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GENERAL CLASS OF OPTIMAL SOBOLEV INEQUALITIES AND
NONLINEAR SCALAR FIELD EQUATIONS

JAROSEAW MEDERSKI

ABSTRACT. We find a class of optimal Sobolev inequalities
N
(/ |Vu|2d:1:) s one | Gdr, uweDWRYN),N >3,
RN RN

where the nonlinear function G : R — R satisfies general assumptions in the spirit of the
fundamental works of Berestycki and Lions involving zero, positive as well as infinite mass
cases. We show that any minimizer is radial up to a translation, moreover, up to a dilation,
it is a least energy solution of the nonlinear scalar field equation

~Au=g(u) inRY, withg=G"

. 2(N-1)
In particular, if G(u)2: u*log |ul, then the sharp constant is Ciy,¢ := 2*(5 )% e ~-2 (w)%
and uy(z) = e"= =% 1o with A > 0 constitutes the whole family of minimizers up to trans-

lations. The above optimal inequality provides a simple proof of the classical logarithmic
Sobolev inequality.

Moreover, if N > 4, then there is at least one nonradial solution and if, in addition, N # 5,
then there are infinitely many nonradial solutions of the nonlinear scalar field equation. The
energy functional associated with the problem may be infinite on DV2(R”) and is not Fréchet
differentiable in its domain. We present a variational approach to this problem based on a
new variant of Lions’ lemma in DY2(RY).

MSC 2010: Primary: 35J20, 58E05

Key words: Nonlinear scalar field equations, logarithmic Sobolev inequality, cubic-quintic
effect, critical point theory, nonradial solutions, concentration compactness, Lions’ lemma,
Pohozaev manifold, zero mass case, infinite mas case.

INTRODUCTION

In view of the classical Sobolev inequality one can show that there is a constant Cy ¢ > 0
such that the following inequality

(1.1) (/RN VulPdr)" > Cn [ G ds

holds for all u € DM2(RY), where D?(R¥) stands for the completion of C5°(RY) with respect
1
to the norm |lul| = (fRN |Vul|? d:c) . N >3, and G satisfies the following assumptions
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2 J. Mederski

(20) g : R — R is continuous, g(0) = 0, G(s) = [ g(t) dt, Go(s) = [; max{g(t),0} dt for
s> 0and G4 (s) = fso max{—g(t),0} dt for s < 0.

(g1) limyyo G+ (s)/|s|* =0, where 2* = 2.

(g2) There exists & > 0 such that G(&) > 0.

(83) limygo0 G (s)/[s|* = 0 and limsup . [g(s)|/[s[* " < oc.

We show that (1.2) is optimal, that is the equality holds in (1.1) for some u # 0, and
then w is called a minimizer. Observe that, if v is a minimizer, then u(\-) and u(- + y) are
minimizers for any A > 0 and y € RY. The first main result reads as follows.

Theorem 1.1. Suppose that (g0)—(g3) are satisfied.
(a) There is a radially symmetric solution u € DY*(RY) of

(1.2) —Au=g(u) inRY

such that w € M and J(u) = infrg J > 0, where J is the associated energy functional
1

(1.3) J(u) = —/ |Vul? — / G(u) dx,
2 RN RN

and
(1.4) M= {ue DR\ {0} : /RN IVl = 2 /RN Clu) )

If in addition g is odd, then wu is positive.
(b) If u e M and J(u) = infrq J, then u is a radial (up to a translation) solution of (1.2).
(c) The optimal constant in (1.1) is

Cra=2 (2= L) Pt ),
’ 2 2 M
Moreover, if u € M and J(u) = infrq J, then u is a minimizer of (1.1). If u is a minimizer
of (1.1), then u(\-) € M and J(u(\-)) = infrq J for a unique X\ > 0. In particular, there is a
(

radially symmetric solution of (1.2) such that the equality holds in (1.1).

Using standard arguments we show that any (weak) solution u of (1.2) such that |G(u)| €
L*(RY) satisfies the Pohozaev identity

(1.5) / |Vu|? = 2 G(u) dz,
RN RN

see Proposition 3.1. Hence M contains all nontrivial finite energy solutions, and u obtained
in Theorem 1.1 (a) is a least energy solution. Moreover if, in addition,

G(s) € —c18* + cp8”

for some constants c1,co > 0, for instance in the positive mass case below (1.6), then (1.5)
implies that v € M C HY(RY).

If g is odd, then positive and radially symmetric solutions of (1.2) have been considered
by Berestycki and Lions in their fundamental papers [5,6] and multiplicity of radial solutions
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have been given in [6,7]|. In fact, by the strong maximum principle we can solve (1.2) under
the following more general growth assumption introduced in [7]:

(g3") Let & :=inf{& > 0: G(&) > 0}. If g(s) > 0 for all s > &, then

lim G(s)/s* =0, and limsup g(s)/s* ' < oo.
§—00 s§—00

Namely, suppose that ¢ is odd and satisfies (g0)—(g2) and (g3’). Similarly as in [5], we
modify ¢ in the following way. If g(s) > 0 for all s > &, then § = g. Otherwise we set

&1 = inf{{ > & : g(§) <0},
. g(s) if 0 <s<¢,
s) = .
0= ey s e
and g(s) = —g(—s) for s < 0. Hence § satisfies assumptions (g0)—(g3) of Theorem 1.1 and by
the strong maximum principle if u € DY?(RY) solves —Au = g(u), then |u(x)| < & and u is
a solution of (1.2). However, it is not clear whether J(u) = infJ and u is a least energy
solution. So far, a positive, radially symmetric and least energy solution has been obtained
in [5][Theorem 3] in the positive mass case for the modified nonlinearity §. Namely, instead
of (gl), we have
(1.6) — oo < liminf g(s)/s < limsupg(s)/s = —m < 0,
s—0 s—0

and after the above modification of g, in fact, it has been assumed that
(L.7) lim g(s)/[s|* =" =0,
|s| =00
also in other works [17,18,24]. The latter condition excludes some important examples, which
are taken into account in our assumptions (g0)—(g3). Indeed, take
(1.8) g(s) =|s|P7%s — |s|* ?s —ms, 2<p<2F,
and note that g satisfies (g0)—(g3) if and only if m € (0,my), where

i =22 = 5) N = 2)y 55
. N(p—2) 2p '

Therefore we get the following result.

Theorem 1.2. Suppose that g is given by (1.8).

(a) For any w € (0,myg) there is a positive and radially symmetric solution w of (1.2) mini-
mizing J on M C HY(RYN), which is also a minimizer of (1.1).

(b) If w ¢ (0,myg), then (1.2) has only trivial finite energy solution.

In a particular case N = 3 and p = 4 we solve the cubic-quintic problem recently studied
by Killip et al. in [19][Theorem 2.2.(i)]. Theorem 1.2 provides an additional information about
this solution, that is, J(u) = infy J and w is a minimizer of (1.1). If N > 4, we also show
below the existence of nonradial solutions and their multiplicity.
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The relation between solutions of (1.2) and minimizers of (1.1) allows to provide a new

and simple proof of the classical logarithmic Sobolev inequality given in [33]:
N

2
(1.9) —log ( / |Vu|2dx) > / lu|? In(|u|) dz, for u € Hl(]RN),/ lul|? de = 1,
4 melN RN RN RN

which is also equivalent to the Gross inequality [15]. Indeed, note that the following nonlin-
earity

(1.10) G(s) = s*log|s| for s # 0, and G(0) =0

is in the infinite mass case and satisfies (g0)—(g3). In view of Theorem 1.1 there is a positive
and radially symmetric solution of (1.2) with g(s) = 2slog|s| + s. The Gausson [§]

N—-1

(1.11) u(z) = e 7 2

solves (1.2) and in view of Serrin and Tang [28] (cf. [12]), u; is a unique positive and radial
solution of (1.2) up to a translation. Thus, one easy verifies that J(u;) = (l—%)eN_lg(ﬁ)% =

272
inf s J and by Theorem 1.1 (c)

NN2" 2y
(1.12) O = 2*(5) e N2 (m)ne,
Moreover u; is a unique minimizer of (1.1) solving (1.2) up to a translation. Now observe that
(1.1) is equivalent to

N

(1.13) (/ |Vu|20lx>m > C’N7Gmax{e_°‘/2*/ G(e“u) dx}, for u € DV*(RY),
RN RN

aceR

and the equality holds if and only if u = e’u;(\-) for some 3 € R, A\ > 0 and up to a
translation. Assuming that [py u?dz = 1, the maximum of the right hand side of (1.13) is
attained at o = =2 — [ G(u) dz. Hence, taking into account (1.12) we verify that (1.13)
is equivalent to (1.9) provided that [,y |u[*dz = 1. Moreover, (1.9) is sharp and the family

A2 ui(\), A > 0 are unique minimizers up to translations.

Recall that the optimality of (1.9) and the characterization of minimizers have been already
proved by Carlen [10] in the context of the Gross inequality as well as by del Pino and
Dolbeault [13] for LP-Sobolev logarithmic inequality. A generalization of the optimal Gross
inequality in the context of Orlicz spaces is given by Adams [1]. The optimal inequality
(1.1) can be also regarded as a generalization of (1.9) and note that we do not need any
structural assumptions in the Orlicz setting as in [1]. We would like to also mention that Wang
and Zhang [32] have recently provided another proof of the logarithmic Sobolev inequality
due to Lieb and Loss [20] based on an approximation by minimizers of the classical Sobolev
inequalities.

In order to solve (1.2) under the above assumptions (g0)—(g3), we consider the associated
energy functional J : DV2(RY) — R U {oo} given by (1.3) and observe that J may be infinite
on a dense subset of DY2(RY). We look for weak solutions of (1.2), i.e. J'(u)(v) = 0 for any
v € C°(RY), however, J cannot be Fréchet differentiable and this is the first main difficulty
in comparison to the the positive mass case (1.6) studied e.g. in [5,6,17,18,24]. Note that in
the positive mass case and under assumption (1.7), J is well-defined, of class C* on H'(RY)
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and Jeanjean and Tanaka |17] showed that the least energy solution obtained in [5] minimizes
the energy on the Pohozaev manifold M defined by (1.4) in H*(RY). This result has been
proved directly in [24] by a critical point theory developed therein. In Theorem 1.1 (a) we
prove that there is a least energy solution minimizing J on the Pohozaev manifold M under
more general assumptions (g0)—(g3) including also the zero mass case (m = 0) as well as the
infinite mass case (m = 00), e.g. (1.10). We also present a new and simple approach of finding
minimizers on M, see Lemma 3.3, which is equivalent to finding minimizers of (1.1).

Note that in [24] we have indeed studied the positive mass case, and if N > 4 we have
found nonradial solutions and answered to the open problem [6][Section 10.8] concerning the
existence and multiplicity of nonradial solutions of (1.2). Moreover Jeanjean and Lu [18] have
recently provided a mountain pass approach and reproved the main results from [24] based on
the monotonicity trick [16]. Therefore, our next aim is to show that the similar results hold
under assumptions (g0)—(g3) and we give an answer to this problem also in the zero mass case
as well as in the infinite mass case.

Namely, let N > 4 and similarly as in [4], let us fix 7 € O(N) such that 7(xy, 29, x3) =
(w9, 1, x3) for 21, 15 € R™ and x3 € RVN"2" where z = (1, 79, 13) € RY = R™ x R™ x RV 2™
and 2 < m < N/2. We define

(1.14) X, = {ueD*RY) :u(z) = —u(rz) for all z € R"}.

Clearly, if v € X is radial, i.e. u(x) = u(px) for any p € O(N), then u = 0. Hence X,
does not contain nontrivial radial functions. Then O; := O(m) x O(m) x id C O(N) acts
isometrically on DM?(RY) and let D}Q’f(]RN ) denote the subspace of invariant functions with
respect to O;.

Theorem 1.3. If N > 4, then there is a solution u € M N X, N D(lg’f(RN) of (1.2) such that
(1.15) J(u) = inf J > 2ijr\1/lf J.

mempgf(RN)

Clearly, we infer that problem (1.2) with (1.8) or with (1.10) has a nonradial solution for
N > 4. If, in addition, N # 5, then we find infinitely many nonradial solutions. Indeed, we
may assume that N —2m # 1 and let us consider Oy := O(m) x O(m) x O(N —2m) C O(N)
acting isometrically on D?(RY) with the subspace of invariant function denoted by D(lg’f(RN ).

Theorem 1.4. If N > 4 and N # 5, then the following statements hold.
(a) There is a solution u € M N X, N D(lg’z(]RN) of (1.2) such that

(1.16) J(u) = inf J > inf J.

MnXTngj (RN) MNX-NHE, (RN)

(b) If, in addition, g is odd, then there is an infinite sequence of solutions (u,) C M N X, N
D5 (RY) of (1.2) such that J(u,) — 00 as n — oo.

Note that there is little work on the problem (1.2) involving the zero or infinite mass
case expressed by general assumptions without Ambrosetti-Rabinowitz-type condition [2|, or
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any monotonicity behaviour. The first difficulty is that J may be infinite and is not Fréchet
differentiable in its domain. The second one is related with the lack of compactness of the
problem in R¥; even if we find a Palais-Smale sequence, we do not know whether the sequence
is bounded and contains a (weakly) convergent subsequence. Berestycki and Lions in [5]
minimized u — [ |Vu|* dz on the constraint of radial functions such that |G(u)| € L'(R"Y)
and fR v G(u) dx = 1. In order to get multiplicity of solutions they approximated the zero mass
case ¢ by suitable functions g. in the positive mass case, i.e. —¢.(0) > 0 and g. — g uniformly
on compact subsets of R as ¢ — 07. Using results of [6] they solved the approximated problem
in the positive mass case. Letting ¢ — 0, a sequence of radial solutions of (1.2) have been
obtained. Another approach based on approximations of D(lg’?N) (RY) by {u € D(lg’?N) (RY) -
u(x) = 0 for |z| > L} for L — oo is due to Struwe [30]. Observe that in all these works
the radial symmetry plays an important role, since one gets the uniform decay at infinity of
functions from D(lg’?N) (RY) (see |5]|Radial Lemma A.III]) and the the compactness lemma of
Strauss [5||[Lemma A.I] is applicable. In the nonradial setting these arguments are no longer
available.

Now we sketch our approach with a new and simple approximation J, of J. Let g, (s) =
G' (s), g—(s) == g+(s) — g(s) and G_(s) := G4(s) — G(s) > 0 for s € R. In view of (g3),
Gy(u) € LYRY) for u € DYARY) C L¥ (RY), however G_(u) may not be integrable unless
G_(u) < clul* for some ¢ > 0. In order to overcome this problem, for any e € [0, 1) let us take
any even function ¢, : R — [0, 1] of class C' such that ¢.(s) = &|s|*" for |s| < e, p.(s) =1
for |s| > 2e, and |¢.(s)| < e* ! for any s € R. Moreover we may assume that ¢.(s) > ¢1/2(s)
for s € R and ¢ € [0,1/2]. We introduce a new functional

1

(1.17) Je(u) = 3 /]RN |Vul® + /]RN 0 (u)G_(u) dx — . G4 (u)dx,

and now observe that ¢.(u)G_(s) < c.|s|* for any s € R and some constant c. > 0 depending
on ¢ > 0. Hence, for € € (0,1), J. is well-defined on D»?(RY) and we easy check that J. is of
class C'. We show that any minimizing sequence of .J. on the following Pohozaev manifold

(1.18) M, = {u c DYA(RM)\ {0} : /RN |Vul|? = 2* /RN Gi(u) — pe(u)G_(u) dx}

converges to a nontrivial critical point u. of J. up to a subsequence and up to a translation
— see Lemma 3.3. The last argument requires the following variant of the classical Lions’
lemma [22], [34]||Lemma 1.21] applied to ¥ = G satisfying (1.20).

Lemma 1.5. Suppose that (u,) C D¥?(RY) is bounded and for some r > 0

(1.19) lim sup / |, |* dz = 0.
B(y.r)

n—o0 yERN

Then
/ U(u,)dr —0 asn— oo
RN
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for any continuous ¥ : R — [0, 00) satisfying
v v
() _ o ()

2%

(1.20) lim

s—0 |3

=0.

|s|—o00 |$|2*

Note that concentration-compactness arguments in the zero mass case have been conside-
red so far in more restrictive settings e.g. in [11|[Lemma 3.5] or [3|[Lemma 2|, where one has
to require that ¥U(s) < cmin{|s|?, |s|?} for some 2 < p < 2* < g and constant ¢ > 0. Condition
(1.20) seems to be optimal and we prove Lemma 1.5 in Section 2, see also Lemma 2.1.

Having found a critical point u. € M. of the approximated functional J. we let ¢ — 0
and passing to a subsequence we obtain a solution of (1.2) in Theorem 1.1. Next, repeating
the similar arguments, we prove Theorem 1.3 as well as Theorem 1.4 (a) in the nonradial
setting. Note that this is a simpler approach in comparison to [18,24] and it seems that we
cannot argue directly as in these papers, since we do not require (1.6) and (1.7), which are
crucial for decompositions of Palais-Smale sequences in [18| and for the variant of Palais-Smale
condition [24||(M)gs (i)]. We expect that our approach based on minimization on a Pohozaev
manifold with Lemma 3.3 as well as Lions’ type results in the spirit of Lemma 1.5 allows to
study other nonlinear elliptic problems involving general nonlinearities.

In order to prove the multiplicity result in Theorem 1.4 (b), we employ the critical point
theory from [24][Section 2|. Namely we observe that there is a homeomorphism m : U — M.
such that

U= {ueDRY): /RN Vuldr=1amd | Gi(u) ~ oulw)C_(u)dr > 0}.

RN
We show that J.om : U — R is still of class C!. The advantage of working with .J. o m is that
U is an open subset of a manifold of class Cb' and we can use a critical point theory based
on the deformation lemma involving a Cauchy problem on ¢. This is not feasible on M._,
since M, need not be of class C'. We show that J. o m satisfies the Palais-Smale condition
inUnN D(lg’f(RN ) and we find an unbounded sequence of critical points. This requires a next
approximation of .J. described in Section 4. Similarly as above, letting ¢ — 0 we prove Theorem
1.4 (b). Based on this work, under assumptions (g0)—(g3) one can obtain an unbounded
sequence of radial solutions in M N D(lo’?N) (RY), which was considered in [7,30], however by
means of different techniques, in particular without the radial lemma of Strauss [5,29] — we
leave details for the reader.

2. CONCENTRATION-COMPACTNESS IN SUBSPACES OF DV2(RY)

Lemma 2.1. Suppose that (u,) C DY*(RY) is bounded. Then u,(-+y,) — 0 in DY2(RY) for
any (y,) C ZY if and only if

(2.1) / U(u,)dr —0 asn— oo
RN

for any continuous ¥ : R — [0, 00) satisfying (1.20).
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Proof. Let (u,) C DY*(RY) be such that u, (- +y,) — 0 in DV2(RY) for any (y,) C Z". Take
any € > 0 and 2 < p < 2* and suppose that ¥ satisfies (1.20). Then we find 0 < 6 < M and
¢. > 0 such that

U(s) < els|*  for|s| <0,
U(s) < els|*  for |s| > M,
U(s) < c.ls|P  for |s| € (6, M].

Let us define w,(x) := |u,(2)| for |u,(z)| > § and w,(x) = |u,(z)[* /26722 for |u,(z)| < 6.
Then (w,,) is bounded in H*(RY) and by the Sobolev inequality one has

/ U(u,)dr = / \If(un)dx—l—/ U(uy,) dz
Q+y (Q+y){0<|un|<M} Q)N {lun|>MpU{|un|<6})

< cg/ |wn|pd:)5+5/ lu,|* da
(Q+y){0<|un|<M} (Q+y)N(lun|>MPU{|un|<6})

1_2/ *
< c€C</ \an|2+|wn|2d:c>(/ \wn\pdx> p+6/ |u,|* da,
Q+y Q Q+y

for every y € RN, where Q = (0,1)Y and C' > 0 is a constant. Then we sum the inequalities
over y € Z" and we get

1-2/p .
/ U(u,)dr < c€C</ |Vw,|? + |wn|2da7> ( sup / lwn(-+y)P d:)s) + 5/ [, |* da.
RN RN yezN Jo RN

Let us take (y,) C Z" such that

sup / |wn(-+y)\pd:c§2/ (- + y)|P da
Q Q

yezZN

+y

for any n > 1. Note that u,(- + y,) — 0 in D»?(RY) and passing to a subsequence we obtain
Un(- + yn) — 0 in LP(Q). Since |wy,(z)| < |u,(x)|, we infer that w,(- + y,) — 0 in LP(Q).
Therefore

limsup/ U (uy,) dxgalimsup/ lun|*" de,
RN RN

n—oo n—o0
and since € > 0 is arbitrary, we conclude (2.1). On the other hand, suppose that w, (- + y,)
does not converges to 0 for some (y,,) C Z" and (2.1) holds. We may assume that u, (- +v,) —
ug # 0 in LP(Q) for some bounded domain Q € RY and 2 < p < 2*. Take any ¢ > 0, ¢ > 2*
and W(s) := min{|s|?,eP~9|s|?} for s € R. Then

/ U(u,)dr > / |un|pd:)3—|—/ el Pu, | dx
RN QN{|un|>c} QN{lun|<e}

= [lwpder [ )= jufds
Q QN{|un|<e}

> /|un|pd:c—25p|§2|.
Q

Thus we get u,, — 0 in LP(2) and this contradicts ug # 0. O
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Proof of Lemma 1.5. Suppose that there is (y,) C Z" such that u,(- + y,) does not converge
weakly to 0 in DV2(RY). Since u,(- + y,) is bounded, then there is ug # 0 such that, up to a
subsequence,

as n — co. We find y € RY such that ugxp, # 0 in L*(B(y,r)). Note that passing to a
subsequence uy, (- + y,) — uo in L*(B(y,r)). Then, in view of (1.19)

/ [ (- + ) |? da = / [, |* dz — 0
B(y,r) B(yn+y,r)

as n — 0o, which contradicts the fact wu, (- + y,) — uo # 0 in L*(B(y,r)). Therefore u, (- +
yn) — 0 in DM2(RY) for any (y,) C Z" and by Lemma 2.1 we conclude. O

Let us consider # = (2!, 22, 2%) € RY = R™ x R™ x RY=?™ with 2 < m < N/2 such that
vl 2% € R™ and 22 € RY72™. Let O = O(m) x O(m) x id C O(N). Then for O, invariant
functions we get the following corollary, which proof is postponed to Appendix and follows
from Proposition A.2.

Corollary 2.2. Suppose that (u,) C D(lg’f(]RN) is bounded, ro > 0 is such that for all r > rg

(2.2) lim  sup / |, |* dz = 0.
B((0,0,2),r)

n—00 2ERN—2m
Then
/ U(u,)dr —0 asn— oo
RN

for any continuous function ¥ : R — [0, 00) such that (1.20) holds.

3. PROOFS OF THEOREM 1.1 AND THEOREM 1.2

We prove the following Pohozaev type result using a truncation argument due to Kavain,
cf. [31]|[Lemma 3.5] and [34]|Theorem B.3|.

Proposition 3.1. Let u € DY2(RY) be a weak solution of (1.2). Then u € W2I(RN) for any
q < 400, and

(3.1) /|vu\2dx:2* Glu) dz
RN RN

provided that G_(u) € L'(RY).

Proof. Since

lg(u)] < e(1+ Jul* )
for u € R and for some constant ¢ > 0, by Brezis and Kato theorem [9] we infer that
u € W2I(RYN) for any ¢ < +00. Let ¢ € C°(R) be such that 0 < ¢ < 1, (r) = 1 for r < 1

loc



10 J. Mederski
and ¢(r) = 0 for r > 2. Similarly as in [34][Theorem B.3| we define ¢, € C°(RY) by the

following formula
|z f?
pn(2) = ¢ (—) :

n2
Then there exists C' > 0 such that

pn(r) < O, and [z]|Vipn(2)] < C

for every n and z € RY. Recall that

2 N —2
Aupp(z,Vu)y = div (gpn(Vu(x,Vu) _z\V2u| )) + 5 | Vul?
2
(Vo V), V) + (Vi 2)

Then by the divergence theorem it is standard to show that

N —2
7/ on|Vul?dr = / —(V,, Vu)(x, Vu) + (Vo,, )
RN RN

[Vul?

2

5 dx

+N ©nG(u) de + / (Vn, 2)G(u) dx.
RN RN

Since (V,, r) is bounded, (Vg,,, z) — 0 asn — oo and G(u) € L'(RY), then by the Lebesgue

dominated convergence theorem we get

\V4 2
/ —(V,, Vu)(z, Vu) + (V,, :c>‘ Y dx +/ (Vn, x)G(u) dr — 0
as n — 00. Since p,(r) — 1 and we get the required equality. O

Let X := DY2(RY) and we set G.(s) := G(s) — p-(u)G_(s), g-(s) := GL(s) for s € R.
Note that there is ¢ > 0 such that |g.(s)| < ¢|s|* 7! for s € R, which implies that J. is of class
C!'. Moreover let

M, = {uex; |Vu|2—2*/ Ga(u)d:p:O},
RN RN
S = {uEX:Hqul},

P = {uGX:
u = Snp.

G.(u)dxr > O},

RN

Proposition 3.2. The following holds for ¢ > 0.
(i) P is open and nonempty. Moreover there is a map mp : P — M. such that mp(u) =

u(r-) € M. with

<2* Jan G=(u) d:)s) v

il

(3.2) r=r(u)= > 0.
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(ii) m = mply : U — M. is a homeomorphism with the inverse m='(u) = u(||u||%),
J.omp : P — R is of class C* and
(Jeomp) (u)(v) = Ji(mp(w))(v(r(u))
= r(u)z_N/ (Vu, Vo) da:—r(u)_N/ g-(w)vdx
RN RN

forueP andv e X.
(iii) J. is coercive on M., i.e. for (u,) C M., J-(u,) = o0 as ||u,| — oo, and

(3.3) c.:=1inf J. =inf J.om > 0.
Me U
() If u, = u, u, € U andu € OU, where the boundary of U is taken in S, then (J.om)(u) —

oo as n — Q.

Proof. Similarly as in [5][page 325] or in [24||[Remark 4.2] we check that P # (). Next, we easy
verify (i)—(iv), e.g. arguing as in the positive mass case in [24]|Proposition 4.1]. O

The following lemma is crucial and allows to avoid the analysis of decompositions of
Palais-Smale sequences required in [18,24].

Lemma 3.3. Suppose that (u,) C M., J-(u,) — c. and
Uy — U # 0 in DY2(RY), u,(z) — u(x) for a.e. v € RN

for some uw € X. Then u, — u, u is a critical point of J. and J.(u) = c..

Proof. Take any v € X and observe that by the Vitaly convergence theorem

. imint i 3 (2 [ Gt ryar) - (2 [ Gtuyar) )
i » B
= lim inf N ]\—7 2 (2* . G. (1) dx>_1% (2* /R () 0) dx)

> lim inf N]f(/RN \Vun|2d:c)_%<2* /RN 4.(7) (v) dx)

where the last equality holds, since u,, € M. and
1 1
Je(uy,) = (— — —) / |Vu,|*dz — c..
2 2* RN

Moreover

(35) o (2 [ 6w dx)NNQ :cﬁ(AN\vun|2dx)w - (%—%)N/RN Vunl? dz+o(1).
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Then we find ¢,, — 0 such that u, 4+ t,v € P, and observe that J.(mp(u, + t,v)) > c., that is
1 1
r(u, + tnv)Q_N<— - —) / |V (up + t,v)|? dz > c..
2 2* RN
Hence

1 13\% ) 2 Ea
(_ _ _) / IV (un + tg0)Pdz > N (2* Gy + ty0) d:c)
2 2* RN RN

and by (3.4), (3.5) we obtain

lir{gicgf (% — %)Ji (2 /RN<Vun,Vv) dx +t, /]RN \Vvﬁd:c)

N—-2

> lim inf tlcé% ((2 /R | Glun +ta0) dﬂf) - (2* /RN Glun) dI) NN)

. N—=2/1  1N\F /.,
>l = (5 3) " (2, @),

/}RN(VQ,VU) d:zz/ g-(w)v dx

RN
for any v € X and we infer that u is a critical point of J.. In view of the Pohozaev identity
(cf. Proposition 3.1), u € M., mp(u) = u and

c. < J(u) = (% - %) / V| do < hmmf (— - 2—1*) / |Vu,|* dr = c..

Therefore ||u,| — ||| and u, — w. O

Thus

Proof of Theorem 1.1. (a) Let (u,) C M. be a minimizing sequence of J.. i.e. J.(u,) — c..
Since J. is coercive on M., (u,) is bounded. Observe that

(3.6) 2*/ Gy(uy,)dx 2/ \Vu,|* de = (— - %) c: +o(1
RN

lim Gy (s)/s* = lim G, (s)/s* =

5—0 |s|—o0
and in view of Lemma 1.5, (1.19) is not satisfied. Therefore, passing to a subsequence, we find
€ DY2(RY) and (y,) C RY such that

(- + 9) = e 0 and up (@ + ) = ue(2)

for a.e. # € RY as n — co. By Lemma 3.3 we infer that u. € M. is a critical point of J.
at level c.. Now we let ¢ — 0 and in order to avoid confusion with notation, we denote the

dependence of P and mp on € by P. and mp, respectively. Take any u € M and observe that
1 1 T/, ~ 2

s < glmp )= (5-5) ([ 1valae) (2 [ 6ot - ptw)Gds)

RN RN

2*
N—-2

< (% - 2—1*> </]RN \Vu|2alx>12V (2* . G(u) d:L’)_T

37 = J
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Hence
Je(u:) <infJ
M
and
(3.8) / IV |? do < (l_i)_linm
' RN —\2 22/ M7
Moreover,

Je(ue) = Je(mp. (ue)) = Jij2(mp, , (ue)) > Jija(uis2)

and we obtain
« 2 L 1Nt
> [ Gi(u)de> | |Vu|?dz > (— . —) 1o (1 o)

RN RN 2 2*
for e € (0,1/2]. Since u, is bounded in D'*(RY) and [,x G4 (u.) dz is bounded away from 0,
in view of Lemma 1.5 we infer that (1.19) does not hold. Therefore, passing to a subsequence
and up to a translation, we may assume that u. — ug # 0 and u.(x) — uo(z) for a.e. x € RY

as € — 0. Observe that for any ¢ € C§°(R") one has

J(u)W) = /RN@E,WI_ /RNguuswm /
= (o) (),

hence ug is a nontrivial weak solution of (1.2). Since

2*/ G_(ua)dx:T/ G+(u€)dx—/ |Vu.|* dw
RN RN RN

is bounded, we infer that G_(uo) € L'(RY) and by the Pohozaev identity in Proposition 3.1,
uy € M. Taking into account (3.8),

1 1 1 1N, .
Tw) = (3-5) ANIVUO|2§<§—§>1Ig§fAN Vol da

< inf J,
M

N Pe(ue)g—(ue )t + ‘Pé(ue)G— (ue ) dx

hence J(ug) = inf e J. Now suppose that g is odd. Then G and G_ are even. Observe that
for the minimizing sequence (u,,) C M. we can consider (|u,|(-r,)) C M. with suitable r,, > 1
and then

N1 1
Je(|un|(rn)) - TT2L N(§ - ?) /RN |V|un||2d$ < Je(un)

Hence (|uy|(-7))) is a minimizing sequence of J. and therefore we can assume that u. > 0.
Hence ug > 0 and in view of the strong maximum principle uy > 0.

(b) Suppose that J(u) = ¢ := infy J. Note that G(u + v) € LY(RY) for any v € C°(RY).
Let us fix v € C°(RY) and similarly as in proof of Lemma 3.3 we show that by the Vitaly
convergence theorem

([ G s ) - [ Gw))

X2 e f o)
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Note that
/ G(u+tv)der >0
RN

1/2
if |t| is sufficiently small. Hence (u + tv)(r-) € M for r = (2* Jan G(u + tv) d:E) |,
J((u+tv)(r)) > ¢, ie.

(%—%)”/RN IV (u+ to)| de > C%(g*/RNG(qu)dx)NNQ.

Similarly as in proof of Lemma 3.3 we show that J'(u)(v) = 0. Therefore u is a weak solution
of (1.2). Take A := [onx G(u)dx = 5-||ul|* > 0. Then, for any v € D"?(R") such that

(3.9) | cwyds=»
we get v(r-) € M for r := (2*A\)"/2/||v||. Hence J(v(r-))

>J
1 1 1 1
(5-2)r Mol = (5 = o)l
2 2 2

and we get
[o]l* = Jlulf®.

Therefore u is a minimizer of the functional D¥?(RY) 3 v + [|v||* € R under the constraint

(3.9). In view of Maris [23]|Theorem 2|, u is radial up to a translation.
(¢) Take any u € D*(R™) such that [,y G(u)dz > 0. Then u(r-) € M for some r > 0 and the

2
N—2(

inequality J(u(r-)) > infy J is equivalent to (1.1) with Cy ¢ = 2* (% — zi) inf o J)%.

Clearly, if u € M and J(u) = infy, J, then w is a minimizer of (1.1).
Now let u be a minimizer of (1.1). Then [,y G(u)dz > 0 and u(X-) € M for a unique
A >0 and J(u(\)) =infr J. 0

Proof of Theorem 1.2. (a) follows from Theorem 1.1 (a).

(b) Observe that G(s) has nonpositive values for m > mg and in view of (1.5), (1.2) does not
have any nontrivial solutions. Similarly combining (1.5) with J'(u)(u) = 0 we infer that there
are nontrivial solutions also for m < 0. O

4. PROOFS OF THEOREM 1.3 AND THEOREM 1.4

Now, let us consider O;-invariant functions.
Proof of Theorem 1.3. Assume that X := D(lg’f(RN)ﬂXT and 2 <m < N/2. Let (u,) C M.NX

be a sequence such that J.(u,) — § with

g := inf J..

M:NX
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Since J. is coercive on M, (u,) is bounded. Observe that

1 1\t
2*/ Gy (uy)dx > / |Vu,|? do = (— - —) B+ o(1)
RN RN 2 2*
and in view of Corollary 2.2, passing to a subsequence, we find (y,) C {0} x {0} x RN=2m
such that
Un (- + Yn) = ue #0 and u,(x + y,) — u(2)

for a.e. # € RY as n — oo. Similarly as in proof of Lemma 3.3 we show that u. is a critical
point of J.|x and by the Palais principle of symmetric criticality [26], J.(u.) = 0. By the
Pohozaev identity (cf. Proposition 3.1), u. € M. N X, mp(u.) = u. and

B < J.(u) = (1 - i) / V. |? dz < lim inf (1 - i) / IVt (- + y) |2 dz = B.
RN 2 RN

2 2 n—o0 2%
Letting ¢ — 0 as in proof of Theorem 1.1, we find a critical point u € M N X of J such that
J(u) = inf J.
MNX

In view of the Palais principle of symmetric criticality [26], u solves (1.2). Let
Q= {2 eRY |2y > |aof},
Qy = {2 eRY :|zy| < |zof}.

Since u € XTF‘lD(ldf(]RN), we get xo,u € DM?(RY) and yg,u € DV(RY). Moreover xo,u € M
and
J(u) = J(xa,u) + J(xo,u) = 2 (xo,u) = 2inf J

Suppose that J(u) = 2inf, J. Then
J(XQl’U) = 1/:51/tf J

and in view of Theorem 1.1 (b), xq,u is radial (up to a translation), which is a contradiction.
This completes proof of (1.15). The remaining case 2 < m = N/2 is contained in Theorem
1.4. O

Now let us consider Os-invariant functions. In order to the get the multiplicity of critical
points, we need to modify J. in order to ensure that (4.1) and (4.5) below are satisfied. Take
any even function 1, : R — [0,1] of class C' such that ¥y(s) = 1 for A < |s| < 1/\ and
supp(#,) is compact and does not contain 0 for A € (0,1]. We set g = 1. Let G4 \(s) =
¥(s)G1(s) and instead of G, we consider now

Glen(s) i= Grals) = Mlsl?” = 0.(5)G—(s).
Take g4 (s) := (¥a(s)G4(s)) and we check that

(4.1) lim g, a(s),/1s ™ = lim g, a(s)/|s* " =0

[s| =00
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Let us introduce the following functional

1
T (@)= 3llul? = [ Gl da

for e € (0,1/2] and A € [0,1]. Clearly, Proposition 3.2 holds if we replace J., g. and G.
by Jiex)s 9 = G’(&/\) and G ) respectively and A > 0 is sufficiently small, i.e. there is
Ao € (0,1] such that G(g (&) > 0 for A € [0, A]. We may also assume that 1x(s) > 1y, (s),
hence Gox)(5) > Gop)(s) for any s € R and A € [0, \o]. Here and what follows P, U, m
depend on ¢ and A, and are given in Proposition 3.2, where J., ¢g. and G. are replaced by
Jien)s 9, and G 5 respectively. M. ) stands for the Pohozaev manifold for J y).

Lemma 4.1. Suppose that X := DCIQ’S(RN) N X, and (u,) CUNX is a (PS)g-sequence of
(J(&)\)‘X ©) m‘umx) at level 5 c R, 1.€.

(J(a,A)|X o m|Z/{ﬂX)/(un) — 0 and (J(E,)\)|X o m|umx)(un) — 3.

(i) Then, passing to a subsequence, u, — uqy for some ug € U N X.
(it) J. y(m(uo)) = 0 provided that A € (0, Ao].

Proof. Note that, if 8 = infqx J(e,\), then we can argue as in Lemma 3.3. Let (u,) CUNX
be a sequence such that (J »|x o mlunx)'(u,) = 0 and (Jen|x © mlunx)(u,) — 5. Observe
that 8 > infy.qx Jie,n) > 0. Since Ji. y) is coercive on M. y), (m(u,)) is bounded and, passing
to subsequence, we may assume that m(u,) — @ and m(u,)(x) = u(x) for a.e. z € RY. In
view of Lemma A.1 (b) we infer that

(42) [ Geatmw) s~ [ Ga@ds
RN RN
as n — oo. If u =0, then we get a contradiction with the following inequality
1 1N\—1
2 [ Gratmu))dez [ V) Pdo= (5= 5) 8+ o)
RN RN 2 2*

Therefore u # 0 and we easy check that r(u,) given by (3.2) is bounded and bounded away
from 0. For any v € X we set v, := v(r(u,)"'+) and we find the following decomposition

vy = (/ (Vuy,, Vu,) da:)un + Uy,
RN

with

v, € T,,S = {u c DM*(RY) : / (Vuy,, Vu) de = O}.

RN

Clearly (v,,) C X is bounded and (Ji ) |x © m|unx) (tn)(Vn) — 0 as n — oo. Since

/RNW% Vou) di = r(u)" ™ / (Vm(u,), Vo) dz = 0

RN
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for any v € X such that [, (Vu, Vo) dr =0, we get

(el o mhin) () (o)) = ([ (Tt Vo o) (T o) () ()

+(Jenlx © m|unX)/(un)(’17n)
— 0.

By Proposition (3.2) (ii) we obtain
(43)  Jp(@)©) = im Ty (m()(©) = m (Tl © mlunx) () (00 () ™)) = 0

for v € X such that [, (Vu, Vv)dr = 0. Now we define a linear map £ : X — R by the
following formula

é0) = [ (Vavidi- [ geyf@eds

RN

([ varde- [ gen@ide) ) [ (9790 o
RN RN RN

and observe that £(u) = 0. Since any v € X has the following decomposition
v = </ (Vu, Vo) dx) ||| %% + v, where / (Vu, Vo) dx = 0,
RN RN

in view of (4.3) we infer that £ = 0. Hence by the Palais principle of symmetric criticality [26],
u is a weak solution of the problem

(4.4) — 0AT = g n) ()
with

o=1- ([ IVitde— [ gen@ide) [l =il ? [ gen(@ade
RN RN RN

Moreover, similarly as above we define linear maps &, : X — R by the following formula

&) = /R (Vm(u,), Vo) di - / Gl (mun))o da

—( /R V() de - /R  gew(mun))miu,) dx>||m(un)]|_2 /R (Vmu,), Vo) de,

and we show that £, — 0 in X*. Hence, passing to a subsequence
= 1= ([ 19me)Pde = [ gmun)mlun) de) ()|
RN RN
= )™ [ sl mu) ds

converges to . Since (4.1) holds, in view of Lemma A.1 and (A.3) we infer that

[ geatmu)mu) e = [ go\@ids
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and by the Fatou’s lemma

limSUP/N 9 (m(un))m(uy) do S/ g ()i de.
R

n—00 RN
Since 0, — 6, we conclude that ||[m(u,)|| — ||@|| and therefore m(u,) — @ and u € M. y).
By Proposition 3.2 (ii), u, — ug := m~*(@). We show that 6 # 0 provided that A\ > 0. By
a contradiction, suppose that 6 = 0, then g ) (a(z)) = 0 for a.e. © € RY. Take ¥ := {z €
RY : g (u(z)) = 0} and clearly RY \ ¥ has measure zero and let Q := {z € X : u(z) # 0}.
Suppose that § := inf,cq [u(x)| > 0. Since u € L(RY)\ {0}, we infer that € has finite positive
measure, u € H'(RY) and note that

/ [u(z + h) — u(z)]* dv > 5/ Ixa(z + h) — xa(z)|*dr  for any h € RY,
RN

RN
where yq is the characteristic function of Q. In view of [35]|Theorem 2.1.6] we infer that
Xa € HY(RY), hence we get a contradiction. Therefore we find a sequence (r,) C RY such
that u(x,) = 0, u(z,) # 0 and g\ (u(x,)) = 0. Again we get a contradiction, since
(4.5) limsup g\ (s)/s* 7' < =1 < 0.

s—0t

Therefore § # 0 and in view of the Pohozaev identity (cf. Proposition 3.1) we obtain that
6 =1, since u € M »). Hence (ii) holds. O

Proof of Theorem 1.4.
(a) Assume that X := Dé’s(]RN ) N X,. Similarly as in proof of Theorem 1.1 we find a critical
point u € M N X of J|x such that

J(u) = inf J
MAX

and by the Palais principle of symmetric criticality [26], u solves (1.2).

(b) Step 1. For any € € (0,1/2] and A € (0, A}, we show the existence of a sequence (“](Qa,,\))
of critical points of Ji. ) such that Ji. y (u'@/\)) as k — 0o. Let us fix A € [0, )\]. In view
of [6][Theorem 10|, for any & > 1 we find an odd continuous map

78" — H3(B(0,R)) N L™(B(0, R))

such that (o) is a radial function and 7(o) # 0 for all ¢ € S*~!, where S*~1 is the unit sphere

in R*. Moreover, since G (&) > 0, we may find some constants ¢y, cs > 0 independent on
R such that

/ G (7(0)) dx > esRY — e RN
B(0,R)
for any o € S¥~1. As in |24]|Remark 4.2] we define a map

788 o H(B(0, R)) N L™(B(0, R))

such that 7(o)(z1, 22, 23) = 7(0)(x1, T2, x3)@(|21] — |22|) and ¢ : R — [0,1] is an odd and
smooth function such that p(z) =1 for x > 1, p(x) = —1 for z < —1. If A = A, then we
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denote this map by 7,. Observe that 7(¢) € X and, again as in [24||[Remark 4.2|, we show
that

/ Gon(T(0))dx > / Gon(T(0))dx — e RN
B(0,R) B(0,R)

for o € S*~1 and some constant ¢; > 0. Therefore, for sufficiently large R = R(\)

(4.6) /B(O . G(M)(%(a)) dr > / G(O)\) (7:(0’)) dr >0

B(0,R)

for any € € [0,1/2] and A € [0, A¢]. Hence 7(c) € PN X if ¢ > 0. Taking p(u) := u/||ul| we
obtain that

(4.7) Y(p(F(* 1)) = k.

where v stands for the Krasnoselskii genus for closed and symmetric subsets of X. Therefore
the Lusternik-Schnirelman values

(4.8) Bty =inf{BeR:y(®],) >k}

are finite, where @\ := Jyom|x : U NX — R and ®(€/\ = {u cUNX D \(u) < ﬁ}
for any € € (0,1/2] and X € [0, \o]. Recall that P, U, m depend on € and A\. Moreover, observe
that

1 1 A -2

Dy (u) = Jeny(m(u) = (5 - ;) (2* - Ua(u)G o (u) — oo (u)G_(u) — —|ul* dg:) 7

and in view of (4.6) we obtain the following estimates

(4.9) 5?1/2,0) < 5@,0) < 5@» < 5@%)

3 L AN/ -2
< M" .= sup (5 — 5) <2 G(O,)\o)(u) d.flf) y
uep(Frg (1)) B(0,R(Xo))

for any € € (0,1/2] and A € [0, Ag]. Since Lemma 4.1 holds, in view of [24][Theorem 2.2 (c)| we
get an infinite sequence of critical points, namely (B(E )\))k>1 are critical values provided that
e € (0,1/2] and A € (0, \o]. It is standard to show that the sequence is unbounded. Indeed,
as in |24,27| we show that 5(16’)\) < ﬁéA) <. < ﬁé’)\) < ... is an increasing sequence of critical
values, due to Lemma 4.1 and ®(. y(u) — 00 as u — ug for some uy € (U N X). Suppose
that £ := limy_, oo B@/\) < 0o. Note that

KP={ucUnX: Py () = 0 and Dy (u) = 5}

is compact and v(clB(lCB,(S)) = v(ICB) < oo for some small 6 > 0. Similarly as in proof

of [24]|Theorem 2.2| we construct a continuous and odd map h : (ID(B ;;7) \ B(K?,6) — <I>(B ) for
sufficiently small > 0 such that

cb(ﬁ;j) \ (B(K?,6)uU @fg;)
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does not contain any critical point. Hence
B 3 B 3
V(@) < (e BK?,6)) + (L3 \ BIK?,0))
< y(ABK",8)) +7(PL) =1 < o

1+2
B+

We obtain a contradiction with 7(@?;;7)) > 7(®( ;i’\;)) > [+ 1. Therefore ® ) has a sequence

of critical points (u’(f8 ) C S with

P ((U?s,A))) = 5@,\) — 0

as k — oo, for e € (0,1/2] and A € (0, Ao]. Hence, by Lemma 4.1 (ii), Ji. ») has an unbounded
sequence of critical points (m(u’(“&)\))) for e € (0,1/2] and A € (0, A\o).

Step 2. We show the existence a sequence (u*) of critical points of J. for any e € (0,1/2] such
that J.(u¥) — oo as k — oco. Indeed, take )\, € (0, \o] such that \,, — 0 asn — co and in view
of (4.9), v, = m(u'@An)) is bounded. Passing to a subsequence, v, — vy and v, (z) — vo(z)
for a.e. z € RY. Since Jlcan(Un) = 0, we obtain that J(vo) = 0 and by Lemma A.1 (b)

G+(Un) dr — G+(’U0) dx

RN RN
as n — 0o. If vy = 0, then we get a contradiction since

1 1
0 < liminf @, (uf ) < linminf (5~ ) / G (0n) — o) G (v) d < 0.
RN

Therefore vg € M, and uf :=m ™ (uvp) is a critical point of (. ). Moreover by Fatou’s lemma

y|voy|2+2*/RN =(00)G—(vg) dr < 2*1i£gf(||vn||2+2*AN #o(vn)G(va) )

< 2"liminf Gi(v,)de =27 G (vg) dx

= loll+2 [ pulan)Gow) de

hence v,, — vy. Therefore u’(“E ) uf and Bé ) ®_(uF) asn — oo. Moreover J.(m(uk)) =

€
P (uk) > 6@0) — 00 as k — oo.
Step 3. We show the existence of an unbounded sequence of critical point of J with finite
energy. Take ¢,, € (0,1/2] such that £, — 0 as n — oo. Again, in view of (4.9) and passing to
a subsequence, we may assume that v, := m(u* ) — v* and v,(2) — v*(z) for a.e. x € RY.

En

Since J. (v,) = 0, we obtain that J'(v*)(¢)) = 0 for any ¢ € Cg°(R"), and by Lemma A.1

Gi(v,) de — G, (V") dx

RN RN
as n — oo. If v¥ = 0, then

1

1
BE 150 < liminf d(., o (uf ) = lim inf (— - —) / Gi () — @e, ()G (vp) dz < 0
’ n—00 ’ i n—00 2 O RN
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and we get a contradiction since 58 /2,0) 15 @ critical value and by (3.3),
K > inf Jy5 > 0.
ﬁ(1/2,0) = My 1/2
By the Fatou’s lemma

0% || + 2*/ G_(v") dz < lim inf <||vn||2 + 2*/ e, (V)G _(vy) d:)s) = G4 (V") dx
RN n— o0 RN

and G_(v*) € LY(RY). In view of Proposition 3.1, we obtain that v* € M, i.e. the equality
holds above, hence ||v,|| — [|v*||. Therefore v, — v* and

J(v*) > 551/2,0) — 0

as k — 0. O

APPENDIX A. CONVERGENCE RESULTS AND PROFILE DECOMPOSITIONS

In our variational approach, the following lemma replaces compactness results of Strauss
for radial functions [5||Lemma A.I, Lemma A.IIl] and allows to consider a wider class of
symmetric functions. Recall that O C O(N) is a subgroup such that R is compatible with O
(in the sense of |34]|Definition 1.23|, cf. [21]), if for some r > 0

lim m(y,r) = oo,
ly[—o0

where
m(y,r) :=sup {n € N : there exist g1, ..., g, € O such that B(g;y,r)NB(g;y,r) =0 for i # j}

and y € RY. For instance RY is compatible with O(N) and with O,.

Lemma A.1. Suppose that (u,) C D"*(RY) is bounded and u,(x) — ug(x) for a.e. z € RY.
(a) Then

(A.1) Tim (/RN U(uy) d — /RN U (1 — o) dx) - /RN U (up) do

for any function ¥ : R — R of class C* such that |V (u,)| < C|s|* =1 for any s € R and some
constant C' > 0.

(b) Suppose that RN is compatible with O C O(N) and assume that each u, is O-invariant.
If, in addition, s — |V(s)| satisfies (1.20), then

(A.2) lim U(uy,) dx:/ U (ug) de,
n—oo RN ]RN

and if s — |W'(s)s| satisfies (1.20), then

(A.3) im [0 () dr = / W (g g d

n—o0 RN RN
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Proof. (a) Observe that by Vitali’s convergence theorem

/ U(u,) — ¥(u, —up)de = / / ——\If — sug) dsdx = / / — Sug)ug ds dx
RN RN RN
— / / "(y — sug uoda:ds—/ / ——\I/ (wo — sug) ds dx
]RN
= / U(])d
]RN
as n — oo.

(b) Suppose that RY is compatible with O and then

my, ) / ty — gl d < / i — g
B(y,r) RN

is bounded. Observe that

Y dx

*

. 2/2 .
/ |un—u0|2dzz < C’(/ |(un—u0)(-+y)|2 da:) < C’|un—u0|§*m(y,r)_2/2
B(y,r) B(0,r)

for some constant C' > 0. Take any € > 0 and note that we find R > 0 such that
Cltty — ug|2em(y,r)™¥? < ¢

for |y| > R and

/ |un—u0\2dx§/ U, — upl* dr < €
B(y,r) B(0,7+R)

for |y| < R and sufficiently large n. Therefore (1.19) holds for u,, — up and in view of Lemma
1.5 we get
lim U(u, —ug)dr =0

n— o0 RN

and (A.2) holds. Now observe that for any ¢ > 0, 2 < p < 2* < ¢ we find 0 < § < M and
¢. > 0 such that

W' (s)| < els|* 1 for|s| < & and |s| > M,

and

W(s)] < e. S0 |5 P DY for 6 < |s| < M.

Then, by the Vitali convergence theorem and by (A.2) applied to ¥(s) = min{|s|?,|s|?} and
(u, — ug) we obtain

| / W (Yt — W (gt | < / 0 () — W (1) o] d
RN RN
+

/ | (up) ||t — ug| dx = o(1) + / | (u) ||ty — 1| d
RN N

R

* w011
§0(1)+8|un|§*_1|un—u0|2*+/ 20D, — o d

|tn—ug|>1
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+/ \un\2*(1_%)|un—u0\d:c
‘un_u()‘gl

w11 -
3*(1 ”)</ \If(un—uo)dx>p
]RN
2*(1—%)

F[tunlar (/RN b — o) d:c)%

<o(1) + €luy,

=

< o(1) + elun |5 un — uolos + |un

2*—1

2% .
Since € > 0 is arbitrary we infer that

/ V' (w,, ) u, do — U’ (ug)ug dz.
RN

RN

O

Proposition A.2. Let O = O’ x id C O(N) such that O' C O(M) and RM is compatible
with O' for some 0 < M < N. Suppose that (u,) C Dg*(RN) is bounded, ro > 0 is such that
for all r > rg

(A.4) lim sup / |u,|* dz = 0.
B((0,2),r)

n=00 ,cRN-M
Then
/ U(u,)dr =0 asn — oo
RN

for any continuous function ¥ : R — [0, 00) such that (1.20) holds.

Proof. Suppose that
(A.5) / \u,|>dz > ¢ >0
B((ynvzn)vrl)

for some sequence (y,, z,) C RM x RN~ and a constant ¢, where 7 is such that

lim  m(y,r) = oo.
ly|—00, yERM

Then fB((yn i) [u,|*" dz is bounded away from 0. Since (u,) is bounded in L* (RY) and in
the family {B(gyn,71)}seor we find an increasing number of disjoint balls as |y,| — oo, we

infer that |y,| must be bounded. Then for sufficiently large r one obtains

/ |un|2dx2/ |u,|?dz > ¢ >0
B((O,Zn),?“) B((y’flvzn)vrl)

and we get a contradiction with (A.4). Therefore (1.19) is satisfied with » = 7 and by Lemma
1.5 we conclude. O]

At the end of this section we would like to mention that the above variant of Brezis-Lieb

lemma (A.1) and Lemma 1.5 allow to obtain the following profile decomposition theorem in
DY2(RY) in the spirit of Gérard [14], cf. [25].
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Theorem A.3. Suppose that (u,) C DV?(RY) is bounded. Then there are sequences (u;)32, C
DYARY), (yi)2y CRY for any n > 1, such that y© =0, |y. —yl| — 0o asn — oo fori # j,
and passing to a subsequence, the following conditions hold for any i > 0:

U (- +y8) = u; in DY*(RY) as n — oo,

(A6) i [ 19w =3 [ vafde s tim [P,
where vfl = U, — Z;:O u;(- — ?J%) and

(A.7) lim sup/ U(u,)dr =
RN

n— oo

/ () dx—i—limsup/ (v dx
RN RN

n—oo

Jj=0

for any function ¥ : R — R of class C' such that |¥'(s)] < C|s|* 7! for any s € R and some
constant C' > 0. Moreover, if in addition VU satisfies (1.20), then

(A.8) lim (lim sup /RN U (vl) d:c) = 0.

100 n—00

Proof. In order to prove (A.6)—(A.8), we follow arguments of proof of [24][Theorem 1.4] with
some modifications. Namely, let (u,) C D?(RY) be a bounded sequence and ¥ as above.
Applying Lemma 1.5 we find K € NU {co} and there is a sequence (u;)%, c DM?(RY), for
0<i< K+1 (K =o0then K+ 1= 0o as well), there are sequences (v¢) C DV?(RY),

() € RY and positive numbers (¢;)5,, (r;)E, such that y° = 0, ro = 0 and, up to a
subsequence, for any n and 0 <i < K + 1 one has
w, (- +yb) = u; in DM*(RY) and / | (- 4+ y8) — u|* dr — 0 as n — oo,
B(0,n)
u; #0for1 <i< K+1,
[yl —yl| >n—mr—rjfor j#£i,0<j<K+1,

v = = (=),

. 1 .
/ [v 2 de > ¢; > = sup / [vi=t? do
By, ) 2 yer™ JB(ym)

1 .
> —  sup / v 2 do > 0,7r; > max{i,r;_y} fori > 1,
4r>0,y€]RN B(y,r)
and (A.6) is satisfied. Next, we prove that (A.7) holds for every ¢ > 0 by applying (A.1). If
there is 7 > 0 such that
lim sup / v |2 dw = 0
B(yr)

n— o0 yERN

for every r > max{i,r;}, then K =i. If, in addition, (1.20) holds, then in view of Lemma 1.5
we obtain that

lim U(v.)dr =0

n
n—oo RN
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and we finish the proof by setting u; = 0 for j > ¢. Otherwise we have K = oo and we prove
(A.8) similarly as in [24]|[Theorem 1.4]. O
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