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Abstract

We consider an initial-boundary value problem for the Maxwell’s system in a bounded do-
main with a linear inhomogeneous anisotropic instantaneous material law subject to a nonlinear
Silver—Miiller-type boundary feedback mechanism incorporating both an instantaneous damp-
ing and a time-localized delay effect. By proving the maximal monotonicity property of the
underlying nonlinear generator, we establish the global well-posedness in an appropriate Hilbert
space. Further, under suitable assumptions and geometric conditions, we show the system is
exponentially stable.
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1 Introduction

Consider the macroscopic formulation of Maxwell’s equations in a bounded domain G C R3 with
v: I' = R? standing for the outer normal vector to its smooth boundary I' := G and the functions
E,D,H,B: [0,00) x G — R3 denoting the electric, displacement, magnetic and magnetizing fields,
respectively. With p: [0,00) x G — R representing the electric charge density, Gauss’ law along
with Gauss’ law for magnetism yield

divD=p and divB=0 1in (0,00)x G, (1.1)
while Faraday’s law of induction and Ampére’s circuital law mandate
oD =curlH—-J and 0OB=—curlE in (0,00)xG. (1.2)

Typically, J: [0,00) x G — R3 is a (given) total current density.
Since the system (1.1)—(1.2)) is underdetermined, two more equations relating the four un-
known vector fields E,D,H,B need to be postulated. Letting e, u: G — R3*3 be symmetric,
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uniformly positive definite matrix-valued permittivity and permeability tensor fields, the instanta-
neous anisotropic material laws read as

D=¢E and B=pH. (1.3)

Combining Equations —7 we arrive at
O (eE) = curllH -7, div (eE) = p in (0,00) x G, (1.4)
9 (pH) = — curl E, div (pH) =0 in (0,00) X G. (1.5)

Various boundary conditions for Equations ({1.4))—(1.5)) are known in the literature. Eller et al.
[9] considered the nonlinear version

Hxv+g(Exv)xv=0 on(0,00)xT (1.6)
of the classical Silver—Miiller boundary condition
Hxv+k- (Exv)xr=0 on(0,00)xTI. (1.7)

Here, g: R? — R? is a smooth function with g(0) = 0 and x > 0 is a constant. Equations and
(1.7) model scattering of electromagnetic waves by an obstacle G under the assumption that the
waves cannot penetrate the obstacle too deeply [3, p. 20|. The Silver—Miiller boundary condition
arises as a first-order approximation to the so-called transparent boundary condition but,
despite of being dissipative, allows for reflections back into the domain G [8, p. 136].

In the present paper, we modify the nonlinear feedback-type boundary condition by incor-
porating a nonlinear time-localized delay effect:

H(t,) x u+71g(E(t, ) X V) X u+'ygg(E(t -7, )xv)xvr=0 on (0,00)xT (1.8)

with a delay parameter 7 > 0 and appropriate constants v;,72 > 0. Viewing the instantaneous
Silver—Miiller boundary conditions and as a feedback boundary control, the latter being
a common stabilization instrument widely used in engineering, an extra delay term in Equation
becomes indispensable to adequately account for time retardations, which inevitably arise due
a time lag in the interaction between a sensor measuring E x v and the actuator updating H x v
on the boundary T'.

Pulling Equations (1.4)—(1.5)), (1.8) together, we arrive at

8t(f-:E) =curlH—-J, div (eE) =p in (0,00) x G,

8,:(,uH) = —curlE, div (uH) =0 in (0,00) X G,

H(t, ) x v+ ng(E(t,) xv) xv+7g(E{t -7, ) xv)xvr =0 on (0,00) x I,
In the following, let J = 0 and p = 0. This corresponds to the case both electrical sources and
resistance effects are absent. While not affecting the well-posedness results to follow, compared to
the case of electrical resistance, i.e., J = o(E, H)E as mandated by the Ohm’s law, the condition

J = 0 reduces the overall amount of damping in the system making the stability analysis more
challenging. Adding the usual initial conditions, we arrive at the system

O (eE) = cwlH, div(eE)=0 in (0,00)x G, (1.9)

O (pH) = —cwrlE, div(pH) =0 in (0,00) X G, (1.10)
H(t,") x v+ 1g(E(t,-) x v) x v+ vg(E(t —7,") xv) xvr=0 on (0,00) x T, (1.11)



E(0,)=E, H(0,)=H’ inG, (1.12)
E(—7,)xv=®&" in (0,1) xT. (1.13)

Partial (not mentioning ordinary!) differential equations (PDEs) have widely been studied in
the literature. Time-delays along with other types of time-nonlocalities such as memory effects,
etc., can typically enter a PDE in one of the two ways — either through a time-nonlocal material
law [11, [13] or a time-delayed feedback mechanism (so-called “closed-loop control”) |4l [5l (18], 23], 25],
etc. Whereas time-delayed material laws mostly lead to ill-posedness [13], the effect of time-delay
in feedback mechanisms can range from a “mere” reduction of the decay rate to destabilization to
even ill-posedness. We refer the reader to the famous Datko’s example [4], which illustrates the
later dichotomy. Our goal is to investigate the impact of the nonlinear boundary delay feedback
from Equation on system —. Before proceeding with our study, we first give a short
literature review. In our brief review below, we restrict ourselves to instantaneous material laws
but discuss both instantaneous and nonlocal boundary conditions.

As stated earlier, various boundary conditions for Equations f have been studied in
the literature. Eller et al. [9] examined the problem of stabilizing Maxwell’s equations f
subject to boundary condition

Hxv+g(Exv)xv=0on (0,00) xT.

The (scalar) € and p were assumed real positive fields and ¢(-) a continuous mapping satisfying
certain monotonicity and boundness conditions. To prove the well-posedness, monotone operator
theory and nonlinear semigroup theory were used, while the exponential stability — both in the
linear and the nonlinear cases — was shown via exact controllability established using multiplier
techniques.

Similar investigations were performed by Eller [6] who studied Equations f with the
boundary conditions

vxE=0, v-(uH)=0o0n (0,7)xT.

Assuming the star-shapedness of G and exploiting the method of multipliers, a boundary observ-
ability inequality was proved. Certain results on the boundary regularity of classical solutions to
Maxwell’s equations

e E —cwrlH+oE=J, poH+ cwrlE=0in (0,7) x G,
complemented by the boundary and initial conditions
vxE=0on(0,7)xT, E@0)=E’ H@O)=H"inG

were obtained by the same author in [7].
Lagnese [16] studied the exact boundary controllability of Maxwell’s equations

OE —curl(e'H) =0, 9;H + curl(u 'E) = 0 in (0,00) x G, (1.14)
divE=divH =0 in (0,00) x G, (1.15)
E(0)=E’ H@O)=H’inG (1.16)

subject to boundary condition
vrxH=-JonT x (0,00). (1.17)



Here, the current density J plays the role of a distributed open-loop control. The electric permittivity
¢ and magnetic permeability pu were assumed constant, while the region G was selected to be star-

shaped with respect to some point.
Nicaise [19] investigated the exact controllability of isotropic Maxwell’s equations (|1.9)—(1.10))
with the boundary conditions

Hxv=Jon (0,7) x I,
Hxv=0on (0,7) x (I'\ Iy),
Exv=0o0n(0,7)xT

via a boundary control J. Here, I'g is a non-empty, relatively open subset of I'.
Eller & Masters [10] later used multiplier techniques to prove the exact controllability for Equa-

tions ((1.14)—(1.16) via of the boundary control
vx (e 'H)=Jon (0,T) xT

for nonhomogeneous p, ¢ without any star-shapedness assumptions.
Krigman [I5] studied a similar problem for the system

e E — curl(H) + cE =0, poH+ curl(E) =0 in (0,00) x G
div(eE) =0, div(pH)=01n (0,00) x G

with the initial conditions (1.16)) and boundary condition ([1.17)) with no star-shapedness assump-
tions.
Zhou [27] investigated the exact controllability under the action of a distributed control u

OE — curl(H) = xg(x)u in (0,00) x G,

OH + curl(E) = 0 in (0, 00) x G,

divH=divE =0 in (0,00) x G,

Exv=0o0n (0,0)x G,
E(0) =E° H(0)=H’in G,

where x¢(-) is the indicator function of a set w C G. This result was further extended by Zhang
[26] to time-dependent w’s using multiplier techniques.

A series of important results were obtained by Nicaise & Pignotti. In [20], under monotonicity
and boundedness assumptions on g(-), the authors considered a stabilization problem for Maxwell’s
equations

OE — curl(AH) = 0 in (0, 00) x G, (1.18)
OH + curl(pE) = 0 in (0,00) x G, (1.19)
divE = divH = 0 in (0, 00) x G, (1.20)
E(0)=E’ H@O)=H"inG (1.21)

with space-time variable (scalar) coefficients p = p(x,t), A = A(x,t) and a nonlinear Silver—Miiller
boundary condition

gx,Exv)+Hxv=0on (0,00) xI.



Another article [21] by the same authors was dedicated to the problem of stabilization of Maxwell’s
equations via a distributed feedback arising from the linear Ohm’s law:

OE — curl(A\H) + ¢E = 0 in (0,00) X G, (1.22)
O H + curl(pE) = 0 in (0,00) X G, (1.23)
divH =0 in (0,00) x G, (1.24)

Exvr=0 H-v=0on(0,00)xT, (1.25)
E(0) =E’, H(0)=H’inG. (1.26)

The method of multipliers was used to establish an observability estimate in the paper. Same au-
thors [22] also obtained an observability estimate for the standard isotropic homogeneous Maxwell’s

system (|1.18)—(1.21]) subject to boundary conditions (|1.25)).

The impact of boundary conditions that include tangetial components were studied by numerous
authors. Kapitonov [12] considered Equations (1.18)—(1.21)) in (0,7") x G with dissipative boundary

conditions
vxE—-a()H; =0,

where «(-) is a continuously differentiable function on I" with Re« > 0. Here and in the sequel,
H,=H-(Hxv)H (1.27)

denotes the tangential component of H. Using the semigroup approach to investigate the well-
posedness, the author further utilized geometrical properties of the domain to obtain results on

exact boundary controllability of the solution to ((1.18)—(1.21)) in (0,7") x G with boundary condition
v x E—ia(x)H;|r = p(t,x),

where a(x) is a continuously differentiable scalar function on I'. Cagnol and Eller [2] studied a similar
problem for anisotropic Maxwell’s equations with the so-called “absorbing boundary” condition

vxE—-aH,=gon (0,7) xT.

Nonlocal boundary conditions are also known in the literature. Nibbi & Polidoro [18] proved the
exponential stability of ‘Graffi’-type free energy associated with the isotropic Maxwell’s equations
subject to a memory-type boundary condition

E,(t,-) =noH(t,") x v + /000 n(s)H(t — s,-) x v ds.

In contrast, the impact of time-delayed boundary conditions from Equation on Maxwell’s
equations has not been studied in the literature before. At the same time, such boundary conditions
proved to be very interesting — both from theoretical in practical point of view — for other types of
hyperbolic systems. For example, Nicaise & Pignotti [23] investigated the stability of a delay wave
equation subject to a time-delayed boundary feedback

u(t,x) — Au(t,x) = 0 for (¢,x) € (0,00) x G,
u(t,x) = 0 for (¢,x) € (0,00) x Iy,
Ou(t,x) = —pgu(t,x) — pou(t — 7,%) for (t,x) € (0,00) x (I'\ T'p),
u(0,x) = up(x), du(0,x) = ui(x) for x € G,



u(t — 7,x) = fo(t — 7,x) for (¢t,x) € (0,7) x (I'\ T'p).

Under suitable conditions on I'g, the initial-boundary-value problem was shown to possess a unique
strong solution, which is exponentially stable given puo < 1.

The rest of the paper has the following outline. In Section [2 partial difference-differential Equa-
tions f are transformed to an abstact nonlinear evolution equation on the extended phase
space. By showing maximal monotonicity of the generator and exploiting the nonlinear semigroup
theory, the well-posedness is proved. In Section 3 under a star-shapedness assumption on the do-
main G, the exponential stability of the system is shown by using standard Rellich’s multipliers
and auxiliary functions inspired by [I3]. In the Appendix section, for the sake of completeness, a
“folklore” method (which probably goes back to early works of I. Lasiecka) that establishes a con-
nection between disipativity, an observability-through-damping inequality and exponential stability
is formulated and proved.

2 Well-Posedness

Following [6], for a symmetric, positive definite matrix-valued o € L*(G,R3*3), we define the
spaces

H(curl,G) := {u € (LQ(G))3 | curlu € (LQ(G))S},
{

H(diva 0,G) := {u e (L3(@))* | div(au) = o}

and introduce the Hilbert space
H = H(dive 0,G) x H(div,0,G)
endowed with the inner product

(BHW" (E,H)T), = /

sE-de+/ pH - Hdx.
G

G

(The completeness follows from [16]).
Similar to [9], we formally define the operator

A E . —e lewrlH
" \H plewrlE) "
Our goal is to transform Equations (|1.9)—(1.13) to an abstract Cauchy problem on the extended

phase space (cf. [13] 23])
A= H x L2(0,1; (L3(T))?)

endowed with the scalar product

(B,H,Z)", (E,H2Z)") , =(EWD (EH),

Letting formally

E(ta ) E(tv')
Vi(t,-):= H(t,-) = H(t,-) ,
(0,1) > s+ Z(t,s, ") (0,1) > s (E(t — 7s) x v)|r)



we define the operator

o D) C A — A, (BHZ)T (A(E’ H)T>

1o,z
with the domain
D(o7) = {(E,H, 7)" € | (AE,H)T,20,2)" € #, Exv|p,Hxv|r € (LX),
Hxv+vgExv)x u+72g(Z|s:1) xv=0onT,
Zls—o = E x u}.
The latter explicitly reads as
D() = {(E,H, Z)" € #|E,H € H(ewl,G), Ze H'(0,1; (L))",
E x vlr, H x vlp € (LX),
Hxv+ygE xv) X V—i—'ygg(Z\S:l) xv=0onT,
Zls—o=E x u}.
Equations (1.9)—(1.13) can equivalently be written as an abstract evolution equation
HV(t)+ (V) =0fort>0, V(0)=V" (2.1)
with VO := (E°,H°, ®))T.

Assumption 2.1 (Tensor fields € and p). Let e, € C° (G’,R?’X?’) satisfy

(e(x))" =e(x) and (u(x))" = p(x) forx € G (2.2)
as well as
Amin(€) > 0 and Apin(p) > 0,
where B
Amin () = 523 |r£r|n:ri ¢ (p(x)€) for ¢ € CO(G,R¥).
Denote

o = min{Amin (€), Amin(12) - (2.3)

Assumption 2.2 (Nonlinearity g(-)). Suppose the nonlinear function g: R3 — R? satisfies:

2. There exists c; > 0 such that (g(E) — g(E)) (E—E) > 01|E — E‘Q for any E,E € R3,
3. There exists c; > 0 such that |g(E) — g(f})‘ < &|E — E| for any E,E € R3.

Remark 2.3. In contrast to the wave equation, which is known [17] to admit feedback functions
with a superlinear growth rate (iny, not y;), this is no longer true for Mazwell’s equations since su-
perlinear terms can cause the solution to leave the basic L?-space thus destroying the well-posedness.
In this sense, the results of our paper appear to be optimal — at least at the basic energy level.



The following two lemmas are quoted from [9].

Lemma 2.4. For all E;H € H(curl,G) with E x v|p,H x v|r € (LQ(I‘))?’, we have

/(curlE‘H—curlH-E)dX:/(H><1/)-de.
G r

Let P. denote the orthogonal projection on H(dive 0, G) in (L?(G))3.

Lemma 2.5. The image P-(D(G))? is dense in H(dive0,G). The domain of the operator < is
dense in S .

Remark 2.6. For all x € C*°(G), we have curl(Pex) = curl x in G and (Pex) x v =x xv onT.
Now, we can prove the following lemma.
Lemma 2.7. There exists a positive number C' such that C-id+ .47 is a maximal monotone operator.
Proof. Monotonicity: Consider a new inner product on ¢ defined via
(BH,Z)"(EHZ)T") ;= (EH EH"),

+57// B(t - rs) x v) - (Bt — 75) x v)dxds.

Here ¢, £ are positive numbers and will be chosen later. Obviously, <-, > > is equivalent with the

H
original inner product <', > Ve

First, we show that C -id 4+ </ is a monotone operator for some C' > 0. For all (E,H,Z)T,
(E,H',Z"\T € D(«), letting (E,H,Z)T = (E,H,Z)” — (E/,H,Z")", we obtain

E’ E E’
<(O-z‘d+yf H|-(Cid+o) W], [H]|-|H >
Z VA Z vA A

E E E
—cll{|a +< H|, |#& >

Z Z Z A

E “LeurlH E
=C|||H +< “lewlE |, |H >

Z 10,2 Z A

E o o 1 o
=Cl||H —|—/(curlE~H—curlH-E)dx+§/ /ecsasz-deds. (2.4)

7 - Ja 0o Jr

I

Using Lemma and the boundary condition from Equation (1.11)), we get

url E - H—CurII:I-E)dX:/I:IXV-de

—
ﬂ\ﬂ\A

(mgE xv) xv+7g(Z| _,) xv—mgExv) xv—yg(Z,_,) xv) - (E-E)dx

(meE x v) +7e(Z'|_,) - ne(E xv) - yg(Z|,_,)) xv- (E-E)dx



B /p (ME(E x v) +728(Zl,1) ~ nEE xv) —128(2] ) - (B~ E) x vdx (2.5)
= /F’Yl (g(E xv) —g(E x 1/)) . (E xv—FE x V) +72(g(zys:1) _ g(zl}8:1)) ) (Z|5:0)dx

Recalling Assumption and using Cauchy & Schwarz’ inequality, the latter integral can be esti-
mated both on the low

/vl(g(Exu)—g(E’xu)) : (ExV—E’xu)dxz/ylcl}Exu—E’ xu‘2dx
r r

- B (2.6)
= er | Zleodx = mer|Blecolfpsys
r
and the high side
/F72 (8(Z],—y) — 8(Z'|,_)))  (Z]s=0)dx
%
o (/ (8(2],-) ~ B2 ) o [ 2200
r r (2.7)

— </r (e2( Zl ey — Z/’Sl))zdx/ ZQbodX);

= —v202|| Zls=1ll(z2(r))2 - 1Zs=0ll (£2(ry)3-

Now, consider the latter term in Equation (2.4). Integrating by parts, we get

1 1
5/ /ecsasz-deds: g// e 0,(Z?)dsdx
o Jr 2 JrJo
¢ i -
= / <eCSZ2]§§(1)—/ ceCSZ2dS> dx
1
f/ < CZQ‘S 1_Z2|s 0—/ CeCSZ2d3>d
_ 7 2 fC csrp2
= 7HZ|S:1H(L2(F) ||Z|s ol? (L2(T))3 // Z2dsdx. (2.8)

Recalling Equations (2.5)—(2.8)), we obtain

E 2

1
cll|a +/ (CUTIE'H—CurlH-E)dx—|—§/ /eCSGSZ'ZdXdS
y/ _JG 0o Jr
A
A Ve £\ 1o cet
2¢ H <I:I> " + C&—/O /FGCSZdedS + ('chl - §)HZ’5:OH%L2(F))3 + 7”2’811”%112(1"))3

1
c€ - _ )
Taking now £ < 2v1¢1 and applying Cauchy & Schwarz’ inequality, we arrive at

| @),

1 .
+C§r/ /ecszzdxds—i- (mer — )HZ!s olltzzcry )3+ HZ’S e
0 T




C€ ' csrg 5 ~
_ 2/0 /Fe Z2dxds — v2e2|| Zls=1l L2(ry) - 1 Zls=oll (L2 (ry)

=|(&)

1
+&(Cr—3) /O /F608Z2dxd8 — 7262\ Zls=1ll(z2(r))3 - | Zls=oll(z2(r))s- (2.9)

’ N N
+ 2| (ner — 5)7 1Z]s=1ll(z2(ry)3 - 1| Z]s=0ll (2(r))3
H

1

Finally, selecting ¢ such that 2 ((’ylcl — %) %) > > 72c2 and then choosing C' > 5=, the right

hand side of Equation is rendered positive implying the monotonicity of <.

Mazimality: By virtue of Browder & Minty’s Theorem [1, Theorem 2.2], it suffices to prove
(C+ ) -id + < is surjective for at least one A > 0, i.e., for any (Fy,Fo, F3)T € 2, we need to find
(E,H,Z) € D(«) such that

E F
(C+1)-id+«) |H| =|Fz]. (2.10)
y/ | O

Let b = C + 1. From Equation (2.10), we have bZ + 7710,Z = F3, whence we easily get

Z(t,s,x) = e ™ (/08 F3(t,s,x)e™"dr + E(t,x) x 1/) . (2.11)

In particular,
Z(t,s,X)|s=1 =€ ™" </1 Fs(t,r, x)e™ dr + E(t,x) ¥ I/> , (2.12)
Z(t,s,x)|s=0 = E(t,x) i V. (2.13)

Further, using Equation , we obtain
H=0b0"(F;— p ' curlE) (2.14)
to arrive at
b’eE — curl(Fy — p~ ! curl E) = beF;. (2.15)
The latter equation is formally equivalent with
b?eE + curl(p ™! curl E) = beFy + curl Fy, (2.16)
while the boundary condition in Equation (1.11)) can formally be transformed to

—b tuteuwrlE x v+ mg(Z|,_y) X v +728(Z],_,) xv=—b"'Fy xv, (2.17)

where Z|,_, and Z|,_, are given by Equations (2.12)) and (2.13)), respectively.
Define the Hilbert space

We = {E € (L*(G))* | cwrlE € (L*(G))?, div(eE) € L*(G), E x v € (L*(I))*} (2.18)
endowed with the norm

B, = /G |E|? + |curl E|? + | div(eE)|* dx + /F |E x v|? dx. (2.19)

10



Consider the variational problem: Find E € W, such that
a(E,E) = /GbsF1 -E' + Fy - curl E' dx for any E' € W,. (2.20)
Here, the nonlinear form a(-,-) is defined by
a(E,E) := /G b’eE-E + p~ !t cwrlE - curl B + sdiv(eE) div(eE’) dx

+b / (B % v) - (me(Zl,_y) + 12e(Z],_y)) dx,

where Z|,_, and Z|,_, are given by Equations (2.12)) and (2.13)), respectively, and s is a positive
number to be chosen later.
Similar to [9], consider the operator

B:We— W, Bu(v) = a(u,v). (2.21)

Observing that right-hand side of Equation belongs to the space W/, the solvability of Equa-
tion ([2.20) needs to follow from surjectivity of the operator B. Using [24, Corollary 2.2] and the
fact that strong monotonicity implies coercivity, it is sufficient to prove B is strongly monotone,
hemicontinuous and bounded.

Strong monotonicity: For any E,E’ € W,, letting E=E— E’, we have

(BE - BE,E—-E'),, . =(BE,E-E), . —(BE,E—F

—a(E,E-E)—aE,E-E)

>W€’><W5

= / b’eE-E+ p tcurlE - curl E + sdiv(eE) div(eE) dx+
G

+ b/r(E X V) - (71g(E X V) +72g(e_7b(/01 F3(r)e™dr + E x u))) dx

— / b’eE -E+ ptcurl B - curl E + s div(eE’) div(eE) dx+
G

- b/F(E Xv)- (71g(E’ X V) + Vzg(eTb(/Ol Fs(r)e™dr + B x u))) dx

= / b’eE-E + p tcurlE - curl E + s div(eE) div(eE) dx+
G

+ b/F(E X V) - (rylg(E X V) +72g(e_7b(/01 F3(r)e™ dr + E x V))) dx

- b/F(E X V)- (71g(E' X V) + nyg(e_Tb(/Ol Fs(r)e™dr + E x 1/))) dx.

The latter two integrals rewrite as
by /(E xv)- (g(Exv)—gE xv)) dx (2.22)
r

+ by /F(E X V) - (g(e_Tb(/O1 F3(r)e™dr + E x 1/)) - g(e_Tb(/O1 F3(r)e™dr + E x u))> dx.
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Utilizing Assumption we obtain
byt /(E xv)- (g(Exv)—gE xv))dx>by / c1|E x 1/}2 dx (2.23)
r r

and
byo /F(]:] X V) - (g(e_ﬂ’(/o1 F3(r)e™dr + E x v)) — g(e_Tb(/O1 F3(r)e™ dr + E x u))) dx

> b’ygeTb/ cl‘e*Tb(E X 1/)|2 dx = b'ygcleTb/ ‘(E X 1/) ‘2 dx. (2.24)
r r

Hence,
(BE - BEE - E), . > /Gb2€E ‘E+ p7![cwl EP 4 5| div(eE)[* dx

+ ber (v + 677b72) / cl‘E X V{Z dx
r
> B - By,

for some positive c*.
Hemicontinuity: For any E, E' € W, we can write

(B(E + tE'),E) a(E +tE | E) (2.25)

WixWe
= / Ve(E+tE) -E +p ' cwrl(E +tE) - cwrl E' + sdiv (e(E + tE)) div(eE') dx
G

+ by /(E' xv)-g((E+tE) xv)dx

r

1

+ b2 /(E' X V) -g(e_Tb(/ Fs(r)e™ dr + (E + tE') x v))dx.

r

0

On the strength of Assumption 7 we get the continuity of g(-). Now, by virtue of Equation (2.25),

the continuity of ¢ — (B(E +tE'),E'),,, ... follows.

Boundedness: Suppose ||E|w. < ¢. Then,

(BE,E a(E, E)|

>ngWE‘ = |

< / b* |eE-E'| + |p ! cwlE - curlE'| + 5 |div(eE) div(eE')| dx
G

+b%/ (E' xv) - g(E xv)|dx
r

+572/
r

Using Cauchy & Schwarz’ inequality and Assumption [2.2] we estimate

1
(E' x v) -g(e_Tb(/ F3(r)e™dr + E x v))|dx.

0

1/2
b’yl/ ‘(E’ X V) -g(E X I/)‘dx <bm </ |E x y’de/ lg(E x y)‘QdX>
I r r

1/2
< byieo (/ |E" x V\de/ |E x I/|2dX>
r r

12



= b2 E" x vl2r)s |E x vl (r2(ry)s
< b ||EJw. |E[|w.
< byieac||E||w,

and

1
(E' xv)- g(e_Tb(/O F3(r)e™dr + E x u))‘ dx

2 1/2
< byaca (/ ‘E' X V‘de/ dx)
r r

1 1/2
< 572026_717“]3, X V”(L2(F))3 </ 2(/ F3(7“)e'rbr(21’l")2 +2|E x V‘de>
r 0

< 2byacoe” | E |lw, (1ZFsll(r2rys + | X vll(z2ry)s)
< 2()"}/202877-1)”]3/”[/[/6 (HIFSH(LQ(F))?' + C) ,

b2 /
r

1
e_Tb(/ F3(r)e™dr + E x v)
0

where ZF3 = fol F3(r)e™dr. Therefore,

|BE|lw: < c* and the conclusion follows.

In summary, B is surjective and the problem possesses a (weak) solution. Since B is
strongly monotone, the solution is unique.

Strongness of solution: We now prove the (weak) solution E € W, to Equation (2.20)) along
with corresponding H, Z satisfy Equation ([2.10)).

First, we show that div(eE) = 0. Following [9], consider the set

(BE,E') ., ‘ < ¢*||E/|lw. for a suitable ¢*. Thus,

Jw;

D ={p € H}G) | div(eVyp) € L*(G)}. (2.26)
Letting E' = V¢ for arbitrary, but fixed ¢ € D, we can rewrite Equation as
/Gb2sE -V + sdiv(eE) div(eVyp) dx = /G beF; - Vy dx for any ¢ € D.
Using Green’s formula, we get

/ —b? div(eE)p + sdiv(eE) div(eVy) dx = —/ bdiv(eF)e dx for any ¢ € D. (2.27)
G G

Since (F1,Fg,F3)T € 2, it follows that F; € H(dive 0,G). Thus, the latter integral in Equation
(2.27) vanishes. Hence,
/ div(eE)( — b*¢ + sdiv(eVy)) dx = 0 for any ¢ € D. (2.28)
G

Since the spectrum of div(eV:) with homogeneous Dirichlet boundary conditions is discrete,
there exists a positive number s such that 5?/s belongs to the resolvent set. Then, from Equation
([2-28), we conclude that div(eE) = 0 holds strongly in G.

Therefore, Equation becomes

/ b’eE-E + p~tcurlE - curl E + b/(E’ X V) - (’ylg(Z|5:0) —|—72g(Z|5:1)) dx
G T

13



= / beF|-E' +Fy - curlE' dx for any E' € W,. (2.29)
G

Recalling the definition of H from Equation (2.14)) and applying Green’s formula to Equation
(2.29), we arrive at

/ ebE-E' + H - curlE' dx + /(E’ xv)- (mg(Z|,_y) +128(Z],_,)) dx
G r

= /GeF1 -E' dx for any E' € W,.
Choosing E' = P.x with x € (D(G))3, we get
/Gst - Pex +H - curl(P:x) dx = /GsFl - P.x dx for any x € (D(G))3
or, after using Green’s formula,
/G (ebE — curlH) - Pox dx = /G€F1 - Pox dx for any x € (D(G))3.

Since P-(D(G))? is dense in H(div, 0, G), there identity
ebE — curlH = eF4 (2.30)

follows in the strong sense.
Choosing E' = P.x with x € (C®(G))3, we get

/GebE - Pox +H - curl(Pex) dx + /(Pex xv)- (m8(Zl,_y) +728(Z],_,)) dx
r

= / eF; - Pox dx for all x € (D(G))3.
G
Using Equation (2.30)), Lemma and Green’s formula, we finally conclude

/F_(H XV)-x dx—i—/F (u x (118(Z],_p) +’yzg(Z\S:1))) xdx =0

for all x € (D(G))*. Thus, we have —H x v — (v18(Z[,_,) + 128(Z|,_,)) X ¥ = 0 in the strong
sense. Therefore, (E,H,Z)T € D(&/) and Equation (2.10) is satisfied. O

Theorem 2.8. Under Assumptz’ons cmd suppose VO € . Then, Equation possesses
a unique global mild solution

V e C%([0,00), ).
If, moreover, VO € D(&), the mild solution V is a strong solution satisfying

V € W,52°(0, 00; 5) N LiS, (0, 00; D(7)).

loc loc

Proof. Since the operator C'id +.4 is maximally monotone for a sufficiently large C' > 0, using [,

Corollary 4.1], any initial value V? € D(&7) admits a unique mild solution. By virtue of Lemma
this remains true for VO € J#. As for the strong solution, [I, Theorem 4.5] applies. O
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3 Exponential Stability

Our thrust is to prove the exponential stability for Equations (1.9)—(1.13]). To this end, we consider
the “natural energy” functional

1 2 _1 -2x1 -2x71 — 75,%) x v|*dxds
E(t).—2}|VH%_2/G|E(t,)\d +2/G|H(t,)\d 4 /O/F\E(t %) x v|2dxds.

In the following, we apply a combination of Rellich’s multiplier techniques developed for boundary
control problems along with Lyapunov’s techniques for delay differential equations in the spirit of
[13].

For xg € R3, consider the vector field m(x) := x — xg.

Assumption 3.1 (Regularity and geometric conditions). Suppose the following conditions are sat-
isfied:

1. G is a bounded C?*-domain.

2. G is strictly star-shaped with respect to xg € G, 1i.e.,

m(x)-v(x) >0 forxel. (3.1)

3. e, pu € CHG,R3>3).
4. There exists a constant dy > 0 such that

e+(m-V)e>die and p+ (m-V)u>dipinG, (3.2)

Remark 3.2. Inequalities are mathematical assumptions about the physical nature of the
medium (cf. [6]). Similar conditions are imposed in [10, [15], etc. In case both € and p are scalar
and constant (or “nearly” constant), this corresponds to the “strict star-shapedness” with respect to
xo (see, e.g., [T4, p. 2/). In particular, all convexr domains are strictly star-shaped. Hence, the
geometry class is non-trivial.

Consider a new functional

1
E¢(t) ::;/G‘E(t,-)ﬁdx—i—;/(}‘H(t, ')‘2(?1)(-1—57'/0 /F‘E(t—Ts,x) xu‘deds,

where £ is a positive number such that

2C2
el —77 > &>

72C2

3 (3.3)

Obviously, & exists if y1¢1 > yaco.

Lemma 3.3. Suppose yic1 > va2ca. Then, there exist positive numbers ¢, ck such that for all

ty > t1 > 0 the following inequality holds
2 2 2 t2 2 2
—0{3/ /Z\S:0+ Z|5_, dxdt > Fe(t2) — Ee(t1) > —cgE/ /Z\S:O+ Z7_, dxdt,  (3.4)
t1 T t1 T
where (BE,H,Z)T is a strong solution of Equation .
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Proof. Similar to [9, Lemma 2.7], multiplying Equations (1.9) and (1.10) in L?(0,T; (L*(G))?) with
E and H, respectively, integrating by parts and using the boundary condltlon from Equation (1.11]),
we get

Belto) = Fe(t) == [ [ (n8(Z],oq) +228(Zl,) - (Blt,)  v)deat 35)

+€T/:/O /FQ(E@_TS,.) x V) 0 (B(t — 75, ) x v)dxdsdt.

Recalling
Z(t,s,) =E(t—7s, ) x v for s € [0,1]

and following [13], we obtain
TOZ(t, s, ) + 0sZ(t,s,) = 0 for (t,s) € (0,00) x (0,1).
Therefore,
57/ / E(t —7s,-) xv) - 0(E(t — 7s,") x v)dxds
:—5/ / E(t —7s,-) x v) - 0s(E(t — 7s,-) x v)dxds

After plugging the latter identity into Equation (3.5)), we arrive at
to
E(t2) = E(t) = / [ (182l )+ e(2],20) - gt (3.6)

/Z\s 0o— Z|,_ 1dxdt

Using Assumption and Young’s inequality, we get

2l ) 2l gdx = e [ 2P dxand (3.7)
I I
[zl ) 2l gdx= e [ |2l 2], ax
T I
2—02/ z?  dx— 2 [ z]>_,dx. (3.8)
2 Jr 2 Jr

Then, Equation (3.6 can further be estimated as follows:

2 2 Y2C2 2 Y2C2 2
Eé(tg) — Es(h) < —Y1€1 . Z’s:O X + T Z’s:l dx + 5 . Z|s:0 dx | dt

t1
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t2
+§/ /z@zo— Z|?_, dxdt
t1 I
(rncl—@— / /Z\S o dxdt — ( 7262 / /Z|S Ldxdt. (3.9)
t1 t1

Since £ is selected to satisfy Equation (3 , we arrive at

t2
Belts) — Belt) < —F [ [ 2+ 22 axatr
t1 I

On the other hand,

[ &(Zl) 2l ix
JEC R

<02/ Z\S o dx and (3.10)

<62/Z|s 1 Z|s 0|dX

< 2AZ\S:1dx+2/FZ\§:de. (3.11)
Thus,
to
Ee(ts) — Ee(t1) / / 118(Zl—g) + 128(Zl,_,)) - |sodth’
t
2
—f/ /Z‘s 0~ Z’s 1dth‘
t1
Z/ < 7102/Z’50 - 2= Z|§:1dX—M Z|§0dx> dt
tl T 2 2 T
to to
—¢ /zﬁzodxdt—g /z@:ldxdt
t1 r t1 r
t2
> —cg/ /Z|§:O+ Z|?_, dxdt,
t1 I
which finishes the proof. O

Lemma 3.4. There exist positive numbers c,cr such that the estimate

/ Ee(t) dt < e(E(0) + Ee(T +cT/ /zy o+ 2P, dxdt (3.12)

holds true for every T > 0 along any strong solution (E,H,Z)T of Equation .

Proof. Similar to [0, Section 3.1, pp. 193-195], using Rellich’s multipliers m x (eE) and m x (uH),
we obtain

T
;/ /(5+(m'v)€)E‘E+(u+(m-V)u)H~dedt
G
0 , .
:_/ /V'm(HH‘H+€E~E)dxdt
2 0 T

+/OT/F(V><E)-(m><EE) dxdt+/0T/F(u><H)-(m><uH) dxdt
+ /G (m x eE(T)) - (H(T))dx - /G (m x eE(0)) - (HH(0))dx.

(3.13)
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The left-hand side can be estimated using inequalities in Equation (3.2)) as
1 T dl T
= (s+(m-V)e)E-E+(u+(m-V)u)H-dedt25 eE-E + pH - Hdxdt.
0 G 0 G

From Assumption and Equation (2.3)), we get €E - E > o|E|?, uE - E > o|E|? for all E € R3.
Therefore,

1 T
/0 /G(€+(m~V)E)E.E+(u+(m-v)p)H~Hdth

dlo‘/ /|E| + |H|? dxdt.

From the compactness of I' and the continuity of m, we get m - v > § > 0 uniformly on I
Thus, the first term on the right-hand side of Equation (3.13]) can be estimated via

(3.14)

I 17
—2/ /V-m(uH-H+sE-E)dxdt§—2/ /V'm(,uH-H—i—sE'E)dxdt
o Jr o Jr

. (3.15)
g
—/ /uH-H+€E-dedt.
2Jo Jr
Utilizing Young’s inequality, we further get
‘/ (m x cB(T)) - (WH(T))dx </ | - |€B(T)]| - |pH(T)| dx
< SuP Im(x)| [ Amax (€) Amax( ’/ |E(T (T)|dx
N (3.16)
< 5 50 1m5) A (€) A (1) / B + [H(T) dx
xeG G
< sup Im(x)] [Amax (&) Amax ()] e (T).
Similarly, we obtain
/G (m x eE(0)) - (nH(0))dx| < sug Im(x)] | Amax (&) Amax (12)| E¢(0). (3.17)
xXE

Next, we estimate fOT fF<V x E) - (m x eE)dxdt. By virtue of Young’s inequality, we get
1 2 0 2
\(VXE)~(m><€E)|S\uxE\-[mxsElgﬁluxE\ —|—§|m><sE\ (3.18)

Using the uniform positive definiteness of e, we further find

im x eE[? < sup [m(x)[? - [€E[* < sup [m(x)[* (Amax(€)|E[)?
xeG xeG

< sup [ ()2 (Amas () LB - B.

xeG «

Integrating the latter inequality, we get

/ /|m>< eE|?dxdt < —sup|m( )|? ()\max(s))g/OT/FsE-dedt. (3.19)

O xe@G
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Using Equations (3.18]) and ( , we obtain
T 1 5
/ /(uxE)-(mer) dxdtg/ /5\VXE\2+]m><eE|2 dxdt
0o JT

< 25/ /|1/><E]2dxdt

T
2
+§fsup|m( x)|* (Amax(€)) /0 /FEE-dedt.

O xe@

In the same fashion, we get

T T 1 5
/ /(l/x H) - (m x ,uH)dxdtg/ /511/ X H|2—i—f]m>< pH|? dxdt
0 r

< / /|u><H|2dxdt
=%

_|_ —— sup |m( max / / [,LH Hdth

2O‘xEG

Recalling the boundary condition in Equation (1.11]), we estimate

1 [T 1 [T
/ /\uxH!dedt_/ /‘(’ylg(zszo)—i—’ygg(Z’S:l)) « v[2dxdt
1 [T )
<35 /. \(’ng(z\szo) +728(Z],_,))[*dxdt
max{%’ }/ / (Z|,_y) + g(Z],_, )dxdt
CQmaX{’YU }/ /Z|s 0+ Z|s 1dth

Combining Equations (3.13)—(3.17) and (3.20)—(3.22]), we deduce

d
10‘/ /yEy +|H)? dxdt<—5/ /HH H + ¢E - Edxdt

ubY / lv x E|?dxdt

) 1
4+ - = sup Im(x)|” (Amax( / /sE Edxdt
2 a x

+ CQmaX{’Yla }/ /Z|s 0+ Z|S 1dth

01
+ ——sup ’1’1’1( max / / N’H Hdxdt
2a xeG

+ ilelg |m( )| ‘)\max( )AmaX(u)‘ (EE ) + EE(O))

Choosing § > 0 such that

2 s ) s { (€))7} <

N |

9
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we arrive at

d
10‘/ /\E\ + [HP? dxdt <— / /zys o dxdt (3.24)
+62max{71 }/ /Z\S o+ Z7_, dxdt

+ ilellG) I (x)[ | Amax (€) Amax (1) | (Eﬁ(T) + EE(O))‘

There remains to estimate

T 1
I :/ / / |E(t — 75,%x) x V}dedsdt.
o Jo Jr

Making substitution © =t — 7s and v = ¢, we get

/ / /‘E U, X) X V‘ dxdsdv
1 T—T1 9
:T/ u—|—7/‘Eux xu‘ dxdu + — / T/‘E(u,x)xu} dxdu
-7 r
1 [T 2
+/ (Tu)/ }E(u,x) X 1/‘ dxdu
T Jr—r r
0 9 T—1 9
g/ /’E(u,x) x V| dxdu+/ /‘E(u,x) x v| dxdu
-7 JT 0 T
T 2
+/ /‘E(u,x) X I/| dxdu
T—1JT
T T
< / / }E(u,x) X u‘2dxdu—|—/ / |E(u—7,%x) X V|2dxdu
o Jr o Jr

T
- / / 712, + 7|, dxdt (3.25)
0o JT
Now, multiplying Equation (3.25) by {7 and adding the result to Equation (3.24) divided by d;«,
the claim follows with appropriate constants c, cp. O

Theorem 3.5. Let 'V be the unique strong solution given in Theorem[2.8. Under Assumption
if ciy1 > caya (i.e., the delay term is not too strong), there exist C, A > 0 such that the associated
energy satisfies

E(t) < Ce_AtE(O) fort > 0.
Proof. From Lemmas [3.3] 3.4 and Theorem in the appendix with

D(t) :/Fz§0+ Z°_, dx,

we get the desired inequality for F¢(-) in place of E(-). Taking into account the equivalence of E(-)
and Fg(-), the original claim follows. O

Due to the density of D(«7) in J#, we have:

Corollary 3.6. The conclusions of Theorem remain true for mild solutions, i.e., if VO € J.
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Proof of Exponential Stability

E

Theorem A.1. Suppose there exist a non-negative function D(t) and positive numbers c; ,cg, c and
cr such that

to t2
—cf | D(t)dt > E(t2) — E(t) > —c5 [ D(t) dt for allty > t; >0 (A1)
t1 t1
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and

T T
/ E(t) dt < ¢(E(0) + E(T)) + cT/ D(t) dt for arbitrarily large T. (A.2)
0 0
Then, there exist C, X > 0 such that the function E(t) satisfies
E(t) < Ce ™ E(0) fort > 0.

Proof. Taking t; = 0 and to = T in Equation (A.1), we get
T
E(0) < E(T) +c¥ / D(t) dt. (A.3)
0
Thus, from Equation (A.2]), we obtain
T T
/ E(t) dt < 2¢E(T) + (cr + cc¥) / D(t) dt. (A.4)
0 0
Now, using Equation (A.1)) with to =T and t; = t, we get
T
E(t)> E(T) + C{E/ D(s) ds. (A.5)
t

Integrating the latter inequality from 0 to 7" with respect to t and taking into account Equation

(A.4), we arrive at

T T T T
TE(T) + c{E/ / D(s) dsdt < / E(t) dt < 2¢E(T) + (cr + CCQE)/ D(t) dt. (A.6)
o Jt 0 0
Choosing T' > 4c, we have
T T T T
§E(T) + C?/ / D(s) dsdt < (er + ccg)/ D(t) dt. (A.7)
o Jt 0
Since D(s) is non-negative, we estimate
T N
§E(T) < (er + ecy) D(t) dt. (A.8)
0

Applying Equation (A.1)) with £; = 0 and t2 = T to the inequality in Equation (A.8)), we get

T cr + cck
FEM) < — 57— ~(E(0) - E(T)), (A.9)
1
which finally leads us to
T
<2 + 5) E(T) <¢E(0) (A.10)

E
. ~ cr+-ce
with ¢ = % Thus,
1
c

E(T) <~E(0) f =—— < 1. A1l

(1) <BO) for 7 = -5 < (A1)

Using a similar argument on each of the time segments [(m — 1)T,mT] for m = 1,2,..., we
obtain

EmT) <~E((m—-1)T)<...<~4M™E(0), m=1,2,... (A.12)
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Denoting A = —T~!In(y) > 0, Equation (A.12) rewrites as
E(mT) < e TE0), m=1,2,....
It easily follows from (A.1]) that E(¢) is monotone non-increasing. This leads to

1
*€_>\(m+1)TE(O) <

E(t) < E(mT) < e TE(0) = S

e ME(0)

2=

for arbitrary t € [mT, (m + 1)T] for any m = 1,2, ..., which completes the proof.
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