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LOCAL WELLPOSEDNESS OF QUASILINEAR MAXWELL
EQUATIONS WITH CONSERVATIVE INTERFACE CONDITIONS

ROLAND SCHNAUBELT AND MARTIN SPITZ

ABsTrRACT. We establish a comprehensive local wellposedness theory for the
quasilinear Maxwell system with interfaces in the space of piecewise H™-
functions for m > 3. The system is equipped with instantaneous and piecewise
regular material laws and perfectly conducting interfaces and boundaries. We
also provide a blow-up criterion in the Lipschitz norm and prove the continu-
ous dependence on the data. The proof relies on precise a priori estimates and
the regularity theory for the corresponding linear problem also shown here.

1. INTRODUCTION

The Maxwell equations are the basis of electro-magnetic theory and thus one of
the fundamental partial differential equations in physics. In the case of instanta-
neous nonlinear material laws, they form a symmetric quasilinear hyperbolic system
under natural assumptions. For such systems on R¢, in [16] Kato has established
a satisfactory local wellposedness theory in H®(R%) for s > 1 + g. However, on
a domain G # R3, the Maxwell system with the boundary conditions of a perfect
conductor has a characteristic boundary and does not belong to the classes of hy-
perbolic systems for which one knows a wellposedness theory in H>. The available
results need much more regularity and exhibit a loss of derivatives in normal direc-
tion (encoded in weighted function spaces), see [12] or [22]. In the recent papers
[24] and [25] by one of the authors, a comprehensive local wellposedness theory in
H™ for m > 3 has been established for the boundary conditions of a perfect con-
ductor. The main effort in these works is devoted to prove full regularity in normal
direction at the boundary, heavily using the structure of the Maxwell system.

However, deriving boundary conditions for the Maxwell systems on a domain
G C R3, one starts from the interface conditions (1.2) at G and assumes that one
knows the trace of the fields outside G, see Section 1.4.2.2 of [8] or Section 7.12 in
[11]. Moreover, in applications one often deals with composite materials in which
the constitutive relations are only piecewise regular in x € G. Here one has to treat
the jumps in the material as interfaces. It is thus necessary to investigate interface
problems in electro-magnetism, and not only (pure) boundary value problems.

In this work, we treat a (possibly unbounded) domain G' C R3 being the disjoint
union of two subdomains G and G_ and the interface ¥ = 0G_, where ¥ and 0G
are smooth and have positive distance. Our results immediately extend to domains
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consisting of finitely many such components. We establish a comprehensive local
wellposedness theory in H™ with m > 3 for the Maxwell system on G, given as

Dy =curl Hy — J, forz € Gy, teJ,

0;By = —curl Eg, for x € G4, teJ,
divDy =pg, divBy =0, for z € G4, ted, (1.1)
E.xv=0, By -v=0, for z € 0G, teJ,

E (ty) =Eo+, Hi(tg)=Ho+, forzeGy,

for an initial time tg € R, J = (t9,T), and the unit outward normal vector v of
G. Here E4(t,z), D+ (t,z) € R? are the electric and H4 (t,z), B+(t,x) € R? the
magnetic fields on Gy. It is known that the divergence equations and the magnetic
boundary condition By - v = 0 in (1.1) remain valid if they are satisfied by the
initial fields. Here, the charge densities p (¢, ) are given by the initial charge and
the current densities J4 (¢, z) € R3 via

t
p+(t) = px(to) —/ divJ 1 (s)ds
to
for all t > tp on Gx. (See Section 1.4.2.2 in [8].) In (1.1) we have imposed the
boundary conditions of a perfect conductor on dG. On ¥ the Maxwell equations
imply the interface conditions

[D-v]=—-px, [B-v]=0, [Exv]=0, [Hxv]=Jy (1.2)

for x € ¥ and t € (t,T), see Section 1.4.2.4 of [8], where [D -v] = (Dy —D_)-v
etc. In (1.2) the charge density py on the interface is determined by

ps(t) = ps(t)(to) —/'(divz To(s)— [J-v(s))ds,  ted,

to

and the equations for D and B are true if they are valid at ¢ = ¢y, see Lemma 8.1.

The system (1.1) has to be complemented by constitutive relations between the
electric and magnetic fields, where we choose E and H 1 as state variables. There
are various classes of such material laws. In the so-called retarded ones the fields
D and By depend also on the past of Ey and Hy, see [3], [11], [19], or [21]. In
dynamical material laws the material response is modelled by additional evolution
equations, see [2], [9], [14], [15], or [19]. We concentrate on instantaneous material
laws, see [6] or [11], where the fields Dy and By are given by

Di(t, .7;) = 917i(l‘, Ei(t7 .’L‘), Hi(t, x)), Bi(t, x) = eg)i((l}, Ei(t, x), H_ (t, .Z'))

for regular functions 0y = (014,02 1): G x R® — RO The most prominent
example is the so called Kerr nonlinearity Dy = E4 +94|E+|?E+ and By = H.
with ¥4 : G4 — R. We further assume that the current density decomposes as

Ji=Joxr+061(EL, Hy)E,, (1.3)
where J 4 ( is a given external current density and 64 denotes the conductivity on
G1. If we insert these material laws into (1.1) and formally differentiate, we derive
(0:D+,0;B+) = 0g, mg)0+(v, Ex, Hy)0(E+, Hy)=(curl Hy —J 1, —curl E.)
from (1.1). Our main structural assumption is that 0(g, p_ )0+ is symmetric and

positive definite, which is true for the Kerr law for small EL (and globally if 94+ >
0). Such assumptions are quite standard already for linear Maxwell equations.
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The resulting equations form a symmetric quasilinear hyperbolic system of first
order. In order to transform (1.1) into a standard form, we introduce the matrices

0 0 O 0 01 0 -1 0
Jy 00 —-1), J=(0 020)]), Js=[1 0 0],
01 0 -1 0 0 0 0 O
o _ (0 —J; .
A]’ = <Jj 0 ) , je{1,2,3}. (1.4)
Note that J10; + Jo0s + J305 = curl. Writing x4+ = 8(E¢,Hi)9ia fer=(=J+0,0),

oy = (‘}0i g), and using uy = (E4, Hy) as a new variable, we obtain the system

3
Xt (us)Opus + Y AL us + ot (us)us = fo, (t,x) € J xGx.  (LD)

Jj=1

To recast the electric boundary and interface conditions in (1.1) and (1.2), we set

0 Vs —U
B, 0 -B, 0
B,, = | —U3 0 141 5 BQG = [Bl, 0], BZ: 0 B 0 _B (16)
Vo —U1 0 v v

on JG respectively X, and put g = (0, Jx)T. System (1.1) is then equivalent to the
symmetric quasilinear hyperbolic initial boundary value problem

3
Xt (ut)Opus + Zj:l APOjuy + 64 (ur)ur = fr, =z €Gy, tEJ;

Baguy =0, r€0G, ted; (1.7)
BZ<u+7u—):ga JJEZ, tEJv
u(to) = U, T € G.

On 9G we could also allow for inhomogeneous boundary values, see [24]. As noted
above, the magnetic boundary and interface conditions and the divergence relations
in (1.1) and (1.2) are true if we impose corresponding conditions on ug. (See
Lemma 7.25 in [23] and Lemma 8.1.) We look for solutions w of (1.7) in the spaces

Gm(J x G) = ﬂ:;) CI (T, H™ (@), (1.8)
HMG) = {v e L*(G): vy € HY(Gy),v_ € H*(G_)},

cf. [5, 20], where k,m € Ny and vy are the restrictions of v to G1. We assume that
the coefficients and data are appropriately smooth and compatible (in the sense
of (6.5)). Our main Theorem 7.3 then shows that

(1) the system (1.7) has a unique maximal solution u € G,,(J x G) with m > 3,
(2) finite existence time can be characterized by blow-up in the Lipschitz-norm,
(3) the solution depends continuously on the data.

These results are based on the detailed regularity theory in Theorem 3.1 for the
corresponding nonautonomous linear system

Aowdus+ 3 APOjus+Dius=fr, w€Gi, tEJ;
Baguy =0, x € 0G, teJ; (1.9)
Bs(uy,u_) =g, T E Y, teJ;
u(to) = uo, zeG.
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We follow the same strategy as for the pure initial boundary value problem in [24]
and [25]. We freeze a map @ in the nonlinearities of (1.7). The resulting linear
problem (1.9) can be solved in Go(J x G) for Lipschitz coefficients using [10]. In a
lengthy procedure one can first show a priori estimates for solutions in G,,(J x G)
and then prove that the Gp—solution actually belongs to G,,(J x G), provided that
data and coefficients are regular enough and compatible. Here one has to inductively
intertwine different results for the tangential, time, and normal directions. The
normal part is the most difficult one due to the characteristic interface and boundary
(i.e., Af°v1 + ASPve + AS°vs is singular). Our treatment of the normal regularity
heavily relies on the structure of the Maxwell system, see Proposition 4.3 and
Lemma 5.1.

For these arguments one has to localize the system. In this procedure one at first
loses many of the zeros in the coefficient matrices of (1.7), which also become non-
constant. However, using an additional transformation described in (3.8), (3.9) and
(3.12), we obtain localized systems with an unchanged space-independent matrix

5 and space-independent boundary matrices By, and Bpg. This fact allows us
to partly separate the treatment of the normal directions from the others. This
achievement is crucial for our analysis.

The nonlinear problem is then solved by a contraction argument in Theorem 6.5,
which is basically standard though one has to be very careful setting up the con-
stants. Here one uses the precise form of the a priori estimate in Theorem 3.1. In
the derivation of the blow-up criterion and the continuous dependence of the data,
one has to use the localized problems and the structure of the system once more.

Fortunately, the methods developed in [24] and [25] for the pure boundary value
problem work quite well in the present situation. Many arguments can be adapted
with straightforward changes. These are omitted below. However, at several points
the structure of the problem changes significantly because of the interface condition.
In the first step one has to apply the basic linear L? results of [10] to the localized
interface problem on R3. To this aim, one rewrites the Maxwell system as a 12 x 12
initial boundary value system on the positive half-space by reflecting the coefficients
from the negative one. In this procedure extra signs arise due to the reflection and
spoil the structure of the pure Maxwell system appearing in [25], see e.g. (3.6) and
(4.4). However, the core parts of the proof concerning normal regularity heavily
depend on cancellation properties of the arising (linear) Maxwell system. Similarly
the structure of the new 12 x 12 Maxwell system is crucial in order to obtain
constant coefficients A§° and By in the localization procedure. These and several
other arguments are closely tied to the structure of the interface problem. They are
thus worked out in detail, though they lead to lengthy and intricate calculations.

In the next section we introduce our basic notation and some auxiliary results.
The localization procedure is discussed in Section 3. The core a priori estimates
and regularity results for the linear problem are shown in Sections 4 and 5, respec-
tively. The basic fixed point argument is included in Section 6, and the main local
wellposedness theorem in Section 7.

2. FUNCTION SPACES AND LINEAR COMPATIBILITY CONDITIONS

Standing notation: Let m € Ny and set m = max{m,3}. We work with
domains G, G4, and G_ in R? such that G is the disjoint union of G, G_, and
3 = 0G_. Moreover it is assumed that ¥ and G have a positive distance and
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are tame uniform C™%*2-boundaries, see Definitions 2.24 and 5.4 of [23]. This
means that they are uniform C™*2-boundaries (see e.g. [1]) and that there exist a
smooth partition of unity (6;);en, of G respectively G subordinate to the locally
finite covering (U;);en, (where Uy = G_ respectively Uy = G), as well as test
functions o; with o; = 1 on supp#f; and w; with w; = 1 on @;(supp o;), which are
all uniformly bounded in C™*2. Of course, compact boundaries of class C™+2 or
halfspaces satisfy these assumptions.

Our solutions take values in domains U, and U_ in R®. We further write
L(Ag,...,A3,D) or L(A;,D) for the differential operator E?:o A;0; + D with
the coeflicients A; and D, where Jy = 0;. By J we mean an open time interval
and we set Q = J x RY. The image of a function v is designated by imv. For a
function w in H!(G), we denote by d;w the L?(G)-function whose restriction to
G+ coincides with d;w4. In the localization procedure we employ the matrices

co Ace 0 . jco Ag? 0
A] = ( 6 A;O) for ] € {1,2,3} and 3 = ( 6)) _Ago) . (21)

To introduce the necessary trace operators, take coefficients A; € Whe(J x Q),
i.e., the restrictions A; 4 belong to Whoo(J x G4). Let vy be an element of
L?(J x G ) such that Z?:o Aj 1 0;v; is contained in L?(Jx G). Then the product
AL (v)vg = (Z?:O A 1 vj)vy has atrace on J x 9G belonging to H~1/2(J x9G),
cf. [23, 25], for instance. Here v denotes the unit outer normal of J x G. We may
restrict this trace to J x X and to J x G, respectively. Moreover, the corresponding
trace operators Try.x + and Try.pg are given by the standard ones try ; and
troc,+, respectively, if v, takes values in in H'(G4). Here we can replace the
subscript + by —. We further set

Tryxs+(AW)u) = (Tryxs + (A (V)ug), Tryxs, - (A-(v)u-))
if u € L?(J x G) satisfies Z?:o Aj +0juy € L*(J x Gy), respectively

try+u = (try 4 uy, try —u_)

if u € H'(G). We define the trace Tryys +(MAV)u) by M Tryvs +(A(v)u) for
matrix-functions M € WH>(J x G), and correspondingly for the other trace op-
erators. Finally, try, is the usual trace at X for functions in H'(G) or C(G). On
R3 = {z € R®: 25 > 0} we use the trace operator TrJXa]R%r as introduced in [25].

We will employ the same function spaces as in [25], but we have to add variants
allowing discontinuities across the interface. For reasons of clarity, we introduce
all the spaces here. Take a subdomain G of R3. We have already encountered the
spaces G, (J x G) and H™(G) in (1.8). Their norms are given by

[vllg,.(7xa) = jepax 107 ]| oo (g,34m 3 (@)

||UH31*"(G) = HMH%M(GQ + ||07H%1m(c,)~
We also need the simpler version
~ - m ] mi‘] ~
Gm(J x Q) = ﬂjzoc (J, H"(@)).
Set e_(t) = e 7 for v > 0 and ¢t € R. We use the time-weighted norms

H’UHGM’.,(JXG) = jG{%l(ii.?(m} He—vagUHLoo(J,Hmfj(é))
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for all v > 0. If v = 0, we also write | - [|¢, ;<@ instead of [[-|lq | ;xa)- Other

function spaces on J x G or J x G are treated analogously. We further set
Gm(IxG) = {veL™(J,L*(G)): 0°ve L>®(J, L*(G)) for all a € Nj with |a| < m},

and define g~m(J X~é) in a similar way. These spaces are endowed with the same
norms as G, (J x G) respectively G,,(J x G).
The coefficients of the linear problem will be contained in
Fri(Jx Q) ={AcWhe(J x G)***: 9°A € L>=(J, L*(G)) for all a € N§
with 1 < |a| < m},

||A||Fm(JxG) = max{[|All 1. (sx ) 1§r‘fllfll§m HaaA”LOO(J,L?(G))};

Fur(IxG)={AcWH(J x G): Ay € Fup(J x Gy),A_ € Fri(J x G_)},
Al Fm(IxXQ) = max{|[| A+

The regularity of time-evaluations is measured in the spaces
FY (G)={A e L®(G)"*: 9°A € L*(G)"** for all @ € N} with 1 < |a| < m},
”AHFSL(G) = ma‘X{||A||L°°(G)7 max HaaAHL?(G)};

1<]al<m

fg@,k(G) ={A¢c LOO(G)ka¢ Ay € ng,k(GHyA— € F%,k(G—)L
14|
The subscript n always designates the subspace of matrix-valued maps A with
AT = A>n>0. By Forp(J x G) we mean those A € Fp 1 (J x G) which are
constant outside of a compact subset of J x G, and by F¥, (Jx &) those which have
a limit as |(¢,z)| — oco. The variants for F' instead of F are defined analogously.
We will only use the parameters k € {1,6,12}. As it will be clear from the context
which parameter we consider, we usually drop it from our notation.

After the localization procedure below, the coefficients in front of the spatial
derivatives belong to the space

P et(RY) = {A € FP15(Q): Fpa, po, ps € Fyy (Q) independent of time,
3 co
such that A =3 | A5u;}. (2.2)

Fn(7xG1)0 1A=l F(axa_) }

FO(G_)}

m

F9,.(G1)» |1 A-]

m

FO(G) = max{||Ay]

m

Finally, we introduce the space for the data on the interface, namely
Bn(J x 3) = (| HI(J,H" 37 (%)).
=0

We next state several bilinear estimates, which will be ubiquitous in the following.
One proves this result by applying Lemma 2.1 from [25] on G_ and on G..

Lemma 2.1. Take mi,my € N with my > mg and my > 2 and a parameter v > 0.
(1) Let k € {0,....,m1}, f € G, £(J x G), and g € Gr(J x G). Then

f9€G(JxG) and | fgllg,.,xc) < Cllflgm, wrxellgllg. (rxc)-
(2) Let f € G, (J x Q) and g € G, (J X G). Then fg € Gm,(J x G) and

1£9llG,, »(1xc) < Cmin{[|fllg,. (7xe)l9llG,, ,(1xG)s
1£lg., 7 9llGony (750 -
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The result remains true if we replace G, (J X G) by Fm,(J x G) and if we
replace both G, (J X G) and G, (J X G) by Fn, (J X G) and Fp, (J X G).
(3) Let k€ {0,...,mi}, f € H™*(G), and g € H*(G). Then fg € L*(G) and

||fg||L2(G) < C”fH'H"’l_k(G)Hg”H"(G)
(4) Let f € H™(G) and g € H™(G). Then fg € H™(G) and

1£9llaema @) < Cllfllrem ) 9l (6)-
The result is also valid with H™ (G) replaced by FY, (G).

In assertions (1) and (2) one can also remove the tildes.

In Section 5 we develop a regularization procedure which needs the next approx-
imation result for the coefficients, taken from Lemma 2.2 of [25]. (There it is stated
for k € {1,6}, but the proof works componentwise and thus for all £ € N, cf. [23,
Lemma 2.21].)

Lemma 2.2. Let m € N. Choose A € F,,(). Then there exists a family {Ac}eso

in C°(Q) satisfying

(1) 0%A. € F,(Q) for all « € N} and e > 0,

(2) [[Acllwr~) < CllAllwree) and [0%Ac| Loy r2@s)) < CllA]
multiindices 1 < |a] <m and e > 0,

(3) Ac = A in L®(Q) ase — 0,

(4) A=(0) — A(0) in L>*(RY), and 0*A and 0*A. have a representative in the
space C(J, L*(R3.)) with 0*A.(0) — 0*A(0) in L*(R3) ase — 0 for all o € N§
with 0 < o] <m — 1.

If A is independent of time, the same is true for A, for all e > 0. If A additionally

belongs to FP(Q), FY (), Finpn(Q) for a number n > 0, or the intersection of two

of these spaces, then the same is true for A. for all e > 0.

P () Jor all

In order to discuss the compatibility conditions both for the linear Maxwell
system (1.9) and its localized variants, we look at (1.9) with variable, time-indepen-
dent coefficients Ay, As, A3 € F,,(J x G) for a moment. We further fix coefficients
Ay € Fup(J x G) and D € F,,(J x G), as well as data f € H"(J x G), g €
En(J x %), and ug € H™(G). Given a solution v in G,,(J x G) of (1.9), we can
differentiate the differential equation in (1.9) up to (m — 1)-times in time by means
of Lemma 2.1, obtaining the identity

afu(t) = SG,m,p(ta A(), Alv A27 A37 Dv f7 u(t))v (23)

for all t € J and p € {0,...,m — 1}. Here we inductively define the maps Scmp =
SG,m,p(tO, Aja D, f, UO) = SG,m,p(th AO» Alv A27 ASa Da fa uO) by

Sa,m,0,+ = U0+,
3
Scmpe = Aoz (to) " (07 fx(to) = D Aj20;SGmp-1.4 (2.4)

Jj=1

p—1 p-!
1 -1
— Z (p I >3§A0,i(t0)sc,m,pl>i - Z <p l )8€Di(t0)SG*m’pll’i)’

=1 =0
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for 1 < p < m. On the other hand, we can differentiate the boundary condition
in (1.9) up to (m — 1)-times in time and insert ¢. It follows the equation

By trs,+ (0fu(t)) = 0f g(t) (2.5)

on ¥ forall0 < p<m—1andt € .J. We proceed on G in the same way. For
t =ty equations (2.3) and (2.5) yield the compatibility conditions of order m

BZ tI'E,:i: SG,m,p(thAOa .. '3A33Da fa UO) = afg(tO) on ¥ for 0 S p S m — 13
B troc Sc,m.p(to, Ao, - ., As, D, f,ug) =0 on 0G for0<p<m-—1 (2.6)

for the coefficients and data. These conditions are thus necessary for the existence
of a solution in G, (J x G). In Section 5 their sufficiency will be shown. We will also
need them to treat the half-space problem arising from the localization procedure,
where G = Ri, k =12, and A;, D, and By, are replaced by A;, D, and B. We
often suppress GG in the notation.

As the maps S¢.m,p appear frequently, the following estimates are indispensable.
They follow from Lemma 2.3 of [25] applied on G and on G_.

Lemma 2.3. Let n > 0, m € N, and m = max{m,3}. Pick ro > 0. Choose
Ap € Fin (I xG), time-independent A1,A2,A3 € Fi(JXG), and D € F5,(JXG) with

[Ai(to)ll 7o _ (@) < 1o, Do)z (@) < 7o,
J _ ) J _ )
1§I]n§%1}1{71 10 Ao(to)ll3m—1-i(c) < 7o, 15?23571 10/ D(to)|l3m—1-i(q) < 7o

foralli € {0,...,3}. Take f € H™(JxG) and ug € H™(G). Let 0 < p < m. Then
the function Sgm.p(to, Ao, ..., As, D, f,ug) is contained in H™ P(G). Moreover,
there exist constants Cp, p, = Cp p(1,70) > 0 such that

p—1

1S6m pllsen-s(c) < Consp (22 107 (t0) lpem1-5() + lollm ().

j=0
3. LOCALIZATION

We first discuss the localization procedure. In fact, in the logical order of our
reasoning this section should be placed after the linear part as in [23], but we
decided to start with it as it determines the linear problems we have to study. The
next theorem thus assumes that we can solve the arising linear problems on the
half space, which will be shown in Sections 4 and 5.

Theorem 3.1. Let n > 0, m € Ny, and m = max{m,3}. Fixr > ro > 0. Take
a domain G as described at the beginning of Section 2. Choose tg € R, T' > 0,
T € (0,7"), and set J = (to,to + T). Take coefficients Ay € Fs,(J x G) and
D e .7:7%"’6((] x G) satisfying

Aol 7 (xc) <75 D Fnxe) <,

max{|[Ao(to)l|l 70 _ (), (X 107 Ao (to)llgm—i-1(cy} < o,

max{|[D(to)l|ro_ (a) | Jnax 16/ D(to)ll3¢m—-1(c)} < 7o

Choose data f € H™(J X G), g € Ep(J x X), and ug € H™(G) such that the
tuples (to, Ao, AS°, AS*, AS°, D, Br, f, g,uo) fulfills the compatibility conditions (2.6)
of order m onT' =% and on T = 0G.
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Then the linear initial boundary value problem (1.9) has a unique solution u in
Gm(J x G). Moreover, there is a number Ypm = Ym(n,7,T") > 1 such that

m—1
Jl3,  (rxcy < (Cmo + TCm)e™ T (S 100 (to)Bum-s-scy + 9l (s
§=0
Cn
luolfin)) + I Bepeay  (31)

for ally > 7y, where C; = Ci(n,r,T") > 1 and C; o = C;0(n, 1) > 1 fori € {1,m}.

Proof. Set N_; = {—1,0} UN. Fix a covering (U;)ien_, of G, a sequence of sets
(Vi)ien_,, and sequences of functions (¢;)ien_,, (6i)ien_,, (0i)ien_,, and (w;)ien_,
as in Definition 5.4 in [23] for the tame uniform C™*2-boundary ¥ of G_ (com-
plemented by a domain U_; covering G \ G_ and corresponding functions). We
further take ¢; = id for ¢ € {—1,0}. Here, ¢; : U; — V; is a chart, (U;)en is
a cover of ¥ with positive distance to G, the set Uy covers G_ \ ;= U;, while
G4\ U;j2, U; is contained in U_;. In particular, (6;);en_, is a smooth partition of
unity on G. We recall that the maps w; equal 1 on the sets K; = @;(suppo;) and
that o; = 1 on supp¥; for all i € N_;. Moreover, ¢;(U; NG4) = {y € V;: y3 > 0}
and ¢;(U; NG_) = {y € V;: y3 < 0} for i € N. We use the same symbol for a
function and its zero extensions.

I) In the first step we determine the coefficients of the localized problem on Ri.
To this aim, we write 1; = @;1: Vi — U;, and define the composition operators

®;: L2(U;) — L*(Vi), v voy; <I>i_1: LA(V;) = L*(U;), v vop;

for all ¢ € N_;. Observe that ¢;, and thus ®;, are the identity for i € {—1,0}.
The operators ®; and ¢ L act componentwise on vector-valued functions. With a
slight abuse of notation we also denote the composition with 1; on L?(.J x V;) and
H='(J x V;) by ®;, and analogously for ;.

For v € L%(J x V;) we introduce the differential operator

3
Q@Ui = O, (Ao_riat + Z A;O(?j + D:t)q)i_l’vj:
j=1

3 3
= Bidos O + > (D AP D00 )Ovs + BiDsvs,  (32)
=1 j=1
where ¢;; is the I-th component of ¢; for all i € N. Throughout, for a function v
defined on V; respectively R? we write v for the restrictions to V; NR3. respectively
to R3, where R? = {z € R? : 23 < 0}. We define

~. ~ . 3 ~ .
AB = CI)Z‘Ao, A; = (I)i ( Zj:l A;"aj%,l), DZ = (b,LD (33)

onVforalli € Nand [ € {1,2,3}, as well as A = ®gA4y = Ag and D° = oD = D
on Up, and flgl =& Ag=Apand D' =&_D =D on U_;. (This notation is
only used if confusion with a matrix inverse is not possible.)

Lemma 5.1 in [23] yields numbers z(i) € {1,2,3} and 7 € (0,1) with

|02y pisl > T on U; (3.4)
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for all : € N. We pick a point y; € V; for each i € N and set
Al = w; AL 4 (1 —w;)n for i€ N_y,

6 (i)¥Pi,3

\3 i) P4, 3

Di = OJiDi for i€ N—l-

Al = w Al + (1 - wy) (i () A for ieN, je{1,2,3}, (3.5)

z(4)

These coefficients will only be multiplied with functions supported in the set where
w; = 1, but we need the above extensions in our reasoning. The differential operator
2% can thus be extended to a differential operator on R? by setting

. . 3 . .
Aoy = Aj L0y + ZFI Al L0jvy + Divy

for all v € L?(J x R?) and i € N. To rewrite the interface problem on R?® as an
boundary value problem on ]Ri, we set

[ . ¥

Al _(ws) = Aj (-, —x3), Aé,f(‘7x3) = —Aé’,(', —x3), Di(,l’g) = Di(? —x3)

s Js

for j € {0,1,2}, and introduce the (12 x 12)-matrices

_ Al 0 . Dt 0
Z» P ‘]7+ V. 4 p— + .
Al ( ; A}) and D ( o B ) (3.6)

for all j € {0,...,3} on J x Ri. Here the part of the equation on R3 is reflected
to R3 and written in the new 6 lines. The minus in front of A}  is needed to
compensate the inner derivative when applying 0s.

We turn our attention to the interface condition. By Remark 5.2 in [23], the
vector field V; 3 is normal to X, and hence there is a number «;(z) € R with

Vgis(z) = ri(z)v(z)
for all z € ¥NU; and i € N. In particular, k; = Vi, 3-v belongs to C"™ 1 (SNU;, R)
for all # € N. Moreover, we can extend the product ;v smoothly from U; N Y to
U; by Vi, 3. Let i € N. We now introduce the interface matrices

i 0. )9013

B' = w;®(kiBs) + (1 — )|a (Vi(y:)) By Bj? = Bs(e;), (3.7)

on R? for j € {1,2,3}, where e; denotes the jth unit vector in R* and Byx(e;) is
given by the second line in (1.6) with v = ¢;. Define the function b,(;): R* — R by

8 ©i.3
)7(

bZ(i) N wiq)iaz(i)QOi,S - (1 ) ‘az(Z)% 3

Yi(yi))-

Since 0.,;)i,3 does not change signs on U, estimate (3.4) implies the lower bound

|bz(i)‘ :wi|(bi(r“)z(i l-w)>rwi+l—w,=1-(1-T)w; =71

on R? as 7 € (0,1). Consequently, the functions b, ;) and b_ ( ) belong to C™H(R3)
and their restrictions to 9R3 are elements of C™ 1 (9R3).

We next want to transform the coefficients A% and B’ to constant coefficients
similar to those in the original Maxwell system (1.9) on G. Here we only consider
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the case z(i) = 3 with b3 > 7 on R3. The other ones are treated analogously, cf.
Section 5 of [23]. To rewrite A%, we use the matrices

N 0 b —w;®;020; 3
Ay = —bj 0 w; ;01,3
wi®;02p;3 —wi P01 3 0

on R3. Let @Q be the reflection operator defined by Qu(-,23) = v(-, —x3) for any
v € LE (J x R?). The coefficient A% can now be written as

loc
0 AL 0 0
A — Ag} " 0 4 _ —AL 0 0 0 )
° 0 —QA%_ 0 0 0 —QA;
0 0 QA 0
Our main tool are the matrix-valued functions
Gi 0 0 0
. 10 Wz(bialspz 3 07' él 0 0
G:A bgil/2 0 1 wﬁI’iaggpi 3 s gﬁ = " A (38)
i 0 0 QG 0
0 0 b r .y
0 0 0 QG
on R3. Equation (2.1) then yields the first desired transformation
) o Ago 0 _
GHTALGE = < 3 CO) = A$. 3.9
( ) 3 0 _A3 3 ( )

For the boundary condition, we note that
.. [Bi 0 -B: 0 g .
B =3 gl with  Bjy, = Aj.
0 Biy 0 —Bj 1,1
Setting R = (G%)T, we calculate
1 —w;®i(Dapis)by

i 7i i,1/2 - . i
R3Bj 1, = by Zl-1 0 wi®i(D1pia)by ™" | = Bhis
0 O 0

on 8Ri . Consequently,

(R 0\ . (B 0 -B 0
R’L B’L - 3 N . B'L — bl,3 ~ . bl,3 ~ . . 3.10
o= ()= a0 R ow

Delete in B{;l’g the line of zeros and call the resulting matrix Bj; ;. We then
introduce the boundary matrices

. B} 0 -Bi 0
Bi — ( bl,3 . b1,3 p ) 3.11
3 0 Bbl,S 0 7Bbl,3 ( )
We next infer that
wi®;0194,3

i 1 0
P A i 0 1 —w;®i(Dapis)by ! i,—1/2
Bi Gl = b2 303 ) bl 0 1 w®idae
bl,3Yr 3 -1 0 w2®1(81§0173)b237_1 3 O 0 w. szSD ,3
3

0 1 0\
_(1 ! 0) — By
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On the boundary 8R§_ we thus obtain the second crucial identity

i i Bbl 0 *Bbl 0 __. J3co
mo- (B0 B 0 Yim
Finally, we define the matrices
o 1 0 0 co __ 0 _Cbl 0 _Cbl . co
Cbl_(o 1 0)’ ¢ _<Cb1 0 Cu 0 = M
Using (1.4), we then compute
0 1 0
Chi*Bu=|[-1 0 0] =-Js, By Gy = (=J3)" = Js,
0 0 0
0 Cf
-cL 0 B 0 -B 0
co\T ypco __ bl . bl bl
(7B =1 Ch ( 0 By 0 —Bb1>
-CL o
0 Cll\Bu 0 —Cl By
_ | —CiiBu 0 Cl,Bn 0
0 ClL, By, 0 —CL By |’
—CL By 0 CL By 0
0 —Bglel 0 —BfﬁCbl
(Bco)cho _ Bgicbl 0 Bg;cbl 0
0 BgiCbl 0 Bglcbl
—BLCy 0 —BLCy 0

We can now check certain algebraic conditions needed to apply [10], namely

0 —-Js 0 0
coTco_l co\T paco co\T pco) __ JB 0 0 0
Re ((€)7B%) = S ()8 + B)¢<) = |'¢ o ¢
0 0 —-J3 0
Aco 0 o
B (5 —AgO) =8 (3.13)

MCOA?))O — B,
To simplify the notation, we write B? and R’ instead of Bi(i) and Ri(i) in the

following. Observe that the restrictions of B* and R’ to R% belong to C’ﬁ”‘l(@).

The rank of B and C® is 4 and R'(z) is invertible for all € R%. The inverse of
R’ is as regular as R itself. Moreover, the transformed coefficients satisfy

10 . i A 0 i C

AO = (gr)T ( %7-1— QAi7_> gr S fﬁvpm(Q%

Al = (GD)TALGL € FP a®Y)  for je{1,2}, (3.14)
D= (G)'DIGE - Y (G G066 € FR@),

where we reduced the size of n independently of i if necessary.
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We next fix a constant M; as in Lemma 5.1 of [23] and constants Ma, Mj, and
My as in Definition 5.4 in [23] for the tame uniform C™*2-boundary ¥ of G_. We
put M = max;—1 .. 4 M; The construction of our extended coefficients then shows

AG | 7, () < C(My, My)||Aoll7,,(1xc) < R,
1 A (0) | m-5-1 (g3 )}

%_1(G), Nax 107 Ag(0) [l 3¢m~s-1(c)} < Ro,

A5 () < C(My, My) < R, (3.15)
1D ) < C(My, My)|| Dl 7, (sxc) < R,

maX{”Di(O)HF,%_l(R'i)’ SIJnaX HaJ’Dl( )”H’" i-1(R3. )}

max{|[Ag(0)[| o, (r2),

1<y <~—

< O(My, My) max{||Ao(0)]| #

< C(My, My) max{[| D(0)[| g

m— 1

() 2 (1] DO) -1y} < R,

for all i € N and j € {1,2,3}, and for constants R = R(M,r) and Ry = Ro(M,ro).

IT) After introducing some notation, we relate the compatibility conditions of the
localized problem to the given ones. Using the reflection operator @ from step I),
we define the maps

RG: loc([R3 RG) — Lloc(Ri?R12)7 V= (UJra QU,),

A 0
Rexe: LIOC(RS R6x6) - Lloc(Ri7R12X12)a A ( 0+ QA>’

0 —-QA_
As it will be clear from the context which operator we consider, we drop the index,
and we put R; =id for ¢ € {—1,0} and R; =R for i € N.
In step IV) we determine the initial (boundary) value problem solved by the
functions R;®;(0;u) on J x G, J x R3, respectively J x R%. For given functions
v € G (J X G) and h € H™(J x G), then the transformed data

Roxot Do(RERO)  LR(RLR), An (30 ).

3
Fi(hv) = Ri@i(0:h) + Rii (Y AP0 0,0) € H™ (),

j=1
g' = ((traRﬁr Ri)(i)i(trﬁl(ei)ﬁig))a(i) € En(J x 0RY),
uh = R;®;(0iug) € H™(RY), (3.16)
arise for ¢ € N_; respectively i € N. Here (i ) denotes the 4-tuple obtained by
removing z(i) and z(i) + 3 from (1,...,6) and ®; the composition operator with

the restriction of ; to U; N 3.
Let v € G, (J x G) be a map with 9Yv(0) = Sgm (0, Ag, Af°, A, AS°, D, f,up)
for all p € {0,...,m — 1}, with the operators Sg ., , from (2.4). We abbreviate

Stnp = Sk m.p(0, Ag, A, Ap, A5, D, (), up), (3.17)
S SGmp(O AOaAioa Co 37D7f7u0)

for all p € {0,... ,m} and 7 € N. The maps Smﬁp and Sy, are well-defined due to
the regularity of the coefficients and the data. Fix an index ¢ € N. We claim that

anyp =R®;(0;5m,p) for all pe{0,...,m}. (3.18)
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To show this assertion, we first note that
Simo = = R®i(Biug) = R (6iSim.0)-

Next, let the claim (3.18) be true for all i € {0,...,p—1} and some p € {1,...,m}.
The definition of the operators S]Rz .m.,p then yields

p—1
. . ] . _
Sty = A0) [0 £ (£10) ZAla S (7] )AL,
=1

—Z< )alD’ 0)Shp-1-1) (3.19)

The induction hypothesis implies that
supp an,pfl = supp ®;(0; S p) C supp ®;6; C K;
for all I € {1,...,p}. Together with (3.5) and (3.6), we thus obtain
AL0; S} R(A})0;S%, 1 = R(A)ORD;(0:Smp—1) = R(AL0;®:(0:Sm p-1))
for j € {1,2}, as w; = 1 on K. Similarly it follows
AL05Sk, 1 = R(AL)IRP; (0;Sm,p—1) = R(AL039;(0;Sm p—1))-

Using also (3.3), we next compute

m,p—1 —

3
0j(®i(0:Sm.p—1)) = (V(0iSm p-1)) 0 i 0j1p; = Z ®;(01(05Sm.p—1)) 05%i 1,
=1
3 3

R(A50;04(0;Sm p-1)) = R( Z AP0k pi Z q’iaz(@ismmﬂ)aﬂﬁm)
k=1 =1

3
= R( Z A5 D;01(0;Sm,p—1)PiOkpi j 3%/%,1)
k=1
for all j € {1,2,3}. Applying ®; to the identity
3
S = (Vidu, )ik = (Vi 0 0:))ie = Y _ ;0551 Onpi
j=1
on U; for all k,1 € {1,2,3}, we conclude

3 3
> A0S = ( Y AP0 p1)Pi0kpi 53‘1/%,1)
.:1

g, kl=1
& 3
) R( kgzz Azoq)ial(eism’p_l)élk) - R( ; Azoq)iak(eiSm,p—l)) .

Note that the support of every term in the brackets on the right hand side of (3.19)
is contained in K; and w; = 1 on K;. Proceeding as above, the induction hypothesis
then yields that S;,  is equal to

3 3
R®; A (0)~? [R@i(eiaf* £(0)) + R®; [ZA;Oajeiafflv(O) = AP0 (0;Sm p-1)

Jj=1 Jj=1
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p—1 p—1
— 3¢ R (LA (0)) R (0, pt) — Zcp,qu)i(aéDi(O))R(I)i(QiSmm_l_l)}
=1 =0
3 p—1
— R&, [QiAO(O)_l (af*l FO0) =3 AL Syt — > Cpadh Ag(0)Sim i
j=1 =1

p—1
— Z CpJaiD(O)Sm,p_l_l)} y
=0

= R(I)z(azsmp)v
where ¢,; = (pfl) and we also employed that 97" v(0) = S,, ,_1. So (3.18) is true.
1) In this step we show that the tuple (0, A},..., A, D¢ Bt fi(f,v), g%, uf)

fulfills the linear compatibility conditions (2.6) on G = R3. of order m, where v is
any function in G,,,(J x G) with 87v(0) = Sy, , for all p € {0,...,m — 1}.

To that purpose, we exploit our assumption (2.6), i.e., By trs, + Sy, = 07 g(0)
for all p € {0,...,m — 1}. Fix a number p € {0,...,m — 1}. The trace operator
commutes with multiplication by test functions and the composition with diffeo-
morphisms, so that (2.6) and (3.7) imply the identities

7 (Bi(trs(0:)rig))(0) = Py (trs:(6:)ri0} 9(0)) = ®i(ri By trs:(6;) trs; + S p)
= trops B'®;trs, 1 (0:iSm,p) = trops B trors 4 (Pi(05Sm,p))

= trops B trogs (R®i(0:Smp)) = trozs (B'S}, ,)-
Multiplying this equation with the trace of R?, we arrive at
trops (B) trops (B'Sk, ) = 0 (traps (R)®; (trs:(0:)r:9)) (0). (3.20)

The z(i)-th and the (z(7) + 3)-th components on the left-hand side are zero by
(3.10), so that the same is true for the right-hand side. In view of formulas (3.10),
(3.11) and (3.16), equation (3.20) thus yields the desired compatibility conditions

trops (B'S;,,) = 3?(“61&1(Ri)‘i’i(trz(ei)ﬂig))a(i)(0) = 07" (0).

IV) Let u be a solution in G,,(J x G) of (1.9) with data f, g, and ug. In this step
we derive a priori estimates for v by applying a priori estimates on G from [25], on
R3 from [23], respectively on Ri from Theorem 5.9 below to 6_ju, Oyu, respectively
®;(6;u) for i € N. To that purpose, we first note that the properties of the functions
i, Vi, and 6; imply the equivalences

U E Gn(J x Q) <= 0_1u € Gp(J xG),00u € G,(J x R?)
and R®;(0;u) € Gy (J x RY) for all i € N,
FEH™(JXxG) <= 0_1uc H™(J x G),0pf € H™(J x R?) (3.21)
and R®;(0;u) € H™(J x RY) for all i € N,
gE En(J xX) <> g" € E,(J x0RY) forallieN,

with corresponding bounds.
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Fix an index i € N. Since supp ®;(0;u) C supp ®;0; C K;, the definition of the
extended coefficients in (3.6) as well as formulas (3.2) and (3.16) yield

3
ALOL(R®; (1)) + > AL0;(R®;(0;u)) + D'RP; (0;u)

j=1
3
= 'R,‘I)l <A07i8t(9iUi) + Z Aj"@j(ﬁiui) + Di (qui)>
j=1
3 .
= R®;(6,f) + RP; ( > A};"ajeiu) = f"(fiw)

j=1

on J x R3. Since Trjxx(Bs(uy,u_)) = g on J x ¥, a similar computation as in
step III) shows that

Tty oms [B'R®: (051)] = Tr ycoms [®i (055 By (uru-))] = B3 Tr [0k By (s u-)]
= éi(trg(ﬁi)m TIJXE[BE(U+,U_)]) = ‘ii(trg(ﬁi)mg).

Multiplying this equation with the trace of R and removing the z(i)-th and z(i)+3-
th component of the result, we obtain

Trxomre (B"R®;(0;u)) = Trjxoms (R'B"R®;(0;u)) i)
= (trgms (R")®i(trs(0:)rig))at) = 9')

cf. (3.10), (3.11) and (3.16). We conclude that the function R®;(0;u) is a G, (J x
R? )-solution of the initial boundary value problem

i 3 i i i 3
Aoatv+zj:1Aj8jv+Dv:f(f,u), e R, teJ,
Biv = ¢, T € aRi, te J, (3.22)
v(0) = up, z e RY.

In the following we abbreviate U; N G by G; for all i € N_;. The spaces H™(G;),
H™(J x G;) and G,,,(J x G;) are defined as their analogues on G.

To apply Theorem 5.9, we have to work with a constant boundary matrix A3 and
a constant matrix B. As shown in step I), this is achieved via the multiplication
with the matrices G¢. We therefore recall, respectively define, the maps

3
Aj = (G)TAG), B'=DB'Gr=B%, D'=(G) DG~ (G)A;G.9;(G) G,

j=1
fi=@)"r, g =g, abh=(G) u (3.23)

for all j € {0,...,3}. Recall that A; = A by (3.9). We claim that a function v’
belongs to G, (2) and solves (3.22) if and only if the function @* = G~ 1u’ belongs
to G, () and solves the initial boundary value problem

A i 3 4 i Fi 3
Ev:onatv+Zj:1Aj8jv+Dv:f, r e Ry, teJ,
By = §, z € OR3, teJ; (3.24)
v(0) = @b, z e RY.
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To see this claim, we assume that u’ is a solution of (3.22). We then compute

3 3
Li = (@) [Abon + 7 AIG1;((G) ™Ml + D'’ = 3 AiG0;(G7) ']
j=1 =1
= ()T [Adr’ + Y Aoy’ + Dl | = (G = T,
j=1
Bcoai — Biui — gl — §i7
a'(0) = (G7) ' (0) = (G;) " tug = .
Analogously, one shows the other direction. We further note that the tuple
(O,Aé,Di, B, fi gt ud) fu}ﬁllé the compatibility conditions of order m on aRi if
and only if the tuple (O,Ag,Di, B, fi, gt ,@ib) fulfills the compatibility conditions
of order m on 3Ri. To that purpose it is enough to show that

Qi _ 1¢i
Sy = (G780, s (3.25)
for all 0 < p < m, where we use (3.23) and set, respectively recall,
Sfin,p = S]R‘j’r,m,p(oa A;ﬂ D’L f’L ML) S:n,p = S]Ri,m,p(ov A;v Dia fiﬂ 7_1,6)
For p = 0 we have gfno = ap = (GL)tuy = (G1) 'Sk, o Next, let (3.25) be true
for all 0 <1 < p— 1. Inserting (3.23), we compute
p—1 -1
= A (97 () Zma Sp1 = (p z )agAg(o) (A
1=1
p—=
_Z< )alpz )Sz,p - l)

:giflAé’*lg:fT(g:;’Taffi(mfZg’ TAG10,(G Sy )

J=1

_ Z ( )al gz TAz gl)(o)gj"’ilsirhp—l
3
-5 (p B 1) H(GTDGE Y G AL, GG (0)GE Sy 1)
1=0 =
=G A (o ZA“@ S =2 (77 )01

£ oo

- (g ) 15:71 D’
omitting some parentheses. The claim (3.25) is thus valid for all 0 < p < m.
Consequently, we can apply Theorem 5.9 to this transformed problem and then

obtain a solution of the same regularity of the original problem via the inverse
transform. Also the a priori estimates carry over to the original problem with an
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additional constant C(M;). In order to simplify the notation, we suppress this
transform in the following but assume that the matrices A% and B' are constant.
Theorem 5.9 in combination with (3.16) and (3.21) then yield

IR®; (0:0) 12, (o
m—1

< (Cs.9,m,0 + T05.9,m)€m05'9'1T( PR ARG w)(O) |15 a3
=0
191, oty + lmag) + Coname™ o3 210l

-1
< C(M)(Cs.0.m0 + TCs.0,m)e™ 2T | 37 116:0] F(0) m-s-

J

3

Il
=)

-1

3
+ 3D N0k0iSm j5m—1-sy + I trs() gllE,,  (susy + ”01'“0”3-0"(&;)}
7 k=1

3

I\
=)

C’5.9,m mCls >
+ C(Ml)Te C"’g’lT(”el’fH?-L;"(JxGi) + Z ||3k9iu||3{;n(JxGi)) (3.26)
k=1

for all v > v5.9,,. Here we exploited that agu(O) = S, forall j € {0,...,m —
1}7 and C5.9,m = 05.9,m(777R7T/)7 C5.9,m,() = Cs.g,m,o(ﬂ,Ro)7 and V5.9.m =
vs5.9.m(n, R, T") are constants from Theorem 5.9. The estimates for ¢ € {—1,0}
follow in the same way from Theorem 1.1 in [25] and Theorem 5.3 in [23] with
corresponding constants C’m o and C,,

By Definition 2.24 of [23] at most N of the sets U; intersect at a given point,
and we use the constants M7 and M introduced there and Definition 5.4 of [23].
The monotone convergence theorem thus implies that

i 105101 3m (i) = Z [/G > 0% (Bsuo,4 )| dm+/ > |3a(9iu077)|2d:ﬂ]

i=—1 i=— + |a|<m G- |a|<m
< C(m, M) S 0|97 [P + 0o, da
G+ —
|a\<m i=—1
< C(m’M% )HUOHHW(G)' (3.27)

Analogously, we treat the other terms on the right-hand side of (3.26). We set
C, = max{Cy,,C5.9.m} and C}, o = max{Cpn 0,C5.9,m,0}.- Equation (3.26) then
yields the inequality

o0

[[u ||g,,” (Ixa) < C(N Z 116; UHQTM IxG) S C(N, M) Z [R:®;(0; U)”G
1=—1 1=—1

< C(ma Na M17M23T)(CmO+TC/ mC/ ( Z ||8§f ||’)-L""*1*J(G)

m—1

+ 3 USmiliniosa) + 913, rxs) + o lZim(c) )
j=0
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/

C ’
+0(m, N, My, M) =2 (|

2 2
Hr(IxG) T ||U||H;n(JxG))>

for all v > max{m,¥5.9.m }- Choosing v, = Ym(n, 7, N, My, Mo, 7, T") large enough
and using Lemma 2.3 we thus arrive at

m—1

lull3, .7 < (Como + TCn)e™ T (31107 F(O) in-1os() + gl )
j=0

1
+ HUOHEAm(G)) + CmemCIT;”fH?-[Z{n(JXG)

for all v > ~,,. Employing that R = R(M,r) and Ry = Ro(M,ro), we also
deduce that the constants C, ¢ and C,, are of the claimed form (where we drop the
dependence on M as G is fixed). We have thus shown the a priori estimates (3.1),
which imply uniqueness of the G,,(J x G)-solution of (1.9).

V) To solve (1.9), we introduce the spaces
Gmiv(J X Q) = {v € Gon(J x G): 3] v(0) = S j, 5 € {0,...,m —1}},
m (T X G) = {f € H™(J x G): 0 F(0) = D] £(0), j € {0,...,m— 1},
We point out that Gy, iv(J X G) is nonempty by Lemma 2.34 from [23] and H ,(J x

iv,f
G) is nonempty as f € Hiy f(J x (). Because the time derivatives up to order m—1

in 0 of functions from H{} ((J x G) respectively Gy, iv(J x G) coincide, we obtain
S]Rﬁr,m,p(oa ./43, Dia fl(fa ﬁ)a u%)) = SRijr,m,p(Ov -sz Dia fl(fv U)a Uf)) = Svin,p (328)

for all f € H ;(J x G), 0,7 € Gmiv(J x G), p€{0,...,m}, and i € N, cf. (3.17).
The analogous equations for ¢ € {—1,0} are also true. Step III) thus implies that
the tuple (0, 4%, D", B*, f'( f,v), 4", ub) fulfills the compatibility conditions of order
m for all f e HY (] X G), v € Giv(J x G), and i € N. As explained in step IV),
we can now apply Theorem 5.9 which shows that the problem

Aza 3 Ala Di _qpiff R3 J
Otw+Zj:1 JJw+ w_f(fav)v WS 4 te H
B'w = ¢', z € OR3, ted; (3.29)
’LU(O) = uf)a S Ri_,

has a unique solution U(f,v) in G,,(Q)'? for all f € HI (I XG), v € G iv(I X G),
and i € N. Moreover, Theorem 5.3 from [23] gives a function U°(f,v) in G,,(J x
R3)® solving the initial value problem

3 -
ADOpw + ijl AG0w + D% = fO(f,v), r € R?, ted; (3.30)
w(0) = uy, r € R?
for all~such f and v. Finally, Theorem 1.1 and Remark 1.2 in [25] yield a solution
UTL(f,v) in G, (J x G)8 of the initial boundary value problem
3 -
Ay o + ijl AP w+D\w=fYfu), weG,  tel;
Bagw =0, x € 0G, tedJ; (3.31)

w(0) = ug*, z € Gj
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for all such f and v. We claim that there is a map f* = f*(v) in Hip +(J x G) with

f+ Z ZACO@ o7 RIUN ) = f (3.32)

i=—1j=1

for all v € G, iv(J x G). To prove this claim, we define the operator

Uyt HE (T X G) = HE (I xG),  fr— f— Z ZACO@ @ " RIMUNf,v)
i=—17=1

for each v € G, iv(J X G). We fix such a function v. The operator ¥, indeed

takes values in H™(J x G) since ®; "R~ maps the H™(Q)-function U*(f,v) into

H™(J x U;) for i € N, 0;0; has compact support in U;, and the covering (U;);en is

locally finite. We further compute

B, (f)(0) = dF f(0) ZZACO@ o ®; 'Ry VUN(f,v)(0)

i=—1j=1

= a7 £(0) Z ZACOE) 00 R R 0 (0:5m.p)
i=—1j=1

0o 3

=00f(0) = D> > AC;0i0;Sm, = 07 f(0)

i=—17=1

for all p € {0,...,m—1} and f € H™ (I x G), where we used (2.3), (3.28), (3.18),
and that o; equals 1 on the support of 0; for all i € N_;. Therefore ¥, indeed maps
iv s (J x G) into itself.
We observe that the difference U*(f1,v) — U*(f2,v) solves a problem with zero
initial and boundary data. Moreover, formula (3.16) and the initial conditions in
the spaces H{] ;(J x G) and Gy, iv(J x G) imply that the time derivatives of the

inhomogeneities f¢(fx,v) coincide at ¢t = 0. (Such facts are also used below without
further notice.) Theorems 1.1 in [25], 5.3 in [23], and 5.9 then imply

10 (f1) = Lo (S I3 (1x) (3.33)
< O(N, My, M) (U (F1,0) = U (o, 0) e

Uy 0) = U (2 0) sy + D WU (1, 0) = U (2, 0) [ )

=1

O oo
; Z 10:(fr = P2) B3z sy < ||f1 = Fall3er (rxa)

for all v > max{¥1.1,m,¥5.3,m»V5.9,m }, proceeding as in (3.27) in the last step and
putting C = C(m,n,7, N, M,r,T"). We set

¥ = max{V1.1,m,V5.3,m>V5.9,m, 4C3.33},

where Cj5 33 denotes the constant on the right-hand side of (3.33). This estimate
then leads to the bound

1
o(f1) = Vol fo)llum (rxe) < 5l = follumrxa) (3.34)
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for all v > 7*. We conclude that ¥, is a strict contraction on H{ ,(JxG), and there
thus exists a unique function f* = f*(v) in Hiy ;(J x G) satisfying equation (3.32).
We next define the operator

o0
S: Gmiv(J XG) = Giv(J X G), v+ Z o @7 RIUNF (v), ).
i=—1

Let v € G iv(J x G). We first check that S(v) indeed belongs to G, iv(J x G).
Since U'(f*(v),v) is an element of G,, (), the function ®; 'R ~1U*(f*(v), v) belongs
to G (J x G;) for i € N. Moreover, U~ (f*(v),v) is contained G,,(J x G) and
U (f*(v),v) in G, (J x R?). Exploiting that o; has compact support in U;, the a
priori estimates for U*, and (3.27), we infer that S(v) belongs to G,,,(J x G). As
f*(v) € Hiy ;(J x G), we now combine formula (3.28) with (3.18) as well as o; = 1
on supp b; for all i € N_;, and compute

oo

OFS)(0) = Y 00 "RIIIUN(f* (v),0)(0)

i=—1

=0_10_15m.p + 0000 ,p+zal TIRTIR®(0;5,,,) = Z 0:Sm.p = Sm.p

i=—1

for all p € {0,...,m} and v € Gy, iv(J x G). Hence, S maps into Gy, iv(J x G).
To show that S is a strict contraction, we take vi,v2 € G iv(J x G). Esti-
mate (3.34) further yields

17 (1) = 7 (02) I 1y = W, (FF (01)) = W, (7 (02)) 30 (s x )
< o, (F(01)) = Yo, (f* (02 (12 c) + (W0, (fF (02)) = Yo (f* (02))l20m (7 x )

< le*(Ul) — [T W)l (oxey) + (W0, (F7(v2)) = Yoo (f*(02)) Iy (sxey  (3:39)

for all v > ~*. The definition of the operator ¥,, Theorems 1.1 in [25], 5.3 in [23],
and 5.9, formula (3.16) and a variant of (3.27) imply

190, (£ (v2)) = W (f* (v2)) 31 (5 2)

< C(N,M3) > |07 "Ry UNF* (v2),v1) — O7IRIUN(f (v2),v2) e (s

i=—1

< C(m,n,7,N,M,r,T')~ Z HZA "0;0i(vy 2)Hj¢M(J><G)
s ’

§ C(m,n,T, N, M’ T, T/);H,Ul —7}2||3_t’ym(ng) (336)

for all v > v*. We set v** = max{~*,16C5 36} and insert (3.36) into (3.35), where
C'53.36 denotes the constant on the right-hand side of (3.36). We then arrive at

17 (w1) = f*(v2)lm (rxc) < *||U1 —v2llum(ixa) ~ forall y =7

After these preparations, we can now estimate the difference of S(v1) and S(vz).
Applying the a priori estimates from Theorem 1.1 in [25], Theorem 5.3 in [23],
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respectively Theorem 5.9 once more and recalling that v; and v, belong to Gy, iv (J X
G), we infer as above

[S(v1) — S(U2)Hémw(J><G)

< CO(N, My, My) > @7 R U (f* (1), 01) = U (v2),02)) I, (5%

i=—1

< Clomn,m N M) (100 = £ 00 ey + o1 = vl )
1 5
< C(m,n,7,N,M,r, T’); : Z||v1 — 0l xa) (3.37)

for all v > v**. We finally set vs = max{y**,5C5.37}, for the constant C3 37 on the
right-hand side of (3.37). It follows

1
1S(01) = S2)llg,..rx0) < lor = v2llg,. ., (7xa)

for all v > ~s. There thus exists a unique fixed point v € G, iv(J X G) of S.

VI) We claim that the fixed point u of S is a solution of (1.9). To verify this
assertion, we first compute for uy = S(u)4

3
Liuy = Ao,iatui + Z A;O@-ui + Diuy
=1

oo

= > i (Ao @7 RTU (S i+ZACOa FRAUN S (), u))

i=—1

+ D (07 RIUN(f (w), )2 ) + Z ZA;Oajoi,i<<I>;1R;1u"(f*(u>,u>>i

i=—1j=1

on J x Gi. Recalling (3.3), (3.5), (3.6), and that w; = 1 on ¢;(suppo;), on
G+ Nsupp o; we have

3
ZA;O@(@;l ZA “Ojvq,...0) (#i())
3

Z AOw,...6) (i ()05 pia(x) = > ;7 (AN ()Dv(,....6) (i ()

=1 =1
=@, 'R™! ( Z Af@lv),
=1

whereas on G_ N supp o;, we deduce

3
ZAﬁoaj(‘bflR_lv) D AL, 12) (@i (2), @ia(2), — i3 ()

A5V, 1) (i (), pi2(w), —pis(x)) - (O5pi1(2), 0jpin(x), —0jpi 3(x))

”M‘*’
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3
= Z A5°O (7. 12) (i (), pi2(T), —0i.3(2))0;0i () (—1)%

7,l=1
3 , 3 4
=2 0T A ()™M Qavr..a2) = Y 0 QA 0w, 12)
=1 =1
3 _ 3 ‘
= Zq)i_lQ(A?alv)(?,m,m) = q’;lR*l(ZA;anO
=1 =1

for all v € L2(V; N RY)2.  Since also Agy = (®;'"R71A})s and D} =
(®;"R-'D%); (where we put A) = Ag and D' = D for i € {—1,0}) on supp o; for
all i € N_y, the definition of the maps U*(f*(u),u) and (3.16) imply the equality

0o 3
Louz =Y oie (O R (AU (F (w),w) + Y ASOU(F* (), )
i=—1 j=1
+ DU (f(w)w) ) |+ S S A0 4 (RS (), )

i=—1j=1

9] 3
=3 [raa (BRI (), ) + Y AP D01 (7 RTUS (), )|

i=—1 j=1
o) 3
= Z [Ui,ioi,if*(u)i + ZA§° {Ui,iajgi,iui + 3j01,i(@{173i_1wi)iﬂ~
i=—1 j=1

where w' := U'(f*(u),u)). Employing that o; = 1 on the support of 6;, that
(0:)ien_, is a partition of unity, and the defining property of f*(u), i.e. (3.32), we
deduce

o0

3 3
Liug =) [ei,i Fru)e+> ALO0; sur+Y A0+ (B;RyUN(f* (u), 1))+

i=—1 j=1 j=1

[eS) 3
= W+ Y Y AP0 (D7 RUNF (u), 1)+ = f

i=—1j=1

Since the covering (U;);en_, is locally finite, we can compute

Tt s+ (Byu) = Tr e (Bs - (S(u)4, S(w)-)) = Tryxs [BZZUZ JU (L (), )

i=1

Z trs 0; Tryws(Be®; ' U (f* (u), u))

= trs(oi)r; ! Tryxs (@;1(%@@(@32)@1%‘(]0*@),u))),
using q)i_lwi =1 on supp o;. The identity Bi= w;®;(k;B) on supp o; then yields

Tryxxs(Bsu) = Ztrz o)k Tryxs (‘I’i_l (Bzul(f*(“)au)))
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=D trn(oi)r; ' Trors (RY) T RIBIUN(f*(u), ).

i=1

Because U'(f*(u),u) solves the initial boundary value problem (3.29) with the
boundary value g° defined in (3.16) for every i € N, we arrive at

Tr x5 (Bu) Ztrg (0:)k li’flTerami ((Ri)_lRiBiui(f*(u),u))
B T (‘tromy ((B) ™) g0 )
i=1
= 3 (o) 87 (tromg (R tros (R)B(115(00m0))

—ZtrE Uz Q—Ztrz 9_97

where g denotes the vector we get by adding a zero in the z(¢)-th and z(¢)+ 3-

z(i)—0
th component of g°. Moreover, we get

Tryxoc(Bacu) = Tryxac(BacS(u)) = Tryxac(BacU " (f*(u),u)) = 0
as UL (f*(u), u) solves the problem (3.31). Similarly it follows

u(0) = Zal SRS (u Zal IR
i=—1 i=—1

= Z Ul@;lR;1R1¢Z(01UO) = Z JieiUO = i Giuo = Ug-

i=—1 1=—1 1=—1

We conclude that u is a solution of (1.9) in G,,(J x G). O

4. A PRIORI ESTIMATES FOR THE LINEAR PROBLEM

In the previous section we have reduced (1.9) to the system

3
Aoatu—i—ZAjaju—kDu:ﬁ x ER?’H teJ;

=t (4.1)
Bu=g, redR3, tel;

u(0) = uo, z € R3;

on R with As = AP, B = B, and Ay, Ay € FP o(R3), of. (2.1) and (3.12).
Here we fix 7 > 0 and assume that J = (0,7") for a time T € (0,7").

In this section we derive a priori estimates for Gy, (£2)-solutions of (4.1). A (weak)
solution of (4.1) is a function u € C(J, L*(R%.)) with £(Ao, ..., A3, D)u = f in the
weak sense, Tr ;. ors (Bu) =g on J x R, and u(0) = ug.

We first state the basic wellposedness result on L2-level which directly follows
from Proposition 5.1 in [10] because of the formulas (3.13). The precise form of the
constants is a consequence of the proof in [10].
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Lemma 4.1. Letn > 0 and 7 > 7o > 0. Take Ag € F5' (), A1, A2 € Fhooq(RY)
with || Aillw1.0c () < 1 and ||A2-(0)HL00(]R3+) <o forall i€ {0,1,2}, and Az = AS.
Let D € L*(Q) with | D) < 7 and B = B®°. Choose data f € L*(9),
g € L2(J,HY%(0R2)), and ug € L*(R3). Then (4.1) has a unique solution u in
C(J,L*(RY)), and there exists a number vo = yo(n,7) > 1 such that we obtain

. —t 2 ) 2
§g§|\€ w(O)l|Z2 gy +llullzz @)

0
7 ®1) Co,o||9||%5(J,H1/2(0R1)) + 7||f\|%3(9) (4.2)

for all v > ~y, where Co = Co(n,1) and Co o = Co,0(n,70).

The a priori estimates for the ath tangential and time derivatives of a regular
solution of (4.1) now follow in a standard way: These derivatives satisfy (4.1) with
new data fo, go and ug o, where f, also contains commutator terms involving Ay,
A1, Az, and D. On the resulting problem one can apply the L?-estimate (4.2). The
differentiated system has the same structure as the corresponding problem (3.4) in
[25], and hence the proof of the next result is analogous to that given there. It is
thus omitted. We use the space H{(Q) of those maps v € L?(2) with 9% € L?(Q2)
for all o € N} with |a| < m and az = 0. It is equipped with its natural norm.

Lemma 4.2. Letn > 0, r > rg > 0, m € N, and m = max{m,3}. Take Ay €
FP (9), A, A; € FP | o(RY), Ay = AP, D € FP(), and B = B* with

1A

max{|

Fm (2) < T, ||D||F77L(Q) = "
Al(0)|F,?L 1 (RS )’1< <

max{[|D(0 )HFm L(R3)

Ha ' Ao(0 Nirm-1-5@s)} <o,

e ||3JD( Nm-1-3®2)} < 7o,

for all i € {0,1,2}. Choose data f € H{ (), g € En(J x OR3), and uy €
H™(R2). Assume that the solution u of (4.1) belongs to Gy, (). Then there exists
a parameter vy, = Ym(n, ) > 1 such that u satisfies

._n

m—

S 10%ul, o+l oy < o[ SN0 FO s ay Hlol, roms
[a]<m 7=0
043:0
2 2
+ Hu0||Hm(R3 } [”f”Hg:W(Q)JFHUHGMW(Q)}7

for all v > ~o, where Cp, = Cry(n,r,T"), and Chp o = Cm,o(ﬁﬂ“o)-

The full H™-norm of solutions u to (4.1) cannot be controlled in this way since
normal derivatives destroy the boundary condition. From the system (4.1) itself
one can read off regularity of normal derivatives of the tangential components of
u because of the structure of the boundary matrix Az = A$°. The remaining four
components will be recovered by means of cancellation properties of the Maxwell
equations which imply that the ‘generalized divergence’ Div(Aj, Az, A3) of the
Maxwell operator only contains first order derivatives.
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To define this concept, take A, Ay € Fh  ¢(R%) and Az = A$°. In particular,
there are functions u; € Fp1 () such that

3
Aj = ZAICOMJ' for je{1,2} and ps = po3 =0, pzz=1, (4.3)

see (2.2) and (2.1). We now set

w0 0 0
R M1l H12 H13 ~ 0 p 0 0
M= (/J'l]) l,j=1> M= | K21 H22 H23 5 H = 0 0 /[1‘ 01’ (44)
M31  M32  —H33 00 0 i
and for h € L*(R3)'? we define
3
Div(A1, Az, Az)h = Z ( BTN R) g, (7 V) (g3)k (BT VR (o6 (72 Vh)(k+9)k)
k=1
(4.5)

In view of the iteration and regularization process below, in the next proposition
we treat solutions and data which are a bit less regular than needed in this section
and we consider the initial value problem

ﬁ(Ao,...,A3,D)u:f, Z‘E]RB, teJ; (46)
u(0) = wo, zeR3. '
A solution of (4.6) is a function u € C(J, L*(R%)) with u(0) = u in L?(R3) and
Lu = fin H~(Q). The following result is the core step in our regularity theory.
Proposition 4.3. Let T > 0, n > 0, ~ > 1, and r > ro > 0. Take coeffcients
Ag € Fg};(ﬂ), A, As € F()q?:oeff( 3_), As = A, and D € FSP(Q) with
[Aillwro@) <7, [Dllwre@) <1,
[Ai(O)| Lo ms) <70, [IP(0)]|poe m3) < 7o
for all i € {0,1,2}. Choose data f € Go(Q) with Div(A;, As, A3)f € L*(Q) and
ug € H*(RY). Let u solve (4.6) and assume that u is an element of C*(J, L*(R3.))N

C(J, HL(R3)NL>(J, H (RY)). Then u belongs to G1(S2) and there are constants
Ci1o=Cro(n,ro) >1 and Cr = Ci(n,r,T') > 1 such that it satisfies

2
IVli3, @) < €T ((Cro+TC) (Y I0ull3, @) + 112, @ + ol s )
j=0

Ci .
+ 71” DIV(ALA%AS)fH%g,(Q)) (4.7)

If f is even contained in H'(Q), we obtain

2

IVul2, @) < €7 ((Cro+TC) (X101, ) + 1FO) 22, + luoll3as))
=0

Cl 2
2 o) (4.8)
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Finally, if f merely belongs to L?(Q) with Div(Ay, A2, A3)f € L?(Q), we still have
2
HVUH%g(Q) < eclT((Cl,o + TC1)(Z ||6ju||2L3(Q) + ||f\|%3(9) + HuOH?{l(Ri))
=0

C .
I DIV(AL As, As) T 0))- (4.9)

Proof. We have to show that d3u € C(J, L*(R%)) and that inequalities (4.7) to (4.9)
are true. We employ the matrix /i from (4.4). Recall that the coefficients A, are
given by (4.3) and Az = A$°, A7 and A$ by (2.1), as well as Aj° and J; by
(1.4), for I € {1,2,3} Morever, Jimn = —Eimn for all I,m,n € {1,2,3} and the
Levi-Civita symbol, i.e.,

1 if (i,7,k) € {(1,2,3),(2,3,1),(3,1,2)},

Eijk = -1 if (Zvjak) € {(37271)a(2a1,3)7(17372)}? )
0 else.

Since the coefficients are Lipschitz, we can differentiate

9y (" AgVu) = T 0, A0 Vu + it Agd,Vu

= 179, A0 Vu + ﬂTon(Agl (f — i:Ajaju - Du))

j=1
3
= 170, AgVu + T AgVAS? (f =3 A0 - Du)
j=1
2 3
+ ATV ="y VA0 — p"VDu— f"DVu— iy A;Vou
j=1 j=1
3
= A= "> A;Vou (4.10)

Jj=1

in L*°(J, H~1(R3)). Here we use (4.6) and write ((V.Ay')h)jx == S22 ak.A(;}lhl
etc. Note that A only contains first order spatial derivatives of u. We next compute

3 3 3 12 3 12
~T ~T
Z(u ZAjvajU)kk: D> iAoy = Y Y pukAjupOkd;uy
k=1 j=1 dk=11,p=1 4,k,1=1 p=1
3 3
= > A O Ditpis = Y EniphikhingOrdiupss  (4.11)
Jk,ln,p=1 Jk,Ln,p=1
3 3
= Z €lnp,unj,ulk6j8kup+3 = - Z gnlpﬂlkﬂnjgkajup+3 , (412)
Jk,Ln,p=1 Jk,Ln,p=1

exchanging the indices [ and n as well as k and j in the penultimate step. Equa-
tions (4.11) and (4.12) yield

3 (/?LT ZAjvaju)kk —0. (4.13)

3 3
k=

1 j=1
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Analogously, it follows

3
> (A" Avou) —— (4.14)

k=1 j=1

In the other components we take care of the extra signs in (4.4) and (2.1), calculating

Z ( ZA V0, u) = Z Z A6y A On0sup

k=1 G k=11,p=1
3 3

> ZﬂlkA‘;(z+e)p5k3jup: Y AunA6)p0) Ok uprs
j,k,l=1p=1 7,k,l,p=1
3

= D k(D) MRAR gy (< 1) 9Dy
Jiklmp=1

n
3
= 3 et (L) ()59 g 04D (4.15)
J.k,ln,p=1

3

= glnp(_1)53n63j<_1)63153kﬂnjlllkaj8kup+9

_ Z Enlp(_1)63z53k (_1)53n63j Mlkﬂnjakajup+9' (4.16)
Jsk,lm,p=1

Comparing the expressions (4.15) and (4.16), we infer

Z (~TZA Y )(kmk —0. (4.17)

k=1

Proceeding similarly, we derive

Z ( ZA VO )(k+9)k —0. (4.18)

k=1
Integrating in time, the formulas (4.10), (4.13) (4.14), (4.17) and (4.18) imply the
identities
3

3
D (3" AoVu) ey () = Y (" Ao V) iy (0 +Z/ Airiyk(s)ds
k=1

k=1

in H~'(R3) for all ¢t € J and i € {0,3,6,9}. The function A is integrable with
values in L?(R%) so that the equality holds in L?(R%) for all ¢ € J. Let t € J. We
denote the k-th row respectively the k-th column of a matrix N by Ng. respectively
Nk, and we set

3 2

Figi(t) =) (A" AoVu) krank +Z/A(k+31)k( )ds = (" Ao) (k1) Orult),

k=1 k=1

(Fi,....,Fi)T =f— ZAau—Du

7=0



for I € {0,1,2,3}. The map F = (F},.

[y

DO OO O OO OO oo

0
—(35
—(6,5

Co,5

Ci2,5

/:/Lagu =F,

0

\
—

OO OO OO O oo

0

(3,4
C6,4
—Co.4
—(12,4
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[eleoloBololoEeoNaoNaBaBal ==

o

0

0 0

0 0

0 0

-1 0

0 1

0 0

0 0

0 0

0 0

0 0

0 0

0 0
(2 —(31
C62  —C6,1
—Co2  Co,1
—Ci22 Ci21

We derive the crucial identity

Op *= _Ckn

o

SO OO OO OO OO0 O OO

o

OO OO DD DDDODODODODODODOO OO

OO DO ODDODDODO OO OO

o

Q33
Q6,3
Q9 3
123

[=NeoleoloNoNeoNeoleolololoRoEoNeol =

=1
12

=1

OO DD OO DD DODIODDODDODOOO0 OO

setting [ =

o

SO DO DD OO OO OO OO OO

OO DO DODDODO OO OO

o

Q3.6
Q6.6
Q9 6
@126

12
. ~T
Qfp = Ckn = E ,U/k;l-AO;ln = -AO;kn

(A" Ag)s.

(" Ao)s.

(A" Ao)o.
(" Ao)1z.

Let ¢ = i” Ay and the matrix G be equal to

OO OO OO

o O o oo

(3,11
6,11
—Co,11
—C12,11

OO OO O R OO0 oo

- Z /jL,llglAO;ln = AO;kn

SO O OO0 OO oo

0
—(3,10
—(6,10

Go,10
12,10

OO DD DO OO HIODDODDODOODODODO OO

OO DD DODDODDODDODO O OO

o

Q3.9
Q.9
Q9.9
@129

OO DO OO H OO OO
OO DD DO DD OHODODODODOO OO

o

for k € {3,6},

—(3,8
—Ce,8
Co,8

Ci2,8

S OO O OO OO OO HOOO O OO

OR OO0 OOoO oo o

0

c FO(Q)16><12.

(=i en i e Jien M e Mo Bl e el o o N o)

o

312
Q6,12
Q9 12
Q12,12

for ke {9,12},

.., Fi)T belongs to C(J, L*(R3)) and
As

OO DD DODDOODO OO O

|
—_

0

(3,7
Ce,7
—Co,7

—C12,7

O OO HRH OO ODODODODODODODOOOoO oo

o

29

(4.19)

OO OHRODODODODDODODODODDODODODO O OO

O OrRPROODODODODODOOoOOOC O OO

DO DD O DODDDODODODODODODO OO OO

o |
—_

SO ODDODDODDOD OO OO OO

|
—
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where n € {3,6,9,12}. Here we use fiyrz = 1 for | = k and jiy, = 0 for | # k, if
k€ {3,6}, as well as fiyy = —1 for [ = k and fi, = 0 for | # k, if k € {9,12}. Since

Q33 Q36 Q39 a3,12 -/40;3,3 -AO;3,6 A0;3,9 -Ao;3,12
Qg3 Qg6 069 Q6,12 | _ AO;G,S AO;6,6 A0;6,9 -Ao;ﬁ,lz >
Qg3 Q9.6 Q9.9 Qg 12 A0;9,3 AO;Q,G Ao;g,g Ao;9,12 -
Q12,3 Q126 (129 (1212 A0;12,3 A0;12,6 A0;12,9 A0;12,12

this matrix has an inverse 8 bounded by C'

—~

7). Setting Go = (1120“2 g), we compute

000 01 0 0 O0UO0UO0O00O0

0O 001 00 O0OO0OO0OTO0ODTG0OTFUO

0O 0000 0O O0OO0OUO0OTUO0ODTGQOO0

010 00 O0O0OO0OUOTOTGO0OU OO

1 0 0000 0 O0O0O0OO0O0

0O 000 0 O0OO0OO0OO0OTO0OO0TO0

0O o0 OO O0OO0OO0OO0OTOT1ITO0

v 0O 00 OO 0O O0OO0OO0OT1TPGQ0OTO0O0 ~

GGlt=1g 00000000000 M (4.20)

0O 000 0 O0OO0OT1TO0TUO0TU0TO0

000 00 O0O1TO0UO0UO0o00O0

O 00 OO O O0OO0OUO0OTUO0OTG©OOoO0

0O o1 00 0 O0OO0OOTO0ODTGO0OTUO O

0O 0o00OO 1T 0OO0OO0OTO0OTO0TO0

0O 0000 O O0OO0OT1TTGO0ODOQO0OOUO0

O 0 0 0 0 O0O0O0UO0OO0O0I1

Equations (4.19) and (4.20) yield

M@gu = GQGlF. (4.21)

The formulas in (4.3) imply the inequality
1G2Gillpoe () < C)(1+co)® with g = maX{jféaXS Al 2o (2)5 Dl o () }-

Since the matrix M has rank 12, equation (4.21) shows that Osu is contained in
C(J,L*(R%)) and bounded by

l0su(t) | ez ) < CO(L+ o) |E(E) | 2 - (4.22)

This estimate is analogous to (3.29) in the proof of Proposition 3.3 in [25], where a
comparable function F' was involved. The remaining arguments are the same as in
[25] and therefore omitted. They mainly consist of straightforward estimates and
an application of Gronwall’s inequality. O

We can now combine Lemma 4.1, Lemma 4.2 and Proposition 4.3 in an iteration
argument to establish the desired a priori estimates of arbitrary order. This is
done as in the proof of Theorem 4.4 in [25], also using the auxiliary results from
Section 2. Here the different structure in (4.1) arising from the interface condition
does not play a role. So we do not give the proof.

Theorem 4.4. Let 7" > 0, n > 0, r > rg > 0, m € N, and m = max{m,3}.
Pick T € (0,T'] and set J = (0,T). Take coefficients Ay € Fg’, (), A, Az €
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FPoer(®Y), As = A, D € FP(Q), and B = B satisfying
[l A

max{

@) <7 | Dllp, ) <,
A;i(0)]
max{||D(0)]| po

187 Ao (0 Nrm-i-1m2)} < 7o,

1 DO s as)} < 7o

FY_y(RY)>, MAX

o (R )’1< <~,

foralli € {0,1,2}. Choose data f € H™(Q), g € Ey(Jx0R3), and ug € H™(R3).
Assume that the solution u of (4.1) belongs to G, (). Then there is a number
Ym = Ym(n, 7, T") > 1 such that u satisfies

lull?, o) < (Camo+TCrm) mClT(Znaj W1 -sms + lol%

E.. -Y(JXSRS )

C
2 “m 2
+ ol sy ) + =1 g o

for all ¥ > . where Cry = Cou(n,1,T") = 1, Cong = Como(nr0) = 1, and
Cy = Ci(n,r,T') is a constant independent of m.

5. REGULARITY OF SOLUTIONS TO THE LINEAR PROBLEM

In this section we prove that the G(Q2)-solution u of (4.1) actually belongs to
G (Q) if the data and the coefficients are accordingly smooth and compatible. To
this aim, different regularizing techniques in normal, tangential, and time direc-
tion are used. We first show that regularity in time and in tangential directions
implies regularity in normal direction. This is the crucial step in the regulariza-
tion argument, and it heavily relies on the structure of the Maxwell system. As in
Proposition 4.3, we only look at the linear initial value problem (4.6).

Lemma 5.1. Let n > 0, m € N, and m = max{m,3}. Take coefficients Ay €
F(Q), A Ay € FiY o q(RY), A = A, and D € FP(Q). Choose data f €
H™(Q) and ug € Hm(R3 ). Let u be a solution of (4.6) for these coefficients and
data. Assume that u belongs to (-, CI(J,H™ I (R3)).

Take k € {1,...,m} and a multi-index o € N§ with |a] = m, ag = 0, and
az = k. Suppose that 9Pu is contained in Go(Q) for all B € N§ with |8] = m and
B3 <k —1. Then 0%u is an element of Go(Q2).

Proof. T) We begin with several preparations. Let M., ¢ > 0, be a standard mollifier
on R? with kernel p > 0. Let § > 0. We introduce the translation operator

Tsv(z) = v(z1, 22,3+ 0) for v e Li (R}) and a.e. z € R* x (—§,00). (5.1)

Notice that T maps W'P(R3) continuously into W'P(R? x (—4,00)) and that
0%Tsv = T50% for all v € WHP(R3), & € N with |&| <1, 1 € Ny, and 1 < p < oo.
If v € L} .(R3), we further define Tsv by formula (5.1) for all § € R.

Functions which are only defined on a subset of R3 will be identified with their
zero-extensions. Moreover, restrictions of a map v to a subset are also denoted by v.
We extend the translations Ts to continuous operators on H~'(R?) by setting

(Ts5v, V) 13 ) xmp 1) = (0, T-s¥) g1 (®3 ) x A (R2)

for all ¢ € Hj(R3) and § > 0. It is then straighforward to check that 9;Tyv = T50;v
for all v € L?(R3) and § > 0.
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We want to apply M. to functions in L, (R3 ) without obtaining singularities at
the boundary in limit processes. To that purpose, we take 0 < € < § and look at the
regularization M. Tsv for v € LIOC( %). If v and 8;v belong to L, (R3), then also
M_Tsv has a weak derivative in R and 0; M. Tsv = M. T;0;v for all j € {1,2,3}.

We set p(x) = p(—=x) for all = E R3 and denote the corresponding mollifier by
M.. A straightforward computation shows that

(M T50,¥) g-1(r2 ) xcmy w2 ) = (v, T s M) gy ~1(R3)x H} (RY) (5.2)

for all v € L*(R%) and ¢ € HI(R%). As T_sM. maps H¢(R?) continuously into
itself, the mapping M.Ts continuously extends to an operator on H _1(Ri) via
formula (5.2). We deduce the identity

(9jM€T5U = MgajTgv = METgajU

by duality for all j € {1,2,3} and v € L?(R3). Finally, for A € W»*°(R%) and
v e H 1 (R3) we obtain (T5A4)Tsv = T5(Av) in H-H(RY).

IT) Let 0 < € < §. We abbreviate the differential operators L(T5A;,T5D) by
Ls and Div(T5. A1, Ts A, T5A3) by Divs. (Recall (4.5).) Let o € N§ with |a| = m,
ap =0, and a3 = k. We set o’ = a — e3 € N}. The derivative 0%y belongs to
Go(Q2) by assumption. Because of the mollifier, the map M_.T50% u is contained
in C1(7, H(R%)) — G1(Q), M.T50% up in H'(RY), L M.T50% u in Gp(Q), and
Divg L‘(;MET(;GO/U in L2(€2). To show convergence of 83MET580/’U ase — 0, we want
to apply the a priori estimate (4.7). Therefore, we have to study the convergence
properties of the functions EZ;MET(;@Q/U and Divg ,C(;MET(;@O‘/U as e — 0. We focus
on the latter as this is the more difficult one.

We use the maps pg, i, and g from (4.4). Exploiting step I), we compute

(Ts i)V Ls M. T50% u (5.3)

2
= (T5) " (TsVA;)0; MT50% u + (Ts o) " (TsV D) M. T50% u
=0

AN

3
+ Ts (" Ao) VM. T50,0% w + Ty (A" D)V MT50% u+ Y Ts(i" A;)VO; M.T50% u
j=1

3
= A%+ T (A" AV M. T50% u
j=1

The cancellation properties of Ls established in formulas (4.13), (4.14), (4.17) and
(4.18) show that

3 3
SO (T (T A VO MT50% u) sy = 0

k=1j=1
for all [ € {0,1,2,3}. Equation (5.3) thus leads to
3

: o’ é, d, 0, 0,
Divs LM T50% u = 3 (A4, Ay Al oy Alirvone )
k=1
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We rewrite A% in the form
2

NPE = ST (7Y A), M T50% w + [T5(B7 VD), MJT30 u

§=0
+ [T5(T Ag), MV T58,0% u + [T5(iT D), M)V T50% u
2
+M.Ty ( S ATV A;9;0% u+ JTVDOY u+ (T AV OO u+ ﬂTDV()‘O"u).
j=0

In view of the terms with m space derivatives in the last line, we introduce the map

fa/: Z <Og>aﬂ(ﬂTAO)V8“/—5[~)tu+ Z (;,>8ﬂ(ﬂTD)Vaa’—Bu

0<,8<oc’ 0<p<La’
+Z > ( ) ATV ANY P+ Y ( ) (A" VD)o ~Pu
7=00<B<a’ 0<pB<a’

As u and dyu are contained in C(J, H™~'(R%)), Lemma 2.1 implies that f,/ is an
element of L2(Q). It follows
2

A =N T (RTVA), MA)0;T50% u + [T5 (7 VD), M T30 u

j=0

+ [T5 (AT Ao), ML)V T58,0% u + [T5(iT D), M)V T50% u + 8% M. T5(ATV f)

3
— M.Tsfor = 0 MT5 (" A;V0,u)
Jj=1
. 3
=A% — Z 0% M. T5(i" A;Vd;u).
j=1
Equations (4.13), (4.14), (4.17) and (4.18) also yield that
3 3
é, d, d, d, A9, d, d, d,
Z (Akli’A(ks+3)k’A(ks+6)k’A(kE+9)k> Z (Aklj’ A(ks+3)k’ A(ks+6)k’ A(kg+9)k>
k=1 k=1
By means of (5.4), we arrive at the core identity
3
Divs £5MT50% u = Z (Ai)’:’ Aékis k> Aékie k> A6k6+9 ) (5.5)
k=1

Starting from its counterpart (4.7) in [25], the rest of the reasoning is now the same
as in the proof of Lemma 4.1 in this paper. One uses that M_T50% u solves the initial
value problem (4.6) with differential operator L, inhomogeneity £5M_.T; 50 u and
initial value M T5ug. In these data and in (5.5), one can pass to the limit in L? as
¢ — 0 employing estimates for the commutators of the mollifier and the coefficients.
The estimate (4.7) from Proposition 4.3 then allows to bound V7T58% u in Go(9),
uniformly in 6 > 0, see (4.15) in [25]. One can then let § — 0 obtaining the result.
We omit the details. O

Replacing estimate (4.7) from Proposition 4.3 by inequality (4.9) in the above
proof, one derives the following variant of Lemma 5.1, cf. Corollary 4.2 in [25].



34 ROLAND SCHNAUBELT AND MARTIN SPITZ

Corollary 5.2. Letn > 0, m € N, and m = max{m,3}. Take coefficients Ay €
F%P’U(Q), A, A € F;fjcoeff(Ri), Az = AP, and D € FP(Q). Choose data f €
H™(Q) and uy € H™(R?Y). Let u be a solution of the initial value problem (4.6)
with these coefficients and data. Assume that u belongs to (\;_, CI(J,H™ I (R3)).

Take k € {1,...,m} and a multi-index o € N§ with |a] = m, ay = 0, and
az = k. Suppose that O°u is contained in L?() for all B € N§ with |3| = m and
B3 <k —1. Then 8%u is an element of L*(Q2).

Based on Lemma 5.1 and Corollary 5.2, the regularization arguments in tan-
gential and time direction are analogous to the proofs of Lemma 4.4 and 4.5 in
[25]. One first studies the solution u mollified in (x1,23). The regularized solu-
tion wu. satisfies the Maxwell system with modified data (as in (4.20) of [25]). It
then crucially enters into the bound of u in a family of weighted tangential Sobolev
norms, taken from Section 1.7 and Section 2.4 in [13]. The a priori estimate from
Lemma 4.1 allows us to control u. in Gg. It is then possible to take the limit &€ — 0.
The results from [13] require smooth coefficients so that temporarily we have to
assume this extra regularity.

In the time direction one looks at the problem solved by the time derivative v
of u, cf. (4.32) in [25]. Integration with respect to time yields a function which
coincides with wu, implying the required time regularity. Here the compatibility
conditions are needed. In these arguments the new features of the problem (4.1)
do not play a role and one can follow the lines of the proofs of [25]. We thus only
state the results.

Lemma 5.3. Let n > 0, m € N, and m = max{m,3}. Take coefficients Ay €
FP(Q), A1, Ay € FP  (RY), A3 = AP, D € FP(Q) and B = B*. We further
assume that these coefficients belong to C*°(2). Let u be the weak solution of (4.1)
with data f € H{2(Q), g € En(J x ORY), and up € HZ(R3). Suppose that u
belongs to ;- CI(J,H™ I (R3)). Pick a multi-index o € N§ with |a| = m and
ag = a3z =0. Then 8*u is an element of C(J, L*(RY)).

Lemma 5.4. Let 1) > 0. Take coefficients Ay € F3)(Q), A1, Ay € Fyh 4(R3),

Az = AL, D € F5P(Q), and B = B®. Choose dataug € H'(R2), g € By (Jx9R3),
and f € HY (). Assume that the tuple (0, Ao,..., A3, D, B, f,g,uo) fulfills the
compatibility conditions (2.6) on G = RY of order 1. Let u € C(J,L*(RY)) be the
weak solution of (4.1) with data f, g, and ug. Assume that u € C'(J',L*(RY))
implies u € G1(J' x R3) for every open interval J' C J. Then u belongs to G1(f2).

To iterate the previous result, we need a relation between the operators S,
of different order stated in the next lemma. It follows from a straightforward
computation based on definition (2.4) of S, , as in Lemma 4.8 of [23].

Lemma 5.5. Let n > 0, m € N and m = max{m,3}. Take coefficients Ay €

Frilix{m+1,3},n(ﬂ) with 0y Ag € F;lp(Q), A, As € FriI;x{mJLl,S},coeff(Ri)’ Az = ~§o!
D e FIZI;X{mH 5,(Q), and B = B. Choose data to € J, ug € H™Y(R3), g €

Eni1(J x ORY), and f € H™(Q). Assume that u € G, (Q) solves (4.1) with
initial time to. Set uy = Sp41.1(to, Ao, .., A3, D, f,ug) and fr = Orf — O Du. Let
p€{0,...,m —1}. We then obtain

Sm.p(to, Ao, ..., Az, 0p Ao + D, f1,u1) = Smy1pri(to, Ao, ..., As, D, f, up).
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Combining the above results with an iteration argument, we derive the desired
regularity of the solution u provided the coefficients are smooth.

Proposition 5.6. Let n > 0, m € N, and m = max{m,3}. Take coefficients
AO € F’;Lp,n(Q) with atAO € Frtrzlr;‘x{mfl,S}(Q) ’ ‘Al’Az € FT?’L}),COCH(Ri)’ "43 = ~LC§07
D € FP(Q), and B = B. Assume that these coefficients are contained in C> ().
Choose data f € H™(Y), g € Enn(J x ORY), and ug € H™(R3) such that the tuple
(0, Ao, ..., A3, D, B, f,g,uo) satisfies the compatibility conditions (2.6) on G = R%.
of order m. Let u be the weak solution of (4.1) Then u belongs to G, ().

Proof. Lemma 5.4, Lemma 5.3, and Lemma 5.1 show the assertion for m = 1. Let
the claim be true for some m € N and let the assumptions be fulfilled for m + 1.
The weak solution u of (4.1) hence belongs to G,,(2), and O;u satisfies

Lov=0f—0Du=: fi, mERi, teJ;
Bv = 0,9, zedR, telJ;
U(O) - Sm+1,1(07~’40a e 7A37D7f7 UO) =lu;, TE Ri7

where we write Ly, for L(Ao,...,As,0; Ao + D). The initial field u; belongs to
H™(R?) by Lemma 2.3, the inhomogeneity f; to H™(2) by Lemma 2.1, and 9,9
to By, (J x OR3). The coefficients satisfy the conditions of Lemma 5.5 and 9;.Aq +
D is an element of F' () N C*°(Q). Lemma 5.5 thus shows the compatibility
conditions (2.6) of order m for the tuple (0, Ay,...,As, Ao + D, f1,0:g,u1). By
the induction hypothesis, the function 9;u is contained in G,,(f2), so that u belongs
to ﬂ;";ll CI(J,H™179(R3)). Lemma 5.3 and Lemma 5.1 then imply that the

solution u is an element of Gy, +1(). O

It remains to remove the extra regularity assumptions. Lemma 2.2 provides
suitable approximations of the given coefficients. However, after this procedure the
compatibility conditions can be violated. To overcome this difficulty, we modify the
initial fields appropriately in Lemma 5.8. The proof of this result is based on the
next fact which again relies on the algebraic structure of the coefficient matrices.

Lemma 5.7. Letn > 0, p € Ny, and m,k € N with m > 3 and k < m — 1. Take
Ao € Fr12,(R) and Az = flgo Choose v > 0 such that ||A0(0)HFSL—1(Ri) < r.
Take an approzimating family { Ao ¢ }teso provided by Lemma 2.2. Let vo . be maps
in H*(R%)'2 fore > 0. Then there exists a number g > 0, a constant C' = C(n,r),
and a family of functions {vp c boce<s, N Hk(Ri)u such that

Az(Ao(0) "t A3)Pv, . = Asvg e and ||'Up’5||Hk(Ri) < Cllvoe

H*(RS)
for all e € (0,e9).

Proof. T) By Lemma 2.2 there is a number g9 > 0 such that

A0, (O)llpo | r2) < 2r (5.6)
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for all € € (0,e). Let € € (0,e9). We introduce the invertible matrices

0 0 0 0 10
0 0 0 —1 0 0
lo 0o 1 0 00 (@ o
@=1o =10 0 00 and Q‘(o —Q>
10 0 0 00
0 0 0 0 01

and note that
Jo1 O 0 0

1 0 0
A3Q = ALQ = 0 T 0 0 ere Ju=[0 1 0
0 0 Jy O 00 0
0 0 0 Ju
Since Ag > 7, also the matrix
Avess  Aoese  Aoeso  Aoesie
0. — Aove63  Aoees  Aoeso  Aoesi2
c Aoe03  Aoeoes  Aoeoo  Aoeo e
Aoei123 Aoeize  Aoeize  Aoeizi2
satisfies ©. > 1 on Q. In particular, ©. has an inverse with
101 (0)]lpo_ gs) < Cln,r)  forall € (0,). (5.7)

IT) Let wo € H*(R3)'2. We can define scalar functions hi ., ..., hs. by
(hiey-wyhae) = —@E_l(0)(A0,e(0)w0)(3,6,9,12),

where we write ((3,6,0,12) = ({3, (6, Co» C12) for any vector ¢ € R'?. Lemma 2.1 and
the inequalities (5.6) and (5.7) imply that

[(Bres o bty < CO )l o ges - (5.8)
We next set
We = Qe We = —Ap,(0) (wo + hices + haceg + haceg + h4,e€12>~ (5.9)
Lemma 2.1, (5.6), and (5.8) again provide a constant C'(#,r) such that
[ e || e s ) < Cn,7)llwoll e rsy ) (5.10)
Observe that
(We)(3,6,9,12) = (—A0,e(0)wo)(3,6,9,12) — O(0)(h1,c, ..., hae) =0,
and hence A3Qw. = w.. We thus compute
Az(— Ao (0) "t A0, = Az(—Ap(0) M. = Azwp (5.11)

using (5.9) and ker A3 = span{es, e, €9, €12 }.

III) To show the assertion of the lemma, we proceed inductively. We claim
that for all p € Ny, € € (0,&¢), and w € H*(R3)'? there is a function w, .(w) in
H*(R3)'? and a constant C,, = Cp(n,r) such that

Ag(—A()’g(O)ilAg,)pwp,g(w) = Asw, (5.12)

e () Lz ) < Coplleollsngas . (5.13)
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We can simply set wg (w) = w. Let the claim be true for a number p € Ny. Fix
e € (0,e09) and w € Hk(Ri)lg. Step II) applied with wy = w yields a function
Wpe € H’“(R?’Q12 satisfying

As(= Ao (0) 7" As)p.e = Asw and @y el ez ) < Cln,r)wllees ). (5.14)

We now define wpt1c(w) = wpe(Wp,) for each € € (0,&9). The map wyt1.(w)
then is contained in H*(R3)'?, and we compute

As(— Ao, (0) " As)P T wppn (w) = As(— Ao, (0) ™) As (Ao, (0) " As)Pwy o (dp, )
= A3(—A075(0)_1)A3U~1p75 = Asw,

where we employed the induction hypothesis (5.12) and (5.14). Combining (5.13)
with (5.10), we further obtain

[wpr1,e (W)l rews ) = llwp.e(Wp.e)llmrms ) < Cpllpellmrms ) < Cllwllmr@s),

where C'= C(n,r). The claim now follows by induction.
We obtain the assertion of the lemma by setting v, . = wp (Vo e)- O

Lemma 5.8. Let n > 0, m € N, and m = max{m,3}. Take coefficients
Ao € FP(Q), A1, Ay € FiP o(R), A3 = AP, D € FP(Q), and B = B,
Choose data f € H™(Y), g € Ep(J x ORY), and ugp € H™(R?) which fulfill the
compatibility conditions (2.6) on G = R3 of order m in ty € J. Let {A; }es0
and {D:}es0 be the families of functions provided by Lemma 2.2 for A; and D
respectively for i € {0,1,2}. Then there exists a number g > 0 and a fam-
ily {uo,ctocece, in H™(RY) such that the compatibility conditions for the tuple
(to, Ao, Are, As e, A3, De, B, f,g,u0,c) of order m are satisfied and ug . tends to
ug in H™(RY) as e — 0.

Proof. Without loss of generality we assume to = 0. We set ug . = ug+ h. and look
for functions h. € H™(RY) with he — 0 in H™(R3) such that the compatibility
conditions are fulfilled. Since B = M.Aj3 for a constant matrix M = M by (3.13),
it suffices to find h, with

A3Sm,p(07~’40,67~’41,€aA2753A33D67 f7 Up + hs) = A3Sm,p(07A07 s 7A37D7 f7 UO)

foral0<p<m-—1on 8Ri. Using Lemma 5.7 one can now repeat steps I) and 1)
of the proof of Lemma 4.8 of [25] in which the structure arising from the interface
problem does not play a role. We thus omit the details. ]

We can now deduce the differentiability theorem by applying Proposition 5.6 to
the solutions of the approximating initial boundary value problems with coeflicients
and data from Lemma 5.8. Compared to [25], again the specific structure of our
problem does not enter the reasoning, and thus we do not give a proof and refer to
Theorem 4.10 of [25] for the details.

Theorem 5.9. Let n > 0, m € N, and m = max{m,3}. Take coefficients Ay €
FP(Q), A, Ay € FP o(RY), As = AS°, D € FP(Q), and B = B. Choose
data f € H™(Q), g € Ep(J x ORY), and up € H™(RY) such that the tuple
(0, Ao, ..., A3, D, B, f,g,uo) satisfies the compatibility conditions (2.6) on G = R%.
of order m. Then the weak solution u of (4.1) belongs to G, (€2).



38 ROLAND SCHNAUBELT AND MARTIN SPITZ

Remark 5.10. Recall that Theorem 3.1 is valid for coefficients Ay and D which
have merely a limit as |(¢,z)] — co. Also all intermediate results extend to such
coefficients. In particular, Proposition 4.3, Theorem 4.4, and Theorem 5.9 are still
true if Ay and D only have a limit as |(¢,z)| — oo, cf. the proof of Theorem 4.13
in [23].

6. LOCAL EXISTENCE AND UNIQUENESS OF THE NONLINEAR SYSTEM

In this section we prove existence and uniqueness of a solution of (1.7) by a
fixed point argument based on the a priori estimates and the regularity theory
from Sections 4 and 5 for the corresponding linear problem. We define a solution
of (1.7) to be a function u belonging to ;L CI(I,H™I(G)) with imus C Uy for
all ¢t € I and satisfying (1.7). Here I is an interval with ¢, € I. We further allow
more general functions o than arising from the model (1.3). The specific structure
of the interface conditions does not enter very much in the proofs from now on. For
this reason we can be more brief in this part of the paper and often refer the reader
to the article [24], where the initial boundary value problem was treated in detail.
We first introduce the spaces

ML (G, Uy) (6.1)
={0: (G+ xU+)U (G- xU_) = R™" with 0, € C"(Gx x Uy, R"*") and
sup |0%0(x, y)| < oo for all a € N with || < m and Uy € Uz},

(z,y)€G L xUL 1
MLI(G UL) = {0 € ML™™(G,Uz): There exists n > 0 with 6 = 67 >
on Gy x Ui}

for our nonlinearities. Here 6, and 6_ denote the restrictions of 6 to G x U,
respectively G_ x U_. Moreover, by writing G+ X UL we address the two sets
G4+ XUy and G- x U_. Actually, we only need the dimensions n =1 or n = 6.

We often have to control compositions #(v) in higher regularity in terms of v.
In Lemma 2.1 and Corollary 2.2 of [24] the necessary formulas and estimates have
been provided for functions defined on a single domain. Our interface case can then
be treated by applying these facts to the subsets G separately. Since the proofs
below are only sketched, we do not repeat the modified versions of these rather
lengthy auxiliary results.

As in the linear case discussed in Section 2, regular solutions of (1.7) have to
satisfy compatibility conditions. To express them, we first introduce the operators
that give the initial values of the time differentiated version of (1.7), cf. (2.4).

Definition 6.1. Let J C R be an open interval, m € N, x € ML'ZHG(G,L&), and
o € ML™(G,Us). We inductively define the operators

Sy.o.Gimp: T x Hmax{m,?)}(J x G) x Hmax{m,Q}(G’ U) — H™P(Q)
by Sy,0,G,m,0,+ (to, [+, u0,+) = ug,+ and

Sx,0,Gmp,+(to; f1,u0,+) (6.2)
3

=X+ (Uo,i)_l (8571][:‘: (tO) - Z AEOajsx,a,G,mﬁpfl,:l:(t(J? f:i:v uO,:I:)

Jj=1
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p—

1
-1
- Z (p l )M{,i(t(h fi? u07i)Sx,U,G7m,p—l7i(t0, fi, uO,i)
=1
—1
=0
6
M= > ST Cl(p,0,0,0), 7,1 7)
Lli=1

1Sj§l"yl,.“,'ijNé\{O}ll»- st
2= 7:=(p,0,0,0)

p
—1
- Z (p l )Mé,j:(to» f:l:v U’O,:‘:)SX,O',G,m,pflfl,:t(t()» f:l:a uO,:t))a

J
(Oy,, -+ Oy, O =) (uo,+) I Sxo.cmpilox (o, f w04 )1, (6.3)
i=1
for 1 <p<m, k€ {1,2}, where 6 = x, 02 = o, Mg’i =04 (uo,x), and C is a
combinatorical constant, cf. Lemma 2.1 and (2.8) of [24]. By H™>{m2H(G U) we
mean those functions ug € H™>{™2HG) with imug + C Us.

Lemma 2.4 of [24] shows that the operators Sy .G m,p indeed map into H™ 7 (G)
and it provides corresponding estimates. (One applies it to the subsets G+ sepa-
rately.) Using Lemma 2.1 of [24], we can differentiate (1.7) p-times and obtain

R u(to) = Sy,o.cmp(to, frug) forall p e {0,...,m} (6.4)
if u € G (J x G) is a solution of (1.7) with data f € H™(J x G), up € H™(G), and
g € Epn(J x 2). Proceeding similarly with the interface and boundary condition,
equation (6.4) leads to the identities

BEsx,a,G,m,p(th fa uO) = 859@0) on Ea (65)
Boc Sy ,0,G,mp(to, frug) =0 on 0G forall pe{0,...,m—1},
which are necessary for the existence of a G,,(J x G)-solution of (1.7). We say

that the data tuple (x, o, to, Bs, Bag, f, g, uo) fulfills the compatibility conditions of
order m if imup + C Uy and the equations (6.5) are true.

Remark 6.2. Analogously to Remark 1.2 in [25], the linear theory allows for coef-
ficients in W1°°(J x G) whose derivatives up to order m on G are contained in
L*°(J, L*(G41)) + L>°(J x G). In view of Lemma 2.1 in [24], we can thus apply
the linear theory with coefficients y (@) and o(4) and @ € G (J x G). However, the
part of the derivatives in L™ (J x G) is easier to treat so that we concentrated on
coefficients from F,,(J x G) in Sections 4 and 5. The same is true for the nonlinear
problem. In the proofs we will thus assume without loss of generality that y and o
from ML™%(G,Us) have decaying space derivatives as |z| — co. More precisely,
for all multiindices o € N§ with ay = ... = ag = 0 and 1 < |a| < m, R > 0,
Ui+ EUs, and v € L>(J, L2(G)) with imvy C Uy + and ||’UHLOO(J,L2(G)) < R we
require

(0%x£)(v+), (0%02)(v4) € L=(J, L*(G+)),

1(0%xx) (V) I (r22(Gs)) + [1(0%0x) (V)| Lo (s L2(Gs)) < C, (6.6)
where C = C(x,0,m, R,U; +). With this assumption we obtain from Lemma 2.1
in [24] that x(a) and o(a) belong to Fp,(J x G).

Finally, we note that for unbounded G the above considerations are unnecessary
since then L?(G4) + L>®(G4) = L?(G4).
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The next lemma relates the maps Sy 5., m,p to their linear counterparts in (2.4).

Lemma 6.3. Let J C R be an open interval, tg € J, and m € N with m > 3. Take
X € ME;’Hﬁ(G,Z/{i) and 0 € ML™Y(G,Uy). Choose data f € H™(J x G) and
ug € H™(GQ) with imug 1+ CUx. Let r > 0. Assume that f and ug satisfy

[woll2m(ay <, oA 107 f (to)lpgm—i-1(qy < 7,
1flgmraxcy <75 I fllamixey <7

(1) Let @i € G (J x G) with dPu(ty) = Sy.0.G.m,p(to, fyug) for 0 < p <m—1.

Then @ fulfills the equations
SG,m,p<t07 X(’CL), A§07 A§07 A§O7 U(ﬁ>7 f7 uO) = Sx,U,G,m,p(th f» UO) (67)

for allp € {0,...,m}.

(2) There is a constant C(x,o,m,r,U; 1) > 0 and a function u in Gp(J x G)
realizing the initial conditions

afu(tO) - Sx,a,G,m,p(th f7 uO)

for allp € {0,...,m} and it is bounded by

m—1

llg,.ox6) < Clxaym,rth)( S 107 f(to)]
j=0

Hm—i-1(G) =+ ||u0||Hm(G)) .

Here Uy + denote compact subsets of Us with imug + C U; +.

Proof. Assertion (1) can be shown by induction using the definitions of the opera-
tors Sg.m,p in (2.4) and of Sy 5.G.m,p in (6.2), as well as Lemma 2.1 in [24].

Since Sy,o,c,m.p(to, f,uo) belongs to H™P(G) for all p € {0,...,m}, an exten-
sion theorem (see e.g. Lemma 2.34 in [23] applied on G4 and G_ separately) yields
the existence of a function w in G,,(J x G) with 87u(to) = Sy,0,G,m.p(to, [, uo) and

m
[ullg,..(7xcy < C Y 1Sx,0,G.m.p(tos £ u0) [l30m-2(c)

p=0
for all p € {0,...,m}. Lemma 2.4 of [24] then implies assertion (2). O

We introduce slightly strengthened assumptions on our material laws x and o
to guarantee that y (@) and o (@) converge at infinity, as required in Theorem 3.1.

MLTY(G UL) = {0 € ML™™(G,Ux): JA € R™*™ such that for all
(zr, yr)x € (G x U with |z| — oo and g — 0 :
O(xk,yr) = A as k — oo},
ML (G UL) = ML (G UL) 0 ML™ ™Y (G Uy).
The space ML™™V (G, U ) coincides with ML™"™ (G, Uy ) in (6.1) if G is bounded.

The next result provides the uniqueness of solutions of (1.7). Its proof is an
obvious modification of Lemma 7.1 in [24] and therefore omitted.

Lemma 6.4. Let tg € R,T > 0, J = (to,to + T), and m € N with m > 3.
Take material laws x € ME;'BG’CV(GJ/&) and o € ML™%(G,Uy). Choose data
feH™(JxG), g€ Eyn(JxX), and ug € H™(G). Let vy and ug be two solutions
in Gm(J x G) of (1.7) with initial time to. Then u; = us.
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We now show the basic local existence theorem for (1.7) by a contraction ar-
gument. To close the argument, one has to take great care of the constants. In
particular, the structure of the a priori estimate in Theorem 3.1 is crucial here.

Theorem 6.5. Let to € R, T > 0, J = (to,to + T), and m € N with m > 3.
Take x € ME;’H&CV(G,Z/{i) and 0 € ML™5(G,Uy). Let By, and Bag be given
by (1.6). Choose data f € H™(J X G), g € En(J x ), and ug € H™(G) with
imug+ C Uy such that the tuple (x,o,to, By, Bag, f,g,uo) fulfills the nonlinear
compatibility conditions (6.5) of order m. Pick a radius r > 0 satisfying

m—1

D10 (o) Fem-1-5 () + 1911 %, (s + lluol
§=0

%m(c) + I /] 3—[7"(J><G) <r*. (6.8)

Take a number k > 0 with
dist({uo +(z): x € G}, 0Ux) > k.

Then there exists a time T = T(x,0,m,T,r,k) > 0 such that the nonlinear initial
boundary value problem (1.7) with data f, g, and ug has a unique solution u on
[to, to + 7] which belongs to G, (J; x G), where J; = (to,to + 7).

Proof. Without loss of generality we assume ¢ty = 0 and that (6.6) holds true for x
and o, cf. Remark 6.2. Let 7 € (0,7]. We set J, = (0,7) and

Z/[,{;t = {y EUy: diSt(%@Ui) > Iﬁ:} m§2CSObr(O)» (6.9)

where Csop, is the norm of the Sobolev embedding H?(G) < L>(G). The sets Uy, +
are compact and contain im ug, .
Let R > 0. As in step I of the proof of Theorem 3.3 in [24] one checks that

Br(J:) == {v € Gu(Jr x G): ||vllg,. (1, xc) < R, v — ol (s, xa) < £/2,
3gv(0) = Sx,o,G,m,j(Oa fa uO) for 0 <j<m- ]-}

is a complete metric space when endowed with d(vi,vs) = [|vy —v2|lg,, (1. xa)- It
is non-empty thanks to Lemma 6.3 and the choice of R and 7 below.

Let 4 € Br(J;). We have x > 7 for some n > 0. The map x (@) is contained
in FV, (Jr x G) and o(d) in FV(J- x G) by Lemma 2.1 in [24], Remark 6.2,
and Sobolev’s embedding. Lemma 6.3 and the assumptions imply that the tuple
(to, x(), AS°, AS°, AS°, o (1), By, Baa, f, g, uo) fulfills the linear compatibility con-
ditions (2.6). Theorem 3.1 then yields a solution u € G,,(J, x G) of the linear
sytem (1.9) with differential operator L(x (&), AS°, AS°, AS°,o(i)) and data f, g,
and ug. In this way one defines a mapping ®: @ +— u from Br(J,) to G, (J; x G).
We are now looking for a radius R > 0 and a (small) time 7 > 0 such that ® leaves
invariant Br(J;).

For this purpose take numbers 7 € (0,7] and R > Cs.3(x, 0, m,r,Uq +)(m + 1)r
which will be fixed below. Let @ € Br(J;). Lemma 2.4 in [24] and (6.8) imply that

||SX»0"G’m’p(0’ f’ UO) ||Hm_p(G) < 02.4,[24] (X? o,m,T, uli,:t) (610)
for all p € {0,...,m} and a constant C 4 [24). From Lemma 2.1 of [24] we infer

Ix(@)(0)]

using (6.8) and x(@)(0) = x(ug), for instance. Note that im @4 is contained in the
compact set

FO _(G)» ||0-(7:L)(0)||]-'2171(G) < 02.1,[24](X707m77n7u/1,:t)7

m—1

U r =U, + + B(0,k/2) C U
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as & € Bgr(J;). Lemma 2.1 in [24] and estimate (6.10) lead to the bounds
m—1

108X (@) (0) [ 32116y < Coun foa) (X, s Ui £) (1 + max [|0F(0)[l3gm-r-1(c))

_ m—1
= Cy.1,124) (X, M, Uy 1) (1 + max, [1Sx,0.G,m 1 (0, fu0) | 2gm—5-1(c)

< Coq 4] (X, M, U 1) (1 + Co g o (X, 0, m, 1, U £)) ™,
1010 () (0)||2gm-1-1(G) < Co.1, 1241 (0, M, Use 4 ) (1 + Co g o) (X, 0, m, 7, Upe )™
forall [ € {1,...,m — 1}. We thus find a radius ro = ro(x, o, m,r, k) such that

max{ (@)l £, (), max 10X (@)(0) o116} < 7o,

max{[|o(@)(0)l| 7, (), max_ [|0ia(@)(0)]lzm-1-1(c)} < ro.

Since @ belongs to Br(J;), Lemma 2.1 in [24] yields the inequality
Ix(@)] 7, (7x6)s |0 (@] 7, (7x ) < Co.1,j24) (X 0 M, Use 1) (1 + R)™.
Hence, there is a radius Ry = R1(x, 0, m, R, k) with
Ix(@ 7, (1xc) < 1 and lo(@)l| 7, (xa) < Ra.
We next define the constant Cy, 0 = Cp0(x, 0,7, K) by
Cm,O(Xa o,r, K/) = C3.1,m70(77(x)a TO(Xa o,m,T, H))a
where Cs5.1 0 denotes the constant Cy, o from Theorem 3.1. The radius R =
R(x,0,m,r, k) for Br(J;) is now fixed as
R = max { 6 Cmo(x, 0,7, 8) 1, Co3(x,0,m,r,Us 1+)(m+ 1)r + 1}. (6.11)
We further introduce the constants
Tm = rym(Xa g, T7 T, l{) = 73.1,171(”()()7 Rl (Xa g,m, R(X7 ag,m,r, ’%)7 K/)a T),
Cm = Om(X, g, T7 T) = 03-1771’1(77()()7 Rl (Xa a,m, R(X? ag,m,r, Kj)? H)a T)7

where 3.1, and C31,, are the corresponding constants from Theorem 3.1. Let
Cs.2,1241(0,m, R,Z:l,.ii) be the constant that arises when applying Corollary 2.2 of
[24] to the components of § € ML™%(G,Us). We now define the parameter y =
v(x,0,m,T,r, k) and the time step 7 = 7(x,0,m,T,r, k) by

Y = max {’va C;L}ocm}v
T = min {T7 (2’)’ + mC3‘1’1)_1 log 2, C’n‘fC’m,o, (QCsobR)_lli,
[32R2Cm,0012’(022.2,[24] (X7 m, R, Z:lﬂ) + 022.2,[24] (03 m, R, dﬁ))]il }a (6'12)

where C'p denotes the constant from Lemma 2.1.

>From now on the reasoning follows the lines of steps III)-V) of the proof of
Theorem 3.3 in [24]. The above choice of constants and the linear results of our
paper imply that @ is a strict contraction on Br(J;) which yields the assertion. O

Remark 6.6. Using time reversion and adapting coefficients and data accordingly,
we can transfer the result of Theorem 6.5 to the negative time direction, cf. Re-
mark 7.12 in [23].
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We assume that the conditions of Theorem 6.5 are valid and that the functions
f and g belong to the spaces H™((—T,T) x G) respectively E,,((—T,T) x %), for
all T'> 0. We now define the maximal existence times by
Ty (m,to, f,g,u0) = sup{7 > to: 3G-solution of (1.7) on [ty, 7]},

6.13
T_(m,to, f,g,up) = inf{7 < to: I Gp,-solution of (1.7) on [r, o] }. (6.13)

The interval (T—(m,to, f, g, u0), T (m, to, f,g,u0)) =t Lmaz(m,to, f, g, up) is called
the mazimal interval of existence. These notions are modified in a straightforward
way if the inhomogeneities are given on an open interval J C R with ¢, € J. By
standard methods we can extend the solution given by Theorem 6.5 and Remark 6.6
to a mazimal solution u € ﬂ;’;o CI(Lmaz, H™ 9 (Q)) of (1.7) on I,,4, which cannot
be extended beyond this interval. More precisely, we obtain the following basic
blow-up criterion, cf. Lemma 4.1 of [24].

Proposition 6.7. Let tg € R and m € N with m > 3. Take x € MCQH&CV (G,Uy)
and 0 € ML™%(G,Uy). Choose data f € H™((—T,T) x G), g € Ep((=T,T) x
%), and ug € H™(G) for all T > 0 and define By and Bpg as in (1.6). Assume
that the tuple (x,o,to, Bs, Bag, f,9,u0) fulfills the compatibility conditions (6.5)
of order m. Let u be the maximal solution of (1.7) on Ia. introduced above. If
T, =Ty (m,to, f,9,u0) < 00, then one of the following blow-up properties

(1) liminf, ~p, dist({u4(t,2): © € G4}, 0U;) =0 or correspondingly for u_,

(2) limyg sz, [[u(t)|lgm () = o0

occurs. The analogous result is true for T_(m,to, f, g, uo)-

7. LOCAL WELL-POSEDNESS

The blow-up criterion in Proposition 6.7 can be improved. By Theorem 7.3, if
T} < oo (and the solution does not come arbitrarily close to OU or OU_), then the
spatial Lipschitz norm of the solution has to blow up as t — T, see Theorem 7.3
below. Similar blow-up criteria have been established for several quasilinear hyper-
bolic systems both on the full space and on domains, see e.g. [4, 5, 17, 18]. For
this improvement over the H™(G)-norm, one has to exploit that a solution u of
the nonlinear problem (1.7) solves the linear problem (1.9) with coefficients x(u)
and o(u), and then use Moser-type estimates. Lemma 4.2 from [24] provides a
version of these estimates suited to our setting in which we admit space dependent
nonlinearities. We can apply this lemma to the subdomains G separately.

The next proposition is the main step towards the improved blow-up condtion.
In its proof one differentiates (1.7) and applies the basic L2-estimate (4.2) to the
derivative of u. For the tangential and time derivatives, the Moser-type estimates
allow us to treat the arising inhomogeneities in such a way that the Gronwall lemma
yields the desired estimate. In order to bound the normal derivatives of u, we have
to combine the above approach with Proposition 4.3. Once more the reasoning is
parallel to that in [24], making use of the linear results of the present paper. For
details we thus refer to the proof of Proposition 4.4 in [24].

Proposition 7.1. Let m € N with m > 3 and tg € R. Take nonlinearities
X € ME;%’G’CV(G,Ui) and 0 € ML™%(G,Uy). Let By and Bpg be defined as
n (1.6). Choose dataug € H™(G), g € En((—T,T)xX), and f € H™((-T,T)xG)
for all T > 0 such that the tuple (x,o,to, Bs, Baa, f,9,uo) fulfills the compatibil-
ity conditions (6.5) of order m. Let u denote the maximal solution of (1.7) on
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(T-,T4). We introduce the quantity

w(T) = sup |u(t)[lwr.=(q)
te(t07T)

for every T € (to,Ty). We further take r > 0 with

m—1

D 107 () l2m—s-1(@) Gl B (20,74 x )+ 100l l32 () F I F 12 (10,74 0 ) <7

j=0
We set T* =T if T < oo and take any T* > to if T4 = oo. Let wg > 0 and let
Uy + be compact subsets of Uy

Then there exists a constant C = C(x, o, m,r,wo,Ur +,T* —to) such that

m—1

[ullZ,. ((to7)xc) < C( Z 107 f (to) 1 Fm—1-3cy + luollzim(ay + 191, (20,7 x5)
=0

+ ||f||§{m((to,T)><G))

for all times T € (to, T*) which have the property that w(T) < wg and imuy (t) C
Uy,+ for allt € [to,T]. The analogous result is true on (T_,1o).

The main missing part of the final local wellposedness theorem is the continuous
dependence on initial data. Here a loss of derivatives occurs since the difference
of two solutions satisfies an equation with a less regular right-hand side. The next
lemma shows the core fact in this context. It improves the convergence of solutions
uy, by one level of regularity, assuming uniform bounds of w, and convergence of
the data in the higher norm. In the proof one uses that derivatives of the solutions
satisfy a system with modified forcing terms. These problems are then splitted in
one with fixed inhomogeneities (arising from the limit data) and one with right-hand
sides tending to 0 (up to to an error term treated in a Gronwall argument). Such
techniques were developed for the full space (see e.g. [4]). We combine this approach
with our linear results to prevent a loss of normal regularity at the characteristic
boundary. Here again the structure of Maxwell’s equations is crucially used. The
proof is a combination of that of Lemma 5.2 in [24] with the theorems of the previous
sections. It is thus omitted.

Lemma 7.2. Let J' C R be an open and bounded interval, ty € J', and m € N with
m > 3. Take functions x € MﬁgﬁG’CV(GJ/{i) and o € ML™%(G,Uy). Let Bs
and Bag be defined by (1.6). Choose data fp, f € H™(J' X G), gn,g € En(J x ),
and ug pn,uo € H™(G) for all n € N with

w0, — wollwm@y — 0, llgn — 9llE,.(rrxz) — 0, [ fa = fllagmrxay — 0,

asn — 0o. We further assume that the system (1.7) with data (to, fn, Gn,%o,n) and
(to, f, g, u0) has G (J' X G)-solutions u, and u for alln € N, that there are compact
subsets Z;lli of Uy with imuy (t) C Z;{l,i for all t € J', that (uy)n is bounded in
Gm(J' X G), and that (up), converges to u in Gp_1(J' x G). Then the functions
up tend to u in G (J' X G).

Finally, we can prove the full local wellposedness theorem. In the following we
will write Bys(x,r) for the ball of radius r around a point x from a metric space M.
For times ty < T we further define the data space

My o.m(to, T) = {(f,§,10) € H™((to,T) x G) X Ep((to,T) x L) x H™(G):
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(x, 0, to, Bs, Bag, f,g,ao) is compatible of order m},

and endow it with the metric

d((f1,31,70,1); (f2, G2, 0,2))
= max{|[fi — follmm((to,1)xG): 191 — G2

Theorem 7.3. Let m € N with m > 3 and fir tg € R. Take functions x €
ME;'HG’CV(G,Z/&) and o € ML™%(G,U). Let By, and Bpg be defined by (1.6).
Choose data ug € H™(G), g € En,((=T,T) x %), and f € H™((=T,T) x G) for all
T > 0 such that imug + C Uy and the tuple (x,o,to, Bx, Bag, f, 9, uo) fulfills the
compatibility conditions (6.5) of order m.

Then the mazimal existence times Ty = Ty (m,to, f,g,u0) from (6.13) do not
depend on k € {3,...,m}. Moreover, the following assertions are true.

B ((t0,T)x2)5 1T0,1 — To2[l3m (c }-

(1) There exists a unique mazimal solution u of (1.7) which belongs to the function
space ;o C7((T-, T4 ), H™ 7 (G)).

(2) If Ty < oo, then

(a) the restriction uy leaves every compact subset of U or u_ leaves every
compact subset of U_, or

(8) Yimsup, e, max{[| Vs ()| [V (Ol (o)} = o0.

The analogous result holds for T_.

(8) FixT € (to,T4) and take T' € (T,Ty). Then there is a number d > 0 such that
for all data (f,g,ﬁo) € B, ., (to, 1) ((f, 9, 10), 6) the mazimal existence time
satisfies T+(m,t0,f,§,1]0) > T. We denote by u(-; f,§, o) the corresponding
mazximal solution of (1.7). The flow map

v Blbfx7g,m(to,T’)((fag7u0>76) — gm((thT) X G)7 (fa§7ﬁ0> — u(';fagaQO)a

is continuous, and there is a constant C = C(x, o, m,r, T — to, ko) such that

10 (f1, 1, d0,1) — U(f2, o, t0,2)ll G, 1 ((t0.7) %)
m—1

< C Y 0] filto) — 0] fato)lsgm-s-1) + Cllgr = G2ll By ((t0.7) %)
=0

+ Cllito,1 — o2l () + ClfL = Fellam-1((to,m)xG)

for all (fi,91,70.1), (f2, G2, t0,2) € Bar, ot ry((f59,u0),0), where ko =
dist(im uo, 4, 0Uyx). The analogous result is true for T_.

Sketch of the proof. We note that in part (3) one may extend f and § to the time
interval R to be in the framework of the previous parts of the theorem. Except for
part (3), the assertions easily follow from Propositions 6.7 and 7.1. In the context
of part (3) we set @ = u(+; f. 3, g ). If this solution exists on an interval [tg, '] with
Gm—norm less than R’, Theorem 3.1 and the results of Section 2 in [24] allow us
to bound u — @ in Gp,—1,4((to,t") x G) by analogous norms of the differences of
the data, if y(R') is large enough. We next use a time step 7 as in (6.12) and a
radius R as in (6.11) in the proof of Theorem 6.5, where we have fixed a sufficiently
large radius r > 0 for the data. If 6 > 0 is small enough, this theorem then yields
a solution @ of (1.7) in G, ((to,t + 7) x G) with norm less or equal R, for data
(f,§,10). Using the bound in G,,_1,((to, ') x G) just mentioned and Lemma 7.2,
we obtain the continuity of the flow map on G,,((to,t+7) X G). Decreasing § > 0 if
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necessary, one can then deduce assertion (3) iteratively. The details are analogous
to the proof of Theorem 5.3 in [24] which only uses different linear results. O

8. APPENDIX
In this appendix we show that the interface conditions for D and B are preserved.

Lemma 8.1. Let tg,T € R with to < T and set J = (to,T). Let (E,H,D, B)
in C(J,HY(G))NCY(J, L*(Q)) be a solution of the Mazwell system (1.1) with J €
L2(J, H(div,GR)) and Js € L*(J, H(div, X)) satisfying [Exv] = 0 and [Hxv] = Jx
on J x X. Set pu(t) = pno — fti(dng Js —[J -v])(s)ds for allt € J.
(1) If [B - v](to) =0 on X, then [B-v] =0 on J x X.
(2) If [D - v](to) = —ps,0, then [D-v] = —px on J x X.
Proof. (1) Since 9; By belongs to H(div,Gy), these fields have a normal trace in
H~'/2(%) for each t € J. Employing that also curl E4 € H(div,G+), we compute
(OB - V](t), p) 1725y xm1/2(s) = (OB - V](t), ) r-1/2()x 1172 (50)

= ([~ curll E - v|(t), <P>H—1/2(z)xH1/2(z)

= <— curl E+ (t) -V, 90>H*1/2(E)><H1/2(Z) + <cur1 E_ (t) sV, 90>H*1/2(Z)><H1/2(E)

= 7/ diveurl E4 (t)p dx — / curl EL () - Vodr — / diveurl E_(t)p dz

Gy Gy

—/ curl E_(t) - Vpdz

= — E_ (t)-curlVodx + (E4(t) X v, V‘P>H—1/2(E)><H1/2(Z)
Gy

= [ E_@t) curlVodz + (E_(t) X (=v), Vo) g-1/2()xm1/2(5)
G-
= ([E xV|(t),Vo)u-1/2(s)yxm1/2(x) = 0
forallt € J and p € C°(G). Since trg H} (G) = HY/?(X), we infer that 0;[B-v] = 0
on J x G. As [B - v|(tg) =0 on X, we arrive at [B-v] =0on J x %.
(2) We proceed as in part (1). Using the assumptions on J, we compute
(D - v](t), ) r-172(s) iz (zy = (0D - V() ©) -1/2(myxm1/2(x)
= ([(cwlH = J) -V|(t), 0) r-1/2(syx m/2(s)
=—([J- V}(t)790>H*1/2(2)><H1/2(E) — ([H x V](t)vv‘P>H*1/2(E)><H1/2(Z)
= —([J - v](t); ) r-12(5)xm1/2m) — (Ts(t), Vo) g-12(5)x 11/2(3)

for all ¢ € C°(G) and almost all ¢ € J. Since Js = [H X v|, the boundary
current density Js is tangent to X, i.e., Jx = mxJy, where my, = 7y, denotes the
orthogonal projection on the tangent space at x € 3. We infer that

(Ts);Voyg-12syxmiz) = (Tsds(t), 7sVO) g-12(syxm1/2(x)
= (Ix(1), VES0>H—1/2(E)XH1/2(Z) = —(divs Jx(1), <P>H—1/2(2)XH1/2(z)a
where we refer to Definition 2.2 of Vy and divy in [7]. We conclude that
(0D - V](t)’<p>H*1/2(E)><H1/2(E) = (divg Jx — [J - V]“)v@)H*l/?(E)le/?(E)
for all ¢ € C°(G) and almost all t € J. Arguing as in (1), we derive claim (2). O
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