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HETEROGENEOUS MULTISCALE METHOD FOR MAXWELL’S
EQUATIONS*

MARLIS HOCHBRUCK', BERNHARD MAIER', AND CHRISTIAN STOHRER

Abstract. We present a Finite Element Heterogeneous Multiscale Method (FE-HMM) for
time-dependent Maxwell’s equations in first-order formulation in highly oscillatory materials using
Nédélec’s edge elements. Based on a uniform approach for the error analysis of non-conforming space
discretizations [16], we prove an error bound for the semidiscrete scheme. We further present error
bounds for the fully discrete scheme, where we consider time discretization using algebraically stable
Runge-Kutta methods, the Crank-Nicolson method and the leapfrog method. These error bounds
are confirmed by numerical experiments.

Key words. Heterogeneous Multiscale Method, First order time-dependent Maxwell’s equa-
tions, Fully discrete error analysis
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1. Introduction. Our goal is the numerical solution of time-dependent linear
Maxwell’s equations in a highly oscillatory material at reasonable computational cost.
Therefore, we approximate the effective behavior of the electromagnetic field without
resolving the fine scale behavior. This is done using a Finite Element Heterogeneous
Multiscale Method (FE-HMM) introduced in [14]. Such methods are known to be
efficient and offer a good framework for the error analysis for the simulation of ho-
mogenization problems in highly oscillatory media [4]. Highly oscillatory means that
the material parameters, i.e., the magnetic permeability p” and the electric permit-
tivity €7, depend on a characteristic microscopic length 7 that is assumed to be very
small in comparison to the diameter of the domain €. As the material parameters de-
pend on 7, the magnetic field H" and the electric field E" inherit this dependency on
the microscopic structure of the material, indicated by the superscript 1. Accordingly,
we consider the following problem:

Find H" : [0,T] — H(curl, ) and E" : [0,T] — Hp(curl, Q), such that
wl(x)o H" (t,x) = — curl E"(¢t, x),
e"(x)0 E"(t,x) = curl H" (¢, z) — Joxt (¢, ),
H"(0) = Hy, E"(0) = Ey.

(1.1)

We will call this set of equations Maxwell’s equations in first order formulation, as
there are only first derivatives in space. To our knowledge, all previously presented
FE-HMMs for Maxwell’s equations were based on the second order formulation, also
known as the curl-curl problem. In [11] and [15], Heterogeneous Multiscale Methods
for time-harmonic Maxwell’s equations in second order formulation are introduced.
An HMM for time-dependent Maxwell’s equations is analyzed in [19]. These meth-
ods have the drawback of introducing new micro problems, whereas the approach
presented in this work is only based on the micro problems already known from FE-
HMMs for elliptic problems [2]. Besides HMM there are only few multiscale methods
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for the time-dependent first order formulation of Maxwell’s equations. In [9], a mul-
tiscale scheme based on an asymptotic expansion has been presented. Recently, this
idea has been adapted to the time-dependent Maxwell-Schrodinger system [10]. In
[22], the multiscale hybrid-mixed method was extended to Maxwell’s equation (1.1).

As our main results, we present error estimates for discretizations in space and
time. This is rather unusual in the context of FE-HMM, as most papers only concen-
trate on semidiscrete results omitting the time discretization. However, for parabolic
problems the application of the implicit Euler method is analyzed in [5] and a class
of higher order Runge-Kutta methods is considered in [6].

1.1. Outline. The general setup (1.1) is discussed in Section 2. We further
recap a homogenization result from [25], which basically states that the multiscale
solutions H" and E" converge to the solutions H® and E°f of the homogenized
equations. These equations, however, use homogenized material parameters whose
computation in general includes the solution of infinitely many elliptic differential
equations. As we introduce space discretization and derive the HMM in Section 3, we
reduce these micro problems to a finite number. We also derive the so-called HMM-
material parameters, as explained in [3]. These parameters allow us to write the HMM
in a form which is equivalent to the homogenized system, which is fundamental for the
error analysis in Section 4. There, we prove a convergence result for the semidiscrete
discretization using tools from [16]. Furthermore, we generalize these convergence
results to the fully discrete case in Section 5, where we consider time discretization
with algebraically stable Runge-Kutta methods of arbitrary high order, the Crank-
Nicolson method and the leapfrog scheme. Finally, we present some numerical results
verifying our theoretical results in Section 6.

1.2. Notation. Let © C R? be a Lipschitz domain and Y"(z) = z + (—%, #)3
for n > 0 and =z € Q. To keep notation simple, we omit the argument if x = 0 and
omit the subscript if 7 = 1. For s € Ng we denote by |[|-[|, ;, the standard norm of the
Sobolev space W*2(Q) with L2(Q2) = W%2(Q2). Analogously, we denote by [l 5.00.0
the norms of the Sobolev space W**°(Q2). To simplify the notation, we use the same
expressions for the norm of vector- or matrix-valued Sobolev spaces. We further use
the spaces

H(curl, Q) = {f € L*(Q)?| curl f € L*(Q)*},
H(div,Q) = {f € L*(Q)?| div f € L*(Q)*},
H(curl®, Q) = {f € H(curl, Q)| curl f € H(curl,Q)},

and Hy(curl, Q), the closure of C§°(§2) with respect to the norm of H (curl, Q). To indi-
cate that a function space F(Y) contains only periodic functions, we write Fu(Y™).
Finally, we use a generic constant C' > 0, which may have different values on any
occurrence.

2. Multiscale model problem and homogenization. We consider Maxwell’s
equations (1.1) for locally periodic material parameters.

DEFINITION 2.1. Let n > 0. A tensor o : Q — R3*3 is called locally periodic if
there is a tensor o : Q0 x R® — R3%3, which is Y -periodic in its second argument and
a'(z) = o, ) holds for almost every x € Q.

Furthermore, the magnetic permeability p” and the electric permittivity " are as-
sumed to be symmetric, uniformly positive definite and uniformly bounded. More
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precisely, we assume that p”,e”7 € L>(£2)3*3 and that there are constants A\, A > 0,
such that

(2.1) NEP <p(@)e-€ <Al and  A¢? < eM(2)€- € < A€,

for all £ € R? and almost every z € Q.
From (1.1), we get the following variational multiscale Maxwell’s equation:

Find " : [0,T] — V = H(curl, ) x Hy(curl, ), such that for all £ € V
(2.2) m(0pu (1), €) = s(u"(t), &) +m"(f7(t), €),

u"(0) = up.

The solution 7 = (H", E") consists of the magnetic field H" € H(curl, Q) and the
electric field E" € Hy(curl, ). The bilinear forms are given by

(%) (1)) = 08 thon + 5o
S(@) (g)) = (curl ¥, )y o — (curleh, @)y o,

for all 1,1 € H(curl, Q) and ¢, ¢ € Ho(curl, ). Depending on the given electric cur-
rent Jox, € C(0,T; Ho(curl?, Q)) N C(0, T; H(div,Q)), we further define the function
f7:100,7) X Q= RO by

m” (f’?(t% (ﬁ)) = <<—Jit(t>)’ (@)OQ

for all ¢ € H(curl,Q) and ¢ € Hp(curl, ).

For an initial value ug € V' and a fixed 7, the wellposedness of this model problem
was proven for example in [17, Prop. 3.5]. In order to consider the corresponding
homogenized problem, the uniform boundedness of the solutions with respect to 7
has to be shown additionally.

PROPOSITION 2.2 (cf. [25, Prop. 5.3]). Forn > 0 let u" = (H",E") € V be the
solution of (2.2). The functions H", E" 0,H", O,E", curl H" and curl E" are
bounded in L>(0,T; L?(Q)3) independently of .

Based on this result, the effective Maxwell’s equation can be derived, which models
the behavior of u” in the limit n — 0.

THEOREM 2.3 (cf. [25, Thm. 3.2]). Forn > 0 let u" € V be the solution of (2.2).
Then
u — et weakly in L*(0,T;V),

where v € C1(0,T; L*(2)%) N C(0,T;V) is the solution of the following variational
effective Maxwell’s equation:
Find u*® : [0,T] = V, such that for all € € V

(2.3) m M (9pu (), €) = ( 1(t),6) +m (), €),
u(0) =
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For 1/),1Z € H(curl,Q) and ¢, € Hy(curl, Q) the effective bilinear form m® is given

by
megdj 7”[; = off Vb(x) - Y(z e VG(2) - o) da
(@ (a)) [ 5 @)ie) - (o) + @) 0) - ela)d
with
(24a)  p(2) = m » )(I — Dyxu(,y)) (. 2) (1 = Dyxu(a,y) dy,
(24b)  &f(2) = m - )(I - Dyxe(x,y))Ts(x, %) (I — Dyxe(z,y)) dy,

for x € Q, where I is the identity matriz. The unknown functions x,(z,-), x:(z,-) €
(W#2(Y"(x))/R)3 are the uniquely defined solutions of the local problems

(2.5a) /m )(I — Dyxu(@,y)” p(z, DVyo(y)dy =0 Vv e WY (),
(2.5b) /Yn( )(I — Dyx.(z, y))TE(a:, %)V,,v(y) dy=0 Yo € W;’Q(Y"(x)).

The function f%:[0,T] x Q — RS is defined by

(2.6) mef <f (), (ﬁ)) = (<—Jit(t)> ’ (z» 00

for all ¢ € H(curl, Q) and ¢ € Hy(curl, ).

Following ideas of [21, Chapter 1.4] and [8, Chapter 2.3], one can show that the
effective material parameters p® and e are still symmetric, positive definite, and
bounded. Even more, the corresponding bounds remain valid with the same constants
A and A. Therefore, the effective system of Maxwell’s equations is wellposed following
the same arguments as for the multiscale problem (2.2).

3. Spatial discretization. As for most heterogeneous multiscale methods, two
spatial discretizations are required: a macro discretization of the domain €2 and a
micro discretization of Y (z) for the micro problems (2.5). In view of the numerical
experiments implemented in deal.II [7], we focus on hexahedral elements. There is
however no principle obstruction to use other finite elements. Let the domain € be
partitioned by a shape regular mesh 7T consisting of parallelepipeds. The subscript
H denotes the maximum over the edge lengths of all cells K € Ty.

We need quadrature formulas with nodes J;f( and weights ij (Gj=1,...,JK)
for every element K € Tg. Summing over all K € Ty yields a quadrature formula
for the whole domain Q. Let Q“/* be the space of polynomials of degree at most
1,j, € N in the respective variables. We assume all quadrature formulas to be exact
for polynomials in Q2%262¢_ where ¢ € N is the order of the finite elements of the macro
discretization introduced in the next section. Hence we have for all p € Q26:26:2¢

JK
(3.1) [ r@rde= 303w,

KeTg j=1

which means that products of polynomials of degree at most ¢ in each variable are
integrated exactly.
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3.1. Edge elements. For the macro discretization, we use Nédélec’s H (curl, 2)-
conforming elements of first type for hexahedral elements, which were introduced in
[24]. We first recall some important results for these finite elements. With

va — Ql-LbL . Qbl=1E y Qb1
we denote by
(3.2a) VE (Ta) = {vg € H(curl, Q) | vy|x € Q% VK € Ty}
N

the space of Nédélec’s H(curl, Q)-conforming elements of first type of order ¢ € N.
We further write

(3.2b) Veuro(Ta) = Ho(curl, Q) 0 Ve (Ta).

Nédélec showed that the corresponding interpolation operator satisfies the following
error bound.

THEOREM 3.1 (cf [24, Thm. 6]). Letu € W*tL2(Q). The interpolation operator
Ty : WHL2(Q) — VE (Ty) for Nédélec elements of first type satisfies

curl

¢
flu— IHU”H(curl,Q) <CH |U|e+1,Qv

where ||, o denotes the WHL2(Q)3-seminorm.

3.2. Heterogeneous multiscale method. Our goal is to approximate the so-
lution u°® of the effective Maxwell’s equation (2.3). In order to evaluate the bilinear
form m°® exactly, the effective parameters p°f, £ have to be known. These matrix-
valued functions are given pointwise in terms of the solution of the micro problems
(2.5). As analytic expressions thereof are not available in general, we use an approx-
imated bilinear form instead. This procedure is detailed in the following.

To construct an HMM for Maxwell’s equations, we replace in (2.3) the function
spaces H(curl, ) and Hy(curl,Q) with the corresponding discrete counterparts de-
fined in (3.2a) and (3.2b), respectively. Furthermore we use the quadrature formula
(3.1) to approximate the bilinear forms m® and s. This yields the following discrete
effective Maxwell’s equation:

Find u§f : [0, 7] = Vi = V& (Tu) x Vio(Ta), such that for all &y € Vi
mSF(Ouust (1), €u) = su(uft (), Eu) +m37 (Fi (1), En),

u‘}?(O) = Uo,H

with an approximation ug i € V§ to the initial values ug € V. We further use the
discretized versions of the bilinear forms

(3.3) mg(@ﬁ)( )) Zw KV () - dar ()

+ e (@) pu () - on (),

() () -ty s

- goH(:rj ) - Curle(xf))
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and the function f§ff : [0,7] x Q — RS defined by

m?( i (t), (:ﬁfl» - ((Jex(t),H(t))7 (Ki» 0.0

for all Yy, vy € VC{HI(TH) and ¢g,pg € Kﬂrl,o(TH), where Jexe,m : [0,T] —
VCZMI(TH) is an approximation to the electric displacement Je.;. The next step is
to insert the equations for the effective material parameters (2.4) into m$¥. There-
fore, we define the abbreviations

erx(x,y) = (I — Dyx:(z,y))pn(z),

¢H,x('xvy) = (I_DyX/t(x7 )) ’ H
b y @H,X(QEZJ) = (I_DyXE(‘%y))@H(x)'

Y
vaX(‘%Vy) = (I - Dyxu(a:7y))

This yields an equivalent representation of the bilinear form (3.3), namely

. 1/} 7:[; _ wk ~

b Bl ) el ) dy)
Y"(w?)

—_
8 8
~— ~—

Y
b

Based on the local problems (2.5) we introduce elliptic PDEs which uniquely describe
the unknown functions ¥y v, ©H.y, VH,xs PH,- Since all functions can be treated
analogously, the procedure is only presented for vy ,. We introduce

Upin(r,y) = (y — =) - ¢u(z) and  Vpu(z,y) = —nxu(z,y) - ().
It is easy to see that
Vi (z,y) = Vi un(2,y) + Vap(r,y)
is a potential of ¥y y, ie., Vy¥y = g . While Wi, is known explicitly, Vg 4
depends on the (unknown) solutions x,, of the local micro problem (2.5a). It is easy
to check that Wp 4 is the solution of the following problem:
Find \IlHy#(:vf, )€ W;’Q(Y"(xf))/R, such that for all v € W;Z(Y”(:rf))

[ et Y, et ) V)~
Yn (zf)

- / M(%K? y)vy‘I’H,lin(l‘f7 y) - Vyo(y) dy.
Y (af)

This weak form is already known from HMMs for elliptic problems, see [1].

The final step in the construction of the HMM is the discretization of the micro
problems stated above. For this discretization we use hexahedral Lagrange elements.
We denote the mesh, which partitions Y"(x]K ), by T, and the corresponding discrete
function space of piecewise polynomials of degree at most & € N in each variable with
periodic boundary conditions on 0Y" by S;ft(’ﬂ) This yields the following elliptic
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HMM micro problems:
Find \IJH,h,#(x]K, )€ Si(ﬂl)/R, such that for all v, € SQ(E)

K Ky, _
(3.4) /Yn(w?)/i(:ﬂj VWi n g (25, y) - Vyon(y) dy

- / 1@ )V W iin (25, y) - Vyon(y) dy.
Y"(:nf)

By solving these micro problems on every element for all quadrature nodes and all
basis functions, we find an approximation m"MM tg mif,f:

avM (V) (V) _ wi K N\ K . K
m <(<p>’ (¢>> = ; V()] (/W(IJK)#(%' YV (T5 ) Y n(r),y) dy
(35) + 6( K) )~ ,L( K? ) s ( K7 )d P
/w<m;<> X )@@l y)  ern(aly y)

where we use the solutions of the HMM micro problems (3.4) to compute

Yan(T,y) = VyVhin+ VY u, ern(z,y) = VyPuiin + VyPu n 4,
Vrn(@y) = VyUsin + VU g, Grn(,y) = Vy®rin + VyPun 4,

for all wH,QZH € VE (Te) and pm,og € V;:Zurl,O(TH)' Together with the discrete

curl
bilinear form sg, we finally derive the HMM for Maxwell’s equation:

Find vfMM . [0, T] — V;, such that for all £ € V§

(3.6) m"™M (@ ™M (1), 1) = s (u ™ (), €u) + (fu(t),€m)o )

up ™ (0) = o,z

The function fEMM [0, 7] x Q — RS is defined by

(3.7) mHMM (fEMM(t)’ (ig)) - ((—Jex?,H(t)>’ (Zﬁﬁ))oﬂ

for all ¢y € Vi, (Tar) and opr € Vi o(Ta)-

Figure 3.1 shows an overview of the general procedure of heterogeneous multiscale
methods. For every quadrature node (bullets) of the macro mesh Ty, there is a micro
cell Y (colored in gray), on which the HMM micro problems (3.4) are solved using a

micro mesh 7j.

Remark 3.2. As our implementation of the HMM scheme is based on the FE-
library deal.II [7], which supports only hexahedral meshes, we restrict the analysis
to such triangulations. Nevertheless we want to emphasize that the results presented
in this work can be easily extended to tetrahedral meshes using different polynomial
spaces and quadrature formulas. In addition it is also possible to mix the elements,
e.g., one could use tetrahedral elements on the macro scale and hexahedral ones to
solve the micro problems.
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5 ElE =
B ElE =

Fic. 3.1. HMM scheme in 2D

3.3. HMM material parameters. As an intermediate step between the in-
troduction of the HMM and the semidiscrete error analysis in the next section, we
follow an idea of [3, Chapter 5.1] to define the so-called HMM material parameters.
Those parameters allow the reformulation of (3.6) into an equivalent differential equa-
tion with a similar structure as (2.3). Although the HMM material parameters are
not used in numerical computations, they are a fundamental tool for the later error
analysis.

A close look at the HMM scheme shows that up to the introduction of the micro
problems in (3.4), we only transformed the bilinear form in an equivalent way. The
idea for the formulation of the HMM parameters is similar, as the continuous local
problems (2.5) are replaced by their discrete counterparts (3.8) in the definition of
the effective parameters (2.4). This results in the following pointwise definitions of
the HMM material parameters.

I p— (I ~ DyXun(.9)) (2, £) (I = Dyxpun () dy,
[Yn(z)] Y (z

HMM () (1 — DyXen(,y)) € (2, L) (I = Dyxen(z,y)) dy,
Y(@)] Jyne

where x,n (2, ), Xen(®,-) € (S:Z& (7n)/R)? are the solutions of the discrete local prob-
lems

/ D) e )Ty dy =0 o < ST
(3.8) e
/ o T D) (e )T dy =0 Vo € ST

for almost every x € Q. These definitions allow an equivalent reformulation of (3.5)
as

o (V). () - S off (0™ ) af) )

+ sHMM(l’f)@H(%K’ y) - @H(If))-
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Following an analogous approach as for the effective material parameters, one can
show that the HMM parameters are again symmetric, uniformly positive definite,
uniformly bounded and satisfy the same bounds as in (2.1). This yields the wellposed-
ness of the HMM scheme (3.6). For details, we refer to [23, Lem. 6.4 and Thm. 6.6].
Another important observation shown in [3, Cor. 5.3] is the following bound on the
difference of the effective and the HMM parameters.

LEMMA 3.3. Let k € N, S;’;(Th)/R be the finite element space used to solve the
micro problems (3.4) and assume that

(3.9) Xaulir 1,y (@) [Xelpprynery < Cn~ "y Y (k)|

holds for all quadrature nodes :cf( of the mesh Ty. Then we have the following esti-

mates on all quadrature nodes J;f

2k
supl| () — ™M (@), < C (L),
(3.10) 7

2k
suplle®*() — ™M @)l < C(5)
5]

with the Frobenius norm ||-||z and a constant C' > 0 independent of h and 7.

As pointed out in [3, Remark 5.1], a sufficient condition for the case k = 1 to show
(3.9) is

wr, ek € W1700(K)3><37 |N77‘W1,oo(1()3x37 |5n|W1,oo(K)3x3 < Cn_l,

for all K € Ty with C' > 0. For the case k > 1 a similar estimate based on higher order
Sobolev spaces depending on the regularity of the multiscale material parameters is
also indicated there.

4. Semidiscrete a priori error analysis. The following error analysis for the
semidiscrete approximation (3.6) to the continuous problem (2.3) is based on the
unified error analysis [16, Thm. 3.3]. Our analysis makes use of the following function
spaces equipped with the corresponding inner products.

X = LQ(Q)ﬁ’ (Eag)X = mmcf(gvg)a
V= H(Curlv Q) X HO (CHI‘I, Q)a (Ca Z)V = (Cv E)H(curl,ﬂ)za
VI?I = ‘/Ceurl(TH) X ‘/Clilrl,O(TH% (€H7 EH)V;} = mHMM (§Ha gH)

We further introduce the space Z = W 12(Q)% equipped with the standard norm.
All these spaces are Hilbert spaces and the norms that are induced by the bilinear
forms m®® and m"MM are equivalent to the standard L?(Q2)%-norm. Hence for all
¢ € X and all £ € V5, we have

(4.1a) VA€o <y < VAIEllgq
(4.1b) VMoo <lérllyve < VAllEallo o

as peff, eoff MM and cHMM a]] satisfy the bounds from (2.1).
In order to prove an error estimate for the HMM solution, we have to bound the
errors in the bilinear forms

Am: Vi x Vip > R, Am(Eg, &) = |m(En, En) — m™M (e, 6,)),

As: Vi x Vi =R, As(Em, ) = |8(Em, Emr) — s (Em, En)],
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which is done in the following lemma.

LEMMA 4.1. (a) Let assumption (3.9) be fulfilled and assume
42) M w, e e WIS 10 g oo 0 16 Nl 0, < C

for all K € Ty with a constant C>0 independent of n and H. Then, we get for all
E€Z, tneVy

Am(g,€n) < C(H gl 0llén

2k
oa+ (8) "1l alléallo)-
(b) For all £g,&y € VY, it holds

AS(SHagH) = O

Remark 4.2. As the space Z is continuously embedded into C(2) for £ > 1, we
can extend m$ and m"MM to Z x Z.

Proof of Lemma 4.1. As part (a) is more involved, we will first prove part (b).
The estimate for As is trivial, since inserting the definitions of the bilinear forms

yields for all ($H>, (%H> e Vi

H YH
As ((ii) (gg>>< ZK:‘/K B () - curl g () d —Ej:wfg.z,{(x;f) .curle(xJK)‘
+;\ [ onte)-cunt T do ~ 3wl o) - cant T ).

which is just the sum of two quadrature errors. We assumed in (3.1) the exactness
of the quadrature formula for polynomials in Q?262¢, Therefore these quadrature
errors both vanish, which yields the result.

The proof of part (a) is not as simple, since the effective parameters and the HMM
parameters appear in these differences. We start by splitting Am into an HMM error
and a quadrature error.

Am(&,€r) < Ammim (&, ) + Amquad (&, €x),
where

Amia (€, €r) = [mTME ) — mST(E, €u)l,

Amquad(&,€m) = Im™ (&, €u) — m§F (& €n)l,

for all £ = (Zﬁ) €Z, ty= (ZﬁZ) e V.

The next step is to prove a bound for Amgyy using the estimates (3.10) for the
HMM material parameters. Inserting the definitions of m"™M and mgf and using the
triangle inequality yields

(4.3)
AmHMM((¢),(¢H)) <C sup suplai(zh) — TN ()|,

v) \on a€{me) K.j

K ra K.a$K_ al'a.fl‘
S([Sureun aen- [ cwama

)

n \ [ i) ds
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where we used the notation ¢* = ¢, (¢ = ¢. From [12, Thm. 4.1.5] we have the
bound

(4.4) < CHZH||Ca|‘z+1,K||C?1H1,K

gwﬁ“(xf)x%(xf ) /K ()¢ () da

and with the inverse inequality (cf. [12, Thm. 3.2.6]), this yields

(45) (S wFca(ak) - g k) - /K ¢ (@) () da| < CHUIC pyn G o
J

For the last term in (4.3), we use the Cauchy-Schwarz inequality to get

<N llo,xe 1€ o, 1

] | @ i

Inserting these results into (4.3) and using again the Cauchy-Schwarz inequality to-
gether with Lemma 3.3 yields the desired bound for Amgn-

Finally, we treat the quadrature error Amgquaq following [12, Thm. 4.1.4]. Using
the triangle inequality, we get

Amquaa(€, ) < ] / uM @) (@) Y () do =Y W M@)o (f) - Y (o] )\
Q K,j

+

/QEEH(m)go(x) ~op(x) dx—waeeﬂ(xf)go(x;{) . @H(mjK)’
K.j

Application of [12, Thm. 4.1.5] and using the same techniques as in (4.4) and (4.5)
then yields the result. 0

Remark 4.3. Similar to the comment following Lemma 3.3, it is also possible to
reduce the assumptions (4.2) to regularity assumptions for the multiscale parame-
ters. This follows from the definition of the effective parameters (2.4), since these
parameters only depend on the multiscale parameters and the solutions of the local
problems.

As final preparation for the semidiscrete error bound, we have to prove the interpo-
lation property from Theorem 3.1 in the norm of the discrete space Vfl.

LEMMA 4.4. For £ € Z and the identity operator I, the following estimate holds.
I(Z = Za)llyy, < CH ]y 0

Proof. The idea of this proof is to apply the norm equivalence (4.1b) and the
interpolation property from Theorem 3.1. However, as (Z — Zg )¢ is in general not in
VY, we cannot apply (4.1b) directly.

As a workaround, we define an interpolation operator Ivf; Z = Ve

curl (TH)25 SUCh
that for all € € Z, £y € V)

(IV£I£J gH)V}fI = (f? éH)VfI

holds. Since the inner product on Vfl contains only nodal evaluations at the quadra-
ture points, Ivé is the nodal interpolation at the quadrature points. As a direct
consequence, we get

1T~ Ty élly, = 0.
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Together with the triangle inequality, this yields

1T ~ )€l < T — T el + Ty — Ze)elyy = Ty — Tl
Using the norm equivalence (4.1b) and again the triangle inequality, we get

I(Z = Zu)lly;y < CIIZ = Zvg )ello.o + CINIZ = Za)éllo o
From [13, Sec. 3.6.2, Thm. 7] we get a bound for the first term.

I = Tug el < CH €l 0

Bounding the second term with Theorem 3.1 yields the result. a0

With all preliminary results at hand, we now state the error estimate for the semidis-
crete HMM method.

THEOREM 4.5. Let u*® € C1(0,T;Z) be the solution of (2.3) and let uMM ¢
L>=(0,T;Vf;) be the solution of (3.6) at time t € (0,T). If (3.9) and (4.2) hold, we
get the semidiscrete error estimate
||ugMM(t)_“eﬂ(t)”o,Q <C(1 +t)(”U0,H —Zruollg.q + 1 ext,m — Jextll oo (0,6:12(0)%)

£(y, eff eff 2k eff
+H (HU HLOO(O,t;Z)+|atu |L°°(O,t;Z)) + (%) |Ou ||L°°(0,t;Z))'

Proof. We use [16, Thm. 3.2] to prove this result. Interpretation of the HMM
method as a non-conforming method then yields the following estimate.

(4.6)
[ E) — (1) < 1+ 1) (Il — Taruglyg + 1S = Por S oo

+||(Z - IH)UEHHLOO(W;V) + sup  sup  Am(Zgdu(r),vy)

T€[0,t] HUHHVézl

+||(Z - IH)atueff||Loo(07T;X) + sup  sup  As(Zgu(r), vH)>,

7€[0.8] o |l g =1
with Py : X — Vfl, such that for all £ € X, £y € Vfl

(4.7) (Pu&:&m)ve = (§:€m)x

holds.
Now we bound the terms in (4.6) separately. From Theorem 3.1 we get

sup |(Z — Z)u(7)lly, < CH | e 04.2),

T€[0,t]
s1[10pt]||(1 — )0y (1)l x < CH' |0 e 0,1:2)
T7€|0,

and Lemma 4.1(b) yields

sup sup AS(IHueH(T),uH) =
T€[0,t] HUHHV;ZI:l
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Finally, we have to bound Am. For vy € V}; the triangle inequality yields
Am(Tgowe (1), vy) = [m(0,ut(7), vy ) — MMM (O (1), vy)
+ MmN ( L0 (7),vm) — m* T (Opu™ (1), vyr)
+ mIMM (9,4 (1) vg) — mIMM(TL 0,0 (1), vg)|
< Am (0 (1), vp) + (T — Zer)Opu™ (1), vmr) x|
1 = Ti) 0 (7). v |
Using Theorem 3.1 and Lemma 4.4 we further get

sup Am(IHﬁtuEH(T), vH)

sl e =1
SH sup Am(Ou(7),vn) + CI(T — Zu)0pu™ ()| 5 + (T — L) 0™ (7) 2
VH Vé:l
< sup Am(@tUEH(T), vy) + C(Hz + H”l)|5‘,51f”cf(7)|£+1 a
lvrllyg =1 ’

We use Lemma 4.1(a) to get

€ 2k €
sup sup  Am(9u(r), vir) <C((4)™ 4 H) 00 e 112

T€[0,t] HUH”VIZ{:I

Finally, we bound the error in the right-hand sides using (3.7), (4.7), (2.6) and (4.1b).

|| MM — PerHHvIg = sup (MMM vg) — mIMMPy e )
lomllyg =1
= sup ((Jext,HaIUH)O,Q - meﬁ(fEH7UH))
lomlly e =1

S %”Jext,H - JextHO’Q

Inserting these results into (4.6) finishes this proof. |

Remark 4.6. Instead of continuous finite elements, it is also possible to use the
discontinuous Galerkin (dG) approach presented in [20] to discretize the spatial do-
main 2. We want to emphasize that for this setting an error estimate analogous to
Theorem 4.5 can be derived, as the difficulties arising from the dG approach affecting
sy and those from the HMM scheme affecting m™MM are well separated. Indeed, the
bilinear form sy does not depend on the material parameters and can therefore be
bounded as explained in [16, Chapter 3.2.2]. The bound for Am follows as before,
using the discrete spaces and the interpolation operator from the dG approach.

5. Full discretization. In this section we provide the analysis of the full dis-
cretization composed of the HMM scheme and different time integration methods.

5.1. Error analysis for algebraically stable Runge-Kutta methods. We
consider implicit s-stage Runge-Kutta methods of order p with Runge-Kutta matrix
Q = (aij)j j—1, weights b = (b;);_;, and nodes ¢ = (¢;);_;. Moreover, we denote
the time step by 7 > 0. We assume that the ¢;’s are pairwise distinct and satisfy
0 < ¢ <1 for all i. Furthermore, we introduce the operators CynmM : Vf} — V,f[,
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CIIJLIMM : ‘/ceurl(TH) - ‘/Czurl(TH) and CI?MM : ‘/clilrl,O(TH) - ‘/clilrl,O(TH) (Cf (3.221),
(3.2b)) via

e (), - Calo)- (22, = () (22)
5.1 C s |~ = s |~ =S |~ )
(5.1) < HM (SDH ou)) v Clnavr ) \&u))ye "\ ) \Gu

for all wH,zlJvH € Vfurl(TH) and pg,py € VC‘;rLO(TH). Note that Cpyv is skew-
symmetric, since we have for all vy € V5

(Cammva, vi)ve = su(va,ve) =0.

With this definition, we can rewrite the evolution equation for the HMM for Maxwell’s
equation (3.6) as

(5-2) Oy ™ (t) = Cnanau™™ () + f1MM ().

Using the abbreviation f#! = fHMM(z, 4 ¢,7), the approximations u% = (H%, E%) to
the solution wfMM(¢,,) = (HEMM 3,y EEMM (1Y) of the semidiscrete HMM problem
(3.6) at time t,, = n7 are given by the following Runge-Kutta method

(5.3a) U = ConnUY + 3, i=1,...,s,
(5.3b) Uit =uly +7_ai; U, i=1,...,s,
j=1
(5.3¢) utt = a4+ 7 Z biUR  and uly = ug .
=1

We consider only Runge-Kutta methods with the following properties

(5.4a) p>s+1,
(5.4b)  b; > 0,i=1,...,s and (ba;; + bjaz — b;b;); ;_; is positive semidefinite.
(5.4c)  There exist 8 > 0 and a diagonal, positive definite matrix D, such that
(DA™ ') v > B(Dv) - v, for all v € R®.
Assumption (5.4b) means that the Runge-Kutta method is algebraically stable and
assumption (5.4¢) that it is coercive.
Let u*® be the solution of the effective Maxwell’s system (2.3). In order to prevent

overloading the notation, we drop the superscript and simply write u. Using the
notation

u" = u(t,), U™ = u(t, + ¢T), U™ = dyulty, + 1),

with n = 0,...,N, ¢« = 1,...,s, it is easy to see that these quantities solve the
perturbed Runge-Kutta equations

(5.5a) U™ = CogU™ + ™, i=1,...,s,
(5.5b) U”i:u”JrTZaijU"quAm, i=1,...,s,
j=1

(5.5¢) Wt =" 4T Z biU™ + 6" and  u® = u.
i=1
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The operator Cesr : V' — X is defined analogously to (5.1) by
(Cervrr, Vpr)x = 8(vm, V),
for all vy, vy € V. We further define f™ = ff(t, 4+ ¢;7) and the defects A", §"+!
are implicitly given by (5.5b) and (5.5¢).
In order to study the error of the fully discrete scheme, we apply the interpolation

operator Zy to (5.5) and subtract these equations from (5.3). With

el = ufy — Ty, By = Uy —IgU", B = Uy —ZIgU",
we find for the first equation

B} = CasoUff = ZuCesU™ + fiif = Turf™, i=1...s

Introduction of the operator Ry = CummZy — PuCesr (with Py as defined in (4.7))
yields

EW = Cavn B + RuU™ + (P — Ty )CogU™ + f1F — Ty f™.
Defining
g4 = RuU™ + (P — Iu)CegU™ + f1f — Ty f™

yields the following system of equations for the error terms.

(5.6&) Ezz = CHMME?IZ + gIn{i’ 1=1...s,

(5.6b) EY =ely+71Y_ayEf —IyA™, i=1...s,
j=1

(5.6¢) e?fl =ey+T Z sz}? —Tyo"™™ and €% = w05 — Lruo.
i=1

We present a stability estimate for (5.6) based on [18, Lem. 3.3 and Thm. 3.5].

THEOREM 5.1. Let u € CY(0,T; Z) be the solution of (2.3) and further ;™ u €
L*(0,T; V) and 0;"u € L?(0,T; X). The approzimations u; tou(t,) (n=1,...,N)
obtained by application of (5.3) with step size T > 0 sufficiently small satisfy

n—1 s
n (12 2 s ri|2
61 lelilia < Cleblla+ 00+ ) (P Blus 6 +7 3 Yl ),
r=0 i=1

with

Ty
s 2 s 2
Blu,s,t.)? = / 105 Lu(t) |2 + 105+ 2u ()| o d.

Proof. Taking the Vj;-inner product of (5.6¢) with 67;'1 + e} and using again
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(5.6¢) on the right side of the equation yields
HenHHV}% - ||€T£IH$/1§ = (szz‘E?f —ZIpé"t, 2t + TZbiE.}—lIi - IH5"+1)V,§
= i=1
= |1Zud" [Ty — 2Zud™ el + 7Y biER v

i=1

+27—Zb EH76H V[‘ +7—2 Z bzb](EIzl7E?Ij)Vé

i,j=1
= ||Zgomt? sz,g —2Tud" e+ 7Y bR )y

i=1

+27 Y bi(EY, Ef +IaA™)y.
i=1

=723 (biaiy + bjag — biby ) (BE, B )y,
ij=1

where we used (5.6b) to replace €}, and (5.4b). Since the method is algebraically
stable, the sum on the last line is non-negative and we get the following estimate.

S
et 2e — e lZe < 1Zad™ 2, —2(Zud™ el +7 3 bRy
=1

(5.8) .
+27 Y bi(ERL B 4 TaA™)y

We bound the remaining terms separately starting with the latest one. Using (5.6a)
and Young’s inequality with a constant v > 0 yields
(EY, Ef+TuA™)ye = (Camm By + g3, EY +Tu ™)y,
—(BF,CanmaZa A" )y + (g, Ef vy, + (QH’IHAM) g
<ANGEIVs + 2NEF Ve + 55 1T A [5e + FlICavimZa A™ ([T

From [18, (3.18)] we further get

(Zad™ e+ 7> By <T(||eH|w+ZHE ve+ZHIHA””va)

i=1 i=1 i=1
2
AT s

Following the proof of [18, Lem. 3.4], we bound the inner stages E7 with a constant
C=0C(Q,sD,p) as

ZHE 12, < O(Ielyy + SITaA™ 12, + 7 S low 2, ).

i=1 i=1
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We insert these bounds into (5.8) with vy =1+ T.

Cr
i 7 = ekl < T=p ekl +C+T)r (an {1

(5.9)
1Ty + ST ).
=1

Using [18, (3.6) and (3.7)] and the interpolation property from Theorem 3.1, we have
TZ(H%IH(ST-FIH%/I? + ZHIHAMH%/) < CT2(S+1)B(U, Sy tni1)?.
r=0 =1

Taking the sum over n in (5.9) and using this result yields

or 2
n 2 2 o2 s
lefllve < llefllvy + o7 ;H@HHV;; +C(1+T)7* T B(u, s,t,)?

n—1 s

COU+T)r 37 > Nl

r=0 i=1

Finally, using the discrete Gronwall Lemma and the norm equivalence (4.1b) yields
the result. ]

In the next lemma, we bound the right-hand sides g%

LEMMA 5.2. Letu € CY(0,T;Z). Forn=0,...,N—1andi=1,...,s, we have

195 lve < IfE = Puf™llye +C  sup sup  Am(Zpdwu(t),vir)
(5.10) t€ltn tns1] lvrlly e =1

+ O = Zu)dull Lo 1, 1, 41:x) + Ol = Za)ull oo, 100y
Proof. By definition of g7 and the triangle inequality, we have
(511 lgfllve < IRaU Ny, + 1T = PidU™ g + 1F5 = Praf Ny -

We bound these terms separately. Following the proof of [16, Thm. 3.2], using Theo-
rem 3.1 and Lemma 4.1(b), we get

||RHUHLOO(tn7tn+1?VI§) S C”(I B IH)U||LOO(tnytn+l§v)'

We can further bound the second term using [16, Lem. 2.12] for the special case
¢z =1,Q} =Pu,Ju =1n.

1(Zr = Pe)U™ e < N(Zor = Pr)Oull poe o, 04002

< sup sup Am (IHatu(t)v 'UH)
t€ltn tna] lvmlly g =1

ny

+ (T = Zr)Ovull oot 4, 15)-

Using these bounds in (5.11) yields the result. O

Now we state one of our main results.
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THEOREM 5.3. Letu € C(0,T; Z) be the solution of the effective Mazwell’s equa-
tions (2.3) and assume 031w € L2(0,T;V) and 8; ?u € L?(0,T; X). The approzi-
mation ufy tou(ty,) (n=1,..., N ) obtained from (5.3) with step size T > 0 sufficiently
small (depending on the Runge-Kuzﬁta method and T') satisfies the following bound.

I = ultn)llg 0 <Clluo.r — u(0)llg o+ C max ||fif = Puf"lly; + Cr" " Blu, s, tn)

,,,,,

2k Y
+C(3) 10eull oo 0,612y + CH (1ull poo 0,0, 2+ 1060 Lo (0,1,52)) -
Proof. First, we split the error into

lufr —u(tn)lloo < lefllo.q + 1(Zr = )ultn)lo o
From Theorem 3.1 we get
|(Zu _I)U(tn)”on < CHZ|U(tn)|e+1,Q < CHZ|U“‘L°°(O7tn;Z)'

In order to bound e}, we insert (5.10) into the stability estimate (5.7).

leBl2 0 < Clledf 2 g+ C1+T) (T2<s+1>B<u, 5 10)?

n—1 s
ni ni| 2 2
+TZZ”JPH = Puf"llve + 1T = Zu)dull g 04,:x)
r=0 i=1

+|(Z - IH)UHLoc(o tov) T Sup sup Am(IHatu(t),vHF)’
tE[0,tn] loall g =1

where we used 7n < T. Following the proof of Theorem 4.5, we use Theorem 3.1,
Lemma 4.1(a) to show

et ll6. < Clieg vy, +C(L+T) (72(s+1)B(u,s,tn) +C max |Ifif = Puf"ly,

i:l,.‘.,s
2 2k 2
+ CHZ(HUHLOO(O tn;z) T HatuHLOO(O tn,z)) + C( ) |8tu||L°°(0,tn;Z))'

Taking the square root finally yields the result. 0
5.2. Error analysis for the Crank-Nicolson and the leapfrog method.

After studying a class of Runge-Kutta methods, we now consider the Crank-Nicolson
and the leapfrog method for time integration. The Crank-Nicolson method applied
o (5.2) reads

(5.12) gt =+ 50 (U + W) + ST fR),

with 4% = uo g, fi = fEMM(¢,,). The leapfrog method is given by

n+1/2  Trn o1 ~n
HHJr /2= Hy — *C}?MMEHa
(5.13) E;}H E} + 7-CHI\/H\/[I{"+1/2 (e Ftl fH)

Iyn+l _ ggpn+l/2 1 S+l
Hy;" =Hy *§CHMMEH )
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with (H%, EY ) = uo.m, (0, fH) HMM(¢,.) using the operators from (5.1).
Following an approach from [20, Sec. 3.2], we rewrite the Crank-Nicolson method
(5.12) in the following form.

(5.14) Rpuy ' =Reuy + S(fF + fR), and 4% =uom,
with

7z rck 7z -ZICE
Ry — . 2 HMM) . Rp= (T 2 HMM) .
" <2CI§IMM 1 a FCim 1

Similarly, the leapfrog method (5.13) can be rewritten as

(5.15) Roayt = Rewy + T(fatt + f2), and @% = o,
with
Ry = ( IH 2%§MME >7 7%3 _ < fl ;%gIJ{EMME )
_%CHMM T- TTCHMMCHMM %CHMM T- TTCHMMCHMM

In this way the leapfrog method can be interpreted as a perturbed Crank-Nicolson
scheme. Since the leapfrog method is an explicit scheme, the time step 7 > 0 needs
to satisfy the CFL-condition

26
5.16 < — H
(5.16) TS Coprew Aun Hi

for the scheme to be stable. Here 0 < 6 < 1 is arbitrary, but fixed. The con-
stant Ccpr, > 0 depends on the mesh Ty and the polynomial degree ¢ and co, =
||/LHNHV%HI\/H\/I||O7oo7Q is an upper bound for the speed of light within the material.

We now state our main result on the error of the full discretization for both
schemes.

THEOREM 5.4. Let u € C(0,T;2) N C3(0,T;X) be the solution of the effective
Mazwell’s equations (2.3).
(a) For the Crank-Nicolson approzimation U to u(t,) (n =1,...,N) obtained
from (5.14) with step size 7 > 0, we have the following bound.

[ufr = ultn)lloq < Clluo,u = uO)llo o +C _max |Ifg =Puflly;
+ CTQHag’U’”LOO(tn,tn+1;L2(Q)G) + C(E) 10ull oo 0,0,0:2)
+ CHZ(”uHLm(O,tn;Z) + HatuHLOO(O,tn;Z))‘

(b) Let further 0 < 6 < 1 and the CFL condition (5.16) be satisfied. The leapfrog
approzimation Wy to u(ty,) (n=1,...,N) obtained from (5.15) with step size
7 > 0 satisfies the following bound.

[ = ultllo < Clluos —uO)lq+C_max_[1f — P g
2 2 3
+ O (107 ull oo 1 1522 009) TNO Ul Lo 1,0, 15220009

2%k
JFC(%) ”atu”L‘x’(O,tn;Z)
+ CHZ(”U’”LW(O,tn;Z) + Hatu”LOO(O,tn;Z))‘
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Proof. (a) As in the proof of Theorem 5.3, we first split the error.
~ ~ ‘
@ — ult)log < 1R o + CHul s 0.2

with €y = 4%y — Zyu(ty,). Following the proof of [20, Lem. 5.1], one can show that
€y satisfies a perturbed version of (5.14), namely

(5.17) Rreptt = Rpep +d",
where the defect d” is given by

dn = %(P _IH)(un—i-l _ un) _ %RH(un-&-l + un)
+5UET = P f = P ") + T Pu s

and 6" = (6%, 0%)7 is defined via

n (b ) (tnar — ¢
o = /t ( )2(72“ )an(t) dt, U=H,E.

n

Using (5.17) and taking the sum over n yields
gITLLI+1 _ Rn+1g]0{ + Z 7?/77,—m7€£1dm7
m=0

with R = RleR. From the triangle inequality and [20, Lem. 4.1] and [20, Lem. 4.2],
we get

(5.18) ez oo < Cllehllon + D Id™ loq-

m=0

As in the proof of Lemma 5.2, we then bound the defect d".

Fld"lloq < sup sup  Am(Zgdyu(t),ver) + ClI(T = Zu)Orull oo s, 1, 1:x)

t€ltn tnp1] lvnlly g =1
+ONET = Zr)ull oo a0y + C_gnax 1 fir =Pt llvg
+ 07—2||8?UHL°°(tn,tn+1;X)’

Inserting this result into (5.18) and using Lemma 4.1(a) to bound Am yields the
result.
(b) We also split the error of the leapfrog scheme.

~ ~ ¢
g — u(tn)”o,Q < ”61?[”0,9 +CH |U|Loo(o7tn;z)a

with efy = U}y — Zyu(t,). Again, one can show that €} satisfies a perturbed version
of (5.15), namely

7/?\,ng+1 = 7/?\,3/6\;} + C/l\n7
with a perturbed defect dr given by

0
d* =d" — — - n eff " n .
4 (CI{I{MMCI{%‘MM(eﬂ,—E‘l - ew,E) + Cli (MﬁW(atH - 9,H )))
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However, the same approach applied to the leapfrog method does not yield the ex-
pected orders of convergence. Instead, the defect has to be investigated more carefully,
as supposed in [20, Sec. 5.1]. The main idea is to split the defect d" into

&\n =d" + (ﬁL — ﬁR)§n7
with

~n ~n eff n n
= T <CI§MM(67T,—~E_‘1 — ex.p) + o (O H t—9,H )) .
4 0

In this way, we get from (5.14)

n n—1
/B\E+1 =¢n - ﬁn+1£0 + Z ﬁnfmﬁgldm N Z ﬁnfmﬁil(§m+l . gm)7
m=0 m=0

with R = 7/@217/@3. Using again the triangle inequality, [20, Lem. 4.1] and [20
Lem. 4.2], this yields

n—1

e oo < €% 0.0 + 1€Moo + Z "™ [lo.0 + Z 1€ = €™ [lo.q-

For £", we have the following bound (analogously for ¢°).

4
”6“”079 <CtH ”EHL°°(t,,“tn+1;wl"+1y2(9)3) + 07'2||8t2H||L°C(tn,tn+1;L2(Q)3)'

The differences can be bounded via
€™ = ™. < CTHNEll poo (s, 11 mwerrz(@ysy F CTHNTH | oot 1012009

Using nT < T and the fact that we have already shown a bound for the sum over d™
yields the fully discrete error estimate for the leapfrog method. a0

6. Numerical experiments. We use the finite element library deal.II [7] for
the implementation of the numerical schemes discussed in the previous sections.!
Let the computational domain © = [0,1] be triangulated into uniform hexahedral
meshes Ty of different mesh widths H. The electric permittivity and the magnetic
permeability are given by

W) = (@) = (V2 +sin(2r2) ) (V2 -+ sin(2r22) ) (V2 + sin(2r22)),

with n = 107°. The corresponding effective parameters are p°f = ¢ = 1 (cf. [21]).
Using a vanishing source term Jex¢ = 0, the exact solutions of the effective Maxwell’s
equations (2.3) are given by

1 —4sin(27x1) cos(27mxs) cos(2mx3) sin(2v/37t)
H (2, t) = 3 —2 cos(2mr) sin(2mzy) cos(27mxs) sin(2v/37t) |
23 5 cos(2mz1) cos(2mas) sin(2mas) sin(2v/37t)

2 cos(2mr ) sin(2m ) sin(27x3) cos(2v/37t)
E(2,1) = — [ —3sin(2mz,) cos(2mx) sin(2ms) cos(2v/3mt)
1sin(2mz1) sin(2722) cos(27mx3) cos(2v/37t)

LOur source code is accessible under https://www.waves.kit.edu/hmm-maxwell.php.
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Fic. 6.1. Mazimal difference between the solution of the effective system (2.3) and the HMM-
system (3.6) over all time steps. The computations were done with first order elements (left) and
second order elements (right).

For the time integration, we use the leapfrog method with step size 7 = 0.005 and
final time T = 1.

Figure 6.1 shows the maximal L?(Q)-error between uf and w!MM. The left
column was computed with linear elements, whereas the right column is based on
quadratic elements. The upper row shows the errors over the macro mesh width
H for different micro mesh widths h. The bottom row shows the same errors, but
plotted over the micro mesh width A for different macro mesh widths H. As expected,
we see first order convergence in H and second order convergence in h for linear
elements. For quadratic elements, we get second order convergence in H and fourth
order convergence in h.

Acknowledgments. The authors like to thank David Hipp for inspiring discus-
sions on the unified error analysis [16].
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