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MULTIPLE SOLUTIONS TO A NONLINEAR CURL-CURL PROBLEM
IN R?® (PRELIMINARY VERSION)

JAROSEAW MEDERSKI, JACOPO SCHINO, AND ANDRZEJ SZULKIN

ABSTRACT. We look for ground states and bound states E : R* — R? to the curl-curl problem
V x (VxE)=f(z,E) in R?

which originates from nonlinear Maxwell equations. The energy functional associated with
this problem is strongly indefinite due to the infinite dimensional kernel of V x (V x -).
The growth of the nonlinearity f is controlled by an N-function ® : R — [0, 00) such that
2i_)n10 P(s)/s5 = sEToo ®(s)/s® = 0. We prove the existence of a ground state, i.e. a least energy

nontrivial solution, and the existence of infinitely many geometrically distinct bound states.
We improve previous results concerning ground states of curl-curl problems. Multiplicity
results have not been studied so far in R? and in order to do this we construct a suitable
critical point theory. It is applicable to a wide class of strongly indefinite problems, including
this one and Schrodinger equations.

INTRODUCTION

We look for weak solutions to the semilinear curl-curl problem
(1.1) Vx(VxE)=f(xE), z € R?,

originating from the Maxwell equations where E(z) cos(wt) is a time-harmonic electric field in
a nonlinear medium and f(z, F') models a nonlinear polarization in the medium, see [25,30,31]
and the references therein. Another motivation has been provided by Benci and Fortunato [8]
who introduced a model for a unified field theory for classical electrodynamics based on a
semilinear perturbation of the Maxwell equations in the spirit of the Born-Infeld theory [12]. In
the magnetostatic case in which the electric field vanishes and the magnetic field is independent
of time, this leads to an equation of the form (1.1) with E replaced by A, the gauge potential
related to the magnetic field.

The semilinear curl-curl problem in R* has been solved for the first time in [1]| in the
cylindrically symmetric setting. If f(x, F) depends only on |E|, then one can restrict the
considerations to the fields of the form

(1.2) E(z)=a(r,x3) | =1 |, r =]z + 23
0
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2 J. MEDERSKI, J. SCHINO, AND A. SZULKIN

which are divergence-free, so V x (V x E) = —AFE and one can study (1.1) by means of
standard variational methods (however, there may still exist solutions which are not of this
form). Other results in the cylindrically symmetric setting have been obtained in [3,17,19,38].
We would also like to mention that travelling waves of similar form for a system of nonlinear
Maxwell equations have been studied by Stuart and Zhou in [30-33] for asymptotically linear
f and by McLeod, Stuart and Troy [24] for a cubic nonlinearity.

In the media which are not cylindrically symmetric the problem is much more challenging
since the curl-curl operator V x (V x -) has an infinite-dimensional kernel consisting of all
gradient vector fields. Hence the energy functional associated with (1.1)

1
(1.3) E(E)== | |VxEldz —/ F(x, E)dx
2 R3 R3

where f = OgF' is unbounded from above and from below and its critical points may have
infinite Morse index. For instance, this is the case in a model example

(1.4) f(z,E) =T(z)min{|EP 2 |E|"*}E with2<p<6<gq

where T' € L>°(R?) is Z3-periodic, positive and bounded away from 0. Here £ is of class C*
on the Banach space D(curl, @) (to be defined in Section 2), and critical points of £ are weak
solutions to (1.1). In addition to these problems related to the strongly indefinite geometry of
&, we also have to deal with issues related to the lack of compactness. Namely, the functional
&' is not (sequentially) weak-to-weak® continuous, i.e. weak convergence E,, — F in D(curl, @)
does not imply that &'(E,) — &'(F) in D(curl, ®)*, hence we do not know whether the weak
limit of a bounded Palais-Smale sequence is a critical point.

Similar difficulties have already appeared in curl-curl problems on bounded domains in
Bartsch and Mederski [4] where a generalized Nehari manifold approach inspired by Szulkin
and Weth [35] has been developed to overcome strong indefiniteness. Other approaches have
been developed in subsequent work [5,26]; see also the survey [6]. Note that on a bounded
domain there is no problem with lack of weak-to-weak* continuity of £ since a variant of the
Palais-Smale condition is satisfied under some constraints. In R® however, one has to make a
careful concentration-compactness analysis on a suitable generalized Nehari manifold Ng; this
has been demonstrated in [25] which seems to be the only work on ground states of (1.1) in
the nonsymmetric setting.

In the present work we consider a larger class of nonlinearities which have supercritical
growth at 0 and subcritical growth at infinity; this is in the spirit of the zero mass case of
Berestycki and Lions [11], see condition (N2) below. This requires a new functional setting for
(1.1) as well as a new critical point theory since the methods based on the constraint Ng turn
out to be insufficient. Our critical point theory for strongly indefinite functionals in Section
3 solves the problem of multiplicity of bound states. It has not been considered so far, not
even for (1.4). Note that although £ has the classical linking geometry, the well-known linking
results, e.g. of Benci and Rabinowitz [10], are not applicable due to the lack of weak-to-weak*
continuity of &’.

In order to state our main result we assume that the growth of f is controlled by a strictly
convex N-function @ : R — [0, 00) of class C! such that

(N1) @ satisfies the Ay- and the Va-condition globally.
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NONLINEAR CURL-CURL PROBLEM 3

O(s) O(s) _
(N2> l—)D S—(E)_ 51—>oo 56 =0
D(s
(N3) Sli)rgo 2 =

N-functions and condition (N1) will be introduced in the next section and are standard in
the theory of Orlicz spaces [28]. (N2) is inspired by [11] and (N2), (N3) describe supercritical
behaviour at 0 and superquadratic but subcritical at infinity. We collect our assumptions on
the nonlinearity F'(z,u).

(F1) F : R? x R® — R is differentiable with respect to the second variable u € R3 for a.e.
r€R3 and f =9,F : R® x R® - R3 is a Carathéodory function (i.e. measurable in
r € R3, continuous in u € R? for a.e. x € R3). Moreover, f is Z3-periodic in z, i.e.
flx,u) = f(xr +y,u) for all u € R3, and almost all z € R3 and y € Z3.

(F2) F is uniformly strictly convex with respect to u € R3 i.e. for any compact A C
(R3 x R\ {(u,u) : ueR}

in (%(F(m,ul) + F(z,uz)) — F (a: Gl “2)) > 0.

z€R3 2
(ug,ug)€A

(F3) There are ¢1, ca > 0 such that
|f(z, u)] < 1 ®'(Ju]) and F(z,u) > c®(|u])

for every u € R?® and a.e. € R,
(F4) For every u € R? and a.e. x € R3

(f(z,u),u) > 2F(z,u).

= T,0),U en r.u) — F(x. v <f(x7u)7u>2 - <f($7u),v>2
(F5) If {f (z, u),v) = (f(x,v),u) > 0, then F(x,u) - F(z,v) < o e |

We provide some examples. First we note that if G = G(z,t) : R®> x R — R is a function,
M € GL(3) is an invertible 3 x 3 matrix such that G(x,t) and F(z,u) = G(z,|Mul) are
differentiable with respect to t and u for a.e. € R3, g := 0,G and f := 9, F are Carathéodory
functions, G(x,0) = 0 and

(1.5) t — g(x,t)/t is non-decreasing for ¢ > 0,

then F satisfies (F4) (cf. [35]) and it is easy to see that (F5) holds.
Suppose I' € L°(R?) is Z*-periodic, positive and bounded away from 0. Take
F(z,u) = T ()W (|Muf’)
where W is a function of class C', W (0) = W’(0) = 0 and ¢ — W’(t) is non-decreasing on
(0, +00). Then we check that (Fl) ( 2), (F4) and (F5) are satisfied (here G(:r t) =T(z)W(t?),
o (15) holds). If W(t2) = L((1+ [¢[9)s — 1) or W(#?) = min {2[t}r + 1 — L Ljz[e} with

2 < p <6 < q, then we can take ®(t) = W(t?) and we see that (F3) holds as well. Note that
if W'(t) is constant on some interval [a, b] C (0, +00), then
(f (@, u), w)? = {f(z, u),v)?
1.6 0< F(x,u) — F(zx,v
o T XK
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4 J. MEDERSKI, J. SCHINO, AND A. SZULKIN

for a < |v| < |u| < b and a stronger variant of (F5), i.e. [25, (F5)], is no longer satisfied.
So we cannot apply variational techniques relying on minimization on the Nehari-Pankov
manifold N¢ (defined in (1.7)) as in [25,35]. Moreover, our problem requires a new functional
setting. Indeed, if we consider W(¢?) = £(|t|* — 1)In(1 + |¢|) — 3[t]* + 3|t for |¢] > 1,
W (t?) = m72(|t\q —1) + § for [t| < 1, then

Nz)uln(l + |u if jul > 1,
L S
['(z) In(2)u|ul|? if lul <1
and (F1)-(Fb) are satisfied; however, f cannot be controlled by any N-function associated with
LP(R3,R3) + LY(R3,R?) for 2 < p < 6 < g as in |25] or in other zero mass case problems [9,15].
As our final example we take F'(z,u) = I'(x)®(|u|) where ®(0) = 0,
tr-t if t <1,
() =<t if1<t<2,
at’/In(1+t) ift>2,
r > 6 and a = 27*In2. Obviously, F' satisfies (1.5) and hence (F4), (F5), and (1.6) holds for
1 < |u] < 2. Tt is easy to see that (F1)-(F3) and (N1)-(N3) hold (to check (N1) it is convenient
to use Lemma 2.2). Note that here ®(t)/t5 — 0 but ®(¢)/t? — oo as t — oo for any p < 6.

Note also that in the last two examples we can replace |u| by |Mul.
Our principal aim is to prove the following result.

Theorem 1.1. Assume that (F1)-(F5) hold. Then:
(a) Equation (1.1) has a ground state solution, i.e. there is a critical point E € Ng of € such
that
E(E)=inf& >0
Ne

where
(1.7) Ne = {EeD(curl,®): E#0, E'"(E)(E) =0,

and &' (E)(V) =0 for any ¢ € C°(R*)}.
(b) If in addition F is even in u, there is an infinite sequence (E,) C Ng of geometrically
distinct solutions of (1.1), i.e. solutions such that (Z3* E,) N (Z3 x E,,) = 0 for n # m, where

7% By :={E,(-+vy):y € Z*}.

In our approach we establish a critical point theory on the topological manifold
Mg :={E € D(curl, ®) : &'(E)(Vp) =0 for any ¢ € C°(R*)}

which contains Ng as a subset, and we show that £ has the mountain pass geometry in Mg
and admits a Cerami sequence at the ground state level infy, € > 0; see the abstract setting
and the critical point theory in Section 3. In order to find a nontrivial critical point being a
ground state one needs to analyze Cerami sequences in the spirit of Lions [22]. However, this
is not straightforward because the kernel of the curl-curl operator is not locally compactly
embedded in any LP or Orlicz space and &’ lacks weak-to-weak™ continuity. Therefore it is
difficult to treat this problem by a concentration-compactness argument directly in the space
D(curl, ®). Based on a crucial convergence result obtained in Proposition 5.2, we prove that
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NONLINEAR CURL-CURL PROBLEM 5

&’ is weak-to-weak* continuous in Mg, see Corollary 5.3. This allows us to find a nontrivial
weak limit of the Cerami sequence which is a ground state solution as in Theorem 3.5(a).
Moreover, a result on the discreteness of Cerami sequences allows us to find infinitely many
geometrically distinct solutions.

We would also like to mention that our methods allow to consider Schrédinger equations
in the zero mass case as in |9, 15] and we are able to obtain new results with improved growth
conditions; see Section 7.

2. PRELIMINARIES AND VARIATIONAL SETTING

Here and in the sequel | - |, denotes the L9-norm.

Now, following [28], we recall some basic definitions and results about N-functions and
Orlicz spaces. A function ®: R — [0, +00) is called an N-function, or a nice Young function
if it is convex, even and satisfies

D(t D(t
O(t)=0<1t=0, limﬁzO, and hmﬁz—i—oo

t—=0 ¢ t—>+oco ¢
Given an N-function @, we can associate with it another function ¥: R — [0, +00) defined by
U(t) := sup{s|t| — ®(s) : s > 0}

which is an N-function as well. W is called the complementary function to ® while (®, V) is
called a complementary pair of N-functions.

We recall from |28, Section 1.3] that ®" and U’ exist a.e., U'(t) = inf{s > 0 : ®'(s) > t}
for t >0, ¥'(t) = —W'(—t) for t < 0 and ¥ can be expressed as

[¢]
U(t) = / U'(s) ds.
0
We also recall from |28, Section I1.3| that & satisfies the Aqy-condition globally (denoted & € Ay)
if there exists K > 1 such that for every t € R
O(2t) < KP(t)

(here 2 can be replaced by any constant a > 1) while ® satisfies the Vy-condition globally
(denoted ® € V,) if there exists K’ > 1 such that for every ¢t € R

P(K't) > 2K'd(t).
The set

L* = L*(R3, R?) := {E: R?® — R* measurable and /

RS

o (|E|) < oo}

is a vector space if ® € A, globally; in this case it is called an Orlicz space. Moreover, the
space L? (whenever it is actually a vector space) becomes a Banach space (cf. [28, Theorem
I11.2.3, Theorem I11.3.10]) if endowed with the norm

|E|e = inf{k: >0: /Rs(b(|—f|> < 1}.
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6 J. MEDERSKI, J. SCHINO, AND A. SZULKIN

We can define an equivalent norm on L® by letting
|Blg == sup{/ E||E'| dz ;/ V(|E ) de <1, E' € L‘I’},
R3 R3

see 28, Proposition I11.3.4] (note that in [28] these results are formulated for the space L£?;
however, no distinction needs to be made between £* and L?, see the comment following [28,
Corollary 111.3.12]). Finally, if both ® and ¥ satisfy the Ay-condition globally, then L% is
reflexive and LY is its dual |28, Corollary IV.2.9 and Theorem IV.2.10]. Similarly, for any
measurable 2 C R? one can define

L*(Q) := {5: 2 — R measurable and/Q

@(J¢]) < oo}

and endow it with the norm | - |¢ defined as above.
In the lemma below we show that L* and L®(R?)3 can be identified. The result should
be known but we could not find any explicit reference.

Lemma 2.1. The norms of L* = L*(R3,R3) and L®(R?®)? are equivalent.

Proof. In L* and L®(R®) we use the norm | - |¢ defined above and for F = (Ey, Ey, E3) €
L*(R3)3 we set |E|p 3 := max;—1 23 |Fi|s. Since @ is increasing on positive numbers, we have

/@ [Ei| dxg/cb 2l dr, k>0,
R3 k R3 k

hence if the second integral is < 1, so is the first one. Taking the infimum over k£ > 0 we
obtain |E;|e < |Els and |Eles < |Els. On the other hand, since ® is convex,

Lo(5)asis [o()

SO %|E|q> S maxi:17273 ’Ez|q> = |E|@73. ]

Before going on, for the reader’s convenience we recall some important facts.

Lemma 2.2.

(i) The following are equivalent:
- ® € Ay globally;
- there exists K > 1 such that t®'(t) < K®(t) for every t € R;
- there exists K' > 1 such that t¥'(t) > K'U(t) for every t € R;
-V eV,

(ii) For every E € L®, E' € LY there holds

/ |E|E"| dz < min{|Elo1|E'|v, [Elo| E'w.1}-

(i) Let E,, E € L®. Then |E, — E|¢ — 0 implies that [y, ®(|E, — E|)dz — 0. If ® € A,
globally, then [, ®(|E, — E|)dx — 0 implies |E, — Ele — 0.

(iv) Let X C L% and suppose ® € Ay globally. Then X is bounded if and only if
{Jos ®(|E|) dx : E € X} is bounded.
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NONLINEAR CURL-CURL PROBLEM 7

Proof. (i) follows from [28, Theorem II1.3.3]; (ii) follows from |28, Proposition II1.3.1 and
Formula (II1.3.17)]; (iii) follows from |28, Theorem III1.4.12]; (iv) follows from |28, Corollary
[11.4.15]. O

From now on we assume (F1)-(F5), (N1)-(N3), ® will denote an N-function as in (F3)
and ¥ will denote its complementary function. Moreover, we will denote by | - |4 any of the
two (equivalent) norms defined above, unless differently required.

Let D(curl, ®) be the completion of C5°(R3, R3) with respect to the norm
1/2
1B lewne = (IV x B3+ |E[5) "

The subspace of divergence-free vector fields is defined by

VY = {v € D(curl, D) : / (v,V)dr =0 for any ¢ € C(C)’O(R?’)}
RS
= {v e D(curl, ®) : dive =0}

where divo is to be understood in the distributional sense. Let D := DY?(R3 R?) be the
completion of C$°(R3, R3) with respect to the norm

[ullp = [Vuls,
and let W be the closure of {V¢ : ¢ € Cg°(R?)} in L*.
Lemma 2.3. L%(R3 R3) is continuously embedded in L*.

Proof. In view of (N2) it is clear that ®(¢) < C|¢|® for any ¢ € R and some C' > 0. So we can
conclude by Lemma 2.2 (iii). O

The following Helmholtz decomposition holds.
Lemma 2.4. V and W are closed subspaces of D(curl, ®) and
(2.1) D(curl,®) =V e W.

Moreover, ¥V C D and the norms || - ||p and || - ||curr.e are equivalent in V.

Proof. Take any w € W and a sequence ¢, € C5°(R?) such that |w — V,|e — 0. Then for
any 1 € Cg°(R*, R?)

/ (w,Vx)yder=lim [ (Vg,, Vx)der=1lm [ (Vx(Vg,),¥)dr=0
R3 n—oo [p3 n—o00 Jp3
where we have used Lemma 2.2 (ii) and the fact that V x ¢ € LY. Hence V x w = 0 in the
sense of distributions and ||w||cun,e = |w|e. Therefore W is closed in D(curl, ®); moreover, we
easily see that also V is closed in D(curl, ®).

Now, take any E € D(curl, ®) and ¢,, € C°(R? R?) such that p, — E in D(curl, ). Let
2 € C*(R3) be the Newtonian potential of div(p,), i.e. ¢? solves Ap? = div(p,). Note
that the derivative 9,2 is the Newtonian potential of div(d;p,). Since ¢, € Ci°(R?), then
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8 J. MEDERSKI, J. SCHINO, AND A. SZULKIN

by |20, Proposition 1], V2 and V(9;p2) € L"(R?,R?) for every r € (1,00). Hence by Lemma
2.3

V2 € L°(R3 R?) c L?
and ¢! = @, — V2 € L®. Moreover, ¢! and d;pl € L"(R3 R3). We also have V x pl =
V x ¢, and div(pl) = 0 pointwise. Using these two equalities and integrating by parts gives
IVolls = |V x plly = |V X @,]s. It follows that for m,n > 1,

V(n = m)l2 =V x (o0 = n)l2 = [V X (o0 = om)l2 < lln = mlleune-
Thus (pl) is a Cauchy sequence in D. Let v := lim,,_, ¢, in D. Then

/ (v, Vp)dr = lim [ (o}, V)dr =0
R3

n—oo R3
for any ¢ € C5°(R?), hence dive = 0 and v € V. Moreover,
[V % (gn =)l = [V —v)]2 = 0,

s0 L — v in D(curl,®) and V2 = ¢, — ¢l — E — v in D(curl, ®). Since W is closed in
D(curl, @), then £ — v € W and we get the decomposition

E=v+(FE—-v)eV+W.

Now take v € VN W. Then V x v = 0, so by [2], Lemma 1.1(i)], v = V¢ for some

£ € WE8(R3). Since divv = 0, € is harmonic and therefore so is v. Hence

0= —/ (v, Av) dx = |Vv|? dx
R3 R3

(integration by parts is allowed because v € DV?(R3 R3)). So v = 0; therefore VN W = {0}
and we obtain (2.1).
Equivalence of norms follows from Lemma 2.3. U

Observe that in view of Lemma 2.4 and Lemma 2.3, V is continuously embedded in L®.
We introduce a norm in ¥V x W by the formula

1
(v, w)ll = (lvllp + wlz)*

and consider the energy functional defined by (1.3) on D(curl, @), and
1

(2.2) J(w,w) == [ |Vo]? da:—/ F(z,v+w)dx.
2 R3 R3

defined on ¥V x W. We have that J’ is well defined and J is of class C! due to the following
lemma.

Lemma 2.5. Ifu € L%, then

/11@3 U (@' (Jul)) da < C’/R3 P (|u]) dz < oo

for some constant C' > 0.
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NONLINEAR CURL-CURL PROBLEM 9

Proof. Since ® € A, it follows using Lemma 2.2(i) and recalling W'(¢) = inf{s > 0 : ®'(s) > ¢}
that

[e@u)de < g [ @Qupv@Qude < g [ @ ublulde < 55 [ @(ul)de
0J

Proposition 2.6. J' is well defined and J is of class C*.

Proof. First we see that for every v, v' € V and w, w’ € W there holds

‘/ (0 +w), o + ') da g/ 0+ w)||o + | d <
R3 R3

< cl/ O (Jv + w|)|v" + w'| dx < C|®'(Jv + w|)|g|v" + w'|e
]R3

for some C' > 0 by Lemma 2.2 (ii) and because |®'(|v 4+ w|)|y < +00 according to Lemma 2.5.
Now we can use the argument of [16, Lemma 2.1] to show that I € C*(L* R) where I (v+w) :=
Jgs F(z,v+w)dz. Now it follows easily from Lemma 2.3 that J € C*(V x W, R). O

Proposition 2.7. Let E=v+w € V®W. Then (v,w) is a critical point of J if and only
if E is a critical point of € if and only if € is a weak solution to (1.1), i.e.

AB<E,VXVX¢)dx:/ (F(z,E), @) dz  for any ¢ € C°(RS, RY).

R3
Proof. For the first equivalence, let £ = v +w' € ¥V & W. Then we have
[ (v w) s wyde = [ () B
R3 R3
and, since Vx w =V xw' =0,
/ (Vxuv,V ><U’>d:c:/ (VxEVxEYdz
R3 R3
so that
/ (Vv Vx') da — / (F, vw), o'+ de & | (VXE,VxE')de = / (. B), B da
R3 R3 R3 R3
and the conclusion follows from Lemma 2.4. For the second equivalence we just need to observe
that for every ¢ € C5°(R3, R?)
/ (V x E,V x <,0>d:r:/ (E,V x V x p)du.
R3

RS
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10 J. MEDERSKI, J. SCHINO, AND A. SZULKIN

3. CRITICAL POINT THEORY

We recall the abstract setting from [5]. Let X be a reflexive Banach space with the

norm | - || and a topological direct sum decomposition X = X+ @ X, where X7 is a Hilbert
space with a scalar product (.,.). For u € X we denote by « € Xt and w € X the
corresponding summands so that v = u* + 4. We may assume (u, u) = ||u||* for any v € X

and ||ul|* = |Ju™|*+||u]|*>. The topology T on X is defined as the product of the norm topology
in X and the weak topology in X. Thus u, Ty uis equivalent to vt — u™ and w, — .

Let J be a functional on X of the form

(3.1) j(u):%||u+||2—1(u) foru—ut+ieXt®X.
The set
(3.2) M ={ueX: Julz=0t={ueX: IT'(u)|z =0}

obviously contains all critical points of J. Suppose the following assumptions hold.

(I1) Z € CY(X,R) and Z(u) > Z(0) = 0 for any u € X

(12) 7 is T—sequentlally lower semicontinuous: u, —u = liminfZ (un) > Z(u).
(I3) If w, T, w and Z(un) = Z(u) then u, — u.

(I4) fJlu™ || + Z(u) = oo as [Ju]| = oo. N

(I5) If u € M then Z(u) < Z(u + v) for every v € X \ {0}.

Clearly, if a strictly convex functional Z satisfies (I4), then (12) and (I5) hold. Observe that
for any u € X* we find m(u) € M which is the unique global maximizer of 7|, . Note that
m needs not be C!, and M needs not be a differentiable manifold because Z’ is only required
to be continuous. Recall from [5] that (u,) is called a (PS).-sequence for J if J'(u,) — 0 and
J (u,) — ¢, and J satisfies the (PS)7-condition on M if each (PS).sequence (u,) C M has
a subsequence converging in the 7-topology. In order to apply classical critical point theory
like the mountain pass theorem to 7 om : X+ — R we need some additional assumptions.

(I6) There exists r > 0 such that a :=  inf  J(u) > 0.

weX T ||u||l=r
(I7) Z(tpu,)/t2 — oo if t,, — 0o and uf — ut # 0 as n — oo,

According to |5, Theorem 4.4|, if (I1)—(I7) hold and
cam = inf sup J(v(t))

7€ ¢ef0,1)

where
I':={y€C([0,1], M) : 7(0) = 0, [7(1)"| > r and J(¥(1)) < 0},

then CM > a >0 and J has a (PS).,,-sequence (u,) in M. If, in addition, J satisfies the
(PS) -condition in M, then cy is achleved by a critical point of J. Since wee look for
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NONLINEAR CURL-CURL PROBLEM 11

solutions to (1.1) in R* and not in a bounded domain as in [5], the (PS)! -condition is no
longer satisfied. We consider the set

(33) Ni={ue X\ X:J'(u)|ges =0} = {ue M\ X : J'(u)[u] =0} C M

and we require the following condition on Z:

(I8) tQT’lZ’(u)[u] +Z(u) — Z(tu —i—}) = tQT’lI’(u)[u] +tZ'(u)[v] + Z(u) — Z(tu +v) <0
for every u e N, t >0, v € X.

In [4,5] it was additionally assumed that strict inequality holds provided u # tu + v. This
stronger variant of (I8) implies that for any ut € X\ {0} the functional J has a unique

critical point n(u™) on the half-space RTu™ 4+ X. Moreover, n(u™) is the global maximizer of
J on this half-space, the map

n:SXt={ute Xt :|jut|| =1} = N

is a homeomorphism, the set A is a topological manifold, and it is enough to look for critical
points of Jon. N is called the Nehari-Pankov manifold. This is the approach of [36]. However,
if the weaker condition (I8) holds, this procedure cannot be repeated. In particular, N need
not be a manifold. Yet the following holds.

Lemma 3.1. If u € N, then u is a (not necessarily unique) mazimizer of J on RTu + X.

Proof. Let u € N. In view of (I8) we get by explicit computation
-1

j(tu—l—’u):j(tu—l—v)—j’(u)[ u—i—tv}ﬁj(u)

for any t > 0 and v € X. Hence the conclusion. O

Let

T =TJom: X" > R.

Before proving the main results of this section we recall the following properties (i)—(iv) taken
from [5, Proof of Theorem 4.4]. Note that (I8) has not been used there.

(i) For each u™ € X* there exists a unique & € X such that m(u") := ™ +& € M. This
m(u") is the minimizer of Z on u*™ + X.
(i) m: X* — M is a homeomorphism with the inverse M 3 u +— ut € X*.
(iii) J = J om € CH{(XT,R).
(iv) J'(ut) = T'(m(ut))|x+ : X+ — R for every ut € X+

Property (i) has in fact already been discussed above. We shall also need the following fact.

Lemma 3.2. Let X, be a k-dimensional subspace of X*. Then j(u) — —oo whenever
|lu|| = 00 and u € Xj.
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12 J. MEDERSKI, J. SCHINO, AND A. SZULKIN

Proof. Tt suffices to show that each sequence (u,}') C X such that ||u]|| — oo contains a

subsequence along which J — —oo. Let u) = t,v,, ||v.]] = 1 and m(u}) = v} +w, € M.

Then, passing to a subsequence and using (I7), we obtain
22 t2

as claimed. O

—0o0

As usual, (u,) C X will be called a Cerami sequence for J at the level ¢ if (1 +
lunl) T (un) — 0 and J(u,) — c. In view of (I4), it is clear that if (u,) is a bounded
Cerami sequence for 7, then (m(u,)) C M is a bounded Cerami sequence for J.

Theorem 3.3. Suppose J € C'(X,R) satisfies (I1)-(I8). Then:

(a) cp > a >0 and J has a Cerami sequence (uy,) at the level cay.
(b) CM = CN = inf_/\/’j.

The set Ny := {u € XT\ {0} : J'(u)[u] = 0} is called the Nehari manifold for J. Denote
CNy = ianO J.

Proof of Theorem 3.3. Set

(3.4) = {0 €C((0,1],X"): 0(0) =0, [[o(1)|| > r and J(o(1)) < 0}.

Observe that J has the mountain pass geometry and T, [ are related as follows: if v €I, then
vt eT and J(y(t)) = T(vF(#)), and if ¢ € T, then mo o € I and J(o(t)) = J(m o o(t)).
Hence the mountain pass value for J is given by

(3.5) cm = inf sup Jom(o(t)) = j(a(t)) >a>0.

o€l tel0,1]

By the mountain pass theorem there exists a Cerami sequence (u,) for J at the level ¢
(see [2,14]) which proves (a).

The map u — m(u) is a homeomorphism between Ny and AV, and since I (u) = T (m(uw)),
cn, = cn. For uw e X\ {0}, consider 7 (tu), t > 0. By Lemma 3.2, J (tu) — —o0 as t — oo.
Hence max;oJ (fu) > a exists. If tyu, tyu € Np, then m(tiu), m(tau) € N, so by Lemma
3.1, j(tlu) = j(tQU). Consequently, there exist 0 < t,,in < fmee such that j(tu) e N, if
and only if t € [tmin, tmas] and J (tu) has the same value for those ¢. Hence J(tu)[u] > 0
for 0 < t <t and J’ (tu)[u] < 0 for t > t;4e- It follows that X+ \ Ny consists of two
connected components and therefore each path in ' must intersect No. Therefore cpqy > ey,
Since cp;, = infyex+\ (o} Max~g j(tu), (3.5) implies cpq = cnp, = cnr- Note in particular that
J >0 on B(0,r) where r is given in (I6), so the condition ||o(1)|| > r in the definition of T
is redundant because it must necessarily hold if 7 (c(1)) < 0. O

Since cp, = ey = cm >0, Nj is bounded away from 0 and hence closed in X+ while N
is bounded away from X and hence closed in X.
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For a topological group acting on X, denote the orbit of u € X by G * u, i.e.,
Gxu:={gu:g e G}
A set A C X is called G-invariant if gA C A for all g € G. J : X — R is called G-invariant
and T : X — X* G-equivariant if J(gu) = J(u) and T(gu) = ¢T'(u) for all g € G, u € X.
In order to deal with multiplicity of critical points, assume that G is a topological group
such that

(G) G acts on X by isometries and discretely in the sense that for each u # 0, (Gxu) \ {u}
is bounded away from u. Moreover, J is G-invariant and X*, X are G-invariant.

Observe that M is G-invariant and m : X* — M is G-equivariant. In our application to
(1.1) we have G = Z? acting by translations, see Theorem 1.1.

Lemma 3.4. For all u,v € X there exists € = €,, > 0 such that |[gu — hv|| > ¢ unless
gu=hv (g,h €QG).

Proof. Suppose G * u # G % v (the other case is obvious). We may assume without loss of

generality that u # 0 and v minimizes the distance from u to G x v. Now it suffices to take
1

e:=z|lu—v|. O
2

We shall use the notation
jﬁzz{u€X+:j(u)§B}, fa::{uGX’L:j(u)Za},
Il =TJ.nT*, IC::{UGXJF:j'(u):O}.

Since all nontrivial critical points of 7 are in N, it follows from Theorem 3.3 that j (u) >a
for all u € IC\ {0}.
We introduce the following variant of the Cerami condition between the levels «, 8 € R.

(M)? (a) Let a < 3. There exists M? such that limsup,,_,. ||u.|| < M? for every (u,) C
XT satisfying o« < liminf, .o J(u,) < limsup, .. J(u,) < [ and
(14 [fun[) T (un) = 0. -
(b) Suppose in addition that the number of critical orbits in 77 is finite. Then there
exists m2 > 0 such that if (u,), (v,) are two sequences as above and ||u, —v,| < m”
for all n large, then liminf, . ||u, — v,|| = 0.

Note that if J is even, then m is odd (hence J is even) and M is symmetric, i.e. M =

—M. Note also that (M)? is a condition on J and not on J. Our main multiplicity result
reads as follows.

Theorem 3.5. Suppose J € C'(X,R) satisfies (I1)-(I8) and dim (X ) = oco.

(a) If (M)ZM™F holds for some ¢ > 0, then either cyq is attained by a critical point or there
exists a sequence of critical values ¢, such that ¢, > carq and ¢, — ¢y as n — 00.

(b) If (M)g holds for every B > 0 and J is even, then J has infinitely many distinct critical
orbits.
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14 J. MEDERSKI, J. SCHINO, AND A. SZULKIN

By a standard argument we can find a locally Lipschitz continuous pseudo-gradient vector
field v : X7\ K — X associated with 7, i.e.

(3.6) lo(ul < 1,
(3.7) T (w)(v(w) > %Hf/(U)H

for any u € X* \ K. Moreover, if J is even, then v is odd. Let n: G — Xt \ K be the flow
defined by

Omn(t, u) = —v(n(t, u))
n(0,u) = u

where G := {(t,u) € [0,00) x (XT\K): t <T(u)} and T'(u) is the maximal time of existence

of n(-,u). We prove Theorem 3.5 by contradiction. From now on we assume:

There is a finite number of distinct orbits {G * u : u € K}.

Lemma 3.6. Suppose (M), holds for some 5 > 0 and let u € TP\ K. Then either
limg e n(t,u) exists and is a critical point of J or limy_,puy J(n(t,u)) = —oo. In the
latter case T'(u) = oo.

Proof. Suppose T'(u) < oo and let 0 < s <t < T'(u). Then

maww—Mawns/Mwmvw»whSt—&

Hence the limit exists and if it is not a critical point, then n(-, ) can be continued for t > T'(u).
Suppose now T'(u) = oo and J (n(t,u)) is bounded from below. We distinguish three cases:

(i) t — n(t,u) is bounded,
(ii) ¢ — n(t,u) is unbounded but ||n(t,u)|| 4 oo,
(iii) [|n(t, u)|] = oo

(i) We follow an argument in [35]. We shall show that for each € > 0 there exists t. > 0 such
that ||5(t., u) —n(t,u)|| < e for all t > t.. Arguing by contradiction, we can find & € (0,m} /2),
R > 0 and t, — oo such that n(t,,u) € B(0,R) and ||n(t,,u) — n(tas1,u)| = ¢ for all n.
Let t! be the smallest t € (t,,t,.1) such that ||n(t,,u) — n(tl,u)| = €/3 and t? the largest
t € (tL, tpyq) such that ||n(tesr, u)—n(E2, u)|| = e/3. Put &, := min{|| T’ (n(t,w))| : t € [t, t]}.
Then

% = |In(t31,U)—n(th)H§/tn" o(n(t,u)|| dt < t. —t,
< 2 [" F )bttt = 2 (0t ) - Ta(tr.0).

Since J (1(t,, u)) — j(n(t}” u)) — 0, also k, — 0. Hence we can choose s} € [t,,t}] such that
if w, := n(st u), then J'(u,) — 0. As ||n(s.,u)| is bounded, (u,) is a Cerami sequence. A
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similar argument shows the existence of T, := 1(s2,u) (s2 € [{2, tn41]) such that J'(3,) — 0.
Hence
e L 2
< liminf ||@, — ,|| < limsup ||, — U, < e+ - < my,
n—00 n—00 3

Wl ™

a contradiction to (M)g (D).

(ii) Observe that there are no Cerami sequences in X+ \ B(0, M) at any level o € [0, 3]
according to (M)5(a). Since 5(t,u) is unbounded but ||5(t, u)|| 4 oo, we can find R > M}
such that there exist arbitrarily large ¢ for which n(t,u) € B(0, R). We can find ¢,,t. so that
t, — 00, |[n(ty,u)|| = R+ 1 and ¢, is the smallest ¢ > ¢, with ||n(tL,u)|| = R. We may also
assume that ||n(s,u)|| < R+ 1 for s € [t,,t}]. Let k, be as above. Then

< (e, w) = e, )] < — (Tt 0)) — Tn(eh, )

and hence k,, — 0. So we see that there exist w, := n(sl,u), s € [t,,t!], such that R <

%] < R+ 1 and J'(ii,) — 0. Thus we have found a Cerami sequence in X+ \ B(0, M)
which is impossible. This shows that case (ii) can never occur.

(iii) There exist Ry > 0 and 6 > 0 such that || 7’(v)| > 6/||v|| whenever |jv]| > Ry and
v E jo’g (for otherwise there exists an unbounded Cerami sequence). Choose ¢y > 0 so that
In(t,w)|| = Ro and J (n(te,u)) — T (n(t,u)) < §/8 for t > to. For large n let ¢, be the smallest
t such that ||n(t,u)|| = n, and let k,, = min{||j’(77(t, w))| : t € [to,tn]}. By the choice of t,,
Kp = min 0 = 0 .
" T aelotnl [n(t W)l (In(te, w)l]
It follows by the same argument as above that for n large enough,

Sl < atn,w) = (0o 0]l < = (Feotto, ) — Tu(tn,w)))

n

< Zttn, )| (Fn(to,w)) = Tt ).

This is a contradiction and hence also case (iii) can be ruled out. O

Let ¥:={AC X":A=—Aand A is compact},
H:={h: X" — X7 is a homeomorphism, h(—u) = —h(u) and J (h(u)) < J(u) for all u},

and for A € X, put
i*(A) = %1171{1 v(h(A) N S(0,71))
€

where ris asin (16), S(0,7) := {u € X : ||u|]| = r} and =y is Krasnoselskii’s genus [34]. Thisis a
variant of Benci’s pseudoindex [2,7] and the following properties are adapted from [29, Lemma
2.16].

Lemma 3.7. Let A, B € X..

(1) If A C B, then i*(A) < i*(B).

(ii) i*(AU B) < i*(A) + v(B).

(111) If g € H, then i*(A) <i*(g(A)).

(iv) Let Xy, be a k-dimensional subspace of X+. Then i*(X, N B(0, R)) > k whenever R is
large enough and B(0,R) := {u € X7 : |ju|]| < R}.
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16 J. MEDERSKI, J. SCHINO, AND A. SZULKIN

Proof. (i) follows immediately from the properties of genus.
(ii) For each h € H,

(AU B) <~(h(AU B) N 5(0,7)) = ~((W(A) UR(B)) N 5(0,7)) <~(h(A) N 5(0,7)) +~(B).

Taking the minimum over all i € H on the right-hand side we obtain the conclusion.
(iii) Since J(g(u)) < J(u) for allu € X+, hoge Hif h € H. Hence {hog:he H} CH
and therefore

miny(h(A) N 5(0,7)) < miny((h o g)(4) N S(0,7)).

(iv) By Lemma 3.2, 7 (u) < 0 on X;\ B(0, R) if R is large enough. Let D := X,,nB(0, R).
Suppose i*(D) < k, choose h € H such that v(h(D) N S(0,7r)) < k and an odd mapping

f:h(D)NS0,r) — R\ {0}.
Let U := h=Y(B(0,7)) N X,. Since J(h(u)) < J(u) < 0 for u € X;\ B(0, R) and J (u) > 0 for
u € B(0,r), it follows that U C D\ 0D and hence U is an open and bounded neighbourhood

of 0 in X. If u € OU, then h(u) € S(0,7) and therefore foh : U — R*"1\ {0}, contradicting
the Borsuk-Ulam theorem [34, Proposition I1.5.2|, [37, Theorem D.17]. So i*(D) > k. O

Proof of Theorem 3.5. (a) Suppose that J has no critical values in leam, em + 80] for some
go € (0,e]. Thus J has only the trivial critical point 0 in J Jem+eo Take u € JeMT0 and
observe that by Lemma 3.6, either lim,_,7q,) n(t,u) = 0 or limy_7) j(n(t, u)) = —oo. Hence
we may define the entrance time map e : JM=0 — [0, 00) by the formula

e(u) = inf{t € [0,T(u)) : T(n(t,u)) < ca/2}.
Take any v € I such that
T(y1) =T (m(y(1)) < ep+eo forall ¢ € [0,1]

where T is given by (3.4). Since e is continuous, 7(t) := n(e(v(t)),~(t)) is a continuous path
in Xt such that J(5(1)) < J(y(1)) < 0. Hence ¥ € T and

ep = inf sup J(o(t)) < sup T(5(1)) < car/2.
o€l tel0,1] te[0,1]

The obtained contradiction proves that either ¢y is a critical value or for any gy € (0,¢) we
find a critical value in (caq, caq + €0
(b) Take 5 > a and let

K = {uek:J(u) =4}
Since there are finitely many critical orbits, there exists €y > 0 for which
(3.8) KnJye =K”.

Choose § € (0,m5*%°) such that B(u,d) N B(v,8) = 0 for all u,v € K, u # v (this is possible
due to Lemma 3.4). We show there is € € (0,¢¢) such that

(3.9) lim j( (t,u)) < B—e forue Jo\ B(K?,9).

t—T(u
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We assume K? # (), the other case being simpler. If u € jﬁjs?\B(lCﬂ, §) and limg_,p(y) j(n(t, u))
< B — ¢, then (3.9) trivially holds. Otherwise

ue Agi={ue J)0\ B(K?,9) : Jim )n(t,u) c K}
—T(u

0

Let u € Ag and define
to(u) = inf{t € [0,T(u)):n(s,u) € B(K", ) for all s > t},
t(u) = inf{t € [to(u), T(v)) : n(t,u) € B(K’,5/2)}

and note that 0 < tg(u) < t(u) < T'(u). By (3.6) we have

5 t(u)
(3.10) 5 = lIn(to(w), u) = n(t(w), v S/ lv(n(s, w)ll ds < t(u) —to(u).

to (u)

Let o)
pim it [T s ) ds.

u€Agp to (u)

If p = 0 then we find u,, € Ap and t,, € (to(un), t(u,)) such that

T (n(tn,un)) = 0 as n — oo,
Since t, > to(u,), we have n(t,,u,) € B(K? J) and passing to a subsequence we can find
up € K? and ¢, € G such that
Gn")(tn, un) € B(ug,0).
Since t,, < t(u,), we see that
gun)(tn, un) & B(KP,6/2).

Let w, = wo, Uy := gun(ty,u,). Then w, and v, are two Cerami (in fact Palais-Smale)
sequences such that 6/2 < |7, — U, || < 8 < m5™, a contradiction. Therefore p > 0 and we
take

£ < min {80,%}, ue JIE\ B(KP,9).
Since

~ ~ &

u)
T (n(t(u),u)) = T (nte(u),u) = — T (n(s,u))[v(n(s,u))] ds

to(u)

1 [t ~
< -5 [ 1wl ds
to(u)

we obtain using(3.10)

lim Fn(t,w) < F(ntw),w) <f+e— =

t—T(u) 2

t(u) ~
/t 17 (n(s, )| ds

o(u)
J
< B4e— Zp < fB—c.
Hence Ay = () which proves (3.9). Note that this argument also shows 7(¢,u) will not enter
the set B(K? 6/2) if u € T2\ B(K?, ).
Define

= inf su ju, k=1,2,....
b= 1L o T ()
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and note that by Lemma 3.7 all g, are well defined, finite and a < ; < 6, < .... Let g = [
for some k& > 1. If the set K? is nonempty, it is (at most) countable, so we can order its
elements in pairs u; and let the map f : K — R\ {0} be given by f(+u;) = +1. This
shows that by the choice of 9,

Y(B(K?,8)) = 7(K”) = 1.
Choose ¢ > 0 such that (3.9) holds. Take Lipschitz continuous cutoff functions x, & such that
x=0in B(K?,6§/4), x =1in X*\ B(K?,§/2) and £ =1 in ~Bﬁff, =0in X\ U , where
U is an open neighbourhood of jgff with KNU = KP. Let 7: R x XT — X7 be the flow
given by

On(t, w) = —x (@t u))E((, w))v((t, u))
{ n(0,u) = u.

Then 7(t,u) = n(t,u) as long as t > 0 and 7(t,u) € jﬁj; \ B(KF,6/2). Using (3.9) we can
define the entrance time map e : J7 \ B(K?, ) — [0, 00):

e(u) :=inf{t € [0,00) : T(N(s,u)) < B —¢e}.
Since n(s,u) ¢ B(K?,§/2) as we have observed, e is finite. It is standard to show that e is

continuous and even. Take any A € X such that i*(A) > k and J(u) < 8+ ¢ for u € A. Let
T :=sup,c4 e(u); then T' < oo since A is compact. Set h :=7(7,-) and note that h € H and

h(A\ B(K?,6)) c J%=.

Therefore
i"(A\ B(IC’B,(S)) < *(h(A\ B(lCﬁ,(S))) <k-1
and
(3.11) k<i*(A) <~y(B(KP )N A) +i*(A\ B(K?,0)) < v(K°) + &k — 1.

Thus KP # (), so as we have shown above, v(K?) = 1. If 8}, = B4 1 for some k > 1, then (3.11)
implies v(KP) > 2, a contradiction. Hence we get an infinite sequence 8; < 35 < ... of critical
values which contradicts our asssumption that /C consists of a finite number of distinct orbits.
This completes the proof. O

4. PROPERTIES OF THE FUNCTIONAL J FOR CURL-CURL

From now on we assume that (N1)-(N3) and (F1)-(F5) hold. We will check that assump-
tions (I1)-(I8) are satisfied and we want to apply Theorems 3.3 and 3.5.
Define the manifold

(4.1) M = {(v,w) eV xW : T (v,w)(0,¢) =0 for any ¢ € W}
and the Nehari-Pankov set for J
(4.2) N = {lv,w) eV xW:u#0, J'(v,w)(v,w) =0

and J'(v,w)(0,4) =0 for any » € W} C M.

Observe that E = v +w € Ng if and only if (v, w) € N (Ng is defined in (1.7)). Moreover, N
contains all nontrivial critical points of 7. In general Nz, N and M are not C'-manifolds.

Preliminary version — January 1, 2019 — 12:54



NONLINEAR CURL-CURL PROBLEM 19

Proposition 4.1. If (v,w) € V X W then
-1 t*-1
v
2 T2

I (tv, tw+ ) = T'(v,w)(
for any v € W and t > 0.

w—l—tw) < J(v,w)

Proof. Let (v,w) €V x W, ¢ € W, t > 0. We define
t?—1 -1
U7
2 2

D(t, ) = T (tv, tw + ) — T (v,w) — T (v, w)(

and observe that

w+t¢))

2

2

D(t, ) — /Rg<f(x,v+w>, (v + w) + 1) da

+/ F(z,v+w)— F(z,t(v+w) + ) dx.
R3
For fixed v,w € R3, define a map ¢ : [0, +00) x R? — R as follows:

o) = (flasv +w), =

2
We shall show that o(t,7) < 0 for all ¢ > 0, ¢ € R®. This is clear if v + w = 0. So let
v4+w #0and ¢ :=t(v+w) + . By (F3), (F4) we have ¢(0,1) < 0 and
2

2_ (v—irw)—l—t(g_t(v—irw))}—ir%(f(:c,v+w),v—|—w> — F(z,¢)

= —%t%f(x,v +w), v+ w) + t{f(z,v 4+ w),¢) — A|]* + (A[¢] — F(x,()).

(v+w)+t) + Fx,v+w) — F(x, t(v+w) + ).

pty) < (flz,v+w),

If A is large enough, then the quadratic form (in ¢ and () above is negative definite. Moreover,
A|¢|? — F(z,¢) is bounded above by superquadraticity of F' implied by (F3) and (N3). Hence
o(t, 1)) — —o0 as t + || — oo and ¢ attains a maximum at some (¢,1) with ¢ > 0. If ¢t =0,
then o(t,1) < 0 as we have already mentioned. If ¢ > 0, then

(43)  Owp(t.y) = (flz,v+w),tv+w)+¢) = (flz,t(v+w)+¢),v+w) =0,

(44)  pplt) = tf(x,v+w)— f(o,to+w)+ ) =0

Using (4.4) in (4.3) we see that both terms in (4.3) are positive (because (f(z, v+w), v+w) > 0)
and (f(z,v+ w), 1) = 0. This and (F5) imply

2]
ol ) = —

(f(x,v+w),v+w)+ F(x,v+w) — Fz, t(v+w) + ) <O0.

Consider I : L* =+ R and Z : L* x YW — R given by
(4.5) Z(v,w) :=I(v+w):= / F(x,v+w)dx for (v,w) € L* x W.
R3

By Proposition 2.6, I and Z are of class C'. In view of (F2), I and Z are strictly convex.
Moreover, the following property holds.

Lemma 4.2. If E, — E in L* and I(E,) — I(E) then E, — E in L®.
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Before proving the above lemma we need a variant of the Brezis-Lieb result [13] for se-
quences in L®.

Lemma 4.3. Let (E,) be a bounded sequence in L* such that E, — E a.e. on R®. Then

lim F(z,E,) — F(z,E, — E)dx = / F(z,E)dx.

n—-+4o0o R3 R3
Proof. Note that

1
/F(:C,En)—F(x,En—E)dx = //iF(ZE,En—E+tE)dtdl‘
R3 R3 Jo dt

_ /1/ (f(2, B, — E +tE), E) dudt
0 R3

and f(z, E, — E + tE) is bounded in LY according to (F3) and Lemmas 2.2 (iv), 2.5. Thus
for any Q C R3,

(4.6) / (f (2, Bu — E+LE), B)|dx < |f(z, Eu — E + tE)|4|Exala-

By |28, Definition I11.4.2, Corollary I11.4.5 and Theorem II1.4.14] the space L® has an abso-
lutely continuous norm, so by (4.6), for any € > 0 there is § > 0 such that if |Q < § (]9
denotes the measure of 2), then

/ (f(z,E, — E+tE),E)|dx < ¢
Q

independently of n. Thus ((f(z, E,, — E +tE), E)) is uniformly integrable. Using (4.6) once
more we see that for any & > 0 there is Q C R? with |Q| < +oc0 such that

/ (f(x,E, — E+1tFE),E)dr < e.

Indeed, if x,, is the characteristic function of the set |z| > n, then [, ®(|Ex,|)dz — 0 and
therefore |E'x,|e — 0 by Lemma 2.2(iii). Hence 2 exists as claimed and ({f(z, E,—E+tE), E))
is tight. Since E,(z) — E(x) — 0 a.e. on R3, it follows from the Vitali convergence theorem
that

/Rg F(x,E,) — F(z,E, — E)dz — /01 /RS<f(:):,tE), E)dzdt = /R F(z,E)dz.
O

Proof of Lemma 4.2. We show that (up to a subsequence) E,(x) — F(x) a.e. on R3. Since
I(E,) — I(F), we have

(4.7) lim F(z, E,)dx = / F(z, E)dx.
n—oo R3 R3
Then from (F2) we infer that for any 0 < r < R,
1
(4.8) Mg = inf  =(F(z,u)+ F(z,us)) — F(m i “2> > 0.
’ z,u1,us€ER3 2 2
r<|ui—ua|,
[usl|uz| <R
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Observe that by (4.7) and convexity of F,
E,+FE

1
0< limsup/ §(F(x,En) + F(z,E)) - F (:c,
R3

n—oo

> dr <0.
Therefore, setting

Q,={re€R*:|E,—E|>r, |E,| <R, |E| <R},
there holds

1 E E
Qe R §/ §(F(x,En)+F(x,E)) - F (x, n; ) dz,
R3

and thus [,| — 0 as n — oco. Since 0 < r < R are arbitrarily chosen, we deduce
E, — E a.c. on R

In view of Lemma 4.3, we obtain

/F(x,En)dx—/ F(z,E, — FE)dx — F(z, E)dx
R3

R3 R3
and hence
/ F(z,E, — E)dz — 0.
R3
By (F3) and Lemma 2.2 (iii) we get |E,, — Ele — 0. O

Proposition 4.4. Conditions (11)-(18) are satisfied and there is a Cerami sequence in (v, wy,) C
M at the level cpr, i.e. T (v, wy) — e and (14 ||(vn, wp)||) T’ (n, wy) — 0 as n — oo, where
= inf ,w) > 0.
w (v,}u%e/\/’jO} w)

Proof. Setting X := Vx W, X*:=V x {0} and X := {0} x V we check assumptions (I1)-(I8)
for the functional 7 : X — R given by

1
I(w,w) = 3 lolfs ~ Z(v, )
(cf. (2.2) and (4.5)). Recall
1w, w)]l = (lvllp + [wlz)*,  where [[v]p = [Vvl>.

Convexity and differentiability of Z, (F3) and Lemma 4.2 yield:

(I1) Zlyxw € CHY x W, R) and Z(v,w) > Z(0,0) = 0 for any (v,w) € V x W.

(I2) If v, » v in V, w, = w in W, then liminf Z(v,, w,) > Z(v, w)
n—oo

(

(I3) If v, » v in V, w, = w in W and Z(v,, w,) = Z(v,w), then

U, Wy) = (u, w).
Moreover,

(I6) There exists r > 0 such that inf,,=, J(v,0) > 0.
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Indeed, by (F3) and (N2) there exist C, C" > 0 (cf. proof of Lemma 2.3) such that for any
vey

7(0.0) = lolfs - |

F@mwmznw%—oj’m%mznﬂ%—cww%
R3 R3

and thus (I6) is satisfied. It is easy to verify using (F3) and (iv) of Lemma 2.2 that
(I4) |lvllp + Z(v,w) — oo as ||(v,w)|| — oo.

Hence also
(I5) If (v,w) € M, then Z(v,w) < Z(v,w + ) for any » € W\ {0}

holds by strict convexity of F'. Next we prove
(I7) Z(tn(vp, wy))/t2 — o0 if t, — oo and v, — v for some v # 0 as n — oo.

Observe that by (F3)
(4.9) (v wa)) /2 = / F(, b (0 + ) 12 do
R3
02/ O(t,|v, + wy|) /12 da
R3

(I)(tn‘vn'f_wnb 2
= n nl” dx.
02/R3 YR |y, + wy | dx

v

Take Ry > 0 such that v # 0 in L?(B(0, Ry)). In view of (N3) we find C' > 0 such that
Co(t) >t* fort>1.
Then

(4.10) / |vn+wn]2d$§0/ @(tn\vn+wnl)/tid9§+/ Uy 4w, |? da
B(0,R) R3

B(0,R)N{|vn+wn[<1}

and Z(t,,(v,, wy,))/t2 — oo provided v, +w,, is unbounded in L?(B(0, R), R?) for some R > R,.
Now, suppose that v, + w, is bounded in L?(B(0, R),R?) for any R > R,. We may assume
passing to a subsequence that v, — v a.e. and w, — w in L} (R? R?) for some w. Given
e >0, let

(4.11) Q= {x € R : |v,(2) + wy(z)| > e}

We claim that there exists ¢ > 0 such that lim, .., |Q,| > 0, possibly after passing to a
subsequence. Arguing indirectly, suppose this limit is 0 for each €. Then v, + w, — 0 in
measure, so up to a subsequence v, + w, — 0 a.e., hence w,, - —v a.e. and w, — —v in
L7 (R* R?). Since V x w, = 0 in the distributional sense, the same is true of v. Thus there

is £ € HL (R?) such that v = V¢, see [21, Lemma 1.1(i)]. As div(V¢) = dive = 0, it follows
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that &, and therefore v, is harmonic. Recalling that v € D, we obtain v = 0 as in the proof of
Lemma 2.4. This is a contradiction. Taking ¢ in (4.11) such that lim,,, |£2,| > 0, we obtain

O (t,|v, + wy, O (t,|v, + wy
/ (tntn + |>|vn+wn|2dx2/ (bnvn +w |)]vn—|—wn|2da:—>oo.
Rs t2|Un + wyl? Qn t2|vn + wy |?

Finally, Proposition 4.1 shows that

(I8) tQT_lI’(U, w)[(v, w)]+tZ' (v, w)[(0,9)] +Z(v,w) —Z(tv,tw+1) < 0 forany t > 0, v € V
and w,y € W.

Applying Theorem 3.3 we obtain the last conclusion. O

Since there is no compact embedding of V into L® we cannot expect that the Palais-Smale
or Cerami condition is satisfied. We need the following variant of Lions’ lemma.

Lemma 4.5. Suppose that (v,) C D is bounded and for some r > /3
(4.12) sup / |va?dr — 0 asn — oo.
yeZ3 J B(y,r)
Then
/ O(|v,])dr -0 asn — oco.
R3

Proof. This follows from [27, Lemma 1.5] since ® satisfies (N2). O

We collect further properties of 7.

Lemma 4.6.
(a) For any v € L® there is a unique w(v) € W such that
)

(4.13) Z(v,w(v)) = inf Z(v,w).

wew

Moreover, w : L* — W is continuous.
(b) w maps bounded sets into bounded sets and w(0) = 0.

Proof. (a) Let v € L®. Since W 3> w + Z(v,w) € R is continuous, strictly convex and
coercive, there exists a unique w(v) € W such that (4.13) holds. We show that the map
w: L®* — W is continuous. Let v,, — v in L®. Since

(4.14) 0 < Z(vp, w(vy,)) < Z(vy,0),

w(vy,) is bounded and we may assume w(v,) — wy for some wy € W. Observe that by the
(sequential) lower semi-continuity of Z we get

Z(v,w(v)) < Z(v,wg) < liminf Z(v,, w(v,)) < liminf Z(v,, w(v)) = Z(v, w(v)).
n—oo n—o0
Hence w(v) = wy and by Lemma 4.2 we have v, +w(v,) — v+w(v) in L®. Thus w(v,) — w(v)

in W.
(b) This follows from inequality (4.14), (F3) and Lemma 2.2 (iv). O]
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Let m(v) := (v,w(v)) € M for v € V. Then in view of Lemma 4.6 (a), m : V — M
is continuous. The following lemma implies that any Cerami sequence of J in M and any
Cerami sequence of J om are bounded.

Lemma 4.7. If (v,) C V is such that (J o m)(v,) < B and (1 + ||v,||)(T om) (v,) — 0 as
n — 0o, then (v,) is bounded.

Proof. Suppose that m(v,) = (v, w,) € M, ||(vp, wy)|| = 00 as n — oo and J (v, w,) < B.
Since w,, = w(v,), |[(vy,w,)]| — oo if and only if ||v,|[p — oo. Let v, := v,/||v||p and
Wy, = wy/||vp]|p. Assume

lim sup / |0, |? dx = 0

N0 yez3 J Bly,r)
for some fixed r > /3. By Lemma 4.5, lim,_,o0 [ ®(|n|) dz = 0, and arguing similarly as
Liu [23], we obtain a contradiction. More precisely, recalling J'(v,, w,)w, = 0, Proposition
4.1 with ¢, = s/||v,||p and t,, = —t,w, implies that for every s > 1,

g > limsup J (v, w,)

n—oo
tr—1 t2+1
> limsup J(sv,,0) — lim j'(vn,wn)< LUy, — 2 i wn) = limsup J (50, 0)
(F'3) 2 2
> 2 lim cl/ O (s|v,|) de = =
2 n—oo o Jps 2

which is impossible. Hence liminf,,_,. f Blynr) |Un|? dz > 0 for some sequence (y,,) C Z3. Since

M and J are invariant with respect to Z3-translations, we may assume that

/ B2 dz > ¢ > 0
B(0,r)

for all n sufficiently large and some constant ¢. This implies that up to a subsequence,
U, ~0#0in D, v, = vin L} (R? R3) and v,, — v a.e. in R3 for some v € D. By (F4),

2T (Uny wy) — T (U, W) (U, wy,) = / ((f(x, vy + wp), vy + wp) — 2F (z,v, + wy)) dx > 0,
R3

s0 J (vpn, w,) is bounded below and

ny n 1 — @ n n
Tl ) < Ll —eo [ Tt le)
R

_ 2
d
N s Tom + g [T 0al”d

a <
for some constant « (cf. (4.9) for the second inequality). Hence it suffices to show that the
integral on the right-hand side above goes to +00. We can argue as in the proof of (I7) in
Proposition 4.4. In particular, (4.10) holds with v,, +w,, replaced by v, 4+, and t, replaced by
|vn]|D, and if Q,, is as in (4.11) (again, with v, +w,, replaced by v, 4+, ), then lim, o [2,] > 0
for a subsequence. O

Corollary 4.8. Let f > 0. There exists Mg > 0 such that for every (v,) C V satisfying
0 < liminf, e J (m(v,)) < limsup,_,. J(m(v,)) < B and lim,_oo (1 + [0, [|) T (m(v,)) =0
there holds limsup,,_, . [|v,|| < Mp.

Preliminary version — January 1, 2019 — 12:54



NONLINEAR CURL-CURL PROBLEM 25

Proof. If no finite bound Mj exists, for each k there is a sequence (vF) satisfying the assump-
tions above and such that limsup,, .. ||v¥|| > k. Now it is easy to find n(k) in such a way that
(Uz(k)) is an unbounded sequence satisfying the hypotheses of Lemma 4.7, a contradiction. [J

5. WEAK-TO-WEAK* CONVERGENCE IN M

Lemma 5.1. Suppose that Q is a bounded Lipschitz domain. Then H'(Q) is compactly em-
bedded in L*().

Proof. Suppose u,, — 0 in H*(Q2). Then u,, — 0 in L%(Q), u,, — 0in L*() and u,, — 0 a.e. in
Q) after passing to a subsequence. By (N2), for each & > 0 there exists C. such that ®(t) < &t
for t > C.. Hence

/®(|un|)dx:/ ¢(|un|)d:c—|—/ <I>(]un|)dx§/ B(Jun|) dz + Ce
Q QN {|un|<C2} QN {fun|>Ce} QN {|un|<C.}

where the constant C' depends only on the L°- bound on (u,). By the dominated convergence
theorem and since ¢ is arbitrary, [, ®(|u,|)dz — 0 and |u,|e — 0 according to Lemma
2.2(iii). OJ

Proposition 5.2. If v, — v in D, then w(v,) — w(v) in W and, after passing to a subse-
quence, w(v,) = w(v) a.e. in R3.

Proof. 1t follows from the definition (4.13) of w that
(5.1) / (f (z, v +w(vy)), 2) dz =0 = / (f(z,v+w(v)),2z)dx forall z € W.
R3 R3
Since the sequence (v,) is bounded, so is (w(v,)) by Lemma 4.6(b). In addition, since v, — v

in L? (R3 R3), then v, — v a.e. after passing to a subsequence.

Let © C R? be bounded and let ¢ € C5°(R?, [0, 1]) be such that ¢ = 1 in Q. By (F3) and

Lemmas 2.2(ii), 2.5, 5.1, for some constant C' > 0 we have
(52)  0< / |f (2, v+ w(n)) | |vn = v Cdz < C1O(|vg + w(va)])]w] (Ve — v)Cla — 0.
R3

Choose R so that supp ¢ C B(0, R). By (N3), (w(v,)) is bounded in L?(B(0, R), R®). Indeed,

oz | ®(fu(un]) s > € [ w(vn) | do
B(0,R)N{|w(vn)|>1} B(0,R)N{|w(vn)|>1}

for suitable Cy,Cy > 0. By [21, Lemma 1.1(3)], for every n there exists &, € H. (R?) such
that w(v,) = V§,. We may assume [ (0.7 &n dr = 0. Then by the Poincaré¢ inequality,

1nllarBo.r) < C' |Vl r2o,r) < C”

for some C’, C" > 0. Hence in view of Lemma 5.1, up to a subsequence, &, — & in L*(B(0, R))
for some ¢ € H'(B(0, R)). Similarly as in (5.2), we have

(5.3) lim [ 1 (@00 + w(on) [ [VC] 6 — €] dz = 0.

n—oo
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The limits in (5.2) and (5.3) are 0 also if f(z,v, + w(v,)) is replaced by f(z,v + w(v)).
Combining (5.1)-(5.3) we obtain

(5.4) lim [ (f(z, v, +w(vn)) = f(z,v 4+ w®)),((vy — v+ w(v,) —wv)))de =0

where we have taken z = V({(&, — €)) in (5.1). We shall show that v, + w(v,) = v+ w(v)
a.e. in 2. The convexity of F' in u implies that

F(x, “ ; u2> > F(x,up) + <f(x,u1), e ; u1>

and

F(a:, “ _gu2> > F(z,us) + <f(m,u2), “ ;u2>

Adding these inequalities and using (F2), we obtain for any 0 < r < R and |u; — ug| > 7,
|ui], |ue| < R that

1

myr < %(F(a:,ul) + F(z,u)) — F <x, Uy -2Fu2) < Z_l<f(gg,u1) — f(z,ug), uy — ug)

where m,. p has been defined in (4.8). Since ¢ = 1 in €, it is now easy to see from (5.4) that
Uy, + w(v,) = v+ w(v) ae. in Q as claimed, and by the usual diagonal procedure we obtain
a.e. convergence to v + w(v) in R?.

So far we have shown that if v, — v in D, then a subsequence of (w(v,)) converges
a.e. in R3, and therefore weakly in W, to w(v). But since each subsequence of (w(v,)) has
a subsequence converging weakly to w(v), we can conclude that w(v,) — w(v) for the full
sequence. O

In general J' is not (sequentially) weak-to-weak* continuous, however we show the weak-
to-weak* continuity of 7' for sequences on the topological manifold M. Obviously, the same
regularity holds for £ and Mg.

Corollary 5.3. If (vy,w,) € M and (vp,w,) — (vo,wp) in V x W then J'(v,,w,) —
J' (v, wy), i.e.

T (U, w) (0, 0) = T (vo, wo) (¢, 1)
for any (¢,¢) € V x W.

Proof. By Lemma 4.6(a) we get w, = w(v,). In view of Proposition 5.2, we may assume
Vp + Wy, — Vg + wo a.e. in R® (where wy = w(vg)). For (¢,¢) € ¥V x W we have

T (tnn)(6.9) = T (o0 0)(00) = [ (To, = Vou, V) da

—/ﬂgg)(f(:c,vn—irwn) — f(z,up + wp), d + V) dz.

Let  be a bounded set containing the support of ¢ + V. Then

/Q|<f(x7vn+wn)—f(x,uO+wo),¢+V@/}>| dr < [f (2, vn+wn) = f (2, uo+wo) | v ()| 9+ VL)
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(cf. (4.6)). In view of the Vitali convergence theorem and uniform integrability of the norm |28,
Theorem I11.4.14], we obtain

T (vn, wn) (9, ¥) = T'(v0, wo)(¢,4) — 0

6. PROOF OF THEOREM 1.1

Recall that the group G := Z? acts isometrically by translations on X =V x W and J is
Z3-invariant. Let

IC::{UEV (T om)'( —0}

and suppose that K consists of a finite number of distinct orbits. It is clear that Z3 acts
discretely and hence satisfies the condition (G) in Section 3. Then, in view of Lemma 3.4,

k=inf {|lv = V[|p : T'(m(v)) = T (m(')) =0,v #v'} > 0.
Lemma 6.1. Let § > cy and suppose that K has a finite number of distinct orbits. If

(un), (vy) C V are two Cerami sequences for J o m such that 0 < lim infnﬁooj(m(un)) <

lim sup,,_, j(m(un)) < B, 0 < liminf, j(m(vn)) < limsup,,_, ., j(m(vn)) < B and
liminf, o ||ty — vnllp < K, then lim, . ||u, — v,]p = 0.

Proof. Let m(uy,) = (un,w)), m(v,) = (v,, w?). By Corollary 4.8, m(u,), m(v,) are bounded.
We first consider the case

(6.1) nll_>n010 [ty — Up]e =0
and prove that
(6.2) nh_)n;o |tn, — vnl||lp = 0.

By (F3) and Lemmas 2.5, 4.7, we have
| tn — UnHQD = j/(m(un))(un — ¥, 0) — jl(m(vn))(un — U, 0)

+/<f(x m(un)) — flz,m(v,)), ty — vy,) do <
/ (17 . mlan)) -+ e ) Dl — o] d

1)+ ( (|m(uy,)]) —|—<I>’(|m(vn)|))|un—vn|dx
R

o(1) + ¢z (| (Im(un)))lw + | ¥ (Jm(vn) )] w) [t = vnle — 0

which gives (6.2).
Suppose now (6.1) does not hold. By Lemma 2.2 (iii) and Lemma 4.5, for a fixed R > /3
there exist € > 0 and a sequence (y,) C Z* such that, passing to a subsequence,

(6.3) / U — v, |* dx > €.
B(yn,R)
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Since J is Z3-invariant, we may assume ¥, = 0. As m(u,),n(v,) are bounded, up to a
subsequence,

(6.4) (U, w}) = (u,w") and (v, w?) = (v,w?) InVxW

n n
for some (u, w'), (v,w?) € Vx W. As u, — v and v, — v in L? (R3 R3), u # v according to

loc
(6.3). From Corollary 5.3 and (6.4) we infer that
T (u,w') = J'(v,w?*) = 0.
Thus
liminf ||u, — v,||p > ||lu —v||p > &
n—oo

which is a contradiction. O

Proof of Theorem 1.1.

(a) The existence of a Cerami sequence ((vy,, w,)) C M at the level c)r follows from Proposition
4.4, and this sequence is bounded by Corollary 4.8. Similarly as in the proof of Lemma 6.1
we find v € V\ {0} such that (v,,w,) = (v,w) and (v,,w,) — (v,w) a.e. in R3 along a
subsequence and J'(v,w) = 0. More precisely, if |v,|e — 0, then (6.2) with u = 0 holds by
the same argument. This is impossible because J'(m(v,)) — ¢y > 0. Hence (6.3) with u, =0
is satisfied and we may assume making translations by v, if necessary that |[ B(O.R) lop |2 dz > e.

So v # 0. By Fatou’s lemma and (F4),

cy = lim J(v,,w,) = lim <](vn,wn) - %J’(vn,wn)(vn,wn)>

1
> j(v,w) - 5._7/(?],10)(1},11}) = j(”aw)'

Since (v,w) € N, J(v,w) = ¢y and E = v + w solves (1.1). Note that here we have not
assumed K has finitely many distinct orbits.

(b) In order to complete the proof we use directly Theorem 3.5(b). That (I1)-(I8) are satisfied
and (M )g holds for all 8 > 0 follow from Proposition 4.4, Corollary 4.8 and Lemma 6.1. O

7. A REMARK ON THE SCHRODINGER EQUATION

Theorem 3.5 can also be used to deal with the Schrédinger equation or a system of equa-
tions. In particular, one can use it to obtain alternative proofs of the results in [18, 35].
Contrary to [18], we do not need to use nonsmooth critical point theory.

Below we briefly discuss a very simple application of Theorem 3.5, yet our result extends
and complements known ones. We leave the details to the reader. We look for solutions to
the equation

(7.1) —Au= f(r,u), v€RN N>3.

The functional
1

J (u) ::§AN |Vu|2d$—/RNF(x,u)dx

corresponding to (7.1) is of class C! on D2?(R¥Y) if f satisfies the following assumptions:
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(AF1) F : RY x R — R is differentiable with respect to the second variable v € R and f :=
0. F : RNV x R — R is a Carathéodory function (i.e. measurable in x € RY | continuous
inu € R for a.e. x € RY). Moreover, f is ZN-periodic in z, i.e. f(z,u) = f(x +y,u)
forz € RV, u € R and y € ZV.

(AF2) 7l}g}) F(x,u)/u* = lim F(x,u)/u?* =0 uniformly in 2 and |f(z,u)| < c(ju| + [u* 1)

|u|—o0
where 2* := 2N/(N — 2).
(AF3) F(z,u)/u? — oo uniformly in x as |u| — oo.
(AF4) f(z,u)/|u| is non-decreasing on (—o0,0) and on (0, 00).

Note that there is no convexity-type assumption similar to (F2). However, (AF4) implies (not
necessarily uniform) convexity of F' as well as (F4). Since the quadratic part of J is positive
definite, we have Xt = M = DV3(RY) and X = {0}, so m(u) = u here and we easily check
(I1)-(I8) from Section 3. In fact (12)-(I4) are trivially satisfied, (I5) is an empty condition and
(I8) becomes much simpler because v is necessarily 0. Using Theorems 3.3 and 3.5 we obtain
the following result.

Theorem 7.1. Assume that (AF1)-(AF4) hold. Then:
(a) Equation (7.1) has a ground state solution, i.e. there is a critical point u € N of J such
that

J(u) = ijr\lffj >0
where
N = {ueD?RY):u#0, J(u)(u) =0}

(b) If in addition F is even in u, then there is an infinite sequence (u,) C N of geometrically
distinct solutions of (1.1), i.e. solutions such that (ZN xu,) N (ZN *u,,) = 0 for n # m where

ZN sy = {un(- +y) : y € ZV}.

Problem (7.1) with growth of the form (AF2) is the so called zero mass case introduced
in [11] for the autonomous nonlinearity f(z,u) = f(u). In the nonautonomous case it has
been studied e.g. in [|9,15], see also the references therein. In [9,15] more restrictive growth
conditions have been imposed. In particular, F is of order |u|? for small |u| > 0 and of order
|u|P for |u| large where 2 < p < 2* < ¢. This makes it necessary to work in the Orlicz space
LP(RY) + L9(RY). In Theorem 7.1 we are able to deal with a class of nonlinearities with less
restrictive growth conditions (AF2) and we no longer need to use any Orlicz setting.
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