwlg, ) + 4Cor*Ts Ry + 8CG Ry

‘We now set
R = (18C2R;)"/?
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n (4.33) and choose T € (0,T) so small that
1
4Cyr? T, < 5

We point out that Ty is independent of ¢y. Using (4.33) and this choice of R and
T, we obtain from (4.34)
R* R?

IO, @) < 5 + 5 = B

for all w € Bp, i.e., ®(Bgr) C Br. Moreover, Lemma 3.1 implies that

8,5D/tt(w1(s) - wg(s))ds‘

< Col|0: D7 ) Tslwi — w3, (o < Cor®Tsllwr —wallg, o

2
J@(wn) — @(w2) 3, @) < Co|

L2(Q)

<1 2
> §||w1 - WQHGO,,(Q/)

for all wy,ws € Bi. The contraction mapping principle thus gives a unique v € B
with ®(v) = v on J', i.e., v is the asserted solution of (4.32).

IT) In this step we assume that u(to) belongs to H'(R3.) with ||u(to) ”i“(ﬂ@i) <R
and that (to, Ao, ..., As, D, f,g,u(to)) fulfills the compatibility conditions (2.4) of
order one; i.e., tr(Bu(ty)) = g(to).

Let J’ be defined as in step I) and let v be the solution of (4.32) constructed in
step I). A straightforward computation shows that Agv has a weak time derivative
in L2(J', H"'(R3)) and

t
3 (Agv) :8tf78tD(/ o(s)ds + ulto ) ZA d;v — Du,
to

see [18, Lemma 4.7] for details. We set

w(t) = u(to) —|—/ v(s)ds

to

for all ¢ € J'. Observe that w belongs to C'(J’, L*(R3)) with w(ty) = u(to).
Employing (4.32) and (2.2) we then compute in H ' (R3)

3 3
Luw(t) = (Agv)(t /(ZA(’)U >d5+ZAj3ju(to)+(Dw)(t)

3
1070(5) ) ds + (Dw)(t) + (Agv) (to) + > A;0;uto)

Jj=1 Jj=1

=/ (0:f(s) = (0:Dw)(s) — (Dv)(s))ds + (Dw)(t)

to

Il
s\“
/N
S
N
[}
=
S
+
Mw
i
S
IS

3
+ AO(tO)Sl,l(t07 AO) B A3a Da fa ’U,(to)) + Z Aﬂaju(to)
j=1
t

= f(t) = f(to) = | 0:(Dw)(s)ds + Dw(t) + f(to) — (Dw)(to) = f(?)

to
for all t € J'. In particular, L(Ay, ..., A3, D)w belongs to L?(Q).
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To compute the trace of Bw on I = J' x 9R3, we stress that Tr(Bv) = d,g
on IV by (4.32). Moreover, the trace operator Tr commutes with integration in
time here, see [18, Corollary 2.18| for the proof. Since (to, Ao, ..., As, D, f, g, u(ty))
fulfills the compatibility conditions of order one, we thus infer

Te(Bu)(1) = Tr (B / o()ds + Bu(ty)) = [ Tr(Bo)(s)ds + r(Buto))

for all t € J’. The function w € C'(J’,L?(R3)) consequently solves (3.1) on
Y with initial value u(tp) at initial time ¢o. As wu also solves (3.1) on Q' with
inhomogeneity f, boundary value g, and initial value u(tg) in ¢g, the uniqueness
statement in Lemma 3.1 yields u = w on . (Here we use the obvious variant of the
lemma for the initial time ¢o.) We conclude that  is an element of C*(J7, L*(RY)).
The assumptions therefore tell us that u belongs to G1(§').

III) We next consider ¢ty = 0. Since u(0) = uo € H'(R%), HUOHJ%II(Ri) < Ry,
and (0, Ao, ..., As, D, B, f,g,ug) fulfills the compatibility conditions of first order
by assumption, step II) shows that u belongs to G1((0,Tp) x R3), where we set
To = min{T,,T}. If Ty = T we are done. Otherwise, we apply Theorem 3.4 to
obtain

1
||UH%JM(Q) < 00(||f||ém(n) + HuOH%ﬂ(Ri) + ||g||2EM(JxaR1) + ;Hf”%[%(ﬂ))
S 8_2’YTR1.

We conclude that HU(TO)”?p(Ri) < R;. Moreover, (Ty, Ao, . .., As, D, B, f,g,u(Tp))

fulfills the compatibility conditions of first order by (2.3) since u is a solution in
G1(J' x R3). We can therefore apply step II) with tg = Ty. We see that u belongs
to G1((Tp,T1) x Ri), with Ty = min{T, Ty + Ts}. Since

Oruyjo,15)(To) = S1,1(To, Ao, - - -, A3, D, f,u(To)) = Oz, 1,1 (To),

we infer u € G1((0,71) x R3). In this way we iterate. Since the time step T does
not depend on ty, we are done after finitely many steps. We conclude that w is an
element of G1((0,7) x R%). O

We want to iterate the previous result in order to deduce higher order regularity.
To that purpose we need a relation between the operators Sy, ;, of different order,
which is stated in the next lemma. Its assertion follows inductively from the def-
inition of the operators Sy, , and a straightforward computation. We refer to [18,
Lemma 4.8] for the details.

Lemma 4.6. Letn > 0, m € N and m = max{m, 3}. Take Ay € Frff;x{mﬂ )
with 9, Ay € FP(Q) and D € F;P;X{mﬂ’?)}(ﬂ). Let Ay, Ay € F;ix{m+1’3}7COCH(Ri),

Az = A, and B = B®. Choose tg € J, ug € H™ 1 (R3), g € Epi1(J x ORY),
and f € H™1(Q). Assume that u € G,,(Q) solves (3.1) with differential operator

L(Ay,...,As, D), inhomogeneity f, boundary value g, and initial value uy. Set
uy = Smy1,1(to, Ao, ..., A3, D, f,ug) and f1 = 0y f — 0yDu. Then

Sm,p(07A07 cee 7A378tA0 +Daf17u1) = Sm+1,p+1(07A07 cee 7A37D7f7 UO)
forallp e {0,...,m—1}.
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The combination of the previous results with an iteration argument then yields
the desired regularity of the solution u provided the coefficients are additionally
elements of C*°(Q).

Proposition 4.7. Let n > 0, m € N, and m = max{m,3}. Choose coefficients
Ay € an(Q), A1, Ay € F%%COGH(Ri), Az = A§°,7D € FX(Q), and B = B,
Assume that these coefficients are contained in C* (). Take data f € H™(Q), g €
Ep(J x 0R3), and ug € H™(RY) such that the tuple (0, Ao, ..., As, D, B, f, g, uo)

satisfies the compatibility conditions (2.4) of order m, i.e.,
Tr(BSm,l(Oa AOa ceey A3a Da fv UO)) = 8lg(0) fOT 0 < l <m— 1.

Let u be the weak solution of (3.1) with differential operator L = L(Ay, ..., As, D),
inhomogeneity f, boundary value g, and initial value ug. Then u belongs to G, ().

Proof. The assertion is true for m = 1 by Lemma 4.5, Lemma 4.4, and Lemma 4.1.
Now assume that we have shown the assertion for a number m € N. Let all the
assumptions be fulfilled for m+1. By the induction hypothesis, the weak solution u
of (3.1) belongs to G,,,(2). Moreover, d;u solves the initial boundary value problem

Lo, v =0y f — 0, Du, r ERi, te .
Bv = Oig, xE@Ri, teJ,
’U(O) = Sm+1,1(0, Ag, ... , A3’D’ f, UO), = Rj—’

where we again write Ly, for L(Ao,..., As,0:Ag + D). Using the abbreviations uy
for Syn+1,1(0, Ao, ..., As, D, f,up) and fi for 0y f — 9, Du once more, we deduce that
uy is contained in H™(R3.) by Lemma 2.3, that ;g belongs to Ey,(J x 0R3), and
that f1 is an element of H™(Q2) by Lemma 2.1 (2) since 9;D € Gax{m,2}(2) and u €
G (). Lemma 4.6 further shows that (0, Ao, ..., As, 0; Ao + D, f1, 0¢g, u1) fulfills
the compatibility conditions (2.4) of order m. Finally, we have 4q € F7 (Q) N
C*>(Q) with 9,49 € FP(Q2) and 9,49+ D € FP(Q)NC>(Q) so that the induction
hypothesis yields that d;u is an element of G,,(2), implying that u is an element
of ﬂ]m:il CJ(J,H™ 174 (R3)). By Lemma 4.4 and Lemma 4.1, the solution u then
belongs to Gp41(9). O

It remains to remove the assumption of smooth coefficients. We therefore want to
approximate the coefficients from F,,(Q2) by smooth ones. However, approximating
the coefficients will violate the compatibility conditions in general. We overcome
this difficulty by not only approximating the coefficients but also the initial value
in such a way, that the tuple consisting of the approximating coefficients and data
still satisfies the compatibility conditions up to order m.

Lemma 4.8. Let n > 0, m € N, and m = max{m,3}. Take coefficients Ay €
F2P(Q), A, Az € FP aR3), A3 = AS°, D € FP(Q2), and B = B® and data

f e H"(Q), g € En(J x 0RY), and ug € H™(RY) which fulfill the compatibility
conditions (2.4) of order m in to € J, i.e.,

T].“Bsm’l(to,Ao, . .,A3,D,f, ’U,O) = 8£g(t0) fOT‘ 0 S l S m — 1.

Let {A; :}es0 and {D:}eso be the families of functions provided by Lemma 2.2
for A; and D respectively for i € {0,1,2}. Then there exists a number g > 0
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and a family {uoc}o<e<e, N Hm(Ri) such that the compatibility conditions for
(t()a A0,67 A1,67 AQ,Ea A3a DE? Ba fa g, UO,E) Of order m hOZd7 i'e';

’I‘I‘BSm’l(t07A()’5,A1’5,AQ’E,A?,,DE.”f7 uo’g) = 8gg(t0) fOT‘ 0 S l S m — 1,
and ug,e — Ug N Hm(Ri) as e — 0.

Proof. Without loss of generality we assume ¢ty = 0. Note that A; . and Ay . are
still time independent for all ¢ > 0. We set ug. = uo+h. and look for h, € H™ (Ri)
with he — 0 in H™(R?) such that the compatibility conditions are fulfilled. Since
B = M Aj for a constant matrix M = M*<°, it is sufficient for that purpose to find
h. with

ASSm,p((),AO,Ea Al,sa A2,67A37 Dsa f7 ug + hs) = ABSm,p(07A07 oo 7A37 Da fa uO)

forall0 <p<m-—1on 8R§_. To simplify the notation, we will drop the dependancy
of the operators on 0, A3 and f in the following since they remain fixed throughout
the proof.

I) The definition of the operators Sy, , was given inductively. In principle, it is
possible to derive an explicit representation of S, ;. However, we are satisfied with
the representation

p—1
Smp(Ag, A1, Az, D ug) = (—Ag(0) " A3)Phug + Z Cpp—j(Ao, A1, Az, D)O%ug
=0
+ Byp(Ao, A1, A2, D) f, (4.35)

where C), ,,_; is a differential operator which only involves tangential derivatives up
to order p — j and which maps H™ 7(R3.) continuously into H™ P(R3) with

[Cpp—i (Ao, Are; Aze, Do)l prm—i w2 ) pm—r (w2 ) < C

for all e > 0 and j € {0,...,p — 1}. Here A;o means A; for i € {0,1,2} and
accordingly for D. Similarly, B, is a differential operator of order p — 1 which maps
H™(£) continuously into H™P(R%).

For the proof of this claim one proceeds by induction with respect to p, in-
serting the representation (4.35) for the lower order terms into the definition of
Sm,p- A very careful analysis of the regularity of the arising coefficients then
yields the mapping properties of Cp ,—; and B,,. Similarly, an induction shows that
Sip(Ao,e, At,e, Az, De,ug) converges to Sy, p(Ao, A1, Az, D, ug) in Hm*p(Ri) as
e = 0 for 0 < p < m — 1. The details can be found in [18, Lemma 4.10].

IT) Let h € H™(R?). By means of (4.35), we have

Sm,p(AO,Ea A17E7 A2,87 D€7 UO + h) = Sm,p(A0,67 Al,E; A27Ea D87 UO)
p—1 ‘
+ (= Ao, (0) " Ag)POER + Y " Cppj(Av e, A1 e, Az e, De)OSh. (4.36)
j=0

Set af = 0. Then aj € H™(R3 )% and
Sm.0(Ao, A1, A2, D, ug) — Smo(Ao,e, Are, A2 e, De, o) = up — up = 0 = ag.

Let k € {0,...,m — 2}. Assume that we have constructed families of functions
a5, € H™ P(R%)® such that

A3 ((—Ao)E(O)_1A3>pa;) (437)
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= A3 (Sm,p(A07 Ay, As, D ug) — S p(Aoye; A1 ey As e, Do, Uo))
1

p

— A3< Cp’P*j(OvAO,EaA1,57A2’57D5)a§>7

j=
a, — 0 in H™PR3)® ase -0

(=)

for every p € {0,...,k}. Then the functions
k
Y Crrtpi—j (Ao, Ar e, Ase, De)as,
§=0
Smk+1(Ao, A1, Az, D, ug) — Sk 1(Aose, Ave, Ao ey Doy uo)
belong to H™ *~1(R3) and converge to zero in this space by step I) as ¢ — 0.

Lemma 4.9 below thus gives a number g9 > 0 and functions af,, € H™ *~1(R3 )6
such that

Az ((—Ao,(0) 7" A3)Fas )
= A3 (5m,k+1(A0, A1, A2, D, ug) — Smit1(Aose, Ale, Aoe, Do, Uo))

k
— As ( Z Crtio+1—j(Aoe, A1 ey Ao, Ds)ai),
=0

agy; — 0 in H" " 1R%)% ase — 0.
for all € € (0,e0). The induction is thus finished. We next define
£ £ m—p—3
b = a5(-,0) € H™ P77 (9RY)

for 0 < p < m — 1. Since the trace operator from H™ P(R3) into H™ =3 (JR3)
is continuous, we infer that b, — 0 in Hm’p’%(aRi) as ¢ — 0. Theorems 2.5.7
and 2.5.6 in |7] now yield functions h. € H™(R3) with

Bh.(-,0) = b, on 8R‘i
for 0 <p<m—1ande € (0,e), which satisfy h. — 0 in H™(R3) as ¢ — 0.
We set ug,. = ug + he for all € > 0. Then ug . tends to ug in Hm(]Rf’r) and by
construction we have
tr (A3Sm,p(AO,E7 A1,67 A2,67 D£7 U’O,E)) =tr (ASSm,p(A07 A17 A27 Du UO))

for 0 < p < m — 1. Since (0, Ag,...,A3,D, B, f,g,u¢) fulfills the compatibility
conditions (2.4) of order m and B = M A3, we conclude the assertion. O

In the proof of the previous result we exploited that we can continuously invert
(—A0,:(0)71A3)? on the range of A3 in a certain sense. We provide the proof of
this statement in the next lemma.

Lemma 4.9. Let n > 0 and m € N with m > 3. Take Ay € Fr6,(Q) and
Ay = AS®. Pick k € Nwithk < m—1 and p € Nyg. Choose r > 0 such
that HAO(O)”FSVl(Ri) < r. Take an approzimating family {Ao.}eso provided by
Lemma 2.2. Let {vo.}e>0 be a family of functions in H*(R3)S. Then there exists
a number gy > 0 and a family of functions {v, . to<c<e, in H*(R3)S such that

A3(Ag(0)""Ag)P, . = Asvg
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for all e € (0,e0) and a constant C = C(n,r) such that
lvp.ellmr@s) < Cllvoellmsrs )
for all e € (0,g0).

Proof. 1) Due to the properties of the approximating family, we find an €y > 0 such
that

[Ao,e(O)lro,_ (ms) < 2r (4.38)
for all € € (0,ep). We introduce the invertible matrix
0O 0 0 0 1 0 10 0 0 0 O
0O 0 0 -1 0 O 01 0 00O
00 1 0 00 000000
Q= 0 -1 0 0 0 0 so that A3Q = 000100
1 0 0 0 00 000010
0 0 0 0 01 000000

We further set

0. = 410,5;33 AO,E;BG
€
Ao Ao/’

which inherits the positive definiteness from A, i.e., ©, > n on Q. In particular,
O, has an inverse with

102 O)llps_,ss) < Cln,v) (4.39)

for all € € (0,¢9).
IT) Let wg € H k(Ri)G. Due to the previous step we can define scalar functions
hl,a and h275 by
(h1,e,ha,e) = =021(0)(Ao,c (0)wo) (3.6
where we denote for any vector ¢ from R® by ¢(3,6) the two-dimensional vector
((3,¢s). Note that

[(h1es hoe)ll sy < Cn,7)l[woll e ms ) (4.40)
for all € € (0,e0) by Lemma 2.1, (4.38), and (4.39). We next set
Wo,e = —Ao,=(0) (’LUO + hice3+ h2,566>,
W1,e = Qo e (4.41)
for all € € (0,e09). We once more obtain a constant C(n,r) such that
le,eHHk(Ri) < C(nar)HWOHH’C(]Ri)

for all € € (0,&0) due to Lemma 2.1, (4.38), and (4.40). We further point out that
the construction of hy ¢, ho ., and W . yields

(Wo,e)(3,6) = (—A0,e(0)wo)(3,6) — Oc(0)(1,e, hae) =0
for all € € (0,&¢). In particular,
A3Qg . = Wo,e
for all € € (0,e9). We thus compute
As(=A0,(0) "t Ag)iig e = Az(—Ao(0) g = Azwyg
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for all € € (0,&0), where we also used that the span of e3 and eg is the kernel of As.
To sum up, we have shown that for each wy € H*(R3)® and ¢ € (0, &), there is a
function w. € H*(R})® such that

Ag(—Ap(0) " Az)w. = Agw. (4.42)
Moreover, there is a constant C' = C(n, r), in particular independent of €, such that
||we||Hk(Ri) < C'||wo||Hk(JRi) (4.43)

for all € € (0,¢e9).
III) To show the actual assertion, we proceed inductively. We claim that for all

p € Ny, € € (0,20), and w € H*(R})® there is a function w, .(w) in H*(R})® and
a constant Cp, = Cp(n,r) such that

Ag(—A075(O)*1A3)pwP7€(w) = Ag’w, (444)
”wp’E(w)”Hk(]Ri_) < Cp”wHHk(Ri)' (4.45)
Note that there is nothing to show in the case p = 0. Now assume that we have

proven the claim for a number p € Ny. Fix ¢ € (0,£0) and w € H*(R})®. Step II)
applied with wy = w yields a function @, . € H*(R3 )5 with

Ag(~A0,2(0) " Aa)iye = Agw and [|@pellanes) < COpr)wllgs e ). (4.46)

We now define wpt1,.(w) = wp(Wp) for each € € (0,e9). Then wpy1(w) is
contained in H*(R?%)® and we compute

Ag(— A0 (0) " Az)P  wpy o (w) = As(—Ao,c(0) 1) As(— Ao, (0) " As)Pwp - (p,2)
= Ag(—AQ’E(O)_l)Agﬁ]p’E = A?,’LU7

where we employed the induction hypothesis (4.44) and (4.46). Combining (4.45)
with (4.43), we further obtain

[wpsre(W)llmrms) = lwp.e(Wpe)llme@y) < Collpellrers) < Cllwlaszs ),

where C = C(n, 7). The claim now follows by induction.
The assertion of the lemma is finally proven by setting v, . = wy. - (vo,c) for all
e € (0,g0) and p € Np. O

Applying now Proposition 4.7 to the solutions of the approximating initial bound-
ary value problems with coefficients and data from Lemma 4.8, we derive the dif-
ferentiability theorem.

Theorem 4.10. Let n > 0, m € N, and m = max{m,3}. Take coefficients
Ay € FP (Q), A, Ay € FP | (R3), Ay = AP, D € FP(Q), and B = B.
Choose data f € H™(Y), g € Enn(J x ORY), and ug € H™(RY) such that the tuple
(0, Ao, ..., A3, D, B, f,g,ug) satisfies the compatibility conditions (2.4) of order m.
Then the weak solution u of (3.1) belongs to G, ().

Proof. T) Let {A; ¢ }e>0 and { D}~ be the families of functions given by Lemma 2.2
for A;, i € {0,1,2}, and D respectively. In particular, the coefficients A,
Aie, Aae, and D, belong to C*(Q) and 9;Ag . is contained in F(Q2) for each
e > 0. Moreover, A; . and Ay . are independent of time for all € > 0 as A;
and A, have this property. Lemma 4.8 provides a parameter €9 > 0 and a fam-
lly {UQ75}0<5<50 - Hm(R:i) such that (O7 AO,E) Al,sa A275, Ag, DE7 B7 f7 g, U()’E) fulfill

the compatibility conditions (2.4) of order m for all £ € (0,g9) and uwp — ugp
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in H™(R%) as ¢ — 0. Let u. denote the weak solution of (3.1) with differential
operator L(Ag g, A1, Aae, As, D.) and inhomogeneity f, boundary value g, and
initial value ug . for each € € (0,¢0). By Proposition 4.7, the function u. belongs
to G () for all € € (0,20). Take r > 0 such that

[Aill ) < 7 and - [|D][p @) <7
for all € {0,...,3}. Due to Lemma 2.2 we then also have
[Aiellpre) < Cr and  [|D¢

for all ¢ € (0,e0) and i € {0,1,2}. Theorem 3.4 then yields a constant C' =
C(n,r,T) and a number v = ~y(n,r,T) such that

Fa() < CT

m—1
el ) < C( DN F O3 sqasy + 19l moms) + Nol3m s
=0
1 2
I o) (4.47)

for all £ € (0,e0). Let (e,,) be a sequence of positive numbers converging to zero.
Then (4.47) and up. — ug in H™(R?%) as ¢ — 0 yield that (8*u.,) is bounded
in L>(J,L*(RY)) = (L*(J,L*(R%)))* for each a € N§ with |a| < m. Since
L'(J, L*(RY)) is separable, the Banach-Alaoglu theorem gives a o*-convergent sub-
sequence. Taking iteratively subsequences for each a € N§ with || < m, we obtain
a subsequence, denoted by (u,), such that the o*-limit u, of 0%u,, exists for all
a € N} with |a] < m. Lemma 3.1 and Lemma 2.2 imply that

lun = ullG, @) < C(IL(Ao, - ., As, Dyun — [I&, o) + ll10.n — uoll72(gs )

2
< C( Y I1Ai = Asnld e oy l0stall, ey

=0
1D = Dl sy lunl, e + tt0.0 = w0l32qay ) — 0

as n — oo, where we also exploited that f = L(Ao n, A1n, A2n, Az, Dy )y, (4.47),
and that (ugn), is bounded in H™(R?%). Consequently, u is equal to u(g,,0,0)-
Looking at the distributional derivative, we further deduce

(o, 0%u) = (=1)!*1 (0%, u) = (~1)! Tim (9%, u) = (p, ua)

for all ¢ € C2°(2). We conclude that 0w € L>(J,L*(R3)) for all & € N§ with
la| < m;ie., u € Gp(Q). It remains to remove the tilde here.

IT) Let 0 < j < m—1. Differentiating the differential equation and the boundary
condition and employing (2.1), we see that ag u solves the initial boundary value
problem,

L(Ao,...,Ag,D)’U:fj, (EERE_, teJ;
Bv:(“)gg, xe@Rf’r, teJ,
U(O) = SmJ(O,Ao,. . .,A3,D,f, UO), xr € RB;

where

J .
f=ar-3 (Jl> (aiAoag“—lu n aipag—lu)
=1
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belongs to H™ /() by Lemma 2.1. We want to apply Lemma 4.5 to 8,{1;. There-
fore, the tuple (0, Ao, ..., As, D, B, f;, 8;?97 u%) has to satisfy the compatibility con-
ditions (2.4) of order m — j, where we abbreviate Sy, ;(0, Ao, ..., As, D, f,uo) by
uf)forallogjgm.

Similar to Lemma 4.6, an induction with a straightforward calculation in the
induction step yields

Sm—ml,m2(0>A07~ .. 7A37D7fm1au6nl) = Sm,m1+m2(0aAOa .. -aA3aD7fa uO) (448)

for all my,mo € Ny with mo < my; and my + mo < m — 1. We once more refer
to [18], see step III) of the proof of Theorem 4.12 there, for the details. Note that
this identity implies that

BSmfml,'mz (07A07 e 7A37 D7 fmuugbl) = BSm,m1+m2 (07“403 cee 7A3a Da f7 UO)
=0, "™29(0) = 97" (97 9)(0)

on BRi for all my < m —my — 1, as the tuple (0, Ao, ..., A3, D, B, f, g, up) fulfills
the compatibility conditions of order m by assumption. We infer that the tu-
ple (0, Aq,...,As, D, B, fm,,0; " g,uy"") fulfills the compatibility conditions (2.4)
of order m — mj.

ITI) Step II) applied with j = m — 1 shows that 9;" 'u solves (3.1) with inho-
mogeneity f,,_1 € H'(Q), boundary value 0" ‘g € E1(J x OR3), and initial value
ug™' € HY(R%). The tuple (0,Ao,..., A3, D, B, frn_1,0," g, uy'"") fulfills the
compatibility conditions (2.4) of order 1 by step II). Next take an open subinter-
val J' of J. Assume that 9, 'u belongs to C(J’, L2(R%)). As we already know
that 0;"'u belongs to L>=(J, H},(R?)), we can argue as in step 1I) of the proof of
Lemma 4.4 to infer that ;" 'u is an element of C(J/, HL,(R3)). (Note that the
smoothness of the coefficients is not used in that step of the proof of Lemma 4.4.)
Lemma 4.1 then implies that 0;" 'u is contained in G(J’ x R3). Lemma 4.5
thus yields that 9;" 'u belongs to C(J,L?(R3)); i.e., u € C™(J,L*(R3)). The
previous arguments applied with J' = J now imply that 8{”71u is an element of
G1(Q).

Next assume that we have proven that 9" *u is an element of G (Q) for some
ke {1,...,m—1}. Then 87" " 'u belongs to

k k+1
(VeI H RY) = () O, HH(RY)).
=0 =1

Observe that ™~ *~1u solves (3.1) with inhomogeneity f,_r_1 € H*"1(Q), bound-
ary value 9" *"'g € Ej;1(J x OR?), and initial value uf' ¥~ € HF+1(R%) by
step II). Arguing as before, i.e., combining Lemma 4.5 with step II) of Lemma 4.4
and Lemma 4.1, we derive that 9;"*~'u belongs to C(J, H**!(R3)) and thus to
Gr+1().

By induction we arrive at 9" *u € Gi(Q) for all k € {0,...,m}. With k = m
we finally obtain u € G,,(Q). O

Proof of Theorem 1.1: Combining Theorems 3.4 and 4.10, we derive the
assertion of Theorem 1.1 for G = Ri. The localization procedure from Section 2, see
Remark 2.4, then yields Theorem 1.1 for coefficients constant outside of a compact
set.
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Once the regularity theory has been established for coeflicients constant outside
of a compact set, another approximation procedure extends the results to coef-
ficients Ap and D which merely have a limit as |(¢,x)] — oco. We refer to [18,
Theorem 4.13] for details. O

Remark 4.11. Not only the main result extends to coefficients Ag and D with a limit
as |(t, )] — oo, but also all the intermediate results. In particular, Proposition 3.3,
Theorem 3.4, and Theorem 4.10 are still true if Ay and D only have a limit as
|(t, z)] — o0, see [18, Theorem 4.13].
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