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KNOCKING OUT TEETH IN ONE-DIMENSIONAL PERIODIC NLS.

L. CHAICHENETS, D. HUNDERTMARK, P. KUNSTMANN, AND N. PATTAKOS

ABSTRACT. We show the existence of weak solutions in the extended sense of the Cauchy
problem for the cubic nonlinear Schrodinger equation in one dimension with initial data
uo in H°*(R) 4+ H®?(T),0 < s1 < s2. In addition, we show that if up € H*(R) + H%Jre(']l')
where € > 0 and + < s < 1 the solution is unique in H*(R) + H27¢(T). Our main tool is
a normal form type reduction via the use of the differentiation by parts technique.

1. INTRODUCTION AND MAIN RESULTS

We are interested in the equation
() iU — Uy + |ulPu=0 , (t,7) € R
u(0,z) = up(x) , v €R

with initial data ug € H*(R) + H*(T) for s > 0, where T := R/Z is the one-dimensional
torus, that is, the circle. The Sobolev H?® spaces are defined as

2 H®={cP®) [ |flmm = ( /R (1+ 1€ f(©)Pde) * < o0}

(3) H(T) = {f € LX) / Ifla=gry = (D000 + WPl fal?) < oo},

ne”

and we will use (k) == (1+ ]I{:\Q)% for the so—called Japanese bracket. S(R) is the Schwartz
class, D(T) = C*°(T), S’(R) the tempered distributions, and D’(T) the distributions on
the torus T. The Fourier transform of a function f : R — C is given by

(4) FOEFEQ) = [ e faydo, § €
and the Fourier coefficients of a periodic function f : T — C are
1
(5) fn = / e 2™ f(x)dx, n € 7.
0

In [16] it was proved that NLS is locally wellposed in L?(R) with guaranteed time of
existence depending only on the L#(R) norm of the initial data and since this is a conserved
quantity, [[u(t,-)||r2w) = lluollr2m) for all t € R, it follows that the NLS is globally
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wellposed in L?(R). In [2] it was proved that the NLS () is locally wellposed in L?(T) and
again by the L?(T) conservation law it follows that is globally wellposed in L?(T). In [7]
the NLS (/1)) was studied for initial conditions ug € H*(T) and in [I8] for ugp € H*(R),s > 0.
In both papers unconditional well-posedness was proved for s > %, that is uniqueness of
solutions in C([0,7], H*(T)) (and C(]0,T], H*(R)) respectively) without intersecting with
any auxiliary function space (see [9] where this notion first appeared). They used a normal
form reduction via the differentiation by parts technique which was originally introduced
in [1I] in the study of the KdV equation for periodic initial data. We also refer to [13] where
the last author introduced a different approach to normal form reduction for the NLS on
R which follows closely what is done in the periodic case and is well suited for modulation
spaces defined in equation . See also [3] for the case of general modulation spaces. For
textbook accounts on these type of results we refer to [12], [15], to [14] for a slightly more
applied point of view, and, in particular, [5] for a nice discussion of the differentiation by
parts technique.

Here we make the differentiation by parts approach work in a hybrid case, namely the
case where the initial data ug is the sum of a periodic function wy on R and an L?(R)
function vg. A tooth, as referred to in the title of this paper, is, for example, wg restricted
to one period. We think of the addition of vy to wg as eliminating, or knocking out, finitely
many of these teeth in the underlying periodic signal.

Our work is motivated by high—speed optical fiber communications, where in a certain
approximation the behavior of pulses in glass—fiber cables is described by a NLS. A periodic
signal is the simplest type of a non-decaying signal, encoding, for example, an infinite string
of ones if there is exactly one tooth per period. However, such a purely periodic signal
carries no information. One would like to be able to change it, at least locally. This leads
necessarily to a hybrid formulation of the NLS where the signal is the sum of a periodic and
a localized part. The localized part being able to knock out, i.e., remove, one or more of
the teeth in the underlying periodic signal. This way one can model, for example, a signal
consisting of two infinite blocks of ones which are separated by a single zero, or even far
more complicated patterns. An interesting question then naturally arises: Can the missing
teeth regrow, which means that the original signal gets distorted. Is there an optimal
choice of a periodic signal, which makes this distortion very weak or even impossible?

From a mathematics point of view, in order to be able to address these type of questions,
one should have first solved the corresponding local existence and uniqueness problems,
which is the main purpose of this work: We solve the local existence problem and provide
an unconditional uniqueness result. Since the underlying periodic signal can also be the
constant function, we also cover the case of so—called dark solitons, that is, NLS with a
non-zero boundary conditions at infinity, where the signals are of the form u = ¢ + v with
¢ a constant, see [10] and [I1] for a review on dark solitons from a point of view of applied
mathematics and physics.
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Our solution of NLS with initial data ug = vo + wo € H**(R) + H**(T) will be
constructed as the sum of the solutions of the following partial differential equations
(©) W — Wee £ |w]?w =0 , (t,x) eRx T
w(0,z) =wo(z) € H2(T) , z €T,
which is the periodic cubic NLS on the real line, and the modified cubic NLS

) {ivt—vm:tG(w,v):O , (t,z) eRxR
v(0,2) =wvo(x) € H(R) , z € R,
where G(w,v) is the nonlinearity
(8) G(w,v) = |w+ v]*(w +v) — |wf*w = |v|?v + V20 4+ w?T + 2w|v|? + 2v|w|?.
In order to give a meaning to solutions of NLS (6) in C([0,T], H*(T)) and NLS in

C([0,T], H(R)),s,5 € R and to the nonlinearities N'(w) := w|w|?> and G(w,v) we need
the following definitions, which first appeared in [4] for the periodic NLS.

Definition 1. A sequence of Fourier cutoff operators is a sequence of Fourier multiplier
operators {Tn}nen with multipliers my : R — C such that

e my has compact support on R for every N € N,
o my is uniformly bounded,
o limy_oo my(x) =1, for any z € R.

Definition 2 (Periodic case). Let w € C([0,T], H*(T)). We say that N'(w) exists and is
equal to a distribution w € [C*((0,T), D(T))] if, for every sequence {Tn}nen of Fourier
cutoff operators, we have

9) lim N (Tyw) = w,
N—o0
in the sense of distributions on (0,7) x T.
Definition 3 (Periodic case). Let r > 0. We say that w € C([0,T], H"(T)) is a weak
solution in the extended sense of the NLS @ if
o w(0,z) = wo(x),
e the nonlinearity N (w) exists in the sense of Deﬁnition@

e w satisfies (@ in the sense of distributions on (0,T) x T, where the nonlinearity
N(w) = w|w|* is interpreted as above.

For a fixed such solution w of equation @, in the sense of Definition |3] we define a
solution v of equation as

Definition 4 (Continuous case). Let s > 0 and v € C([0,T], H*(R)). We say that G(w,v)
ezists and is equal to a distribution v € [C*((0,T), S(R)] if, for every sequence {Tn}nen
of Fourier cutoff operators, we have

(10) lim G(Tyw,Tnv) =17,
N—o00

in the sense of distributions on (0,T) x R.
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Similarly to the periodic case, we also introduce

Definition 5 (Continuous case). We say that v € C([0,T], H*(R)) is a weak solution in
the extended sense of NLS if

e v(0,2) = vo(x),

e the nonlinearity G(w,v) exists in the sense of Deﬁnition

e v satisfies in the sense of distributions on (0,T) x R, where the nonlinearity
G(w,v) is interpreted as above.

The main results of the paper are the following

Theorem 6 (Local existence and well-posedness). Let 0 < s; < sg and ug = vg + wy €
H*'(R) + H*2(T). There exists a weak solution in the extended sense u = v + w €
c([0, 7], H**(R)) + C([0,T], H**(T)) of NLS with initial condition ug where w solves
NLS @ in the sense of Definition @ v solves NLS in the sense of Definition @ and
the time T' of existence depends only on ||vol| grs1 (r) + [[woll fs2 (T)-

Moreover, the solution map is locally Lipschitz continuous.

=

Theorem 7 (Unconditional uniqueness). Let e > 0 and + < s < }. For any initial
condition ug € H*(R) + H%“‘G(T) the solution v = v + w constructed in Theorem@ 18
unique in C([0,T], H*(R) + H%+6(T)).

Remark 8. The result of Theoremis also true for s > £, but in this case the spaces H*(R)

and H%Jre(']l‘) embed continuously into L (R), thus also their sum. Hence H* (R)—I—H%JFE(’]I')
is a Banach algebra and existence and uniqueness results become much easier with the help
of straightforward direct Banach contraction mapping arguments. The condition s > %
guarantees that v € H*(R) < L3(R) which means that |v|?>v € L'(R) and together with
H %“(T) — L*°(T), allows us to control non—linear interaction terms which pair v and w
together. For example, integrals of the form [ w2 and [ v*w which appear naturally due
to the nonlinearity G(w,v).

For the proof of Theorem [6] we will need to localise our functions on the Fourier side and
this is achieved through the box operators that are defined as follows: Let Qg = [—%, %)
and its translations Qr = Qo + k for all £ € Z. Consider a partition of unity {o} =
o0(- — k) }rez € C°(R) satistying

e dc>0:VneQo: |oo(n)] > e,

e supp(op) C {{ €R: [¢] <1}
Note that this implies 1 = 0¢(0) = oy (k) for all k£ € Z. Given a partition of unity as above,
we define the isometric decomposition operators (box operators)

(11) Oy = F Yo, F, (Vk€eZ).
It is not difficult to see that for 1 < p; < po < oo the following holds
(12) 10 fllpe < 115 flps »
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where the implicit constant is independent of k£ and the function f. Having the box
operators we may define the modulation spaces M,  (R),s € R,1 < p,q < oo as

1
(13) My (R) = {f € S®R) [ Ifllngg, = (3 (B)IOufI)" < oo},
keZ

with the usual interpretation when the index ¢ is equal to infinity. It can be proved that
different choices of the function oo lead to equivalent norms in M (R). When s = 0
we denote the space ng(R) by M, 4(R). In the special case where p = ¢ = 2 we have
M35 5(R) = H*(R). The usual Sobolev spaces as in ([2). Modulation spaces were introduced
by Feichtinger in [6]. In [3] and [I3] the NLS was studied with initial data up €
M, ,(R) and under the restrictions s € [0,00),q € [1,2] and p € [2,(11,0%),
weak solutions in the extended sense was proved. Moreover, under the extra assumption
that M (R) — L3(R) unconditional well-posedness of the Cauchy problem was shown
to be true. Unfortunately, the space M 2(R) is not included in the previously mentioned
family of modulation spaces. Nevertheless, we are able to obtain an existence result (and

uniqueness of solutions under some extra assumptions) for initial data ug in its subspace
H*R) + H*(T) C M 2(R) for s > 0.

existence of

1.1. Preliminaries. The following lemma will be needed in the proof of Theorem [6] It is
a straightforward consequence of Young’s inequality.

Lemma 9. Let 1 < p < oo and 0 € CX(R). Then the multiplier operator T, : S'(R) —
S'(R) defined by
(T,1)=F o), vfeS®)
is bounded on LP(R) and
1T |l e (r)— Lo ®) S 151121 (R)-

We also need for S(t) = e the Schrodinger semigroup, the ‘conservation of mass’

(14) 1S fllL2®y = £l 22(w)-

Lastly, let us recall the following number theoretic fact (see [§], Theorem 315) which is
going to be used throughout the proof of Theorem @ Given an integer m, let d(m) denote
the number of divisors of m. Then

(15) d(m) et = o(m)

for all € > 0.

The paper is organised as follows: In Section [2] we consider initial data wg = vg + wq
with vy, wg sufficiently smooth and we show that NLS is locally wellposed. In Section
we describe the first steps of the differentiation by parts technique and in Section [d] we
define the trees which allow us to continue with the infinite iteration procedure. Finally,
in Section [5] we show that the solution u described in Theorem [6] exists through a smooth
approximation procedure and in Section [6] we prove Theorem [7}
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2. SMOOTH INITIAL DATA

Let us assume that the initial data is smooth, that is, ug = vg + wg where vy €
H*'(R),wy € H*2(T) for sufficiently large s1,s02 € R. We choose s1 > 1,s9 = s1 + 1.
Then the spaces H*'(R) and H*2(T) are Banach algebras and an easy Banach contraction
argument for the operator

¢
(16) Tw = "% :I:/ ez(t_T)a£|w|2w dr
0

shows that the NLS () is locally wellposed in Xo = C([0,T], H*2(T)) for some T =
T(||wo| zrs2)- Let w be that solution of NLS () in the ball {w € X5 : |w||x, < 2|lwol|ms2}
and consider the operator

. t .
(17) T = ¢y, :i:/ MR G (w, v) dr.
0

Our goal is to show that T is a contraction in a suitable ball in X; := C([0,T], H**(R)).
Before we prove this, let us estimate the norm of |[wv| gs gy for w € H*2(T) and
v € H*1(R). First we need to calculate F(wv)(§) which equals

W () = (Z wnén) #0(6) = 3 wad(€ —n).

nez nez
Thus,

IFwo)( P = > wy®md(§ - n)i(€ —m)

n,me”Z
and, therefore,

o3 = /R A+ 1R S walmd( — o€ — mde

nmeZ
= | [+l 3 womite - nite—mide
R nmez
< Y fwnllonl /R (11 |62 (€ — n)|[3(E — m)de.

nmez

For the integral we apply Holder’s inequality
[ 16y o€ — n) [PE =l

1 1
< ([ aleprace - mpd) " ([ @+ lePyio - mPae),
R R
and this can be estimated from above by the product

Sor (L4 [0 ) (A + [m[*) [oll:,
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which implies

2
lwolfer Seu ol (3201 +InD) ol )

nez
Since s; > 1, the last sum is again easily estimated using Holder’s inequality as follows

(0 + ) = (%quf

neZ
< (S b ?) (E gae) S ol

nez nez
Thus
(18) lwollgsi ) Ssi Nwll grsa+1(my [[0]] 71 (m)-
From and we also obtain
(19) 1Tl x, < llvoll s ) + TIGw, v)|x, S llvollx, + T(l[vllx, + [lwllx,)?,
which implies
(20) 1T0]1x, < llvoll s w) + T(lvllx, + 2l|woll oz my)®-

If we assume v € B = {v € X1 : ||v]|x, < 2||lvo||lgss = R}, then T maps B into it-
self for sufficiently small 7" = T'(|[vo| =1 (r) + [[wollgrs2(T))- Indeed, for T > 0 such that
16T (||vo| st + |Jwollrrs2)® < R, we see from that Tw € B.

Also, for v1,v9 € B, it is easy to see

(21) Ty — Tvy = i/o (G(w,v1) = Glw,vs)) dr

where the difference inside the integral equals
lv1v1 = Jval*ve + viw — viw + Wy — WDy + 2wlvy | — 2wlva|? + 2v1|w|? — 2vg|w|* =
(v1 —v2)(|1]? + Trva) + (01 — T2)v3 4+ w(v1 + v2)(v1 — va) + W (V1 — Ta)+
2w(vy (01 — T2) + T2 (v1 — v2)) + 2|w|? (v — v2).
Thus,
(22) ITv1 — Toa|lx, < T(lloallx, + lloallx, + wllxe)?llor = vallx,.

which implies, for sufficiently small T = T'(||vo||gs1 + ||wol/ms2) > 0, that the operator
T : B — B is a contraction. Therefore, we have proved

Lemma 10. Let s > 1 and ug = vg +wo € H*(R) + H**(T). Then NLS is locally
wellposed with a solution v = v+w € C([0,T], H*(R)) + C([0,T], H**(T)) where w solves
@ in the sense that satisfies and v solves in the sense that it satisfies for a
sufficiently small T = T (|Jvo||gs + |Jwol| grs+1) > 0.
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3. FIRST STEPS OF THE ITERATION PROCESS

From here on, we consider only the case s; = so = 0 in Theorem |§| since for the other
cases similar considerations apply. See Remark [24] at the end of the Section [4] for a more
detailed argument. We also assume in the following calculations that the functions v and
w are sufficiently smooth.

Let us define the function ® : R* — R, ®(&, &1, &a, &3) = €2 —€2+£2 €2 and observe that,

under the hypothesis £ = & — &2 + &3, it factorizes into ®(&, &1, &2,&3) = 2(€ — &1)(€ — &3).

By making the change of variables w +— e ’tazw we can rewrite the periodic NLS @ in
terms of its Fourier coefficients as

(23> Oywy, = Z C_Zi(n_nl)(n_ng)twmu_]nzwns - ’wn‘an + 2(/ ’w‘2d1‘>wn
T

n=ni—nz+ns
= M (w)(n) = Z1(w)(n) + Rs(w)(n).

In a similar fashion, we would like to rewrite the modified NLS , which contains both
periodic and non—periodic functions. For this we again make the change of variables v —

e~ 92y and introduce, with the help of the isometric decomposition operators, v, = O,v
for n € Z. Note that its Fourier transform, 9,, is a function supported within the interval
(n—1,n41), so, in general, products of the form v,0,, can be non-zero only if [n—m| < 1,
that is, only neighbouring v0,, can overlap. Thus it is convenient to define

(24) ncemiffn=morn=m+lorn=m-—1

for n,m € 7Z. Recall that for a 1-periodic function w its Fourier transform is given by
W = ZneZ wpd,, where &, is Dirac delta centered at n. Thus O,w = w,d,, since the
partition of unity we use in the definition of [J,, obeys 1 = o,(n). With this we may
rewrite the modified NLS on the Fourier side, up to constants, as

(25) 8tvn - E[ n(v’nq ) vnza Ung) + E][ n(w'm ) wn2 ) ’U7L3) + E[[] n(wn1 ) 'Unz ) ’lUn3)
+ E[Vm(vnl , 'Ungawng) + Ev_n(vnl 5 wn27 Ung) .

where we also introduced
(26)

:]:(Q}:; (Unl UngsUng )

Ell:vtl(vnp@nmvna)(g) = //]R2 2(E=E1)(E~8a)t (§1)0n2<€ 51 g3)®n3(§3)d€1d§3

n~n1 no +n3

1, _
::}—(Qntm (wnl yWng,Ung )

(27) E}Itn(wnl s Wy s Ung ) (§) = Z Un(5)6_%(6_”1)(”1_n2)twn1wn2@n3 (§ —n1 +mn2)

nxni—nz2+nsg
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1, _
::‘F(QIII,n(wnl’v”Q Wny))

(28) Ellltl n(wnl ) /Un27wn3)(£) = Z Un(5)6_2i(£_n1)(£_n3)twn1f)nQ (g —nip— n3)wn3

nxni—nz2+nsg

(29)

1 _
::]:(Qf\;n (Unl yUng ,Wng )
N

E}én(vm,ﬂnz,w%)(f) = Z Un(f)wng/R —2i(§—n3)(§—&1)t 1 (€1) Oy (€ — 13 — &1)dEy

nxnp—n2+nsg

(30)

1,¢ _
::]:(van(vnl yWng ,Ung ))

Byt (Uny Wy, vny)(§) = > 0n(€)ny /R e 2 EEmmG, (&) D0y (€ + na — £1)dEs -

nxni—no+ns

Remark 11. A short note on our notation is necessary here: The expression E}’Z(vm s Ungs Uns )
above depends not only on the single vy, Un,, Or vn,, but on the sequené:es (Vny ni ez,
(Uny )ngez, and (Ung)nsez. So one should instead write E}:Z((vm)mez, (Uny )ngezs (Vng )nsez),
or simply, E}:Z(v, v,v). However, when we construct a tree-type expansion later, it will
be very important to know in which order the v, and wm appear in considerably more
involved expressions. Thus it will be convenient to write E (v U,v) as EI n(vm s Ungs Ung ),

keeping in mind, that one sums over ny, ng, and nz. The same applies to the other terms
on the right—hand side of equation .

Remark 12. The operator Q}fl in the definition of E}Z in equation is the same as

the operator Q" studied in [3] and [I3]. Here let us notice that if we choose functions
such that 0, = wp,dp, and Uy, = wp,0,, then we obtain the relation Q}’;(vm s Ungy Ung) =

1t . . Lt .
Hn(wm,wnz,vn3) Similar relations hold between @, and the remaining operators

QIHn’ IVn and Q
We split the sums in ), ), . ) and . ) into
Z ey

ni=n ni,n3En
L n3FE
n3x<n

and define the resonant operators

(31) R5(v ( Z Z )( IIn+QIIIn+QIVn+Q%/7,tn)

nixkn = n3xkn

Ri(“)(”) = Z ( QIIn Q[]In len Q%/tn)

ni<n
and
n3y=<n
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and the non-resonant operator
1Lt
(32) Ni(v)(n) = Z ( nt QH o+ Q1 nT QIVn + Qv,n)~
ni,n3En
With this notation, equation (25))) can be written in the form
(33) Opvn = Rj(v)(n) — Ri(v)(n) + Ni(v)(n),
keeping in mind that the operators appearing in the RHS above depend also on the periodic

function w, which we suppress in our notation, for simplicity. For the resonant part we
have the estimate

Lemma 13. For j =1,2
HRé'(U)HP(Z)L?(R) S ||’UH?i2(R) + HwHLQ('ﬂ‘)HUH%Z(R) + ||wH2L2('J1‘)HUHL2(R)
and
IR (v) — R(u)|li2zyr2m) <
([oll72@) + llull7z@) + lwllz2m (ol 2@y + lullz2m) + lwlZzm)lv = ull 2@
Proof. Both resonant operators contain a sum that only involves the v function, that is

OIEDIED DY HATI S

ni<n ny=x<n nix<n
and
nyxn
As mentioned in Remark (12| this operator was estimated in [13], it gives the upper bound
of ||v]|3 and we refer the interested reader to Lemma 10 of that paper.

For the sum that contains Q}Itn and Q}’Itl ,, it suffices to estimate only Q}’Itn., the bound

for the sum involving Q};I,n is very similar to one for Q}Itn Moreover, since, for fixed n € Z,

the sum
Z Q[In wnl,an,Ung)

nin
and
ny=x<n
is only over the neighbours of n, we only look at the part where ny = n and ng = n, the

other summands are bounded in the same way. Then we have the estimate
| (Zw a3 ) e P P e e e

by the embedding 12(Z) < [°°(Z). To continue it suffices to look at the sum
Z QHn U}nl,an,Un3)

ni~n

o (§) Wy Wy 0, (§)

2(Z)LZ(R) ~

Again, since it consists of finitely many summands, depending on whether ny = n — 1 or
n1 =mn or ny = n+ 1, it is enough to estimate the part where nqy = n. In this case, we have

‘O'n(g)wn Z 6_2#(5_”)(”_”2)@712@”2 (5 - n+n2)‘ 2 < |wn| Z |wn2|||vn2H27

no€Z noEZ
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so with Hélder’s inequality we get the upper bound

1 1
fwnl (32 wnal?)* (32 Ional3)* = lwnlleol o ol ooy

no€EZL no€Z

Taking the (?(Z) norm we obtain
||1UH%2(T)||UHL2(R)-

For the sum that contains Q}‘i ,, and Q%/tn it suffices to estimate only Q%/tn As before,
from the sum

1 _
> QUL (Uny, Wiy, Uny)

ni~<n
and
nyxn

we may look only at the part where ny = n and ng = n. Thus, we have

Un(f)wn /R 672“(&7&1)({17n)@n(§1)@n(§ - 51 + n)dgl‘

L2(R)
which, by setting V, = 6“52@,1 and using ), we may rewrite as
— —itn? ¥ ¥ - < ¥ (. H
‘ on(&)wpe /RVn(fl)Vn<f & +n)d§1HL2(R) S ||V * Vi (- +n) LR

The last expression equals

V, ey,

[ = [wallVal 2y S loml Va2

L2(R)
where we used (12)) and, since ||V;||2 = [|vn|l2 (by (14))), we can take the [*(Z) norm in n
and obtain the upper bound

1
(D lwnlPllvali3)* < Nl 2 {lIvallzbnezlibe gz < lwlzzm ol

by the embedding 12(Z) < [°°(Z). Finally, we look at the sum
Z Q%}fn (U'I‘L1 9 'U_)ng ) Ung)-

ni~n

As before, it suffices to look at the term where n; = n. In this case we have

n —2it(§—€1)(§1—m2) 5 o _
&) 3 w0 [ ¢ by (€0)na(€ — & + o,

no€EZ
and setting again Vi, = eitng;n, we arrive at the upper bound

Z |wn2|||‘7n * Vnz( +n2)l2 = Z |wn2|||Vnem2(.)Vn2H2 = Z [wn [V Vs |2

noEZ noE€Z noEZ
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Applying Holder’s inequality, (12)) and ) we continue the estimate as follows
7w [IIVallal Vi lla S 1Vallz Y fwns Vi ll2 = lvalla D Twnsll[vn,l2

no€Z no€Z no€Z
1 1
2 2
< Jonllz (D Twnal?)* (3 Monal?)* = loallalleol 2y lolloge).
no€Z no€Z
Taking the (?(Z) norm in n finishes the proof. O

Remark 14. In [7] it was proved that the resonant part of the periodic solution w satisfies
12wl 2my S Il
for j = 1,2. This will be used later in Lemma [22| for the estimate of the Nﬁ‘]) operator.
In order to continue the iteration process we define the sets
(34) An(n) = {(n1,n2,n3) € Z* : n1 — ny + ng ~ n,ny % n % ng,|®(n,n1,n2,n3)| < N}
and
(35) An(n)¢ = {(n1,n9,n3) € Z® : ny —ng+nz =~ n,ny & n # ns,|®(n,n,ne,n3)| > N}.

The number N > 0 is considered to be large and will be fixed later in the proof. The
non-resonant operator N} we split as

(36) Ni(v)(n) = N1y (v)(n) + Nip(v)(n),
where
Nii(v)(n) = Z (Q}ZZ(Um,@nwvns) + Q}fn(wm,u_)m, Ung) + Q}’;Ln(wm,@m, Wny)
An(n)

1 _ 1 _
+ Q[i?n(vTu 9 Unngng,) + Q‘};L(’Unl 9 wn27vn3)>7

and the following yields a convenient bound on N{;.
Lemma 15.

1

ING () ll2@yr2@y S N2 (0ll72@y + 1wl 2 ol 2@y + lwlFam lvll2@)

and

IN11(v) = N1y (W)l i2(z) L2y S

1
N ([[0ll72) + Nl Fogy + 1wl o ([0l 2@y + lull2@) + lwll7zem) v — ull L2g)-
Proof. The part
1, _
Z QL;(UTLNUTlQ,UTlg)

An(n)
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has been estimated in [13], Lemma 11 giving an upper bound of the form N %JrHvﬂg For
the sum that contains Q}It , and Q}’Itl ,, it suffices to estimate only Q}[t ., the other one
being similar. We have

D |on(ere €I g (€ = )| S o s o
AN(TL AN(”)

which by Hoélder’s inequality implies the estimate
(37) (1% (3 fwmPlwns Plons)
An(n) AN (n)

The first factor is estimated by N2t with the use of (15)) and then, by taking the [%(Z)
norm of the second sum and applying Young’s inequality in I!(Z), we obtain the upper

bound )
3 1
NE (DS Pl Pl 1) < N3 a0 ol 2y
TLGZAN(

N

For the sum that contains Q Iy and QVn it again suffices to estimate only Q%/tn In this

S 162 A
case, letting V,, = €€ 9, we have

S [lo@rin [ e @t ()i (¢ - & + e,
An(n)
Z |wh | an*Vna("f‘n?)’p(R) - Z [na ][ Vi Vi L2(R) =
An(n) An(n

Z ‘wn2‘HVmH4”Vn3”4 Z |wn2|HVn1H HVmH?— Z |wn2|||vn1H ||Un3H27

An(n) An(n) An(n)
where we used (2))) and (14)). Then the estimate continues as in (37)) giving the upper
bound N2 ||w]|a|v]2. O

For the N}, operator we only look at frequencies where |®(n,ny,n2,n3)| > N, which
means that we can apply the differentiation by parts techniques, in order to take advantage
of possible cancellations, due to the fact that the exponential terms contain the phase factor
®(n,n1,ng,n3), having a large magnitude. By doing this separately to the Q}Z e Q‘l,z
operators we obtain the following expressions ’ ’

=F(Qr,)

e—2it(§—61)(£—¢3) )
8t<0n(§) /RQ _27;(6 — 51)(6 — 53) ®n1 (51)77712 (f - fl - 63)@713 (53) dfldé?))

38
38) =F(Ty7,)

o—2il(E—€1)(E—63) ] j
-0 [ | e (o (€08~ 6 — € (&) derda
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(39)

(41)

and
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=F(@Qrf )
e—2it(§—n1)(n1—n2)
0(nl&) gy gy Vm TnsPna(€ — i+ m2) )
=F(T}{',)
e—2it(§—n1)(n1—n2)
= 7l® g o =) (wmwm@ng(g —ny 4 n2)>,
=FQlir.n)
e—2it(€—n1)(E—n3) .
at<0'n(£) Z2i(€ —n1) (€ — ) Wny Uy (§ — M1 — N3)Why )
=F(17}1,)
= 2it(E—n1)(E—n3) )
= 0nl&) gie— e =gy O (wninal€ — = mgJun, )

=F Qi)

—2at(§—n3)(§—£€1) .
8t(an(€>wn3 /I‘Q —SZ(§ o ng)(f _ gl) {)nl (51)1_}77«2(‘5 - 51 - n3)d§1)

::]-'(T}"Z W)

titEma)E-€)
- O'n(f) /R —Q’i(f — ng)(f — 51) at (Unl (61)””2(5 - 51 - n3)wn3>d£1

=F (@)

—2it(€—£1)(E1—n2)
8t<0'n(§)wn2 /]R —52(5 _ 51)(51 — n2) ﬁ?’ll (§I)®n3(§ —-&+ n2)d§1)—

F(THE)

Vin
A

e~ 2it(§—&1)(§1—n2) . o
7 | om0 (€€ — 1+ n)) e
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This allows us to express

1, 1, 1t 1, 1,
Niy(v) = Z (Ql,n +Qrin + Qrlrn + Qryvy + Qv,n>

AnN(n)
=:N%, (v)
-9 ( Z (Ql,t I Ql,t n Ql,t X Ql,t i Ql,t >)
(43) t In IIn IIIn IVin Vi
An(n)
=:N3, (v)

Lt ot 1t 1t 1t
+ Z (TI,n R T T o v TV,n) :
An(n)

At this point let us also define the operators

ﬁm (gl)ﬁnz (§ - 51 — 53)@713 (53)
R (€= &) —&)
Wny WnyOny (§ — 11 + n2)
(€ —ni)(n1—ng)
wnlﬁnz (5 —ni — n3)wn3
(€~ m)E —n)
(1) FOR s s w00 = ol [ 2 %g )_n?,(f e ") g,
Un, (51)@713 (f -6+ 712)
(€ — &) (& —n2)

(44) F(Rpp(0n By vng)) (€) = on(€) dé1dgs,,

(45) }—<R}Itn(wn17wn27 Ung))(€) = on(§)

(46) f(R}[t[ n(wm’vnz’wna))(f) = on(§)

(48)  F(RY (0 ng tng))(€) = 0 (E)ny /R e |

and observe that, if we let

(49) V, = eZt§20n, W, = eit"an,

then

(50) F(QYE (Wny Uy 0ny))(E) = €T F(RY, (Vi Vi, Vi) (6)
(51) FQY By, v0))(€) = €7 F(RY, (W, Wiy, V) ))(E)
(52) F(QU Wiy, Uy, wny)) () = e F(RY, (Wi, Vi, W) (E)
(53) F(QL Uy Uy wny))(€) = €€ F(RE,, (Vi s Vs W) (€)
(54) F(Q (Wny By, ) (€) = €7 F(RYE (Viry, Wag, Vi) ()

Also notice that, writing out the Fourier transforms of the functions inside the integral of
(44)), it is not difficult to see

(55> R};(vnlvvmvvm)(x) = s K7(11)(%x17y7x3)vn1 (x)@m (y)vm (SL‘3) dxidydzs,
R
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where

on(&1+n+ &)
(n+&1)(n + &)

KW (x,21,y,23) :/ elér(emm)tin(e—y)tits(@—as) d&1dndgs =
R3
FoW(@ — 21,2 — y, 2 — x3)

and

O'n(gl +n+ §3)
(n+&)n+8&)

pnl) (gla 7, 63) =

Remark 16. The operators Q}Z and R}; are the same as the operators Q}lt and Rp'
studied in [3, Lemma 12| and [I3, Lemma 12]. Also notice that for 0,, = wy,d,, and
Up, = Wp,0n, We have R}’Z(vnl,@m,vng) = R}Itn(wm,wnz,vng) Similar relations hold

1t .. 1t 1t 1t
between RLn and the remaining operators RI TIns RIV’ ,, and Rv,n'

Lemma 17. For fized n,ni,no,n3, the multilinear operators defined in f are
bounded by

[0, [l2[0ns |2l vns 2
R < 1 2 3
|| In(UnuUnzaUns)HLQ(R) ~ |7’L—7'L1H7’L—7’L3’

|wny [[wWny [[[0ns |2
||Rlln(wn17wn2aUn3)||L2(R) S ’nim\r”_;f’)‘ ’

10 o
e e

[[Vn, ll2]|vn, [|2]wns |
R < 1 2 3
|| [Vn(vnlavnzawn3)||L2(R) ~ ‘n — ann — n3|

and

[[0ny ll2[wn, || vns]|2
”Rvn(vnlaw7’127UHS)HL2(R) S ‘nl_ n1|’72l—n33| N

where the implicit constants do not depend on n,ny,ng, n3.

Proof. As mentioned in Remark |16 the operator R ,, was estimated in [3] and [13].

For RI Tns RM ITln the estimate is obvious since & E supp(an) otherwise the integrand is
Z€ro.
For R}é o R ,, it suffices to estimate only R 1‘3 ,, since for R ,, Similar considerations ap-

ply. To bound HRIVTL(UTLI’UTLQ’ Wny) || 22(r) let g € L*(R), Iy, = SUPP(Um)v I, = supp(y, ),
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and consider the duality pairing

1,t _ A wnsvm (‘Sl)vnz( 713)
(g, RIVn(Unl’UnwwﬂS L*(R) — ‘/ﬂ@ §(§) on(8) (€ —ng)(€ = ) dfldf‘
YU

n1(£1 ( )
(n+&)(n+ns3)

lonllsolen,| [ o+ 0 o @0l )] i

~Y
|n —ni|ln — ns| s

€|

= ‘wn3‘

[ GREEEOEACER TR

< ’wn3”’vn1H2an2H2 || ||2 |In1|%,
[n — naf[n — ng|

where we used that & € I,,,—n € Ip,,,§ € supp(oy,) and Holder’s inequality. O
Remark 18. Notice that the same proof implies the following bounds

1Q 77 (Vs B Vo) 22y S o ll2ll0nal2lvns 12
Q17 (W s Brg V)| L2 S 1w s 0 12
1Q 77 (W s Brys W) 2 (@) S 11y [0y |20
1Q 1,0 (V15 Dz W)l 2@y S 1o ll2 10z 2w |

QY (Wny s By )l 2k) S 10my ll2|wns [0 12,
which will be used later in Lemmata 23] and 251
For the NI, operator the following bound holds
Lemma 19.
_1
HN§1(”)||12(Z)L2(R) SN 2+(HU”%2(R) + ”wHLQ(T)HUH%Q(R) + HwH%?(T)HvHL?(R))
and
N33 (v) — Noy (w)lli2(z) r2r) S
_1
N2 (ol Zo @y + lullfzm) + 1wl 2 (10l 2@y + el 2@) + lwlZam) v =l 2 @)-

Proof. The sum

> o,

AN n)c

was estimated in [I3] Lemma 14 glvmg an upper bound of the form N~ 2J“||v\|2
For the sum that contains Q I Q [ it suffices to estimate
A1,

AZC IIn(wm’wann:‘s) L2(R) = CHRIIn Wn17Wn27Vn3)
~(n) An(n)

L2(R)’
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where we used (51])), (14)) and ([49)). By Lemma[17 and Hélder’s inequality we obtain the
upper bound

“[n1|“[n2HVn3H2 1 % 2 2 2 %
< E W, 7| W n .
Zc [n = nafln — ns _< Zc\n—n1l2|n—n3!2> ( c’ [ Woa| HV?’HQ)
An(n) An(n) Ap(n)

The first sum is estimated by N ~2* with the use of (15)) and then by taking the [*(Z)
norm and applying Young’s inequality in I'(Z) we arrive at

1
_1 2 _1
NS S W PWa PV I3)* < N5 Wy IV |2y =
n€Z An(n)°

_1
N 2+||w‘|%2('11‘)”v”L2(R)7
where we also used (|14])).

For the sum that contains Q}én and Q‘l/tn we use again Lemma and a similar argument
as above, we leave the details to the reader . ]

In order to use a similar strategy to bound the operator NJ,, the last term in equation
([43)), we need to use equation (23)) for the terms where d;(wy) appears and (33)) for the
terms where 0;(vy,) appears. Because of the nonlinearity G(w,v) there will be 51 new
operators in total. For example, the summand

S @) [ By (€))in€ — €1 — ) (60) derc
o A 1))V — 61— Q3)V 3 1463
e E-a)E &) T " "

A[\](’I’L)C

equals

e~ 2it(6—81)(£—¢3) .
S onl6) [ e e (PO E)-F @0 us6—61-)ins 6 derds

AN (n)c

e—2it(E—€1)(E—E3) . ) A
+ A%)C U”(é‘) /]R? (5 _ 51)(5 I gg)F(Nl(v)(nl))(gl)vnz (é - 51 - f3)vn3 (53) d§1d€3

the summand
6—2it(5—n1)(n1—n2) ~ .
Z an(§) (€ —n1)(ny —ng) Ot (Wny )Wy Oy (§ — N1 + n2)

AN (n)e

e—Qit(f—nl)(nl—ng)

Z Un(f) (5 _ nl)(nl — n2) (‘@é(w)(nl) - %i('w)(nl)>wn2@n3 (f —ni+ 7'L2)

e—Qit(f—nl )(n1—n2)

£ 20 0O i gy ) g (€ = 2)
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and the summand
—Qit(f—nl)(nl—ng)
3 0ul€) - Wy By Oy (B (€ — 11 + 12))
ATy (§ —n1)(n1 —n2)

e—?it(f—n1 )(n1—n2)

D ) ey gy s (FORS() (1) (€= na) = (R (0) () (€= -+2) )

e—2it(§—n1)(n1—n2)

# 2 o0l Gy gy U OHONS)E ).

All summands that contain the resonant operators Z%(w), %% (w), F(R,(v)), F(R}(v)) are
good in the sense that they are controllable and all summands that contain the non-resonant
operators A'(w), F(N{(v)) need to be decomposed further into “small” frequencies which
give good operators and ”big” frequencies using differentiation by parts.

In order to be able to consistently write all these summands in a closed form we need
the tree notation similarly as it was introduced in [7], but with some modifications.

4. COLORED TREES AND THE INFINITE ITERATION PROCESS

A tree T is a finite, partially ordered set with the following properties:

e For any a1, a9,a3,a4 € T if ag < as < a1 and a4 < ag < ap then ag < ag or ag < as.
e There exists a maximum element r € T, that is a < r for all @ € T which is called
the root.

We call the elements of T’ the nodes of the tree and in this content we will say that b € T
is a child of a € T (or equivalently, that a is the parent of b) if b < a,b # a and for all
c € T such that b < ¢ < a we have either b = c or ¢ = a.

A node a € T is called terminal if it has no children. A nonterminal node a € T' is a
node with exactly 3 children a1, the left child, as, the middle child, and a3, the right child.
We define the sets

(56) T° = {all nonterminal nodes},
and
(57) T°° = {all terminal nodes}.

Obviously, T = TO U T, TONT>® = () and if |T°| = j € Z; we have |T| = 3j + 1 and
|T°| =25 + 1. We denote the collection of trees with j parental nodes by
(58) T(j) =A{T is a tree with |T'| = 3j + 1}.

So far, the notation agrees with the tree notation from [7]. In addition, we color the
trees by assigning a specific color, black or red, to each one of the nodes of such a tree.
Let us describe the procedure: The first generation of colored trees, C'(1), consists of the
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b b b b b
followingStreesb b b r r b r b r b b r b r b

These trees describe all possible ”patterns” of the non-linearity G(w,v), namely all combi-
nations of |v|?v, |w|?v, w?, |v|>w, v*w where v is black and w is red. There is also the red

tree, which is not considered to belong to any generation, that plays an important role in
the construction of the next generations and is simply given by

/N,

Next we assume that the Jth generation of colored trees, say C(J), has been constructed,
and we describe how the new generation C(.J + 1) arises. Thus, let T/ be one of the trees
of the C(J) family. We look at each of the 2.J + 1 terminal nodes of T}/:

e If one of these nodes is red then it gives rise to one new tree where this red node
gave birth to three new red nodes. In other words, if a terminal node is red then
attach the red tree to the tree T,;] at the red node.

e If one of these nodes is black then it gives rise to five new trees where each one of
them is born by attaching one of the trees of the first generation to the tree T,;] at
the black node.

We will denote by

(59) N(J) = card(C(J)).
Moreover, for a tree T =T} € C(J) let
(60)

b = number of black terminal nodes of T}/, 7{ = number of red terminal nodes of T}/
and denote by
(61) B = {a € T* : ais black}, R} = {a € T™ : a is red}.
Obviously we have the relations By UR}] = T°°, B{NR] = 0, card(B{) = b}, card(R}]) = r{
and

(62) bl +r{ =2J4+1, max bl =2J+1, and max 7] =2J.
1<k<N(J) 1<k<N(J)
The last two are true because there is at least one tree T} that consists of only black nodes.
Therefore, for such tree we have b{ = 2J 4+ 1,7{ = 0, and there is also at least one tree Ty
with only one black terminal node, which implies b = 1,75] = 2J. Also observe that by
our construction there is no tree with only red terminal nodes.
We also define the quantities

(J) (J)
(63) bJ:Zbi, TJ:ZTg,
k=1 k=1
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which respectively give the total number of black and red terminal nodes of the colored
family C(J). Notice that the number of colored trees of the next generation C(J + 1) is
given by the formula

(64) N(J+1)=5bs+ry.

This is because each one of the black nodes gives rise to 5 new trees and each one of the
red nodes gives rise to just 1 new tree.

Knowing the numbers by, for each tree Ty € C(J),1 < k < N(J) allows us to
calculate the precise numbers bj41 and rj4; of the next generation by using the formulas

N)
(65) brer = > (6] + 40 + 1]
k=1
N)
(66) rapn = 6by+ 2+ > (5blr + ()?),
k=1

Indeed, each b gives rise to 9+ 5(bg — 1) new black nodes and each red node ; leaves the
number of black nodes the same as before. Also, each black node b,g gives rise to 6 + 57‘#
new red nodes and each red node T‘g gives rise to 3 + rg — 1 new red nodes.

For our calculations it is important to know how fast the number N(J) grows as J
approaches infinity. Since we have to count trees, one expects a factorial growth and
coloring the trees does not change this significantly:

Lemma 20. For every J € N
107 T(J + 1)
N < 2 T\T 2
()€ =
where I' is the Gamma function.
Proof. By (64))) and ([62))) we obtain
NUJ+1)=4bj+ N(J)(2J+1) <4(2J+1)N(J)+ N(J)(2J +1) =5(2J + 1)N(J).

Let us define a sequence A(J) by the recurrence relation A(J+1) = 5(2J+1)A(J), A(1) =
This can be solved explicitly in terms of the Gamma function using the equality I'(z+1)
xzI'(x),x > 0 and gives the result

D.

A(T) = 1”5%”

An easy induction argument shows that for all J € N we have N(J) < A(J) which finishes
the proof. 0

Using the equality

(67) I(J+5)=
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J € N, where the double factorial (2J — 1)!!=1-3-5-...-(2J — 1), we obtain the bound
(68) N(J) <5727 - 1),

for all J € N.
Given a colored tree T = T} of the C(J) family we define an index function n : T/ — Z
such that
e If a is a black node in T° then n, ~ n4, — Nay + gy (see ) where a1, a9, a3 are
the children of a.
e If a is a red node in T° then n, = Ng, — Nay + Nay, Where a1, az, az are the children
of a,
® ng % ng, and ng % ng, for all black nodes a € T’ O and n, # ng, and ng # Ng, for
all red nodes a € T°.
e |u1] = 2|n, — ny||ny — nyy| > N, where r is the root of T}.
We denote the collection of all such index functions by R(T}).
Similar to what was done in [7], given a colored tree T' in C(J) and an index function
n € R(T), we need to keep track of the generations of frequencies. Consider the very first
tree 11, that is, the root r and its children r1,72,73. We define the first generation of

frequencies by
(nu) (1 @ (1)

yMq Mg "5 Mg ) = (nr, nﬁvn?“wn?“:s)'
From the definition of the index function we have
n® ~ ngl) — nél) + ngl), ngl) g n® g ngl),
since the root node is colored black. The tree T5 of the second generation is obtained

from 77 by changing one of its terminal nodes a = r, € T7° for some k£ = 1,2,3 into a
nonterminal node. Then, the second generation of frequencies is defined by

2) (2) (2
(n(Q),ng ),ng ),ng )) = (Mg, Nay, Nayy Nag)-

Thus we have n(?) = n,(:) for some k = 1,2, 3 and from the definition of the index function

we get,
n® ~ ngz) — né2) + n§2), n?) % n? % n:(f)

if n](cl) is black or
n = n§2) — néQ) + n:(f), n(lg) #* n? #* ngg)
if ng) is red. After j — 1 steps, the tree T} of the jth generation is obtained from T}_;

by changing one of its terminal nodes a € 172, into a nonterminal node. Then, the jth
generation frequencies are defined as

(nD 0,05 0 = (Masnars Mg as)
and we have n() = n,&m)(: ng) for some m = 1,2,...,5 — 1 and k = 1,2,3, since this
corresponds to the frequency of some terminal node in 73_;. In addition, from the definition
of the index function we have

n0) ~ 0 — ) @ 5D o () o )
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(m)

if n,, " is black or
n) — ngj) (J) —|—n3 7 7& n@ £n (])
if n](gm) is red.
We use p; to denote the corresponding phase factor introduced at the jth generation.
That is,

(69) pj = Q(n(j) _ ngj))(n(j) _ néj)),

and we also introduce the quantities

J J
(70) iy =Y wi, =] #
p= =1

We should keep in mind that every time we apply differentiation by parts and split the
operators, we need to control the new frequencies that arise from this procedure. For this
reason, we need to define the sets

(71) Cy = {|fis1] < (27 +3)|is) =10} U {|fig11] < (2 +3)%|ua |~ 10 ).

Let us denote by T}, all the nodes of the tree T that are descendants of the node o € TY,
ile. T,={feT:p<a, #a}.

We also need to define the principal and final ”signs” of a node a € T which are
functions from the tree T" into the set {£1}:

+1, a is not the middle child of his father
(72) psgn(a) = ¢ +1, a = r, the root node
—1, a is the middle child of his father
+1, psgn(a) = +1 and a has an even number of middle predecessors

—1, psgn(a) = +1 and a has an odd number of middle predecessors
(73) fsgn(a) =

= —1 and a has an even number of middle predecessors

~— — — ~—

(

(
—1, psgn(a

(

+1, psgn(a) = —1 and a has an odd number of middle predecessors,

where the root node r € T' is not considered a middle father.
Next we define two ”prototype” operators in the following way. Suppose that T € T'(J)
(see )) is a tree of only black nodes. Let q%t and R ,, be related as

(74) F(F 5 ({vns bper=))(€) = e-l‘tEQf(R;ﬁ;({e—“aivnﬁ}ﬁew»(o,

where the operator Ri_,]fn acts on the functions {vn, }ger~ as

(75) Riﬁtn({vng tper=)(x) = /

R2J+1

7
K (x, {fUﬁ}ﬁeToo)[&aeToo Ung (28 } II dzs,
BeTe
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() .
and the Kernel K is defined as

(76) K (2, (g ger=) = F () ({x — 25} sere),

where the formula for the function pgp‘] 1)1 with (|T%°| = 2J + 1)-variables, {3, f € T is

(77) P ({€s} per) = [ 11 O'na< > fsgn(B) 55)]

a€TO BET>NT,

1
fir
We denote by

(78) ,aT = H ,aaa ,aa = Z Ka,

a€eT? BeTON\T,
and for 5 € T° we have
(79) g =2(&p — €8,) (€ — €ss),

where we impose the relation &, = &4, — €ay + Eay for every a € TO that appears in the
calculations, until we reach the terminal nodes of T°°. This is due to the fact that in the
definition of the function pj‘]it we need the variables ”¢” to be assigned only at the terminal
nodes of the tree T'. We use the notation pg similarly to u; of equation , because this
is the “continuous” version of the discrete case. In addition, the variables &4, &n,, as that
appear in expression are supported in such a way that £, = nqa,;&ay = Nags Eas = Nags
due to the support properties of the cut—off functions o,,_. Therefore, |fir| ~ ||
Notice that if {f1,..., B2s+1} = T°°, then we may rewrite as

(80) Ry (vng, - g, (@) =
' J 2J 2J 2J 2J
/ ézé(/y Pg’,zl(fﬁu 188508 — Zgﬁk) H {}nﬁk (€8:) @nawﬂ (S Zgﬁk) H d€5k>d£
R R k=1 k=1 k=1 k=1
which implies
(81) F(RE G (Vngy s Vngy (€)=
U 2J 2J 2J 2J
/R?J pT,l)’l(gﬁl7 e 7552J’€ - szﬁk) kl_[ {)nﬁk (5/31@) ﬁnazJH (5 - ;fﬁk) kl_[ dgﬁk‘
=1 =1 =1 =1

Such an operator was studied in [3] Lemma 21 and in [13] Lemma 21.

Our goal is to define the operators Lj%tn and R;; for any colored tree T}/ of the C(.J)
family. From (61) we know that By U R] = (T)®. If R] = () then the tree is black

J
and the operators have already been defined by (81)). Thus, assume Rg = {rm}:r’j:l
J J J

0,B; = {bm}fﬁzl and consider functions {vy, }%:1 and Fourier coefficients {wp, bk
Let {vp,_} be defined by

(82> ﬁnrﬁl (§> = Wn, 677,rﬁ1 (5);
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for all 7 € {1,...,r]}. Then the operator R‘j{ﬁ is defined as
oon
Tt by i
(83) f(RTg7n({Unbm bt {wn% Fa=1))(€) =
It b i
‘F(RT,n({Unbm }m:l’ {Un% }m:1))(§)
and
~Jt bJ rkJ
(84) Fa7y o {vnn,, Yt W, b)) (€) =

—ite? Jit —itd2 b’ itn2 rd
RS, (e P, V(Y 0)©)
For these operators the following holds.

Lemma 21.
bJ

’I”J
v [Ln=i [lony, [l Tli=i [wn,, |

Jit b{
||RT‘] n({vnbm m=1> {wn"‘m }m 1) ||L2 S ~
" |:“T,g |

Proof. The proof of the above bound is similar to the strategy of the proof of Lemma
a repeated use of duality and Holder’s inequality. We leave the details to the reader. [

Next, given a colored tree T = T} of the C(J) family and o € T we define the
operators R5® — RI®, N{ by

Rga_Rt,a:{Rg—Rg La€B] e {N{ , a€ B/

85 , .
(85) Ry — R, a€R] M a€eR]

Next, for such a tree T' = T,;] , index function n € R(T), a« € T and set of functions

J J
{vn,,, l;r‘j:l, {wn, }_ we define the action of the operator N7 onto the set of functions
to be the same set as before but with the difference that we have substituted the function
fr, = ’l)naXBJ( ) + 'U)naXRJ( @) with N9 (fn.). Similarly, we define the action of the

operator R5* — RY® onto the set of functions {vn,,, }m 1 {wn, }m 1
The operator of the Jth step, J > 2, that we want to estlmate is given by the formula

86) N om= Y Y Z B NS (o, 1w, VE ).

TeC(J—1) a€T>® neR(T

nr—n

Applying differentiation by parts on the Fourier side, keeping in mind that from the splitting

procedure we are on the sets Ay (n)¢, CY,...,C5_;, we obtain the expression
(87) Ny (0)(n) = (NG () (m)) + N () (n) + N (0) (),
where

J+1 b‘] r
(88) Ny = S ST @ (o, by {wn,, Vi),

TEC(J) neR(T)
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and
~J, ,Q ,Q b i
(89) N(JH) Z Z thn Rg _Ri )({vnbm}ﬂ};ZI’{wnrm}ﬁl::l))?
TeC(J) acT® neR
and
(J+1 _Jt ta b/ r
(90) N Z Z an N {vnbm}m 17{wnr }m 1))
T€C(J) a€T* neR(T

J+1)

We also split the operator N as the sum

(91) N(J+1) — N1(J+1) +N2(J+1),

where Nl(‘]H) is the restriction of N/*1 onto C; and N2(J+1) onto (Y.
First we estimate the operators NéJH) and N,QJH).
Lemma 22.

J+1 _J U=
ING D @)@y S N72 530 ([[vll oy + ] p2gr) 2+

and
(J=1)

_J
||N(SJ+1)(U)*NéJJrl)(u)HZQ(Z)LQ(R) <N 5+ 500~ T

(HUHLQ(R)+||UHL2(R)+Hw”LQ(T))NHU*UHL?(R)

I
INYD @)l 2@y 2@ S N2 om0 (ol 2@y + loll L2y >+

and

_Jy U=
||N7£J+1)(U)—NT(JH)(U)HP(Z)H( ySN 2+ (ol 2y +lull o @) Hlwll g2 )2 2 v —ul| L2 g)

Proof. By for fixed n¥) and 1 there are at most o(|p1;|+) many choices for ngj) , ng ),ng]).

In addition, let us observe that j; is determined by fi1,. .., fi; and |p;| S max(|ij—1], |f;]),
since p; = fi; — fij—1. Then, for a fixed tree T = T,;] € C(J), by Lemma [21| the estimate
for the operator c]%tn is as follows (remember that |fir| ~ |fis] = [Ti_; i)

~Jt bJ J
Y arn{vn, by {wn,, o)l S

neR(T)
n,=n
bl i I
> (I, TL b, ) (11 7))
neR(T)  m=1 =1 el

n,=n

and, by Hélder’s inequality, this is bounded from above by

o (X l}jl,ﬂi|2\ukr+)5(z annbm\bﬂm )",

|u1|>N neR(T) m=1
~ . 3arl— nr=n
|fij|>(2j4+1)° N "~ 100

=27

-
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(J-1)
The first sum behaves like N~% % 200" and for the remaining part we take the [?(Z) norm
in n and by the use of Young’s inequality we obtain the upper bound of

N=3+50 ||

b rd
HLk2(R) ”wHLk2(1r)~

Collecting terms, one sees that this proves the bound for HNéJH)(v)le(Z)H(R).

Note that there is an extra factor ~ J when we estimate the differences NéJH)(v) —

NéJH)(fw) since |a?/ 1 —p2/HL| < (Z?f{l a?/T1=ip=1)|a — b| has O(J) many terms. Also,

we have N (J) = card(C(J)) many summands in the operator NéJH) since there are N(J)

many trees of the Jth generation. However, these observations do not cause any problem
since the constant that we obtain from estimating the first sum of (92) decays like a
fractional power of a double factorial in J, or to be more precise, with the use of we
have the following behaviour in J

57 (27 — 1)l 57
(93) t ( 3) = -
(2J — N2 (2J — N2
For the operator Nﬁ‘]ﬂ) the proof is the same but in addition we use Lemma and
Remark [14] for the operator R} — RY. O
(J+1)

Then the estimate for the operator N; is the following.

Lemma 23.

J+1 _J=1 (J=2)
IV @) le@yrem S N7 20 (o]l 2@y + llw]l2my)>

and
J+1 J+1 _J—-1,(J=2)
INYD @) =N @) e @y S N7 20 (o) o+l 2+ lwll 2em) 2 2 lo—ull 2 gy

Proof. As before, for fixed n¥) and pi; there are at most o(|;|*) many choices for ngl), ngl), nél)

and note that p; is determined by fiq, ..., fi;.
Let us assume that |fj1| = |fg + pos] S (27 + 3)3‘ﬂj|17ﬁ holds in (71)). Then,

|r+1| S |fg] and for fixed fiy there are at most o(lﬂj|17ﬁ) many choices for fi;+1 and
therefore, also for pji1 = fijy1 — fiy. For a fixed tree T' = T,;’ e C(J),a e B,;] C T,

Lemma Remark |18/ and the definition of the operator N¥(v), see , we estimate cj%tn
as follows (remember that |ir| ~ || = ngl |k |)

_Jt t, bJ J
Z HQTJ'l(N]_a({Unbyn 75:17 {wnrﬁl }rﬁ’z,kzl)) H2 S
neR(T)

n,=n

D L g e e Y N A
neR(T)

n,=n
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r J
1
0 W0na ol |+ 10, ol e 2] TT ol T one, 1) (T1 5 )
BB/ \{0} m=1 k=1
Then for the [lvp,, [[2]|vna, l|l2]|vn,, |2 term, the same calculations work for the other terms,
we apply Holder’s inequality and obtain the upper bound

J 1

T 1 3

(94) (> T )
iy |

lp1|>N
i 1> (2j+1)2 N~ 100
=2,
r 1
2 2 2 2 2) 2
(> Mona, Bllona, Bllvne I3 TT  llonal TT fen,, )"
neR(T) peBi\{a} m=1
n,=n
(J=2)
An easy calculation shows that the first sum behaves like N ™ R and then by taking

the [?(Z) norm and use Young’s inequality we arrive at
(

N~ 7"' 200)+ ||UH k+2

L2 R) ||wHL2(T)
Similar considerations apply in the case that o € Rk, C T*° and give the upper bound

_J=1, (J=2) b/ J 42
N=Z w0 o] Ay gy loll -

If |fiys1] < (27 4 3)3|pa|'~ 100 holds in (71), then for fixed pj, j = 1,...,.J, there are at

most O(| ,u1|17ﬁ) many choices for ;1 711. The same argument as above leads us to exactly
the same expressions as in but with the first sum replaced by the following

1
( Z |N’1’1 100 H ‘~ ’2|,uk‘+>2

lp1|>N 5
|fij|>(2j+1)* N~ 100
=2,
(J— 2) .
which again is bounded from above by N -7+ %%+ and the proof is complete. O

Remark 24. For s > 0 we have to observe that all previous lemmata hold true if we replace
the I2L? norm by the I2L? norm and the L?(R) norm by the H*(R) norm. To see this,

consider nU) large. Then there exists at least one of n(j) n( 7 ngj) such that |n,(€j)] > %\n(j) l,
k € {1,2,3}, since we have the relation n(/) ~ ngj) - ( )+n(]) Therefore, in the estimates

of the Jth generation, there exists at least one frequency n( ) for some j € {1,...,J} with

the property

<n>s < 3js<n](€])>s < 3Js<n§€])>s.
This exponential growth does not affect our calculations due to the double factorial decay
in the denominator of .
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Before we finish this section let us state a lemma about the behaviour of the remainder
operator NQ(J) as J — oo.

Lemma 25. Suppose that w is a smooth periodic solution of @ in L*(T) such that its

Fourier coefficients {wy, }mez € 11(Z) and v is a smooth solution of such that v €
MQJ(R) C Lz(R) Then

. (J+1) =
Jim IR @) ey = 0.
Proof. Obviously,

INT e 3 S 1@ (NS fvny, Yo {wn, YD) e

TeC(J) a€T> neR(T)

n,=n

For a fixed tree T =T}/ € C(J) assume that o € B}. Using Lemma [21| we have the upper

bound
ST e 06l ”2 Hr .,

nﬁ’R:(’rj;) BGB;‘CJ\{Q} Hk 1 | m=1

By the definition of the operator N¥(v), see , and Remark we bound this further

i
Yoo I loasle H\wn%!( > [0, 21lVn, ll2llona l2+

neR( ) BeB{\{a} m=1 NaRNa; —Nag +Nag
Nay %”a%n()@
[0, 2 Wna, 10nag l2 + [0n, ll2llvna, l2lwnag | + [wng, [vna, l21wna, |+
1
—
[Ti=1 2]
Let us treat only the sum that contains the quantity [|vp,, [|2|wn,, |||vn,, [l2, the remaining

terms can be treated in a similar manner. As in the proof of Lemma[22] Holder’s inequality
implies the upper bound

[, 2100y 10 2

J

T 9\ 1

2

L Sp IR R | NS D D U P DD
(2J—1 2 nET\’,T)ﬁeBJ\{a} m=1 NaRNay —Nay+Nag

Naq %na #7”043

Then by taking the [?(Z) norm we arrive at

J
Tk

”,(Z o TT el T i, P, bl ltnay e{llen, o))

(2J n€Z neR(T) feBy\{a} m=1

applying Young’s inequality in I!(Z) for 2.J + 1 sequences we get

1 bl -1

5 [0l 2

27—k 0l ey 100 N2} gy [ % {longy 12} iz,
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and, again using Young’s inequality together with the embedding Ms;(R) < L?*(R) and
the assumption that the Fourier coefficients of w are in I*(Z), this implies the upper bound

by +1 rk—i—l
o1 12 w v w 1 _
(2J 1)”, M21 m SmeZ Ma 1 m fmeZ||l (z) = (2J 1)”2

Similar estimates apply in the case o € Ri .
Finally, by adding up all these expressions for every different colored tree T' € C(J), see

, we get

J+1 57
NG )(”>||12(Z)L2(R) S m (Ivllatoy + 1w bmezllnzy)* ™,

which goes to zero as J — oco. So the proof is complete. O

5. EXISTENCE OF WEAK SOLUTIONS IN THE EXTENDED SENSE

In this subsection we prove Theorem @ The calculations are the similar as in [7],
[3], [13], however, with the additional difficulty that we have to handle mixed continuous
and discrete variables. For this reason we only mention the basic steps of the argument,
concentrating mainly on the important differences.

We start by defining the partial sum operator F%) as

J J
(95) Lot = vo+ > N (0)(n) = 3 N (vo) (n)
j=2 j=2

J

J
/ RI(v)(n) + R} (v +ZNJ> )(n)+ S NP (v)(n) dr
j=1

where we have Nl(l) = N}, from (36), N0 = N{, from and vy € H*'(R) is our initial
data. Here we assume that we have smooth solutions (see Section [2[so that all calculations
of Sections[3]and [4] are applicable. Moreover, let us state that all operators appearing in the

definition of F%)U(t) depend also on the fixed function w € X7, (T) = C([0, Tp], H*2(T))
that is the solution of @ with initial data wg € H*2(T). For this w we know that
(96) [l x7, (1) S llwoll oz (m)-

In the following we will denote by X7 (R) = C([0,T], H**(R)). Our goal is to show that
the series appearing on the RHS of converge absolutely in X7 (R) for sufficiently small
T >0, if ve Xp(R), even for J = co. Indeed, by Lemmata and [23| we obtain

27 l 27—1 27—1
97) TS vl xr @) < llvollam @) +CZN et (ol ¥ () + llvollgo ) + 10X )
7j=2

=17 2j+1 2 +1
+CT |03y ) + 1wl ']1')+ZN 2 ot (ol %, ) + 1wl )+
Jj=2
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J
i3 2 +1 2j+1
N5 (ol ry + 0, ) + 20 N7 504 (ol + ol )
7j=2
From (96| we estimate ”wHXTO(T) by ||wo | gs2 (1) and assuming that the sum [Jvol| gs1 () +

|woll grs2(ry < R and [|v]| x,r) < R, with R > R > 1 we may continue from (©7) in exactly
the same way as in [7], [3], [13] to show that for sufficiently large N and sufficiently small

T = T(llvollgs1 (r) + llwollrs2(T)) > 0 the partial sum operators F%) are well defined in

X7 (R), for every J € NU {oo}. We will write I',, for FS,?).
Our next step is, given an initial data ug = vg + wg € H*1(R) + H*2(T), to construct a
solution u with the properties claimed in Theorem [6] We start with the periodic part wp.

(

As it was done in [7] we approximate wg by smooth initial data wom) € H>(T) with

(98) lim w(() ™) — wo, in H* (T).

m—o0

(

For such initial data wom) we know that we can find smooth solution w(™ of NLS (@ in
C([0,T], H*(T)) that satisfies Duhamel’s formulation

(99) m>—wm>i/ S(— ™ 28 (r)w™)] dr

and from [7] it follows that there is a common time of existence To = To(||woll sz (T))
for all solutions w(™). In addition, they show that the sequence {w(m)}meN is Cauchy in
X1,(T) = C([0,Tp), H*2(T)) and that the limit function w € X, (T) satisfies NLS (6] in
the sense of Definition Bl

We also approximate vy by smooth functions U( ™) ¢ [ (R), so that
(100) lim o™ = v, in H*(R),

m—ro0

and by Section [2 we may find smooth solutions v(™) of in Xp(R) = C([0,T], H** (R))
that satisfy Duhamel’s formulation

t
(101) o) = o™ & /0 S(—7)[G(S(r)w™ , S(r)o™)] dr =
m) +ZNéj)(v(m))( ZN(J)( (m))(n)
2 2
/RT ™) () + R (™) +ZN +ZNU o™)(n) dr =T o™,

where we used Lemma namely that the remainder operator goes to zero as J — 0.
From this, following exactly the same arguments as in [7], [3], [I3] we can prove that ((101))
holds in X7, (R) for the same time Ty = Tp(R) > 0 independent of m € N and also that

(102) o™ 0™ xp g = T 0™ =T 0 g ) < e [0 =" o1 s
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for some constant ¢ > 0. Therefore, the sequence {v(m)}meN is Cauchy in the Banach space
X1, (R), we denote by v*° its limit in X7 (R).

We will show that V> = S(t)v>° satisfies NLS in the sense of Definition For
convenience, we drop the superscript oo and write V, and v. In addition, let V(™ =
S(t)o™ W = S(t)w™ and W = S(t)w. Obviously, V™ — V in X, (R), because
v™ — v in X7, (R), and similarly W™ — W in X7, (T) since w(™ — w in X, (T).
Thus, 9,V (m 0.V, O,V — 9,V and 9, W™ — 0. W, oW (™M) — 5, in the sense of
distributions. Since V(™) satisfies and W (™) satisfies @ for every m € N, we have that

(103) Ny = w2y — _igwm 4 g2y m

converges to some distribution @, which is equal to N (W) interpreted in the sense of
Definition |3} as it was shown in [7]. and
(104)

GW ) vy — w4y 2m) Ly m)y g m)2gym) — g,y m) 4 g2y (m)

converges to some distribution . Our claim is the following.

Proposition 26. Let © be the limit of G(W ™) V(™)) in the sense of distributions as m — oo.
Then © = G(W, V) where G(W, V) is to be interpreted in the sense of Definition

Proof. Consider a sequence of Fourier cutoff multipliers {Tn}nen as in Definition |1 We
will prove that

lim G(TwW,TyV) =0
N—oo

in the sense of distributions. Let ¢ be a test function and € > 0 a fixed given number. Our
goal is to find Ny € N such that for all N > Ny we have

(105) (0 = G(TNW, TNV), )| < 3e.
The LHS can be estimated by
(106) (5 — G, VM) )|+ (GW™, V) — GTy W™, Ty V™), 6) |+

(GINW™ TNV ™) — G(TW, TN V), 6)].
The first term is estimated very easily since by the definition of ¥ we have that

for sufficiently large m € N.
To continue, we consider the second summand of (106)) for fixed m. Writing out the
difference, we see that we have to estimate five expressions

(VM Ry Ty v 2Ty v gy 4 (W m)2vm) — (T W m)2 T v m), )

(VP — (Ty VNPT Wm), ) + 2 (W PV Ty W™ PIy v, )
+ 2 (V2w oy v ) 2y ) g,
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The first was estimated in [3] and [I3]. For the second term we note

\ / / (W2 (Id — T )V + TV (W — Ty w ) (W) 4 Ty w ™)
< [WOige 1(7d = Ti)V ™l Nllie  + ITw V™ |lzg, W

+TNW(m)\L%?I//|W( — TyW™]|g).

The integral term can be written as

k+1
[0S [ - mw e < [ 1 - oW s 9]
0 kez keZ
T
- / 1 = T )W ey 3 16l 2o
0 keZ

which is bounded from above by

|(Id —Tn)W m)”L2 [t — ZW M2kl 2200,7)-
kez

Therefore, for the second term we have the estimate
(108)  Coum(I1Cd = Tw)V Il p2gey) + 1 (1d = Tw)W O 2071 22y )

which tends to zero as N — oo by the definition of the Fourier cutoff operators and the
Dominated Convergence Theorem. For the third term we have to consider the quantities

]// 2W ) — Ty W m g + Ty W m >(V<m>—TNV<m>)(V<m>+TNV<m>)¢(.

Doing the same as for the previous term, we obtain an expression analog to (108[). We
treat the forth and fifth terms similarly. This allows us to choose Ny = Ny(m) > 0 with
the property

(109)  Cym (H(Id — TNV || L2071, 22(R)) + [|(Td — TN)W(m)||L2([0,T},L2(’]1‘))) <6

for all N > Ny.

For the last term of we need to observe two things. Firstly, by applying the
iteration process (see also [7], [3] and [I3]) that we described in Sections |3| and 4] we see
that {G(W™ VM) is Cauchy in S((0,T) xR) as m — oo for each fixed N, since the
sequences V(™) W™ are Cauchy in C([0,T], H*(R)) and C([0,T], H*2(T)) respectively.
Because the multipliers my of Ty are uniformly bounded we conclude that this convergence
is uniform in N.

Secondly, for fixed N, TnV € C([0,7], H*(R)) and TnW € C([0,T], H>*(T)) since
V e H*1(R),W € H%2(T) and the multiplier my of T is compactly supported. Hence

G(TNW,TNV) = | TNV PTNVAH(TNW )TNV +(TNV )2 T W 2| T W 2TV +2| TNV 2Ty W
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makes sense as a function. Then we have to estimate the following five summands

(TN VI PTN V™ — | TNV IPTN VY, ¢) + (T W ™2 TV m) — (T W) TNV, ¢)+

(TN Vm2 TN W) — (TN V)TN W, @) + 2(TnW ™ PTv V™ — | T W TNV, ¢)+
2(| TNV ™ PTNW ™ — | TV [PTN W, ¢).
The first term was estimated in [3] and [13]. For the second term we have to bound

‘ //(TNW<m>)2(TN(V(m> — V) + TNV (INW ™ — TNW) (T W™ + TNW)qb’ <
IITNW(””‘)H%%HTN(V(’") = WVliez, Nollrz, +

T k+1
3 / )TNV(TNWW ~ TN W) (T W™ 4 TNW)qs).
0 gez 7F
The second expression is bounded from above by

T
/0 S TNV gy 1w V™ = W) g ey ITV W™ + T W | 2 gty [0 24 i 1)
kez

which is less than

T
/0 1TV L2y T OV — W)L emy TNV + T iy 3 1001ty <
kEZ

||TNV”L4T7I||TNW(m) + TNW||L4T7Z||TN(W(m) =W)llzg NIt = D Nl el Lromy-
keZ
Then we use Holder’s inequality in the interval (0,7) to pass from the L* norm to the
L* norm and in the space variable an application of Parseval’s identity, together with the
fact that the multiplier operators Ty have compactly supported symbols my, implies the
bound . s
ColVllep o 1 Wl oo M THIWE = Wiy < e,

where the number M = M(N) > 0 is chosen so that suppmy C [-M, M]. For the third
term we have to estimate the quantity

| / / (T V)2 Ty (W — W)+ T W (T (VI — VI)Tw V™ 1+ Ty V).

for which similar bounds apply as for the previous term. The same holds for the forth and
fifth terms.

From these observations we derive that G(TyW (™ Ty V(™) — G(TyW, TxV) in the
space S’((0,T) x R) as m — oo uniformly in N. Equivalently,

(110) HG(Ty W™ TNV — G(TNW, TN V), ¢)] < e,

for all large m, uniformly in N. Therefore, (105) follows by choosing m sufficiently large

so that (107)) and (110) hold, and then choosing Ny = Ng(m) such that (109) holds.
O
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Finally, we have shown that the function V = V' is a solution of NLS in the sense
of Definition [

6. UNCONDITIONAL UNIQUENESS OF SOLUTIONS

In this section we prove Theorem Let us assume that the initial condition ug =
vo +wy € H*(R) + H%“(T) where ¢ < s < 3 and € > 0. Notice that for such s
we have the embeddings H*(R) — L3(R) and H%“‘E(T) — L*°(T). Therefore, if V is
a solution of NLS (7) in C([0,T], H*(R)), then V and hence v = P2V are elements
of C([0,T], H*(R)) < C([0,T], L*(R)). Similarly, for W being a solution of NLS (6 in
C([0,T)], H2<(T)), we have w = %W € C([0,T], H2T<(T)) — C([0, T}, L=(T)).

Therefore, the nonlinearity G(w,v) makes sense as a function in L!'(R) + L?(R) since
lv|2v € LY(R), w?v, |w|?v € L3(R) N L2(R) and v?w, [v]>w € LY(R) N L2 (R).

As a consequence of this, its box operator 0, G(w,v) € L?(R) and from the PDE
(111) 10, = ST, G(S(—t)w, S(—t)v),
which is true in the sense of distributions (C*°([0, T, S(R)))’, we infer d;v,, € C ([0, T], L*(R)).

This, together with v, € C([0,7], L?(R)), already implies v, € C([0,T], L*(R)). In-
deed, to obtain this it suffices to know that if two space—time distributions S and T €
(C*>°([0,T],S(R)))" have the same time derivatives, 9;S = 0;T, then there is distribution
¢, acting only on the space variable, such that S =T + ¢. This can be found, for example,
in [I7, Section 3.3].

Thus, we can rewrite the the PDE in the integral form

(112) vn = 0 (0) 4+ i /0 S() LG (S(—r)w, S(—7)v) dr,

which means that we can continue with the differentiation by parts technique, as it was
described in Sections [3] and [] directly for the function v without having to approximate
it by smooth solutions, as done in the previous Section The next lemma justifies the
interchange of time differentiation and space integration

Lemma 27. Let f(t,z),0:f(t,z) € C([0,T], LY (R?)) and define the distribution [z f(-,z)dx

by

([ seons)= [ [ seopoledaat
with ¢ € CP(R). Then, 0y [pa f(- x)dx = [pa O f (-, )dz.
Proof. By definition

(0 /Rd [ 2)d, 6) = —</Rdf(.7$)d:c,¢/> _ _/R [ ) e

and, since f € C([0,T], L*(R?)), we can change the order of integration by Fubini’s Theo-
rem to obtain

- /R d /R F(t,2)¢ (t)dbde = /R d /R Onf (t, 2)p(t)dbdx = /R /R 0 (t,2)o(t)dudt,
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where in the first equality we used the definition of the weak derivative of f and in the
second equality Fubini’s Theorem with the fact that d,f € C([0,7T], L*(R?)). The last

integral is equal to
([ aurantz.o)
R4

and the proof is complete. ]

Consider now the expressions (38)), (41) and (42) for fixed n and £&. We want to apply
Lemma [27] to each one of the following functions
() (€ — & — )i (&)
- v 1)v —G1 —Q3)v 3)
=2 —&)(E—&) "

e~ 2it(€—n3)(E=&1)
Jalt, 1) = onl)wns e e =) o

- e~ 2it(§—&1)(§1—n2) A
f3(t7£1) :Jn(g) —QZ(f 51)(51 —n ) nl(gl)vn3(§_£1+n2)a

where § ~ n,§1 ~ n1,&3 = n3,{ — & — &3 & —ng and (n,n1,n2,n3) € An(n)° given by
(35))). With the use of Young’s inequality and the fact that for all n, 9y, 9,0, are compactly
supported functions in L?(R), it is not hard to obtain that fi,d;f1 € C([0,T], L'(R?)) and
fa, f3,0cf2,0cf3 € C([0,T), L*(R)). Thus, for fi, and similarly for fa, f3,

fl(tv 513 53) = O-n(g)

£1)0ny (€ — &1 — n3),

—2it(E-61)(€~€s) ~ -
o [ o) ey o (€06 — 61— ) in(e) s

e 2t(E=E)(E=&s) ~ 5
= /R2 O-n(g)at |:Un(£) _2’L(§ - fl)(f - 53) Un, (gl)vnz (5 - 51 - 63)1)"3 (53):| d£1d£3

5 e 2(E—61)(E=&) 4 . )
= [ o0 e gy €€ — 6 — )il drd

o—2it(E—61)(E~¢3) ) )
+ [ o) e gy (606~ 1~ )il derdn

In the second equality we used the product rule which is applicable since 9, € C*([0,T], L*(R)).
Finally it remains to justify the interchange of differentiation in time and summation in
the discrete variable but this is done in exactly the same way as in [7] (Lemma 5.1). Similar
arguments justify the interchange on the Jth step of the infinite iteration procedure.
Thus, we obtain the following expression in C([0,7], H*(R)) for the solution v of NLS
(111]) with initial data vg

(113) v="Tyv+ hm N(J+1)( )dr,
0

where the limit is an element of C([0,7], H*(R)). Its existence follows from the fact that
the operators F(O)v converge to I'yyv in the norm of C([0,T], H*(R)) as J — oo. The
important estimate about the remainder operator NQ( ) is the following



KNOCKING OUT TEETH IN ONE-DIMENSIONAL PERIODIC NLS. 37

Lemma 28.

: (J) _
}1_{20 | No™ ()00 L2(m) = 0.

The proof is very similar to the one given in [13], Lemma 28, where we have to consider

(J+1)

the cases 0yvy,, Opwy, with similar arguments. This lemma implies that lim ;_, fg Ny (v)dr

is equal to 0 in X (7') = C([0,T], H*(R)). From this we obtain the uniqueness of NLS (111
since if there are two solutions v; and vy with the same initial datum vy we obtain by (102

|v1 — vl xy = [Twev1 — Tupv2llxy < [Jvo — voll s (r) = 0.
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