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Abstract

The KdV equation can be derived via multiple scaling analysis
for the approximate description of long waves in dispersive systems
with a conservation law. In this paper we justify this approximation
for a system with unstable resonances by proving estimates between
the KdV approximation and true solutions of the original system.
We expect that the approach will allow to handle more complicated
systems without a detailed discussion of the resonances and without
finding a suitable energy.

1 Introduction

We consider the Boussinesq-Klein-Gordon (BKG) system

Pu = aP0Pu+ 020%u + 0% (At + 20 uv + awv?), (1)

O = 02 — v+ buu® + 2b,uv + by v, (2)

where u = u(z,t),v = v(z,t),x,t € R, and coefficients a > 0, ayy, - .., by €
R. Inserting the ansatz

2RV (. 1) = 2 A(e(x — at), £%1) and g2V — 0, (3)

with small perturbation parameter 0 < £ < 1, into (I))-(2) yields the KdV
equation

aTA = V18§(A + 1/28)((142), (4)
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with coefficients vy, 15 € R. The amplitude A(X,T) € R depends on the long
temporal variable T' = €3t and on the long spatial variable X = ¢(z — at).

We are interested in the validity of the KdV approximation for the BKG
system in case of unstable resonances, i.e., in case a > 2, cf. Remark [1.6
We prove

Theorem 1.1. Let A be a solution of the KdV equation with

sup / AK, T)|em MldK < o (5)
R

T€[0,Ty)

for an ps > 0. Then there exist e > 0, T} € (0,Tp], and C > 0 such that
for all e € (0,20) we have solutions (u,v) of (1)-(2) with

sup  sup |(u, v)(x,t) — (2R (2,1),0)| < C72.
tE[O,Tl/ES} z€eR

Remark 1.2. Such an approximation result is nontrivial since solutions of
order O(£?) have to be controlled on an O(1/e%) time scale.

Remark 1.3. The linearized problem is solved by

u(x,t) = eikm:tiwu(k)t’ v(z,t) = 6ikx:|:iw1,(k)t7

with .
«
wy (k) = —, wy (k) = V1 + k2.
W= W=y
We have w, (k) = ak — 3ok + O(k?). In Fourier space the KdV equation de-
scribes the modes in the u-equation which are strongly concentrated around

the wave number k = 0, cf. Figure . We have 1) = —%oz in (4)).

Remark 1.4. Historically, the KdV equation has been derived for the so
called water wave problem first. Approximation results have been established

in a number of papers. They are either based on energy estimates, cf. [Cra85|
SW00, [SW02l, [Duel?2], or on the use of analytic functions, cf. [KN86, [Sch96].

Remark 1.5. Although the BKG system looks less complicated than the
water wave problem, for the KdV approximation some features occur which
are not present for the water wave problem over a flat bottom, namely the
occurrence of quadratic resonances.
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Figure 1: The curves of eigenvalues +w,, +w, for the linearized BKG system
plotted as a function over the Fourier wave numbers in case o? = 1 (left)

and o? = 5 (right). The modes in the blue circles are described by the KdV
approximation.

Remark 1.6. For o > 2 the curves w,, and w, intersect at two wave numbers
ki and ko, cf. the right panel of Figure I} In [BCSI7] it has been explained
that there are i—’lr—spatially periodic solutions of the form

u = 2A(%) + " A (ePt)elnkteihie o on A (2f) ettt L 6 ¢
EnBl (EQt)eiwv(kl)tGik1z + gnB_l(EQt)e—iwv(—h)tB—ik’lm + h.O.t.,

which satisfy 924 = 0 and

A A, , 1 —aukiA —akiA

o ( By ) B M( By ) with M= i, (K1) ( buuA buv A >
where 7 = €2t. By suitably choosing the coefficients ayy, Gup, buu, and by,
the matrix M has eigenvalues with non-vanishing real part. Hence growth
rates 7 = et = ¢fT/¢ with a 8 > 0 occur. These allow to bring "4,
and €"B;, which are initially of order O(e"), to an order O(£?) at a time
T = O((n — 2)e|In(e)|) < 1. Therefore, we have that v = O(e?) far be-
fore the natural time scale of the KdV equation. Hence, in this situation
the KdV approximation makes wrong predictions. It can only make correct
predictions if initially e”A; and €"B; are chosen exponentially small w.r.t.
g, cf. Assumption in Theorem . Without excluding the possibility of
unstable resonances the restriction to analytic solutions and to T7 € (0, Tp]
cannot be avoided.
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Figure 2: The mode distribution for ¢ = 0 in the KdV case and the mode
distribution for t = O(|Ing|/e?) < O(1/e®). The KdV approximation is no
longer valid in the right picture, since the modes at +k; are of the same order
as the KAV modes at k£ = 0.
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Remark 1.7. For the BKG system in [CS11] for a < 2, i.e., in case of no
additional quadratic resonances, i.e., in case wy,(k) # w,(k) for all k € R,
a KdV approximation result has been established. It has been explained in
[BCS17] how to establish an approximation result for all & > 2 in case of
stable quadratic resonances, i.e., in case that the eigenvalues of M are purely
imaginary or have negative real part. Hence, it is the purpose of this paper
to cover the case of unstable quadratic resonances, i.e, when M has at least
one eigenvalue with positive real part.

Remark 1.8. The proof of Theorem[1.1]is based on a control of the solutions
close to the wave number £ = 0 by energy estimates and normal transfor-
mations. At the other wave numbers the solutions are solely controlled by
working in spaces of analytic functions leading to some artificial damping.
Functions which are analytic in a strip in the complex plane around the real
axis of width 2u4 correspond in Fourier space to functions which decay as
e #alkl for | K| — oo, cf. Assumption (5) in Theorem [1.1] See [RSTH].

Remark 1.9. The BKG system is a prototype model for a whole class of sys-
tems. Elements of this class are the poly-atomic FPU problem and the water
wave problem over a periodic bottom. The transfer of the following analysis
to these systems will be the subject of future research. The main strength
of the approach of the present paper is, that it will allow to handle such
more complicated systems without a detailed discussion of the resonances
and without finding a suitable energy which will be different for every sys-
tem. Except of very few exceptions [CS11l, (CCPS12, [GMWZ14. BDS18| the
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KdV approximation so far has only been justified for systems with a single
pair of curves of eigenvalues +iw,,.

Notation. The Fourier transform of a function u is denoted by Fu or u.
Possibly different constants which can be chosen independently of the small
perturbation parameter 0 < 2 < 1 are denoted with the same symbol C.

Acknowledgement. The paper is partially supported by the Deutsche
Forschungsgemeinschaft DFG through the Collaborative Research Center
CRC 1173 "wave phenomena”.

2 Derivation of the KdV approximation
Inserting the ansatz
2RV (2, 1) = ?A(e(x — at), %) and  2YFY =0. (6)

into the BKG system gives

Res, = —0?u+ a?0*u+ 020*u + 02 (auutt® + 2a,,uv + ay,v?)
= %034,

Res, = —020+ 020 — v + byt + 2byuv + by v”
= b A%

if we choose
—2a8T8XA = 062831(14 + a?((auuA2))

respectively

OpA = —%a;’;A - %OX(AQ). (7)

The residuals Res, and Res, contain the terms which do not cancel after
inserting the approximation into the BKG system. For our subsequent error
estimates we need Res, = O(g®) and Res, = O(&®). In order to achieve
this goal, we have to extend our approximation of v by higher order terms.
Therefore, our final approximation is given by

e2pu(z,t) = *Ale(z — at), %),
elp(x,t) = 'Bi(e(w —at),e’t) + e By(e(x — at), £3¢).



For this improved approximation we find

Res, = 0O(%),
Res, = &*(—Bj +buA?) +&%(—By + 0% By + 2b,,AB)) + O(®) = O(£%),

if we choose B; and By to satisfy
—B1 + b, A*=0 and — By + 05 B; + 2b,AB; = 0.

Due to ([, [u(ez)|?dz)'/? = e V2( [, [u(X)[?dX)"/? we lose a factor e~1/2
when computing the magnitude of the residual w.r.t. powers of ¢ in L*-
based spaces. Therefore, we have

Lemma 2.1. Fiz sy —s > 8, s> 1/2, and Ty > 0. Let A € C([0,Tp], H*4)
be a solution of the KdV equation and %1, and e*ip, be defined as above.
For this approximation then there exist €g > 0 and C' > 0 such that for all
e € (0,e9) we have

sup || Resy||gs < Cet®/? and sup || Res,|| s < Ce/2,

TG[O,To] TE[O,To]

Proof. Counting the powers of ¢ is straightforward. The term which loses
most regularity is 0%By which can be expressed in terms of 92(AB;) and
02.0% By. Since B; can be expressed in terms of A? it is sufficient to control
020%(A?%). We have that drA can be expressed via the right-hand side of
the KdV equation in terms of A,...,0%A. Differentiating the KdV equa-
tion w.r.t. T shows that 9%(A?) can be expressed in terms of A, ..., 0% A.
Therefore, 02.0% B can be expressed in terms of 4, ..., 0% A. O

Then writing the equations for the error, obtained from the BKG system
-, as a first order system, a term 0, 'Res, occurs.

Lemma 2.2. Under the assumption of Lemma|2.1] we have the estimate

e < Cel32,

sup ||0; " Res,|
T€[0,Ty)]

Proof. The loss of e~ comes from 97! = ¢719%'. It is not obvious that
dx'Res, is again in L2, This is obvious for all terms which have a derivative
Ox in front. There is only one term in the residual for which this is not
obvious, namely 9%2A. We have

02A = 0p(0pA) = Op(1 0% A + 1,0x(A?)) = OxOr (11 0% A + vy(A?)).

Therefore, we are done. ]



3 The equations for the error

The error functions (¢7/2R,,e"/?R,), defined by

U = 52¢u + 57/2Ru, U= 52¢u + 57/2Ru,

satisfy
R, = Q*O0IR,+ 0;0:R, + 2202 (awbu Ry + a0y Ry) + %02 fu, (8)
ava - ag%Rv - RU + 252(buu¢uRu + buv¢uRv> + gsfm (9>
where

ssé?gfu = 57/283%(%“1%5 + 20, Ry Ry + ang)
+262 02 (Auwths Ru + auothoRy) + €7/ *Res,,
ef, = €/ (buR2 4 2byyRyRy + by R?)
+26% (buo o Ry + bywthu Ry) + € /?Res,.

This system is written as first order system

(9tRu = Zquu,
R, = iwyRy 4 26%wy(GunthuRy + unthuRy) + %1y fo,
8th == iw@f{v,

R, = iw,R, +2%(iwy) ™ (buWu Ry + buwthu Ry) + €° (iw,) ™ fo.

After diagonalization

1 ~ 1 ~
Ru :_Ru+Rua Ru— :_Ru_Ru
1 \/5( ) -1 \/5( )
and . .
Rv,2 = (Rv + Rv)a Rv,—? = _(Rv - Rv)

of the linear part we obtain

1
OR,1 = tw,Ryq+ —c%iwy, fu

V2
+€2iwu(auu¢u<Ru7l + Ru,—l) + auv¢u(Rv,2 + Rv,—Q))u
1
ORyy = iwyRys+ —=c*(iw,) " f,
t ,2 ,2 \/5 ( ) f
+52(iwv)_1(buu¢u(Ru,l + Ru,—l) + buku(RvQ + Rv7—2))7
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and similar for R, _; and R, _s.

Since €21}, is strongly concentrated at & = 0 we separate €21, into a part
concentrated close to & = 0 and into the rest. For 6 > 0 we define the mode
projection Ej via Esu = Esu, where E5 = 1 for |k| < § and Es = 0 elsewhere.
Moreover, we define Ef via 73}(1{:) =1- E\(s(]{) Since Ef, is O(e4)-small,
for instance w.r.t. the sup-norm if A is s4-times continuously differentiable,
see Remark in the appendix, we write the equations for the error as

1
OhRy1 = iwyRy1 + —=c%iwygy
t4y,1 1 \/5 g
+e2iwy (Auu(Esthy) (Ru1 + Ru—1) + auy(Esthy) (Ro2 + Ry —2)),
1
O Ryy = iwyRys + —=(iwy) g,
t{ly,2 ,2 \/5 ( ) g
+€2(iwv)_1(buu(EMyDu)(Ru,l + Ru,—l) + buv(E5¢u)(Rv,2 + RU,—Q))?

and similar for R, _; and R, _s, where
539u = ESfu + 252(auu(E§wu)(Ru,1 + Ru,—l) + auv(E§¢u)<Rv,2 + Rv,—2)>7
5391} - 53fv + 252(buu<E§¢u)(Ru,l + Ru,—l) + buU(E§¢u)(RU,2 + Rv,—2))‘
4 The functional analytic set-up

In order to control the unstable resonances we introduce a number of function
spaces. By (-,-) we denote the Euclidean inner product and by | - | the
associated Euclidean norm in R¢. The Fourier transform is denoted by

1 )
F(u)(k) = u(k :—/e’kxuxd:c.
(u)(k) = u(k) NI (z)
For m > 0 we define the Sobolev spaces
H™ ={uc L*R): (1+|- )70 e L*(R)},

endowed with the inner product

(1, 0hm = (@003, = [ (1 1K) (@06, 506} .



For any m € N, the induced norm is equivalent to the usual H™-norm.
Finally, for m > 0 we introduce

W= {u cu=FN@),a € L'(R), ullw, = /Ru + k™ ak)| di < oo} |

By Sobolev’s embedding theorem the space H™'(R) is continuously em-
bedded into W™ for each § > 1/2. Moreover, every u € W™ is |m|-times
continuously differentiable with finite C/™ (R)-norm.

In order to control the positive growth rates, occuring at the resonances,

we work in the space
o _ 2 ol 2\~ 2
Hy, = {ue LPR): eM(1+ |- )30 € LP(R)},

equipped with the norm

1
Hu”Hﬁ’m = (/ \ﬂ(k)’%wkl(l + |k’2)mdk) ’
R

where © > 0 and m > 0. Functions u € H;?O can be extended to functions
that are analytic on the strip {z € C: |Im(z)| < p}. Similarly, we define the
spaces W7o,

In our notations of the spaces and norms we do not distinguish between
scalar and vector-valued functions. The spaces H 5, are closed under point-
wise multiplication for every y > 0 and m > 1/2 and the spaces WSS, for

every > 0 and m > 0. See the appendix.

5 Some first estimates

In this section we collect various estimates which are necessary for the proof
of Theorem We start by rewriting Lemma [2.1I] and Lemma into

H " -spaces.

Lemma 5.1. Fiz ug > p >0, s4 —s > 8, s > 1/2, and Ty > 0. Let
A e O([0,Ty], HY: ) be a solution of the KAV equation (7), and let e,
and e*1), be defined as above. For this approzimation then there exist gy > 0

and Cres > 0 such that for all € € (0,eq) we have

sup (| Resullig, + 1| Resu iz, + <1107 Resulaz, ) < Crase™™”.
T€l0,To] ;



Proof. Using Lemma from the appendix the proof goes line for line as
the proofs of Lemma [2.1| and Lemma [2.2 O

Since w, is a bounded operator in H7*, and since (wy,)~! is a bounded

operator from HY to HpS,; we have, using Lemma [5.1] that

||€3Z'wufu||H;;?s + ||53(iwv)_1f”“Hﬁ?s+1
< Ce(| Rullfie, + | Rollfrze,)
+CE ([l [ Rullmz, + [6ullwis | Rell i) + Crase®
With these estimates and Lemma [A 5 we find
Elliwagulliz, < Ellfullnz, +CCoe™ ™ (| Runllags, + [ Ruilliz,)
+Ce*Cue (|| Ry 2 e, + [ Ryl e, ),

ENiw) gl < Ellfullaz,,, + C2Coue® = ([[Rullage, + | Ru-1]lze,)
+Ce*Cpe® (|| Ry 2

Hee, + | By, 2| rze,)

6 From analytic to Sobolev functions

In order to control the unstable resonances, we solve the equations for the

error in Hp°-spaces with s > 1 and p = p(t) decreasing in time. In detail,

we choose
1 (t) = paje — pet

for 0 <t < Ty/e® with T} = pu4/B. With respect to this time-dependent norm
the unstable resonant modes are damped artificially. Since the solutions of
the KdV equation satisfy

sup [ A(T)[lyee | < Cy

T€[0,To] rasa
we have

200 O] < Oue?
Te[?),l;}o)/s?’] Hg ol )HWM’SA "

In order to work in usual Sobolev we introduce

Rj (t) = Sy (t)RuﬂJJ (t)7
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with S, () a multiplication operator defined in Fourier space by
S (k, t) = elpale=Penlk]
As a direct consequence of the definitions we have:

Lemma 6.1. Fort € [0,4/(8€”)] the linear mapping S,(t) : Hy, . — H®,
resp. Su(t) + Wity o — W2, with p(t) = (pa — nedt)/e, is bijective and

bounded with bounded inverse.

The new variables satisfy

1
8tR1 = —B€2|]€|OPR1 + iqul + Eg?’iquw(t)gu
+£%iwy S () (auu (S () Estn) S, () (R + R_y)

w

+au (S5 (1) Estha) S5 (8) (Ra + R-2)),
1
O;Ry = —ﬁsz\k:|opR2 + dwy, Ry + Eeg(iwv)_lsw(t)gv
e (iwy) 1S (1) (buu (S5 (1) Estu) S, (8) (Ry + R-y)
“"buv(S;l(t)E6¢U>S;1(t)(R2 + R—2))a
and similar for R_; and R_5. The operator |k|,, is defined via its operation

in Fourier space m(k‘) = |k|R(k).
Using Lemma [6.1, Lemma and the previous estimates we find

53||iquW(t)QU| Hs + 53||(iwv)_1sw(t)gv|

Hs+1
< Ce™2(|| Rullf + || Rall3e)
"‘054(va| Wee, Rillms + ”wv”Wi?s Rollm=) + Crese®
+Ce2Cye® (|| Ryl s + || Rallms)-

7 The normal form transformation

The modes to wave numbers bounded away from zero, are controlled with
the sectorial operator —f|kl|,,. At k = 0 this operator is of no use and so
normal transformations and energy estimates have to be used at k£ = 0.

For wave numbers in a dg-neighborhood of the origin the error equations
are simplified by a number of normal form transformations, i.e., by a number
of near identity change of variables.
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e The term FEj,iw,S,(t)(ayu, (S, (t)Es,)S,  (t)(Ry + R_5)) in the R;-

equation can be written in Fourier space as

[ analie = L0GuE = OB+ [ sl = L0~ DR(0L
with
q1,2(k7 k — la l) = @)(k)za(k)gw(kvt)auv(@(k - la t)E\ﬁ<k - l)Sajl(Lt)

and similarly for ¢; —o(k,k — 1,1). It is well known that this term can be
eliminated by a near identity change of variables

Rs = R+ / Dok, k=1, 1)y (k—1) Ry (1)di+ / by, ok, k=1, )b, (k—1) R _5(1)dl,

where

ql,:t2(k> k: - lv l)

brxa(k b —1,1) = iwy (k) — iwy(k — 1) Fiw,(1) — Be2(lk| — [k — 1| — |I])

For |k| < do and |k — 1] < § the denominator is bounded away from zero if
do > 0 and 0 > 0 are sufficiently small.

e The term FEj,(iw,) 1S, (8) (buu (S, () Esthn) S, (8)(Ry + R-1)) and the
term Es, (iwy,) " S, (1) (buo (S5 (8) Esthy) S (t) (R_2)) in the Ry-equation can

be written in Fourier space as
/ o (ke — LTk — DRy ()dl + / Gk ke — 1 Diu(k — DR (1)l
4 [ @oalhok = LT~ DES (DAL

with
o1 (kb — 1,1) = By (6) G5(k)) Sk, b5k — 1, ) ok — S (1,1)

and similarly for go 1 (k,k —[,1) and go_o(k,k —[,1). It is well known that
this term can be eliminated by a near identity change of variables

o~

R, = E}+/b2,1(k,k—l,l)@(k-l)ﬁ}(l)dz
+/b2,_1(k,k—z,zm( ~DR_ (l)dz+/bz,_2<k,k Dtk — DR

12
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where

%,ﬂ(hk - l,l)
iy (k) — iw (k — 1) F iwy (1) — B2([k] — [k — 1] — |I])

bo1(k,k—11)=

and

QQ’,QU{I, ]{Z — l, l)
iy (k) — iwa(k — 1) + iwy (1) — Be2([k] — [k — 1] — |I])’

b2,72(k7 k— l7 l) =

For |k| < dg and |k — 1] < § the denominator is bounded away from zero if
do > 0 and 0 > 0 are sufficiently small. Estimates such as

II/b(k,k—U)%(k’—l)R( )l L2 ar) (Suplb(k k=L DDNullws

then imply:

Lemma 7.1. There exist eg > 0 and C > 0 such that for all ¢ € (0,g¢] the
transformation (Ry, Re) — (Rs, Ry) is bijective with

IR = Rsllm, + || Rz — Ralln, < C*(|| Ry

ae + ([ 2]

He)-

After the transformation our system is of the form

1
—e zquw(t)gg

V2
+etiwnS () (aua (S5 () Estha) S (1) (R + R_3))
+eiw, S, (t )Ea( o(85 1 (O Estpu) S5 (1) (Ra + R-s)),

R, = —pe* |k |opRa + iwy Ry + Eé?’(zwv) S(t)gs
e (iwy) TS, (1) B (buu (S, (1) Esthu) S5 (t) (Rs + R-3))
+e?(iwy) "' S (t) buo (S, () Esthu) S, ' () (Ry))
e (iwy) 1S (1) B (buw (S5 (1) Estpu) S, () (R-4)),

and similar for R_3 and R_4. The terms with E§ in front will be controlled
with —pBe?|k|,,R; by choosing 3 = O(1) sufficiently large. The remaining
terms of order O(g?) at k = 0 have to be estimated differently. The terms
with g3 and g4 are coming from ¢, and g, and from higher order terms

8,5R3 = —682‘k‘0pR3 + Zqug +

13



obtained via the normal form transformation from terms not contained in g,
and g,. Therefore, using s4 — s > 2, the terms with g3 and g4 obey

€l Sus (£) g3 1rs + €3] (i) ™ S (£) | s
< C"(|| Ralls + || Ralle) (10)
+Cre' (| Rslls + | Rall) + Crese®,

where (' is a constant independent of 0 < ¢ < 1, solely depending on
1Al wgs

HAsA”

8 The terms at £ =0

Ignoring at the moment all terms which are of higher order or which have
some E§ in front, our system is of the form

6tR3 = —ﬁ€2|]€|0pR3—|—iqu3
+e?iw, S (1) (20 (S5 () Bstha) S5 (1) (Rs + R3)) + ..,
Ry = —Pe|k|opRy +iw,Ry

+e? (i) ™ S0 (1) (bu (S5 (1) Esthu) S5 () (Ra)) + - .

Hence, the R3-equation and the R4-equation decouple up to the terms hidden
in .... Due to the iw,-operator in front of the term in the second line of the
Rs-equation, in Fourier space this term vanishes at the wave number k& = 0.
Therefore, in the end also this term will be handled subsequently with the
damping term —f3e?|k|,,R3. The same is true, if we write an E§-operator in
front of the term in the second line of the R4-equation, and so it remains to
discuss

6tR4 = —ﬂ€2|k’|0pR4 + ’iva4
1
+552(z‘wv)—1sw(t)Eg(buv(S;l(t)Em)S;l(t)(R4)) +....
We find
d d
pr Wy | RyPdr = pr /wv(R4R4)d:E = —Be? /wv|]k]OpR4\2d:U +04¢e%s4+ ...

14



5 - // Sk, ) By ()b S (I — 1, By (k — 1) (k — 1)S1(1, ) Ra(1)

//R4 (k) B (k)banSo 1 (k — 1, t)Eg(k — Diba(k — 1)S51(1, t) R_y(1)dldk

—

— 22// S (ks t) By (k)boo S1 (K — 1, 1) Ey(k — Db (k — 1)S51(1, ¢) Ra(1)dldE

—27,//1%4 Sl ) Es (k) bunS (1l — k) Es (L — k)u(l — k)S=1(k, £)R_a(k)dldk
= 21 [ [ aoth b~ LRk~ DR
with

Gk, k—1,1) = 2iS,(k, ) Es(k)buS5 L (k — 1,8)Es(k — 1)S51(1, 1)
—2iS, (1, ) Es (k)b S (1 — k, ) Es(1 — k) S5 (k, t),

where we used z/p;(l — k) = @(k — 1) which holds due to the fact that 1, is
real-valued. By definition we have

buS (k= L) Es(k — 1) = by, S (1 = k, ) Es(1 — k) € R,
and so qo(k,0,k) = 0 for all £ € R. Since we have a compact set of wave

numbers this implies [qo(k, &k — I,1)] < Clk —1|. As a consequence, we can
apply Corollary and obtain

/ / aok, & — LR (k) Tk — DRa(D)dldk = O(e),

resp. €25, = O(e%).

9 The final energy estimates

We have now all ingredients to perform the final energy estimates. We define
an operator {2 via the multiplier (k) = min(w,(k),4) in Fourier space. On
the one hand this operator allows to perform the energy estimates from the
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last section for k close to 0, on the other hand this operator allows to work
with the same regularity for R3 and Rjy.
We start now to estimate the time derivative of

2
ES = HR3| Hs *

e+ (|92 R

We compute

1d
sl = (B, — B2 k|opRs) s + (V2 Ry, — B2 k|op¥ 2 Ry) 115

+81+82+83+...+88,
where

S1 = (Rg, iqug)Hs + (Ql/2R4, inQ1/2R4)

s
Sy = (Rg, %SSiquw(t)gg) . + <QR4, %53@%)15(15)5]4) ,
53 = ( (

sS4 = ( (

S5 = (QR4,€2(iwv)’lSw t)E§
S6 ( )

S7 ( )

sy = (QR4,52 iwy) 1S, (t

In the following we give the final estimates. The detailed calculations to

obtain the estimates can be found in Appendix [B]
We start with the good terms, namely

(R?n _652|k|0pR3)H5 + (QI/ZR4, _652|kj|opg21/2}%4)HS
— _pe |k|1/2 RBHHS _ Be? |l<;|1/2 O2R,

Hs
Using the skew-symmetry of iw, and iw, yields

S1 = 0.
Using the Cauchy-Schwarz inequality and yields

59| < Ce2E, + CPE3? 4 &3,

16



The terms sy4, S5, S7, and sg have some Ef in front and can be estmated
by the good terms

S T W
Hs He
which for the E§-terms is a lower bound for

B |62 Rs|| . — BE* (|62 Ra .

The term s3 can be estimated by the good terms, too, using the fact that
0u (k)| < C|k| for k — 0. Finally, the term sq, as explained in Section [} is
of order O(e?).

Summarizing all estimates gives

1d
14 < (_Be2 2 7/2 [1/2 H 1/2 H H 1/2 1/2 H
thES < (=fef+ Ce* 4+ Ce"E/*)(|||k] ' Rs H5+ |k|"" QY Ry H)
+CE, +?E3? 4 C¢&3
< CeE, + 57/2E§’/2 + &3
< (C+ 1B, + 02,
if

—B+C+ Ce¥?EY? <0

and £/2FY* < 1. Gronwall’s inequality then implies
E,(t) < Ctel®TVt < CTpel@+ 0 —. .

We are done, if we choose 5 > 0 so small that 5(1)/2M1/2 <1 and then 8 > 0
so big that
—B+C+ CePMM? <.

A  Some technical estimates

In this section we collect a number of estimates which we used in previous
sections. Together with their proofs they can be found as Lemma A.4, Corol-
lary A.5, Corollary A.6, Lemma A.9, and Corollary A.10 in [HdRS18]. We

start with some estimates for the nonlinear terms.

17



Lemma A.1. The spaces H7, are Banach algebras for p > 0 and s > % In

detail, there exists a p-independent constant Cs such that

[woll g, < Csllullmg,

| e,
Jor all u,v € H,.

For our error estimates we need the following tame estimates version of
this lemma.

Corollary A.2. For 6 >0, u >0 and s > 1/2 we have

1wl arge, < Collull e, Nlllm

oo
ays

Jor allw e H,.

Corollary A.3. For p >0 and s > 0 we have

[uvllsge, < Csllullw,,[v] mg,

Jor allu € Wi, and v € H,.

The expansion of the kernels in the multilinear maps can be estimated

with the following lemma.

Lemma A.4. Let 99 > 0, Vo € R, and let g : R — C satisfy
lg(k)| < Cmin([&]™, (1 + [k])").

Then for the associated multiplication operator g,, = F*gF the following
holds. For i) p1 > po and my,mg > 0 or ii) puy = ps and mg — my >
max (g, V) we have

lgop Al rze . < O™ 2 AC) g

wi/esmy H2,m2

for alle € (0,1).

—-1/2

In W7,-spaces there is no ¢ loss due to the scaling invariance of the

norm and so we have as a direct consequence:

18



Corollary A.5. Let ¥y > 0, Vo € R, and let g(k) satisfy
lg(k)| < Cmin([&]™, (1 + [k])">).

Then for the associated operator g,, = F 'gF the following holds. For i)
p1 > e and my,me > 0 orii) gy = ps and mg —my > max(dy, Vo) we have

1905 AW,y ey < CEIAC 1,1y,
for all e € (0,1).
Remark A.6. This corollary is used for instance to estimate E. Since E% (k)

is identical zero in a neighborhood of the origin we have |E(k)| < C|k|" for
every r € N.

B Estimates for the s;

In this section we give the detailed calculations which are necessary for ob-
taining the bounds in Section [0

a) We start with the bound on the linear terms (R3, —(¢%|k|opR3) s and
(QY2Ry, — B |K| QY2 Ry) gs. Using the Fourier representation of |k|,, gives

(Rs, —B3%|k|opRs) s = —Be(Rs, |k|Rs) 12 = —Be(|k|Y/* Ra, |k|Y/*Ry) 2
and similar for (QY2R,, —Be?|k|pQY 2 Ry) s

The problem is now, that these ’good’ terms do not allow to estimate
terms at the wave number £ = 0. We have to use the fact, that the terms s3,
S4, S5, S7, and sg vanish at the wave number k£ = 0, too.

bl) The term sz can be estimated by the 'good’ terms using the fact
that |w, (k)| < C|k| for k — 0. The last estimate implies that the symbol of

U= |k|o_p1/2wu is bounded at the wave number k£ = 0. We find
s3] = | (s, %iwySe(t) (@ (S (6) Estn) S (1) (Bs + Rs))) . |

= | (Iklep” s, €1l k] o PwuSu (8) (auu (S5 () Estou) S5 (8) (Rs + Ros))) . |
O |klop? Rl 1= 11980 (#) (@ (S5 (#) Estou) S () (Rs + R—3))]|
C|l[k[2y)” Rs |1+

< ([[9Y%0ulw.
C™2||[k|5y)? Bs|

(k12 R

Hs Hs

VAN VAN

e+ [ ullw, |92 R )
ws + C2|| k|32 R rrs ||| k| 107 Rs|

o
i)

19
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where we used that [[9/2¢,|w. = O(¢'/?) due to Corollary applied to
19(k)| < C|k|Y2. In the last line we used £%/2ab < e2a® + £3b2.

b2) The term s4 can be estimated exactly the same as the term s3. The
last lines have to be modified into

[sa] = Ce|l[kl5)* Ryl

HS
X (1912 lw, | Rall mrs + |9bullw, 19 Ra 2
< CP||kIP Ryl s | Rall s + C2 ||| K22 R | s ||| 402 R || s

< Okl BsllZ + €|l 2 Rallfgs + 1Y Ral 3.

b3) The remaining terms ss, s7, and sg can be estimated by the ’good’
terms using the fact that they have a Ef in front which vanishes at the wave
number k£ = 0, too. We finally obtain

|55 + [s7] + |ss] < C(e?]||k|L2Rs]
+&%|| Rs|

o + €2 ||l 2 Rall 7
2 + QY2 Ry12).
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