Central Limit Theorems for Geometric

Functionals of Gaussian Excursion Sets

Zur Erlangung des akademischen Grades eines
DOKTORS DER NATURWISSENSCHAFTEN

von der KIT-Fakultat fiir Mathematik des
Karlsruher Instituts fiir Technologie (KIT)
genehmigte

DISSERTATION
von

Dennis Miiller, M.Sc.
aus Oberndorf a.N.

Tag der miindlichen Priifung: 20. Juni 2018

Referent: Prof. Dr. Daniel Hug

Referent: Prof. Dr. Giinter Last






PUBLICATIONS

Variants of the results of Section and Section of this thesis are the subject of the

following publication:

D. Miiller, A central limit theorem for Lipschitz—Killing curvatures of Gaussian excursions,
J. Math. Anal. Appl. 452 (2017), no. 2, 1040 — 1081.






ACKNOWLEDGEMENTS

This PhD thesis was written during my time as a teaching and research assistant at the
Institute of Stochastics at Karlsruhe Institute of Technology, financed in parts by the German
Research Foundation DFG (grant number FOR 1548) through the research unit “Geometry
and Physics of Spatial Random Systems” and the Institute of Stochastics.

My sincere thanks go to my advisor Prof. Dr. Daniel Hug not only for introducing me to
the realms of spatial random systems as an undergraduate student, but also for the valuable
input and for the many discussions during my time as a PhD student. His inimitable keen
eye for detail always led to the right questions. At least as many thanks go to my other—not
second—advisor Prof. Dr. Giinter Last, who no matter how many mistakes I made was always
optimistic about my work, for his valuable input, for many discussions and for the general
guidance in the last years. I also benefited from several discussions with Michael Klatt.

Furthermore, I thank all former and current members of the Institut of Stochastics for
making everyday life at work so pleasant. Special thanks go to the two secretaries for keeping
track of all the administrative challenges accompanying the daily routine.

Moreover, I owe huge thanks to the “Muschetta” collective, without whom studying mathe-
matics in Karlsruhe would not have been such an enjoyable and fruitful endeavour.

I am deeply indebted to my great friends and beloved family for all the wonderful moments
we shared and for coping with the mathematician in me. You are the one thing in life that
truly matters—thanks for being part of my journey. Special thanks go to my parents for always
teaching me “the sky’s the limit”.

Finally, I want to thank my wife Anika for her constant support. There aren’t any words to

describe how you enchant my life.






CONTENTS

1. Introduction| 1
5
2.1. Gaussian fields| . . . . .. .o 8
2.2. Morse theory| . . . . . . .. L 14
2.3. Lipschitz—Killing curvatures| . . . . .. .. .. ... ... ... . ... 18
2.4. Tsonormal Gaussian processes| . . . . . . . .. ... .. ... L. 19
2.4.1. Hermite polynomials| . . . . . .. ... ... ... ... 19

2.4.2. Isonormal Gaussian processes| . . . . . . . . ... ... ... ... .. 20

2.4.3. A multivariate central limit theorem for isonormal Gaussian processes| . 22

3. A Central Limit Theorem for Lipschitz—Killing Curvatures| 27
3.1. Main Theorem| . . . . . . . . . . . . L L 28
3.2. Proof of the main theorem|. . . . . . . ... ... ... 0o 0oL 29
13.2.1. Approximation of Lipschitz—Killing curvatures| . . ... ... ... ... 29

3.2.2. Hermite type expansion] . . . . . . .. . ... 34

3.2.3. Embedding into an isonormal Gaussian process| . . . . . .. ... .. .. 41

13.2.4. Application of a central limit theorem for isonormal processes| . . . . . . 43

3.2.5. The Boundary terms| . . . . . . . ... ... ..o 52

13.3. A lower bound for the asymptotic variance| . . . ... ... ... ... ..... 72
[3.4. The multivariate casel . . . . . ... . ... .. L 75

4. A Central Limit Theorem for Integrated Functionals| 79
[4.1. The general case| . . . . . .. ... ... ... 79
4.1.1. Hermite type expansion| . . . . . . . . . .. .. 81

4.1.2. Embedding into an isonormal Gaussian process| . . . . . . . . . .. ... 84

4.1.3. Applying a central limit theorem for isonormal processes|. . . . . . . . . 85

[4.2. The special case of integrated surface tensors| . . . . ... ... ... ... ... 89

[4.2.1. The central limit theorem| . . . . . . . . . . . . . . .. . ... ... ... 89




4.2.2. A simulation study|. . . . . ... ... ..

[4.3. The special case of integrated curvature measures|

IA. Measurability and statements holding almost surely|

B. Proof of Lemma

113



CHAPTER 1

INTRODUCTION

The normal or Gaussian distribution on the real line is undeniably one of the most basic and
essential distributions in probability theory. It was first mentioned in the works of the French
mathematician Abraham de Moivre (1667-1754) in the approximation of binomial probabilities,
cf. [14]. Its importance and widespread use throughout all applied sciences is a consequence
of the central limit theorem, which was regarded as the central, if not the only problem of
probability theory for a long time, cf. [40, Theorem 15.37] in a modern formulation. It states
that the standardisation of a sum of independent random variables with the same and existing
expectation and variance can be approximated by a normal distribution to arbitrary precision

with increasing length of the summation.

In applications, however, reality is sometimes more complex than just a single number or
vector and needs to be modelled by the versatility of a whole function. This requires the
generalization of the normal distribution from the Euclidean space to a “normal distribution”
in a suitable function space and was a subject in mathematical research in the first half of the
twentieth century. The question of existence of such an object was settled in the groundbreaking
work “Grundbegriffe der Wahrscheinlichkeitstheorie” by Andrej N. Kolmogorov (1903-1987),
cf. [41]. It turns out that the key to the generalisation of a normally distributed random
variable to a “normally distributed” random function are the finite-dimensional distributions,
i.e. the distributions of the vectors consisting of the function values of arbitrary points in
the domain. The normality is encoded into the random function by requiring that the finite-
dimensional distributions are given by “consistent” families of normal distributions. Because
of this property, random functions satisfying this condition are called Gaussian processes. For

a rigorous explanation of the latter, we refer the reader to Section [2.1]

The basic objects of randomness for this thesis are Gaussian random processes with domain
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R? and codomain R, and to highlight the geometric viewpoint, these processes are then typically
called Gaussian (random) fields. Figure shows a realisation of a specific Gaussian field
from R? to R. Gaussian fields and their excursion sets, i.e. all points in the domain, where the
field exceeds a certain threshold, are widely used models in applied sciences, for instance for
data analysis in medicine, cf. [77], in machine learning, cf. [65], in chaotic quantum systems, cf.
[8,19], in the modelling of sea waves, cf. [52], in cosmology, cf. [51], and in materials science,
cf. and references therein. Moreover, in probability theory the excursion sets of Gaussian

fields are one of the basic models for random sets and are still an active area of research, cf. [1],

[4], [46], [11], among others.

Figure 1.1.: Left: Realisation of a centered stationary and isotropic Gaussian random field
with covariance given by (21)]. Right: The excursion set of the realisation
from the left for the threshold 0.

This thesis is a contribution to the ongoing research with the aim to deepen the understanding
of the geometry of Gaussian excursion sets. For this purpose many geometric characteristics
can be used to retrieve information about the nature of these random sets and the ones we are
going to use in the first part of this work are the so-called Lipschitz—Killing curvatures L,,,
m=20,...,d—1, cf. Section for a definition. The reason for the special interest in these
functionals lies in a generalisation of Hadwiger’s famous characterisation theorem (cf. [29],
Theorem 6.4.14]) due to Zahle (cf. [82] Theorem 3]), which states that any motion invariant,
additive and continuous functional on the set of compact sets of positive reach is a linear
combination of the Lipschitz—Killing curvatures and the volume.

In an ideal world, we would now go on and proclaim that in this work we calculate the

distribution of the random variables given by
Lon(X Y ((u,00]) N A), AcR?convex,m=0,...,d—1, (1.1)

where X : Q x R* = R denotes a Gaussian field and v € R. Unfortunately, we do not live in



an ideal world and a proof for such a result is out of reach with the methods developed up
to now. Instead, we pursue a very common strategy in mathematics and aim for asymptotic
results. We analyse the scenario of an ever-growing observation window—given by A in
the above formulation—and derive the asymptotic normality of the suitably standardised
Lipschitz—Killing curvatures given in . Predecessors of this result are the works [44] in the
case d = 2 and m = 1, and [22] for m = 0 and general d.

In the second part of this thesis, we use the developed approach to establish the normal

approximation of integrated level functionals of the type
/ / h(VX(t), D>X(t), X(t)) H Y (dt) du,
R JX-1({u})nA

where X : Q x RY — R denotes a Gaussian field, see Section for more nomenclature, as the
observation window A grows to the whole Euclidean space. The general case will be specialised
to integrated Minkowski surface tensors, which is a worthwhile undertaking because of the
geometric information contained in the tensors. At last, we specialise the general theorem to
some of Federer’s curvature measures and thereby learn about the limits of the applicability of
our method of proof, as not all curvature measures are tractable due to integrability issues.

As a basic tool in our approach, we use the so-called Wiener chaos expansion, which was
already an essential technique in the works [13], [72] and [44]. We combine this technique
with recent results in the normal approximation based on Malliavin calculus, cf. [59], which
is a popular method to derive central limit theorems, cf. [57], where the Euler integration of
random functions is analysed, cf. [66], which collects some of the recent results on the nodal
geometry of random eigenfunctions on Riemannian surfaces, cf. [58], where critical points of
random Fourier series on the m-dimensional torus are studied, or cf. [3], where the number of
real roots of Kostlan—-Shub—Smale random polynomial systems is investigated.

Although less explicit, the results of the first part of this thesis might be compared with
recent progress in the second order analysis of the Boolean model, another fundamental model
of stochastic geometry, cf. [31], [30], [49]. In contrast to the present work, this progress is
largely based on the Malliavin calculus for general Poisson processes.

Future research continuing the work of this thesis could be manifold. One natural gener-
alisation of the established central limit theorems is to aim for versions including rates for
the speed of convergence. The underlying theory of Malliavin calculus is rich enough to allow
for results of this type, cf. [26]. Even more generality could be achieved by dropping the
isotropy assumption in in Chapter 3l First results, which indicate that the approximation
procedure in Section is still valid, can be found in [21]. Generalizing the results of this
thesis to non-Gaussian random fields seems to be a challenging goal, cf. [47], [37] and references
therein for recent results in this direction. Another direction of further research could be the
investigation of limit theorems in the regime of long range dependence, in the spirit of [45], in
contrast to short range dependence analysed in this thesis, cf. [(A3)|in Chapter 3/ and
in Chapter [4l A further interesting direction could be to change the asymptotic scenario of

a growing observation window to an additionally increasing threshold parameter w (in (1.1))



4 CHAPTER 1. INTRODUCTION

depending on the window size, cf. [33] Theorem 2.8.1], [15]. Applications in applied sciences
could profit from the development of a test on Gaussianity of the underlying field based on the
central limit theorems in this thesis, cf. [16] and [12] for results in this direction based on the
central limit theorem in Chapter

This thesis is organised as follows: In Chapter 2| we provide the reader with the necessary
background of the relevant parts in probability theory and geometry to read and understand
the results and proofs contained in this thesis. The first section recalls basic facts and tools
from the theory of Gaussian random fields, which are the basic building blocks in this work.
The next sections provide a very brief introduction to the required geometric tools applied
in Chapter In the last section, we provide background information about the theory of
isonormal Gaussian processes, including a central limit theorem, which lies at the heart of
every normal approximation in this work.

Chapter |3| contains the main result of this thesis, namely the central limit theorem for the
standardised Lipschitz—Killing curvatures of the intersection of the excursion set of a Gaussian
field with an observation window as the window grows to the whole Euclidean space. We also
derive a lower bound for the asymptotic variance, hence ensuring that the limit distribution is
nontrivial. At last, by using the already established results, we prove a central limit theorem
in the multivariate case, i.e. for the vector containing all Lipschitz—Killing curvatures.

We then proceed in Chapter |4 with the exploitation of the developed techniques and prove
a quite general central limit theorem for integrated level functionals. The general result will
be specialised to the case of integrated Minkowski surface tensors and integrated curvature
measures. In the first case a simulation study is conducted to illustrate the theoretical result.

At last, Appendix [A] contains results concerning Gaussian fields, which hold almost surely
and are indispensable for this thesis. In Appendix |B|, we give the tedious but important proof
of Lemma which is the basis of the approximation procedure used in Chapter



CHAPTER 2

BAsiIcs

In this chapter we recall basic results and fix the notation used in this thesis.

We denote by N, Ng, Z, R and C the positive integers, the nonnegative integers, the integers,
the real numbers and the complex numbers, respectively. The d-dimensional Euclidean space
R%, d € N, is equipped with the standard inner product (-,-), which induces the Euclidean
norm || - ||. For a set A C RY, we denote the interior, closure and boundary of A by int A,
cl A and bd A, respectively. The dimension dim A of A is defined by the dimension of the
affine hull aff(4) of A. The Minkowski sum A + B of two sets A, B C R? is given by the
set {a+0b|ac Abc B} and we use the notation A + ¢ for A + {t}, t € R%. By I, we
denote the identity matrix in dimension d. For t1,...,t, € R? we write (t1,...,t,) for the
(nd)-dimensional vector given by (¢{,...,¢))T in contrast to the (d x n)-matrix (¢4, ... 1)L,
for which we write (t1]---|tn).

For a topological space T, we denote the Borel o-algebra by B(T). We write H®, s > 0,
for the s-dimensional Hausdorff measure on B(R?). By B? ¢ R? we denote the open ball of
radius 7 > 0 with center 0 and we write C% C RY for the centered cube of side length 2N,
i.e. C% :=[-N, N]% The d-dimensional volume of B¢ is abbreviated by r4 and the (d — 1)-
dimensional Hausdorff measure of its boundary S%~! by wy. A function C: T x T — C%? ig
called positive semidefinite, if

n
Z ciTC(ti,tj)FjZO, forall e1,...,cp € C4ty,...,tn € T,n eN. (2.1)
ij=1
If the function C is only defined on T, that is C': T — C%*? it is positive semidefinite if the
condition in holds with C(t;,t;) replaced by C(t; —t;). We use the symbol 7 for various

kinds of projections, where the most frequent is the orthogonal projection. All other usages
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will be defined when the need arises. For a manifold M, the notation 7 M denotes the tangent
space of M at the point t € M.

The symbol C* denotes the set of all functions f: R* — R which are k-times continuously
differentiable. In the following, let f: R¢ — R be a mapping of class C2. For t € R, we denote
by V£(t) the gradient and by D?f(t) the d x d-matrix (%;t].f(t))lgi,jgd of second partial

derivatives of f. For v € S, we write % f(t) for the directional derivative of f in direction v.

Let A%, m =0,...,d, denote the affine Grassmannian consisting of m-dimensional affine
subspaces of R? and let G%,, m = 0,...,d, denote the (linear) Grassmannian consisting of

m-dimensional linear subspaces of R?. For F' € A%, we write F° for the directional space of
F, which is an element in G%. We endow the spaces A% and G¢, with the trace topology of
the Fell topology for the space C1(R?) of closed subsets of RY, cf. [69, Section 12.2]. A more
explicit and equivalent way to define the topology on these spaces is described in [69, Section
13.2]. The rotation invariant measure v on G%,, cf. [69, Theorem 13.2.11], is normalized such
that v(G%) = [d], where the flag coefficients are defined for m = 1,...,d — 1 by

M ::<d>°”d and ﬂ -1
m m | WmnWd—m, d

By p we denote the rigid motion invariant measure on the affine Grassmannian A%  which

satisfies
/. = /. , [ F@ ) H g v (2.2)

for every p-integrable function f on A%, cf. [69, Theorem 13.2.12] where v, and therefore p,
are normalized differently but the equality holds nevertheless. In order to avoid long terms
in the calculations to come, we do not indicate the dependence of ¢ and v on d and m. Two

linear subspaces L, L’ are said to be in general position if
dim(L N L") = max{0,dim L + dim L' — d}.

Let F € A% and let W C R? be an open convex subset of an affine subspace of R? such that
dimaff W = [ > d — m and moreover, F° and (aff W)° are in general position. Then, we
denote by b(W, F) := bY := (v1,...,Up1i—q) an orthonormal basis of (aff(W)N F)° and define
the gradient of f|wnp as the vector field given by

m+l—d )
V(flwar)(t) == > 5y, ()i,
=1 g

for t € W N F, where % denotes the directional derivative in direction v;. The second

derivative of flywnp int € W N F is defined as the linear mapping on (aff(WW) N F)° given by

m+l—d
D*(flwrr)()(©) = (v | -+ | vms1-a) (azf;%fa)) (o] | vmsiea) o,

ij=1



for v € aff(W N F)°. We note that these definitions coincide with the Riemannian ones
and therefore do not depend on the choice of b‘}v. Indeed, if we choose the coordinate map
©: WNF — R™ = given by t — (v1|--|[Umyi—q) 't for the submanifold W N F C RY,
equipped with the induced inner product, the Riemannian definitions of the gradient and the

Hessian specialise to the ones already given. Moreover, we define for t € cl(WW N F)

m—+l—d

f(t)> , (2.3)

i=1

0
8@1-

Vow [ RY 5 R™H— ¢ (

whose components are the coefficients of V(f|wnr)(t) in the basis b% if t € W N F , as well as

2 m-+l—d
Dggvfi RY —y RnA=d)x(mti=d) 4, < Y Af(t)> ’ (2.4)
i,j=1

which is the transformation matrix of the mapping D?(f|wnr)(t) in the basis b} if t € W N F.

The triple (2, F,P) always denotes a probability space, where the probability measure P is
assumed to be a complete measure on the o-algebra F. A real random variable N is said to
have a normal distribution with parameters p € R and o2 > 0 if its distribution admits the

Lebesgue density

o(x) == (271'0’2)_%6_%, z € R,
for 02 > 0, and in the case 02 = 0 its distribution is given by the Dirac measure du. A random
variable N in R? is said to have a d-dimensional normal distribution if for all ¢ € R¢ the real
random variable (¢, N') is normally distributed. Then its distribution is denoted by Ny(u, X),
where p := E[N] and ¥ := E [(N —p)(N — N)T] Moreover, N is called nondegenerate if
det X > 0, and in this case Ny(u, ) has the Lebesgue density

da(z) == (27r)*g det X2 exp (—;(:c — )"z - ,u)) , xeRL

Given a measure space (£, A, i), we write L2(€', A, i), or L?(u) for short, if there is no risk of
ambiguity, for the set of all measurable functions f: / — R with [, f?du < oo, and identify
functions that agree almost everywhere. Then the mapping (-,-): L2(Q', A, u) x L*(V, A, p) —
R given by

(o) [ £-gdu

defines an inner product on L?(€Y, A, ). Finally, given a measurable function f: R? — R, we
define the measure fA\% by

A ()= [ L) f@) N(de), A€ BRY,

where dz denotes integration with respect to the Lebesgue measure \%.



8 CHAPTER 2. BAsIcS

2.1. GAUSSIAN FIELDS

In this section, we recall some basic definitions and results on random fields, especially Gaussian
random fields, which lie at the heart of this thesis.

Let T be an index set and (FE, &) be a measurable space. Then E!, I C T, denotes the
space of all mappings f: I — E. We equip E! with the smallest o-field ®;c7€ such that the

projections m;: ET — E given by m(f) := f(t) are measurable, i.e.
RiciE =0 ({ﬂt_l(B) ltel,Be 5}) . (2.5)
Then (E!, ®;c1€) is a measurable space.

Definition. A measurable mapping X : (Q, F,P) — (ET, ®;er€) is called an E-valued random
field on T

A random field X is called a version of the random field Y, if they satisfy the condition
P(X(t)=Y(t) =1, foranyteT.

For fixed w € Q, any realisation, which is given by the mapping X(w): T' — E, is called
trajectory or path of X, and for (¢1,...,t,) € T, n € N, the distribution of

(X (t1),...,X(tn))

is called a finite-dimensional distribution of X at the points t¢1,...,t,. In practice we are
often interested in random fields with specific finite-dimensional distributions. The question,
which has to be asked is, whether there is a probability space (2, F,P) and a random field
X:(Q,F,P) = (ET,®;er€) such that X has the prescribed finite-dimensional distributions.
To give an answer, we introduce the following concepts.

A measurable space (E,E) is a called Borel space, if there is a bijective, Borel-measurable
mapping ¢: £ — D, D C [0,1] and D € B(R?), with Borel-measurable inverse. We note here
that every Borel subspace of a Polish space (a separable topological space with a complete
metrization) is a Borel space, cf. [36, Theorem A1.2]. Furthermore, for J C I C T, the

restriction map
ﬂﬁ:El—>EJ, = fls,

is called the canonical projection from I to J. We abbreviate 77 by 7r;. A family of probability
measures (j7, finite I C T) on the space (E', ®;c7&) is called consistent if

-1
JLr © (77§> =y, for any finite J C T CT.

Then the following existence theorem due to Kolmogorov, cf. [41], in the modern formulation

of [40, Theorem 14.36] gives an answer to the above posed question.
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Theorem 2.1. Let T be an arbitrary index set and let E be a Borel space. Let (uy, finite I C T)
be a consistent family of probability measures. Then there exists an unique probability measure

poon (ET, @ier&) with pr = p o 7T;1 for every finite set I C T.

Thus, taking (Q, F,P) := (E7, ®;er€, ) and choosing the random field X := idgr, settles
the question of existence.

The general nature of the state space T' can lead to problems concerning the measurability
of events, in which we are definitely interested. For example, the preimage of a supremum of a

real-valued random field X on R over the set I can be written in the following manner

weQ|supX(w,t) <up= ﬂ{w €| X(w,t) <u}, ueR,
tel tel

which is measurable if I is countable but leads to problems if the set I is uncountable. To

ensure the measurability of events which depend on uncountably many points, we demand that

all random fields appearing in this work satisfy the property called separability, originating
from Doob [17, 2.§2].

Definition. Let d € N. An R%valued random field X on a topological space T is called
separable if there exists a countable dense subset D C T' and an event N € F of probability 0,
such that for any closed B ¢ R% and open I C T

{weQ| X(w,t) e BVt e I}A{we Q| X(w,t) e BYte DNI} C N,

where A denotes the symmetric difference, i.e. AAB = (AN B¢)U (A°N B).

The existence of a separable version of a real valued field X on a separable metric space T
is established e.g. in [62, Theorem 2.6].

We now define the central object of this thesis, namely the notion of a Gaussian random field.
Let T' be an arbitrary topological space and let I = {t1,...,t;} C T be finite. With every
subset I we associate a vector a! = (af )IZI:‘1 e Rl aiI € R?, and a symmetric and positive
semidefinite matrix ¥/ = (E{])LI]'zl c RAIIxdlI], Efj € R¥4. Then

Wy = ./\f|1|(a1,21), I C T finite,

defines a family of measures, where each measure p; is defined on R¥I 2 (R4)!. We note
that a bijection is given by the mapping (f: I — R?) — (f(t1),.. 5 f()). Now, let J =
{tj1,-.. 1, } C I such that j1 <...<js. By properties of the normal distribution

pro ()™t = Nip(a', ) o (7)) = Ny (a! (), £1 (),

where a!(J) := (%I-i)1§ig|J| and X1(J) := (Z§Tjs)1§r75§|J‘. Therefore, the family of probability

measures (pg, finite I C T') is consistent, if

al(J) = a’ and ©I(J) = ©7,



10 CHAPTER 2. BAsIcS

for all finite J C I C T'. This is the case if and only if there are functions

a: T —R? (mean function)

C:TxT—R™  symmetric and positive semidefinite (covariance function)

such that al = (a(t))ier and F = (C(t1,t2))t, 15e1- Then by Kolmogorov’s existence theorem,
cf. Theorem there exists a random field in R”', whose finite-dimensional distributions are
given by py, I C T finite.

Definition. An R%valued Gaussian random field X on the topological space T with mean
function m: T — R¢ and symmetric and positive semidefinite covariance function C: T x T —
R9*4 is a random field X : (2, F,P) = ((R)T, @4crB(R?)) such that the finite-dimensional
distributions (X (t1),..., X (t)) are given by Ny ((a(t:)izy), (C(ti, )22, ), ty oo stn € T,
n € N. A Gaussian field with everywhere vanishing mean function is called a centered Gaussian
field.

As an immediate consequence of the definition of a Gaussian field, we obtain the fact that
its finite dimensional distributions are uniquely determined once we specify its mean and

covariance function. We note that the mean and covariance functions satisfy the relations

m(t) =E[X(¢t)], teT,
Cltrt2) =E |(X(h) ~EX(t)N(X(t2) ~E[X(®)]) ], tnte €T,

and therefore can be defined for any random field. Since the two functions determine the
finite dimensional distributions of a Gaussian field, it is natural to ask, which properties of
these functions imply specific pathwise properties, such as differentiability of the paths. The
investigation of differentiability of a real-valued Gaussian field {X;: Q@ — R | t € R?} requires

knowledge about the existence of limits given by

lim X(t+ hu) — X(t)

teRY d-1 2.
Jim Y , eR ue S, (2.6)

in the case of directional derivatives, or about the condition that there exists a random vector
VX(tg) € R tg € RY, such that
X(t) = X(to) — (VX (to),t — to)

li =0 2.7
P £ — o] ’ (2.7)

in the case of (total) differentiability. But the above expressions in the limits are random
variables and therefore we can examine their existence in several ways. Two specific ones are
important for us. The Gaussian field X is said to possess mean square directional derivatives
at to € R? in direction u € S? ! if the limit in exists in the L2-sense. If the limit in
exists in the L2-sense, then it is called mean square differentiable in ¢ty € R%. Analogously, we
define the two properties in the almost sure sense. The following criterion is known in the case

of almost sure differentiability, cf. [63, Corollary 4.4].
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Theorem 2.2. Let X be a real-valued, centered Gaussian field on R¢ such that for alli,j €
{1,...,d} the partial derivative %C(s,t) exists for all s,t € R and is continuous as a
function on R? x R, If there exist K, p,~y > 0 such that for alli € {1,...,d}, and all z,y € R?
with |l — yl < p,

0* o2 52 2
_o Y o < o
<8S¢8tz‘c(x’x) 288i8tic(x’ y)+ 8si8tic(y’ y>> < Kljz -y

holds, then there is a version of X, which is almost surely differentiable. Moreover VX is a
centered Gaussian field with covariance function (%;C), o
i0t; i,j=1

For differentiability of higher order this theorem can be applied repeatedly. Results giving
less specific answers with accordingly less restrictive conditions, e.g. the existence of mean
square directional derivatives, can also be found in the article [63]. For the converse statement
of Theorem it is enough to assume that the Gaussian field possesses mean square partial
derivatives and the partial derivatives are mean square continuous. That is, a centered
Gaussian field with mean square partial derivatives and mean square continuous mean square

partial derivatives has a covariance function with existing and continuous partial derivatives
82

mC (s,t), 4,7 =1,...,d. The existence of the derivatives can be seen directly, since
0 0 . X(t+ he)) — X(t)\ [ X(s+hej)—X(s)
E|l—X(t)—X =1 E
%0 = ot; ( )8tj (S)] h,iggo [( h ) < h )}
82
= C(t, 1),
8sj8ti ( )
for t, s € R%, whereas the continuity of the derivatives %;j()’(s, t), 1,5 =1,...,d, is derived

in [67, Theorem 2.3.2].

Another basic assumption on the fields examined in this thesis is that of homogeneity.

Definition. A random field X on R? is called stationary if for all h,t1,...,t, € R and n € N

19

(X(t1+h), ..., X(tn+h) 2 (X(t1), ..., X (tn)).

Furthermore, X is said to be isotropic, if for all p € SO(d), t1,...,t, € R® and n € N

(X(plt0): - X (p(ta))) 2 (X(12) . X (1))

In the Gaussian case, a field is stationary if and only if the mean function is constant and
the covariance function C(s,t), s,t € R%, is only a function of the difference s —t. We note
that stationarity, defined as above, implies for any random field that its covariance function is
a function of s — ¢ only, whereas the converse implication is not true for any field. Isotropy, in
the case of a stationary process, can be characterised by the fact that the mean function is
constant and the covariance function depends only on the norm of its argument.

If the field is stationary, Gaussian and centered the covariance function, i.e. C(s—t) := C(s, 1),
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carries all relevant information to determine the distribution. Then Bochner’s theorem becomes
important, cf. [67, Theorem 1.7.4].

Theorem 2.3. A continuous complez-valued function f on R? is positive semidefinite if and

only if it can be represented in the form
£ = [ (e, te R,
with some nonnegative finite Borel measure p on R®. The measure p1 is uniquely determined

by f.

Theorem written in terms of random fields takes the following form, cf. [67, Theorem
2.9.3].

Theorem 2.4. A continuous real-valued function C' on R? is the covariance function of a

continuous, centered, stationary random field on R% if and only if it allows the representation
o(t) = / 02) y(de), ¢ e RY
Rd

with some nonnegative finite Borel measure p on RY.

If the measure ;1 admits a Lebesgue density f, then f is called the spectral density of X. In
the setting of a stationary random field X, we have C(t) = C(—t), t € R?% and thus obtain
n(A) = p(—A), A € B(R?Y). This yields

d
/Rd gt el p(de) =0 if ) i s odd, (2.8)
j=1

and if we further assume that X is almost surely smooth, then equation (2.8) together with

oo+B X oy +o ¥
8O‘tiaﬁt]‘ (t)avtka% (t)

. 6 ] d
= (=1)*tPjathirt /Rd mf‘xfx%wl p(dx), teR? (2.9)
cf. [1, (5.5.5.)], implies that X and its first derivatives as well as the first derivatives and
the second derivatives are uncorrelated at equal times. Moreover, if we additionally assume

isotropy, we obtain u(A) = u(p(A)), A € B(R?), p € SO(d), and therefore
2
E liX(t)(%X(t)] —1{i = j}E l(ix@) ] . (2.10)

We note that in the important case of a stationary Gaussian random field X the fields given
by the partial derivatives of X are again stationary and Gaussian yielding that the preceding
random variables, e.g. X (t), (%_X (1), %;th (t), are centered and normally distributed and
therefore, if they are uncorrelated they are independent.

As a basic tool, in the analysis of moments of random counting variables depending on
random fields, we will make use of the famous Rice formulas. In the following, we state them

as they appear in the book of Azais and Wschebor, cf. [4, Chapter 6].
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Theorem 2.5. Let X: U — R? be a random field, U an open subset of R, and y € RY. We

assume that
(i) X is a centered Gaussian field,
(ii) almost surely the trajectories of X are of class C',
(iii) for anyt € U, the matriz E {X(t)X(t)T} is positive definite,
(iv) Pt e U : X(t) = y,det DX(t) =0) = 0.
Then, for every Borel set B contained in U, we have

E[#{t e B|X(1) =y} = [ Elldet DX(0)]| X(0) = sl pxo (v) dt,

where px () = (QWC(t)Z)_% exp(—%) denotes the density of X (t). Moreover, if B is

compact, then both sides are finite.

The next formula, also known under the name of Rice formula, gives an expression for higher
factorial moments. By using this version and the previous one, it is possible to analyse second

moments, which will play a crucial role in this thesis.

Theorem 2.6. Let k > 2 be an integer and assume (i), (ii) and (iv) as in Theorem 2.5 together
with

(iii’) for pairwise different t1,. ..ty € U, the distribution of
(X (t1), ..., X(tx))
is nondegenerate in (R?)*.
Then, for every Borel set B contained in U, we have
E#{te BI|X(t)=yt(#{te B[ X(t) =y} —1)---(#{t € B| X(t) =y} —k +1)]

k
= /BkE [H [det DX (t:)| | X(t1) = ... = X(tk) = Y| Px(t1),. X (tx) Y5 - - - y) d(ta, - - -, te),
=1

where px,),... x(t,) denotes the density of (X(t1),..., X (tx)). Both sides may be infinite.

For verification of assumption (iv) in Theorem and we state the following Lemma, cf.
[4, Proposition 6.5].

Lemma 2.7. Let y € R?, let U C R? be compact and let X : R* — RY be a random field with
paths of class C?. We assume that px(t)(x) < ¢ for a constant ¢ > 0, for allt € U and for x in
some neighborhood of y. Then assumption (iv) in Theorem and Theorem 1s satisfied.
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2.2. MORSE THEORY

In this section, we summarize the critical point theory on stratified spaces introduced in
Chapters 8 and 9 by Adler and Taylor [1]. The aim of this theory is to describe global
characteristics of a given stratified space via the local behaviour of functions defined on it. We

start with the definition of stratified spaces.

Definition. Let k € N. A CF stratified space or stratified manifold M C R? is a subset of R?
together with a finite partition Z of M such that

(i) each stratum S € Z is an embedded C* submanifold of R,
(ii) if R, S € Z where RNclS # (), then R C cl S.

We note that a generalisation of this concept to locally finite partitions is possible but not
needed in this work. By )M, 1 =0,...,dim M, where dim M := maxgcz dim S, we denote
the collection of all [-dimensional strata in Z.

As a generic example, we stratify the cube Cj‘(, into its relatively open faces. In contrast to
the viewpoint of convex geometry, where faces are always closed, the strata here do not have a
boundary. Thus for Jy € 9,C% there exists a set o(Jy) C {1,...,d} with |o(Jy)| =1 and a
sequence (€;);efo,....d\o(Jy) 0 {1, —1}9-! 50 that

JN = {t €C% | —N <t; <N forieco(Jy),ti=eN forid¢ U(JN)}. (2.11)

Moreover, the strata of this stratification lie nicely with respect to each other in the ambient
space R? (in the sense of the next definition), which is a property we would always like to have.
Therefore, we formulate the following conditions, which are known as Whitney’s conditions
(A) and (B).

Definition. Let M C R? be a stratified space with stratification Z. Then M satisfies
Whitney’s condition (A) if for any strata R,S € Z, where R C cl S the following holds: For
any © € R and any sequence (z,)nen in S such that z, — = and 7,5 — T in Ggims, we have
TR C T. Moreover, M is said to satisfy Whitney’s condition (B), if for any strata R, S € Z,
with R C clS the following holds: For any sequence (z,)n,en as above, which satisfies the
additional constraint that the line Z@, converges in G¢ to G, we have G C T. A stratified

space satisfying Whitney’s conditions (A) and (B) is called a Whitney stratified space.

We are now in the position to define a characteristic of stratified manifolds, which lies at the
heart of Chapter 3| namely the Euler characteristic.

Definition. A triangulation of a compact Whitney stratified space M is a covering of M by
diffeomorphic images of simplices of dimension smaller or equal to the dimension of M such
that if two images are not disjoint, then the preimages of the intersection must be faces of

the corresponding simplices. By identifying the faces of the simplices, whose images have
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nonempty intersection, we obtain a simplicial complex, cf. [54, Definition 2.3.5], induced by
the triangulation of M, say Sps;. Then the Euler characteristic x is defined by

dim M

X(M):= Y (=1 e;(Sm),

=0
where «;(Sys) is the number of j-dimensional faces in Sjy.

We note that per se it is not clear, whether a compact Whitney stratification admits a
triangulation corresponding to a finite simplicial complex. However, this is the main result in
[35, Theorem 2.1].

In the following, we reduce the set of possible stratified manifolds even further by requiring

the property of local convexity, which is defined as follows:

Definition. A Whitney stratified space M C R? is called locally convex if the support cone

SiM is convex for any t € M, where

S;M = {x e T,R? |36 > 0,c: R — R? with ¢ e C!
such that ¢(0) = ¢, (t) = z,¢(s) € M for all s € [0,6)}.

This definition excludes sets with concave cusps and therefore with no positive reach, cf.
Definition . If S denotes a stratum of the stratified space M C R?, the support cone
in the point ¢ € S contains as a subset the tangent space of S in point t. We would end up
with the tangent space, if we changed the condition s € [0,0) in the preceding definition to
s € (—0,0). We note that the support cone defined in this way coincides with the support cone
of convex geometry in the case, in which M is a convex subset of R?, cf. [68] Section 2.2]. The

dual cone of the support cone is called the normal cone N;M, i.e.
N:M :={X e TR | (X,Y) <O forall Y € S;M}, te M,

which plays a crucial role in the formulation of the Morse lemma.

In this thesis the stratified manifold C]‘f[ NF, for F' € Ag_m, with the stratification given by
the strata Jy N F, Jy € 810]“(,, m <1 < d, will be of utmost importance. Therefore, we will
have a look at its normal cones and in a special case at the condition VX (t) € Ny(C% N F),
where X: RY — R and t € Jy N F, such that for F € A4 _  the linear spaces aff(Jy)° and F°

are in general position. By [68], (2.5)], we obtain
Ni(C4NF) = Npo((C N F) —1,0) + (F°)* C (aff(Jy)° N F)L,

where N (K,t) denotes the normal cone of the convex subset K C L in the linear subspace L
at the point t € K. The subset relation holds since aff(Jy)° N F° C S;(C% N F) yields

N(C% N F) = dual(S,(C% N F)) C dual(aff(Jy)° N F°) = (aff (Jy)° N F°)L, (2.12)

where dual(K) denotes the dual convex cone of the convex set K, cf. [68, page 35]. Moreover
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by [68] (2.25)]

dim(N;(CE N F)) =d — dim(Jy N F) =d — (I —m)
= d — dim(aff(Jx)° N F°) = dim((aff (Jy)° N F°)1), (2.13)

thus Ny(C% N F) is full dimensional in (aff(Jy)° N F°)*. The result [68, Theorem 2.4.9] allows

for the following more explicit representation

Npo((CHNF) —t,0) = pos{n;»]N (F) | n;]N(F) outer unit normal vector of facet S; of the set
C4 NFin F with JyNF C S;}, (2.14)

from which we deduce that the normal cone N;(C% N F) is independent of the specific choice of
t € Jn. Using the decomposition VX (t) = V(X[ jynr)(t) + Tag(sy)onre)r (VX (), we obtain

the equivalence

V(X|svar)®) =0 and VX(t) € N((CENF)
= V(X’JNQF)(t) =0 and ﬂ-(aff(JN)oﬁFo)L(VX(t)) € Nt(de\f N F) (215)

The next topic introduced is known under the name of cone spaces, cf. [61, Section 3.10]
for further reference, and is required for Adler and Taylor’s proof of the Morse lemma for

excursion sets.

Definition. Let M C R? be a C!, | € N, stratified space with stratification Z. Then M is
said to be a cone space of class C! and depth 0 if it is the topological sum of countably many
connected C! manifolds, the strata S of which are the unions of connected components of
equal dimension. A stratified space M C R? is said to be a cone space of class Ct™ m > 0,
and depth d + 1 (d > 0), if every t € S € Z has a neighborhood U C R? such that U N M is
C™ diffeomorphic to (U N S) x Cone(Lg), where Lg is a compact C! cone space of depth d,
and Cone(Lg) denotes the cone generated by Lg. When m = 0, "C™ diffeomorphic" means

homeomorphic.

To get acquainted with this Definition, consider the example of a polytope P with a
stratification given by the open faces. Then P is a cone space of class C*° and depth 0, since
the open faces are connected C> submanifolds of R%. To see that P is also a C*! cone space
of depth 1, let U C R? be a neighborhood of t € F, where F is an arbitrary face of P. Then
U N P is diffeomorphic to (U N F) x Cone(S4' N N;P), where ST~1 N N, P is itself a cone

space of class C*° and depth 0, since it is a spherically convex set.

Definition. A closed, locally convex Whitney stratified manifold M C R? is said to be tame,
if for any stratum S, where dim S > 0, the set

{tlimt T:,S | (tn)nen in S such that t, — ¢t € bd S}
n—>

has Hausdorfl dimension < dim S in the affine Grassmannian Aﬁim 5
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Again, we examine the special case of a polytope P, which is stratified into its open faces.
Then for any open face F' the linearity of F' implies that the set {lim;, ;T F | t € bd F'} is
exactly aff(F)°, yielding that P is tame.

We summarize the introduced terminology in one notion.

Definition. Let M be a locally convex C? Whitney stratified manifold. We assume further
that M is a C%! cone space of arbitrary depth and that M is tame. Then M is called a regular

stratified manifold.

The class of regular stratified manifolds is the class of spaces for which we formulate the
Morse theorem for excursion sets. For this thesis the most important example for such a set is
the intersection Cj‘(, NFE, for F e Agfm, which fits into the theory described above, since it is
a polytope, cf. [1, Chapter 8.3].

However, we first need to define the concept of Morse functions and start with recalling
some basic definitions. Let M C R be a C? stratified manifold, let S C M be a stratum
and let f: R — R of class C? be given. Then a point ¢t € S is a critical point of f|g if
V(fls)(t) = 7r,s(Vf(t)) = 0. Therefore, if dim S = 0 then every point ¢ € S is a critical point,
since in this case T3S = {0}. Moreover, a critical point ¢t € S of f|g is said to be nondegenerate,
if the Hessian D?f|7,5(t) is nondegenerate, considered as a bilinear mapping from 7}S into
T:S. Furthermore, the function f is said to be nondegenerate on M, if all critical points of the
mappings fls, S € UMY, M| are nondegenerate. A point u € R is called a regular value of

)

fls if for all t € (f|s)~*({u}) the point ¢ is not a critical point of f|g.

Definition. Let M be a compact, regular stratified manifold. A function f: R — R of class

C? is called a Morse function on M, if it satisfies the following conditions:

(i) f is nondegenerate on M.

(ii) For any stratum S C M, dimS > 0, and any point ¢t € bd S, we have w7, _s(V f(t)) # 0,
where T, S is any limit of sequences 73,5 in Gﬁim g with (¢,)nen a sequence in S such
that ¢, — t.

Moreover, for a stratum S of M and ¢t € S, we denote by Lé(t) the dimension of the largest
subspace L of T3S such that D?(f|1)(t) is negative definite.

Finally we are able to formulate the Morse lemma for excursion sets on regular stratified
spaces, cf. [1, Corollary 9.3.5]. We note that M N f~![u,c0) in the More lemma is Whitney
stratified since u € R is a regular value of f|g, S € UMY, M| cf. [28, Definition 1.3.1].

Theorem 2.8. Let M C R¢ be a compact, reqular stratified manifold and let f: R* - R be a
Morse function on M. Moreover, let u € R be a regular value of f|s, S € UMM, M. Then

X(M N f~u, 00))

dim M
= 3 3 #{teS|f(t) > uV(fls)t) = 0,057 (t) even, VF(t) € N,(M)}
i=0 Sed;M

—#{te S| f(t) > u,V(fls)(t) = 0,157 (t) odd, Vf(t) € Ny(M)}.
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2.3. LiPSCHITZ-KILLING CURVATURES

In this section, we introduce the geometric functionals known as Lipschitz—Killing curvatures,
which we will use to study the excursion sets of Gaussian fields.
Let A C R? be given. Then by Unp(A), we denote the set of all points € R? for which

there is a unique point 7m4(x) in A such that
inf{llz —all [ a € A} = [|7a(z) — 2|
We call 74: Unp(A4) — R? the metric projection onto A. For any a € A, we define
reach(A, a) := sup{r > 0| B¢+ a C Unp(A)}

as the reach of the set A in the point a. The corresponding global notion, the reach of the set
A, is then defined by

reach(A) := inf{reach(A,a) | a € A}.
The set A is said to have positive reach, if
reach(A) > 0. (2.16)

The most important example of a set of positive reach for this work is the set C% N
X ~Y([u,0)), which has almost surely positive reach if the Gaussian field X satisfies some
regularity conditions, specified in Lemma

We now define the Lipschitz—Killing curvatures of a set by means of the Steiner formula
in [24, 5.6 Theorem]|, where Federer proved the existence of curvature measures for sets of

positive reach.

Definition. Let A C R satisfy reach(4) > 0. Then the LipschitzKilling curvatures £;,

i=0,...,d, of A are defined as the coefficients in the polynomial expansion
d .
HUA+ecd BY) =3 ag_iLi(A)e?, (2.17)
i=0

where 0 < & < reach(A) and ay := H*(BF).
It was also Federer, who showed in the same paper that
Lo(A) = x(A)  for compact sets A C R? with reach(A4) > 0, (2.18)

cf. [24, 5.19 Federer]. This allows us to use the Morse theory described in Section to
determine Ly (Cj‘\l, N X~Y([u, oo)))
Moreover, Federer did not only prove the existence of these curvature notions, but also

established a principal kinematic formula, cf. [24] 6.11 Theorem]. A special case, namely the



2.4. ISONORMAL (GAUSSIAN PROCESSES 19

Crofton formula, will be a basic ingredient in the derivation of the central limit theorem in
Chapter 3| This Crofton formula can be stated as follows, cf. [24] 6.13 Theorem].

Theorem 2.9. Let A C R¢ be compact and assume that reach(A) > 0. Then fori=0,...,d
andm=20,...,d—1

Losild) = [ LANF) u(b).

d—m

In the setting of Theorem the intersection A N F' is a set of positive reach for almost all
F e Ad hence, implying that the integrand on the right side of the Crofton formula is well

d—m>

defined for almost all F € A2 cf. [24, 6.11 Theorem (i)].

d—m>

Remark. We want to emphasize that although the definition of the Lipschitz—Killing curvatures
in the book of Adler and Taylor [1] differs from the one given here, both curvature notions
coincide if the set in question is regular enough, for instance if it is a set of positive reach.
This can be deduced from the fact that both curvatures are determined as coefficients in the
Steiner formula, where the one for the Lipschitz—Killing curvatures of Adler and Taylor can be
found in [1, Theorem 10.5.6].

2.4. ISONORMAL (GAUSSIAN PROCESSES

In this section, we provide background information about the theory of isonormal Gaussian pro-
cesses, including a central limit theorem, which lies at the heart of every normal approximation

in this work.

2.4.1. HERMITE POLYNOMIALS

In the following we introduce the Hermite polynomials, which form the backbone of the

L?-theory for Gaussian processes.

Definition. Let n > 0 be an integer. Then the n-th Hermite polynomial is defined by

z2 an z2
H,:R—>R, z~ (-1)"ez ER

ox" €

For x € R, the first three polynomials are explicitly given by the expressions Hy(z) = 1,

Hi(z) =z, Hy(z) = 2% — 1. In the multivariate case, we define:

Definition. Let n € Ng and moreover d € N. We define the multivariate Hermite polynomial
H,: RY R by

d
Hy(z) =[] Hn(zi), z€R
=1

Moreover, we use the notation |n| := Y% | n; as well as n! := [[L, n,l.
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The Hermite polynomials satisfy the following properties. Proofs can be found for instance
in [75, Chapter 5.5], [78, Chapter 6], [59, Proposition 1.4.2] and [34, Example E.9].

Lemma 2.10. (i) For anyn > 0: Hyq1(x) = 2Hy(z) — nHp—1(x), © € R.

(ii) For any n,m >0

n!, ifn=m,
/R H, () Ho(2) () do =

0, otherwise.

(iii) The family {ﬁHn |n > 0} is an orthonormal basis of L*(R,N1(0,1)).

(iv) For all ¢,z € R, we have pointwise e“*=<*/2 = Yoo %Hn(az)
(v) For anyn >0 and z € R: Hy(—x) = (—=1)"H,(x).

(vi) The family {ﬁﬁ[n |n e Ng} is an orthonormal basis of L*(R%, Ny(0,1y)).

2.4.2. ISONORMAL GAUSSIAN PROCESSES

In this section, we summarize the notations and definitions of the relevant parts in stochastic
analysis used in this thesis and therefore retrace the steps in the monograph by Olav Kallenberg,
cf. [36, Chapter 13]. We start with the definition of isonormal Gaussian processes on Hilbert

spaces and close with the famous Wiener chaos expansion of integrable functionals.

Definition. Let $ denote a real, separable Hilbert space with inner product (-,-)s. An

isonormal Gaussian process on $) is a real valued, centered Gaussian field W on ) such that
E[W(g)W(h)] = (g, h)s.

For an explicit construction of such a process, we can proceed as follows. Let eq,eq,... €
£ denote an orthonormal basis and let Z1, Zs,... denote independent standard normally
distributed random variables. Then for any element h = > (h,e;)ne; € 9, we set W(h) :=
> i(h, €i)5Z;, where the series converges in L*(PP), since > ;(h, ;)3 = [|h]|3 < co. Moreover, by
Levy’s equivalence theorem, cf. [18, Theorem 9.7.1], the sum converges also in the almost sure
sense. Then W is centered Gaussian by definition, cf. [67, Theorem 1.10.7], and we obtain for

its covariance

E[W(9)W(h)] =) (g, eidnlh,e;)sEZiZ;] = D (g, ei)s(hs ei)s = (9, h)s,

i:j (2
for g, h € ), establishing the desired result.

We also note that an isonormal process is unique in the sense that any other isonormal

process has the same law.
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Remark. An isonormal process W, as a mapping h — W (h) is linear, which can be seen by
the equation for a,b € R and g,h € H

E [(aW () + bW (g) — W (ah + bg))*| = 0.

We proceed with the introduction of multiple Wiener—It6 integrals I,, also known as
multiple stochastic integrals, with respect to an isonormal Gaussian process W on a real,
separable Hilbert space ). Following Kallenberg [36, Chapter 13|, we repeat the basic notions
of tensor products of Hilbert spaces, without loss of generality, in the case § := L?(S, u),
where (S, i) is a measure space with p an atom-free measure. Then H®", n € N, the n-fold
tensor product, can be identified with L?(S™, u®"), where u®" denotes the n-fold product
measure of pu, and the tensor product h; ® --- ® h,, is then identified with the mapping
(a1,...,an) = hi(a1) - - hp(ay) for (ai,...,a,) € S™. Moreover, for an orthonormal basis (e;)
of $ the tensor products ey, ® --- ® ey, , where kq,...,k, € N, form an orthonormal basis
in H®". Furthermore, for 0 < r < min{p, ¢}, p,q € N, the r-th contraction of g € $H®? and
h € H®P is defined by

g Or h(alw"aanrprr) = /Sr.g(xlv'"axraala"'aaqfr)

X h(z1,..., %0, Qq—ri1,- - -, Qgpp—2r) B (d21, ..., dxy),

where a1,...,aq1p—2r € S, thus yielding an element in $H®@tP=2r) T be consistent in the
formulations to come, we define H®° := R. For more background information about tensor
products of Hilbert spaces with a focus on probability theory, we recommend appendix E in
the book [34] by Svante Janson.

The following existence and uniqueness result simultaneously defines the multiple stochastic
integrals, cf. [36, Theorem 13.21].

Theorem 2.11. Let W be an isonormal Gaussian process on a separable Hilbert space §).
Then, for n € N there exists a unique continuous linear mapping I,,: H" — L*(P) such that
for pairwise orthogonal hy, ..., hy, € H

I,(h ®- - ®hy) = H W(h;)  almost surely,

yielding the invariance of the mapping I, with respect to permutations of the tensor products.

For consistency, we define I as the identity mapping on R. An important subspace of H&"
is given by the space H©" of symmetric tensor products, consisting of symmetric functions in
the case of an L2-space, i.e. of functions f € L?(S™, u®"), such that f = f, where

1
f(al,. . .,an) = E Z f(ag(l),...,ag(n)), G1y...,0p € S.
" o€eSh

It is this subspace of symmetric tensor products, for which the multiple stochastic integrals are

an isometry (up to a constant), as shown in the following Lemma, cf. [59, Proposition 2.7.5].
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We note that the stochastic integrals just defined are the same on $©™ as the ones in the book

of Nourdin and Peccati [59] as is obvious by Section 2.7 of that monograph.

Lemma 2.12. Let $ be a separable Hilbert space and let I,,, n > 0, denote the stochastic
integrals introduced in Theorem|[2.11. Then for g € H®P and h € H®1

0, otherwise.

(h)] = {p!@, h) ep, if p=gq,

The following connection to the Hermite polynomials, which is a generalisation of Theo-
rem makes the multiple stochastic integrals so valuable for us.

Theorem 2.13. On a separable Hilbert space £, let W be an isonormal Gaussian process

with associated multiple Wiener-1t6 integrals Iy, Is,... Then for any orthonormal elements
€l,...,em €9 and integers ni, ..., Ny > 1 with >/ n; = q, we have
m
I(ef™ @ @ ey = [ [ Hun,(W(es)).
i=1

Finally, we state the classical Wiener chaos expansion, which is a crucial ingredient in the
technique applied in this thesis to derive central limit theorems. For this purpose, we define
the n-th homogeneous chaos H,, as the closed subspace of L?(P) = L?(2,0(W),P) consisting
of all integrals I,(h), h € H®™.

Theorem 2.14. On a separable Hilbert space £, let W be an isonormal Gaussian process
with associated homogeneous chaos H,. Then the subspaces H, are orthogonal, closed, linear

subspaces of L*(P), satisfying
(o]
L*(P) = €5 Ha-
n=0
Furthermore, every F € L*(P) has a unique almost sure representation

F =Y I(gn),
=0

with symmetric kernels g, € H°", n > 0.

2.4.3. A MULTIVARIATE CENTRAL LIMIT THEOREM FOR ISONORMAL (GAUSSIAN
PROCESSES

In this section, we provide a multivariate version of Theorem 6.3.1 in [59]. We note that in
the monograph [59] condition (iv) is stated slightly differently but the main ideas of the proof

given there remain the same.
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Theorem 2.15. Let (Fi)nen, -, (F¥)nen, k € N, be sequences in L*(P) such that

E [F}V} =0 and Fi= Z Iq(géV,q)

q=1
fori=1,...,k and g}'\,vq € 9%, Foralli,j=1,..., k we assume that
(i) for every q > 1 there exists Jéj € R such that q!(gf\,’q,ggv@ﬁ@q Nz aéj,
(ii) the series > 02, ol converges,
(iii) for every q > 2 and everyr =1,...,q — 1 we have Hg}\m O gf\;’q]]y)@zqur N=go g,

(iv) limg o0 limsupy_,o0 3252 o011 ¢! lghy 4l 5ea = 0-
Then
(F]{,, . ,F]]f,) 2, Ni(0,%2)  as N — oo,

where ¥ 1= (Jij)ﬁjzl and 0" =322 ol

Proof. We follow the proof of [59, Theorem 6.3.1]. For i = 1,...,k and N,Q > 1 we set
F}'V’Q = Z?Zl Iq(gfv7q), Gg ~ Ni(0,2q), where Xq := (Z 1 UZ])ZJ 1, and G ~ Ng(0,%). We
note that these distributions exist since ¥ and ¥ are symmetric and positive semidefinite.
Indeed, since (O’éj)]-c i1 is positive semidefinite for all ¢, the matrices ¥ and, as their limit, ¥

i,j=1
is positive semidefinite. To obtain the former, we take ¢ € R* and observe

k

Z ngNq

=1

cT(aéj)k,J c= ch

=1 j=

> 0.

k k
Jim ! g g Ty g 929G = Jim ¢!
1

f)@q

For t € R¥, we will show that

E [exp( (FN,... )] — Elexp(i tG})]‘
<]l it o]

’E{ tGQq—E[eZ ”—aNQ—i-bN,Q—i-cQ

tends to zero as N — oo, which will prove the assertion by Lévy’s continuity theorem, cf. [36

Theorem 5.3]. More precisely, we prove that

limsup [E [exp(i(t, (FY., .., F})))] — E[exp(i(t, G))]‘ 0,

N—oo

implying, with the non negativity of the sequence, the existence of the limit, which then has to
be zero.
We start with establishing limg_, cg = 0. By the mean value theorem applied to the map

x+— e ¥ x>0, and the specific form of the characteristic function of normal distributions

cq = |exp(=1/2t"Yot) — exp(—1/2tT3t)| < 1/2tT (Bg — D)t
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By applying the submultiplicativity of the Frobenius norm twice, we obtain

2\ 2
k 00
TEe-s < 2| S [ S av] | X,
=1 \g=Q+1
where condition (ii) yields the convergence.

We proceed with the analysis of the term ay g and show limg_,o limsupy_.., an,g = 0.
The observation that in Euclidean space segments are the shortest connections implies the

inequality |exp(iz) — exp(iy)| < |x — y|, for z,y € R, which yields

limsupay,g < limsupE [[(t, (Fi — F]@Q)le)]} .

N—oo N—oo

The Cauchy—Schwarz inequality and Jensen’s inequality, cf. [36, Lemma 3.5], bound this by

k 2
. , . . 2
¢l timsup E [I[(FYy — F o)y ] < (1] limsup E [}j (Fé — Fioo) ] ,
N—o00 N—o00 i=1

The fact limsup,, . f(zn) < f(limsup,,_, Tn), for z, > 0 and f: R — R continuous and

increasing, and the orthogonality of the stochastic integrals, yield the upper bound

1
k 2 k 00
Il <nmsupZE[<F;V—F;V,Q>2]> < It (thsup > alllgh,

2
2 Q—oo
H®a ? 07

where we used assumption (iv).

Finally, we deduce limy_,o by, = 0. Assumptions (i) and (iii) imply with [59, Theorem
5.2.7] (if imy_00 E [Iq(gfv’q)z} = 0 the assertion holds trivially) that

1,(9n.q) 2, N(0,0%) as N — oo for every fixed i € {1,...,k} and ¢ > 2.

Assumption (i) also implies I; (g}'\,vl) 2N (0,0%), since I 1(9}'\]71) = W(9§V,1)7 where W denotes

the underlying isonormal Gaussian process, and moreover

N—oo

E [ I,(9.o) Lo(0h )] = 1{a = Pal{gg- ok o) =3 1{q = p}oy.
Hence, we conclude with [59, Theorem 6.2.3]
D
(Il(g]l\f,l)v s 7IQ(911V,Q)7 s 711(956\/,1)7 ce 7IQ(9§€V,Q)) — NkQ(Ov Cg)v

as N — oo, where
Bi1 -+ Bk
Cégv =+ .. | eRFMHMQ and B;; = diag(a¥?, . .. ,ag),
Br1 -+ Bk
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for i,7 =1,...,k, is positive semidefinite, due to the structure of 0‘ . Then the continuous
mapping theorem, cf. [36, Theorem 4.27], applied to the function h: RkQ — R* defined as

x — Ax, where A := <v1 ‘ ‘ vk)T and v; 1= (le(i,l)Q lixg le(k,i)Q) e R¥Q

yields

k
(FNg:--- FNQ) (Z O—W) =Ggo, asN — oo,
7j=1

)=

-
since ¢'h(N) = (ATC) N, for N ~ Ni@(0,C3) and ¢ € R*, and moreover AC'é?VA—r =

k

(Z 10”) - Thus we obtain limy_,oc by, = 0 by [36, Theorem 5.3] and we finally
l?]:

conclude

lim sup [ [exp(it, (FY, ..., F§)))| — E [exp(i(t, G>)]‘

N—oo

< lim hmsupaNQ—l— lim limsupby,g + hm 1 cQ =0,
Q=0 N—oo —0 N—oo

which shows the assertion. ]






CHAPTER 3

A CENTRAL LIMIT THEOREM FOR LIPSCHITZ-KILLING
CURVATURES

In this chapter, we study the excursion set of a real stationary isotropic Gaussian random
field X above a fixed level u € R. We present a proof for the asymptotic normality of the
standardised Lipschitz—Killing curvatures of the intersection of the excursion set with an
observation window as the window grows to the d-dimensional Euclidean space. Moreover a
lower bound for the asymptotic variance is derived.

The result generalizes the work of [22], where a central limit theorem is established for the
Euler characteristic. In the case d = 2, the surface is treated in [44]. For the volume of the
excursion set, the central limit theorem holds under weaker requirements than Gaussianity,
for instance, for quasi-associated random fields, PA- or NA-random fields, Max- or a-stable
fields, cf. the survey [73] and the references therein. For this reason we concentrate on the
Lipschitz—Killing curvatures of degree m = 0,...,d — 1 in this work. We note that Theorem
was independently derived by Marie Kratz and Sreekar Vadlamani in [43].

We pursue the following strategy of proof. We apply the Crofton formula (cf. Theorem [2.9)
from integral geometry to express the m-th Lipschitz—Killing curvature £,, (C’j‘{, N X([u, oo)))
as an integral average of the Euler characteristics of the intersections of X ~1([u, 00)) with affine
(d — m)-flats, where the integration is with respect to the motion invariant measure p over the
affine Grassmannian A2 . By Morse Theory (cf. Theorem , this characteristic can be
expressed as a difference of counting variables. From these variables the ones depending on the
interior of the intersection of the affine flat and the cube C% are asymptotically dominating
and the ones depending on the boundary of the intersection are asymptotically negligible,
where the last statement is shown in Section We then use a refinement of the approach

in [22] to control the dependence of the dominating counting variables on the affine flat. That
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is, we use Rice’s formulas, cf. Section in the affine flat to obtain a Hermite expansion of
the m-th Lipschitz—Killing curvature via an approximation argument, cf. Section This
Hermite expansion leads to a representation of the relevant part of £, (C’j‘{f N X1([u, oo)))
by stochastic integrals, cf. Section to which we apply Theorem [2.15| which is a result
from the theory of normal approximation based on Stein’s method and Malliavin calculus,
in order to obtain a central limit theorem, cf. Section [3.2.4l In Section we derive
Hermite expansions for the counting variables on the boundary and establish that they are

asymptotically negligible.

3.1. MAIN THEOREM

We impose the following conditions on a given real random field X = {X(t) | t € R%}.

(A1) X is a centered, stationary, isotropic Gaussian field. The trajectories are almost surely of
class C®. The covariance function CX (t) = E[X ()X (0)], t € R?, of X satisfies CX(0) = 1
and D2CX(0) = —1,.

(A2) For all 0 # t € R? the covariance matrices of the vectors

(o e} = (ol o)

have full rank.
(A3) The mapping defined by

8k

v X
o, o, O W

¥ (t) :== max {

k6{0)74}5]—§]137.]k§d}

for t € RY, satisfies

ll£]—o0

Y(t) "0 and ¢ e LY(RI D).

We heavily rely on in several places, for instance in the proof of Lemma and in
the calculations in the appendix for Lemma If holds, then the conditions on the
covariance from are always satisfied after normalizing the Gaussian field. We believe that
it is enough to assume C? regularity and an integrability condition on CX, cf. [21], but stick to
the C? assumption to smoothen the computations in the appendix. Under the differentiability
assumptions of and stationarity, the condition ensures that the paths of X are almost
surely Morse functions and allows us to perform calculations involving Gaussian regressions.
Condition ensures that we are in the regime of short range dependence and moreover that
the decay of the covariances of the field and its derivatives up to degree four are fast enough
for a central limit theorem to hold. We note that from we obtain that ¢ € LY(R?), ¢ € N,

and moreover that X admits a continuous spectral density, cf. [70, Theorem 2.§12.3 (Inversion
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Formula)]. Furthermore the mapping defined by

8k

v X
81}1...8ka ®)

W (t) = sup {

:ke{0,...,4},v1,...,vk65d1}, t e R?

satisfies 1 (t) < d2i(t), for t € R%, and therefore is also in LI(RY), ¢ € N.
Let u € R be the level of the considered excursion set and denote by C% := [N, N]¢ ¢ R¢
the cube of side length N > 0 centered at the origin. We prove the following central limit

theorem.

Theorem 3.1. Let X be a real Gaussian field on R, which satisfies the assumptions (A1)
(A3), and let m € {0,...,d—1}. Then the m-th Lipschitz—Killing curvature L, of the excursion
set for the level u € R satisfies

Lo (C 0 X ([1,00))) — E £ (€ 1 X ([ 0)))]
HA(C)?

25 N(0,02)

2
for N — oo and some o;;, > 0.

A lower bound for the asymptotic variance 2, will be derived in Lemma[3.23, The fact that
L, (Cj‘f[ N X~([u, oo))) is indeed a random variable is established in Lemma |A.8

3.2. PROOF OF THE MAIN THEOREM

In this section we explain the details of the proof for the central limit theorem stated in
Theorem

3.2.1. APPROXIMATION OF LIPSCHITZ-KILLING CURVATURES

We start the proof by the derivation of a more convenient representation of the m-th Lipschitz—
Killing curvature L,, of the excursion set in C]”f[. For this purpose, we apply the Crofton
formula, cf. Theorem which is applicable for sets of positive reach. Hence, we recall that
almost surely reach(C% N X ~1([u,00))) > 0 by Lemma and obtain

Lo (CH N X ([u,00))) = /Ad Lo (CH N X ([u,00)) N F) p(dF). (3.1)

By (2.18)
Lo(C{ N X! ([u,00)) N F) = x(C{ N X ([u,00)) N F),

for almost all F. Moreover, by the assumptions made, we know that the trajectories of X are
almost surely and for y almost all F' Morse functions on C% N F, cf. [1, Definition 9.3.1] and
Lemma Therefore, restricting the integration to a suitable measurable subset A’ C A%

d—m>
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we can apply Theorem to the above integrand and obtain

Lo(CHNFN X ([u,00)) = #{t €int CL N F: X(t) > u, V(X|r)(t) = 0,05 (t) even}

—#{t et CENF: X(t) > u, V(X|p)(t) = 0,07~ (t) odd}
d—m—1

+ > ST e(X,F, Jn), (3.2)

i=0 JINED1mC

where e(X, F, Jy) is given by

#{t e INNF : X(t) > u, V(X|synp)(t) = 0,05 p(t) even, VX (t) € N(C{ N F)}
—#{t € INNF : X(t) > u, V(X|jynr)(t) = 0,055 (t) odd, VX (t) € N,(C{ N F)}. (3.3)

We note that the counting variables in are structurally the same as the ones in the first
two lines of equation (3.2). For ¢ € int C% N F, we have N;(C% N F) = (F°)*. Hence, the
condition VX (t) € Ny(C% N F) is true for every t € int C% N F with V(X|r)(t) = 0 and is
therefore omitted. The measurability of these counting variables is established in Lemma

For further reference, we define the following variables. Let [ > m and Jy € 810]‘%,. Ifi=d
we have Jy = int Cf{, and we define

= /Ad 4t cintCL N F : X(t) > u, V(X|p)(t) = 0,5 (¢) even)

d—m

—#{teintCELNF: X(t) > u, V(X|p)(t) = 0,05~ (t) odd} u(dF).  (3.4)
In the cases | < d we define

m
EJN

= /Ad #{t e INNF : X(t) > u, V(X|jynr)(t) = 0,05 p(t) even, VX (t) € Ny(CH N F)}

— Bt € INNTF X (1) = u, V(X |synr) (1) = 0,055 4 (1) 0dd, VX (1) € N,(C% N F)} pu(dF),
(3.5)

where the definitions in (3.4) and (3.5) are tailored to satisfy

d—m—1
Lo (CRNX T (wo0))) =R+ Y > €.

Jj=0 JNeaj+ij‘$,

In the following, we show a central limit theorem for the standardized random variable
(N, whereas the boundary terms are treated in Section By the statement (3.41) and

Slutzky’s theorem, we deduce that after standardizing, the term

d 1

PR S

J=0 INED4mC
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is asymptotically negligible and only the integrated counting variables in the (d—m)-dimensional

set int C% N F contribute to the central limit theorem.

For the approximations to come, we define for ¢ > 0 and [ € {1,...,d} the mapping
LR 5 R by (z)
e X glmmy, BI\T),

which is a Dirac sequence for £ — 0 on every (I — m)-dimensional linear subspace E of R?,

that is, for each continuous mapping f: F — R, we have

lim | 6 (x) f(a) H'" (dx) = £(0).
e—=0Jg

We note that although the mapping 5é depends on m, we do not indicate this dependence in

favor of a shorter notation.

The following lemma lays the foundation of the approximation of the random variables in

and . We postpone its proof to the Appendix

Lemma 3.2. Let G C R? be compact and assume the conditions|(A1) and|(A2). Furthermore
let Jy € OZC’j‘f[ and l > m. Then the following is true:

(i) There is a constant ¢ = ¢(X,d, m,l, N,G) > 0 such that for almost all F' € Agfm and
ally e G

E [#{t € Jy N F: V(X|yor)(t) = )] < c

ii) For almost all F € A%__ the mapping
d—m
y e B[#{t € INNF: V(X jynr)(t) = y}?]

is continuous on (aff(Jy)NF)°NG.

(iii) For almost all F € A%

en(F.e) T en(F),  ase 0,
where
En(Fe) = (-1 [ o STV (E) 2w} det(D*(X ) () W),
EN(F) :=#{t €int C{ N F: X(t) > u, V(X|p)(t) = 0,15 () even}

—#{tcintCELNF: X(t) > u, V(X|p)(t) = 0,07~ (t) odd}.

Motivated by the frequent use of a Dirac sequence to approximate the counting variables in
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(3.2), e.g. [1, Lemma 11.2.10], we introduce the approximations
Goi= (-0 [ [ VR O)L{X () > w} der(DE(X] ) (1) MO (dt) (dF)
Ad JednF
(3.6)

Using the results of the Lemma we show that (7. is indeed an approximation of the

variable (% in the sense of L?(IP) convergence.

Lemma 3.3. Let (X;)ycre be a real-valued Gaussian field satisfying|(A1) and|(A2). Then

2
1)

(N e (N

as € = 0, where (it and (i are defined by (3.4) and (3.6), respectively.

Proof. By Jensen’s inequality and Fubini’s theorem

E| (o8- ck.)’| <8 [ [ ()~ n(F.2)? u(aF)

d—m

., E[en(F) - en(F.0)] uidp),
A

d—m

where ¢ = u({F : FNCY # 0}) < v(G4_, ) diam(C%)™kyy,. Thus, if we justify changing the
order of the limit lim._,¢ and the integral [ Al We are done by Lemma (iii). In order to
apply the dominated convergence theorem, we bound the integrand by an integrable function,

not depending on €. Observe that
E |[(¢n(F) - &n(F,2))’| < 2B [#{t € int C% N F | V(X]r)(t) = 0}]

+2E

2
</ i 2 (VX)) det (D*(X] ) (1) Hd-’”(dt)) ] |

For the first term, Lemma (i) yields
E [#{t € it C{ N F: V(X|r)(t) = 0} < cl{int CF N F # 0},

where ¢ > 0 is a constant depending on X,d, m and N. For the second term, we first apply
the coarea formula to V(X|r), cf. [25] Theorem 3.2.12], which yields

E {( [ 5§<v<XrF><t>>rdet<D2<X\F><t>>Hd—mut)) ]
int C{NF

2
~E [( [t € meCl NP VX|R) (1) = }a(o) M d)) ] .
-

Then by Jensen’s inequality applied to the measure 1{y € F°}Z(y)H? ™ (dy) followed by
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Fubini’s theorem, we bound this by
[ E[#{t eintcs 0 P V(X])0) = )] 20 1 dy).
Again by Lemma (i), we can bound this for all € <1 by the expression
cl{int C% A F + 0} /F 58(y) HE™ (dy) = el {int C% N F # 0},

for a constant ¢ > 0. Both bounds are independent of € and integrable with respect to u, which

shows the assertion. O

Before we move on with the main proof, we show the following lemma to obtain a more

concrete representation of (/.. We introduce the following notation. For F € Ag_m, let

br = (v;)%=™ denote an orthonormal basis of F°. In the formulation of the following lemma,

the specific choice of this basis is irrelevant.
Lemma 3.4. Let € > 0 and assume . Then

o= 00 [ L AT X)X 2 ) det (D, X(0) div(al)
where Vy,,, and DgF are defined in and , respectively.

Proof. Recall that by definition V(f|r)(t) = S0 8%1- f(t)v; and therefore the rotation invari-

ance of §¢ yields

SV (X1¢) = g Lpa V(X[ 1)) = (Vi X).
Also by definition D?(X|r)(t) = (1)1 ‘ ‘ vd,m) (%;WX@))ZZ (v1 ‘ ‘ vd,m)T so that,

d—m
as a linear mapping from F° into F'°, it has the transformation matrix (%;UJ_X (t)) - with
g Z?]:
respect to the chosen basis, and therefore we have

det(D?(X|r)) = det (D}, X) .
This yields with definition (3.6
Go= (0t [ [ Ve X)X (2) > u) det (D, X () H(de) u(dF)
Ad_JCO4LNF
and we conclude by representation of the measure p, cf. (2.2)),

K= O [ Ly ST XOMX @) 2 )

x det (D}, X(t)) H=™ (dt) H™ (dy) v(dL).
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Hence, by Fubini’s theorem

o [ [ iy e CRTL X )X+ 9) 2 )
x det (D}, X (t+y)) H™(dt) H™ (dy) v(dL)

— (—1)tm /G o T XX () 2 u} det (D2, % (1)) H(de) v(dL),

which establishes the assertion. O

3.2.2. HERMITE TYPE EXPANSION

From now on, let the field X satisfy the assumptions |(A1)H(A3). We start this subsection by
defining for D :=d —m + (d — m)(d — m +1)/2 + 1 the RP-valued Gaussian random field
{Z(L,t): Q = RP | (L,t) e G xR} by

d—m 2
S (<£iX(t))i1 7 (8“?801X(t)>1<i<j<dij(t))

and denote by X the covariance matrix of Z(L,t), (L,t) € G3_, x R% We note that the
definition depends on the choice of by, but considering Lemma this does not matter. We

formulate the following lemma.

Lemma 3.5. The matriz ¥ is independent of t € R and L € chl_m. Moreover, we have
Iy, O

Y = AAT, where A € RP*P s invertible and given by A = ( 0 A
2

>, for some invertible,

lower triangular matriz Ay € R(P—d+m)x(D—d+m)_

Proof. By assumption [(Al)|on the random field X, we obtain from (2.8)), (2.10) and isotropy

0 9 ) B

E _aviX(t)ava(t)} =E [%X(o)ath(o)] = 8ij, (3.7)
[ 0 5?2 o 52

E _%X(t)avkale(t)] =E [%X(O)atkatl)((o)] =0,

E _aiX(t)X(t)} =E [(;;X(O)X(O)} —0,

as well as

2 2 2 2
IE[ T x() 2 X(t)]:E[at?ath(O)atiath(O)],
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Assumption [(A2) and stationarity yield that X is positive definite. Hence, the well-known
Cholesky decomposition, cf. [7, Fact 8.9.37], yields the assertion. O

Using A, we define the decorrelated process
Y(L,t):=A"'Z(L,t), teRLLeGd . (3.8)

For fixed t € R? and L € G¢__, the random vector Y (L, ) is standard normal, i.e. Y(L,t) ~

d—m>
Np(0,1Ip). However, note that for different t,s € R? the vectors Y(L,t) and Y (L, s) are in

general not independent. In what follows we will be using the stationarity
(V(L, 1), Y(I', ) B (V(L,t + h), Y (I, ¢ + b)),

where t,t/,h € R4 and L, L’ € Ggfm. Indeed, by the stationarity of X and its derivatives, we
have for suitable mappings fr and fr, that

(Y(L,1),Y(L',t))

= (fL(VX(t), D*X (1), X (1)), fr (VX (¥'), DX ('), X (')))
(fL(VX(t+h),D*X(t+h), X(t + 1)), fr. (VX +h), D°X(t' + h), X (t' + h)))
= (Y(L,t+h),Y (L', t' + h)).

19

We will now use the approximation of Lemma to obtain a Hermite decomposition of the
random variable of interest. We thus define the mapping G, : R x R(d=m)(d=m+1)/2+1 _,
by

Ge(z,y) == (—1)™6%(z) det ((Agy)1 (d_m)(d_m+1)/2)]1{(A2y)D_(d_m) > ul,

goony

where we use the shorthand notation (z);, . ; = (2i,..., ;) for the projection onto the

specified coordinates. In this definition the vector (Agy), (dem)(d—m-+1)/2 is identified with

the symmetric (d — m) X (d — m)-matrix, whose diagonal and upper diagonal entries are given
. . . o2 .

by (Agy)17.”7(d7m)(d7m+1)/2, according to the way one identifies (7avianX(t))1§i§j§d_m with a

vector.

Thus by Lemma [3.4| we obtain
o=, [, G@devan),
Gim /CX

where now the randomness enters the random variable (. through the decorrelated process Y’
instead of the process Z. We note now that the mapping G, is an element of L?(R”, Np(0, Ip)).
Therefore, G- can be expanded in the orthonormal basis {n!_l/QfIn :n € NP}, cf. Section
Thus we obtain

Ge=> Y c(Geyn)H,, (3.9)

=0 neNp |n|=q
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in L2(RP, Np(0,1Ip)), where

c(Geyn) :=n"! /]RD Ge(x)Hy(x)¢p(x) d

(= I
ot 0 T aerntorte [ W00 210
x det ((A2y)1,....(d—m)(d—m+1)/2) H Hyp, (Y)6D—(d—m) (v) dy. (3.10)

i=d—m+1

It is this Hermite expansion of the mapping G., which helps to establish an expansion of the
random variable (7., as is shown in the next lemma. We already note here that the limit
e — 0 of the coefficients exists, due to the continuity of the Hermite polynomials and the

density of the normal distribution.
Lemma 3.6. Let ¢ > 0 and let X satisfy|(A1) -|(A3). Then
.= ¥ /Gd (Go,n) / Ho(Y(L, 1)) dt v(dL),

920 neNp |n|=q
where the convergence is in L?(P).

Proof. The right side is an element in L?(IP) since it is the limit of a Cauchy sequence, which
can be seen by Jensen’s inequality and (3.9). Indeed, let k1 < kg be integers. Then

2

/Gd /Cd Z Y e(Gen)Hu(Y (L, 1)) dtv(dL)

N g=k1+1neNp |n|=¢
2

< (G YHHCLIE /G /C Z S (Gem) Bl (Y(L,1) | diw(dL)]

q=k1+1 neNp |n|=q

and by Fubini’s theorem the preceding term equals

2

ko _
V(G4 VRO / /E S0 oG H (VL) | | div(dr). (3.11)

d d
Gd m CVN q:kl—‘rl 'VLENOD,|TL|:(]

Properties of the Hermite polynomials, cf. Lemmam (ii), yield E[H,(Y (L, t))H, (Y (L,t))] =
1{n = n'}nl, since the process is standard normal for given L and ¢. Thus the term in (3.11)
equals

V(GO YHA(Cd) /Gd /Cd Z S ¢(Geyn)Pnldt w(dL)

N g=k1+1neNp |n|=¢

= (G, HUCK)? Z > e(Geyn)?nl.

q=k1+1 neNp |n|=q
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By adding positive terms, we bound this by

v(GY_, )P HYCY)? Z > e(Geyn)*nl. (3.12)

q=Fk1+1 neNp |n|=q

Parseval’s equality yields the bound V(Ggfm)QHd(C'j‘{,)QHG6||%2(ND(O Ip)) < 00, and we deduce
that for ki large enough the term in (3.12)) tends to zero, showing the Cauchy property.
To establish the asserted equality, we recall that by Lemma

o= [, [, Gz denar),
Gd JCY

thus for k£ € N, we have that

[(CmN /Gd /Z Dy C(Ga,n)ﬁn(Y(L,t))dty(dL))Q]

Nq 0neNp |n|=q

(/Gd oy G (L) Xk: DZ c(Gs,n)ﬁIn(Y(L,t))dtu(dL))Z}.

By two applications of Jensen’s inequality, this can be bounded by

CE[/Gd /Cd( Y-y Y c(GE,n)ﬁn(Y(L,t)))Qdtu(dL)],

d—m =0 neNp |n|=¢q

where ¢ = v(G%_ YH(C%). By Fubini’s theorem, we obtain equality to

C/cg_m /C%EKGE(Y(L,@) —zk: 3 c(Gg,n)ﬁn(Y(L,t))>2] dt v(dL)

=0 nGN(I)DJn\:q

k
_C/Ggm/C’j‘(,/RD (Ga(m)—z

q=0neN

2
Y G n)f[n(w)> 6 (x) dz dt v(dL)
|

&inl=q

_ 2 /RD (Gg(a:) - f: 3 C(Ga,n)ﬁn(a:))zcbp(m) dz

=0 neNp In|=q
Hence, by (3.9), we conclude
k B 2 i
02/ (GE(:C) B C(G57n)Hn($)> b () dz "= 0,
RP q=0 nGNOD Inl=¢q

which shows the assertion. ]

The following lemma is needed to deduce that the established Hermite expansion is orthogonal.

It is a special case of [76, Lemma 3.2] and we give a proof for completeness.
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Lemma 3.7. Let V,W be two D-dimensional random vectors where

Ip (E[ViW;])i<ij<p
(V- W) ~ Noo (0’ ((E [WiVii<ij<p Ip ))

and let n,n’ € NJ. Then

B [V;W;]%

E | H(V)Hy (W)] = 1{In] = |n']} > G Y

deNP*D 1<i,j<D

D D ,
Zi:l dij=nj, Zj:l dij=mn;

Proof. Observe that via the moment generating function of a multivariate normal distribution,
we obtain for t € R2P

D 2D
1 1
izl_[lexp(tiV; - 575@2) H exp(t;Wi_p — 52512 ] = exp (Z titp+;E ]) . (3.13)

i=D+1 ij=1

We use Lemma (iv) to see the equality of the left side in (3.13)) to

- £ g t ~
N15eeyD MY ey =0

where we used [76, Lemma 3.1] to change the order of summation and expectation. The right

side in equals

.
oo
Z ( Z ti tD-H ])

r= 0 i,7=1
= Z > II d..;(tz’tDH)d”E [ViW;]™
« - ij
dEND D Zz] L dij —p 1<i,j<D
S E[VW] Zkl 1k Zk 14Dk Zkl k1 ZkD:ﬁikD
>y (BMEE i
X v
dEND D Z@J 1 —p 1<0,5<D

by the multinomial theorem in the first line. Note that the sum over the exponents of
the variables ¢1,...,tp equals the one over the exponents of variables tpi1,...,t2p, i.e.
P Zle dj; = P Z]-Dzl d;j = r. Hence by comparing the coefficients of the resulting

equality between power series in ¢, we obtain for |n| # |n/| that

E[Hn(v)Hn’ (W)] = 0.

Furthermore for |n| = |n’|, the monomial of degree (n,n’) corresponds to r = 1(|n| + |n’|) and

can therefore be found in a unique term of the sum over r, which yields the assertion. O

To apply this lemma in our situation, we recall that the process (Y (L,?))(L )cc(d,d—m)xRrd 18
Gaussian and the vector Y'(L,t) is standard normal for fixed (L,t) € G(d,d — m) x R%.
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Using the preceding lemmas, we can now give a Hermite type expansion of the random
variable (3. We first define

(d—my2 I (=)™
— (27)~ (@ H, (0L det ((A e
c(n) == (2m) g ( )Hzpzlnz! /]RD—(d—m) et ((A2y)1,....(d—m)(d-m+1)/2)
D
X H{(A2y) p—(aemy Z 0w} [ Hu¥)PD—(a-m)(¥) dy. (3.14)
i=d—m-+1

The continuity of the Hermite polynomials and the Gaussian density yield

d—m
/d () Hy (2) b (z) dz — (2m)~(d=m)/2 H H,;(0), ase—0,
Rd—m i1 e

and we obtain

c(n) = lim ¢(G¢, n).

e—0

These are the Hermite coefficients in the Hermite expansion of (3 as we see in the next lemma.
We note that the following expansion is orthogonal due to Lemma

Theorem 3.8. Let X satisfy|(A1) - [(A3). Then
Dy v / ctn) [ Ho(Y(L, 1)) dt v(dL). (3.15)

420 neNp |n|=q Gim %
Proof. We show that the right side of the asserted equality is the limit of a Cauchy sequence,

which implies that it is a well-defined element in L?(IP). For integers ki < ko we have

(Z Z/ cn/ Hy( dtu(dL))2

q=k1+1 |n|=¢q

2
Z/Gd ¢(n) fIn(Y(L,t))dty(dL))

Inl=q —m

ol
q=Fk1+1
by the orthogonality established in Lemma We note that in order to use the orthogonality,

we need Fubini’s theorem, which is applicable as a consequence of [76, Lemma 3.1]. An

application of Fatou’s lemma yields the upper bound

Z/Gd Ge,n/c Hn(Y(L,t))dty(dL))

|n|=q

Z hm me (

q=k1+1

Z/Gd GE’”/ Hi( dtV(dL)>2, (3.16)

Inj=g” Ci-m

< Z hmlnf]E (

q=k1+1

where we added positive terms in the second line. By adding even more positive terms, another
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application of Fatou’s lemma and the orthogonality together with the continuity of the inner

product, the expression in (3.16)) is bounded from above by

hgn_}lanE Z Z/ G’E,n/ H dtl/(dL)) ]—liren_)iglf]E[((:]T\fis)ﬂ

q=0 |n|=q

= E[(¢R)?] < o0,

where we have used Lemma and finally Lemma Thus (3.16)) is the tail of a convergent

series, which yields that the sequence is Cauchy.

To show the asserted equality, we define

Ij=Y c(n) | Hu(Y(L,t))dt v(dL)

d d
|n|:q G —-m CN

and write 7%: L?(IP) — L?(P) for the projection onto the homogeneous chaos of degree 0 up to
k, that is onto UF_H; (cf. Theorem , and my,: L?(P) — L?(PP) for the projection onto the
homogeneous chaos greater than k, that is U;>x+1H;, k € Ng. We observe that

IGR = > Tallz2e)
q:
< [Imk(CR) ZIHL2 p) + 17 (R — R ollze) + 17 (CR ) — ZIHL2
< [lm (SRl L2 +||ZI||L2 IR = Rl ey + 17" (CRE) — Zflle

The first two terms tend to 0 for k — oo, since both functions belong to L?(P), as does the
third one for e — 0, due to Lemma For the last one we have

H7T CNe ZI ||L2 (P) =

(ZZ/ 3 Gg,n/ Hy( ) dt v(dL)

3=0|n|=¢

—ZZ/ hmcGe,n/ H,( dtu(dL))2 ,

q=0 |n|=q

which equals

Z > 2 ( (Ge,n) —th(Ge,n)) (c(Gs,n')—ii_{%c(G&n’))

4,94'=0|n|=¢ |n/|=¢’

xEl/Gd CdH(Y(Lt))dtudL/Gd /Cd Y(Lt))dw(dL)].

Hence, the assertion follows by first taking the limit € — 0 and then k — oo. O
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3.2.3. EMBEDDING INTO AN ISONORMAL GAUSSIAN PROCESS

In this section, we derive a representation of the standardized random variable (3} in terms of
multiple stochastic integrals with respect to a suitable isonormal process. The motivation comes
from the theory developed in [59], in which a powerful central limit theorem for isonormal

Gaussian processes on Hilbert spaces is established, cf. Theorem [2.15]

Lemma 3.9. Let X satisfy|(A1) —|(A8) and let N > 0. Then

N
;[Vd Cd 1/2 ZI IN.q);

with I, denoting the q-th multiple Wiener-Ito integral with respect to the underlying isonormal

Gaussian process defined in (3.19) and

1
= k/ by @ -+ @ @ry dtv(dL), 3.17
= gy, Xl Ly o0 [, e @@ b, devan), @D

where gofkj and b(-) are defined in (3.20) and (3.22)), respectively.
Proof. We first embed the Gaussian field {Y(L,t): Q — RP | (L,t) € G4_, x R4} into an
isonormal process. By standard theory, cf. Theorem we obtain for s,t € R?

EX()X(s)] = [ e f(a)do.

Rd

where f denotes the spectral density of X. Recall that the spectral density exists due to |(A3)
Moreover, Theorem combined with the latter equality and a subsequent change in order of
differentiation and integration, which is allowed by [67, Theorem 1.2.9], lead to

E o X o dz,
t (t— 3.18
Ovy ... 0y ( )8vi 8vl / 9:(t = 8)f () (3.18)
where gz ‘= Wg:iavgew’x% T € Rd, and k,l S {0,1,2}, 'Ul,...,’Uk-,’Ull,...,'UZ S Sdil.

Following [60, Section 9.1] adapted to our setting, we define the real Hilbert space of complex

valued functions

§ = {h: RY 5 C | h(—2) = h(@), /Rd Ih(2)[2f (z) dz < oo}

equipped with the inner product

(9 Wszpre) = | 9@ f (@) d,

which is real since the functions are Hermitian and the measure fA? is symmetric. By [59,

Prop. 2.1.1], there exists an isonormal Gaussian process W on $), so that for g,h € $

E[W(g)W(h)] = (g, h) r2(fra)- (3.19)
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Moreover we define for L € G&l_m, teR?and j =1,...,D the mapping
D .
gotL,j: R - C, z+— Z A;alya(L, x)e!t?) ¢ 9, (3.20)
a=1
where
v(L,): RT = CP, 2 ((i(va, 2))1<agd—m: (= (Var ) (05, 2)1<agp<d—m: 1)
and vy, ..., v4—, denotes the chosen orthonormal basis b of L. We note that v (L, x)ei<"”"> is

the directional derivative of ¢?¢®) of the same order and in the same direction as the derivative
of X in the k-th component of Z(L,-). Then we obtain

V(L) 2 (W(ph), ... W(ptp))

as processes on Ggfm x R%. To see this, it suffices to show that their covariance structures
coincide, since both processes are centered Gaussian processes. By the definition of Y, cf.

(3.8)), and (3.18), we have for (L,t),(L',t') € G¢  xR¢andi,j€ {1,...,D}

E[Yi(L,t)Y; (L', )] = i AGINE[Z (L, ) Zo(L 1)

r,s=1

D e —
= 3 AN [ v (L) (U 2)e f () da
R

rys=1
= <(:01€L,i7901{;jj>L2(f)\d)' (3.21)
By we obtain
(fi ot )y iz(paay = EIW (@f) W (0F ;)]
and therefore the assertion. Moreover, we observe that
<80tL,ia SﬁtlfﬂL?(f,\d) = E[Y;(L,)Y;(L,t)] = &i;,

fori,j=1,...,D and (L,t) € Gg_m x R?. Hence, Theorem implies the second equality in

)

H Hy, (Yil-,)) 2 H Hy,(W(g.3)) = Lg((0 )™ @+ @ (1 p)7"P),

where ¢ € N and n = (n1,...,np) € N¥ such that |n| = ¢. The last equation and Theorem
3.8 yield

G -Epl o & 1 [ - L e
2 o) [ 1) @@ (ehp) ) diuldr),
%d(c%)l/z (; Hd(c%)l/z neZNg’ GZ,m Cfi\r q t,1 t,D

In|=q
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where the right side converges in L?(P). We now symmetrise the arguments of the stochastic
integral. To this end define for ¢, D € N and n € N with |n| = ¢ the set

q
Ap,={ke{l,...,D}*: Z]l{i}(k‘j) =n;,Vi=1,...,D}
of multiindices, which contain the number i exactly n; times, ¢ = 1,...,D. Note that for
k € A, all permutations of k£ are also in A,,, and moreover, these sets form a partition of the

set {1,...,D}% ie. {1,...,D}9 = Un€N§7|n|:qAn. We further define for k € {1,..., D}

bk) = Y 10k e A (3.22)

nENOD,\n|:q ’An|

which is symmetric in the components of k. Since the Wiener-1t6 integrals are invariant with

respect to permutations, cf. Theorem we obtain for n € NOD with |n| = ¢

L(pff" @ - @ o ") - ok,
kGA
and thus
L
Yoo (e @ 0 PP) = Io(or, ® - @ ofy.)
nENOD,\n\ =q nEND |n|=q k€EAR
= Z b(k)fq(@t,kl ®-® Sﬂtlfkq)-
ke{1,...,D}a

Hence by Fubini’s theorem for stochastic integrals (cf. [60, Theorem 5.13.1]) the assertion
follows. Finally, we note that the functions gy 4 are symmetric, since the coefficients b(-) are

symmetric, and furthermore state the following equality

Ligng 2 Y c(n)/ H,(Y(L,t))dt v(dL), (3.23)
Gd cé
nENOD,\n|: —-m N
which can be deduced by the preceding arguments, for later reference. O

3.2.4. APPLICATION OF A CENTRAL LIMIT THEOREM FOR ISONORMAL PROCESSES

In this section, we verify the conditions of Theorem in the univariate case, which yields
the central limit for the standardized random variable (3. Before we start, we need to prove

the following lemma, which will be needed for condition (ii) and (iv).

Lemma 3.10. There exists K = K(X,d,m) > 0 such that

Z c(n)’n! < Kq¢P,  forq>1.

neNp |n|=q

Proof. In the following the constant K may change from appearance to appearance. We start
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by recalling the definition (3.14)

c(n) = (2r) "= T

where
z(n) = /RD_%mdet ((AZ?J)L“.’(dfM)(;me))]l{(AQZJ)D—d-i-m > u} H Y)OD—d+m(y) dy.
i=d—m+1
Proposition 3 in [32] yields Hd m |H\’}%)‘ < K, for a constant K > 0, and thus
g (0 K
(i Tf 20} <
=1 H sy

By Holder’s inequality and Lemma (iii), we obtain

-----

D 2
- /Ra_d+m (i: 11 Hm(y)) Pp—d+m(y) dy
i=d—m+1

The previous inequalities yield for ¢ > 1

Z c(n)zn!SK Z 1<K Z 1< K(qg+ ) < Kq”,

neNpP |n|=q neNp |n|=q 0<ni,..,np<q

which shows the assertion. ]

We verify the conditions of Theorem and proceed in numerical order. For condition (i),
we calculate the norm of gy 4, cf. (3.17), by an application of Fubini’s theorem and obtain

= g k)b(1) - ® 1 T
Hd(cd)kle{l D}q Ria JGd_ Jai_ Jog Jog (ptkl Pk, (71 7
X o, @ @l (1., 2q) dt At v(dL) v(dL) Hf:ci (21,...,1,)

90 i ( <P/ ( )
Hd(Cd) kle{l D}q i Jad Jod c;lHH1 RO !

X f(z)dzdtdt’ v(dL)v(dL')
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By (3.21) the above equals

!

q! q o , /
Hi(CT) PR OLO /Gz_m /Gﬁ_m /C% /C%izl_[lE[Yki(L,t)Yli(L,t)] dt dt’ v(dL) v(dL").

kle{1,...,D}a
(3.24)

Stationarity and Fubini’s theorem imply the following equalities

q q

I 4/ ! / ! 4/ /

/Cd/m 11 E [, (L, t)Y5, (L', )] dt dt —/Cd /Cdit,HE[Yki(L,t+t)Y2i(L,t)] dt dt
N N N =1

N =1

= /Cd ﬁE Vi, (L, )Y, (L, 0)] HY(CK N (CF — 1)) dt.

2N =1

Thus, by Fubini’s theorem, 1) equals

¢ > e [ [ [ TIE ML oviw0)

kle{l,...D}q 2N =1
HUCK N (CR — 1))

D) dt v(dL) v(dL').

The definition of Y, c¢f. (3.8), yields Y;(L,t) = Zszl Ai_kle(L,t), fori=1,...,D and t € R%
Hence, by assumption (A3)|there exists a constant ¢ = ¢(X, D, q) > 0 such that
q
[TE[Yi(L,)Y;(L',0)]| < ev(t),
i=1
which is an integrable upper bound on R?. Therefore, the dominated convergence theorem

yields

¢'llgn.qll5eq

=q D bk)()

ki€{1,....D}a

HY(CE—t)nCE) ) ,
X /CgN /Ggm /Ggm ;[Vd(cjt%[) = EE [Ykz (L7t)Yiz (L 70)] V(dF) V(dF ) dt

Mgt ST b(k)p() /Rd /Gd /Gd [1E [Ye (L,£)Y;,(L',0)] v(dL)v(dL') dt,

k,le{1,...,.D}q d—m 1=1
(3.25)

where we define the limit as o2, ,. Note that we implicitly used H4((C% —t)NC%) /HAU(CR) — 1
for N — oo and ¢t € R%. To see this, consider the discussion following equation (3.22) in [31],

where the assertion is shown in a far more general case. This establishes the first condition.
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We now verify condition (ii). We first observe that

o0
> i g ller = thE{ (9]
q=1

by Lemma Reversing some of the earlier manipulations, cf. (3.23)), this series equals

2
e

lim — 3 /G en) [ Hu(Y(L.t) div(dL)

N%oo ’Hd(Cd ) neN§,|n| . . N

Fatou’s lemma and orthogonality together with the continuity of the inner product yield the

upper bound

2

1
hmmed(Cd)E Z > /Gd /H ) dtv(dL) | |. (3.26)

=1 neNp |n|=q —-m

Partitioning the space R into translates of the unit cube [0, 1)d, expression (3.26) without the

limit inferior equals

HICT) > E [Z > /de c(n) /[071)d+21 1{t € C{}YH, (Y (L,t)) dt v(dL)

x> /Gd mc(n) /[O’l)dm]l{t € CLYH,(Y(L,t))dtv(dL)| . (3.27)
We define

(L, L' t) :== max{maxz IE [Yi(L,0)Yi(L',t)] |, manyE (L, 0)Yx (L', )] |}
k=1
for t € R4 L, L' € G4_, | and note that due to |(A3) there is a constant ¢ > 0, such that
7(L, L' t) < cp(t). Moreover |(A3)|implies that for p € (0,1) and p < 1/c there is a constant
s > 0 such that

P(t) < p, for [t]| = s,

Using s, we split the above summation into one over I := {(z1, 22) € (Z9)? | || 21— 22|00 > s+1}
and I := {(z1,22) € (Z)? | |21 — 22/l < s}. By Fubini’s theorem and orthogonality the first

sum equals

1

1{t € C4 V1 {¥ € C4
I Rp> >/ L S Joe, HEE RO €Oy

21 ,z2)€l q=1

x E [Z c(n)Ho(Y(L,t) S e(n)Hy(Y (L', ¢))| dtdt’ v(dL)v(dL').

Inl=¢ In|=q
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Then the translation invariance of the Lebesgue measure and stationarity imply equality of

the inner integrals to

/ / 1{t € C4M{t € CHIE
[071)d+z2 [071)d+21

ST e Hu(Y(L, 1) Y c(n)ﬁn(Y(L',t'))] dt dt’

Inl=q Inl=q

= / / L{t+t + 2 € CO{t + 20 € O}
[0,1)4 J[0,1)¢—¢/

x E dt dt’

Z c(n)Hn(Y (Lt +t + 21)) Z c(n)Ho (Y (It + 2))

Inl=q Inl=q

= / / 1{t € [0, 1) — 3 {t + + 21 € CLIU{t + 22 € OL}
[0,1)¢ J[=1,1)4

7 ) Hu(Y (Lt +21)) Y. e(n)Ha(Y (L, 22))

Inl=q Inl=q

x E dtdt’,

which equals by Fubini’s theorem
/[ 11)dE Z c(n)Hy (Y (L, t + 21)) Z c(n)f[n(Y(L’,zg))]
7 i Inl=q

x HY(([0, 1) = ) N (Ck =t = 21) N (CF — 2) N [0,1)7) dt.

Thus, the first summand of (3.27) equals

Z Z/Gd /Gd /[_1 1)d]E [Z c(n)Hy(Y (Lt + 21)) Z c(n)ﬁn(Y(L/,Zz))]

(21,22)€l1 ¢=1 |n|=q In|=q
1 d d d d d
x Hd(C]dV)H (10, 1) =) N (Ck =t = 20) N (Ck = 22) N[0, 1)) dtv(dL) w(dL'). (3.28)

Now, we use Lemma 1 in [2], which we state for completeness. Alternatively, an approach
using Lemma and a variant of Lemma could also be used. We stick to the one using

Arcones Lemma, for diversity reasons.

Lemma 3.11 (Arcones 1994). Let V,W be centered d-dimensional Gaussian random vectors
such that E[V;V;] = E[W;W;] = &;; and let h: R — R € L*(Ny(0,1;)) have Hermite rank
r € N (i.e. r=inf{k € N : 3l; such that Z;l:l I; = k and E[(h(N) — E[L(N)]) H;(N)] # 0}
where N ~ Ny(0,I5xq)). Moreover, we define

d d
T = max{g?gdl; [E[V; W], lrgggd; [E[V;Wi][},
which is assumed to be less than 1. Then we have

[E[(h(V) = E[R(V)])(h(W) = E[L(W)))]| < T"E[R(V)?].

To apply the Lemma, we choose V =Y (L', z9), W = Y(L,t + 21) and h,: RP — R given by
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hq(x) := EneN%M:q ¢(n)H,(z). Then, we have r = ¢ by Lemma 2.10| (ii) and since h, can be
assumed to be nonzero. Furthermore 7(L, L', t + 21 — z2) < etp(t + 21 — 29) < 1 for t € [-1,1)4

and z1, 29 € I;. Moreover we have

B2 = X e etE (Y (I, 0) (Y (I, 0))
n,n/€Np, |n|=|n'|=q
D
= > c(n')e(n) [T E[Hn, (Yi(L',0)) Hy (Yi(L',0))]
n,n/eNp,|n|=|n'|=q =1
= Z c(n)*n!
neNp |n|=q

and for ¢ > 1 we obtain E [hy(Y (L', 22))] = E [he(Y (L, t + 21))] = 0. Hence we bound (3.28) by

V(Ggll—m)gf?"fd(cﬁf)_l Z Z/ L1y cAp(t+ 21 — 29)0dt Z c(n)?nl.
(Zl,zz)EIl

neNp,|n|=¢
(z2+[0,1)H)NCE, #0 ’

Lemma and (t + 21 — 29)7 < pI~Yp(t + 21 — 23) yield

Ev(Gi_)(PHU O™ D2 M2+ 10,1)) N CR # 0}

(zl ,z22)€l

X /[—1,1)d Wt + 21 — z2)dt Z 7P (cp)?, (3.29)

q=1

as an upper bound, where K is the constant coming from Lemma By the estimate

3 / dt§2d/ b(t) dt
11)d+21 —2z92 Rd

21€74

for fixed 2z € Z%, we obtain

Z / dw(t—i-Zl—ZQ)dtS Z Z / W(t) dt
(21,22)€ln — 20€74 21€Z4 )4+z1—22
22+[0,1)NC% #0 22+[0,1)2NCY £0

< (2N +1)%24 [ 4p(t) dt
R4

Hence, we get for the term (3.29) the upper bound

29Kv(GY_,)% (2N + 1)1 >
( d—m) ( ) +d) / t) dthD(cp)q
This expression is finite in the limit inferior since
2N +1)¢
lim 2N+ 1) 1

Nooo HA(CE)
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and since the series converges by the ratio test.

We now analyse the sum over I, and start by using the inequality ab < a® + b%, a,b € R, to
obtain the upper bound

2
HACT) 2= XIIE(EIZI Aluﬂnﬁeqmﬁmwawmwwm)

Z1€Zd o EZd q 1|n| q d m
[[z2—21|cc <s -

2
Cd Ze?; 2 E (qzunzq / K /[Oldmn{tecN}H( (L ,t))dtu(dL))
llz2=21lloc<s .

wich equals

2
25 + 1 _
Z E (Z > / c(n) /[071)d+z]1{t€Cj‘f,}Hn(Y(L,t))dtu(dL)) . (3.30)

2€74 q=1 |n|=¢ Gi-m

202
translation invariance of the Lebesgue measure the expectation in expression (3.30) is given by

expectation

d
We define the vector z := (3,...,3) € R? such that [0,1)¢ — 2 = {—l l) . Then, by the

2
(Z 2 / /  Afttatze Czdv}ﬁn(Y(L,t+z—i—x))dtzx(dL))

q=1|n|=q

(zz/ et |

q 1|n| q d m

2
. t+ax+z2eCLYH,(Y(L,t))dt V(dL)) ,

11
272

where we used Fubini’s theorem and the stationarity of the process Y (L, -) in the equality. Since
L{t+a+z € C4} =1forallt € [-1, 1)@ and z € [-N, N)INZ? as well as 1{t+a+2 € C4} =0
for almost all t € [—3,3)? and z € ([-N,N)%)¢ N Z% we obtain that the expectation is
independent of the sum over z € Z% if it is nonzero. Hence, the term in expression is

given by

q=1|n|=q

2
2(2s + 1) }Ed o (Z Z/ /171)dﬁn(Y(L,t))dtu(dL)>

which is independent of N, since (2N)¢/H(C%) = 1 by definition of C% as the hypercube of
side length 2N, and moreover finite by Theorem

We start the verification of condition (iii) with the calculation of the r-th contraction of
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gn,g, cf. (3.17)), with itself. This is given by

9N,q Qq gN,q(ala o aa2q727‘)
1
= o) [ [ o) b )
ad(d Z t,k t k. \ LT
rir HE(C )kE{L “Dya Ggd_Jod "M

% b, (@) ph g dvd) S w0 [ [ @ e, @)

d
le{1,...,D}a a-m " On

T
X SOtL’,er (ag—rt1) -+ @zg,lq (azq—2,) dt' v(dL') H f(@g) d(wy, ... a),
i=1

for ay,...,as,—2 € R% By Fubini’s theorem and (3.21) the above equals

Hd(lcd) /Gd /Gd /Cd/CdH/ i (@)pp, (@) f () da

kle{l,.. D}q N i=1

X H ot (i) oy, (agori) dt dt' v(dL) v(dL')
i=r+1

:Hd<16% /G /G /c L 1B (L, 0¥ (1)

)kle{l, ,D}q N i=1

X H (ptk i got/ (ag— orsq) dt dt’ v(dL) v(dL).
i=r+1

Thus we obtain for the norm

lgn.q @r 9N,q”%®(2q—2r)

1
= Taiod E[Y, (L, )Y, (L, t
Ré2a-2r) HA(CF) /Gd /Gd /Cd /Cd H e (Lo )Y, (1, 1))

klE{l D}q N =1

q
< I etw (ai—r)oliy, (ag—20vi) dt dt’ v(dL) v(dL)

i=r+1
1 Oy ’
x E[Y;, (L, )Y, (L, 1)]
,Hd(cjd\f) kle{L ’D}q Gg m Gj m Cd C]%’Lnl
2q 2r
X H ‘Ptk (a;— T)got, (ag—2r+i)dtdt' v(dL) v H flai)d(ar, ..., azg—2r).
i=r+1

And again Fubini’s theorem yields equality to
1

HA(CR)? 2 bl) /Gd /(01‘6)4

kLK, l'e{l .D}a —m)

L[ ebn el @ e i [ ol ol @ s

i=r+1

X HE Yi, (L1, t1)Ye, (Lo, t2)E[Yy (L3, t3) Y (La, ta)] d(tr, - . ta) v (d(La, - ., La),

=1
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which by equals
1 / !/
HICD) > b(k)b(D)b(K")b(I')

kLK I e{1,.. ,D}q

H E[Yy, (L1, t1)Y, (L2, t2)|E[Yy (L3, t3) Yy (La, t4)]
Cd )4 paie] i i

X H E[Yy, (L1, t1) Yy (L3, t3)|E[Yy, (Lo, t2) Yy (La, ta)) d(ta, - .., ta) v*(d(La, . ., La).
1=r+1

By |(A3) and stationarity there exists a constant ¢ > 0 such that for allt € R¢ and L, L' € G¢__

Jex B [Yi(L, )Y;(L, 5)]| < eip(t — s)

and hence

lgn,q ®r gN,q’|52§®<2q72r)
24 Z (k) / /
< Y(ty —t2)"
HUCR)? kLK 'e{1,....D}a Gi_m)* (O
X 1ty —ta) Yty — t3) " (tg — ta) T d(ta, ..., ta) v (d(La, . .., d L))
= (G, > b(k)b(1)b(K")b(I')2(N),

kLk Ve{l,.. D}

1
zszi/ b — to) (ts — ) (t — t3)T T (ty — t) T d(te, . . ., ta).
(V) HI(CT)2 (%)y( 1 — t2)"p(ts — ta) (= t3)T7 (b — ta)* " d(ty 4)
Now, the inequality 1 < (a/b)4~" + (b/a)", for a,b > 0, implies a"b?™" < a? + b? for a,b > 0,
since for a = 0 or b = 0 the second inequality holds trivially. An application of the second
inequality for a = ¢(t3 — t4) and b = ¢ (t1 — t3) yields

2(N) < @ /( o U0 = 12l = 00t = 1) )
1 r —r
n W/(%)y(tl — o) (b — )0 (Es — £4)T T d(t, . ta). (3.31)

Assumption |(A3)|implies that

00 > ¢p ::/Rdzp(x)"da:Z/Cd Y(x)" dz

for n € N, and by Fubini’s theorem the first summand in (3.31]) equals

1

W ‘/(0%)3 w(tl - t2)Tw(t2 - t4 / T/J t3 — t4)q dts d(t17t27t4).



52 CHAPTER 3. A CENTRAL LIMIT THEOREM FOR LIPSCHITZ-KILLING CURVATURES

This is then bounded from above by

Cq B
Tdid 2 t1 —t2)" to — t4)9 " dty dty dts.
Hd(cjc{[)z/c% C;{,d)(l 2) /Rd@b(Q 4) 4 aty aty

Repeating this argument yields the upper bound

CqCq—rCr

d/~d\ N—oco

CqCq—r
W‘/Cd Rd’lp(l—tz) dtldt?

Proceeding analogously for the second summand yields

lgn.g @r N gllZe2q-2r) < € > b(R)B(B(R )b(I')2(N) =570
Lk Ve{l,..,D}e

and we established the validity of condition (iii).
To verify condition (iv), we start analogously as in the verification of condition (ii), by

applying [59) Prop 2.7.5] to see the identity

o0

Z :ZE[ qu}-

=Q+1 q=Q+1

Now, in order to work with the original structure of the random variable, we reverse some of
the earlier manipulations leading to the definition of the function gy, and obtain the equality

of the series to

2
Hi(C ( > Z/ c(n) ﬁIn(Y(L,t))dtu(dL)>

=Q+1|n|=¢q

A repetition of the arguments in the verification of condition (ii) yields the upper bound

29Kv(GY_,) 2N + 1
a / O
p q=Q+1
2
J ~
4225 + 1)E ( ST / / |y Y (L0) dtu(dL))
9=Q+1 |n|=q “33
The first term vanishes in the limit N — oo and then () — oo, since gifj(g?j —las N — o0
N

and the series is the tail of a convergent series. The second term is independent of N and
vanishes for Q — oo by Theorem This establishes condition (iv).

3.2.5. THE BOUNDARY TERMS

In this section, we exploit the scaling behaviour of the centered integrated counting variables
on the boundary of the window defined in (3.3) to show that they are asymptotically negligible
if suitably normalised, cf. equation (3.41) for the formal statement.

The strategy of proving the latter is to establish a Hermite type expansion for € , closely
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resembling the approach in Section Although the following proof of the Hermite type
expansion is similar to the previous one, the more complex structure of the involved counting
variables leads to more complicated details, which is why we are going to spell out these details.
Once we have obtained the Hermite type expansion, we use calculations, similar to the ones
performed in the verification of the conditions of Theorem in Section to show the
asserted asymptotic behaviour. Due to the different structure of the set Jy N F' in the cases
dimJy =m =d—dimF and dim Jy > m = d — dim F', we will distinguish these and derive
the Hermite expansion only in the second case.

We start with introducing the approximation

o= (U [ [ ST yer) (1)) det (DX ) (1)
Ad—m JNNF
X L{X(t) > u, oy )onrer (VX (1) € Ne(CR N F)}HIT™(dt) p(dF) (3.32)
for m <1< dand Jy € 9'C% and proceed with proving the counterpart to Lemma (iii).

Lemma 3.12. Let Jy € 81()’% and m <1 <d. Then for almost all F € Aillfm

L2(P
Ery(Fle) —(>)£JN(F), as € — 0,
where

£ (F) 1= ()" [ ST (X)) det (DX Ly (1)

< X () > 1w, Wi g ooy (VX (1) € Ni(C 0 F)YHI™ (db),
and

Eon(F)i=#{t € INOF | X(t) = u,V(X[synF)(t) =0,
L;]i(nF(t) even, T ( sy )enre)t (VX (1)) € N(C4 N F)}
—#{te INNF | X(t) > u,V(X|jynr)(t) =0,
172w (1) 0dd, Ty yonrey L (VX (1) € Ny(CR N F)}.

Proof. The assertion can be deduced analogously to Lemma (iii), except that we use Lemma
instead of Lemma whose conditions are true by [1, Lemma 11.2.10 - 11.2.12]. O

With the preceding lemma, we are able to show that the claimed approximation of the error

terms coming from the boundary of the observation window is a proper approximation in

L2(P).
Lemma 3.13. Let Jy € 816’]”\’[ and m <1l <d. Then

L*(P)
m m
€Jne — €jys ase—0,

where €7 _ is defined in (3.32) and €y in (3.5).
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Proof. First, we note that by definitions (3.5) and (3.32)) as well as (2.15)

2
E [(Fy — €7 o)?| =E {( /A L En(F) = &(Fre) u(dF)>

d—m

Then, after realising that

E &y (F)2] SE[#{t € Jn N F | V(X|sy0r)(t) = 0}?]

and
2
E 6 (F.e)?] <E [( [ BV XLy () det D (X 1) (1) ) ] ,
N
we can prove the assertion analogously to the proof of Lemma O

We fix for every Jy € 8101‘{,, m < [ < d, and every F € Agfm such that Jy N F # () and
aff(Jn)° and F° are in general position, an orthonormal basis b(Jy, F) := b?N = (vi(F))%,
of R? such that

c(JN, F) = c}jN = (1 (F),...,v—_m(F))
is a basis of the vector space (aff(Jy) N F)° = aff(Jy)° N F° and that
d(JIn, F) == db, = (vem1(F), ..., v4(F))

is a basis of (aff(Jy)° N F°)*. We note that the basis only depends on the directional space
of F and furthermore does not depend on N. Using this basis we show the following more

explicit representation of the random variable €7 _.
Lemma 3.14. Let Jy € 816’]“\[, and m <l <d. Then

o= D[ [ dl(Ve X(0) det(D2 X (1)
Ad_JINNF IN IN

d+m—I1
X ]l{X(t) > u, +Z (Var X(1);d], ; € Ne(CF N F)} H™ (dt) p(dF).
j=1 N

Proof. The fact that m g, )enre) (VX () = zé”m*l(vd? X(t));dh, ; and 6L is rotational
JIN R

7=1
invariant, and the fact that ng X (t) is the transformation matrix of D?(X| ,nr), imply the
N
result (cf. Lemma [3.4)). O

In the following, we use a Hermite expansion of the integrand of the latter representation to
obtain a Hermite expansion of the random variable €' _, which carries over to one for the
random variable €. . We therefore define the D :=d + (I — m)(l —m + 1)/2 + 1-dimensional
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Gaussian random field Z°(L,t) for (L,t) € G4_, x R by

82
Zb(L, t) = (chNX(t), VdgNX(t), (WWX<t>> it , X(t))

and denote its covariance matrix at the point (L, t) by ¥. Analogously to Lemma we show
that the covariance matrix is indeed independent of the chosen basis, that is:

Lemma 3.15. The matriz ¥ is independent of t € R and L € Ggfm. Moreover, we have
Iy 0

Y = AAT, where A € RPXP s invertible and given by A = (O A
2

), for some invertible,

lower triangular matriz Ay € R(P—x(D=d),

Using A, we define the decorrelated process
YO(L,t):= A1 2% L,t), teRYLeGl .. (3.33)

For fixed t € R and L € G4_, | the random vector Y?(L,t) is standard normal, i.e. Y°(L,t) ~

Np(0,Ipyp). However, note that for different t, s € R? the vectors Y?(L,t) and Y?(L, s) are

in general not independent. In the same manner as before, we will be using the stationarity
(YL, 1), YL ) 2 (YLt + ), YL+ 1))

where ¢,t,h € R and L, L' € G4 in the arguments to come.

d—m>

We now define the mapping G%: AZ  x RI=™ x RA+m=L x RP=d 4 R by

GS(F, a,b,c) = (—1)l*m5é(a) det(A20)1,. . pD—d—1

d+m—l1
X ]l{(AQC)D_d > u, Z bjdgN,j S Nt((]f\l, N F)},
j=1

where the notation does not reflect a dependence in t, which is correct since N;(C% N F)
depends on Jy, which is fixed, and not on t € Jy, cf. (2.14). Hence, we obtain by Lemma

en = / / GA(F, YY(F°, 1)) H=™(dt) p(dF). (3.34)
Ad_JINNF
We note that the mapping Gg is only defined for almost all F' € Ag_m, but since Gg is only

needed when it is integrated over F', this is not a problem. However, the mere fact that this
mapping depends on F' is the main difference to the arguments in the full dimensional case
and forces us to refine the approach used there.

For F € A4 we note that G2(F,-) € L*(RP,Np(0,Ip)) and therefore

d—m>

GUFx)=Y > O (F.en)Hy(z)

7=0neNp n|=q
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in L2(RP, Np(0,1Ip)), where
SF )=t [ GUP@)H(a)én(a) do

We note that due to Fubini’s theorem and the definition of G? this coefficient factors into

d(F,e,n) = ¢ (e,n)c5(F,n), (3.35)
where
1 ~
b )  \l—mgl
hern) = g s L GV @ H ) (@)1 ) da
and
, 1 d+m—I
. >
HEm) = /RM_ZXRD_d 1{(Asc)pa > u, ; bidb 5 € Ni(Ch N F))
x det(A2c)1,..p—d-1Hm, 110 np) (0 O)OD—1—m)(b,c) d(b, ).

Using this expansion we are able to show a Hermite expansion of the random variable € e

which in turn will lead to an expansion of €7 .

Lemma 3.16. Let Jy € (916’]‘{, and m <l <d. Then

2
THRELD SIS

O (F,e,n) / Ho (YO (F°, ) H™ (dt) w(dF).  (3.36)
920 neNp |n|=q INOF

Ag—rn
Proof. We start by showing that the right side is well defined, meaning that it is an element in
L?(P). Using the completeness of this space, it is enough to show that it is a Cauchy sequence.
Thus, let k1, ko € N and k1 < k3. Then by two applications of Jensen’s inequality

2
(Z Z/ FSW&WEWWWWWWMMMO

q=k1+1 |n|=¢

d—m

2
<E ,/Ad Hl—m(JNﬁF INOF ( Z Z F £, n (Yb(FO ))) Hl_m<dt) M(dF)

q=k1+1 |n|=¢q

X p({F € A3, | FNJy #0}).

It is [76, Lemma 3.1] that allows us to apply Fubini’s theorem, yielding equality of the

expectation to

ko

/Agm”:’-[lm(FﬂJN)/ Z Z Z (F,e,n)c’(F,e,n)

INOE 4 q/—k1+1 |n|=q |n'|=¢’

xE [ﬁn(yb(m ) Hy (YO (F°, t))} H™(dE) p(dF).
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Properties of the Hermite polynomials yield (cf. Lemma [2.10] (ii))
E[H,(Y°(F°,t))H,y (Y*(F°,t))] = 1{n = n'}n!,

so that the L?(IP) norm equals

W{F | F Ny £0}) Z / Hl mENIN)2 S E(F, e )l p(dF)

q=k1+1 In|=q

W{F | FOy £0) S / le mENIN)?2 S E(F, e )l p(dF).

q=k1+1 In|=q

It is now enough to show the convergence of this series to obtain that the right side of the
asserted equality is a Cauchy sequence. The monotone convergence theorem implies that the

series is bounded from above by
/d H(F N Jy) Z > E(Fe,n)*nl u(dF),
Ad-m 4=0|n|=q
where we added some terms to start the summation by 0. By Parseval’s identity
S5 AE e m)nl = [GUE sty = | GHF) (@) ds
9=0|n|=q

and this can be bounded by

/]RD (5}5(@ det(Azz)1,‘“,17_d_1)2 op(z,y,2)d(x,y, 2), (3.37)

which is independent of F' and finite, since we are integrating polynomials of a bounded degree
and ¢p. We conclude that the right-hand side of (3.36)) is an element in L*(P).

We now show the equality of the assertion and start by observing with the aid of equation
(3.34)

2
Ho(YY(F°., 1)) %lm(dt)u(dF))

(EJM Z Z / cb(F,s,n)/

4=0 |n|=q dfm JNNF

2
=E (/A GY(F, Y (F°,t i Z (F,e,n)H,(Y(F°, ¢t ))Hlm(dt),u(dF)) 7

d
dem JNNOF

which we bound from above by Jensen’s inequality by

WP € Ay | F 01y # 0})E [ [, HruxnF)

d—m
k 2
x / GEEYY(F 1) =Y S (F e, n)Hy (Y (FO, 1) | H=™(dE) p(dF)
IvoF 4=0 |n|=q
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By Fubini’s theorem, the expectation equals

/Ad Hl_m(JNﬂF)

d—m

k 2
X /JNOFE[(G”(F YO(F°, Z:j > (P e, n)Hy(YP(F°, 1)) | 17" (dt) p(dF)

q

k
— Hl_m(JNﬁF)Q/ (GL(F,x) Z Z (F,e,n)H,(z )) ép(z) dz p(dF).

d
A RD

Hence, if the dominated convergence theorem is applicable to interchange the limit & — oo and
the integral with respect to p, the assertion follows. In order to find an integrable dominating

function, it is enough to bound the term

2
/R ) (Gb (F, ) Z Z cb(F,e,n)ﬁn(x)) ép(z) dz (3.38)

by a constant independent of F, since the factor H'~"(Jy N F) is only nonzero for a set of
finite measure and moreover independent of k. For this purpose, we apply the inequality
(a—b)? <2(a® +b?), a,b € R, to bound the expression in (3.38) by twice the term

/GJNFx ¢p(@ dx+/ (ZZ (F.e,n)H. ())2¢D()

3=0 |n|=q

The first term can again be bounded by (3.37) and using properties of the Hermite polynomials

the second equals

k
Z Z P(F e,n)nl,
3=0 |n|=q
which can be bounded by (3.37). The assertion follows. O

In the next lemma we establish the desired Hermite expansion of the random variable €7’ by

using the previous lemma and the L?(IP) convergence of €. to€), as e = 0. We first define

(—1)l=m (27r)~(=m)/2 lﬁle(O), a9)

F(Fn) = dEm)d(F,n), where &(n):= T
[Li=i" ni! i=1

which satisfies

F(Fon) = hH(l)C (Foe,n) = hII(l) A, n)(F,n),

E—

by the continuity of the Hermite polynomials and the Gaussian density. The terms c?(F,n)

are the coefficients in the Hermite expansion of €, as we will see in the next lemma.
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Lemma 3.17. Let Jy € 816% and m <1l <d. Then

2
X O,

G(Fm) [ L (V(FS, ) K ) p(dP).
920 neNp In|=q —-m INOF

Proof. We first show that the right side is in L?(P). Let ks > k1 € N be integers. Then by
Fubini’s theorem, which is applicable by [76, Lemma 3.1], we use the orthogonality established
in Lemma [3.7] to obtain

sl %

&(F,n) / A, (Y(F°, £) H=™(dt) p(dF)
q=Fk1+1 neNp |n|=q INOF

Ad

d—m

2

ko _
el X[ drm [ B o) )

q=k1+1 neNp |n|=q -m
2
ko
A r7 b o l—m
< _; lim inf E ; /Ad Y(Foe,n /JNOFHH(Y (Fo,t))H"™(dt) u(dF) | |,
q=k1+1 neNy,In|=q -m

where we used Fatou’s lemma in the last line. We note that we do not have to worry about
interchanging the integral over the affine Grassmannian and the limit ¢ — 0. This is the case,
since by the dependence of ¢®(F,e,n) on F and ¢ factors in two terms, one depending
solely on F' and the other depending solely on €. Now, by adding positive terms, we bound the

previous term by

2

lim inf E > / Y(F,e,n / H,(Y(F° t)) H=™(dt) p(dF)
g=krt1 =0 neND |nj=q ” Ad-m INOE

o0

Showing that this series converges will also establish that the series on the right-hand side of
the assertion is a Cauchy sequence and therefore is an element in L?(P). Again Fatou’s lemma
and the orthogonality combined with the continuity of the inner product bound the preceding
term by

H(Fye,n) /J HL (YY) R A (ar)

minfE (>0 > y

q=k1+1neND |n|=q —m
= liminf E [ € 2}
c—0 ( JN,E)
2
=E |(7)?] < o0,

where we used Lemma and Lemma [3.13] Thus the right side of the assertion is a
well-defined element in L?(PP).



60 CHAPTER 3. A CENTRAL LIMIT THEOREM FOR LIPSCHITZ-KILLING CURVATURES

We define the abbreviation

=2 /A /JNmF H, (Y*(F°, 1)) H' =" (db) p(dF)

[n|=q "~ “d-m

and denote by 7%: L?(P) — L?(P) the projection onto the homogeneous chaos of degree 0 up
to k, that is UF_oH; (cf. Theorem , and by mj,: L?(P) — L%(P) the projection onto the
homogeneous chaos greater than k, that is U;>+1H;, k € Ng. Then

ETN - Zlq

q>0

L2(®)

I

L2(P)

o9
k k k
m(e) + T (R) =D Iy — Y Ig+ (el ) — T (e )
q=0 q=k+1

which can be bounded by

k
Wk(e’r}lN,&‘) - Z Iq

q=0

ZI

q=k+1

+
L*(P)

k([ _m m
+ =" (e = i)
L2(P)

Hm‘”(e"N ‘ L2(P L2(P) |

The first two terms vanish for & — oo, since both arguments are elements in L?(IP). The last

one can be bounded by

HEJN GJN:

L*(P)
which vanishes in the limit € — 0, due to Lemma By Lemma the third term equals

(Z > / & (Fle, n))/J Fﬁn(Yb(Fo,t))Hl—m(dt)ﬂ(dp))
q=0|n|=¢ " “d-m N

and Fubini’s theorem allows us to rewrite this term as

k
Z Z Z / / (cb(F, n) — cb(F,E,n))(cb(F/,n’) — cb(F’,a,n'))

Ad Ad
4,9'=0 |n|=q |n|=¢

«E [ /J L HL(Y(E ) M ) /

JNNOF
By (3.35) and (3.39)) this equals
Z >3 () - dem) ) - den) [ / B(E )b (F )
Ad JAd

¢,9'=0 |n|=q |n|=¢’

x E UJ mFHn(Yb(FO,t))H’—m(alt)/

JNOF

H(Y)(F™ ) K™ (@) 1ldF) p(dF).

Ho (Y™, 1)) H’%(dt)} u(dF) u(dF"),

which vanishes for € — 0. The assertion follows by taking the limit ¢ — oo and then £k — oco. [
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Before we can give a proof of the scaling property of the boundary terms, we need to establish

the following auxiliary lemmas.
Lemma 3.18. Let N and N' be centered and jointly Gaussian random variables in RP with

Cov(N, N') = ( fo. G, N,)>

Cov(N’,N) Ip

and n,n' € N§ such that |n| = |n’| = ¢ € N. Then

q

E [H,(N)Hy (N')] < (n!n/!)%qur:nﬁfD [ [N

Proof. By Lemma

E [ H,(N)Hy (N')| = nin' 3 I1

deNPxD 1<i,j<D

D D ,
Zi:l dij=nj Zj:l dij=n;

L Z

deNy*P 1<i4,5<D

D _ D o
Zi:l dij=mn;, Zj:1 dig=n;

<, max | [E[N:N]

Now, let v := (1,...,1) € RP and let W, W’ be centered and jointly Gaussian in R, such that

I LovT
Cov(W, W)= [/ D7),
HUv Ip

We note that (W, W') exists, since the covariance matrix is positive semidefinite. To see this,
we use [7, Fact 8.11.13], which states that for this special choice of the covariance matrix being
1 T)

positive semidefinite is equivalent to Ip — (FHvv 2 having nonnegative eigenvalues. This is

the case since for z € R4

o= (o) Je=a=(go7) o= (1-34)
D va rT=x va T = 14T x,

where )\%WT denotes an eigenvalue of Sov', and )‘%mﬁ € {0,1}. Thus

Wy I <omnt % m 2y
D - dU' - - d”'
deNp > 1<4,j<D deNy*P 1<4,j<D
D D D D
Dicr dig=ny, 35y dig=n} Dicy dig=ny, 35, dig=n]
dij
, e vy
= Dinin'

Dt > I~

deNy*P 1<i,j<D “

D _ D o
Zi:l dij=n; 7Zj:1 dig=n;

which by Lemma equals DIE [fIn(W)ﬁn/(W’ )} Finally, the Cauchy—Schwarz inequality
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yields

which proves the assertion. ]

Lemma 3.19. Let ¢ € N and F € A% . Then there exists a constant ¢ = c¢(X,d, m,l) > 0
such that

Z n!%cb(F, n) < cq®.

neNp,|n|=q

Proof. In the following the constant ¢ may change from appearance to appearance. We recall
the definition

T HL(0) (<)

. D .
=1 T Hi:lferlnl!

L(Fn),

where

A(F,n) = / det(Ao2)1... poa11{(Aoz)p_a = u)
RD—(l—m)
d+m—I1 D
x 1 Z yjd§N,j S Nt(cjd\f n F) H Hm (yv Z)¢D—(l—m) (y7 z) d(yv Z)'
j=1 i=l—m+1

Proposition 3 in [32] yields Hi;ﬁn |H;§)|

< ¢, and thus

NI

mya-mre T 20 (lﬁn n‘)
' i=1

. n;
=1 ¢

By the Cauchy—Schwarz inequality and bounding the indicator functions by 1, we get

PEm < ([ dethan} p a6 0w (.2)d.2)

2

D
X /]RD*(F"U ( H Hm) (y’ Z)2¢D7(l7m)(y7z) d(y,Z)>

i=l—m+1

1
D 2
i=l—m+1

Thus we obtain ¢?(F,n) < cn!™2 and therefore

Z n!%cb(F,n)ch lgcz 1<cgP.

Inl=¢ Inl=q In|<q
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Lemma 3.20. Let Jy = {t e RY | —-N < t; < n,i € o(Jy),t; = N,i & o(Jn)} € 0,C%,
where m < 1 < d, and F € A%__ such that F N Jx # 0. Furthermore, let © € R? be such that

d—m

(F+z)NJy #0, where Jy g := {t € RY| i<, <tieo(n),ti=€3,i¢o(In)}. Then

F

F b
I (F,n) =c’12(F +z,n).

F
Proof. The dependence on Jy and F enters the definition of Pin (F,n), cf. (3.39), in the choice
of the basis d§N and the normal cone N;(C% N F), which is determined by the vectors n;f N(F),

cf. (2.14). We recall that df;N denotes a basis of the space (aff(Jy)° N F°)+ and therefore only

depends on the directional space of ' and the directional space of the chosen stratum of the

cube. Therefore it is invariant under translation of F' and changes in N, yielding dij = d?;:.

The normal cone N;(C% N F) is determined by the outer unit normal vectors n;]N (F') of
the facets of Cf{, N F in F° containing Jy N F. Note that these facets are given by J]Cffl NnF,
where J]‘f,_l S 8(1,10]‘%, such that Jy C J]‘f,_l. Thus the outer unit normal vectors are given as

the vectors with norm one and pointing outwards in the spaces

Fon ((affi(J5 ) N F))L = Fon (afi(J3")° N FO)L, T € 940 st Ty C I

bF
The same definition applied for ¢ /1/2 (F + z,n), yields that nZF T are the outer unit normal
vectors of the facets of C’f/Q N (F + ) in (F + x)° containing the set J; /o N (F + 7). Again,
these facets are given by Jf/_Ql N (F + x), where Jf/_Ql € 04_1C% such that Jij2 C Jld/_;. Thus,
in this case, the outer unit normal vectors are given as the unit vectors pointing outwards in

the spaces

(F+2)° 0 ((aff ({51 N (F + ac>)°)l = (F+2)°0 (aff () N (F + gc)O)L

1
= Fon (afi(J3 ) N F°)
Since outward has the same meaning for C$, N F' and Cf/Q N (F 4 x) and moreover their facets

are one-to-one, we obtain that {n}~ (F),... ,n;lffl(F)} = {nijm(F—Fx), . ,n;lfi/f (F+x)}. This

shows the assertion. O

The last auxiliary lemma concerns the integrability of the maximum of derivatives of the
covariance function, namely 1, on linear subspaces of R%. By S; we denote the symmetric

group on d elements.

Lemma 3.21. Let ¢ be defined as in |(A3) and satisfy the assumptions made there. If
ke{l,...,d—1} and o € Sy, then

| v®) H¥(dt) < oo,

where LY = {t € R? | toy =0,i=k+1,...,d}.
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Proof. We first observe that by the integrability assumptions on ¢ made in |[(A3)
oo
00 > / P(t)dt = / Y(ru)rd=t dudr
Rd 0 Jsd-1

and thus by Fubini’s theorem [;° ¢ (ru)rd=1dr < oo for almost all u € S%~1. Therefore, we
may choose v € {u € S| [ (ru)rd~tdr < oo}

We note that 5-CX(t) = 5.05C¥ (p(t)) for i =1,...,d, t € R? and p € SO(d). Indeed, by
definition of the partial derivative

0 _CX(t+he)) —CX(t) .. C¥(p(t) + hp(e;)) — C¥(p(t))
5,0 () = Jim h = Jim i
_ 9 X

where we used the isotropy of the field X. This implies

d B
> plei); %Cx(p(t))

9 x|
5,070 = 2
7j=1

d
<2
j=1

a‘ijc%(t)) |

Analogous reasoning for m € {0,...,4} and i,...,4, € {1,...,d} yields
d

2 ENDS

j17"'7jm:1

m

’ 0
8tz~1 .0t

im

A
atjl - 8tjm

(CX)(p(t))‘ :

Thus, if we choose for fixed but arbitrary ¢ € R? the rotation p*” € SO(d) such that p*(t) =

|It||v, we obtain

81”

X
_— t
o, o, O i)

o ¥

— - <
ﬁj(t) rg(l)é)i4 ‘8751'1 .. 8tiT ¢ (t)’ - rg(l),aj.x4 . Z_
i1ir={1,...d} Jtyegr=1
< 4ty elo). (3.40)

Then by spherical coordinates and the estimate (3.40)
P(t)dt = / / Y(ru)rf L dudr < 4dwk/ Y(rv)r*tdr,
Ly 0o Jskt 0

where S¥~1 denotes the sphere in the linear subspace L7. This can be bounded by

1 o]
4dwk / w(rv)rk_l dr + 4dwk / w(rv)rd_l dr,
0 1

which is finite by the continuity of ¢ and the choice of v. This shows the assertion. O

Using the Chaos expansion and the auxiliary lemmas, we can finally show the following

scaling behaviour of the boundary terms €'}’ .
N
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Lemma 3.22. Let Jy € 816% and m <l <d. Then
E (7, —E[en])?] = ov' ),
where €7 is defined in .
We conclude from Lemma that

lim N~%?E {(e’}‘N ~E [ETN:D2:| =0,

N—oo

and since convergence in the quadratic mean implies convergence in probability, cf. [70, I1.4

Theorem 2], we conclude the desired result

E?N_E[E?N] %0 N form <1<d 3.41
WH, as N — oo, for m <[ <d. (3.41)

Proof. We distinguish the case in which Jy N F' is countable (I = m) and the case in which it
is a continuum (m <! < d).

Case: | = m. If [ = m, then #(Jy N F) € {0,1} for almost all F € A4 . This implies
dimTy(JyNF)=0,t € JyNF, and therefore

V(X[xnp) () = Ty (1ynp) (VX(8) = 0

as well as L}mep(t) = 0. Thus, we obtain

en = /Ad St e IvnF | X(t) > u, VX(t) € N,(Ch N F)} u(dF).

d—m

The integrand equals [; ~p 1{X(t) > u, VX(t) € Ni(C% N F)}HO(dt), and, in contrast to the
cases m < [, the measure H° is o-finite on Jy N F. This allows us to apply Fubini’s theorem

to deduce

B\ (< ~E[R])]

) [(/ / (X () > u, VX(t) € NJ(Ch 0 F)Y HO(dt) p(dF)
Ad J

NOF

d—m

Y

2
_ / / E[1{X(1) > u, VX(t) € Ny(C 0 F)}| #O(dt) ,u(dF))
Al JINOF
which equals by another application of Fubini’s theorem

/d / / / E[(I(Fy,t1) — E[I(F1,t)])
Ad,m JNNF2 Ad—m JNNFy
X (I(Fy,tg) — B [I(Fy, t2)])] HO(dt) u(dFy) HO(dta) u(dFy),  (3.42)

where I(F,t) := 1{X(t) > u, VX (t) € N,(C% N F)}. By Assumption |(A3)|there exists s > 0
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such that

Q/)(tl — tg) < for Htl — tg” > s.

1
d+1
We use this number s to split the integration in into one integration over the domain
lt1 — t2]| > s and one over the domain |[t; — t2]] < s. In the first case, we use Lemma
with the choices V := (X (1), VX (1)), W = (X(t2), VX (t2)) and h: R¥! — R given by
(z,y) — 1{z > u,y € Nj,(C% N F)}. We note that writing N, (C% N F) for N,(C% N F)
emphasizes the fact that this normal cone does not depend on the location of ¢ in Jy N F.

Then, since X (¢) and VX (¢) are independent due to the stationarity and moreover [ = m and
(2.13)

E[(h(V) ~ E[(V))Hi (V)] = E[1{X(0) > u} X(0)] P (VX(0) € Ny (C% N F)) £0.

yielding » = 1. Moreover, by definition of ¥, we get 7 < (d+ 1)(t1 —t2) < 1, for ||t; —t2]| > s,
and therefore obtain by Lemma

[E[(I(F1,t1) — E[I(F1,t)]) (1(F2, t2) — E[I(Fy, t2)])]] < (d+ 1)p(t — t2),

for |[t; —t2]| > s. Hence, we split the integration in (3.42) in the one over |[t1 — 2| > s and its

complement, and bound the first one by

/ / / / 1{[[t — tal| > sHd + Dbty — t2) HO(dtr) p(dFy) HO(dts) p(dF).
Agim JNNFy Agim JNNF1

With the aid of [69, Theorem 5.4.3] and Fubini’s theorem the latter equals

|| it = tall = s+ 1t =12 W) 1O ()

= [ [ il = st € Iy — )@+ D) W () KM ),
IN JIN—IN

where we used the translation invariance of the Hausdorff measure. We bound the indicator

with the condition ¢; € J, — t3 by 1 and thus obtain the upper bound

[ tinl = S Vet W RO < [ g dNTH (),
IJN—JN {tERd‘ti:0,1¢0’(JN)}

Lemma implies the finiteness of the integral and we conclude the assertion in the first

case. In the second case, we consider

/Ad /JNHF2 /Ad /JNmFl {||t1 — ta| < sYE[(I(Fy,t1) — E[I(Fy,t1)))
X (1(Fy, ta) — E[I(Fy, t2)])] HO(dtr) p(dFy) HO(dtz) p(dF),
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and again bound some the indicator functions by 1. This yields the upper bound
of [ i - el < sy p(dR) HO(dt) p(dF)
Agll—m JNNEFy Ag—m JNNFy
_ 4/ / L{[[t1 — tol] < s} H™(dty) H™(dts),
In JIn

where we applied Fubini’s theorem and [69, Theorem 5.4.3] twice. Again the translation

invariance allows us to write the integrals as

[l < st € gy — 2 1 ) M )
In JIN—JN

<

/ L] < 5} H™ (@)H™ ()
{teR4|t;=0,i¢o(JIn)}

=H"({t e R™ [ [[t|| < s})N"H™(J1),
which shows the assertion in the case [ = m.

Case: [ € {m+1,...,d — 1}. This case is more involved, due to the fact that Fubini’s
theorem is not applicable in the argument leading to (3.42). Instead, we use the already
established Hermite type expansion of €7 . By this expansion, cf. Lemma we obtain

2| (e, ~E[en])]

ZEKZ > /Ad Cb(Fan)[]NmFﬁn(Yb(FO,t))’Hlm(dt),u(dF)) ] (3.43)

921 neNp |n|=q "~ “d-m

Partitioning the [-dimensional, affine subspace {t € R? | t; = ¢N,i ¢ o(Jy)}, where o is
defined in (2.11)), into translates of the {-dimensional unit cube

0,1):={teR¥|0<t;<1,ico(Jy)and t; =0,i ¢ o(Jn)}

yields equality of the term (3.43) to

EKZ > /d A(F,n)

921 neNp |n|=q " “d-m
2
<Y [ e [o,1>l+z}ﬁnwl’(F%t»%l—m(dﬂu(dm) ]
z€74 INOF
which equals

> gy ¥

21,22€24 921 neNp |n|=q

DD /Aﬁ

G=1neNp,[n=q

O (F,n) / 14t € [0,1)! + 20} (YO (F°, ) HE-™(dt) p(dF)
Ad JNNF

d—m

&t (F,n) /J an{t € [0,1)l+ZQ}ﬁn(Yb(Fo,t))Hl_m(dt)u(dF)].

m
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We note that due to the definition of 1, cf. |(A3)| there is a constant ¢ = ¢(X, d, m,l) > 0 so
that

Dmax [E [VE(FP, 1),V (F5, ta),] | < etp(tr — 1) (3.44)

17]

for F1,F, € A% and t1,t2 € R% Moreover (A3) implies that for p € (0,1) and p < 1/c there

is a constant s > 0 such that
P(t) < p, for ||t > s. (3.45)

Using s, we split the above summation into one over I := {(z1,22) € (Z9)? | |21 — 22|00 > s+1}

and I := {(21, 22) € (Z%)? | |21 — 22]|oc < s}. By orthogonality the first sum equals

)IEDIDY / / (Fi,m)c’(Fy, ng) (3.46)

(21,22)€l1 421 |n1|=q=|n2|
X/ / 1{ts € [0, 1)} + 22}1{t; € [0,1)! + 21}
JNNF2 JJInyNEFy

X E | Hoy (Y (FY 1)) Hy (VP (BS, 12))] H' 7™ (A1) HI ™ (dto) p(d ) p(dF).
By first applying Lemma and then equation (3.44]), we bound this expression by

> > / / P (Fy ) (Fy,no) /JNmFg /JNmFl]l{tZ e [0,1)! + 2}

(z1,22)€l1 421 |n1|=q=|n2|
< 1{t1 € [0, 1) + 21 }(natna) 2T (ty — t2)T H™(dty) H™(dbo) u(dF) p(dFy),

which, by rearranging the terms, equals

2 Z/ /Ad /JNﬁFg /JNﬂF1 . Z mtse (£, m) > nol2c(Fy,no)

(z1,22)€l1 q>1 Inal=q

x 1{ts € [0,1)! + 2} 1{t; € [0,1)" + zl}cqw(tl — 1) HIT™(dty) HT(dto) p(dFy) p(dFy).

Lemma bounds this by

2 qu/ / 14t 0 1)
c c e |0, +z
> Lo {t2 €10,1)" + 22}

(z1,22)€l1 21

x / / L{t1 € [0, 1) + 21 }ob(t1 — to)? HI™(dt) HE™(dts) pu(dFy) p(dF).
Ad_ SN
Applying [69, Theorem 5.4.3] twice, we see that this term equals

2 Y Sy QD/J 1{ts € [0, 1) +22}/ 1t € [0, 1) + 21 (b1 — t2)d H (dtr) H (dts),

(z1,22)€l1 q>1

for a constant ¢; > 0. Now, the choice of the constant s implies 1) (t; —t2) < p, for t1 € [0, 1) 421,
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ty € [0,1)! + 25 and (21, 22) € I1, and hence the upper bound

cip ! Z / 1{ts € [0,1)" + 22}

(21,22)611 JIn

x | 1{ty € [0,1)" + 21 }b(ty — ta) H(dtr) H'(dt2) D (pe)iq®P.

JIn g>1

For the sum over the integrals, we observe

S [ e e m) [ 1 e 0.0 a ot —1) H ) W)

(z1,22)€ll
S / e 0,1) +2} 3 / 1{t1 € [0, 1) + 21 Yob(t1 — to) HL(dtr) H! (dt2)
29€7Z4 21 €2%

[|z1—22]]c0 >5+1

<3 /J 1{t2 € [0,1) +22}/ D(ty — to) H(dtr) H (dt),

z0€Z
which equals by Fubini’s theorem

S [ w0 wa) [ bt e I -l M) M ()

ZGZd IN—JIN

= tl Z / ]l{tg S [0 1) + 29,t9 € Jn —t1}7‘[ (dtQ) Hl(dtl)

IN=IN 29€74

<) [ () H! (dt).

{tERd|ti:0,iEU(JN)}

To summarize, we obtain the following upper bound for the first summand

oM (Jy) /{ w(t) H(dt) S (pe)g??,

teR4|t;=0ico(Jn)} >1

where the series converges by the ratio test, since c¢p < 1, and the integral is finite by Lemma
Finally, the equality H!(Jx) = N'H!(J;) establishes the assertion for the first summand.

We now analyse the second sum and start by applying the inequality ab < a® + b?, a,b € R,

to obtain for the expression

> E

(21 ,22)612

2 E:L/ /‘mFﬂ{te[Qly4—m}ﬁhOwCFﬂt»7#‘muﬁn4dF)

921 |n|=q

<% / & (F,n) /J e [0, 1)} + 20} (YO (F°, £)) H=™ (dt) u(dF)

q>1‘n‘ =q d m
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the upper bound

2
2 (Z 2 / /J L{tefo,)' + zl}ﬁnwbwﬂt))Hl-’”(dtwdF))

(21,22)€l2 a>1 |n|=q NOF
2
Z Z / / ]l{t € [0, 1)l + Zl}ﬁ[n(yb(Fo’t))le—m(dt) ,LL(dF) 7
a>1 |n|=q Ad_ JNOF

which equals

(Z Z cb(F, n)
X /J_ mF]l{t e 0, 1) + zl}ﬁn(Yb(Fo,t))Hl_m(dt)u(dF))T .

Since the summand does not depend on 23 and we sum over all 21, zo € Z¢ where |21 — 22|00 < 5
the latter equals 2(2s + 1)?-times the term

2E (Z 2 / uirm [, e, 1>l+z}ﬁn<Yb<Fo,t>>Hl—m<dt>u(dF))

zeZ4 q21|n|=q
(3.47)

We now exploit the stationarity to see that the expectation is actually independent of NV and
we only need to count how often this expectation is nonzero. This happens to be the case

(2N + 1)! times, since otherwise the intersection Jy N ([0,1)! + 2) is empty.

We first define z € R? by a; = —1 for i € o(Jy) and z; = ;3 for i ¢ o(Jy) such that
0,1) +2 = Jij2. Then for F' € A4 and z € Z? the condition F' N Jy N ([0,1)! + 2) # 0
implies (F — z +x) N J; )5 # 0. Thus by Lemma the expectation in (3.47) equals

(Z >, (Pt a— 2)

a>1|n|]=q* Ad-m
X / 1{t € [0,1)} 4 2} H, (Y (F°, t)) H' =™ (dt) M(dp)ﬂ .
JNNF

Now, by orthogonality and Fubini’s theorem, we obtain equality to
bj by

Z Z ¢ T (Fi42—zmn)c 2(Fy+x—zn)

921 |n1|=g=[nz|

x/Ad /Ad /J . ll{tge[(),l)l—i—z}/J e +2)
x E [Hm(Yb(Ff,tl))Hm(Yb(Fg,@))] HE™(dty) M (dty) p(dF ) p(dFy).  (3.48)
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Stationarity implies for z € Z¢
E [ Hoy (Y (F7 1)) Hoy (Y (F5 1)) = B [Hyy (VY 11+ @ — 2)) Hyy (VP (FS £ + @ — 2))|

and therefore (3.48) equals

E

(Z Z /Ad Cb§1/2 (F+z—2zn)

qzl |n‘:q d—m

2
X / 1{t € [0,1)' + 2} Hu (YO (F°, t + x — 2)) H' 7™ (dt) M(dF))
JNOF

The translation invariance of the Hausdorff measure implies for z € Z¢
/ 14t € [0,1) 4+ 2} Hy (YO(F°, t + 2 — 2)) M= (dt)
JNNF

= 1{t + 2z — 2 € [0,1) + 2} H,(Y(F°, 1)) HI "™ (dt)
(JNNF)—z+z

:/ 1{t € [0,1)" + 2} H,(YP(F°, 1)) H=™(db),
(JNNF)—z+z

and taking into account that (Jy — z + ) N ([0,1]' + ) = Jy o, in the cases in which the

F e
intersection is nonempty, as well as yhin (F°,t) =Y 71/2(F°,t), we obtain
/ 1{t € [0, 1) + '} Ho (YN (F°, 1)) HI=™ (dt)
(JNNF)—z+x

~ vl
= Hn(Y 172 (FO7 t)) Hl_m(dt)'
J1j2N(F—2z+x)

To summarize the last steps, we established

Bl X

¢>1neND Jnj=q

Fin (Fyn) / 14t € [0,1)! + 2} H, (YN (F°, 1)) H-™(dt) u(dF)

Ad JNNF

d—m

=E Z Z /d cbl;l/Q(F_'_x_zvn)

4=1neNp [nf=q” i-m

2
_ F
| ("2 (2, ) () u(dF)>
Ji2N(F+z—2)

By the translation invariance of the measure p this equals

EIlY 3 /A A /J A, (Y(F°, ) H™(dt) p(dF) | |

F
921 neNp |n|=q " “d-m 1720
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which is independent of V. Hence, we deduce for the second summand the upper bound

22s+ 1IN+ D)'E | [ > > /d (F,n)

921 neNp |n|=q " “d-m

2
[ R ) ) u(dF)>
Jl/QOF

which establishes the assertion. O

3.3. A LOWER BOUND FOR THE ASYMPTOTIC VARIANCE

We outline in this section where the arguments of [22] Lemma 2.2] have to be altered to

establish a lower bound for the asymptotic variance.

Lemma 3.23. Let X be a real Gaussian field on RY, which satisfies the assumptions (A1)-(A3).
Then for o2, and u given as in Theorem andm=20,...,d—1

d

2
Tin = d—m

] (2m)™ f(0) Haom (u)?¢ (u)?.

Proof. Recall that according to Theorem the asymptotic variance is given by > ¢ o2

m?q’

where o2, , is defined as the limit in condition (i) of that theorem. Hence, we obtain a lower

bound for the asymptotic variance by computing J?n’l. By 1)

o2, = })b(1) /Rd /Gd /Gd E [Yi(L, )Yi(L',0)] v(dL)v(dL') dt,

k le{1, ,D}

d—m

where the coefficients b(-) are given by

c(n)

bk)= > ]l{keAn}m.

neNp In|=1

The sets A,, consist of only one element, namely the number of the component of n, which
contains the 1. Thus if we write e; € RP for the vector, whose components are 0 except for

the i-th component, which is 1, we obtain

b(k) = c(eg).

By the definition of the coefficients ¢(-), cf. (3.14), we see that ¢(ey) =0for k=1,...,d —m

and therefore obtain

D
Tt = kli; c(ex)c(er /Rd /Gd /Gd E [Yi(L,t)Yi(L',0)] v(dL)v(dL") dt.
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We now show that

[ E[ZL.0Z(L',0)] dt = 2oy FOL{(k,1) = (D, D)},

for L,L' € G¢  and k,l = 1,...,D. We first consider the case (k,l) = (D, D). Then the
equality E [Zp(L,t)Zp(L',0)] = E[X ()X (0)] = (27)%2L(f)(t) holds, where F denotes the
Fourier transformation. By the spectral density f is continuous and E [X (¢)X(0)] is
integrable, which yields that [« E[X (£)X(0)] dt = (27)2f(0), via the Fourier cotransformation.
In the cases where (k,1) # (D, D), at least one of the factors Zp(L,-) or Zp(L',-) is a directional
derivative of the field X of order greater or equal than 1, say in direction v € $4~!. This yields
that E [Z(L,t)Z;(L',0)] equals, up to a power of —1, the function 8%9, where g is either the

covariance function or a derivative of it. Thus by Fubini’s theorem, we conclude that

/ E [Zp(L,t)Z (L, 0)] dt:/ / gg(tl,...,td)dtl...dtd
R4 R R Ou

By writing the directional derivative as the inner product of the direction and the gradient,

this equals

d
~Y z)/ /gtl,... N dty ...l dtg =0,

where we used assumption [(A3)|in the last line.

The definition of Y, cf. (3.8)), implies

E [Yi(L, t)Yi(L',0)] ZD:ZD: i NsE (2 (L, 1) Zo(L,0)]

r=1s=1

which yields

/R CE[Y(L,)Yi(L,0)] di = Ay hA; b(2m)£(0)

and we conclude with Fubini’s theorem that

2 D 2
0%2[ ! ] > C(ek)C(ez)Af,éAE,})(27T)df(0)=l ! ]C(eD)Q(AB}DV(%)df(O),

d=m| |\ T d—m

where the last equality holds since A is lower triangular. In order to calculate the coefficients
c(ep), we have to analyse the covariance matrix of Z(L,0). We first write the K + 1 :=
(d—=m)(d—m+1)/2 + 1 last coordinates of Z(L,0) in the order

( > ? o) x0)
X(O)) , < X(0 ) X0 ] .
0v;0v; I<i<j<d—m Ov;Ov; i1
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Thus, using stationarity, isotropy and CX(0) = 1, the covariance matrix of this vector at 0 is

given by the matrix

Cov ((at?;th(O))Kj) Cov ((at?;th(O))Kj , (%X(O))j_lm) 0
Cov ((;;X(O))d:—lm (&X(O))Kj) Cov ((%X(O))jj) -1
0 -1 1

which equals the product AsAJ, where Ay € REF! is the lower triangular matrix, given in
Lemma We choose the matrix L € REXK | the vector I € RX and o > 0 such that

Then the relation ||I||? + a? = 1 holds as well as Ll = (01xx, —1ixd_m). With this specific

representation of A we have
clep) = (2m) M1t [ det(LyL{{Ly) + az > u)zox()6(=) dly. )
X

= —(2m)"(@=m/2(—)d=m /RKX]R det(Ly)1{(l,y) + oz > u}or(y)¢'(2) d(y, 2)

= m) Rt [ de(Ly)on(w)o (a7 (= (1) d.

where we used that z¢(z) = —¢/(z) in the second line and Fubini’s theorem in the second. We
note that the K-dimensional vector Ly is identified with the symmetric (d—m) x (d—m)-matrix,
whose nondiagonal entries are given by the first (d — m)(d —m — 1)/2 entries of Ly and whose
diagonal is given by the d — m last entries of Ly. Using the Hermite expansion of y — det(Ly)

given in [22| Lemma A.2], we obtain

clep) = (2m) R S B [ Ba()ox)é (a7 - 0.y)) dy

meNE |m|=d—m

= @m) S [ D ek(w)s (a7 - (1y)) d,

meNK |m|=d—m

where D™¢ denotes %qb and f3,, are real coefficients. Following the argument in [22],

we define h: RX — R, 2 +— ¢(a~1(l,y)) and choose I’ such that (I,1’) = 1. We then obtain
/RK D" (y)6 (o (u = (1,y))) dy = (hx D) (ul') = D™ (h* drc) (ul')

by properties of the convolution operation . Using [22] Remark A.4], which reads (h*¢x)(y) =
ad((l,y)) for y € RE we obtain

D™ (h# ¢ )(y) = ol ™ (1 y)) = (=)l "™ Hy_ (1, y))6((L, y)).-

Thus by [22, Lemma A.2], which establishes the Hermite expansion of y — det(Ly), in the
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second equality

clep) = (2m) M2 N B (—1) M aH g () (u)
mEN?
|m|=d—m

= (27r)_(d_m)/2 det(Ll)(—1)d_madem<u)¢(u)'

We recall that the K-dimensional vector Ll corresponds to the symmetric (d — m) x (d —
m)-matrix, whose nondiagonal entries are given by the first (d — m)(d —m — 1)/2 entries of Ll
and whose diagonal is given by the d — m last entries of LI, thus det(Ll) = (—1)9™, since

Ll = (01xx, —lixd—m). Hence, we obtain
c(ep) = (2m) "2 aHy_py (u)(u)

and therefore conclude as asserted
d 2
o= [d_m] (2m)"™ F(0) H (1)) =

3.4. THE MULTIVARIATE CASE

In this section, we establish a multivariate central limit theorem for all Lipschitz—Killing
curvatures of an excursion set of a Gaussian field in the asymptotic scenario of an ever-growing
observation window. Furthermore, different choices for the thresholds of the excursion sets are
possible. We define for N € N, w € R and m € {0,...,d — 1}

Lo (C% N X_l([u, OO))) —-E [ﬁm (C]l%/ N X_l([u> OO)))}

U =
" HIA(CY)?

and show the following theorem.

Theorem 3.24. Let X be a real Gaussian field on R, which satisfies the assumptions|(A1)-
(A3) and let ug, ..., us—1 € R. Then

_1,d-1, D
(w0 wher Ty By a0, 1)

as N — oo and X% € R4 js positive semidefinite.

Proof. We first note that, as in the univariate case, there are terms which dominate the

asymptotic behaviour of the vector (\I/?\})’O, e \P%’l’dfl). Indeed, by using the definitions of
Section we have for ¢ € R?
cT(wUol | gl

d—1 Uy, M _E Upn,, M d—m—1
= Z m+1C K Zchrl Z Z

Hi(CF)? =0 nedmoy  HUCR)?
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where the second sum converges to 0 in probability, by | , and the fact that convergence
in probability is additive. We note that we changed the notation to reflect the dependence on

U and m. Now, suppose for a moment that the random vector given by

( ]1@0,0 _F [CJUVO,O} K]d—hd—l -k { X}d—hd—l} )

Hi(cdy: Hi(Cd)?

satisfies a multivariate central limit theorem as N — oo, then the theorem of Cramér-Wold, cf.
[36, Corollary 5.5], applied twice, and Slutzky’s lemma yield the asserted central limit theorem.
Hence, all that is left to show is a multivariate central limit theorem for the above random
vector. We would like to apply Theorem which forces us to develop a representation
of the random vector in terms of multiple stochastic integrals with respect to an isonormal

Gaussian process on a suitable Hilbert space. For this purpose, we recall Theorem (3.8

o P § e c(nytm,m) [ H,(Y™(L,t)) dt v(dL). (3.49)

e cé
420 neND™ n|=g N

d—m
The Gaussian field Y™ (L, t) was defined by
Y™ML,t) = A'G™(L, VX(t), DX (1), X (1)),
where A € RPm*DPm ig defined as in Lemma and G™: Ggfm x R% x R4 x R — RPm ig

explicitly given by

G™(L,x,A,y) = ((@i, x>)f;1m, <((v1] o Jvgem) T A (1] - Ud—m))i’j> \cicicdom’ y)

with (vi)f:_{” denoting an orthonormal basis of L. The only way in which randomness enters
the right side of equation (3.49), is through the field (VX, D2X, X). Thus, it is this field we
need to embed into an isonormal Gaussian process. The real Hilbert space $), which suits our

needs, is again given by

= {h: RY s C | h(—z) = ha), / () 2f () da < oo}
]Rd
equipped with the inner product
(9 W) apn = [ 9@h(@) S () da

and accompanied by the isonormal Gaussian process W. We recall that f denotes the spectral
density of f. Then, with ¢; ; € $,t € RY, j =1,...,d+d?>+ 1, given by ¢, j(z) := Vj(:c)ei<t’”">,

l/(.f) = ((ixj)?:la (_x'fxs)g,szlv 1)7 we obtain

19

(VX(), D2X(-), X() = (W(p1)-- -, W(P.araz 1))

as processes on R?. Indeed, the equality of the covariance functions of both processes yields
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the equality in distribution, since both processes are centered Gaussian fields. Then

(i) —Elcy™) "

m=0

gﬂd(Cﬁ;)_% Z Z /d c(n, Up,, m)

g1 nENODm,|n|:q d=m
d—1
x [ Hu(AT G (L (Wi ) de ()
Cla\lf m=0
We note now that A='G™(L,-) is a linear mapping. Hence, by the linearity of the isonormal

process
1 m 2
ATIG™L, (W )i ) = W (eia), - Wleip,)),

where cptL’i is defined in (3.20). Then by Theorem m

(Mt HGr Bl D)

m=0

gﬂd(Cj‘{;)fé Z Z /d c(n, Uy, m)

a>1 peNDm |nj=q " d=m
d—1

< [, (b @ © (o, ) 7o) dtu(dL))

C’N m=0
Fubini’s theorem for Wiener-It6 integrals and the same combinatorial manipulations as in the
proof of Lemma [3.9] yield

d—1

1, u d— u
(HichyHe - Bl ). ”’(ZI (g37;™ ) ,
q=1 m=0

where

Um, M 1 L L
qu = W Z / b(k,um,m) /;7\] (Pt,kl ®"'®S0t7kq dtl/(dL)

d
k€{17...’Dm}q GdfnL

We note that gUm’ equals gy 4 in Lemma we merely changed the notation to reflect the

dependence on u,, and m.

The last step in the proof of the asserted central limit theorem is to check the conditions
of Theorem Condition (iii) and condition (iv) do not use the interplay of the different
coordinates and therefore the same approaches as in the univariate case hold, cf. Section
The verification of condition (ii) also strongly relies on the univariate case after realising that
for m,n=0,...,d—1

> |om —Z lim_ gl g™ gk en < 3 i g8 oullg on
g1 q>1
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which can be bounded from above by

: Um )M || 2 : Un, T (|12 _ mm nn
Z ]\}EPOO HgN,q geq + Z ngnoo HgN,q |50 = Z o+ Z Tg < 0
g>1 q>1 g>1 q>1
where the finiteness is derived in Section while verifying condition (ii). Since absolute
convergence implies convergence of a series, we obtain condition (ii). For condition (i), the

same reasoning as in the one-dimensional case yields

m n N
QN " aNy Yne R d Y S bk, tm, m)b(l, )
ke{l,...Dn}ale{l,....Dy}49

q
x /R d /G d /G  TLE D (LY (I, 0)] v(dL) v(dL) dr,

d—n s=1

and therefore the assertion. O

Remark. Theorem does not only provide sufficient conditions for a multivariate central
limit theorem, but also contains a, to some extent, explicit representation of the asymptotic
covariance matrix . In the specific case of Theorem we obtain

Ymn = Zq! Z Z b(k, tm, m)b(1, up,m)

q>1  ke{l,...Dp}ale{l,....Dp}4

% /Rd /Gim /Gg [TE Y (L, )Y (L', 0)] v(dL) v(dL') dt.

n s=1

This representation could be the starting point for the investigation of criteria for the positive

definiteness of the asymptotic covariance matrix.



CHAPTER 4

A CENTRAL LIMIT THEOREM FOR INTEGRATED
FUNCTIONALS

In this chapter, we provide a general multivariate central limit theorem for integrated level
functionals, defined in (4.1), of a Gaussian excursion set. The asymptotic scenario is again
that of an ever-growing observation window. Furthermore, we specialise the general case to

integrated Minkowski surface tensors and integrated curvature measures.

4.1. THE GENERAL CASE

In the following, we state and prove the normal approximation of integrated level functionals
of a Gaussian excursion set. The proof relies on the same stochastic methods as the proof in
Section that is on the central limit theorem originating from Stein’s method and Malliavin
calculus, cf. Theorem [2.15]

Let X = {X;: Q — R |t € R?} be a real Gaussian field defined on a probability space
(9, F,P). Moreover let k € N and the mapping h: R? x R4 x R — R¥ be given. We impose

the following conditions on X and h.

(AF1) X is a centered, stationary Gaussian field. The trajectories are almost surely of class C2.
The covariance function CX (t) = E [X ()X (0)], t € RY, of X satisfies CX(0) = 1.

(AF2) The covariance matrices of the vectors

o2 0 ‘
(X(O), <8tiath(O)>1<i<j<d) and (atiX(O)>i:1
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have full rank.
(AF3) The mapping defined by

ak

X
T —— t
Otjl...ﬁtjko ( )

P(t) := max {

k€{0774}71§]137]k§d}

for t € R?, satisfies

b)) 2520 and ¢ € L' (RY, AY).

(AF4) For all invertible linear mappings A: R — R% and B: RUH1D/2+1 _y R(d+1)/2+1 the
mapping h satisfies

2
/Rdede)/th(Ax’ m((BY)1,...dd+1)/2)s (BY)d(d+1)/2+1)

XN )* G g a(arr) 241 (2, y) d(z,y) < oo

coordinatewise, where (m)klkj abbreviates the projection onto the coordinates k1, ..., k;
of z € Rt and m: RU4H1)/2 5 Rdxd mapg the upper half of a symmetric matrix to the

matrix itself.

We note that under |(AF1)| the set X ~'({u}) carries the structure of a (d — 1)-dimensional,
C? submanifold of R?. In assumption sufficient properties for a central limit theorem
are formulated. Assumption and assumption are needed for calculations in
our method of proof. In contrast to the assumption of Theorem the complexity of
assumption |(AF2)|is reduced, which is a result of the specific definition of the investigated
functional ¥"(X,-). The integration over the threshold parameter u makes the approximation
with a Dirac sequence (cf. Section and the accompanying calculations involving the Rice
formulas obsolete.

We define for A € B(R?) the integrated level functional ¥* of X by

Wh(X, A) = / / WV X (1), DX (1), X (£)) HO (dt) du, (4.1)
R JX-1({u})nA

where the integration is defined coordinatewise, and establish a central limit theorem for the
standardized functional ¥"(X,-) in the asymptotic scenario of an ever-growing observation
window. The notation Ay  R? used below is a shorthand notation for the assumption that
the inradius of the H%-measurable set Ay and the inradius of the set Ay — Ax tend to co and
moreover H((Ay —t) N An)/HY(ANn) — 1 as N — oo for fixed t € R? .

Theorem 4.1. Let X be a real Gaussian field on R? which satisfies the assumptions|(AF1)-

(AF3), and let h: R? x R4 x R — R* satisfy assumption|(AF4). Then

UH(X, Ay) — E[UH(X, Ay)]

HAU(An)1/? = Ni(0,58),  as Ay SR,
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where ©P € RF*F s positive semidefinite.

Remark. (i) The presented setting is general enough to allow for weighted integrals in the

(iii)

(iv)

threshold wu, since X (t) is exactly u for ¢t € X ~!1({u}). Thus, if we were interested in
the level functional for a specific level u, we could pursue an approach as in Chapter
and approximate the level functional with the integrated level functionals by choosing
a Dirac sequence for the dependence in u. However, such an endeavour makes lengthy
calculations, as in the proof of Lemma necessary and will not be pursued in this
thesis. In a less general setting than the one presented here, this procedure is carried out
in [10].

If the functional h does not depend on the second derivatives of the field X, then there
is no need to assume that the field is twice continuously differentiable. The assumptions
(AF1)-(AF4) change accordingly.

In [37] a multivariate central limit theorem for the standardisation of a functional of the

type

h(X(t))dt, as Ay *RY
AN
where the Ré-valued random field X is BL(6)-dependent and h: R® — R* is Lipschitz
continuous, is derived. By Lemma the functional U” also admits a representation of
this type. The differences however are that in the setting presented in this work, the field
X has to be a Gaussian field, which is more restrictive, and the function h has to satisfy
the integrability condition |(AF4). Because of the different condition on the function h,

one result can not be derived from the other.

At first sight, Condition |(AF4)| seems to be very difficult to verify. A second more
detailed inspection reveals that although [(AF4)|is restricting generality, it allows quite

general functions h, for example polynomials of bounded degree. Special choices of h are
treated in Section and Section

4.1.1. HERMITE TYPE EXPANSION

We begin the proof of Theorem with the following Lemma.

Lemma 4.2. Let A € B(R?Y) be compact. Then

\IJ"(X,A):/Ah(VX(t),DQX(t),X(t))HVX(t)Hdt.

Proof. We note that since A is compact and the field X is pathwise continuously differentiable,

X is also Lipschitz on A. Then Federer’s coarea formula, cf. [25] Theorem 3.2.12], yields the

assertion. UJ
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Lemma explains why in this chapter an approximation involving Dirac sequences (cf.
Section is unnecessary. The basic application of the coarea formula yields a simpler
representation of the integrated level functional, which leads to a Hermite expansion without
the necessity of approximating the functional.

In the following, we describe the Hermite expansion and define for D :=d+d(d+1)/2+1
the RP-valued Gaussian field Z = {Z(t) | t € R} by

d 2
Z(t) == ((fiX(t))i:l’ <3t?ata‘x(t)>1<,-<j<d’x(t)) , teRY

and denote its covariance matrix by ¥. Note that due to stationarity, 3 is independent of t.
Assumption (AF2) and the well-known Cholesky decomposition, cf. [7, Fact 8.9.37], imply the
decomposition ¥ = AAT. Furthermore, stationarity implies that at a given point in space the

first partial derivatives of X are independent of the second partial derivatives of X and the

A
field X itself, cf. Section 2.1 Therefore A = ( 01 18 ) With the aid of A, we define the
2

decorrelated Gaussian field Y = {Y(t) | t € R?} by
Y(t):=A"1Z(t), teRL

For fixed ¢ € RY, the random vector Y (t) is standard normal, i.e. Y (t) ~ Np(0,Ip). However,
we note that for different ¢, s € R? the vectors Y (t) and Y (s) are in general not independent.
With the definition of the function G: R x RUd+1/2+1 _, RE 1y

(z1,22) = h(Arzy, m((A222)1, . a(a+1)/2)s (A222)agar1)/24+10) | A1z ],
we obtain by Lemma
Th(X, A) = / GM (Y (t)) dt. (4.2)
A

Now, by |(AF4)| we observe that G € L2(Np(0,1p)), i = 1,...,k, which yields the represen-

tation

Gl = Z Z c(n, h,i)H,, (4.3)

920 neNp |n|=q

in L2(Np(0, Ip)), where H,, denotes the n-th multivariate Hermite polynomial and c(n, h,i) is

given by
e(n, h,i) = 1/n! /RD G (&) Flo(2) b () dr.

This expansion leads to the Hermite type expansion of the random variable ¥"* described in

the next lemma.

Lemma 4.3. Let X satisfy assumptions|(AF1) and|(AF2), and let h satisfy[(AF4). Then for
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A€ B(RY) compact and i =1,... k

X A=Y Y c(n,h,i)Aﬁn(Y ¢

4>0 neND [nl=q

where the convergence is in L?(P).

Proof. We first show that both sides are elements in L?(P). By (4.2) and Jensen’s inequality

E [(0"(X, 4))?2] < 194 [ / ah(y } — 442 /]R Ghe)op(a) d

where we used Fubini’s theorem as well as the stationarity. Assumption |(AF4)|yields that this

expression is finite.

The series on the right side of the asserted equality belongs to L?(P) if it is a Cauchy sequence.
In order to show this, let k1, ko € N be such that k1 < ko. Then by Jensen’s inequality

2

ko _
Ell S % cmhi) /A Ho(Y (1) dt (4.4)

g=k1+1neNp |n|=¢
2

ko ~
SHd(A)E/A S e i)H( ()| dt

q=F1+1 neNp |n|=q

Fubini’s theorem and stationarity yield equality to

ko - ~
niA? S S clm,si)e(na, 5, 0)E [Hy (Y(0)) Hay (Y(0))]

q1,92=k1+1 |n1|=q1,|n2|=q2
Since Y'(0) is standard normally distributed, by Lemma (i), this expression equals
ko 00
> > e(n,hi)Pnl < HAA)? D > e(n,hyi)?nl. (4.5)
q=k1+1neNp |n|=q q=k1+1neNp |n|=¢

By Bessel’s inequality we obtain the finite upper bound

HAANCH 2 p (0.1 (4.6)
Hence, the series in (4.5]) converges and we conclude that for k1 large enough (4.4) will become
arbitrarily small, which shows the assertion.
Finally observe that by (4.2), Jensen’s inequality and Fubini’s theorem the term

2

E || ®"(X,A); Z > c(n,h,i)/Aﬁn(Yt

=0 neNp |n|=¢q
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can be bounded by the expression

2

k
He(A) /IE Ghy) =Y S e (®) | | dt.

A =0 neNp |n|=¢

By stationarity and since the one dimensional distributions of Y are standard normal, we

obtain equality to

2

HA(A)? G?—fj S e(n,hyi)H, ,

— D =
9=0neND |n|=q L2(Np(0,1p))

which tends to zero for k — oo by (4.3). O

4.1.2. EMBEDDING INTO AN ISONORMAL (GAUSSIAN PROCESS

We, again, define the real Hilbert space of complex valued functions

§ = {h: RY 5 C | h(—x) = h(2), /Rd (@) 2f (z) da < oo} ,

where f denotes the spectral density of the field X, equipped with the inner product

(g Wpy = [ 9@h(@)S () da,

which is real since the functions are Hermitian and the measure fA? is symmetric. By [59,

Prop. 2.1.1], we know that there exists an isonormal Gaussian process W on ), such that for
g,h €N

E W (g)W (h)] = (g; k) r2(gxa)-

This time, we define for j = 1,..., D the mappings
D .
V1 RY — C, zw— Z Aj_klyk(x)e’<t’x> €9,
k=1

where
V: Rd — (CD, T — ((ixl)lglgd, (—wl.fvs)lglgsgd, 1).

We note that vy (x)e’t®) is the derivative of e/("*) of the same order and in the same direction
as the derivative of X in the k-th component of Z. Then we obtain for k,l € {1,..., D} and
t,s € R?

D
EYi(t)Yi(s)] = > A AL E [Zn(t) Z(s)]

n,m=1
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which by (3.18) equals

Z N [ (@) (@)ele0 f(2) da

n,m=1

= Pk, Psi) L2 (pady = B [W (0r,e) W (ps0)] s (4.7)

yielding the equality in distribution of the process Y(-) and (W(w-,i))fip since both are
centered Gaussian fields. Hence, the Hermite type expansion in Lemma and the same
combinatorial arguments as in Section yield

Uh(X, A) — E[wh(X, A)il\" k
< ( ;id(A)[l/z( >]>._12(ZI gAq) ’ (4.8)

=1

where

hyi 1 /
S b(k, h, : dt 4.9
IAq = 3d(a)172 ke{l - i) | P @@ P, (4.9)

is symmetric, since the coefficients b(-, h,i) = ZneND Inj=q 1{- € An }C(n 10 are symmetric.

4.1.3. APPLYING A CENTRAL LIMIT THEOREM FOR ISONORMAL PROCESSES

To prove the central limit theorem for the standardised ¥ (X, A) as A  R¢, we show that
the conditions of Theorem are satisfied for the representation in (4.8).

We start with the verification of condition (i). By the definition of the inner product

hi  hyj . q
9%y 4 94 >5§®‘1—7/ b(k, h,i) / Pty @ @ Py, (T1,...,1q) dl
N4 N9 Hd(AN) Rda ke{l, ’ De 1 q q
XZ blhj/gotll P, (1, dtfol (1,...,2q).
le{1,...,D}a

By Fubini’ theorem this expression equals
—_— b(k,h,z)b(l,h,j)/ / H / Otk (0Pt (z) f () da dt ds.
Hd(AN) k,le{l,..,D}a AN JAN m=1
An application of (4.7)) yields the equality to
q! Z
—_— b(k, h,i)b lh]/ / HEYkmt (s)] dtds.
He(An) kle{l,....D}a AN m=1

By Fubini’s theorem and stationarity, the integrals can be written as

[ TL BN @Y, 01 (A 0 Av)dr.

N=AN ;21
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Then assumption [(AF3) yields that
H E Yy, ()Y, )]‘Hd((AN_t>mAN) < ep(t)?,

where ¢ = ¢(X,d, q) > 0, so that the dominated convergence theorem is applicable. Hence
. N
q!(gﬁ’zyq,gﬁ’]{“Q 5! Z b(k,h,i)b(l, h,j / H E [Ys,, (1)Y;,,(0)] dt.
kle{l,...,D}q

Note that we implicitly used He((Ay —t) N Ay)/H(Ax) — 1 for N — oo and t € R? as well
as the fact that Ay — Ay eventually contains every point in R%.

We continue with condition (ii). First, we observe that by Fatou’s Lemma and Lemma m

Z lim qlugANqHﬁ@q <hm1anq'HgANqHﬁ®q _hmmfZE[ (g q)ﬂ.
q=

Recall that by definition 1} and Fubini’s theorem for stochastic integrals (cf. [60, Theorem
5.13.1])

h,i — .
TGl ) = HUAN T2 Y behd) [T @@ ) dt
ke{1,...,D}a AN
and therefore, after reversing earlier manipulations leading to we obtain
hyi - . =
(g )= HUAN) TS e, hi) /A Ha.(Y (1) dt.
n€N§,|n\:q N

Then Fubini’s theorem and stationarity imply

c(n,h,i)Ho(Y () Y c(n, h,i)Hy(Y(0))
|n\ =q In|=q
'Hd((AN —t)N Ap)
HI(An)

i B Lo’ Z/A a

dt. (4.10)

Now, we apply~Lemma and choose V := Y (0), W := Y(¢) and gé: Rd — R by =z —
> in|=q (1, b, i) Hyp(z). Then we have r = ¢ by Lemma m (ii) and since g; can be assumed
to be nonzero. By |(AF3)|there exists a constant ¢ > 0, such that 7(t) < cy(t) for t € R Let
p € (0,1) be such that p < 1/c. Then by assumption |(AF3) there exists s > 0 such that

Y(t) <p, for [t = s. (4.11)

Furthermore, we have

E|gy(V(0)?] = 3 3 en, hyi)e(n’, b i)E [H, (Y (0)) Ho (Y(0))]

Inl=q|n'|=q
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wich by properties of the Hermite polynomials equals

Z Z n, hyi)e(n', hyi)1{n =n'}n! = Z c(n, h,i)*nl.

Inl=q In’|=q In|=q

Thus splitting the integration in (4.10)) into

N N HYU(Ay —t) N Ap)
Z/AN . |7%:qc(n,h, z)Hn(Y(t))%:qc(n,h, i)Y H, (Y (0)) AL dt
N HY(An —t) N Ap)
+Z / [ c(n, hy ) Ho(Y (1)) Y e(n, hyi) Ha(Y(0)) iy

In|=g In|=q

allows us to use Lemma for the first series and we obtain for this term the upper bound

d —
Z/AN AN) \Bd (t)q nz::qc(”’ h’z)Qn'H ((A;lVd(Atji? AN) dt. (412)

By Bessel’s inequality, cf. (4.6), and (4.11), we bound the expression (4.12) by
[o¢]

p [ (O dt|GLIE S (o),

q=1
which is a convergent series and moreover independent of N.

An application of the inequality ab < a? + b?, a,b € R, bounds the second summand by

2 2
- HI(Ax — 1) N An)
Z / (n ) c(n, b, i) (Y(t))) + (Z c(n,h,z)Hn(Y(O))) Lyt

Inl=q

2
Z (Z (n,h, i) H, (Y(O))> HY(BY)

In|=q

= 21Y(BY) Z > e(n, h,i) (4.13)

a=1|n|=q
which is again a convergent series, cf. 1 , and independent of N. This shows the assertion.
In order to verify condition (iii), we first calculate the r-th contraction

h,i
gAN q Qr gAN q(ala ce 7a2q727’)

—HUANT [ k) [ () e (@)
R ke{1,..,D}a AN

< () e () dt 3D kb)) ()
ke{l,...,D}a AN

X Pt kg (Ag—ri1) - Ptk (a2g—2r) dt H f(zi)d(zq, ..., zp)
i—1
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for (a1,...,a24-2,) € R?. Fubini’s theorem and 1) yield the equality to

HiAN)T Y b(k,h,i)b(l,h,z‘)/A /A H]EYk VY., (5)]

kle{1,...,D}q N m=1

X Pt kyyy (al) T Pk (aQ*T)SOS,lTJA (aqfrJrl) CPslg (a2q727") dtds.

Then we obtain for the norm

HgAN q ®T‘ gAN q‘|ﬁ®(2q_2r)

SHAN [ b ) [, ) /. T ENe, 0%, )

kle{l,...D}q N m=1

X Ot ks (T1) Ptk (Tg—r)Pstpir (Tg—rt1) - P51, (T2g—2r) dt ds

x > b(k,h,i)b th/A /A HEYkm VY1, (8)] @tk (21) - - 1k, (Tg—r)
N

kle{l,..,D}a N m=1
2q—2r
X Ps gy (xqfr+1) T Pslg (x2qf2r) dtds H f($1) d(xla cee 7x2q72r)-
=1

By Fubini’s theorem and (4.7) the above equals
HUAN)? > b(k, h,i)b(K', h,i)b(l, h,i)b(I', h,i / H E [V, ()Y, (s)]
Kk Vel ,D}q (An)*

x E [Yi, ()i H E (Y, ()Y ()] E Y1, (s)Yy ()] d(t,t',s,5).

m=r—+1

From assumption |(AF3)|and stationarity we deduce

max | [E[Yi()Y)(s)]| < ev(t - ),

i,5=1,

for s,t € R? and ¢ = ¢(X,d) > 0. Hence

HgAN ¢ ®r gAN q||5®(2q_2r) < ¢ Z b(k,h,))b(K', h,i)b(l, h,i)b(l', h,i)2(N),
kK e{1,...,D}a

where

2(N) :=HY(AN)"? / Yt — )Pt — )Pt — )T (s — )T d(t, s, 8).

(An)*

Using a"b?™" < a? + b7 for a = ¢(t' — s') and b = ¢(t — t'), we obtain

2(N) < Hé(Ay) 2 / Bt — s)T (it — §)b(s — )T d(t,H, 5, 8')

(An)*

+H(AN) 2 /( Dt = s)(t — ) (s — )T d(L, ¢ s, 8)
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and abbreviate the first summand by z;(N) and the second by z2(N). Assumption |(AF3)
yields ¢, =: [pa ¥(t)"dt < 0o for n € N and therefore

a(N) < W) |

(An)3

Wt — s)" /]R O — ) (s, ).

Iterating this argument yields the upper bound

_ % _ B g e )
Hi(Ay)2 /AN Ay (s — ) / Yt —s) dtdsds’ < HI(Ax)? / /AN U(s — )T dsds
(An) 7,

< chrcq—TH N)

which tends to 0 as N — co. Analogously, zo(N) — 0 as N — oo, from which we conclude the
desired condition.

To obtain condition (iv), we observe that the same calculations as in condition (ii), cf.

and , lead to the estimate

o.9] o
hyi hyi
S aMgll gl < U [ WO AIGHE S (et + 2B )3 Y elnniy
g=Q+1 R q=Q+1 q=Q+1 |n|=¢q

Both series are the tail of a convergent series and moreover both expressions are independent
of N. Hence in the limit superior N — oo and the limit () — oo, in that order, the terms

vanish. This shows the assertion.

4.2. THE SPECIAL CASE OF INTEGRATED SURFACE TENSORS

In the first subsection of this section, we specialise the general result of the previous part to a
central limit theorem for integrated Minkowski surface tensors. In the second part, we present

a simulation study to illustrate the derived limit theorem.

4.2.1. THE CENTRAL LIMIT THEOREM

Motivated by the use as a shape measure in physics, cf. [38, Chapter 2|, [39] and the references

therein, we define the integrated Minkowski surface tensor of rank s € N by

(X, A) =

s ®s q/d—1
o L [ IS @) e ),
for A € B(RY), X: R? — R at least of class C' with Lipschitz gradient and the weight function
h: R — R in L?(N1(0,¢)), for all ¢ > 0.
Our aim is to establish a central limit theorem for the standardised version of this functional.
In order to speak about normal approximation in the space of tensors, we need to have a
definition of a normally distributed element in this space. The following definition meets our

needs.
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Definition. Let s € N. The s-tensor-valued random variable N: Q — (R%)®* is said to
have a normal distribution with expectation tensor m: (R%)* — R and covariance tensor
C: (RY)® x (R%)* — R if for all n € N and all Vldsw sUlsyeyUnly-v-sUns € R4

(N(Ul’l, e ,’ULS), e 7N(Un,17 e ,Un,s))
~ Nn ((m(vi,l, s is) )iz, (C(is - Vis, 1 - - »Uj,s))ﬁjzl) :

The above definition is inspired by identifying tensors with multilinear mappings and thinking
of random elements in the space of tensors as random fields in the space of multilinear mappings.

We note that due to the multilinear nature of tensors, it is sufficient to require that

(Nu, L )?1, Wis=1 " Nds ((m(eilv s 7eis));'i1,...,iszl7 (C(eila < €igs Chpy e 7ejs>)li11,j1...,is,js=1) >

where a;, ;. for a € (R?)®® denotes the (i1,...,is)-th coordinate of a, i.e. a(e;,,...,e:,)
where e, ..., eq denotes the standard basis in R
Then, an application of Theorem implies the following central limit theorem for integrated

surface tensors.

Corollary 4.4. Let X be a real Gaussian field on R?, which satisfies the assumptions|(AF1)-

(AF3). Then

(‘I’S(X, AN)iy,is —E[®%(X, AN)iy i)
Hd(AN)1/2

d
) gNds(O,CS), as AN /‘Rd,
ZA17 7@571

where C° € RY X s positive semidefinite.

Proof. We note that

wA) = [ IV H ) du

S 'ws—i-l
Therefore an application of Theorem [4.1] with the choice

. 2 d
h:RTx R xR 5 RY,  (2,y,2) = (mﬂ h(z)||x||s(x®5)il7m7,~5> ,

‘Ws+1

01 yeeyls=1

yields the assertion once we verified condition [(AF4)| for this specific mapping. For this
purpose, we observe that for iy,...,is € {1,...,d} and regular linear mappings A: R? — R?
and B: RUd+1)/241 _y Rd(d+1)/241 by Fyubini’s theorem

h((By)d(d+1)/2+1)2||A55||_25+2 H (Ax)?j ¢d+d(d+1)/2+l(xv y)d(x,y)
j=1

—2s5+2 > 2 2
= [, Idz) 2t TT(42)? dufa)d Lo MBD a1 baiarny o) dy. (4:14)

/Rd xRd(d+1)/2+1

We choose b € RUI+1/2+1 guch that (BY)d(d+1)/241 = (b,y). We note that b # 0, since B is
regular. An application of Fubini’s theorem in the orthonormal basis (b/b],u1, ..., uq(dt1)/2)
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yields

2
/Rd(dH)/QHh((By)d(d+1)/2+1) Pa(d+1)/2+1(y) dy
= [ e L 122 (0) der by ol2) d
1/ 9 (:1:1>
=— [ h(z1)¢| — | dzr1 < o0, 4.15
o] Je e ) 4 (4.15)

where the finiteness is an assumption on h. We now show that the first factor in the term
(4.14) is finite. By the inequalities

s

[Az]|=* [T (A2)i, < [Az|~* [T A=)l <1,

j=1 j=1
we obtain
[ 1427 [T (A duta) do < [ 4| P6u(z) da-
R4 jaie ] J Rd
Let || - || denote any with the Euclidean norm compatible matrix norm. Then [|[Az|| < ||A]|||x||

and this yields the upper bound

A1 [ ol 6ata) do < o,

which proves the assertion. O

4.2.2. A SIMULATION STUDY

In the following we present a simulation study in the setting of the previous section with the
choice h = 1. We simulate realisations of a specific Gaussian random field and calculate the
integrated Minkowski surface tensor of rank 2. For the sake of nice pictures, we specialise to
the parameter space dimension 2 and consider a stationary, isotropic and centered Gaussian
field {X;¢: Q — R | t € R?}, where the covariance function is chosen from the Matérn class, cf.

[71]. This class is given by functions of the form

201—v
X . 072 V2u|t| V2v|t| 2
C(t) := ) < i K, — | te R v, >0,

where K, is the modified Bessel function of the second kind of order v. The parameter o

is the variance of X (0) and will be chosen as 1. The constant [ can be interpreted as the
characteristic length-scale and v determines the smoothness of the field X. That is, X is
m times mean square differentiable if and only if v > m, cf. [74]. This class of covariance
functions is widely used in applications, for instance in meteorology, cf. [27], and machine

learning, cf. [65].
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7N
AR
/)

Figure 4.1.: Realisation of a centered isotropic Gaussian random field with covariance given
by (4.16) simulated on a square grid of 200x200 points. Different level sets are
plotted in the plane.

In the following we choose v = 5/2 and [ = 1, such that
5
CX(t) = (1 + VBl + §||t||2> exp (~V5[Hl), teR (4.16)

where we exploited the fact that in the cases v =n + %, n € N, the modified Bessel function
can be written in terms of elementary functions. Let {t; € R? | i € I} denote the points in
which we would like to simulate the field X. We choose the points as an equidistant grid but
note that in general this is not necessary for the simulation of the field X. However, since we
are also interested in the partial derivatives of the field X, simulating the field in grid points
allows for a numerical approximation of the gradient. The property of X to be a centered

Gaussian field implies that the vector (X (¢;))ics is normally distributed with expectation 0
1

and covariance matrix (C~ (t; — tj))ij—1- The positive definiteness of the covariance matrix

allows for a Cholesky decomposition (CX(¢; — tj))gjlzl = LLT, where L is a regular, lower

triangular matrix and we obtain
D
(X(ti))ie[ = Le, where ¢ NM[|(O,I|]|).

Hence, a realisation of (X (t;))ie; can be obtained by simulating ¢ and multiplying this
realisation with the matrix L. The result of this procedure is illustrated in Figure Once
we simulated (X (¢;))icr, we can calculate numerically the partial derivatives (a%cX (tz)>

iel’
for instance by use of the function “gradient” of the software package MATLAB. With all
the data generated so far, we determine the integrated Minkowski surface tensor of rank 2 by
approximating the integral by Riemann sums. The results of repeating this procedure 10000

times can be seen in Figure which shows the histogram of the values of the coordinates
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(®°(X,[-20,201%)
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[ histogram
04+ pdf estimate -
— — —fitted normal density

Figure 4.2.: Histogram of the values of the coordinates of the tensor with 10000 replications.
Density of a fitted normal distribution (dashed). Kernel smoothing function
estimate (solid).

of the tensor, the density of a normal distribution fitted to the data (based on maximum
likelihood estimation) and a kernel smoothing function estimate (where Gaussian kernels are
used, cf. the function “ksdensity” of the software package MATLAB) for the collected data.

The good agreement, considering that we approximate the integral and the partial derivatives,
of the estimated probability density (Figure solid line) and the density of a fitted normal
distribution (Figure dashed line), provides a numerical illustration of the theoretical central
limit theorem of the previous section.

At last, we simulate an example in the anisotropic case. In order to obtain a stationary but
anisotropic field, we modify the Matérn covariance function of equation in the following

way

5
CX(t) := (1 +1/5 (83 + ct3) + 3 (t% + ct%)) exp (— 53 + ctg)> , teR? (4.17)
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where ¢ > 0 quantifies the anisotropy. Figure illustrates the structurally different excursion

sets of the isotropic and the anisotropic case. While it is challenging to identify the anisotropy

Figure 4.3.: Left: Excursion set for threshold 0 of a centered Gaussian field with covariance
given by (4.16). Right: Excursion set for threshold 0 of a centered Gaussian field
with covariance given by (4.17) with ¢ = 7.

with the Lipschitz—Killing curvatures of Chapter (3} the integrated surface tensors of this section
are perfectly suited to detect these structural differences, cf. [39]. One way to observe the
anisotropy is illustrated in Figure where the different expectations of the asymptotic

normal distributions indicate the anisotropy in the case ¢ = 7.

4.3. THE SPECIAL CASE OF INTEGRATED CURVATURE MEASURES

In this section, we specialise the general central limit theorem in Theorem to the case of
integrated curvature measures. We first clarify rigorously what we mean by the latter term
and derive a representation of this functional in terms of the first and second derivatives of
the involved Gaussian field, so that the investigated scenario fits into the general setting of
Section

We start with noting that under assumptions (AF1) and (AF2) the set X ~!({u}) carries
almost surely the structure of a (d — 1)-dimensional C? submanifold of R?, since X is assumed
to be almost surely of class C? and u € R is a regular value of X, cf. [4] Proposition 6.12]. By
Hj(z1,...,xy), we denote the j-th elementary symmetric function, which is given by

Hj((l?l,...,xk) = Z a:il---:cij,

1<i1 <...<i; <k

for z1,...,2x € R, j = 1,..., k. We define the k-th curvature measure of X ~!([u, 00)) for
A € B(R?) by
1

Ci(X,A) = — TA(t) Hyo1—x(k1(2), - - -, ka—1(t)) HI (L),
Wd—k J X~ ({u})
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(®°(X,[-20,201%)
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Figure 4.4.: Histogramm of the values of the coordinates of the tensor with 10000 replications.
Density of a fitted normal distribution (dashed). Kernel smoothing function
estimate (solid). The anisotropy causes different expectations of the asymptotic
distributions.

where k € {0,...,d—1} and sy(t), ..., kq_1(t) denote the principal curvatures of X ~'({u}) at
the point £. We note that Federer’s curvature measures specialise to the given definition in the
setting of this section, cf. [81, Equation (13)]. We then define the k-th integrated curvature

measure of X

1

Wd—k

Bl(X, A) = / h(u) / La(t) Haor (k1 (0), - ., kot () HO V() du
R X1({u})
for A € B(R?) and a weight function h: R — R in L*(N1(0,¢)), for all ¢ > 0.

In the following we rewrite the elementary symmetric function of the principal curvatures
as a function of the gradient VX and the second derivative D?>X. We first note that by
definition the principal curvatures ki (t),...,kq—1(t) are the eigenvalues of the shape operator
s € THX1({u})), where T{H(X 1 ({u})) denotes the space of 1-covariant, 1-contravariant
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tensor fields on X ~*({u}). The shape operator can be thought of as a field of endomorphisms of
~1({u}), the tangent bundle of X ~1({u}), and is characterised by the Weingarten equation
for Euclidean hypersurfaces, cf. [50, Equation (8.3)],

—sY =VyN

for Y € T(X~({u})), the space of vector fields, where V denotes the Levi-Civita connection of
R? with the standard metric, thus the directional derivative, and N denotes the outer normal
vector field of X ~1({u}). However, since X ~*({u}) is a level set, the outer normal in the point
t is given by —||[VX(¢)||"'VX(¢). Hence, for Y = >, Yia%i € T(X'({u})), where (E)%i t)
denotes the standard basis of T;R?, i.e. the one induced by the coordinate projections, and
te X ({u})

0 0 0
1 1
s@)Y =|[|[VX ()|~ E Y\t( ) (%k’t—i—Y’t(HVXH El —a 8a:l t

by the Leibniz rule and the flatness of R%. Calculating the derivatives yields

i 0
sOY =|VX (@)~ 1ZZY axaka“) Br |,

0?
\V/ -3 § : 1 2 : E
— IVX®I YA axk ax 8ka(t) &UZX(t) Oxy

since we calculated

i i _3 0 0?
VLTI = ¥ | (I9X17) = S vio X 19X 01 g X0 505X 0,

Identifying the basis (%D of T;R? with the standard basis (e;) of R%, we obtain for s(t)Y

d
IVX®I™ 1 (ZY% ox; ka;X( )>
k=1

0* 9
o X -3 Y’L X t 7X t

=1

VX @) DX (HY (1) - [VX ()] (Zaxm 9 x> X(t))d Y (t)
& a.%'l 8.’Bk 81%8%‘2 =1

= [IVX@)I™ (Lo — [VXOI VX (VX () )D2X ()Y (D).

By concatenating the projection 77, x—1(fu}): T;R? — T, X~ '({u}), with the matrix representa-

tion
Mo(VX(t):=1—||[VX®)|2VXH)VX(t)T,

and the mapping s(t), we obtain the linear mapping 3(t) := s(t) o w7, y—1({u}): TiR? — TR
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given by
v [|[VX ()| IM (VX (8) DX () M (VX (t))v.

Then, for v € T3X'({u}), we obtain 5(t)v = s(t)v and for v € (T;X'({u}))* we have

5(t)v = 0. Therefore the eigenvalues of 5(t) are given by

Hl(t), PN ,/id_l(t), 0.

Hence, the definition of the elementary symmetric functions and [7, Proposition 4.4.6] yield

Hd—l—k(ﬁl (t), ce ,Iid_l(t)) = Hd_l_k(lil(t), ey K,d_l(t), 0) = detrd_l_k(é(t)),
where detr;(A) denotes the sum over all i x 4 principal subdeterminants of A € R¥9, cf. [7]
(4.4.15)]. We finally conclude

1

Wd—k

(X, A) = /Rh(u) /X1({u})]1A(t)HVX(t)H—(d—l—k)

x detrg_1_p (Mo (VX (£))D?X (t) M (VX (t))) L (dt) du,

and formulate the following central limit theorem.

Corollary 4.5. Let X be a real Gaussian field on R?, which satisfies the assumptions|(AF1)-

(AF3) and let k > d/2 — 2. Then

(X, Ay) —E [(I)Z(X, AN)}

HA(Ay) 12 > N(0,0%)  as Ay /R

where o > 0.

Proof. An application of Theorem with the choice

1
h:RIx R xR =R, (z,y,2)— mh(z)HxH_(d_l_k) detrg_ i (M (x) m(y) Mz (z))

yields the assertion once we checked condition ((AF4)|for this specific mapping. To this end, let
A: R* - R% and B: RUHD/2+1 _y Rd(d+1)/2+1 e regular linear mappings and we abbreviate
ng :=d(d+1)/2+ 1. Then

/Rd . h((By)nd)QHAxH—?(d—Z—k) detrg_1_(Mz(Ax) m((By)l,...,nd—1>M7r(A:U))2
x ¢d+nd (ZL‘, y) d(:ﬂ, y)

< /R I < /R .., detra 1 (M (Az) m((By),..ng-1) Mn(A2)) 60, (9) dy)

[NIES

< ([, 1B 6n,) dy ) éul) (4.18)
R"™d

where we used Fubini’s theorem and the Cauchy—Schwarz inequality. The integrability as-
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sumption on h and Fubini’s theorem yield the finiteness of the third integral, cf. (4.15), in
() We denote its value by c;. Then, by use of spherical coordinates, the expression in

equals

1 oo oo

ccﬁ/ / |7 Aw|| ~2d=2=F) </ / detrg_q (Mﬂ(Au)m((B?“'u')17._.7nd,1)M7r(Au))4
0 Sd*l 0 Snd 1

1

2

2 r2
X (r')”d_le_% H" 4~ (du) dr') r¢le™ T HI (du) dr

rearranging the integrals and using the homogeneity of detr leads to

o 2 o0 12 1
r T 2
Cch/ p2k+3—d,— 5 (/ PAd—1—k)+d(d+1) /2~ dr’) / | Aul|2@-2-)
0 0 Sd—1

X < / 1detrd_l_k(M,T(Au)m((Bu’)l,,,,,nd1)Mﬂ(Au))4H”d—1(du'))2 HO 1V (du). (4.19)
Smd

We note that the first two integrals are finite for & > d/2 — 2 and moreover, since the integrand
of the inner integral of the last factor is continuous in v and v/, we can bound the integrand
on S9! x Sma~1 which yields the finiteness of the expression in (4.19). O

Remark. For the dimensions d = 2 and d = 3, the condition k¥ > d/2 — 2 in the statement of
Corollary is satisfied. However, in general this condition is somewhat annoying, since we
believe that the central limit theorem does also hold in the other cases. So where does this
condition come from? By examining the proof, especially equation , we see that from
both integrals, which may not exist, it is the first one which is more restrictive. Retracing the
steps, which lead to the fateful equation , leads to the insight that it is the required square
integrability of the functional, cf. which results in the restriction on k. Hence, the
condition on & is not a consequence of the calculations in this chapter but rather a fundamental

issue of the technique used to prove the central limit theorems in this thesis.



APPENDIX A

MEASURABILITY AND STATEMENTS HOLDING ALMOST
SURELY

In this chapter, we collect and prove various statements concerning properties of Gaussian
fields holding almost surely. Moreover measurability results are shown, which ensure that
several mappings we are investigating are indeed well-defined random variables.

We start with the derivation of the fact that the set C% N X 1([u,0)) is of sufficient
regularity such that the Lipschitz—Killing curvatures, cf. Section are well-defined.

Lemma A.1. Let X: Q x R - R be a stationary Gaussian field, which is almost surely of
class C%. Then the set C% N X~ ([u,00)) is almost surely a set of positive reach.

Proof. We apply [24, Theorem 4.12] and repeat its relevant part here for the sake of complete-

ness.

Lemma A.2. Let fi,..., fm: R = R be continuously differentiable and let V f; be Lipschitz,
1=1,...,m. Moreover let 0 < k < m,

k m
A::ﬂ{xERd\fi(x):()}ﬂ ﬂ {z e RY| fi(z) <0}
i=1 i=k+1

and J, :=={i € {1,...,m} | fi(a) = 0} fora € A. Assume that there are no real numbers c;,
1 € Jg, such that c; # 0 for some i € Jg, ¢; > 0 whenever i > k, and

Z cZVfZ(a) =0.

1€J,

Then reach(A,a) > 0.
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With the choices

fi:R* SR, t+—t;— N, fori=1,...,d,
fiiRY SR, t+ —t;_q— N, fori=d+1,...,2d

and
foar1: RT 5 R, t— —X(t) +u,

we obtain A = C% N X 1([u,00)) and k = 0. Hence, we obtain reach(C% N X1 ([u,0)),a) >0
for a € C% N X~ Y([u,0)), if we show that there are no numbers ¢; > 0, j € J,, such that

¢; > 0 for some j and

> ¢iVfi(a)=0.

J€Ja

We first analyse the case a € int(C%) N X ~1([u,00)). Then J, = {2d + 1}, since in the case of
the empty index set, there is nothing to show. This implies X (a) = u. By [1, Lemma 11.2.10]

P(3t € C% - X(t) =u, VX(t) =0)=0

and therefore c9q.1 VX (a) # 0 for all cogr1 > 0. We note that the event of measure zero is

independent of the point a, implying that almost surely
reach(C% N X 1([u,00)),a) >0 for all a € int(C%) N X~ 1([u, c0)).
Now, we assume a € bd(C%) N X1 ([u, ), say a € Jy N X 1([u,00)), where Jy € §;C% and
Jv={teR| —N <t; < N,i€o(Jy),t; =N,i ¢ o(Jy)}.
We assume first that X (a) # u, that is 2d + 1 ¢ J,. But then

> ¢V fia) #0

Jj€Ja
for ¢; > 0 and at least one ¢; nonzero, since the definition of the mappings yields that f;j(a) =0
implies fi;q4(a) # 0 and vice versa f;4(a) = 0 implies f;(a) #0,i=1,...,d. Thus, suppose
X (a) = u and therefore 2d + 1 € J,. Then a € Jy yields J, = {2d + 1} U {j + dl{¢; = —1} |
je{l,...,d} \ o(Jn)} and we need to check that

Z chfj(a) = Z Cj€5 — Z Cj€j — 02d+1VX(a) =0 (Al)

jETa jeJan{l,....d} jHdeJan{d+1,...,2d}

has no solutions for ¢; > 0 and some ¢; nonzero. We note that since J, N (J, —d) = 0 a solution
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will always need cyq41 nonzero. Then the crucial observation is that equation 1} implies

3} .
8—tiX(a) =0 forie€o(Jn).

But [1, Lemma 11.2.10] yields

0

IP)(EItEJN:X(t):u,ati

X(t)=0,ic U(JN)> o,

and we deduce that equation 1’ has no solution for ¢; > 0 and some c¢; nonzero. Hence,
almost surely reach(C% N X ~1([u,0)),a) > 0 for a € Jy N X ~1([u, 0)).
The union of the events of measure zero in the first case, and in the second case over all

j-faces of the cube Cj‘{,, j=0,...,d—1, yields that almost surely
reach(C% N X Y([u,00)),a) >0 forall a € C% N X1 ([u,00)).

Since reach(4,-) is a continuous mapping for fixed A C R?, cf. [24] 4.2 Remark], and the set

C4 N X~ 1([u,00)) is compact, we conclude that almost surely
reach(C’j‘{; N Xﬁl([u, 00))) = inf (reach(Cj‘f, N Xﬁl([u, x0)),a) | a€ Cj'f[ N Xﬁl([u, oo))) >0,
which shows the assertion. ]

The following lemma is needed in the approximation of the counting variables appearing in
the representation of the Euler characteristic via the Morse lemma, cf. (3.2).

Lemma A.3. Let F € Ag_m and let X: Q x R* — R be a Gaussian field satisfying the

assumptions:
(i) X has almost surely C? paths.
(ii) There are almost surely no points t € C% N F
(a) such that V(X|r)(t) =0 and X (t) = u.
(b) such that V(X|r)(t) = 0 and det(D*(X|r)(t)) = 0.
(iil) There are almost surely no points t € bd(int C% N F) with V(X|r)(t) = 0.
Then almost surely
#{teint CL N F: X (t) > u, V(X|p)(t) = 0,05 () even}
—#{tcintCENF: X(t) > u, V(X|p)(t) = 0,057~ (t) odd}
)

= (=)™ lim SUV(X|p) ) L{X (t) > u} det(D?(X|p)(t)) HE ™ (dt).
€0 Jint c4nF
Proof. We follow the proof of [1, Theorem 11.2.3].
We consider the points t1,...,t, € C% N F where V(X|r)(t;) = 0 and ¢~ (t;) even, for
i = 1,...,n and note that there are only finitely many because of (ii)(b), the fact that
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cl(int C% N F) is compact and the inverse function theorem. Moreover, condition (iii) implies
the existence of relatively open sets U; in F' such that U; C int C’]‘(, NFandt; €eU;,i=1,....n
Shrinking the sets guarantees that Uy,...,U, are also pairwise disjoint. Furthermore, by
condition (ii)(a), we may choose the open sets U;, i = 1,...,n, small enough such that either
for all t € U; we have X(t) € (u,00) or for all ¢t € U; we have X (t) € (—oo,u).

The same line of reasoning yields relatively open sets U], ...,U’, C int C% N F containing
the points #,,...,t, with V(X|r)(t) = 0 and ¢~ (t)) odd, for i = 1,...,n’, and satisfying

the same properties as Uy, ..., U,.

The continuity of the determinant and condition (ii)(b) imply that we can choose the sets
Ui,...,U, and Uf,..., U, small enough such that the sign of det(D?*(X|r)) stays constant
on those sets. Moreover, by contradiction, we deduce the existence of a number £ > 0 small
enough such that

n/

V(X|p) ' BHnintCEnFc | Juul U (A.2)
=1 =1

Indeed, suppose this is not the case. Then we find a sequence (z,,)nen With

2 € ((V(X|P) M (BY),) Nint CF N F) \ (CJ Ui U CJ )

and which has a convergent subsequence (z,,)jen With limit xq satisfying

n n'

zo €l (imt CR N F)\ (J Ui J U)).
i=1 i=1
Then, continuity implies V(X|r)(x9) = 0, which leads to zo € int C% N F by condition
(iii). This is the contradiction we seek, since then there must be an index i such that
z0 =t; € U, U UUY, U} but by the last display zo ¢ U, U; UUY, UL

Now, by assumption (ii)(b) and the inverse function theorem, we can choose the sets
Ui,...,Up,Ui,..., U, and the number ¢ small enough to obtain V(X|g) bijective on the set

n

Ui respectively U} and onto B2=™ C F°. We note the abuse of notation in writing V(X |p)~*

for every inverse. Hence we have

#{teintCL N F: X(t) > u, V(X|F)(t) = 0,07 (t) even}
—#{tcintCLNF: X(t) > u, V(X|p)(t) = 0,05~ (t) odd}

=3y BT X)) 2 0 1)

- Z/V()qp o) (Y UHX(V(X|r) " (y)) > u} H™(dy).
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We obtain with the substitution rule the equality to
Z/U GV (X|p) (1) L{X () > u}| det(D*(X|r)(1))| 1™ (dt)
i=1"Vi

- Z/U, SE(V(X[R)())L{X (8) = u}| det(D*(X|p) (1)) | HI™ (d1). (A.3)
=1 i

Since the sign of det(D?*(X|p)) is constant on the sets Uy, ..., Uy, U{,..., U/, and furthermore,
by the definition of ¢, the equality sign(det(D?(X|r(t;)))) = (—1)d_m_L;X(ti) holds as well as

the same relation for the points ¢}, we have

(=14 ™, forallteUsie{l,...,n}
—(=1)*™, forallt € Uj,j€{l,...,n'}.

sign(det(D*(X|r(1))))
sign(det(D*(X|r(t))))

Therefore (A.3)) equals

(1 (3 [ SV O)LLX () 2 ) det(DPCXLe)(0) MO )
1=1"""

+3 [ ST > u} det(D2CX])(0) B (a)).
=1 i
which yields together with (A.2) the assertion. O

The preceding lemma phrased for the lower dimensional boundary terms takes the following

form.

Lemma A.4. Let Jy € 0,C%, m <1 < d, and let F € A% be such that aff(Jn)° and
F° are in general position. Moreover let X: Q x R — R be a Gaussian field satisfying the

assumptions:
(1) X has almost surely C* paths.

(ii) There are almost surely no points t € cl(Jn) N F such that
(a) V(X|jynr)(t) =0 and X (t) = u.
(b) V(X|sunr)(£) = 0 and sy ooy (VX () € bAN(CE 1 F))

(¢) V(X|synr)(t) = 0 and det(DA(X|syrr)(t)) = 0.

(iii) There are almost surely no points t € bd(Jy N F) with V(X|jynr)(t) = 0.
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Then almost surely

#{te INNF: X(t) > u,V(X|jynr)(t) =0,
lei(mF(t) even, W(aﬂ‘(JN)omFo)J_(VX(t)) € Nt(C]‘ff NF)}
—#{te IJNNF: X(t) > u,V(X|synr)(t) =0,

172w (1) 0dd, T ag( g yonmey s (VX (2) € Ni(CR N F)}
= (-1 lim SL(V(X | 1ynr) (1)) det(D?* (X | synr) (1))
€ JNNF
X I{X(t) = w, Tap gy )enreyL (VX (1) € Ny(CR N F)}HT™ (dt).

Proof. In oder to guarantee that m(,g(s,)onre)t (VX (2)) € Ni(C% N F) is true on a whole
neighborhood of the zeros of V(X| s, nr), we need assumption (ii) (b) and the fact that the
normal cone N;(C% N F) is full dimensional in the space (aff(Jy)° N F°)*. This is established
in the equations (2.12) and (2.13). Apart from that, the proof of Lemma is so similar to
the one of Lemma that it can and will be omitted. O

The following lemma establishes the almost sure applicability of the Morse lemma by showing
that all restrictions of nice enough Gaussian fields onto the intersection of affine subspaces

with the observation window, are almost surely Morse functions.

Lemma A.5. Let X: Q x R = R be an almost surely of class C?, stationary Gaussian
field satisfying |(A2) and let Iy € 9,C%, m <1 < d. Then for almost all w € Q there is a
p-measurable set A'(w) C A% where p(A'(w)€) =0, such that

d—m>
PEFeA3eInNF :V(X|jnr)t) =0,X(t)=u)=0
and ifm <1 <d

P(3F € A3t € bd(Jx N F) : mag(rynrye (VX (1) = 0) =0,
P(3F € A3t € Jx N F : V(X|jyar)(t) = 0,det(D*(X|synr)(t) = 0) =0.

Proof. We show the details for the third equality. First, since

{w e ‘ JF € A’(w)ﬂt e JvNF: V(X(w)|JNmF)(t) = O,det(DQ(X(w)\JNmF)(t)) = 0}
C{weQ|3F € A(w)3t € cl(IN N F) : Tagi(yy)onre (VX (@, 1)) = 0,det(D2y X (w, 1)) = 0},

where bI‘LN denotes an orthonormal basis of aff(Jy)° N F°, the completeness of the probability

measure implies that it is enough to show
P (EIF cAFtecd(JvnF): Tat(Jy)onre (VX (T)) = 0, det(DiJNX(t)) = 0> =0,
F

where the closure is needed in the proof of Lemma . We start with an application of [1]
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Lemma 11.2.11] yielding

P <3t € ATy N F) : Trayyenre (VX (1) = 0, det(D, X (1)) = o) ~0

F

for a fixed F' € AZ’_*W where Agfm is the set of all F' € Ag_m such that F*° and aff(Iy)°, for
all Iy € &-C']‘{,, 1=1,...,d, are in general position, which is a measurable subset of Ag_m with

full measure, cf. [69, Lemma 13.2.1]. This implies together with Fubini’s theorem

|/,

d—m

1{3t € cl(Jy 0 F) : man(yenrs (VX (1)) = 0, det(D},, X (1)) = 0} M(dF)]

=Ly i (Elt € Ay N F) : Tag(y)enre (VX (1) = 0,det(D?, X (1)) = o) u(dF) =0,

F

where the above integrand is P ® py-measurable by Lemma Hence, we obtain the existence
of a measurable set Bs C Q x Agfm, such that P ® p(BS) = 0 and for all (w, F) € Bz, we have
that

1{3t € A(In N F) : Tap(gy)orre (VX (w, 1)) = o,det(leJNX(w,t)) =0}=0
F

S Vtec(InNF): ~(Tag(sy)onre (VX (w,t)) = O,det(DiJNX(w,t)) =0).
F

We now define for w € Q the w-cross section of Bz as B3, := {F € Ame | (w, F') € B3} and
observe, cf. [23] Theorem 1.22], that for P-almost all w € § the set B3, is p-measurable and

w(Bs,,) = 0.

Similar reasoning, except that we use [1, Lemma 11.2.12] and [1, Lemma 11.2.10], yields sets

Bi1,By € F® B(Ajfm) and cross sections Bi,, B2, whose complements have p measure zero

for P-almost all w € Q. Thus for P-almost all w the complement of A'(w) :=N3_, B;, has p

measure zero, and we conclude
PEF e A3te INNF : V(X (w)|jynr)(t) = O,det(D2(X((JJ>|JNmF)(t)) =0)
=PweQ|IFe Al :(w,F)eni,B; and
Jt e InNF: V(X (W)|synr)(t) = 0,det(D?(X ()| 1ynr)(t)) = 0)
=P(0) =0.

And analogously

IF’(HF € A3t e JNNE: V(X’JNQF)(t) = O,X(t> = u) =0,
IP’(HF € A3t e bd(JN N F) : ﬂaff(JNﬂF)o(VX(t)) = 0) = 0. ]

In the following, we present a proof for the measurability of the indicator mapping used in

the derivation of the preceding lemma.
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Lemma A.6. Let X: Q x R* — R be an almost surely of class C2, stationary Gaussian field
and let Jy € O,C%, m <1< d. Then the mapping -: Q x Agfm — R given by

(w, F) = 1{3t € cl(Jn N F) : Tagp(gyyonre (VX (w, 1)) =0 det(D v X (w,t)) =0}

is P ® p-measurable.

Proof. The given mapping is an indicator function and as such it is measurable if the set
{(w, F) € @x AT |3t € cl(In N F) : Tag(syyonre (VX (W, ) = O,det(Di},wNX(w,t)) =0}
is measurable in the product o-algebra. The continuity in ¢ of the mappings
t fi(t,w, F) = muggp)enre (VX (w, 1) and ¢ fo(t,w, F) = det(Di;NX(w,t))

together with the compactness of the set cl Jy yield
{(w,F) € Qx AY* |3t € Iy N F) : Tagp(syyenre (VX (w, 1) = 0 det(D VX (w, ) =0}

= N U ({@ F) € x AL, | magyere (VX (w,1) € B, }

neNtel

* 1
N {(w,F) €0 x Ag;m | |det(vi]-- - |[vi—m) " D2X (w, t)(v1] - - - [vi—m)| < n}

N{(w, F) e @ x AL, | FO B, (1) #0}), (A.4)

where I denotes a dense subset of cl Jn and b}J,N = (v;)}Z7 an orthonormal basis of aff (Jy)°NF°.

Equation can be deduced by showing that

{(w, F) € Q2 x Agfm | € cl(INNE): Tag(sy)enre (VX (w, 1)) = O,det(DgJNX(w,t)) =0}

F

-N {(w,F) QX AY |Ftecy: FNBY, (1) #0,

1
filtw.F) € Bl | faltw ) <

where the set on left side is trivially a subset of the intersection on the right side. To show
the converse, let (w, F') be an element in the intersection on the right side. Then there exists
a sequence (tn)neN in clJy such that F' N Bl/n( n) # 0 and fi(ty,w, F) € Bl/ as well as
| fo(tn,w, F)| < E' The compactness of cl Jy implies that there is a convergent subsequence
(tn,;)ien such that t,, =z = tyg € clJy. Then

1
d(F7 tO) < d(Fa tm) + d(tmvto) < ni + th tOH Z_}OO
(2
implying tg € F. Moreover by continuity

1
1f1(to, w, F)|| = lim [ f1(tn;, 0, F)[| < lim — =0

i—00 N
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and analogously fa(tg,w, F') = 0, which yields that (w, F) is in the left set. In the second step

we establish
. 1
{(w,F) €Qx AT |3tecdy:Fn B, (t) # 0, fi(t,w, F) € B{ ., | fa(t,w, F)| < n}

— U{@.F) € 0x AL, | FOBY, @) £ 0. filtw F) € Bl fato, F)| < 1},

tel
where the union on the right side is trivially a subset of the set on the left. To show the
converse, let (w, F') be an element in the set on the left side. Then there exists a point t € cl Jy
with the specified properties. Since [ is dense in cl Jy, there exists a sequence (t)ren in [
such that t, "2 ¢. If k is sufficiently large, we obtain F N Bf/n(tk) # (), since ty, "2 ¢ and
d(F,t) < % Moreover, continuity implies that fi(tg,w, F) < % as well as | fo(tg,w, F)| < %, if
k is large enough, which yields (w, F') is an element in the set on the right side.

We note that the last set in the inner intersections in display is measurable since it is
by definition an open set in the Fell topology. For the measurability of the other two, we need

to take a closer look. We start with the first one and define the mappings

fi (AT) = (REAY ), (w, F) = (VX (w,t), F),
for R AGY ) = RYGL,), (2, F) = (w,aff(Jy)° N F®),
f3: (Rd, Gflfm) — Rd, (z,E) — mp(x),

for t € R¢, such that
{(w,F) € Q% A | Ta(ayorie (VX (w, 1)) € Bil/n} = (fso fao f1) " (Bi),)-

Then, f71(Ax B) = {we Q| VX (w,t) € A} x B, for t € R%, A € B(R?) and B € B(A%* ),
which is measurable in the product o-algebra by definition of random fields. Similarly, the

measurability of fs follows by observing that the map Agfm — A%* s F° is continuous

d—m?
and moreover the map Ggfm — G?lfm defined by E — aff(Jn)°NE is the restriction of a upper
semicontinuous and thus measurable map, cf. [69, Thm 12.2.6 (a)]. At last, the measurability
of the map f3 follows with [6, Lemma 6.5.11] from the fact that f3 is continuous in z for
fixed £ € G¢ ., and continuous in F for fixed z € RY, cf. [5, Theorem 3.1] since upper
semicontinuity for multifunctions implies continuity in the single value case.

To establish the measurability of the remaining set of the above inner intersection, we define

the mappings

fro Qx A% R R (g FY s (0r, . 0, DX (w0, 1))
for RXU=m) oy Rixd s R (A B) — |det AT BA|,

for t € R%, such that

{F)eaxal,, | |dettul ) DX @O0 )] < 5 | = (20 £1) (B
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Then, in order to obtain the measurability, we show that fs and f; are measurable mappings.
For f5 this is true since all involved manipulations are continuous and thus measurable. To
establish the measurability of fi, let A € B(R¥™(=™)) and B € B(R**%). Then

fTHAX B) ={we Q| D*X(w,t) € B} x {F € A% | (v1,...,v_m) € A},

where the first set of the product is measurable by the properties of a random field and the
second set is measurable if the choice of the orthonormal basis vy, ..., v;_,, is measurable. To
show that a measurable choice indeed exists, we invoke the measurable selection theorem 6.6.7

in [6], which we state for completeness.

Theorem A.7. Let (X,A) be a measurable space, Y be a Polish space and T: X =Y be a
measurable multifunction with nonempty closed values. Then T admits a measurable selection
f: X =Y, ie forallxz € X we have f(x) € T(z) and f is measurable.

We choose X := A%*

d—m?

Y :=R? and for F € Ajfm
Ti(F) == aff(Jy)° N (lin(f1(F), ..., i (F)TnSInFe, i=1,...,1—m.

The multifunction 7T; defined in this way has nonempty closed values by definition. The
measurability of T; as a multifunction can be obtained by showing that it is a measurable
mapping when it is considered as a single valued mapping into the space (CI(R?), 7ren1), the
space of closed subset of R? equipped with the Fell topology, cf. [6, Theorem 6.5.14], [6)
Theorem 5.1.10]. After obtaining the measurability of the map

{(vi)y € R”™ | vy, ..., v, pairwise orthogonal} — G2, (v1,...,v,) — (lin(vy,...,v,))"

with the aid of [69, Theorem 12.2.2] and [69, Theorem 12.2.5], we obtain the measurability of
the multifunction by [69, Theorem 12.2.6 (a)], where the measurability of the intersection is

established. Hence, the mapping
AT o R (£(F), . fiem(F))

yields the desired measurable choice of an orthonormal basis of aff(Jx)° N F°, and we conclude

the assertion. O

In the following lemma we establish the fact that the curvature notions of an excursion set
in the cube of side length N investigated in Chapter (3|is a measurable mapping from the

probability space into the extended reals. That is, it is a well defined random variable.

Lemma A.8. Let X: Q x R = R be a stationary Gaussian field, which is almost surely of
class C? and let m € {0,...,d —1}. Then the mapping

Q— (RU{}), wis Ly (CF N X (W) ([u,0)))

is F-o(B(R) U{oo})-measurable, i.e. a random variable.
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Proof. By Lemma we may assume that C% N X ( ) Y([u, 00)) is a set of positive reach for
all w € 2. Writing down the Steiner formula, cf. ( , d times with € given by

reach (Cd N X (w)~([u, oo))) reach (Cd N X (w) ™ ([u, OO)))

€1 = d ,...,Ediz 1 5

if reach (CN N X (W) ([u, oo))) < oo and €1 :=1,...,g4 := d otherwise, yields a solvable
system of linear equations, since its determinant is given by a Vandermonde determinant

different from zero. We obtain a representation of £,, in terms of H¢, i.e.

d
Lo (CH N X (@) ([1,00))) = D i M ((CF 0 X (@) ([, 0))) + e el BY),

n=1

where the coefficients ¢ .,¢% € R depend in a measurable way on the expression

ml,..

reach (CN N X (w) 1 (u, oo))) By [56, Proposition 1.1.16] the reach of a random closed
set is a random variable, where the fact that C% N X (w) ™ ([u, 00)) is indeed a random closed
set is shown later in this proof. We recall [79] Theorem 2.1.3], where the Fell topology on
the space C1(R?) of closed subsets of R? is introduced for instance in [69, Section 12.2] or [6,
Section 5.1].

Theorem A.9. Let s > 0 and let B C R™ be closed. Then the mapping
(CL(R), 0(7ren)) = (RU {00}, 0(B(R) U {oc})), F = H(FNB)

15 measurable.

Therefore, by taking s = d and B = R?, it suffices to show the measurability of the mapping
Q— CIRY), wr (Cff, N X(w) Y[u, oo))) + encl BL

The intersection and the closure of Minkowski addition are measurable by [68, Theorem
12.2.6] and [68, Theorem 12.3.1], respectively. Thus, all that is left is to show the F-o(7pen)-
measurability of w — X (w)~!([u,0)). To see that, it is enough to show that the sets

{we Q| X(w) Hu,00)NC =0}, CcR?compact,
{we Q| X(w) Hu,00)NG#0}, GcR?open

are measurable, by the existence of the countable base of the Fell topology, cf. [69, Chapter
12.2]. The sets in the first line are measurable since the compactness of C' and the continuity

of X allow the decomposition
{we Q| X(w) Hu,0))NC =0} ={weQ|HecC: X(w,t)>u}

-N U{w€Q|X(w,t)>u—TlL},

neNtel
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where this is measurable since X is a random field, cf. (2.5). The sets involving a open set G
are measurable since
{we Q| X(w) Hu,00)) NG #P}={weQ|3HtecCG: X(w,t)>u}

:U{wGQ]EItEB:X(w,t)Zu},
B

where the union is taken over all closed balls with rational radius and rational center contained
in G. Then the measurability follows analogously to the preceding one and the assertion
follows. O

The preceding lemma was proven by [79, Theorem 2.1.3] and basic principles. The arguments
could be shortened by the following more advanced result from the literature, cf. [80, Theorem
2.1.2]. We denote by P the set of closed sets with positive reach, which is measurable in Tpe,

cf. [80, Proposition 1.1.1], and equip it with the trace topology of the Fell topology Tre;.

Theorem A.10. Let m =0,...,d. Then the mapping
(P,o(treu NP)) = (R,B(R)), A L(A)

15 measurable.

We proceed with the derivation of the fact that the counting variables defined in (3.2) are

measurable mappings in w and F.

Lemma A.11. Let X: Q x R? — R be an almost surely of class C?, stationary Gaussian field
and let Jy € O,C%, m <1< d. Then the mapping -: Q x Agfm — R given by

(w, F) = # {t € InOF | X(8) > u, V(X |jyrm)(t) = 0,055, 0(1) even, VX () € Ni(Cx N F)}
is F @ B(A4_, )-0(B(R) U {c0})-measurable.
Proof. The measure H° is given by the counting measure and therefore
#{InNF | X(0) 2 0, V(X |5ynr) () = 0,055 (0) even, VX (1) € Ni(C 0 F)}
= HO (JN N {t € F | X(t) > u, V(X|synr)(t) = 0,055 1 (t) even, VX (t) € N(CH N F)}) .

By continuity from below of the measure H° and Theorem the assertion of the lemma
follows, if we show the measurability of the map -: Q x Agfm — CI(R%), where Ajfm denotes
the set of all F' € Az_m with FFNJy # 0 and aff(Jy)° and F° are in general position, given by

(W, F) = {t € F |X(w,t) > U, Tagp(1y)onre (VX (w, 1)) = 0,det DZF X(w,t) >0,

IN

VX (w,t) € Nj (C4NF)}.

We note that writing N, (C% N F) for N;(C% N F) emphasizes the fact that this normal cone
does not depend on the location of ¢t in Jy N F, cf. (2.14). To show this measurability, it is
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enough to establish that the following set for an arbitrary compact set C C R? is measurable,
cf. [53] Section 1.2],

{(wW,F) €Qx AY" | T € FNC: X(w,1) >, ma(sy)onre (VX (w,1)) = 0,

det D2 X (w,t) > 0, VX (w,1) € Ny (CR N F)}

IN

1 1
= ﬂ {(w,F)EQXAme|EIt€C:X(w,t)>u——,detD§F X(w,t) >——,
n In n

neN

FNBL(t) # 0, Tag(gy)onre (VX (w, 1) € BY, VX (w,t) € (N (CHNF) + BY)
(A.5)

where the continuity of the involved functions and the compactness of C' yields the equality, cf.
the proof of Lemma Denoting by I a dense subset of the set C' yields the equality of the

set in (A.5) to
ﬂ U ({(w,F) EQxAgfm|X(w,t) >u—1}

neNtel n
. F) e 0 x AL, | FABLO) # 0. mageor (VX (w,0) € B,
1
det D}r X(w,t) > —}
JN n

) eaxap, | VXt e Na(ChnF) + B ).

The measurability of the inner set of the first line of the display is measurable by definition of
a random field. The measurability of the set in the second and third line can be deduced as in
the proof of Lemma To deduce the measurability of the set in the third line, we first note
that

{(W,F) €Qx A | VX(w,t) € (Nyy (CLAF) + B%)}
- {(w,F) €Qx A% | VX(w,1) € (Nyy (Ch A F) +cl Bff_l)} | (A.6)
meN nom

By defining

fl: Q= R, we VX(w,1), fa: A% CIRY), Fs Ny (CENF)+cd B 4,

far Qx AT = CIRY) xR, (W, F) = (f2(F), f1(w)),
fi: CIRY) xR - R, (A, z) — 1{z € A}

the set in (A.6) equals (fso f3)7'(1). Thus, this is a measurable set if fi, fo and fy are
measurable. By [69, Theorem 12.2.7] the map f4 is measurable and f; has this property since

X is a random field. Since the closure of Minkowski addition is measurable, cf. [69, Theorem
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12.3.1], it suffices to show the measurability of
A% = CL(R?Y), F— Ny (C4{NF) (A7)

in order to show that f5 is measurable. This is the case, since (A.7) is an upper semicontinuous
mapping on Agfm, which can be seen with the aid of [69, Theorem 12.2.5], [5, Theorem3.1] and
[69, Theorem 12.2.2], and the fact that N, (C4NEF) = (WC%OF)_l(t)—t, foranyt e JyNnF. 0O



APPENDIX B

PROOF OF LEMMA

In the remaining part of the appendix we give a proof of Lemma We state the lemma
again for the convenience of the reader. The auxiliary Lemmas - are necessary for the
proof of Lemma [3.2] (i) and (ii).

In order to prove part (i), we apply the Rice formulas, cf. Section and find suitable
bounds for the terms appearing in these formulas. To do so we define a mapping, which maps
the set Jy N F from the ambient space R? into the ambient space RI™™ in which we can apply
the Rice formulas. Then we exploit the differentiability of the covariance function to obtain
the desired upper bounds in the Lemmas For part (ii) a Gaussian regression is used
as well as the Lemmas and Part (iii) is established with the aid of Lemma and
part (ii).

Lemma 3.2. Let G C R be compact and assume the conditions|(A1) and|(A2). Furthermore
let Jy € ale‘{; and l > m. Then the following is true:

i) There is a constant ¢ = ¢(X,d, m,l, N,G) > 0 such that for almost all F € A%__ and
( ) d—m
ally e G

E [#{t € Jy N F: V(X|yor)(t) = )] < e

(ii) For almost all F € A4_, the mapping

y o B[#{t € INNF: V(X jyar)(t) = y)?]

is continuous on (aff (Jy) N F)°NG.
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(iii) For almost all F € A%

2
en(F,e) 28 en(F),  ase—0,

where

En(Fie) = (=)™ /Cd . OL(V(X ) () L{X (8) > u} det(D?*(X]|p) (1) H ™™ (dt),

En(F):=#{t €intCELNF : X(t) > u, V(X|p)(t) = 0,05~ (t) even}
—#{t et CENF: X(t) > u, V(X|p)(t) = 0,0~ (t) odd}.

Proof. To prove (i), we refine the methods used to prove [22, Proposition 1.1 (1)]. First, we
note that if Jy N F # 0, the assertion is trivially true. Moreover, let F € Agfm be such that
the linear subspaces F° and aff(Jy)° are in general position, which is true for p-almost all
FeAd  cf [69, Lemma 13.2.1]. Furthermore, let b(Jy, F) := b§N = (v1,...,v_m) be an

F
orthonormal basis of (aff(Jx) N F)°. We define beN = ((y,v1),...,(y,v1—m)) as well as the

affine linear mapping
F
PN R S RE s 0%N (2) + Tat(Jx)nF(0),

where ¢%/n : RF-™ 5 RY ig given by s +— (vi]---|vj_m)s and Tag(sy)nr(0) is the metric
projection of 0 onto aff(Jy) N F. Using this mapping, we define the Gaussian field
X RIS RY, s X(png (s)),
. . by bE 9 b 9 by
which yields VX 7/~ (s) = vblj X(p7n(s)) as well as D*X"/n(s) = D;p X(p“/n(s)), for
N IN

s € RI=™_ Thus we obtain

0 b .
#{te INNF | V(X|synr)(t) =y} < #{t e JNNF| 8v<X(t) = (y 'n)i,i= 1,...,l—m}7
(B.1)
which equals
by by by
#{s € JyN | ai.X(png(s)) =y Ni=1,...,1 —m} = #{8 € JyN | VXbl;N(s) = yb‘l’TN},
b5 b 1 . b5 1/2
where J\/V := (p’ /)" (Jy N F). We note that diam J~ < d'/2N.
In order to apply the Rice formula, cf. we check its conditions first:
l—m
(i) VX bin () = <£X (pbiv ())> is a centered Gaussian field, since X satisfies this
' i=1

property.

F
(ii) Since X is almost surely of class C? by assumption [(A1), we obtain VX ®In is almost

surely of class C2.
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(iii) Assumption |(Al)/implies Cov(VX bix ) = Ii_m, which is positive definite.
(iv) This condition is satisfied by Lemma

Then

E {#{SE JNY VXN (s) =y JNH

' F P F
— [or B |ldet D2 ()] | VX () = | 5 (0
TN VX N (s)

F F F
where p oF (beN ) denotes the probability density of VX by (s) at beN. Stationarity and
VX 7N (s)

. . 9 l-m p 9 l—m d

isotropy imply that (WX(t)), L= (at,X(O))- = t € R% and that the first and second
7 = 0 i=

derivatives are independent at equal times. Thus the above equals

F

[ B |ldet D ()" ()] 19, (00 () =] o o ) ds
7N TN N Vo (X)(p 7N (1)
IN
bE
Z/b§ E [\ det Dy X(O)q pv,r x(0)(y V) ds
I N IN IN
e _m
—E||det Dy XO)I| g 0.2 xR "y N ), (B.2)

which can be bounded by

[ det D XOI] 0 (0.2 xi0 OH (N O,

9ty I—m

since the density of a centered Gaussian random variable attains its maximum at 0. The
density at 0 is explicitly known and the expectation of the determinant can be bounded by

an application of Wick’s formula independently of F', which yields the assertion for the first

moment. Indeed, we observe that

E [\det D§§NX(0)|] <E {1 + det(DZ X(O))2]

N

and that by Hadamard’s inequality, cf. [7, Fact 8.17.11],

l—-ml—-m 92 2 l—m I-m l—-m 92 2
det(D7r X(0))* < X0 =) ... X)) .

J
N k=1  k_p,=1i=1

H btain with the definition Y := o X(0) for j=1,...,2(1 —
ence, we obtain wi e definition Y] Y Cre— (0) for j ooy 2(L—m)

A

E{det(D;j’F X(O))ﬂ Y E[ 1 v

J
N ki=1  k_,=1
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By Wick’s formula, cf. [1, Lemma 11.6.1], this equals

I—m l—m
kzl e . Z X ZE [Yﬁyyﬂ B {Y}lz(zfmmyj’;(lfm)} ’
1= l-m=

where the inner sum is taken over the (2(1 —m))!/(2"=(I —m)!) possibilities of choosing I —m

pairs of Y%, ..., sz(l—m)v where the order of the pairs does not matter. We conclude from

E [Y}vE] <4(0) < d?(0), cf. (A3), that

E [det(DZr X(0))| < cy'~™(0),

IN
where ¢ = ¢(X,d, m,l) > 0, and therefore the expectation is finite independently of F'.

However, we are interested in the second moment and therefore still need to apply the Rice
formula for the second factorial of the counting variable, since E [X?] = E[X] + E [X (X — 1)],
for any random variable X. We therefore check the conditions of Theorem 2.6, which differ

from the previous ones only in condition (iii):

I—m I—m
(i) We note that (vxbiv (51), VX" (52)) D (( 2x0) " (Zxw) ) where ¢ =

F
oV n (s2 — s1), and assume that this vector is degenerate, which will yield a contradiction.

(I=m)

Then there exists a vector ¢ € R? nonzero and v € R such that

()

)" = (1] o) VX (0) implies

Moreover ( 88 X(0)
X
V; (

(G

—
0)

l-m o l-m A 0
=X t) ={c VX(0),VX()) ),
)i:l (3%‘ () i=1 >> < (0 A) (VX(0) ( ))>
where A := (vi|---|vj_m)". Therefore, ¢ (vi|--|vi_m)" = ((vi] -+ |Jvi_m)c) T # 0,
since v1,...,v_m is a basis, which implies that there exists ¢; € R?? nonzero such

that P({c1,(VX(0),VX(t))) = v) = 1, a contradiction to assumption (A2)l Thus
F F
(VXbJN(sl), VXN (s52)) is nondegenerate for s, # sy € RI7™,
We therefore obtain
vE bF bF bY bF bF
E [#{s €JyN | VX In(s) =y N} (#{3 eJyV | VX IN(s)=y N} — 1)]
2 v 0% 2 v bf bE bE bE
— [us, [ B[ det D2 o) det DX (s)] | 900 (51) = VX () = o
Iy N IgN

b bt
XD F (y '~y ’n) dsy dsa,

b 2
vX /N (81),VX IN (52)
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which equals
F a

b b
/bF /bF p oF 24 (y Ny JN)
JINJ g INC Ve (X)(p IN(51)),V,r (X)(p N (s2))
N N i T

F F
x E [\ det Dje (X)(p"¥ (s1))det Dje (X)(p"7 (s2))] | E(F. I, s1,52,)| dsudso,
YN N

F F
wherep P beN) denotes the density of the 2(I—m)-dimensional Gaussian

F
vXx N (sl),VXbJN (s2)
bf bE . bl bf
vector (VX /N (s1), VX 7N (s2)) evaluated at the point (y /~,y “~) and where

E(F,IN,s,ty) = {vbe (X)(pb§1v (5)) = vble (X)(pbi\’ (1)) = ybI;N }.

By stationarity and Fubini’s theorem the above equals

bE  bE i b by
/bF WFE P bE oF (?/ JN,?JJN)’H m(JNNﬂ(JNN_S))
TN g N Ve X(p N (s),V,r X(p IN(0))
IN IN
< E [ydethF X(p"0 (5)) det D2 X (0% (0))] | £(F, Ty, ,0,9)| ds. (B.3)
IN IN

We note that we can close the domain of integration, which leads to a compact set contained in
BZ{% - This helps to exploit continuity arguments, when seeking bounds for the integrands.
This and more is done in Lemmas and which provide an integrable upper bound for
the integrand. The constants, appearing in these lemmata, are independent of F' € Ag_m and

we therefore obtain the assertion.

We now prove part (ii) of the assertion and start by mentioning that for y € (aff(Jx)NF)°NG
the inequality is an actual equality and we deduce by equation that the first
moment E [#{t € Jx N F: V(X|synr)(t) = y}] is continuous in y, since the density of a normal
distribution is continuous. Thus it remains to establish the continuity of the second factorial
moment, which by an application of the Rice formula equals, cf. ,

bE bE
o(F,y) == /bF b G(F s, y)H™™ (JA;]N N(JyN — s)) ds,
N

where

G(Fys.y) +=E || det Dy X (" (s)) det Dy X("% (0))]| £(F, . 5,0.9)]
N N

bt bt
Xp bF bF (y /v,y /n).
V,p X(p 'N(s)),V,r X(p 'N(0))
IN JN

By Lemma and Lemma we obtain for y,y’ € (aff(Jy) N F)° NG by the triangle
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inequality

|G(F75ay) - G(F7Say/)|

NG

1
<2¢(1fs € Us| "= +1{s € BL7,, \ U}) sl sup (1 Iyl m=D)2 (14 )t ®
Yy

which is an integrable upper bound in s independent of ¥’ and y. Thus by dominated

convergence

lim [p(F,y) — o(F,y')|
Y=y
F

bt b
_ / e Tim |G(F,5,y) — G(F, s,y )H ™ (JYY 0 (I = 5)) ds.
TGN —JgN Y7y

Therefore it remains to show the continuity of G(F,s,-) for all y € (aff (Jy) N F)°NG. We
note that the second factor in the definition of G(F),s,-) is continuous in ¥, since y enters this
term as the argument of a Gaussian density, which is continuous. Hence all that is left, is to
establish the continuity in y of the conditional expectation in the definition of G(F,s,-). We

abbreviate

bIN

2
1<i<j<l-m

0v;0v;
and
My i= (T XV (9). V00 X (0))) € BRI,
Then by Gaussian regression, cf. [4, Proposition 1.2],

E [| det m(N;) det m(No)| | Ms = (y,y)]
=E Hdetm (NS — Cov(Ng, My) COV(Ms)_I(MS - (yvy))>
x det m (No — COV(N(), Ms) COV(MS)_l(Ms - (yv y)))

I

where m: RU=m)(U=m+1)/2 _ Rl-m)x(I=m) j5 the mapping that maps the upper half of a
matrix, given in form of a vector, to the matrix itself. Then, with the abbreviations defined by
A(s1,52) :== Ns, —Cov(Ny,, My,) Cov(My,) "' My, and B(s1, s2) := Cov(Ns,, My,) Cov(Ms,) ™!,

this expectation equals

I-m (I=m)(l—m~+1)/2
E | |detm ((A(s, S)a — Z (B(s,8)a,i + B(s, s)a+l_m’i)yi> )
i=1 a=1

I-m (I=m)(l-m+1)/2
x det m ((A(O, S)a — Z (B(0,8)a,: + B(0, s)aHm,i)yi) ) u .

i=1 a=1

By the Leibniz formula for determinants, that is det A = >- g sgn(o) [[;1a ag(;),; for A €
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R4 we deduce that the argument of this expectation is given by the absolute value of

a multivariate polynomial in the components of y with random coefficients and as such it

is continuous in y. Indeed, for a polynomial with random coefficients P(y1,...,y—m) =
2(1— ; i—m .
le(y;:fr;)_m:l Zilv"'vil—my,il e yl”—m ’ we Obtaln

E[PI] -E[PW)]| <E[IPW)|—I1PWI] <E[P(y) - P@)]]
2(l—m)

< Z E|[|Zi,. i) ]

U158 —m=1

i

gty = O ()

)

which vanishes in the limit ¢ — y if E [|Zi17_”7¢lfm |] < 00, which is the case since the underlying

random variables are Gaussian. Thus, we conclude assertion (ii).

In order to prove the remaining assertion, namely point (iii), we first prove
—m L3(P .
| SHT(X IR @) det DX ) ()] 1 (dt) = gt € e O 1 P V(X[ )0 = 0,
1n! N

as € — 0. The first step is to note that the same proof as the one of Lemma yields the
convergence in the almost sure sense. For fixed F' € Aizl—m the conditions of Lemma are
verified in [1, Lemma 11.2.10 - 11.2.12]. Thus by Fatou’s lemma

E [#{t €intCL NF | V(X|p)(t) = 0}2}

< liminfE
e—0

</t garp 2 VXY ED] det( DX ) (1) Hd‘m<dt>> ]

e—0

2
<limsupE [(/ UV (X|p)(®)| det(DQ(X]F)(t))]Hdm(dt)> ] . (B4)
int C{NF
An application of the coarea formula, cf. [25, Theorem 3.2.12], yields
/ LV (X[p)(1))| det(D*(X|p)(8)| HI™ (dt)
int C;‘f,ﬂF
= [ #ltemeCl 0 F [ V(X]R)(0 = y}edl) B dy),

which leads to the upper bound for the term in (B.4)

e—0

2
lim sup E [( /F #{temtCY N F | V(X[F)(t) = y}o2(y) ’Hd—mwy)) ]

< limsup E [ /F #{teint O N F| V(X|P)(E) = y)20) Hdm(dt)]

e—0

where we used Jensen’s inequality for the measure dff(y)dy. Then the already proven assertion



120 APPENDIX B. PROOF OF LEMMA m

(ii) yields

timsup [ E [#{t € it Cf 1 F | V(X[p)(0) = 9] 82() H(dy)

e—0

—E [#{t eintCHNF | V(X|p)(t) = 0}2] ;

This establishes the L?(P) convergence of the simplified counting variable and its approximation.
Together with the fact that

[En(Fe)l S/ 0(V(X|p)(t))| det(D*(X|F)(1))| H'™(dt)

int Cj‘(, NF

and Lemma whose assumptions are again checked in [1, Section 11.2], we conclude the
Lemma by [19, VI.§5 5.3 Satz]. O

In the following lemma we calculate a basic determinate, which is frequently used in the

remaining part of the appendix.

Lemma B.1. Forc¢y,co € R and v € R? define the matriz A := c11y + couv . Then
det A = ¢ + ¢4~ Ley|v]|2.
Proof. Note that for ¢ € R and u € v+, we obtain
(Ig+cov = 1+¢|v|?)v and (Ig+cov’)u=u.

Thus the linear mapping associated with Iy + cvv! has the eigenvalues 1 + ¢[[v||%,1,...,1,

yielding
det(Ig4 cvv ') = 1+ ¢||v|)*.
Hence by choosing ¢ := ¢3/¢1 — for ¢; = 0 the lemma holds trivially — we obtain
det(A) = cfdet(Ig+ cvv') = ¢ + 7 Leo||v]2. O

The next lemma establishes upper bounds for the density of a normal distribution.

Lemma B.2. Let Jy € 9,C% and | > m. Then there exist an open neighborhood U C RI=™
of 0 and constants ¢ = c1(X,d,m,l,N) >0, co = co(X,d,m,l,N) > 0, such that for almost
al Fe A yeRYand s e U\ {0}

o m
p oF oF (y /v,y /n) <els||
Ve (X)(p IN()V,r (X)(p /N (0))
TN TN

l—m
and moreover for s € B2d1/2N \U

P bF bF (yb§N,yb§N) < co.
Ve (X)(p TN ()V,r (X)(p 'N(0))
IN IN
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Proof. We first note that for s € R'=™ nonzero

v oF (yb§N ) yb§N) <p oF 24 (07 0),
Ve (X)(p "N (s)V,r (X)(p /N (0)) Ve (X)(p TN ()V,r (X)(p /N (0))
IN IN IN IN

F F
since the random vector (Vb§ (X)(prN (s)), be (X)(prN (0))) follows a centered normal
distribution, whose density attajbvins the global maxij;fnum at 0. The right side is explicitly given
by

bF

N (0)))72,

D=

(2m) =) det Cov(Vye (X)(p (). Vi (X)(p

Therefore a detailed analysis of the covariance matrix is necessary. It is given by the matrix

l—m
2 vE
Il*m (_ Bv?avj CX (U IN (3))) iy
l—m ’ ’
2 bE
<_8U?6vj CX<J N (S))>” Il*m
due to the imposed conditions in (Al)|and the fact E [(%X(t)%X(t’)} = —%;TL,CX(t -,

for u,u’ € S9! and t,#' € R Using [7, 2.8.4], the determinant of this matrix equals

2 . 2
det (Il—m - (81}?@1@ (CX)(UbJN (5))> ) . (B.5)

i,j=1,..,.l-m

Furthermore, the stationarity and isotropy, assumed in imply that all information of
the covariance of X can be captured by the mapping R: [0,00) — R given by r — CX(re;) of
class C8, i.e. we have the equality CX(t) = R(||t||), t € R?. Differentiating this identity yields
for t € R4\ {0}

D*CX(t) = R'([EDIe) ™" Za + (R (eI = R (el el ) (tat)s

ij=1

and we obtain

D X0 = (] -+ Jum) DCXO (] o )
= R[N Lo + (RN = B AEDIEN) i ) vy, )5

ij=1°

Thus for s € RI=™\ {0} this implies

Dy (@) (5)) = R(IsI) sl Tian + R (IsIDlsI =2 = B (IsIDsl] ) (515757 (B-6)

ij=1"
7 J

Note that the right side is independent of the specific choice of affine space aff(Jy) N F as a

result of the translation invariance and rotational invariance of CX. Moreover, we note that
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(ss")2 = ||s||?ss ", and therefore

In 2
(P2, ()0 (5))
= R 1+ (R lsIDlsl 2 = R lsiDlsl )
< 2R (sl + ISPl s 2 = B ClsiDllsl =) siss )5
= (RIS T+ sl 2R s1)? = R sl ) sis) 52 (B

Hence the determinant in is independent of F € AZ  and continuous in s € RI=™\ {0}
and can therefore be bounded mdependently of F and y for se BI—m \ U, where U C R=™
is an open set containing the origin. We continue with the proof o%dthe asserted estimate in a
neighborhood of 0. First, by Taylor’s theorem, we obtain the following expansions up to the
fifth derivative
4
R(r)=> RE(0) * +o(rt) and R'(r)=

!
imo k=0

3 R(k+2) (0)

Tk olr),

for » — 0. Note that due to assumption |(A1)] namely stationarity and the normalisation of
the second derivatives of CX, we obtain R”(0) = —1 and odd derivatives of R vanish at 0 due

to the stationarity of X, cf. the discussion following (2.8). We therefore obtain

[ [
R([sll) = sl + QHSH?’ +o(|ls|*) and  R'(|s]) = -1+ §HSH2 +o(|ls|*)  (B.8)

for ||s|| = 0, where p :=E [atlath(O)Q} > 0 by [(A2)l We calculate for s # 0 and |[|s|| = 0

/ “1\2 H
(R s s )" = 1= EllsI + ol
and
Il (B (Usll? = (Rl Is7) ) sy = =i + ofs])

where 4,7 = 1,...,] — m, which yields with (B.7)

I 2
m = (DB ()" (6))) = EllslTiom + 5

3u(8z8g) 1+ o(llsl).- (B.9)

Then the multilinearity of the determinant implies

det (Ilm - (D%N (CX)<gb§N(S))>2>

= sl (et (51 + i HQ(S,-SJ)J ™) +ollsh)
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Hence we conclude with Lemma

TN 2 l-m
det <Ilm — (Dl?IJ;N (CX)(ng (s))> ) =3 (g) HSHQ(l—m) + 0(”3”2(l—m)+1)’ (B.lO)

for ||s| — 0 and uniformly in F. If we choose a constant ¢ > 0 such that 2 (%)lim > 1, then

equation implies
JN 2
det | I_,, — (leJN (CX>(0'Z7F (8)))
F

B § (N)l_m N MO(HSH2(l_m)+1)

CHSHZ(lfm) c\3 c HSHQ(lfm)Jrl
08 (1)

Therefore, by continuity we find a neighborhood U C R*=™ of 0 such that for s € U

IN 2
det (Ilm — (DE;N(CX)(UI’F (3))) > > cHsH2(l*m)-

From this estimate, the asserted bound

1
2

—(l—m) 2 XN/ bIN 2
pvbéN(X)(pj£N<s>>vbJN(X)(prNm))(Ov0> = (27) det { Li—m — (Db;zv (C7) (e (5)))

F F

< el 7=, (B.11)

where ¢; > 0, follows. O

Lemma B.3. Let Jy € 810% and | > m. Then there is a constant ¢ = ¢(X,d,m,l,N) > 0
such that for s € B;;{;LQN’ almost all F € A% where FNJy # 0, and y € RY

F F
E ||det Dy (X)(p"7¥ (s)) det Dy (X)(p" (0))] | E(F, . 5,9)
N N
1 1
< eflsl” (1 + [yl D)2 (1 + [y )2,

where E(F, Iy, s,y) = {Vblj (X)(pb
N

F bF bF

v (s)) = Vyr (X)(pn(0)) =y v}

Proof. We start with an application of the Cauchy—Schwarz inequality for conditional expecta-
tions, cf. [64, Theorem 2.2.4], to obtain for s € RI=™

E || det D2y (X0 (5)) det D2 (X) (6" (O)] | E(F, I 5,3)]

1
P 2

2
< E |det (D;;N (X)(prN (3))) | E(F, JN,S,y)l

1
bE 2

2
x E [det <D§§N (X)(p /v (0))) | E(F, JN,S,Z/)]
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which equals by stationarity

1
bF ?

2
E [det (DgéN (X)(p N(O))) | E(F, Ty, —S,y)]

1
P 2

2
E [det (DE;N (X) (o (0))) | E(F, Iy, s,y)]

In the following we bound the right factor by a bound solely depending on the norm of s,

hence giving a bound for the left one as well.

We first use Hadamard’s inequality, cf. [7, Fact 8.17.11], which reads: For a symmetric
and positive semidefinite matrix A € RU=")>(=m) and an orthonormal basis (U1, ..oy Up_yy) Of
RI=™ we have that

det(A H Aug,ug).

Note that the square of a symmetric matrix is symmetric and positive semidefinite and we
therefore obtain for s € R'=™\ {0} and a suitable choice of (ug,...,u;_n,)

» 2
det (D%N (X)(p" N(0)>
E 2 s 5\l F 2
= <<DZ§ (X)(prN(O))) HSH7HSH> II <<D§§ (X)(prN(O))> “iv“i>
N o N
)

_ 34 b —m—
< I3 (X)o7 (O)sIPIDG (X)(pw (O], (B.12)

where we used the symmetry of D (X )(pbp (0)), the Cauchy—Schwarz inequality and a
matrix norm that is compatible Wlth the Euchdean norm and submultiplicative, e.g. the

induced Euclidean norm. We now define the family of mappings

J

Yo [0,1] 5 RIT™, 20 V,on (X)(0F (28)), for s € RT™,
F

J

to obtain Y3(0) = Vs (X)(p%" (0)), (1) = Vb;NX(prJJN (s)) and

9
0z

pIN

Yi(2) = Dy (X)(6 (z9))s,

J
thus %YS(O) = Dg 1 (X )(prN (0))s. Calculating the second derivative of Yy yields for the j-th
F

component of ai—g)z}/;, j=1...,0l—m,
>’ Zd o 0 SN O 2 xy(h
J— F = F
82’82 — 8 'U]a'l)z (p (ZS))S a j béN( )(IO <Z$))3 S )

1—
where Bu; D2 VX = (%%X) m::l. Using Taylor’s theorem for the mapping Y at 0 and
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evaluating the expansion at 1, yields

2 2
Yo(1) = ¥i(0) + 5-%5(0) + 1<338 26 s Vet (e m>>,

for suitable points &1, ...,&_, € [0,1]. Conditioning of this equation on the event

EF Inss.y) = { Vi (O () = 9y (O (0)) =/ ]

leads to

By taking norms, an application of the Cauchy—Schwarz inequality in every component and

the compatibility of the matrix norm, we obtain conditioned on E(F, Jy, s, y)

1—

2 vl SR PR | o B vl 2
Dl GO 0| < el S |5k, (06 )
IN -1 V; JN
1 4l—m 9 bF 2
< -—ls sup D X IN(zs
IS s 5P (065 )

We note that the last term, conditioned on E(F, Jy, s,y), is almost surely finite by Lemma

Hence, we conclude with (B.12)
bF 2
E[det (ng (X)(p N(O))) IS(F,JN,s,y)]
N

-2 2 bl I ha bE 2(=m=1)
< clsl B || Dfy X(% (0)s bz;N<X><p v (o) | E(F, Ty5,0)
5] F P 2(I-m—1)
< clls|” ZE[sup 5. Dir <X><p”JN<zs>> e (X)(0"v(0)) \6<F,JN,s,y>]
2€[0,1] 11 OV; JN

and bound this term with the aid of the Cauchy—Schwarz inequality by

) N b 4(l-m—1) 2
e | 23 00 0) £ 5)
1
l—m 6 2 bF 4 2
<3| s [0k @R e 1EE | B
Invoking the Lemmata and concludes the proof. O

In the subsequent lemma we use the technique called Gaussian regression to derive an upper
bound for the second factor in the expression in (B.13).

Lemma B.4. Let Jy € ,C% and | > m. Then there is a constant ¢ = ¢(X,d,m,l,N) > 0,
such that for s € B nonzero, i € {1,...,1—m}, almost all F € A% where F N Jy # 0,

2d1/2N d—m’
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and y € R¢

I 4

D (X)( (29))

Elsup

| S(F> JN,S,Z/)] < C(l =+ ||y||4)a
z€[0,1]

where E(F, T, t,y) 3= (Vo () (5)) = Vi (X6 (0)) = 4"},

Proof. We use for the matrix norm the Frobenius norm, that is

4 l—m 3 2\ 2
= sup L (X)(p (zs
z€[0,1] ( %;1 (8%6%6@5( ) ( ))) )

Q,

D (X)( (29))

sup
z€[0,1]

and bound this by Jensen’s inequality by

l-m 3 " 4
(l—m) sup > (8<X><prN<zs>>) .

2€[0,1] a,f=1 81)1‘011@87)5

The fact that bf;N is an orthonormal basis and Jensen’s inequality imply the upper bound

d 3 = 4
(—m)*d® 3 sup (a(X)(prN(zs))>.

e 126[0 1) ot 8t58t

Gaussian regression, cf. [4, Proposition 1.2], allows us to express the conditional expectation

93 X bE :
- N
S (O ()

‘ g(F7 L7 87 y)]
z€[0,1]

E [ sup
through the unconditional expectation

E| swp |0 (x)( (25))
oy |Otaotgot, Y

F a
+Cl ’/B’y(bjj\ﬂ 7S)CQ<b§N78)71 ((beN beN> XQ(bJN7 ))

4]
, (B.14)
for s € RI=™, where

(bJN7 5) = (ng‘N (X)(pr v (0)), va (X )(prN(s))> e R21-m),

83

B (p —
Ci3"" (¥ 2,8) i= Cov <6taat66t7

() (077 (25)), X (B 5))

— <Ko"ﬁ’7(b§N,ab§N (z5)), KO‘"B”Y(b?N, Ub§N ((z— 1)8))> € RIx2(-m)

. 4 l=m . . . :
with Ka’ﬁ’v(b}jN,t) = (_ch(t))iﬂ , for t € R%, by stationarity and interchanging
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the differentiation and expectation, cf. (2.9). Moreover
Co (b, 5) := Cov (Xg(b§N75)> € R2(—m)x2(l—m)_

Note that C{l(ng, s), 0 # s € RI-™  exists due to|(A2)/and that by [7, Proposition 2.8.7]

F F
OB )7 = (A(bJN’ o) Bl )>,
(bJNa ) A(bJNa )
where

-1

. 2
A(bf.5) = (Iz_m - (P ()0 (5) ) ,

I -1 '
B(t5,.5) i= — (Im = D ()" ()] Dl (€50 (). (B.15)

By the triangle inequality and Jensen’s inequality

sup [0 ey ) + 3051 00 (o) - 3a,)|
2€[0,1] 0t 0tg0oty 12 N # N7 ’ N7
93 bE
<33 sup ————(X)(p "~ (2))* + 3% sup |CHP(E 2, 8)C5 (Y, 8) X (bh
ze[Olfl] 8ta3t58t7( )(p ( )) Ze[0p1]| 12 (JN ) 2 (JN ) 2( JN )‘
4
+33 sup Cl 7ﬁ'y(bJszaS)CJ’Q (bJN7 )<beN yb§N>
z€[0,1]

Again the submultiplicativity of the norm and Jensen’s inequality yield
4
) b F _1 F
Sl[%)pl] ‘C?Qﬁv(bJNv 2y 3)02 (bJN7 )XQ(bJNJ )‘
z€|0,

< sup Hcaﬂ’)’(bJN’ JN? H 2d3

d
0 0
xE sup  —X(H)1+  sup X()),
<||t<d1/2N Ot lel<aai/zn Ot

F
where we used in the last line that F N Jy # @ implies for s € B/™" that HprN (s)]] < 3ds N
2d2 N

F
as well as || prN 0)] < dzN. Using these facts again, and summarizing the estimates, we
obtain for the term in (B.14]) the upper bound

3 sup o205, 2 0)Ca00, )7 !|| 20— m)%?
z€[0,1]

+ 3% sup
z€[0,1]

Note that the arguments of the expectations neither depend on F' nor on s and moreover,

83
3R sup 7X(t)4
|:||t||<3d%N 9ta0tg0t,

4

Caﬁ’y(bJN,Z,S)CQ (bJN’ )<yb§N’yb§N>

d )
xj; (21@{ sup ﬁX()

1
[t<3dzN 7
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the involved Gaussian fields are all continuous. The continuity implies that it is sufficient to
bound the expectation of the supremum of a dense index set and moreover that the necessary

conditions in [48, Theorem 5] are satisfied, which guarantees the finiteness of these expectations.

To prove the lemma, it remains to bound sup,¢( 11 [|Cy: ’ﬂv(bJN, )CQ(bJN, s)7H* for s €

B; dl% - independently of F'. Observe that

|es 1@, 2805 09|

S ’

a b o b
+HK BAWBE  o¥n (25)) BOE. . 5) + KOPIGE 0" (2 — 1)5)) AL . 5)

a b a b
EOP] 07 (25)) A(bY 8) + K2 (b] 077N (2 = 1)8)) B(b,, 5)

and moreover

Ka”@”y(b?Naang (28)A(bY,, 8) + KPP0 Lo Yin (2~ 1)s))B (b7 5)
= KOPIBE 0" (2 — 1)s)) (AL, 5) + BOE. . 5))
+ (KOBYBE  "In (25)) — KBV (bE  o%In (2 = 1)8))) AL, 5).

bt B
Since A(b§ ,8) + B(bJN7 s) = (Il—m - DgF (CX) (o~ (5))> , this equals
IN
be Xy (o B
Ka’ﬁ"y<b§]\,7 o /N ((z—1)s)) <Ilm - Dfp (CH)(o N (t))>
IN
+ (Ka,ﬁ,W(ng’ O'ng (2:8)) — KQ’B”Y(ng, Ube ((Z - 1)8))>

(1, m + D (cX)( (t))) B (Il_m - Dgl;N(cx)(ab?N (s)))_l .

By algebraic manipulations the above equals
(50 )+ (0970 ) 9705, (1)
-1 b -1
< (B + DYy (€N (5)) ) < (Bem = Dy (€)M ()
N
Similarly, we obtain

F
Ko"ﬁ’V(F, ab§N (zs))B (bJN7 s)+ Ka’ﬁ’v(bi\m UbJN((Z - 1)5))A(bJN’ s)

= (Kaﬂﬂ(biv, o"ix (25)) — (Kaﬂ’”(biv, o"In (z5)) — K®PI(Bh 0" (= — 1>s>>)

(1, m+D (CX)( (s))> 1) X <Il_m _DggN(cx)(gblfN(s))) 71.
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(=)

We now use Lemma |B.

to bound |[(I;_p — D} CX(Ub§N (s)))~'l| and
IN

sup
z€[0,1]

<Ka”8’7(b§N, L (28)) — Ka,ﬁ,V(ng’ Ly ((z— 1)3))>

(10 D X))

for s € B2d1/2N’ independently of F. For the term HKafBV(bJN,U in (zs))|l and the term
1K O"5’7(1751\], ~N((z—1)s))||, we bound the directional derivatives by the partial ones and use

X o ~ bY 1/2 bY 1/2
the continuity of C¥X with the estimates ||o"/~ ((z —1)s)|| < 2dY/2N and ||o /~ (zs)|| < 2d'/?N,
to bound their norms for z € [0, 1] and s € Bé d;}g - independently of F', as is shown exemplarily
in the following:

M |

m 2
HKaﬁﬁ(bF oI (zs _ 8—40X(a”5N (25))
Ino . Dt Ot 0L, Jv;

=1

l—m d ) 84 oF 2
= D X J
(Z Yi 8taat58t78ttgc (0 " (ZS))> ’

i=1 \6=1
which can be bounded by
d ot . 2
e (Zp o1.1501, “>) o
independently of F' and s. O

Lemma B.5. Let Jy € 9,C% and 1 > m. Then there is a constant ¢ = ¢(X,d,m,l, N) > 0
such that for s € B almost all F € Al where F N Jy # 0, and y € R?

2d1/2N7 d—m’

bF

E 1D (X)(on )MV | E(F Ty s,9) | < 1+ Iyl 7),

F F F
where E(F. Iy, t.y) == {Vyr (X)(p"¥ () = Vi (X)(p" (0)) = y"x}.
Since the proofs of Lemma and Lemma use the same ideas, the one of Lemma
can be omitted. At last, we show a technical lemma, which is used in the proof of Lemmata

B.5]and B.4]

Lemma B.6. Let Jy € 0,0% and l > m. Then there exists a constant ¢ = ¢(X,d,m,l,N) > 0
such that for s € B
1,...,d

2d1/2N nonzero, almost all F' € Ad ms Where FNJy # 0, and o, B,y =

<c

— )

||(fl_m ~ Dy (C¥)(o" <5>>)1
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and
o Xy (6%, = 2 Xy bF 2\~
- J I_ . D g <

(8%%8%(0 (o N<s>>)i:1 <l n= (D (o N<s>>)) <e

I—m

64 X b§
=2 | e )
l—m

o Xy (07 2 X\, bF -1
a:r a2 s o —1 I_ D J < ec.
+<ataatﬁat78w<o (=) (B + Dy (€N (s)) | <

Proof. We distinguish the case s € Bé;l% N \ U, where U is a neighborhood of 0, and s € U, in

order to use continuity arguments in the first case. We note that for the different equalities the
set U may be chosen differently and we think of the matrix norms as the norm, which suits us

most, knowing that we can bound one by a multiple of the other.

Let s € Bé;l% N \ U and think of the matrix norm as the spectral norm. We observe that in

this case
HA_1H = ’/\min(A)‘_lv

where A is an invertible, symmetric matrix and Apin(A) denotes the eigenvalue of A with
smallest absolute value. Furthermore, we see by Lemma and equation , resp. equation
(B.7), that the coefficients of the polynomials in A

det (Il_m - DI??N (CX)(gbfsz (s)) — )\Il_m> )

» 2
det (Il—m — (DZ??N (CX)(ngN (s))> — )\Iz_m> )
det (Ilm + DZI]: (CX)(ab§N(s)) — )\Izm> .

are independent of F' but continuous in s € Bé;l% ~ \U. Due to (B.5) and (A2), we know that

F F 2
0 # det Cov (vngX(o), VbﬁNX(abJN (s))) = det <Ilm - (D%N (CX)(o"In (s))) )

= det (T — Dfy (€¥)(0"(5)) ) det (T + Dy (€¥)(0"(5)) ).

N

for s # 0 and therefore none of the involved matrices has eigenvalue 0. And since the zeros of

a polynomial are continuous in the coefficients, we conclude that the norms

)

H (B = iy (€10 (5)) R

(nm - (v (CX><ab53v<s>>)2>_l

IN
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as well as

(s 03, )

are bounded for s € B/ \ U, independently of F'. In order to bound the supremum of the

2d1/2N
norm
(—8<cx>< (zs>>) " <8<0X>< (2= 1)s >>)
Dt a0t 501,00, "\ Gtadt 0t 00, .
l—m
for z € [0,1], as well as the norm H (W(CX)( (s))) , we bound the directional
‘ i=1

derivatives by the partial ones and use the continuity of the covariance function, as shown

exemplarily in the following:

I—m||?

l—m 83 bf'; 2
- <8ta8t55vi(cx)(a N(S))>

=1

(93 leV
H(%MW (C¥)(o N<s>>>

i=1

S

Lo O Xy bF 2
20 g CEE) )

y=1

-.
Il

which can be bounded by

d
(Il—m) (Z sup
=1 tEB;ldl/?N

independently of F' and s.

3
87 C
0t 0tgoty

0
To analyse the behaviour for s near 0, observe that I;_,, — DZF C’X(s) ”S”—_; 21;_,, and thus
J

H I, D C’X( )) =5 as ||s|| = 0.

Hence, there is no singularity at s = 0 and the norm can easily be bounded using continuity

0
arguments as above. Since I;_,, + D CX( ) — el 0, this is different in the other cases. We

proceed with the second inequality of the assertion. The identity yields for 0 # s € RI=™
and [|s]| = 0

- 2
n = (DB ()0 (5))) =00 + ol 5],

uniformly in F', where

Iz 2 —m
O(s) = S sll*li-m + Susis;)i 2 (B.16)
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Since, cf. Lemma
l—m I—-m—1
det©(s) = (u/3llsl2) " + (w/3ls1%) " 2/3uls|? # 0

for s # 0, we conclude that ©(s) is invertible and we denote its inverse by A(s), for s # 0.
Observe that for a > 0 the identity ©(as) = a?0(s) holds and therefore A(as) = a 2A(s).

Thus we obtain

-1

(Il_m - (D25N<0X><ab5w <s>>)2> = A(5) (T — ols1%)A())

Now, we can conclude from [7, Proposition 9.4.13] that for a given matrix A with ||A(s)| — 0
for [|s|| — 0, we have [[(T — A(s)) '] < 1+ [|A(s)[| + o([[A(s)]]), since 32320 [|A(s)[|* is a

geometric series for s small enough. Before we apply this result, observe that

sup [|A(u)]

ueSt—m-1

is actually a maximum and moreover independent of F'. To see this, we think of the norm

again as the spectral norm and observe by Lemma that the zeros of the polynomial in A
det(O(u) — Aj—p)

are independent of F' but continuous in u € S*"™~1, from which we conclude the assertion.

Thus we obtain

(= otls1H9) ™| <1+ [ollsl?)8) | + o (Jotlsl*) 565 )
= 1+ ofls|) + o(ls]1)
— 1+ o(Js]l),
for [Is]] = 0, where we used that [Jo([ls|)A(s)] = lo(ls|®lIs|-2A(s/lIsI) = o(ls|) and

g € o(o(f)) yields g € o(f). Hence, we conclude

‘(Il_m— (23, @ )) (27) | (1 otlsI) = 0151

for ||s|| — 0 and uniformly in F. Taylor’s theorem applied to %gf:;aw(CX )(gbgzv (+)) yields for
i=1,...,1—m,0#s &R~ and a suitable £ € [0, 1]

-1
< |lslI7?]]A

0’ Xy, b ok o5 o e
W(C )(o /N (s)) = m z:: 87 mc oo N | (€s)s;
= O({|s]),

since %gfgﬁawCX (0) = 0 by stationarity, cf. [1, Equation (5.5.3)]. Note this equality holds
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P
uniformly in F, since %(%gfg’ﬁawC’X o abJN)(s) can be bounded independently of F' for

3 - 2 ; )
H (mﬁm<cx><abJN “”) ‘ (Ilm - (D3 € ) )

for ||s|| — 0 and uniformly in F. Hence, there is a neighborhood of 0 on which the left-hand

l—m
s € By iy Therefore, we conclude

l—m -1

=0(1),

i=1

side is bounded by a constant ¢ > 0 not depending on F'.

To show the last inequality of the assertion, we proceed similarly. First, we use identity

to obtain

I+ D (C) (0”5 (s))

N
= (L R IsIDSI™) i + 2R (sl = B (s s~ ) 5,157
Then, the Taylor expansion in l) yields for 0 # s € R'=™ and ||s|| — 0

I+ D (€055 (5)) = 5005) + ofs]1),

N

where O is defined in (B.16). The same approach as before, yields

P —1
H(zz_m+D§5N<OX><obJN<s>>) = O(Jsll ), as [ls| 0.

F
uniformly in F'. Taylor’s theorem, cf. [42, Section 2.4], applied to —WZM(CX)(J%N (z+)),
yields for s € B i=1,...,l—mand z € [0, 1]

2d1/2 N>

64 X b§

i e O ()
84 l-m 82 84 oF
. ——e N () = XV (gIn (2 s
Tradtgotdn . O 21 Dsi, Dsi, <3ta8tﬂatw8vi (O (=) | E)sasia,
i1,i2=
where £ € [0, 5], since WWCX(O) =0,7=1,...,d,as X is stationary, cf. [1, Equation

(5.5.3)]. Analogously, we obtain

84 X b§
i, OO (e = 19)
o' X 52 & o Xy b :
= dtaoronouC O tl%:l Dsi, 05y <8ta(")t58t78vi(c Yo ((z = 1)) | (€)sirsiay

where £’ € [0, s]. Thus the term

o' Xy b o o bF
A7 Ar A7 A —1 - J
3ta8t,38t78vi(0 )(o v ((z = 1)s)) %atwmw(c )(o"n (25))
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is given by

l—m 2 4 .
Z (881-885@- (875048;;8%3% (CX)(UbJN((Z - 1)))) (&)

i1,i2=1
_asilasiz <8taatﬁat’yavz (C )(U N(Z)) (5) 811312

This expression can be bounded by

d 6
0
2  sup Z CX(t) HSHQ
VB iy ivie= Oto0tgOtyOt;, Ot;, Oty
for z € [0,1], &,& €]0,s] and s € Bgdl/zN' Thus we obtain
" CX b§ o ot CX b§ 1 o
_ N _ N —
seo] Stadtyotu O 0 (Es) . Stadtyorau C o (= 1s) .
cU-miz s 3 A X (1) 3]
S Ot 0t 30t Ot;, O, Oty

and therefore

sup

F
H(Iz—m + Dpe (CF)(0"n ()7
z€[0,1]

N

84 bf
<—8ta6t58t78vi (E) (Zs))> .

l—m

(L ()N (== 19))
Dt 0t 501, 0v; 7omEm s

uniformly in F' and z, which shows the assertion.



BIBLIOGRAPHY

[1] R.J. Adler and J.E. Taylor, Random Fields and Geometry, Springer Monogr. Math.,
Springer New York, 2009.

[2] M.A. Arcones, Limit Theorems for Nonlinear Functionals of a Stationary Gaussian
Sequence of Vectors, Ann. Probab. 22 (1994), no. 4, pp. 2242-2274 (English).

[3] D. Armentano, J.M. Azais, F. Dalmao, and J. Lebn, Central Limit Theorem for the
number of real roots of Kostlan Shub Smale random polynomial systems, arXiv preprint
arXiv:1801.06331 (2018).

[4] J.M. Azais and M. Wschebor, Level Sets and Extrema of Random Processes and Fields,
Wiley, 2009.

[5] G. Beer, Metric projections and the Fell topology, Boll. Unione Mat. Ital. Vol.3B(4)
(1989), 925-937.

(6]

, Topologies on Closed and Closed Convexr Sets, Math. Appl., Springer, 1993.

[7] D.S. Bernstein, Matriz Mathematics: Theory, Facts, and Formulas, Princeton Univ. Press,
2009.

[8] M.V. Berry, Regular and irreqular semiclassical wavefunctions, J. Phys. A: Math. Gen. 10
(1977), no. 12, 2083.

[9] M.V. Berry, Statistics of nodal lines and points in chaotic quantum billiards: perimeter
corrections, fluctuations, curvature, J. Phys. A: Math. Gen. 35 (2002), no. 13, 3025 (en).

[10] C. Berzin, Estimation of Local Anisotropy Based on Level Sets, arXiv preprint
arXiv:1801.03760 (2018).

[11] H. Biermé and A. Desolneux, On the perimeter of excursion sets of shot noise random
fields, Ann. Probab. 44 (2016), no. 1, 521-543.



136 BIBLIOGRAPHY

[12] H. Biermé, E. Di Bernardino, C. Duval, and A. Estrade, Lipschitz-Killing curvatures of
excursion sets for two dimensional random fields, HAL preprint hal-01763060 (2018).

[13] D. Chambers and E. Slud, Central limit theorems for nonlinear functionals of stationary
Gaussian processes, Probab. Theory Relat. Fields 80 (1989), no. 3, 323-346.

[14] A. de Moivre, The doctrine of chances or a method of calculating the probabilities of events
in play, reprint of the 3. ed., London, Millar, 1756 ed., Chelsea Publ., 1967.

[15] V. Demichev and J.S. Olszewski, A Central Limit Theorem for the Volumes of High
Ezxcursions of Stationary Associated Random Fields, Stat. Optim. Inf. Comput. 3 (2015),
no. 2, 138-146.

[16] E. Di Bernardino, A. Estrade, and J.R. Leén, A test of Gaussianity based on the Euler
characteristic of excursion sets, Electron. J. Statist. 11 (2017), no. 1, 843-890.

[17] J.L. Doob, Stochastic processes, Wiley Ser. Probab. Stat., Wiley, 1953.

[18] R.M. Dudley, Real Analysis and Probability, Cambridge Stud. Adv. Math., Cambridge
Univ. Press, 2002.

[19] J. Elstrodt, Maf$- und Integrationstheorie, Springer-Lehrbuch, Springer Berlin Heidelberg,
2013.

[20] A. Estrade and J. Fournier, Anisotropic random wave models, HAL preprint hal-01745706.

, Number of critical points of a Gaussian random field: Condition for a finite
variance, Statist. Probab. Lett. 118 (2016), 94 — 99.

[22] A. Estrade and J.R. Lebn, A central limit theorem for the Euler characteristic of a
Gaussian excursion set, Ann. Probab. 44 (2016), no. 6, 3849-3878.

[23] L.C. Evans and R.F. Gariepy, Measure Theory and Fine Properties of Functions, Revised
Edition, Textb. Math., CRC Press, 2015.

[24] H. Federer, Curvature Measures, Trans. Amer. Math. Soc. 93 (1959), no. 3, 418-491.

, Geometric Measure Theory, Springer, 2014.

[25]

[26] T. Fissler and C. Théle, A new quantitative central limit theorem on the Wiener space

with applications to Gaussian processes, arXiv preprint arXiv:1610.01456 (2016).

[27] T. Gneiting, Correlation functions for atmospheric data analysis, Q. J. Royal Meteorol.
Soc. 125 (1999), no. 559, 2449-2464.

[28] M. Goresky and R. MacPherson, Stratified Morse Theory, Springer, 1988.

[29] H. Hadwiger, Vorlesungen tber Inhalt, Oberfliche und Isoperimetrie, Grundlehren Math.
Wiss., Springer, 1957.



BIBLIOGRAPHY 137

[30]

[31]

[41]

[42]

[43]

[44]

D. Hug, M.A. Klatt, G. Last, and M. Schulte, Second order analysis of geometric functionals
of Boolean models, Lecture Notes in Math., vol. 2177, Springer Int. Pub., 2017.

D. Hug, G. Last, and M. Schulte, Second-order properties and central limit theorems for
geometric functionals of Boolean models, Ann. Appl. Probab. 26 (2016), no. 1, 73-135.

P. Imkeller, V. Perez-Abreu, and J. Vives, Chaos expansions of double intersection local
time of Brownian motion in R? and renormalization, Stoch. Process. Appl. 56 (1995),
no. 1, 1 — 34.

A.A. Tvanov and N. Leonenko, Statistical Analysis of Random Fields, vol. 28, Springer
Sci. Bus. Media, 2012.

S. Janson, Gaussian Hilbert Spaces, Cambridge Tracts in Math., Cambridge Univ. Press,
1997.

F.E.A. Johnson, On the Triangulation of Stratified Sets and Singular Varieties, Trans.
Amer. Math. Soc. 275 (1983), no. 1, 333-343.

O. Kallenberg, Foundations of Modern Probability, Probab. Appl., Springer, 2002.

J. Kampf, A central limit theorem for Lebesgue integrals of random fields, Statist. Probab.
Lett. 124 (2017), 5 — 12.

M.A. Klatt, Morphometry of random spatial structures in physics, Doctoral thesis, FAU
Univ. Press, 2016, p. 342.

M.A. Klatt, M. Héormann, and K. Mecke, Characterization of Anisotropic Gaussian
Random Fields by Minkowski Tensors, Preprint.

A. Klenke, Probability Theory: A Comprehensive Course, Universitext, Springer London,
2013.

A.N. Kolmogorov, Grundbegriffe der Wahrscheinlichkeitsrechnung, Ergeb. Math. Grenzgeb.,
Springer, 1933.

K. Konigsberger, Analysis 2, Springer-Lehrbuch, Springer Berlin Heidelberg, 2013.

M. Kratz and S. Vadlamani, Central Limit Theorem for Lipschitz—Killing Curvatures of
Ezcursion Sets of Gaussian random Fields, J. Theoret. Probab. (2017).

M.F. Kratz and J.R. Leén, Central limit theorems for level functionals of stationary
Gaussian processes and fields, J. Theoret. Probab. 14 (2001), no. 3, 639-672.

R. Kulik and E. Spodarev, Long range dependence of heavy tailed random functions, arXiv
preprint arXiv:1706.00742 (2017).

R. Lachieze-Rey, Bicovariograms and Euler characteristic II. Random fields excursions,
arXiv:1510.00502, October 2015.



138

BIBLIOGRAPHY

[47]

[61]

[62]

[63]

[64]

R. Lachieze-Rey, Shot-noise excursions and non-stabilizing Poisson functionals, arXiv
preprint arXiv:1712.01558 (2017).

H.J. Landau and L.A. Shepp, On the Supremum of a Gaussian Process, Indian J. Statistics,
Series A (1961-2002) 32 (1970), no. 4, 369-378.

G. Last and M.D. Penrose, Lectures on the Poisson Process, IMS Textb. 7, Cambridge
Univ. Press, 2017.

J.M. Lee, Riemannian Manifolds: An Introduction to Curvature, Grad. Texts in Math.,
Springer New York, 2006.

A.R. Liddle and D.H. Lyth, Cosmological inflation and large-scale structure, Cambridge
Univ. Press, 2000.

M. S. Longuet-Higgins, The statistical analysis of a random, moving surface, Phil. Trans.
R. Soc. Lond. A 249 (1957), no. 966, 321-387.

G. Matheron, Random Sets and Integral Geometry, Wiley Ser. Probab. Stat., Wiley, 1975.
C.R. Maunder, Algebraic topology, Van Nostrand Reinhold, 1970.

K.R. Mecke and D. Stoyan, Morphology of Condensed Matter: Physics and Geometry of
Spatially Complex Systems, Lecture Notes in Phys., Springer Berlin Heidelberg, 2008.

I. Molchanov, Theory of Random Sets, 2017.

G. Naitzat and R.J. Adler, A central limit theorem for the Euler integral of a Gaussian
random field, Stoch. Process. Appl. (2016).

L.I. Nicolaescu, Critical points of multidimensional random Fourier series: Central limits,
Bernoulli 24 (2018), no. 2, 1128-1170.

I. Nourdin and G. Peccati, Normal approzimations with Malliavin calculus: From Stein’s
method to Universality, Cambridge Tracts in Math., Cambridge Univ. Press, 2012.

G. Peccati and M.S. Taqqu, Wiener Chaos: Moments, Cumulants and Diagrams : a

survey with computer implementation, Bocconi Springer Ser., Springer, 2011.
M. Pflaum, Analytic and Geometric Study of Stratified Spaces, Springer, 2001.

J. Potthoft, Sample properties of random fields. 1. Separability and measurability, Commun.
Stoch. Anal. 3 (2009), no. 1, 9.

, Sample properties of random fields I1I: Differentiability, Commun. Stoch. Anal. 4
(2010), no. 3, 3.

M.M. Rao, Conditional Measures and Applications, Chapman and Hall/CRC, 2005.



BIBLIOGRAPHY 139

[65]

[66]

[67]

[78]

[79]

[80]

C.E. Rasmussen and C.K.I. Williams, Gaussian Processes for Machine Learning, Adapt.
Comput. Mach. Learn., MIT Press, 2006.

M. Rossi, Random Nodal Lengths and Wiener Chaos, arXiv preprint arXiv:1803.09716
(2018).

7. Sasvari, Multivariate Characteristic and Correlation Functions, De Gruyter Stud. Math.,
De Gruyter, 2013.

R. Schneider, Convex Bodies: The Brunn—Minkowski Theory, Encyclopedia Math. Appl,
Cambridge University Press, 2014.

R. Schneider and W. Weil, Stochastic and Integral Geometry, Probab. Appl., Springer
Berlin Heidelberg, 2008.

A.N. Shiryaev, Probability, Grad. Texts in Math., Springer, 1996.

J. Simak, On experimental designs for derivative random fields, Doctoral thesis, Freiberg
(Sachsen), Techn. Univ., 2001.

E. Slud, Multiple Wiener-Ité integral expansions for level-crossing-count functionals,
Probab. Theory Relat. Fields 87 (1991), no. 3, 349-364.

E. Spodarev, Limit theorems for excursion sets of stationary random fields, Mod. Stoch.
Appl., Springer, 2014, pp. 221-241.

M.L. Stein, Interpolation of Spatial Data: Some Theory for Kriging, Springer Sci. Bus.
Media, 1999.

G. Szegd, Orthogonal polynomials, 8. [print.] ed., Amer. Math. Soc. Colloq. Publ., Amer.
Math. Soc., Providence, RI, 1990.

M.S. Taqqu, Law of the iterated logarithm for sums of non-linear functions of Gaussian
variables that exhibit a long range dependence, Z. Wahrsch. Verw. Gebiete 40 (1977), no. 3,
203-238.

J.E. Taylor and K.J. Worsley, Detecting Sparse Signals in Random Fields, with an
Application to Brain Mapping, J. Amer. Statist. Assoc. 102 (2007), no. 479, 913-928.

N.M. Temme, Special functions : an introduction to the classical functions of mathematical
physics, Wiley, 1996.

M. Zahle, Random processes of Hausdorff rectifiable closet sets, Math. Nachr. 108 (1982),
no. 1, 49-72.

, Curvature measures and random sets II, Probab. Theory Relat. Fields 71 (1986),
no. 1, 37-58.




140 BIBLIOGRAPHY

[81] | Integral and current representation of Federer’s curvature measures, Arch. Math.
46 (1986), no. 6, 557-567.

[82] , Approximation and characterization of generalised Lipschitz-Killing curvatures,

Ann. Global Anal. Geom. 8 (1990), no. 3, 249-260.



	1 Introduction
	2 Basics
	2.1 Gaussian fields
	2.2 Morse theory
	2.3 Lipschitz–Killing curvatures
	2.4 Isonormal Gaussian processes
	2.4.1 Hermite polynomials
	2.4.2 Isonormal Gaussian processes
	2.4.3 A multivariate central limit theorem for isonormal Gaussian processes


	3 A Central Limit Theorem for Lipschitz–Killing Curvatures
	3.1 Main Theorem
	3.2 Proof of the main theorem
	3.2.1 Approximation of Lipschitz–Killing curvatures
	3.2.2 Hermite type expansion
	3.2.3 Embedding into an isonormal Gaussian process
	3.2.4 Application of a central limit theorem for isonormal processes
	3.2.5 The Boundary terms

	3.3 A lower bound for the asymptotic variance
	3.4 The multivariate case

	4 A Central Limit Theorem for Integrated Functionals
	4.1 The general case
	4.1.1 Hermite type expansion
	4.1.2 Embedding into an isonormal Gaussian process
	4.1.3 Applying a central limit theorem for isonormal processes

	4.2 The special case of integrated surface tensors
	4.2.1 The central limit theorem
	4.2.2 A simulation study

	4.3 The special case of integrated curvature measures

	A Measurability and statements holding almost surely
	B Proof of Lemma 3.2

