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ENERGY BOUNDS FOR BIHARMONIC WAVE MAPS IN LOW
DIMENSIONS

TOBIAS SCHMID

ABSTRACT. For compact, isometrically embedded Riemannian manifolds N — R, we
introduce a fourth-order version of the wave map equation. By energy estimates, we
prove an priori estimate for smooth local solutions in the energy subcritical dimension
n = 1,2. The estimate excludes blow-up of a Sobolev norm in finite existence times. In
particular, combining this with an upcoming work of local well-posedness of the Cauchy
problem, it follows that for smooth initial data with compact support, there exists a
(smooth) unique global solution in dimension n = 1,2. We also give a proof of the
uniqueness of solutions that are bounded in these Sobolev norms.

1. INTRODUCTION

Let (INV,h) be a (compact) Riemannian manifold, isometrically embedded (by Nash’s
theorem) into euclidean space N < R”. For a Riemannian manifold (M, g), we introduce
the action functional

1 (T
L) =5 /0 [ 10 ) = 1Byula OF aVi @)t v, = /ety da

for (smooth) maps u : M x [0,T) — N. We call u a (extrinsic) biharmonic wave map, if £
is critical in the following sense.

d

5L+ 0P)),_, =0, ®€CF(M x 0,T),R"), ®(x,t) € TywyN, (z,t) € M x [0,T).
In this case, u satisfies the condition
(1.1) ulx,t) + A2u(z,t) L TN, (z,t) € M x [0,T),

where A, denotes the Laplace-Beltrami operator on (M, g). More explicitly, we use the fact
that there exists a smooth familiy of orthogonal (linear) projector
P,:R* - T,N, p€ N,
in order to expand (|1.1)) into the equation
(1.2)  O%u+ Agu = (I — P,)(0?u + Af]u) =dP,(0yu, Oyu) + Ay(try dP,(Vu, Vu))
+ 2divy(dP,(Vu, Agu)) — dP,(Agu, Agu).

In fact, the projector maps are derivatives of the metric distance (with respect to N) in RE,
ie.

1 . .
p=1l(p) + §Vp(dlst2(p, N)), P, =V,Il(p), dist(p,N) < do.

We note that via this representation, it is possible to extend this family smoothly to all
of RY in order to solve the Cauchy problem for (1.2) without restricting the coefficients a
priori.
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2 T.SCHMID

We are particularly interested in the following Cauchy problem for M = R"

Ofu(t, z) + A%u(t, ) L Ty0)N, (t,x) € (0,T) x R"
(1.3) (u(0, ), u (0, 2)) = (uop(x), u1(x)), x €R"
(ug,ur) : R" = TN, wy(x) € Tyy() N = € R"
We state the following result
Theorem 1.1. Let n € {1,2} and u € C*®(R" x[0,T),N) be a local solution of (1.3).

Assume further

u —ug € C°([0,T), H""3(R™)) N C*([0,T), H"(R™)).
Then there holds
(1.4) lirtn/S;lp(IIUt(t)HHn + IVu(®)ll grnsr) < o0,

as long as T' < oo.

In an upcoming work [HLSS]|, the authors prove local wellposedness (in high regularity)
and a blow up condition for the Cauchy problem ([1.3]), which (by the proof of Theorem [1.1)
implies the following

Corollary 1.2. Let n € {1,2} and ug,u; : R" — R* ug(z) € N, ui(x) € Tuo(zyN for
x € R" and such that
(Vaug,up) € H¥(R™) x HF=H(R™),

for k € N sufficiently large. Then the Cauchy problem (1.3) has a global solution u :
R" xR — N with

u—up € CO(R, H*(R™)) n CY(R, H*"2(R™)).
In particular, if ug,uy are smooth and supp(Vug), supp(u1) are compact, then there exists a
global smooth solution of (1.3)).

We conclude this section with a few remarks.

In the sense explained above, (L.1) and (1.2]) are higher order versions of the wave map
equation

(1.5) Ogu = try dP,(Vu, Vu),
with the d’Alembert operator Oy = 87 — Ag. Equation (1.5)) is the Euler Lagrange equation

of the action functional
T
L(u) :/ / L(u) dVy dt
o Jm
1 ou ou

on the Riemannian manifold (M,g) with Lagrangian L(u) = §§Qﬂ<877 M), and where

8%0 = % and § = —dt? + g. This wave equation has been studied intensively in the past,
especially as a model problem for nonlinear dispersion and singularity formation. We refer
to [SS00] and |GG17] for an overview over the wellposedness and singularity theory of the

Cauchy problem for the wave map equation (|1.5)).

For the wave map problem, the action functional £ is independent of the embedding
N < R”. In our case however, there is an intrinsic biharmonic wave map problem, arising
from critical points of the (embedding independent) functional

T
Liu) = /O /M\atu\i—mg(wu)ﬁ qv,, dt.
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where V denotes the Levi-Civita connection of the pullback bundle u*T'N endowed with the
pullback metric u*h and the energy potential is given by the tension field 7, (u) = tr,(Vdu)
of u. Moreover, first variations are calculated intrinsically as follows.

a
do
such that supp(u —u®) CC M x (0,T) for |8| < do.

Then the Euler-Lagrange equation, which has been calculated for static solutions e.g. in
|Guo08], becomes

(1.6) Vo + A;hu + R(u)(du, Ag pu)du =0,

Li(u®),_, =0, u €C%®((=bo,00) x M x[0,T),N), u=u’

ls=0

where R is the curvature tensor and in the covariant notation, we set Ay pu = try(Vdu),
and use Afbhu = A, 1 (Agnu) = trg(Vry(u)).

Static solutions of ([1.2)) (and (1.6))) are extrinsic (and intrinsic) biharmonic maps, i.e. they
are maps u : (M,g) — (N,h) between Riemannian manifolds that are critical for the
(intrinsic or extrinsic) energy functional

1 1
F(u) = 3 /M |try(Vdu)|3 dV,, E(u)= 5 /M |Agul? dV,, respectively

where the latter is defined subject to an isometric embedding (N,h) < R™ . Biharmonic
maps (resp. the Euler Lagrange equation of E and F') and their heat flow has been studied
intensively in the past.

2. RELATED WORK AND LOCAL WELLPOSEDNESS IN HIGH REGULARITY

In [HLS18|, the authors pove the existence of a global weak solution into round spheres
SE=1 < RE. This is done by a penalization functional of Ginzburg Landau type, which
then gives a uniform energy bound in the penalty parameter. To prove convergence of such
approximations, the authors depend on the geometry of the sphere, more precisely, the
equation can be rewritten in divergence form. This argument has been used for the wave
map equation with N = S£=! and M = R" in [Sha88] and further the divergence
form has been used in [Str03|, in order to prove weak compactness of the class of stationary
solutions of on the domain M = R*.

As mentioned above, in the upcoming work [HLSS|, the authors prove local wellposedness
of the Cauchy problem (1.3). More precisely, let ug,u; : R™ — RE, uo(x) € N, ui(x) €
Ty (z)N for L™ a.e. x € R™ with

(Vug,u1) € H1(R") x H*2(R™), k > [%J +2 keN.
Then there exists a T' > 0 and a (unique) solution u : R"™ x[0,T) — N of (1.3]) with
u—ug € C°([0,T), H*(R™)) N C([0,T), H**(R™)).

From this, we note that in particular we obtain Corollary [[.2] from a blow up condition
contained in [HLSS]. In the following, note that the energy functional

1
(2.1) E(u(t)) = 5/ lug|? 4 |Aul?de,
R’IL
is formally conserved along solutions u. This implies the bound

d

2.2

|Vul?de < E(u(0)).
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Both, (2.1)) and (2.2)), will be used in the following for smooth solutions. We further note
that below in section 4, we inculde a short argument for the uniqueness of such solutions in
dimension n =1, 2, 3.

3. PROOF OF THEOREM [L.1]

Since for solutions u of , resp. the Cauchy problem , the term 0%u + A2u is
a section over the normal bundle of u*(T'N), we let codim(N) = L—{forl e N, [ < L
and first assume the normalbundle T+ N of N ¢ R is parallelizable. This means there
exists a frame of (smooth) orthogonal vectorfields {v1(p),...,v_i(p)} € R*, p € N with
vi(p) L T,N for every p € N.

In this case, for any local solution u, we have an explicit representation for the nonlinearity

in terms of v;(u).

L—1
(3.1) Ofu+ Au =) G'(u)vi(u) =: G (w)v;(u),

i=1
where G;(u) = (0}u + A2u,v;(u)). We thus calculate

(0Fu, vi(u)) = —(ue, dvi(u)uy),
(A2u,vi(u)) = —3(V Au, dv;(u)Vu) — (Vu, dv;(u)V Au)
— (Vu, dPv;(u)(Vu)® 4 2d%v; (u)(Vu, V2u) + d?v;(u)(Vu, Au))
— 2(V?u, d*v;(u)(Vu)? + dv; (V) — (Au, d*v;(u)(Vu)? + dvi(Au)),
where we denote by d*v; the kth order differential of ; on N and write (Vu)?, (Vu)? for
products of first order derivatives of u with eiter two order three factors, respectively. The

precise product, e.g. 9y ,u - 0% u or Jy,u - 0% u - Oy, u will become clear in the terms of the
expansion. The result in Theorem is known for N = SE=1 and n < 2 thanks to [FO10).

Case: n = 2 We apply A = 9;0° on both sides of (3.1)). Then, testing the differentiated
equation by Awug, we infer

d

2 —

(|Aug|? + |A?u|?)de = / A(GH(u)v; () Aupda.

n

Since G*(u) contains derivatives of order three, we can not proceed by the Holder inequality.
Instead, we follow [FO10], where the authors showed that the highest order derivative cancel
in the case N = SE~1 v(u) = u. Since

A(GH (u)vi (1) Auy = A(GH(u))v;(w) Aug + 2V (G (1)) - V(vi (1)) Aug + G (u) Av; (u) Aug,
and
0 = A(vi(u)uy) = 2dv;(u) (V) - Vg + v (w) Aug 4 d?vi(u) (Vu)?us + dv;(u)(Au)uy,
it follows

A(GH(u)vi(u))Auy = — AG (u) (2dui (u) (V) - Vug + d?vi(u)(Vu)?u; + dl/i(u)(Au)ut)
+ 2V G (u) - dvi(u)(Vu) Auy
+ G (u) (d®vi(u)(Vu)? + dvi(u) Au) Au,.
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Hence we observe, by integration by parts for the first summand,

. A(GH (w)vi(u))Auy dr = . VG (u) - [3d*v;(u)(Vu)*Vus 4 3dv; (u)(Au) Vug]dz
+ - VG (u) - [4dv;(u)(Vu)Auy + d> vy (v) (V) ug)de
+ - VG (u) - [3d*vi(u)(Au, Vu)ug + dvi(u)(VAu)ug]de
+ - G (u)(d?v; (u)(Vu) uy + dvi(u)(Au)) Auy de.
Instead of deducing bounds for this terms that depend on the normal frame {v4,...vp_;},

we turn to the general case and use the normal projector I — P, : RE — (T,N)* along the
map u : R" x[0,7) — N in order to represent the nonlinearity in (3.1 as

(3.3) Ofu+ A%u = (I — P,)(0}u + A?u).

Here, we proceed similarly, ie. we use

(3.4) A((I = P)(0fu + A%u))Auy = A((I — P,)*(07u + A%u))Auy,

and hence

A((I = P)?(0Fu + A2u))Auy =A[(I — P,)|((I — P,)(07u + A%u))Auy

+2V(I - P,) - V((I — P,) (0} + A%u))Awy
+ (A[(I = P,)(0fu + A%u)])(I — P,)Auy.

In order to treat the last summand, we expand

0=A(I - P)u) = (I — P,)Auy — d*P,((Vu)?,uz) — dPy(Au, up) — 2d P, (Vu, V).

Hence, as before, integration by parts yields

A((I — P,)(02u + A%u)) Auyg
Rn

=— d*P,((Vu)?, (I — P,)(0}u + A%u))Aug dx

R'ﬂ/
- dP,(Au, (I — P,)(07u + A%u))Auy da
R™
—2 [ dP,(Vu,V[(I — P,)(0?u + A*u)])Au; dx
R™

- / VI~ P)@Fu -+ A%)] - VAP, ) + 24P, (Vu, V) + & Pu((Vu)?, u,)] da.

We first note the pointwise bounds
(3.5)

(I = P)(@Fu+ M%) S |wl® + [V2ul? + [V2ul[Vul” + [VPul[Vu] + [Vul*
(3.6)

VI = Pu)(0Fu+ A*u)]| S [Vl fue] + [Vullue* + [A%u]|Vul

+ V2| (V2| + [Vul?) + [Vul[VZul? + [Vul* [Vl + [Vul,
where the constants only depend on the supremum norm

1dPlcs = [1dPllc, () + Hd2Pch(N) + HdBPch(N) + Hd4PHC;,(N)'
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We now estimate, using (3.5)) and(3.6]),

1 P (V) (T = Pu) (07w + A%u)) Aug 1
S 1A o 1Vul T | el o el 2 + [|9%0l] oo | AU] 2 + [ Vul o 1Al 2

2 2
+IVAull L2 [Vl oo + [ VullLa [[Vull Lo |,

AP, (Au, (I — P,)(07u + A%u)) Ayl 1
S AUl Al oo | el o el g2+ [[V20l| oo 1AU] 2 + 1V ull7a | Al o

2 2
+ VAUl 2 [Vull oo + [ Vull s [Vull e

= [|Au g2 [ Aull oo [Nl poo luell 2 + || V0] o 1A 12 ]
+ h(6)? | A o | Au] oo [ A0 2 + [Vl 74 ]
+ h(t) ||AutHL2 ”AUHLOO ||VAU||L2 .

where we set h(t) := [|[Vu(t)|| . We note further that the equality is up to the constant
from the estimate. We hence proceed by estimating
1dP.(Vu, V(I = Pu)(0Fu+ A%u)]) Aug 1
S 1 Au| g2 [Vl oo [||Ut||Loo IVaell 2 + 1Vull o lluellZo + [|A%0]] o 1 Vul|
+ VAU L (V2] oo + [ Vull7) + [Vl oo |Aull 2 | V20| o + (AU 2 [Vl
+ 19l [Vl

= h(t) 18w g2 [l poe 1Vuell 2 + 1Vl 2 el 7o + 1V AU 2 [[V2l] o + [ Aull 2 V|- ]
+ 12 () [ Aue o [[|A%]] o + IVl oo IV AU 2 + [|Aul| 2 [ VPu]| oo + 1 Vul] 2 [ Va7 ].

We calculate

V[dP,(Au,us) + 2dP,(Vu, Vug) + d* Py ((Vu)?, ug)]
= d*P,(Vu, Au,u;) + AP, (VAu, u;) + dP,(Au, V) + 2d* P, ((Vu)?, Vi)
+ 2dP,(V?u, Vug) + 2dP,(Vu, Vu;) + d* Py (Vu)?, uy) + 2d* Py (Vu, Vu, up) + d* P, ((Vu)?, V),
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and hence
|V[dP,(Au, u;) + 2dP, (Vu, V) + d? P, ((Vu)?, up)] - V[(I — Py)(0%u + A2%u)]|| 1
< (IAu]l o 1Vl poo el poo + 1V AUl o el oo + (AU oo + [ Vul7 o) [ V]| 2

3 2
+ 1A 2 1Vull o + 1V ul| 2 el 2 ) [nutnm IV uell o+ IVl o fuell o + (A% [Vl
2
+ VA 2 (V20 oo + I Vullze) + 1 Vull oo | Aull e V],
3 4
+ [ Aul 2 |Vull} < + [Vl 2 ||w|Lm}

= (IV AU 2 [l oo + [1A0l] oo (102 2) [l oo (V2] 2+ V0] o (el
+ VAUl 2 [V o + 1A [Vl ]
+h(O (VAU o [l oo + (AUl oo 1V 1) [[|A%]| 2 + [Vl oo VA
+Aul 2 [Vl o + [Vl [Vl ]
+ () (18] o uell oo + Vel o [Vl oo + 1A + 1Vl ftel o) [ e e V0] 2
+ 1 Vaull 2wl + 1V AUl o ([ V20| oo + (Al (V]3]
+ B2 1Al o el o + [Vl o 1Vl oo + D0 2+ (V0] fell o) [ || A%l 2

+ IVl o 1V AU 2 + | Aul| 2 [ V2u]| o + 1Vl 2 [Vl ]

[
We note that the energy is conserved, ie. for ¢ € [0,T)
(37 2B(u(t) = | Au)72 + 10D 72 = [ AuolZe + fur|7e = 2B (uo, u),

and further, this implies the bounds

(3.8) sup ||Vu(t)| ;2 S V1+T(VE(uo,u1) + |Vugl|2), and
t€(0,T)

(3.9) S[UP : [w(t) = uoll> S TV E(ug,ur).
te[o,T

We recall the following cases of Gagliardo-Nirenberg’s interpolation for n = 2

~

1 1 1 1
(3.10)  [Aulpe + VAUl 2 S | A% 7, [Aul 72, (el o S Al 72 [Juel 2

1 2 1 5
(3.11) IVull oo S| A% 7 IVullZs s (IVulla S || A% 5. IVullf., and
3 1
(3.12) Vel pa S N1Auel 72 [luel 72 -
Setting

E(u(t)) = [[Aur(B)] g2 + [|A%u(®) 12, £ €[0,T),
by (3.10), (3.11) and the estimates above, there exists a constant C(T') = C(N, ug,u1)(1 +
T)* for some a > 0, such that C(N,ug, u;) only depends on the norm ||dPHcg= the optimal

Sobolev constant in Gagliardo-Nirenberg’s interpolation and E(ug,u1), ||Vuol|| 2 and such
that the following holds.

(3.13) %EQ(U(t)) < C(T)(1+ h(t) + A2 ) (ER) + EX(L))

< C(T)(1+R2(t)(1+ E2(t)), t € ]0,T).
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Using the idea from [FO10|, we now apply the sharp Sobolev inequality of Brezis-Gallouet-
Wainger from [BW80] in order to bound (we assume u is not a constant)

- oot (14 IV e
(3.14) h(t) < C||Vu(t)| 4 <1+1 g <1+ ||vu(t)||§p>> , te[0,T).
Thus, using (3.10), and (3.7),
(3.15) h*(t) < C(T) (1+1og (1+&%(t))), te[0,T),

and hence

d
et E2(u(t)) < C(T)log (e + E%(t)) (e + E2(1)), t € [0,T).
This suffices for a Gronwall-type inequality for log(e + £2(t)) and hence by (3.7) and (3.10)),
(3.11) and (3.12), we have

(3.16)

limsup(||ut||?q2 + ||V“||§13) < 00,
—T

as long as T < oo.

Case: n = 1 Here, by Gagliardo-Nirenberg’s estimate, we infer the bound
1 1
(3.17) IVl e S (V0|7 1VullZ- -

Hence, the a priori bound is derived similarly for (Vu(t),u:(t)) € H?(R) x H*(R). We note
d
%/|Vut|2 + |VAu|? do = — / dP,(Vu, (I — P,)(0?u + A%u)) - Vuy
R R

- /(I — P,)(0%u + A?u)) - (AP, ((Vu)?, up) + dPy(V2u,up) + dPy(Vu, Vuy))d.
R

Thus we estimate, as before

ldP,(Vu, (I — Pu)(afu + A2u))Vut||L1

< Vel o (190l | el el + [ V20l] o [ 920 + 190l |9
V] o [Vl e + (9] (V]2 ] and
(@2 P (V)2 ) + AP (20, u2) + P (Vi Vu) (T — Pu)(02u + A2u)] 11
< (luellpa IVl + 92| el e + [Vt wuoc)[utum el

(V%] 920+ IVl [ 920+ (0] [Vl + [Vl 9]

Hence from the interpolation estimates (3.17)),

2 < |4, || 3 2 1% < 3 3
(3.18) V20l oo S IV 0l V20l 2o s Nl e S 11Vl Z [l
and (3.7), (3.8)), there holds (for C(T) > 0 as before)
d
(3.19) Z(1+E®) <O +£W), te0,T)

which suffices to use a Gronwall argument in order to conclude the proof.
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4. A UNIQUENESS ARGUMENT

We now give a short argument for the uniqueness of solutions u : R" x[0,7) = N, n =
1,2,3 with

(4.1) u —u(0) € C°([0,T), H*(R™)) N C*([0,T), H*(R™))

Setting w = u—wv for solutions u, v of (1.3 in the class (4.1]) with w(0) = v(0), u:(0) = v,(0),
we provide a Gronwall type argument in the energy space, i.e. more precisely for the norm
||wt||iZ + Hw||i12 We note the interpolation estimate

n d-n
[l oo S AW 72 w3 n=1,2,3,
and the identity

d

(4.2) 2di

</ lw,|* + |Aw|2> dr =1, + I + I3,
R’n
where

I = / ) [dPy (upuy + AVu - VAU + Aulu + 2V3u - V) + d* P, (Vu)*

+ d*P,(2(Vu)?Au + 4(Vu)? - V)| (P, — P,)w; d

+ / ) [(dP, — dP,)(upuy + 4Vu - VAu + AuAu + 2V?u - Vu)

+ (&*P, — d&*P,)(Vu)* + (P, — d*P,)(2(Vu)*Au + 4(Vu)? - V)| (P, — P,)u; dx
I = /n [dP, (uswy + wyvy + 4AVw - VAu + AwAu + AvAw

+2V2w - V2u + 2V20 - V2w) + d* P, (Vw - (Vu)? + Vw - (Vu)? Vo + Vw - (Vv)?Vu + Vu - (Vo)?)

+ d?*P,(2Vw - VuAu 4 2Vv - VwAu + 2(Vv)?Aw + 4Vw - Vu - VZu

+4Vv -V - V2u+ 4(Vo)? - V2wl (P, — Py)u; dz
I = / 4dP, (Yo, VAW)(P, — P)ug dr.
This follows from

(I — P)(0?u — A%u) — (I — P,)(0%v — A%v)
= (P, = P,)[(I = P.)(87u — Au)]
+ (I = P)[(I = P)(Ffu— M%) — (I = P,)(0Fv — A%))],

and
(I—Pv)wt = (I—Pv)ut = (Pu—Pv)ut
We further note

/ dP,(Vv,VAw)(P, — P,)u; dx = 7/ [d*P,((Vv)?, Aw) + dP,(Av, Aw)] (P, — P,)u; dz

n

- / dP,(Vv, Aw)(P, — P,)Vuy + dP,(Vv, Aw)(dP, — dP,)(Vu,u;) dz

f/ dP,(Vv, Aw)dP,(Vw,ut) dr.
Hence, we estimate
2 3
I S (lwell gz lwll oo + Nl oo [lell p2) (luell g2 [Juell oo + 1V Aull 2 [[Vull poo + [[Vull 2 [Vl

+ [ Au] Lo |Vl T + | Aull 2 || Vul|, ),
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3 2 2
Iy S llwllpee lJuell 2 IVl 2 [ Vullpoe + [Vl g2 [[Voll o [Vl + VW]l g2 [VOl Lo [Vl o
3
VWl Vol + [Vl 2 [ Vull oo [V2ul| oo + 1Vl g2 V0]l oo [ V20| o

2
+ Vol L 1AW 2 4+ max{||uel| oo s [0ell oo } lwell o + max{||[V?ul| o, [[ V0| oo } 1AWl 2)
+ |l poo [Juell oo VAU 2 [V 12

and

I3 S llwllpoe [Vuell g2 1AW 2 V0l oo + [w]l oo [Jwell 2 [[Aw] 2 (V]| oo (V]| oo

2
+[[Aw] e [Vl g2 Juell poe VOl oo + l[wll poo Juell L2 |Aw] 2 [Vl o

Fllwll e [Jull oo [[Aw][ 2 [|AV]] 2 -

We set
2 2
E2(t) = llwell e + lwllz -

Using the aforementioned interpolation inequality, we obtain in particular ||w|;. < €(2).
Since also

(4.3) 9] 1Vul dr < w2+ AwlZs < £2(0), and
RTL
d
(14) G | ol da <l + s < 20

estimating (4.2)) gives

d
@5) &)’ S+ IVall3a + luell e + V0 + lloelr2)€%(8) =: C(u, 0)E(2)

This suffices for uniqueness, as long as C'(u,v) stays bounded in time. We also remark that
in n = 1, in order to conclude uniqueness from similar arguments, it suffices for a smooth
solution u to stay bounded in u(t) € H3(R), dyu(t) € HY(R).
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