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Introduction

In condensed matter physics, recent experiments on non-equilibrium dynamics of quantum systems
have unveiled many novel insights [1–4]. In conjunction with conventional problems not fully under-
stood yet in this field, they are raising many exciting questions. In the following, three of them are
presented:
Far from equilibrium, so called prethermal plateaus have been observed, where the system is in a
metastable, long-living state [5–7]. Key topics are the properties of such prethermal states, the typical
time-scales limiting such a plateau and the conditions under which they can be reached.
An important second point is the question of thermalization, i. e. systems which relax and thermal-
ize, and can be described by a thermal distribution function in the long-time limit. The question of
thermalization is somewhat clearer for open systems, in particular for systems coupled to an external
heat bath. However, even in open systems, memory effects may occur, leading to a significant slowing-
down of thermalization. For isolated systems however, thermalization is an open and widely discussed
question, see for example Ref. [8] and references therein. Integrable systems are known to never reach
a thermal state, after being driven out of equilibrium [9]. However, it was also found, that isolated
systems can relax to a steady state, which can be described by generalized Gibbs ensembles in the
long-time limit [10].
And thirdly, there is the interplay of non-equilibrium dynamics and universality. Universal dynamics
near a (quantum) critical point is well established in the Kibble-Zurek protocol [11, 12], where a sys-
tem is adiabatically driven from the disordered into the ordered phase. In this scenario, the correlation
length remains finite at each finite time, causing topological defects in the ordered phase. The number
of those defects can be predicted with the quench-rate and universal equilibrium exponents [13, 14].
The basic argument in those predictions is, that at the beginning the system can adiabatically follow
the change of the tuning parameters relative to the critical point. When the correlation time is of the
order of the inverse quench rate, the system falls out of equilibrium by freezing out, i. e. the corre-
lation length stays finite. The Kibble-Zurek scaling was for example observed in Ref. [15]. However,
derivations from this prediction have been observed for fast quench rates [16]. In Ref. [17] it was
shown, that the assumption of freezing out is not quiet valid, but that the correlation length continues
to grow with a dynamical exponent. The concept of universal dynamics has also been reported for
quasi-adiabatic relaxation close to a quantum critical point in Ref. [18], where the power-laws are given
by equilibrium exponents. Both are examples for universal dynamics near equilibrium. On the other
hand, the opposite protocol, the quantum quench, is a topic of many recent studies. In a quantum
quench, the system is initially prepared in the ground state of a Hamiltonian Hi. At time t = 0 some
parameters are instantaneously switched, such that the time evolution is governed by a new Hamilto-
nian H. A further open question is, if the quantum-classical mapping, well established in equilibrium
also holds in an out-of-equilibrium setup [19–22]. Experimentally, such a quench can be performed by
pump-probe experiments, where the system is exposed to a laser beam. Pump-probe experiments have
been realized, in order to seek for far-from equilibrium superconductivity [3, 23, 24]. Of special interest
are pump-probe experiments, with an induced energy of order twice the Bardeen-Cooper-Schrieffer
gap [25]. Other quench protocols in combination with phase transitions have also been reported in spin
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Introduction

Figure 1: Dynamics of the order parameter φ(t) after a quench from the ordered phase to the
quantum critical point. (a) for θ > 0 and (b) for θ < 0. The time-scale t∗ is the crossover
time scale, separating the prethermal regime from the adiabatic long-time limit. Here,
β is the equilibrium order parameter exponent, ν the correlation length exponent and z
the dynamical exponent. As we will show in this thesis, the new exponent θ cannot be
expressed in terms of equilibrium critical exponents.

chain systems [7, 26] and cold atom gases [2, 27].
All three points have in common, that they are effects which originate from an interacting many body
system. Thus, it is necessary to go beyond a mean-field approximation to find answers in those sce-
narios. This makes it necessary to develop new methods to predict the time evolution also in strongly
correlated systems far from known equilibrium states.

In this thesis, the dynamics after a quantum quench to a quantum critical point (QCP) are ana-
lyzed to address those three points. This work is inspired by Janssen, Schaub and Schmittmann who
found universal, prethermal dynamics after a quench in a classical system with white noise [28]. The
extension to classical systems with colored noise was made in Ref. [29]. In this thesis, the question of
post-quench universality is answered in open quantum systems [30, 31], as well as for nearly isolated
systems. For perfectly isolated systems after a quantum quench, a non-thermal fixed point was found
by Mitra et al. in Ref. [32].
Here, we address the question, under which conditions universal dynamics after a quantum quench
can be expected, see table 1. We speak of universal dynamics if for example, the order-parameter
dynamics can be described by an universal power-law in time. Two main regimes are distinguished,
the prethermal regime, at intermediate times after the quench, and the long-time limit, where certain
systems relax to the QCP. The main ingredient for non-equilibrium criticality is the light-cone growth
of the correlation length:

ξ(t) ∝ t1/zd . (1)
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This algebraic growth with the dynamic coarsening exponent zd leads to power-laws in the order-
parameter dynamics and the Green’s function as well. In this thesis, the implications of these power-
laws are analyzed at intermediate time-scales after the quench, in the prethermal regime and in the
long-time limit. For clarity and to give the basic motivation for this thesis, the time evolution of the
order parameter is discussed here, see also figure 1. In the prethermal regime, the power-law of ξ in
Eq. (1) affects the dynamics of the order-parameter φ:

φ(t� t∗) ∝ tθ , (2)

with a new, universal exponent θ. This exponent is calculated explicitly in this thesis. It turns out,
that this exponent can be positive or negative for open quantum systems, depending on the external
bath. For a positive exponent, the prethermal regime is characterized by the growth of order after a
quench. This regime is limited by the cross-over timescale t∗, which will be shown to depend on details
of the quench protocol and can be tuned to large values by performing a weak quench. In the long-time
limit, equation Eq. (1) leads to a power-law decay to equilibrium in the order parameter:

φ(t� t∗) ∝ t−β/(νz) . (3)

In this limit, the non-equilibrium exponent θ enters in the universal relaxation amplitude, while the
power-law in time is given by known equilibrium exponents β, ν and z. This universality can be ob-
served in open quantum systems, while the question of thermalization is not answered yet for isolated
quantum systems. In the long time limit a non-thermal distribution function n(t, ω) can be introduced,
which is a generalization from the fluctuation-dissipation theorem. In table 1, an overview of the re-
sults is given for different kinds of systems as well as for the two different time regimes. Three kinds
of systems are considered. The open system is coupled to an external heat bath and the dominant
dynamics are given by relaxation processes via this external bath. Those systems equilibrate per con-
struction, as the energy is not conserved. However, the power-laws in the long-time limit lead to a slow
down of thermalization. Here, an universal prethermal regime can also be found. Perfectly isolated
systems may thermalize due to some internal relaxation process, but this question is still open. Here,
the considered dynamics are dominated by the ballistic, non-interacting term. The limit of a deep,
i. e. a very strong quench, was considered by Refs. [32–34], where universality near a non-thermal fixed
point was reported. Here, also the limit of a weak quench is considered, where the system is already
prepared near the QCP. Nearly isolated refers to systems with small coupling to some external heat
bath. This coupling is chosen such that it is irrelevant in the sense of scaling and renormalization, but
still guarantees thermalization to the QCP in the long-time limit. In those systems, power-laws with
a non-universal exponent have been found at intermediate times after the quench. In the long-time
limit, the system equilibrates with a universal power-law given by the equilibrium exponents. Higher
order scattering processes of the order-parameter field could possibly also be captured by such a bath
coupling, however with thermalization to a finite temperature. This finite temperature should then be
determined by the energy induced by the quench. If this is the case, universal relaxation can be found
in the isolated system as well, if the finite temperature is not high, i. e. the system thermalizes near
the QCP. However, in none of the scenarios of the isolated or nearly isolated system, the result found
by the quantum-classical-mapping can be confirmed. The post-quench scenario seems thus to be an
example where this mapping does not work.

In contrast to previous work in [30–34], the methods presented in this thesis to derive non-equilibrium
universality are more general and can be applied on different models. This is done in chapters 5 and 6.
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Introduction

Table 1: The existence of out-of-equilibrium universality after a quantum quench. Colored capi-
tal letters designate the answers found in this thesis. In other cases the corresponding
reference is listed.

prethermal long-time limit
Open quantum system, chapter 5 YES YES
Perfectly isolated system, section 6.1
deep quench yes [32–34] ?
weak quench NO ?

Nearly isolated system, section 6.2 NO YES

Figure 2: Roadmap through the calculations done in this thesis.
The non-equilibrium framework are the equations of motions to derive the bare Green’s
functions and the three-time-contour to include interactions (blue bubble). From this
starting point, the large-N equation and the renormalization group (RG) equation are
derived in an out-of-equilibrium version. Both lead to an equation for the inverse corre-
lation length r(t), which is solved self-consistently. Therefore, the bare Keldysh-function
in the scaling limit of a deep quench is necessary, as well as the long-time expansion, de-
rived with a Dyson equation. The final solution for r(t) is given in Eq. (4.87). The two
limits in time, large and intermediate times after the quench, are analyzed, and the final
results are applied on different systems: open and isolated systems at zero temperature
and classical systems at finite temperature.
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In addition the classical limit can be easily reproduced, see section 5.6. The higher generality is re-
flected in more abstract calculations. To guide the reader through this jungle, a roadmap with references
on the corresponding sections and equations is given in figure 2. The order of the thesis is the following:

In chapter 1 the equilibrium properties of a system near a critical point are reviewed. Three meth-
ods to treat quantum critical systems are presented, the renormalization group (RG), the large-N or
saddle point approximation and the quantum-classical mapping. The extension of those methods to a
non-equilibrium setup is one goal of this thesis.

In chapter 2 a scaling ansatz is used, to motivate the time evolution of the order parameter in Eq. (2),
the correlation length and the Green’s functions in the prethermal as well as in the long-time limit.
Further, there is a discussion about the different time and frequency scales of diffusive and ballistic
dynamics.

In chapter 3 the quantum-field theoretical framework to confirm this scaling behavior with a real-time
evolution is presented. Therefore a three-branch contour is introduced. An important point, to build
up the perturbative expansion, is the knowledge of the bare, post-quench Green’s functions. Here a
memory ansatz is derived, to calculate those functions after the quench protocol.

In chapter 4 the RG and the large-N equation are derived for the quench to the QCP. Both equations
lead, in the appropriate limit, to the same result. Further, a general solution of this equation is derived.

In chapter 5 the post-quench dynamics of an open system are analyzed, and the non-equilibrium
exponent θ is evaluated. The scaling ansatz from chapter 2 can thus be confirmed and θ is evaluated
for different kinds of bath-spectrums. Its impact on the Green’s functions, the order parameter and a
non-thermal distribution function in the long-time limit are analyzed. It is shown as well, that with
the methods presented here, the known classical limits can be reproduced.

In chapter 6 the post-quench dynamics of an isolated system and a nearly isolated system are ana-
lyzed. Here, results from the third method, the quantum-classical mapping, are derived for the isolated
system and compared to the result from the real-time dynamics. In no scenario the result, found by
the mapping can be confirmed.
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1 Chapter 1

Universality in equilibrium near a quantum
critical point

Condensed matter systems can undergo a transition between different phases. Such a transition is driven
via tuning of a parameter e. g. by changing temperature, applying pressure or varying a magnetic field.
Already Paul Ehrenfest classified two common types of phase transitions, first and second order. A first-
order phase transition is characterized by a discontinuity in the first derivative of the free energy F with
respect to some thermodynamic variable, e. g. the pressure. A second-order phase transition according
Ehrenfest is characterized by a discontinuity in the second derivative of F . Modern classification
schemes use the same nomenclature, but they distinguish between phase transitions with latent heat
and continuous phase transitions [35]. An example for a first-order phase transition is the melting of
ice. At the transition temperature, both phases, the solid and the liquid, coexist. As a consequence, the
correlation length ξ stays finite in the system. Passing through the phase transition, the system either
releases or absorbs energy, leading to a discontinuity in the entropy, i. e. the latent heat. In contrast, the
second-order phase transition is continuous. Examples are magnetic, superfluid and superconducting
transitions. Those systems are characterized by the continuous emergence of a symmetry-breaking
order parameter. At the transition point, the system is in one phase, with infinite correlation length
and zero order parameter. Near the phase transition, the system is characterized by strong correlations
and large fluctuations. If the transition is controlled by thermal fluctuation, one refers to a classical
critical point. In many cases, the temperature is the controlling parameter that drives the system
through the critical point. At temperature T = 0, those thermal fluctuations freeze out. The system
is now characterized uniquely by quantum fluctuations, originating from

[
ϕ, H

]
6= 0, where ϕ is the

order parameter. They can also lead to a second-order phase transition. The parameter configuration,
separating two such phases, is called QCP. It corresponds to a singularity in the ground state. Control
parameters for driving the system from the symmetric into the symmetry broken phase are for example
doping, applying pressure or electrical fields.
The divergence of the correlation length has a fundamental consequence, which makes systems in the

vicinity of a critical point especially interesting: It implies that those systems are scale invariant, i. e.
specific microscopic length scales as the lattice constant and other material parameters are insignificant.
This leads to a very particular behavior of many thermodynamic variables. Their growth (or decay)
with respect to the distance to the critical point can be described with universal exponents. For
example the heat capacity grows with an universal exponent near the classical transition point. This
universality in combination with the long range order of the fluctuations and the correlation length
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1 Universality in equilibrium near a quantum critical point

ξ allows to describe critical systems with a phenomenological field theory, the ϕ4-theory. Here, ϕ(x)
are local fields, where the lowest order terms of the action in a gradient expansion are kept. By this
approximation, only the long wavelength fluctuations, important for the phase transition are included.
This leads to a ϕ4-interaction term. Note that the long-range character of the fluctuation and the
strong correlations prevent a simple perturbation expansion. With two different methods, the RG
and the large-N expansion, one can include this ϕ4-interaction term to obtain the critical exponents
beyond a simple mean-field expansion. In this thesis, the post-quench dynamics of a ϕ4 model will be
analyzed. There exist also higher order phase transitions, which are continuous, but have no symmetry
breaking order parameter, like the Berezinskii-Kosterlitz-Thouless (BKT)-transition. Those kinds of
phase transitions will not be considered in this thesis.
This chapter is organized as follows: In the first section the ϕ4-model and the Hamiltonian is intro-

duced. For later convenience, two different kinds of systems are introduced: the closed (or isolated)
system and the open system which is coupled to an external bath. In section 1.2 the spirit of scaling
is presented. In section 1.3 and 1.4 two different methods for analyzing a system near a critical point
are presented. In the last section the classical-quantum mapping is summarized, where a quantum,
d-dimensional problem is mapped on a (d+z)-dimensional classical problem. Where z is the dynamical
exponent, introduced in section 1.2. For example, for z = 1 the time is treated like one additional
dimension. This method is well established in thermal equilibrium. We will discuss to what extend it
can also be used for the description of the out-of-equilibrium dynamics.

1.1 The ϕ4 model

To describe critical phenomena, the ϕ4 model is commonly used. Here, ϕ (x) =
(
ϕ1 (x) , . . . , ϕN (x)

)
are N component continuous scalar fields. The Hamiltonian reads

Hs =
1

2

ˆ
x

(
π2 +

(
∇ϕ
)2

+ r0ϕ
2 +

u(ϕ ·ϕ)2

2N
− h ·ϕ

)
. (1.1)

Here, r0 is the bare mass term and u the interaction parameter. The field h is an external field which
couples to the order parameter. The vector-field π (x) is the canonically conjugated momentum to
ϕ (x). They obey the commutator relation[

ϕl (x) , πl′
(
x′
)]
−

= i δll′δ
(
x− x′

)
. (1.2)

In this thesis, the reduced Planck constant ~ is set equal to one. The Hamiltonian Hs alone describes
closed systems as e. g. cold atom systems [1, 2] where the quench protocol can be easily performed.
Condensed matter systems are however generally in contact with an environment, e. g. via phonon
coupling. Examples for experimental realizations of quantum phase transitions described via the ϕ4

model are superfluid-insulator transitions in the Bose-Hubbard model, experimentally realized with
cold atom gases [36]. Here, both cases can be studied, the isolated and the diffusive system. A bath
coupling can be realized by considering two different species of atoms, where one acts like the heat bath.
Another example are dissipative nanowires near the transition point to the superconducting state [37].
See also Ref. [31] for the experimental realization in the quantum dimer antiferromagnet TlCuCl3,
which can be driven through a quantum phase transition via changing the pressure [38] or an external
magnetic field [39]. Such an environment can be included into the model by adding an external heat

2



1.1 The ϕ4 model

bath. The full Hamiltonian of such an open system consists of three parts:

H = Hs +Hb +Hsb, (1.3)

where

Hb =
1

2

∑
j

ˆ
x
(P2

j + Ω2
jX

2
j ),

Hsb =
∑
j

cj

ˆ
x

Xj ·ϕ. (1.4)

The part Hb describes the bath of harmonic oscillators. A single bath mode j is characterized by the
canonical momentum operator Pj , the position operator Xj and the frequency Ωj . The operators Xi

and Pj fulfill the Heisenberg-commutator relation:[
Xi,P j

]
= i δij . (1.5)

Operators from different modes commute. Further, they commute with the system operators ϕ and π.

The part of the Hamiltonian Hsb describes the coupling between the system and the bath, where cj
is the coupling between mode j and system. It will be shown explicitly in section 3.2 that an effective
description of the bath can be achieved with the retarded bath Green’s function η in Fourier space:

η(ω) =−
∑
j

c2
j

(ω + i 0+)2 − Ω2
j

. (1.6)

In this thesis, we assume that the bath is characterized by the low frequency dependence of the imagi-
nary part of η, and by the exponent α:

Im η(ω) =γω|ω|α−1e−|ω|/ωc . (1.7)

Here, the cutoff ωc is used to control high frequencies [40]. The damping parameter γ controls the
coupling between the system and the bath. For α = 1, Eq. (1.7) describes an Ohmic bath, for α > 1 a
super-Ohmic and for α < 1 a sub-Ohmic bath [40]. The real part of η can be obtained via Kramers-
Kronig relation,

δη (ω) := η (ω)− η (0) ,

= γ

(
− cot

(
πα

2

)
+ i sign (ω)

)
|ω|α . (1.8)

The zero-frequency value η (0) = γαωαc /(2π) depends explicitly on the bath cutoff ωc and the chosen
cutoff procedure. However, as we will see, it merely shifts the bare mass r0, and thus the the non-
universal location of the critical point. It does not affect the critical exponents which are independent
of specific bath configurations γ, ωc and the regularization scheme.
Critical exponents do however depend on the choice for the bath exponent α. In chapter 3, the
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1 Universality in equilibrium near a quantum critical point

Table 1.1: Nomenclature of some critical exponents
Correlation length ξ ∼ δr−ν
Susceptibility χ ∼ δr−γ

Order parameter 〈ϕ(δr, h = 0)〉 ∼ |δr|β
〈ϕ(δr = 0, h)〉 ∼ |h|1/δ

Correlation function G(k) ∼ kd−z−η

analytic continuation to the Matsubara axis is needed, to include the effects of finite temperature. For
completeness it is given here:

δηM (ωn) =− γ

sin πα
2

|ωn|α . (1.9)

It can be obtained via Kramers-Kronig ω → iωn and is valid for frequencies that are small compared
to the bath cut off ωc.
Note, that all three kinds of baths are at temperature T = 0 non-Markovian, while in the classical

limit fluctuations of the Ohmic bath are described in terms of white noise.

1.2 Universality, scaling and critical exponents

The existence of only one diverging length scale leads to a power law behavior of physical parameters,
as for example the susceptibility, the order parameter and the correlation length [35]. In table 1.1, the
notation of some of those exponents is presented. Here, δr refers to the distance to the QCP and h is
an external field, which couples to the order-parameter 〈ϕ〉. To avoid problems with dimensionality,
the variables in the table should be understood as dimensionless quantities. In general, one has to
distinguish between the exponents for δr > 0, where the system is located in the symmetric phase and
exponents for δr < 0, where the system is in the symmetric-broken phase. In cases of interest in this
thesis, the exponents are the same in both phases, therefore this distinction is not made here. Only
the non-universal proportionality constant will depend on the phase.
Experimentally, it turns out that the value of the respective exponents can be identical, even if the

underlying phase transition is of different nature. For example, near a classical critical point in three
dimensions, the specific heat exponent is found to be near 0.1 for the liquid-gas transition as well as for
the easy axis antiferromagnetic transition. This again is a consequence of the scale invariance, where
no typical length scale exists due to the divergence of ξ. Depending on the value of those exponents,
the phase transition can be classified in different universality classes. In particular, the universality
class depends on: the dimension d of the system, the number of components N of the order-parameter
field and, for quantum systems, the dynamic exponent z. The dynamic exponent connects time and
length under scaling, especially the correlation time

τ ∝ δr−zν ∝ ξz. (1.10)

It turns out, that in addition to z, only two of this set of critical exponents are truly independent,
implying the existence of scaling laws between different exponents. Those scaling laws can be derived
by using thermodynamic relations and very few assumptions about the free energy F and the correlation
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1.2 Universality, scaling and critical exponents

functionG. One assumption is, that the correlation function can be expressed by using a scaling function
at T = 0:

G(k, δr, ω) =
1

k2−η fg(bk, b
yδr, b−zω). (1.11)

Here, b is some positive parameter which can be chosen freely. The exponents η and y are universal.
In the literature, η is also referred to anomalous dimension. The parameter y is the scaling exponent
of the distance to the QCP, determined below. The function fg is also called the scaling function of
G. The scaling form of Eq. (1.11) can be motivated from the Ginzburg-Landau theory or from the
mean-field expansion of the ϕ4-model of section 1.1, where the correlation function reads

G(k, ω) =〈ϕ(k, ω)ϕ(−k,−ω)〉

=
1

δr + k2 + c2ω2/z
. (1.12)

Now all lengths and times are rescaled by x → bx and t → b−zt. This corresponds to rescale the
momentum k and the frequency ω according to k → k/b, ω → bzω. After the rescaling procedure, the
correlation function reads:

G =b2f(bk, b2δr, b−zω). (1.13)

Comparing Eq. (1.11) with Eq. (1.13) yields the mean-field values η = 0 and y = 2. Further, a
connection between y and ν can be made. For this b is fixed to b = δr−1/y, such that the second
argument of the scaling function in Eq. (1.11) is equal to one. Using that the scaling function depends
on a product of kξ, one obtains

ν =
1

y
. (1.14)

With the mean-field value y obtained above, it holds ν = 1/2.
To demonstrate the power of using scaling functions, one scaling law is derived explicitly:

(d+ z)ν = 2β + γ . (1.15)

This law can be obtained by assuming a similar scaling form for the free energy, like in Eq. (1.11),

F (δr, h) = b−d−zF
(
b1/νδr, hδr−yh

)
. (1.16)

The prefactor b−d originates from the fact, that the free energy is an extensive quantity, and thus has
to scale with the volume. The prefactor b−z is a consequence of the system being in equilibrium, i. e.
the time independence. Thus this prefactor emerges if time or frequency are rescaled. This is not the
case for classical systems, where per construction only the zeroth Matsubara mode is kept. Further,
y = 1/ν is used, for rescaling the mass term. For rescaling the field h, the exponent yh is introduced.
Setting b1/νt = 1, one finds

F (δr, h) = δrν(d+z)F
(

1, hδr−νyh
)
. (1.17)
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1 Universality in equilibrium near a quantum critical point

The order-parameter can be obtained via the first derivative of F with respect to the external field,

〈ϕ〉 = lim
h→0

∂F

∂h

=δrν(d+z)−νyh∂xF (1, x) . (1.18)

By comparing this with 〈ϕ〉 ∝ δrβ in table 1.1, the scaling relation for β can be derived. Similar,
considering the second derivative of F with respect to h yields for the susceptibility exponent γ:

γ =ν(2− η). (1.19)

The critical exponents have to fulfill simultaneously:

(d+ z)ν = 2β + γ (1.20a)
γ = ν(2− η). (1.20b)

With those three relations, it can be shown that indeed only two of the five exponents in table 1.1 are
independent. Those cannot be determined within a scaling analysis, but by applying a concrete model,
for example a Landau analysis, if the Ginzburg-Landau criterion is fulfilled. A scaling law containing
the dimension d is also called hyper-scaling. Within a mean-field calculation, the hyper-scaling laws
are only fulfilled for d < 4− z. The reason for this will become clear in section 1.4.

In the next chapter, the scaling of the order-parameter is of particular importance for our analysis.
In equilibrium, the order parameter can be expressed by the following scaling function

φeq

(
δr, h

)
= b−β/νφeq

(
b1/νδr, bβδ/νh

)
. (1.21)

By setting δr = 0 and b = h−ν/(βδ), it can be checked that φeq

(
h
)
∝ h1/δ. Alternatively for h = 0 and

b = δrν , that this scaling form indeed obeys the scaling relation given in table 1.1.

1.3 Renormalization group

There exist many different renormalization schemes. In this thesis the Kadanoff-Wilson scheme, also
called the momentum shell RG is used [35, 41]. The basic idea of this renormalization scheme is to take
advantage of the scale invariance at the critical point. Scale invariance at the critical point implies that
the action remains the same under rescalation of all lengths x by some factor 1/b. Instead of expressing
the order-parameter field ϕ(x, t) in space, it is commonly Fourier-transformed to momentum space k
with momentum cutoff Λ. The momentum shell RG analyzes how the parameter set (r, u) changes
under the following procedure: The first step consists in integrating out modes with momentum k in a
small shell with thickness Λ/b near the momentum cutoff Λ. The remaining modes have a new cutoff
Λ/b. In a second step, every momentum k→ bk is rescaled such that the action has again the old cutoff
Λ but with modified parameters r′ and u′. For infinitesimal small shells, or b ∼ 1 + l with 0 < l � 1,
one obtains differential equations for the parameter flow of (r(l), u(l)). The fixed point is reached, if
(r, u) remains unchanged under the RG procedure. The action is thus self-similar under scaling. This
corresponds to the system being right at the critical point. The flow equations describe how the system
reacts near the fixed point. A second-order phase transition has two eigenvectors in the (r, u) plane, one
pointing to the fixed point, one pointing away. The corresponding eigenvalues determine the universal
exponents. It turns out, that the exponents are strongly sensitive to the dimension d and the dynamic
exponent z. In the following, this procedure is presented in detail near the QCP at temperature T = 0.
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1.3 Renormalization group

1.3.1 RG equations at zero order

The first step in the RG is to split ϕ in slow(<) and fast(>) modes

ϕl(k, t) =

{
ϕ<l (k, t) for |k| < Λ/b,
ϕ>l (k, t) for Λ/b ≤ |k| < Λ.

(1.22)

Inserting ϕ into the action S, one can split S into three parts. One part containing only slow fields
S<(ϕ<), one only fast fields S>(ϕ>) and a mixing term δS(ϕ<, ϕ>). At the lowest order in a pertur-
bation in δS, one ignores the mixing term. This expansion is justified for a small coupling constant u,
which will be shown below. The remaining integral over the fast fields is Gaussian, thus the fast fields
can be integrated out. It remains the action for the slow modes,

S<0 =

ˆ Λ/b

k

ˆ
ω
ϕ<i (−k, ω)G−1

0 (k, ω)ϕ<i (k, ω)

+
u

2N

ˆ Λ/b

k1

ˆ
ω1

. . .

ˆ Λ/b

k4

ˆ
ω4

δ
(
k1 + k2 + k3 + k4

)
δ (ω1 + ω2 + ω3 + ω4)

× ϕ<i (k1, ω1)ϕ<i (k2, ω2)ϕ<j (k3, ω3)ϕ<j (k4, ω4), (1.23)

where the sum is taken over i, j = 1 . . . N . Now, momentum and frequencies are rescaled, such that
the old cutoff Λ is reobtained. By this procedure, the parameter r, u and γ become b-dependent.
Momentum and frequency k and ω are rescaled according to

k → k′ =bk, (1.24)
ω → ω′ =bzω. (1.25)

For a closed system, the dynamic exponent reads z = 1. For an open system, z can be determined by
analyzing the two different dynamic terms in the Green’s function G0:

G−1
0 (k, ω) = c−2ω2 + k2 + r + iγω|ω|α−1 − γ cot

(
πα

2

)
|ω|α. (1.26)

For clarity, the velocity c is explicitly written in front of the ballistic term, in this section. For the rest
of the thesis, c is set equal to one. Rescaling k and ω like in Eqs. (1.24), (1.25) and pulling b−2 out of
G−1 yields

G−1
0 (k′, ω′) = b−2

(
b2−2zc−2ω′2 + k′2 + b2r + b2−zαiγω′|ω′|α−1 − b2−zαγ cot

(
πα

2

)
|ω′|α

)
. (1.27)

Since b > 1, the ballistic term grows stronger than the dynamic term for α > 2. In this case, it is
convenient to choose z = 1 and consider only the ballistic part, since γ(b) = b2−zαγ flows to zero. In
the other case, α < 2, one chooses z = 2/α such that γ remains unchanged under RG and the inverse
velocity c−1 flows to zero. For α = 2, there are logarithmic divergent terms, dominating the ballistic
part c−2ω2. For α ≥ 2 the ballistic term is irrelevant and the dynamics are dominated by the coupling
to the bath.
Going back to the action, the fields need to be rescaled:

ϕ(k)→ ϕ′(k′) = b−ρϕ(k). (1.28)
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1 Universality in equilibrium near a quantum critical point

Figure 1.1: One loop corrections for r (left) and u (right).

The scaling-exponent ρ of the fields will be determined below. Putting everything together, the action
reads after one rescaling procedure

S′0 =bd+z−2ρ−2

ˆ Λ

k′

ˆ
ω′
ϕ′i(−k′, ω′)G−1

0 (k′, ω′; r(b), c(b), γ(b))ϕ′i(k
′, ω′)

+
b4d+4z−4ρu

2N

ˆ Λ

k′1

ˆ
ω′1

. . .

ˆ Λ

k′4

ˆ
ω′4

δ
(
k1
′ + k2

′ + k′3 + k′4

)
δ
(
ω′1 + ω′2 + ω′3 + ω′4

)
× ϕ′i(k1′, ω′1)ϕ′i(k2

′, ω′2)ϕ′j(k3
′, ω′3)ϕ′j(k4

′, ω′4). (1.29)

At the fixed point it holds S′0 = S. This implies that the coefficient in front of the quadratic term must
vanish. This yields for the field exponent

ρ =
d+ z − 2

2
. (1.30)

By substituting b = 1 + l, where l is a positive and small parameter, one can exponentiate r(l), u(l),
c−1(l), γ(l) and the flow equations for the system parameters read

dr

dl
=2r, (1.31)

du

dl
=(4− d− z)u, (1.32)

dc−1

dl
=(1− z)c−1, (1.33)

dγ

dl
=(2− zα)γ. (1.34)

Under the RG procedure, the mass r(l) will grow exponentially. For d > 4−z, the interaction parameter
u flows to zero, making this mean-field description possible. For d < 4 − z however, interactions are
getting more and more important under the RG procedure. Here, the assumption of neglecting the
mixing term δS is no longer valid. The dimension duc = 4 − z is called the upper critical dimension,
the parameter ε = 4− z − d measures the distance to duc. In the Kadanoff-Wilson RG, ε is the small
parameter controlling the perturbative expansion.

1.3.2 RG equations including first order corrections

The mixing term δS can be included in a cumulant expansion. At lowest order this yields
ˆ
Dϕ>e−δS(ϕ>,ϕ<) ∼ 1− 〈δS〉> +

1

2

(
〈δS2〉> − 〈δS〉>2

)
, (1.35)
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1.3 Renormalization group

where 〈〉> denotes the average over the fast modes. Further, starting with the RG flow in the symmetric
phase, δS contains only terms that are quadratic in ϕ> and ϕ<. If the RG starts in the ordered phase
or for a finite external field h, also terms with odd exponents in ϕ>, ϕ< can occur, but after averaging
over fast modes, they will modify the RG flow of the external field and not the mass and the interaction
parameter. The diagrammatic pictures are given in figure 1.1. The first diagram corresponds to 〈δS〉>
in Eq. (1.35) and thus to a fluctuation of the slower fields. Physically, the second process in figure 1.1
corresponds to two slow fields, which can be excited by scattering processes for some short time to
two fast modes, before relaxing again. Analyzing 〈δS〉> leads to a correction of the mass r. Here, one
has to sum over all possible combinations for ki. For a N -component vector field, there are 2(N + 2)
possible combinations. Further, one uses

〈ϕi(k1)ϕj(k2)〉 =δijδ(k1 − k2)G(k1). (1.36)

This yields for the average of the fast modes

〈δS〉> =
u

4N
2(N + 2)

ˆ
ddk1 . . .

ˆ
ddk4〈ϕ>(k1)φ>(k2)〉ϕ<i (k)ϕ<i (k). (1.37)

The quadratic term can be simplified in the same manner. Note that all non-connected diagrams drop
out due to the −〈δS〉>2, such that only diagrams of the type in figure 1.1 remain. Here, there are
8(N + 8) possibilities to permute the eight different arguments. This yields:

1

2

(
〈δS2〉> − 〈δS〉>2

)
=

u2

16N2
8(N + 8)

ˆ >

k

ˆ
dωG(k, ω)G(−k, ω)

× ϕ<i (k1
′, ω′1)ϕ′i(k2

′, ω′2)ϕ′j(k3
′, ω′3)ϕ′j(k4

′, ω′4). (1.38)

From this one can read off the flow equations at the one loop level:

dr

dl
=2r +

(
N + 2

)
uKd

ˆ >

k
dk kd−1

ˆ
dωG(k, ω)/l , (1.39)

du

dl
=εu− u2

(
N + 8

)
Kd

ˆ >

k
dk

ˆ
dωG2(k, ω)/l . (1.40)

Above the upper critical dimension, only one fixed point (r, u) exists: the Gaussian fixed point (0, 0),
which is stable with respect to u. Below the critical dimension, this fixed point is unstable with respect
to u, but a second fixed point at (r∗, u∗) emerges, with

r∗ =− ε

2

N + 2

N + 8
Λ2−ε, (1.41)

u∗ =
1

N + 8

εΛε

Kd
, (1.42)

for a closed system. For z 6= 1, i. e. an open system, it holds:

r∗ =− 2(N + 2)ε

(N + 8)(2− z)
Λ2−ε, (1.43)

u∗ =
4εΛεγ−2/z

(N + 8)z(2− z)Kd

[
cos

(
π

z

)]1−2/z

. (1.44)
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1 Universality in equilibrium near a quantum critical point

These fixed points are called Heisenberg fixed points. The values for (r∗, u∗) are obtained up to first
order in an expansion for small ε. This fixed point is stable along the direction of one eigenvector e2
with eigenvalue e2 < 0, but unstable with respect to the eigenvector e1 with eigenvalue e1 > 0. This
implies that small derivations from e2 grow exponentially under the RG flow with e1. Thus, e1 and e2

determine the universal exponents. By linearization of the flow equations around the Heisenberg fixed
point, one finds

η =0 +O
(
ε2
)
, (1.45)

ν =
1

2
+
N + 2

N + 8

ε

8
. (1.46)

The remaining universal exponents can be obtained by using scaling laws.

1.4 Large-N equation

This method is also called the self-consistent field, Hartree, or random phase approximation [35]. The
basic idea is to replace one scalar product (φ · φ) in the interaction term u(φ · φ)2 by its expectation
value 〈φ ·φ〉, and to determine this expectation value self-consistently. This yields to an effective mass
r0 → r with:

r =r0 + u

ˆ
ddk

ˆ
dω

1

ω2 + r + k2 + δηM (iω)
. (1.47)

Before deriving this equation in more detail, note that already here one can read off the role of the
dimension and the correlation length exponent ν. The phase transition takes place at r = 0, resulting
in the critical value for the bare mass:

r∗0 = −u
ˆ

ddk

ˆ
dω

1

ω2 + k2 + δηM (iω)
. (1.48)

Below two dimensions, the integral is divergent at the lower boundary. This implies that fluctuations
prevent a phase transition, see also the Mermin-Wagner theorem [42].
With the self-consistent equation, the correlation length ξ−2 = r can be expressed as distance to the
critical point,

ξ−2 =r − r∗0 + uKd

ˆ Λ

0
dk

ˆ
dω kd−1

(
1

ω2 + ξ−2 + k2 + δηM (iω)
− 1

ω2 + k2 + δηM (iω)

)

=r − r∗0 + ξ−2uKd

ˆ Λ

0
dk

ˆ
dω

kd−1

(ω2 + ξ−2 + k2 + δηM (iω))(ω2 + k2 + δηM (iω))
. (1.49)

The occurring integral is convergent for ξ−2 → 0 in the denominator above duc = 4− z dimensions. In
this case, it can be shown that the interaction term is small, and ξ−2 ' r − r∗. Thus above the upper
critical dimension, the mean-field exponent ν = −1/2 is reobtained. Below duc the integral is divergent
for ξ−2 → 0 or r → 0 in the nominator. However, if the system is either ballistic or purely dissipative,
it can be evaluated with Γ-functions. Neglecting the first term r − r∗0 in Eq. (1.49) yields

ξ−1 ∝ (r − r∗)−
1

d−2+z . (1.50)
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1.5 Quantum-classical mapping

At d = 4 − z, the mean-field result is reproduced again, but with additional logarithmic corrections.
Below duc fluctuations modify the critical exponents.
In the remaining section it will be shown, that the Hartree approximation is exact in the limit of
an infinite number of components N . Therefore, the interaction term is decoupled via a Hubbard-
Stratonovich field λ:

e−u(ϕ·ϕ)
2
/(4N) ∝

ˆ i∞

−i∞
Dλe+Nu2λ2−λϕ·ϕ. (1.51)

Here, the normalization constant is skipped. The remaining action is Gaussian in ϕ, such that the
order-parameter field can be integrated out, with an effective mass r = r0 + λ,

Z ∝
ˆ
DϕiDλ exp

(
−Nu2

ˆ
dω

ˆ
dxλ2(x, ω)

)

× exp

(
−
ˆ

dω

ˆ
ddx

(
r0 + k2 + ω2 + η(ω) + λ

)
ϕ ·ϕ

)

∝
ˆ
Dλ exp

(
−Nu2

ˆ
dω

ˆ
dxλ2(x, ω)−N log(〈G(ω, r0 + λ)〉)

)
. (1.52)

In the limit N →∞ the integral can be evaluated by using the saddle point approximation. This gives
the self-consistent equation:

λ = 4u

ˆ
ddk

1

ω2 + k2 + λ+ η(ω)
. (1.53)

By identifying the Hubbard-Stratonovich-field λ with the effective mass r, the same equation as in 1.47
is found, which has to be solved self-consistently. The 1/N -expansion is a complementary ansatz to
RG, valid near the upper critical dimension, but for arbitrary N .

1.5 Quantum-classical mapping

With both methods presented in this chapter, the RG and the 1/N expansion, it is possible to solve
classical as well as quantum system for the simple ϕ4-model. There exists a relationship between
quantum and classical critical systems, which is well established in equilibrium: the quantum classical
mapping or Euclidean mapping. It is based on the simple observation that one can replace the dimension
d in a classical system by (d+ z), to obtain the correct values for the critical exponents of the quantum
theory. This correspondence was already noticed in the 1940s by Feynman and shown explicitly for
example for the Ising model in Ref. [43]. It can also be seen in an explicit path-integral formulation.
Performing the T → 0 limit in the Matsubara sum in the action, leads to an integration over frequencies.
The basic idea of the mapping is to treat the frequency integration as supplementary z-dimensional
integral over space, such that one obtains a d + z-dimensional classical theory [44]. In the real-time
path-integral formalism, presented in chapter 3, this corresponds to analytic continuation from times
t to imaginary times τ = it. This path-integral approach is done in detail in section 6.3 for the post-
quench dynamics. At this point, the analysis is therefore kept on the simple observation, that the basic
integral in the 1/N expansion and in the first order correction of the mass in the RG flow,ˆ

ddk

ˆ
dωG(q, ω) =

ˆ
ddq

ˆ
dω

1

k2 + r + |ω|2/zf(z)
, (1.54)
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1 Universality in equilibrium near a quantum critical point

can indeed be evaluated by substituting k′ = |ω|1/z and zk′z−1dk′ = dω. Here, the function f was
introduced to treat the isolated system with z = 1 and

f(1) = c−2, (1.55)

at the same time, with z > 1, where

f(z) = γ. (1.56)

With the substitution one obtains:ˆ
ddk

ˆ
dωG(q, ω) ∝

ˆ
dk kd−1zk′z−1dk′

1

k2 + r + k′2

=

ˆ
dd+zk

1

k2 + r
. (1.57)

The Green’s function in the last line is nothing else, than the Green’s function of the classical (d+ z)-
dimensional problem. The same argumentation can be applied to the first order correction of u in the
RG.

As it was pointed out in Ref. [44], there are already for the equilibrium situation many reasons why
this quantum-classical mapping should be applied with care and one also needs a separate theory for
the full quantum problem. Some concerns are:

• The geometry of the classical theory with z 6= 1, when one space direction scales differently, may
be quiet special and artificial.

• A further problem can be, that the quantum phenomena have no classical analogy. An example
in this thesis is the prominent role of boundary conditions and Heisenberg-commutator relations
of the quantum system, which are not present in the high-temperature limit, see section 3.5.

• Sometimes, the back-transformation from imaginary to real time causes some problems if the
dynamics and transport quantities are analyzed.

Thus, even if the mapping appears very simple and natural, it should be explicitly checked. Neverthe-
less, at least for the ϕ4-model in equilibrium, this mapping works and leads to a great simplification,
as for example the value of the universal exponents can be directly obtained by substituting d by d+ z.
As it was shown in Refs. [21, 22], this mapping can also lead to the correct results for z 6= 1 in more
complex systems. It is therefore of great use, to check if such a mapping is possible, as it is very simple
and instructive.

12



2 Chapter 2

Scaling after a quench towards the
quantum critical point

While the first chapter concentrated solely on equilibrium criticality, the goal of this chapter is to
perform a scaling analysis far from equilibrium. Scaling out-of-equilibrium is well known in the Kibble-
Zurek limit, where a system is driven slowly through a QCP [11, 12]. Here, scaling after a complemen-
tary out-of-equilibrium protocol is analyzed, the quantum quench. Experimentally, after a quantum
quench the system can reach states that are not accessible in equilibrium [3]. The dynamics cannot be
captured within the Kibble-Zurek approach [16], but also non-equilibrium scaling has been observed
recently in cold atom systems [45].

To perform a quantum quench, the system is prepared in the ground state |ϕi〉 of the initial Hamilto-
nian Hi. Here Hi is the Hamiltonian of a ϕ4-model, introduced in section 1.1, given by the parameter
configuration Ri = (ri, hi, ui). The parameter ri stands for the initial mass, hi for the initial, external
field and ui is the initial interaction parameter. By instantly switching some parameters, e. g. applying
a magnetic field or pressure, at time t = 0, the time evolution after the quench is governed by a different
Hamiltonian H, with a new parameter configuration R = (r0, h, u), such that

|ϕ(t)〉 = e−iHt|ϕi〉. (2.1)

By applying this quench protocol, the system instantly falls out of equilibrium. Quantum quenches can
be realized experimentally for example with cold atom systems [2]. Of particular interest is the quench
to the QCP, where the final parameters are given by Rc = (r∗, 0, u∗). After this quench protocol, the
interplay between criticality and out-of-equilibrium dynamics can be studied in different time regimes.
An important time regime is for example the long time limit. If the system is completely isolated,
energy conservation after the quench implies, that it will never reach the QCP. If it thermalizes, it will
rather end up in the critical cone at finite temperature, see the pink arrow in figure 2.1, but it might
also reach a non-thermal steady state, which cannot be illustrated in this equilibrium phase-diagram.
The question if and how such systems thermalize is still open. The situation is clearer for the open
system, where the energy of the critical subsystem is not conserved. Due to the contact to the quantum
bath, the system will thermalize and be located right at the critical point for infinite large times, see
the blue arrow in figure 2.1. However, interaction effects in combination with criticality will lead to
coarsening and a significant slowing down of thermalization, as it will be shown explicitly in chapter 5.
Aging effects are well known from spin glasses and disordered systems [46–49].
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2 Scaling after a quench towards the quantum critical point

Figure 2.1: Three different quench protocols in the r − T plane. The red region indicates the
quantum critical cone, the green region the classical phase transition. The blue arrow
symbolizes a quench without energy conservation, thus for an open system which can
indeed thermalize to the QCP. The pink arrow is a quench with energy conservation
for t > 0, thus the system might end up in the quantum critical region. The red arrow
stands for a classical quench which can be treated with the methods of a quantum-
classical crossover and has been analyzed recently in Refs. [28, 29].

The influence of the QCP is also expected to affect the dynamics far from equilibrium at intermediate
time scales, due to an universal grow of the correlation length with

ξ(t) ∝ t1/z̃d , (2.2)

where z̃d is the dynamic coarsening exponent of ξ. In equilibrium the power law of ξ was given with
respect to the distance δr (or h, if the distance is controlled by an external field h) to the QCP, and thus
the power laws in observables are power laws with respect to δr (h). Out of equilibrium, a very similar
behavior can occur at intermediate times after the quench, in the so called prethermal regime. Here,
universality in the correlation length in time will lead to a power-law in time of the order-parameter φ,
the retarded function GR and the Keldysh function GK , defined as (see also section 3.2):

iGR(k, t, t′) =θ(t− t′)δij〈[ϕi(k, t), ϕj(k, t′)]−〉 , (2.3)

iGK(k, t, t′) =δij〈[ϕi(k, t), ϕj(k, t′)]+〉 . (2.4)

These power laws are described by a new, universal exponent θ, which is independent of the equilibrium
universal exponents. Especially the following scaling form holds for the order parameter φ(t) = |〈ϕ(t)〉|:

φ(t) ∝ tθ. (2.5)

Depending on the sign of θ, the order parameter can also grow after a quench to the QCP, see Fig. 1.
The exponent θ turns out to have a large impact on the Green’s functions, whose scaling forms are
given in Eqs. (2.23), (2.24). Those simple scaling forms of ξ(t) and φ(t) will be confirmed by an explicit
time evolution of the order parameter field and the expectation values in section 5.2. As this evolution
is quiet technical, the main idea of post-quench universality is drawn here, motivated by generalizing

14



2.1 Ballistic versus diffusive dynamics

Figure 2.2: The order of the two different dynamic regimes depends on the bath exponent α ≶ 2.
The time-scale separating those two regimes is tγ ∝ γ1/(α−2). Only for times larger
than the microscopic timescale tmic, the ϕ4 model can be applied, this corresponds
equally to some cutoff frequency.

the scaling arguments to an post-quench scenario.

This chapter is organized as follows: Before going into details of the scaling analysis, the hierarchy
of the different timescales is introduced and discussed. One main question is whether the dynamics are
characterized by a dynamic exponent z = 1 or z 6= 1. The order of both regimes is discussed in sec-
tion 2.1 for different bath-exponents α. This discussion is probably also important for closed systems,
where it is suggested that due to interactions the system could act as its own bath and thermalize. In
section 2.2, the scaling analysis is performed for the order-parameter dynamics. In the same spirit, the
scaling form of the correlation functions is extended to an out-of-equilibrium version in section 2.3.

2.1 Ballistic versus diffusive dynamics

In section 1.1 the Hamiltonian for the ϕ4 model was introduced, where ϕ(k, ω) is the order-parameter
field. The bare, retarded propagator gR(ω, k) = δij〈[ϕi(k, ω), ϕj(−k,−ω)]−〉 of an isolated system has
a very simple form:

gRiso(ω, k) =
(
−ω2 + k2 + r0

)−1
. (2.6)

Here, the dynamics are purely given by the ballistic term ω2, and the only time scale which separates
long and short times is the mode depending eigenfrequency ω2

k = k2 + r0. Coupling the non-interacting
system to an external bath leads to a more complex picture of the different regimes. Now, the bare
propagator is given by

gRopen(ω) =

(
ω2 − k2 − r̄0 + iγω|ω|α−1 − γ|ω|α cot

(
πα

2

))−1

. (2.7)

The trivial shift of the bath spectral function η(ω = 0) is again already included into the bare mass
r̄0, see also section 3.2. There are two different dynamic regimes. If α < 2 and for small frequencies,
the dynamics will be dominated by the coupling to the bath. This corresponds to large times. For
short times, or large frequencies, the ballistic term is controlling the dynamics. The timescale tγ which
separates both regimes is given by the damping coefficient γ and the bath exponent α,

tγ ∝ γ
1

α−2 , (2.8)
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2 Scaling after a quench towards the quantum critical point

which follows directly from comparing the ballistic term ω2 with η(ω) ∝ γωα. For ωγ = 1/tγ both
terms are equal. Via scaling or RG-flow arguments, it is possible to treat the dynamics at times t < tγ
as purely ballistic, and at times t > tγ as purely diffusive. Further note that tγ is inversely proportional
to γ, leading to short tγ for large friction parameters, and large tγ for small γ. The characteristic mode
frequency is still given by k2 + r, which can be part of either the ballistic (k2 + r > ωγ) or the diffusive
(k2 + r < ωγ) regime, depending on the parameter configuration r, γ, α and the mode k. This turns
out to be a crucial point for the post-quench Keldysh function in section 3.5. The impact for the open
system is discussed in section 5.1 and in section 6.2 for the isolated system. If α > 2, the hierarchy
of both regimes is reversed, leading to a dominantly diffusive regime at short times and a dominantly
ballistic regime in the long time limit. In this limit, tγ is proportional to the damping coefficient γ.
The special case α = 2 has a divergent real part in η(ω) and is therefore very different from the usual
z = 1 problem of an isolated system. It will not be considered in this thesis.

If the ϕ4-interaction is included, the situation is even more complicated, as at least one further time
scale will appear. In a perturbative expansion in 1/N , beyond the first order level, finite frequency-
dependent terms can be generated. Those terms will lead to a further time scale tint. If the system is
strongly coupled to an external bath, and interactions are kept small, by some controlling parameter,
there is no need to include this new time scale, as any further time-depending term will be overruled
by the finite bath-damping γ. For a scaling ansatz like in Eq. (2.2), only the bath-dominated diffusive
regime will be of interest. Higher order terms have however a strong impact for the dynamics of an
isolated system. They can be effectively treated like the bath-spectral function η. Therefore, this is
also referred to as an internal bath or that the system acts like its own bath. Even for systems, where
this is not possible, it is important to keep in mind, that the ballistic regime will be either cut off by tint

or set in after tint, depending on the concrete frequency dependence of this higher order interaction term.

Further time scales are given by the different cutoffs of the system, the inverse momentum cutoff
tΛ = Λ−1, and for an open system, the inverse bath-cutoff tωc = ω−1

c . To make any scaling ansatz like
in Eq. (2.2), it is not only necessary to be in the corresponding dynamic time regime. It is reasonable to
be beyond those short-time scales, which are named tmic in this section. The hierarchy of the different
tmic for an open system in combination with tγ is discussed in section 5.5.

A last remark on the nomenclature of ballistic and diffusive dynamics. Without interactions, only
the closed system is described by ballistic dynamics. On the other hand open systems are always
governed by diffusive dynamics. Including interactions and especially scattering processes between dif-
ferent modes of the order-parameter field ϕ(k) will always lead to non-ballistic dynamics in the closed
system. To make a difference between the two types of dynamics, ballistic refers to the dynamics dom-
inated by ω2, and diffusive to the dynamics dominated by η. Thus, for the open system and α < 2 the
short-time dynamics can be ballistically dominated. Besides for a closed system, if interaction effects
can be approximately captured by η, some time regimes are dominated by diffusive dynamics.

2.2 Post-quench scaling of the order parameter

As discussed in section 1.2, the order parameter in equilibrium obeys the scaling relation,

φeq

(
δr, h

)
= b−β/νφeq

(
b1/νδr, bβδ/νh

)
, (2.9)
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2.2 Post-quench scaling of the order parameter

where δr is the distance to the critical point and h an external field. Out of equilibrium, the order
parameter will not only depend on the final configuration δrf , hf , but additional arguments will emerge.
First, the order parameter will obviously depend on time, which scales via

t→ b−zdt (2.10)

with the dynamic coarsening exponent zd, which can in general differ from the equilibrium dynamic
exponent z. Like the equilibrium dynamic exponent, zd connects typical time and length scales, and
can be given by the coupling to the external bath. If the coupling to the bath is the dominant part of
the dynamics, it is given up to leading order in both, RG and 1/N , as zd = 2/α. On the other hand if
the ballistic term ∂2

t dominates the dynamics, it is given as zd = 1. Note, that in both cases zd = z is
still the same as its equilibrium value, introduced in Chapter 1. This does not hold for the correlation
length, where z̃d can take different values in the intermediate and the long time limit.
Second, the order parameter will also depend on the initial configuration δri, δhi. This suggests to

introduce a general scaling relation

φ
(
t, Ri (1) , Rf (1)

)
= b−β/νφ

(
b−zt, Ri

(
b
)
, Rf

(
b
))
. (2.11)

Here, the short-hand notation with the parameter set Ri and Rf was used. They scale as

Rf

(
b
)

=
(
b1/νδrf , b

βδ/νhf

)
, (2.12)

Ri

(
b
)

=
(
bκ/νδri, b

κβδ/νhi

)
. (2.13)

The scaling form of both parameter sets, the final and the initial, will be discussed in detail below.
In Rf , the scaling dimension of the order parameter φ and the final parameter δrf and hf take their
equilibrium value. This is a reasonable assumption if the system is coupled to an external bath, as
thermalization is expected in the long time limit. For an isolated system the question of thermalization
is still open [8, 10]. This question is discussed in chapter 6. In Ri a new exponent κ is introduced.
This is justified as follows: There is no reason why in a quench protocol, the initial parameter set
Ri should also scale with its equilibrium exponents. In fact, similarities with critical surface scaling
suggest to introduce one new exponent κ [50–52]. Via a simple scaling analysis, it is not completely
clear why only one new exponent is sufficient to describe the scaling of both, initial distance δri and
initial field hi. It is motivated by the critical boundary scaling, discussed also in section 6.3.2. Here, the
presence of some finite surface order is sufficient for the emergence of a new exponent at intermediate
length scales, irrespective of how this ordered surface is achieved, by a finite surface field or by a
spontaneous order. The existence of only one exponent is also a result of the explicit analysis of the
time dependence of φ and the Green’s functions, whose time dependence is derived in chapter 4 and
applied for the open system in chapter 5. The fact that one new exponent occurs, can be understood
in the RG picture in section 4.2, where the fixed point is now given by the so called deep quench limit.
The deep quench corresponds to an infinite large quench amplitude, which can be achieved by either
performing a pure mass quench δri →∞ or a field quench hi →∞ or both. Interestingly, in this limit
the system is independent of the quench amplitude and details of how this quench was performed, see
also section 3.5.3. This leads to only one supplementary exponent.
Going back to the scaling ansatz in Eq. (2.11), one can now consider a critical quench, with δrf = 0

and hf = 0. To keep the discussion simple and as no further informations are stored in the scaling of
hi, also the initial field is set equal to zero. Thus the scaling equation reads

φ
(
t, δri

)
= b−β/νφ

(
b−zt, bκ/νδri

)
. (2.14)
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2 Scaling after a quench towards the quantum critical point

To analyze the short and long time behavior of the order parameter, the parameter b is chosen such
that b−zt = tmic. Here tmic is the largest microscopic timescale of the system. With this microscopic
timescale, a scaling function Ψ(x) can be introduced

φ
(
t, δri

)
∝ t−

β
νzΨ(t/t∗). (2.15)

The time t∗ = tmicδr
− νz
κ

i corresponds to the typical crossover timescale, which separates the prethermal
regime from the adiabatic relaxation at large times. For times t� t∗, one expects Ψ(x� 1)→ const,
such that the leading term decays adiabatically. It can be described by a power-law with equilibrium
exponents

φ
(
t� t∗

)
∝ t−β/(νz) . (2.16)

This power-law decay with equilibrium exponents is characteristic for the adiabatic long-time limit,
where the correlation length grows with a scaling form ξ ∝ t1/z. Thus the order-parameter dynamics
can also be expressed in terms of ξ:

φ(ξ) ∝ ξ−β/ν . (2.17)

Note, that also if the exponents are the equilibrium ones, still memory effects of the initial state can be
stored in the amplitude, which is a result of the explicit time evolution, see section 5.4.1. This effect
is also known to occur in classical systems. Critical fluctuations slow down thermalization and lead to
aging effects, where the system exhibits the memory over large time scales.
For times t � t∗ in the prethermal regime, one expects the order-parameter to scale like in the

pre-quench setting with φ ∝ δrβi . Thus the expansion of the scaling function must obey Ψ(x � 1) ∝
xκβ/(νz). This yields for the time dependence in the prethermal regime

φ(t� t∗, δri) ∝ t(κ−1)β/(νz). (2.18)

In chapter 5 and 6 the value of κ will be determined for z = 2/α and z = 1 respectively. With Eq. (2.5)
a connection between θ and the scaling exponent of the initial configuration can be made, it holds

θ = (κ− 1)β/ (νz) . (2.19)

It turns out, that κ strongly depends on z, and varies around 1, such that for some z an increasing
order parameter in the prethermal regime is possible, while for other 〈ϕ(t)〉 decreases slowly. As κ ∼ 1,
the crossover timescale t∗ is given roughly by the initial correlation length ξi ∝ r−1

i . This implies that
t∗ diverges for small quench amplitudes, and thus the prethermal regime can be extended to arbitrarily
long times. Note however, that this does not imply, that the order parameter can grow to infinitely
large values, as it is not possible with this simple analysis to gain any insight on times smaller than
tmic. Using these scaling arguments, it can be shown that there must be some collapse of the order
parameter,

φ(tmic) . φi

(
tmic

t∗

)θ
, (2.20)

such that φ(t∗) is of order of the initial magnetization φi. For the time dependence of the correlation
length this break-down can be seen, with an explicit time evolution. The result is, ξ(t∗) ∼ ξi, and
as ξ grows after the quench, one can conclude that also the correlation length breaks down in the
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2.3 Scaling of the correlation functions

microscopic time regime right after the quench.
This discussion is not restricted to a mass quench δri → δrf , but can easily be extended to a field quench
hf → hi at δr = 0. The crossover time scale t∗ separating the prethermal and the quasi-adiabatic regime
is now determined by t∗ ∝ h

− νz
βδκ

i . However, the time dependence of the order parameter t � t∗and
t� t∗ are the same as in Eq. (2.18) and Eq. (2.16) respectively.

2.3 Scaling of the correlation functions

In this section the equilibrium scaling form will be extended to an out-of-equilibrium version. In
equilibrium, it is not necessary to treat the correlation function GK and the response function GR

separately, as they are connected via the fluctuation-dissipation theorem (FDT). However, out-of-
equilibrium this theorem does not hold, making a separate analysis of both functions necessary.
In equilibrium, for a system coupled to an external bath and large time scales deep in the diffusive
regime, the established scaling form reads:

GReq

(
k, t, t′

)
=

1

k2−z−ηF
R
eq

(
kz
(
t− t′

))
, (2.21)

GKeq

(
k, t, t′

)
=

1

k2−z−ηF
K
eq

(
kz
(
t− t′

))
. (2.22)

F
R/K
eq (x) are the equilibrium scaling functions. If the dynamics are dominated by the bath coupling,

the scaling function, as well as its arguments have a dimensionality of γ−2/z. This factor is not
explicitly written here, to keep the discussion general and to include also the closed system or ballistic
dominated dynamics. Note that the scaling dimension k2−z−η is the same for the the response as the
correlation function at the QCP. Near a classical critical point, they differ by a factor k−z, due to the
proportionality to temperature of the Keldysh function.
Out of equilibrium, one expects that GR and GK now depend on both time arguments t, t′ and on
the initial configuration. The simplest extension of the scaling form in Eq. (2.21) and Eq. (2.22) is to
include the ratio t/t′:

GR
(
k, t, t′

)
=

(
t

t′

)θ FR (kzt, t/t′)
k2−z−η , (2.23)

GK
(
k, t, t′

)
=

(
t

t′

)θ′ FK (kzt, t/t′)
k2−z−η . (2.24)

The scaling function FR/K(x, t/t′) is finite in the limit t′ → 0, such that possible singularities are
included via the exponents θ, θ′.
To show a relation between the new exponents κ, θ and θ′ and to obtain their value is task of

an explicit analysis of the post-quench dynamics. This analysis will be performed in the subsequent
chapters.
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3 Chapter 3

Out-of-equilibrium quantum field theory
for quantum quenches

In this chapter, the quantum field theory (QFT) is introduced in a way suitable to describe quantum
quenches. For a real-time analysis of an out-of-equilibrium setup, the Schwinger-Keldysh formalism
is an useful framework [53–55]. It can be applied to describe various protocols of systems driven out
of equilibrium. There are many general introductions to this topic [56, 57]. The main idea of the
Schwinger-Keldysh formalism is to double the number of degrees of freedom, such that fluctuation and
dissipation of a system can be treated separately. This doubling results in the so called two-branch
contour along the time-axis. To include quantum and thermal fluctuations of the initial state it can
be extended to a three branch contour, where the third branch goes along the imaginary axis. Here,
the three branch-contour will be directly applied for the quench protocol, introduced in section 3.1. In
section 3.2 the QFT is derived along the three branch contour. In section 3.3 the FDT is presented.
In time translational invariant systems, it connects fluctuations and dissipation via the distribution
function. Section 3.4 gives a short introduction to double Laplace-transformations. This is a natural
language to describe post-quench correlation functions, where both time arguments have to be larger
than zero.
An important point, which cannot be overestimated, is the knowledge of the non-interacting Green’s

functions. In equilibrium, this knowledge is in the most cases trivial. For systems that are out-of-
equilibrium, it is a complicated task on its own due to boundary conditions, imposed by the quench
protocol. For quantum quenches further challenges arise, especially for the system coupled to a bath.
Here, the ground state expectation values are a highly entangled mixture depending of the system
and the bath and none of the expectation values can be neglected. This is qualitatively different from
classical systems. The Heisenberg uncertainty leads to a further complication, as now some initial
expectation values are divergent in the limit of infinite cutoff parameters. Those divergent terms have
to be treated carefully. We show that, in the end, they add up to zero. Nevertheless, the knowledge of
those bare correlation functions is crucial to build up a perturbative expansion. After a quench to the
QCP, the typical energy scales of the pre-Keldysh function determine also the different time regimes.
The equal-time, post-quench Keldysh function determines the value of the non-equilibrium exponent
θ. As the free Keldysh and retarded Green’s function have a high impact on the main results of this
thesis, they are derived in detail in section 3.5.
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3 Out-of-equilibrium quantum field theory for quantum quenches

Figure 3.1: The three-branch contour with the quench performed at t = 0.

3.1 Quench protocol

To drive the system out of equilibrium the following protocol is used: Initially, the system is prepared in
the ground state of an Hamiltonian Hi, with parameters Ri = (r0,i, ui,hi). At time t = 0 the parameter
set R is switched to achieve its final value Rf = (r0,f , uf ,hf), which is located right at the quantum
critical point. The change of R(t) takes place on a typical timescale τs. To speak of a quench, one takes
the limit τs → 0. This leads to the time evolution given in Eq. (2.1). Experimentally, τs is limited by the
concrete experimental setup. In numeric simulations and even in purely theoretically considerations,
it is sometimes necessary to consider small but finite quench times. To apply the quench limit, it is
sufficient that τs is of order of the microscopic time scales, given by section 2.1 and 5.5. For shorter time
scales the considered ϕ4-model, which is only a long wave-length description of the actual quantum
mechanical system, is not valid. Hence to compare with an experiment or a numeric simulation, the
requirement of switching instantaneously is not too meaningful. Thus, the quench-protocol can be
described by

R(t) = Ri + θ (t)
(
Rf −Ri

)
, (3.1)

with the Heaviside step function θ (t).

3.2 The three-time-contour formalism

To describe an out-of-equilibrium set-up the closed-time-contour is of great use. It can be extended to
the three branch contour, to include interactions and thermal fluctuation’s of the initial state. This
was originally done by Ref. [58] and by Ref. [59]. The concrete application for a quench protocol in a
bosonic-system is presented in this section and in Ref. [31].
The partition function is defined as [56],

Z =
Tr
(
Ucρ
)

Tr
(
ρ
) , (3.2)

where ρ is the initial density matrix. In a quench protocol the time evolution for t > 0 is governed by
the finial Hamiltonian Hf . Uc is the corresponding time-evolution operator along the closed time or
Schwinger-Keldysh contour SK, see the two horizontal branches in figure 3.1. Uc is given by

USK(t, t′) = e∓iHf(t−t′), (3.3)
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3.2 The three-time-contour formalism

where the minus sign refers to the forward branch and the plus sign to the backwards branch in time.
The initial state at t = 0 is characterized by the ground state

∣∣Ψ0

〉
of Hi, thus it holds for the initial

density matrix

ρi =
∣∣Ψ0

〉 〈
Ψ0

∣∣ . (3.4)

More general, for finite initial temperatures it can also be written along the Matsubara contour

ρi =
1

Zi
e−βHi , (3.5)

with the inverse temperature β = 1/T , and the pre-quench partition function Zi. Evaluating the
expectation value of some operator O at time t yields

〈O(t)〉 =
1

Zi
〈e−βHiUSK(0, t)OUSK(t, 0)〉 . (3.6)

To handle the time-ordering from iβ → 0 → t → 0 one can introduce a three branch contour C, see
figure 3.1, with the time ordering operator TC along this contour. The expectation value of the operator
O thus reads

〈O(t)〉 =
tr
(
TCe
−i

´
C dsH(s)O (t)

)
tr
(
TCe
−i

´
C dsH(s)

) . (3.7)

On the right hand side, the operator O is written with a time argument, to clarify at which point of
the time-ordering it has to be inserted. In the denominator the property 1 = U(0, t)U(t, 0) of the time
evolution operator was used, to write the initial partition function Zi as partition function Z along the
full contour C:

Z = tr

(
TC exp(−i

ˆ
C

dsH)

)
. (3.8)

In the same way, a two-time correlation function G(t, t′) = −i〈Tcϕ(t)ϕ(t′)〉 can be written as

G(t, t′) = −i
1

Z
tr
(
TCe
−i

´
C dsH(s)ϕ(t)ϕ(t′)

)
. (3.9)

In this section, the spatial arguments of the field ϕ, as well as the component index l = 1, . . . , N are
suppressed for easier reading. In quantum field theory, those expectation values are determined with
the method of a generating functional along the contour C:

W
[
h
]

=

ˆ
DϕDXeiS[ϕ,X]−i

´
x

´
C dth(t)·ϕ(t) (3.10)

with the action of the ϕ4 model coupled to an external heat bath, introduced in section 1.1. This action
consists of three parts,

S
[
ϕ,X

]
= Ss

[
ϕ
]

+ Sb
[
X
]

+ Ssb
[
ϕ,X

]
. (3.11)

The t ∈ C is a short hand notation for the time-integral along C. Ss refers to the action of the system

Ss =
1

2

ˆ
x,t∈C

{(
∂tϕ (t)

)2 − r0 (t)ϕ (t)2 −
(
∇ϕ (t)

)2 − u (t)

2N
ϕ (t)4

}
, (3.12)
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and Sb to the bath

Sb =
1

2

∑
j

ˆ
x,t∈C

((
∂tXj (t)

)2
− Ω2

jXj (t)2

)
. (3.13)

Ssb describes the coupling between system and bath

Ssb = −
∑
j

cj

ˆ
x,t∈C

Xj (t) ·ϕ (t) . (3.14)

The action is Gaussian in the bath coordinates X. Thus, they can be integrated out. The effects of
the coupling to the bath can be captured exactly by a self-energy

∆(t− t′) = −
∑
j

c2
j

(
∂2
t + Ω2

j

)−1
δ(t− t′) , (3.15)

which is non-local in time. This self-energy enters in the bare propagator

G−1
0 = −

(
∂2
t + r0(t)−∇2

)
δ(t− t′) + ∆(t− t′) (3.16)

of the system. The effective action thus reads

S[ϕ] =
1

2

ˆ
x;t,t′∈C

ϕ(t)G−1
0 (t, t′)ϕ(t′)− 1

4N

ˆ
x;t∈C

(
ϕ ·ϕ

)2
. (3.17)

In the Schwinger-Keldysh formalism, the four possible arrangements of t, t′ along the ±-contour are
arranged in a 2× 2 matrix, to handle the time integral in a more compact way. Here, this structure is
extended to a 3× 3 matrix, as also the Matsubara axis for the initial state is included [59]:

G =

 iGM G̃< G̃<

G̃> GT G<

G̃> G> GT̄

 . (3.18)

The individual matrix elements are discussed in detail in the following. The first element is the Mat-
subara Green’s function of the initial state

GM
(
τ − τ ′

)
= −

〈
TτϕM (τ)ϕM

(
τ ′
)〉

. (3.19)

Here, Tτ is the time-ordering along the imaginary axis form iβ → 0 and ϕM (τ) = eτHiϕe−τHi . The
bare propagator along the Matsubara axis is given by

gMi

(
τ, τ ′

)
=

[(
∂2
τ − r0,i +∇2

)
δ
(
τ − τ ′

)
+ ηM

(
τ − τ ′

)]−1

. (3.20)

The subscript i refers to the initial mass ri. The bath-spectral function η(τ) was given in Eq. (1.9).
The system prior to the quench is in equilibrium, thus gMi is time-translational invariant. The Fourier
transform reads

gMi (ωn) =
1

−ω2
n − r̄0,i − q2 + δηM (ωn)

. (3.21)
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3.2 The three-time-contour formalism

The mass r̄0,i = r0,i − ηM (0) contains already the trivial shift due to the external bath, but no renor-
malization due to interaction effects, and is therefore called bare mass in the following.
The Green’s function G≶ describes the coupling across the quench. Without interactions, this coupling
originates from two main effects. Firstly, memory effects stored in the heat bath. Secondly, from the
concrete regularization chosen to write down the generating functional and to describe the quench.
For an isolated system, only the second point leads to cross quench correlations. With the Heisenberg
representation ϕH (t) = eiHf tϕe−iHf t they are formally given by

G̃<
(
τ, t′
)

=i
〈
ϕM (τ)ϕH(t′)

〉
, (3.22)

G̃>
(
τ, t′
)

=i
〈
ϕH(t′)ϕM (τ)

〉
. (3.23)

The functions in the remaining 2 × 2 block are the usual Green’s functions of the Schwinger-Keldysh
formalism, with the time ordering operator Tt (anti-time ordering operator T̃t) along the real time
branch. They read

GT
(
t, t′
)

=− i
〈
TtϕH(t)ϕH(t′)

〉
, (3.24)

GT̃
(
t, t′
)

=− i
〈
T̃tϕH(t)ϕH(t′)

〉
, (3.25)

G>
(
t, t′
)

=− i
〈
ϕH(t′)ϕH(t)

〉
, (3.26)

G<
(
t, t′
)

=− i
〈
ϕH(t)ϕH(t′)

〉
. (3.27)

Those four Green’s functions are known to contain redundant information. It is convenient in the usual
Schwinger-Keldysh formalism to rotate to the quantum-classical basis, with

ϕcl,q
H =

1√
2

(
ϕ+
H ± ϕ

−
H

)
. (3.28)

After this rotation there are two independent Green’s functions, the retarded function GR and the
Keldysh function GK . Here, the rotation matrix for the 3× 3 matrix block reads

L =

 −1 0 0
0 1√

2
1√
2

0 1√
2
− 1√

2

 , (3.29)

where the sign of the first element was chosen such that detL = 1. This yields

L−1GL =

 GM −
√

2G̃< 0

−
√

2G̃> GK GR

0 GA 0

 . (3.30)

The two relevant Green’s functions along the horizontal branch are given by

GR
(
t, t′
)

= −iθ
(
t− t′

)〈[
ϕH(t), ϕH(t′)

]
−

〉
(3.31)

GK
(
t, t′
)

= −i

〈[
ϕH(t), ϕH(t′)

]
+

〉
. (3.32)
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3 Out-of-equilibrium quantum field theory for quantum quenches

GR measures the response of the order parameter at time t caused by an external field h. This function
has a retarded structure t′ < t, with both time arguments after the quench. The advanced Green’s
function is given by

GA
(
t, t′
)

= iθ
(
t′ − t

)〈[
ϕH(t), ϕH(t′)

]
−

〉
(3.33)

and contains thus the same informations as GR(t, t′) = GA(t′, t). Causality implies two important
relations, GR(t, t) + GA(t, t) = 0 and GR(t, t) − GA(t, t) = −i [56]. Those are important in chap-
ter 4, where they lead to a simplification for the number of Hubbard-Stratonovich fields, and for the
out-of-equilibrium version of the RG flow equations. While the retarded Green’s function contains infor-
mations about the spectrum, the Keldysh function GK measures also order-parameter configurations.
In addition to those usual Green’s functions, correlations across the quench are taken into account
via G̃≶. Note that those cross-quench correlation functions couple only to the quantum component
ϕq in the inverse Matrix G−1. For a non-interacting system the Matsubara fields ϕM can be formally
integrated out. They couple only to the bare Keldysh Green’s function gK , thus only this function
contains pre-quench information and displays memory effects. Those can be formally captured by

gK =

ˆ t

0

ˆ t′

0
dsds′ gR(t, s)M(s, s′)gA(s′, t′) . (3.34)

Here, the memory function M includes the effects of the pre-quench system. More details to the
memory function, and a simple way to calculate it, are presented in section 3.5.2 below. The bare
retarded function gR(t, t′) does not couple to the pre-quench fields, thus it is given by the equilibrium
value of the final parameter configuration Rf . Especially gR depends only on the difference of the time
arguments, thus its Fourier transform reads

gRf (k, ω) =
1

ω2 − r̄0,f − k2 + δη(ω)
. (3.35)

Again, the trivial shift due to the bath coupling is taken into account via r̄0,f = r0,f − η(0). Including
many-body interactions will however lead to aging in the retarded function as well.

3.3 Fluctuation-dissipation theorem

In equilibrium, there is a strong link between fluctuations and the response of a system to an external
force, called fluctuation-dissipation theorem FDT. A short derivation is given in this section, for more
details see for example Refs. [35, 40, 60].
In thermal equilibrium the Green’s functions depend only on the time difference t−t′ of their arguments.
Therefore it is convenient to express them into Fourier space

GR/K(k, ω) =

ˆ ∞
−∞

dt eiωtGR/K(k, t). (3.36)

The FDT states that the equilibrium fluctuations are proportional to the imaginary part of a response
function:

GK(k, ω) = 2i coth

(
ω

2T

)
ImGR(ω, k). (3.37)
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3.4 Double Laplace transformations

A first version of the classical FDT was derived by Einstein, when he analyzed the Brownian motion [61].
Thereby he noticed a connection between the diffusive constantD in Fick’s law with the inverse mobility.
The full quantum version was given by Callen-Welton in 1952 [62]. This form can be derived from the
general structure of the Keldysh contour [56]. In general, even in an out-of-equilibrium situation the
following relation holds

GK(k, t, t′) = F ◦GR +GA ◦ F, (3.38)

where ◦ stands for the convolution in time. This relation follows from the Hermitian property of the
Keldysh function GK(t, t′) = GK(t′, t). This version is sometimes also called generalized FDT in the
literature [41], even if, far from equilibrium, the function F is not given by the Bose-Einstein distribution
function nB. In this thesis, FDT refers explicitly to the relation in Eq. (3.37), like in Ref [56].
Note, that for T →∞ in the classical system a prefactor of 2T/ω emerges. Thus, the scaling dimension
of GK and GR will differ by the characteristic frequency. In contrast, in the quantum limit T → 0,
coth(ω/(2T )) → signω, and GK and GR have the same scaling dimension, but different parity with
respect to ω.
In section 5.4.2 it is shown explicitly that in the quasi-adiabatic long time limit for an open system a
relation like in Eq. (3.37) holds between GR and GK , and thus the Wigner transform of the function
F is given explicitly.

3.4 Double Laplace transformations

Laplace transformations are the natural framework to describe retarded time evaluations in equilibrium,
as all times have to be larger than zero. A natural generalization to non-equilibrium situations are
double Laplace transformations. Here, the Laplace transformation (LT) of the function d(ω) is defined
with exp(iωt) as

d(ω) =

ˆ ∞
0

dt ei(ω+i0+)td(t) . (3.39)

The infinitesimal small i0+ is introduced to keep the LT of d finite. The advantage of performing the
LT with exp(iωt), is the simple inverse transformation, if d(ω) is a retarded function, , e. g. it has no
poles in the upper half of the complex plane. In this case the inverse transformation reads:

d(t) = 2i

ˆ ∞
−∞

dω
1

2π
Im d(ω)e−iωt. (3.40)

This relation can be verified by using Kramers-Kronig relations for d(ω) and 1
ω+i0+

= −i
´∞

0 dt ei(ω+i0+)t.

Of further importance is the double LT, as in the post-quench system the Green’s functions depend in
general on both time arguments t, t′ individually. The double LT is defined as

f(ω, ω′) =

ˆ ∞
0

dt

ˆ ∞
0

dt′ei(ω+i0+)tei(ω′+i0+)t′f(t, t′) . (3.41)

To derive the post-quench Keldysh-function, one also needs the double LT of the pre-quench Keldysh
function. This function describes a system in equilibrium, thus GKi (t, t′) = GKi (|t− t′|). The subscript
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3 Out-of-equilibrium quantum field theory for quantum quenches

i is kept here, to make clear, that this relation is a property only of the initial, equilibrium Green’s
functions. The double LT of the Keldysh function obeys:

GKi

(
q, ω, ω′

)
= i

GKi
(
q, ω

)
+GKi

(
q, ω′

)
ω + ω′ + i0+

, (3.42)

with GKi
(
q, ω

)
being the Laplace transform of the equilibrium Keldysh function GKi (|t − t′|) of the

initial state. This relation is obtained by using the definition of the LT and performing a variable
transformation GKi (t, t′) = GKi (|t− t′|), to use the equilibrium properties of GKi .

Below, not only the double LT of the initial, equilibrium Keldysh function is needed, but also the
simple LT of GKi (|t − t′|). Using the initial Keldysh function gKi given by the FDT in Fourier space
(see section 3.3) yields:

GKi (k, t) = i

ˆ ∞
−∞

dε

π
e−iεt coth

(
ε

2T

)
ImGRi (k, ε) . (3.43)

In the quantum limit T → 0, the coth
(

ε
2T

)
can be replaced by sign(ε). Inserting the FDT into the

Laplace-transformation of GKi (k, t) yields

GKi (k, ω) =

ˆ t

0
dt ei(ω+i0+)tGKi (k, t)

=−
ˆ ∞
−∞

dε

π

sign(ε)ImGRi (k, ε)

ω − ε+ i0+
. (3.44)

By using the identity δ(ω − ε) = − 1
π Im

1
ω−ε+i0+

, the imaginary part of GKi is found:

ImGKi (k, ω) = sign(ε)ImGRi (ω). (3.45)

The real part is given by a principal value integral

ReGKi (k, ω) = −
ˆ ∞
−∞

dε

π
sign(ε)ImGRi (k, ε)

ω − ε
(ω − ε)2 + i0+2 . (3.46)

To avoid worrying about this principal value integral, one can use the following trick, to bring the
Keldysh-function in a more convenient form. Consider the Kramers-Kronig relation for the retarded
Green’s function

GRi (ω) = −
ˆ ∞
−∞

dε

π

ImGRi (k, ε)

ω − ε+ i0+
. (3.47)

With this relation the sum and the difference of GRi and GKi can be derived:

GRi (k, ω) +GKi (k, ω) =− 2

ˆ ∞
0

dε

π

ImGRi (k, ε)

ω − ε+ i0+
, (3.48)

GRi (k, ω)−GKi (k, ω) = 2

ˆ ∞
0

dε

π

ImGRi (k, ε)

ω + ε+ i0+
. (3.49)
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3.5 Bare post-quench correlation functions

Thus, for ω > 0 one uses the differences of those two functions, while for ω < 0 the sum. In both cases,
the remaining integral has no poles. Written in a compact way for all ω one finally finds

GKi (k, ω) = sign (ω)
(
GRi

(
k, ω

)
− gi

(
k, ω

))
, (3.50)

with the real and finite function gi

gi

(
k, ω

)
= 2

ˆ ∞
0

dε

π

ImGRi
(
k, ε
)

|ω|+ ε
. (3.51)

This is the Laplace transformed version of the FDT at T = 0. Together with Eq. (3.42), it is now
possible to express the double LT of the equilibrium Keldysh function in terms of the retarded function
and the temperature.

3.5 Bare post-quench correlation functions

In this section the bare, post-quench Green’s functions are derived. The knowledge is fundamental
to build up any perturbative approach where interactions are included via for example a Dyson equa-
tion. Evaluating the post-quench correlation function analytically, often boundary conditions for a free
harmonic oscillator are used to derive the bare or full post-quench Keldysh function, like in Ref. [63].
However, it will be shown, that also small derivations from the free harmonic oscillator in the initial
state can lead to a completely different post-quench Keldysh function. Therefore in this section, a more
general method for obtaining gK is presented . The quench protocol is introduced in section 3.1: a
parameter-quench at time t = 0 from Ri = (ri, hi, 0) to the finial parameters R = (r0, h, 0). In this
section u = 0 as only the bare Green’s functions are considered. For a post-quench system the bare
retarded function is unchanged compared to its equilibrium value as it has no memory of the pre-quench
system, see also Eq. (3.35). Again, it is convenient to express gR in Laplace space:

gRf (k, ω) =
1

ω2 + η(ω)− k2 − r0
. (3.52)

The subscript f refers to the final mass r0, while the subscript i refers to the initial mass, as in this
section the distinction between pre and post-quench mass is crucial.
The derivation of the Keldysh function is more challenging. In this section the Heisenberg equations
of motion (EOM) are used to obtain an analytic expression for gK . One could also try to directly
derive the bare Keldysh function with the framework given in section 3.2, but there one has to face
a technical subtlety: the regularization. Especially one must keep in mind, that the time steps along
the Keldysh contour must be small compared to any physical timescale, including the quench time
τ . Hence regularization problems can occur, as known for example from the bath-regularization Itô
versus Stratonovich [56] in classical non-equilibrium dynamics. The three-branch contour is however
useful in chapter 4 to include interaction effects. To use a kinematic equation or a quantum Boltzmann
equation is neither constructive, as it is not possible to include the boundary conditions in a simple
way. Further, it is not guaranteed that a scale separation between total and relative time is valid and
thus a gradient expansion of the Wigner transformation is not possible. To avoid this subtleties and to
gain more physical insight, the Heisenberg EOM are used in this section.
This section is therefore organized as follows, first the EOM for the vector-field ϕ are derived for

the post-quench problem in section 3.5.1. With this solution and a memory-function ansatz the bare
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3 Out-of-equilibrium quantum field theory for quantum quenches

Keldysh function is derived. The general structure of the memory function is derived in section 3.5.2.
The memory function is also evaluated for the quench from a free harmonic oscillator in appendix A.3,
to show that the results given in Ref. [63] can be reproduced. In section 3.5.3 the memory and the
Keldysh function are evaluated in the deep quench limit, which is an essential ingredient for critical
quenches.

3.5.1 Equations of motion for ϕ

The EOM for the bare vector field is given by(
∂2
t + r0,f + k2

)
ϕ
(
k, t
)

=

ˆ ∞
0

ds η (t− s)ϕ
(
k, s
)

+ Ξ
(
k, t
)

+ h (t) . (3.53)

An external field which couples to ϕ is denoted by h. The source operator Ξ(k, t) is given in terms of
the initial bath operators X0

j = Xj

(
k, t = 0

)
and P0

j = Pj

(
k, t = 0

)
:

Ξ
(
k, t
)

=−
∑
j

cj

(
X0
j

(
k
)

cos
(

Ωjt
)

+
1

Ωj
P0
j

(
k
)

sin
(

Ωjt
))

. (3.54)

It can also be expressed in terms of the bath spectral function η and the pre-quench state ϕi:

Ξ(k, t) = −
ˆ 0

−∞
ds η(t− s)ϕi(k, s). (3.55)

Technical details how to obtain this result are given in the appendix A.1.
Eq. (3.53) can be formally solved via Laplace transformation, yielding

ϕ
(
k, ω

)
= F

(
k, ω

)
gRf
(
k, ω

)
. (3.56)

Here, the force operator F is introduced, as well as the retarded Green’s function gRf . The Green’s
function gR is given in Eq. (3.52). One can double check, that this is indeed the correct retarded Green’s
function also given in Eq. (3.35), by using the definition as anti-commutator of igR = 〈[ϕ0, ϕ0]−〉. The
force operator F is defined as

F
(
k, ω

)
= πi

(
k
)
− iωϕi

(
k
)

+ Ξ
(
k, ω

)
+ h (ω) . (3.57)

Here, the subscript in the operators ϕ and π indicates, that those operators are evaluated at time t = 0
by their pre-quench value. Inserting this formal solution for the vector field ϕ in the definition of gK ,
one can express the bare Keldysh-function as commutator of two force fields:

igK(k, ω, ω′) =δij〈
[
ϕi(k, ω), ϕj(k, ω

′)
]

+
〉 (3.58)

=δij〈
[
Fi(k, ω), Fj(k, ω

′)
]

+
〉gRf (k, ω)gRf (k, ω′) (3.59)

=Mi(k, ω, ω
′)gRf (k, ω)gRf (k, ω′) . (3.60)

In what follows, the force-force commutator is also called the memory function Mi(k, ω, ω
′), as only via

this function pre-quench informations enter in gK .
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3.5 Bare post-quench correlation functions

3.5.2 Memory function for gK

To obtain the memory function, two basic approaches are used, that lead to the same result. Firstly, by
evaluating explicitly every expectation value, which occurs in the force-force commutator, e. g. 〈[ϕ,ϕ]−〉,
〈[ϕ,Xi]−〉, and so on. This procedure is long and tedious, as some of those expectation values diverge
with the bath cutoff. For example 〈[π, π]−〉 is divergent, as well as parts of the momentum-bath-
momentum expectation value 〈π, Pi〉. However, in the final result all those divergences cancel, such
that the memory function itself is well defined in the limit of Λ → ∞ and ωc → ∞. This way is
presented in the appendix A.2. The second approach is easier. Note, that M is given uniquely by
the initial pre-quench expectation values at time t = 0, thus in a state where the system is still in
equilibrium. Therefore, it is also possible to determine M for an equilibrium system without quench.
Here, the final parameter configuration is given by Ri. In this scenario the double Laplace transformed
Keldysh function must have the same formal structure

gKi

(
k, ω, ω′

)
= Mi

(
k, ω, ω′

)
gRi
(
k, ω

)
gRi

(
k, ω′

)
, (3.61)

where the subscript i denotes that gK is given by the initial parameter configuration Ri. In this no-
quench scenario, gKi is the LT of the equilibrium Keldysh function. Also note, that the structure
MgRgR in Laplace space looks very similar to the usual Fourier expression of the Keldysh function,
gK = gR[gK ]−1gA. Indeed, M is nothing else than the inverse Keldysh component for a quench
problem, which one would naturally obtain if the Matsubara-fields in section 3.2 are integrated out.
Within the large-N approximation, one can show, that this structure also holds for interactions at the
one-loop-level, and probably also beyond.
The crucial point is now, that the memory function in Eq. (3.61) must be exactly the same function

as in Eq. (3.60) in the limit of an infinitely fast quench. This is a consequence of the retarded Green’s
function gR taking instantaneously its final, equilibrium form. This immediately yields,

Mi(k, ω, ω
′) =

gKi (k, ω) + gKi (k, ω′)

ω + ω′ + i0+

[
gRi (k, ω)

]−1 [
gRi (k, ω)

]−1
, (3.62)

where the double LT equilibrium Keldysh function of Eq. (3.42) was used. This is exactly the same
result that has been obtained by evaluating directly the pre-quench expectation values in appendix A.2.
Using the result of Eq. (3.50), the initial Keldysh function is found to be,

gKi (k, ω) =sign (ω)
(
gRi
(
k, ω

)
− gi

(
k, ω

))
, (3.63)

with the real and finite function gi

gi

(
k, ω

)
= 2

ˆ ∞
0

dε

π

Im gRi
(
k, ε
)

|ω|+ ε
. (3.64)

Inserting this result into Eq. (3.62), the final result for the memory function is given by

M(k, ω, ω′) =
sign (ω)n

(
ω, ω′, ωi

)
+ sign

(
ω′
)
n
(
ω′, ω, ωi

)
ω + ω′ + i0+

, (3.65)

with the initial frequency ωi =
√
k2 + ri and

n
(
ω, ω′, ωi

)
= gRi (k, ω′)

−1 − gi(k, ω)gRi (k, ω)
−1
gRi (k, ω′)

−1
. (3.66)

This function n is evaluated explicitly for the quench in an isolated, non-interacting system in ap-
pendix A.3 and in the following section in the limit of a large quench amplitude.
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3 Out-of-equilibrium quantum field theory for quantum quenches

3.5.3 Deep quench expansion

The deep quench limit is of significant importance for quenches to a QCP. To achieve scale invariance
and universality, it is necessary that the post-quench Keldysh function, or at least parts of it, obey a
scaling form. Therefore, it is not only necessary, that GK is given in either the diffusive or the ballistic
dynamical regime, but also that it is independent of the energy scale ωi given by the quench amplitude.
In this section, the limit of an infinite large quench amplitude ωi →∞ is taken, which corresponds to
a Taylor expansion for small 1/ωi in the memory function M . It will be shown, that this deep quench
expansion yields for the equal-time Keldysh function GK :

GK(k, t, t) =
1

k2−z f
K(kzt) + ω

2−2/α
i C(1)

α gRf (k, t)gRf (k, t) +
ω

2−4/α
i k−4+3z

t2
C(2)
α . (3.67)

The first term is the scaling part gKsc , with the scaling function fK given in Eq. (3.73). By including
interactions, this term will lead to the universal post-quench dynamics. Its impact is analyzed in
chapter 4. The second term ω

2−2/α
i C

(1)
α gR(k, t)gR(k, t) is irrelevant in the deep quench limit for α < 1.

For α > 1, this term is divergent, but it is shown in appendix B.1 that this first order term does not
affect the effective mass r(t) near the upper critical dimension duc = 4− z. The coefficient C(1)

α is given
in Eq. (3.78). The last term in Eq. (3.67) is irrelevant in the limit ωi →∞ for α < 2. It does however
play a crucial role for the isolated system, see section 6.2. The coefficient C(2)

α is given in Eq. (B.28).
In this section, the function n defined in Eq. (3.66) is explicitly analyzed in the deep quench limit,
to derive Eq. (3.67). The conditions for the deep quench limit and technical details are discussed in
appendix B. Let us start with the function gi(k, ω) in the limit ωi →∞ and with over-damped dynamics
η(ω) which are large compared to the ballistic term. In the following, the subscript i is dropped for
easier reading, and only introduced, when a difference between initial and final mass is necessary. In
this scenario, g can be expressed with the scaling form

gα<2(ωi, ω) =
1

ω2
i

φ
(
γz/2ω−zi |ω|

)
, (3.68)

where the scaling function φ(x) is given as

φ (x) = − 2

π

ˆ ∞
0

dy
1

x+ y

y2/z(
1 + cot πz y

2/z
)2

+ y4/z

. (3.69)

It holds φ(0) = −1 for all z, which allows to perform the scaling limit ωi → ∞. This also holds if the
dynamics are given in the ballistic regime. In this case, the retarded Green’s function is just the sum
of two δ-functions, making the evaluation of g for z = 1 straightforward:

gballistic(ω, ωi) =− 1

ωi

1

|ω|+ ωi
. (3.70)

The subscript ballistic means, that this result holds strictly only for the non-interacting, isolated,
pre-quench system. The first non-vanishing term in an expansion in ω−1

i would be g(ω, ωi → ∞) ≈
−ω−2

i + O(ω−3
i ), like in the diffusive regime. Inserting gi = −ω−2

i into the function n leads to the
deep-quench result

ndq(ω, ω′, k) = ω′2 − η(ω′). (3.71)
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3.5 Bare post-quench correlation functions

Substituting this back into the memory function and performing the inverse LT, one can show, that it
leads indeed to a scaling form of the Keldysh function

gKsc (k, t, t) =
1

k2−z f
K(kzt), (3.72)

with the scaling function

fK(x) =

ˆ ∞
−∞

dy dy′
sign(y)ndq(y, y′, 1) + sign(y′)ndq(y′, y, 1)

y + y′
fR(y)fR(y′). (3.73)

The retarded scaling function reads for the isolated system:

fR(y) = (1 + y2)−1, (3.74)

and

fR(y) = γ−z/2(1 + cot(2πα)|y|α + i sign y|y|α)−1, (3.75)

for the diffusive system with α < 2. This is the first term on the right hand side in Eq. (3.67).
However, in the function n, the function g will be multiplied with ω4

i . This makes it necessary to go
beyond the zeroth order in an expansion for small ω−2/α

i |ω| for α > 1, or for small ω/ωi in the ballistic
regime. The next order terms of this expansion in g generate the other terms in Eq. (3.67). To include
higher order terms, the function g must be analyzed in more detail. Here, the case α < 2 is considered:

gα(ωi, ω) = 2

ˆ ∞
0

dε

π

1

|ω|+ ε
Im

[
−1

ε2 − ω2
i + η(ε)

]
,

≈ 2

ˆ ωγ

0

dε

π

1

|ω|+ ε
Im

[
1

ω2
i + η(ε)

]
+ 2

ˆ ∞
ωγ

dε

π

1

|ω|+ ε
Im

[
1

ε2 − ω2
i + i0+

]
. (3.76)

The low frequency integral ε < ωγ refers to the diffusive regime, the high frequency integral ε > ωγ to
the ballistic regime. For α > 2 the order of the two dynamic regimes is inverted, leading to a ballistic
dominated part at low frequencies, and a diffusive dominated part at high frequencies. For both integral
parts, the scaling function reads

φ(x) ' −1 + |x|C(1)
α , (3.77)

with

C(1)
α =

 θ(ωi − ωγ) in the ballistic regime,

2γ1/α
´∞

0 dy yα−2
(

(1 + coth(2πα))2 + x2α
)−1

in the overdamped regime.
(3.78)

The dimensionless variable x is given by ω/ωi in the ballistic regime, and γ1/αω/ω
2/α
i in the diffusive

regime. In the diffusive regime, the limit of large ωγ was taken, to send the upper bound of the integral
to infinity. This is a reasonable limit, for α < 2 and times t � tγ , where the ballistic part can be
ignored. In appendix B.1, the inverse LT of those terms is performed, yielding

gK1 (k, t, t)ω
2−2/α
i C(1)

α gRf (k, t)gRf (k, t) , (3.79)
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3 Out-of-equilibrium quantum field theory for quantum quenches

in the equal-time Keldysh function. It is also shown, that those first order terms have no impact on
the effective mass r(t) ∝

´
ddk gK(k, t, t), for all dynamic exponents z near the upper quantum critical

dimension duc = 4 − z. Thus, for α < 2 the deep quench limit can be taken in r(t), even if the bare
post-quench Keldysh function has divergent terms in the limit ωi →∞.

For α > 2 and for the ballistic dominated part of g, it is necessary to include second order terms
proportional to ω−4/α

i . The time dependence of those second-order terms is derived in appendix B.2.
They contribute via

GK
(2)

(k, t, t) = C(2)
α (ωi, γ)× k−4+3z

t2
, (3.80)

in the equal-time Keldysh function, where C(2)
α (ωi, γ) is given in Eq. (B.28). The impact of those terms

is discussed for both dynamic regimes separately, in section 5.1 for the open system and in section 6.2
for the isolated system. For the diffusive systems z 6= 1, they do not affect the scaling form of the
effective mass rsc(t) = at−2/z, as those terms lead to corrections in r(t) going with t−2. However, they
have a strong impact for z = 1.
It is important to note, that the deep-quench limit corresponds to times t, t′ > ti = (γ/ω2

i )z/2, see
also section 5.1 for the open system and section 6.2.1 for the isolated system. Thus for times larger
than ti the deep quench limit can always be taken, even if the quench amplitude is nominally not large.
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4 Chapter 4

Non-equilibrium dynamics in post-quench
systems, general formalism

With the QFT along the three branch contour and the bare Green’s function derived in the last chapter,
the effects of the ϕ4-interaction term can now be studied. Especially, it can be shown, that including
interactions leads to aging of the Keldysh as well as the retarded Green’s function. After a quench to
the QCP, the ϕ4-interaction leads to an inverse correlation length, which obeys scaling:

r(t) =
a

t2/z
. (4.1)

Here z is the dynamical exponent given by z = 1 for the isolated system and z = 2/α, with the
characteristic bath-exponent α, for the dissipative system. In analogy to the equilibrium field theory,
this inverse correlation length will be called effective mass in the following. This effective mass modifies
the Green’s function at intermediate times after the quench, where GR/K obeys the following scaling
form

GR(K)(k, t, t′) =
1

k2−z

(
t

t′

)θ(θ′)
FR(K)

(
kzt, t′/t

)
. (4.2)

This form was motivated in Eqs. (2.21) and (2.22) in chapter 2. Here, this form can be derived with
the Dyson equation, see section 4.1.3 under the assumption of Eq. (4.1). The singularity for t′ → 0 is
uniquely captured by the exponent θ. It holds for a quantum system θ = θ′, in contrast to classical
systems [28, 29], where θ′ = θ−1 for z < 2 and θ′ = θ−2/z for z > 2. A further result from the Dyson
equation is the connection of the light cone amplitude a of Eq. (4.1) with the dimensionless exponent
θ. In addition, in the quasi-adiabatic long-time limit the thermalization is significantly slowed down
by the presence of interactions, see section 4.1.2:

GR/K(k, t, t′) = GR/Keq (k, t− t′) + r

(
t+ t′

2

)
CR/Kz (k, t− t′). (4.3)

This result is only meaningful if the system is known to thermalize, as it is based on the assumption
of equilibration to the QCP for t, t′ → ∞. For a non-interacting system, thermalization takes place
exponentially fast. Including interactions leads to a power law in the absolute time t+ t′ via the effec-
tive mass given in Eq. (4.1), while the coefficient CR/Kz relaxes exponentially with the relative time t−t′.

35



4 Non-equilibrium dynamics in post-quench systems, general formalism

The goal of this chapter is to calculate the universal exponent θ. Therefore a combination of the
methods presented in chapter 1 with the out-of-equilibrium formalism of chapter 3 is used to derive
an out-of-equilibrium version of the RG (see section 4.2) and large-N equations (see section 4.3). The
discussion here is kept as general as possible, the application to the two models, the open and the
isolated ϕ4-model, and a detailed discussion with physical implications is given in the chapters 5 and 6,
respectively. Inspired by the similarity between the RG and 1/N equation, it is shown explicitly in
section 4.4 that both methods indeed lead to the same result for a, if the system is self-similar after
the quench. With a combination of both methods, i. e. a simultaneous expansion in ε and 1/N and
by including the long-time behavior in Eq. (4.3), it is possible to derive the scaling form of the time-
dependent mass r(t) in Eq. (4.1). The amplitude a is given by the equilibrium fixed point u∗ and the
difference between the out-of-equilibrium Keldysh function and its equilibrium value, making θ indeed
a truly new universal exponent.

4.1 Dyson equation

In this section, the ϕ4-interaction term along the two-branch contour is considered. At this point, it
is possible to neglect the effect of the Matsubara branch, as the one-loop correction has only one time
argument. Thus correlations across the quench are not included via the interactions, but only via the
memory of the external bath. This naive physical argumentation will be confirmed in section 4.3 by an
explicit calculation along the three-branch contour.
After the Keldysh rotation, the interaction term along the real-time contour reads

Sint[ϕ] =
u

4N

N∑
i,j=1

ˆ
ddx

ˆ ∞
0

dt ϕcl
i (x, t)ϕq

i (x, t)
(
ϕcl
j (x, t)ϕcl

j (x, t) + ϕq
j (x, t)ϕ

q
j (x, t)

)
. (4.4)

Due to doubling the degrees of freedom by introducing two independent fields ϕcl/q, now two types of
vertices occur, u1ϕ

3
clϕq and u3ϕclϕ

3
q. However, including only one-loop corrections, as it will be done

below, only the vertex u1 enters, therefore this difference is not made in this section. In the following,
the component index l of ϕ is omitted for better reading. A natural way to include this interaction
term is to use the Dyson equation. Therefore the self-energy is introduced, which reads up to first
order:

Σ(t) =

(
0 0
0 u(N + 2)

´
ddk GK(k, t, t)

)
. (4.5)

In general, also components with ΣR/A can occur, but at one-loop they cannot be generated, due to the
causality GR(x, t, t) + GA(x, t, t) = 0. The self-energy Σ has the same causal structure as G−1. With
this self-energy, the full Green’s functions can be written as

G(k, t, t′) = g(k, t, t′) +

ˆ
ds g(k, t, s)Σ(s)G(k, s, t′), (4.6)

where g refers to the bare Green’s function matrix and G to the full Green’s function matrix. Both
have the usual bosonic structure [56],

g =

(
gK gR

gA 0

)
and G =

(
GK GR

GA 0

)
. (4.7)
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4.1 Dyson equation

In this section, only Green’s functions with the final bare mass r0,f are considered, thus, the subscript f
is dropped in the following. The Dyson equation can also be interpreted graphically by using Feynman
diagrams:

= + (4.8)

= + + (4.9)

where the double lines stands for the full or dressed Green’s function and the single lines for the bare
Green’s function, the dashed lines for the quantum and the plain lines for the classical fields. Thus
Eq. (4.8) stands for the Dyson equation of GR and Eq. (4.9) for the Dyson equation of GK . As the
advanced Green’s function does not include further information, in the following only GR and GK are
considered. This approach is especially useful, if an expansion in the self-energy and thus in a small
interaction parameter u is justified. In a non-equilibrium set-up, it may be useful, to expand around a
known stationary state GKstat(k, 0) by introducing

r(t) = Σ(t)− r , (4.10)

where

r = u(N + 2)

ˆ
ddk GKstat(k, 0), (4.11)

is the effective mass of the full stationary state. This leads in the Dyson equations to corrections up to
first order:

GR(k, t, t′) = GRstat(k, t, t
′) +

ˆ
dsGRstat(k, t, s)r(s)G

K
stat(k, s, t

′), (4.12)

GK(k, t, t′) = GRstat(k, t, t
′) +

ˆ
ds
(
GRstat(k, t, s)r(s)G

K
stat(k, s, t

′) +GKstat(k, t, s)r(s)G
A
stat(k, s, t

′)
)
.

(4.13)

This expansion turns out to be useful to obtain the long-time limit of the quench problem, where the
stationary state is given by the equilibrium Green’s functions at the critical point.

The expansion in the self-energy fails in the prethermal regime after a quench to the QCP, if the
effective mass obeys scaling in Eq. (4.1). In this case, a simple expansion in a small effective mass is
not justified, but it still gives some insight how the amplitude of the effective mass should be interpreted.
Especially it gives a relation between a and θ, see Eq. (4.40).

4.1.1 Solution of the equation of motion at large times

In the long-time limit the open system is expected to thermalize. Under this assumption the Dyson
equation can be used to build up a perturbative approach around the equilibrium state |ϕeq〉 and the
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4 Non-equilibrium dynamics in post-quench systems, general formalism

equilibrium Green’s function Geq. Note, that neither |ϕeq〉 nor Geq corresponds to the bare system but
to the full interacting system. In the language introduced above, the gR/K-functions are given by the
full equilibrium correlation functions. Here, the control parameter of the perturbative expansion is the
effective mass r(t) which approaches zero for t → ∞, when the system is equilibrated. An equivalent
expansion in r(t) can be performed within the EOM for the field ϕ, leading to the same results. This
is the way followed in this section. This ansatz is not fruitful, for an isolated system where it is not
clear to which final state it might equilibrate. This is also discussed in chapter 6. Note, that in this
section, it is not necessary to assume the scaling form of r(t), but that the aging effects in Eq. (4.3)
follow from the assumption of thermalization to the QCP.
The equations of motion for the vector field ϕ in the limit of large times can be written as(

∂2
t + r (t) + k2

)
ϕ
(
k, t
)

=

ˆ t

−∞
ds δη(t− s)ϕ(k, s), (4.14)

where it was used that the quench is performed to the QCP, thus req = 0. The long-time limit enters
by sending the lower limit in the convolution integral to −∞ without making a difference between
pre- and post-quench order parameter fields. At intermediate times after the quench the pre-quench
part

´ 0
−∞ ds δη(t− s)ϕi(q, s) must be treated as an inhomogeneity to the differential equation. In the

long-time limit it can be neglected, since δη(t − s) decays fast enough for large arguments. This is
the reason why in the following the lower limit of the integral will be ignored. At large times after
the quench the time dependence of the effective mass will vanish r(t → ∞) = 0. This yields for the
equilibrium part (

∂2
t + k2

)
ϕeq

(
k, t
)

=

ˆ t

−∞
ds δη(t− s)ϕeq(k, s) (4.15)

Note, that in general ϕeq is not the solution of the interaction free problem, but of the full system in
equilibrium with the effective mass at the critical point req = 0.
Around this solution ϕeq, the perturbation ansatz will be build up, where the small control parameter

is the amplitude a in the time-dependent mass r(t). Thus one expands the field via

ϕ(k, t) = ϕeq(k, t) +ϕ1(k, t) +O(a2), (4.16)

where ϕ1(k, t) are corrections linear in a. Inserting this ansatz in the equation of motion immediately
yields

ϕ1(k, t) = −
ˆ t

dsGReq(k, t− s)r(s)ϕeq(k, s) , (4.17)

where GReq(t− t′) = −iθ(t− t′)〈[ϕeq(t), ϕeq(t′)]〉.

4.1.2 Keldysh function at large times

With the solution of the equation of motion given in the section above and the definition of the Green’s
functions, the relaxation to equilibrium of GR and GK can be analyzed. As the equilibration of the
equal-time Keldysh function is of special interest, this function will be determined in detail. As sketched
in the previous section, it is possible to expand around the equilibrium functions, which will be reached
in the limit t → ∞. The Keldysh function GK will be determined up to linear order in r(t), like the
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4.1 Dyson equation

order parameter field ϕ. It is not necessary to assume the scaling form of r(t) in Eq. (4.1), but only
thermalization to the QCP. However, to derive this scaling form below, an expansion in small a is
necessary, therefore Eq. (4.1) is used for r(t), and a is the small parameter controlling the expansion.
Up to linear order in a, the Green’s function GKr reads:

GKr (k, t, t′) = GKeq(k, t− t′) + δGKr

(
k, t, t′

)
+O(a2). (4.18)

Inserting ϕ = ϕeq + ϕ1, where the component index is suppressed again, this yields for δGKr ,

δGKr

(
k, t, t′

)
=− i

2

(
〈[ϕ1(k, t), ϕeq(k, t′)]+〉+ 〈[ϕ1(k, t′), ϕeq(k, t)]+〉

)
=−

ˆ t

dsGReq(k, t− s)r(s)GKeq(k, s− t′)−
ˆ t′

dsGReq(k, t′ − s)r(s)GKeq(k, s− t), (4.19)

where the definition of the equilibrium Keldysh function was used. The same result can also be obtained
directly for the Dyson equation given in Eq. (4.13). This expression can be simplified by expressing the
equilibrium Green’s functions in Fourier space. For the retarded Green’s function there is, due to the
special LT introduced in 3.4, no difference between LT and Fourier transformation. So the correction
to the equilibrium function reads

δGKr

(
q, t, t′

)
=− i

ˆ
dω dω′

2π2

[
GReq(ω)

]
GKeq(ω′)e−iω′(t−t′)

ˆ t

ds r(s)e−i(ω−ω′)(t−s)

− i

ˆ
dω dω′

2π2

[
GReq(ω)

]
GKeq(ω′)e−iω′(t−t′)

ˆ t′

ds r(s)e−i(ω−ω′)(t′−s). (4.20)

To evaluate the time integral for t, t′ being the largest scale of the problem, while t − t′ is small, the
following approximation can be made: Note that in general the integrand of s is highly oscillating
except at the upper boundary. Therefore, the integral can be expanded around the upper boundary t

ˆ t

ds e−i(ω−ω′)(t−s)r (s) ≈ i r(t)

ω − ω′
. (4.21)

Further, as t, t′ are both large, but the difference between both times is small, it holds approximately
that r(t) ' r(t′) ' r((t+ t′)/2), in the long time limit, where r(t)→ 0. The frequency integration over
ω can be done by using the Kramers-Kronig relation:

GR(k, ω′) = i

 
dω

π

GR(k, ω)

ω − ω′
, (4.22)

where
ffl

refers to the principal value integral. This finally yields

GKr

(
k, t, t′

)
= GKeq(k, t− t′) + 2ir((t+ t′)/2)

ˆ
dω

2π
GReq(ω)GKeq(ω)e−iω(t−t′) . (4.23)

First note, that for r(t) = at−2/z, first order corrections lead to δGK which decays with a power law,
thus critical fluctuations lead to a significant slowing down of thermalization. This effect is also called
aging. In the long-time limit it is possible to separate the time dependence of the relative time t − t′
and the absolute time, passed since the quench. In the following, the equal time correlation function
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4 Non-equilibrium dynamics in post-quench systems, general formalism

plays an important role. Therefore the coefficient for t = t′ is analyzed in more detail. The integral´
dω
2πG

R
eq(ω)GKeq(ω) can be expressed in terms of the RG fixed point value of u∗

u∗ =
ε

(N + 8)Kd

[ˆ
dω

2π
GReq(Λ, ω)GKeq(Λ, ω)

]−1

. (4.24)

This integral can also be evaluated using the FDT
ˆ

dω

2π
GReq(k, ω)GKeq(k, ω) =

ˆ
dω

2π

1

ω2 + η(ω) + k2

sign(ω)2i Im η(ω)

(ω2 + Re η(ω) + k2)2 + Im η(ω)2
.

(4.25)

In the dissipative scaling limit where η(ω)� ω2 one finally finds
ˆ

dω

2π
GReq(k, ω)GKeq(k, ω) ' 1

k4−zγz/2
z (2− z) sinz/2(π/z)

4 sin(πz/2)
. (4.26)

And in the limit η(ω)� ω2 it holds
ˆ

dω

2π
GReq(k, ω)GKeq(k, ω) =

1

2k3
. (4.27)

In both cases, the quasi-adiabatic limit of the equal time Keldysh function can be brought to the form

GK(k, t, t) ' GKeq(k, 0) + 2i r(t)
CKz
k4−z , (4.28)

with the coefficient

CKz =

{
z (2− z) sinz/2(π/z)/(γz/24 sin(πz/2)) for z > 1 ,
1/2 for z = 1 .

(4.29)

The coefficients are positive for both types of dynamics, z 6= 1 and z = 1, which is important for our
later discussion. Note that CKz approaches zero for z → 4. This is to be expected, as the upper critical
dimension vanishes in this limit.

A similar discussion can be made for the retarded Green’s function. The final result is

GRr (k, t, t′) = GReq(k, t− t′) + 2ir
(

(t+ t′)/2
)
CRz (k, t− t′). (4.30)

Here, the coefficient is given by CRz (k, t) =
´

dω
2πG

R
eq(k, ω)GKeq(k, ω)e−iωt.

4.1.3 Logarithmically divergent terms at short times

In this section the scaling ansatz for the effective mass

r(t) =
a

t2/z
(4.31)

will be used to show a relation between the amplitude a and the universal exponent θ, introduced
in chapter 2. The Dyson equation leads to logarithmically divergent corrections to the bare Green’s
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4.1 Dyson equation

functions. This has two key implications: Firstly, one cannot use a simple expansion in the interaction
parameter, as those corrections will grow at sufficiently long times, making any initially small param-
eter large. Better approaches are to formulate an out-of-equilibration version of the RG-equations or
to use a 1/N expansion, as it is done in sections 4.2 and 4.3, respectively. Secondly, it still gives a
beautiful interpretation of the light cone amplitude a, as a new universal exponent, as predicted by
the simple scaling analysis given in chapter 2. Especially, it shows that θ = θ′ in the scaling function
ansatz of GR and GK . This is in contrast to the classical systems [28, 29] and the dynamics in the
isolated quantum system [33, 34, 64], where it holds θ′ = θ + 1. The difference 1 between θ and θ′ in
those systems can be traced back to the fact, that the temperature (for classical systems) or the quench
amplitude (for the isolated system) are the largest scale of the system, and the dynamics are dominated
by the low-frequency range. The quantum post-quench Keldysh function has however a scaling part,
independent of the quench amplitude. Thus the known quantum result, that response and correlations
have the same scaling dimension, holds also out of equilibrium.

Using the Dyson Eqs. (4.12) and (4.13) and the scaling ansatz for r(t) yields for the corrections δGR/K

to the bare functions gR/K :

δGRr

(
k, t, t′

)
≈

ˆ t

tmic

ds gR
(
k, t− s

) a

s2/z
gR
(
k, s− t′

)
, (4.32)

δGKr

(
k, t, t′

)
≈

ˆ t

tmic

ds gR
(
k, t− s

) a

s2/z
gK
(
k, s, t′

)
. (4.33)

Here, the lower boundary tmic indicates that the scaling ansatz can only be used for times larger than
some microscopic time after the quench. Both times t and t′ have to be larger than this microscopic
timescale. The set of Eqs. (4.32) will be analyzed in the short-time limit of each mode k, thus t� k−z.
Without loss of generality, it is further assumed that t � t′. First, the time dependence of δGR is
analyzed in this short-time limit. The condition t � k−z corresponds to large frequencies ω � kz in
Laplace space. In this regime, the bare function is entirely given by the dynamic part

gR(k, ω) ≈ 1

δη
, (4.34)

for the open system, if ω � ωγ and α < 2. For the closed system it is given by:

gR(k, ω) ≈ 1

ω2
. (4.35)

Note that it is a natural consequence of the limit ω � kz, that gR is independent of the momentum k.
In both cases, the back-transformed function reads

gR(k, t) ≈ Czt2/z−1, (4.36)

with Cz = − sin(π/z)/(γΓ(2/z)) for z > 1, and C1 = 1 for z = 1. Inserting this ansatz in Eq. (4.32),
one finds

δGRr

(
k, t, t′

)
=aC2

z

ˆ t

t′
ds

(t− s)2/z−1
(
s− t′

)2/z−1

s2/z
. (4.37)
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4 Non-equilibrium dynamics in post-quench systems, general formalism

This integral can be evaluated analytically. It holds for the leading term in an expansion t� t′:

δGRr

(
k, t, t′

)
≈ aC2

z t
2/z−1 log

t

t′
. (4.38)

Thus, in the limit t� t′ the zeroth order and first correction of the retarded Green’s function reads

GRr

(
k, t, t′

)
= gR

(
k, t− t′

)(
1 + θ log

t

t′
+ . . .

)
, (4.39)

with
θ = −aCz . (4.40)

This result implies, that first, GR displays aging effects, e. g. depends on both time arguments sepa-
rately. The scaling form in r(t) leads to a logarithmic correction in the retarded Green’s function. If
θ � 1, the logarithm can be exponentiated, leading to a scaling form introduced in Eq. (2.21), with
exponent θ. Note, that θ is indeed dimensionless, for both dynamic regimes, the closed as well as
the diffusive. In the latter case, z 6= 1, the amplitude a must have the dimension γ in the ansatz
for the time-dependent mass in Eq. (4.1). Including higher order terms in the Dyson equation, makes
it possible to go beyond this first order result. It leads to higher powers of the logarithm, with ap-
propriate coefficients, making a reexponentiation possible also for larger values of θ. Including the
k-dependence of each mode, makes the analysis more complicated. However, in the relevant regime
k−z > t� t′ � tmic, the logarithm is the dominant term.

The same analysis can be performed for the Keldysh function in Eq. (4.13). Like for the retarded
Green’s function, the hierarchy tmic � t′ � t � k−z is considered here. With the memory ansatz,
presented in section 3.5, the short-time behavior of gK(k, t, t′) can be evaluated. In the deep quench
limit, the double LT Keldysh function reads:

gK(k, ω, ω′) = i
sign(ω)

(
ω2 + δη(ω)

)
+ sign(ω′)

(
ω′2 + δη(ω′)

)
ω + ω′ + i 0+

gR(k, ω)gR(k, ω′) . (4.41)

The limit t � t′ corresponds to ω′ � ω. Again, either the ballistic or the overdamped regime is
considered. In both cases, is ω′2/z � ω2/z. Thus, only this leading term can be kept in the memory
function. It cancels with gR(k, ω′), such that the bare Keldysh function can be simplified to:

gK(k, ω, ω′ � ω) ' i

|ω′|
gR(k, ω) . (4.42)

Using that the back-transformed function of |ω′|−1 is a constant, one obtains the same time dependence
as for the retarded Green’s function in Eq. (4.36):

gK(k, t) ≈ Czt2/z−1. (4.43)

As the Keldysh and the retarded Green’s functions obey the same short-time behavior and the cor-
responding Dyson equation differs only in the bare values of those functions, one can immediately
conclude that the scaling form is the same, thus θ = θ′. This is in contrast to the scaling form after
a classical quench or a quench protocol in an isolated system like in Ref. [64], where the bare Keldysh
function vanishes in the limit t′ → 0 with t′2/z. Including interactions does not change this behavior.
In a quantum system, the scaling part of the free Keldysh function is a constant in the limit t′ → 0,
including interactions leads thus to a divergent contribution for small t′. This divergence is cutoff like
for GR by some microscopic timescale.
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φcl,α

φcl,α

φq,β

φcl,β
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φq,α

φq,β

φq,β

φq,α

φq,α

φq,β

φq,β

Figure 4.1: Four different types of vertices, which must be treated separately in an out-of-
equilibrium RG. The index cl/q refers to the classical or quantum field, α/β to the
component of the vector. All those vertices can be generated, if one starts the RG with
the usual ϕ3

clϕq and ϕclϕ
3
q vertices. Note that the generation of a vertex type of the

form ϕ2
c,αϕ

2
q,β under the RG flow, is impossible due to causality. In the classical limit,

only the first vertex ϕ3
clϕq is relevant under the RG flow.

φcl,α

φcl,α

φq,β

φq,β

φcl,α

φcl,α

φq,β

φq,β

φcl,α

φcl,α

φq,β

φq,β

Figure 4.2: Three examples for the generation of a new vertex type during the RG flow. This
generation is only possible out of equilibrium, where the FDT does not hold. In equi-
librium at temperature T = 0, the sum of those three diagrams is zero.

4.2 Renormalization group equations

To derive the out-of-equilibrium version of the RG-equations, one starts in full analogy to the equi-
librium momentum shell RG presented in section 1.3.2. Supplementary to the equilibrium RG, now
new parameters emerge: the initial configuration Ri = (ri, ui, hi). For simplicity, only a mass quench
Ri = (ri, 0, 0) is considered in this section. This formulation for of the RG equations for a quench to the
QCP was presented in Ref. [30]. To start the RG, we need the action along the two branch-Schwinger-
Keldysh contour. The non-interacting part S0 reads

S0[ϕ] =

ˆ
ddk

(2π)d

ˆ ∞
0

dt dt′

×
(
ϕcl(−k, t), ϕq(−k, t)

) 0
[
gR
]−1

(k, t, t′)[
gA
]−1

(k, t, t′)
[
gK
]−1

(k, t, t′)

( ϕcl(k, t′)
ϕq(k, t′)

)
, (4.44)

with the bare post-quench Green’s functions gR and gK , calculated in section 3.5. Information about
the quench are captured uniquely in the Keldysh function, gR is the same as in equilibrium. The
interaction part reads

Sint[ϕ] =
u

4N

ˆ
ddx

ˆ ∞
0

dt ϕcl
i (x, t)ϕq

i (x, t)
(
ϕcl
j (x, t)ϕcl

j (x, t) + ϕq
j (x, t)ϕ

q
j (x, t)

)
. (4.45)
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4 Non-equilibrium dynamics in post-quench systems, general formalism

For the RG flow one must generally treat the two different vertex types
(
ϕq
)3
ϕcl and ϕq

(
ϕcl
)3

sep-
arately, as they flow differently under RG. Further, every possible combination of vertex types should

be included, with un
(
ϕcl
)4−n (

ϕq
)n, with 1 ≤ n ≤ 4. In figure 4.1 the four possible vertex types are

depicted. Even if such a vertex like for example u2 is not included initially, it can be generated out-
of-equilibrium by one-loop corrections under the RG-flow, see for example figure 4.2). For a detailed
analysis of the out-of-equilibrium flow equations for the different ui’s see for example Ref. [65]. In this
thesis, the out-of-equilibrium flow equations for the different interactions parameters are not considered
in detail. Below, it will be shown that the time dependence for u enters at least at order ε2, resulting
at this level of perturbation theory in the unchanged equilibrium results for u(t) = u∗. Therefore,
different vertices are not introduced here to keep the notation as simple as possible.
To apply the momentum shell RG concept, one formally integrates out fast modes with momentum in

a shell with thickness Λ/b around the cutoff Λ. In the next step, the slow modes are rescaled according
to

k → k′ =bk, (4.46)
t→ t′ =b−zt, (4.47)

ϕ
q/cl
i → ϕ′i

q/cl
(k′, t′) =b−

d−z+2
2 ϕ

q/cl
i (bk, b−zt). (4.48)

In general, the scaling exponent of the quantum and classical fields have not to be the same. Here,
ρ is chosen such that ρ = d−z−2

2 for both fields, to obtain the results for the equilibrium quantum
critical point at large times. Compared to Eq. (1.30), z has to be replaced by −z, as here the fields are
expressed in time-space and not by their frequency dependence. The flow equation for ri can be read
off in the bare Keldysh function. The leading term for large ri reads

r′i = b2ri (4.49)

independently of the value of z. The initial mass ri is thus strongly relevant and grows rapidly under
the RG flow. Its fixed point value r∗i = ∞ is the justification for the deep quench limit. With this
rescaling procedure the zero order results are obtained for r and u, where both parameters now depend
on the time and the initial mass

r′(t′, r′i) =b2r(bzt, b−2ri), (4.50)

u′(t′, r′i) =bεu(bzt, b−2ri). (4.51)

The parameter ε = 4− d− z again indicates that below the upper critical dimension, first order terms
have to be included, as u flows away from the Gaussian fix point. One-loop corrections to r can be
included with the same diagrammatic language as in equilibrium, however, now the Green’s function
is time dependent.

r′
(
t, ri

)
=b2r

(
bzt, b−2ri

)
+ u

N + 2

2

ˆ > ddk

(2π)d
iGK

(
b−2ri, k, t, t

)
. (4.52)

The flow equation of u is more complex, as each vertex must be treated separately. However, the one-
loop correction has a similar structure as in equilibrium, it is a convolution of two Green’s functions
with a prefactor of u2, e. g.

u′
(
t, ri

)
=b4−d−zu− u2

ˆ > ddk

(2π)d
GR(t, t′)GK

(
b−2ri, k, t

′, t
)

+ . . . , (4.53)
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4.2 Renormalization group equations

where the dots refer to terms which can be generated from different types of vertices. Here are two
remarks: First, the time dependence of r and u is a consequence of the broken time invariance due to
the quench. In the following an ε expansion around the QCP with its fixed point values (r∗, u∗) will be
performed. Since the time dependence of u is at least of order ε2 it will be ignored. In section 4.4 it is
shown via a different approach that this assumption is indeed valid and u(t) approaches its equilibrium
value u∗ exponentially fast. Therefore u is replaced by its equilibrium fixed point value

u∗ =
Λεε

(N + 8)Kd
×


1 for a closed system,

4γ−2/z

z(2−z)

[
cos
(
πz
2

)]1−2/z

for an overdamped system.
(4.54)

A second remark concerns the initial mass. In general r is now also a function of the initial mass ri.
Here, the deep quench limit ri → ∞ is taken in the Keldysh function. As it was shown in section 3.5
this limit is well defined for z > 1 and near the upper critical dimension duc = 4− z. In the remaining
section, the initial mass ri will be dropped in the argument of r, the deep quench limit in the Keldysh
function is taken. A more detailed analysis how to take and interpret the deep quench limit in the
isolated system is given in chapter 6.
By introducing a small parameter l via b ' 1 + l, the shell integral can approximately evaluated.

Further, only the scaling part of the Keldysh function

GKsc(k, t) =
1

k2−zF
K(kzt) (4.55)

will be considered. This scaling part is responsible for the scaling form of the Green’s functions, and only
this part will create log-divergent terms, as discussed in the next two chapters. With this simplification
the scaling equation can be written as

r′(t) = e2lr
(
ezlt
)

+ (N + 2)Kdu
∗Λ2FK(Λzt)l. (4.56)

From this equation the flow equation for the mass can be derived
dr

dl
= 2r(t) + zt

dr(t)

dt
+ (N + 2)Kdu

∗Λ2FK
(
Λzt
)
. (4.57)

At the fixed point it holds dr
∗(t)
dl = 0, leading to a linear, inhomogeneous, first order differential equation

for r∗(t),

2r∗(t) + zt
dr∗(t)

dt
+ (N + 2)Kdu

∗Λ2FK
(
Λzt
)

= 0, (4.58)

with the solution

r∗(t) =
a

t2/z
− (N + 2)Kdu

∗εΛ2

zt2/z

ˆ t

t0

dt′ t′
2−z
z FK(Λzt′) . (4.59)

Here a is an integration constant, which will be evaluated below. Note that if the system is coupled to
the bath, it will equilibrate and the scaling function FK approaches its equilibrium value FK(∞) = FKeq

at large times. Within a perturbative RG approach a long-time decay of the mass fixed point should
not emerge, and r∗ should reach its fixed point value r∗eq = (N + 2)Kdu

∗ε exponentially fast. This
results in a condition for the integration parameter a:

a =
(N + 2)u∗

2z

ˆ ∞
0

dx
(
FK (x)− FKeq

)
x

2−z
z . (4.60)

From the condition for a the value of the universal short-time exponent θ can be derived.
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4 Non-equilibrium dynamics in post-quench systems, general formalism

4.3 Large-N equations

In this section the large-N expansion, presented in section 1.4 is extended to the three-branch contour,
introduced in section 3.2. The action along the three-branch contour can be evaluated within a saddle
point approximation, which becomes correct in the limit N → ∞. The controlling parameter in this
expansion is the inverse number of field components 1/N . The strategy for deriving the self-consistent
equations is the same as in equilibrium, however now with the HS-transformation performed along
the three-branch contour. Instead of introducing one Hubbard-Stratonovich field, one field ρj for
each branch j = M,+,− of the contour is necessary. After the Keldysh rotation one thus obtains
ρ = (ρM , ρc, ρq)

T . The same must be done for the order parameter field h, which is now a vector along
the contour h = (hM , hc, hq)

T . After integrating out the fields (ϕM , ϕc, ϕq) along the contour, this
leads to three effective masses (rM , rc, rq) for each contour respectively. Performing the saddle point
approximation, nine saddle point equations are found. Those equations are coupled, not only due to
the external bath, but also due to the ϕ4-interaction term. This derivation is done in detail in Ref. [31]
and is therefore not repeated here. The final result is the following:
Along the Matsubara axis the self-consistent equations for the field hM and the effective mass rM are
given by,

hM =rMφM , (4.61)

rM =r̄0,i +
ui

2
φ2
M + uiG

M
r

(
x, τ ;x, τ

)
, (4.62)

with the Matsubara-Green’s function G−1
M = ω2

M + r + k2 + η(ωM ), derived in section 3.2. This
set of equations, which has to be solved self-consistently, is the usual equilibrium result. It is, as
causality implies, independent of the post-quench system. From those equations one obtains the known
equilibrium exponents h ∝ δrβ , with β = 1/2 and ξ ∝ δrν with ν = 1/(d + z − 2) below the upper
critical dimension duc. Above duc all exponents take their mean field value.
For the post-quench system, only the classical component of the effective mass rc and the field hc is
non-zero, while for the quantum components only the trivial solution hq = rq = 0 is possible. This is
again a consequence of causality. For the classical components of field and mass one finds

hc =

ˆ
dt′GR−1

r

(
t, t′
)
φc

(
t′
)

+ φM

ˆ
τ
η̃
(
i τ, t

)
, (4.63)

r (t) =r̄0,f +
uf

2
φ2

c (t) +
u

2
iGKr

(
x, t;x, t

)
. (4.64)

Here
´
τ η̃
(
i τ, t

)
is the coupling across the quench due to the external bath. GRr is the retarded function,

which now, due to the time-dependent mass also displays aging effects:

GRr
−1

(t, t′, k) = −
(
∂2
t + r(t) + k2

)
δ(t− t′) + δη(t− t′). (4.65)

The Keldysh function is given by

GK(t, t′, k) =

ˆ
s,s′

GRr (t, s, k)MrM (s, s′, k)GAr (s′, t′, k). (4.66)

This function has still the same structure as in Eq. (3.60), but now, the bare Green’s functions as well
as the memory function have to be replaced by the dressed ones.
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4.4 Connection between RG and large-N

By expressing the final mass r0,f via the equilibrium Keldysh function GKeq and using the critical point
property rf = 0, the large-N equation can be brought to a more convenient form

r(t) =
u

2

ˆ
k

(
GK(rt, t, k)−GKeq(0, t)

)
. (4.67)

This equation has the same structure as the RG result in Eq. (4.60). By using the scaling form of
GK(rt, t, k), one can show that both equations indeed result in the same condition for a. The relation
of the RG and the large-N equation is discussed in the next section.

4.4 Connection between RG and large-N

The time-dependent mass equations obtained via RG in Eq. (4.60) and 1/N in Eq. (4.67) look very
similar. Indeed, it can be shown via scaling arguments, that they lead to the same value for a, of course,
taken in the appropriate limit N →∞ and near the upper critical dimension. Taking the scaling form
of the Keldysh-function yields for Eq. (4.67):

r(t) =
u

2

ˆ
k

(
GK(rt, t, k)−GKeq(0, t)

)
=

uKd

2zt(2−ε)/z

ˆ Λt

0
dxx

2−z−ε
z

(
FK(x)− FKeq

)
. (4.68)

This equation is in the limit ε→ 0 identical to the condition for a, derived via the RG-flow equation for
the fixed point r∗. The basic ingredient is the assumption of a scaling form GK(k, t, t) = k−2+zFK(kzt).
The goal of this section is to explicitly derive the RG flow equations, starting from the self-consistent
equation obtained in the large-N limit. This is instructive, as it allows to derive a flow equation for
u which shows that u(t) approaches its equilibrium fixed point value exponentially fast. It further
highlights once more the scaling connection between momentum and time and the role of reaching a
stationary state for large times.

The large-N Eq. (4.64) for a quench starting in the symmetric phase reads:

r(t) = r0,f +
u

2

ˆ Λ ddk

(2π)d
iGK(r(t), k, t, t) . (4.69)

In this section, the short notation r(t) = rt and for the equal-time Keldysh function GK(rt, q, t, t) =
GK(rt, q, t) is used. Further, as the deep quench limit can be taken in the Keldysh function, the
irrelevant parameter r−1

i is skipped in the argument of the effective mass. In the RG spirit, the
momentum integral is split into a spherical zone with slow modes with |k| < Λ/b and a thin shell with
fast modes Λ/b ≤ |k| < Λ. The thickness of the shell can also approximately be expressed via the small
parameter l = log b. This yields

ˆ Λ ddk

(2π)d
iGK(rt, k, t) =

ˆ Λ/b ddk

(2π)d
iGK(rt, k, t) +KdΛ

diGK(rt, Λ, t)l (4.70)

Note, that the Keldysh function GK(rt, Λ, t) is evaluated at the cutoff k = Λ. As t� Λ−1, it is possible
to use the long-time expansion derived in section 4.1.2. This corresponds equally to a Taylor expansion
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4 Non-equilibrium dynamics in post-quench systems, general formalism

of GK around r(t) = 0, yielding

r(t) 'r0,f +
u

2
b2−z−d

ˆ Λ ddk

(2π)d
iGK

(
r′(t′), k, t′

)

+
uKdΛ

d

2

iGK
(
0, Λ, t

)
+
∂iGK

(
r, Λ, t

)
∂r

∣∣∣∣∣
r=0

r(t)

 l

'
r0,f + u

2 b
2−z−d ´ Λ ddk

(2π)d
iGK

(
r′(t′), k, t′

)
+ uKdΛ

d

2 iGK
(
0, Λ, t

)
l

1− uKd
2

∂iGK(r,Λ,t)
∂r |r=0 l

. (4.71)

In the last line, the expansion for small l and

r(t) ' r0,f +
u

2
b2−z−d

ˆ Λ ddk

(2π)d
iGK

(
r′(t′), k, t′

)
, (4.72)

was used, to write the self-consistent equation in a more convenient way. Now, every term can be
rescaled according to the appropriate scaling law, especially b2r(bzt) = r′(t′). As r0,f will become time
dependent under this procedure, one needs to write r0,f = r0(t). For the same reason, it is also necessary
to consider u = u(t). It holds

r′(t′) =
b2r0,f(t) + u(t)

2 b4−d−z
´ Λ

ddq iGK(r′(t′), q, t′) + u(t)KdΛ
d

2 iGK(0, Λ, t)l

1− u(t)KdΛd

2
∂iGK(r,Λ,t)

∂r |r=0l
. (4.73)

At this point, it is possible to derive the flow equations for the different parameters r(t) and u(t). For
the time-dependent mass the differential equation of section 4.2 is obtained:

dr

dl
= 2r +

∂r

∂t
tz +

uKdΛ
d

2
iGK(r(t), Λ, t) , (4.74)

where again only terms up to linear order for small l have been included. For the rescaled interaction
parameter the scaling equation is given by:

u′(t′) =
u(t)b4−d−z

1− uKdΛd

2
∂iGK(r,Λ,t)

∂r

∣∣∣∣
r=0

l

'u(t)b4−d−z +
u2(t)KdΛ

d

2

∂iGK(r, Λ, t)

∂r

∣∣∣∣∣
r=0

l. (4.75)

This results in a flow equation for u

du(t)

dl
= εu(t) +

du

dt
zt+

u2(t)KdΛ
d

2

∂iGK(rt, Λ, t)

∂r

∣∣∣∣∣
r=0

. (4.76)

At the fixed point it holds du∗

dl = 0, which leads to a nonlinear differential equation for u∗(t). This
differential equation can however be solved by using the long-time expansion for GK(rt, Λ, t) which was
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4.5 Formal solution for the time-depended mass r(t)

derived in Eq. (4.23). The assumption for the long-time expansion tΛz � 1 is always fulfilled in the
ϕ4-model, as Λ−1 is one of the microscopic timescales, below which the model is no longer valid. The
final result of the long-time expansion is

GK(rt, Λ, t) ' GK(0, Λ, t) + 2ir(t)cK , (4.77)

with the coefficient cK =
´

dω
2πG

R
eq(ω)GKeq(ω). Inserting this result into Eq. (4.76) one finds

εu∗(t) +
du∗

dt
zt− u∗2(t)KdΛ

dcK = 0 . (4.78)

Before writing the solution for u(t), it is helpful to note, that the equilibrium fixed point u∗eq =

ε/(KdΛ
dCK) fulfills this non-linear differential equation. The differential equation has the general

solution
u∗(t) =

ε

KdΛdcK
1

1 + e−εαtε/z/(KdcKΛd)
, (4.79)

where α is an integration constant, which has to be fixed by the boundary conditions. An open system
will thermalize due to the coupling to the external bath. In this case, one expects u∗(t → ∞) = u∗eq,
which is only possible for α→∞. For any finite α, the time dependence t−ε/z will lead to u∗(t→∞) =
0. Thus, with α → ∞, u∗ must reach its fixed point value on microscopic time-scales, which is only
possible for an exponential fast decay right after the quench. In contrast to the differential equation
for r(t) no further conditions and constraints are stored in the differential equation for u. Thus only
one new exponent is sufficient to describe the post-quench dynamics. The interaction parameter will
reach its equilibrium value exponentially fast on timescales smaller than tmic.

4.5 Formal solution for the time-depended mass r(t)

In this section, the RG-Eq. (4.60) and the self-consistent Eq. (4.67) for the time-dependent mass r(t)
will be solved. To handle both cases at the same time, the appropriate limit of small ε and N →∞ is
taken. The extension to finite N is straightforward. The result of this section is:

r(t) =
cKC0ε

2z

1

t2/z
. (4.80)

With the coefficient

cK =

ˆ
dω

2π
GReq(ω)GKeq(ω), (4.81)

which is an universal coefficient from the fixed point value of u∗ and

C0 =

ˆ ∞
0

dxx2/z−1
(

i fK(x, 1)− iFKeq

)
. (4.82)

The universal constant C0 is the difference between the bare post-quench Keldysh function and its
equilibrium value. The emergence of the factor guarantees that the exponent θ is indeed new in the
sense that it cannot be expressed by equilibrium exponents. The result also shows that θ is universal,
as it can be expressed uniquely with dimensionless integrals over scaling functions. Being proportional
to the distance ε to the upper critical dimension justifies a controlled expansion in r(t), as it was done
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4 Non-equilibrium dynamics in post-quench systems, general formalism

e. g. in the Dyson equation. And finally it shows, that the scaling ansatz is indeed a self-consistent
solution to the post-quench problem.

To solve the equation

r(t) =
uKd

2

ˆ ∞
0

dk k3−z−ε
(

iGK(k, t, t)− iGKeq(k)
)

(4.83)

self-consistently, one further expansion is needed, an expansion for small ε, hence near the upper critical
dimensions. Since the interaction parameter u is of order ε, see also section 4.4. At the first glance,
it would be sufficient to expand the Keldysh function around r(t) = 0, and thus replace GK(q, t, t) in
the integral by its bare value gK(q, t, t). This integral is exponentially convergent for any open system.
For discussions of an isolated system see chapter 6. But already the simple long-time expansion with
the Dyson equation shows, that thermalization is significantly slowed down by interactions, leading
to corrections going with GK1 (k, t, t) ' r(t)k−4+z. Such corrections generate 1/ε-terms under the d-
dimensional momentum integral,

ˆ Λ

k0

dk
1

k1+ε
= −1

ε

(
Λ−ε − k−ε0

)
, (4.84)

where k0 is some lower cutoff, introduced below. Multiplied with ur(t) those corrections are also linear
in ε and have thus to be included. Thus, up to first order in a controlled ε-expansion, one has to
include not only the bare post-quench Green’s function, but also the first order corrections from the
long-time limit. As the long-time expansion is well controlled for t � kz, and for short times the
Green’s functions are independent of the momentum k, see section 4.1.3, no further terms can generate
1/ε under the integral. Here, it is useful to interpret large times, as k � t−1/z, which leads to a natural
lower bound of the momentum integral. Thus, by expanding GKr (k, t, t) = gK(k, t, t) + GK1 (k, t, t),
where GK1 contains only first order terms generating 1/ε under the integral, one can solve the equation
for the time-dependent mass self-consistently

r(t) =
uKd

2

ˆ ∞
0

dk k3−z−ε
(

i gK(k, t, t)− iGKeq(k, 0)
)

+
uKdr(t)

cKεγz/2

(
Λ−ε −

(
γ1/2

t1/z

)−ε)
. (4.85)

This equation must hold for all times after the quench. Thus, the time dependence of terms going with
r(t) and with some different time dependence, the momentum integral over gK(k, t, t)− iGKeq(k, 0) and
r(t)t−ε/z, have to cancel separately. This leads to two different conditions, which have to be fulfilled
at the same time, one for the interaction parameter and one for the time-dependent mass. Note, that
this form is completely general and holds for both dynamic regimes. It is only based on the assumption
of thermalization in the long time limit. In Ref. [30] and Ref. [31], the scaling form of the Keldysh
function was used, to extract those two conditions. Going over to the scaling form, makes it more clear,
which terms have to cancel, but it is not necessary to solve the 1/N -equation in full generality. For the
RG solution it is however elementary to be near the deep-quench fixed point.
The condition for the interaction parameter is fixed by the long-time expansion of the Dyson equation:

u =
ckεΛ

ε

Kd
. (4.86)

This is again the equilibrium fixed point value u∗. It shows, how strongly the assumption of equilibration
at large times is related with the fixed point value of u∗. Within the large-N approach, it is not necessary
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to tune u to this precise value u∗ to observe non-equilibrium scaling. u = u∗ is a consequence of using
the long-time limit of GK and an ε-expansion.
The time-dependent mass is given by

r(t) =
cKεt

ε/z

2

ˆ ∞
0

dk k3−z−ε
(
igK(k, t, t)− iGKeq(k, 0)

)
. (4.87)

As mentioned above, it is not necessary to assume in the 1/N equation a pure scaling form in gK .
Neither it is necessary that the deep-quench limit is well defined. In contrast, the amplitude depen-
dent parts are still relevant in the prethermal regime, for the closed as well as for the open system.
However, using only the deep-quench scaling part of the bare post-quench Keldysh function, derived in
section 3.5.3, one can introduce a dimensionless constant

C0 =

ˆ ∞
0

dxx2/z−1
(
ifK(x, 1)− iFKeq

)
. (4.88)

And one finally finds

r(t) =
cKC0ε

2zt2/z
. (4.89)

The physical implications of this effective mass are discussed in the next two chapters for two different
models.

4.6 Comparison of the developed non-equilibrium methods

Three different methods have been presented in this chapter to analyze the post-quench dynamics of
an interacting system. The Dyson equation and thus an expansion in a small self-energy is a useful
approach to obtain the long-time limit of the Green’s function. Essential is however the knowledge of
this final, equilibrium state. With this approach, it was shown that also in the quasi-adiabatic long-time
limit the Green’s function displays aging effects. Those aging effects originate from the thermalization
to the QCP, independently of the assumed decay in time of r(t). For short times, this approach fails,
as the scaling solution rsc leads to logarithmic corrections, and thus more effective methods must be
developed to sum up those logarithmic singularities in a controlled way. We presented two such methods,
the extension of the RG and the large-N method to the non-equilibrium post-quench dynamics. The
result in the RG leads to

0 =
a

t2/z
− (N + 2)Kdu

∗εΛ2

zt2/z

ˆ t

t0

dt′ t′
2−z
z

(
FK(Λzt′)− FKeq

)
=

a

t2/z
− (N + 2)Kdu

∗εΛ4−z

zt2/z

ˆ t

t0

dt′ t′
2−z
z

(
GK(Λ, t′, t′)−GKeq(Λ, 0)

)
. (4.90)

The parameter a is an integration constant. Here, a scaling form for the Keldysh function is used,
GK(Λ, t, t) = Λ−2+zFK(Λzt), to make the connection to the large-N result visible:

r(t) =
u

2

ˆ
|k|<Λ

ddk

(2π)d

(
GK(rt, t, k)−GKeq(0, t)

)
. (4.91)

Both equations lead to the same condition for a, by taking the appropriate limit N →∞ and ε� 1, if
GK obeys a scaling form. It is important, that it is not necessary to assume a scaling form r(t) = at−2/z.
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4 Non-equilibrium dynamics in post-quench systems, general formalism

On the contrary this effective mass is an explicit result of the post-quench dynamics. Thus, it is also
possible to calculate the dynamics for systems where the ansatz for r(t) is less clear from scaling
arguments, for example at the upper critical dimension [31]. It is also not necessary to know the full
solution of the EOM with r(t), but we present a method how to include the effective mass perturbatively,
by paying attention to the generation of 1/ε terms. The price is to perform also an ε-expansion in the
1/N equation, which is in general not necessary. Here however, complications arise from the interplay
of the coupling to the bath and the time-dependent mass. Thus the full solution for the equation of
motion for ϕ is not known, making a further expansion in a small interaction parameter u and thus
small r(t) necessary. The final result for the effective mass reads:

r(t) =
cKεt

ε/z

2

ˆ ∞
0

dk k3−z−ε
(

i gKsc (k, t, t)− iGKeq(k, 0)
)
. (4.92)

Where gksc refers to the part of the Keldysh function which obeys scaling, thus where the deep-quench
limit can be performed. This equation is evaluated for the open system in chapter 5 and for the isolated
system in chapter 6.
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5 Chapter 5

Post-quench dynamics in an open system

In this chapter, the post-quench dynamics of an open system are analyzed. Therefore, the result for
the inverse correlation length r(t), derived in the previous chapter in Eq. (4.80), is evaluated explicitly.
Here, the ϕ4-model is coupled to an external bath of harmonic oscillators (see section 1.1). Due to this
external bath, the system can dissipate the energy induced by the quench. The bath is expected to
stay in equilibrium at zero temperature for all times after the quench, thus the QCP is reached in the
limit t → ∞. In this chapter, only z > 1, and thus bath exponents α < 2 are considered, as only for
those kinds of baths the equilibrium dynamics are dominated by the diffusive term.
The non-equilibrium dynamics of an open system quenched to the QCP are analyzed in Refs. [30, 31].
Especially, it will be shown, that the scaling form of the effective mass,

rsc(t) ∝ t1/z , (5.1)

allows to analytically determine the time dependence of the order parameter as well as the Green’s
functions in two different time regimes: the prethermal regime at intermediate times and a quasi-
adiabatic decay to equilibrium. The basic ingredient to obtain the effective mass in Eq. (5.1) is the
deep-quench limit. The conditions for taking this deep-quench limit is discussed in section 5.1. It
will be shown, that this scaling term is always present for times larger than some microscopic time
scale. However also quench-amplitude dependent terms emerge, which lead to a ballistic growth in the
correlation length in the prethermal regime. In section 5.2 the Heisenberg equation of motion for the
order-parameter 〈ϕ〉(t) are derived. This equation is evaluated in both time regimes. In the prethermal
regime the scaling form, postulated in chapter 2 is confirmed. Especially, the order-parameter dynamics
are given by

〈|ϕ(t)|〉 ∝ tθ , (5.2)

with universal exponent θ, which is connected to the light-cone amplitude a by Eq. (4.40). The value
of the θ can directly be evaluated with Eq. (4.80). For an Ohmic bath we find analytically θ = ε/4,
with ε = 4 − d − z. The general z-dependence of θ can be evaluated numerically and is depicted
in figure 5.2. The implications of the universal exponent θ/ε in the prethermal regime are discussed
in section 5.3. For the long time dynamics the known equilibrium exponents are recovered in the
order-parameter dynamics, with θ entering in an universal amplitude. Such effects are also known in
classical systems [66]. Further, it is possible to extend the FDT in the quasi-adiabatic long time limit
to calculate time depended corrections to the Bose-Einstein distribution function nB. In section 5.5
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5 Post-quench dynamics in an open system

Figure 5.1: The growth of the correlation length ξ(t) after the quench. For times t < ti = ω−zi γz/2,
the correlation length ξ grows approximately with a light-cone (blue dashes), while for
t > ti, in the long time limit, ξ grows approximately with the predicted scaling form
t1/z (green dots).

the hierarchy of the different short-time scales is discussed. In the last section 5.6, the classical limit is
taken, where the results from Refs. [28, 29] are recovered. This limit is not only a double check for the
results in the quantum limit, but is also instructive to understand the difference between classical and
quantum quenches.

5.1 The deep quench limit and the correlation length

The bare post-quench Keldysh function is the essential ingredient for analyzing the post-quench dy-
namics, as its equal time value gK(k, t, t) determines the effective mass r(t). To obtain the scaling
form

rsc(t) = at−2/z , (5.3)

with quench amplitude independent coefficient a, it is necessary to take the so called deep quench limit
in gK , where the quench amplitude ωi is formally sent to infinity. In this limit, there are terms in
gK(k, t, t), which are independent of the quench amplitude and independent of ωi ≶ ωγ . Those terms
generate the scaling form of rsc(t). But in the expansion around ω−1

i → 0, there are also terms in
gK(k, t, t), which are relevant and strongly dependent on the quench amplitude. At short times after
the quench, those terms can be larger than the scaling solution and thus determine up to leading order
r(t). They are analyzed in appendix B, where it is shown, that for times t � ti = ω−zi γz/2 the deep-
quench limit can always be performed, without divergent terms for ωi → 0. In this limit, the correlation
length, ξ(t) ∝ r(t)−1/2 is given by its scaling form:

ξ (t� ti) ∝ t−1/z . (5.4)

For times smaller than ti second order corrections emerge supplementary to the scaling part in r(t),
which is still present. The prefactor of those corrections can be larger than the light-cone amplitude.
The time dependence however of those dominant terms goes always with

ξ (t� ti) ∝ t , (5.5)

independent of z. The time-evolution of ξ is presented in figure 5.1. By comparing the time-scale ti
with the time-scale limiting the prethermal regime t∗, it can be shown, that ti � t∗, at least for positive
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5.2 Order parameter dynamics, general formalism

exponents θ and small quench amplitudes. Thus somewhere in the prethermal regime, the time evolution
of the correlation length changes its power-law exponent. On the other hand, the scaling form is always
present, which generates the power-laws in the order-parameter and in the Green’s functions. In the
remaining chapter, only the impact of the scaling form rsc(t) will be considered.

5.2 Order parameter dynamics, general formalism

In the sections 4.2 and 4.3, only quenches starting in the symmetric phase with 〈ϕ〉 = 0 have been
considered. In Ref. [31] we derived the 1/N -equations in great detail along the three-branch con-
tour. They include already the effects of a finite initial order parameter 〈ϕ〉 = φi. To include a finite
order parameter within the RG-equations, one needs to consider a supplementary flow equation for
φ(t) = 〈ϕ(t)〉, leading to a differential equation in time for the order parameter dynamics. Here, only
the 1/N equation is considered, as the extension to finite N is straightforward, if GK(k, t, t) obeys a
scaling form.

A finite initial order parameter can be achieved by either switching off an initial, external field hi at
t = 0. Or by an initial mass parameter ri < 0 located in the symmetric broken phase. Both protocols
lead the same result within the deep-quench limit. This is similar to the classical, critical boundary
scaling [50, 52], where there exists a analogy between the ordinary phase transition with finite external
field and the extraordinary phase transition. In this section, the general formalism to describe such
a quench protocol is derived. A spatially homogeneous order parameter φ(x) = φ is considered. It is
evaluated in the prethermal regime in section 5.3.2 as well as in the quasi-adiabatic long time limit in
section 5.4.1.
Consider the 1/N -equations for a quench starting in the symmetric phase, with finite initial magne-

tization φi. In this case, the 1/N -equation is modified by a supplementary term:

r(t) =r0,f + uf

ˆ
q
GK(q, t, t) +

uf

2
φ2(t). (5.6)

The order parameter obeys the following 1/N -equation:

φi

ˆ 0

−∞
ds δη(t− s) = r(t)φ(t)−

ˆ t

0
ds δη(t− s)φ(s)− ∂2

t φ(t). (5.7)

For times t� tγ the second derivative can be neglected compared to the bath spectral function η.
First, the effective mass in Eq. (5.6) is analyzed. The bare post-quench Keldysh function GK defined
via the anticommutator of ϕ(t), is unchanged compared to the Keldysh function for a quench starting
in the disordered phase. Thus, it can be obtained by exactly the same methods, as presented in
section 3.5. Further, it can be evaluated in the same manner like for a quench with φi = 0, where the
Keldysh function is expanded for small r(t). Including also terms from the long time limit yields

r(t) =
uf

2
φ2(t) + uf

ˆ
q

(
gK(k, t, t)−GKeq(k)

)
+
uf

u∗
r(t)

1−

(
Λzt

γz/2

)ε/z . (5.8)
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5 Post-quench dynamics in an open system

This equation is fulfilled for all times after the quench if

uf =u∗, (5.9)

r(t) =rsym(t) +
cKεγ

z/2

2Kd

(
γz/2

t

)ε/z
φ2(t), (5.10)

where rsym(t) is the effective mass for a quench starting in the symmetric phase, derived in section 4.5.
The value of u is not affected by the quench direction. But the finite order parameter φ(t) changes the
effective mass by a supplementary term. This effective mass can be inserted into Eq. (5.7), to obtain
a non-linear differential equation in time for φ(t):

rsym(t)φ(t) +
cKεγ

z/2

2Kd

(
γz/2

t

)ε/z
φ3(t)−

ˆ t

0
ds δη(t− s)φ(s)− ∂2

t φ(t) = φi

ˆ 0

−∞
ds δη(t− s) . (5.11)

This differential equation can be solved approximately in two limits, in the prethermal regime at inter-
mediate times and in the quasi-adiabatic long time limit where r(t) ' 0. Note that the supplementary
term does not change the scaling solution rsc(t) = at−2/z in the prethermal regime, if φ2(t) 6= tε/(z)t−2/z.
This will be confirmed in the next section for the prethermal regime. In the quasi-adiabatic limit,
φ ∝ t−(2+ε)/(2z) turns out to be the only non trivial solution.

5.3 Prethermal regime

In this section, the prethermal regime is analyzed for the open system for quenches starting in the
disordered as well as in the symmetric broken phase. The quench direction does not affect the scaling
form of the effective mass, as well as the scaling form of the Green’s functions. This effect is like
in equilibrium, where the exponents are found to be dependent only on the absolute value of the
distance to the critical point and independent of the system being in the ordered or disordered phase.
In the prethermal regime, the dynamics are described by a new, universal exponent θ, which will
be determined for different dynamical exponents z > 1. The implications for the Green’s functions
are shortly summarized, as they are derived in detail in section 4.1.3. Further, the order parameter
dynamics are analyzed for a quench starting in the symmetric-broken phase.

5.3.1 Determination of the exponent

The non-equilibrium exponent θ = aCz is given by (see section 4.5),

θ = cKC0Czε, (5.12)

with the different coefficients:

Cz =− sin(π/z)

γΓ(2/z)
, (5.13)

cK =γz/2
z (2− z) sinz/2(π/z)

4 sin(πz/2)
, (5.14)

C0 =γ1−z/2
ˆ ∞

0
dxx2/z−1

(
i fKsc (x, 1)− iFKeq

)
. (5.15)
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Figure 5.2: The value of the universal exponent θ for different z.

The three coefficients will be discussed separately. The first one, Cz enters from the short-time evo-
lution of GR. It is the factor connecting the light cone amplitude a with the universal exponent θ,
see Eq. (4.40). This coefficient is the same for the classical, as well as for the quantum system. The
factor cK originates from the long-time expansion of the ultra-fast modes k . Λ, which equilibrate on
timescales tmic. It also fixes the interaction parameter u to its fixed point value u∗, see Eq. (4.29).
The coefficient C0 is given by the difference between post-quench and equilibrium Keldysh function,
expanded around rsc(t) = 0, see Eq. (4.82). The subscript sc indicates that only the part of the Keldysh
function is taken which obeys scaling.
Note that due to the interplay of the three coefficients, θ is indeed independent of γ and thus dimen-
sionless.
The integral in C0 can be evaluated numerically for 1 < z < 4 and is analytically calculated for z = 2 in
appendix C, see also Refs. [30, 31]. The result for θ/ε is depicted in figure 5.2, for z = 2 one explicitly
finds θ(z = 2) = ε/4. The z-dependence of θ is very particular. For example, the exponent θ vanishes
for z → 4. This is due the upper critical dimension being 4− z, thus z = 4 corresponds to evaluating
a zero-dimensional system. At z = 4 there is a sign change in the long-time coefficient cKz . For the
classical system cKz decays monotonically to zero with increasing z, see also figure 5.5.
Note that for sub-Ohmic bath spectra, z . 1.8, there is a sign change in the exponent. This sign

change is due to the coefficient C0, as the other two coefficients are positive for all z. This is due
to quantum oscillation in the scaling function FK(t). The sign change indicates a crossover from a
damped oscillator behavior to overdamped dynamics. Such an effect is not present for a quench to the
classical critical point, where the post-quench dynamics are always overdamped.

5.3.2 Order parameter dynamics and Green’s functions

The naive scaling argumentation in chapter 2 suggested that the order parameter grows in the prether-
mal regime with φ(t) ∝ tθ. This picture can be confirmed by inserting the scaling solution rsc(t) =
at−2/z in the equation of motion for φ in Eq. (5.7). In the prethermal regime, this equation can be
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5 Post-quench dynamics in an open system

Figure 5.3: Order parameter dynamics in the prethermal regime for θ > 0 (blue) and θ < 0(red
dots). In the prethermal regime, φ(t) grows/decays with tθ.

simplified to:

γa

t2/z
φ(t)−

ˆ t

tmic

ds δη(t− s)φ(s) = φi

ˆ 0

−∞
ds δη(t− s) +

ˆ tmic

0
ds φ(s)δ(t− s). (5.16)

The assumption of neglecting the φ3-term, which also enters due to the effective mass given in Eq. (5.10),
and which renders the differential equation non-linear, is only reasonable for small φ. It will be justified
below. As the scaling ansatz for r(t) is only valid beyond the microscopic time scales, the time evolution
on very short times is taken into account by introducing φ′i = φ(tmic).
The equation 5.16 can be solved via LT. It reads

gR
−1

(k = 0, ω)φ(ω) =

ˆ ∞
−∞

dω′ r(ω′)φ(ω − ω′) + φ′i
i δη(ω)

ω
(5.17)

where gR(k = 0, ω) = δη(ω). The LT has been introduced in section 3.4. To obtain this form, it
is crucial to recall that the bath spectral function η has a retarded structure with η(t < 0) = 0.
Also note, that there is no regularization problem at the lower boundary of the time integral ds, as
η((t − s) → ∞) = 0, due to the bath cutoff. This equation can be solved by an expansion for small
amplitudes a in φ(ω) ≈ φ0(ω) + aφ1(ω). As a is of order ε, this expansion is justified near the upper
critical dimension. Inserting this expansion in Eq. (5.17) yields:

φ0 =φ′i
i

ω
, (5.18)

aφ1 =

ˆ ∞
−∞

dω′ r(ω′)φ0(ω − ω′)gR(k = 0, ω) . (5.19)

Transformed back into time-space, this yields

φ(t) ' φ′i + φ′i

ˆ t

tmic

ds gR(t, s)
γa

s2/z
. (5.20)

This integral is similar to the one obtained in the short-time expansion of the Dyson equation for gR.
It has a dominant contribution which is logarithmically divergent

φ(t) ≈ φ′i
(

1 + θ log
t

tmic

)
. (5.21)
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5.3 Prethermal regime

As θ is a small parameter and by including higher order corrections, which also show logarithmically
divergent behavior with appropriate coefficients, the logarithm can be exponentiated:

φ(t) = φ′i

(
t

tmic

)θ
. (5.22)

Note that θ is the same exponent as in the Green’s functions GR/K . It is given by Eq. (5.12), which
was evaluated above. For positive θ, the order parameter grows after a quench to the QCP, while it
decays for θ < 0, or z . 1.8, see figure 5.3. Still the exponent θ is of order ε and thus the effect of
growing/decaying of the order parameter is small, therefore it is not in contradiction with the language
of a prethermal plateau, used in literature [5].
Further, note that ϕ is indeed small, thus the assumption of neglecting the ϕ3-term is indeed valid.
And the time dependence of ϕ is such that it will not affect the scaling-part of the effective mass, going
with rsc(t) = a/t2/z.

The time dependence of the Green’s function has already been evaluated within the Dyson equa-
tion in section 4.1.3. As it was shown above, the time dependence of φ(t) will not affect the scaling
form of the effective mass, and thus does not change the generation of logarithms in an expansion in
r(t). The main result thus remains unchanged:

GR/K(k, t, t′) =
1

k2−z

(
t

t′

)θ
FR/K

(
kzt, t′/t

)
, (5.23)

where the scaling function FR/K(x, y) is well defined in the limit y → 0. This result was obtained
for t � t′ and in the short-time limit of mode t < kz. It was used, that in the quantum limit, the
singularity for t′ → 0 is captured by the same exponent θ, in contrast to the classical limit.

5.3.3 Timescales of the prethermal regime

The emergence of the prethermal regime in φ(t) is characterized by different timescales. To apply the
ϕ4-model, it is necessary to be at times larger than the microscopic timescales tmic, which are discussed
in section 5.5. It is limited from above by the cross-over time-scale t∗. A scaling argumentation for the
order of t∗ was given in chapter 2, in this section, t∗ is derived from the order parameter dynamics and
is compared to ti.

One basic assumption to solve the order parameter differential Eq. (5.7), was that the φ2-term in
the effective mass can be neglected. This is reasonable for small φ. The smallness of φ is guaranteed
by a small initial φi, thus a small quench amplitude, and the collapse of the order parameter right after
the quench. This collapse follows from the result of the correlation length, which recovers at t∗ to its
initial pre-quench value ξi.
The order parameter grows for z & 1.8, making at some time t∗ the assumption of neglecting the φ3-
term in the differential Eq. (5.16) no longer valid. The timescale t∗ can thus be defined if the quadratic
term in the effective mass is of the same order as the term originating from the Keldysh function. In
the case of an open system with z > 1 it was argued in section 5.1 that only the scaling form is a
relevant contribution to r(t), thus t∗ is defined via

a

t∗2/z
=
(
φ′it
∗θ
)2 cKεγ

z/2

2Kd

(
γz/2

t∗

)ε/z
. (5.24)
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5 Post-quench dynamics in an open system

At this point it is useful to recall, that a has in this picture the dimension of γ. Considering the
dimensionless part ã = a/γ, one finds

t∗ =

(
2|ã|Kdt

2θ
γ

cKγ2/z−1+ε/2

)z/(2+2zθ−ε)
φ
′−νz/(β+θνz)
i . (5.25)

The order parameter φ′i = φ(tmic) is related to the initial order parameter, via some coefficient, describ-
ing the break-down. By performing a weak quench, the crossover timescale t∗ can be tuned to large
values. Note that taking the mean-field values of the exponents, θ = 0, one finds the main proportion-
ality ri ∝ φ

νz/β
i . This is the value of the time-scale ti, where the time dependence of the correlation

length changes. Thus, for positive θ, it holds ti � t∗, while for negative θ ti � t∗. This implies, that for
negative exponents, the correlation length grows ballistically in the complete prethermal regime and
that the dominant part of the effective mass decays with t−2.

5.4 Adiabatic regime

With the solution of the time-dependent mass, it is also possible to obtain the quasi-adiabatic relaxation
to the QCP at large times, where the system thermalizes. Corrections to the equilibrium values are
the dynamics described by the equilibrium exponents, similar to the Kibble-Zurek protocol. However,
interaction effects lead to a slowing down of thermalization and thus to aging. The non-equilibrium
exponent θ enters as universal amplitude of those aging coefficients [31]. It is also possible to connect
the long-time expansion of the retarded and the Keldysh-Green’s functions. This results in an extension
of the FDT, with a time-dependent distribution function n(t, ω).

5.4.1 Aging in the order parameter and the Green’s function

At large times, the order parameter is expected to relax to zero for a quench right to the critical point.
Thus, for times larger than t∗, the order parameter varies only slowly in time, making it possible to
neglect the time derivatives of φ(t) in Eq. (5.7):

ˆ
dt′ δη(t− t′)φ(t′) ≈ φ(t)

ˆ ∞
0

dt′ δη(t− t′) = 0 . (5.26)

The inhomogeneous part φi

´ 0
−∞ ds δη(t − t′) may also be neglected, as η(t) decays to zero for large

times. With those assumptions the order parameter equation of Eq. (5.7) reduces to

r(t� t∗)φ(t) = 0 . (5.27)

For a non-trivial solution, the effective mass must be equal to zero. This yields for the order parameter
dynamics

φ(t� t∗) =

(
2ãKd

εγ2/z−1+ε/2cK

) 1
2

t−(2−ε)/(2z)

=

(
2ãΛε

u∗γε/2

)β
t−β/(νz) , (5.28)
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5.4 Adiabatic regime

Figure 5.4: The correction δn(ta, ω) to the Bose-distribution function nB, depending on frequen-
cies and for different dynamical exponents z.

where the time dependence of φ was expressed via the large-N value of the equilibrium exponents β
and ν, and the dimensionless light-cone amplitude ã = a/γ was used. This form confirms the scaling
argumentation of section 2. A further insight of this argumentation is, that the universal amplitude
a/γ enters with the coefficient u∗, leading to an universal relaxation amplitude.

Within the Dyson equation, the long-time limit of the retarded and the Keldysh Green’s functions,
was derived in section 4.1.2. For times t, t′, where both times t, t′ are larger than the mode time k−z,
but the time difference is still small, t− t′ � k−z, the result was:

GRr (k, t, t′) =GReq(k, t− t′)− 2i θ
(
t− t′

)
r

(
t+ t′

2

)
CR(t− t′) , (5.29)

GKr (k, t, t′) =GKeq(k, t− t′)− 4i r

(
t+ t′

2

)
CKz (k, t− t′) , (5.30)

with the coefficients

CR(k, t) =

ˆ
dω

2π
ReGReq(k, ω)ImGReq(k, ω)e−iωt , (5.31)

CK(k, t) =

ˆ
dω

2π
ReGReq(k, ω)GKeq(k, ω)e−iωt (5.32)

For a quench from the disordered phase, the scaling solution r(t) = at−1/(νz) can be used to express
the corrections to equilibrium via the large-N or RG values of the equilibrium exponents. For a quench
from the ordered phase, the solution of the order parameter equation suggests either φ(t� t∗) = 0 or
r(t � t∗) = 0. In the first case, the same result as for the opposite quench direction is obtained, but
at the cost of a trivial order parameter for t � t∗. In the second case, the relaxation in the Green’s
function seems to go faster for t, t′ � t∗, making it necessary to include higher order corrections in the
order-parameter dynamics, to see derivations from equilibrium.

5.4.2 Fluctuation dissipation theorem

The similarity between GR and GK in the long-time expansion suggests to seek for a FDT-version out-
of-equilibrium with the distribution function n(t, ω) depending on time [31]. We recall the equilibrium
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5 Post-quench dynamics in an open system

FDT:
GKeq(k, ω) = 2i coth

(
ω

2T

)
ImGReq(k, ω) . (5.33)

To generalize the FDT to the post-quench regimes, the absolute time ta = (t + t′)/2 is introduced.
Further, the Wigner-transformation of Eqs. 5.29 and 5.30 is performed. By expressing GKeq(k, ω) by
GReq(k, ω), one finds

GKr (k, ta, ω) =2i coth

(
ω

2T

)[
1− 2r(ta)ReGReq(k, ω)

]
ImGReq(k, ω). (5.34)

This form implies that GKr can also be written

GKr (k, ta, ω) ' coth

(
ω

2T

)
2i Im η(ω)[

k2 + r(ta) + Re η(ω)
]2

+
[
Im η(ω)

]2 , (5.35)

where an expansion around a small mass r(t) is used. This result demonstrates that the limit ta � k−z

and t− t′ � k−z corresponds indeed to the limit of a quasi-adiabatic relaxation. Further, one can use
Eq. (5.29), to introduce a distribution function n(ta, ω):

GKr (k, ta, ω) =2i coth

(
ω

2T

)[
1 + 2r(ta)ReGReq(k, ω)

]
ImGRr (k, ta, ω) (5.36)

=2i
[
2n(ta, ω) + 1

]
ImGRr (k, ta, ω) . (5.37)

With the Bose function nB, the post-quench distribution function can be written as n(ta, ω) = nB(ω)+
δn, where the correction to equilibrium is given by

δn(ta, ω) = coth

(
ω

2T

)
θΓ
(
2/z
)

(|ω|ta)2/z

[
cos

(
π

z

)
+

k2

γ|ω|2/z
sin

(
π

z

)]
. (5.38)

Note that this result was obtained in the limit ta � k−z � t − t′. This implies that (ωta)
−2/z � 1,

as well as k2

γ|ω|2/z � 1, thus the dominant contribution for z 6= 2 originates from the cosine part, going

with δn ∝ ω2/z. For the Ohmic bath holds δn ∝ ω2. This slow algebraic decay shows that the system is
non-thermal and a time-dependent temperature cannot be introduced, as in this case the decay would
be exponential. The amplitude of δn is proportional to the non-equilibrium exponent θ. Via θ the
sign of δn can change. It is positive for z & 1.8, indicating that for Ohmic and sub-Ohmic baths
there is even at large times after the quench an increased number of excitations. For super-Ohmic
baths δn becomes negative, showing that the density matrix is non-diagonal in the energy basis. Those
off-diagonal terms come from quantum coherence and prevent an interpretation of δn as distribution
function. The frequency dependence of δn(ta, ω) is depicted in figure 5.4.

5.5 Hierarchy of different short time scales

The post-quench dynamics are not only characterized by tγ , tint and k2 + r0, introduced in section 2.1,
but also by some microscopic time scales. In this section, the damping coefficient γ was assumed to be
large, thus tγ also plays the role of a short time scale. One further time scale is the momentum cutoff Λ,
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5.6 Classical limit

corresponding to the time tΛ = Λ−1. Below this time, the assumption of a ϕ4-model is not reasonable.
For an open system also the bath cutoff ωc plays a role, with its corresponding timescale tc = 1/ωc. In
this section, the hierarchy of those microscopic time scales is discussed. Note that in contrast to the
timescales limiting the prethermal regime, they do not depend on the quench amplitude.
To assume a spectral function η(ω) ∝ ωα, one must clearly be at frequencies lower than the bath cutoff
ωc, or alternatively at times larger than tc. Thus, for the post-quench dynamics derived in this thesis,
tc must be one of the smallest timescales.
The scaling form for the effective mass can only be obtained for timescales beyond t0, defined via

t0 = γz/2/Λz. (5.39)

For times smaller than t0 the long-time expansion of the mode on the cut-off shell is not possible. The
timescale t0 corresponds further to Λ2 ∼ γt

2/z
0 , where the largest possible momentum contribution Λ2

is of the order of the damping term. Clearly it is

t0 > tc, (5.40)

as else the assumption of the low-frequency dependence of η would not be possible. This condition can
be translated into

γω2/z
c > Λ2. (5.41)

This indicates that even the largest momentum contribution Λ2 has to be smaller than the largest
possible damping term.
This hierarchy can be brought into combination with tγ , the timescale after which (for α < 2 or z > 1)
the ballistic term ω2 can be ignored and the dynamics are purely dissipative. tγ was defined as

tγ = γ
− z

2(z−1) (5.42)

and can be made small by considering a large damping coefficient γ. Obviously, it is tγ > tc, as else
again the assumption of the low-frequency dependence of η would not be possible. This indicates

γω2/z
c < ω2

c . (5.43)

Combining this condition with Eq. (5.41) yields

Λ < ωc. (5.44)

This condition is reasonable, as it implies that for all modes the assumption of the low-frequency
dependence of η is possible. It also implies that tΛ > tc. The prethermal regime considered in this
section can only set in after (tc, tΛ, t0, tγ). tc was identified to be the smallest timescale. It follows that
tΛ always lays between t0, tγ . As tγ is the only cut-off independent timescale the following hierarchy is
reasonable

ω−1
c � t0 � tΛ � tγ . (5.45)

In this section only timescales where the bath dominates the dynamics have been considered.
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Figure 5.5: (a): The value θc/εc in the classical limit, (b): Comparing θ/ε for different dynamical
exponents z in the quantum (red curve) as well as in the classical (yellow curve) limit.
Note that ε = 4− d− z in the quantum limit, and εc = 4− d in the classical limit.

5.6 Classical limit

With the quantum field theoretical framework derived in chapters 3 and 4, one can also reproduce the
results for a classical system quenched to the critical point. The results were obtained by Janssen,
Schaub and Schmittmann in Ref. [28] for an Ohmic bath and by Bonart, Cugliandolo and Gambassi in
Ref. [29] for colored noise. In this section the main steps to reproduce this known results are presented
shortly. The key difference arise from the bare post-quench Keldysh function and its equilibrium value.
The logarithmic correction of the retarded Green’s function at short times due to the presence of a
scaling form of the effective mass, as well as the large-N analysis and the order parameter dynamics can
be analyzed in exactly the same manner as for the quantum system. Especially, rcl(t) = aclt

−2/z has the
same time dependence for the classical as well as for the quantum system, but with a different amplitude
acl. Before determining acl self-consistently, one short recall, how the crossover from quantum to
classical dynamics is taken in equilibrium within the RG-approach. At finite temperatures, one further
scale has to be considered: the flow of the temperature T , leading to the following flow equation

dT (l)

dl
= zT. (5.46)

Thus, temperature is relevant under the RG-flow and grows to larger values. The first order corrections
to r and u are given by a frequency integral over the uGK(Λ, ω) and uGR(Λ, ω)GK(Λ, ω), respectively.
In equilibrium, GK is given by the FDT, where temperature enters via coth

(
ω/(2T )

)
. If the temper-

ature is the largest scale in the system, the coth can be expanded for small arguments, leading to a
prefactor of T/(2ω), at each point, where the Keldysh function enters. To handle the relevant parame-
ter T , one can introduce a new interaction parameter g(l) = u(l)T (l), and consider its flow under RG.
This is the usual procedure to describe the crossover of quantum and classical dynamics. It leads to
the following flow equation for g

dg

dl
=
(
4− d

)
g − g2(N + 8)Kd

ˆ >

dk kd−1G2(k, iωn = 0) . (5.47)

Note that now the upper critical dimension is 4, independent of z. Thus, the small parameter control-
ling the expansion is εc = 4− d for a classical system in equilibrium.
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5.6 Classical limit

The quench to a classical critical point can be performed analogously to a quantum quench by sud-
denly changing the mass parameter, the interaction parameter or an external field, such that the final
parameter configuration corresponds to the parameters of the critical point. The difference now is that
the external bath is and stays during the whole time evolution, at some large but finite temperature
T . The classical limit is taken by considering T as the largest scale of the system. Consider now the
1/N -equation, obtained for the effective mass r(t) in Eq. (4.85) near four dimensions:

r(t) =
uKd

2

ˆ ∞
0

dk k3−εc
(

i gK(k, t, t)− iGKeq(k)
)

+
TuKdr(t)

ccl
Kεcγ

z/2

(
Λ−εc −

(
γ1/2

t1/z

)−εc)
.

This equation has been obtained under the assumption of equilibration for the fast modes. This
assumption is still valid, however, the equilibrium Green’s functions are given now at finite temperature
T , leading to a prefactor

ccl
K(z) =4k4

ˆ ∞
−∞

dω

2π

1

ω
ImGReq(k, ω)GReq(k, ω)

=1 , (5.48)

in the long-time expansion. Here, the FDT was used to express GK = i4T/ω ImGR(ω). In contrast to
the quantum problem, ccl

K has no z dependence, leading to a z-independent fixed point value of g∗. It
also affects the bare post-quench Keldysh function gK , which turns out to be also proportional to T .
In analogy to the quantum-classical crossover, this suggests to introduce a new interaction parameter
g = Tu. The control parameter of the expansion is now εcl, which is small near the classical upper
critical dimension duc = 4. For the 1/N -equation to hold at all times, one can derive a condition for g:

g = g∗ =
εclΛ

εcl

(N + 8)Kdc
cl
K

. (5.49)

And for the time-dependent mass:

r(t) =
ccl
Kεt

εcl/z

2

ˆ ∞
0

dk k3−εcl

(
i gK(k, t, t)− iGKeq(k, 0)

T

)

=
ccl
Kε

2zt2/z

ˆ
dxx2/z−1

(
fK0,cl(x)− 1

)
. (5.50)

The temperature will cancel out for the equilibrium part, as well as for the post-quench Keldysh
function. The scaling form of the bare Keldysh function gK(k, t, t) = 2Tk−2fK0,cl(x), was used, to
explicitly derive the integral. To obtain this Keldysh scaling function, one can directly solve the
Heisenberg EOM and evaluate the corresponding expectation values. This is easier as in the quantum
case, because in the high temperature limit only the zeroth Matsubara mode has to be considered
and thus no divergent terms occur. The memory function and thus the post-quench Keldysh function
is evaluated in appendix D. It holds for the difference between the post-quench and the equilibrium
Keldysh functions:

δGK =gK(k, t, t)−GKeq(k, 0, 0)

=
T

k2

1

4
E2

2/z

(
− sin(π/z)

[
kzt/γz/2

]2/z
)
, (5.51)

65



5 Post-quench dynamics in an open system

with the Mittag-Leffler function Eα(x). This function is positive for all times, since for positive z the
Mittag-Leffler function must be real. The integral in Eq. (5.50) can now be evaluated, see appendix D.
One obtains the known result for the exponent:

θcl =
N + 2

N + 8

d(2/z)

4Γ
(
2/z
)εcl , (5.52)

with d(α) = 2
´∞

0 dxE2
α(−x). The dependence of θcl(z) is depicted in figure 5.5 for the classical as well

as for the quantum system. Note that the small parameter is εcl = 4 − d for the classical system and
ε = 4 − d − z for the quantum system. Both prefactors take however the same value for the Ohmic
bath z = 2 with θ/ε = θcl/εcl = 1/4. This seems to be a coincidence, as the prefactors c(cl)

K and C0

take different values for an Ohmic system at T = 0 and in the high temperature limit. Two major
differences occur. Firstly, the quantum value vanishes for z > 4, in contrast to the classical system
where θcl(z → ∞) → 0. This is due to the upper critical dimension being z-dependent only for the
quantum system and vanishing for d→ 4. This is reflected in the vanishing coefficient of u∗, and thus
in θ. This effect enters via cK , which determines the fixed point value of u∗ in the quantum limit and g∗

in the classical limit. The coefficient cK strongly depends on z for T = 0, and is a constant in the high
temperature limit. Secondly, the classical value for θ is monotonic with z and positive for all z. For the
quantum value of θ(z), the curve is not monotonic. A maximum for z ≈ 2.1 occurs. For z . 1.8 the
sign of the exponent changes. The sign change enters via C0, where due to quantum oscillations also
negative values are possible, again in contrast to classical systems, where δGK and thus C0 are positive
for z > 1. Also note that in the classical limit the correlation length is always given by ξ(t) ∝ t1/z.
Here, there are never divergent terms for ωi → ∞, independently of the bath exponent and the order
of limits.
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6 Chapter 6

Post-quench dynamics in an isolated
system

With the results of chapter 4 it is possible to analyze the dynamics of a closed system after a quench
to a critical point. Such an analysis was already done for the quench to a non-thermal fixed point in
Refs. [33, 34, 64]. In this chapter the picture is completed by analyzing also the weak quench limit and
studying the effects of a small but finite coupling to an external heat bath. Those results are compared
with the results obtained by an Euclidean mapping.

Compared to the post-quench dynamics in the open system, two main differences occur: First, due
to energy conservation it is impossible for a perfectly isolated system to reach the quantum critical
point after a quench, and the question if and how the system will thermalize is still open [8, 10].
The question of thermalization will not be addressed here. Second, due to the missing relaxation
processes induced by an external bath leading to overdamped behavior, the dynamics will show oscil-
lations [9, 67]. Post quench dynamics in isolated systems have been realized recently in cold atoms
systems [27, 45, 68]. Here universal scaling functions have been observed already short times after a
quench. The question is, whether this is an universality class of a non-thermal fixed point [69], or
whether the non-equilibrium scaling is influenced by the underlying QCP. In the first case, it cannot
be assumed, that the quantum-classical mapping will give the correct results. In the second case, the
mapping might work. The post-quench dynamics for an isolated ϕ4-model was analyzed theoretically
and numerically by Refs. [33, 34, 64]. The Hamiltonian is given by Eq. (1.1). They used the following
quench protocol: The system was prepared initially in a non-interacting ground state with some finite
mass. At t = 0 the interactions are switched on and the mass was quenched to a critical value. By
making the scaling ansatz for the effective mass,

r(t) =
a

t2
, (6.1)

they observe scaling functions and a new universal exponent θ on intermediate timescales, and deter-
mine the light cone amplitude a self-consistently. The quench amplitude ωi plays the role similar to
a temperature in the quantum classical crossover. Due to this similarity, this quench protocol corre-
sponds to a quench to a non-thermal fixed point. It is briefly reviewed in section 6.1.1 with the methods
derived in chapter 4. In section 6.1.2 it is shown, that pre-thermal scaling cannot be found if a weak
quench near the QCP is performed.
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6 Post-quench dynamics in an isolated system

A further question is the influence of some small but finite contact to an external environment, as
condensed matter systems are in general in contact with some environment. By analyzing the bare
post-quench Keldysh function, one result of this thesis is that even a small damping rate of the initial
state has a high impact on certain time regimes. This scenario is analyzed in section 6.2 for different
bath exponents α and time regimes. The advantage is here, that the oscillations are naturally cut off
by the finite damping rate. Thermalization to the QCP can be enforced in the long time limit. For the
effective mass, the scaling solution of Eq. (6.1) is confirmed, but with a quench-amplitude depending
prefactor a. This implies that quantum fluctuations are always strong and recover the memory of the
initial state.

In the last section 6.3, the universal exponent θ is determined via the Euclidean mapping approach.
The result is compared with the real-time result for an isolated and a nearly isolated system. For the
isolated system, the Euclidean mapping completely fails. This is reasonable, as the system is quenched
to a non-thermal fixed point, not reachable in equilibrium. For the nearly isolated system the method
recovers the universal part of the light-cone amplitude a, but fails to predict the dominant non-universal
part. This shows, that there is no analogy between out-of-equilibrium quantum fluctuations and ther-
mal fluctuations. In quantum systems memory effects can be restored over large timescales. This seems
to be an example where the mapping does not work and care has to be taken when applying it to the
post-quench scenario.

6.1 A perfectly isolated system

A basic ingredient to solve the 1/N and RG equation self-consistently was the assumption of thermal-
ization in the long-time limit or equally for the fast modes near the cutoff k . Λ. Those modes, which
are near their equilibrium value, lead to corrections of order 1/ε in the large-N equation and a scaling
form can be assumed. With those corrections two conditions could be extracted, one fixing the inter-
action parameter u to its fixed point value u∗, and one for the time dependence and the coefficient in
the effective mass r(t). If such thermalization terms do not exist, such a long time expansion cannot be
performed. It is not clear, whether this also implies that a straightforward expansion in GK = gK +GK1
is possible in the integral determining the effective mass.
However, like in Ref. [33] the full system can be analyzed analytically, assuming that r(t) obeys the
scaling form:

r(t) =
a

t2
. (6.2)

The corresponding Heisenberg equation of motion for each mode reads(
∂2
t + k2 + r(t)

)
ϕ(k, t) = 0 , (6.3)

with the solution
ϕ(k, t) = A(k)

√
tJα(kt) +B(k)

√
tJ−α(kt) . (6.4)

Here, α =
√

1/4− a. A and B are operators, whose expectation values have to be fixed via boundary
conditions. Jα(x) is the Bessel function of the first kind, which has the following long and short time
expansion

Jα(x) '

{
xα/Γ (1 + α) for x� 1 ,

cos
(
x− απ/2− π/4

)
(2/(πx))1/2 for x� 1 .

(6.5)
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6.1 A perfectly isolated system

To determine the expectation values of the operators A and B, the Keldysh function is needed. This
Green’s function can be determined with the anticommutator of ϕ:

iGK(k, t, t′) =

〈[
ϕ(k, t), ϕ(k, t′)

]
+

〉
=
√
tt′Jα(kt)Jα(kt′)

〈
A2(k)

〉
+
√
tt′J−α(kt)J−α(kt′)

〈
B2(k)

〉
+
√
tt′
(
Jα(kt)J−α(kt′) + J−α(kt)Jα(kt′)

)〈[
A(k), B(k)

]
+

〉
. (6.6)

Similarly, the retarded Green’s function can be obtained from the commutator of ϕ. To fix the boundary
conditions, the Keldysh function plays the more prominent role, therefore the retarded Green’s function
is only quoted below in Eq. (6.12). Choosing as boundary conditions the ground state of a free harmonic
oscillator with the initial frequency ω2

i = k2 + ri, like in Ref. [63], yields

iGKi (k, t = 0) =
1

2ωi(k)
, (6.7a)

i〈[ϕ̇(k, 0), ϕ̇(k, 0)]+〉 =
ωi(k)

2
, (6.7b)

〈
[
ϕ(k, 0), ϕ̇(k, 0)

]
−〉 = i . (6.7c)

Here ϕ̇(k, t) = ∂tϕ(k, t) . Note that those boundary conditions are only correct for a non-interacting
initial state. Experimentally, this protocol can be achieved for example in cold atom systems by
performing the quench from ground state and switching on the interaction at t = 0. One problem
with those boundary conditions is, that within the time regime 0 < t < Λ−1 the ϕ4-model is not
applicable. This problem does not occur in the open system, where the final state for t → ∞ is given
due to equilibration with the heat bath. Thus, for the open system, the boundary conditions are fixed
at t = ∞, and not at the boundary to the non-accessible microscopic time regime. In the isolated
system, the problem can be approximately solved by fixing the boundary conditions at t = Λ−1 [33],
and ignoring what might have happened within this short-time regime immediately after the quench.
Using the short-time expansion of Eq. (6.5) and simultaneously expanding α ' 1/2 − a for small a
yields

iGK(k, Λ−1, Λ−1) 'k
1−2a〈A2(k)〉
Γ
(
3/2− a

) Λ−2+2a +
k−1+2a〈B2(k)〉

Γ
(
1/2 + a

) Λ−2a +
2〈
[
A(k), B(k)

]
+
〉

Γ
(
3/2− a

)
Γ
(
1/2 + a

)Λ−1

(6.8)

〈[ϕ̇(k, 0), ϕ̇(k, 0)]+〉 '
k1−2a〈A2(k)〉
Γ
(
3/2− a

) Λ2a +O(a) . (6.9)

The expansion in small a is motivated in the next subsection. For modes k far from the cutoff Λ, terms
going with 1/Λ and higher orders can be neglected. Using the boundary conditions of Eq. (6.7) yields

〈A2(k)〉 '
ωi(k)Λ−2aΓ2

(
3/2− a

)
2k1−2a

, (6.10a)

〈B2(k)〉 '
Λ2ak1−2aΓ

(
1/2− a

)
2ωi(k)

, (6.10b)

〈
[
A,B

]
−〉 'Γ

(
1/2− a

)
Γ
(
3/2 + a

)
. (6.10c)
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6 Post-quench dynamics in an isolated system

The set of equations, obtained via those boundary conditions can be analyzed in the limit of a deep
or a weak quench, which will be done in the next two subsections. It corresponds to the boundary
conditions found numerically in [33].

6.1.1 Deep-quench limit: Scaling near a non-thermal fixed point

In the limit of a deep quench ri → ∞, the k dependence of ωi =
√
ri + k2 can be neglected. Keeping

only the leading order in ri yields for the Green’s functions

iGK(k, t, t′) =

√
riΛ
−2aΓ2

(
3/2− a

)
2k2−2a

√
k2tt′Jα(kt)Jα(kt′) , (6.11)

iGR(k, t, t′) =θ(t− t′) π
√
k2tt′

2k sin (πα)

(
Jα(kt)J−α(kt′)− J−α(kt)Jα(kt′)

)
. (6.12)

The retarded Green’s function depends on the light-cone amplitude a, but not on the quench amplitude
ri. Indeed, the approximation ωi ≈

√
ri is not necessary to obtain the retarded function. This is a

direct consequence of the anticommutator 〈
[
ϕ(k, 0), ϕ̇(k, 0)

]
−〉, and thus 〈

[
A,B

]
−〉 being independent

of ωi. By using the short-time expansion of Jα(x) it can also be shown, that GR(t, t′) fulfills a scaling
form like in Eq. (2.23) with exponent θ = 1/2 − α ≈ a. However, ri enters as prefactor in the
Keldysh function. This form suggests to handle the quench-amplitude depending prefactor

√
ri like

in the quantum-classical crossover. Thus, a perturbation theory is built up with small parameter
g =
√
riΛ
−2aΓ2

(
3/2− a

)
u and

√
riΛ

2a is treated similar to a high temperature T . Note however that
the scaling dimension in k of GK ∝ k2−2a is for a 6= 0 different to the one of a classical, thermal
Keldysh function GKcl,eq(k, t = 0) ∝ T/(k2). This directly shows the limitations of the analogy between
the quench amplitude and the temperature, as it would require a mode-depending temperature Tk ∼√
riΛ
−2ak2a. This is not reasonable for the concepts of statistical physics. One should rather interpret

the scaling form of GK and GR as a scaling near a non-thermal fixed point. In Ref. [33] the full solution
of Eqs. (6.11), (6.12) was used, to determine the parameter a self-consistently. In the first paper this
was done within a non-equilibrium RG-approach, in the second with a non-equilibrium formulation of
the 1/N expansion. Alternatively one can also perform an analysis similar to section 5.6. All three
methods find in a simultaneous expansion in ε and 1/N :

a =
ε

4
, (6.13)

with ε = 4−d, like for a classical system. The method derived in section 4.5 combined with section 5.6
will be shortly applied on this model. At three points the argumentation has to be slightly modified:
First, the scaling form for a = 0 suggests to perform the expansion around the upper critical dimension
duc = 4, similar to the quantum-classical crossover. As mentioned above, this results in an expan-
sion for small g =

√
riΛ
−2aΓ2

(
3/2− a

)
u. Second, in contrast to the post-quench dynamics in open

systems, a turns out to be of order ε. The non-thermal scaling dimension k2−2a in Eq. (6.14) must
be kept also in the bare Keldysh-function. The long-time expansion must also be performed around a
Keldysh-function which obeys this non-thermal scaling form. Together with the d-dimensional integral,
this leads to terms going with t−2+ε−2a. And last, compared to the classical diffusive system, also the
integral in C0, determining the exponent is highly oscillating. Those oscillations can be handled by
introducing some cutoff procedure e−ηx, where x = kt is a dimensionless variable and η is a damping
constant. The limit η → 0 can be taken after evaluating the integral determining the constant C0. The
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6.1 A perfectly isolated system

first two points are of purely technical nature. They reflect the fact, that the system is near a non-
thermal, but still classical-like fixed point. Those points will modify the coefficient cK of the long-time
expansion. The last point, contains the assumption about some infinitesimal damping process which
obeys a scaling form. This might only occur in higher order in 1/N , as it corresponds to an imaginary
term going with iηk/ω in the retarded Green’s function.

For the post-quench Keldysh function in Eq. (6.11) the following scaling form can be introduced,

GK(k, t, t) =

√
riΛ
−2aΓ2

(
3/2− a

)
2k2−2a

FKa (kt), (6.14)

where the function FKa (x) = πxJ2
1/2−a(x) is the light-cone depending scaling function. For the bare

value a = 0 of the scaling function, one finds

FK0 (x) = 1− cos(2x) . (6.15)

Note, that this function does not equilibrate for t and hence x→∞ is not time-translational invariant,
but highly oscillating. Equilibration can be enforced by a cutoff scheme that was mentioned above,

FK0,η(x) = 1− e−ηx cos(2x) , (6.16)

and taking the limit η → 0 at the end of the calculation.
The equation for the effective mass is given by:

r(t) =
g

4

ˆ Λ

0
dk kd−1k−2+2a

(
iFKa (kt)− iFKeq (0)

)
, (6.17)

where the coefficient g = u
√
riΛ
−2aΓ2

(
3/2− a

)
was introduced. Eq. (6.17) can be solved by expanding

FK for small a near d = 4−ε dimensions. One has to keep the 1/ε divergent first-order terms generated
from the long-time expansion. By expanding the Bessel function in FK for kt � 1 one finds for the
long-time limit of the scaling function:

FK(x) = 1− cos(2x)− a

2x2
− asin(2x)

x
+ a sin(2x)− a

2x2
cos(2x) +O(a2). (6.18)

The sin(2x)-part does not contribute near d = 4 dimensions, while the contributions with sin(x)/x or
cos(2x)/x2 will not generate 1/ε under the k-integral, as those terms converge. The same result can
be obtained by evaluating the Green’s functions around the thermal value given by GKthermal(k, t, t) =
√
riΛ
−2aΓ2(3/2−a)

2k2−2a and determining the long-time constant ck =
´

dωGR(ω)GKtermal(ω).
For the constant C0 one finds in d = 4− ε dimensions:

C0 =

ˆ ∞
0

dx
(

iFK0 (x)− iFKeq

)
=−

ˆ ∞
0

dxx cos (2x) (6.19)

This integral does not converge, but with FK0,η one finds

C0 =− lim
η→0

ˆ ∞
0

dxx cos (2x) e−ηx

= +
1

4
. (6.20)
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6 Post-quench dynamics in an isolated system

Inserting F of Eq. (6.19) into Eq. (6.17) and using the result of Eq. (6.20) yields

r(t) =
g

16
t−2−2a+ε +

g

8t2

ˆ Λ

1/t
dk kd−5+2a

=
g

16
t−2−2a+ε +

ga

8(ε− 2a)t2

[
(Λt)ε−2a − 1

]
. (6.21)

By comparing this result with the ansatz r(t) = a/t2 one finds for g and a:

g =g∗ = 8Λε/2ε/2 , (6.22)

a =
ε

4
. (6.23)

There is also a second solution a = ε/2 with ε = 3 − d. This solution can be found with the scaling
function in Eq. (6.18), where now the term sin(2x)/x enters, while the cos(2x)-part vanishes. This
leads to terms going with t−1 and t−2 in the effective mass. However, this results in a fixed point value
for g∗ = 8Λ which does not vanish at the upper critical dimension. Therefore no controlled calculation
seems possible for this solution.
Thus, the exponent θ reads

θ =
N + 2

N + 8

εcl

4
, (6.24)

with the classical ε = 4− d.

6.1.2 Weak quench limit

Instead of analyzing the deep quench limit of Eqs. (6.7), the scenario of a very weak quench can also
be considered. In this limit, only very slow modes are affected drastically by the quench. Most of the
k modes do not sense the quench directly, but only via the effective mass r(t). Physically, this corre-
sponds to a slightly perturbed system, which is still near its equilibrium values at the QCP. However,
those boundary conditions lead to a contradiction with the ansatz r(t) = a/t2 in the equation for the
effective mass, thus, in this case no universal post-quench dynamics exists. This result is in contrast to
the quantum-to-classical crossover, described in Ref. [70] using numeric simulations.

In the limit of a weak quench ωi ' k, but with an effective mass going with r(t) = a/t2, the boundary
condition for A and B are given by:

〈A2(k)〉 '1

2
k2aΛ−2aΓ2

(
3/2− a

)
, (6.25a)

〈B2(k)〉 '1

2
k−2aΛ2aΓ

(
1/2 + a

)
, (6.25b)

〈
[
A,B

]
−〉 'Γ

(
1/2− a

)
Γ
(
3/2 + a

)
. (6.25c)

Two remarks are in order. First, the expectation value of the anticommutator of [A,B] is unchanged,
thus, it will lead to the same retarded Green’s function as in Eq. (6.12). This is reasonable, as GR

does not depend on the boundary conditions of the EOM, but only on the effective mass. Second,
〈A2(k)〉 and 〈B2(k)〉 are quench-amplitude independent. Which of them is larger, is not tuned by the
quench-amplitude, but only by the cutoff Λ and the sign of a.
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6.1 A perfectly isolated system

For a > 0 the B-part of ϕ(t) is thus the dominant one. This yields

GKB (k, t, t) =
Λ2aΓ2

(
1/2 + a

)
2k1−2a

FKa (kt), (6.26)

with the scaling function FKa,B(x) = xJ2
−1/2+a(x). Note, that here the Bessel function J−α enters. This

scaling function has the long-time expansion:

FKa,B(x� 1) ' 1

π

(
1− cos(2x)

)
− a

2πx2

[
1− cos(2x)

]
+

a

πx
sin(2x). (6.27)

Evaluating the equation for the effective mass near d = 3− ε yields

r(t) =
ũπ

2

ˆ Λ

kmic

dk k1−εFKa,B(kt), (6.28)

where the effective interaction parameter ũ = uKdΓ
2(1/2 + a)/π was introduced. The weak quench

limit can be performed for momentum modes k > kmic. The deep quench limit should be taken for
modes k ≤ kmic. Those terms will not generate any singularities near d = 3, as they obey a scaling
form like in Eq. (6.14), but are far from equilibrium. Thus, they will lead to a term going with

√
ri,

which can be neglected in a perturbative expansion for small
√
ri. Inserting the long-time expansion of

the scaling function FKa,B for modes k > 1/t yields

r(t) =
ũ

8t2+ε+2a
− ũa

4t2
Λ−ε−2a − tε+2a

ε+ 2a
. (6.29)

Here, the same cutoff procedure like in Eq. (6.20) was used. In fact, the supplementary k in the scaling
dimension of Gk compensates with the system being near d = 3 dimensions, such that the integrals are
the same. The terms going with a sin(2x)/x in FK vanish at the upper critical dimension and with an
exponential cutoff scheme. By comparing this with the ansatz r(t) = a/t2, the values of ũ and a are
determined:

ũ =u∗z=1 , (6.30)

a =− ε

4
. (6.31)

The value of a < 0 is in contradiction with the above assumption. The same analysis can be done with
the assumption of negative a and thus the A-part in the Keldysh function being the dominant one. In
this case, the self-consistent equation leads to a positive value a = ε/4, thus again to a contradiction
with the assumption. The second solution, a = ε/2 leads also to a contradiction, as it requires a
log(Λ/t)-depending interaction parameter u. To conclude, only the solution a = 0 seems reasonable,
and thus no post-quench universality exists in the limit of a weak quench near the QCP. The solution,
found numerically in [70] suggests an exponent θ = ε/4, with the quantum ε = 3− d, in the limit of a
weak quench. This result seams not to include the full solution of the EOMin Eq. (6.4) with the two
Bessel functions.
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6 Post-quench dynamics in an isolated system

Figure 6.1: The hierarchy of the two different dynamic limits in Laplace space. The crossover
time scale is given by tγ = γ1/(α−2). For times in the ballistic regime and ti,1, ti,4
one finds the bare Keldysh-function given by the boundary conditions in 6.10 and the
implications discussed in section 6.1. For times in the diffusive regime, one recovers
for any quench-amplitude ti,j with j = 1, . . . , 4, the post-quench dynamics discussed
in chapter 5. In section 6.2 times in the ballistic regime, but ti in the diffusive regime
is analyzed.

6.2 Nearly isolated systems

The boundary conditions of Eqs. (6.7) correspond to a non-interacting initial state. It was shown in
the previous section, that under those conditions, one can quench the system to a non-thermal fixed
point, but it is not possible to see non-equilibrium universality influenced by the QCP. Therefore it
seems necessary that the system thermalizes to the QCP. However, as it was shown in section 3.5,
the initial Keldysh function has a strong impact on the post-quench dynamics. Even an infinitesimal
small damping rate can lead to a completely different behaviour of GK in certain time regimes, where
the boundary-conditions of Eq. (6.7) fail. Therefore, in this section some small, but finite damping
is assumed to be present in the pre-quench state. Such damping can originate internally from higher
order scattering processes or externally from a coupling to a heat bath. In the latter case, it is clear,
that the system will thermalize to the QCP, and the Hamiltonian is the same as in chapter 5, but now
with ballistically dominated dynamics. This case will be considered in the following. Probably also the
internal bath can be treated with those methods in certain time regimes, but this is not the subject of
this thesis.

6.2.1 Different time regimes

Before going into detail, a short reminder of the hierarchy of the time and frequency scales is pre-
sented. The hierarchy of the different regimes was also discussed in section 2.1, here this discussion is
combined with the result for the post-quench Keldysh function derived with the memory ansatz in sec-
tion 3.5. The influence of a bath can be included by adding the bath-spectral function into the Green’s
function, as it was introduced in section 1.1. The bath exponent α plays a crucial role for the order
of the different dynamical regimes, while the coupling strength γ defines the typical crossover frequency.
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6.2 Nearly isolated systems

For α < 2 the dynamics of the system will be at first in the microscopic regime, where the ϕ4-
model cannot be applied. Then, they will be dominated by the ballistic term, and for times larger
than tγ ∝ γ1/(α−2) they will be dominated by the diffusive term. By considering a small bath coupling
constant γ this crossover time can be tuned to large values, and it is thus not reasonable to include it
into the set of microscopic timescales. In chapter 5, the dynamics are analyzed for times being deep in
the diffusive regime. Still the typical timescale of the initial Keldysh function ωi can be independent
of the considered dynamic regime either in the ballistic or in the diffusive regime, see figure 6.1. For
the scaling solution of the effective mass in Eq. (4.87), it has no impact if ti ≶ tγ , with ti = 1/ωi and
thus it has no influence on the value of the exponent θ. However, in both cases second order terms of
the deep-quench expansion in gi, going with t−2 were found, see appendix B. For ti > tγ the amplitude
of those terms is large, leading to a light-cone growth of the correlation length. For ti < tγ the second
order terms of the bare Keldysh function lead to a term going with t−2 but with a quench-amplitude
independent prefactor of the effective mass. This term is smaller than the scaling solution and has thus
a negligible impact on the correlation length.
For α > 2 the order of the ballistic and the diffusive regime is inverted. Thus, after the microscopic
regime, the system first undergoes dynamics dominated by the coupling to the bath, and at large times
after the quench the dynamics become ballistic. In this case, a small bath coupling γ leads to a short
diffusive regime. The deep quench limit in the post-quench Keldysh function must be taken carefully,
if the typical frequency ωi < ωγ starts within the diffusive dominated regime. For the solution of the
effective mass, second order terms in Eq. (B.1) going with (γωα−2

i )2/α/t2 play an important role, as
they are dominant in the deep quench limit. For ωi < ωγ one finds again for the Keldysh function the
result of Sotiriadis and Cardy in [63].

In both cases, α ≶ 2, those corrections have no effect on the scaling solution and thus they have
no effect on the value of the exponent θ for times in the overdamped regime. In this section, the
dynamics within the ballistic regime are analyzed. If the timescale ωi lays also in the ballistic limit,
one finds the post-quench Keldysh function which fulfills the boundary conditions given in Eq. (6.7),
see also appendix A.3. This limit is analyzed in the previous section, where a non-thermal fixed point
is found, but no universality near the QCP. Therefore, the post-quench Keldysh function is considered
now, where ωi > ωγ lays in the diffusive regime, see also appendix B. For α < 2 this corresponds to
ωi � ωγ and for α > 2 to ωi � ωγ .
For any value of both parameters, the system will thermalize to the QCP for large times after the

quench.

6.2.2 Self-consistent solution without second order terms of the deep quench
expansion

As it was argued above, the post-quench Keldysh function will be given with ωi in the diffusive regime,
which will be explained below. Recall first, that the memory function in Eq. (3.65) was given by

M(ω, ω′) =
sign (ω)n

(
ω, ω′, ωi

)
+ sign

(
ω′
)
n
(
ω′, ω, ωi

)
ω + ω′ + i0+

, (6.32)

with

n
(
ω, ω′, ωi

)
= gR(ωi, ω

′)
−1 − gi(k, ω)gR(ωi, ω)

−1
gR(ωi, ω

′)
−1
. (6.33)
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6 Post-quench dynamics in an isolated system

The function gi(k, ω) arises from the LT-version of the FDT. It reads:

gi

(
ωi, ω

)
= 2

ˆ ∞
0

dω′

π

1

|ω|+ ω′
Im η(ω′)

(−ω2
i + Re η + ω′2)2 + γ2ω′2α

. (6.34)

This function can be evaluated within the deep quench limit, presented in section 3.5.3 and the ap-
pendix B. In the appendix, in Eq. (B.8) (for α < 2) and Eq. (B.9)(for α > 2) it is shown that the
integral in gi can be split into the two dynamic regimes. We speak of ωi in the diffusive regime, if
ωi < ωγ for α < 2 or ωi > ωγ for α > 2, thus if the main contribution in gi originates from the diffusive
part of the integral.
Taking the deep quench limit ωi →∞ (but still for α < 2 with ωi � ωγ), one finds

gi

(
ωi, ω

)
' 1

ω2
i

−1 +
γ1/α|ω|
ω
−2/α
i c

(1)
α

− γ2/αω2

ω
4/α
i

c(2)
α + . . .

 . (6.35)

The coefficients c(1)
α and c(2)

α are given by the first and the second terms in a Taylor expansion of the
integral in gi:

c(1)
α =2

ˆ ∞
0

dx

π

xα−2

(1 + cot(2πα)xα)2 + x2α
, (6.36)

c(2)
α =2

ˆ ∞
0

dx

π

xα−3

(1 + cot(2πα)xα)2 + x2α
. (6.37)

The first term in Eq. (6.35) in the brackets refers to the zero order term, the second to the first order
and the last to the second order term in an expansion in 1/ωi. The solution for r(t) originating from
the first order term will be discussed below. It will be shown, that this term leads to a scaling form
of the effective mass going with t−2. The contribution from the first order term vanishes here, as the
system is at the upper critical dimension, see also appendix B.1. The important second order term is
discussed in section 6.2.3.

Evaluating the function n with the zeroth order term yields

n(0)(ωi, ω) = −ω2 − i η . (6.38)

With this result one finds for the memory function

M (0)(ω, ω′) =
sign(ω)

(
−ω2 − i η

)
+ sign(ω′)

(
−ω′2 − i η′

)
ω + ω′

. (6.39)

This memory function is completely independent of the quench amplitude ωi. Due to the presence of
the bath, the system is expected to thermalize to the QCP. For α > 2 the dynamics in the long-time
limit will be dominated by the ballistic term. In this case it is reasonable to assume that the Green’s
functions will equilibrate with the scaling form G

R/K
eq (k, t, t′) = k−1F

R/K
eq (k(t− t′)). This form suggests

in contrast to section 6.1, that also out of equilibrium, the scaling form for GK is given by:

GK(k, t, t) = k−1FK(kt) . (6.40)
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6.2 Nearly isolated systems

This scaling form can be derived from the memory function, by assuming η to be infinitesimal small and
introducing dimensionless variables y = ω/k for the inverse Laplace transformation. With Eq. (6.40)
the results from section 4.5 can directly be applied. One finds

C0 =

ˆ ∞
0

dxx2/z−1
(

i fK(x, 1)− iFKeq

)
=

1

4
. (6.41)

The integral is evaluated in appendix E. By solving the self-consistent equation for all times, it must
hold for the fixed point of the interaction parameter

u∗ =
4ε

Kd
Λε . (6.42)

This is the fixed point of the ballistic system. The effective mass in the large-N limit is given by:

r(t) =
2ε

t2
I0 =

ε

2t2
. (6.43)

With a(0) = ε/2, one finds for the exponent θ:

θ(0) =
ε

2
(6.44)

with ε = 3 − d. The index (0) refers to the fact, that only the zeroth order contribution of the deep-
quench expansion is kept. By using the RG scheme, one finds for an arbitrary N -component vector
field ϕ:

θ(0) =
N + 2

N + 8

ε

2
. (6.45)

This solution will be modified by second order terms, which are derived in the next section.

6.2.3 Full solution for the effective mass

In the same way, the influence of the second order term of the deep quench expansion in Eq. (6.34) can
be analyzed. This second order term results in a further term in the bare Keldysh function:

GK
(2)

(k, t, t′) =ω
2−4/α
i γ2/αk−1c(2)

α

ˆ
dy

ˆ
dy′ Im g(y)Im g(y′)

sign y|y|2 + sign y′|y′|2

y + y′
e−ikte−ikt′ .

(6.46)

Here, g(y) = (y2 +1+ η̃)−1 is the scaling form of the free retarded Green’s function and η̃(y) = k−2η(ω).
To demonstrate the impact of this term, the large-N equation for the effective mass is considered.
However, the influence of this term can also be analyzed for the RG equations. Note that second
order terms always go with t−2, thus vanish in the limit t → ∞ and does not affect the coefficient cK
of the long-time expansion. Performing the k- integral over GK (2)

(k, t, t′) leads to a supplementary
t-dependent term:

ˆ Λ

0
dk kd−1GK

(2)
(k, t, t) =

(ωα−2
i γ)2/αc

(2)
α

t2−ε

ˆ ∞
−∞

dy dy′ Im g(y)Im g(y′)
sign y|y|2 + sign y′|y′|2

(y + y′ + i0+)(y + y′ − i0+)2
.

(6.47)
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6 Post-quench dynamics in an isolated system

Here, it is used the fact that the system is at the upper critical dimension d = duc = 3 − ε. The ε-
dependence is important for the time dependence, but not in the integral over dimensionless variables,
where it was set to zero. The integral is finite for the reason of symmetry and thus this term does not
vanish like the one originating from the first order term. Including this term into the effective mass,
with the solution of the zeroth order term derived above, yields:

r(t) =
ε

2t2

(
1 +

(
γωα−2

i

)2/α
× C

)
. (6.48)

Here,

C = 2c(2)
α

ˆ ∞
−∞

dy dy′ Im g(y)Im g(y′)
sign y|y|2 + sign y′|y′|2

(y + y′ + i0+)(y + y′ − i0+)2
, (6.49)

is a constant under the scaling procedure. This effective mass has a light-cone form, where the am-
plitude consists of two parts: an universal, quench-amplitude independent part, and a part containing
informations about the specific bath parameters and the quench amplitude. To determine which term
is larger, consider first α > 2. The condition that the initial Keldysh function was given within the
overdamped time regime corresponds to ωi � ωγ . Using ωγ ∝ γ1/(2−α) thus immediately yields(

γωα−2
i

)2/α
�
(
γγ−1

)2/α
= 1. (6.50)

Thus, this term is dominant over the 1 originating from the zeroth order term. This can also be
derived from Eq. (B.9). The correction of the deep-quench expansion arises only for ωi > ωγ , else
the post-quench Keldysh-function is given by the result of Sotiriadis and Cardy in [63] and one finds
the non-equilibrium universality discussed in section 6.1. The same analysis can be done for α < 2.
This case is more delicate from the point of view of thermalization and fixing the boundary conditions,
as the relaxation regime is located after the ballistic regime, see figure 6.1. Ignoring this point, it
must hold ωi � ωγ , such that the Keldysh function is determined within the diffusive regime. This
immediately yields that also in this case it holds γωα−2

i � 1. The bath-depending contribution is thus
always relevant, as it requires that for the damping term holds γωαi � ω2

i . Per construction it holds(
γωα−2

i

)2/α
� 1 for any positive value of α. This reflects that the influence of the bath is essential

to build up a scaling form of the effective mass near the QCP. Thus the second, quench-amplitude
dependent term always dominates the universal, quench amplitude independent part. If the parameter
condition γωαi � ω2

i can be reached in the prethermal regime, this implies, that the non-equilibrium
exponent θ is non-universal. It implies also for α > 2 that in the quasi-adiabatic long-time limit, the
order parameter relaxes with a ωi dependent amplitude to its equilibrium value. Thus in contrast to
the dynamics dominated by the bath, the memory of the initial state configuration is still present even
on very large time scales. Further for α > 2 the memory never gets completely lost.

6.3 Failure of the Euclidean mapping

In this section the critical exponent θ will be calculated via a mapping to a (d+z)-dimensional, classical
boundary-layer problem. This mapping of the post-quench dynamics was recently discussed and used
in Refs. [19, 20]. This mapping is well established in equilibrium, where it is indeed possible to treat
quantum fluctuations like z supplementary dimensions of a classical system. However, it is known, that
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6.3 Failure of the Euclidean mapping

Figure 6.2: The Euclidean mapping. The Keldysh contour in real times is analytically continued
to imaginary times τ1/2.

the analytic continuation and integral-path deformation which are typically done in such mappings can
lead to wrong results due to singularities in the complex plane. At least for quenches going beyond the
critical point, e. g. from the ordered in the symmetric phase, such singularities are known to emerge [26].
On the other hand, if such a mapping works, the time dependence of the operators can much easier be
evaluated. This was checked by evaluating the dynamics for d = 1 [19]. Here, an example is presented
where the Euclidean mapping does not work, because quantum fluctuations restore the memory of the
initial state even in the presence of a small coupling to a bath.

6.3.1 Euclidean mapping

The quench protocol is performed in two steps. Initially, the system is prepared in the ground state |ϕi〉
of an initial Hamiltonian Hi. At time t = 0, the parameter set in the Hamiltonian is suddenly switched,
such that the time evolution is governed by a new Hamiltonian H. Here, H is the Hamiltonian of an
isolated ϕ4-model,

H =
1

2

ˆ
x

(
π2 +

(
∇ϕ
)2

+ r0ϕ
2 +

u(ϕ ·ϕ)2

2N
− h ·ϕ

)
. (6.51)

For simplicity and to keep the notation as simple as possible, here only a scalar field ϕ is considered.
The extension to a N -component vector field is however straightforward. The Hamiltonian given above
yields for the time evolution of the initial state

|ϕ(t)〉 = e−iHt|ϕi〉 . (6.52)

The expectation value of a physical operator O reads

〈O(t)〉 = 〈ϕi|eiHtO e−iHt|ϕi〉 . (6.53)

Instead of analyzing the time dependence of 〈O(t)〉, one can also perform the limit to the imaginary
time τ = −i t, and analyze the Euclidean operator 〈O(τ)〉E :

〈O(τ)〉E = 〈ϕi|e−HτOeHτ |ϕi〉 . (6.54)

Note that as usual, H consists of a kinetic part T = 1
2

´
x π̂

2 and a potential part

V =
1

2

ˆ
x

(
rϕ̂2 + (∇ϕ̂)2 + uϕ̂4/2

)
. (6.55)
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6 Post-quench dynamics in an isolated system

The evolution of the operator will be sketched below, this analysis was also done in detail in Ref. [19], and
the desired real time expectation value will be obtained by an analytic continuation 〈O〉(t) = 〈O(−i t)〉E .
To start, the Euclidean partition function Z(τ) is evaluated:

Z(τ) = 〈ϕi|e−Hτ |ϕi〉. (6.56)

With the usual steps of evaluating functional integrals, the time axis τ is discretized into N small
time steps δτ = τ/N . At the same time, the time evolution can also be split into small parts e−Hτ =
e−δτH . . . e−δτH . After each exponential, an 1 is inserted in form of the eigenstates of the scalar field
operator ϕ̂: 1 =

´
dϕj |ϕj〉〈ϕj |, with j = 1, . . . , N . The expectation value 〈ϕj |eδτH |ϕj+1〉 can be

evaluated by Taylor-expanding eδτH in the limit of small δτ (or equally N → ∞). The expectation
values of the potential part of the Hamiltonian can be directly evaluated, as it contains only the scalar
field operator ϕ̂. The remaining expectation value of the kinetic part can be evaluated by inserting
1 =

´
dπj |πj〉〈πj |. By using the scalar product between ϕ and π, reexponentiating and finally taking

the continuum limit N →∞, one finds

Z(τ) =

ˆ
DφDπ〈ϕi|ϕ(τ)〉e−S[ϕ,π]〈ϕ(τ = 0)|ϕi〉, (6.57)

with the action

S[ϕ, π] =

ˆ
x

ˆ τ

0
dτ ′

(
−iπ∂τ ′ϕ+H[ϕ, π]

)
. (6.58)

To obtain the expectation value 〈O(τ)〉E , one needs to apply the above logic twice. This leads to a two
branch contour along the imaginary axis, similar to the Schwinger-Keldysh contour along the real axis.
The expectation value thus reads

〈O(t)〉E =
1

Z(2δ)
〈ϕi|eiH(t+i δ)Oe−iH(t−i δ)|ϕi〉, (6.59)

where δ is some parameter to distinguish between both contours. At the end, the limit δ → 0 must be
taken. It is convenient to introduce two times τi = −i(t+i δ) and τ2 = −i t+δ to handle the differences
of the real part of τ1/2. The expectation value thus reads

〈O(τ1, τ2)〉E =
1

Z(2δ)
〈ϕi|e−Hτ2OeHτ1 |ϕi〉. (6.60)

To evaluate this expectation value, one further simplification is made by assuming τ1/2 to be real. This
is only true for t = 0, but any finite time only leads to a shift along the imaginary axis for τ . This
simplification allows to write

〈O(τ1, τ2)〉E =
1

Z(2δ)
〈ϕi|e−Hτ2Oe−H|τ1||ϕi〉, (6.61)

and to discretize the imaginary time axis. Here, it is split into time steps with δτ = τ1/N1 = τ2/N2

and the time axis is discretized according to δτj = τ1 + j
N1+N2

(τ2 − τ1), with j = 0, . . . , N1 + N2. By
evaluating 〈ϕj |eδτH |ϕj+1〉, taking the continuum limit N1 +N2 →∞ and performing the integral over
π, one finds

〈O(τ1, τ2)〉E =
1

Z(2δ)

ˆ
Dϕ〈ϕi|ϕ(τ2)〉〈ϕ(τ1)|ϕi〉e−S[ϕ]〈ϕ(0)|O|ϕ(0)〉. (6.62)
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6.3 Failure of the Euclidean mapping

Figure 6.3: Different types of phase transitions depending on the surface parameter c. The bulk
phase transition takes place at T = Tc, and is affected of the surface-universality class.

The operator O is evaluated at τ = 0, at the discrete time step δτN1 = 0. The action S is given as

S[ϕ] =
1

2

ˆ
x

ˆ τ2

τ1

dτ2

((
∂τϕ

)2
+ rϕ2 +

(
∇ϕ
)2

+
u

2
ϕ4

)
. (6.63)

Note that at this point, the restriction of τj to be real with j = 1, 2 is not necessary. It was a simpli-
fication to build up the path integral. Compared to the usual field integral, the boundary conditions
at τ1 and τ2 enter via 〈ϕ(τ1)|ϕi〉〈ϕi|ϕ(τ2)〉. Such a boundary condition can be enforced by adding the
following term into the action:

Sboundary =
∑
j=1,2

ˆ
x

(
c

2
ϕ2(x, τj)− hiϕ(x, τj)

)
. (6.64)

The constant c is here given by the initial mass of the pre-quench state, and hi is given by an initial
external field. The form in Eq. (6.64) is useful to make a connection with critical boundary scaling. The
structure of Sboundary can be obtained equally with the assumption that the initial density, ρi = |ϕi〉〈ϕi|,
can be written in a Gaussian form

〈ϕ|ρi|ϕ′〉 = exp

[
−
ˆ
x

(
c

2
ϕ2(x, τ1)− hiϕ(x, τ1)

)
−
ˆ
x

(
c

2
ϕ′2(x, τ2)− hiϕ

′(x, τ2)

)]
. (6.65)

Via scaling arguments, it can be shown that indeed only terms up to quadratic order in ϕ(τj) in
Sboundary are relevant. Consider further terms going with us,n/nϕ

n(τj), and n ≥ 3. The cubic term
can be eliminated by shifting it into the ϕ4(τi) term, but powers going with n ≥ 4 are irrelevant above
d = 2 dimensions.

6.3.2 Critical boundary scaling

The total action of Eq. (6.63) and Eq. (6.64),

Stot = S[ϕ] + Sboundary, (6.66)
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6 Post-quench dynamics in an isolated system

corresponds to a (d+ 1)-dimensional field theory with two boundary conditions along one space direc-
tion [52, 71]. Thus the quench to the QCP in real time corresponds to critical boundary scaling near
surfaces. The bulk at the critical temperature Tc, and the influence of boundary conditions on the
surface is analyzed. In this section the surface criticality, relevant for the quench problem, is shortly
reviewed. The first assumption which is made, is that the distance between the two opposite surfaces
τ1 and τ2 is sufficiently large to treat them separately and to neglect interference effects between them.
This assumption may be not valid for bulk-critical systems, where the correlation length ξ diverges and
thus the condition |τ1 − τ2| � ξ is not fulfilled. Nevertheless, under this assumption it is possible to
concentrate on one semi-infinite system, where the surface criticality is analyzed in detail in Ref. [50].
The notation of this section and nomenclature of the exponents is the same as in Ref. [52].
The Lagrangian of one surface is up to some constant given by,

Ls[ϕ(τj)] =
c

2

(
ϕ−ms

)2
, (6.67)

where m0 = h/c. For one bulk universality class, three different universality classes are possible for
the bulk-phase transition at T = Tc, see figure 6.3. These universality classes depend on the the value
of c. If c > 0, this corresponds to a reduced critical temperature on the surface, thus the bulk can be
ordered, while the surface is already disordered. Under the RG-flow c is a relevant parameter, flowing
to infinity. This transition is called ordinary transition. If c < 0 or some finite field hi is applied on
the surface, the situation can be reversed. This corresponds to an enhanced critical temperature on
the surface, where the bulk can be disordered, while the surface is still ordered. In this case, the bulk
transition is called the extraordinary transition. The case c = 0 refers to the special phase transition.
The universal exponents with respect to the distance to the surface are independent of the bulk

exponents but depend on the type of surface transition. The ordinary phase transition is characterized
by the fixed point c =∞ and c−1 is a dangerously irrelevant parameter in the RG-sense. For the bulk
magnetization m, the following scaling form is assumed

m(τ, r, h, c) = b−β/νm
(
b−1τ, b1/νr, hb∆1 , bΦ/νc

)
, (6.68)

where r is the distance to the bulk critical point and τ the distance to the surface. β and ν are the
bulk exponents whose nomenclature is given in table 1.1. The surface scaling exponents ∆1 and Φ are
the corresponding exponents of the external field hi and the suppression on the surface due to c > 0,
respectively. The scaling dimension of the distance to the surface is the usual length-rescaling factor
b−1, where b is some freely chosen parameter.

For the quench problem, the interesting protocol is c > 0 for a quench starting in the disordered
phase. This corresponds to the ordinary phase transition. If the quench starts in the ordered phase,
c < 0, and the quench protocol corresponds thus to the extraordinary phase transition. An initial finite
magnetization can also be achieved by c > 0 and a finite external field hi on the surface. As the origin
of the finite order on the surface should not matter [50], it was argued that the extraordinary expo-
nents can be obtained as well from the ordinary exponents with a finite field hi. This argumentation
was partially confirmed for the exponents by a 1/N expansion, but the singularities of some scaling
functions suggest more care [72]. For the analysis here only the universal exponents play a role, so the
extraordinary phase transition will not be discussed separately.
Further, for the quench to the QCP, this corresponds to the bulk being critical with r = 0. As c−1 is

a dangerously irrelevant parameter, one can introduce instead of c and hi a scaling form containing the
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relevant field h̃ = hi/c
y. Here, y = (∆sp

1 −∆ord
1 )/Φ is the scaling exponent of h̃, ∆sp

1 the surface-field
exponent of the special transition, and ∆ord

1 the surface-field exponent of the ordinary transition. The
magnetization behaves as

m(τ, 0, h̃) = b−β/νm
(
b−1τ, b∆

ord
1 /ν h̃

)
. (6.69)

By setting b−1τ = 1, one can express the magnetization depending on the distance to the surface and
obtains a new scaling function Y (τ/ξh) = m(1, τ∆ord

1 /ν h̃):

m(τ, 0, h̃) = τβ/νY (τ/ξh), (6.70)

with the length xh = h̃−ν/∆
ord
1 . Similar to the scaling in chapter 2, on large length scales τ � ξh one

expects the magnetization to be independent of ξh, thus Y (x >> 1)→ const. This leads to a decay of
the magnetization with the bulk-exponents β and ν:

m(τ) ∝ τβ/ν , for τ � ξh . (6.71)

In the other limit τ � ξh, one expects a strong influence of the surface field hi. As the susceptibility
∂m/∂h̃|h̃→0 is finite on the surface, one can Taylor expand Y (x) for small arguments, which immediately
yields

m
(
τ, 0, h̃

)
∝ τ (∆ord

1 −β)/ν h̃, for τ � ξh . (6.72)

Making the connection to the quantum-quench problem and the notation introduced in chapter 2, the
non-equilibrium exponent θ can be directly read off

θ = (∆ord
1 − β)/ν . (6.73)

The value of ∆ord
1 is given in Ref. [52] in an ε expansion

∆ord
1 =

1

2
− 4−N

4(N + 8)
ε, (6.74)

with ε = 4− (d+ 1) = 3− d, where d is the dimension parallel to the surface and thus the bulk has the
dimension d+ 1. Together with the known bulk exponents

ν =
1

2
+

N + 2

4(N + 8)
ε , (6.75)

β =
1

2
− 3

2(N + 8)
ε , (6.76)

it holds for θ
θ =

N + 2

2(N + 8)
ε . (6.77)

This is the same result one would obtain by assuming equilibration to the critical point and using
simultaneously the time-dependence of the Cardy-Sotiriadis post-quench Keldysh function:

GK(k, t, t) =
1

k

(
1− cos

(
kt
))
. (6.78)

However, it was shown in this thesis, that this kind of Keldysh function can not be obtained after a
quench to the QCP. Within neither the deep nor the weak quench limit the scaling form of GK is the
same as in equilibrium. Including the effect of a small, but finite damping leads to a non-universal
part in θ which is always dominant compared to the universal one. This non-universal part cannot
be reproduced within the methods of critical boundary scaling. The post-quench scenario is thus an
example where the dynamics cannot be reproduced with a simple Euclidean mapping approach.
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6 Post-quench dynamics in an isolated system

Table 6.1: Results for the post-quench dynamics in isolated or nearly isolated systems
No bath: Full solution for the EOM of ϕ with ansatz r(t) = a/t2.

Fixing boundary conditions at times t = Λ−1 after the quench,
this leads to the Cardy-Sotiriadis result for the bare gK .

Deep-quench limit: Non-thermal fixed point, prethermal universality, see A. Mitra et al.
θ = ε/4 in the limit ε� 1 and N →∞.

Weak-quench limit: Contradiction for a, no prethermal universality near the QCP.
With bath: α > 2 Knowledge of the final, thermal state at t =∞.

Thermalization to the QCP, oscillations are naturally damped.
Effective mass can be obtained approximately in the limit of small ε.
Relaxation to equilibrium with universal exponents.

ωi < ωγ No ωi independent terms, Cardy-Sotiriadis result for the bare gK .
Prethermal universality only for the deep quench limit, see above.

ωi > ωγ No prethermal universality, as θ is found to be:

θ = ε/2

(
1 +

(
γωα−2

i

)2/α
× C

)
,

C is given by Eq. (6.49).
Euclidean mapping: θ = ε/2, this result was found in none of the presented scenarios.

6.4 Summary

In this chapter the post-quench dynamics of an isolated and a nearly isolated system are analyzed.
Taking the deep-quench limit in the isolated system, without considering higher order scattering terms
or finite coupling to some external heat bath, leads to prethermal universality near a non-thermal fixed
point. The methods used to describe this non-thermal fixed point are similar to the quantum-to-classical
crossover, where the quench-amplitude acts like the temperature. The upper critical dimension is found
to be four, like in a classical, critical system. However a major difference to the classical scenario is the
non-thermal scaling dimension of the Keldysh function. Those kinds of systems have been analyzed
in great detail by A. Mitra and A. Gambassi et al., here their results have been reproduced with the
methods developed in this thesis. The question of universality in the long-time limit is not well defined
here, as without any further terms or assumptions, those systems will not thermalize.
In the limit of a weak quench, we could not find prethermal universality, since the assumption of a
scaling form in the effective mass leads to a contradiction. This is in contrast to numeric simulations
reported in Ref. [70].
Considering the influence of some small, but finite damping, which is irrelevant in the sense of scaling,
the power-law decay to the QCP is found in the long-time limit. However, also in this scenario, no
universal prethermal regime exists, as the self-consistent solution for the exponent θ has always a
relevant, quench-amplitude or bath-coupling dependent term. This also implies, that even in the quasi-
adiabatic limit, the amplitudes will be non-universal, in contrast to the behaviour found in dissipative
systems. Thus, in none of the presented quench protocols, it is possible to reproduce the results obtained
by the Euclidean mapping, which predicted an universal, short-time exponent with θ = (3− d)/2.
The main results for the isolated system and the different systems and quench protocols are summa-

rized in table 6.1.
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Conclusion

In this thesis, the dynamics after a quench to the QCP are analyzed for the isolated system as well as
for a system coupled to an external heat bath. The central point is the out-of-equilibrium version of
the large-N equation in Eq. (4.67):

r(t) =
u

2

ˆ
|k|<Λ

ddk GKr(t)(k, t, t) . (6.1)

This equation can be solved self-consistently. To find non-equilibrium universality it is essential that
the Keldysh function GK is scale invariant. This scale invariance implies that GK must be taken in a
limit, where it is independent of the quench amplitude ωi. In general this is not the case on intermediate
timescales after the quench. In an open system, the system needs time to dissipate the induced energy
to the heat bath. In an isolated system energy conservation implies that the system will heat up, if it
thermalizes, by the amount of the induced energy. We showed, that in the deep-quench limit, ωi →∞,
a part of the Keldysh function is scale invariant for open systems. The opposite limit of a weak quench
leads to a contradiction in Eq. (6.1), i. e. there is only the trivial solution r(t) = 0. By expanding the
bare Keldysh function in this deep-quench limit, it was shown, that parts of the inverse correlation
length obey scaling:

rsc(t) =
a

t2/z
, (6.2)

with an universal amplitude a, and the dynamic exponent z. This scaling form causes many physical
results, which are summarized in the following.

In the open quantum system in chapter 5, the scaling form of r(t) leads to an universal, prethermal
regime. Here, the order parameter grows with a new, universal exponent θ:

φ(t� t∗) ∝ tθ . (6.3)

The exponent θ also captures the singularities in the Green’s functions for t > t′:

GR(k, t, t′) =

(
t

t′

)θ 1

k2−zF
R(kzt, t′/t) , (6.4)

GK(k, t, t′) =

(
t

t′

)θ 1

k2−zF
K(kzt, t′/t) . (6.5)

In contrast to classical systems, the singularity t/t′ for t′ → 0 enters in both, the retarded and the
Keldysh Green’s function with the same exponent. An other difference to classical systems is the leading
term of the correlation length ξ(t) ∝ r−1(t). In an open quantum system, the correlation length grows
with a light cone in the prethermal regime, and the scaling part is only a small correction to this
ballistic light cone. Furthermore, the z-dependence of θ is particular and reflects the quantum nature
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not only by taking into account the upper critical dimension, z ≤ 4, but also negative exponents are
possible. Those negative exponents are due to quantum oscillations, where the bare scaling function
fK(kzt) shows damped oscillations in time for z < 2, while for larger z some crossover to overdamped
dynamics can be observed. The z-dependence of θ is given in figure 5.2. For an Ohmic bath we found

θ =
N + 2

N + 8

ε

4
, (6.6)

with ε = 4− d− z. The time-scale t∗, limiting this prethermal regime is given by the inverse quench-
amplitude and can thus be tuned to large values for weak quenches.
In the limit of large times, the universal relaxation to equilibrium was confirmed. In the long-time
limit, the inverse correlation length is only given by the scaling part r(t) = at−2/z. The relaxation to
the QCP leads to aging effects in the Green’s functions with adiabatic decay instead of an exponentially
fast decay to their equilibrium values GR/Keq :

GRr (k, t, t′) =GReq(k, t− t′)− 2i θ
(
t− t′

)
r

(
t+ t′

2

)
CR(t− t′) , (6.7)

GKr (k, t, t′) =GKeq(k, t− t′)− 4i r

(
t+ t′

2

)
CKz (k, t− t′) . (6.8)

The coefficients CR/K are given by a convolution of the equilibrium Green’s functions. Thus, the
aging amplitude is given by the coefficient a and therefore by the non-equilibrium exponent θ. In
analogy to the FDT in equilibrium, the retarded and the Keldysh Green’s functions can be connected
by introducing a time-dependent distribution function n(ω, t). The aging effects lead to a correction
δn to the usual Bose-Einstein distribution function nB, given by:

δn(ω, t) = coth

(
ω

2T

)
θΓ
(
2/z
)

(|ω|t)2/z

[
cos

(
π

z

)
+

k2

γ|ω|2/z
sin

(
π

z

)]
. (6.9)

This correction shows the non-thermal nature of this relaxation process, as it is not possible to intro-
duce an effective, time-dependent temperature. Also, for negative exponents, this leads to a negative
δn, making an interpretation as distribution function impossible. To conclude, in the adiabatic limit,
thermalization is slowed down with an algebraic decay and with θ entering as universal amplitude.

The isolated quantum system is analyzed in chapter 6. Here two different kinds of systems have
been distinguished, the perfectly isolated and the nearly isolated system. In the perfectly isolated
systems no contact to an external bath is considered, and the initial state at time t = 0 is the ground
state of the non-interacting Hamiltonian. This point is crucial, as even small corrections due to inter-
actions of the initial state can have large impact in certain time regimes after the quench, and thus
completely change the dynamics in the post-quench Keldysh function. The methods developed in this
thesis in chapter 4 can be straightforwardly extended to this scenario. Here an important point are
the boundary conditions when the equations of motion are solved. In contrast to the open system,
which thermalizes by construction, those boundary conditions have to be fixed for the isolated system
at a microscopic timescale after the quench. We confirmed the result of [32–34] in the limit of a deep
quench. In contrast to the open quantum system, this deep quench limit corresponds not to a quench
to the QCP, but to a non-thermal fixed point. As argued above, the Keldysh function depends strongly
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on the quench amplitude ωi. Similar to the quantum-classical crossover, the quench amplitude can
be interpreted as temperature, however a k-mode dependent one. The universal dynamics due to this
fixed point are also characterized by an universal, prethermal regime with θ = εcl/4, with the classical
value εcl = 4− d. Like in the open system, θ characterizes the growth of the order parameter, as well
as the singularities in the Green’s functions in the prethermal regime. In the long-time limit it is not
clear if and how this system thermalizes.
In analogy to the quantum-to-classical crossover, also the limit of a weak quench ωi → 0 was analyzed.
Here, we find a different result than in [70]. The boundary conditions in the limit of a weak quench
lead to a contradiction in the equation for r(t). Thus, we conclude that no prethermal universality can
be found for the perfectly isolated system.

We also introduced the nearly isolated system, where the dynamics are dominated by the ballis-
tic term but with a supplementary small but finite coupling to an external heat bath. The diffusive
dynamics due to the bath are chosen such that they are irrelevant in the sense of scaling. However, this
bath coupling guarantees the thermalization to the QCP, which seems crucial to observe a prethermal
regime influenced by it. With small damping in the Keldysh functions, but ballistically dominated
dynamics, we found that the value of θ consists of two parts, an universal one and a quench-amplitude
dependent one. The quench-amplitude dependent part is always large compared to the universal one.
This non-universal part originates from the deep-quench expansion of the Keldysh function. Therefore,
no prethermal universality exists and this deep-quench expansion fails. However, due to the bath, it is
possible to recover the algebraic decay to equilibrium with equilibrium exponents β, ν and z. In con-
trast to the diffusive dominated dynamics of the open system, the aging amplitude is now non-universal.

The results for the isolated system have been compared to the result from the quantum-classical
mapping or Euclidean mapping. Here the time is treated like a supplementary dimension, and the
quench protocol corresponds to a classical surface problem. The corresponding universality class pre-
dicts an exponent

θ =
N + 2

N + 8

ε

2
(6.10)

with ε = 3 − d. This result was found in none of the considered scenarios of an isolated system.
Therefore, this seems to be an example where the quantum-classical mapping does not work. However,
to understand why this mapping fails, why the deep-quench expansion of GK is not possible, and how
the energy induced by the quench dissipates into the bath, further studies are required. It would also
be interesting in this context, to include higher order terms of the 1/N expansion and check if they
could be treated like an external bath, to gain a better understanding of the process of thermalization.
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Notations and conventions

Here we present a list of notations and conventions used throughout this thesis.

1. We use units where ~ = kB = c = 1, where ~ is the reduced Planck’s quantum, kB is Boltzmann’s
constant and c is the velocity of light.

2. The symbol
´
k denotes the d-dimensional integration over momenta:

ˆ
k
· · · =

ˆ
ddk

2π
· · · .

3. The volume of the d-dimensional unity sphere is given by

Kd =
Γ
(
d
2

)
2πd/2(2π)d

. (6.1)

4. In order to distinguish between bare and full Green’s- and scaling-functions, functions including
interaction effects are denoted with a capital G, whereas bare functions with a small g.

5. The Pauli matrices are defined as

σ0 = τ0 =

(
1 0
0 1

)
, σx = τx =

(
0 1
1 0

)
,

σy = τy =

(
0 −i
i 0

)
, σz = τx =

(
1 0
0 −1

)
,

where the symbol σ refers to the microscopic spin of the electron and τ refers to pseudospin.

6. The commutator [·, ·] and anticommutator {·, ·} are defined as

[Â, B̂] := ÂB̂ − B̂Â , {Â, B̂} = ÂB̂ + B̂Â ,

for two operators Â and B̂.

7. The Bose-Einstein distribution function is denoted by

nB(ε) =
1

exp ε−µ
kBT
− 1

.

105



Notations and conventions

8. In this thesis different types of Green’s functions occur. Here, we distinguish between three kinds,
the retarded function GR and the Keldysh function GK . Regarding the Laplace transformation
of the equilibrium Green’s function GKeq and the fluctuation-dissipation theorem, a supplementary
function g occurs, compared to the usual FDT given in Fourier space. This function is called g
and given by a principal value integral over GR.
Further, to distinguish between bare and full Green’s functions, full Green’s functions are written
with a capital GR/K , and the bare ones with a small gR/K . The function g is considered only for
the free system.
All three Green’s functions depend on two time arguments t and t′, a mode k and a mass r. To
make the initial Green’s function more clear, they have a subscript i, which means they should
be evaluated with the initial mass ri. Further subscripts are GR/Keq for the equilibrium Green’s
functions and GR/Kstat , for a stationary, non-thermal state.
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Next we present the basic notation used in this thesis:

T temperature
t time
d dimension
duc upper critical dimension
k momentum

η(ω) bath spectral function
α bath-exponent characterizing the spectral function
z dynamical exponent
ν correlation length exponent
β order-parameter exponent
θ non-equilibrium exponent
ϕ bosonic order-parameter field
r(t) time depended effective mass
Λ momentum cutoff
ωc high frequency cutoff of the bath

ωγ = γ1/(2−α) frequency separating the ballistic from the diffusive regime
tγ = γ1/(α−2) time separating the ballistic from the diffusive regime

u interaction parameter
N number of components of the bosonic field
' approximately
∝ proportional
∼ asymptotic

Re and Im real and imaginary part
P principal value
δ(x) delta function
δij Kronecker delta

Γ(x) Euler Gamma function
Θ(x) Heaviside step function
sign(x) signum function
Eα(x) Mittag-Leffler function
Jα(x) Bessel function of the first kind
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A Appendix A

Bare Keldysh and memory function

In this appendix some more details are given concerning the bare post-quench Keldysh and memory
function.

A.1 Derivation of the bare equations of motion for ϕ

We are considering the model introduced in section 1.1, with H = Hs+Hb+Hsb. Here, the interaction
parameter is set to zero, u = 0, as the EOM for the bare order-parameter field are derived. Further,
the component index is omitted in this section for better readability. To solve the Heisenberg equation
of motion, we need the commutators between the different systems and bath-operators. The only
non-vanishing commutators are:

[ϕ, π] = i and [Xi, Pj ] = i δij . (A.1)

Next, we use the Heisenberg equation

i
∂A

∂t
= [A,H], (A.2)

to determine the time evolution of the different operators:

∂2ϕ(k, t)

∂t2
=− ω2ϕ(k, t)−

∑
j

cjXj , (A.3)

∂2π(k, t)

∂t2
=− ω2π(k, t)−

∑
j

cjPj , (A.4)

∂2Xi

∂t2
=− Ω2

iXi − ciϕ(k, t) , (A.5)

∂2Pi
∂t2

=− Ω2
iPi − ciπ(k, t) . (A.6)

Here, the frequency ω is given by ω2 = r + k2. The mass term r is in general a function of time:
r = r(t), due to the quench, but also if interaction effects are included via a time-dependent self energy.
We want to solve those coupled differential equations under the condition that at time t → −∞, we
couple the system and the bath. The differential equation for the bath coordinates Xi can be solved
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A Bare Keldysh and memory function

by introducing a Green’s function Gb:

(∂2
t + Ω2

i )Gb(t) = δ(t)⇒ G(t) =
θ(t)

Ωi
sin(Ωit). (A.7)

If follows

Xi =−
ˆ t

−∞
dt′G(t− t′)ciφ(t′)

=−
tˆ

−∞

dt′
ci
Ωi

sin
(

Ωi(t− t′)
)
φ(t′). (A.8)

The lower integration limit is t = −∞, where we couple the system to the bath. At times t . 0 the
system and the bath are in equilibrium, with the pre-quench mass ri. At t = 0 the quench is performed.
We are only interested in the dynamics after the quench, therefore we want to shift all lower integration
limits up to zero. To do so, we have to introduce the initial values of the bath operators Xi(t = 0) = X0

i

and Pi(t = 0) = P 0
i . It holds:

Xi = −
0ˆ

−∞

dt′
ci
Ωi

sin
(

Ωi(t− t′)
)
φ(t′)−

tˆ

0

dt′
ci
Ωi

sin
(

Ωi(t− t′)
)
φ(t′)

= −
0ˆ

−∞

dt′
ci
Ωi

(sin(Ωit) cos(−Ωit
′) + cos(Ωit) sin(−Ωit

′))φ(t′)−
tˆ

0

dt′
ci
Ωi

sin
(

Ωi(t− t′)
)
φ(t′)

= −
tˆ

0

dt′
ci
Ωi

sin
(

Ωi(t− t′)
)
φ(t′) +X0

i cos(Ωit) +
P 0
i

Ωi
sin(Ωit). (A.9)

Next, this result can be used to derive the equation of motion for ϕ:

(∂2
t + r(t) + k2)ϕ(k, t) =

∑
j

ˆ
dt′

c2
j

Ωj
θ(t− t′) sin

(
Ωj(t− t′)

)
ϕ(k, t′)−

∑
j

cjX
0
j cos(Ωjt)

−
∑
j

cj
P 0
j

Ωj
sin(Ωjt)

= −
∞̂

−∞

dt′η(t− t′)ϕ(k, t′) + Ξ(t). (A.10)

Here, we introduced the function

Ξ(t) = −
∑
j

cj(X
0
j cos(Ωjt) + P 0

j /Ωj sin(Ωjt)), (A.11)

which contains the memory of the bath about the pre-quench state Xj and Pj . The spectral function
η(t) of the bath is given by:

η(t) = −θ(t)
ˆ

dω′

π
η(ω′) sin(ω′t). (A.12)

η(ω) is given by Eq. (1.6).
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A.2 Derivation of the memory function by explicitly analyzing the force-force anticommutator

A.2 Derivation of the memory function by explicitly analyzing the
force-force anticommutator

In this section, the expectation values inM(ω, ω′) = δij〈
[
Fi(k, ω), Fj(k, ω

′)
]

+
〉 are evaluated explicitly.

F is given by

F
(
k, ω

)
=πi

(
k
)
− iωϕi

(
k
)

+ Ξ
(
k, ω

)
, (A.13)

Ξ(k, t) =−
ˆ 0

−∞
ds η(t− s)ϕi(k, s) (A.14)

In this section, the external field h is set equal to zero, to simplify the calculations. Further, the
component index of ϕ and π is skipped, as only one component enters in the memory function due to
the Kronecker δij . Inserting the explicit form of F into M yields

M(ω, ω′) = 〈[πi, πi]+〉 − ωω′〈[ϕi, ϕi]〉+ iω〈[ϕi, πi]+〉+ iω′〈[πi, ϕi]+〉

+ iω′〈[Ξ(ω), ϕi]+〉+ 〈[Ξ(ω), πi]+〉+ iω〈[ϕi,Ξ(ω′)]+〉+ 〈[πi,Ξ(ω′)]〉

+ 〈[Ξ(ω,Ξ(ω′)]+〉. (A.15)

As those expectation values are taken in equilibrium, of the pre-quench system, they can be evaluated
with the Matsubara technique, where it holds for two bosonic operators A and B,

〈A(0)B(0)〉 =i

ˆ ∞
−∞

dωnB(ω)
(
GR(ω + iδ)−GA(ω − iδ)

)
=T

∑
ωn

G(iωn), (A.16)

with the corresponding retarded Green’s function iGR(t, t′) = θ(t− t′)〈[A(t), B(t′)]−〉 = iGA(t′, t) and
the Matsubara Green’s function G(iωn). nB is the Bose-Einstein distribution function. This yields for
the zero-time expectation values in 〈

[
Fi(k, ω), Fi(k, ω

′)
]

+
〉:

〈ϕiϕi〉 =T
∑
n

1

ω2
n + ω2

i + ηM (iωn)
, (A.17)

〈πiπi〉 =T
∑
n

ω2
i + ηM (iωn)

ω2
n + ω2

i + ηM (iωn)
, (A.18)

〈ϕiπi〉 =T
∑
n

−ωn
ω2
n + ω2

i + ηM (iωn)
. (A.19)

The expectation value of 〈ππ〉 is divergent in the limit of an infinite large bath cutoff ωc. The term in
the last line vanishes, as G(iωn) is a symmetric function in the sum. The LT of Ξ must be performed
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with some care. It holds

〈Ξ(ω)ϕ〉 =T
∑
n

G(iωn)
iω

ω2 − ω2
n

(
η(ω)− ηM (iω)

)
, (A.20)

〈Ξ(ω)π〉 = − T
∑
n

G(iωn)
ω2
n

ω2 − ω2
n

(
η(ω)− ηM (iω)

)
, (A.21)

〈Ξ(ω)Ξ(ω′)〉 =
1

2
ν(ω, ω′) + T

∑
n

G(iωn)

(
ωω′ − ω2

n

)
(ω2 − ω2

n)(ω′2 − ω2
n)

[
η(ω)− ηM (iωn)

] [
η(ω′)− ηM (iωn)

]
.

(A.22)

The function ν(ω, ω′) is the double LT of the Keldysh component of the bath-spectral function. The
expectation values of 〈Ξ(ω)π〉 are also divergent in the limit of an infinite large bath cutoff ωc. Taking
the anticommutator, all terms can be inserted into M . This yields

M(ω, ω′) =ν(ω, ω′) + 2T
∑
n

G(iωn)
(
ω2

i + ηM (iωn)− ωω′ − i(ω + ω′)ωn

)
+ 2T

∑
n

G(iωn)
−ω′ω − ω2

n

−ω2
n + ω2

(
η(ω)− ηM (iω)

)
+ 2T

∑
n

G(iωn)
−ω′ω − ω2

n

−ω2
n + ω′2

(
η(ω′)− ηM (iω′)

)

+ 2T
∑
n

G(iωn)

(
ωω′ − ω2

n

)
(ω2 − ω2

n)(ω′2 − ω2
n)

[
η(ω)− ηM (iωn)

] [
η(ω′)− ηM (iωn)

]
. (A.23)

To bring the memory function in the desired form, it is necessary to transform all terms to the common
denominator ((ω − iωn)(ω′ + iωn))−1. This term can be simplified:

1

(ω − iωn)(ω′ + iωn)
=

1

ω + ω′

(
1

ω − iωn
+

1

ω′ − iωn

)
. (A.24)

Further, one uses
GR
−1

(ω) = −ω2 + ω2
i + η(ω). (A.25)

This yields

M(ω, ω′) =2T
∑
n

G(iωn)

ω + ω′

(
1

ω − iωn
+

1

ω′ − iωn

)
GR
−1

(ω)GR
−1

(ω′) (A.26)

With the LT of the Keldysh function

GK(ω) = 2T
∑
n

G(iωn
ω − iωn

, (A.27)

one finally finds the result in Eq. (3.62).
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A.3 The bare post-quench Keldysh function in the limit of Sotiriadis and Cardy

A.3 The bare post-quench Keldysh function in the limit of Sotiriadis
and Cardy

In this section the bare post-quench Keldysh function obtained by the boundary conditions in Eq. (6.10)
is derived via the memory ansatz. If the system is initially a non-interacting, purely ballistic system, g
is given by

gballistic(ω, ωi) =− 1

ωi

1

|ω|+ ωi
. (A.28)

This follows directly from evaluating the function g and using Im gR(ωi, ω) = π
2ωi
δ(ω − ωi). Inserting

this result into n gives:

n
(
ω, ω′, ωi

)
=gR(ωi, ω

′)
−1 − gi(ωi, ω)gR(ωi, ω)

−1
gR(ωi, ω

′)
−1

=
|ω|
ωi

(
ω′2 − ω2

i + i0+
)
. (A.29)

Inserting n into the memory function yields

M(ω, ω′, ωi) =
1

ωi

ω
(
ω′2 − ω2

i + i0+
)

+ ω′
(
ω2 − ω2

i + i0+
)

ω + ω′ + 2i0+

=
−ω2

i + ωω′

ωi
. (A.30)

Note that M is real and has no poles. Thus the back-transformation of the Keldysh function can
straightforwardly be performed by

GK(t, t′) =i2
ˆ

dωdω′

π2
ImgR(ωf , ω)ImgR(ωf , ω

′)M(ω, ω′, ωi)e
−iωte−iω′t′

=− 1

4ω2
f

(
M(ωf , ωf , ωi)e

−iωf (t+t′) +M(−ωf ,−ωf , ωi)e
iωf (t+t′)

−M(ωf ,−ωf , ωi)e
−iωf (t−t′) +M(−ωf , ωf , ωi)e

iωf (t−t′)
)
. (A.31)

Evaluating the memory function and using the exponential expression for the cosine one finds the result:

GK(t, t′) =
ω2

i − ω2
f

ωiω2
f

cos
(
ωf [t+ t′]

)
−
ω2

i + ω2
f

2ωiω2
f

cos
(
ωf [t− t′]

)
. (A.32)

This result was derived by Sotiriadis and Cardy in Ref. [63] by using the boundary conditions at t = 0
of a free harmonic oscillator with eigenfrequency ωi.
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B Appendix B

The deep quench expansion

The post-quench, bare Keldysh function was obtained via the memory ansatz presented in section 3.5.2.
Typically, at finite times after a quench the Keldysh function will depend on the quench amplitude
ωi for the isolated as well as for the open system. However, to achieve a scaling form, it is necessary
that the bare Keldysh function gK(k, t, t′) does not depend on any further energy scale than kz. In
chapter 3.5.3, the relevant limit of an infinite large quench amplitude is considered. A crucial role plays
the function gi(k, ω), which arises as supplementary term of the FDT in Laplace-space. It is shown,
that the memory functionM is independent of ωi, if only the zeroth order term in an expansion in 1/ωi

in gi is considered. However, second order terms in this expansion are relevant in section 6.2. Details
of the expansion ωi →∞ of gi are considered in this section. The final result of this expansion is

gi(ωi →∞, ω) = − 1

ω2
i

(
1 +
|ω|
ωz
′

i

C(1)
α +

ω2

ω2z′
i

C(2)
α +O

((
ω/ωz

′
i

)3
))

. (B.1)

The coefficients C(1)/(2)
α and the exponent z′ are derived in this section, as well as their impact on the

effective mass, given in Eq. (4.87),

r(t) =
cKεt

ε/z

2

ˆ ∞
0

dk k3−z−ε
(
igK(k, t, t)− iGKeq(k, 0)

)
. (B.2)

The memory function M can be obtained from the function gi via Eq. (3.65) and Eq. (3.66):

M(k, ω, ω′) =
sign (ω)n

(
ω, ω′, ωi

)
+ sign

(
ω′
)
n
(
ω′, ω, ωi

)
ω + ω′ + i0+

, (B.3)

n
(
ω, ω′, ωi

)
=gRi (k, ω′)

−1 − gi(k, ω)gRi (k, ω)
−1
gRi (k, ω′)

−1
. (B.4)

With those equations, the Keldysh function can be obtained via GK(ω, ω′) = M(ω, ω′)gR(ω)gR(ω′).
Let us start with the function gi(k, ω), arising from the FDT version in Laplace space:

gi(k, ω) = 2

ˆ ∞
0

dε

π

1

|ω|+ ε
ImGRi (ε) . (B.5)

This function is analyzed in the deep quench limit ωi →∞. The pre-quench Green’s function GRi does
not obey a scaling form, but still the integral can be split approximately into the two dynamic regimes.
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B The deep quench expansion

For α < 2 the function g is given by:

gi(k, ω) ≈ 2

ˆ ωγ

0

dε

π

1

|ω|+ ε

−γεα

(ω2
i + γ coth (2πα) εα)2 + γ2ε2α

+ 2

ˆ ∞
ωγ

dε

π

1

|ω|+ ε

−0+

(ε2 − ω2
i )2 + 0+2 , (B.6)

and for α > 2:

gi(k, ω) ≈ 2

ˆ ωγ

0

dε

π

1

|ω|+ ε

−0+

(ε2 − ω2
i )2 + 0+2

+

ˆ ∞
ωγ

dε

π

1

|ω|+ ε

−γεα

(ω2
i + γ coth (2πα) εα)2 + γ2ε2α

. (B.7)

By using the property of the Dirac delta function δ(x) = π limε→0 ε/(ε
2 + x2), the integrals can be

simplified further, yielding for α < 2:

gi(k, ω) ≈ 2

ˆ ωγ

0

dε

π

1

|ω|+ ε

−γεα

(ω2
i + γ coth (2πα) εα)2 + γ2ε2α

− 2θ(ω − ωγ)
1

|ω|+ ωi
, (B.8)

and for α > 2:

gi(k, ω) ≈ − 2θ(ωγ − ω)
1

|ω|+ ωi
+

ˆ ∞
ωγ

dε

π

1

|ω|+ ε

−γεα

(ω2
i + γ coth (2πα) εα)2 + γ2ε2α

. (B.9)

The two cases ωi � ωγ and ωi � ωγ will be discussed in the following for α ≶ 2.

Consider first ωi → ∞, where the quench amplitude is the largest scale of the system. In this case,
the integral part

´∞
ωγ

is the dominant contribution in g. In this integral, the limit ωγ → 0 can be
approximately taken, keeping in mind the correct order of the limits. This can be seen explicitly, here
for α < 2. If ωi � ωγ , the first integral on the right hand side in Eq. (B.8) reads

− 2

ˆ ωγ

0

dε

π

1

|ω|+ ε

γεα

(ω2
i + γ coth (2πα) εα)2 + γ2ε2α

≈ − 2γ

ω4
i

ˆ ωγ

0

dε

π

ε2/z

|ω|+ ε
. (B.10)

A further approximation can be made by neglecting the ω-dependence in the integral, as only frequencies
ω � ωγ are considered, and the integral is convergent at the lower boundary. Thus this term is,
multiplied with ω4

i , some non-universal constant which decays exponentially fast in the post-quench
Keldysh function. The scaling-form important terms going with γω2/z are not generated by this integral.
For α > 2, i. e. a dynamic exponent z = 1, only the second integral on the right hand side in Eq. (B.9)
can contribute, thus here no further terms occur.
With those approximations, in the deep quench limit, a scaling function g = φ(|ω|/ωz′i )/ω2

i can be
introduced. Note, that this scaling form has a counter intuitive dynamical exponent, z′ = 1 for α < 2,
as here the dominant part in Eq. (B.8) originates from the ballistic dominated contribution for ωi →∞.
For α > 2, it holds z′ = 2/α, as the dominant part in Eq. (B.9) is the diffusive one.
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The highest order term in an expansion for |ω|ωz′i � 1 yields

lim
ωi→∞

gi(k, ω) ≈ −1

ω2
i

(B.11)

for all z and α. The universal exponent θ is determined with this scaling part in appendix C and E.
However, higher order terms have to be considered, as the function g will be multiplied with ω4

i , see
also sections B.1 and B.2.

The condition for ωi being the largest scale of the system is a strong one, especially if weak quenches
are considered. In the RG-sense it will always be fulfilled for α < 2 after some time ti, see section B.3.
A scaling form of the effective mass can already be expected below this time-scale, due to the properties
of g. Now, the scaling form of g for ωi � ωγ is analyzed. First consider the case α < 2. For ωi � ωγ ,
the function g reads:

g(ωi, ω) ≈ 2

ˆ ωγ

0

dε

π

1

|ω|+ ε

−γεα

(ω2
i + γ coth (2πα) εα)2 + γ2ε2α

. (B.12)

The upper boundary of the integral can be sent to infinity, as ωγ is now the largest scale of the system.
This yields

g(ωi, ω) ≈ φ(|ω|/ωzi )

ω2
i

. (B.13)

Thus, the scaling function of g has the same dynamic exponent as the system dynamics. This scaling
function reads

φ(x) = − 2

π

ˆ ∞
0

dy
1

γz/2x+ y

y2/z(
1 + cot πz y

2/z
)2

+ y4/z

. (B.14)

Again, φ(0) = −1, leading to the scaling form in the memory function. Higher order terms in the
expansion for small γz/2|ω|/ωzi � 1 have to be included, as they are multiplied with ω4

i . The first
order corrections have no impact at the upper critical dimension, for the same reason as in section B.1.
Second order corrections are now important as well, as they go with

γω2−2z
i � γzω2(1−z)

γ

� 1, (B.15)

where ωγ = γz/(2(z−1)) has been used, as well as z > 1, thus the exponent of ωi is negative. Note
however, that the time dependence of those second order terms goes with t−2, and thus does not affect
the time dependence and the coefficient of the scaling form. For systems with α > 2, only the ballistic
part of the integral has to be considered, as the integral ω∞γ dεε−1ImGRi leads to a constant which decays
exponentially in time in the post-quench Keldysh function. In this order of limits, the function g reads

g(ωi, ω) ' 1

ωi

1

ωi + |ω|
. (B.16)

Inserting this function into the Keldysh function, and performing the inverse LT, one finds the result
derived by Cardy and Sotiriadis in Ref. [63] and in section A.3.
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B The deep quench expansion

B.1 First order terms at the upper critical dimension

In this section, ωi is the largest scale of the system. If this condition is not fulfilled, one has to take
the appropriate other limit, by inverting α ≶ 2.

Performing a Taylor expansion for large quench amplitudes ωi, it is shown in section 3.5.3, that the
scaling function in g(ω, ωi) = φ(|ω|ωz′i )/ω2

i reads:

φ(x) ' −1 +
|x|
ωz
′

i

C(1)
α , (B.17)

with

C(1)
α =


1 for the closed, non-interacting system,
1 for α < 2,

2γ1/α
´

dy yα−2
(

(1 + coth(2πα)xα)2 + x2α
)−1

for α > 2.

(B.18)

Note, that again, the ballistic limit z′ = 1 is given for α < 2, while the overdamped limit z′ = 2/α
corresponds to α > 2. In this section, corrections in the Keldysh function due to this first order terms
are calculated. It will be shown, that those terms have no impact on the effective mass r(t) near the
upper critical dimension. Inserting the first order correction, proportional to C(1)

α , into the function g
yields

g(1)(ωi, ω) =
|ω|

ω
2+2/α
i

C(1)
α . (B.19)

In n the function g will be multiplied with [gR]−1[gR]−1. Thus, the leading correction to the deep-quench
result reads

n(1)(ω, ω′, ωi) =− ω4
i g

(1)(ωi, ω)

=|ω|ω2−2/α
i C(1)

α . (B.20)

For α ≤ 2 this term is relevant in the limit ωi →∞. The correction to the memory function from this
part,

M (1)(ω, ω′) = ω
2−2/α
i C(1)

α , (B.21)

is independent of ω and ω′. The Keldysh function originating from this term can be evaluated directly:

GK(1)(k, t, t
′) = ω

2−2/α
i C(1)

α gR(k, t)gR(k, t′) . (B.22)

To consider corrections of this term in the effective mass, the k-integral over GK(1)(k, t, t
′) is needed.

Here, the dimension is directly expressed by d = duc− ε = 4− z− ε. Further, as only the bare retarded
function enters, one can use the scaling form gR(k, t) = k−2+zfR(kzt) to rewrite the k-integral as
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B.2 Second order terms at the upper critical dimension

integral over time. This yields
ˆ

ddkGK(1)(k, t, t) =Kdω
2−2/α
i C1(α)

ˆ
dk k3−z−εgR(k, t)gR(k, t)

=
Kdω

2−2/α
i C

(1)
α

zt

ˆ ∞
0

dxFR(x)FR(x)

=Kd
k4−d

zt

ˆ
dt′GK(1)(k, t

′, t′). (B.23)

The integral over time of GK(1)(k, t
′, t′) can again be expressed by using the double LT properties of

GK(1):

ˆ
dt′GK(1)(k, t

′, t′) =ω
2−2/α
i C(1)

α

ˆ ∞
0

dt′
ˆ ∞
−∞

dωdω′

4π2
ImgR(k, ω)ImgR(k, ω′)e−i(ω+ω′−i0+)t

=ω
2−2/α
i C(1)

α

ˆ ∞
−∞

dωdω′

4π2
ImgR(k, ω)ImgR(k, ω′)

i

ω + ω′
. (B.24)

This integral vanishes since it is odd under the transformation ω → −ω, ω′ → −ω′. In summary, the
deep quench limit can be taken because the system is near the upper critical dimension and in this case
terms with GK ∝ ω2−z

i vanish under the integral in a controlled ε-expansion.

B.2 Second order terms at the upper critical dimension

For the second order terms the correction in the scaling function φ in g reads

φ2(y) = −2|y|2

π

ˆ ∞
0

dx
xα−3

(1 + xα)2 + x2α
, (B.25)

if g is given in the diffusive regime, and

ϕ2(y) = −|ω|
2

ω2
i

, (B.26)

if g is given within the ballistic regime. Thus in g this leads to a second correction

g(2)(ω, ωi) = − |ω|
2

ω2+2z
i

C(2)
α (ωi, γ) (B.27)

with the constant

C(2)
α (ωi, γ) =

(
1 if ωi is in the ballistic regime,

2γ2/α/π
´∞

0 dx xα−3

(1+xα)2+x2α
if ωi is in the diffusive regime. (B.28)

Multiplied with ω4
i in the function n this term results in a second order correction

n(2)(ω, ω′) = −|ω|2ω2−2z
i C(2)

α (ωi, γ). (B.29)
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B The deep quench expansion

Note, that this second order term is always important if gi is determined in the overdamped limit, since
it holds γωαi � ω2

i . The back-transformation of this term into the Keldysh-function yields

gK(2)(k, t, t
′) =ω2−2z

i C(2)
α (ωi, γ)

ˆ
dωdω′

π2
ImgR(ω)ImgR(ω′)

sign(ω)|ω|2 + sign(ω′)|ω′|2

ω + ω′
e−iωte−iω′t′ .

(B.30)

By using the scaling form of gR it can be expressed as

gK(2)(k, t, t
′) =ω2−2z

i C(2)
α (ωi, γ)k−4+3z

ˆ
dydy′

π2
Img(y)Img(y′)

signy|y|2 + signy′|y′|2

y + y′
e−i qzte−i qzt′ .

(B.31)

In the effective mass, the k-integral over gK(2)(k, t, t
′) is needed. Like for the first order term, the integral

is evaluated at the upper critical dimension. This yields

ˆ
ddk gK(2)(k, t, t

′) =
ω2−2z

i C
(2)
α (ωi, γ)

zt2

ˆ ∞
−∞

dydy′

π2
Im g(y)Im g(y′)

sign(y)|y|2 + sign(y′)|y′|2

(y + y′ + i0+)(y + y′ − i0+)2
. (B.32)

This integral is finite. It can be brought on the form
ˆ ∞
−∞

dydy′

π2
Im g(y)Im g(y′)

sign(y)|y|2 + sign(y′)|y′|2

(y + y′ + i0+)(y + y′ − i0+)2

=

ˆ ∞
0

ˆ ∞
0

dydy′

π2
Im g(y)Im g(y′)

(y2 + y′2)

(y + y′)3
−
 ∞

0

dydy′

π2
Im g(y)Im g(y′)

(y − y′)(y2 − y′2)

(y + y′)4
,

(B.33)

where
ffl

is the principal value.
Interestingly the time-dependence of this term goes like the scaling solution of the ballistic system with
t−2 even for z 6= 1.

B.3 Time-scales of the deep quench expansion

The deep-quench limit can be taken after a various number of different times, depending on the expo-
nent α and the function g, as well as the interplay of the different parameters γ and ωi. In this section
those time-scales are summed up.

From the RG-flow, the time-scale tRG can be derived, and it follows ωi > ωγ . In this time regime,
the deep-quench condition, ω � ωi for α < 2, is per construction always fulfilled. Therefore the flow of
ωi(l) is considered (here for α < 2):

ωγ = ωie
l∗ . (B.34)

l∗ can be expressed by a time, using tRG = tmice
−zl∗ . This yields

tRG = tmic

(
ωi

ωγ

)−z
. (B.35)
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B.3 Time-scales of the deep quench expansion

The dependence of tRG of the quench-amplitude corresponds to the mean-field value of the cross-over
timescale t∗. Thus, beyond the prethermal regime, the deep-quench limit can always be taken.
For times within the prethermal regime, one has to consider the deep-quench conditions

γz/2|ω|/ωzi � 1 . (B.36)

This corresponds to times t � ω−zi γz/2. Also note, that ωi =
√
k2 + r0,i, thus for modes near the

cutoff or with γz/2k−zt > 1, the deep-quench condition is always fulfilled, and the limit (with some
corrections arising from the slow modes) can be taken already on microscopic times.

For α > 2, one must include the flow of γ, and thus ωγ(l) = ωγ(l = 0)el. Both frequencies flow
equally under the RG. The deep quench condition in the ballistic part reads:

t� 1

ωi
. (B.37)
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C Appendix C

Derivation of the integral in C0 for the open
system

The amplitude of the effective mass and thus the value of the exponent θ, are determined by the coeffi-
cient C0 in Eq. (4.82). In this chapter the key integral in C0 is evaluated for the open quantum system,
discussed in chapter 5. The integral in C0 can be evaluated numerically for z > 1 and analytically for
z = 2. Here, we show how to bring the integral in C0 on a scaling form, see Eq. (C.20). This enables
the application of numerical analysis, and the explicit evaluation of the integral for an Ohmic bath.
The final result for θ is depicted in figure 5.2.

The effective mass is given by Eq. (4.87),

r(t) =
cKεt

ε/z

2

ˆ ∞
0

dk k3−z−ε
(
igK(k, t, t)− iGKeq(k, 0)

)
. (C.1)

To determine the key integral

I(t) =

ˆ ∞
0

dk k3−z−ε
(
igK(k, t, t)− iGKeq(k, 0)

)
, (C.2)

one can use the scaling properties of gK(k, t, t) and the equilibrium Keldysh function GKeq(k, 0), to write
this as integration over time:

I(t) =t−2/z−ε/zk4−zI(k) , (C.3)

I(k) =

ˆ ∞
0

dt t(2−z)/z
ˆ ∞

0
ds

ˆ ∞
0

ds′ δM(s, s′)gR(k, t− s)gR(k, t− s′) . (C.4)

By evaluating the integral I(k), the coefficient C0 = k4−zI(k) can be obtained.
The bare post-quench Keldysh function in I(k) can be written as

i gK(k, t, t) =

ˆ ∞
0

ds

ˆ ∞
0

ds′M(s, s′, ωi)g
R(k, t− s)gR(k, t− s′) , (C.5)

where the memory function introduced in section 3.5.2 was used. Using this memory function, to
express the equilibrium Keldysh function, one finds

I(k) =

ˆ ∞
0

dt t(2−z)/z
ˆ ∞

0
ds

ˆ ∞
0

ds′ δM(s, s′)gR(k, t− s)gR(k, t− s′) , (C.6)
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C Derivation of the integral in C0 for the open system

with δM(s, s′) = M(s, s′, ωi)−M(s, s′, k). To calculate the t-integral, the retarded Green’s function is
expressed as integral over frequencies, yielding

I(k) = −
ˆ

dω dω′

π2
Im gR(k, ω)Im gR(k, ω′)

ˆ ∞
0

ds

ˆ ∞
0

ds′ δM(s, s′)eiωs+iω′s′
ˆ ∞

0
dt t(2−z)/ze−i(ω+ω′)t .

(C.7)

The integral over t can now be calculated analytically:
ˆ ∞

0
dt t(2−z)/ze−i(ω+ω′)t =

Γ
(
2/z
)(

i(ω + ω′)
)2/z . (C.8)

The integral over s, s′ in Eq. (C.7) leads to the double Laplace transform of δM . Thus, it follows

I(k) = −
Γ
(
2/z
)

i2/z

ˆ
dω dω′

π2
Im gR(k, ω)Im gR(k, ω′)δM(ω, ω′) . (C.9)

The difference of the post-quench memory function and its equilibrium value can be evaluated with the
explicit form given in Eq. (3.65). By using this explicit form and the LT of the equilibrium Keldysh
function, δM can be written as follows:

δM(ω, ω′) =
signω δn(ω, ω′) + signω′ δn(ω′, ω)

ω + ω′
, (C.10)

with

δn(ω, ω′ =n(ω, ω′, ωi)− n(ω, ω′, k) . (C.11)

The function n was derived in Eq. (3.66), which yields

δn(ω, ω′ =[gR(ωi, ω
′)]−1 − g(ω, ωi)[g

R(ωi, ω
′)]−1[gR(ωi, ω)]−1

− [gR(k, ω′)]−1 − g(ω, k)[gR(k, ω′)]−1[gR(k, ω)]−1 . (C.12)

Here, to achieve a scaling form in the Keldysh function, only the zeroth order term in the deep-quench
limit ωi →∞ of g(ω, ωi) is considered. As the integral is evaluated explicitly in the over-damped limit,
the ω2 in gR can be neglected. With this approximations, δn reads

δn(ω, ω′) = k2 − η(ω)− η(ω′) + g(ω, k)
(
k2 − η(ω)

)(
k2 − η(ω′)

)
. (C.13)

At this point, it is useful to change over to dimensionless variables y(′) = γz/2ω(′)/kz. It holds

δn(ω, ω′) = k2δµ
(
γz/2ω/kz, γz/2ω′/kz

)
. (C.14)

Here, the function µ is introduced, which can be split into two parts

µ(y, y′) = δµa(y, y
′) + δµb(y, y

′) , (C.15)

where

δµb(y, y
′) =1− h(y)− h(y′) (C.16)

δµa(y, y
′) =φ(y)

(
1− h(y)

) (
1− h(y′)

)
. (C.17)
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The function φ is the scaling function of g(k, ω), given in Eq. (B.14). The function

h(y) = |y|2/z(− cot(π/z) + isign y) , (C.18)

is the dimensionless version of η(ω). Note, that δµb is symmetric in y, y′. To write the integral in C0,
the scaling function of the retarded Green’s function is needed, given as

fR(y) =
1

h(y)− 1
. (C.19)

In total, C0 reads

C0 =
Γ
(
2/z
)

i2/z

ˆ ∞
−∞

dy dy′

π2
Im fR(y)Im fR(y′)

1

y + y′

×
[
(sign y + signy′)δµb(y, y

′) + sign yδµa(y, y
′) + signy′δµa(y

′, y)
]
. (C.20)

This integral is real, as h(−y) = h∗(y), where h∗ is the complex conjugate. This integral can be
evaluated numerically for z > 1. For z = 2 it is also possible to derive the result analytically. Therefore,
parts of the integral originating from µa refer to Ia and parts from µb to Ib.
Explicitly for z = 2, the imaginary part of fR reads

ImfR(y) =
y

1 + y2
, (C.21)

and the scaling function φ of g:

φ(y) = −
1 + 2

π |y| ln |y|
1 + y2

. (C.22)

Firstly, the integral part Ib is evaluated:

Ib =−
ˆ ∞
−∞

dy dy′

π2

y

1 + y2

y′

1 + y′2
1

y + y′

=− 2

π
. (C.23)

And the part of Ia

Ia =− 4

ˆ ∞
0

dy dy′

π2

y

1 + y2

y′

1 + y′2
φ(y)

y + y′

− 4

 ∞
0

dy dy′

π2

y

1 + y2

y′

1 + y′2
φ(y)(y − y′)

(y − y′)2
, (C.24)

where in the last line,
ffl
stands for the principal value integration. The first integral gives 2/(3π), while

the second leads to 1/(3π), such that in total Ia + Ib = −1/π. This finally yields for the exponent:

θ(z = 2) =
N + 2

N + 8

ε

4
. (C.25)
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D Appendix D

Classical limit of the integral in C0

The amplitude of the effective mass and thus the value of the exponent θ, are determined by the
coefficient C0 in Eq. (4.82). In this appendix, the key integral in C0 is evaluated for the open classical
systems, discussed in section 5.6. Those results have been reported by using a different approach in
Ref. [28], for an Ohmic bath and in Ref. [29] for colored noise.
The first step, is to derive the classical limit of the bare, post-quench Keldysh function, or

δGK(k, t) = gK(k, t, t)−GKeq,cl(k, 0, 0) . (D.1)

Therefore, the classical limit in the memory function is taken. It is straightforward, as only the zeroth
Matsubara mode has to be kept, see Eqs. (A.17-A.22), yielding

M(ω, ω′) =ν(ω, ω′)− 2T + 2T
η (ω) η

(
ω′
)

ω2
i ωω

′ , (D.2)

where the ω2 terms have been neglected compared to η. The function ν(ω, ω′) is the double LT of
the bath-Keldysh part, which can be obtained via the FDT. The equilibrium memory function at the
critical point can be obtained by replacing ωi with k. Thus, the difference of the post-quench and the
equilibrium memory function reads in the deep quench limit:

δM(ω, ω′) = −2T

k2

η(ω)η(ω′)

ωω′
. (D.3)

And the difference of the corresponding Keldysh functions reads:

δGK(k, t) =
2T

k2

ˆ ∞
−∞

dω dω′

π2
Im gR(ω)Im gR(ω′)

η(ω)η(ω′)

ωω′
ei(ω+ω′)t . (D.4)

By introducing δfK(kzt/γz/2) = k2/(2T )δGK(k, t, t), the integrals can be expressed with dimensionless
variables,

δfK(x) =

ˆ ∞
−∞

dy dy′

π2

h(y)h(y′)

yy′
Im

1

1 + h(y)
Im

1

1 + h(y′)
ei yxei y′x , (D.5)

with h(y) given in Eq. (C.18). The two integrals over y, y′ are the inverse LT, with imaginary fre-
quencies, as introduced in section 3.4. Performing the LT with iω, it was convenient to evaluate the
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D Classical limit of the integral in C0

integrals of the quantum problem, where the back-transformation with the retarded Green’s functions
was straightforward. Here, to avoid taking care for the real and imaginary part of h, it is easier to
substitute y → iy. The bath spectral function η has already been calculated along the imaginary axis
in Eq. (1.9), and thus one part of the integrand can be written as

y2/z/ sin
(
π/z

)
y

1

1 + y2/z/ sin
(
π/z

) =
1

y

∑
j

(
− sin

(
π/z

)
y−2/z

)j
, (D.6)

where 1/(1 + y−2/z sin
(
π/z

)
) was formally expanded. The back-transformation of y−β−1 is given by

xβ , yielding

δfK(x) =

ˆ i∞

−i∞

dy

π
exy
∑
j

(−1)j sinj
(
π/z

)
y1+j2/z

2

=

∑
j

(
− sin

(
π/z

)
x2/z

)j
Γ
(
j2/z + 1

)


2

=E2
2/z

(
− sin(π/z)x2/z

)
, (D.7)

with the Mittag-Leffler function Eα(x) =
∑

j x
j/Γ(αj + 1). Inserting this result into C0 in Eq. (5.50),

yields

C0 =
1

2z
γ

ˆ
dxx2/z−1E2

(
− sin(π/z)x2/z

)
=

γ

4 sin
(
π/z

) ˆ dxE2(−x) . (D.8)

The coefficient Cz = − sin(π/z)/(γΓ(2/z)) is the same as in the quantum limit. With cK = 1 in
Eq. (5.48), one finds:

θ =
N + 2

N + 8

d(2/z)

4Γ
(
2/z
)εcl . (D.9)
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E Appendix E

Derivation of the integral in C0 for the
ballistic system

The amplitude of the effective mass and thus the value of the exponent θ, are determined by the
coefficient C0 in Eq. (4.82). In this appendix, the key integral in C0 is evaluated for the nearly isolated
system, discussed in section 6.2.2. To evaluated the integral in C0, one can follow the steps presented
in the first appendix of Ref. [30]. The same notation is used here as in Ref. [30]. One needs to calculate
the integral I(k), which determines the exponent θ. Therefore the difference between the initial and
final memory function is needed:

δM(ω, ω′) = Mi(ω, ω
′)−M(ω, ω′)

=
sign(ω)δn(ω, ω′) + sign(ω′)δn(ω′, ω)

ω + ω′
, (E.1)

with

δn(ω, ω′) = ni(ω, ω
′)− nk(ω, ω′)

= −ω2 − ω′2 + k2 − iη(ω)− iη(ω′) +
(−k2 + ω2 + iη(ω))(−k2 + ω′2 + iη(ω′))

k(|ω|+ k)

= µa(ω, ω
′) + µb(ω, ω

′). (E.2)

µa and µb are defined as

µa(ω, ω
′) = −ω2 − ω′2 + k2 − iη(ω)− iη(ω′), (E.3)

µb(ω, ω
′) =

(−k2 + ω2 + iη(ω))(−k2 + ω′2 + iη(ω′))

k(|ω|+ k)
. (E.4)

Inserting δn in C0 yields

C0 =
k3

i2

ˆ ∞
−∞

dω dω′

π2

ImGR(ω)ImGR(ω′)

(ω + ω′ − i0+)2

sign(ω)δn(ω, ω′) + sign(ω′)δn(ω, ω′)

ω + ω′ + i0+
.

(E.5)
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E Derivation of the integral in C0 for the ballistic system

First the integral over µa is evaluated in detail. µa is symmetric in ω, ω′, so only terms with signω =
signω′ contribute

Ia =
4k3

i2

ˆ ∞
0

dω dω′

π2

π2

4k2
δ(ω − k)δ(ω′ − k)

µa(ω, ω
′)

(ω + ω′)3

= −k µa(k, k)

8k3

= +
1

8
. (E.6)

To perform the integral over µb it is useful to note that µb(±k, ω) = µb(ω,±k) = 0 + O(γ). Hence,
the part of the integral with sign(ω) = sign(ω′) is zero in the ballistic regime and only the part with
sign(ω) = −sign(ω′) can contribute via the singular term 1/(ω+ω′)3. By analyzing the µb-part of δM
one finds:

δMb =
sign(ω)µb(ω, ω

′) + sign(ω′)µb(ω
′, ω)

ω + ω′

=
(−k2 + ω2 + iη(ω))(−k2 + ω′2 + iη(ω′))

k

( sign(ω)
|ω|+k + sign(ω′)

|ω′|+k )

ω + ω′

=
(−k2 + ω2 + iη(ω))(−k2 + ω′2 + iη(ω′))

k

sign(ω)( 1
|ω|+k −

1
|ω′|+k )

ω + ω′

=
(−k2 + ω2 + iη(ω))(−k2 + ω′2 + iη(ω′))

k(|ω|+ k)(|ω′|+ k)

sign(ω)(|ω′| − |ω|)
ω + ω′

= −(−k2 + ω2 + iη(ω))(−k2 + ω′2 + iη(ω′))

k(|ω|+ k)(|ω′|+ k)
. (E.7)

For ω = k, ω′ = −k this yields with iη(ω) = iω0+

δMb(k,−k) = δMb(−k, k) =
(ik0+)(−ik0+)

4k3
. (E.8)

This choice for the bath exponent corresponds to an Ohmic bath. Per construction, the infinitesimal
imaginary part from the Laplace transformation has the same units as η/ω. For a different type of
bath, the infinitesimal element of the LT has to be adapted correspondingly, leading to the same result.
Inserting into Ib yields:

Ib =
k3

i2

ˆ ∞
−∞

dω dω′

π2

π2

4k2

(
−δ(k + ω)δ(k − ω)− δ(k + ω′)δ(k − ω))

) δMb(ω, ω
′)

(ω + ω′ − i02)2

= +
k

4

2k20+2

4k3

1

(−i0+)2

=
1

8
. (E.9)

The integral over µb is also +1
8 , so in total it holds:

C0 = Ia + Ib =
1

4
. (E.10)

This yields for the non-equilibrium exponent θ = ε/2.
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