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A model for the periodic water wave problem
and its long wave amplitude equations

Roman Bauer, Patrick Cummings and Guido Schneider

Abstract. We are interested in the validity of the KdV and of the long wave
NLS approximation for the water wave problem over a periodic bottom. Ap-
proximation estimates are non-trivial, since solutions of order (’)(52)7 resp.
O(e), have to be controlled on an O(1/e?), resp. O(1/?), time scale. In
contrast to the spatially homogeneous case, in the periodic case new qua-
dratic resonances occur and make a more involved analysis necessary. For a
phenomenological model we present some results and explain the underlying
ideas. The focus is on results which are robust in the sense that they hold un-
der very weak non-resonance conditions without a detailed discussion of the
resonances. This robustness is achieved by working in spaces of analytic func-
tions. We explain that, if analyticity is dropped, the KdV and the long wave
NLS approximation make wrong predictions in case of unstable resonances
and suitably chosen periodic boundary conditions. Finally we outline, how,
we think, the presented ideas can be transferred to the water wave problem.

Mathematics Subject Classification (2000). Primary 76B15; Secondary 35Q53,
35Q55.

Keywords. KdV approximation, NLS approximation, error estimates.

1. Introduction

The water wave problem with a free surface I'(t) = {y = n(z,t) : © € R} over an
L-periodic bottom B = {y = b(x) : b(z) = b(x + L), = € R} is governed by the

The work of G. Schneider is partially supported by the Deutsche Forschungsgemeinschaft DFG
through the SFB 1173 ”Wave phenomena”.
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system of nonlinear PDEs
Ro+02p=0, in Q)
oo =0, on B,
Om = 0,6 — (@), on (1),

_ 1 2 2 78””” — on
O = 2((((91@17) + (ay¢) ) + 10y ( I (axn)2> m, F(t),

for the flow potential ¢ and the elevation of the top surface 7, where Q(t) = {(z,y) :
b(x) <y < n(x,t)}, and where g > 0 is the surface tension parameter. It is well
known that the water wave problem is completely described by the elevation 1 of
the top surface and the horizontal velocity w = 9,¢|r at the top surface I'(t).
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FIGURE 1. The water wave problem over a periodic bottom

We are interested in the qualitative behavior of the solutions:

e The linearized problem is solved by Bloch modes

( n ) — eilacfn(l,x)iwn(l)it7

w

with n € Z/{0}, fu(l,x) = fu(l,x + L) € C* and | € [-F,%]. Curves
of eigenvalues wy, (1) are sketched in Figure 2. They are ordered as w,(I) <
Wnt1(1) with w_,, (1) = —w, (). Due to the periodicity of the bottom, spectral
gaps can occur.

o With the ansatz

<”) = 2A(e(z — ct), £3) £1(0, z) (1.1)

w

a KdV equation
orA = I/18§(A + 1/28)((142)7 (12)
can be derived, with amplitude A(X,T) € R, with group velocity ¢ € R, with
0 < £ < 1 a small perturbation parameter, and with coeflicients vy, 5 € R.
e With the ansatz

<Z) =eA(e(x — ct),e2t) fn(0,2)e Ot fcc.  (n#£+1) (1.3)
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FIGURE 2. The panels show the curves of eigenvalues [ —
wn(l), n € Z/{0} of the linearized water wave problem. The left
panel shows the curves of eigenvalues in the homogeneous case,
i.e., b(x) = const., in case of positive surface tension. For L = 27
the dispersion relation w? = (k + uk3)tanh(k) in Fourier space
transfers to Bloch space by setting k = n + [ with n € Z. In case
of periodic bottom, spectral gaps, such as sketched in the right
panel, can occur. The modes in the blue circle can be described
by a KdV approximation. The modes in the red circle can be
described by an NLS approximation.

an NLS equation
iOrA = 110% A+ 1A |A (1.4)

can be derived, with amplitude A(X,T) € C, with group velocity ¢ € R, with
0 < € < 1 a small perturbation parameter, and with coefficients v, 5 € R.

Our goal is to prove error estimates between these approximations and true
solutions of the water wave problem. Such estimates are a nontrivial task since
for the KAV approximation we have to control solutions of order O(g?) on an
O(1/&3)-time scale, and for the NLS approximation we have to control solutions
of order O(g) on an O(1/&?)-time scale.

A) In the homogeneous case, b(x) = —1, there are two fundamentally different
approaches to prove KdV approximation results. For solutions to the KdV equation
with analytic initial conditions a Cauchy-Kowalevskaya based approach can be
chosen, see [14, 17]. Working in spaces of analytic functions gives some artificial
smoothing which allows to gain the above explained missing order w.r.t. € via the
derivative in front of the nonlinear terms in the KdV equation. This ’analytic’
approach is very robust and works without a detailed analysis of the underlying
problem, but gives not optimal results.
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For initial conditions in Sobolev spaces the underlying idea to gain such
estimates is conceptually rather simple, namely the construction of a suitable
chosen energy which include the terms of order O(£?) in the equation for the error,
such that for the energy finally O(e®t) growth rates occur. However, the method is
less robust since for every single original system a different energy occurs and the
major difficulty is the construction of this energy. Estimates that the formal KdV
approximation and true solutions of the different formulations of the homogeneous
water wave problem stay close together over the natural KdV time scale have been
shown for instance in [7, 21, 22, 8] by using this approach.

B) The NLS approximation has been justified in various papers for a number
of original systems, cf. [13, 15, 18]. If no quadratic terms are present in the original
system a simple application of Gronwall’s inequality allows to prove the validity
of the NLS approximation. Quadratic terms can be eliminated by a near identity
change of variables, if a non-resonance condition is satisfied. This non resonance
condition has been weakened in a number of papers, cf. [19]. The NLS approxima-
tion has been justified for the water wave problem in case of infinite depth and no
surface tension [24, 23], and in case of finite depth and no surface tension [10].

A+B) KdV approximation results in the spatially periodic case are only
known for small perturbations of a flat bottom, cf. [3, 12, 4]. An NLS approximation
result in a periodic medium has been obtained in [2]. However, due to wy(0) =0
in the spectral picture plotted in Figure 2 the approach from [2] does not transfer
to the situation we are interested in.

It is the purpose of this paper to present for a phenomenological model, which
has similar properties as the water wave problem, some approximation results and
the underlying ideas of their proofs. One focus is on results which are robust in
the sense that they hold under very weak non-resonance conditions without a
detailed discussion of the resonances. This robustness is achieved by working in
spaces of analytic functions. We explain that, if analyticity is dropped, the KdV
approximation and the long wave NLS approximation make wrong predictions in
case of unstable resonances. Finally we outline how, we think, the presented ideas
can be transferred to the water wave problem.

2. The Boussinesq Klein-Gordon model

The model, which we consider, is a Boussinesq equation coupled with a Klein-
Gordon equation, in the following called BKG system, namely

Ru = 0%+ 020%u + 02 (auuu® + 204, un + ay,v?), (2.1)
6?@ = 631} — 0+ by tt? + 2byuv + byyv?, (2.2)
where u = u(x,t),v = v(z,t),z,t € R, and coefficients & > 0, ayq,...,bw € R.

The curves of eigenvalues are given by

ok
wy (k) = Niew= and wy(k) =V 1+ K2 (2.3)
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Hence the spectral picture of the water wave problem over a periodic bottom,
which is qualitatively sketched in the right panel of Figure 2, and of the BKG
system, see Figure 3, look qualitatively the same. Moreover, in both systems the
nonlinear terms vanish for modes associated to w41, resp. w,, at the wave numbers
=0, resp. k=0.

Wy

RN

F1GURE 3. The curves of eigenvalues +w,,, *w, for the linearized
BKG system plotted as a function over the Fourier wave numbers
in case a? = 1 (left) and o = 5 (right). The modes in the blue
circles are described by the KdV approximation. The modes in
the red circles are described by the NLS approximation.

Inserting the ansatz

2RV (z 1) = 2 A(e(z — at), %) and e2yYKdV = (2.4)
into (2.1)-(2.2) yields the KdV equation
OorA = Vlag(A + Vgax(A2), (25)

with coefficients v, v» € R, the long temporal variable T = e3¢, and the long
spatial variable X = e¢(z — at).
Inserting the ansatz

epNES (1) = O(e?) and NS = cA(ex, e%t)e + c.e. + O(E%)  (2.6)
into (2.1)-(2.2) yields the NLS equation
i0rA = 1v10% A+ |A?A =0, (2.7)

with coefficients v1, vy € R, the long temporal variable T = ¢2t, and the long
spatial variable X = ex. The ansatz is called long wave NLS approximation since
we have ko = 0 for the wave number of the underlying carrier wave e*(Foz+wot)
We are interested in the validity of the KdV approximation and long wave
NLS approximation for the BKG system. For this phenomenological model we
present some approximation results and explain the underlying ideas. Approxi-
mation estimates are non-trivial, since solutions of order O(g?), resp. O(¢), have
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to be controlled on an O(1/e%), resp. O(1/£?), time scale. That these approxima-
tion results are really subtle is explained in the next section when the resonance
structure of the problem is discussed.

3. The resonance structure

The BKG system is written as
U =AU + N(U,U),

where AU stands for the linear terms and where the nonlinear terms are repre-
sented by the symmetric bilinear mapping N (U, U).

3.1. Resonances in the KdV case
The error e’ R = U — 2%V made by the KdV approximation 21KV satisfies

O R = AR+ 22N (¥4, R) + O(?),

were O(e?) contains the nonlinear terms w.r.t. R and the residual terms, i.e., the
terms which do not cancel after inserting the KdV approximation into the BKG
system. In order to obtain O(g3) for the residual terms in this equation, higher
order terms have to be added to the KAV approximation 24XV This is standard
and so we will concentrate on other aspects. Due to the term 2e2N (¥¥4V R) a sim-
ple application of Gronwall’s inequality is not sufficient to obtain an O(1)-bound
for R on the long O(1/e3)-time scale. The difficulty can be overcome by normal
form transformations and energy estimates. In this section we will concentrate on
the normal form transformations, i.e., near identity change of variables, and the
resonances which prevent the elimination of the quadratic terms by normal form
transformations. A term X4V R; can be eliminated in the i-th equation with a
near identity change of variables

R; = R; + M (v*V, R)),
with M a suitably chosen bilinear mapping, if the non-resonance condition
w;(k) # w; (k)

is satisfied for all £ € R. Herein, w; is the curve of eigenvalues corresponding to
R;. Hence, in the R,-equation the term 2¢%IV R, cannot be eliminated. If only
this term is resonant, it can be controlled with energy estimates. However, for
a > 2 there are ky, ko > 0 with wy(k;) = wy(k;) for j = 1,2, see the right panel of
Figure 3. Hence, the terms 2¢)%4V(0)R,(k;) for j = 1,2 cannot be eliminated in
the R,-equation.

Similarly, in the R,-equation the term 2¢X4VR, cannot be eliminated. If
only this term is resonant, it can be controlled with energy estimates. The fact,
that wy, (k;) = wy(k;) for j = 1,2, implies now that the terms 20XV (0) R, (k;) for
7 = 1,2 cannot be eliminated in the R,-equation.
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These resonances can be used to prove that in case of 27 /ky-periodicity, with
ko & k1N, the KdV equation makes wrong predictions about the dynamics of the
BKG system. In order to illustrate this, we make the ansatz

u = E2A(52t) + EnAl (EZt)eiwu(kl)teiklx + EnA,l(€2t>6_iw“(_k1)t6_iklx,
v = EnBl(EZt)ein(kl)teiklx + EnB_l(EQt)ein(—kl)te—ik1x7
to analyze the resonance at the wave number k = k;. Equating the coefficients to

zero at e*e%e¢% in the u-equation and at e"t2eiwn(k)teik1z hoth in the u and
v-equation yields, with 7 = ¢2¢, that

02A = 0, (3.1)
2iwy (k1)0- A1 = —2k?(au,AAL + 4y ABy), (3.2)
inv(kl)BTBl = 2(buuAA1+buvABl) (33)

The first equation is the KdV equation, i.e., (2.5) restricted to the wave number
k = 0. Hence, for instance on a O(s~/?)-time scale w.r.t. 7, the variable A can
be considered to be constant in time. The last two equations can be written as

() =u(5)

B 1 —Auuk? A —au kA
- iwu (k’l) buuA buvA '

By choosing the coefficients ay., @yy, buw, and by, in a suitable way the matrix
M has eigenvalues with strictly positive real part. Hence, growth rates e’ =
Pt = PT/e with a B > 0 occur. These allow us to bring ¢"A; and "By,
which are initially of order O(g™), to an order O(g?) at a time T = O((n —
2)e|In(e)|) < 1. Therefore, we have that v = O(e?) far before the natural time
scale of the KdV equation. Hence, in this situation the KdV approximation makes
wrong predictions. These calculations can be transferred into a rigorous proof using
analysis as presented in [20].

with

3.2. Resonances in the NLS case
The error e’ R = U — eyyN"S, made by the NLS approximation )NS5 satisfies

O R = AR + 2eN (N5, R) + O(£2),

where O(g?) contains the nonlinear terms w.r.t. R and the residual terms, i.e., the
terms which do not cancel after inserting the NLS approximation into the BKG
system. In order to obtain O(g?) for the residual terms in this equation, higher
order terms have to be added to the NLS approximation e¢p™N“S. This is standard
and so we will concentrate on other aspects. Due to the term 2eN (NS R) a
simple application of Gronwall’s inequality is not sufficient to obtain an O(1)-
bound for R on the long O(1/e?)-time scale. A term ¥ NISR; can be eliminated
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k1 k1
FIGURE 4. The mode distribution for ¢ = 0 in the KdV case and
the mode distribution for t = O(|In¢|/e?) < O(1/£3). In the NLS
case the magnitude 2 has to be replaced by € and the second time
ist = O(|Ine|/e) < O(1/€?). The KAV /NLS approximation is no
longer valid in the right picture, since the modes at +£k; are of
the same order as the KdV/NLS modes at k = 0.

in the i-th equation by a near identity change of variables if the non-resonance
condition
wi(k) # 1+ w;(k)
is satisfied for all k£ € R.
The resonances found in Figure 5 can be used to prove that in case of 27 /k1-
periodicity with ko € k1N the NLS equation makes wrong predictions about the
dynamics of the BKG system. In order to illustrate this we make the ansatz

u = e"A(et)e wukteir e
v = eB(et)e’ + "By (et)e Wkt 4 ¢

to analyze the resonance at the wave number k = k1. Equating the coefficients to
zero at ce''e® in the v-equation, at e”e ™« (*te?k17 in the u-equation, and at
ghe~iwo(F)teik1z iy the y-equation, yields, with 7 = £2t, that

2i0.B = 0O(e), (3.4)
—2iw, (k1)0: A1 = —2a,,kiBBy, (3.5)
—2iwv(k1)8731 = 2buv§A1, (36)

where we used —w,, (k1) = 1 —w,(k1). The first equation is the NLS equation, i.e.,
(2.7) restricted to the wave number k = 0. Hence, for instance on a O(s~1/2)-time
scale w.r.t. 7, the variable B can be considered to be constant in time. The last
two equations can be written as

63_141 = FAl resp. 872_31 = FBh
with
|BI?

b= e (k)

a’U’Ub’U/U N
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k1 k

N NS
R

FIGURE 5. The intersection points of k +— w;(k), and k — w, (0)+
w;(k) correspond to resonances. The associated nonlinear terms
cannot be eliminated by near identity change of coordinates. The
two graphs in the first line show that in the R,-equation terms
YN R, (k1) and Y NES R, (k) for wave numbers ki and ky cannot
be eliminated. For the same wave number k; the term ¢yN*SR,, (k1)
cannot be eliminated in the R,-equation.

k

k

Since wy, (k1)w, (k1) > 0, by choosing a,,b., positive we have growth rates ef™ =
efet = ¢PT/e with a B > 0. These allow us to bring " A; and "By, which are
initially of order O(e™), to an order O(e) at a time T' = O((n — 1)e|In(e)|) <« 1.
Therefore, we have that v = O(e) far before the natural scale of the NLS equation.
Hence, in this situation the NLS approximation makes wrong predictions. These
calculations can be transferred into a rigorous proof using analysis as presented in
[20].

4. Validity in the non-oscillatory case

In this section we discuss the validity of the KdV approximation for the BKG
system. There are essentially three different results which we would like to present.
As in [1] the subsequent analysis is not only valid for the KdV limit, but also for
the inviscid Burgers and the Whitham limit.

4.1. Approach 1: using normal form transformations in the non-resonant case

In [6] the BKG system has been considered in case o = 1 or more general in case
without additional resonances, i.e., in case w,y, (k) # w, (k) for all & € R. Then with
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normal form transformations and energy estimates the following result has been
established.

Theorem 4.1. Let A € C([0,To], H3(R,R)) be a solution of the KdV equation (2.5).
Then there exist g, C > 0 such that for all € € (0,e0) we have solutions (u,v) of
(2.1)-(2.2) with
sup  sup|(u,v)(z,t) — (29X (x,1),0)| < Ce/2
tel0,Tp/e3] z€R

Sketch of the proof. We write a true solution of (2.1)-(2.2) as approxima-
tion plus error, ie., u = €%, + ’R, and v = et + PR, with 8 = 7/2,
where (21, %1, is an improved approximation which is formally O(g*) close to
(e29K4V(2.1),0). The error satisfies

0?R, = a*0?R, + 0?0?R, + 2¢20% (ayuu Ry + auoVu Ry) + O(3), (4.1)
0?R, = O’R, — R, + 26%byutby Ry + 26%bynpy Ry + O(£%), (4.2)

where we used the same symbols for the old and new variables. After elimination
of the non-resonant terms the system decouples up to order O(g?), namely

2R, = a?0’R, + 0?0’R, + 2c20%(auu0u Ry) + O(£%),
2R, = O’R, — R, +2c%by0u Ry + O(%).

Then multiplying the first equation with 8,0, 2R, and the second equation with

0 R, gives, after integration w.r.t. x, the energy estimates
O /((a,ga;lRu)2 + &*(Ry)? + (01Ry)? — 2% ayutbu(Ry)?

+(atRU)2 + (aach)Z + (Rv)2 - 252buku(Rv)2)d'x = 0(53)7

where we used integration by parts, 9,1, = O(¢), and 9,1, = O(e). Hence the
integral on the right hand side stays O(1)-bounded on an O(1/e3)-time scale.
Since similar estimates can be obtained for the derivatives, the H®-norm of the
error stays O(1)-bounded on the O(1/e3)-time scale.

4.2. Approach 2: using the Hamiltonian

The second result is obtained when the lowest order part of the error equation
can be written as Hamiltonian system. Then the ideas of [1] apply. There, a first
justification result for the KdV approximation of a scalar dispersive PDE, posed
in a spatially periodic medium of non-small contrast, has been obtained via some
suitably chosen energy. Surprisingly this method also works in case of stable res-
onances. It is based on

d

%H(R(t), t)=VH-0R(t) + 0, H =0+ O(c%), (4.3)

since 29;10,, = O(e%) due to the long wave character of the KAV approximation
w.r.t. time. The approximation result is as above. The sketch of the proof in this
case is as follows. Without performing a normal form transform as before, we
multiply the first equation of the system for the error (4.1)-(4.2) with 8,0, 2R,
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and the second equation with 9;R,,. This gives after integration w.r.t. = the energy
estimates
at(bquu + aquv) = 5231 + 0(53)7

with
B, = (8:0;'R.)*+ ®(Ry)*+ (0:Ru)? — 262 ayutu(Ry)?)dx,
E, = /(&Rv)2 4+ (0. Ry)? + (Ry)? — 26%byy 0y (R,)*d,
$1 = 2aupbuy (8tRu)¢uRv + (ath)quudxv

where we used integration by parts, 9;1, = O(¢), and 9,1, = O(e). Hence in case
of the same sign of a,, and b, the term s; can be written as time-derivative plus
some small error, i.e.,

at/quuRvdx+O(€)a

again due to dpb, = O(e). Therefore, the time derivative term can be included
into the energy on the right hand side. Then we have

Ot (byu By + tun By + 26%aubyn / Yy Ry Rydx) = O(e%),

and so the modified energy stays O(1)-bounded on an O(1/e3)-time scale. Since
similar estimates can be obtained for the derivatives, the H*-norm of the error
stays O(1)-bounded on the O(1/e%)-time scale.

4.3. Approach 3: handling unstable resonances

The third approach also works in case of unstable resonances. In order to explain
the underlying idea we go back to the amplitude system (3.2)-(3.3) describing the
unstable resonances. In order to have an O(1)-bound for A; on an O(1/e?)-time
scale w.r.t. t we need that A; is exponentially small initially, i.e., A1(0) = e~"/¢ for
an r > 0. Since €7’ te="/¢ < 1 for t < r/(B®) the exponential smallness for ¢ = 0
allows to come at least to the correct time-scale. This idea has to be combined
with energy estimates for the wave numbers close to & = 0. With this respect the
approach is more involved than the one used in [14, 17] for the water wave problem
over a flat bottom. There, functions exponentially decaying w.r.t. the Fourier wave
numbers for |k| — oo were used for a local existence and uniqueness proof.
Our third approximation result is as follows.

Theorem 4.2. Let A be a solution of the KdV equation (2.5) with
sup /|A\(K,T)|6T‘K‘dK < 00
T€[0,To)
for an r > 0. Then there exist eg > 0, T1 € (0,Tp], C > 0 such that for all
e € (0,e0) we have solutions (u,v) of (2.1)-(2.2) with

sup  sup |(u, v) (2, 1) — (5 (x,1),0)| < Ce/2.
te[0,T /e3] x€R
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A detailed proof will be given in a forthcoming paper.

5. Validity in the oscillatory case

A spectral picture, similar to the one for the BKG system, occurs for the Klein-
Gordon-Zakharov (KGZ) system. A long wave NLS approximation result for the
KGZ system can be found in [16]. A NLS approximation result for wave packets
with carrier wave number ky > 0 for systems including the BKG system can be
found in [9, 5, 11]. However, none of these results apply in the situation of long
wave NLS approximations with unstable resonances.

In order to explain the underlying idea we again go back the amplitude system
(3.5)-(3.6) describing the unstable resonances. In order to have an O(1)-bound for
A; on an O(1/e%)-time scale w.r.t. ¢, we need that A; is exponentially small
initially, i.e., A;(0) = e~"/¢ for a r > 0. Since e’ste~"/¢ < 1 for t < r/(Be?) the
exponential smallness for ¢ = 0 allows us to come at least to the correct time-scale.
This idea has to be combined with energy estimates for the wave numbers close
to k=0.

Theorem 5.1. Let A be a solution of the NLS equation (2.7) with

sup /|A\(K,T)|€T‘K‘dK < 00
T€[0,To)

for an r > 0. Then there exist g9 > 0, Ty € (0,Ty], C > 0 such that for all
e € (0,e9) we have solutions (u,v) of (2.1)-(2.2) with

sup  sup |(u, v)(2,t) — (0,935 (x,1))| < C*/2.
te[0,Ty /e?] z€R

A detailed proof will be given in a forthcoming paper.

6. How to transfer the ideas to the water wave problem?

In [20] a counterexample has been constructed showing that the NLS approxima-
tion makes wrong predictions about the dynamics of the water wave problem with
surface tension and periodic boundary conditions, if the surface tension and the
periodicity is suitably chosen. Since the water wave problem with a flat bottom
is a special case of the periodic bottom case this counter example transfers to
the periodic water wave problem. Since the construction of this counter example
is robust under small perturbations of the ground b, a counter example can be
constructed for a slightly periodic bottom, too. Therefore, it is the goal of future
research to prove theorems similar to Theorem 4.2 and Theorem 5.1 for the water
wave problem with a periodic bottom. This will be done by controlling the spa-
tially periodic case first, then by handling the case |I| > 0 by some perturbation
analysis with the help of exponential weights in Bloch space, and finally to use
these exponential weights to control the resonances.
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