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We evaluate long-distance electromagnetic (QED) contributions to B̄0 → Dþτ−ν̄τ and B− → D0τ−ν̄τ
relative to B̄0 → Dþμ−ν̄μ and B− → D0μ−ν̄μ, respectively, in the standard model. We point out that the

QED corrections to the ratios RðDþÞ and RðD0Þ are not negligible, contrary to the expectation that radiative
corrections are almost canceled out in the ratio of the two branching fractions. The reason is that long-
distance QED corrections depend on the masses and relative velocities of the daughter particles. We find
that theoretical predictions for RðDþÞτ=μ and RðD0Þτ=μ can be amplified by ∼4% and ∼3%, respectively,
for the soft-photon energy cut in the range 20–40 MeV.
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The semileptonic B meson decays that are at the
elementary level induced by the b → clν̄l transitions
provide a potentially interesting avenue for testing the
standard model (SM) at low energies. In this respect, it
turns out useful to construct the ratios RðHÞ, H ¼ D, D�
between the branching fractions that involve τ leptons
and those involving light leptons. These observables do
not depend on the Cabibbo-Kobayashi-Maskawa matrix
element Vcb and are also theoretically cleaner due to the
(partial) cancellation of the hadronic uncertainties para-
metrized by the corresponding form factors. The forth-
coming Belle II experiment is expected to reduce the
corresponding measurement uncertainties to the level of
around 3% [1], comparable to the current theoretical
uncertainties. This is also the typical size of electromag-
netic (QED) effects, which we turn to study in this Letter,
focusing on long-distance QED effects in RðDÞ.
Short-distance electroweak (EW) contributions to

branching fractions of semileptonic decays were evaluated
to 1.3% [2–4], but since such corrections are lepton
universal, they cancel in the ratio RðDÞ. The complete
understanding
of QED effects in meson decays is a nontrivial task due to
the complicated interplay with QCD dynamics, e.g.,
structure-dependent contributions that probe the hadronic
content [5–7]. In this Letter, we evaluate the lepton-mass-

dependent soft-photon effects, which give rise to important
corrections.
We point out terms that distinguish the cases of the

neutral and charged B decays

RðDþÞ≡ BðB̄0 → Dþτ−ν̄τÞ
BðB̄0 → Dþl−ν̄lÞ

; ð1Þ

RðD0Þ≡ BðB− → D0τ−ν̄τÞ
BðB− → D0l−ν̄lÞ

: ð2Þ

The up-to-date average [2] of the lattice-QCD predictions
[8,9] is

RðDþÞSM ¼ RðD0ÞSM ¼ 0.300� 0.008; ð3Þ

which is consistent with previous evaluations involving
different approaches (see [10–14]). The corresponding
experimental average [15] of the BABAR [16,17] and
Belle [18] measurements is

RðDÞexp ¼ 0.403� 0.040� 0.024; ð4Þ

which combines electrons and muons for the decay into the
light lepton and averages neutral and charged B decays.
The averaged experimental result exceeds the SM expect-
ation at the level of 2.2σ. Combined with current discrep-
ancy with respect to the SM in RðD�Þ, these have been
considered as a hint of physics beyond the SM.
One should note that the measured results partially

include soft photons using PHOTOS Monte Carlo generator
[19,20] for the simulation of modifications of the kinematic
variables induced by final-state photon radiations [21–23].
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To our knowledge, our results are not fully covered by
PHOTOS for B̄ → Dlν̄l [24]; e.g., we include interferences
between initial- and final-state emissions and virtual
corrections including the Coulomb terms.
For previous studies of QED effects in (semi)leptonic B

decays, we refer the reader to Refs. [6,7,26–28]. Related
works regarding b → slþl− transitions can be found in
Refs. [29–31].
QED corrections in B̄ → Dlν̄l.—In this section, we

calculate the QED corrections to the processes B̄ → Dlν̄l
(l ¼ μ, τ) at large distances, where the electromagnetic
interactions of the charged scalar mesons are well described
by the scalar QED.
The correction factors exhibit dependence on the kin-

ematic variables sDl ≡ ðpD þ plÞ2 and q2≡ðpB−pDÞ2¼
ðplþpνÞ2, which require the double differential decay
distribution. At the tree level, it reads

d2Γ0

dq2dsDl
¼ G2

FjVcbj2
512π3m3

B
η2EWff0ðq2Þfþðq2Þa0þðq2; sDlÞ

þ ½fþðq2Þ�2aþðq2; sDlÞ þ ½f0ðq2Þ�2a0ðq2Þg;
ð5Þ

including also the short-distance corrections ηEW ¼ 1.0066
[2–4], and the coefficients a0þ, aþ, and a0 are given by

a0þ ¼ 8ðq2Þ−2m2
lðm2

B −m2
DÞ½ðm2

D − q2Þðq2 −m2
lÞ

þm2
Bðq2 þm2

lÞ − 2q2sDl�; ð6Þ

aþ ¼ 4ðq2Þ−2fm2
lðm2

D − q2Þ2ðq2 −m2
lÞ

−m4
Bðm4

l þ 3m2
lq

2Þ þ 4q2sDlðm2
l − q2Þðq2 −m2

DÞ
− 4ðq2Þ2s2Dl þ 2m2

B½ðm2
l − q2Þ½−m2

lq
2

þm2
Dðm2

l þ 2q2Þ� þ 2q2sDlðm2
l þ q2Þ�g; ð7Þ

a0 ¼ 4ðq2Þ−2m2
lðm2

B −m2
DÞ2ðq2 −m2

lÞ: ð8Þ

The corresponding boundaries of the phase space inte-
gral can be found in Ref. [32]. For the form factors f0ðq2Þ
and fþðq2Þ, we use the averaged results from Ref. [2].
Adding the long-distance QED contributions from

real photon emissions and virtual corrections, we obtain
the following compact formulas for the decay process
B̄0 → Dþl−ν̄l (see Fig. 1), where l ¼ μ, τ,

d2Γ
dq2dsDl

¼ d2Γ0

dq2dsDl
ΩDþ

B ΩC

�
1þ α

π
ðFD þ Fl

− 2FDl − 2HDlÞ
�
þ α

π

d2Γ̃Dþ

dq2dsDl
; ð9Þ

with α ¼ 1=137, and for B− → D0l−ν̄l,

d2Γ
dq2dsDl

¼ d2Γ0

dq2dsDl
ΩD0

B

�
1þ α

π
ð1þ Fl − 2FBl − 2HBlÞ

�

þ α

π

d2Γ̃D0

dq2dsDl
; ð10Þ

following the notation from Ref. [33]. For the derivations of
Eqs. (9) and (10), we adopt the soft-photon approximation
[34–36], including terms OðlnEmaxÞ and OðE0

maxÞ [33],
where Emax is the maximum total energy of undetected soft
photons in the rest frame of the B̄ meson. We analytically
checked that the infrared (IR) divergences cancel. We
describe each of the terms appearing in Eqs. (9) and
(10) separately in the following.
The only coefficients that depend on Emax are

ΩDþ
B ¼

�
2Emaxffiffiffiffiffiffiffiffiffiffiffiffiffi
mDml

p
�

−ð2α=πÞð1−2bDlÞ
; ð11Þ

ΩD0

B ¼
�

2Emaxffiffiffiffiffiffiffiffiffiffiffiffi
mBml

p
�

−ð2α=πÞð1−2bBlÞ
; ð12Þ

where we resum the potentially large contributions
ðα lnEmaxÞn to all orders (see Fig. 1), following
Refs. [33,36]. Here, for i ¼ D, B,

bil ¼ 1

4βil
ln
1þ βil
1 − βil

; ð13Þ

βDl ¼
�
1 −

4m2
Dm

2
l

ðsDl −m2
D −m2

lÞ2
�1

2

; ð14Þ

βBl ¼
�
1 −

m2
l

E2
l

�1
2

; El ¼ sDl þ q2 −m2
D

2mB
; ð15Þ

where El is the energy of the charged lepton in the rest
frame of the B̄ meson and βij (0 < βij < 1) denotes the
relative velocity of the particles i and j in the rest frame of
either particle.
The Coulomb resummation of the ðπα=βDlÞn terms

(Sommerfeld enhancement [37]) is denoted by ΩC, which
for a fermion-scalar pair is given by [38]

(a) (b)

FIG. 1. Soft-photon contributions to (a) RðDþÞ and (b) RðD0Þ,
where the self-energy diagrams and loop diagrams induced by
B̄Dlν̄γ vertex are omitted for simplicity. The dots represent an
arbitrary number of soft photons.
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ΩC ¼ −
2πα

βDl

1

e−ð2πα=βDlÞ − 1
: ð16Þ

The effect of this resummation with respect to the corre-
sponding leading-order term turns out negligible in the final
integrated rates. We also find that the corresponding
Coulomb term is absent in the case of the charged B decay.
We note that Dþ and τ− are sufficiently long-lived

for the resummations to be valid [39] [Γ=m ∼Oð10−12Þ ≪
Oð0.1Þ ≲ βDl].
We checked that expansions of the resummation factors

in α agree with explicit calculations of the soft-photon
emissions and the virtual corrections.
Finally, the energy-independent terms F represent the

real photon emissions, while the terms denoted by H
correspond to virtual corrections without the Coulomb
term. They read, for i ¼ D, l,

Fi ¼
1

2βBi
ln
1þ βBi
1 − βBi

; ð17Þ

and, for ij ¼ Dl, Bl,

FDl ¼ 1

2

mDmlffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2Dl

q
Z

1

0

dz
EðzÞ

PðzÞ½EðzÞ2 − PðzÞ2�

× ln
EðzÞ þ PðzÞ
EðzÞ − PðzÞ ; ð18Þ

FBl ¼ 1

4βBl

�
Li2

�
1 − βBl

2

�
− Li2

�
1þ βBl

2

�
þ 4Li2ðβBlÞ

− Li2ðβ2BlÞ þ ln 2 ln
1þ βBl
1 − βBl

þ 1

2
ln2ð1 − βBlÞ −

1

2
ln2ð1þ βBlÞ

�
; ð19Þ

Hij ¼ −
1

2βij

�
1

2
ln2

mi

mj
−
1

8
ln2

1þ βij
1 − βij

−
1

2
ln2

����Δ
i
ij þ Δijβij

Δj
ij þ Δijβij

����
− Li2

�
2Δijβij

Δi
ij þ Δijβij

�
− Li2

�
2Δijβij

Δj
ij þ Δijβij

��

þ 1

4
ln
mimj

μ2
−
1

2
−
m2

i −m2
j

4sij
ln
mi

mj

−
1

4
Δijβij ln

1þ βij
1 − βij

−
Δij

2
ln
mi

mj
−

Δi
ij

4βij
ln
1þ βij
1 − βij

;

ð20Þ
where

Δij ¼
sij −m2

i −m2
j

2sij
; Δi;j

ij ¼ sij þm2
i;j −m2

j;i

2sij
; ð21Þ

sBl ≡ ðpB − plÞ2 ¼ m2
B þm2

D þm2
l − q2 − sDl; ð22Þ

Li2ðzÞ≡ −
Z

z

0

dt
lnð1 − tÞ

t
: ð23Þ

The functions EðzÞ and PðzÞ in Eq. (18) are given by

EðzÞ ¼ zED þ ð1 − zÞEl; ð24Þ

PðzÞ ¼
�
½zED þ ð1 − zÞEl�2 − z2m2

D − ð1 − zÞ2m2
l

− 2zð1 − zÞ mDmlffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2Dl

q
	1

2

; ð25Þ

and βBD is obtained from Eq. (15) by replacing l by D and
using ED ¼ ðm2

B þm2
D − q2Þ=2mB.

Note that the IR-finite and Emax-independent terms Γ̃ in
Eqs. (9) and (10) represent loop corrections which can not
be factorized from the tree-level decay distribution in
Eq. (5) including also terms induced by the B̄Dlν̄γ vertex
[7,40] in the soft-photon approximation. We include these
contributions in our results; however, since their numerical
effects are small [α=π ×Oð1Þ], we will report the lengthy
analytical expressions elsewhere.
Using the independence of soft-photon emission terms

on the spins of the external legs [36], we checked that
Eqs. (17)–(19) are in agreement with the corresponding
terms from the decay process involving scalar particles
evaluated in Ref. [33].
For ultraviolet divergences, we use the MS scheme

denoting the renormalization scale as μ, while for the
charged-particle self-energies, we adopt the on shell
renormalization scheme. We regularize the IR divergences
with a spurious photon mass.
For the derivation of Eq. (20), we utilize the analytical

result for the three-point one-loop scalar integral given in
Ref. [41]. We cross-checked the resulting analytic formula
for H with the numerical evaluations using LoopTools [42]
and Package-X [43]. The first and second lines of Eq. (20)
arise from soft virtual photons, while the other lines involve
remaining terms from the full virtual momentum depend-
ence, neglecting the potential modifications of the momen-
tum dependence of the form factors.
We refrain from applying the soft-photon approximation

to the case of the electron mode, because me ≪ Emax leads
to an additional large (Sudakov) logarithm and large
finite terms OðEmax=meÞ, which break the underlying
assumption of the approximation (see Ref. [44]). We hope
to revisit this issue in a future work.
Numerical result: Emax dependence.—In Fig. 2, we

show the results for the long-distance QED corrections
to BðB̄0 → Dþl−ν̄lÞ (left panel) and BðB− → D0l−ν̄lÞ
(right panel), where l ¼ μ, τ, as a function of Emax.
Note that the typical value of Emax in current experiments

PHYSICAL REVIEW LETTERS 120, 261804 (2018)

261804-3



is 20–30 MeV. The bands correspond to 100 MeV <
μ < 1 GeV, where the μ dependence turns out to be
negligible for BðB̄0 → Dþμ−ν̄μÞ. To illustrate the impact
of the Coulomb contributions, we also show BðB̄0 →
Dþl−ν̄lÞ with ΩC set to 1 in Eq. (9).
We observe that the corrections to τ modes are almost

independent of Emax. This can be understood in the non-
relativistic region of Eqs. (11) and (12), where

ð2EmaxÞ−ð2α=πÞð1−2bijÞ ≃ 1þ 2α

3π
ln ð2EmaxÞβ2ij; ð26Þ

hence, the Emax dependence is suppressed by the small
relative velocity involving τ leptons. On the other hand, the
corrections to μ modes are sensitive to Emax and negative.
The total effects to the ratios RðDþÞ and RðD0Þ are,
therefore, positive and dependent on Emax from the muonic
modes. Furthermore, one observes that the Coulomb con-
tribution to the τ mode is larger than the one to the μ mode
because of the smaller relative velocity in the former case.
Figure 3 is our main result. We show the long-distance

QED corrections to RðDþÞτ=μ and RðD0Þτ=μ, where we
define them as the ratios of τ and μ modes and use the

same Emax for both type of leptons. Again, the bands
correspond to 100 MeV < μ < 1 GeV. We observe that
the corrections to RðDþÞτ=μ and RðD0Þτ=μ differ by
0.7%–1.8% and propose to properly weight charged and
neutral decays in averaging RðDÞ. We find that the
individual corrections are comparable to or larger than
the current uncertainty of RðDÞSM given in Eq. (3).
Choosing Emax ¼ 20 MeV and μ ¼ 200 MeV, RðDþÞτ=μSM

and RðD0Þτ=μSM can be amplified by 4.4% and 3.1%,
respectively. We find that the dominant renormalization
scale dependence comes from Γ̃ in Eqs. (9) and (10). To
estimate the potential impacts by the modifications of the
momentum dependence of the form factors from virtual
loop momenta, we compare our full (long distance) results
to the ones (leading long distance) that discard the third and
fourth lines in Eq. (20) and Γ̃. We obtain a difference of
∼1.5%–2% in RðDþÞτ=μ and ∼1% in RðD0Þτ=μ, which
indicates that the impacts are subleading.
Numerical result: M2

miss dependence.—In order to relate
our formulas to experimental analyses that fit the missing
mass squared (M2

miss) distribution, we consider long-
distance QED corrections as a function of

M2
miss ≡ ðpeþe− − pBtag

− pD − plÞ2; ð27Þ
where peþe− , pBtag

, pD, and pl are the four-momenta of
the eþe− beams, tagged B, and signal B̄ daughter
particles, respectively. The distribution is dominated by
the detector resolution of these four-momenta, giving a
symmetric shape [28]. We estimate the single soft-photon
contribution as

M2
miss;γ ¼ ðpν þ pγÞ2 ¼ 2EνEγð1 − cos θνγÞ > 0; ð28Þ

where θνγ is the angle between ν̄l and the soft photon.
Hence, single soft photons give only positive contributions
to the missing mass squared, resulting in an asymmetric
distribution. Assuming an isotropic distribution for θνγ
gives M2

miss;γ ≈ 2EνEγ . Using Eν ¼ ðm2
B − sDlÞ=2mB, we

estimate the soft-photon energy as

Eγ ≲ Emax ≈
mB

m2
B − sDl

M̂2
miss;γ; ð29Þ

where M̂2
miss;γ corresponds to the maximal missing mass

squared from single photon emissions. For instance,
using M̂2

miss;γ ¼0.1GeV2 and sDl ¼ 10 GeV2, one obtains
Emax ≈ 30 MeV.
Substituting Eq. (29) into Eqs. (11) and (12), we assess

the long-distance QED corrections to BðB̄0 → Dþμ−ν̄μÞ
as f−2.8;−1.9;−1.0g% and to BðB− → D0μ−ν̄μÞ as
f−2.9;−2.3;−1.6g% for M̂2

miss;γ ¼ f0.05; 0.1; 0.2gGeV2,
respectively, at μ ¼ 200 MeV. Note that the above analysis
can not be applied for the τ lepton because of additional
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FIG. 3. The (leading) long-distance QED corrections to
RðDþÞτ=μ and RðD0Þτ=μ as a function of Emax.
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FIG. 2. The long-distance QED corrections to the branching
ratios of (a) B̄0 → Dþl−ν̄l and (b) B− → D0l−ν̄l, where l ¼ μ,
τ, as a function of Emax. The dotted lines show the corrections to
B̄0 → Dþl−ν̄l without (w/o) the Coulomb contributions, for the
purpose of illustration.
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neutrinos from its subsequent decay; however, the τ mode
is insensitive to Emax (see Fig. 2).
Conclusions.—We evaluate the soft-photon corrections

to RðDþÞτ=μ and RðD0Þτ=μ as a function of the photon
energy cut (see Fig. 3). For example, by taking
Emax ¼ 20 MeV, we find that RðDþÞτ=μSM and RðD0Þτ=μSM
can be amplified by 4.4% and 3.1%, respectively, which
are larger than the current lattice-QCD uncertainty of
RðDÞSM. We emphasize the impact of lepton-mass-depen-
dent contributions and to distinguish between neutral and
charged B decays. Note, however, that a caution is required
for introducing the presented effects into the comparisons
of the theoretical observables and the available measure-
ments for two reasons: the effects depend on the precise
details of the measurements regarding the cuts related to
photon emissions and also involve the electron modes for
which we presently do not evaluate a prediction. We would
also like to reiterate that our analysis is valid in the soft-
photon region only in which the cut on the photon energy is
small relatively to other mass scales in the problem.
Evaluations of the totally photon-inclusive rates would
require nonperturbative treatments, for which one could
adopt some models, e.g., effect of the intermediate excited
D resonances [5] and/or modifications of the q2 depend-
ence of the form factors due to the momenta transfer by the
hard photons [6,7]. Analogous calculations could also be
performed for the case of RðD�Þ but are beyond the scope
of this Letter. We expect that the careful treatment of the
electromagnetic effects is going to be important for the
analyses of future precise measurements.
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