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Abstract

We consider an initial-boundary-value problem for a thermoelastic Kirchhoff & Love plate,
thermally insulated and simply supported on the boundary, incorporating rotational inertia
and a quasilinear hypoelastic response, while the heat effects are modeled using the hyperbolic
Maxwell-Cattaneo—Vernotte law giving rise to a ‘second sound’ effect. We study the local well-
posedness of the resulting quasilinear mixed-order hyperbolic system in a suitable solution class
of smooth functions mapping into Sobolev H*-spaces. Exploiting the sole source of energy
dissipation entering the system through the hyperbolic heat flux moment, provided the initial
data are small in a lower topology (basic energy level corresponding to weak solutions), we prove
a nonlinear stabilizability estimate furnishing global existence & uniqueness and exponential
decay of classical solutions.

Key words: Kirchhoff-Love plates; nonlinear thermoelasticity; hyperbolic thermoelastic-
ity; global well-posedness; classical solutions; exponential stability

MSC (2010): Primary 35L57, 35QQ74, 74B20, 74F05, 74K20;
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1 Introduction

Consider a PDE model of a prismatic thermoelastic plate of a uniform thickness h > 0. Let the
bounded domain Q c R?, d € {1,2,3}, with a smooth boundary 99 parametrize the mid-plane of
the plate. Further, let K: R — R with K’(0) > 0 and K”(0) = 0 be a smooth function related
to the strain-stress curve (see Appendix Section and the plate thickness h. Continuing, let
a,B,n>0and v, 7,0 > 0 be constant. With w, 6, q denoting the vertical displacement, a properly
scaled thermal moment and the x3-moment of the heat flux, respectively, the associated dynamics
is governed by a quasilinear plate equation

wy — yAwy + AK(Aw) +aNd =0 in (0,00) x €, (1.1)
B0 +divq + 0t — alwy =0 in (0,00) x €,
Tqt +q+nV0=0 in (0,00) x 2

subject to hinged boundary conditions

w=Aw=0=0 on (0,00) x 092 (1.4)
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and usual initial conditions
w(07 ) = w07 wt(07 ) = wlv 9(07 ) = ‘907 q(Oa ) = qO n Q. (15)

Later in the paper, we will restrict our attention to the case v > 0 and 7 > 0. Also, to
be consistent with the overwhelming majority of mathematical publications in the area, we will
assume o = 0. While the latter constant needs to be positive (cf. Appendix Section [A| or [22
Chapter 6.1]) from the physical point of view, from the mathematical point of view, discarding
this lower-order perturbation neither changes the underlying topology nor the qualitative stability
properties of the system. Moreover, it makes the stability analysis more challenging as a natural
dissipativity source is eliminated keeping the only damping arising from q.

Depending on the choice of the v and 7 parameters in Equations f, the system repre-
sents various types of thermoelastic Kirchhoff-Love plates (viz. [36, p. 2]). While the presence of
the yAwy-term in Equation accounts for rotational inertia for v > 0 or neglects the latter if
v = 0, the positive relaxation time 7 > 0 in Equation originates from the Maxwell-Cattaneo—
Vernotte’s (or, for short, Cattaneo’s) law of relativistic heat conduction vs. the classic Fourier’s
law of heat conduction for 7 = 0. Hence, Equations f embody four possible thermoelastic
plate models. Further distinctions are made based on the response K (-) being linear vs. nonlinear
and the domain Q being the full space R? or a domain with boundary such as bounded domains,
exterior domains, half-spaces or wave-guides, etc. Finally, in case §2 is a domain with boundary, a
set of boundary conditions selected from a wide range of combinations need to be adopted (cf. [2]
Chapter 2|, [I7, Chapter 4], [22] Chapter 1], [28] 29] 30, 32]).

We continue our discussion with a brief review of the vast body of literature on Equations
(1.1)—(1.3). Table [l summarizes some of these results for bounded domains Q.

H =0 ‘ v>0
=0 exponential stability exponential stability
maximal LP-regularity/analyticity | no maximal LP-regularity/analyticity
50 no exponential stability exponential stability
no maximal LP-regularity/analyticity | no maximal LP-regularity/analyticity

Table 1: Summary of results on Equations (L.1)—(1.3) in bounded domains

In the linear situation, i.e., K(z) = az for some a > 0, it is well known that the thermoelastic
system (1.1)—(1.3) comprising a Kirchhoff-Love plate equation without rotational inertia (y = 0)
coupled with the standard parabolic heat equation (7 = 0) generates an analytic semigroup on a
respective finite-energy space for a wide range of boundary conditions [28, 29, 30, 32]. These results
were subsequently improved by showing the maximal LP-regularity of the underlying semigroup
[11 12], 37, B8]. Tt was further shown the associated energy decays exponentially as ¢t — oo [4], 20,
34, 49]. The exponential stability extends to the quasilinear situation with K(z) = z + 23 in the
class of (possibly, not unique) global weak solutions [24]. Turning to strong solutions, both the
well-posedness via maximal LP-regularity and the exponential stability of small solutions hold true
for general superquadratic C3-nonlinearities K (-) [33].

Introducing a second sound effect into the system f by replacing the Fourier’s law
with the Cattaneo’s one (7 > 0) while neglecting rotational inertia (v = 0), the well-posedness (on
the amended phase space) is preserved but the maximal LP-regularity /analyticity of the system is
violated and the exponential decay of solutions is destroyed [15], 44l 45]. A change of qualitative
behavior also occurs in the full space Q = R?, where a regularity-loss phenomena occur [46]. In the
nonlinear situation, the well-posedness still remains open — even in the full-space (cf. [47, p. 8140]).



Taking into account rotational inertia (v > 0) and adopting Fourier’s law of heat conduction
(7 = 0), the thermoelastic plate system is rendered hyperbolic-parabolic. In the nonlinear situation,
both the semilinear [5] and the quasilinear problems [26] have been studied in bounded domains.
While the model exhibits hyperbolic characteristics, the viscous diffusive effect of the heat equation
still has beneficial effects on regularity of the overall system. This allowed to perform a Kato-type
fixed-point iteration to establish the local well-posedness of the quasilinear system by decoupling
the elastic and the thermal parts of the system [26]. Under a smallness condition on the initial
data, the energy dissipation through the thermal component of the system was sufficient to prove
a global stabilization estimate leading to global existence of classical solutions. In the full space
Q = R%, the well-posedness and decay rates have also been established — both in the linear [46] and
the nonlinear cases [47]. A recent systematic study [I4] on abstract fractional-power thermoelastic
plate systems should also be mentioned.

A number of control-theoretic results for linear Kirchhoff-Love thermoelastic plates with and
without rotational inertia (y > 0) subject to Fourier’s law of heat conduction (7 = 0) are also
known in the literature. See, e.g., [3l 6] [7, @, 13| 21}, 27, BI] and references therein.

Turning to the hyperbolic-hyperbolic case (7 > 0, v > 0), linear well-posedness and exponential
stability in bounded domains have been established and singular limits 7 — 0, v — 0 have been
studied [36]. Similar investigations of the linear system in the full space were performed as well [46]
and subsequently generalized to the nonlinear case [47].

The thrust of this article is to investigate nonlinear Equations (1.1)—(L.3)) in a bounded smooth
domain §2 subject to the boundary conditions . The distinct features of our problem are:

e The rotational inertia are accounted for by the presence of the yAwy-term (v > 0) in the
‘elastic’ Equation (1.1)). This makes the problem hyperbolic-like.

e The heat conduction obeys Maxwell-Cattaneo—Vernotte’s law rather than the classic Fourier’s
law which translates into (1) lack of dissipative effect in Equation and (2) lack of the
regularity otherwise typically associated with the heat equation. These two properties — dissi-
pation and regularity - the “key players” in any quasilinear theory - are severely compromised
by the model under consideration.

Unlike the hyperbolic-parabolic case (7 > 0, 7 = 0), as we will later see in Section , our system
is hyperbolic-hyperbolic. Therefore, no regularizing effects are inherited either from analyticity
(when v = 7 = 0) or dissipativity-viscosity of the heat transfer (when v > 0, 7 = 0). Though
the nonlinear plate system f for 7,+ > 0 has previously been investigated by Racke &
Ueda [47]. However, our present study is inasmuch completely different from the cited work — both
phenomenologically and methodologically — as (1) we consider an initial-boundary value problem in
a bounded domain € instead of the full space R, where the latter is amenable to classical differential
calculus and (2) only impose a genuine smallness condition on the lower energy of the initial data
|corresponding to the topology of weak solution|, in contrast to the smallness of the highest-order
energy assumed in [47].

Our goal is to show that the resulting nonlinear system generates well-posed dynamics for
‘arbitrary’ regular data satisfying compatibility conditions and that, for small data, the dynamics
is global provided the size of initial data is well calibrated. The challenge is, of course, to overcome
difficulties related to compromised regularity of linear solutions and compromised dissipation in
the presence of highly nonlinear internal force represented by a severely unbounded operator which
nonlinearly depends on the principal part of the elliptic operator. This compels one to perform the
analysis at a high topological level with appropriate mechanisms for the propagation of restricted
dissipation. This challenge manifests itself on both levels: local and global. In particular, when



carrying out the Kato-iteration in Appendix Section [B] in contrast to the parabolic-hyperbolic case
(viz. [26]), elastic Equation cannot be decoupled from thermal Equations (1.2)-(L.3). As for
the global stabilizability estimate, the main difficulty arises from the fact that the dissipation is only
available in Equation for q and as such does not propagate any regularity. Therefore, suitable
observability-type estimates become essential to reconstruct the integrals of potential and kinetic
energy for the energies of w and 6 by propagating dissipation from the heat flux to higher-energy
level.

Another important feature of the present paper is the smallness argument employed in our proofs.
Provided the nonlinear coefficient in the “elliptic part” stays positive, apart from the aforementioned
indispensable compatibility and regularity conditions, the initial data are assumed small merely
in the lowest topology associated with “finite energy” or mild solutions. This is an important
improvement as most quasilinear results assume the smallness of the data in the highest topology.
From the technical point of view, this makes the stability proof more challenging and requires an
extra degree of diligence as the basic-level energy needs to be carefully traced and properly “factored
out” in our nonlinear estimates using suitable interpolation procedures, etc. The final argument for
the “globality” depends on two coupled and cooperating “barrier inequalities,” rather than a single
one — as is the case in the usual quasilinear theory.

Last but not least, a further contribution of this paper is a physical derivation of the thermoe-
lastic plate model f. While the macroscopic description of Kirchhoff & Love plates with
geometric nonlinearity [22] Chapter 1| and nonlinear material response [26] is known in the literature
for the case of Fourier’s heat conduction, to the best of authors’ knowledge, no rigorous Kirchhoff
& Love thermoelastic plate models with Cattaneo’s heat conduction have been available in the lit-
erature up to date. (Parenthetically, one should mention the Reissner—Mindlin—Timoshenko plate
with Cattaneo’s heat conduction and the geometric nonlinearity derived in the thesis [42].) Instead,
previous works on thermoelastic Kirchhoff & Love plates with Cattaneo’s law (viz. [46, 47, 36], etc.)
have implicitly ‘conjectured’ the physical model. However, the thermal moment € and the (planar)
heat flux moment q were invariably misspecified as the temperature and the heat flux, respectively,
and the natural extra damping o6 in Equation (1.2)) was overlooked. In this paper, we close this
gap by combining various results on related plate systems into a consistent physical model behind
Equations f.

To close the introduction, we mention several open problems which naturally arise. In addition
to simply supported boundary conditions, one would like to have a theory for clamped and free
boundary conditions. Particularly, the latter are challenging due to the fact that harmonic functions
are not controlled by “free” boundary conditions imposed on the biharmonic operator. This difficulty
can be overcome, while significantly increasing the level of technicality, by localizing the problem
(121, 30].

Another open problem is how a boundary feedback can be used as the only source of dissipation
[25, 23]. This, again, leads to a challenging problem of propagation of dissipation from the boundary
— a technique developed in control theory and dependent on the rays of geodesic optics.

Finally, we mention that Kirchhoff-type equations have been recently considered with fractional
and, possibly, degenerate Laplacians [16], 41]. Global solutions for small data and blow-up of solu-
tions for data outside of the potential well have been recently established in [41]. The arguments
involved rely on nonlocal elliptic theory. It would be interesting to consider such models within the
framework of thermoelasticity.

The rest of the paper is structured as follows. Following the present Introduction Section
Section [2|summarizes all of the main results of the article on local and global well-posednesss as well

as exponential stability of Equations (1.1)—(1.5). In Section 3| the system (1.1))—(1.5) is reduced to

an equivalent non-vectorial second-order system. Subsequently, in Section [4] a local well-posedness



result is established by applying a fixed-point argument to a linearization of the equivalent reduced
system from Section In Section [5] the unique classical local solution is extended globally —
provided the initial data are sufficiently small at the basic energy level — and an exponential decay
rate is further proved. Finally, in the appendix, a brief physical derivation of Equations f
is presented in Section [A] while Section [B] establishes a solution theory for the linearized version of
the latter equations with time- and space-dependent coefficients. This furnishes a powerful auxiliary
machinery for the development of the nonlinear local theory.

2 Main Results

In this Section, we summarize all of the central results of this paper on the quasilinear plate equations
f. In the following, we assume Q C RY d € {1,2,3}, is a bounded, smooth domain. As
previously announced in the Introduction Section [I} the constant ¢ will be assumed zero throughout
the rest of the paper. All of the results stated below trivially remain true for o as the gf-term is a
Lipschitzian perturbation and has the correct sign adding even more damping to the system.

Definition 2.1. Let s > 2. A classical solution to Equations f on [0,T] at the energy
level s is a triple (w,0,q): [0,T] x © — R x R x RY with

s—1
w, Aw € ( M o™ ([0, T, ™ () mHg(Q))) N C* ([0, 7], L2(Q)),
m=0

s—1 s—1
VRS ( OO Cm([O,T]’HS—m(Q) N H&(Q))), qe ( Oocm([O’T]’ (Hg_m(Q))d))

which, being plugged into Equations f, renders them tautological. Classical solutions on
[0,T) and [0,00) are defined correspondingly.

The choice s = 2 in Definition is standard in the linear situation, i.e., when K(-) is linear.
In this case, by virtue of the standard semigroup theory, for any initial data (w® w', 0% q) €
(HH(Q)NH(Q) x (H2(Q)NH(Q)) x Hj () x (Hl(Q))d with Aw® € H}(Q) there exists a unique
classical solution at the energy level s = 2. In contrast, if K(-) is genuinely nonlinear, in general,
one cannot expect a classical solution for the initial data at the energy level s = 2 (cf. [19, Remark
14.4]). Therefore, moving to higher energy levels is unavoidable to obtain classical solutions in the
general nonlinear case.

In this paper, we prove the global well-posedness and exponential stability of classic solutions
for s > 3. In particular, when s = 3, the solution space in Definition rewrites as

2
w, Dw € ( M o™ (10, 7], H* ™ () mH&(Q))) N C3((0,T], L3(Q)),
m=0

0 e ( ﬂOCm([O,T],Hi’)—m(Q)ﬁH&(Q))), qc < ﬂOCm([O,T],(H3‘m(Q))d)>,

As usual in quasilinear theory, the presence of nonlinearity not only amounts to putting addi-
tional Sobolev regularity assumptions on the initial data and smoothness conditions on K (-), but
requires suitable ‘compatibility conditions’ described below.



Given a classical solution to Equations (1.1)—(L.5) at an energy level s > 2, by applying the
Of*-operator, m = 0,...,s — 2, we obtain the compatibility conditions

oMw(0,-), AIMw(0,-) € HS™™(Q) N HF(Q), dw(0,-) € H*(Q) N H(Q),

(2.1)
a"0(0,-) € H*™( Q)N HY(Q) and  9)"q(0,-) € (H™(2))"
for m =0,...,s — 1. Although the solution is a priori unknown, 9"w(0,-), m = 2,...,s, 00(0, )
and 9/q(0,-), I = 1,...,s — 1, can iteratively be computed from w®, w',8° q° using a procedure
outlined below.

To this end, let

A: D(A) C L*(Q) —» L*(Q), uw —Au with D(A) == {u e Hj(Q)|Lu e L*(Q)} (2.2)

denote the L?(Q)-realization of the negative Dirichlet-Laplacian. If 9Q € C?, the standard elliptic

theory suggests D(A) = H?(Q) N H} () with A being an isomorphism between D(A) and L%(Q).

Similarly, if 0Q € C? for some s > 2, the operator A can be viewed as an isomorphism between

H*(Q)NHE(Q) and H*~2(£2). Here and in the sequel, we use the notation HJ(Q) = H(Q) := L*(Q).
With this notation, Equations f can be cast into the equivalent form:

Ay + A Hwy + AK (Aw) — aAf =0 in (0,00) x Q, (2.3)
B0, + divq + acAw, = 0 in (0,00) x Q, (2.4)
Tq; +q+nVE0 =0 in (0,00) x Q. (2.5)

Provided K (-) is sufficiently smooth, by sequentially applying the d;-operator to Equations ({2.3)—
(2.5), using the product rule, Faa di Bruno’s formula and exploiting the invertibility of (v + A™1),
for any m > 1, w™t!, 0™, q™ can be expressed via w?,...,w™, 6°,...,0™ 1 q°, ...,q™ '. Indeed,
evaluating Equations (2.3)—(2.5) at ¢ = 0 and applying A~! to Equation (2.3)), we get

w? = —(v+ Ail)_l(K(AwO) - a@o),

0! = —%(divqo + aAwl) and q' = —%(q + nV&)
expressing w?, ', q' in terms of w® w',#°,q°. Similarly, for m = 2,...,s, applying the 8;”_2—
operator, we get

w™ = —(y+ Ail)_l (8{”_2 (K(Aw))) ’ . ab™ 2,
=
gt = —%(div qn? 4+ aAwm_l) and qm"l= —l(qm_2 + nV@m_2).

T

Thus, by virtue of the product rule and Faa di Bruno’s formula, the right-hand sides can be expressed

in terms of w®,...,w™ ! 6% ....,6™ 2 and q°,...,q™ 2. This construction can easily be made

rigorous using an induction procedure starting at m = 2.

Definition 2.2. Let w™, 0™, ™, m > 0, denote the ‘initial values’ for 0"w, 00 and 0"q as
described above (See also [18, p. 96]).

Suppose w is smooth. Then, we can write:
AK(Aw) = K'(Aw)A2w + K (Aw) |V Aw|?. (2.6)

Hence, the sign of K'(-) decides the positive ellipticity of —AK(A-). Further details and explana-
tions will be presented in the sections to follow.



Assumption 2.3. Let s > |4]+2 be an integer and let Q C R? be a bounded domain with 09 € C*.
Here, the floor function |x]| denotes the integer part of x, i.e., the largest integer not exceeding x.

1. Let K € C*T1(R,R).
2. Let the initial data satisfy the regularity and compatibility conditions
w™, Aw™ € H ™ Q)N HY(Q) form=0,...,s =1, w®ec H*(Q)NHYQ) and
0" € H Q)N HYQ), o € (B Q) fork=0,...,s 1,
where H(Q) := L2(9).
3. For the “initial” (positive) ellipticity of K'(Aw®)/\, suppose

min K’(Awo(:x)) >0, where Aw® € CO(Q) by virtue of Sobolev’s embedding theorem.
€

Theorem 2.4 (Local existence & uniqueness). Suppose Assumption 1s satisfied for some s >
{%J +2. Then, Equations f possess a unique classical solution (w,0,q) at the energy level
s on a mazimal interval [0, Tynax) (possibly, small, but not empty) such that:

1. “Local non-degeneracy:” min K'(Aw(t,z)) > 0 for any t € [0, Thax)-
zeQ)

2. “Blow-up or eventual degeneracy if solution non-global:” Unless Tax = 00, either the ellipticity
condition is eventually violated

min K'(Aw(t,z)) =0 as ¢,/ Thax (2.7)
el

or/and the blow-up occurs
18w, ) [y =00 a5t Tnax, (2.8)

3. “Solution map continuity:” For any T > 0, € > 0 and N > 0, the solution mapping
(w? wt, 0° q°) — (w,wy,0,q) is a continuous function from

MreN = {(wo,wl, 6°,q) ‘ (w®, wt, 6°,q°) satisfy Assumption and admit

a classical solution (w,0,q) with min min K’(Aw(t,x)) > e,
t€[0,T] ze2

S
235, 3 10700t vy < N7
2

endowed with the topology of H3() x H*(Q) x H'(Q) x (H'(Q))?) to L>(0,T; H3*(Q) x
H?(Q) x HY(Q) x (HY(Q)))). Note that the set Mr. N is non-empty for small , large N
and small T'.

This choice of s = L%J + 2 is known to be optimal for quasilinear wave-equation-like problems.
For a more detailed discussion, we refer to [26, Remark 4.2].

For the sake of simplicity, we now assume Q C R d = 2,3, and establish global existence and
uniqueness of classical solutions at the energy level s = LgJ +2 = 3. In addition to Assumption
we require:



Assumption 2.5. Let K(-) satisfy K(0) =0, K'(0) >0, K"(0) = 0.

For instance, for any real number «, the function K(z) = z + a2® from [24, 26] satisfies As-
sumption [2.5] Note that the condition K(0) = 0 is mathematically redundant, but is fulfilled by
real-world material responses for physical reasons discussed in Appendix Section [A]

By continuity, Assumption furnishes the existence of a number p > 0 such that

K'(z)>0 for |z]<p. (2.9)

Theorem 2.6 (Global well-posedness). Let Assumptions and[2.5] be satisfied for d € {2,3} and
s = 3. Then, for any number M > 0, there exists a (small) number dpr, > 0, depending on M and
p, such that for any initial data (w°,w',0°,q°) satisfying

AW o) < P (2.10)
3 2 2
Xo:= Y ™ fs-my + Y 10" [F-may + D 10" [Fgs-mqya < M?, (2.11)
m=0 m=0 m=0
[w® 350 + 1w 720y + 10113 () + Il diva®ll72q) < 931, (2.12)

the unique local solution (w,0,q) to Equations f given in Theorem exists globally, i.e.,

Tax = 0.

Remark 2.7. The boundedness assumption for ||Aw0||Loo(Q) formulated in Equation above is
natural in light of the initial positive ellipticity condition in Assumption as well as Equation .
However, it can be eliminated if the function K'(-) is positive everywhere in R, and consequently the
choice of § only depends on M. The latter assumption K'(-) > 0 is physically sound and is commonly
employed in the Theory of Finite Elasticity when material fracture phenomena are ignored. In this
case, we do not need the smallness of HAwOHLoo(Q) and we obtain a ‘large-data’ result provided the

function K (-) satisfies appropriate “growth conditions” at infinity (cf. Equation (5.29)—(5.31).
As a ‘by-product,” we will obtain our main stabilization result:

Theorem 2.8 (Exponential stability). Under the conditions of Theorem there exist positive
constants C and k such that

5 s—1 s—1
Z H@[”w(t, .)HiISJﬂ*m(Q) - Z Ha';me(t’ )HiIS*m(Q) + Z Haznq(t? ')H?Hs—m(g))d < Ce_Hth/2(t)
m=0 m=0 m=0
for t > 0, where the initial energy Xo is defined in Equation (2.11).

3 Equivalent Transformation

To facilitate the analytic treatment of Equations (1.1)—(1.5)), we first reduce Equations ([1.1)—(1.5)
to an equivalent lower-order non-vectorial system. Exploiting the operator A defined in Equation

(2.2)), introduce the new variables

z:=Aw and p:=divq, (3.1)
Applying the div-operator to Equation (1.3), the system (1.1)—(1.5)) is reduced to
(A_1 + )z — AK(—2) —aAf =0 in (0,00) x £, (3.2)



BO:+p+oaz=0 in (0,00) x €2, (3.3)
Tpr +p —nAf =0 in (0,00) x

subject to homogeneous Dirichlet-Dirichlet boundary conditions
z2=0=0 on (0,00) x 92 (3.5)
and initial conditions
2(0,-) = 2% %(0,-)=2', 6(0,-)=06° p0,)=7p" in Q (3.6)

with 20 := Aw?, 2! := Aw' and p® := divq®. We want to show the original system f
and the reduced system f are equivalent in appropriate solution classes. The uniqueness
of solutions (without being indispensable) will simplify our arguments. Similar to Definition for
the original system 7, for the reduced system, we have:

Definition 3.1. Let s > 2. Under a classical solution to Equations (3.2)-(3.6) on [0,T] at the
energy level s, we understand a function triple (z,0,p): [0,T] x @ = R x R x R satisfying

s—1

e ( M c™ (0,7}, H ™ () ﬁH&(Q))) N C*((0,T), L2(Q)),
m=0
s—1

s—1
0e( Oocm([o,T],Hs—m(Q) nH@)). pe( Oocm([O’T],Hs_l_m(Q)))

and, being plugged into Equations f, turns them into tautology. Classical solutions on
[0,T) and [0,00) are defined correspondingly.

Theorem 3.2. Let s > L%J + 2. A triple (w,0,q) is a classical solution if and only
—(3.9).

if (2,0,p) defined in Equation 15 a classical solution to Equations Conversely,
(z,0,p) is a classical solution to Equations f if and only if

w(t,) = A" 2(t,)  and q(t,) =q" + VA divg” - VA Ip(t, )
is a classical solution to Equations (1.1)-(1.5) at the same energy level.

Proof. On the strength of Theorem from Section [2] below, classical solutions to the reduced
system f are unique. To prove the same property holds true for the original system (1.1]))—
, suppose (w, 0, q), (0,0, q) are two classical solutions to f. Letting z := Aw, Z := Aw,
p := divq and p := divq, we easily conclude (z,0,p) and (Z, ,15) solve Equations f and,
thus, must coincide. We prove (w,6,q) = (12),5, q). Since A is invertible, z = Z implies w = .
Since § = 0, Equation for the solution difference q := q — q yields

T70:q+q =0, Q(O,-)EO.

The latter ODE, being uniquely solvable by @ = 0, suggests q = q. Hence, (w,0,q) (ﬁ),é, q)

furnishing the uniqueness for Equations f.

Now, we proceed with the equivalence. Given a classical solution (w,,q) to Equations (1.1)—
(L.B), letting z :== Aw and p := divq as in Equation (3.1}, we trivially observe (z,6,p) has the
regularity as mandated by Definition and solves Equations f. Due to unique solvability
of the aforementioned system, no further solutions exist.



Since A~! is an isomorphism between H*(Q2) and H**2(Q) N H}(Q), noting Aw = —Aw, we
trivially obtain a unique function w = A~z satisfying

s—1
w, Aw € ( M c™ ([0, T}, H-™(2) n H&(Q))) N C*((0,T), L2(2)).

m=0

Applying A~! to Equation and exploiting the regularity of 8, we easily see w satisfies .
The f-component remains unaltered in both frameworks — including the regularity. Regarding
the equivalence of Equations and , assuming we can find q with the desired regularity
such that divq = p, 6 satisfies Equation (3.3]).
Thus, there only remains to consider the g-component. We start at the basic regularity level

p € C°([0,T], L*()). Solving Equation 1} for q, we get

t
q(t,-):q0+/e_(t_s)/TVQ(s,-)ds with ¢ € (H'(2))".
0

Since 6 € C°([0,T7], H}(€2)), we can write

a(t,) =a’ + Ve(t, ) (3.7)
for some (yet unknown) function ¢ € C°([0,7], VH{(Q)). Computing

divq(t,) = divq® + Ap(t,-) = p° — Ap(t,) for t > 0.
and using Equation as ansatz, i.e.,
divg = p,

we obtain a family of elliptic equations

P’ = Ap(t, ) = p(t, )
for p € HY(Q). Since A is an isomorphism, the latter is uniquely solved by

o(t, ) =A"1p" — A7 p(t, ).
Plugging the function ¢ back into Equation , we get
at,) ="+ VAP’ —VA~p(t,) with q°e (H'(Q)".
On one hand, we can easily verify q satisfies
divq(t,") =divq® + AA™pY — AVA~Ip(t, ) = divg® — p° +p(t, ) = p(t, ).
On the other hand, q solves Equation and fulfills the initial condition (|1.5)):
q(0,) =q"+ VAP —VATp0,) =q° + VAT’ —vATp’ = ¢

Since the operator VA™! is a continuous mapping between H¥(Q) and H*+1(Q) for k > 0, the
desired regularity of q follows from that of p. Thus, we have proved (w, q,0) is a classical solution
to (1.1)—(L.5). Again, invoking the uniqueness, no further solutions exist. O

Hence, in the following, we investigate the more tractable — but nonetheless equivalent — non-

vectorial reduced system (3.2)—(3.6).
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4 Local Well-Posedness: Proof of Theorem [2.4]

To prove Theorem we consider the reduced system (3.2)—(3.6). Recalling Equation (2.6) and
letting

a(§) =K'(=¢) and  f(&n)=K"E)nf> for (eR, neR?

we can write

AK(z) = a(z)Az — f(2,Vz). (4.1)
Hence, Equations (3.2)—(3.6) can equivalently be expressed as

(Afl + ’y)ztt +a(z)Az — @Al = f(2,Vz) in (0,00) x £, (4.2a)

B0 +p+az=0 in (0,00) x Q, (4.2b)

T +p—nAf =0 in (0,00) x Q, (4.2¢)

z2=0=0 in (0,00) x 09, (4.2d)

2(0,-) = 2% %(0,-) =2, 6(0,))=6° p0,)=7p" in Q. (4.2¢)

Remark 4.1. The results of this section remain true for general functions a(-) and f(-,-), which
are not necessarily related to the function K(-) via Equation .

With a straightforward modification of the construction performed in Section [2], we get:
Definition 4.2. Let 2™, 0™, p™, m > 0, denote the ‘initial values’ for 0"z, 0;*0 and O]"p.
In the spirit of Assumption [2.3] we impose the following conditions:
Assumption 4.3. Let s > |4]+2 be an integer and let Q C R? be a bounded domain with 09 € C*.
1. Leta € C*"Y(R,R) and f € C* (R x R4 R).
2. Let the initial data satisfy the regularity and compatibility conditions
e HS™MQ)NHYNQ)  form=0,...,s—1, 2°cL*Q) and
0 ¢ HS*(Q) N HLQ), pP e H1RQ) fork=0,...,5 -1,
where H°(Q) := L2(9).
3. For the “initial ellipticity” of a(z°)A, suppose

mipa(zo(x)) >0, where 20 € C°(Q) by virtue of Sobolev’s embedding theorem.
€S

We also introduce the following notation for the time-space gradient operator used for the proof
of Theorem (4.5 below:

D" := ((8,V)*|a € NE 0 < |al < n) for n>0, (4.3)

Remark 4.4. By the equivalence Theorem (w® wl, 09 pY) satisfy Assumption if and only
if (29, 21,09, q") satisfy Assumption and q° € (Hsfl(Q))d.

Next, we prove the following ‘auxiliary’ result for the reduced system (4.2al)—(4.2¢]):
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Theorem 4.5 (Local Well-Posedness). Suppose Assumption is true for some s > || + 2.
Then, Equations f possess a unique classical solution (z,0,p) at the energy level s on a
mazimal interval [0, Tynax) 7# 0 such that:

1. “Local non-degeneracy:” mina(z(t,z)) > 0 for any t € [0, Tnax)
zef)

2. “Blow-up or eventual degeneracy if solution non-global:” Unless Timax = 00, either the ellipticity
condition is violated

mina(z(t,z)) = 0 ast / Tiax (4.4)
e

or/and the blow-up occurs
|2 (t, -)HiIS(Q) — 00 ast / Tax- (4.5)

3. “Solution map continuity:” For any T > 0, ¢ > 0 and N > 0, the solution mapping
(29, 25,0° %) = (2,2, 0,p) is a continuous function from

MTe N = {(zo, 21,0%,p°) ‘ (29, 21,0°,p°) satisfy Assumption [[.3 and admit

a classical solution (z,0,p) with min mipa(z(t,x)) > e,
te[0,T] ze

g2, 3 100y < 27}

endowed with the topology of H' () x L*(Q)x HY(Q) x (H(2))?) to L>°(0,T; H*(2) x L*(2) x
HY(Q) x (HY(Q)1)).

Proof. When treating the z-component in this proof, we will rather closely follow the streamlines of
[26], Section 4]. A major difference over [26, Section 4] is that the equation for z cannot be decoupled
from those for 6, p due to hyperbolicity of the problem under consideration due to the presence of
a strong coupling between the equations.

Using the second Hilbert’s identity

(A ) t=l oAt a4 )T

Equations (4.2a)—(4.2¢)) are transformed to a second-order hyperbolic system

2+ %a(z)Az — SA0 + B = F(z,0) in (0,00) x £, (4.6)

B0 +p+az =0 in (0,00) x £, (4.7)

T +p—nAf =0 in (0,00) x Q, (4.8)

z2=60=0 on (0,00) x 09, (4.9)

2(0,) =2 z(t,) =2 600,)=6° p0,-)=p in €, (4.10)
perturbed by the nonlinear nonlocal operator F'(-) given by

F(z) = (1= 1) f(2,V2) + 31, (a(2) A2), (4.11)

where the compact linear operator

L, = A_l(fy + A_l)_l

12



is a continuous mapping from H*(Q) to H5+2(Q) N H(Q) for any s > 0 and

B:=2LA=2(y+ A

is a bounded linear operator on both H*(Q) and H*(Q) N H(Q) for any s > 0.

Step 1: Amending the nonlinearity a(-). Since no global positivity is available for a(-), the ellipticity
condition for a(z(t, ))A can be violated at any time ¢ > 0. To preliminarily rule out this possible
degeneracy, the following construction proves to be helpful.

On the strength of the continuity of 2° and the connectedness of €2, we get

22(Q) = [Iwnelg zo(x),rfg%zo(az)] =: Jp. (4.12)

By Assumption 3, a(+) is positive on Jy. Since a‘l((O, oo)) is open and Jy C a™* ((O, oo)), for
€ > 0 sufficiently small, we consider

Jo C Je:=a"([e,00)) # 0. (4.13)
Further, there exists a global C*-extension a.(-) (denoted for simplicity by a(-)) of a(-) such that

a(z) =a(z) for zeJy and inﬁ a(z) > e>0. (4.14)
z€de

We replace Equation (4.6)) with
2+ 5a(2)Az — 2A0 = F(2,0)  in (0,00) x Q (4.15)

and first consider the amended system ({.15)), (4.7)-(4.10). The idea behind this modification is
that, despite both systems being a priori not equivalent, the equivalence will turn out to be valid a
posteriori — provided the time T is short.

To solve the amended problem (4.15)), (4.7)—(4.10), we transform it to a fixed-point problem
and consequently solved using the Banach’s fixed-point theorem. As previously pointed out, our

procedure is reminiscent of [I8, Theorem 5.2| and [26, Section 4].

Step 2: Defining the fived-point mapping. Recalling HJ(Q) = H°(Q) := L?(Q2), for N > 0 and
T >0, let X(N,T) denote the set of all regular distributions (z, 6, q) such that

0"z € C°([0,T], HS™()) for m =0,1,...,s,

ore € C°([0,T), H*"™()) and ofp € C°([0,T], H*1"™(Q)) for k=0,1,...,s—1 (4.16)
satisfying the boundary conditions
OMz=0F=00n[0,T)] x 8 form=0,1,...,s —land k=0,1,...,5 —2
and the initial conditions
0/"z(0,-)=2"inQ form=0,1,...,s,
ok0(0,) =0% Ofp(0,)=p"inQ fork=0,1,...,s—1 (417)
along with the energy estimate
max (ID%2(t) ey + 1070t ey + 1D 'p(t Mgy ) < NP (418)
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with the time-space gradient D) defined in Equation 1} By a standard argument (cf. [26] p.
195]), for any Ty > 0 and sufficiently large N > 0, the set X (N, T) is not empty for any 17" € (0, Tp).

For (2,0,p) € X(N,T), consider the linear operator .# mapping (2,0,p) to a function triple
(z,0,p) solving the linear nonhomogeneous system

2t — i (1, 0) 0,0, 2 — S A0 + BO = f(t,x) in (0,00) x Q, (4.19)
B0 +p+az=0 in (0,00) x Q, (4.20)
TPt +p —nAf =0 in (0,00) x Q, (4.21)
z2=0=0 on (0,00) x 09, (4.22)
2(0,) = 2%  z(t,) =2 600,)=6 p(0,-)=p° in Q, (4.23)
with
&l](t a:) : %d( z(t, x))ém(?%@xj,
1 L o (4.24)
= ;( (z,VZ))(t,z) + ;(I7 (a(2)Az))(t, z).

for (t,z) € [0,T] x Q. Note that .# only depends on Zz, not, on 6, p.
We show .7 is well-defined. Taking into account the regularity of Z, invoking Assumption

and Equation (4.14) as well as Sobolev’s embedding theorem, we can verify that Assumption is
satisfied with

v = Orgtaggf%(H HHS,l(Q)) fori=0,1, (4.25)
for appropriate continuous functions g, y1: [0,00) — (0,00), where we used the Sobolev’s embed-
ding Vz(t,-) € H*(Q) — L>(Q) along with the elliptic estimate

HLY(&(Z)AZ) HHm+2(Q) < CH&(Z)AEHHm(Q) form=20,1,...,s — 2.

Here and in the sequel, C' > 0 denotes a generic constant. Hence, by virtue of Theorem
Equations (4.19)—(4.23]) possesses a unique classical solution (z,0,p) with

€ ( h Cm([ovT]vHS_m(Q))> ﬂCs([O,TLLQ(Q))’
m=0

s—1 s—1
6 () Cm(0,T),H ™), pe ) C™(0,T],H Q).
m=0 m=0

Therefore, the mapping .% is well-defined.

Step 3: Showing the self-mapping property.
We prove that % maps X (N, T) into itself provided N is sufficiently large and T is sufficiently
small. To this end, we define

s s—1 s—1
Eoi= S 1 ey + S0 12y + S 2
m=0 k=0 k=0

s—2 T
+ZJ3%H® 7')qus—2—m<m+/o 1071 £ (2. I72
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Similar to [26, Equations (4.19), (4.20)] Taking into account Equations (4.17)), (4.18) and (4.24))
and applying Sobolev’s embedding theorem, the fundamental theorem of calculus along with [18]
Theorem B.6| yields

T
/ 107 F(t, )22t < CN)(1+T), (4.26)
Or%(Zna?f Wpeaomigy ) < C(Eo) + C(N)(1+T), (4.27)

Plugging Equations (4.26)) and (4.27)) into the energy estimate in Theorem we arrive at

Jmax (HDSZ(ta W22y + 1710, )71 () + 1D (s ')”%2(Q)> < K(Eo,v0,1)C(N,T) (4.28)

with positive constants 4o,y defined in Equation (4.25)), a positive ‘constant’ K, being a continuous
function of its variables, and

5
CN,T) = (14 CNTY2 I T2 exp (TH2C(N) (1 + T2 4T + T92)).
i=0

Select N such that
K(Eo,v0,m) < sN2

Due to the continuity of ((N,-) in "= 0 and the fact ((NO,O) = 1, there exists T" > 0 such that
¢(N,(0,T]) C [1,2]. Hence, the estimate in Equation (4 is satisfied with N2 on the right-hand
side. Thus, (z,0,p) € X(N,T) implying .# maps X (N, T) into itself.

Step 4: Proving the contraction property. Consider the metric space
Y = {(Z,G,p) ‘ z,2,|Vz| € L=(0,T; Lz(Q)),H € L>(0,T; Hl(Q)) and p € L*(0,T; LZ(Q))}
endowed with the distance

p((2,0.), (,0,p)) = esssup (1D (= = 2) ) [ oy + 100 = D)1, [571

+ H(p _ﬁ)(ta )Hi2(Q)>l/2

for (2,0,p),(%,0,p) € Y. Being endowed with its natural topology, Y is complete. Arguing as [26,
p. 197], we see X(N,T) C Y is closed in Y.

We now prove that .%: X(N,T) — X(N,T) is a contraction mapping with respect to p.
For (2,0,p), (2%, 2*,p*) € X(N,T), let (2,0,p) := 9((2,@,15)), (z%,0%,p*) = ﬁ((i*,é*,ﬁ*)).
With (2,0,p), (25,0%,p%), (2,0,p), (2*,0%,p*) all lying in X (N, T), Equation together with
Sobolev’s embedding theorem imply

esssup || (D' (2, 2%, 2, 2%)) (¢, ) < CN. (4.29)

0<t<T 7' HLOO(Q)
Recalling Equations |D| , we can easily see (Z,0,p) := (z — z*,0 — 0*,p — p*) satisfies

2+ La(2)AZ — A0+ BO = (F(2) — F(2%)) — (a(2) — a(z)) Az",  (4.30)
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4.31
4.32
4.33
4.34

ﬁét +]5+042t = O,
Th + P — nAf =0,
Zlaq = 0laa = 0,

(
(
(
70,-) =0, Z(t,-)=0, é(o, )=0, p(0,-)=0. (

)
)
)
)

i‘\/[ultlplymg Equatlons in L2 (0,t) x Q) with L zt, 177149~ and p, respectively, using the
act

IVa(z)|| Lo (0.r)x0) < C(N)
and proceeding similar to the energy estimate part of the proof of Theorem [B.3] we obtain
| D*z(t )HL2 @ T 6(t, HHI(Q + ||t HL2
2 (4.35)
N)/ H(F(z) —F(2Y) - (a(z) — a(z") A2 at
0 L2(Q)

for t € [0,T]. In view of local Lipschitzianity of a(-) and f(-,-) (and, thus, that of F'(-) from Equation

(4.11) on L2(2)) together with the energy bound in Equation (4.18)), Equation (4.35] implies

g, (1D 26 My + 16y + 15 )

< O(N)T (

Jmax D 2(t, )20y + 1606 )1 ) + 13- IILz)

Thus, selecting T sufficiently small such that A := C(N)T < 1, we arrive at

p((2:0,p), (z",0%,p")) < Ao((2,0,D), (27,07, 5"))

meaning % is a contraction on the closed subset X (N,T) of the metric space Y. Thus, on the
strength of Banach’s fixed-point theorem, .# possesses a unique fixed point (z,0,p) € X(N,T).
Having the smoothness specified in Equation , by definition of the fixed-point mapping % (+),
(2,0, p) is the a unique classical solution to Equations f at the energy level s.

Step 5: Continuation to the mazimal interval. Due to the smoothness of (z,0,p) at t = T,
(z(T, Yy 2e(T, ), 0(T, ), p(T, )) satisfies regularity and compatibility Assumption E.Q (the initial
ellipticity condition is satisfied automatically according to the definition of a(+)), a standard contin-
uation argument yields a maximal interval [0, T) for which the classical solution uniquely exists.
Due to the interval’s maximality, unless 1" = oo, we have

| D*=(t, ')Hi2(§2) + HDs_lz(t7 .)Hifl(Q) + HDs_l HL2 —o0ast ST (4.36)

Step 6: Returning to the original system. We argue similar to [26] pp. 198-199]. By virtue of
Sobolev’s embedding theorem, the composition a o z is continuous on [0,7) x Q. Hence, the
number

T o Tr, ifaoz=aozin [0,T) x Q,
mESET min {t € [0,T7) |a(2(t )) ¢ int(Je) for z € Q}, otherwise

is well-defined and positive by Equation (4.13). For any sufficiently small € > 0, denoting by by

(2e, 0c, pe) the unique classical solution to Equation (4.15)), (4.7)-(4.10) restricted onto [0, Tiax,e)-
we obtain an increasing sequence of closed sets J. satisfying Equation (4.13) such that

Tmax,J. /" Tmax := Sup { Tinax,c | Je satisfies Equation (4.13)} as e \, 0. (4.37)
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By construction, (z;,,0;,.,p;.) solves the original problem (4.6)-([.10) for ¢ € [0, Tinax,s.) and
(27,,00,,05.,) = (25.,07.,p.) on [0, Tinax,s,,) for € > € > 0.
Hence, letting for ¢ € [0, Tinax)
(2,0,p)(t) == (24.,04.,p,.)(t) for any sufficiently small € > 0 such that Ty j. > ¢,

we observe (z, 6, p) uniquely defines a classical solution to (4.6)—(4.10)) on [0, Tiyax). Moreover, unless
Thax = 00, we either have the blow-up

s s—1
Z_:OH({)FZ'(L ')H?LIS—M(Q) "'kZOHafe(t")HiIs K( +2H8tp HHs k() T OO (4.38)

as t /* Tax or/and the violation of ellipticity condition as t ' Tmax. Indeed, if neither was
the case, we could amend the set Jy from Equation (4.12) via

J = i Tmax, I L2 Tmaxa
o = [0 0((Thnaes ), 1085 0 T, )]

and repeat Step 5 to obtain a classical solution (z,0,p) existing beyond Tinax, which would
contradict Equation . The overall uniqueness on [0, Tiyax) follows from an energy estimate
shown in Step 4.

Step 7: Improving the blow-up condition. There remains to prove Equation is equivalent with
(4.5). This amounts to showing all norms in Definition remain bounded — provided the norm in

Equation (4.5) stays finite.
We argue by contradiction. Suppose z € CY([0, Trax), H*(?)). Then, multiplying Equations

! in L?((0,¢) x Q) with fzt, 1 7740 and p, using the fact [[Va(2)|| Lo ((0,1.0x0) < 00
proceedlng similar to the energy estlmate part of the proof of Theorem [B.3] we obtain z,0 €

CO([0, Trmax), H3 (), 2,0 € CY([0, Timax], L*(Q)). Again, similar to the proof of Theorem
formally differentiating Equations, we obtain

Ozt + %a(z)Azt — S A0 + B, = F'(2)z — %a(z)ztAz in (0,00) x Q, (4.39)
B@tet + pe + a0z = 0 in (0, OO) x €, (440)
TOpr + pr —NAO =0 in (0,00) x €, (4.41)

with the initial conditions given through the compatibility conditions. Since the right-hand side of
Equation (4 is in L? (O Tinax; L2(Q)), we surnllarly obtain 2,6, € CO([O Tnax)s HO(Q)), Zit, Pt €
L

CO([O,TmaX}, (Q)) and, using Equatlons 1 D , along with the elliptic regularity of a(z)A,
it follows 2,0 € C’O([O,Tmax], H?(Q)N Ho 0 Tinax), H* Q)) Repeating this procedure

iteratively up to the level s — 1 and using a regularlzatlon technique as the one in Theorem to
obtain an estimate at the level s, while observing that the right-hand side of differentiated equation
always stays in L2 (0, Thax; LQ(Q)), we can show all of the remaining norms in Definition are
finite. Hence, the blow-up does not occur, which contradicts our assumption. Therefore,

conditions (4.38)) and (4.5)) are equivalent.

Step 8: Showing continuity of the solution map. The (Lipschitz) continuity of the solution map on
the set .1 n follows mutatis mutandis with an estimate analogous to that from Step 4. O

Recalling the equivalence Theorem [3.2] stating
’UJ(t, ) = A_lz(ta ) and q(tv ) = qO + VA_l div qO - VA_lp(ta ')7
we get the local well-posedness in the class specified in Definition for the original system (1.1))—
(L.5) as claimed in Theorem [2.4]
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5 Global Existence and Long-Time Behavior: Proof of Theorems
and

In this section, we restrict ourselves to the case s = 3 and prove that the local solutions to Equations
(LI)—(L.5) (or, equivalently, (4.2a)—([4.2¢)) established in Theorem [2.4]exist globally (i.e., Tmax = o)
and their energy decays exponentially — given the initial data are small enough in the lowest topology.
It is worth pointing out that, throughout the proofs in this section, we operate with general s and
only put s = 3 at the very end to achieve the desired results. This demonstrates the crucialness of
Agsumption paired with the smallness of the initial data in the lower topology instead of the
higher one. See also Remark for details.

For technical convenience, in lieu of the functions a(z) and f(z,Vz) from Equation (4.2a]),
throughout this Section, we will use the function F(-) defined via

F(z) = K'(0)2 — K(2) (5.1)

representing the remainder of the second-order Taylor expansion of — K (+) around 0. Then, it follows
from Assumption that

F'(0)=K'(0)—K'(0)=0 and  F"(0) = K"(0) = 0. (5.2)

As before, the operator A denotes the negative Dirichlet-Laplacian and z = —Aw = Aw.

With this notation, the system (4.2a)—(4.2¢]) becomes

(A7 44T 2y + Az — aAD = AF(2) in (0,00) x §2 (5.3a)

B0 +p+az =0 in (0,00) x §2 (5.3b)

Tpt +p —nAfd =0 in (0,00) x §2 (5.3c)

z=60=0 on (0,00) x 9Q (5.3d)

2(0,-) =2 z(0,-) =2', 6(0,-) =6° p(0,)=7p" in (5.3¢)

Notation: For a local classic solution triple (z, 8, p) established in Theorem , recall the following
topological solution spaces:

2
20 ¢ ( N o™ ([0, 7], H* ™ () mHg(Q))) N C3((0, 7], L3(Q)),
m=0
=: C°([0,T], 23) = C°([0, T, T3),

2
p=divq e ( N ck([o,T],HQ—’“(Q))) —: C°([0,T), Ps),
k=0

where we denote

Zg = {(z,zt,ztt,zttt) ’ S Hg(Q) N H&(Q),Zt € HQ(Q) N H&(Q),Ztt € Hl(Q) N H&(Q),Zttt S LQ(Q)} ,
T3 = {(0,6:,04) |0 € H*(Q) N Hy(Q), 0, € H*(Q) N H(Q), 0, € H(Q) N Hy(Q), 0 € L* ()},
P3 = {(p>ptaptt) Ip € H2(Q)7pt € Hl(Q)aptt € LQ(Q)}

equipped with the natural product norms. For instance,

12O)1Z, = 12Ol Fr @) + 126120y + e (@70 + 22 ()17 2
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and
X(t) = 2()1%, + 10017 + [Ip®)]1,- (5.4)

For the sake of simplicity, we write z(t) instead of (z, Zt, it zttt)(t), ete.
In addition, to facilitate the application of multiplier techniques in this section, we introduce
the weighted energies Ei(t), k = 1,2, 3, as follows,

1
510 = (1A 2l + 421 + 84002 + ) 55)
1
50 = L4722l ol + 4722+ B0l 4 Tl G
1
Es(t) == 5 (147" 2z0at|y + lzeael |5 + [ A" 2205 + BI A0 + ~Ipell (5.7)
2 n
and
E(t) = || (2, 2t 210, 0. 0. 0, 0) (1, ) || 3 = En(2) + Ea(t) + Bs(t). (5.8)

Finally, the higher-order norms as parts of X (¢), but not bounded by E(t), are defined as

Y (t) = 11ty + N2l i) + 101y + 10 72(0) + 10uell720) + 121520 + PellFn @) (5:9)

It is clear that X (¢) and E(t) + Y (t) are equivalent, thus, we write

for the convenience of proofs.

Last but not least, throughout this section, we use <-, > to denote the L?(Q)-inner product. By
||ul|, we denote LP(€2)-norm of u. In what follows, we work with “smooth” solutions whose existence
has been already guaranteed by Theorem [2.4] Thus, formal PDE calculations performed below are
well justified.

Lemma 5.1 (A priori energy observability). Let Assumptions cmd be satisfied. Then, for
T € (0, Tmax],

E(T)+C /0 ' E(t) dt < Cy [E(O) + [E1(0)]~ DA X (0)) D/ 4 [E1(T)]<8—1>/4[X(T)]<8+1>/4}

N .7
ray [P d, (5.10)
i=170

for some N e Nand a; >0,8;, >1,i=1,...,N.

Proof. Step 1: Level 1 energy estimates. We start with estimates of energies at Level 1 defined
in (5.5). Thereafter, in Step 2, time differentiation of the system will lead to desired estimates at
Levels 2 and 3.

Step 1.1: Energy identity. We multiply Equations (5.3a)—(5.3c) with z;, A6, and p, respectively,
and then add up the (appropriately weighted) three identities to get

T T
151(T)+/0 ;HpH; dt:E1(0)+/0 (AF(2),z) dt, (5.11)
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whence we also obtain the energies bound

/OT p|2at < C(El(O) + /OT (AF(2), %) dt). (5.12)

Step 1.2: We multiply (5.3b)) with z;, integrate the equation from 0 to T and apply Young’s
inequality to deduce

1 (T ) T T
2/0 2o 2at < C/o Ip|2at - C/o (61, ) dt. (5.13)
To estimate the last term in , we first rewrite as
zit = BAF(z) — aBAz + BA# (5.14)

with the linear operator
B:= (A" +al)™': D(A*) — D(A®) for any a >0

being bounded due to the norm invariance. In particular, by [26] p. 194 or p. 203|, B is a bounded,
self-adjoint operator on L?(£2). We thus have HBI’H2 < C’WH:L"H2 and, more generally,

HAO‘BZH2 < C'HAC“,ZHZ for any oo > 0 (5.15)

paralleled by the same estimate for the adjoint of B.
Hence, after multiplying (5.14)) with 6 and integrating by parts in time, we get

T T
/ <Zt,9t>dt+ zt,Qt / <BAF dt — / (BAZ,Q)dt—F / (BAQ,Q)dt,
0 0

or, by noticing that the operators A and B commute,
T
—/ (21,0:)dt < C1(E1(0) + EL(T)) +/ (BAF(z),0)dt (5.16)
0 . 2 0 . 2
e [l e co [ a0
0 0
Plugging into (5.13)), we see that
e 2 T
3 ), Il <c [ lplia+ e (20 + By 517)
T T
+e / 14222t + G, / |AY/26) 2t + / (BAF(2),6)dt.
0 0 0
Step 1.8: Next, we multiply with z and do integration by parts in time to get
T ) T T
a/ HA1/22H2dt:—/ <A_lztt,z>dt—’y/ <ztt,z>dt
0 OT , 0
+ / (A6, 2)dt — / (AF(2), 2)dt
0 0
1 T T r [T 2
:—<A zt,z>|0 —i—/ <A zt,zt>dt—’y<zt,z>‘0/ —i—’sztﬂzdt
0 0
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T T
+/ <A1/29,A1/2z>dt—/ (AF(z),z)dt
0 0

T T
< Cy(E1(0) + Ei(T)) +cy/ Hzt}|§dt+C’a/ |4V/26]2at
0 0

o [T ) T
+ = / HA1/2zH2dt - / (AF(2),z)dt,
2 Jo 0

a [T 9
S [ Al < co(mio)+ Bx(1) 5.18)

T 9 T 9 T
+cy/ Hthth—l—Ca/ HA1/29H2dt—/ (AF(2), z)dt.
0 0 0

Step 1.4: We multiply (5.17) with 4C, and add it to (5.18) to get (after cancellations and
estimating E1(T) from the first energy estimate):

T ) a [T - T )
C, [ alae+ 5 [ lavfae< o [ pla+ o(E© + ByT))
0 0 0
T T
+407q/ HAl/QzHgdtJr(ZLCVCEl+C’a)/ | AY26)5at (5.19)
0 0

+4C, /OT (BAF(z),0)dt — /OT (AF(2),z)dt,

where C3 = 40701 + Cs.
T
Finally, we estimate / HA1/29H§ dt. Multiplying (5.3c) with 0, we get
0

/OTnHAl/?eH; dt—T/OT (o0,0) dt+/0T (p.0) dtS—T/OT (9,00) dt+<p,e>\§+/0T (p,0) dt.

After exploiting the Young’s inequality and Poincaré & Friedrichs’ inequality, we arrive at
T 2 e T 2
/ |4Y26))% dt < C(E1(0) + Ex(T)) +c/ o dt+eg/ lo)2ae,  (5.20)
0 0 0
where the last term can be estimated via (5.3b)) using the multiplier 6;:
S el at<c [ ol ascs [« a 5.21
2 [ oz arsc [ oo [ 521
Plugging (5.20) and (5.21) into (5.19), we get
T 2 a (T 2 T 2 e
Cy [ Nalae+ 5 [ lavz e [ laa< o [l + o (E0) + Bi)
0 0 0 0
g /2,2 205 g 2
40,6 / [ 4725] 30 + ((4C,Coy +Ca+ 17 ea) / )2t (5.22)
0 0

14, /0 " (BAF(2), 0t - /O AR (), )t
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Step 1.5: Now, in , we first choose €; small enough such that 4Cye; < ¢, then second

€2 small enough such that (4C,C,, + Co + 1 )20’8
(5-22) then follow, which leads to

€9 < . Cancellations of terms on both sides of

E T Cy 2« AL/2,12 AL/2¢||2 2
(0 + =l g I 2y + [[AY20]l, + |Ipllat
T T _
< Caﬂ,,El(o)+4cy/ <BAF(Z),9>dt/ (AF(2),2)dt + Copy(AF(2), 2 )dt,
0 0
or
T
T)+ C’l/ Eq(t)dt (5.23)
0
S CQEl (O) + 03/ <AF Zt> + <BAF ) >dt — <AF(Z), Z>dt,
0
where C1, Csy, C3 depend on «, 3, and ~.
Step 2: Level 2 and 8 energy estimates. Recall from and that

1
Bo(t) = 5 (147 aully + 2zl + all 412l + BlAY260l s + T llee]3).
1
By(t) = 5 (147 auly + llzwells + all 422l + 81400y +  lplly).

To mimic the energy estimate (5.23)) for the system (5.3a))—(5.3c)), we perform a time-differentiation
first. Denoting

G(2) = O F (2) = F'(2)z and H(z) = 8,G(2) = F"(2)2 + F'(2) 2, (5.24)
we obtain higher-energy inequalities
T
T) +C’1/ E(t)dt (5.25)
0
T
< ChE»(0) + Cs / (AG(2), 1) + (BAG(2),0,)dt — (AG(2), 2, )dt

0

and
T)+Ch /T Es(t)dt (5.26)
0
< CQEg(O) + 03/ <AH Zttt> + <BAH ) Gtt>dt — <AH(Z), Ztt>dt.
0
Adding (5.23)—(5-26) together and using X (t) = E1(t) + E2(t) + E5(t) from leads to
T T
E(T) + Cy /0 Bt < GE(0) + Cs /0 ((AF(2), 2) + (BAF(2),0) + (AF(2), 2))dt
T
4 /0 ((AG(2), ) + (BAG(=),60,) + (AG(2), ))dt (5.27)

_/OT ((AH (), zut) + (BAH( )ett>+<AH(z),Ztt>)dt),
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The estimate above is the fundamental observability /stabilizability estimate which reconstructs the
T

full integral of the energy E(t) dt from the initial data £/(0) modulo nonlinear terms represented

by F(z). Clearly, such observability inequality captures the effect of the propagation of the damping
in the system. Indeed, the original system has only one source of dissipation — the thermal flux
q. Observability estimate demonstrates that this dissipation is propagated onto the remaining
quantities: the vertical displacement and the thermal moment. In the linear case, such estimates
lead at once to exponential decays of the energy valid for the entire system. A similar result, yet
using Lyapunov’s indirect method, has recently been obtained for the linear case in [36].

Step 3: Superlinear estimates. Let us recall from that E(t) = E1(t) + Ea(t) + Es(t). Our
goal now is to estimate the nine different integrals containing nonlinear terms in ([5.27)).

Apart from the integral of <AH (2) zm> eight of nine terms in are estimated similarly.

We will illustrate the estimates based on / <AF zt>dt and / <AG ztt>dt in Step 3.1 and

3.2 below and skip the rest. Regarding the highest-order term (in time and space combined),
T

<AH (2), zttt>dt, its estimation involves total differentiation to be demonstrated in Step 3.3 and
0
3.4 below.

Step 3.0: We first prepare some technical estimates that will be frequently used for the remainder
of this section. First, via Sobolev’s embedding and interpolation inequalities, we have

125 < =@ =05 < B )25,
IV2(6)la < =312 < lBr @103, (5.28)
128l < el=@ 130 |=(8)]13*.

In the calculations below, we shall use E; as a shorthand for the norm of z bounded from above by
the z-component of Fi(t). Similar convention applies to Fy and E3 as well.

Further, recall F(z) = K'(0)z — K(z) € C*"(R,R) by Assumption and F’'(0) = 0 and
F"(0) = K"(0) = 0 on the strength of Equation (5.2)). Therefore, provided |z| < M for some
positive number M, we have the following bounds on the derivatives of F(-):

|F'(2)| < em|z|*71, (5.29)
|F"(2)] < emlz* 2, (5.30)
|F"(2)| + [FW(2)] < e, (5.31)

with the constant c¢p; depending on M. Due to the boundedness of the initial data (cf Equation

- or - as well as the temporal continuity of local solutions, we can invoke (5.29) - 5.31)) for
t € [0, Tinax). Later, we will show a posteriori that the solution is globally bounded (cf Equation

(5.59)), hence Equations (5.29)—(5.31) hold for any ¢ > 0.

Step 3.1: A direct computation of AF(z), while exploiting the fact that f(z) vanishes on the
boundary and AF(z) = —AF(z), furnishes the identity

AF(z) = F'(2)Az — F"(2)|V 2. (5.32)

Hence,

T T T
/ |(AF(2),2)|dt < / ‘<F’(Z)Az,zt>‘dt—|—/ ’<F"(z)\VZ|2,zt>‘dt
0 0 0
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T

g/ﬂ Cull226-D| Az|? + €|zt + Coll 262 V2 dat
T

< / Cellzl 25| Az |5 + €] 2| |2dt + Cell2l2 1211312 s dt
/ B () + Ce| (B ()™ 2)23572 + 12352 121557+

< e/ El(t)dt—irCe/ By ()2 25,
0 0

where we have used the estimates from (5.28). Recall that we can choose € < 1. Therefore, without
T

loss of generality, eC3 < (. This assumption enables us to dominate the integral e / Eq(t)dt by
0

T
C1 / Xdt on the left-hand side of (5.27). The same procedure can be repeated a finite number

0
of times whenever a similar term appears while estimating other terms on the right-hand side of
(5.27).

Step 3.2: Computing AG(z) explicitly:
AG(2) = A(F'(2)z) = —F"(2)2|V2|> = 2F"(2)(Vz - Vz) + F"(2) 2 Az + F'(2) Az, (5.33)

we get

T T T
/ \<Ac(z),ztt>|dtg/ ‘(F’”(z)zt|Vz|2,ztt>‘dt+2/ (F"(2)(Vz - V), 20| b
0 0 0
T T
—i—/o ‘<F”(z)ztAz,ztt>|dt+/O ‘<F'(2)Azt,ztt>‘dt, (5.34)

which can be estimated term-by-term as follows:

e The last term of (5.34)) can be treated similarly as in Step 3.1:

T T
| 1F @z a< e sl e,
0

sl4 1/2 sl2
<c/ BEDARY2| 602 e,

e The second and the third terms yield:
/ |((F"(2)(Vz- V), zu)| dt + /O T‘<F"(z)ztAz,ztt>|dt
2 [ 119z Tl [ e ezl 4]
/ 12115 2!VZHL4\VZtIIL4E1/2dt+/TIIZHZO2||Zt|!%4IIZtt\\%4\\z\IH2dt

3/2 1/2 3/2 1/2 +1/2

<c/ 120521 L e 20 el o
3/2 1/2 3/2 1/2

O e P | P e P [ PR S

< C/ 5 1)/4 3/4|| ” (s+1) /2” tHS/Q—l—E(S V/ap E3/4H Hs/z)
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e The first term is treated similarly:

T T T
/0 ‘<F///(z)zt|Vz’2jztt>|dtSC'/O ”VZHZHZttHZdtS C/o Ell/4||z||‘;{22E21/2dt,

Step 3.3: Now, directly evaluating AH(z), we estimate

T T T T
/ (AH(2), )t < € / sttt + C. / A" (2) 22|t + / (ACF'(2)2), z0)dt. (5.35)
0 0 0 0
For the second part, in view of

A(F”(z)z?) = 17(4)(2)\Vz|22t2 + F///(Z)AZZ,? +4F"(2)2(Vz - V) (5.36)
+ 2F"(2)|Vz|? + 2F" (2) 2 Az,

we can estimate term-by-term as follows:

[FD @)V, < ClVaidall < CE 2l 2.
|F"(2)Az22|); < Cllalpellzlis < ClllZellzele 202,
< Cllelellzel ezl =z le < B2 (230203
|F"(2)2(Vz - Va)|s < Cllal%||Vz- V2|2 < CEY ||z 04,
|F"(2) Ay < Cllzlis 2zl llzl%e < CES 242052 2] 4.

Step 3.4: The third part contains the highest-order term among yhe nonlinear terms. We first
observe that

<A(F’(z)ztt), Zttt> = <A1/2(F/(Z)Ztt), Al/QZttt>
= <F”(Z)ZttAl/22, A1/2zttt> < ( )Al/ZZtt, Al/QZttt>
= <A1/2 (F//(Z)ZttAl/Q ) Zttt> <F ( )Al/tat, Al/zzttt>. (537)

For the former term, we have
<A1/2 (F//(Z)ZttA1/2Z) 5 Zttt> S CHZtttHQ (Hztt(Al/2Z)2H2 + HF,/(Z)A1/2ZttA1/2ZH2 + HF,/(Z)ZttAZHQ) .
We estimate these terms similarly as before:

1/2 1/2 1/2
e (AY22)2|, < lzullol V212 < cllzuellen V2l < By |92Vl < eBy*Ey |2 7o,
|42 4122, < [AY22 o0 || Y220 ], < el AY22 ] 2| AV 22 112 AV
1/2 1/2 1/2
< By AV R A2 g

|24z, < llzullallAzlla < cllzulls]Az]s < EWHA 3/2 ) Az||7.

Having accounted for ||[F”(z)]|~ , we obtain

<A1/2(F”<z>mA”2z),zw>sCEa( Vs + BE G ) (5.39)
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Finally, the second term in (5.37) can be cast into the form
<F/(Z)A1/2Ztt, A1/2zttt> 78t<F' AI/QZtt Al/ Ztt> - *<F”( ) (AI/QZtt)2>. (539)
Therefore, the time integral of (5.39) becomes

T T T
/ (F'(2)AY 22y, AV 2 dt§||z||‘;g1HA1/2,zttH2‘ +c/ 1211552 | 2ell oo | AY 222 |5 it
0

514 s—1)/2 s—2)/4 (s—2)/2 L1/4 1/2
< B o [ B R s . 50)

Step 3.5. The estimates for the remaining superlinear terms produce similar results, and are

somewhat simpler due to their higher regularity. Consider, for instance, the least regular term
T

(BAH(z), 0y )dt. Recalling B is a bounded operator on Hj(Q) and the fact it commutes with

A%, we obtain
(BAH (2),0y) = (AYV2H(2), AY2Bby) < eFs(t) + C||AY2H(2)|?, (5.41)
where

|APH(E)| < IF ()| A2l + I (oo (2092, + [[26920]]5) + 1P () o [2292]
< BTV 25 V2B 4 BTG (1 B 4 ey el ) 2 )
+ Cllael BBy

Step 4: Combining Steps 3.1-3.5 together, we arrive at the final superlinear inequality:

T
E(T) + Cy / B(t) t < Cy(B(0) + B~V (0) X C0/4(0) + BE VD) X HAT))
0

N .
+C5) / E () X% (1) dt, (5.42)
i=1"0
where N e N, o; > 0,8, >1fori=1,...,N. O

Lemma 5.2 (Super-linear estimate of the full energy X (t)). Under the same assumptions as in
Lemma the following inequality holds true:

X(T)+ 4 /OTX(t) dt < Cy (E(()) + Egsfl)/4(0)X(s+1)/4(0)

N T N T
+) / EX(T)XP(T) + > / EX () X% (1) dt), (5.43)
i=1 70 i=1 70
where N € N and a; > 0,8, > 1 fori=1,...,N.

T
Proof. There remains to estimate the missing terms Y (7') and / Y (t) dt.
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Step 0: On the strength of Equations (5.3a))—(5.3c)), we have the estimate

2
(107 2(T) 2 + 1070CT) 3 + [|oFp(T)[3) + [l (T3
j=0

J

T . . . 2 2
+ [ (1020 + 19700+ [000]) + et 54
0
T
< CE(T)+C / Bt) dt.
0

Step 1: Space-regularity boost for 0 and p. From Equation (5.3b]),
Ipll7 < C0:NFn + lzell70) < C(Ba(t) + Ex(t)) < CE(#).
Applying the time-derivative operator to the both sides of (5.3b)), we can see with (5.44) that
Ipellzrs < CllOullFr + ll2ullFr) < e(Bs(t) + Bs(t)) < CE(1). (5.45)
Another temporal differentiation yields
2 2 2
[8:2(®)][5 < Cllpaelly + (20 ]|,) < C(Ba(t) + Es(1)) < CE(®).
Similarly, a time-differentiation of (5.3c|) gives
2 2
16:]1772() < CllAGl; < C([lpully + [[p2ll,)” < C(E2(t) + Es(t)) < CE(®).  (5.46)
Moreover, via (5.3c), (5.45) leads to the estimate of the H*-norm of 6:
1012500 < CIAOIE < Clllpellys + pl20) < CEQ). (5.47)
Finally, using (5.3c)), we get
146> < C(Ilpell* + Ipeel?) < CE(). (5.48)
Adding up the estimates above, we obtain the following extra regularity
2 2 2
| A6(0)[|5 + [[AG: (O] + (|6 (D)5 + 16 Frs + IO, + 2270 < CE(®). (5.49)

Step 2: Estimate of the H?-norm of z. This estimate involves nonlinear terms.
We first recall the identity

AF(z) = F'(2)Az — F"(2)|V2|?. (5.50)
Plugging the above identity into (5.3a)), we observe
Az = (YT + A Yz + @Al + F'(2) Az — F"(2)|V2]?, (5.51)

which implies )

|42[l, < CE@) + I1F' )13 A2]” + I1F" ()12 |1V 21

(5.52)

or
213 < O (E@) + 12127212l + 1212 7HIV13) - (5.53)
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To proceed, we invoke the embedding H7/4(Q) < W14(Q) for d < 3 and obtain
V(13 < Cllzllggra < Izl ar < elzlfe + Cellzllin < ezl + CEL().
Applying this inequality with the frequently used embedding (5.28)) to (5.52), we get
s—1)/2 s s—2)/2 s s/2
203 < C(B®) + B2zl + B2 el + B2 2 )5°) (5.54)

Step 3: H?-norms of z; and p. We start by applying the time derivative to both sides of (5.51))
to obtain

Az = (7T + A Y2y + aAby + F'(2) Az + F"(2) 20 Az — F"(2)2| V2> — F"(2)(Vz - Vz), (5.55)
This gives, after accounting for (5.48)),
[A=ll; < (107 + Az + A8 + [ F'(2) Az 3 + [ E"() [ | A=)
+ [ E7 Gl V=, + 1 2| (V2 - Vzll3)
< O (BO) + 112127 | Az + 12012z + Ol V=P + 12124V z - V20)[3)
A term-by-term estimation as before leads to

1 2 2)/2
lzel32 < CE+ ES V212155 2 22 + EC 22208 2 i |26 a2

1/2 2 3 4 1/2 1/2 3/2
+ B2z 2l el + B35 2 22 2

Now, (5.3b) and (5.49)) yield the same bounds for the H2-norm of p.
Step 4: H3-norm of z. This time, we apply the V-operator on both sides of (5.3al), or (5.51)),
to get

VAz =V(yI + A Nz + aV A+ 3F"(2) A2V 2z + F'(2)VAz — F"(2)|V2|*Vz (5.56)
and, thus,

IVA2|[; < CE+ [161%s + 121271 42151V 215 + 121272V A2][; + 1V 200 || V2[5
One last application of the embedding and interpolation inequalities leads to

2l < CE+ B2 l2lellzlfo + BV 2ll5a 2l + B2 Nl 2llms. (5.57)

Step 5: Combining all of the previous steps with the estimate of E(¢ - the desired result
follows. O

Theorem 5.3. Under the conditions of Lemma in particular, Equation (5.43), and the as-
sumption
X(0) <M  for some M >0, (5.58)

there exists a 0 > 0, depending on M and p (defined in Equation ), such that, whenever
E1(0) < 9, the local solution exists globally, i.e., Tax = 00. Moreover, the associated higher energy
decays exponentially, namely,

X(t) < Ce ™ X 3/4(0), (5.59)

where C;k > 0 and the constant 0 is given in Equation (5.77)) in the proof below. Hence, when
s =3, Theorems and [2.8 are established.

28



Proof. After some minimal amendments, Equation (5.43) rewrites as

X(T) +C /OTX(t) dt < C2<(1 + E§S—1)/4<0))X(8+3)/4(0)

N T N T
1 Bi Qi Bi
+; /0 Ef(T)X (T)+; /O B () X5 (t) dt). (5.60)

We first proceed with our energy estimate inequality. Let Cy,Co,Cs and oy, ..., an, B1,-- ., BN,
N be the constants from (5.60). Introduce the (smooth) functions

N N
flay) =y—CY a%yh = y(l — Oy Zmaiyﬁi—l) (5.61)
=1 N 1:16’ N
g(w,y) = Cry — Cy Y a%iyf = Cly(l - Ff Zxaiyﬁi—l). (5.62)
i=1 =1

Recall 8; — 1 > 0. Now, we can express the function f from Equation (5.60) as
T
f(BA(T), X(T)) + / g(Br(t), X (1) dt < Co(1+ B~V 0) Xx9740). (5.63)
0

We will apply a modified ‘barrier method’ to show the desired result. Before doing so, we need an
additional estimate on Fj(t).

Step 1: Refer to the Fy-inequality . We apply usual embedding and interpolation tech-
niques to these ‘lower-order’ terms. In particular,

(AF, z) < |20 || Azl ]| 2]l + 121552 V]|
< CE s+1)/4H ‘|(S+1 /2 +CE(5+2)/4H H 5—2)/2

p (5.64)

<CE s+1)/4|| ||(s+1 /8 (s+1)/8 + CE(5+2 /4

[Ells || ol

= CB P ey P 4 OBy el
with (SH) > 1 and 5+2 > 1. The other two nonlinear terms can be estimated in exactly the same
way.
Hence,

T N T
E\(T) + Cs /0 Ey(t) dt < C4<E1(O)+Z /0 EV(#)X7(t) dt), (5.65)
Jj=1

where 7; > 1 and 7; > 0 for j = 1,..., N. Letting

N N
k(z,y) = C3x — Cy Zﬁfw?ﬁ = $<C3 - Cy Zij_lyTj»

j=1 j=1
Equation (5.65) can be expressed as
T
Ey(T) +/ k(E1(t), X(t)) dt < C4E1(0). (5.66)
0
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Step 2: Global existence. Let (2(0),6(0),p(0)) be the initial data triple and let Tyax denote the
maximal existence time of the local (smooth-in-time) solution. Our thrust is to show that, given a
some small bound on E;(0), we have Tipax = 0.

Step 2.1: Arguing by contradiction, suppose Tax < 00, and X (Tax) = oo. Letting My =
(2C + 1)MCH3/4 | define

T* = sup {t € (0, Tmax] | X (s) < 2Mj for any s € [0,t]} < Tinax < 00 (5.67)
and

T* = sup {t € (0,T*] | k(E1(s), X (s)) — LE1(s) > 0 for all s € [O,t]} <T* (5.68)

Equation (5.67) suggests that
X(T*) = 2Mo, (5.69)

otherwise, we can extend 7™ due to the continuity of X (¢) in time.

We also observe that 7% > 0if £;(0) is small enough. Indeed, since the function k(£ (s), X (s))—
%El(s) vanishes for Fq(s) = 0, it suffices to prove that it is increasing with respect to FEq(s). A
quick calculation shows that for |y| < 2Mj,

0 Cs
p <k(as7y) 5 > > = — 0427 2 (2My)T

Thanks to the fact that ; — 1 > 0, the right hand side function has a unique positive root. Let §;
be this root, namely,

N
01 > 0 is the number such that % —Cy nyj (51“_1(2MU)TJ' =0. (5.70)
j=1

Hence, when 0 < E1(0) < 41, k(E1(0), X(0)) — %El (0) is strictly positive, making 77" strictly
positive, as well.

Step 2.2: We claim that T** = T™*. Again, arguing by contradiction, we would otherwise have
k(EL(T*), X(T*) — %El (T**) = 0 due to the temporal continuity of the latter function. Thus,

C3 —Cy ZEW‘I (T)X(T™*) =% and  k(Ei(t), X)) > LB (¢) for any t € [0,T*].
7j=1
Solving the first equation for E1(T**), we get a unique solution (depending on X (7T7*)) subsequently

denoted as a € R.
Using the second inequality and plugging it into (5.66]), we obtain

T**
El(T**) + % FEr (t) dt < C4E1(0). (5.71)
0
Imposing the condition
a
E1(0) <dy=— 5.72
(0) <82 = 5 (5.72)

we would arrive at the contradiction: Ey(T**) < § # a.
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Step 2.3: Thus, T** =T and E;(t) < C4E1(0) for any ¢ € [0,7%]. Now, assuming

Ei(0) < 65 = 2 (5.73)
Cy
with p defined in (2.9), we have K’(z) > 0 for any ¢ € [0, 7*] meaning the positive ellipticity holds
true.
Next, we proceed to Equation (5.63). Recalling the definitions in Equations (5.61)) and (5.62)
as well as the bound X () < 2Mj in [0, T*], we let d4 be a small number such that

N

N
, C ,
1—0Cy E 521(2M0)&71 > 5 and 1— 6? § 52‘1(2M0)5i*1 >
i=1 i=1

—

(5.74)

N =

Hence, f(E1(T*), X(T*)) > 1 X(T*) and g(E1(t), X(t)) > 3X(t) for any ¢ € [0, T*]. Together with
Equation (5.63), we get
T*

X(T*)+ [ X(t) dt <205 (1+ EFD4(0)) x6+3/4(0). (5.75)
0

Since X (t) < 2My, it follows that
20, (1 4+ E¥/40) x6+3/4(0) < 205 - 2X(0) < 2My  if Ey(0) < 1. (5.76)
In summary, selecting
0 = min{d, d2, 03, 1} (5.77)

with 0;, ¢ = 1,...,4 defined in Equations (5.70)), (5.72)), (5.73)), (5.74)), respectively, we get X (T%) <
2Mj contradicting Equation (5.69)). Hence, we have Tiyax = 0o and 2M) as a global bound for X ().
Step 3: Ezponential stability. Equation (5.75) now becomes

T
X(T) +/ X(t) dt < 402X(5+3)/4(0)
0

for any 7' > 0. A standard Datko & Pazy-type propagation argument (cf. [26l p. 211|) furnishes
the exponential decay of X (7). O

Remark 5.4. We conclude this section by pointing out that, in order a smallness condition on the
lower energy E1(0) (in lieu of the smallness of the full energy X (0)) to be sufficient, Assumption
is critical. To see this, consider, for instance, the lower-order nonlinearity K(2) = z — 2% + az3.
Thus, F('z) = 2z — 3az? and F"(0) = 2. With this example, the superlinear inequality for X (t)
(¢f. Equation (5.60)) still holds, but the other one for Ey(t) (c¢f. Equation (5.65)) fails. Indeed, the
inner product <AF, zt> in ((b.64]) contains <F”(z)|Vz]2,zt>, which can (optimally) by estimated as

(F"(@IVa,2) < OlIV2P ||z, = CIVEE 2], < Cllallf 232 2] e < OB X2,

H? H?

with a constant bound from |F"(z)|. Therefore, one cannot obtain a superlinear bound for Ej.
Nevertheless, if seeking for a weaker result with a smallness condition on X (0) instead (for instance,
as in [26] or [{7]), the nonlinearity K (z) = z— 2% would be admissible. This should not be surprising
as our Assumption 18 weakened, accordingly.
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A Model Description (d = 2)

In this appendix section, we derive a macroscopic model for a prismatic thermoelastic plate of
uniform thickness h > 0 and constant material density p > 0. As a reference configuration, we
choose the domain By, := € X (—%, %) of R3, where the bounded domain 2 C R? is referred to as
the mid-plane of the plate. The governing equation for the elastic part can be adopted verbatim
from [26] Section 2|, while the thermal equations will closely resemble [42, Chapter 1.5.2]. The
material comprising the plate is assumed incompressible and elastically /thermally homogeneous and
isotropic. While geometric and thermal nonlinearities are going to be discarded in what follows,
our model will incorporate a nonlinearity in the hypoelastic material law allowing us to adequately
describe such genuinely nonlinear elastic materials as rubber, liquid crystal elastomers, biological
tissues, etc. The model will be obtained as a sort of Taylor’s expansion of the 3D equations of

thermoelasticity as h — 0 (cf. [22, Chapter 1]).

A.1 Thermoelastic Plate as a 3D Prismatic Body

We begin with formulating the system of nonlinear 3D thermoelasticity. To this end, in the La-
grangian coordinates, let U = (Uy, Us, U3)T denote the displacement vector, T stand for the absolute
temperature and Q = (Q1,Q2,@3)” be the associated heat flux. Denote by Ty > 0 a constant ref-
erence temperature rendering the body free of elastic and/or thermal stresses. Further, let S be the

entropy and
g = (Uij)lgi,jSS and Eelast = %(VU + (VU)T)

stand for the first Piola & Kirchhoff stress tensor and the infinitesimal Cauchy strain tensor, re-
spectively. The total stress tensor is assumed to decompose into elastic and thermal stresses via

o = o,elast _ o,therm. (Al)

In absence of external body forces and heat sources, according to [I, p. 142] and [22] Chapter 1],
the momentum and energy balance equations are expressed as

pU +dive =0  in (0,00) X By, (A.2a)
TS;+divQ=0 in (0,00) X Bp,. (A.2b)

With conservation/continuity Equations f at hand, we proceed to constitutive re-
lations relating the stress tensor to the strain tensor/displacement gradient, the entropy to the
temperature and the heat flux to the temperature gradient. As previously mentioned, following [Il
p. 142], we assume the material is incompressible and isotropic and the elastic stress and strain
directional tensors (viz. [I7, Chapter 1, §6]) coincide. Next, we postulate a hypoelastic relation
between the stress tensor o®®t and the strain tensor €®*. Due to material isotropy and incom-
pressibility, following [I7, p. 42], such hypoelastic relation can be described as
st = p(egla) (43

Oint

where the elastic strain and stress intensities

Eill%st _ g ((tr Eelast)? —tr ((Eelast)Q))7 Jf;?St _ g ((tr o_elast)2 —tr ((a_elast)2)>
are the second invariants (i.e., properly scaled ‘second’ eigenvalues) of €°5* and o°!#s! | respectively.
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Remark A.1. The elastic stress-strain response k(-) must naturally satisfy x(0) = 0 and is typically
measured experimentally, for example, through o tensile test experiment. Being usually estimated
through a statistical regression procedure, k(-) can be reliably estimated only over a compact range of
arquments. For this and many other reasons (such as possible material failure, etc.), the behavior of
k(-) at infinity should be viewed as a mathematical idealization. Nonetheless, assuming k(-) is defined
globally, in addition to satisfying limy o ‘/{(s)‘ = o0, the function needs to be globally positive to
give rise to a signed elastic energy function W = W(VU). This is a reasonable assumption — both
physically and mathematically — widely adopted in the Theory of Finite Elasticity (cf. [40, Chapter
1]). When the global positivity of k(-) is violated (see, e.g., a class of hypoelastic laws proposed in
[1, Equation (6)]), mathematical difficulties are artificially created putting unnecessarily constraints
on the magnitude of the displacement gradient.

For the thermal stresses and strains, following [22] Chapter 1.6], we adopt the linear isotropic

homogeneous law
O_therm — 3B€therm, (A4:)

where B is the bulk modulus. Letting £ > 0 and v € ( -1, %) denote the Young’s modulus
and Poisson’s ratio, since the material is assumed incompressible, we would formally obtain v = %
rendering the bulk modulus B = ls(TEw) infinite. In fact, as recently demonstrated in [35], this
singularity does not occur experimentally as B remains bounded (and even decreases!) as v 7 %
Similarly, instead of hitting 0 at v = %—, the shear modulus G remains positive — even though
several magnitudes smaller than B. It has further been shown that %—Jf(%—) = 0. Hence, without
violating the incompressibility condition, we can assume v < % Linearizing x(-) around 0 (cf. [II
Equation 13|) and using the classic definition of structural rigidity
' (0)h3 Eh3

9  12(1—-v2)’

_2 : . .
we obtain E = %I{(O), which leaves the Poisson’s ratio v a free parameter.

Further, with 7 = T — Ty representing the relative temperature, our thermal linearity and
isotropy assumptions suggest
Etherm = 047'13><3, (A5)

where o > 0 denotes the thermal expansion coefficient (cf. [22], p. 29]), while a linear approximation
of the entropy relations [39, Chapter 1| around T' = T reads as

S =~tr (sel‘”t) + &, (A.6)

where ¢ > 0 is the heat capacity and v = 3Ba.
Finally, invoking the Cattaneo’s law of relativistic heat conduction, we obtain

T()Qt + Q — VT =0, (A?)

where 79 > 0 is a relaxation time (not to be confused with the temperature 7) and Ag > 0 is the
heat conductivity number. Compared to the classic Fourier’s law (i.e., 79 = 0), the Cattaneo’s law
has a hyperbolic nature giving rise to the so-called ‘second sound’ effect and having a finite signal
propagation speed. While often being quantitatively indistinguishable from the Fourier’s law, the
Cattaneo’s law becomes critical at small time-space scales and/or large heat pulse amplitudes as
the latter is the case in laser cleaning (see, e.g., [8, 43| and references therein) and numerous other
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applications [10], etc. Since the plate is thin in the x3-direction, it is legitimate to approximate the
equation for Q3 in (A.7) via the Fourier’s law and obtain

TPQ:+Q—NV7T=0 with P:= (A.8)

S O =
O = O
o O O

or, equivalently,
TQ; + Q; = —)\oaxiT, 1=1,2, Q3 = —)\08%7,

while keeping the genuine Cattaneo’s law for @)1 and Qo-components
Combining Equations (A.1]), (A.4)—(A.7) and plugging them into Equations (A.2al)—(A.2b]), we

arrive at

pUs + dive®™t 4+ 4Vr =0 in (0,00) x By, (A.9a)
pery +divQ +4TodivU, =0  in (0,00) x By, (A.9b)
oPQ: + Q — AV7T =0 in (0,00) X By (A.9¢c)

with 12t = g°13st(VU) implicitly given via Equation (A.3) and the tensor alignment assumption.
The equations of 3D dynamical thermoelasticity (A.9a)—(A.9c]) are the starting point of our further
plate modeling procedure.

A.2 The Averaging Procedure

Following [22] and neglecting the in-plane displacements, we adopt the Kirchhoff & Love’s structural
assumption of undeformable normals:

Ur(z1, 22, x3) = —x3we, (z1,22), Us(x1,22,23) = —T3ws, (21, 22),

(A.10)
Us(z1,x2,23) = w(zxy, z2),

where w is referred to as the bending component or the vertical displacement. Practically speaking,

Equation means that the linear filaments, which were perpendicular to the mid-plane before

deformation, are mandated to remain straight and perpendicular to the deformed mid-plane. Hence,

the dynamics of the deflection vector U is reduced to that of the bending component w.
Motivated by [22, Chapter 1.6], we introduce the thermal component

1200 (12
O(x1,x9) = / x3Tdrs
b3 J_n

as the zg-moment of the thermal strain a7, which, in turn, on the strength of Equation (A.5), is
proportional to the xg-moment of the temperature 7. Here, the normalization factor is obtained as

a reciprocal of h3/12 = ff}/jQ xsdxs. Similarly, following [42] Chapter 1.5], let

q(zy,x9) = 3 /h/2 x3 (g;) dxs.

Proceeding as [26], Section 2|, Equation (A.9a]) can be reduced to

phwy — P Awy + AK (Aw) + DHEEAG =0 in (0,00) x Q. (A.11)
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Here, D = % is referred to as the flexural rigidity. The nonlinear response K (-) is obtained
from k(-) by means of

K(s) = \%[IH] (%), where [I1f](s) = s72 /OS Ef(§)dE for s € R\{0}. (A.12)

In contrast to [I], the rotational inertia Awgy-term is not neglected here allowing for an adequate
description of thicker plates than those accounted for by the standard theory.
Multiplying Equation 1' with 12§3 and integrating over x3, we obtain

Z Oz, / r3qdas + — / T3—— @s dzs + pcat/ x37drs — YIpAw, =0

h3 —h/2 833'3 h3 —h/2
and, thus,
12 (M2 9
divg+ -3 3 8Q3 dws + pe 975 YTy Awy = 0. (A.13)
7h/2 x3
Integrating by parts and using Equation (A.8)), we compute
h2 g h/2 h/2
/ T35 N drs = — Qzdzs + 303@3‘
—hj2  Oxg —h/2 h/2
h/2 97 h/2 h/2
Y 974 ‘ — (A ‘ A.l4
O/h/2 o5 z3 + 23Q3 _hj2 (o7 + 23Q3) 2 ( )

= No(7(t, m1, 22, ) — 7(t, 21,02, — 5)) + 2(Qs(t, 21,22, 5) + Q3(t, 21,22, —§)).

Following [22], p. 30], we assume the Newton’s cooling law is applied to plate’s upper and lower
faces:

Qg(t,$1,$2,%) :AlT(t,xl,IEQ,%), Q3(t7x1’$2,7%) = *AlT(t,iEl,!Ez,*%) (A]'S)
for some A1 > 0. Using the Taylor’s expansion
7(t,x1, 72, 73) = T0(t, 71, 72) + 2371 (F, 71, T2)

and observing 6 = a7y, we can write

T(t, T1,T2, 1'3) ‘}_L/h2/2 = h’i‘l(t, x1, 1‘2) = gtg(t, 1, xg). (A.16)
The combination of Equations (A.13)—(A.16]) furnishes
L+ 22 (Ao + 131)0 + divg — vTh Aw, = 0. (A.17)

Multiplying the equations for @1, Q2 in lb with 12’53 and integrating over xsz, we get

T0G: +q — 20V = (A.18)

Combining Equations (A.11), (A.17), (A.18]), we arrive at

phwy — %Awtt + AK(Aw) + DEEAG =0 in (0,00) x Q, (A.19a)
L0804+ divg + 2% (Ao + 1) + vThAw, =0 in (0,00) x ©, (A.19b)
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Toqt +q— 2V =0 in (0,00) x Q. (A.19¢)

Various boundary conditions can be adopted for Equations (A.19al)—(A.19¢|) (cf. |2 Chapter 2|,
[17, Chapter 4], [22, Chapter 1], [28], 29, B0, B2]). In this paper, we consider a simply supported
plate held at the reference temperature on the boundary 0€:

w=Aw=60=01in (0,00) x 9.

For the sake of convenience, outside of this Section, the constants in Equation (A.19a))—(A.19¢|) will
be renamed and/or normalized to obtain the mathematically more convenient system (1.1)—(1.3).

B Well-Posedness for Linearized Equations

The following well-posedness result is based on an extension of Kato’s [19] solution theory for
abstract time-dependent evolution equations developed by Jiang & Racke [18, Appendix A]. The
arguments presented below are an adaptation of [26, Appendix A.1]. In contrast to [26], Equations
- comprise a hyperbolic system so that Equation - ) for z does not decouple from
Equatlons - ) for #,p. This makes the analysis more complicated as all components
need to be treated simultaneously. This can be explained by the fact that Equations (B.2a] -
inherit hyperbolic natural from the original plate system f.

Let @ C R? be a bounded domain with a C*-boundary 0 for some s > 4] + 2. Further, let
T > 0 be arbitrary, but fixed. Throughout this appendix as well as the proof of Theorem as
before, H)(Q) = H(Q) := L?(Q) and D" is the time-space gradient defined in Equation (4.3)).

Further, let ¢5 := exp (ﬁ)ﬂ(,(w) denote the one-dimensional Friedrichs’ mollifier with a
‘window size’ § > 0. For any L!-function w: [0,7] x  — R, consider the C*°(Q)-approximation
(cf. [48, Chapters 8 and 9]) of w:

:/T¢5(t—s)w(s,-)ds for tel0, 7] in Q. (B.1)
0

The following result by Jiang & Racke [I8, Lemma A.12] will be used in the sequel.
Lemma B.1. For arbitrary a € C*([0,T],L>(Q)) and w € C°([0,T], L*(Q)) and any sufficiently
small € > 0, there holds

T—e

%i_l}% j 10 ((aw)s(t, ) — awsl(t, )HL2 dt = 0.

Consider the following linear system with time- and space-dependent coefficients:

24t (t, ) — @ij(t, )0, 0z, 2(t, ) — SA0 + B = f(t,x) for (t,z) € (0,T) x £, (B.2a)
BO:(t,x) + p(t,z) + az(t,x) =0 for (t,z) € (0,T) x £, (B.2b)

Tpe(t, ) + p(t, ) — nAd(t,z) = for (t,x) € (0,T) x Q, (B.2¢)

z(t,z) =0, 0O(t,z) = for (t,z) € [0,T] x 09, (B.2d)

2(0,z) = 2%(x), 2(0,z) = ( ) for x € Q, (B.2e)

0(0,z) = 0°x), p(0,z)=p"(x) for x € Q. (B.2f)

Here, B is a bounded linear operator on all H*(Q), s > 0, and H*(Q) N HJ (), s > 1, spaces and A
is the negative Dirichlet-Laplacian, which should not be confused with the generator A(t) defined
in Equation (B.3]) below.
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Assumption B.2 (cf. [26, Appendix|). Let s > L%J + 2 be a fized integer and let vo,v1 be positive
numbers. Assume the following conditions are satisfied.

1. Coefficient symmetry: a;;(t,z) = a;i(t,x) for (t,z) € [0,T] x Q.
2. Coefficient regularity: a;; € C°([0,T] x Q) and

O, bij € L=(0,T; HH(Q)), 0a;; € L°(0,T; HS17™(Q))  form=1,2,...,s— L.
3. Coercivity: For z € H}(Q) and t € [0,T), || HHl(Q) < y0(aij(t, )0, 2,0, 2 >L2(Q),

4. Elliptic regularity: For m =0, 1,. —2, 2(t,-) € H{(Q) and ay(t, )0y, 0r,2(t,-) € H™(Q)
for a.e. t € [0,T] implies u(t,-) € Hm+2(Q) and

12(t, ) gmr2 ) < 71<||%( )02, O 2(t, ) | rm () + Hz(tv’)HB(Q)) for a.e. t €10,T].
5. Right-hand side regularity: Form =0,1,...,5s — 2,
orfe (0,7, H*™(Q)), 0F 'feL*0,T;L*()).
6. Compatibility conditions: For k,l,m=0,1,...,s—1,

e MO N HN(Q), 2 e LAQ), 0 e HUQ)NHN(Q), e  HRQ)

where 2™, 0", pF are recursively defined via
P(z) =2 (), z'(2)=2'(2), () =6), p°(2)=p"(2),
_iml (7:25 ( )8t AijOr; O, 2™ m O‘Aem 2 B2+ 8;”*2ﬁ-) (0, )
b )07 42 @) = 52 ()
—2p" (@) + (46" (x)

form > 2 and x € (.
Note that our Assumption differs both from [I8, Assumption A.2.1| and [26, Assumption A.2].

Theorem B.3. Under Assumption the initial-boundary value problem — POSSESSES
a unique classical solution (z,0,p) such that

s—1
ze () C™([0,T), H*~™(Q) N Hy () N C*([0,T], L*()),
m=0
s—1 s—1
0 () Cm(0,T), H ™) NHy(), pe [)C™(0,T],H Q).
m=0 m=0

Moreover, letting

bo = Héi]'(oa )HL"O(Q) + ||axkaij(0a ')HHS—l Q)

¢=01£ta§)§r (”aw( Mooy + 1102, (¢, )l gs-1(0) + Z 107" s (£, )| prs—1- m(Q))7
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there exists a positive number K1, which is a continuous function of ¢o, Yo and v1, and a positive
number Ko, which continuously depends on ¢, vo and v1, such that

2 . 2
s (10720t + 1077100 [ oy + 1090 o)

< KiAgexp (K2T1/2(1 LTV T T3/2)),

where

S

Ao = S 1™ ey + S ey + . (@)

m=0 m=0 m=0

T
+(1+T) sup [|D72F ()] 12 +T1/2/ 1077 F(t, )2y -
0<t<T

Proof. This proof adopts the abstract solution theory [18, Theorems A.3 and A.9]. When treating
the z-variable, we follow the streamlines of Lasiecka et al. |26 Appendix A.1].

Ezistence and uniqueness at basic reqularity level. For t € [0,T], define a bounded linear operator

0 -1 0 0
—83j(t,)00,0,, 0 —2A4+B 0

A(t) = i 0) o, 0 1 — X, (B.3)
8 8
0 0 -14 1

where the Hilbert space
Xo = HY(Q) x L3(Q) x HL(Q) x L*(Q)
is endowed with the inner product

(V, V)i := (aij(t, ) 02,2, 02,2) 1 12 T W02 + 5 <A1/29 AY20) 12 + 55 (0. D) 12

for (z,9,0,p), (2,9,0,p) € Xo (the bilinear form (-, -); is equivalent with the standard inner product
on Xy due to coercivity Assumption 3) and the Hilbert space

Yy o= (HG(Q) N HY(Q)) x Hy(Q) x (HF(Q) N H(Q)) x Hy(Q)

is equipped with the usual inner product. With this notation, letting V' := (z, 9,2, 6, p), Equations
(B.2a)-(B.2f) can be cast into the form of an abstract Cauchy problem

oV () + AV (t) = F(t)in (0,T), V(0)=V"° (B.4)

with F' = (0, £,0,0) and V0 = (2, 21,69, p).

We want to show that the triple (.A; X[),Yl) is a CD-system as defined in [I8], Section A.1].
Obviously, D(A(t)) = Yj. In particular, this means the domain of A(t) is time-independent, and
the operator A(t) itself is closed. Indeed, suppose

z -y
Y —a;j(t, )8%8%2 - QAH + BY 1 2 2 2

= € Hy(Q) x L2(Q) x L“(Q) x L=(Q).
0 5y+5p 0(9) Q) () Q)
D —1A0+ 1p
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Inspecting the first component, we get y € H}(Q). Since p € L*(Q) and 0 € p(\A(t)), the fourth

inclusion yields § € H?(Q)NH}(2). Now, exploring the second inclusion, [B.2]4 suggests z € H(Q)N

H (). Finally, combining these regularity properties, the third inclusion furnishes y € H3 ().
For t € [0,T1], consider the “elliptic” problem

(A(t)+)\)V:F with FE(f1>f27f37f4) eAXVO-

Letting V' = (z,y,0,p) and expressing Equation (B.5)) in the component form, we get

—y+Az=fi, (B.5a)

—a;j(t, )0z, 0z, 2 — O‘AQ + BO+ \y = fo, (B.5D)
Sy+5p+ M = fa, (B.5c¢)

—2A0+ 24+ Xp = fu. (B.5d)

Solving Equations and for y and z, respectively,
y=Xr—fi andp=(A+21)7"(fs+ 240)
and plugging the result into Equations , , we arrive at
(N = @ij(t,-)00,00,) 2 = (LA = B)O = fo + A1, (B.6a)
O‘AZ+< LA+ 1) 1A+A)9=f3+%f1—%(A+$)’1f4. (B.6b)

Multiplying Equations (B.6a))—(B.6b) in L?(2) with O‘zz and A, respectively, z, 0 belng two arbi-

trary HS(Q)—function, and integrating by parts using the boundary conditions , we obtain
the variational equation

a((z,90),(z,0)) = F((z,9)),
with the bilinear form
_ a? a? _
Cl((Z,G),(Z, ) 52 <a2j( )aa?lz 81‘7Z>L2(Q) 2<(6I1a1j<t7))Z78$]Z>L2(Q)
Az, 2) 2 () — W(AI/QQ,A P2) 120 + %2(39, 22 + 522, 0)2)  (B.T)
LA+ L) THAY20, AY20) 120y + A2(60,8) 120

D
~—

2

Q

+
+

P g

and the linear functional
F((Z, 9_)) = %(fz + Af1,2 >L2(Q + )\<f3 + 5f1 — *()\ + ) 1f4’§>L2(Q)' (B.8)

Clearly, both a(-,-) and F' are continuous on V x V and V), respectively, with V := (H(%(Q))2
Further, for sufficiently large A, applying Young’s and the Poincaré & Friedrichs inequalities and
using the boundedness of ||0y,a;j|| e (viz. Assumption [B.2|2) and that of B, we estimate

a((2,0),(2,0) > %2 (@ij(t, )02.2, 0, 2) 12() — €l 2l () — CellzlF20
012 a2 2
+ SN2l 2 () — ell2llin o) — Ce||9HH1(Q) — 5@ NllzlTa) — S 1072 (B.9)
—1 2
+ AN+ 1) A0 ) + A0 T2
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for any € > 0. Now, selecting ¢ sufficiently small and, if necessary, increasing A, we easily see that
B(-,-) is coercive, i.e.,
2 2
a((z76)7 (279)) = "6(”2”1{1(9) + HGHHl(Q))
for some k > 0. Hence, invoking Lax & Milgram’s Lemma, we obtain a unique solution (z,6) €

H&(Q))2 to Equations f. By elliptic regularity (cf. Assumption 4), Equation
(B.6b) implies § € H*(Q) N H} (). Next, plugging in 6 into Equation , Agsumption .4
suggests z € H?(Q)NH}(Q). Substituting into Equation (B.6]), we further get y,p € H} (). Hence,
we found a solution V = (z,y,0,p) € D(A(t)) to Equation (B.5). The estimate ||V||x, < C||F|x,
for some C' > 0 immediately follows from Lax & Milgram’s Lemma and Equation . Hence,
(A(t) + A) is a maximal operator on Xj.

Further, we prove the operator A(t) + A for any sufficiently large A > 0. Using integration by
parts and the boundary conditions , we estimate

(A, V>X0 = —(@ij(t, )02, 00,2, Y) r2(02) — (@ij (L, ), 2, O, Y) 12()
— 2(A0,y)12() + 2(AY20, A2y) 120y + 2(AYPp, AV?0) 12
+(BO,y)r2() — (A0, ) r2() + 5 1Pl 720
= llplZ2 i) — |8z as(t, Nl e @121 @) 19l 220 + (B, y) 12(0)

for some Ao > 0 depending on v, 0, 7, || Bl|1(z2(q)) and H(?midij(t, ')HLOO((O,T)xQ) (cf. Assumption
2 and 3). Hence, by virtue of Lummer & Phillips’ Theorem and standard perturbation
results, A(t) is a negative generator of a Cy-semigroup of contractions on Xy. Summarizing, we
have shown (A(t)) te[0.7] is a stable family of infinitesimal negative generators of Cp-semigroups
on Xy with stability constants M = 1,w = Ag. Taking into account regularity conditions from
Assumption 5, we can apply [I8, Theorem A.3| and get a unique classical solution

Ve c?([0,7], Y1) nC'([0,T], Xo)
at the at basic regularity level, which is equivalent with

z € C*([0,T],L*()) N C*([0,T], Hy(Q)) N C°([0, T, H*(2) N Hy()),
0 € C*([0,T], Hy(2)) N C°([0,T], H*(Q) N H)(2)),
p € CH([0,T], L*(2)) N C°([0,T], Hy(%)).

Higher regularity. For the proof of higher solution regularity, we consider the following increasing
double scale ((Xj, Yj))j>0 of Hilbert spaces with Yj := X and

X; = (H7TH(Q) N Hy(Q)) x HY (Q) x (HIT1(Q) N Hy(Q)) x HY (),
VI = (H7PH(Q) N H(Q)) x (H7(Q) N H(Q)) x (HITH(Q) N Hy () x (HY (2) N Hy () for j > 1.
On the strength of Equation (B.3), the condition
A € Lip([0,T), L(Yj4s45, Xj)) for j=0,...,s —r—land r=0,...,s — 2
reduces to verifying

9} aij(t,)0y,0,, and 0] A,0; B € Lip([0,T], L(H’""2(Q) N Hy(Q), H (Q))) (B.10)
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forj=0,...,s—r—1land r =0,...,5s — 2. Equation is a direct consequence of Assump-
tion 2 and the Sobolev’s embedding HL#%241(Q) < L>*(Q). In a similar fashion, exploiting
Assumption [B.2}4, we observe for j = 0,...,s —2 and ¢ € Y1 and a.e. ¢ € [0,T] that A(t)¢ € X;
implies

¢ € Yjy1 and |9y, < K(AW#)¢|x, +I¢llx,) for some constant K > 0,
which does not depend on ¢. Further, Assumption [B.2]5 yields

HF € C°([0,T), Xs_1_y) for k=0,...,s —2and 9;"'F € L*(0,T; Xo).

Finally, Assumption [B.2/6 implies compatibility conditions in sense of [I8, Equations (A.8) and
(A.9)]. Hence, applying [18, Theorem A.9| at the energy level s — 1, we obtain additional regularity
for the classical solution satisfying

s—1
Ve () Cm™(0,T], Ye1-m).

m=0
Resubstituting, this yields the desired regularity for z, 0, p.

Energy estimates. Forn=1,...,s—1, applying the 8f_l—operator to Equations 1D1D and
recalling the compatibility conditions from Assumption [B.2}6, obtain

07 (0;"2) — ij0, 0, (0] '2) — (LA B) (977'0) = h" in (0,T) x Q, (B.11a)
B (07710) + (97 'p) + ady (97 2) =0 in (0,7) x Q, (B.11b)
70,(0; 'p) + (0) 'p) —nA(9;710) =0 in (0,7) x Q, (B.11c)
N lz=0, 90 =0 in (0,7) x 09, (B.11d)
O 12(0,) = 2"t 9,(9712)(0,) = 2" in €, (B.11e)
ar=0(0,) =01, 9P p(0,) =p! in Q. (B.11f)
with
Sy Z ( > O i) Oy O, O 12 (B.12)

For t € [0,T], multiplying Equations QD and 1} in L2((O,t) X Q) with %Aﬁf_w and

L8;‘_117, respectively, integrating by parts while taking into account the boundary conditions
(B.11d)) and adding up the resulting identities, we get

=t 1 7 _ _
ﬁHAl/Qaf*eH; @hzo +/ (AV20p=1p, AV2O01G) 1 gy dr
2y g
+ = /<A1/26”z AV2gp- 19>L2(Q)d7+iua” D)2 o (B.13)
+/ 197" Pl /<A1/2a" 19, AV20p7 1 p) pagydr = 0.
Summing up over n =1,...,s — 1, we find
1 s—2 o S t
o > (HB? ||H1(Q) + |0 p(t, HL2(Q ) + Z/O (AV207 2, AV20P710) 1o oy dr
=0 =t (B.14)

s—2 t
< Cho+ Z/o (Hafg(77 ')||12L11(Q) + o p(r, ')Hi2(9)>d7
n=0
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for a large generic constant C' > 0. To derive an estimate for 916 and 9;'p, we use the mollifier
from Equation (B.1). Convolving Equations (B.11b)), (B.11¢) for n = s — 1 with the Friedrichs’
kernel ¢, we obtain for any t € [¢,T — ¢]:

(0710)5+ (&) +(97'2); = 0 in (0,7) x &, (D1
T(037p); + (07 7p); = mA(270); =0 (0T (B0

where we used fact that (@w)a = 0 (w(s) and (8”9)5, (8”]9)6 satisfy the same homogeneous Dirichlet
boundary conditions as for ;"0 and 9;'p. Applying the ;- operator to Equations (B.15)), (B.16]) and
multiplying in Lg((O t) x Q) with 1A(65 10) and L (8f ) , respectively, Similar to Equations

(B.13), (B.14), we get for t € [e, T—a]
t
(1001500, )} ) + 10571 mHiz @)+ 5 /0 (05 (AV22)5, 05 (AV20)5) o g T
< (107 0)s(e. My + 107 )s(e 20 (B.7)

" /0 (H@fe)a(m sy + @R gy )i

Repeating the same procedure for the z-component (cf. [26, pp. 216-218]), we get

s—1 s—1 .t

1

& 2 (1ot gy + 720 y) = £ 3 [ (42002, 4207710) ey
n=1 n=1

(B.18)
t s—1 .
< C(¢o, 7)Ao + C(,70) /0 HDSzHiQ(deOZl /0 19776172 0y
as well as
1 s 2 s—1 2 a [t 1/2 s—1/41/2
E(H(atz)5(t7')HL2(Q)+H(at Z)(s(t,.)“Hl(Q))_’Y/o <at(A z)5>8t (A 9)5>L2(Q)d7—
< C(¢0,’yo)(H(Dsz)5(€, )Hi?(ﬂ) + H(af_lz)&(ta ')Hi2(m>
(B.19)

t
+ C(70,7) (1 +T1/2)/0 [(D*2)s(r, ‘)H;(Q)dT

' t s—1 t
e [ a2+ [ lliaatr + €3 [ 1050
c € n=1

for t € [e,T — £] with the ‘commutator’

mo(t,) = (g (1, )0 200,02, 2(1,7) ) | = g, ) (00200, 200, )

Adding up Equations (B.14)), (B.17)—(B.19), invoking the the regularity of z, # and p from the pre-
vious step of the proof and using [26, Equation (A.17)] and Lemmato “eliminate” (97 '2)s(t, )
and 75 on the right-hand side of Equation (B.19]), we send ¢ — 0 and then 6 — 0 to arrive at the
estimate

> (082 72y + 1987 2 )1 )+Z(H8ne Wiy + 1220720

n=1

< C(¢o,70) Ao + C(6,70)(1 + T2 +T—1/2) (B.20)

t
< [ (1027 sy + 1007 oy + 1D () )
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To close the estimate in Equation (B.20)), respective space-derivatives on the left-hand side need to
be reconstructed. To this end, we use Equations (B.11a)—(B.11c) to write
nA(0;10) =700 'p) + (97 'p),
Gij0y, 0r, (O 12) = 07 (0] '2) — 2A(87710) + B(8) 1) — 1",
(07~ 'p) = —BOL(07"0) — ads (0] '2).
Starting at n = s — 1 and iteratively going down to n = 1, while exploiting the elliptic regularity of
A and @;j0;,0y; from Assumption [B.2]4 as well as regularity of A" from Assumption [B.2]5, repeating

the arguments of our closedness proof for A(t) at the basic energy level and the streamlines of |26]
pp. 217-218|, get

D* 2 D5~ 2 Ss— 2
19°200, ) 2y + 1077006 My + 10°7 00 2
< C((bO)’YOv’Yl)AO +C(¢,’)/07’yl)(1 _|_T1/2 _+_T+T71/2)

t
X /0 (HDSZ(Tv ')Hi2(g) +|[[D*o(r, ')H?{l(Q) +[|D*p(r, ')Hi2(ﬂ)>d7'

The assertion of Theorem is now a direct consequence of Gronwall’s inequality. O
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