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Abstract

Greater motivation for this work is to counter lubricant shortage at a frictional contact
where two bodies in relative motion meet. Lubrication generally aims at improving
frictional behavior. If there is not enough lubricant available for the tribocontact, so-
called starvation occurs which may lead to increased friction, wear, and related unde-
sired effects. In the worst case this results in total failure of the respective machine or
assembly.

The specific idea is to transport lubrication liquids, for example oils, from a distant lo-
cation towards an undersupplied tribocontact in small channels or generally structures
cut into a flat surface. Concentration is on the transportation process with the tribo-
contact itself playing a minor role. In addition to guiding liquids, microscale surface
structures allow to use capillary force as a cheap and reliable driver of the flow. To make
the best use of it, different surface designs are discussed resulting in the microchannel
as advantageous basic building block.

Existing microchannel flow theory is adapted and extended to meet typical conditions
in the vicinity of a tribocontact. Fabrication restrictions due to the materials in use and
resulting consequences are covered. Inertial effects from moving solid bodies which
carry the structure are discussed and thermal effects which are caused by the heat tri-
bocontact generates are equally considered. If sufficiently strong, both may hinder or
even suppress the lubricant supply of a tribocontact. This is countered by capillary
force in suitable surface geometries.

Starting from basic fluid mechanics laws, a nondimensionalization and approximation
procedure leads to significant simplification in the governing equations which results
at last in a computationally inexpensive unidirectional flow model. Special attention is
paid to the boundaries of the fluid domain in order to take non-standard solid geome-
tries and an important interfacial phenomenon at the liquid-air boundary – the so-called
Marangoni effect – into account. Numerical modeling is complemented and validated
by flow experiments on specially designed testing equipment.

Even though the major focus of this work is on the investigation of liquid lubricant
transport towards tribocontact, the transition from such transportation domain into the
tribocontact itself cannot be neglected as it proves important for overall system func-
tioning. Various potential transition mechanisms are discussed including tribocontact
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Abstract

relative motion and starting points for future research are given – with respect to both
physical insight and the harmonization of basic models in the respective domains. In
general, room is left for further research both in numerical modeling and solution tech-
niques as well as in more comprehensive experimental assessment.
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Zusammenfassung

Übergeordnete Motivation dieser Arbeit ist die Bekämpfung des Schmierstoffmangels
an einem Reibkontakt – dort, wo sich zwei Körper berühren und sich relativ zuein-
ander bewegen. Geschmiert wird generell um das Reibverhalten zu verbessern. Steht
dem Tribokontakt nicht ausreichend Schmierstoff zur Verfügung, tritt die sogenann-
te Mangelschmierung auf, die zu unerwünschten Effekten wie erhöhter Reibung und
erhöhtem Verschleiß führen kann. Im schlimmsten Fall kommt es zum Totalausfall der
betroffenen Maschine oder Baugruppe.

Die konkrete Idee ist nun, flüssige Schmierstoffe, z.B. Öle, aus entfernten Bereichen
zum unterversorgten Tribokontakt zu transportieren und dafür bestimmte Strukturen –
beispielsweise Kanäle – zu nutzen, die in eine vormals plane Oberfläche eingebracht
wurden. Im Mittelpunkt steht dabei der Transport an sich, während dem Tribokon-
takt eine untergeordnete Rolle zukommt. Die genannten Mikrostrukturen können –
zusätzlich zu ihrer Funktion, Flüssigkeiten zu leiten – Kapillarkräfte entstehen las-
sen, die dann dazu genutzt werden können, Strömungen anzutreiben und zwar auf
kostengünstige und zuverlässige Art und Weise. Um dies bestmöglich auszunutzen,
werden unterschiedliche Oberflächenstrukturen diskutiert; der Mikrokanal als Grund-
baustein einer Oberfläche stellt sich dabei als vorteilhaft heraus.

Die bestehende Theorie zu Mikrokanalströmungen wird erweitert und an die typischen
Bedingungen in der Umgebung eines Tribokontaktes angepasst. Fertigungsrestriktio-
nen aufgrund verwendeter Materialien und daraus entstehende Konsequenzen werden
betrachtet. Auftretende Trägheitskräfte, weil sich die strukturierten Bauteile bewegen,
werden ebenso berücksichtigt wie thermische Effekte, die der Wärmeentwicklung im
Tribokontakt geschuldet sind. Beides kann dazu führen, dass die Versorgung des Tri-
bokontakts mit Schmierstoff behindert oder sogar gänzlich unterbunden wird. Die Ka-
pillarkraft wirkt dem bei geeignetem Oberflächendesign entgegen.

Grundlegende Gleichungen der Fluidmechanik werden mittels Entdimensionalisierung
und anschließender Näherung zu einem unidirektionalen Strömungsmodell verein-
facht, das schnelles Rechnen erlaubt. Besondere Beachtung finden dabei die Ränder des
Fluidgebiets, sowohl hinsichtlich spezieller Strukturgeometrien als auch im Hinblick
auf ein bedeutendes Grenzflächenphänomen zwischen Schmierflüssigkeit und Luft,
dem sogenannten Marangoni-Effekt. Die angestellten Berechnungen werden durch
Experimente auf einem eigens entwickelten Versuchsaufbau ergänzt und validiert.

v



Zusammenfassung

Auch wenn das Hauptaugenmerk dieser Arbeit auf der Untersuchung des Schmier-
stofftransports hin zum Tribokontakt liegt, darf nicht außer Acht gelassen werden, dass
der Übergang vom Transportgebiet in den eigentlichen Tribokontakt für die Funktions-
weise des Gesamtsystems von besonderer Bedeutung ist. Mehrere potentielle Über-
gabemechanismen, u.a. Relativbewegungen im Tribokontakt, werden diskutiert und
Ausgangspunkte für zukünftige Forschungen werden beschrieben – sowohl was das
grundlegende physikalische Verständnis als auch die Zusammenführung bestehender
Modelle angeht. Generell besteht Spielraum für weitere Forschungen sowohl im Be-
reich weiter gehender Berechnungsmodelle und Lösungsverfahren als auch was um-
fassendere Versuchsreihen angeht.
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btp Test piece width . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [m]

C Spatially constant flow driving factor . . . . . . . . . . . . . . . . . . . . . . . . [1/(s m)]
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Lc Length of liquid fingers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [m]
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1. Introduction

1.1. Motivation and scope

Friction is both a blessing and a curse: Whereas in preventing wheelspin it only allows
us to move our car on the road, it uses up about one third of the same car’s fuel energy
[101]. Lubrication is amongst tribologists’ best means to reduce frictional losses in any
machinery or product. Key property of lubrication fluids is their ability to significantly
lower friction by separating otherwise contacting solid bodies from each other, at least
partially. For this to work, enough lubricant must be present at tribocontact in order
to prevent the occurrence of starvation. In the case of starvation typical consequences
are higher friction and wear. This is generally attributed to lower lubricant film height
in tribocontact. A sufficiently high degree of starvation may result in the failure of the
tribological system and possibly of the whole mechanical system i.e., of a machine or
at least an assembly or machine element. While in general starved lubrication has to be
avoided, the phenomenon itself is still not fully understood. Active research concen-
trates on the effects starvation has on tribocontact behavior. The cause of starvation,
in today’s understanding an insufficient amount of lubricant at the inlet of tribocontact
[39, 48], is addressed in current research to a much lesser extent. The underlying idea
is simple: If more lubricant is needed at tribocontact inlet, why not just supply more?

Several mechanisms to transport a lubricant towards tribocontact have been investi-
gated e.g., pumping or spraying. This work concentrates on capillary force as the
driver of lubricant transport: Without the need of moving parts or additional equip-
ment, it promises to be a cheap alternative. The general feasibility and reliability of
capillary transport is demonstrated in plants – it is their method of choice to transport
water and nutrients. The geometrical features required for a capillary force to develop
are created by surface structuring i.e., the purposeful deviation from a flat surface, for
example by generating holes, grooves, ridges or channels with concentration on the
latter. If structure size is limited to the micrometer range or smaller, capillary force
is strong in comparison with e.g., gravity. This yet limits the spectrum of potential
structuring technologies but still allows for mechanical cutting or laser ablation.

As will be developed in the course of this work, critical attention must be paid to forces
that may oppose capillary transport, e.g., a centrifugal force which arises from rotation
of a contact body. Besides that, the so-called Marangoni force may hinder or even
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1. Introduction

suppress capillary transport totally. This is a surface force which is present under a
thermal gradient like the one that develops when heat is generated in a tribocontact and
conducted via solids and fluids to its surroundings. Furthermore, highly stressed tribo-
contacts require carefully selected engineering materials. These in turn need specific
microfabrication processes resulting in consequences for microchannel transport itself
which must be considered. While the source of the lubricating fluid is not in the center
of attention, it cannot be excluded from the analysis either. Possible liquid lubricant
reservoirs can be an oil-filled surface cavity or a grease which – similar to a sponge –
is soaked with the oil intended to lubricate tribocontact.

In summary, this research should lay the experimental foundation of the general trans-
port problem as well as build a basic modeling framework which in the optimal case
allows fast and reliable numerical simulation. Yet it can only be understood as a first
step towards a deeper and more general understanding of the physical processes in-
volved with liquid lubricant supply of a tribocontact out of a distant location.

body B

body A
body A

starvation lubricant film

capillary force

Marangoni effect, body movement

microchannel

a) b)

Figure 1.1.: Tribocontact a) in starvation and b) with capillary lubricant supply by a microchannel; ther-
mal effects (heat is generated in the tribocontact) and body movement may draw the lubri-
cant away from the tribocontact with the capillary effect as a countermeasure

1.2. Literature survey

Capillary transport in surface structures has not yet received considerable research at-
tention with respect to the lubricant supply of a tribocontact out of a distant reservoir.
Tribology related literature is therefore only part of this overview. Another part deals
with general small scale fluid transport, especially capillary transport, which can be
applied well to liquid lubricants’ movements. This section is designed to give a broad
and comprehensive overview of potentially relevant research topics. The essential ba-
sics for this work are then dealt with in more detail in the following chapter two.

2
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Methods of lubricant transport towards tribocontact

Active pumping of lubricating fluids is a common method used for example in exter-
nally pressurized fluid film bearings but comes with the cost for a pump or at least
a pumping mechanism. Spraying of lubricant contained in an aerosol, a well-known
technique e.g., in production engineering, recently received more research attention as
a means to counter starvation [155]. If a lubricant flow already exists, mechanical slid-
ers can be designed to direct the flow to tribocontact inlet [3]. Van Zoelen et al. [197]
have investigated the ability of surface curvature of bearing raceways to transport a
lubricant from the side into the center of the raceway i.e., back to tribocontact inlet.
This method is interesting as it makes use of existing surface forces which can (under
certain circumstances) move oil from one location to another. Insofar it is similar to the
present work. Klien et al. [117] have analyzed lubricant migration on solid surfaces
with surface roughness and general characteristics typical to tribological conditions
based on the so-called Marangoni effect, which is explained in section 2.4.5. They
attribute their difficulties in achieving clearly distinguishable results to the presence of
capillary forces. The latter are the physical basis of recent bioinspired research by Co-
manns et al. [42] who investigate the skin structure of moisture-harvesting lizards with
the aim in mind to adapt them to (cooling) lubricant transport. They mention the sup-
ply of cutting tool edges as well as bearing lubrication as potential application fields.
In this respect, laser surface structuring and spreading tests on different surface types
have been conducted by Hermens et al. [98].

In precision mechanics, especially in watchmaking, capillary effects are exploited not
to transport lubricants towards tribocontact but at least to keep them there. This can be
achieved geometrically or by chemically treating surfaces in an epilamization process
[157, 199].

Flow within tribocontact

Compared to lubricant flow towards tribocontact, there is abundant literature dealing
with flow behavior within contact. Based on Reynolds equation as its mathematical
cornerstone, elastohydrodynamic lubrication (EHL) theory provides the toolset to com-
pute not only flow in a tribocontact but also determines lubricant film height between
the contact partners, the pressure buildup in the film, the resulting load-carrying capac-
ity of the tribocontact as well as contact partners’ elastic deformations, cf. [92, 183].
Extensions of EHL theory to include thermal and surface roughness effects exist [9].
While Reynolds equation itself is generally accepted, the variety of boundary condi-
tions in use e.g., Swift-Stieber, Prandtl-Hopkins, Coyne-Elrod, or Jakobsson-Floberg-
Olsson shows that the physics is difficult to model in detail and still is not completely
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understood, especially towards the edge of tribocontact and towards low pressure re-
gions. How fluid gets entrained into, leaves, and flows around contact is a current
research topic both experimentally and theoretically [143, 184, 195] with the latter typ-
ically building on roll coating theory [79, 206]. What seems clear is the appearance of
starvation effects in case of insufficient lubricant supply at tribocontact’s inlet:

Starvation

Starvation effects in elastohydrodynamic lubrication have been investigated for decades
in experiments and in theory. Starvation can occur both in oil as well as in grease lu-
brication [133]. Wedeven et al. [205] point out that starvation is not necessarily always
negative. It is rather desirable to understand and control starvation conditions. For this
purpose, Cann et al. [32] define five parameters, namely load, speed, oil viscosity, oil
volume, and contact size. It is generally agreed that the state of a tribocontact’s inlet
region is decisive for what happens in the contact, especially with respect to film thick-
ness. While initially, the location of the inlet lubricant meniscus was seen as the critical
parameter to control film height [25, 205], later research concentrated on the amount of
oil present at the inlet [39, 133]. Such amount is a consequence of the balance between
lubricant loss and lubricant replenishment [48]. With respect to the latter, Jacod et al.
[104] distinguish between ”out of contact” replenishment as mentioned above and ”in
contact” reflows in or around tribocontact due to local capillary forces.

Surface structuring in tribology

An analogous distinction between ”in contact” and ”out of contact” can be made when
it comes to surface structuring: While the latter is in the center of this works’ research,
the former is an established research area within the field of tribology: Theoretically
based on EHL theory, the goal of surface structuring is to alter contact surfaces within a
tribocontact in a way that enhances film formation, pressure generation and thus load-
carrying capacity and wear reduction. Key is the basic physical effect that a fluid which
is entrained in a converging or suddenly narrowing gap builds up pressure. Etsion
[66] gives an overview of both theory and application examples. Figure 1.2a) depicts
the pressure increase achieved by a protrusion in contact. Total pressure depends on
relative velocity u. An analogous pressure buildup is generated by the single step
geometry b) which is the basic building block for multiple step geometries such as c).
A variety of surface patterns has been summarized by Wahl [201] including parallel and
crossed grooves in different angles, dimples, and protrusions with tribological testing
done e.g., by Geiger et al. [80]. A comparison of numerical EHL computations and
experiments can be found in [221].
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u

a)

p

lubrication liquid

u ↑

c)

b)

Figure 1.2.: Pressure generation within the tribocontact due to a) a protrusion, b) a step, c) dimples in
the surface [66]

While these structures and the ones investigated in the present work share the same
ultimate goal, namely the improvement of tribocontact performance, they do it in a sig-
nificantly different way: The former are located within tribocontact and are not focused
on moving lubricants whereas the latter are located in the vicinity of a tribocontact and
are specially designed to transport a lubrication fluid from a distant reservoir towards
tribocontact inlet.

Microstructure fabrication for fluid transport applications

Outside tribology, there is a large research community dealing with the fabrication of
microstructures to transport fluids on a small scale. Typical applications are found
in life sciences, chemistry, and environmental science with a special emphasis on so-
called ”lab-on-a-chip” applications. In electronics, heat-pipes are used for electrical
component and microchip cooling [88] while in the field of mechanical engineering,
ink jet printing is a common application [141].

The specific field of application often determines or at least bases restrictions on the
liquids used and the material that bears the structure with a small overview given e.g.,
by [189]. As a direct consequence a variety of fabrication methods has been developed
to produce surface structures, cf. section 3.2, that range from simple cutting of paper
[82], over honing e.g., of an combustion engine’s metal or metal-based cylinder surface
[57], microinjection molding of engineering plastics [126, 213], etching of silicon and
certain polymers [193], mechanical machining by milling or cutting [105] to different
variants of laser ablation which are comparable to methods used for in-tribocontact
structuring [62].
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Microscale fluid transport

The theoretical foundation for fluid transport on the microscale is provided by a field
that has been termed ”microfluidics” as late as in the 1980s [41]. Not so much the
absolute scale of geometrical features (which are roughly in the range between one
micron and one millimeter) but the scale’s typical physical consequences distinguishes
microfluidics research from classical fluid mechanics on one side and nanofluidics on
the other.

The basic theory is summarized in e.g., [27, 115] while [125] goes more into detail
with respect to fluid transport. Squires and Quake [178] as well as Stone et al. [180]
probably give the broadest overview of research in the field, including possibilities of
driving a flow e.g., by chemical surface manipulation, thermal gradients, optowetting,
electrokinetic techniques, acoustic streaming, and mechanical pumping amongst oth-
ers. Darhuber and Troian [50] summarize research with respect to microfluidic flow
due to modulation of surface stresses. Generally, when surface forces are investigated,
the interplay of different phases is crucial. Examples for two-phase systems with an
interface between a gaseous and a liquid phase are free drops, liquid jets and related
phenomena like the breakup of the latter into the former. The presence of a solid mate-
rial leads to a three-phase system and is necessary yet not sufficient for capillary forces
to occur.

Thin films and droplets

Fluid transport in three-phase systems can be achieved on flat and non-flat surfaces,
with the liquid being present only locally such as in channels or in the form of drops
or alternatively covering the whole surface as a (thin) film. With respect to the latter,
an overview of mathematical description and related physical phenomena which might
occur is given e.g., in [147, 149]. Film theory on a structured surface is described in
[2]. If the film extends indefinitely, fluid movement cannot be caused by capillarity so
that other effects become relevant. Substrate curvature is investigated in [170, 174].
Abundant literature exists in the case of rotating films, mostly related to the so-called
”spin-coating” process where the coating is spread on the part by setting it in rotary
motion [65, 100, 149]. Temperature variations can lead to movement and instabilities
in a thin fluid layer: Rayleigh-Bénard convection is based on density differences in hot
and cold sections in the fluid which, under the influence of gravity, give rise to a special
movement pattern [12]. Bénard-Marangoni convection or thermocapillary convection
is a similar effect which in contrast is caused by differences in surface tension [20, 198].
Alternatively, movement due to the Marangoni effect (which is described in more detail
in section 2.4.5) may be caused by chemical agents, so-called surfactants [55]. The
effect is also able to pull a liquid layer out of a reservoir [68, 135, 145].
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1.2. Literature survey

If the fluid volume on a solid surface is finite, the three-phase boundary is characterized
by a defined contact angle as described in section 2.2.3. Depending on fluid amount,
puddles, drops or droplets form. For the symmetry of interfacial forces, cf. figure
2.4a), they still do not move in the basic case. Methods to move droplets [69, 192] and
elongated fluid columns [49] over a temperature-controlled substrate are described as
well as motion achieved by locally heating droplet surface with a directed light or laser
source [78, 120]. Even droplet motion on a layer of a different fluid is analogously
possible [84]. Treating the solid surface chemically to make drops move [21], an effect
Wasan et al. [203] more formally set in contrast with the above, directly leads over to
the spreading of drops and films due to solid surface characteristics:

Capillarity and spreading on textured surfaces

With the typical neglection of gravity in microscale fluidics, cf. section 2.1, capillary
forces are dominant. A broad overview of wetting and spreading behavior in general
can be found in [53, 188]. The involvement of capillary effects is a great advantage,
because no external energy source is required to make fluids move. Capillary forces
depend on geometry and a special surface texture may enhance or hinder wetting. The
wetting behavior of such textures has been broadly investigated e.g., in [37, 45, 162].
It is related to fluid transport in porous media, cf. [11]. However, it happens only at the
solid’s surface. By appropriate structure design, a preferential wetting direction can be
achieved [44, 107, 211].

Basic building blocks of a structured surface

As surface geometry often is sufficiently complex with respect to capillary fluid trans-
port, it has been broken down by researchers into basic geometrical features [128].
One of such basic features is a fiber along which a characteristic capillary meniscus
develops as seen in figure 1.3a); capillary transport between fibers is then typically de-
scribed based on the Princen model [17, 159]. Other basic building blocks are tubes
and channels:

θeq

liquid

fibersa) b)

Figure 1.3.: a) Meniscus at a fiber immersed in a liquid with equilibrium contact angle θeq [53]; b) liquid
between two fibers [159]
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Flow in tubes and channels

Flow in tubes and channels has been investigated both capillarity-driven, cf. section
2.5, and with other driving mechanisms, most simply by using an external pump. A
typical experimental setup is presented in [218] while [1] designed a micro-balloon
pump on a microfluidic system. In analogy to droplet transport on a surface, droplet
movement inside channels may be achieved by thermal actuation [173]. [127] designed
an electrochemical fluid driving method based on the Marangoni effect.

Centrifugation is a further alternative: Rotating microchannels have been investigated
mainly in the context of so called ”Lab-on-a-CD” systems: Rotating disks are used to
transport, handle, mix, valve, or portion fluids on the small scale, again with concen-
tration on applications in medical and biological fields [64, 130, 168, 216]. Capillary
effects are used in burst-valves [34, 35] or to transport liquids back and forth by al-
ternating between centrifugal and capillary force movement [77]. Hwang et al. [102]
superpose both effects. Whereas in these approaches the rotation is purposefully gen-
erated to drive some fluid action, the present work focuses on how a given movement
of the structured parts might actually hinder the lubricant flow.

All the above mentioned effects come with the disadvantage of requiring an external
source of energy to drive the flow. This is not true any more for heat pipes. These
closed tubes with a capillary structure inside are used for example to cool chips in
electronic devices. They take advantage of the available heat as energy source. Besides
capillary effects their function relies on phase transitions – therefore they have to be
thoroughly closed which complicates fabrication [88].

While for this reason the present work concentrates on open microchannel flow, tube
flow is its theoretical basis, cf. section 2.5.1. The century-old groundbreaking work
of Lucas [134] and Washburn [204] has been confirmed in a multitude of experiments.
Today, research interest in capillary tubes is concentrated more on the formation of
capillary menisci especially in tubes with corners or edges. Theoretical models have
been developed in [59, 156, 163] while experiments to determine static shape and flow
characteristics have been done in favorable microgravity conditions, in drop towers or
aboard a spacecraft [60, 124]. An advanced model, combining both bulk flow in a
microchannel with corner flows has been developed and continuously refined by Weis-
logel and coworkers [208, 209].

The very demonstrative and probably most widespread application of capillary trans-
port in tube-like structures is the one used by plants in their xylem, a transport tissue.
Despite its obvious reliability and performance, liquid transport in plants continues to
be only partly understood [56].

As channel shape is decisive both for flow resistance and magnitude of capillary force
researchers typically concentrate on a characteristic geometry. Besides the standard
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case of a rectangular cross section, triangular [139, 167], trapezoidal [140, 182, 190]
sinusoidal [182], and hexagonal [47] microchannel cross-sections have been analyzed.
Axial variation in circular cross-sections was considered as early as 1921 in [96] with
respect to conical shapes, while diameter variation is covered in [71, 166, 175]. Flexi-
ble walls [30], wall oscillations [6, 7] and pulsatile flows [114] have been investigated.
Surface roughness in channels is researched e.g., in [91, 110]. Friction at an open
channel interface is analyzed in [182, 190] while [146, 149] give attention to evaporat-
ing microflows. As each of these influences naturally adds to the complexity of flow
modeling, care must be taken in the following chapters to consider only the decisive
effects.

Simulation

Simulation of microscale flows is diverse. A certain overview is given e.g., in [83, 112],
both pointing out the variety of approaches and the applicability of finite element, finite
differences, and finite volume discretization. Comparative analysis reveals shortcom-
ings in common commercially available CFD codes, especially with respect to surfaces
and boundaries [81]. The latter are specially targeted by phase field [95, 161] and level
set methods [185, 215]. Although there is broad consensus that microflows can still
be treated as continua, already in the lower micrometer range the focus gets shifted
towards molecular dynamics solutions and Lattice-Boltzmann methods [40, 61, 121].
For the computation of static fluid shapes, especially capillary menisci, the SURFACE
EVOLVER code was written based on the energy minimization principle [23]. Building
on it, Klatte et al. [116] developed an iterative procedure for channel flow including
viscous friction. Literature dealing with pressure-driven channel flow which includes
capillary flow as a subgroup still emphasizes the classical quasi-static Laplace or Pois-
son equation based approach which is adopted in the present work.

1.3. Thesis outline

Having motivated the present research and with an overview of literature given, the
following chapter two sums up the existing basic theory. In order to focus on relevant
concepts only, it is already somewhat selective with the respective arguments stated.
Chapter three focuses on hardware and experimental design: It discusses which sur-
face structure expectedly fulfills the task of lubricant transport towards tribocontact
best and defines the microchannel as essential building block. Given engineering ma-
terials used in tribological application, section 3.2 discusses appropriate fabrication
methods which can provide (more or less) satisfying structuring results. Machined test
pieces are used in flow experiments described in section 3.3. Experimental results are
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only presented in chapter four: Based on the previous chapters, it focuses on model-
ing the capillary microchannel transport and compares simulation with experiments.
Influences from typical application conditions e.g., temperature gradients in the sur-
roundings of a tribocontact and movement of contact partners are considered as well as
limitations from fabrication. While it becomes clear that capillary lubricant transport
in microchannels towards a tribocontact can be successfully simulated, the transition
into the transport structure and especially the transition out of the structure and into
tribocontact offer further research questions. They are briefly addressed in chapter five
before conclusions are drawn.
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2. Selected topics in microfluidics
and capillary flow theory

The goal of this chapter is to give an overview of microfluidics theory as far as it is
relevant in the context of this work. Section 2.1 serves to focus on the right scale
(e.g., arguing for a continuum instead of a molecular dynamics model), section 2.2
concentrates on the essential influencing fluid parameters and interfacial effects later
modeling must build upon. Starting at the general equations of fluid motion, section 2.3
illustrates common simplifications in microfluidics and the influence of a non-inertial
frame of reference. This is followed by the treatment of forces acting both in the bulk
fluid and at the boundaries. Section 2.5 deals with capillary forces in more detail and
completes the chapter.

2.1. Microscale characteristics

Some physical effects only become significant on a certain scale. For this reason,
microfluidics research differs somewhat from classical fluid mechanics: While in the
latter, inertial effects, especially turbulence, receive great attention, they hardly play a
role in microfluidics. Here viscous and surface forces generally dominate.

To determine the relevance of a physical effect, it has proven useful to set it in rela-
tion with another physical effect. The capillary length for example sets capillarity and
gravity in relation:

lcap =

√
γ

ρg
(2.1)

Here g is the gravitational acceleration, ρ is the density of a liquid e.g., oil and γ is the
surface tension between the liquid and an adjacent fluid, typically air. In this case, the
capillary length is around 2 mm. If a given problem has a characteristic length scale
h0 < lcap, capillarity is strong relative to gravity i.e., lcap acts as a an approximate upper
bound for the exploitation of the effect. For a given length scale h0 (e.g., the height of
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2. Selected topics in microfluidics and capillary flow theory

a microchannel) the respective dimensionless Bond number is typically preferred over
capillary length. It reads:

Bo =
ρgh2

0

γ
(2.2)

A small Bond number, which is common in microfluidics, indicates that surface forces
dominate gravity, which often allows to neglect gravitational influence altogether.
Throughout this work, this assumption can be adopted based on sufficiently small
Bo.

Below, capillarity is bounded once molecular effects become dominant. Used mainly
for gases, a Knudsen number Kn = ld/h0 can also be calculated for liquids (where ld
is then lattice spacing) but would require a characteristic length in the lower nm-range
to become significant [76]. More relevant are production parameters: If microchannels
are produced by laser ablation, wavelength of visible light which is in the hundreds of
nanometers range is a natural lower bound, while state-of-the art micromilling tools
have diameters well in the micrometer range. As the current state of the art in fabri-
cation technology on the nanoscale is even far less developed than on the microscale,
potential tribological applications are expected to emerge on the microscale. From a
tribologists’ view, typical film height in tribocontacts is on the order of a few microns.
The Hertzian radius might be a little bigger in size while surface roughness just below
the micron threshold is still quite common.

Between such bounds, the microscale is consequently the relevant scale for this work,
with bounds at 1 mm and 1 µm seen only as approximate limits. A characteristic chan-
nel length l0 can safely be allowed to be a couple of millimeters, while a characteristic
channel width or height h0 is somewhere in the mid-micrometer range.

The scale has direct consequences for physical modeling of flows: First of all, geo-
metrical dimensions are large enough to treat the lubricating liquid as continuum. This
gives rise to the classical fluid mechanics theory adapted to the microscale without the
need for generally more computationally intensive molecular dynamics approaches.
The basic theory is summarized in what follows.

Secondly and at least as important, it allows to decisively reduce the complexity of fluid
mechanics by neglecting all physical effects which are small on the scale in question.
A small Reynolds number

Re =
ρu0l0
η

(2.3)
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2.2. Properties of lubricating liquids

is the basis to treat the lubricant flow as purely laminar while inertial effects such as
turbulence can safely be neglected. With a characteristic speed u0 of a few millimeters
per second and the physical properties of a typical PAO lubricating oil as described in
sections 2.2 and 3.3.2, Re . 1 is expected. This characterizes lubricant liquid flow
towards tribocontact as slow viscous flow or creeping flow where viscous and surface
forces outplay mass accelerations and gravity.

2.2. Properties of lubricating liquids

2.2.1. Oils and greases

Oils

While solids and gases can be lubricants, e.g., graphite or air, most lubricants are liq-
uids. The majority of lubrication fluids are oils even though any liquid can act as lubri-
cant, for example fuel in a fuel pump. Chemically, oils are characterized by molecular
chains of carbon and hydrogen atoms, irrespective of impurities. This is true for both
mineral oils, found in nature, and synthetically produced hydrocarbons. The most com-
mon synthetic lubricating oils are polyalphaolefins (PAOs) [138]. Based on their fre-
quency of use, PAOs form the basis of experiments conducted and discussed in section
3.3.

The microscale as the relevant scale of analysis throughout this work, is generally con-
sidered too large for chemical structure of the lubricating liquids to play a decisive
role - in contrast to the physical properties described in the following chapters. Ex-
ceptions apply, especially if the above described base oils are enriched with critical
additives. These are used to enhance specific properties like antioxidation, corrosion
inhibition, antiwear behavior, or solid contaminants envelopment [138]. Mainly two
groups of additives can influence capillary flow behavior significantly: First, addi-
tives which change the properties at the oils’ interface to solids and to air (e.g., emul-
sifiers or demulsifiers, detergents, dispersants, etc.) and second viscosity modifiers
which change oil viscosity significantly. This must be considered with respect to lit-
erature values and measurements of physical properties which form the basis for flow
modeling.
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2. Selected topics in microfluidics and capillary flow theory

Greases

Besides oils, greases are widely used lubricants. Greases are a compound of a solid
thickener, commonly a metallic soap, and an oil which is stored inside the empty space
left by the thickener (see figure 2.1).

Figure 2.1.: SEM image and model of a grease: thickener structure, which serves as oil reservoir, is
modeled in [5] as a stacked arrangement of fibers

If the grease is applied directly to tribocontact and is realistically expected to stay
there over an extended period of time without getting pushed out of the contact by
tribocontact motion, both oil and and thickener adopt lubricating tasks. If this is not
the case, the oil is the sole lubricant while the thickener’s purpose is to act as an oil
reservoir which slowly releases the quantities of oil needed per amount of time often
over a long period up to the lifespan of a product. The oil then creeps in an undirected
way, drawn by surface forces towards tribocontact.

Oil bleeding of greases

The oil release or ”oil bleeding” of greases is influenced by a variety of parameters:
Each type of grease subjected to external pressure shows a characteristic oil release
behavior as a function of time which is measured in a standardized procedure [58].
Increasing temperature facilitates oil release. The same is true if inertial forces are
applied, e.g., in centrifugation [172]. In addition to measurement, Baart et al. [5] have
developed an oil bleeding model for grease centrifugation based on Darcy’s law, eq.
(2.53), which in general governs the flow through porous media and states that the flow
rate q is proportional to permeability κD. Modeling the grease’s thickener structure as
an arrangement of parallel and perpendicular fibers (as in figure 2.1) allows to cover
two effects: First, the decrease of permeability as oil is released from the grease and the
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distances between the fibers diminish and secondly, the additional influence of tilting
fibers (i.e., the change of the thickener’s structural arrangement) on permeability.

As the grease’s primary function is to store oil instead of transporting it over a distance,
the grease itself is not in the focus of this work, except for section 5.1, where the
transition of oil into a capillary is briefly discussed.

2.2.2. Physical properties of lubricating liquids

Besides the properties itself, their temperature dependence is a focus of this section.
The influence of pressure, a major issue when dealing with fluid flow within tribo-
contact where pressure typically reaches values in the higher MPa- or GPa-range, is
negligibly small for capillary pressures, which are on or below the order of magnitude
of atmospheric pressure. Viscosity for example, when modeled with the Barus ansatz,
is an exponential function of pressure, with minimal differences in the low pressure
range. A similar argument applies for specific heat capacity and thermal conductivity
which allows to treat them as independent of pressure. If not otherwise noted all prop-
erty values are given under NIST normal temperature and pressure (NTP) conditions,
i.e., Tn = 20◦C and pn = 1 atm.

Viscosity

Viscosity as a measure of the fluid’s internal resistance to shearing is a decisive factor
in creeping flows: When fluid layers, traveling at different speeds, are sheared, viscous
friction occurs, energy is dissipated and the fluid flow slows down. Figure 2.2 shows the
fluid velocities in different layers for both shear-driven (Couette) and pressure driven
(Poiseuille) flows.

a)

po

x

z

F

τzx = η ∂u∂z
u u

pi > po
pi

b)

Figure 2.2.: a) Couette flow and b) Poiseuille flow with typical velocity profiles
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Dynamic viscosity η is defined as the factor relating shear rate Υ̇ and shear stress τ .
For the two-dimensional case this leads to

τ = ηΥ̇ ⇒ τzx = η
∂u

∂z
(2.4)

Kinematic viscosity ν is the dynamic viscosity set in relation to fluid density: ν = η/ρ.
In the course of this work, the term viscosity – unless otherwise stated – always refers
to dynamic viscosity. As shear stresses might occur on all sides of a fluid parcel, the
equivalent to eq. (2.4) in three dimensions reads:

τ = 2ηE = η (∇u+∇uᵀ) (2.5)

Here, τ and E are stress deviator tensor and strain rate tensor, respectively. For the
above to be true, already two assumptions have been made: First, the fluid in ques-
tion is incompressible (see next chapter for details) and secondly, it shows Newtonian
behavior. A Newtonian fluid’s viscosity is independent of shear rate which is not the
case for a non-Newtonian fluid. Most oils are – at least in approximation – Newtonian
fluids. All liquid lubricants used for experiments show Newtonian behavior, which is
a basic assumption throughout this work. Greases are clearly non-Newtonian, yet are
not considered in the channel transportation process.

Temperature influence on viscosity is strong: With rising temperature, viscosity di-
minishes significantly. The viscosity-temperature behavior is typically described by
empirical models, either by Vogel-Cameron [31]

ηV C (T ) = AV C · exp

(
BV C

T + CV C

)
(2.6)

or by Ubbelohde-Walter [194]

lg

(
lg

(
ηUW (T )

ρ
+ CUW

))
= KUW −mUW lg (T ) (2.7)

The first equation is used mainly in numerical computations while the second equation
forms the basis of ASTM, DIN, ISO calculation guidelines; constants AV C , BV C , CV C
and CUW , KUW , mUW must be determined experimentally [138].
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Density and incompressibility

Compressibility

βT = − 1

V

(
∂V

∂p

)
T

(2.8)

of hydrocarbons is reported to lie in general below 1 · 10−4 atm−1 [207]. With charac-
teristic flow velocity far below the speed of sound us in the lubricating liquid, i.e., Mach
number M = u0/us � 0.3, pressure influence on density can be neglected. Thermal
expansion coefficients

βp =
1

V

(
∂V

∂T

)
p

(2.9)

are listed for FVA reference oils (PAOs) in table 2.1 and reveal a much stronger density
influence of temperature than of pressure. Density measurements for experimental
fluids at various temperatures are described in section 3.3.

Table 2.1.: Compressibility, thermal conductivity at NTP conditions, and temperature influence coeffi-
cient for two FVA reference oils

FVA 2A (PAO ISO VG 32) FVA 3A (PAO ISO VG 100)

βp [1/K] 6.91 · 10−4 6.74 · 10−4

Bλ
[
W/(m K2)

]
2.96 · 10−4 2.58 · 10−4

λn [W/(m K)] 0.124 0.129

Figure 3.11b) shows that the temperature dependence of density is yet significantly
weaker than the temperature dependence of viscosity. If variation in density can there-
fore be considered negligibly small, as argued in section 4.4, then the lubricating fluid
is safely treated as incompressible in the sense that its density is constant both in tem-
perature and in pressure. The incompressibility assumption simplifies the basic fluid
mechanics equation framework, as the equation of mass continuity in a microchannel

∂ρ

∂t
+∇ · (ρu) = 0 (2.10)
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directly reduces to

∇ · u = 0 (2.11)

Thermal conductivity and specific heat capacity

Bartel [9] specifies formulas to compute specific heat capacity at constant pressure
and per unit volume instead of per unit mass (cp · ρ) and thermal conductivity λ for
lubricating oils. For constant pressure both simplify to a linear relationship:

(cp · ρ)(T ) = (cp · ρ)n · (1 +Bcp (T − Tn)) (2.12)

λ(T ) = λn −Bλ (T − Tn) (2.13)

Coefficient Bλ and normal temperature conductivity λn are listed in table 2.1 for the
above mentioned reference oils, whereas the value of coefficient Bcp = 6.5 · 10−4 ap-
plies to a not further specified PAO ISO VG 150 [9]. Overall and relative relevance of
property-specific temperature influence is discussed in section 4.4.2.

T [◦C]

Figure 2.3.: Thermal conductivity of PAO reference oils FVA 2A (PAO ISO VG 32) and FVA 3A (PAO
ISO VG 100) as a function of temperature; computation based on eq. (2.13) with measure-
ment data from Bartel [9]
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2.2.3. Interaction with solids and gases

Surface tension

If the characteristic property of stresses inside a liquid is viscosity, surface tension is the
property governing the fluid’s surface. From a mechanical point of view surface tension
is a force per unit length whereas the thermodynamic definition considers the fact that
the creation of a surface costs energy. Then, surface tension is the proportionality factor
between Gibbs free energy GI and surface area AI and is consequently measured in
energy per unit area:

γ =

(
∂GI

∂AI

)
p,T

(2.14)

More precisely, surface tension is not a property of a liquid alone but the common prop-
erty of two adjacent media which are not necessarily fluids. The more general definition
of interfacial tension or interfacial energy therefore requires the definition of the phases
involved i.e., γ = γla as surface tension between liquid and air phases, γsl as interfacial
tension between liquid and solid, and γsa between solid and air, respectively.

Contact angle

All three phases come into contact at the triple line e.g., at the edge of a water or oil
drop resting on a solid surface. The equilibrium of the three interfacial tensions as
material properties then defines the contact angle θ = θeq measured within the liquid
as seen in figure 2.4a). It is characteristic for the three media involved and can be
determined by Young’s equation:

cos θeq =
γsa − γsl
γla

(2.15)

γslγsa

θeq θr θaθeq

γla

θeq,s2

a) b) c)

φ

θeq,s1

π − φ

Figure 2.4.: Contact angles: a) equilibrium contact angle; b) advancing and receding contact angles; c)
Gibbs criterion at sharp edges and analogous behavior at rounded edges
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The contact angle can be measured comparatively easily with optical techniques. Flow
dynamics alter the contact angle. If the drop moves (e.g., from left to right as in figure
2.4b), one can distinguish between advancing and receding contact angles, θa and θr
respectively. Their determination is not necessarily straightforward. Favorable here
is the fact that many equations, as the ones used later, only contain the cosine of the
contact angle so that for small angles

cos θa ≈ cos θr ≈ cos θ ≈ 1 (2.16)

Thermal and pressure influence on surface tension and contact angle

As with other fluid properties, the influence of pressure on surface tension is signifi-
cantly smaller than the influence of temperature. Therefore, it is a common assumption
to treat surface tension as a function of temperature alone [125]. The degree of its
temperature dependence is seen in figure 3.11b).

As a direct consequence, θ likewise is a function of temperature. Bernardin et al.
[13] describe a low temperature regime with only slight decrease of contact angle with
rising temperature, while in the high-temperature regime the negative gradient gets
more pronounced.

Gibbs criterion

At a sharp edge as seen in figure 2.4c) the contact angle is undefined over a certain
range, a phenomenon termed Gibbs criterion, with the range given as

θeq,s1 ≤ θ ≤ θeq,s2 + (π − φ) (2.17)

where θeq,s1 and θeq,s2 are the equilibrium contact angles on the two solid surfaces
which form the edge [33]. For not perfectly sharp but slightly rounded edges (as seen
in figure 2.4c) on the left), the angle is never undefined but always θeq. Yet the outcome
is comparable to Gibbs criterion: Even large drops, which already bend over the edge
do not wet the vertical surface. Analogously, a flow can get pinned at an edge and
consequently stops advancement.
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Wetting

Based on the Gibbs criterion, microgeometrical surface features like pillars are in-
vestigated in order to model the wetting behavior of non-flat surfaces [67]. Surface
roughness can lead to an apparent contact angle θapp i.e., the one observable on a larger
scale than the roughness itself, with θapp ≷ θ to a significant degree. An overview
of classical models by Wenzel and Cassie and consequences for surfaces to become
more hydro-/oleophilic or hydro-/oleophobic, respectively have been summarized by
Queré [162]. Also the chemical characteristics of a solid surface, especially its upper-
most layer, greatly influences wetting behavior and apparent contact angle [52]. Even
though tribochemistry has to deal extensively with thin solid layers chemically different
from the main solid material, the effects of both surface chemistry and microgeometry
on wetting and contact angle are not further discussed here: First, contact angle mea-
surements determine the apparent contact angle which is considered more relevant than
the theoretical angle and secondly, small angle influences are generally negligible, cf.
eq. (2.16).

2.3. Equations of fluid motion

2.3.1. Cauchy, Navier-Stokes, and energy equations

Scaling arguments in section 2.1 already motivated the use of classical continuum the-
ory in this context, which derives the equations of motions by applying conservation
principles to mass, momentum and if necessary energy. Mass continuity already led to
the incompressibility condition ∇ · u = 0, eq. (2.11). On its basis i.e., with constant
density both in temperature and in pressure, momentum continuity yields Cauchy’s
momentum equation :

ρ
Du

Dt
= ρ

(
∂u

∂t
+ u · ∇u

)
= ∇ · σ + f b = −∇p+∇ · τ + f b (2.18)

f b is the sum of body forces present. The assumption of the lubricant fluid to be
Newtonian leads with eq. (2.5) to:

ρ
Du

Dt
= −∇p+∇ · (η (∇u+∇uᵀ)) + f b (2.19)
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In the case of constant viscosity η, further simplification is possible:

ρ
Du

Dt
= −∇p+ η∇2u+ f b (2.20)

This is the momentum equation which together with the continuity equation (2.11)
forms the Navier-Stokes equations for incompressible fluids.

Energy equation

The above equations may be complemented by the energy equation, if transport of
thermal energy is of interest. The thermal contribution from viscous friction inside the
fluid is generally small if temperature differences are generated also by external effects
i.e., sources and sinks of energy or non-isothermal boundary conditions; neglecting
viscous friction, the energy equation reads [123]:

ρcp

(
∂T

∂t
+ u · ∇T

)
= ∇ · (λ∇T ) +Qth (2.21)

Further simplification is achieved in the stationary case, in the absence of sources and
sinks of energy, and if thermal conductivity λ can be considered a constant:

u · ∇T = χ∇2T (2.22)

Here, χ = λ/(ρcp) is the thermal diffusivity.

2.3.2. Stokes equations as a result of nondimensionalization

The universality of Cauchy and Navier-Stokes equations comes with the drawback of
costly solution methods. In general the equations are further simplified by approxima-
tions, depending on the specific field of application. For slow viscous flows, Stokes
equations are seen as well suited approximation of the more general equations. The
simplification process is based on a nondimensionalization procedure: The basic equa-
tions are made dimensionless with respect to characteristic scales and rearranged. Then
a comparison of the absolute size of different terms in the equation set is followed by
the disregard of terms which are significantly smaller than others. This in the end leads
to the simplified equations.
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2.3. Equations of fluid motion

The procedure is only described here in excerpts with the complete set of nondimen-
sionalized variables listed in the appendix. The position vector x is nondimensional-
ized via a characteristic length l0 to yield the nondimensionalized position vector x∗

defined as:

x∗ =
x

l0
(2.23)

Likewise, body forces f b are nondimensionalized by f0. Time t is set in relation
to characteristic length and velocity as t∗ = u0t/l0. As a consequence of (2.23),
∇∗ = l0∇. Pressure is nondimensionalized in different ways, with

p∗ =
l0
ηu0

p (2.24)

typically chosen for Stokes flows instead of p∗ = p/(ρu2
0). With these definitions, the

Navier-Stokes momentum equation (2.20) transforms to

Re

(
∂u∗

∂t∗
+ u∗ · ∇∗u∗

)
= −∇∗p∗ +∇∗

2

u∗ +
f0l0

2

ηu0
f∗b (2.25)

while continuity basically stays the same (∇∗ · u∗ = 0).

The simplification comes in if Re � 1, which is frequently, though not always the
case in microfluidics. Then the whole left side of the momentum equation is of negli-
gible magnitude. Disregarding the respective terms and changing back to dimensional
quantities yields Stokes equations:

∇p = η∇2u+ f b (2.26)
∇ · u = 0 (2.27)

The nonlinearity due to convective acceleration has vanished. One is left with an equa-
tion system in which pressure gradients are balanced by viscous terms and – if present
– body force densities.
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2. Selected topics in microfluidics and capillary flow theory

Unidirectional Stokes equations

The long, slender geometry of a microchannel usually allows to reduce the flow field
to a unidirectional one, namely downstream flow without lateral or vertical crossflows.
Using a standard Cartesian coordinate system, the x-axis is chosen to be aligned with
the main flow direction i.e., downstream, the height of the fluid column is oriented
along the z-axis while the y-axis is in direction of the channel widths (see figure 2.5).

∂p
∂x < 0

pi

po

z

x
y

u(y, z)

Figure 2.5.: Constant cross-section microchannel with pressure driven flow; contour lines of the velocity
profile in cross-sections with maximum downstream velocity in the channel center

The unidirectional Stokes equations (in absence of body forces) then read:

dp

dx
= η

(
∂u

∂y
+
∂u

∂z

)
(2.28)

∂u

∂x
= 0 (2.29)

This equation set is commonly used as the basis for microchannel flow modeling e.g.,
by [27, 187, 210], even though for special applications crossflows are vital and cannot
be neglected as in fluid mixing [130, 181]. The equations are based on the assumption
that a microchannel has a constant cross-section along the entire channel. Only then,
the cross-sectional velocity profile as determined by eq. (2.28) is independent of down-
stream location and consequently serves to describe the flow in the whole channel. The
non-stationary nature of a capillary flow is taken into account at a later stage and will
lead to Washburn’s equation (see section 2.5.1 for details).

2.3.3. Lubrication theory and Reynolds equation

In analogy to the derivation of Stokes equations, lubrication theory builds on a simpli-
fied approximation of the Navier-Stokes (or Cauchy) equations by a nondimensional-
ization process. Key difference is that lubrication theory allows the coordinates to have
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2.3. Equations of fluid motion

different characteristic length scales instead of the common characteristic scale l0 used
in eq. (2.23). Motivation here comes from observation of nature: There is a class of
problems, where length scales typically differ significantly e.g., in the description of
a thin fluid layer on a solid substrate. The characteristic height h0 of such a layer is
in general significantly smaller than the other two length scales i.e., the substrate area
which is covered by the fluid layer:

h0 � l0 (2.30)

is the main condition for lubrication theory. It is used extensively in thin film flow and
(as the name suggests) lubrication and tribology theory yet is not limited to it. Other
fields have adopted the term if the above condition is met so that the following math-
ematical treatment applies. It is well described in literature which derives Reynolds
equation, cf. [92, 183], with only excerpts given in the following.

In the Cartesian coordinate system introduced in the previous section, l0 := x0 and
h0 := z0. Without loss of generality the characteristic length scales in x- and y- direc-
tions can be defined to be equal:

y0(tf) := x0 (2.31)

This still allows the actual dimensions in x and y to be of different size, yet not signifi-
cantly. Pressure is nondimensionalized not via (2.24) but as p∗ = h2

0p/(ηu0l0).

With these definitions Navier-Stokes momentum equations read

δ2Re (inertial terms) = −∂p
∗

∂x∗
+ δ2∂

2u∗

∂x∗2
+ δ2∂

2u∗

∂y∗2
+
∂2u∗

∂z∗2
(2.32)

δ2Re (inertial terms) = −∂p
∗

∂y∗
+ δ2∂

2v∗

∂x∗2
+ δ2∂

2v∗

∂y∗2
+
∂2v∗

∂z∗2
(2.33)

δ4Re (inertial terms) = −∂p
∗

∂z∗
+ δ4∂

2w∗

∂x∗2
+ δ4∂

2w∗

∂y∗2
+ δ2∂

2w∗

∂z∗2
(2.34)

where the parameter δ defined as

δ :=
h0

l0
� 1 (2.35)

is small under the lubrication condition (2.30). Consequently, dimensionless terms
which are multiplied by δ are equally small. Neglecting these terms leads to simpler

25



2. Selected topics in microfluidics and capillary flow theory

equations which are still a good approximation of the original equations. The higher
the power of δ, the smaller is the approximation error regarding the respective terms.
As far as inertial terms are concerned, the condition for them to be neglected is not
any more that Reynolds number is small (as in Stokes equation) but that the ”reduced
Reynolds number” [148]

Rer := δ2Re� 1 (2.36)

is small – an even more likely condition. After neglecting all small terms and switch-
ing back to dimensional quantities, the resulting equation system is characterized by
constant pressure across the film in z-direction:

∂p

∂x
= η

∂2u

∂z2
;

∂p

∂y
= η

∂2v

∂z2
;

∂p

∂z
= 0 ; ∇ · u = 0 (2.37)

If one allows viscosity to be non-constant, the derivation procedure has to take Cauchy’s
momentum equation (instead of Navier-Stokes) as a starting point as shown e.g., by
Hamrock et al. [92]. With the commonly applied assumption in the computation of
tribocontact film conditions, namely that viscosity can be treated constant across the
film in z-direction i.e., η = ηavg(x, y), such derivation exactly results in equation sys-
tem (2.37). It is the basis for the further derivation of Reynolds equation, cf. [92, 183],
which reads:

0 =
∂

∂x

(
− ρh3

12ηavg

∂p

∂x

)
+

∂

∂y

(
− ρh3

12ηavg

∂p

∂y

)
︸ ︷︷ ︸

Poiseuille

+ h
∂ρ

∂t︸︷︷︸
local expansion

+

∂

∂x

(
ρh (uA + uB)

2

)
+

∂

∂y

(
ρh (vA + vB)

2

)
︸ ︷︷ ︸

Couette

+ ρ (wA − wB)− ρuA
∂h

∂x
− ρvA

∂h

∂y︸ ︷︷ ︸
squeeze

(2.38)

Reynolds equation governs fluid flow, pressures, film height h in a tribocontact, de-
pending on boundary conditions such as surface velocities uA, uB of contact bodies A
and B, cf. figure 1.1a). The equation combines Poiseuille and Couette flow and consid-
ers local expansion and squeeze effects. As this research is not centered on tribocontact
itself but on fluid transport in the surroundings of a tribological contact, a more detailed
discussion is skipped here.
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2.3. Equations of fluid motion

2.3.4. Flow in non-inertial reference frames

So far all equations have been considered in an inertial frame of reference (I): Fluid
movements have been analyzed while solid channel boundaries were considered fixed.
Such an assumption cannot necessarily be upheld when a microchannel is engraved into
a moving body. The cause for differences in flow behavior in inertial and non-inertial
reference frames are inertial forces, sometimes called ”fictitious forces” in the moving
frame, namely centrifugal, Euler, Coriolis, and translational acceleration forces. They
should not be confused with the inertial forces associated with the acceleration of fluid
parcels within the fluid column which have been neglected in the derivation of Stokes
equation (cf. section 2.3.2). The Cartesian coordinate system used so far to describe
the flow, centered at the channel inlet with the x-axis pointing downstream, the y-
axis in lateral direction and z upward as in figure 2.5 does not necessarily need to be
changed if it is seen as a coordinate system within a non-inertial frame of reference
(O), as in figure 2.6. A Cartesian system comes with the additional advantage that
a constant cross-section channel does not change in lateral and vertical coordinates,
whereas in cylindrical coordinates a constant channel width or height may be associated
with decreasing angle the farther away from the origin. This then complicates the
continuity equation.

p̆

x

ω

(O)

(I)

ğ

M

s̆

r̆

q̆

Figure 2.6.: Non-inertial channel frame of reference (O), allowed to rotate and translate relative to the
inertial frame (I); M is the origin of an auxiliary coordinate system in the non-inertial frame

Non-inertial frames in microfluidics

In microfluidics literature inertial forces from frame movement receive attention in a
”Lab-on-a-CD” setup: Microchannels are fabricated on a disk, which is set into rotary
motion, so that the fluid is driven outward by what is termed centrifugal ”pseudo” force
[64] or Coriolis force is used to mix fluids in the channel. In both cases, the rotation is
about an axis through the center of the disk which is fixed both in the inertial and the
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2. Selected topics in microfluidics and capillary flow theory

non-inertial frame. For channels oriented radially outward from the center of rotation,
the centrifugal force density on a fluid parcel is simply determined as fZ = ρω2xêx
[63]. To account for the fluid column as a whole, the fluid parcel’s position vector x is
typically replaced by an averaged value for the fluid column xcg [24, 64]. For channels
oriented at a certain angle to the radius these terms can be updated by factoring in the
appropriate (co)sine of the angle [165].

Coriolis force fC = −2ρω × u is more intricate to deal with as it depends on flow
velocity as a dependent variable. Two approaches can be distinguished: The first one
is a two-step approach with the computation of the centrifugal force as first step which
leads to the determination of downstream velocity u. On the basis of this velocity,
Coriolis force is determined in a second, subsequent step [63]. The ratio of Coriolis
to centrifugal force can be computed and serves as a measure of the angular velocity
needed for Coriolis force to dominate [113, 169]. As such subsequent solution pro-
cedure is only an approximation of the real interdependence between forces and flows
in different directions, the alternative approach is a numerical model based e.g., on
the finite volume method [130, 168]. Full three-dimensional Navier-Stokes equations
are used as well as models reduced to the main downstream flow direction, which are
mostly similar to the unidirectional Stokes equation (2.28), updated by a centrifugal
force term

∂2u

∂y2
+
∂2u

∂z2
=

1

η

[
∂p

∂x
− ρω2x

]
(2.39)

both with and without the replacement of x by an averaged xcg, cf. [64, 130, 168].
A capillary force, based on the meniscus pressure drop (cf. section 2.5) may oppose
the centrifugal force, allowing to control forward and backward transport by simply
controlling the rotation rate [77, 102].

General fluid motion in non-inertial frames

With the deviation from a simple rotating disk geometry, simplifications and approxi-
mations applied in such approaches are not necessarily valid any more. A more general
approach is to first translate the whole governing equation set from an inertial frame to
a non-inertial frame and then use appropriate simplifications and approximations. This
is done for example in turbomachinery research [87, 177]. Starting point for the fol-
lowing analysis is the simplified Cauchy momentum equation (2.19) together with the
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2.3. Equations of fluid motion

incompressibility condition, eq. (2.11), which have been defined in an inertial frame of
reference (I):

ρ
ID

Dt
Iu = −∇p+∇ · (η (∇Iu+∇Iuᵀ)) + f b (2.40)

∇ · Iu = 0 (2.41)

Here, Iu is the absolute fluid velocity i.e., relative to the inertial frame of reference,
whereas Ou is the fluid velocity relative to the non-inertial frame (O). The left super-
script in ID/Dt indicates that the material derivative is to be computed with respect
to the inertial frame. Figure 2.6 depicts a situation where origin and orientation of
the channel coordinate system in the moving frame (O) have been chosen as previ-
ously, namely at the channel inlet, centered laterally and fixed to the bottom of the
channel. Unlike in previous sections, the channel is now part of a moving body which
rotates with angular velocity ω. Additionally, the origin of the channel coordinate sys-
tem translates relative to (I) as expressed in the change of the position vector Idğ/dt.
Spatial derivatives are generally invariant with respect to the reference frame chosen:
I∇ = O∇ = ∇. As a direct consequence, eq. (2.41) as well as the right hand side of eq.
(2.40) are valid in both reference frames. This is not true for the equation’s left hand
side due to the time derivative included in the material derivative. A detailed transfer
from the inertial into the non-inertial frame is given in [177] and can be found in the
appendix. It yields:

IDIu

Dt
=

ODOu

Dt
+ ω × (ω × q̆) + 2ω × Ou+

dω

dt
× q̆ +

I
d2r̆

dt2
(2.42)

In the derivation of this equation the auxiliary coordinate system with origin at M,
situated in the non-inertial frame (O), was used (cf. figure 2.6). Theoretically not
necessary, it comes with the advantage that instead of Id2ğ/dt2 now I

d2r̆/dt2 must be
determined. With an appropriate choice of M this may well simplify the analysis in
practical application cases.

Eq. (2.42) includes various accelerations, namely centripetal aZ , Coriolis aC , Euler
aE , and translational acceleration aT . Summing them up, an inertial or fictitious force
density vector can be defined as

ff := ρ

ω × (ω × q̆)︸ ︷︷ ︸
aZ

+ 2ω × Ou︸ ︷︷ ︸
aC

+
dω

dt
× q̆︸ ︷︷ ︸
aE

+

I
d2r̆

dt2︸ ︷︷ ︸
aT

 (2.43)
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For given angular velocity ω, angular acceleration dω/dt, and translational accelera-
tion of M (located in the moving frame) Id2r̆/dt2, the force densities based on cen-
tripetal, Euler, and translational accelerations can be treated in complete analogy to
other body force densities f b like gravity. In the case of Coriolis acceleration, which
involves the relative velocity, the case is more complex and is dealt with in section 4.5.
Both fictitious and body force densities can then be combined in a single force density
vector f :

f := f b − ff (2.44)

With this the governing momentum equation, valid in a potentially moving reference
frame, becomes:

ρ
OD

Dt
Ou = −∇p+∇ · (η (∇Ou+∇Ouᵀ)) + f (2.45)

If the reference frame in consideration can be considered inertial, ff = 0. For the
general validity of the equation and for the simplicity of reading, the frame index O is
dropped in what follows. A major conclusion to be drawn here is that a non-inertial
system can be treated just like an inertial system if a correcting term ff is added to the
momentum equation.

2.4. Acting forces in the bulk
and at the boundaries

Having defined the general equation framework above, this section deals with the basics
of what actually drives a microscale flow and what might hinder or even completely
suppress it. Forces have to be significant and must be weighted against each other.
One can distinguish between external forces acting on the fluid as body forces or at the
fluid’s boundaries as well as the internally generated viscous force which opposes fluid
motion. Capillary force as the driver of a capillary flow typically enters the equation
framework as a pressure boundary condition. This is discussed in detail in the next
section 2.5.

2.4.1. Body forces and mathematical equivalents

Examples for external body forces are electric, magnetic, and gravitational forces,
amongst others. Bruus [27] as well as Squires and Quake [178] provide a broad
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2.4. Acting forces in the bulk and at the boundaries

overview about possibly relevant forces in microfluidics context. In this work body
forces are not in the center of attention: It has already been argued in section 2.1 that
based on a small Bo number, gravity can be neglected while other body forces are of
minor relevance in tribological applications. Yet as body forces simply add up in the
body force vector f b, mathematical simplicity allows to carry them through the equa-
tions without effort.

Whereas inertial forces from accelerations inside the fluid column have been neglected,
inertial forces which arise in non-inertial frames of reference are of special importance.
Physically they are clearly different from body forces but mathematically their treat-
ment is analogous as was seen in the previous section.

2.4.2. Flow resistance due to viscous friction

No slip boundary condition

Necessary prerequisite for viscous forces to appear is fluid motion. From the definition
of viscosity, stresses are generated if a fluid is sheared as different fluid layers advance
with different speeds. Decisive factor for viscous friction are boundary conditions,
especially the so-called ”no slip” boundary condition

uA − (uA · n)n = uB − (uB · n)n (2.46)

at the boundary between two media A and B. If velocity components normal to the
boundary are absent e.g., if B is an impermeable solid, the no slip condition simplifies
to uA = uB and can further be reduced to

uA = 0 (2.47)

if the solid wall does not move (uB = 0). The application of the no slip boundary
condition is considered to be generally valid on the macroscale, but not necessarily in
small channels. Especially in nanochannels a nonzero slip length (which is of molec-
ular dimension) and consequently a nonzero wall velocity are discussed [10]; for the
microscale, the no slip condition is largely undisputed and at least an excellent approx-
imation [125].

Based on eq. (2.4) and (2.46) uniform shear stress in a fluid between two parallel walls
or within a tube leads to the typical parabolic velocity profile valid for pressure-driven
(Poiseuille) flow as seen in 2.2b). With larger distance between the walls, flow velocity
and throughput increase considerably underlining the influence of geometry on flow
resistance.
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Magnitude of the flow resistance

In the following flow resistance is discussed rather than the viscous friction force as
the latter is less handy in practice. A direct measurement of viscous force or viscous
stresses is – if at all possible – in most cases not straightforward. As a proxy parameter,
the pressure loss between two points in the flow which is due to the energy consumed
by viscous friction is commonly used, in analogy to head loss in macroscopic hydro-
dynamics. Pressure difference between an inlet point where p = pi and an outlet point
with p = po is related to their distance L. Assuming a linear pressure gradient allows
to solve for the velocity profile in the unidirectional Stokes equation (2.28):

dp

dx
= −∆p

L
= −pi − po

L
= η

(
∂2u

∂y2
+
∂2u

∂z2

)
(2.48)

This in essence states the equality of the pressure gradient and the viscous force den-
sity. As from above the solid boundary is vital for the formation of the velocity profile,
the channel’s cross-sectional shape (circular, rectangular, triangular, trapezoidal, etc.)
greatly influences the magnitude of the flow resistance. In the special case of a lam-
inar, axisymmetric flow of an incompressible Newtonian fluid in a tube with circular
cross section of radius b/2, the above equation can be transferred to two dimensions in
cylindrical coordinates (x, yr) and solved analytically (as shown e.g., by Landau and
Lifshitz [123]):

u(yr) =
∆p

4ηL

((
b

2

)2

− y2
r

)
(2.49)

Volumetric flow rate q is generally determined by integrating the velocity profile over
cross-sectional area A:

q =

∫
(A)

u dA (2.50)

In the case of the circular tube, combining the above equations yields Hagen-Poiseuille
equation:

q(◦) =
π(b/2)4∆p

8ηL
(2.51)

The equation relates flow rate through a circular pipe to the pressure loss along its
length by a factor which is solely determined by the tube’s geometry and viscosity.
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This factor is a measure for flow resistance and is comprehensibly termed hydraulic
resistance [27]:

JH :=
∆p

q
(2.52)

The proportionality between flow rate and pressure loss also applies to non-circular
tubes, channels and even to volumes filled with porous media. The latter are governed
by Darcy’s law

qD =
κDA∆p

ηL
(2.53)

which can well be interpreted as an equivalent to the Hagen-Poiseuille equation. The
medium-specific permeability κD is typically determined experimentally. Also for
channels, only for a very limited number of standard cross-sections flow rate can be
analytically computed, so that the hydraulic resistance must be determined numeri-
cally or by experiments for other channel geometries (see sections 3.3 and 4.2). It may
be looked up in tables or roughly approximated by JH ≈ 2ηLs2

w/A
3, cf. [27]. Instead

of total channel perimeter s, the definition is based on wetted perimeter sw i.e., the
length of the solid-fluid contact line in the channel’s cross-section. This also covers the
possibility of a not completely closed cross-section.

Besides hydraulic resistance similar concepts have been developed in order to more
easily judge viscous flow resistance in channels of arbitrary geometry and especially
compare it to each other and to the base case of a circular tube. The hydraulic diameter
dH defines a virtual diameter for a channel of an arbitrary cross-sectional shape with the
goal, that it is in good approximation equivalent to the actual diameter of a circular tube
which produces the same pressure loss over the same length. The hydraulic diameter
is defined as:

dH := 4A/sw (2.54)

Again, tables exist for common cross-sections, cf. [41]. As an easy concept, the hy-
draulic diameter is widely used in literature. It yet has to be used with precaution,
especially in laminar flow: Herwig [99] states a deviation of 33% from measured val-
ues even for the relatively simple case of a rectangular channel.
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All deduced quantities consequently have to be handled with similar caution. This
applies to the dimensionless Blasius, Moody, or Darcy friction factors

fD := −2dH
ρū2

po − pi
L

(2.55)

as well as to Fanning’s friction factor (simply one fourth of the other factors) and to the
Poiseuille number Po = fDRe. While for macroflows experimental values based inter
alia on Moody’s work [144] are generally considered reliable, the validity of friction
factor theory in microfluidics is still an open question: After investigating more than
100 experimental studies, both results in line with theory and results which deviate
highly are reported, especially with respect to laminar flow [109, 119, 179]. In conclu-
sion, instead of a single, generally accepted reliable parameter for viscous friction or
flow resistance in microfluidics there is a variety of concepts to choose from.

Frictional losses due to surface roughness

If surface roughness is larger than molecular dimensions, it is a geometrical feature of
the microchannel where the no slip boundary condition applies. As surface roughness
is typically significantly smaller than overall geometrical dimensions, a split-up into
micro- and macrogeometry may be useful to avoid different scales in one model. In
microchannels, especially when capillary effects are investigated, surface roughness
is still modeled by simple geometries e.g., rectangular posts [40, 121]. Both rely on
Lattice-Boltzmann models while commercial CFD codes are also applied [91, 164].
Alternatively, surface roughness is included in friction factor theory as described above
[119] which reduces complexity in modeling. In laminar microchannel flow, the con-
stricted diameter approach [110, 186] promises to be a tradeoff between results’ ac-
curacy and modeling complexity. It basically neglects the contribution of very slow
flow inside surface roughness. This is done by subtracting twice the average roughness
height ε from the nominal channel diameter b measured at the mean floor line to arrive
at constricted diameter bc (cf. figure 2.7):

bc := b− 2ε (2.56)

Obviously, the error grows with increased roughness. Kandlikar et al. [110] propose a
threshold of 14% relative roughness, defined as

εrel := ε/b (2.57)
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mean floor line
ε

bc

b

Figure 2.7.: Surface roughness in microchannels: Constricted diameter approach

2.4.3. Moving boundaries and Couette flow

The no slip boundary condition, eq. (2.46), still applies for moving walls. In contrast
to static walls, moving boundaries can drive a flow even in the absence of a pressure
gradient. Such Couette flow is contrasted with pressure driven Poiseuille flow in figure
2.2 which shows the typical straight line Couette velocity profile. The linear nature of
Stokes equation allows superposition of Couette and Poiseuille flow. This can be seen
both in Reynolds equation (2.38) and in later analysis, cf. chapter four.

2.4.4. Stress at fluid-fluid interfaces

The geometry of a solid-fluid interface is given by the solid’s shape if forces are too
weak to deform the solid significantly. Unlike in EHD theory, this is the case here.
A fluid-fluid interface between phases A and B e.g., an oil-air boundary is defined by
dynamic equilibrium conditions. The general interface stress balance reads [125]:

(σA − σB) · n = γn (∇ · n)−∇Sγ (2.58)

Here, σA,B are the respective Cauchy stress tensors, n is the interface normal, and
∇S is the surface gradient (i.e., the gradient along an interface) which is defined as
∇S = ∇− n (n · ∇). The equation can be split up into normal and tangential direc-
tions, as shown below.
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Tangential stresses and no stress boundary condition

The two tangential stress balances read

[(τA − τB) · n] · t1,2 = − (∇Sγ) · t1,2 (2.59)

where t1 and t2 are two unit tangent vectors in the interface. They shall be defined to
be aligned with principal directions i.e., in direction of maximum (t1) and minimum
(t2) surface curvature, respectively. This implies that t1 ⊥ t2. For equal principal
curvatures two arbitrary t1,2 may be defined; further derivation is simplified if they are
analogously chosen to be perpendicular.

The tangential stress balance reveals that a surface tension gradient along the interface
is prerequisite for the existence of interfacial tangential stresses. Vice versa, the ab-
sence of a gradient in surface tension is equivalent to a tangential stress free interface
[(τA − τB) · n] · t1,2 = 0 in the sense that stress components are continuous across the
interface.

Neglecting stresses in fluid A, for example because of a large viscosity difference ηA �
ηB as e.g., between oil and air, eq. (2.59) can be approximated with the help of eq. (2.5)
by:

ηB [(∇u+∇uᵀ) · n] · t1,2 = (∇Sγ) · t1,2 (2.60)

In absence of a surface tension gradient ∇Sγ = 0, the above equation is the classical
”no stress” boundary condition for a fluid-fluid interface, which as Leal [125] points
out is rather characterized by a zero velocity gradient. It might be more well-known in
two dimensions as

∂u

∂z
= 0 (2.61)

Normal stresses and Young-Laplace equation

Normal stresses (due to pressure difference and fluid shearing) are balanced by surface
curvature ∇ · n weighted by surface tension:

pB − pA + [(τA − τB) · n] · n = γ (∇ · n) (2.62)
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In the case of no fluid motion, this simplifies to the Young-Laplace equation:

pB − pA = ∆p = γ (∇ · n) = 2γHM = γ

(
1

R1
+

1

R2

)
(2.63)

Here 2HM ,∇·n, and 1/R1+1/R2 all are expressions for mean curvature andR1 andR2

are the principal radii of curvature. To be more specific,R1 is associated with maximum
curvature, while R2 with minimum curvature. Young-Laplace equation states that the
pressure difference across a static interface is proportional to both mean curvature and
interfacial tension. A flat interface, where curvature vanishes, consequently cannot
support different pressures in the two adjacent fluids. On the other hand, a pressure
difference in fluid statics always entails a curved interface. From eq. (2.63) curvature
must be constant on the whole interface which takes the shape of a so-called ”constant
mean curvature surface”. To determine the shape of an interface in a specific case,
boundary conditions are of major importance, with details given in section 2.5.

2.4.5. Surface tension gradient and Marangoni effect

The Marangoni effect describes the phenomenon of fluid motion due to a surface ten-
sion gradient along an interface. Such a gradient in surface tension may have chemical
or thermal causes: In the former, a surface-active agent or ”surfactant” e.g., a detergent,
changes surface tension. A nonuniform surfactant distribution along the interface leads
to locally different absolute surface tension and consequently a surface tension gradi-
ent. It invokes nonzero tangential interfacial stress from eq. (2.59). The analogous is
true for thermally caused surface tension gradients: Surface tension being temperature
dependent only causes a nonzero resulting tangential stress if there are local gradients
in temperature and consequently in surface tension along the interface. Then:

∇Sγ(x) =
dγ

dT
∇ST (x) (2.64)

If one applies this to the tangential stress balance equation of an interface (2.59) it
becomes clear that a temperature gradient directly leads to discontinuous fluid stress at
the interface:

[(τA − τB) · n] · t1,2 = −
(

dγ

dT
∇ST (x)

)
· t1,2 := −τM1,2

(2.65)

The resulting stress τM 1,2 is termed Marangoni stress in what follows. It uniquely
acts in both tangential directions at the interface without normal contribution. Conse-
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quently, the Marangoni stress cannot be balanced by pressure or other normal forces
and must lead to fluid flow: It induces a shear-driven (Couette) flow in contrast to the
Poiseuille flow caused by capillary action as seen in next section. As surface tension
diminishes with rising temperature, thermal Marangoni flows are always directed from
the warmer towards the colder region as seen in figure 2.8. Transferred to tribology,
the Marangoni effect causes a lubricant flow away from the hot tribocontact to colder
surrounding areas.

τM τM

x

z
uu

a) b)

Figure 2.8.: Thermal Marangoni effect: a) local heating leads to thinning of fluid film as liquid flows
away; b) temperature gradient leads to Couette flow away from hot region towards cold
region

To judge the significance of the Marangoni effect, the Marangoni number is a useful
tool. It reads [198]:

Ma =
dγ

dT

l0∆T

ηχ
(2.66)

2.5. Capillary flow

2.5.1. Capillary flow in a circular tube

Capillary rise

The basic example for capillary flow is the one of capillary rise in a tube: If such a tube,
open at both ends, is placed vertically into a comparatively large container filled with
an appropriate liquid, then the liquid rises in the tube well above the level of the liquid
surface in the container, see figure 2.9a). The force which is able to overcome gravity is
capillary force and will be defined below. The capillary rise reaches its steady state at a
certain height Lu,eq. Here, capillary force is exactly balanced by the weight of the fluid
column inside the tube above the bulk liquid surface at L = 0. If the gravitational force
can be neglected, the capillary force is responsible for an – at least theoretically – never
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2.5. Capillary flow

stopping capillary flow, irrespective of the capillary tube or channel being in vertical,
horizontal, or some other position.

R

r = b/2

θ

Lf

Lu,eq
∂p
∂x < 0

θ

θ � π/2 θ > π/2θ < π/2 θ = π/2

a) b) c) d) e)

Figure 2.9.: Capillary rise in vertical circular tubes: Contact angle determines rise height

The current understanding of the origin of the capillary force has two facets: The ther-
modynamic approach explains capillarity-driven movement of a fluid column as the
direct consequence of a system of solids and fluids trying to minimize its total Gibbs
free energy, see section 2.5.5 for details. From another perspective a pressure differ-
ence at the liquid-air interface is seen as the driver of flow: At any rise height Lu, the
interface is not necessarily flat but in most cases curved. This is due to the characteristic
contact angle, which from Young’s equation (2.15) is determined by the characteristic
interfacial tensions of the materials and media involved. The contact angle over the full
tube perimeter acts as a boundary condition for the liquid-air interface which is other-
wise free to form and consequently obeys the general stress balance at a liquid-liquid
interface, eq. (2.58). In the case of small Bo number, this results in an interface with
the shape of a spherical cap, the so-called meniscus.

For a small contact angle θ, the meniscus curvature is high and diminishes gradually
with rising θ until at a contact angle of θ = π/2, the meniscus becomes flat. For contact
angles θ > π/2, the meniscus is curved again, yet adopts a convex shape instead of the
concave shape for θ < π/2, see figure 2.9 c)-e). The contact angle thus determines via
meniscus curvature if capillary rise is positive or negative. The rise height is a measure
for the magnitude of the capillary force.
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Magnitude of the capillary force in a tube

In the static case, the capillary meniscus is governed by the normal stress balance, i.e.,
Young-Laplace equation (2.63). For the circular tube, the principal radii of curvature
are equal (R1 = R2 = R) which simplifies the Young-Laplace equation further to
yield ∆p(◦) = 2γ/R. Here, (◦) indicates that the equation is valid only in the case
of a circular tube cross-section. R is related to the tube radius r by a geometrical
relationship, namely R = r/ cos θ = b/(2 cos θ) where b is the tube’s diameter, see
figure 2.9 b). As a consequence the meniscus pressure drop in a circular tube is:

∆p(◦) =
4γ cos θ

b
(2.67)

As the upper part of the tube is open, pressure above the meniscus is just ambient
pressure pam. Then from Young-Laplace equation, the liquid pressure just below the
meniscus must be pam − ∆p. This is an underpressure not only compared to the sur-
rounding air but also compared to the fluid in the container the tube is placed in. At
its surface, the fluid in the container has a pressure level equal to air pressure. As the
tube’s lower end is open, the same pressure p = pam also applies inside the tube at
the same height. Consequently, there is a remarkable pressure difference inside the
fluid-filled tube between the meniscus location and the location where the tube pene-
trates the surface of the fluid in the container. It is this pressure difference which drives
the capillary flow upward and which is the underlying physical principle of capillary
action.

From a modeling perspective, the meniscus is treated as a pressure boundary condition
to the fluid-filled domain. As the meniscus’ vertical extension is generally small com-
pared to the rise height Lf � Lu, it is generally neglected, at least in the basic model
presented here. The pressure difference at the meniscus then acts normal to the tube’s
circular cross-section A, so that the driving force for the fluid flow i.e., capillary force,
becomes:

Fcap = ∆p · A (2.68)

Capillary flow, in the absence of other forces, is purely pressure-driven i.e., a Poiseuille
flow.
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2.5. Capillary flow

Capillary flow dynamics: from Hagen-Poiseuille
to Lucas-Washburn equation

The filling of a capillary tube or channel is a continuous process in various stages. For
all stages, the capillary force is the driving force and its magnitude stays the same if
cross-sectional geometry of the channel – as assumed – stays constant. At the very
beginning when the fluid is still at rest or shortly thereafter i.e., as long as fluid column
length is still very small Lu � l0, the capillary force is responsible for huge acceler-
ations because of minimal fluid volume and mass. In short, inertial effects dominate.
This phase may be neglected as from dimensional analysis above viscous forces very
soon become dominant compared to inertial forces (expressed in low Reynolds or re-
duced Reynolds numbers) and as such the relevant counterpart of capillary force. As
the total viscous force increases over time with growing fluid column length Lu(t) but
the capillary force stays the same, the fluid flow slows down gradually.

In a circular tube, capillary force is expressed by eq. (2.68) independent of time t. The
volumetric flow rate of the tube q(t) is governed by Hagen-Poiseuille equation (2.51),
now in a time dependent form with Lu(t). It can also be stated as the time rate of
change of liquid volume in the tube which is equal to cross-sectional area A multiplied
by the cross-sectional average velocity ū:

q(t) =
dV (t)

dt
= A

dLu(t)

dt
= Aū(t) (2.69)

This equation applies to all ducts or tubes with constant cross-section. Combining it
with the above equations (2.67) and (2.51) leads to an ODE for flow dynamics:

dLu(t)

dt
=
q(t)(◦)

A(◦) =
b(◦)γ cos θ

8η

1

Lu(t)
:=

W (◦)

2Lu(t)
(2.70)

This equation was first stated in similar form in the groundbreaking articles of Lucas
[134] and Washburn [204]. With initial condition Lu(t = 0) = 0 it can be integrated to
result in Lucas-Washburn or just Washburn equation:

Lu(t) =

√
b(◦)γ cos θ

4η
t =

√
W (◦)

√
t (2.71)
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This equation is the cornerstone of capillary dynamics. Derived and experimentally
confirmed for a circular tube, researchers continue to report that the basic time law of
a square root function

Lu(t) ∝
√
t (2.72)

turns out to be still valid in a variety of experimental variations e.g., with other chan-
nel cross-sections and is termed ”Washburn behavior” in what follows. W is a factor
combining multiple parameters which essentially governs the speed of fluid advance-
ment.

Note that this approach is quasi-stationary: The time function is not derived from iner-
tial dynamics of decelerating fluid mass but from an integration of stationary flows with
balance of capillary and viscous forces at every point in time. This is justified by the
neglection of inertial forces based on Reynolds or reduced Reynolds numbers. For an
analysis including the short-time behavior at the initial stage of a capillary flow which
must consider inertia, Bosanquet’s solution applies [22]. For completeness, models
which additionally consider the influence of gravity in capillary rise, including fluctu-
ation around equilibrium height, are described by Ouali et al. [151] or Zhmud et al.
[220].

2.5.2. Capillary force determination from
meniscus pressure drop

Meniscus shape in arbitrary channel geometries

So far, all equations have applied to tubes with circular cross-section. The devia-
tion from such basic geometry has two implications: First, viscous friction and con-
sequently flow velocity and flow rate all depend on the cross-sectional shape of the
channel. This is true for any Poiseuille flow, whether capillarity-driven or not (cf. sec-
tion 2.4.2). The capillary flow’s second dependence on channel geometry is due to the
driving meniscus: Magnitude of meniscus pressure drop and consequently capillary
force are generally (not only in the special case of a circular tube) determined by eq.
(2.63) and (2.68), at least if static conditions can be assumed, as well as the contact an-
gle boundary condition, if the channel cross-section is completely bounded by a solid
wall. The contact angle itself can be measured or computed from material properties
in the straightforward way outlined in section 2.2.3. The determination of the menis-
cus shape, given the contact angle boundary condition, is not trivial for an arbitrary
cross-sectional channel geometry even though it is known that the meniscus must have
constant curvature (cf. section 2.4.4). Defining the meniscus surface explicitly as a
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function of lateral and vertical channel coordinates U(y, z), the general problem can be
stated as follows [73, 74]:

2HM = ∇ cot ΓU (2.73)

where

ΓU =
1√

1 + |∇U |2
∇U (2.74)

The contact angle boundary condition reads

nΓU = cos θ (2.75)

where n is the interface exterior normal.

Solution to this problem set is sought in discrete differential geometry by energy min-
imizing algorithms. In microfluidics, Brakke [23] follows this approach with his SUR-
FACE EVOLVER code which uses a variety of energies including surface tension and
pressure energies and iterates towards the solution via a gradient descent method. Fig-
ure 2.10 shows the meniscus shape as interface between liquid and air phases computed
with SURFACE EVOLVER in a closed channel segment with rectangular cross-section.
Besides the main or bulk meniscus, liquid ”fingers” form in the channel edges which
will be discussed more in detail in section 2.5.3.

liquid

air
main meniscus

liquid fingers

Figure 2.10.: Meniscus in a closed rectangular channel segment: Liquid-air interface with constant mean
curvature computed with SURFACE EVOLVER [23] for a contact angle of 5◦
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Such meniscus is static as the fingers have reached the channel’s end. It is not neces-
sarily similar to an advancing meniscus where advancing contact angles differ from θeq
and normal as well as tangential stresses at the interface have to be considered based
on the general equations (2.59) and (2.62). This is discussed in more detail in section
4.3. Microfluidics literature typically forgoes the exact determination of the meniscus
shape and instead concentrates on ways to determine the magnitude of meniscus pres-
sure drop which can then be used – in fine analogy to capillary flow in a circular tube –
as pressure boundary condition for the flow domain. This is straightforward in special
cases:

Meniscus pressure drop in simple geometries

The base case of a capillary with circular cross-section, where the meniscus has spheri-
cal cap shape, has already been discussed above. The pressure drop is based on Young-
Laplace equation exactly computed by eq. (2.67). An elliptical cross-section, though
not a typical case in microfluidics literature, could be treated analogously yielding
∆p(ell) = 2γ cos θ (1/b+ 1/h) where b/2 and h/2 are semi-major and semi-minor axes
respectively.

To emphasize the influence of a channel’s cross-sectional shape in contrast to the influ-
ence of channel size and physical properties Sammarco and Burns [173] use a general
form of Young-Laplace equation with geometrical constant G:

∆p = G︸︷︷︸
shape

· 1

b︸︷︷︸
size

· γ cos θ︸ ︷︷ ︸
phys. properties

(2.76)

Like this, the pressure generation of circular closed channels can be directly compared
to other cross-sections – in lose analogy to hydraulic diameter or hydraulic resistance
concepts applied in the context of viscous friction. Table 2.2 lists respective values ofG
for various channel cross-sections. Noteworthy is the channel of unlimited height i.e.,
two plates with distance b. Here, the second principal curvature vanishes, R2 → ∞,
so that with G = 2 it produces only half the capillary pressure compared to a circular
tube with diameter equal to the plates’ distance. Expressing the relationship between
channel height and channel width by the parameter aspect ratio Λ := h/b leads to the
formula given below for elliptical channels which includes the circular channel as a
special case where b = h. The aspect ratio as a shape characteristic thus allows to
measure the channel size by a single variable (either h or b), cf. eq. (2.76).
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Table 2.2.: Comparison of the magnitude of the front meniscus pressure drop in channels with different
cross-sectional shapes (all closed or of unlimited height) by help of the geometrical constant
G , see also table 4.3

shape circular elliptical two plates closed square

based on Young-Laplace Young-Laplace Young-Laplace Lenormand et al.
eq. (2.67) see text above see text above eq. (2.77)

G 4 2
(

1 + Λ
−1
)

2 ≈ 3.77

Unlike in the above cases the meniscus pressure drop inside a rectangular channel
cross-section, cf. figure 2.10, cannot be expressed by simple yet exact theoretical
formula any more which led to the development of approximations: Birdi [19] uses
regression analysis to determine constants based on experiments with square tubes of
side length between 300 µm and 1 mm. Other approaches approximate the rectangle
with sides b and h by its inscribed ellipse and use the latter’s exact formula as given
in table 2.2, although knowing that an error is involved [103, 173]. Lenormand et al.
[128] introduce an additional error minimizing factorK(�)

Len (see figure 2.11) which also
includes aspect ratio Λ. Their formula reads:

G
(�)
Len = 2

(
1 + Λ−1

)
K

(�)
Len (2.77)

where

K
(�)
Len =

Λ(4− π)

2(Λ + 1)
{

(Λ + 1)− [(Λ + 1)2 − Λ(4− π)]
1/2
} (2.78)

K
(�

)
L
en

Λ

Figure 2.11.: Aspect ratio adjustment factor K(�)
Len from [128], computed with eq. (2.78)
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Originally restricted to perfect wettability, θ = 0, the formula has been adapted for use
in eq. (2.76) under the small angle assumption, eq. (2.16).

2.5.3. Differences in driving mechanism:
Bulk and corner flow

So far it was assumed that the capillary flow is exclusively driven by a meniscus which
forms the liquid-air interface at the front of the liquid column. In the following, this
mechanism is called bulk (meniscus) flow, adopting Weislogel’s [208] terminology.
An alternative mechanism, termed corner flow, is a capillary flow characterized by a
meniscus located at the side of the liquid column.

Figure 2.12 contrasts both mechanisms as they are understood in the context of this
work: In bulk meniscus flow, the interface’s center(s) of curvature (at least approxi-
mately) lie in main flow direction while in corner flow, the surface normals are perpen-
dicular to main flow (again at least in approximation). As a consequence, the driving
mechanism in corner flow is somewhat different from bulk meniscus flow. As seen in
figure 2.12b) the main contribution to mean curvature lies in the cross-sectional plane
whereas the curvature contribution along the groove is small, especially if the groove is
relatively long compared to its width and height. Consequently, in good approximation
the second principal curvature vanishes (R2 →∞) whereasR1 comes to lie in the cross
sectional plane. R1 itself is not constant along flow direction but diminishes gradually,
so R1(X1) > R1(X2) > R1(X3). Then the corresponding pressure drop between liquid
and surrounding air must rise as from eq. (2.63) ∆p = γ/R1(x) [59]. This leads to a
negative pressure gradient in flow direction, which then – perfectly in line with bulk
meniscus flow – drives the capillary flow forward.

n

u

u
n

∂p
∂x < 0

∂p
∂x < 0

R1(X1)

R1(X2)

x

y
z

ϕ

b)a)

Figure 2.12.: Bulk and corner flow
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Obviously, such reasoning conflicts with the notion of the meniscus being a constant
mean curvature surface. As a direct consequence, there must be fluid flow (see section
2.4.4). Static equilibrium is theoretically never reached as the liquid column lengthens
infinitely. This is true provided the fluid wets the corner at all which is determined by
the Concus-Finn criterion [43, 54, 73]:

ϕ+ θ <
π

2
(2.79)

Here, ϕ is half edge angle. In practice, such argument breaks down at the latest when
molecular forces come into play, most probably earlier caused by geometrical devia-
tion from sufficient surface roughness or theoretical edge geometry. Yet geometrical
imperfectness of the corner does not necessarily prevent corner flows with details about
corner ”roundedness” given in [59, 163].

In general, corner flows are present in two different scenarios: First, if the channel itself
has v-shaped or triangular cross-section, flow in this channel can be entirely explained
by the corner flow mechanism without the need for a front meniscus [167], cf. figure
2.12b). Secondly, if the channel in consideration has pronounced edges or corners:
Then, as seen in figure 2.10, liquid fingers form which advance as corner flows. As the
Concus-Finn criterion applies, the fingers in this figure are bounded and the interface
has constant curvature only for the fact that the channel segment has finite length. Liq-
uid fingers and associated corner flow in this case complement bulk meniscus flow.

The simultaneous appearance of both flow mechanisms has been investigated in closed
channels with multiple interior edges with the result that both flows advance similarly,
namely proportional to the square root of time thus showing Washburn-like behavior
[208]. This is especially remarkable as the nature of both flows as described above is
quite different.

2.5.4. Meniscus configurations along the fluid column

In contrast to closed channels, which in their cross-sections are completely bounded by
solid walls, open channels feature a fluid-fluid interface between liquid in the channel
and typically air above it, so that a meniscus can form. Experimental evidence for
such upper menisci is given by microflow analysis with the help of micro-PIV [218]
with special attention to meniscus shape measurement [214] or alternatively by upper
meniscus visualization via the projection of a laser onto the channel [75]. Condition for
the meniscus is – from Young-Laplace equation (2.63) – a difference between liquid
pressure p in the channel and outside air pressure pam. Additionally, the degree of
filling or saturation of the channel has to be taken into account: Saturation may vary
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along the channel and is defined as the fraction of the channel’s cross-section which is
filled with liquid, see figure 2.13a):

S(x) :=
AS(x)

A
(2.80)

For a channel of constant cross-section in downstream direction, A is per definition
not a function of x. The various configurations which might develop depending on
saturation are discussed in [146, 187].

y

z

A
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H

Hy(y)

Hw

b)a) c)

bH(Hw)

R1,H(Hw)

ϕ

θeq

Gibbs
criterion

(θeq + ϕ)

Figure 2.13.: Partially filled channel cross-section

If the meniscus is attached to the top edges of the channel, meniscus curvature can vary
as depicted in figure 2.13b). This is a consequence of Gibbs criterion (for ideally sharp
edges) or the contact angle boundary condition at a small edge radius, cf. section 2.2.3.
In such case the meniscus radius of curvature R1 is exclusively governed by the pres-
sure drop across the upper liquid-air interface ∆pu. For long and slender microchannels
where z0 � x0 it is commonly assumed that the interface is hardly curved in channel
downstream direction

∂2H

∂x2
≈ 0 (2.81)

so that its contribution to mean curvature is negligible and R2 → ∞. In perfect anal-
ogy to the argumentation used in the previous section regarding corner flows, R1(x) as
a function of x is assumed to lie in the respective cross-sectional plane at x. Then

48



2.5. Capillary flow

Young-Laplace equation reduces the problem to two dimensions in channel cross-
section with

R1(x) =
γ

∆pu(x)
(2.82)

If the saturation falls below a threshold level, the meniscus detaches from the upper
channel edges and is then exactly determined by the contact angle θeq. The slope of
the channel wall, depending on ϕ, must be considered as well as the diminishing chan-
nel width bH(Hw) with declining saturation [167]. From figure 2.13c), the meniscus
curvature in such case is

R1(Hw) =
bH(Hw)

2 cos(θeq + ϕ)
(2.83)

2.5.5. Thermodynamic approach for capillary force
determination by free energy minimization

So far the capillary force has been associated with the pressure drop across a meniscus.
An alternative way to compute capillary force is the thermodynamic approach outlined
in the following. Its great advantage is that it does not require knowledge about the
exact meniscus shape.

s⊥w

+γsl − γsa

+γla

dx

s⊥o

Figure 2.14.: Capillary force determination by free energy minimization approach

From the nature of surface tension it is known that the creation of a new surface AIk
costs energy, cf. eq. (2.14). If a capillary flow advances in a channel, constantly new
interfaces are created while others are dissolved. Figure 2.14 compares two states of
the fluid column, before and after it has advanced by a distance dx. On the upside of
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the fluid, the advancement created the new interface of area s⊥o dx, separating air from
liquid. On the left, the right and the lower channel walls, the formerly solid-air interface
gets replaced by a solid-liquid interface of area s⊥wdx. s⊥o and s⊥w are the projections
of the liquid-air boundary line and the liquid-solid boundary line (the so-called wetted
perimeter) onto the channel’s cross-sectional plane. The underlying assumption that
the shape of the front meniscus does not change is considered reasonable for small
advancements dx. Then a balance of the Gibbs free energies for the three interfaces
k = {sa, sl, la} yields [14, 151]:

dGI =

3∑
k=1

dGIk =

3∑
k=1

γkdA
I
k = dx

[
(γsl − γsa) s⊥w + γlas

⊥
o

]
(2.84)

As the capillary force is the only force doing work in this context, it must be responsible
for the new interface creation:

Fcap = −dGI

dx
= γla

(
cos θs⊥w − s⊥o

)
(2.85)

Here, Young’s equation (2.15) has been applied. The above result is only valid under
the condition that (s⊥o /s

⊥
w) < cos θ, which for a common channel is typically unprob-

lematic, especially if the contact angle is small.
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and experimental design

This chapter deals with the preparation and execution of experiments. It starts with a
discussion about surface structure design: How should a favorable surface geometry
look like so that it performs well in supplying a tribocontact with lubricant? Section
3.2 then discusses the question how such a structure can be fabricated with given re-
strictions, e.g., when using materials typically found in tribological environments. Test
pieces are produced for use in experiments, illustrated in section 3.3. Experimental re-
sults are only presented in the next chapter, where they can be compared directly with
results from simulation.

3.1. Capillary transport structure design

Ultimate goal is to supply a tribocontact with liquid lubricants out of a distant reser-
voir. The capillary force has been identified as a possible driver of lubricant flow, even
against counteracting forces which result e.g., from the Marangoni effect. As has been
seen in the previous chapter, the geometry is vital in the creation of a capillary force.
Consequently, the choice or design of a well suited if not best suited transportation
geometry needs explicit attention.

A geometry is well suited if it excels in its task of supplying tribocontact all the while
coping with the restrictions from a typical tribological environment and from produc-
tion (see next section). As central criterion to judge the transportation capability of a
capillary geometry the flow rate q will be used in what follows: The structure must
supply the amount of lubricant the tribocontact needs in a given amount of time. In
some cases, the capillary force may be of higher importance than the flow rate. This
is discussed in more detail in the next chapter. Before dealing with surface structuring
itself, a brief discussion of possibly applicable alternative methods is given:
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Transportation methods of liquids on solid surfaces

Both a thermal gradient and surface chemistry designed e.g., by applying appropriate
coatings, may allow to move liquids such as water or oil drops on solid surfaces, cf.
literature section 1.2 for examples. Due to the specific conditions in the vicinity of a
tribocontact both methods are not pursued further here: First, the thermal field must be
considered as given. Secondly, geometrical features are expected to survive the harsh
environmental conditions with for example surface contamination and wear better than
chemical ones, although this is not necessarily the case. If the solid surface is not flat
but curved, it is to a limited degree able to transport fluids by surface tension depend-
ing on local curvature [197]. As the macrogeometrical shape of tribocontact’s contact
partners is often subject to narrow design limitations, concentration on microgeometry
is considered a more flexible approach. Microgeometrical features limited to a single
layer at the surface of a part must be distinguished from features which reach in multi-
ple layers into the depth of the part. The latter is covered by the theory of porous media.
Transport in porous media is undirected (see below) and can be comparatively slow. A
tribological example are sintered bearings. Their primary task is oil storage while the
transportation to the tribocontact is of secondary priority. Additionally, structural in-
tegrity of porous media is generally lower than in solid bodies with microgeometrical
features just at their surface.

Geometry influence on wettability

In absence of microgeometrical features i.e., on an ideally smooth, flat surface, the
flow rate is zero: A drop of oil put on such surface flattens under gravity influence till it
reaches its equilibrium position determined by the equilibrium contact angle as bound-
ary condition. Apart from such stretching out in all directions, the drop does not move
in a certain direction. The same is true for isotropic surfaces, for example an arbitrarily
rough surface or a surface with intentionally created surface features. Both may alter
the apparent contact angle and consequently the wettability of a surface. Changing sur-
face design towards oleophilicity e.g., based on Cassie and Wenzel models, enhances
spreading behavior of an oil drop, yet still does not create directional transport: Con-
sequently, efficiency is low as only a relatively small fraction of available lubricant is
transported to the desired destination (even though this may be acceptable and suffi-
cient in certain applications).

Directed transport

Figure 3.1a) shows a typical surface structuring pattern: Pillars or posts of circular,
square, octagonal or any other shape which are slightly higher than the surrounding
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3.1. Capillary transport structure design

surface and which allow menisci to form between them, so that the liquid is drawn
forward by capillary force [45, 108, 171]. In essence, the transport is still not directed,
which is healed in practice by not structuring the whole surface but only a certain area
between source and destination of the liquid. Figure 3.1a) falls short in explaining the
details of three dimensional capillary transport in such structures. It yet shows that
different local transport directions add up to a general preferential transport direction
(from left to right). Anisotropic surfaces indeed allow for directed transport: In con-
trast to single droplet movement [44, 211], Jokinen et al. [107] are able to generate
an anisotropic flow by modifying the shape of the above mentioned pillars. As with
the circular pillars in 3.1a), meniscus curvatures change depending on advancement
position which leads – as a consequence of Young-Laplace equation (2.63) to different
magnitudes of capillary pressure (illustrated by arrow length).

b)

a)

d)

c)

e)

Figure 3.1.: Surface structures to transport liquids: a) pillars, b) converging-diverging channels, c) con-
stant cross-section channels, d) tree-like structure, e) flow stopping geometry

Advantages of microchannels as depicted in figure 3.1c) are firstly, that they keep the
same small and therefore strong meniscus during the whole transportation process and
secondly, that capillary force is always directed downstream, towards transportation
destination. Thirdly, microchannels can be densely packed, so that the overall flow
rate over a given surface area is high. The amount and dimensions of the individual
channels in the microchannel array depicted is basically a tradeoff between viscous
resistance and magnitude of capillary force, details are given in chapter four.

Deviations from the simple constant cross-section channel are not considered advanta-
geous: The diverging-converging capillaries depicted in figure 3.1b) need more surface
space and capillary pressure varies due to the changing meniscus curvature. Only at its
maximum value (at the channels’ narrowest points) the meniscus pressure drop is not
inferior to the value of the channels in c). Lubricant velocities in recent experiments
by Hermens et al. [98] in non-constant cross-sectional channels designed to mimic
lizard skin are smaller by about one order of magnitude compared to constant cross-
section channel experiments described in the following section, yet are inter alia based
on a different liquid so that absolute comparison is difficult. In analogy to macroscopic
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hydrodynamics, channel bends and turns may add to flow resistance, with more details
given in section 4.2.3. Channel crossings are neither beneficial [128]. To what de-
gree the tree-like structure depicted in figure 3.1d) which might be a way to approach
the above mentioned tradeoff between capillary and viscous forces is hindered by y-
shaped connections might be an interesting research question remaining unanswered in
this work. Not to neglect is the possibility of stopping a capillary flow completely by
appropriate geometrical design [70, 137, 222] as seen in figure 3.1e). Here, the menis-
cus curvature switches from concave to flat and – if additional outside pressure is to
be supported – potentially even to convex. Purposefully designed, such geometry can
be used as a diodic flow element which allows flow in one direction and stops flow in
the opposite direction. Less likely but still possible is that geometrical imperfections
– maybe from fabrication as seen in the next section – lead to a similar, then unde-
sired effect. In such case a multitude of channels provides additional security which
only adds to the advantages of a microchannel array. Therefore, such an array and the
microchannel as its basic building block form the basis for further analysis.

3.2. Materials, microchannel fabrication, and
geometry measurement

At least two reasons suggest that the microchannel’s cross-section should preferably
be small: Firstly, capillary pressure is higher the smaller channel cross-sectional di-
mensions. Secondly, mechanical operating conditions in tribological contacts urge to
weaken structural integrity of parts to the least possible extent. Downsizing is limited
mainly by production possibilities and desired accuracy. Both at least partially conflict
with materials used in tribological environments:

Material restrictions as limiting factor for photolithographic and etching
processes

Typical materials in tribology are metals, ceramics or engineering plastics. With re-
spect to a certain application, materials are carefully chosen in order to fulfill an array
of requirements: They must withstand high mechanical loads in a tribocontact, be suf-
ficiently elastic, show limited wear, etc. Consequently, production technology must
comply with given materials. In the following, fabrication methods are judged by their
ability to successfully machine a variety of these materials. Furthermore, the technolo-
gies evaluated under laboratory conditions should at least show the potential for later
application in volume production.
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3.2. Materials, microchannel fabrication, and geometry measurement

The former is the decisive disadvantage of maybe the most important class of mi-
crochannel fabrication technologies, namely combined photolithographic and etching
processes. Here, various layers of different materials are deposited on a substrate, typ-
ically a wafer. An optical mask determines the light exposure pattern of a photo resist
thereby defining the areas where lower lying layers are removed in a subsequent chem-
ical etching process. Especially process derivatives like DRIE allow the fabrication
of microchannels with very exact, predominantly rectangular cross-sectional geome-
try (see figure 3.2, small picture) all the while allowing for high aspect ratios in the
range of Λ ≈ 100 [152]. Yet, the technology is limited to a narrow class of appro-
priate materials such as metalloids, in particular silicon but also some polymers like
PEEK or PMMA [193]. Though the LIGA process variant allows to produce small
parts out of metal, it is galvanically deposited on a substrate, which is seen critical in
tribological applications both for manufacturing reasons and fulfillment of mechanical
requirements.

Figure 3.2.: Cross-sections of channels fabricated with a femtosecond laser into stainless steel, source:
H. Besser / M. Mangang (KIT IAM); comparison with a channel of comparable dimensions
etched into silicon (small picture)

Micromilling

Two methods which are better capable of coping with material restrictions are laser
ablation and micromilling. The latter works in analogy to its macroscopic counterpart,
yet uses very high precision machines and cutting tools with nominal diameters well
below 100 µm. The smallest cutter diameter available in the context of this work is
10 µm with a nominal tool tip radius of approximately 5 µm. The micromilling tool
in theory produces a microchannel with cross-sectional shape identical to the tool’s
geometry. Consequently, one expects the channels’ cross-section to be half-circular,
elliptical, or ”u-shaped” as shown in figure 3.3. In peripheral cutting, also triangular
shapes are expected. Measurements reveal a geometrical deviation from the nominal
shape, partly to a considerable extent. This is attributed to technology limits in pro-
ducing perfect tool shapes of such small size, tool wear, and limitations in the cutting
process itself.
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a) b) c) d)Laser beam

Laser intensity

Figure 3.3.: Cross-sectional geometry of a microchannel as a consequence of fabrication (simplified
illustration): a), b) micromilling, c) laser ablation d) laser ablation with multiple lines of
operation

Laser ablation

Laser ablation is even less dependent on material restriction than micromilling – it
machines virtually any given material. Material removal lasers typically focus light en-
ergy to a small point on the surface of the material. There, the material heats, melts and
evaporates, sublimes, or at best changes directly over to plasma state leaving a dip in
the surface [200]. The desired ablation pattern is created by a scanner which moves the
laser spot over the material. A microchannel, for example, can be produced in a sim-
ple line movement. In order to minimize the heat affected zone and possible bulgings
at the channel sides, cf. figure 3.4, it is preferable to have the available light energy
concentrated into extremely short pulses so that the actual laser power is highest. Test
pieces used in next section’s experiments were machined with pico- and femtosecond
lasers. Besides pulse length, the quality of the lasered structure depends on an array of
tunable parameters such as focus position, pulse overlap, or scanner speed.

The expected cross-sectional geometry in laser ablation is a Gaussian function as de-
picted in figure 3.3. As the intensity profile of a laser beam follows a Gaussian distribu-
tion it is the basic assumption that such a profile is mapped into the channel geometry.
This basic understanding does not hold any more in more detailed analysis [89, 106]
which underlines the importance of measurement. Commonly, one channel is produced
by multiple material removal (movement) lines to create the desired channel depth. In
lateral direction, narrow channels with 20 / b / 40 µm, are machined in a single line
operation, while wider channels allow for multiple parallel removal lines. As a conse-
quence, the cross-sectional shape is expected to become more trapezoidal, as seen in
figure 3.3d).
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3.2. Materials, microchannel fabrication, and geometry measurement

Figure 3.4.: Microchannels fabricated by femtosecond laser ablation into a) stainless steel, b) poly-
oxymethylene (POM), source: H. Besser / M. Mangang (KIT IAM)

Micromolding and laser interference metallurgy

For completeness of the picture, two more microfabrication technologies shall be men-
tioned briefly, which especially have the potential for industrial application in higher
quantities: One is micromolding [126, 213], the miniaturization of a common molding
process, and the other is laser interference metallurgy [62, 93]. Here, microchannels
are not created subsequently by a moving laser spot but simultaneously as the result
of a laser interference pattern. According to experiments conducted, the depth of mi-
crochannels fabricated with the current state of research is not yet sufficient to produce
a strong capillary force.

Measurement methods

To determine the cross-sectional geometry, microchannels were cut, metallographically
prepared and analyzed by SEM as depicted for example in figure 3.2. Such destruc-
tive testing proved superior to microscopic measurements: Confocal laser scanning
microscopy and white light interferometry both struggled with absorbed and scattered
light especially in deep channels with considerable surface roughness, yet delivered
more reliable results with channels of b > 50 µm and Λ � 1 (see figure 3.5). As tac-
tile and optical surface roughness measurement possibilities are limited, roughness was
judged by SEM images.
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Figure 3.5.: Microchannels of approximately triangular cross-section fabricated by peripheral milling
into polyamide 6-6; SEM image (right); geometry measurement (left) via confocal mi-
croscopy (M. Egner, Bosch)

Results

Laser ablation and micromilling proved generally capable of generating microchannels
in tribological materials. Channel widths as small as b = 20 µm have been successfully
fabricated, yet surface roughness and geometrical shape improved significantly towards
b = 30 µm. In the investigated range up to b = 80 µm, the aspect ratio was limited
to Λ / 1. With respect to surface roughness, the best results were achieved in laser
ablation of steel, which resulted in smooth channel walls while roughness at the channel
bottom could not be eliminated with holes from discrete laser pulses still visible as in
figure 3.4 a). Even though surface roughness may be significant, most channels allowed
to distinguish micro- from macrogeometry.

Measurement of cross-sectional shape of the channels confirmed – at least in approx-
imation – the basic assumption that the laser intensity profile or the cutter shape are
mapped in the channels’ geometry. The expected channel profiles shown in figure 3.3
were fabricated with limited possibility for desired deviation based on machining pa-
rameters. Indeed, a suitable set of parameters only allowed for sufficient geometric
quality in channel cross-section with a counterexample shown in figure 4.2. Consis-
tency of cross-sectional geometry both along a channel and from one channel to another
is not superb, see figures 3.2 and 3.4. The former shows that the laser process, on which
most conducted experiments rely (see next section), tends to deviate from a Gaussian
cross-section towards a slightly wider, nearly elliptical shape.

Bulgings at both sides of the channel may appear both in milling as in laser machining.
Although not critical for lubricant transport, tribological application must be checked
for possible conflicts. At least the absence of sharp edges – both at the top and at the
bottom of the channels – reduces concern about a possible notch effect.
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Consequences for experiments and modeling

Disregarding roughness, the assumption of constant cross-section along the channel
still seems approximately valid. The cross-sectional shape is clearly a function of the
process and must be obeyed in modeling. Figure 3.3 shows possible geometries. Es-
pecially the rectangular cross-section, as the probably most widely covered type in
literature, is not amongst them. Even though for later experiments channels with better
quality are used, some geometrical uncertainty remains. Measurement allows to reduce
such uncertainty, yet not completely due to limitations in nondestructive measurement
combined with the fact that results from destructive testing do not perfectly apply to
other channels. Instead of relying on a specific shape later modeling must investigate
shape variations. Also the experimental design must be adapted.

3.3. Experiments

3.3.1. Isothermal flow experiments

Microscale flow rate measurements

In section 3.1 the flow rate was identified as a critical parameter for the supply of a
tribocontact. On the microscale, direct flow measurement is not trivial. A variety of
measurement principles have been reported, based on mechanical part movement like
in a flow turbine, fluid pressure drop or weighing with measurable flow rates as low
as 20 nl/s [8]. Actual flow rates are expected and computed to be lower, for smaller
geometries q < 1 nl/s. This is not reached by anemometric flowmeters either which
measure the flow induced cooling of a heated element. If flow is driven by capil-
lary forces any geometry alteration may change flow characteristic significantly due to
changing menisci. Direct force measurement is even less trivial than measurement of
flow rate.

As a consequence, it is common practice to determine the flow rate and the forces in-
directly and use fluid velocity u(t) as the quantity to be measured. In capillarity driven
flow, this is typically done by videotaping meniscus position as a function of time, cf.
[4, 71, 103, 212]. Then by means of suitable mathematical models (see next chapter)
the quantities of interest are computed. Figure 3.6 shows a front of advancing oil in
parallel capillaries with images taken at different points in time. If additionally the flow
profile in the microchannel is of strong interest, particle image velocimetry (PIV) and
related methods can be applied [150, 214, 218, 219]. Here, tracer particles are added to
the fluid, irradiated with a special light source, commonly a laser, particle movement
is tracked by a video camera and special software then computes a two dimensional, in
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some cases even three dimensional vector field of the flow. As microchannel geometry
is comparably simple (straight, constant cross-section, unidirectional flow), literature
agrees well on microscale boundary conditions (see section 2.4), and adding particles
may always influence flow itself especially in small channels, the basic approach is
chosen here. Computed flow profiles are later compared to experimental data in lit-
erature. For future research, the application of particle tracing techniques might be
interesting especially when geometry and flow fields are more complex e.g., as at the
end of the microchannel in the vicinity of the tribocontact, cf. chapter five.

t1 = 0.0 s

t5 = 20.0 s

t4 = 15.0 s

t7 = 30.0 s

t6 = 25.0 s

t3 = 10.0 s

t2 = 5.0 s

Lu(t4)

x = 0 mm x = 20 mm

x ∝∼
√
t

Figure 3.6.: Advancing oil front in multiple parallel channels; images taken at seven time points reveal
Washburn-like behavior; the white rectangle indicates the location of figure 3.8 (taken in a
different experiment); oil feed out of a brush (instead of using a reservoir) leads to a later
start of the capillary flow at the sides of the main oil front

Test pieces and test liquids

For preliminary tests, parallel microchannels were cut into different solid materi-
als, which are considered as characteristic in tribological applications, such as steels
100Cr6, X5CrNi18-10, and X90CrMoV18 as well as engineering plastics polyamide
(PA) 6-6, polyphtalamide (PPA), acrylonitrile butadiene styrene (ABS), polyoxymethy-
lene (POM) homo- and copolymer. Test results indicated that differences in materials
could primarily be explained by known or measurable material properties, first of all
contact angle. In an attempt to reduce experimental variety, only two of the above ma-
terials, namely hardened stainless steel X90CrMoV18 and POM homopolymer, were
used in subsequent test series, cf. [142]. For the POM, test piece surface was left
untreated to keep the smooth surface from the injection molding process [94] whereas
steel was polished.
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l = 9 mm

btp =

Ttf Ttbxy

ltp = 16 mm
lr = 2.5 mm

le = 3.5 mm

ruler

reservoir

channels

htp = 2.5 mm

le = 3.5 mm

6 mm

Figure 3.7.: Test piece with a total of 24 straight microchannels

Microchannels were cut into test pieces with dimensions given in figure 3.7. Two
channel groups, each consisting of 12 straight channels, were fabricated. Preferred
method was laser ablation for its flexibility. Some similar micromilled pieces were
used for comparison. Channel length was kept constant at 13.5 mm, while channel
width and height were varied. From fabrication all channels had an open surface and
cross-sectional geometry as described in the previous section.

Four different greases’ base oils were used as experimental lubricating fluids. Table
3.1 lists properties measured in [29] at ambient (NTP) conditions. Density and viscos-
ity were determined on a viscometer (SVM3000, Anton Paar, Austria) while surface
tension was measured on a tensiometer (K11, Krüss, Germany) which relies on the
Wilhelmy plate method. Equilibrium contact angle measurement was done on the same
supplier’s drop shape analyzer DSA10. Base oil PAO ISO VG 15 without additives was
used in the majority of experiments conducted, with the other oils reserved for plausi-
bility checks. Lubricating fluid influence is considered of higher importance than solid
material influence. It would therefore be desirable to refine and extend the conducted
experiments’ results by testing a larger variety of fluids under different conditions as
described in the following.

Test execution

Before conducting experiments, the test pieces were cleaned with isopropanol and
petroleum ether both manually and in an ultrasonic bath. Ambient temperature was
logged.
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Table 3.1.: Measurement of physical properties of four PAOs used in experiments; data given as listed in
[29] for NTP conditions, see figure 3.11b) for measurement values at different temperatures

ISO VG 15 ISO VG 32 ISO VG 68 ISO VG 220

ηn [Pa s] 32.4 · 10−3 116.6 · 10−3 145.1 · 10−3 575.9 · 10−3

ρn
[
kg/m3

]
816 986 832 844

γn [N/m] 29.6 · 10−3 31.6 · 10−3 29.9 · 10−3 30.3 · 10−3

(θeq)n [°] 3.9 12.0 10.8 11.6

cos
(
(θeq)n

)
[−] 1.00 0.98 0.98 0.98

The microchannels were filled out of a fluid reservoir, cf. [38, 51], which was equally
cut into the test pieces, see figure 3.7. With dimensions of 2.5 mm by 2.5 mm and
a depth of ≥ 200 µm it is both significantly deeper and has a large volume compared
to the channels. It was filled by the help of a small volume syringe (Nanofil, World
Precision Instruments, USA). Once the fluid level in the reservoir reaches the bottom
of the channels, capillary flow starts, at best simultaneously for all channels without
the disturbing influence of capillary flow in the reservoir’s edges. Reservoir structuring
at right angle to channel direction and a slight overlap of channel and reservoir struc-
tures were beneficial [217]. The large size of the reservoir helped to reduce variations
between experiments, especially as flow velocity within the reservoir is expected to be
small compared to channel flow. The reservoir geometry and filling process proved to
be more repeatable than other reservoir shapes such as circular and other filling meth-
ods e.g., with brush or clock oilers used in preliminary experiments, cf. [29].

6 channelsfront meniscusupper meniscus

oil filled channel air

Figure 3.8.: Oil front in six parallel microchannels; microscope focal plane at the upper channel edge
with the channel bottom blurred; light reflections give insight into the shape of the menisci
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The oil flow is videotaped with a 54 megapixels digital microscope (VHX-600, Keyence,
Japan) with additional external light source. For distance measurement, a ruler is
lasered into the test piece which allows the readjustment of the field of view during oil
flow [142]. The size of the view field is chosen to be big enough to simultaneously
observe one of the channel groups and to cover the flow dynamics in the initial flow
stage.

Test evaluation

The video taken is analyzed after measurement by noting the travel time for a certain
distance. Figure 3.9a) shows time points of the oil advancement distance for three dif-
ferent channel types with mean value and standard deviation. Channel length is defined
to be zero at the reservoir with viscous contributions inside the reservoir assumed small
due to the above statements. Time is set to zero with oil outflow from the reservoir and
timing is taken at every millimeter. For reasons of image quality, videotapes are ana-
lyzed manually instead of using image recognition software. The advancement time at
a given distance is taken as the mean of the channel group i.e., the mean time of the
individual channels µcht .

x
∗

t∗

b=30 µm

b=40 µm

b=60 µm

(a) Oil advancement experimental results: Mea-
sured times at certain distances with standard
deviation ςev,rpt (bars) around mean µch,ev,rp

t

(not shown) for three Gaussian cross-sectional
geometries with Λ = 1 and width b indicated,
cf. [142]; for model cf. chapter 4 and figure 4.9

crpv,avg = 0.127

cevv

crpv

rp = {1:4}

x
∗

cv

(b) Coefficient of variation for b = 40 µm at 10 time
points: cevv assesses variation of the video eval-
uation of each of the four measurement repeti-
tions individually while crpv includes variation
over the repetitions

Figure 3.9.: Quality of experimental results: statistical assessment
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What can be observed is a slightly discontinuous flow: From time to time, individual
channel flow stops for a short time which is attributed to channel surface effects: Either
due to surface roughness or due to chemically changed surface properties from con-
tamination, the meniscus gets pinned only to advance further milliseconds later. This
suggests, yet not proves, that the filling height of the channel is not continuous along
the whole channel, a fact further addressed in section 4.3.1, which deals with an upper
meniscus.

Each video is evaluated two to three times, in part by two different persons, to reduce
bias error. For the evaluations, mean and standard deviation are computed as µch,evt and
ςevt , respectively. As standard deviation is naturally higher for higher travel times, it is
normalized for comparison reasons by the respective mean, following the definition of
the coefficient of variation cv:

cevv =
ςevt

µch,evt

(3.1)

With the same test piece, multiple experiments (typically four) are conducted as some
variation in manual channel filling, test piece cleaning and environmental conditions
cannot be ruled out. Again, mean, standard deviation and coefficient of variation are
computed over all evaluations of the experimental repetitions i.e., crpv = ςev,rpt /µch,ev,rpt .

For the channel with highest standard deviation in figure 3.9a) i.e., for the worst case,
the coefficient of variation crpv is shown in b) along with the individual cevv for four ex-
perimental repetitions rp = {1 : 4}. The latter is a measure for the variation in video
evaluation while the former includes the variation which comes in when the same ex-
periment is repeated several times. All variation coefficients diminish with growing
time as the oil flow slows down which facilitates visual evaluation. Additionally, filling
effects are expected to be greater near the reservoir. The fourth experimental repetition
deviates considerably from the three other repetitions: While the high cevv,rp=4 at the
first time points may be improved by repeated evaluation, the large gap between the
individual measurements and the combined crpv results mainly from the fact that ad-
vancement in the fourth repetition for unknown reasons was considerably slower than
in the other three repetitions which leads to the higher standard deviation depicted in
figure 3.9a). To compare the overall variation for different channel geometries, an av-
erage crpv,avg over all time points is computed. It is seen in figure 3.9b) as straight line
and is listed in table 3.2 also for the other two investigated channel geometries.
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Table 3.2.: Average coefficient of variation for experiments conducted with Gaussian-shaped microchan-
nels with aspect ratio Λ = 1 and width of b = 30, 40, and 60 µm

channel width b 30 µm 40 µm 60 µm

crpv,avg 0.037 0.127 0.067

3.3.2. Flow measurement with thermal gradient

Non-isothermal flow experiments

To account for thermal gradients which are the prerequisite for the appearance of e.g.,
the thermal Marangoni effect, the experimental setup and procedure outlined above are
extended as follows: The test piece front face and back face are heated and cooled re-
spectively so that a desirably steep temperature gradient develops inside the test piece.
It is therefore contacted by aluminum nibs, each attached to an aluminum block, which
can be heated or cooled by a total of four 72 W Peltier elements as seen in figure
3.10.

data acquisition
light

Peltier
elements

Peltier
elements

shield

fan

microscope
& power supply

aluminum body

PTFE housing aluminum nibs
thermoelement

syringe

cooling
elementcooling

element

test piece

Figure 3.10.: Experimental setup

On the back side of the Peltier elements, cooling elements are mounted and on the
side to be cooled an additional fan is installed. To limit convection from the test piece
which is surrounded by air on the four remaining faces, a mechanical shield is mounted
on the fan. Radiation is reduced by covering the aluminum blocks and nibs with a
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PTFE housing. Data of thermocouples inserted into bore holes inside the nibs are
used to control the Peltier elements via data acquisition equipment and programmable
power supply. The temperature of the test piece itself is checked with thermographic
methods. Additionally, calibration test pieces are prepared with three holes to allow
for thermocouple measurement in the middle and 2.5 mm away from test piece front
and back side, respectively. In this way, the temperature both at the nibs and inside the
test piece can be maintained within a close range with standard deviation ςT ≤ 1.0 K
(POM) and ςT ≤ 2.8 K (steel) for the five measurement points per test piece.

Results differ insignificantly from a standard finite element software model, including
heat conduction and heat transfer to the surrounding air while radiation is neglected
because of the moderate temperature range. For reasons to be discussed in more detail
in section 4.4, the model is further simplified to a one dimensional heat transfer model
for Tt(x). This again is a good approximation to the three dimensional solution due
to the strong enforced gradient in x-direction while lateral and vertical gradients are
minor. The simple cuboid geometry allows for an analytical solution similar to the one
described in [142]:

Tt(x) = Ta +
1

−2sinh(BT lt)
· (3.2)([(

Ttf − Ta
)
e−BT lt − (Ttb − Ta)

]
eBTx +

[
(Ttb − Ta)−

(
Ttf − Ta

)
eBT lt

]
e−BTx

)
with

BT =

√
2hsa

λs

(
1

btp
+

1

htp

)
(3.3)

Here, hsa is the solid-air heat transfer coefficient, λs is the thermal conductivity of
the test piece material, Tam is the ambient temperature and the remaining variables
are given in figure 3.7. A model fit via hsa to measurement data is shown in figure
3.11a).

While the experimental setup can be used both for metal and plastic test pieces, the
focus is on the latter as the more critical material: Its much lower thermal conductivity
produces a larger thermal gradient in the vicinity of a tribocontact compared to a metal
which contributes more to the removal of heat generated within the tribocontact. The
temperature at the experiment’s hot side is limited by the glass transition temperature
of the test piece and is set to a maximum of 145 ◦C, whereas a minimal temperature of
5 ◦C is chosen at the cold side to prevent ice crystals from forming.

The experimental procedure is as outlined above. The two channel systems with one
reservoir near the front and one reservoir near the back side now allow two directly
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subsequent experiments with presumably very similar experimental conditions (except
for the channels themselves and the way the oil is dispensed), yet with positive temper-
ature gradient in one case and negative gradient in the other case. This is both relevant
once Marangoni and viscosity influences are analyzed in more detail in section 4.4.
There, experimental results are presented and directly compared with the model.

x [mm]

T
[◦

C
] 85◦C

21◦C

17◦C

53◦C

(a) Temperature distribution Tt(x) in POM test
piece: measurement values (markers) and theo-
retical model (lines), cf. eq. (3.2); two variants
which differ in hot side temperature (145◦C vs.
85◦C); the vertical lines indicate the flow do-
main for use in experiments, cf. figure 3.7

T [◦C]

γ
/γ
n
;
ρ
/ρ
n
;
η
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(b) Lubricant properties as a function of tempera-
ture; absolute values of PAO ISO VG 15 used
in experiments normalized to respective prop-
erty value at 20◦C; measurement data (mark-
ers) and computational fit (solid line) via lin-
ear models for density and surface tension and
via the Ubbelohde-Walter equation (2.7) for dy-
namic viscosity

Figure 3.11.: Test piece temperature distribution and temperature dependence of lubricating liquid prop-
erties, see also [142]

Measurement of temperature dependence of physical properties

As outlined in chapter two, a significant influence of temperature on relevant lubricat-
ing liquid properties is expected. Reliable literature data on viscosity’s, density’s and
surface tension’s temperature dependence are hardly available for PAOs of interest. It
is therefore measured on the equipment named above, cf. [142]. For PAO ISO VG 15,
figure 3.11b) shows the measured values normalized to the base value at 20 ◦C.
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4. Microchannel flow model
design and results

In the previous chapter, the microchannel array has been identified as a favorable sur-
face geometry to transport lubricating liquids towards a tribocontact. Experiments have
been conducted to analyze such a flow. This chapter aims to model the lubricant flow
under the typical conditions found in the vicinity of a tribocontact. This requires a
slight deviation from the typical Poisson equation commonly used for microchannel
flow. Section 4.1 derives a governing set of equations by a nondimensionalization pro-
cedure. Section 4.2 discusses geometrical restrictions and argues why the more costly
computation of the velocity profile is preferred to simpler concepts for the judgement
of viscous friction. Capillary effects, concerning both menisci at the front and upper
interfaces of the liquid lubricant column are in the center of section 4.3, which is fol-
lowed by a discussion of thermal influences: Here the temperature dependent viscosity
and the Marangoni effect are major influencing factors. Section 4.5 deals with inertial
effects which arise when the microchannels are structured into parts moving relative
to fixed space. Based on all previous effects, sections 4.6 and 4.7 illustrate conse-
quences for pressure and especially time dependent behavior of the lubricant flow. The
latter builds the basis to compare numerical simulation with results from the previous
chapter’s experiments. Additionally, the theoretical deviation from classical Washburn
behavior is analyzed.

4.1. Derivation of a governing set of equations

Basic assumptions

For two reasons the following analysis does not start with the common microchannel
ansatz, eq. (2.28) and (2.29): First, it does not automatically cover the situation where
the channel does not constitute an inertial frame of reference in itself but is moving
relative to such a frame. Yet, as is described in section 4.5 in detail, the inclusion
of body forces could heal this. Secondly, the derivation of Stokes (and Navier-Stokes)
equations in the common forms, eq. (2.26) and (2.20), requires viscosity to be constant.
With considerable temperature differences present in the vicinity of a tribocontact and
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4. Microchannel flow model design and results

bearing in mind the large influence of temperature on viscosity this assumption cannot
be upheld here. Therefore, Cauchy’s momentum equation in the form of (2.45) is taken
as the starting point for the following derivation:

ρ
Du

Dt
= −∇p+∇ · (η (∇u+∇uᵀ)) + f (4.1)

It is valid in a potentially moving frame of reference. For simplicity of reading, the
frame indices from (2.45) have been dropped so that u is the fluid velocity relative to
the (possibly non-inertial) channel-fixed reference frame (O) as depicted in figure 2.6
which also is the frame time derivatives are computed in (if not otherwise noted). The
respective inertial forces ensuring the correctness of the above equation in any frame
of reference are included in f , cf. section 2.3.4.

In eq. (4.1) simplifications based on the incompressibility assumption, eq. (2.11),
and the lubricating liquids’ Newtonian behavior which allows to simplify the stress
deviator tensor to τ = η

(
∇u+∇uT

)
, eq. (2.5), have already been considered. For the

lubricants intended to flow in the microchannel, especially lubricating oils or base oils
from lubricating greases, such assumptions are in general considered safe, cf. section
2.2. Prerequisite are common thermal operating conditions so that the temperature
influence on density remains small (see section 4.4 for details). As mentioned, viscosity
is not necessarily a constant here due to its extremely strong temperature sensitivity as
seen in figure 3.11b). Consequently, eq. (4.1) cannot be further reduced to Navier-
Stokes momentum equation (2.20).

Characteristic length scales

The following simplifications are based on procedures used in lubrication theory, cf.
section 2.3.3. Yet, they are not adopted in the form used for thin film problems:
Whereas there one characteristic length scale is significantly smaller than the other
two, for a microchannel two characteristic length scales are significantly smaller than
the other one:

y0, z0 � x0 (4.2)

Not only height but also width of the channel is small compared to length, cf. figure
4.1. This assumption should be valid for a vast majority of microchannels discussed in
literature. For the channels described in the experimental chapter, length is in the lower
millimeter range and therefore greater than width or height by two to three orders of
magnitude.
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4.1. Derivation of a governing set of equations

The definition of a small parameter δ := (h0/l0) � 1 can be adopted from eq. (2.35)
where l0 := x0 and h0 := z0. In contrast to classical thin film theory, the characteristic
lateral channel dimension is not defined as in eq. (2.31) but as

y0(mc) := z0 (4.3)

Equal characteristic length scales in y- and z-directions – in analogy to classical theory
– do not constitute a loss of generality.

x
y

z

z0 � x0, y0 y0, z0 � x0

x0 ≈ y0 ≈ z0

a) b) c)

Figure 4.1.: Relation of characteristic length scales in a) bulk fluid, b) thin film, and c) microchannel

Nondimensionalization procedure in analogy to lubrication theory

Based on the above, a nondimensionalization procedure suited for a microchannel can
be set up similar to the one used in the derivation of Reynolds equation e.g., by [92].
The individual nondimensionalization of variables is not different from classical lubri-
cation theory as outlined in section 2.3.3 and listed in the appendix, with the exception
of lateral coordinate y∗ = y/h0 and velocity v∗ = v/δu0. Viscosity variations require
η∗ = η/η0. As the key to the analysis is in different length scales, the three equations
for the three coordinates have to be treated separately, resulting in lengthy equations.
With equal length scales in lateral and vertical directions, the z−direction is not printed
in the following. Then eq. (4.1) can be written
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in x-direction:

ρ

(
u2

0

l0

∂u∗

∂t∗
+
u2

0

l0
u∗
∂u∗

∂x∗
+
δu2

0

δl0
v∗
∂u∗

∂y∗
+
δu2

0

δl0
w∗
∂u∗

∂z∗

)
= −η0u0l0

h2
0l0

∂p∗

∂x∗
+ η0η

∗
(
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l20
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(
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)
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∗
x

in y-direction (z-direction analogously):

ρ

(
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With the definition of Reynolds number Re = (ρu0l0/η0) and reduced Reynolds num-
ber Rer = δ2Re, eq. (2.36), the disregard of small terms of order δ2 and higher leads to
the following three equations:

Rer

(
∂u∗

∂t∗
+ u∗

∂u∗

∂x∗
+ v∗

∂u∗

∂y∗
+ w∗

∂u∗

∂z∗

)
(4.4)

= −∂p
∗

∂x∗
+ η∗

(
∂2u∗

∂y∗2
+
∂2u∗

∂z∗2

)
+
∂η∗

∂y∗
∂u∗

∂y∗
+
∂η∗

∂z∗
∂u∗

∂z∗
+
δ2l20
η0u0

f0f
∗
x (4.5)

0 = −∂p
∗

∂y∗
+
δ3l20
η0u0

f0f
∗
y (4.6)

0 = −∂p
∗

∂z∗
+
δ3l20
η0u0

f0f
∗
z (4.7)
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4.1. Derivation of a governing set of equations

Further simplification possibilities

Already at this step, velocities perpendicular to downstream direction (i.e., v and w)
drop out of the equations: The whole problem is reduced to unidirectional flow. Even
though this might be perceived as physically clear – already from inspection of a long
and slender channel – it involves direct further simplification in the continuity equa-
tion:

∇ · u =
∂u

∂x
= 0 (4.8)

Even though not formally required since, the above entails that the microchannel in
question must have constant cross-section along x in order to not violate unidirection-
ality. Disregarding surface roughness (treated in section 4.2.4), chapter three concluded
that this is indeed (approximately) the case.

The remaining terms including δ2 have not been neglected in equations (4.4) - (4.7),
because there are factors which might counterbalance those terms when sufficiently
large i.e., ' (1/δ2) or ' (1/δ3), respectively. The first such possible counterbalancing
factor is the Reynolds number itself as part of Rer. Reynolds numbers in microchannel
flow – independent of driving mechanism being a capillary meniscus or some other
externally applied pressure – show wide variation, yet upper bounds become apparent:
In their overview article Koo and Kleinstreuer [119] list maximum Reynolds num-
bers researchers have reported of up to 4000 while Steinke and Kandlikar [179] report
Re ≤ 1 · 104 in over 150 publications, provided hydraulic diameter is less than 300 µm.
Therefore, in most cases the reduced Reynolds number Rer is negligible. This is es-
pecially true for pure capillary flow, where Reynolds numbers alone tend to be low,
often less than 1. As a direct consequence time dependent and convective terms can be
disregarded. This has further implications for flow dynamics: As in the derivation of
the classical Lucas-Washburn equation (2.71) a quasi-stationary ansatz in the flow time
function is justified; it is discussed in more detail in section 4.7.

The other terms which include δ2 depend on externally applied forces which are theo-
retically not bounded. For brevity, two more dimensionless factors are introduced:

ξ :=
δ2l20
η0u0

=
h2

0

η0u0
(4.9)

κ := ξf0 (4.10)

Another possibility for further simplification arises with respect to viscosity. Later
analysis will discuss circumstances which allow the reduction of its dependence on
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4. Microchannel flow model design and results

three dimensional space η(x) to just the longitudinal channel coordinate η(x). If this is
the case together with the remarks above, eq. (4.4) - (4.7) simplify to:

∂p∗

∂x∗
= η∗

(
∂2u∗

∂y∗2
+
∂2u∗

∂z∗2

)
+ κf∗x (4.11)

∂p∗

∂y∗
= δκf∗y (4.12)

∂p∗

∂z∗
= δκf∗z (4.13)

In addition to the negligibility of crossflows v and w, lateral and vertical pressure gra-
dients are significant only in the presence of strong inertial and/or body forces in the
respective direction. If such forces are negligible because δκ � 1, the absence of
pressure gradients in direction of small geometrical scales (y and z) is in fine analogy
to thin film lubrication theory where ∂p/∂z = 0, eq. (2.37). Whereas in thin film
theory the remaining two nonzero equations can be integrated and combined to give
Reynolds equation in the end, here the absence of forces directly reduces the original
three equations required to solve the problem to only one central equation (4.11).

Yet, inertial forces may be relevant as will be discussed in section 4.5, especially in
downstream direction: Compared to the other two coordinate directions they are rela-
tively more significant in eq. (4.11) by a factor of 1/δ. If still small, eq. (4.11) reduces
(after changing back to dimensional quantities) to the basic microchannel flow equation
(2.28), provided that viscosity can be treated constant as well.

A more general case which still allows for comparably simple solution needs additional
restrictions on the force densities: While the x-component of an external force fx(x)
is allowed to vary in channel direction but not perpendicular to it, the lateral and ver-
tical force components fy, fz are assumed to be independent of x or even constant in
space. Motivation for such restrictions arises from a combination of typical application
conditions and mathematical favor by allowing a strict separation of variables based
on the assumption of unidirectional flow. Treated in more detail below these restric-
tions are the basis for a large reduction in computation time. The loss in generality,
which is considered bearable, is discussed in section 4.5. With this, switching back to
dimensional quantities yields:

74



4.1. Derivation of a governing set of equations

1

η(x)

[
∂p(x, y, z)

∂x
− fx(x)

]
=
∂2u(y, z)

∂y2
+
∂2u(y, z)

∂z2
(4.14)

∂p(x, y, z)

∂y
− fy = 0 (4.15)

∂p(x, y, z)

∂z
− fz = 0 (4.16)

From eq. (4.15) and (4.16) pressure is a linear function in vertical and lateral di-
rections along the whole microchannel. Taking pressure to be known at a certain
point p(x=X), commonly a point at channel inlet where pressure is either known
to be the hydrostatic pressure of a large fluid reservoir or simply atmospheric pressure,
then with the help of a characteristic, maybe average pressure in channel cross-section
pm(x) = p(x, y=Y, z=Z) the pressure field is defined by

p(x, y, z) = pm(x) + fy(y − Y ) + fz(z − Z) (4.17)

Characteristic Poisson type flow equation

Even under the presence of external forces (which are subject to the above discussed
restrictions) the flow problem reduces in essence to one single Poisson type equation,
which governs the unidirectional microchannel lubricant flow:

1

η(x)

[
∂pm(x)

∂x
− fx(x)

]
=
∂2u

∂y2
+
∂2u

∂z2
(4.18)

This equation resembles the classical microchannel flow equation (2.28) except for the
fact that external body forces and viscosity are allowed to be nonconstant along the
channel. Constant inertial and/or body force components perpendicular to the channel
flow direction are equally covered. The common solution method via a separation
ansatz, cf. [27], is still possible: In the stationary case i.e., for a given fluid column
length, the strict separation of variables requires both sides of eq. (4.18) to be equal to
a constant C. In the quasi-stationary case, fluid column length Lu depends on time t so
that C = C(Lu(t)).

This is is the enabler for a split-up in two equations:
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1

η(x)

[
∂pm(x)

∂x
− fx(x)

]
= C(Lu(t)) (4.19)

∂2u(t)

∂y2
+
∂2u(t)

∂z2
= C(Lu(t)) (4.20)

The first equation is used to compute C given knowledge about viscosity, external
forces and pressure boundary conditions. It essentially determines the magnitude of
the downstream flow (surface effects neglected). In the base case of a fully filled mi-
crochannel section of length Lu in an inertial frame with known difference between
inlet and outlet pressures ∆p = pi − po, constant viscosity and in the absence of body
forces,

C(Lu(t)) = − ∆p

ηLu(t)
(4.21)

What can already be seen in the inversely proportional behavior C ∝ 1/Lu is that as the
fluid column gets longer C declines in absolute value and the flow slows down. This
is in line with Washburn’s equation and will be discussed in more detail in section 4.7.
Up to then, time dependence is neglected.

Having determined C with the help of eq. (4.19), the second of the two equations, eq.
(4.20), is used to compute the cross-sectional downstream velocity field u(y, z). From
the above assumption of constant channel cross-section it is equally constant along the
channel – thus allowing fast computation.

4.2. Geometrical influence on resistance to
lubricant flow

For the ultimate goal, the lubricant supply of a tribocontact, the velocity profile in-
side the microchannel is not directly relevant: What counts is the amount of lubricant
transported per unit time irrespective of the fact how fast different fluid layers travel.
This section illustrates how the flow rate is significantly influenced by microchannel
boundaries which justifies exact velocity profile computation instead of simpler meth-
ods to judge flow resistance. Numerical and analytical solution methods are compared:
While the former allow for more flexibility in channel geometry (see for example figure
4.2), the latter prove advantageous both with respect to computational cost as well as
regarding later analytical analysis in timely behavior in section 4.7.
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z

y

Figure 4.2.: Overlay of cross-sectional velocity profile u(y, z) (contour lines shown) and SEM image of
channel lasered into stainless steel with undesired irregular boundary

4.2.1. Cross-sectional channel boundaries

Channel wall boundary condition

Due to fabrication reasons the microchannels investigated here are exclusively open
channels cut into a solid substrate, cf. section 3.2. For a non-moving solid channel
wall boundary, the no slip boundary condition in the form of eq. (2.47) applies. This is
still true for moving structured parts as the boundary movement is to be seen relative to
the channel frame of reference, cf. section 2.3.4. Even though relative boundary move-
ment may occur in a tribocontact where two solid bodies can have different velocities
uA and uB as seen in Reynolds equation (2.38), this is not the case for a microchannel
in the surroundings of tribocontact where there is only one solid body. Prerequisite is
that solid boundaries can be considered inelastic, both in tangential and normal direc-
tions. Again, while elastic deformation is decisive within the tribocontact itself (it is
integral part of EHD theory), outside the contact deformations are negligibly small for
the investigated engineering materials, because forces are small: Pressure for example
is expected to be in the range of atmospheric pressure or below. As slip length does
not have to be considered on the microscale (as opposed to the nanoscale, cf. section
2.4.2), the no slip boundary condition in the above mentioned form is applied for all
solid walls in the following.

Macroscopic channel shape is discussed in the next section while the surface roughness
section 4.2.4 deals with microscopical channel wall geometry.
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Open interface boundary conditions

At an open channel’s upper interface the fluid-fluid boundary between the lubricant
inside the channel and the air above it requires both normal and tangential stress com-
ponents to be considered. The former may result in a capillary meniscus at the up-
per interface and are therefore discussed in the following section 4.3. Unlike these,
tangential stresses are vital in velocity profile computation. The tangential stress bal-
ance eq. (2.59) applies and is further simplified based on the minute viscosity of air,
ηA(air) ≈ 18 · 10−6 Pa s at NTP conditions relative to the lubrication liquid’s in the
channel (experimental PAOs feature dynamic viscosities of η = ηB(oil) = 32 · 10−3 ..
576 · 10−3 Pa s as listed in table 3.1). This allows the use of eq. (2.60).

If the lubricating liquid’s stress vector at the interface τB · n can be assumed to point
in channel direction only (as will be motivated in section 4.3.1), then for unidirectional
flow u parallel to the interface eq. (2.60) simplifies further to yield:

du

dn
=

1

η
(∇Sγ) · êx (4.22)

The only cause for a surface tension gradient in this work is the Marangoni effect.
Marangoni stress τM (with the directional index dropped from eq. (2.65) for the sim-
plifying assumption above) consequently determines the velocity gradient at the open
channel interface. If one rules out the surfactant-based Marangoni effect, the presence
of a temperature gradient determines the appropriate boundary condition:

du

dn
=

{
τM/η (non-isothermal)
0 (isothermal) (4.23)

The second, isothermal case constitutes the classical ”no stress” boundary condition.

4.2.2. Velocity profile computation

Given such boundary conditions, the governing equation for velocity profile computa-
tion, eq. (4.20), in principle still allows for an analytical solution, yet only for a few
special basic cross-sectional shapes like triangular [139, 167], rectangular (see below)
and trivially for circular cross-sections. The latter results in the classical parabolic ve-
locity profile for laminar flow in pipes or tubes as seen in figure 2.2b). Flow in other
channel geometries may still be calculated analytically on the basis of conformal map-
ping [154] or perturbation theory [27]. Alternatively, numerical methods can be applied
to cover non-trivial cross-sections with curved open interface. As the present work is
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not primarily focused on solution methods for a well-known type of differential equa-
tion, a brief discussion of one analytical solution approach and one numerical ansatz
follow.

Numerical solution for arbitrary channel shapes

Out of different possible numerical approaches a finite differences ansatz is presented in
the following mainly for its simplicity: The basic method to solve the discrete Poisson
equation is readily available in literature, e.g. in [85]. Instead of curvilinear coordinates
[111, 182] a rectangular grid is chosen with grid points i = 1..n in y-direction and
j = 1..m in z-direction, respectively. This leads to

∂2u

∂y2
= lim

∆y→0

1

∆y

(
ui+1,j − ui,j

∆y
−
ui,j − ui−1,j

∆y

)
= lim

∆y→0

ui−1,j − 2ui,j + ui+1,j

∆y2

(4.24)

with ∂2u/∂z2 determined analogously. The numerical approximation results by not
considering the limit but instead a finite grid spacing ∆y. As the channel aspect ratio is
roughly Λ ≈ 1 due to fabrication reasons, the grid spacing can additionally be equidis-
tant so that ∆y = ∆z. This allows to write eq. (4.20) in discrete form as the equation
system:

1

∆y2
(ui−1,j + ui,j−1 − 4ui,j + ui+1,j + ui,j+1) = C (4.25)

Grid points coming to lie outside the flow domain are excluded from the computation.
No slip (Dirichlet) boundary conditions at a channel wall are covered by considering
the respective value (e.g., ui,0 = 0 at the channel bottom) in the equations which de-
termine the fluid velocity adjacent to that wall. Stress (Neumann) boundary conditions
require ghost points located beyond the boundary: The stress on the boundary, for ex-
ample at j = m+ 1, is numerically approximated in a central difference scheme by

∂ui,m+1

∂z
=
τM
η
≈
ui,m+2 − ui,m

2∆y
(4.26)

which serves to compute the ghost point values ui,m+2. With them, the equations to
solve for the velocities on the boundary at j = m+ 1 read:

1

∆y2
(ui−1,m+1 + 2ui,m − 4ui,m+1 + ui+1,m+1) = C − 2τM

η∆y
(4.27)
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In case of a Marangoni effect being present at a non-flat upper surface, the use of
eq. (4.26) to compute the surface stress with respect to the z-direction (instead of
the normal direction as eq. (4.23) would require) results in a slight underestimation
of some velocities ui,j especially near the upper channel edges. The relative error is
bounded above by the relative length increase of the curved compared to the flat upper
meniscus (s⊥o /b− 1), yet is expected to be significantly smaller, below one per cent, so
that it is neglected in the following. In general, algorithms like Gauss-Seidel or SOR
can be applied to speed up the solution process.

a) b) c)

d) e) f)

z∗
z∗

y∗ y∗y∗

Figure 4.3.: Velocity profiles u∗(y∗, z∗) in different channel cross-sections: a) trapezoidal, b) sine, c)
groove (v-shape), d) elliptical (u-shape), e) wide Gaussian (3ς), f) narrow Gaussian (6ς); for
the rectangular cross-section see figure 4.5; comparison based on equal C, i.e., equal front
meniscus pressure drop, channel length, and constant viscosity; for differences in upper
meniscus see section 4.3

Results are shown in figure 4.3 for cross-sectional shapes which are expected as pos-
sible outcome of fabrication (cf. section 3.2). All cross-sectional geometries share
equal C (i.e., equal capillary pressure, channel length and constant viscosity). Upper
meniscus curvature has been considered, yet still without interfacial stress.
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Definition of the input geometry

The most suitable input geometry to calculation is defined by measurement on real
channels. Even though any measured shape can be computed, cf. figure 4.2, pro-
duction variation along a channel, between channels, from material removal methods
and due to the nature of the machined material leads to the requirement of defining a
characteristic range for likely cross-sections. In section 3.2 the elliptical and Gaussian
shapes depicted in figure 4.3d) and e) have been identified as bounds for such a range –
at least with respect to the channels used in the experiments which are to be compared
with the model. All following computations are based on these two geometries with the
Gaussian shape defined as the standard geometry if not otherwise noted. Its theoretical
shape is constructed as flipped normal distribution probability density function with
zero mean and standard deviation ς = 3 with tails cut to fit aspect ratio of Λ = 1.

If channels are fabricated in a different way (e.g., by milling, multiple line laser removal
operations, etc.) a respective characteristic shape has to be defined.

Semi-analytical solution for rectangular cross-sections

Channels with a close to perfectly rectangular cross-section can be produced by etch-
ing, cf. figure 3.2 (inlet), while milling and laser ablation still allow for such a shape
with acceptable geometrical exactness at least in the case of larger microchannels with
width and depth in the higher micrometer range. To solve the governing Poisson equa-
tion on a rectangular domain, different types of Fourier series approaches are pursued
e.g., by [26, 103, 151, 218]. The following ansatz is set up in consideration of the stress
boundary condition at a (flat) open channel interface as outlined above, eq. (4.23):

u(y, z) :=

∞∑
n=1

fFn (z) · cos(gFn y) (4.28)

where gFn = (2n − 1)π/b. Key to the solution is the decoupling of the two geometry
variables by creating a product of z-dependent coefficients fFn (z) and a series of y-
dependent trigonometric functions. The no slip boundary conditions on the left and
right channel walls are forced into the equation by defining a simplified rectangular
function with

SF (y) :=

{
C

]
−b/2 ,

b/2

[
0 elsewhere

(4.29)
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Here,

SF (y) = C ·
∞∑
n=1

kFn · cos(gFn y) (4.30)

where Fourier coefficients kFn = −4(−1)n/(gFn b). Replacing the right hand side in eq.
(4.20) with SF leads together with eq. (4.28) to a second order ordinary differential
equation for fFn (z). The nature of the top channel boundary (solid wall or open bound-
ary with or without applied stress) determines the solution. In case of an open boundary
it reads:

fFn (z) =
kFn

gFn
2

C (1− e−g
F
n z
)

+
e−g

F
n h
(
eg

F
n z − e−gFn z

)
1 + e−2gFn h

·
(
τMg

F
n

η
− Ce−g

F
n h

)
(4.31)

Boundary conditions transform to fFn = 0
∣∣
z=0

(no slip) and (dfFn /dz)
∣∣
z=h

= kFn τM/η
(stress).

With respect to the infinite sum in both equations (4.28) and (4.30) some care in com-
puting may be beneficial: At both jump discontinuities in (4.29) the Gibbs phenomenon
produces overshoots when only a finite number of terms up to n = N is considered,
even if N is large. Sigma approximation is a possible workaround: A cardinal sine
function sinc(n/N) = sin(nπ/N)/(nπ/N) is introduced as additional factor, so that
the above mentioned equations read in approximation:

u(y, z) ≈
N∑
n=1

sinc
( n
N

)
· fFn (z) · cos(gFn y) (4.32)

SF (y) ≈ C ·
N∑
n=1

sinc
( n
N

)
· kFn · cos(gFn y) (4.33)

Figure 4.4 compares such a semi-analytical approach with the numerical approach de-
scribed above by the 2D velocity profile in the vertical channel center plane at y∗ = 0.
N is to be chosen in a tradeoff of computational speed and accuracy with N = 20 used
as standard value.
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N=3..100

Figure 4.4.: Comparison of semi-analytical and numerical computation; the former based on sigma ap-
proximated Fourier series, eq. (4.32), the latter being a finite differences approach, eq.
(4.25) and (4.27)

4.2.3. Viscous flow resistance and flow rate

The velocity profiles in figure 4.3 suggest that the channel shape has considerable influ-
ence on flow resistance. The absence of a channel cover (owed to production technol-
ogy) expectedly proves advantageous with respect to viscous friction: A closed chan-
nel’s characteristic full-parabolic flow profile, cf. figure 2.2b), is significantly slower
than a comparable open channel half-parabolic velocity profile as depicted in figure
4.4. Yet the latter allows an inward-curved upper meniscus which constrains the flow
domain, cf. figure 4.5a) and b).

z∗

y∗ y∗y∗

a) b) c)

Figure 4.5.: Influence of changes in cross-sectional area on flow profile u∗(y∗, z∗): a) by upper meniscus,
c) by idealized surface roughness features in comparison to b) unrestricted flow area of open
channel; absolute values comparable with figure 4.3
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4. Microchannel flow model design and results

By integration of the velocity profile over the cross-sectional area, the flow rate q is
determined based on eq. (2.50) at any given time t as:

q (C (Lu (t))) =

∫∫
(A)

u (y, z, C (Lu (t)))) dy dz (4.34)

From continuity, the flow rate is spatially constant along the whole fluid column as is
average downstream flow speed through the cross section ū = q/A. Now, transportation
capabilities of the different cross-sections can either be compared directly by q or by
related concepts as a normalized Q or hydraulic resistance JH . Comparison requires
constant C i.e, parameters channel length, front meniscus pressure drop and viscosity
have to be fixed at a certain value. As comparison standard geometry, the three sigma
Gaussian shape, cf. figure 4.3e) is chosen so that

Q := q/q(3ς) (4.35)

Table 4.1 judges the flow resistance of different channel cross-sections based on vari-
ous comparison concepts. Cases (2) – (9) correspond to the respective velocity profiles
in figures 4.3 and 4.5. Significant differences become obvious, for example the open
square channel without upper meniscus, case (2), is able to transport almost eight times
as much lubrication liquid compared to the six sigma Gaussian channel, case (9), even
though front meniscus pressure drop and channel length are set to equal value. Ellip-
tical and 3ς Gaussian channels still differ by a factor of almost two, underlining the
considerable degree of geometrical uncertainty.

Table 4.1.: Various measures of viscous friction in channels with the following cross-sections: (1) square
(closed), (2) square (open, flat meniscus), (3) square (open, curved meniscus; same for all
following channels), (4) trapezoidal, (5) sine, (6) groove, (7) elliptical, (8) Gaussian (3ς), (9)
Gaussian (6ς)

shape (1) (2) (3) (4) (5) (6) (7) (8) (9)

Q 2.62 4.31 2.98 2.09 1.03 0.65 1.96 1.00 0.55
JH/J

(3ς)
H 0.38 0.23 0.34 0.48 0.97 1.53 0.51 1.00 1.82

d∗H 1.00 1.33 1.21 1.12 0.83 0.76 1.14 0.90 0.68
dH/d

(3ς)
H 1.11 1.48 1.35 1.24 0.95 0.84 1.28 1.00 0.76

The widely used but criticized concept of a hydraulic diameter dH (see section 2.4.2
for more details) deviates from the exact computation of the flow rate via velocity pro-
files. The latter is consequently preferred in the following in spite of the computation
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4.2. Geometrical influence on resistance to lubricant flow

simplicity of dH (which may still serve as a rough indicator) and the concepts which
build on it e.g., friction factors. The hydraulic resistance is inversely proportional to
the flow rate and therefore equally an appropriate measure.

Deviations from a straight microchannel course

The geometrically simple straight microchannel analyzed until now is not universally
applicable. Curves, bends, turns, or corners may be required to reach the tribocontact.
In analogy to macroscopic hydrodynamics they increase viscous friction. On the mi-
croscale the increase is generally characterized as ”moderate”. If the channel radius of
curvature Rc is large compared to the channel’s width

bc
Rc
� 1 (4.36)

the channel can be treated as straight [202].

y

x

Rc � bc

z

y
z

Figure 4.6.: Slight channel curvature based on eq. (4.36) allows the use of curvilinear coordinates

Capillary effects, dealt with in more detail in the next section, may potentially add
to flow resistance in non-straight channels. Yet while meniscus induced deceleration
before a turn and subsequent acceleration after the turn can be observed, no additional
flow resistance contribution for turning angles up to 75◦ is reported [38]. As capillary
effects are less likely to occur in smooth curves than in sharp turns, eq. (4.36) is
the condition which decides if the curvature can be neglected and the microchannel
behaves like its straight counterpart. In this case the Cartesian coordinate system used
so far can be generalized to a curvilinear one where x follows the channel course and
y and z keep their orthogonal directions as seen in figure 4.6.

4.2.4. Surface roughness

The numerical approach presented above already allows to consider idealized surface
roughness features in the channel cross-section as part of the overall geometry. Figure
4.5c) shows the influence of post-like roughness similar to models of [18, 46, 40, 121].
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4. Microchannel flow model design and results

For small relative roughness εrel, eq. (2.57), such procedure leads to fine mesh re-
quirements and consequently high computational cost: It seems advisable to separate
roughness as microgeometrical feature from the channel’s macrogeometry. What is
not covered yet is the surface roughness in longitudinal direction as it conflicts with
the constant cross-section assumption (∂u/∂x = 0) along the channel. It is included
in the constricted diameter approach, cf. section 2.4.2, which is reported valid for
εrel ≤ 14% [110]. Channel roughness, measured from SEM images, is generally be-
low such thresholds for the materials and fabrication methods investigated. Highest
roughness comes from holes due to pulsed laser ablation, as seen in figure 3.4a). In
contrast to an averaged diameter as seen in figure 4.5c), the constricted diameter ex-
cludes such features from flow computation which seems reasonable. Consequently,
constricted channel width bc and depth hc are taken as the relevant input parameters for
computation instead of their nominal counterparts b and h, respectively.

In addition to viscous friction capillary effects must be kept in mind e.g., when the
front meniscus travels past roughness spikes and posts. Based on Lattice-Boltzmann
modeling Kusumaatmaja et al. [121] report heavy fluctuations in downstream fluid ve-
locity when the meniscus passes an obstacle. This short time behavior converges to
smooth Washburn-type advancement for the characteristic timescale t0 which is based
on channel length. Both observations are confirmed in the experiments conducted.
A capillarity-induced slowdown of flow in rough channels is covered experimentally
in constant Gex introduced in the next section. Theoretically, certain surface patterns
are able to stop capillary flow completely by meniscus pinning, cf. figure 3.1e) and
[70, 222]. Yet to be effective, such patterns need sharp edges without smaller bypass
structures which are highly improbable to occur in a statistically rough surface. Nev-
ertheless, redundancy by multiple channels may be required from a design point of
view.

4.3. Capillary effects

Whereas the influence of channel geometry on viscous flow resistance can be deter-
mined with good accuracy based on the methods and arguments presented in the previ-
ous section, its influence on capillary effects is more intricate. The following discussion
especially falls short in providing an exact determination of the capillary force driving
the capillary flow exclusively by computational methods. To a limited degree exper-
iments are necessary as described in section 4.3.3. To be able to critically assess the
experimental results and to get a more precise understanding – qualitatively and quanti-
tatively – of the capillary effects present, different approaches pursued in literature are
discussed in section 4.3.1, focusing on the specific case of liquid lubricant transport to-
wards tribocontact. The meniscus at the upper channel interface may not be neglected
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4.3. Capillary effects

in this context: Even though it is less relevant than the front meniscus in driving a cap-
illary flow, such upper meniscus is important in its characteristic to reduce the flow area
significantly. Based on this, the potential of different channel cross-sections to build up
capillary pressure is computed and compared in section 4.3.2 accompanied by a critical
discussion. Conclusions for open channel capillary flow under isothermal conditions
are drawn in section 4.3.4.

4.3.1. Modeling and relevance of capillary
menisci in given geometries

Open microchannels, especially those with cross-sectional geometry defined in chap-
ter three, are expected to adopt a liquid-air interface shape similar to what is shown
in figure 4.7: A smooth shape without sharp border between upper and front menisci.
With fluid movement and additional surface stresses due to a Marangoni effect present,
the surface cannot be expected to have constant curvature which is the prerequisite for
a solution via eq. (2.73) - (2.75). Especially flow dynamics may distort the interface
shape thereby altering the pressure drop in normal direction, cf. eq. (2.62). The pres-
sure drop then becomes a function of location on the interface instead of being constant
as in Young-Laplace equation (2.63).

Ωu

Ωf

Ωc

main / front

upper meniscus

Lc

Lu

Lf

corner flow

meniscus

a) b)

H(x)

x

y
z

Figure 4.7.: Liquid-air surface in an open channel with a) square and b) trapezoidal cross-section; con-
ceptual split-up into three regions: upper meniscus region Ωu, front meniscus region Ωf ,
and corner flow region Ωc; picture a) has approximative character only as taken in the static
case against gravity in a channel with b = h = 1000 µm
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A numerical model capable of handling the above requirements well is considered a
crucial outcome of future research. One basis may be the work of Brakke [23] which
focuses on the minimization of different types of energies and which has been ex-
tended by Klatte et al. [116] to include viscous friction via friction factors. A gener-
ally promising approach, the criticism associated with friction factor theory, cf. sec-
tion 2.4.2, applies. Navier-Stokes based interface tracking algorithms, phase field or
level set methods may be an alternative. Here, covering the multiple scales from chan-
nel length to local interface curvature all the while considering boundary conditions
correctly and ensure mass and volume conservation is certainly not straightforward.
Molecular dynamics models which are typically applied to nanochannels are being
scaled up towards the microscale which is yet computationally costly. In summary, the
correct computation of interfacial effects in a given geometry without neglecting bulk
flow viscous friction is seen as a challenge, especially considering the different scales
a microchannel is characterized by, cf. eq. (4.2).

It is the scaling argument which supports the alternative approach of conceptual split-
up of the fluid column into three different regions or flow regimes as depicted in figure
4.7b) in analogy to [146, 187]. As the channel is long and slender, there must be a
first region Ωu which is characterized by upper meniscus curvature yet where slope
∂H/∂x and its change ∂2H/∂x2, eq. (2.81), are small in channel direction. This is
expectedly not true any more at the front meniscus. Based on such reasoning, Ωu is
defined to start at the microchannel inlet at x = 0 and continues as far as the channel is
filled to the top edge – with an upper meniscus allowed to form. The beginning of the
second region Ωf is marked by the detachment of the contact line from the upper edge.
Thereafter, saturation drops rather sharply. This transitional region is identical with
the front meniscus. Generally assumed to be small in circular capillaries, this does not
need to be the case in other cross-sections. The third domain, the corner flow region
Ωc, is where the liquid fingers may form. The following sections analyze these regions
in more detail, especially with regard to the two capillary driving mechanisms, corner
and bulk flow:

Liquid finger region Ωc

Corner flows are expected in region ΩC in the lower edges of rectangular and trape-
zoidal channels, as long as the two lower edges are not sufficiently rounded, cf. [163].
In larger channels, where fabrication can meet such requirement, they are well observ-
able as in figure 4.7a).

In contrast, elliptical and Gaussian-shaped channels do not feature such edges but, in
analogy to flow in an open v-shaped channel, figure 2.12, can be considered as an edge
themselves. As outlined in section 2.5.3, the corner flow in a perfect v-shaped groove is
provoked by the ever increasing upper meniscus curvature with diminishing saturation
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and therefore diminishing lateral meniscus width. Gaussian and elliptical channels
exhibit the same behavior, which is yet superposed by varying wall slope angle ϕ(Hw)
at different locations along the channel as seen in figure 4.8a):

ϕ (Hw(X2))

θeq

y

z

Hw(X1)

Hw(Xf )

Hw(X2)

a) b)
unlimited corner flow

(curved interface)

limited corner flow
(flat interface)

n

t1

Figure 4.8.: Unlimited and limited corner flow depending on cross-sectional shape

A potential corner flow contribution is maintained as long as ϕ (Hw(x)) < (π − θeq).
This is in line with Romero and Yost’s [167] condition extended for the fact that
ϕ (Hw(x)) depends on the height of the contact line Hw(x). It declines along x until at
x = Xf (t) the interface becomes flat thus eliminating further corner flow contribution,
see figure 4.8. If at all present, liquid fingers are consequently expected to be small
in Gaussian and elliptical channels. It is therefore consistent with theory, that such
fingers have not been observed in experiments with these channel geometries. From a
modeling perspective, the flat interface is the critical condition which rules out corner
flow modeling by help of a similarity transformation [167].

In channels with sharp edges where fingers form (e.g., in trapezoidal or rectangular
channels) Weislogel [208] has investigated joint corner and bulk flow. Even though his
model does not apply to open channels, he basically states that compared to the static
case the fingers’ importance is less in a flowing liquid. Both volume proportion in fin-
gers as well as the fingers’ length are reportedly small, with Lc ≈ 0.03 ·Lu [103, 208].
In open channels, with only one or two edges, the finger flow contribution is expected
to be even smaller. In summary, the contribution of flow in fingers in all investigated
cross-sections is expected to play a subordinate role, especially if the respective chan-
nel does not feature sharp edges. Finger flow is therefore not further discussed and
finger length is defined to be zero, Lc :=0.
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4. Microchannel flow model design and results

Front meniscus region Ωf

With respect to the front meniscus, region Ωf , Chen [36] experimentally investigates
its shape in open trapezoidal channels via high-speed imaging and finds similar menis-
cus dimensions in x- as well as in z-directions: Lf ≈ h. Guo et al. [90] report
slightly longer front menisci in rectangular channels but still term the transition from
the fully-filled channel as ”jump-like” so that against the background of characteristic
microchannel dimensions z0 � x0 it is reasonable to assume Lf � Lu (except maybe
for the very short-time after flow start which is out of scope here). Experiments are
supported by theoretical analysis: Nilson et al. [146] argue that at the border between
regions Ωu and Ωf , the local pressure gradient ∂p/∂x must be both continuous and
comparable in absolute value in both regions. With pressure level in Ωu derived from
the upper meniscus balance and the requirement of mean curvature in Ωu to be in line
with front meniscus theory, they arrive at the following formula to estimate the length
of the meniscus region:

Lf
Lu

=

(
2γ

bcLu

) 1
3

(4.37)

Even though the front meniscus grows in (absolute) length with the advancing fluid
column, its relative length Lf/Lu declines. Valid for an open rectangular channel, this
is analogous to the bulk meniscus being compressed to a line in a closed rectangular
channel [208]. Only for flow in a v-shaped channel, Lf is reported to be of significant
magnitude compared to Lu [167]. From the analysis in the previous section, Gaus-
sian or elliptical shapes are expected to show a behavior in-between trapezoidal and
v-shaped channels. In experiments conducted a rather sharp front meniscus is visible
e.g., in figure 3.8.

Though not as clear as in the the case of liquid fingers, the front meniscus is equally
assumed small in the following, Lf � Lu. As a consequence capillary flow in the
channels under consideration can be modeled in fine analogy to basic microchannel
flow models, namely by restricting attention to region Ωu exclusively while treating the
front meniscus with its characteristic pressure drop as a boundary condition.

Upper meniscus region Ωu

Under the above stated assumptions, the upper meniscus only needs to be considered
in a configuration where it is pinned to the top edge as seen in figure 4.7. Then upper
meniscus curvature is exclusively determined by the pressure drop across the upper
interface, as the contact angle is undefined from Gibbs criterion, cf. figures 2.4c) and
2.13b). Following the basic understanding of capillary flow, pressure inside the liquid
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column gradually decreases from inlet pressure pi = pam at x = 0 to the underpressure
pam−∆pf caused by the front meniscus at x = Lu. In other words, the front meniscus
pressure drop (together with inertial force contributions as is yet to be seen) is respon-
sible for the pressure distribution in the whole fluid column. As pressure acts in all
three spatial directions equally, the upper meniscus pressure drop in each cross-section
along the fluid column can then be readily computed as difference across the upper
interface:

∆pu(x) = pam − p(x, y=0, z=H) (4.38)

This is based on several assumptions: First, ∆pu is a function of x only as the pres-
sure drop is considered constant across the interface line in each cross-section. This
in turn assumes Young-Laplace equation (2.63) to be valid. In the special case here,
where quasi-stationary unidirectional flow is in essence parallel to the interface, eq.
(2.62) suggests that such an assumption is much more reliable than in front meniscus
and corner flow regions. As a consequence the simplifying cross-sectional definition
p(y, z=Hy(y)) := p(y=0, z=H) ∀ y, cf. figure 2.13a), must be valid. Only in the
presence of external forces fy,fz this conflicts with the cross-sectional pressure distri-
bution, eq. (4.17). Requiring more detailed analysis, at least for small forces and small
upper meniscus curvature Young-Laplace equation should still be approximately valid.
Maintaining the assumption that curvature is negligible in downstream direction, eq.
(2.81), the cross-sectional upper meniscus is a circular arc with its radius of curvature
given by eq. (2.82):

Ru(x) =
γ

∆pu(x)
(4.39)

As the difference ∆pu(x) grows in channel downstream direction, the upper meniscus
radius of curvature diminishes. Figure 4.7 shows the flat interface at channel inlet
(provided the common inlet condition p(x=0) = pam , the pronounced upper meniscus
Ru(x=Lu) and two exemplary transitory meniscus shapes in between. At x = Lu, the
meniscus detaches from the upper channel edges. It is not governed any more by the
Gibbs criterion but by the contact angle, eq. (2.83), where in this case Hw = h and ϕ
is the wall slope angle at the upper channel edge, cf. figure 4.8:

Ru(x=Lu) =
b

2 cos(θeq + ϕ(Hw=h))
(4.40)

Together with Ru(x), S(x) and AS(x) decline within Ωu in downstream direction in a
not necessarily negligible way: Depending on contact angle and channel aspect ratio,
AS(x=Lu) may be less than half of AS(x=0), thus causing a modeling contradiction:
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As the requirement of flow rate continuity is out of question, the average flow rate
across the channel’s cross-section ū must be a function of x:

q = ū(x) · AS(x) = const (4.41)

This in turn conflicts with the very basic assumption ∂u/∂x = 0, eq. (4.8), much of
the previous analysis is based upon. Indeed, diminishing AS(x) requires a slight flow
contribution w in negative z-direction which together with boundary condition w = 0
at z = 0 requires growing downstream velocity from incompressibility, ∇ · u = 0.
Still, ∂u/∂x ≈ 0 from x0 � y0, z0, eq. (4.2). The average velocity relative range
equals the filled cross-section relative range (max ū/min ū = maxAS/minAS) and
is therefore well bounded. As for tribological applications not ū(x) but constant q is
of major importance, the presented model is not abandoned but simplified further: At
this point a mean velocity ˜̄u is defined as the velocity which together with a mean
average filled cross-section ÃS fulfills eq. (4.41). In other words, if the microchannel
in consideration had constant saturation with filled cross section ÃS it would allow the
velocity ˜̄u which would result in the same flow rate q as in the real channel. Table 4.2
visualizes such a model simplification and contrasts it with the expected real flow.

Table 4.2.: Model simplification via averaged filled cross-section ÃS instead of AS(x), visualized for a
Gaussian cross-section, with consequences for cross-sectional velocity average ū

x = 0 x ≈ Lu/2 x = Lu

expected / observed ū < ˜̄u ū = ˜̄u ū > ˜̄u

model ū = ˜̄u ū = ˜̄u ū = ˜̄u

Still, ÃS itself has to be determined. From eq. (4.40) upper meniscus curvature is
known at x = Lu. With the help of eq. (4.39) the respective upper meniscus pressure
drop ∆pu(x=Lu) can be computed. It also allows to determine the upper meniscus
radius of curvature R̃u = 2Ru(x=Lu) which corresponds to exactly half this pressure
difference, ∆pu(x=Lu)/2. This is the basis for the different upper meniscus shapes
shown in figure 4.3. Then with the definition

ÃS := AS(X)|∆pu(X)=∆pu(x=Lu)/2 (4.42)

ÃS is the cross-section at half distance between the channel inlet and the front menis-
cus, in case of the typical constant pressure gradient ∂p/∂x = const.
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Criticism

In the presence of inertial forces due to a moving reference frame (which lead to a
nonconstant pressure gradient, cf. section 4.6) this is not exactly true any more. The
expected modeling errors still have to be characterized.

Additionally, it should be expected that the front meniscus pressure drop ∆pf as de-
termined in the following sections and the maximum upper meniscus pressure drop
∆pu(x=Lu) are equal. As this is not necessarily the case, the questions must be raised
if the equilibrium contact angle θeq in eq. (4.40) is indeed the correct contact angle and
if the transition between regions Ωu and Ωf is in reality not as sharp as modeled.

Furthermore, the presented modeling concentrates on the front meniscus pressure drop
as the cause for the creation of an upper meniscus which in turn reduces the filled
channel area and therefore the throughput through the channel. What is disregarded is
the fact, that the upper meniscus itself might actively influence the pressure distribution
in the channel and maybe even alter the front meniscus. A similar reasoning has been
brought up by Furrer et al. [75] while discussing gravity-driven open channel flow with
an upper meniscus.

In conclusion, simplifying assumptions have been made which still allow for a com-
putationally inexpensive unidirectional flow model. Eq. (4.34) is slightly updated to
yield

q (C (Lu (t))) =

∫∫
(ÃS)

ũ (y, z, C (Lu (t))) dy dz (4.43)

Complete neglection of the upper meniscus is not seen as an alternative – for the sig-
nificant reduction in cross-sectional area available for downstream flow.

4.3.2. Theory-based quantitative front meniscus assessment

From basic understanding the front meniscus is responsible for creating the capillary
driving force. In section 2.5 two approaches to compute the capillary force have been
introduced – the thermodynamic approach, built on the minimization of Gibbs free
energy, and the alternative ansatz of interfacial pressure drop. The thermodynamic
approach (cf. section 2.5.5) proves as the recent method of choice for open channels,
applied e.g., in [15, 16, 36, 151]. It promises to handle the critical influence of channel
cross-sectional geometry including an open interface with relative ease.

The geometrical factor G as used by Sammarco and Burns [173] and introduced in
section 2.5.2 is chosen as basis to compare computation and experiments. It basically
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extracts the critical aspect, namely geometry, from the computation of capillary force
Fcap and pressure drop ∆pf , thereby separating it clearly from other influencing factors
such as channel size or physical properties, cf. eq. (2.76).

Comparison requires the capillary force from energy minimization to be converted into
an equivalent front meniscus pressure drop:

∆pf =
Fcap

ÃS
(4.44)

Together with eq. (2.76) and (2.85) it is possible to compute G based on the energy
minimizing approach as

Gem =
bc

ÃS

(
s⊥w −

s⊥o
cos θ

)
(4.45)

Table 4.3 lists values for Gem based on a fixed aspect ratio of Λ = 1 (except for Λ =
0.5 for the half-circular cross-section). The small contact angle approximation cos θ ≈
1, eq. (2.16), is applied.

Table 4.3.: Comparison of the magnitude of the front meniscus pressure drop in open channels with
different cross-sectional shapes by help of the geometrical constant Gem based on eq. (4.45);
aspect ratio is Λ = 1 except for the half circular shape where Λ = 0.5; for closed channels
see table 2.2; for detailed shape description see table 4.1

shape (1) (2) (3) (4) (5) (6) (7) (8) (9)

Gem (no upper men.) 4.00 2.00 1.45 2.03 2.61 2.47 1.61 2.17 3.24
Gem (upper men.) - 2.15 → 2 2.21 2.66 2.84 1.98 2.44 3.35

For each channel cross-section, two values for G are given in table 4.3, one for a flat
open interface and one including an upper meniscus. In comparison with a flat inter-
face, the upper meniscus elongates the open channel boundary s⊥o and from eq. (2.85)
thereby reduces the overall capillary force. Yet this effect on meniscus pressure drop is
outweighed by the reduction of cross-sectional area from A to ÃS by the inward curved
meniscus.

A mathematically interesting special case is the half circular cross-section with up-
per meniscus. Especially channels produced in a milling process may feature such a
shape. With the small contact angle assumption cos θ ≈ 1, meniscus shape and channel
shape are identical so that both capillary force and cross-sectional area vanish. As a
consequence, there should be no capillary flow. Yet mathematically Gem → 2 and in
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experiments flow is observed (even though the used channels lack perfectness in both
shape and surface roughness).

Additionally remarkable is the fact that in an open channel as opposed to a closed chan-
nel capillary force is not only reduced by shorter wetted perimeter s⊥w but additionally
by its replacement with a liquid-air interface s⊥o . This leads to the consequence that
an open channel of aspect ratio Λ = 1 and open surface width bc can theoretically
reach at maximum half the pressure drop of the respective closed channel if an upper
meniscus is neglected. With upper meniscus, it is slightly more than half in the case
of a square cross-section. The difficulties with the half-circular cross-section described
above make it difficult to compare it with the full circular cross-section value from
table 2.2.

In conclusion, the above followed thermodynamic approach by means of minimiza-
tion of Gibbs free energy allows to easily compute the capillary force for the required
channel cross-sections and with this it is clearly superior to pressure drop computation
from meniscus shape as discussed in the previous section. Yet results are questionable
already on a theoretical basis. An alternative is the experiment-based determination of
the influence of channel geometry.

4.3.3. Experiment-based quantitative
front meniscus assessment

Experiments are conducted in the way described in section 3.3 with channels of various
widths, starting from bc = 30 µm and rising to 70 µm in steps of 10 µm. The aspect
ratio is kept constant at Λ = 1. The degrees of freedom laser ablation offers were used
to keep the channel cross-sectional shape as similar as possible. Consequently, a single
G-value is expected to govern the flow in all channels. From section 3.2, the resulting
shape is considered to be neither the 3ς Gaussian geometry depicted in figure 4.3e) nor
the elliptical shape in figure 4.3d) but somewhere in between. This is in line with laser
ablation theory which expects deviations from a Gaussian shape [89, 106].

In the following, the computation is based on both shapes serving as upper and lower
bounds for the actual value of Gex. It is determined by fitting the model to the exper-
imental time function of one specific channel type, here bc = 60 µm. Then this fit is
validated with the help of the other channel types’ experimental data. Missing details
on the computation of the time function are given in the following sections, especially
in section 4.7. Figure 4.9 shows the liquid lubricant advancement both as a function
of time and as a function of square root of time. Good agreement is reached with
G3ς
ex = 3.62 for a Gaussian shaped channel.
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t∗
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∗

bc=30 µm

bc=60 µm

bc=40 µm

√
t∗

x
∗
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bc=70 µm

Figure 4.9.: Time function of capillary flow in open channels, Λ = 1, bc = 30 .. 70 µm; model fit (lines)
via G3ς

ex = 3.62 to experimental data of channel with bc = 60 µm; experimental values of all
channels are given with mean value (circles) or standard deviation (horizontal bars); same
data as a function of t∗ (left) and

√
t∗ (right)

The straight lines in figure 4.9b) indicate – as expected – a perfect Washburn-behavior.
If computation is based on an elliptical channel instead, the necessary capillary pres-
sure to meet the measured advancement time function is less, because the elliptical
cross-section features less viscous resistance. Table 4.4 contrasts both cases with the
theoretical values Gem determined in the previous section.

Table 4.4.: Comparison of theoretically and experimentally determined values for G for the upper bound
of a Gaussian cross-sectional channel geometry and the lower bound of an elliptical shape,
cases (7) and (8) in table 4.3; the last two columns give the respective values in the virtual
case when no upper meniscus would be present

3ς Gaussian elliptical 3ς Gaussian elliptical
(upper bound) (lower bound) (upper bound) (lower bound)

with upper meniscus no upper meniscus

Gex 3.62 2.64 2.90 2.00
Gem 2.44 1.98 2.17 1.61

Gex/Gem 1.48 1.33 1.34 1.24

The gap between computed values based on the thermodynamic approach and exper-
imentally derived values is considerable. In the virtual case of no upper meniscus it
is only slightly smaller. The same is true for the elliptical channel geometry, but the
deviation is still remarkable. Conceptually, the theoretical approach has already been
criticized in the previous section. Especially questionable is the fact that observed
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4.3. Capillary effects

advancement is not slower but faster than theory predicts – in spite of imperfect real
channels. Experimental design as described in section 3.3 allowed to reduce yet not
eliminate experimental uncertainty: Besides the stated geometrical uncertainty, unrec-
ognized systematic error could be present in all conducted experiments e.g., due to a
significant influence of surface roughness effects or heating due to strong microscope
illumination. On the other hand, real-world conditions are possibly covered sufficiently
by Gex in a way that repeated experiments cannot disprove computational prediction.
For this, the amount and variety of experiments conducted should desirably be in-
creased.

Also with respect to aspect ratio Λ further experiments may help to clarify its influence
and potentially analyze its detailed effect on G, similar to the formula of Lenormand et
al. [128], eq. (2.77), which is valid for closed rectangular channels.

4.3.4. Conclusions for isothermal flow

Figure 4.9 shows that computation and experiments match well in the isothermal flow
case. The special cross-sectional channel geometry which results from fabrication (in
this case laser ablation) and the meniscus at the open channel’s upper interface have
been considered. It is sufficient to determine a single value of geometrical constant
Gex by fitting it to any of the experimental curves. It then proves valid for all other
investigated channel sizes in the isothermal case (as seen in figure 4.9) and will equally
show fine results in the non-isothermal case discussed in the following section. De-
termining G experimentally is considered safer than theory-based computation as the
latter can be questioned with respect to both theoretical consistency and the unsubstan-
tiated way it deviates from measurements.

In general, capillary flow is faster in channels with bigger cross-section. This is true for
any given characteristic channel shape and results from the fact that higher viscous fric-
tion in small channels overcompensates the increase in front meniscus pressure drop.
Obviously, such reasoning is bounded above by the declining relevance of capillarity
with size; here capillary length lcap, eq. (2.1), can serve as a useful indicator. While
such base case clearly suggests to design channels with large cross-sections for tri-
bocontact supply, the consideration of additional effects as discussed in the following
sections puts this reasoning into question – and may well lead to the opposite conclu-
sion.
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4. Microchannel flow model design and results

4.4. Thermal aspects

Thermal aspects in this context are important for the simple reason that a tribocontact
generates heat. The introductory section 4.4.1 gives an overview of potential con-
sequences for capillary lubricant transport and discusses how these can generally be
implemented into a model. After the influence of temperature dependent physical
properties is clarified, a model is developed based again on a nondimensionalization
procedure. Special attention is given to the temperature dependence of viscosity in
section 4.4.4 and to the Marangoni effect (section 4.4.5).

4.4.1. Tribocontact’s influence on lubricant
microchannel transport

Frictional power losses in tribocontact can be considerable, if not huge. As already
mentioned, about a third of a car’s fuel consumption is due to friction [101]. With
nearly all of the energy converted into heat, such an amount cannot be neglected. The
detailed heat generating mechanisms are out of scope because they happen within the
tribocontact and not in its vicinity where the capillary surface structure is located. Con-
sequently, the tribocontact can be modeled simply as a heat source which transfers
energy to its surroundings. Potential heat transfer mechanisms include conduction in
the solid contact bodies as well as both conduction and advection in moving lubricants
while radiation can be neglected for the moderate temperatures encountered.

In the isothermal case analyzed up to now, the capillary transport system has been
reduced to the model of a slender microchannel which unidirectionally conducts lubri-
cants from a distant reservoir to the tribocontact. As will be seen, the thermal problem
fits such simplification well: The channel begins at a low, maybe ambient temperature
inlet, and ends at the hot tribocontact, so that the fluid flow generally faces a positive
temperature gradient irrespective of the exact channel course, cf. figure 4.11. This di-
rectly implies an opposing force due to the Marangoni effect, cf. section 2.4.5, which
tends to draw the lubricant away from the tribocontact.

Of minor concern are phase transitions – condensation and evaporation processes –
because lubricants are generally chosen to have boiling points higher than the tribo-
contact temperature and evaporation processes below the boiling point happen much
slower than the characteristic transportation time t0 of typically a few seconds. Figure
4.10 shows the time function of lubricant flow in a microchannel both in the isother-
mal case and under positive and negative thermal gradients. The former has already
been illustrated in figure 4.9. For the latter, experiments were conducted as described
in section 3.3 and computation comes from the model developed in the following. The
negative thermal gradient is investigated first for comparison purposes and secondly
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as one might desire to lead excess liquid away from the tribocontact. Microchannel
flow can thereby potentially act as a cooling mechanism transporting cold lubricants
towards the tribocontact and warmed lubricants away. It will be briefly discussed why
microchannel dimensions yet make this a difficult task.

x
∗

t∗

85◦C→ 21◦C

isothermal 20◦C
21◦C→ 85◦C

Figure 4.10.: Time function of non-isothermal flow with negative, positive, and zero temperature gra-
dient dT/dx in channel with bc = 40 µm; experiments (markers) and model (lines); test
piece temperature Tt(x) as displayed in figure 3.11a)

As seen in figure 4.10 both flow with thermal gradient and against it is faster than flow
at ambient temperature. This strongly contradicts sole thermally induced Marangoni
influence: Compared to the isothermal case one would expect faster flow with Marangoni
support but slower flow against a thermal gradient. The result can yet be explained by
the temperature dependence of viscosity, cf. section 4.4.4.

The surfactant-based Marangoni effect, cf. section 2.4.5, is considered to be of minor
importance in a tribological context: While oil contamination regularly occurs, the
presence of surface active agents with relevant concentration gradients is generally
improbable. As the mathematical treatment of both types of the Marangoni effect is
similar, an extension to oil transport due to surfactants should be easily feasible if
required in the special case.

Modeling strategy builds on the assumption that mass and volume of the liquid lu-
bricant column inside the microchannel is generally extremely small compared to the
solid body the channel has been cut into. This is based on the fact that the solid body as
contact partner does not exclusively act as channel carrier but has to fulfill a variety of
mechanical requirements e.g., with respect to mechanical stability, which in turn leads
to significantly larger dimensions than the microchannel’s height and width. Conse-
quently, fluid temperature’s influence on solid body temperature is so small that given
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4. Microchannel flow model design and results

sufficient thermal conductivity of the solid, bidirectional thermal interaction can be dis-
regarded. Then modeling can be split up in two stages: At first, the temperature field
of the solid body is computed which acts as boundary condition for the determination
of the fluid temperature in the second stage. Before this is detailed in section 4.4.3, the
influence of temperature on lubricant properties must be further discussed:

4.4.2. Relative relevance of parameters’
temperature dependence

Basically all relevant physical properties of lubrication fluids are temperature depen-
dent to a certain degree, cf. section 2.2.2. If the dependence is weak enough, the
respective parameter may be treated as constant in a model, thus potentially reducing
model complexity and increasing computational speed significantly while result accu-
racy hardly suffers. With this motivation, the following discussion aims at judging
and comparing physical properties’ relative temperature dependence. For this purpose,
Bruus [27] proposes dimensionless parameters dTλ/λ, dT η/η, etc.

With regard to surface tension, density, and viscosity the respective temperature depen-
dencies of characteristic PAO lubrication oils have been measured in preparation of the
flow experiments, cf. section 3.3 and visualized in figure 3.11b). The respective di-
mensionless parameters are computed and listed for different temperatures in table 4.5,
cf. [97]. They are complemented by respective values for specific heat cp and thermal
conduction λ for similar PAOs based on data given by [9] and computed with the help
of eq. (2.12) and (2.13). The latter directly leads to dTλ/λ = Bλ/λn.

Table 4.5.: Relative temperature dependence of PAO fluid properties, cf. [97]; viscosity, surface tension,
and density from measurement of experimental liquid PAO ISO VG 15 (see section 3.3 and
[142]), thermal conductivity and specific heat per unit volume from Bartel [9] for PAO ISO
VG 32 (λ) and PAO ISO VG 150 (cp · ρ)

T [◦C] dTη
η

[1/K] dTλ
λ

[1/K] dTγ
γ

[1/K] dT (cp·ρ)
(cp·ρ) [1/K] dTρ

ρ
[1/K]

20 −4.75 · 10−2 2.39 · 10−3 −2.39 · 10−3 6.50 · 10−4 −7.84 · 10−4

40 −3.59 · 10−2 2.51 · 10−3 −2.51 · 10−3 6.42 · 10−4 −7.97 · 10−4

80 −2.25 · 10−2 2.77 · 10−3 −2.79 · 10−3 6.26 · 10−4 −8.23 · 10−4

On this basis a comparison of the relative strength of temperature dependence of the
different fluid properties yields:

∣∣∣∣dT (cp · ρ)

(cp · ρ)

∣∣∣∣ ≈ ∣∣∣∣dTρρ
∣∣∣∣ < ∣∣∣∣dTλλ

∣∣∣∣ ≈ ∣∣∣∣dTγγ
∣∣∣∣� ∣∣∣∣dT ηη

∣∣∣∣ (4.46)
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Temperature’s influence on viscosity is clearly the strongest. Based on measurements
of PAO ISO VG 15 depicted in figure 3.11b) viscosity at 0◦C is higher than viscosity at
100◦C by a factor of 31.9 – and such temperature range may still not be sufficient for
applications. Surface tension is significantly less influenced by temperature. The basis
of the Marangoni effect, it yet becomes decisive for very slow flow – a realistic case in
the vicinity of a tribocontact. Consequently, viscosity and surface tension are treated
as functions of temperature in what follows, while the other parameters’ temperature
dependence is neglected. Such an assumption is debatable for thermal conductivity,
which features a change of approximately 2.5% over a range of 10 K. Specific heat
capacity and density are less affected by temperature so that especially the basic in-
compressibility assumption can be upheld.

Based on the three interfacial tensions as expressed in Young’s equation (2.15), contact
angle is a function of temperature as well. Bernardin et al. [13] have conducted ex-
periments with water on metal surfaces and found continuously decreasing θa between
0◦C and 250◦C, with higher slope towards higher temperatures. For contact angles of
lubricating oils on metal surfaces similar behavior is reported [122]. For oils with low
contact angles already at ambient temperature, cf. table 3.1, a further declining contact
angle with rising temperature entails minute changes in cos θ. Thus for such liquids the
contact angle can be treated as de facto constant in temperature.

4.4.3. Thermal modeling

Lubricant temperature

Inside the lubricant fluid column, thermal energy transport occurs either by heat con-
duction or by advection. In downstream direction, in spite of generally low fluid veloc-
ities in microfluidics, the thermal Péclet number can be significant:

Péth =
l0u0

χ
> 1 (4.47)

In such a case, advection dominates over energy diffusion in the main liquid flow di-
rection. Yet due to the slender geometry of the microchannel the Nusselt number

Nu =
hsl

λl

4A

s⊥w
< 1 (4.48)

is typically small indicating the relative importance of conductive compared to con-
vective heat transfer across the solid channel wall: As a consequence, one expects the
temperature distribution inside the channel to depend only slightly on the lubricant
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velocity but decisively on the boundary temperature. Confirmation comes from nondi-
mensionalization in a very similar procedure to the one described in section 4.1 and
which is again based on y0, z0 � x0, eq. (4.2). It starts with the energy equation in the
simplified form of eq. (2.22) as from above thermal conductivity is treated as constant.
Via

δ2u∗∇∗T ∗ =
χ

u0l0

(
δ2∂

2T ∗

∂x∗2
+
∂2T ∗

∂y∗2
+
∂2T ∗

∂z∗2

)
(4.49)

it leads to the Laplace equation

∂2T

∂y2
+
∂2T

∂z2
= 0 (4.50)

which governs the temperature distribution in the channel’s cross-section. For constant
boundary temperature Tw it yields uniform temperature T = Tw inside the fluid. The
same is true in good approximation if Tw applies only to the solid channel wall sw and
not to the open channel boundary so as long as heat transfer over the liquid-air interface
is small relative to the solid-liquid interface – a reasonable assumption.

Solid temperature

As the solid body the microchannel is engraved into necessarily has characteristic di-
mensions ls, bs, hs � y0, z0 it is indeed fine to assume that the solid body temperature
variation between the left, right and lower channel walls at a specific channel cross-
section (i.e., over characteristic distance y0) is minute. Then, the solid wall tempera-
ture exclusively depends on x: Tw(x) = Tw(x). In summary, the liquid temperature T
equals the solid boundary temperature along the channel, and therefore is a function of
downstream location only:

T (x) = T (x) = Tw(x) (4.51)

From here the solution is straightforward with the computation of the solid’s tempera-
ture distribution with a single heat source (the tribocontact) and heat sinks at the body’s
boundaries being a standard engineering problem based on the heat equation.
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Model applicability

With respect to lubricant use as a coolant the above stated is an ambivalent result:
While lubricant flow principally can be used to transport cold lubricants towards the
tribocontact and thermal energy away from it, care has to be taken that the energy ex-
change happens at the desired location and is not for example immediately transferred
to the solid body carrying the microchannel.

Furthermore, the model so far only allows for stationary conditions. The transient ther-
mal behavior after a tribocontact starts or seizes operation or also during operation
is not considered. If design is interested in the worst case, a stationary analysis may
be fully sufficient. With respect to applications where tribocontacts are in interrupted
operation e.g., in low running gears where the stationary case may never be reached,
there is a considerable risk of overengineering so that further refining work is needed.
To reasonably model such types of tribocontact the additional question is to be ad-
dressed if quasi-stationary flow modeling (already in the isothermal case) is sufficient
or if short-time dynamic analysis including inertial terms is required.

The restriction of temperature to be a function of longitudinal coordinate x only is
no restriction on the general temperature field inside the solid body, even though real
cases might prove relatively simple. For example if one of the contact partners is a
flat or hardly curved surface with microchannels arranged to supply the tribocontact
radially, the problem is similar to the experiments conducted with the cuboid test piece
as described in section 3.3. Yet for arbitrary channel courses on arbitrary temperature
fields as illustrated in figure 4.11 the model still applies as long as the solid’s temper-
ature Ts(x) is known and the requirements for non-straight channels stated in section
4.2.3 are met.

Ts(x)

tribocontact

T

x
T

x

T

x

Figure 4.11.: Solid temperature distribution Ts(x) determines wall temperature Tw(x) along the channel
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4.4.4. Viscosity influence

With temperature varying in channel direction only, the same is true for surface tension
γ(T (x)) = γ(x) and viscosity η(T (x)) = η(x). This then directly justifies the assump-
tion made in the derivation of equations (4.11) - (4.13). Both the Ubbelohde-Walter,
eq. (2.7), and the Vogel-Cameron ansatz, eq. (2.6), for the temperature dependence of
viscosity consequently permit the computation of the viscosity as a function of down-
stream location x.

Constant C (Lu(t)) is not any more computed with eq. (4.21) but via eq. (4.19) with
details given in section 4.6. The consequences for time functions, especially the con-
siderable speedup both with and against a thermal gradient, have already been seen in
figure 4.10. It is important to remind oneself that C does not depend on x so that at
any given time (i.e., for any given length of the liquid column) the flow velocity ũ(y, z)
at different locations along the channel is constant in x – in spite of varying viscosity
values. What determines the fluid speed is a viscosity integral over the filled stretch of
the channel at the time point in question, cf. eq. (4.66) and [97].

The following two figures compare fluid advancement with and against a viscosity
gradient dη/dx with the respective isothermal time function.

85◦C→ 21◦C

isothermal 20◦C
53◦C→ 17◦C

a)

21◦C→ 85◦C

isothermal 20◦C
17◦C→ 53◦C

b)

Figure 4.12.: Deviation from perfect Washburn behavior (isothermal case, straight line) of non-
isothermal lubricant flow with negative (left) and positive (right) temperature gradient
dTt/dx

In the isothermal case, the time law is a straight line (if the advancement distance
is plotted against the square root of time). Both theoretically and in conducted ex-
periments this indicates classical Washburn behavior. Non-isothermal flows are faster
because of the longer channel section lying in an area with solid temperature above
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ambient temperature as compared to the section where solid temperature is lower or
around air temperature.

The capillary flow starting in the hot area experiences high velocity early while con-
verging towards Washburn behavior in the later stages of the flow. When starting in the
cold region, the behavior is vice versa i.e., approximative Washburn-type flow at the
beginning which accelerates (relative to the isothermal case) towards the hotter region.
For the supply of a tribocontact with lubrication fluid, this is principally favorable.
Even more, figure 4.12 already includes the Marangoni effect both in experiment and
in computation. Especially the flow in 4.12b) is comparatively fast even though it has
to overcome the Marangoni effect which acts opposite to flow direction. Under such
(realistic) conditions the tribocontact oil supply (measured in flow rate towards contact)
is even better than under isothermal conditions! The reason is simple: A temperature
increase lowers viscosity and thus flow resistance decreases significantly, while sur-
face tension and contact angle reduce the capillary force to a much lesser degree. Still,
the Marangoni effect may not be neglected as it plays a decisive role under conditions
discussed in the following.

4.4.5. Presence and consequences of the Marangoni effect

The Marangoni effect may be relevant under non-isothermal conditions at the liquid-
air boundary. Both the upper meniscus and the front meniscus are possibly concerned.
As temperature and consequently surface tension were modeled to change only in fluid
flow direction yet not perpendicular to the flow, and under the assumption that the
extent of both meniscus and corner flow is negligible in x-direction, cf. section 4.3.1,
the upper channel surface in region Ωu is the only location where a Marangoni effect
may be relevant.

Figure 4.12 suggests that the Marangoni effect plays a subordinate role to temperature
induced viscosity differences. As will be seen below, this is especially true as long as
temperature gradients are not strong enough to compete with or overcome the capillary
force. Especially in close vicinity of the tribocontact a steeper gradient than dT/dx ≈
10 K/mm which was realized on the described experimental equipment, cf. figure
3.11a), may be expected – based on the temperature within the contact: Both thermal
elastohydrodynamic (TEHD) computation [9, 176] and easily observable temperature-
induced material changes (e.g., melting and consequent deformation of engineering
plastics which is exploited in section 5.2.4’s experiments) allow to at least approximate
a temperature field around the contact. Favorably, gradients within the contact which
due to flash temperatures, cf. [157], may well be higher need no consideration due to
the absence of a liquid-air interface in the (fully-filled) contact.

105



4. Microchannel flow model design and results

Besides the temperature gradient, the flow velocity u is the other important factor which
influences the relative importance of the Marangoni effect compared to viscosity: The
slower the flow, the more decisive is the Marangoni effect. From eq. (4.19), this
may be the case in relatively long channels. The influence of the lubrication liquid’s
base viscosity ηn on flow velocity is not as straightforward to judge, because it has
effects both in the bulk of the flow as well as at its boundary via eq. (4.19) and (4.23),
respectively. Together with the fact that the Marangoni number may reach values Ma�
1, this justifies more in-depth analysis.

Marangoni modeling

Even without the simplifying assumption that the microchannel in consideration has a
constant oil-filled cross-section ÃS , the slope of the upper interface in flow direction
is negligibly small dH/dx ≈ 0, cf. section 4.3.1. Then the surface normal at any
point on the upper interface n can be regarded as perpendicular to x as seen in figure
4.8. This simplifies the general interfacial stress balance, eq. (2.58), considerably.
From the definitions in section 2.4.4 t2 is always aligned with x whereas t1 lies in the
microchannel’s cross-section. Then with eq. (4.51)

∇ST (x) =
dT (x)

dx

∣∣∣∣
z=H

=
dT (x)

dx
(4.52)

and the tangential stress balance, eq. (2.59) reduces via eq. (2.65) to [(τB − τA) · n] ·
t1 = τM1

= 0 and

τM2
(x) = τM (x) =

dγ

dT

dT (x)

dx
(4.53)

Inserted into eq. (4.23) this defines the open channel boundary condition including
the classical ”no stress” case in absence of a temperature gradient. Surface tension’s
temperature function is in good approximation a straight line, cf. figure 3.11b), so
that constant dγ/dT leads to a Marangoni stress which is proportional to the local
temperature gradient. With temperature modeled to be equal in the fluid and in the
solid, τM ∝ dTw/dx. The most critical location for a failure of the lubricant supply is
consequently the point where the wall temperature gradient is highest – expectedly in
close vicinity of the tribocontact.

The Marangoni force is then

FM (Lu) =

∫ Lu

0

τM (x)so(x)dx (4.54)
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A major drawback of such a modeling is that it cannot cope directly with d2Tw/dx
2 6= 0

or equivalently nonconstant τM along the channel as this conflicts with the unidirec-
tional flow assumption (see section 5.2.3 for more details regarding a similar problem).
Uncritical for cross-sectional analysis at a specific location X along the channel, a
workaround for fluid advancement computation is proposed in the form of an aver-
aged, constant Marangoni stress, which is the basis for the following computations:

τ̃M :=

∫ Lu

0 τM (x)so(x)dx

s̃oLu
(4.55)

Consequences of the Marangoni effect

The magnitude of the Marangoni force is a function of the size of the upper surface and
therefore mainly depends on the length of the fluid column Lu. Just like the viscous
force but unlike the capillary force, eq. (4.44), it grows with oil advancement. Conse-
quently, in the very probable case of a non-decreasing temperature gradient on the way
towards the tribocontact d2Tw/dx

2 ≥ 0, there exists a critical channel length where the
Marangoni force balances the capillary force. This is yet not synonymous with a mo-
tionless lubricant fluid even in a quasi-stationary model. The Marangoni effect induces
a Couette flow whereas capillary flow is of Poiseuille type and the resulting flow profile
is a superposition of both. Figure 4.13 shows various velocity profiles in the channel
center plane at y∗ = 0:

net flow

τM = 0
τM ↑

A
B

Figure 4.13.: Influence of the Marangoni effect on the flow rate: Velocity profiles in the channel center
plane at y∗= 0 under increasing Marangoni effect due to growing |dT/dx|: see figure 4.14
for the cross-sectional velocity field u∗(y, z) of cases A and B
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The rightmost curve for τM = 0 is pure Poiseuille flow with the deviation from the
expected parabolic shape coming from the Gaussian channel geometry. With a growing
Marangoni effect the flow velocity and with it the flow rate decline as compared to the
isothermal case and the capillary can deliver less lubricant per unit time. Affected
are especially near-surface fluid layers. Under a steeper local temperature gradient
the velocity becomes negative here: Oil is pulled away from the tribocontact. This
is less critical as it sounds as long as the fluid flow towards the tribocontact, which
simultaneously takes place in deeper fluid layers, outplays the negative near-surface
flow. Both can be seen as well in figure 4.14 which contrasts the velocity profiles in an
open channel a) without Marangoni effect i.e., with the classical ”no stress” boundary
condition and b) with a Marangoni stress opposing the capillary flow as in a typical
environment in the vicinity of the tribocontact.

y∗

z∗

a)

A in fig. 4.13

y∗

z∗

b)

B in fig. 4.13

Figure 4.14.: Contour plot of the flow velocity u∗: a) base case of isothermal flow; b) the Marangoni
effect pulls lubricant near the open surface away from the tribocontact which leads to si-
multaneous forward and backward flow in different fluid layers

Once the absolute flow rate q falls below a critical value qcr needed to sufficiently
supply the tribocontact, starvation occurs with all the negative effects it implies. It is
not within the scope of this work to determine qcr. Rather it is expected to be a result
of EHD theory applied to the tribocontact in consideration (see chapter five for some
more details). A definite lower bound for qcr is the situation where the net flow q = 0.
The sum of the shaded areas in 4.13 illustrates the concept for the fluid slice in the
channel center plane which has to be extended to the whole cross-section. Net flow
q = 0 does not necessarily mean that the lubricant flow is at rest. In analogy to figure
4.14 a circling flow appears which flows towards tribocontact at the channel bottom
and back in the upper fluid layers, yet without supplying the tribocontact [118]. For
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even steeper temperature gradients the net flow becomes negative – a situation to be
avoided.

Λ ↑

T ↑

∆pf = 0

b)a) c)

C = 0 /

Figure 4.15.: Velocity profiles at y∗ = 0 (Gaussian channel) show that the consequences of the
Marangoni effect can be influenced a) by the neglection of the capillary pressure (dashed
lines) compared to the regular case (solid lines), b) by the aspect ratio, and c) by the ab-
solute temperature; computation of b) based on Lenormand’s formula for a rectangular
channel (see text)

The great advantage of capillarity driven channel flow is seen in figure 4.15a), solid
lines: It is able to support the Marangoni effect to a considerable degree while still
maintaining a positive net flow towards the tribocontact. Without the pressure drop at
the capillary front meniscus any positive temperature gradient (even a minor one) leads
to negative flow in all fluid layers (see dashed lines). This is the case for a thin lubricant
film on a flat solid body – probably the standard situation in tribological applications
today. Certainly, surface roughness may produce some degree of capillary force, which
is yet small compared to a microchannel’s, cf. section 3.1.

A strategy to further minimize the Marangoni influence for a given desired flow rate is
to increase the aspect ratio, as shown in figure 4.15b): The Marangoni force is propor-
tional to the upper surface area AIu and therefore via so(x) is affected by the channel
width. Deeper channels come with the advantage of allowing more throughput without
increasing the surface area. First experiments conducted and presented in [142] were
able to demonstrate the reduction in Marangoni influence although further experimen-
tal refinement is needed for a higher reliability of the results. To be precise from a
modeling perspective, the dependence of G on the aspect ratio has not been thoroughly
investigated, so that for the computation in the figure, Lenormand’s factor K(�)

Len, eq.
(2.78), has been applied even though it was developed exclusively for rectangular chan-
nel cross-sections. While figure 2.11 suggests that for aspect ratios 1 ≤ Λ ≤ 3 it has
a negligible influence, a rigorous analysis for elliptical and Gaussian cross-sections is
pending.
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Critical are also low-temperature environments: Figure 4.15c) shows changes in chan-
nel center plane flow profile due to different levels of absolute temperature, yet with
constant temperature gradient. From the latter, the Marangoni effect is constant, yet
high viscosity at low temperature leads to a slow flow velocity and consequently the
Marangoni effect becomes relatively more important. Mathematically, this case tends
towards the absence of the front meniscus pressure drop discussed above and depicted
in figure 4.15a). Given a constant Marangoni stress the Couette contribution to total
flow is constant as well. What changes is the Poiseuille part, expressed in the driv-
ing factor C. Eq. (4.66) will show how the pressure drop and viscosity combine with
lubricant column length and inertial forces from a non-inertial frame of reference to
determine C.

4.5. Moving structured bodies

In a tribocontact there is, per definition, relative motion. At least in some cases one of
the two contacting bodies can be assumed fixed in an inertial frame of reference. Yet
if this is the case, the other one must be moving relative to this frame. The analysis of
non-inertial frames is therefore indispensable.

Two exceptions must be mentioned: First, capillary supply structures do not need to
be fabricated in both bodies, and therefore the body in the inertial frame could be
chosen. This yet restricts design flexibility. Furthermore, various counterexamples
with both bodies moving exist, in gears for example. Secondly, the motion and its
consequences may be small enough so that they can be neglected and a moving frame
can still be treated like an inertial frame. Here, an appropriate decision basis is required
to determine when such an assumption is justified. It is given in the following, based
on further nondimensionalization.

Movement may not only arise in the tribocontact itself, but also the object which con-
tains the tribocontact may move relative to an inertial frame e.g., a subassembly in
rotating machinery as well as a vehicle. Also vibration can be the cause of significant
accelerations, both in rotation and in translation.

That such movement can significantly influence the fluid flow in the vicinity of the
tribocontact has been observed e.g., by Liang et al. [131] in centrifugation experiments.
In contrast to tribological applications, research of thin film and microchannel flow in
non-inertial reference frames concentrates on the fact how to purposefully control a
rotation to make a fluid move in the desired way. Examples are the ”spin coating”
process of disks or ”Lab-on-CD” applications, cf. sections 1.2 and 2.3.4. This work
yet studies capillary force as the driver of lubricant liquid flow which has to cope with
the structured part’s acceleration as an externally given disturbance, so that angular
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velocity, translational, and/or angular accelerations are analyzed with the focus on how
they might actually hinder the lubricant flow. Certainly, the inertial forces in a moving
frame may as well support the capillary force in driving the flow rather than being
opposed to it. Yet only the latter is critical for design. Consequently, the following
discussion has the character of a worst case analysis.

4.5.1. Significance of inertial forces
from structure movement

Centrifugal, Euler, and translational acceleration contributions

The variables controlling movement are nondimensionalized as follows:

ω∗ :=
ω

ω0
(4.56)

α∗ :=
1

α0

dω

dt
=
α

α0
(4.57)

a∗T :=
1

a0T

I
d2

dt2
r̆ =

aT
a0T

(4.58)

The characteristic parameters ω0, α0, a0T all are defined as independent ones instead of
being interconnected by a characteristic time scale. The latter would basically require
the definition of a second characteristic time scale as the previously introduced di-
mensionless time which relates fluid velocity and channel length is only coincidentally
appropriate for part accelerations. These may for example be governed by character-
istic times which are shorter by various orders of magnitude. If such time dependent
behavior is of interest e.g., in vibrational analysis, further complexity arises from the
fact that a cornerstone of the model so far, namely the complete neglection of inertia
terms (by which the left hand side of eq. (4.1) is meant here) must be strongly put into
question. If and how existing theory in oscillations of a slender channel, especially
with flexible walls [6, 7], can sensibly be harmonized with the present model remains
an open question. As will be seen, the simplifications made above still allow to char-
acterize the flow behavior with respect to critical solid body accelerations and critical
angular velocity and therefore enable the tribologist to judge if certain capillaries can
maintain the supply of the tribocontact with lubricant.

With the above definitions and with equations (4.9) and (4.10) the inertial force densi-
ties due to centrifugal, Euler and translational accelerations are nondimensionalized as
shown in table 4.6.
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4. Microchannel flow model design and results

Table 4.6.: Nondimensionalized force densities and dimensionless factors κj in non-inertial reference
frames

centrifugal
fZ = −ρ ω × (ω × q̆) = ρω2

0 q̆0︸ ︷︷ ︸
f0Z

−ω∗ × (ω∗ × q̆∗)︸ ︷︷ ︸
f∗

Z


ξf0Z = κZ = δ2 ρω

2
0l

2
0 q̆0

η0u0
= ρω2

0h
2
0q̆0

η0u0
= δ2Reω

2
0 q̆0l0
u2
0

Euler
fE = −ρ dω

dt × q̆ = −ρα0q̆0︸ ︷︷ ︸
f0E

dω∗

dt∗
× q̆∗︸ ︷︷ ︸

f∗
E


ξf0E = κE = δ2 ρα0l

2
0 q̆0

η0u0
= ρα0h

2
0q̆0

η0u0
= δ2Reα0l0q̆0

u2
0

translat. acc.
fT = −ρ

I
d2

dt2 r̆ = −ρa0T︸ ︷︷ ︸
f0T

I
d2r̆∗

dt∗2︸ ︷︷ ︸
f∗

T


ξf0T = κT = δ2 ρa0T l

2
0

η0u0
= ρa0Th

2
0

η0u0
= δ2Rea0T l0

u2
0

Here, κj with j = {Z,E, T} are dimensionless numbers judging the relative influence
of centrifugal and Euler force densities as well as translational acceleration compared
to pressure gradients and viscous contributions in the derived governing equation set
(4.11) - (4.13): If on the one hand κj � 1, especially if κj / δ2 the corresponding
effect is insignificant in magnitude compared to pressure and/or viscous forces, and
the non-inertial frame of reference can be treated as if it was an inertial one. From
eq. (4.12) and (4.13) the force densities may even be greater in lateral and vertical
directions by a factor of δ to still be negligible. If on the other hand κj � 1, the
respective force density clearly dominates the flow. In such a case a change in design
is required, because the capillary force is simply not strong enough to maintain the
lubricant supply of the tribocontact (given relevant force directions as discussed in the
following section). Both situations can be understood as approximate bounds.

112



4.5. Moving structured bodies

Only in between the two bounds i.e., for

1

l0

√
η0u0

ρq̆0
/ ω0 /

1

h0

√
η0u0

ρq̆0
(4.59)

1

l20

η0u0

ρq̆0
/ α0 /

1

h2
0

η0u0

ρq̆0
(4.60)

1

l20

η0u0

ρ
/ a0T /

1

h2
0

η0u0

ρ
(4.61)

a more detailed analysis of the fluid flow, based on the derived equation set, is required
in order to judge the remaining capillary transport capability in terms of flow rate q.

Coriolis force

Coriolis force density has been excluded up to now as it is the only force density which
does not only influence the flow velocity but is itself dependent on it. Treatment as
above leads to:

ξf0C = κC = δ2 2ρω0l
2
0

η0
=

2ρω0h
2
0

η0
= δ2Re

2ω0l0
u0

(4.62)

and

fC = −2ρ ω × Ou = −2ρω0u0

δ (ω∗yw∗ − ω∗zv∗)ω∗zu
∗ − δω∗xw∗

δω∗xv
∗ − ω∗yu∗

 ≈ −2ρω0u0

 0
ω∗zu

∗

−ω∗yu∗

 (4.63)

The last approximation step is justified by two reasons: First, v and w have already
been neglected in section 4.1 in the context of unidirectional flow. Even if this had not
been the case the long and slender nature of the channel now suggests the same via
the neglection of terms including δ. Consequently, a relevant Coriolis force influence
is expected only in the coordinate directions perpendicular to the main flow direction
u. This is an obvious result considering that the Coriolis force is proportional to the
flow velocity and lateral and vertical velocities are minimal. The fact that y- and z-
directions in eq. (4.12) and (4.13) involve an additional small factor δ compared to eq.
(4.11) which further reduces the influence of the Coriolis force density only contributes
to the above stated and underlines the challenges a Coriolis force based research faces
for example in fluid mixing applications, which need high downstream velocity to be
able to generate some crossflows at all [130, 181]. In conclusion, the Coriolis force is
least likely to influence the capillary transport in this research context.
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4.5.2. Integration into the existing equation framework

The nondimensionalization above led to approximate bounds as the first prerequisite
for inertial force densities to be significant yet did not consider the effective direction
of the respective forces. Body forces have been carried through so far only for the
sake of simplicity. Only in special cases electromagnetic forces may be relevant in a
tribological context and gravity can generally be neglected due to a small Bond number
Bo � 1, cf. section 2.1. If the Coriolis force influence is equally neglected with the
above reasoning, the force density vector (2.44) based on (2.43) simplifies to:

f = ff = ρ

(
ω × (ω × q̆) +

dω

dt
× q̆ +

I
d2r̆

dt2

)
(4.64)

Due to the absence of both nonlinearity and flow velocity influence this equation is
mathematically extremely favorable: The superposition of effects allows to externally
predetermine and combine the different force influences resulting from structure move-
ment which then enter the governing lubricant liquid flow equations. The force density
from a translational acceleration of a certain point on the rigid body is not affected by
an advancing capillary flow.

The only variable which is not independent of the fluid’s advancement in the channel
is q̆(x). If |q̆| � y0, z0, especially if q̆ is comparable or bigger than the characteristic
channel length x0, the dependence can further be reduced in analogy to the basic long
and slender channel assumption x0 � y0, z0, eq. (4.2), to result in:

q̆(x) ≈ q̆(x) ∀ y, z (4.65)

This approximation fulfills the validity condition stated in the derivation of eq. (4.14)
and thereby of the governing microchannel flow equation (4.18), namely that the force
density component in channel direction fx is a function of x only. This has two con-
sequences: First, unlike in typical non-inertial microfluidics models as described in
section 2.3.4 the determination of the fluid column’s center of gravity is not necessary
at this point (with more details given in section 4.6). Secondly, from eq. (4.14) and
(4.19) ∂p/∂x is a function of x only. Consequently, the pressure distribution p(y, z)
in every cross-section along the channel is similar. For this to be true, eq. (4.12) and
(4.13) require fy and fz to be independent of x – as later implemented in eq. (4.15) and
(4.16). This conflicts with the nature of at least some inertial forces e.g., the force due
to an Euler acceleration along a radially oriented channel on a spinning disk. To cover
these forces, a general three-dimensional pressure field is necessary which allows for
crossflows v and w to balance such inertial contributions – similar to what is found
e.g., in [130]. These crossflows cannot be explained by this work’s unidirectional flow
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model which is consequently not capable of handling any arbitrary fy(x) and fz(x). Yet
as the nondimensionalization procedure in section 4.1 characterized v and w as negli-
gible, one must conclude that although x-dependent fy and fz may require the pressure
field to adapt, this is not decisive for the overall downstream flow towards tribocontact.
The findings in [168] support this for Reynolds numbers which are typical in capillary
flow context.

4.5.3. Consequences for capillary flow

Focusing on downstream direction, the resulting Poisson equation (4.18) which governs
the unidirectional microchannel flow reveals a very simple relationship between the
downstream pressure gradient created by the capillary front meniscus and the force
density in x-direction: If ∂pm/∂x − fx(x) < 0 i.e., if the pressure gradient is stronger
in absolute value than the combined inertial force density, the capillary flow prevails
over the influence of the movement of the channel itself: The capillary flow is slower
than in the comparable inertial frame yet is not stopped. The latter happens in the case
when ∂pm/∂x = fx. If combined inertial forces are greater in absolute value than the
pressure gradient, capillary flow cannot develop. Important to note is that with constant
front meniscus pressure drop ∆pf the pressure gradient diminishes in absolute value
the more the lubricant advances i.e., the longer the fluid column extends in the channel.
In the presence of a counteracting force – in the simplest case a constant one – there is
forward flow initially which stops once the pressure gradient and the force balance.

Figure 4.16 shows results from the basic setup of a rotating disk with radial capillary
flow towards the rotation axis. By controlling the angular velocity the fluid flow can be
stopped and reversed (an example is the solid line case). A constant angular velocity
(dashed line) leads to an equilibrium state. The minor fluctuations around it have nu-
merical reasons although physical effects not covered by the model might in reality also
be present. Experiments to validate the computation which have not been conducted in
this work might be adapted from the design of Leung and Ren [129]. Different from
the experimental setup used here, cf. section 3.3, they use a high-speed camera which
rotates with a spinning disk.

The effect which the solid body movement has is cumulative with the Marangoni effect:
From above the inertial forces and the pressure gradient combine to determine the
strength of the Poiseuille flow component measured in factor C(Lu(t)), which will
be determined in eq. (4.66). The Marangoni effect then superposes a Couette flow
contribution: Qualitatively not different from what was discussed in section 4.4.5, it
yet leads to a much earlier breakdown of the tribocontact’s lubricant supply if inertial
forces from the capillary structure’s movement already weaken the Poiseuille flow.

115



4. Microchannel flow model design and results
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Figure 4.16.: Capillary channel flow in a rotating reference frame with flow direction radially towards
the rotation axis (”spinning disk” case): no rotation (dotted line), constant angular velocity
(dashed line) and varying angular velocity (solid line) as specified in a)

In conclusion, any inertial force resulting from a non-inertial reference frame (with the
exception of Coriolis force) cannot only hinder but suppress capillary flows, irrespec-
tive if it is of centrifugal or Euler nature or if it is the consequence of a translational
acceleration. This is true as long as the force component in channel direction is strong
enough to overcome the prevailing pressure gradient. As the latter gets weaker with lu-
bricant advancement, care has to be taken that the flow does not stop before it reaches
the tribocontact, especially in longer channels and even more with a thermal gradient
present. The effect the structured body’s movement has on the pressure gradient itself
is discussed in what follows.

4.6. Pressure considerations

All computational results presented so far implied a known flow driving factor C. It is
determined by applying pressure boundary conditions at the start and the end of the liq-
uid lubricant column. Pressure at the channel inlet has been defined so far to equal am-
bient conditions, p(x=0) = pam. Pressure at the end of the fluid column, right inside the
front meniscus, is a result from front meniscus pressure jump p(x=Lu) = (pam −∆pf ).
Due to the assumptions made in section 4.3.1, both conditions are the classical mi-
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croflow pressure boundary conditions. Applying them after integration over the total
fluid column length to eq. (4.19) yields:

C(Lu) =

(
−∆pf −

∫ Lu

0

fx(x) dx

)
1∫ Lu

0 η(x) dx
(4.66)

Exemplary computations of the force integral are displayed in figure 4.16b). In the
absence of inertial forces from structure movement and with constant viscosity the
above equation simplifies to eq. (4.21). C then allows to compute the velocity profile
in the channel’s cross section with the help of eq. (4.20) for a given fluid column length
Lu. It also reveals the character of the pressure function along the fluid column when
integrating eq. (4.19), this time from 0 to x:

p(x) =

∫ x

0

fx dζ + C(Lu)

∫ x

0

η dζ + pam ∀ x ∈ (0, Lu) (4.67)

In the basic case where fx = 0 and η = const, pressure decreases linearly from its
maximum pmax = pam at the channel inlet to its minimum pmin = pam − ∆pf at
the front meniscus. From eq. (4.64) inertial forces from a moving reference frame
obey dfx/dx = const which leads to a parabolic pressure function. This is in line with
[113, 132, 168]. In such a case, the local pressure gradient adapts to balance the inertial
force density variation along the channel in order to ensure a constant C and a constant
˜̄u which is required by continuity, eq. (4.8).

The parabolic pressure function is independent of the presence of surface tension gradi-
ents and/or an upper meniscus as modeled here. Pressure yet deviates from the parabola
once viscosity cannot be treated as constant along the channel any more, for exam-
ple when the temperature distribution along the channel requires Ubbelohde-Walter or
Vogel-Cameron models, eq. (2.6) and (2.7). Nevertheless, the pressure function inside
the fluid column is not of superior interest as it does not tell if and how well a capillary
supply of tribocontact can be maintained. It is rather the absolute value of C, together
with the Marangoni effect, which is decisive for the avoidance or at least minimization
of starvation.

4.7. Flow rate and time function
of fluid advancement

The importance of the time function of lubricant fluid advancement mainly results from
experimental necessity, cf. section 3.3, as it only allows to compare model and experi-
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ment. On the basis of low Reynolds or reduced Reynolds numbers microchannel flow
was argued to be dominated by viscous forces whereas inertial contributions due to the
acceleration of fluid parcel masses inside the fluid column were neglected, cf. section
4.1. As a consequence, the stationary flow at a certain point in time analyzed until
now can be generalized towards the time function of the flow using a quasi-stationary
ansatz. Such reasoning only allowed to derive the classical Washburn equation (2.71)
via eq. (2.70). The approach presented in the following is similar. Obviously, if not
already stated above, flow velocity u(t), flow rate q(t), advancement length Lu(t) and
geometrical constant C(Lu(t)) are all treated as time functions.

Influence of flow driving factor C

At first, a basic case of an open channel with arbitrary but constant cross-sectional
shape in an inertial frame of reference without additional body forces and uniform tem-
perature field is discussed, so that the Marangoni effect does not need to be considered
and viscosity is constant. In such case, C(Lu(t)) is governed at any given point in time
by eq. (4.21). As from the assumptions in section 4.3.1 the front meniscus pressure
drop is constant both in space and in time, the only time influence on C(t) is Lu(t).
From Washburn logic it is expected that the advancement of the fluid column slows
down with time i.e., the longer it gets. This is expressed in the hyperbolic relation-
ship C(t) ∝ 1/Lu(t) which essentially describes the (in absolute value) diminishing
”strength of flow” C(t) over time. As a consequence of eq. (4.20) and the appropriate
boundary conditions, downstream flow velocity u decreases over the whole channel
cross-section proportional to C. The same is true for averaged velocity ˜̄u(t) and for
flow rate q(t). Then,

q(t) ∝ 1

Lu(t)
(4.68)

C(t), ˜̄u(t) and q(t) never reach zero, which means the capillary flow will theoretically
never stop, even though it slows infinitely. In these characteristics such a basic case
shows perfect Washburn behavior.

This does not apply in the general case where C(t) obeys eq. (4.66) instead of eq.
(4.21). Especially for C(t) = 0 flow stops or if C(t) > 0 it even changes direction,
cf. eq. (4.20), and backward flow occurs as seen in figure 4.16. Eq. (4.66) shows that
this happens once the integral of the total force density along the fluid column acting in
channel direction balances or exceeds the meniscus pressure drop, respectively. In the
latter case the capillary flow recedes even though the (basically) unchanged meniscus
curvature suggests advancing flow. What might seem clear is that varying viscosity
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cannot by itself stop or reverse a capillary flow, because it is always positive per defi-
nition which is then true as well for its integral in eq. (4.66). That a Marangoni effect
is capable of flow reversal has already been seen. It does not influence Poiseuille flow
factor C(t) because it induces a Couette flow. Its consequences can therefore be judged
by analyzing the respective velocity profile as has been done in section 4.4.5, yet on
the basis of the correct C(t): If the driving force exerted by the capillary front menis-
cus has already been weakened by a counteracting force due to structured body motion
for example, a comparably small Marangoni influence might be sufficient for the net
flow towards tribocontact to become negative, cf. figure 4.15a). Thus even though the
influence of a single effect might be bearable in a given case, their superposition can
lead to a critical state irrespective of the nature of flow they cause.

Time function characterization depending on
the combination of influencing effects

In analogy to the derivation of Washburn’s equation in section 2.5.1, the combination
of the flow rate equation (2.69) and the cross-sectional velocity integral, eq. (4.43),
leads to an ODE which governs the general time behavior of capillary flow – including
all effects discussed previously:

dLu
dt

=
1

ÃS

∫∫
(ÃS)

ũ (y, z, C (Lu (t))) dy dz (4.69)

For an arbitrary cross-sectional shape the evaluation of the integral suggests numerical
solution techniques, cf. section 4.2.2. In the special case of an open rectangular cross-
section with flat upper meniscus, the velocity profile ũ(t) is given via eq. (4.28) and
(4.31) as ũ(y, z, τM , C(t)) i.e., as a function of both Marangoni stress and Poiseuille
constant C(t), which is analytically integrable. This allows to further simplify eq.
(4.69) and reveal the characteristic time behavior under the different investigated ef-
fects. Table 4.7 lists the resulting differential equations for six different cases A-F.
Various constants, especially those from the underlying Fourier series approach, have
been concentrated into cj .

Case A, capillary transport without additional effects leads to classical Washburn be-
havior, Lu(t) ∝

√
t with given initial condition L(t=0) = 0 which is also assumed in

all following cases. The fluid speed is governed by constant c1 which includes both the
strength of the front meniscus and the fluid resistance due to the solid channel bound-
aries just like in eq. (2.71). Surface stress resulting from the Marangoni effect due to
thermal gradients is present in case B. It leads, in absence of a capillary pressure, to
a linear time function. The fluid velocity is proportional to the magnitude of the ther-
mal gradient. Even though the total viscous force increases with fluid column length,
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this pure Couette flow does not slow down because the upper surface where τM acts
increases likewise. Pure structured body motion with constant angular velocity ω and
translational acceleration aT , case C, provokes an exponential flow advancement func-
tion. Combining it with a capillary force in case D results in a Chini type differential
equation. The assumption of constant aT and ω as in figure 4.16 (dashed line) may be
sufficient for a worst case analysis; if both are allowed to be functions of time, c5(t)
and c6(t) are time-dependent and can thus widely influence the resulting time law with
an example given in figure 4.16 (solid line).

Table 4.7.: Differential equations governing the time law of fluid advancement in different cases; valid
for an open rectangular channel cross-section with flat upper meniscus with ω and a constant
and initial condition Lu(t=0) = 0; the equations also serve to characterize flow rate q

case DE: dLu

dt = ... time law

A
capillary pressure only

c1
1
Lu

square root (Washburn):
τM = 0, η = const, fx = 0 Lu(t) =

√
2c1t

B
Marangoni effect only

c2τM linear: Lu(t) = c2τM t
∆p = 0, η = const, fx = 0

C
moving structure only

c3Lu + c4
exponential: Lu(t) =

∆p = 0, τM = 0, η = const (c4/c3)(exp(c3t)− 1)

D
cap. pressure, moving structure

c5Lu + c6 + c7
1
Lu

solution to Chini eq.
τM = 0, η = const

E
cap. pressure, nonconstant visc. c8

1∫ Lu
0

η(x)dxτM = 0, fx = 0

F all effects considered c9Lu + c10τM + c11 + c12
1∫ Lu

0
η(x)dx

q

ÃS
= ...

Analytical insight is limited in the case of variable viscosity (E) even without structure
movement, cf. figures 4.10 and 4.12, due to the nature of empirical Vogel-Cameron
or Ubbelohde-Walter laws, eq. (2.6) and (2.7). Considering the fact that this sec-
tion’s analytical analysis was based on a rectangular channel cross-section without
upper meniscus allowed, numerical treatment is inevitable. The procedure is straight-
forward: First, a vector of discrete distances Lu(i), i= 1..N with Lu(i= 1) = 0 and
Lu(i=n+1) − Lu(i=n) � l0 is defined. Starting an iterative scheme with n = 2,
C(Lu(i=n)) is computed on the basis of eq. (4.66), the lubricant velocity is solved for
with eq. (4.27) which then determines the time for the flow to reach the next grid point,
namely Lu(i=n+1). Like this, a time vector is constructed. The computation domain
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is not predetermined but is identical to the lubricant column length at any given time.
As a consequence, the location of the driving lubricant-air interface does not need to
be computed (in contrast to e.g., phase field or level set approaches) and its character-
istic pressure difference can always be treated as a boundary condition which notably
contributes to computational speed. In fact, all computations shown in this work have
been executed on a laptop computer (2.7GHz quad-core, 16 GB RAM) in few minutes
or less time.

Although important for experimental validation, the time function of fluid advance-
ment is – from a tribologist’s view – less of interest compared to flow rate q which is
vital in tribocontact supply. As q(t) = ÃS · (dLu/dt), eq. (2.69), the third column in
table 4.7 equally informs about flow rate dependence e.g., on fluid column length. A
simple guideline for microchannel design, case A illustrates the inversely proportional
relationship between q and Lu in the isothermal case. Given tribocontact demand in
lubricant volume per unit time, the maximum possible capillary length is simply de-
termined by c1. For a rectangular channel cross-section all factors cj can be derived
analytically. Other cross-sectional geometries require numerical computation as they
do not adhere any more to the functions listed in table 4.7, although their mathematical
characteristics can serve as a guideline. Major uncertainty is yet based on the simple
fact that exact lubricant demand of a tribocontact is not a well-known figure, a topic
raised in the following chapter.

In conclusion, the various effects may lead to very different results with respect to the
timely behavior of capillary flow. Even though a capillary force alone continuously
drives the lubricant liquid forward, care must be taken in order to ensure sufficient
supply of the tribocontact in the presence of counteracting effects.
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5. Lubricant transition into
and out of a channel
or surface structure

After having concentrated on liquid lubricant transport fully within a surface structure,
especially within a microchannel, this chapter intends to build the bridge to adjacent
topics, in particular to the tribocontact itself. Besides some preliminary research it
will offer a variety of open questions which cannot be answered by only focusing on
transport in a surface structure. The first section deals with the transition of oil out
of a reservoir e.g., a grease and into the structured solid surface. Section 5.2 then
concentrates on the transition of oil out of the capillary transport structure and into the
tribocontact as the lubricant’s final destination.

5.1. Oil release from a lubricant reservoir

In the basic case the lubricating liquid enters the capillary structure out of a liquid reser-
voir into which the structure extends. Such a reservoir may be a tank or container or –
on a smaller scale – an oil drop or a surface cavity like the structured reservoirs used
for experiments as depicted in figure 3.7. If these reservoirs are sufficiently large com-
pared to the channels, especially if their volume is larger than the capillaries’ volume
by orders of magnitude so that their pressure level during channel filling stays approx-
imately constant and velocities inside the reservoir are low, then it can be assumed that
they do not interfere in a significant way with the flow in the channels and are able to
supply the fluid amounts which the surface structure is capable of transporting. As a
consequence, it is sufficient to analyze the channel flow itself.

This is not necessarily true any more if the available amount of lubricating liquid is still
large compared to the channels’ volume yet bound in a restricting medium – as in the
case of lubricating oil bound by a thickener structure within a grease, cf. figure 2.1. For
the wide application of greases in lubrication, this is dealt with in some more detail:
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5. Lubricant transition into and out of a channel or surface structure

Oil transition from a grease into a capillary structure

While influences of temperature, pressure and inertial forces on oil release of a grease
have been investigated (see section 2.2.1), the exact physics of oil bleeding under
isothermal and isobaric conditions is still unknown. Lugt [136] states the probable
influence of capillary forces and proposes to include them into the model of Baart
et al. [5], cf. figure 2.1. In such a case, both the effect of capillary menisci in the
empty space between thickener fibers and the menisci along fibers (cf. figure 1.3 for
the classical understanding of liquids on fibers) have to be simultaneously considered.
Combined with Baart’s model this results in what is depicted in figure 5.1a).

b)

grease paper

at different times
oil migration distance

oil
fibersa)

between fibers
meniscus along fiber

meniscus

Figure 5.1.: a) Expected capillary effects within a grease if the thickener structure is modeled as pro-
posed by [5]; b) interplay of two capillary systems: grease and carrier structure (pictured is
the quantitative ashless cellulose filter paper grade 589/2, Whatman brand, GE Healthcare,
USA)

Given a defined volume of oil in the grease in consideration, an equilibrium of capillary
(and maybe gravitational) forces is expected – with pressure inside the oil possibly not
at ambient pressure level so that static curved menisci may appear in line with the
equilibrium contact angle requirement (2.15) and Young-Laplace equation (2.63). This
still does not explain the release of oil out of the thickener structure.

If the grease, seen as a capillary system, is yet brought into contact with another cap-
illary system e.g., a body with designed capillary surface structures or simply a rough
surface, then the above equilibrium may be disturbed and capillarity induced oil bleed-
ing out of the grease may occur.
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5.1. Oil release from a lubricant reservoir

Preliminary transition experiments

Preliminary experiments have been conducted with grease drops on a polished metal, a
rough metal surface and on a surface with microchannels. While the latter two clearly
were able to remove oil from the grease, this was not observed with the polished sur-
face. In comparison to the previous chapters’ experiments which lasted several sec-
onds, oil bleeding out of the grease is significantly slower. Therefore, additional tests
were conducted with various types of (filter) paper as carrier structures, cf. figure
5.1b), which allowed to better cover a characteristic oil bleeding time scale in the range
of hours or days: The moving oil front inside the paper was visually detectable and
marked on the paper at different times.

The resulting time functions of oil advancement did not directly show a square root
relationship of distance and time as possibly expected from Washburn’s (2.71) and
Darcy’s (2.53) equations, cf. figure 5.2a). The behavior is still characteristic as trans-
port is not one-dimensional but happens in the two-dimensional paper plane. Indeed,
the oil soaked area was found to be proportional to the square root of time which is
equivalent to the proportionality of radial distance to the fourth square root of time as
depicted in figure 5.2b).
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Figure 5.2.: Oil advancement dependent on a) four types of carrier paper A-D and b) on grease mass in
grams (carrier filter paper grade 589/2, Whatman brand, GE Healthcare, USA)

Figure 5.2a) shows the migration behavior on four different types of carrier paper A-
D with different porosity, expressed in the respective proportionality constant κD: Oil
bleeding speed is very well dependent on the structure, the grease is placed upon. While
the results of section 3.3’s experiments of microchannel oil advancement expectedly
proved independent of the total amount of oil in the reservoir, figure 5.2b) indicates
that a larger grease drop leads to faster oil advancement. This is at least in part due
to the different contact areas between grease drops and substrate: A comparison of a
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5. Lubricant transition into and out of a channel or surface structure

flat grease drop with large contact area showed slightly faster transport than an equal-
weight slim and high grease drop with small contact area. While in the beginning all
experimental data agree very well with the ideal fourth root function, towards larger
times a general slowdown is observed as seen in the deviation from the straight lines
in figure 5.2b). Here, a possible explanation might be the structural changes inside the
grease as described by the two effects of Baart et al.’s [5] model, namely shrinking and
tilting (cf. section 2.2.1).

So far, both the grease structure and the carrier structure have shown clear influence
on oil transition. Beyond this point, additional statements become very vague. Given
the fact that the above analysis is based on the paper’s nature as a porous medium
rather than a structured surface, further research is necessarily required to gain a better
understanding of the physics involved. Yet as the transition process happens faster
the better the structure can generate capillary forces it can at least be expected that a
favorable surface design for oil transport (as discussed in section 3.1) is not unfavorable
for the oil transition out of a grease.

5.2. Lubricant transition into tribocontact

5.2.1. Capillary main flow breakdown
at the end of the microchannel

So far the capillary flow in a microchannel has been analyzed in situations where the
front meniscus has not yet reached the end of the channel. In the absence of the dis-
cussed effects which may lead to a complete stop of lubricant advancement or even to
flow reversal (e.g., the Marangoni effect or the motion of the microchannel itself), the
lubricant continues to flow forward infinitely: Under the assumptions made in chapter
four, the capillary front meniscus is expected to keep its shape so that the capillary force
is always constant. The increasing length of the fluid column adds viscous resistance
and the capillary flow consequently slows down gradually but never stops.

Once the front meniscus reaches the channel end, it breaks down: The air in front
of the meniscus gets pushed out of the channel by the lubricant, so that a pressure-
drop generating liquid-air interface does only exist at the upper channel surface. As
without front meniscus the pressure gradient inside the fluid column vanishes (external
effects excluded) and pressure becomes ambient pressure everywhere, the upper menis-
cus cannot maintain its curved shape neither. Instead, it becomes flat as a consequence
of both Young-Laplace equation (2.63) and Gibbs criterion (2.17), cf. figure 5.3b). In
summary, the capillary flow has come to a complete stop.
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Figure 5.3.: Channel end effect: a) Capillary flow having not yet reached channel end (same as figure
4.7); b) breakdown of capillary flow with vanishing menisci at channel end

Microchannel end within tribocontact

In order to avoid such a flow stop before the lubricant has reached the tribocontact, one
might be tempted to simply let the microchannels end within the tribocontact. This yet
comes with complications:

First, structures inside the tribocontact might interfere with the function of the tri-
bocontact itself, especially with respect to the pressure buildup in the lubricant film
separating the contact partners. An introductory overview of surface design within the
tribocontact is given e.g., by Etsion [66] with a fundamental idea visualized in figure
1.2. Based on this a less problematic or even beneficial design should be achievable
for example by structuring the channels perpendicular to the contact partners’ relative
motion in order to generate an additional pressure contribution.

What is more critical is the fact that once the lubricant fluid column has connected with
the lubricant fluid inside the contact, the front meniscus and thereby the capillary force
equally disappear – in analogy to what happens at the microchannel’s end as described
above. In addition to that, the pressure in the contact is higher than the ambient pres-
sure typically by several orders of magnitude, which should result in a strong Poiseuille
flow away from the tribocontact. This is true if other possibly contributing flow com-
ponents as summarized for example in Reynolds equation (2.38) can be neglected. In
fact, a counterexample to such a simplification is the classical (elasto-) hydrodynamic
lubrication theory itself where flow through the tribocontact faces a strong positive
pressure gradient before reaching the maximum pressure as seen for example in figure
5.6. Yet from above, normal tribocontact operation may be significantly disturbed by
microchannels. As a consequence, a more detailed analysis of the contact including
supply structures seems inevitable with some more thoughts given in section 5.2.3.
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5. Lubricant transition into and out of a channel or surface structure

Microchannel end at tribocontact’s boundary

Alternatively, Poiseuille counterflow inside the microchannel may generally be avoided
if the channel ends before the tribocontact’s pressure buildup starts i.e., at the tribo-
contact’s pressure boundary. Then, the pressure field inside the microchannel (which
develops after the capillary flow has filled the channel completely) is uniform at ambi-
ent pressure with the capillary filled as seen in figure 5.3b). Again, section 5.2.3 will
provide some more details.

5.2.2. Mechanisms of lubricant removal
out of the microchannel

So far the result is simple: Even though microchannels have proven capable of trans-
porting lubricants by a capillary force over a large distance (in basic theory even an
unlimited distance) they cannot serve the purpose of continuously supplying the tribo-
contact without an additional mechanism which removes the fluid at the channel end.
This is analogously true for any capillary surface structure. If indeed such a removal
mechanism did take a certain amount of lubricant out of the channel, then again a
capillary front meniscus would form consequently taking care of refilling the capillary
channel. The physical nature of the mechanism itself is not important. An extensive
summary of potentially exploitable effects is given for example in [178] some of which
are discussed in what follows:

Surface tension and inertial force driven flow

Both surface tension driven and inertial force driven flows have been analyzed in their
potential to hinder or stop a capillary flow in sections 4.2 - 4.5. Reversing the acting
direction of both forces in theory allows to drive a flow forward after the breakdown
of a capillary front meniscus. Yet following the argumentation in section 4.4.1 that a
surfactant-based Marangoni effect is not likely to be significant (and even less likely
to be exploitable) in tribological environment and the thermal Marangoni effect always
draws lubricants away from the tribocontact because temperature is higher there than
in the surroundings, surface tension driven flow is not seen as a probable solution,
even though its potential to remove a liquid out of a reservoir has been demonstrated
[68, 145]. This is different for an inertial force driven flow: As long as the movement
of the structured body – either coincidentally or intentionally – is responsible for a cen-
trifugal, Euler, and/or translational acceleration force component acting in direction
towards the tribocontact, the lubricant may well leave the capillary channel. Figure
5.4 shows oil sucked out of previously filled microchannels after centrifugation. Even
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5.2. Lubricant transition into tribocontact

though the microchannels end halfway along the test piece, the fluid flow in the con-
tinuing slender fluid columns should allow to treat it mathematically in a similar way
as if the microchannels were continued, yet without front meniscus pressure drop.

initially filled
microchannels

test piece

Figure 5.4.: Structured microchannels end at half length of the test piece; channels are initially filled
with oil as seen in figure 5.3b); subsequent centrifugation as described in [29] leads to oil
flow out of the channels (right image)

Also solid body vibrations transmitted to the fluid column may be a viable alternative.
As argued in section 4.5 their computational treatment differs considerably from the
modeling framework developed so far – mainly due to inertial contributions inside the
fluid column. In practice they yet may combine well with a capillary microchannel
transport: Even if they are not directed and only transfer oil out of the microchan-
nel and into the tribocontact in a semi-predictable or statistical way, the removed oil
mass immediately leads to a new capillary meniscus in the channel which then draws
lubricant to refill the channel.

Flow in capillary substructures

Capillary forces themselves may be present also in the absence of a driving microchan-
nel front meniscus: Especially surface roughness can cause the buildup of driving
menisci in channel-like substructures or between post-like structures as seen in figures
3.1a) and 5.5c). Whereas the small size of such menisci leads to remarkable pressure
drops from Young-Laplace equation (2.63), force direction and especially high viscous
resistance in small gaps must be seen critical. Alternatively, the contacting bodies in
the tribocontact together may form edge-like geometries at their contact line which can
lead to a corner flow mechanism, cf. section 2.5.3. In any case the same criticism
applies as for the microchannel itself: Once the smaller structures have filled there is
no reason that transport should continue if the lubricant is not taken away at their front
end by another mechanism, such as the following:
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5. Lubricant transition into and out of a channel or surface structure

a) b) c)

oil

oil

Figure 5.5.: Physics at the end of a microchannel (shown on the same type of test piece with from a)
to c) increasing magnification, the white rectangles indicate the location shown in the next
magnification step): a) overview of unfilled microchannels, with and without channel end;
b) after filling the channels with oil, flow stops at the channel ends; c) surface roughness
induced capillary forces pull small quantities of oil out of an ending microchannel

Tribocontact induced Couette flow

An inherent property of any tribocontact is relative motion between the two contacting
solid bodies. In fact, even though (elasto-) hydrodynamic lubrication analysis often
concentrates on pressure generation, the sole energy source for all effects observed
is relative solid body motion (leaving externally pressurized applications aside). The
resulting Couette flow transports oil through the tribocontact. Reynolds equation allows
to solve for the velocity field inside the contact and on this basis allows to quantify the
volumetric flow rate the tribocontact ”pumps” from its inlet to its outlet.

If one is able to connect the fluid domain inside a microchannel with the fluid inside the
contact e.g., as depicted in figure 5.6a) it must be inferred that tribocontact pumping
can be exploited to remove lubricant fluid from the channel. If the mechanism works
as desired the tribocontact may even drive the flow in the whole microchannel without
the need for a capillary front meniscus. In addition to that, the capability of the effect
might even overcome potentially present counteracting menisci if the findings of Pow-
ell et al. [158] concerning the removal of a coating fluid out of surface cavities can be
transferred to tribological application. For the potential and universal applicability of
this mechanism it is discussed in further detail in the following section.
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Figure 5.6.: a) EHL contact with characteristic pressure function, cf. [136, 196], adapted to include
a supply microchannel; b) tribocontact inlet zone with capillary meniscus and developing
swirl flow, adapted from [143]

5.2.3. Tribocontact operation as a driver
of microchannel flow

The possibility that a tribocontact generated Couette flow might not only complement
but replace a capillarity driven Poiseuille flow in the microchannel is an ambiguous
result: On the one hand, the force contribution of a front meniscus is lost for transport,
on the other hand, the tribocontact might be able to generate an even higher channel
throughput than the capillary force can.

In order to get a first estimate of the relative transporting capability of both mecha-
nisms, one can construct a simple two-dimensional (x, z) model of a microchannel of
total length L which is split up into a length Lo outside the tribocontact and a length Li
inside as seen in figure 5.6a). More detailed information about the specific modeling
can be found in the appendix. The model can only build in part on the one developed
in the previous chapter because the very basic assumption of unidirectional flow can-
not be held up any more as is seen in figures 5.6b) and 5.7. The latter visualizes the
flow field in transition to the tribocontact under the assumption that the upper surface
velocity uh(x) is externally given. It drives the flow instead of a capillary meniscus.
Two examples a) and b) for uh(x) are shown.

Neglecting the converging tribocontact geometry and concentrating on a simplified
rectangular fluid domain instead, it is reasonable to assume that within the contact a
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5. Lubricant transition into and out of a channel or surface structure

no slip boundary condition requires uh(x>Lo) ≈ uBêx, cf. figure 5.6a). Outside, the
upper surface velocity is expected to be significantly smaller,

uh (x<Lo)� uB (5.1)

This leads to lower fluid layers being drawn up while entering the tribocontact. Addi-
tionally, a swirl flow is observed in figure 5.7b) in the tribocontact region. Here, fluid
parcels in lower fluid layers move in negative x-direction. Obviously, such modeling
does not consider the appropriate stress boundary condition at the free liquid surface
inside the channel and can only be considered a rough estimate under condition (5.1).
Nevertheless, it shows that the lubricant throughput is higher when the microchannel
stretch outside the tribocontact is relatively short compared to the length within the
contact.
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Figure 5.7.: Flow field u(x, z) in the microchannel depending on the fractions of channel length inside
(Li) and outside (Lo) the tribocontact with upper surface velocity uh(x), which drives the
flow, given above; no capillary contribution; computation based on the model given in the
appendix; absolute flow rate q is higher in a)

This is confirmed by fully three-dimensional Navier-Stokes flow computations with the
help of a commercial finite element software code (COMSOL) as seen in figure 5.8. A
basic rectangular channel is split up into a first region with a free surface and a second
region where a constant upper surface velocity uh = uB is set. In order to compare
the results with the two-dimensional model above, the no slip boundary conditions at
the vertical channel walls in a) have been replaced in b) - e) by no stress conditions.
Clearly, the overall fluid velocity in the channel decreases when reducing the upper
surface area where the velocity uh = uB is given. The upward-drawn liquid in the
tribocontact region can best be seen in e) which is the streamline plot of d). Subfigure
f) models a cylinder (body B) rotating with ωy as part of the tribocontact which draws
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5.2. Lubricant transition into tribocontact

lubricant out of a channel segment. In addition to the above, a Marangoni effect pulls
the liquid away from the contact. If one accepts the model’s considerable simplification
that shape and location of the free surface meniscus are not an outcome of the model
but have been defined, the results fit to what was seen previously: As in figure 4.14
with capillary flow, the tribocontact’s pumping ability depends on lower fluid layers to
supply the tribocontact whereas upper fluid layers are drawn away from the contact.

b)a)

e)

d)
c)

uB = const

uB

0

|u|

∂u/∂z = 0

f)

τM

body A

body B ωy

meniscus

Figure 5.8.: Finite element computation of a Couette flow in a microchannel driven by the movement
of a fraction of the channel’s total upper surface: a) - e) pure channel flow, f) model of
a tribocontact geometry including an influence of the Marangoni effect; see text for more
details

To compare the supply capabilities of capillary and tribocontact driven flows, the two-
dimensional model is again taken as the basis. The associated flow rate in the two-
dimensional microchannel (unit: m2/s) can be computed as

q =
h

2L

∫ L

0

uh(x)dx ≈ uBh

2

Li
L

(5.2)

with details stated in the appendix. The approximation of the integral is based on the
assumption that while entering the tribocontact uh(x) rises rather sharply from a small
value outside the contact to uB inside. The location where this happens is marked by
the dashed line in figure 5.7.
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Eq. (5.2) shows the proportionality of downstream flow rate q and the fraction of
the channel inside the contact (Li/L). As microchannel design can influence channel
length L but not tribocontact dimensions (i.e., design possibilities with respect to Li are
limited), the more decisive result is the inverse proportional relationship of flow rate
and channel length q ∝ 1/L. In this, the microchannel flow driven by a tribocontact
is in perfect agreement with the standard Washburn case of capillary channel flow,
cf. table 4.7, case A.

Based on the assumptions made, this statement can only be considered an estimate
which needs further model refinement and a rigorous augmentation to three dimen-
sions. Especially the channel design at the contact has to be considered in more detail:
While eq. (5.2) argues for maximizing the capillaries’ length inside the tribocontact,
the reasoning in section 5.2.1 (regarding pure removal mechanisms) was opposite due
to the sharply increasing pressure towards the center of the contact. For both cases it
is necessary to determine the location of the boundary of the tribocontact, at least in its
inlet region.

Location of tribocontact’s inlet boundary

Especially in the relevant case of starved lubrication the tribocontact boundary’s exact
geometrical location is still to a considerable degree unclear, both from experimental
and modeling perspectives:

EHL theory comes with an array of boundary conditions, for example Swift-Stieber,
Prandtl-Hopkins, Coyne-Elrod, or Jakobsson-Floberg-Olsson. The main motivation for
the specific choice is generally a better explanation of the physics inside the tribocon-
tact. The questions what exactly happens at the boundary and where the boundary is
located are of secondary importance and are answered only vaguely. For measurement
difficulties of the exact position of the inlet meniscus, researchers have even switched
from location based to volume fraction based inlet modeling [39] when computing
Reynolds equation.

Experimental studies have been conducted predominantly with the ball-on-spinning-
disk arrangement where a rotating transparent disk allows to analyze the lubricant flow
at the contact with a running ball, see for example [131, 195]. Interferometry is used to
determine the film height while pressure is measured via micro-transducers [143]. In
the static case without disk rotation, capillary forces are responsible for the formation of
a circular liquid collar around the tribocontact as seen in figure 5.9. The lubricant-filled
area is significantly larger than Hertzian theory’s contact circle. Given characteristic
fluid domain dimensions are smaller than the capillary length, eq. (2.1), the collar’s
ground diameter dL is a function of the material specific contact angles θeq,A and θeq,B
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and the liquid volume only and thus can be determined geometrically with relative
ease.

dHz

θeq,B

θeq,A

dL

Figure 5.9.: Fluid-filled domain around the static ball - plate contact

Dynamically, fluid flow into and out of the contact area and especially the interplay of
capillary forces around the tribocontact and the various fluid dynamical effects make
the circular area converge – both in pressure and interferometry measurement – to an
area described as approximately ”horseshoe” [143] or ”butterfly”-shaped [136]. The
variation in the basic shape reported is considerable and substantially depends on op-
erating conditions as seen in figure 5.10. If in this case the current knowledge is still
limited, even less research results are available for other contact geometries than ball–
plate; with considerable uncertainty one might expect a similar behavior.

e)d)c)b)a) f)

Figure 5.10.: Schematic representation of lubricant-filled area around the Hertzian ball–plate contact
(in black) at different operating conditions: a) static case, b)-f) dynamic case based on
interferometry and pressure measurements under different operating conditions in b) [143],
c) [195] d) and e) [131] f) [160]

Thus from a design perspective robust functioning requires the microchannels to ex-
tend safely into the tribocontact’s fluid domain. As a consequence, tribocontact fluid
dynamics have to be taken into consideration when designing lubricant supply struc-
tures:

Towards a comprehensive model

A comprehensive model requires the coupled consideration of (elasto-) hydrodynamic
lubrication and microchannel flow theories in three dimensions and over two to three
scales: It is seen as a vital area for further research.
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From above, the operating tribocontact cannot be treated as a simple pressure or flow
rate boundary condition for microchannel flow: The former would predict reverse chan-
nel flow away from the contact as the pressure there is much higher than the ambient
pressure. With respect to the flow rate, it is not only determined by the tribocontact
alone; as has been seen, the overall microchannel length is decisive as additional length
adds viscous friction and consequently slows down the channel flow. In the extreme
case, any sufficiently long capillary can virtually stop every tribocontact’s pumping
capabilities.

On the other hand, extending Reynolds equation from two scales (i.e., film height and
lateral tribocontact dimensions) to a third one (microchannel length) and to additional
boundary conditions (e.g., location and nature of free surface boundaries) should prove
at least computationally expensive if not troublesome.

Existing research has developed models for a similar context in two dimensions (x, z),
which are – unlike Reynolds equation – not any more based solely on lubrication the-
ory, eq. (2.37), but at least in part on Stokes equations (2.26) or even the full Navier-
Stokes momentum equation set (2.20). Instead of focusing on the tribocontact inlet,
Bruyère et al. [28] model the split up of the lubricant film in the outlet region of a
tribocontact with the help of a Navier-Stokes based phase field ansatz which as true
two-phase flow model promises to consider capillary effects. With their model, they
are able to reproduce swirl flows (see figure 5.6) which have already been proposed
earlier in [191] in the inlet region of the contact. While Mohammadpour et al. [143]
point out that as a consequence only part of the lubricant inlet flow is entrained into
the contact, these flows may also interfere with the removal of lubricant liquid out of
a supply channel. To be able to pay special attention to meniscus regions, Taroni et al.
[184] decompose the computation domain: While the tribocontact as an outer region
is still modeled with the help of lubrication theory, the inner meniscus region requires
a Stokes ansatz before coupling both with the help of matched asymptotic expansions.
Generally, the models mentioned underline the influence of capillarity as expressed in
the capillary number.

Such logic of a two-dimensional model, if successfully applied to the tribocontact’s
inlet, will need further extension to cover lateral flows in the x-y plane which might be
instrumental in taking liquid out of a microchannel in tribocontact’s inlet region. This
would as well cover all so-called ”in-contact” replenishment flows around the tribo-
contact i.e., from outlet back to inlet [32, 104]. While knowledge about their nature is
limited, their importance cannot be underestimated: If one simply computes the flow
rate through the contact by the help of Reynolds equation alone and assumes that every
fluid parcel transits contact only once, then for a given amount of lubrication liquid
initially present (e.g., bound in a grease drop) the theoretical time the tribocontact is
lubricated may well be smaller than the real product’s lifetime by several orders of mag-
nitude. Lubricant ”recycling” significantly reduces the need for the capillary supply of
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new lubricant. It might itself be supported by microchannels from the tribocontact’s
outlet to its inlet.

It cannot be judged if surface curvature, as investigated for example in [197], is rele-
vant. The Marangoni effect yet does not only pull liquid away from the contact in a
supply channel, it is furthermore expected to influence near-meniscus flow at the tri-
bocontact inlet, cf. eq. (2.59). Further analysis will require knowledge of temperature
gradients at the meniscus. As even shear heating at the inlet is reported to be very well
relevant for tribocontact lubrication [86, 153], the unsubstantiated neglect of a possible
Marangoni influence does not seem advisable. It cannot be answered at this point if
this requires the inclusion of an energy equation into a general model.

Generally the importance of capillary effects in the direct vicinity of the tribocontact
is clearly recognized [72] even in the isothermal case and research is ongoing. Even
in the case they prevent the tribocontact from ”pumping”, alternatives with respect to
lubricant removal from a transport structure exist as described in section 5.2.2, which
offers more freedom in design.

5.2.4. Experimental approach to lubricant
transition into tribocontact

Hertzian contact

channels

relative motion
unstructured

structure parallel

structure
perpend.
to rel.
motion

to rel. motion

test piece

Figure 5.11.: Basic experimental setup to test capillary supply effectiveness of a tribocontact; experi-
ments were conducted with three different sets of test pieces with bc = 50 µm, Λ ≈ 1 and
further dimensions similar to figure 3.7

While the previous sections have shown that the physics of lubricant transition out
of the capillary transport structure into the tribocontact is still subject to several open
questions, the goal of the preliminary experimental approach presented in the following
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is to demonstrate the general effectiveness of the system as a whole, i.e., an operating
tribocontact, which enhances its state of lubrication by serving itself from supply cap-
illaries.

Basis for the experiments is a tribometer in a ”ball on three plates” configuration
(MCR301 with extension T-PTD200, Anton Paar, Austria) as depicted in figure 5.11:
A ball at the end of a rotating shaft touches three test pieces with a normal contact force
of 10.6 N. The contact region on the test pieces is subjected to friction by the passing
surface of the rotating ball. In order to include the Marangoni effect, ABS is chosen as
ball material which generates high frictional heat on the POM test pieces.

The speed of rotation is ramped up linearly from zero to a maximum of 3000 revolu-
tions per minute and then held constant. Without an additional heat source, friction
leads to a temperature increase until at the beginning of the melting temperature range
of homopolymer POM (slightly above 170 ◦C) the test pieces deform: As the ball digs
itself into the plates the coefficient of friction rises, more heat is generated so that the
tribological system fails rather abruptly. The sharp rise in the friction force is measured
by a jump in the torque needed to keep the desired rotational speed as seen in figure
5.12.
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Figure 5.12.: Tribocontact failure of differently structured and lubricated test pieces; friction power is
increased over time via rotational speed which causes a temperature rise; failure, if hap-
pening, is determined by a jump in moment

The experiment is conducted in various configurations: Unstructured test pieces are
compared with laser-structured test pieces as described in section 3.3 yet with adapted
geometry so that the channel direction is either parallel or perpendicular to the relative
motion in the tribocontact as shown in figure 5.11. Baseline tests without lubricant
show early failure irrespective of the use of structured or unstructured plates. Lubri-
cation is done via the same PAO ISO VG 15 as used in previous experiments. As an
alternative to capillary filling out of a reservoir, some experiments are conducted with
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5.2. Lubricant transition into tribocontact

test pieces and/or ball slightly wetted by means of an oil soaked piece of cloth. The
individual method of lubrication does not lead to significantly different results. In con-
trast, structured plates in general fail significantly later than unstructured ones (with
the exception of two experiments of plates with perpendicular structure which were
roughly able to support a load comparable to the unstructured plates) demonstrating
the microchannels’ effectiveness.

A point of criticism is the high variance – even among unstructured plates – which
needs to be addressed in more detail. Furthermore, as the microchannels cross tribo-
contact instead of ending at its boundary, the experiment cannot separate between the
microchannels’ effect as oil supply channels versus the structure’s ability to favorably
change pressure generation inside the contact itself. Only the first effect is of interest
here. If the second effect was dominant, one would expect different results depending
on the structure’s direction: The multiple converging-diverging geometry features of
channels perpendicular to motion direction, cf. figure 1.2, should be clearly superior
to channels parallel to motion direction which may well facilitate pressure loss in the
contact. Yet the results do not show such a difference – one might even consider the
parallel channels’ results to be slightly better.

In summary, the experiments suggest that indeed the microchannel oil supply is the
reason for the superior tribocontact performance. A more rigorous argument needs
further experimental design refinement (e.g., with test pieces not structured through
the contact as seen in figure 5.5) which is left open for further research.
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6. Conclusion

Structuring surfaces in order to generate capillary flows very well serves the purpose of
transporting lubrication liquids from a distant reservoir e.g., a grease towards tribocon-
tact. Based on the greater motivation to counter starvation effects by better supplying
tribocontacts with lubricants from outside, concentration neither lay on ”in contact”
lubricant flows nor on ”in contact” surface structuring.

A geometrically rather simple array of constant cross-section microchannels was iden-
tified as favorable structure type, due to its superiority regarding strength and direction
of capillary force buildup on a given surface area. Fabrication and measurement of
slender channels with widths as low as 20 µm, intended to least possibly interfere with
the structural integrity of the carrier part, proved challenging on typical tribological
materials such as metals or engineering plastics which resulted in lower geometrical
accuracy compared to what is known from etching processes in silicon for example.
Depending on the application case, the best results were achieved by micromilling or
femtosecond laser ablation.

Flow modeling strategy built on the above: While the overall geometrical simplicity
of a constant cross-section channel allows for significant simplification in the physi-
cal model culminating in the assumption of unidirectional flow, cross-sectional shape
and surface roughness needed additional attention. The underlying idea of so-called
lubrication theory i.e., two different characteristic length scales, was adapted to mi-
crochannel flow by a nondimensionalization procedure. In the base case this led to a
classical Poisson type equation for microchannel flow.

Inertial forces from rotating or accelerating solid bodies into which the structure is cut
could be included rather simply as body force equivalents. The non-isothermal tem-
perature field around a tribocontact, simply because the contact generates heat, mainly
has two consequences: First, implications of viscosity variation along the channel on
flow behavior and channel throughput had to be covered. Second, the relevance of the
Marangoni effect required surface tension gradients at the open channel surface to be
considered.

To include the capillary meniscus at this free surface, simplifying assumptions had to
be made and were discussed. A corner flow influence was argued to be negligible.
Both approaches pursued in literature which still allow to treat the front meniscus as a
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flow boundary condition, relying on interfacial pressure drop and the minimization of
Gibbs free energy, respectively, show complications with respect to nonstandard cross-
sectional channel geometries. They were consequently adapted to separate size and
material property influences from characteristic shape influence with the requirement
to determine the latter in a one-time lab experiment. In order to make it redundant,
future research is needed regarding shape and resulting capillary force generation of a
three dimensional meniscus including flow dynamics. Potential model starting points
were given, which after successful implementation are expected to come with heavily
increased computational cost.

Lab experiments with a variety of structured test pieces were designed and conducted
in order to validate the channel flow model. Including non-isothermal conditions, a fine
agreement could be reached.

Computation and experiment show that both inertial forces due to moving structured
bodies as well as thermal effects can be highly relevant in their potential to draw lu-
bricants away from a tribocontact – inside or outside a microchannel. The buildup of
capillary force in the channel yet exercises a strong counteraction. It is for example able
to maintain a positive net lubricant flow towards tribocontact due to flow near channel
bottom even though upper fluid layers are drawn away from tribocontact by Marangoni
induced stresses.

While transport in the capillary channel array itself is, based on the above, well com-
putable, it is the transition zones into and out of the capillaries which come with a
variety of open questions: Neither a grease’s oil bleeding behavior nor lubricant flow
inside and in the immediate vicinity of tribocontact is being understood to a degree re-
quired to model the physics in these regions. Especially the connection with tribocon-
tact is important, because if no appropriate transition mechanism is available, capillary
channel transport can in the worst case break down completely. On the other hand,
tribocontact itself may undertake this transition task as both theoretical considerations
and experimental results suggest. From a modeling point of view it has to be asked
if interfaces between the respective domains can sensibly be defined or if alternatively
they have to be treated as a connected system. First thoughts and approaches have been
stated, yet leave plenty of space for coming research.

All in all, capillary surface structures have proven as a reliable means to transport liquid
lubricants over comparatively long distances in spite of potentially strong counteracting
forces. The channel transport itself is predictable. Lubricant supply of a tribocontact
with the help of such structures can be considered a promising new option to enhance
tribocontact operation.
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Appendix

A. The material derivative in inertial and
noninertial reference frames

The absolute velocity of a fluid parcel in an inertial frame of reference (I) is given
by Iu. The relative velocity of the same fluid parcel (i.e., the velocity relative to a
non-inertial frame (O)) is Ou. Both can be expressed as material derivatives of the
respective position vectors (cf. figure 2.6):

Iu =
IDs̆

Dt
(A.1)

Ou =
ODx

Dt
(A.2)

The main coordinate system of frame (O) is chosen to be fixed at the microchannel’s
inlet. The channel itself is fabricated into a moving rigid body. Although not necessary
it may be convenient to define an auxiliary coordinate system with origin M which is
also located on or in the body and moves with (O). For this reason p̆ is constant in (O)
so that ODp̆/Dt = 0. With x = −p̆+ q̆ eq. (A.2) yields:

Ou =
ODq̆

Dt
(A.3)

The velocity of M measured in the inertial frame is:

Idr̆

dt
=

IDr̆

Dt
(A.4)
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The fluid parcel velocity expressed in the inertial frame is the sum of the velocity of M ,
the velocity component due to rotation of the rigid body, and the fluid parcel velocity
measured in the moving frame:

Iu =
IDs̆

Dt
=

IDr̆

Dt
+ ω × q̆ +

ODq̆

Dt
(A.5)

With s̆ = r̆ + q̆:

IDq̆

Dt
=

ODq̆

Dt
+ ω × q̆ (A.6)

The procedure which resulted in this equation, valid specifically for vector q̆, can be
generalized to apply for an arbitrary vector o to give the basic equation:

IDo

Dt
=

ODo

Dt
+ ω × o (A.7)

In the special case that a vector is aligned with ω i.e., ω itself, the cross product van-
ishes and consequently the material derivative of such a vector is invariant to the refer-
ence frame chosen. With respect to ω, the material and time derivatives are equal, so
that:

IDω

Dt
=

ODω

Dt
=

Dω

Dt
=

dω

dt
(A.8)

Now applying the material derivative in an inertial frame ID/Dt to eq. (A.5):

IDIu

Dt
=

I
D2s̆

Dt2
=

I
D2r̆

Dt2
+

ID

Dt
(ω × q̆) +

ID

Dt

(ODq̆

Dt

)
(A.9)

With eq. (A.7) and applying the product rule yields:

IDIu

Dt
=

I
D2r̆

Dt2
+

IDω

Dt
× q̆ + ω ×

IDq̆

Dt
+

O
D2q̆

Dt2
+ ω ×

ODq̆

Dt
(A.10)

where

ω ×
IDq̆

Dt
= ω ×

ODq̆

Dt
+ ω × (ω × q̆) (A.11)

from eq. (A.7).
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B. Simple two-dimensional model of channel flow driven by variable upper surface velocity

Combining eq. (A.8), (A.10), and (A.11) leads to:

IDIu

Dt
=

I
D2r̆

Dt2
+

dω

dt
× q̆ + 2ω ×

ODq̆

Dt
+ ω × (ω × q̆) +

O
D2q̆

Dt2
(A.12)

With eq. (A.3) and (A.4):

IDIu

Dt
=

ODOu

Dt
+ ω × (ω × q̆) + 2ω × Ou+

dω

dt
× q̆ +

I
d2r̆

dt2
(A.13)

B. Simple two-dimensional model of channel
flow driven by variable upper surface velocity

A channel of unlimited width can be modeled in two dimensions, x and z, because
the flow pattern does not change in lateral direction. Figure 5.7 shows the flow in a
channel segment with length L and constant height h driven by a given upper surface
velocity uh(x). Based on lubrication theory, eq. (2.37) is taken as the starting point for
the model derivation. In two dimensions it reads:

∂p

∂x
= η

∂2u

∂z2
(B.1)

∂p

∂z
= 0 (B.2)

∂u

∂x
+
∂w

∂z
= 0 (B.3)

The viscosity η is assumed to be constant. From eq. (B.2) the pressure does not vary
in z-direction, so that p = p(x). With this, integrating eq. (B.1) twice with respect to z
yields:

u(x, z) =
1

2η

∂p

∂x
z2 + c1z + c2 (B.4)

Here, c1 and c2 are constants of integration which can be determined by applying the
appropriate boundary conditions for horizontal flow (no slip at the channel bottom and
the given velocity at the upper fluid surface):
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u(z=0) = 0 (B.5)
u(z=h) = uh(x) (B.6)

Then eq. (B.4) becomes:

u(x, z) =
1

2η

∂p

∂x
z (z − h) + uh

z

h
(B.7)

After differentiation with respect to x one can apply the continuity equation (B.3):

∂w

∂z
= −∂u

∂x
= − 1

2η

∂2p

∂x2
z (z − h)− ∂uh

∂x

z

h
(B.8)

Integration with respect to z yields:

w(x, z) = − 1

6η

∂2p

∂x2
z3 +

1

4η

∂2p

∂x2
z2h− 1

2

∂uh
∂x

z2

h
(B.9)

Here, the constant of integration c3 has already been omitted because the first of the
following two boundary conditions for vertical flow directly leads to c3 = 0:

w(z=0) = 0 (B.10)
w(z=h) = 0 (B.11)

Applying eq. (B.11) to eq. (B.9) yields:

∂2p

∂x2
=

6η

h2

∂uh
∂x

(B.12)

This result could have been directly derived from Reynolds equation (2.38), with
uh = uB and uA = 0. Disregarding lateral contributions for the two-dimensional na-
ture of this model and without the squeeze and local expansion terms (which are not
relevant due to the assumptions made) one is left with a balance of a Poiseuille and a
Couette term, namely eq. (B.12). Double integration with respect to x leads to:

p(x) =
6η

h2

∫
uh(x) dx+ c4x+ c5 (B.13)
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B. Simple two-dimensional model of channel flow driven by variable upper surface velocity

As in the rest of this work the pressure level outside the channel is ambient pressure
pam. Here, it directly defines the boundary conditions both at the channel inlet and
at the channel outlet, because this model purely relies on shear-driven flow and no
capillary contribution is included:

p(x=0) = pam (B.14)
p(x=L) = pam (B.15)

With these conditions the constants of integration c4 = −(6η)/(h2L)
∫ L

0 uh(x) dx and
c5 = pam can be determined inside the channel’s domain (especially for 0 ≤ x ≤ L).
Eq. (B.13) then becomes

p(x) =
6η

h2

(∫ x

0

uh(ζ) dζ − x

L

∫ L

0

uh(x) dx

)
+ pam (B.16)

and can be differentiated with respect to x to yield:

∂p

∂x
=

6η

h2

(
uh(x)− 1

L

∫ L

0

uh(x) dx

)
(B.17)

With eq. (B.7) this allows to compute the downstream velocity field in the channel:

u(x, z) =
3

h2

(
uh(x)− 1

L

∫ L

0

uh(x) dx

)
z(z − h) + uh(x)

z

h
(B.18)

Combining eq. (B.9) and (B.12) leads to its vertical counterpart:

w(x, z) =
∂uh
∂x

z2

h2
(h− z) (B.19)

In two dimensions the channel downstream flow rate q, defined in eq. (2.50), reads

q(x) =

∫ h

0

u(x, z) dz (B.20)
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and is measured in [m2/s]. It can be computed with the help of eq. (B.18):

q =
h

2L

∫ L

0

uh(x) dx (B.21)

Based on this equation, the channel downstream flow rate is proportional to the channel
height h and the integral of the upper surface velocity uh and inversely proportional to
the channel length L if the integral is held constant.

C. Nondimensionalization

The following list of variables’ nondimensionalization contains generally valid formula
as well as formula which are different when applied in thin film and microchannel
context, respectively:

general thin film microchannel

x∗ = x/l0 z∗ = z/h0 = z/(δl0) y∗ = y/l0 y∗ = y/h0 = y/(δl0)

u∗ = u/u0 w∗ = w/(δu0) v∗ = v/u0 v∗ = v/(δu0)

t∗ = u0t/l0 p∗ = (h2
0p)/(η0u0l0)

f∗ = (h2
0f)/(η0u0) a∗T = aT /a0T

ω∗ = ω/ω0 α∗ = α/α0

τ∗ = (h0τ)/(η0u0) η∗ = η/η0 (if not a constant)

∇∗ = l0∇ T ∗ = T/T0

148



List of Figures

1.1 Tribocontact a) in starvation and b) with capillary lubricant supply by a
microchannel; thermal effects (heat is generated in the tribocontact) and
body movement may draw the lubricant away from the tribocontact with
the capillary effect as a countermeasure . . . . . . . . . . . . . . . . . . . . 2

1.2 Pressure generation within the tribocontact due to a) a protrusion, b) a step,
c) dimples in the surface [66] . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3 a) Meniscus at a fiber immersed in a liquid with equilibrium contact angle
θeq [53]; b) liquid between two fibers [159] . . . . . . . . . . . . . . . . . . 7

2.1 SEM image and model of a grease: thickener structure, which serves as oil
reservoir, is modeled in [5] as a stacked arrangement of fibers . . . . . . . . 14

2.2 a) Couette flow and b) Poiseuille flow with typical velocity profiles . . . . . 15
2.3 Thermal conductivity of PAO reference oils FVA 2A (PAO ISO VG 32)

and FVA 3A (PAO ISO VG 100) as a function of temperature; computation
based on eq. (2.13) with measurement data from Bartel [9] . . . . . . . . . 18

2.4 Contact angles: a) equilibrium contact angle; b) advancing and receding
contact angles; c) Gibbs criterion at sharp edges and analogous behavior at
rounded edges . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.5 Constant cross-section microchannel with pressure driven flow; contour
lines of the velocity profile in cross-sections with maximum downstream
velocity in the channel center . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.6 Non-inertial channel frame of reference (O), allowed to rotate and translate
relative to the inertial frame (I); M is the origin of an auxiliary coordinate
system in the non-inertial frame . . . . . . . . . . . . . . . . . . . . . . . . 27

2.7 Surface roughness in microchannels: Constricted diameter approach . . . . 35
2.8 Thermal Marangoni effect: a) local heating leads to thinning of fluid film

as liquid flows away; b) temperature gradient leads to Couette flow away
from hot region towards cold region . . . . . . . . . . . . . . . . . . . . . . 38

2.9 Capillary rise in vertical circular tubes: Contact angle determines rise height 39
2.10 Meniscus in a closed rectangular channel segment: Liquid-air interface

with constant mean curvature computed with SURFACE EVOLVER [23] for
a contact angle of 5◦ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

2.11 Aspect ratio adjustment factor K(�)
Len from [128], computed with eq. (2.78) . 45

2.12 Bulk and corner flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

149



List of Figures

2.13 Partially filled channel cross-section . . . . . . . . . . . . . . . . . . . . . . 48
2.14 Capillary force determination by free energy minimization approach . . . . 49

3.1 Surface structures to transport liquids: a) pillars, b) converging-diverging
channels, c) constant cross-section channels, d) tree-like structure, e) flow
stopping geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.2 Cross-sections of channels fabricated with a femtosecond laser into stain-
less steel, source: H. Besser / M. Mangang (KIT IAM); comparison with a
channel of comparable dimensions etched into silicon (small picture) . . . . 55

3.3 Cross-sectional geometry of a microchannel as a consequence of fabrica-
tion (simplified illustration): a), b) micromilling, c) laser ablation d) laser
ablation with multiple lines of operation . . . . . . . . . . . . . . . . . . . . 56

3.4 Microchannels fabricated by femtosecond laser ablation into a) stainless
steel, b) polyoxymethylene (POM), source: H. Besser / M. Mangang (KIT
IAM) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.5 Microchannels of approximately triangular cross-section fabricated by pe-
ripheral milling into polyamide 6-6; SEM image (right); geometry mea-
surement (left) via confocal microscopy (M. Egner, Bosch) . . . . . . . . . 58

3.6 Advancing oil front in multiple parallel channels; images taken at seven
time points reveal Washburn-like behavior; the white rectangle indicates
the location of figure 3.8 (taken in a different experiment); oil feed out of
a brush (instead of using a reservoir) leads to a later start of the capillary
flow at the sides of the main oil front . . . . . . . . . . . . . . . . . . . . . 60

3.7 Test piece with a total of 24 straight microchannels . . . . . . . . . . . . . . 61
3.8 Oil front in six parallel microchannels; microscope focal plane at the upper

channel edge with the channel bottom blurred; light reflections give insight
into the shape of the menisci . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.9 Quality of experimental results: statistical assessment . . . . . . . . . . . . 63
3.10 Experimental setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
3.11 Test piece temperature distribution and temperature dependence of lubri-

cating liquid properties, see also [142] . . . . . . . . . . . . . . . . . . . . . 67

4.1 Relation of characteristic length scales in a) bulk fluid, b) thin film, and c)
microchannel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.2 Overlay of cross-sectional velocity profile u(y, z) (contour lines shown)
and SEM image of channel lasered into stainless steel with undesired irreg-
ular boundary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

150



List of Figures

4.3 Velocity profiles u∗(y∗, z∗) in different channel cross-sections: a) trape-
zoidal, b) sine, c) groove (v-shape), d) elliptical (u-shape), e) wide Gaus-
sian (3ς), f) narrow Gaussian (6ς); for the rectangular cross-section see
figure 4.5; comparison based on equal C, i.e., equal front meniscus pres-
sure drop, channel length, and constant viscosity; for differences in upper
meniscus see section 4.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

4.4 Comparison of semi-analytical and numerical computation; the former
based on sigma approximated Fourier series, eq. (4.32), the latter being a
finite differences approach, eq. (4.25) and (4.27) . . . . . . . . . . . . . . . 83

4.5 Influence of changes in cross-sectional area on flow profile u∗(y∗, z∗): a) by
upper meniscus, c) by idealized surface roughness features in comparison
to b) unrestricted flow area of open channel; absolute values comparable
with figure 4.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

4.6 Slight channel curvature based on eq. (4.36) allows the use of curvilinear
coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

4.7 Liquid-air surface in an open channel with a) square and b) trapezoidal
cross-section; conceptual split-up into three regions: upper meniscus re-
gion Ωu, front meniscus region Ωf , and corner flow region Ωc; picture a)
has approximative character only as taken in the static case against gravity
in a channel with b = h = 1000 µm . . . . . . . . . . . . . . . . . . . . . . 87

4.8 Unlimited and limited corner flow depending on cross-sectional shape . . . 89
4.9 Time function of capillary flow in open channels, Λ = 1, bc = 30 .. 70

µm; model fit (lines) via G3ς
ex = 3.62 to experimental data of channel with

bc = 60 µm; experimental values of all channels are given with mean value
(circles) or standard deviation (horizontal bars); same data as a function of
t∗ (left) and

√
t∗ (right) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

4.10 Time function of non-isothermal flow with negative, positive, and zero tem-
perature gradient dT/dx in channel with bc = 40 µm; experiments (mark-
ers) and model (lines); test piece temperature Tt(x) as displayed in figure
3.11a) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

4.11 Solid temperature distribution Ts(x) determines wall temperature Tw(x)
along the channel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

4.12 Deviation from perfect Washburn behavior (isothermal case, straight line)
of non-isothermal lubricant flow with negative (left) and positive (right)
temperature gradient dTt/dx . . . . . . . . . . . . . . . . . . . . . . . . . . 104

4.13 Influence of the Marangoni effect on the flow rate: Velocity profiles in
the channel center plane at y∗= 0 under increasing Marangoni effect due
to growing |dT/dx|: see figure 4.14 for the cross-sectional velocity field
u∗(y, z) of cases A and B . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

151



List of Figures

4.14 Contour plot of the flow velocity u∗: a) base case of isothermal flow; b)
the Marangoni effect pulls lubricant near the open surface away from the
tribocontact which leads to simultaneous forward and backward flow in
different fluid layers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

4.15 Velocity profiles at y∗ = 0 (Gaussian channel) show that the consequences
of the Marangoni effect can be influenced a) by the neglection of the cap-
illary pressure (dashed lines) compared to the regular case (solid lines), b)
by the aspect ratio, and c) by the absolute temperature; computation of b)
based on Lenormand’s formula for a rectangular channel (see text) . . . . . 109

4.16 Capillary channel flow in a rotating reference frame with flow direction
radially towards the rotation axis (”spinning disk” case): no rotation (dotted
line), constant angular velocity (dashed line) and varying angular velocity
(solid line) as specified in a) . . . . . . . . . . . . . . . . . . . . . . . . . . 116

5.1 a) Expected capillary effects within a grease if the thickener structure is
modeled as proposed by [5]; b) interplay of two capillary systems: grease
and carrier structure (pictured is the quantitative ashless cellulose filter pa-
per grade 589/2, Whatman brand, GE Healthcare, USA) . . . . . . . . . . . 124

5.2 Oil advancement dependent on a) four types of carrier paper A-D and b)
on grease mass in grams (carrier filter paper grade 589/2, Whatman brand,
GE Healthcare, USA) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

5.3 Channel end effect: a) Capillary flow having not yet reached channel end
(same as figure 4.7); b) breakdown of capillary flow with vanishing menisci
at channel end . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

5.4 Structured microchannels end at half length of the test piece; channels are
initially filled with oil as seen in figure 5.3b); subsequent centrifugation as
described in [29] leads to oil flow out of the channels (right image) . . . . . 129

5.5 Physics at the end of a microchannel (shown on the same type of test piece
with from a) to c) increasing magnification, the white rectangles indicate
the location shown in the next magnification step): a) overview of unfilled
microchannels, with and without channel end; b) after filling the channels
with oil, flow stops at the channel ends; c) surface roughness induced cap-
illary forces pull small quantities of oil out of an ending microchannel . . . 130

5.6 a) EHL contact with characteristic pressure function, cf. [136, 196],
adapted to include a supply microchannel; b) tribocontact inlet zone with
capillary meniscus and developing swirl flow, adapted from [143] . . . . . . 131

5.7 Flow field u(x, z) in the microchannel depending on the fractions of chan-
nel length inside (Li) and outside (Lo) the tribocontact with upper surface
velocity uh(x), which drives the flow, given above; no capillary contribu-
tion; computation based on the model given in the appendix; absolute flow
rate q is higher in a) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

152



List of Figures

5.8 Finite element computation of a Couette flow in a microchannel driven by
the movement of a fraction of the channel’s total upper surface: a) - e) pure
channel flow, f) model of a tribocontact geometry including an influence of
the Marangoni effect; see text for more details . . . . . . . . . . . . . . . . 133

5.9 Fluid-filled domain around the static ball - plate contact . . . . . . . . . . . 135
5.10 Schematic representation of lubricant-filled area around the Hertzian ball–

plate contact (in black) at different operating conditions: a) static case, b)-
f) dynamic case based on interferometry and pressure measurements under
different operating conditions in b) [143], c) [195] d) and e) [131] f) [160] . 135

5.11 Basic experimental setup to test capillary supply effectiveness of a tribo-
contact; experiments were conducted with three different sets of test pieces
with bc = 50 µm, Λ ≈ 1 and further dimensions similar to figure 3.7 . . . . 137

5.12 Tribocontact failure of differently structured and lubricated test pieces; fric-
tion power is increased over time via rotational speed which causes a tem-
perature rise; failure, if happening, is determined by a jump in moment . . . 138

153





List of Tables

2.1 Compressibility, thermal conductivity at NTP conditions, and temperature
influence coefficient for two FVA reference oils . . . . . . . . . . . . . . . 17

2.2 Comparison of the magnitude of the front meniscus pressure drop in chan-
nels with different cross-sectional shapes (all closed or of unlimited height)
by help of the geometrical constant G , see also table 4.3 . . . . . . . . . . . 45

3.1 Measurement of physical properties of four PAOs used in experiments; data
given as listed in [29] for NTP conditions, see figure 3.11b) for measure-
ment values at different temperatures . . . . . . . . . . . . . . . . . . . . . 62

3.2 Average coefficient of variation for experiments conducted with Gaussian-
shaped microchannels with aspect ratio Λ = 1 and width of b = 30, 40, and
60 µm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.1 Various measures of viscous friction in channels with the following cross-
sections: (1) square (closed), (2) square (open, flat meniscus), (3) square
(open, curved meniscus; same for all following channels), (4) trapezoidal,
(5) sine, (6) groove, (7) elliptical, (8) Gaussian (3ς), (9) Gaussian (6ς) . . . 84

4.2 Model simplification via averaged filled cross-section ÃS instead of AS(x),
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[12] P. Bergé and M. Dubois. Rayleigh-Bénard convection. Contemporary Physics,

25(6):535–582, 1984.
[13] J. D. Bernardin, I. Mudawar, C. B. Walsh, and E. I. Franses. Contact angle

temperature dependence for water droplets on practical aluminum surfaces. In-
ternational Journal of Heat and Mass Transfer, 40(5):1017–1033, 1997.

157



Bibliography

[14] J. Berthier and K. A. Brakke. Wetting of solid walls and spontaneous capil-
lary flow. In K. L. Mittal, editor, Advances in Contact Angle, Wettability and
Adhesion, volume 2, chapter 1, pages 3–46. John Wiley & Sons, 2015.

[15] J. Berthier, D. Gosselin, and E. Berthier. A generalization of the Lucas–
Washburn–Rideal law to composite microchannels of arbitrary cross section.
Microfluidics and Nanofluidics, 19(3):497–507, 2015.

[16] J. Berthier, D. Gosselin, A. Pham, F. Boizot, G. Delapierre, N. Belgacem, and
D. Chaussy. Spontaneous capillary flows in piecewise varying cross section
microchannels. Sensors and Actuators B: Chemical, 223:868–877, 2016.
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tosecond laser ablation of transparent dielectrics: measurement and modelisa-
tion of crater profiles. Applied Surface Science, 186(1):364–368, 2002.

[90] C. Guo, X. Hu, T. Wang, and D. Tang. Analysis of axial meniscus jump-like
transition in rectangular microgrooves. In Proceedings of the ASME 8th Inter-
national Conference on Nanochannels, Microchannels, and Minichannels collo-
cated with 3rd Joint US-European Fluids Engineering Summer Meeting, pages
697–703, 2010.

[91] L. Guo, H. Xu, and L. Gong. Influence of wall roughness models on fluid flow
and heat transfer in microchannels. Applied Thermal Engineering, 84:399–408,
2015.

[92] B. J. Hamrock, S. R. Schmid, and B. O. Jacobson. Fundamentals of fluid film
lubrication. Dekker, 2nd edition, 2004.

[93] M. Hans, F. Müller, S. Grandthyll, S. Hüfner, and F. Mücklich. Anisotropic
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Motivation for this work is to counter lubricant 
shortage at a frictional contact. Without enough 
lubricant available, so-called starvation occurs 
which may lead to increased friction, wear, and 
related undesirable effects culminating in the to-
tal failure of the respective machine or assembly. 
The specifi c idea is to actively transport lubrication 
liquids, for example oils, from a distant location to-
wards an undersupplied tribocontact. This is done 
in small channels or generally in structures cut into 
a fl at surface in order to make use of capillary force 
as a cheap and reliable driver of the lubricant fl ow. 
The focus is on the transportation process with the 
tribocontact itself playing a minor role. 

Flow modeling is adapted to meet typical condi-
tions in the vicinity of a tribocontact and consid-
ers for example geometrical inexactness due to 
structure fabrication, inertial effects in non-inertial 
reference frames, and thermal phenomena such as 
the Marangoni effect. The critical transition zone 
between the structure and the tribocontact itself is 
discussed. Flow experiments on specially designed 
testing equipment complement and validate the 
numerical modeling. 

All in all, capillary surface structures prove to be 
a reliable means of transporting liquid lubricants 
over comparatively long distances in spite of po-
tentially strong counteracting forces. The lubricant 
supply of a tribocontact with the help of such struc-
tures can be considered a promising new option to 
enhance tribocontact operation.
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