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Abstract

We revisit the renormalisation group equations (RGE) for general renormalisable gauge theories at one-
and two-loop accuracy. We identify and correct various mistakes in the literature for the 8-functions of the
dimensionful Lagrangian parameters (the fermion mass, the bilinear and trilinear scalar couplings) as well
as the dimensionless quartic scalar couplings. There are two sources for these discrepancies. Firstly, the
known expressions for the scalar couplings assume a diagonal wave-function renormalisation which is not
appropriate for models with mixing in the scalar sector. Secondly, the dimensionful parameters have been
derived in the literature using a dummy field method which we critically re-examine, obtaining revised ex-
pressions for the S-function of the fermion mass. We perform an independent cross-check using well-tested
supersymmetric RGEs which confirms our results. The numerical impact of the changes in the S-function
for the fermion mass terms is illustrated using a toy model with a heavy vector-like fermion pair coupled to a
scalar gauge singlet. Unsurprisingly, the correction to the running of the fermion mass becomes sizeable for
large Yukawa couplings of the order of O(1). Furthermore, we demonstrate the importance of the correction
to the B-functions of the scalar quartic couplings using a general type-III Two-Higgs-Doublet-Model. All
the corrected expressions have been implemented in updated versions of the Mathematica package SARAH
and the Python package PyR@TE.
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1. Introduction

Renormalisation Group Equations (RGEs) are important as they provide the necessary link
between the physics at different energy scales. The two-loop RGEs for all dimensionless param-
eters in general gauge theories have been derived already more than 30 years ago [1-6]. More
recently, these results have been re-derived by Luo et al. [7] including the B-functions for dimen-
sionful parameters. The latter results are based on the S-functions of dimensionless couplings
by applying a so called “dummy field” method [8]. However, no independent direct calculation
of the two-loop B-functions for scalar and fermion masses and scalar trilinear couplings exists
so far in the literature. One of the aims of this paper is to provide a more detailed (pedagog-
ical) discussion of the dummy field method and to critically examine the S-functions for the
dimensionful parameters. As a result we will correct the S-functions for the fermion masses. We
also find differences for the purely scalar couplings in certain models with respect to the liter-
ature. These differences arise from not always justified assumption about the properties of the
wave-function renormalisation. We provide an independent cross-check using well tested super-
symmetric RGEs which confirms our results. We believe that these corrections and validations
are non-trivial and important in view of the wide use of the RGEs. Still, an independent direct
calculation of the dimensionful S-functions would be useful.

The general equations have been implemented in the Mathematica package SARAH [9—13]
and in the Python package PyR@TE [14,15]. More recent results which are (partially) included
in these packages such as kinetic mixing [16] or running VEVs [17,18] will not be discussed
in this paper. The overarching purpose is to present the current state-of-the art of the two-loop
B-functions and to collect the corrected expressions such that all the relevant information is at
hand in one place.

2. The Lagrangian for a general gauge theory

In this section we review the Lagrangian for a general renormalisable field theory following
[7]. The following particle content is considered:

. V/j‘ (x) (A=1,...,d) are gauge fields of a compact simple group G where d is the dimen-

sion of G.

e ¢,(x) (a=1,..., Ny) denote real scalar fields transforming under a (in general) reducible
representation of G. The Hermitian generators of G in this representation will be denoted
@fb (A=1,...,d;a,b=1,..., Ny). Since the scalar fields are real, the generators O4 are
purely imaginary and antisymmetric.

e i(x)(j=1,..., Ny) are left-handed complex two-component fermion fields transforming

under a representation of G which is in general reducible as well. The Hermitian generators
aredenotedbyt;.‘}( (A=1,...,d; j,k=1,...,Ny).
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The most general renormalisable Lagrangian can be decomposed into three parts,

L = Lo+ L + (gauge fixing 4 ghost terms) , 2.1)

where L is free of dimensional parameters and £; contains all terms with dimensional parame-
ters. Here, £ reads

1 1 .
Lo=—7 WEA + 5 D"¢aDya + iV 0" Dy
2 (Y5 + YU U] 80) = T habcadatoed (22)
2jkj kPa jk¥j k Pa 4!abcdabcd» .
where F ,fu (x) is the gauge field strength tensor defined in the usual way in terms of the structure
constants f4BC of the gauge group and the gauge coupling constant g:
Fh =0,V =0,V +gfPCvive. (2.3)
The covariant derivatives of the scalar and fermion fields are given by
Dyt = duta — 10,V by, 2.4
Dy =0, —igth Vitvn. (2.5)
Furthermore, Y]‘.‘k (a=1,...,Ny; j,k=1,..., Ny) are complex Yukawa couplings and { =io,

is the two-component spinor metric (o3 is the second Pauli matrix). Finally, A,5.4 denotes quartic
scalar couplings which are real and invariant under permutations of the set of indices {a, b, c, d}.
The Lagrangian containing the dimensionful parameters is given by

1 fof
L= =3 [mp v+ mpiwjew] - =
Here m y is a complex matrix of fermion masses, m* is a real matrix of scalar masses squared,
and h,p. are real cubic scalar couplings. Our goal is to revisit the one- and two-loop S-functions
for these dimensionful couplings which have been derived in Ref. [7], employing the so-called
“dummy field” method which has been initially proposed in Ref. [8].

m habe

2
IR T (2.6)

2

3. Renormalisation group equations

We are interested in the scale dependence of the Lagrangian parameters which, in general, is
governed by RGEs. The RGEs can be calculated in different schemes. We are going to consider
only dimensional regularisation with modified minimal subtraction, usually called MS, for four
dimensional field theories. In this scheme the B-functions, which describe the renormalisation
group running of the model parameters (®;), are defined as

d®;
Bi=n——. 3.1
dp
where p is an arbitrary renormalisation scale. ; can be expanded in a perturbative series:
1
R ()
Bi=> Ter b (3.2)

n

where ,Bl.(l) and /3,.(2) are the one- and two-loop contributions to the running which we are inter-
ested in. Generic expressions of the one- and two-loop B-functions for dimensionless parameters
in a general quantum field theory were derived in Refs. [1-3].
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4. The dummy field method

In principle, one could calculate the renormalisation constants for the dimensionful couplings
(the fermion masses (m )k, the squared scalar masses mib, and the cubic scalar couplings
hape) and derive the B-functions directly from them. However, this is tedious and has not been
attempted so far in the literature. Instead, a “dummy field” method has been employed in Ref. [7]
applying an idea, to our knowledge, first mentioned in Ref. [8]. Since a detailed description of
this method is lacking in the literature we provide a careful discussion of it in this section.

The idea is to introduce a scalar “dummy field”, i.e. a non-propagating real scalar field
with no gauge interactions. The dummy field will be denoted by an index with a hat, ¢;, and
satisfies the condition D, ¢; = 0. As a consequence, expressions with two identical internal
dummy indices (corresponding to a propagating dummy field) have to vanish. Furthermore,
since Dy, ¢; = 0, all gauge boson - dummy scalar vertices vanish as well: 'vg,¢, =T'vg,0, =
Pvvees; =Tvvee; =0

Let us now consider the Lagrangian Lo (2.2) in the presence of the same particle content plus
one extra scalar dummy field (¢ ;) and separate the terms with the dummy field. Using D, ¢; =0,
Mabdd t Yadpi T Fdapd t Fadav T Mads T Fadab = Pavdi> Faned T Favic t Yadve T Mdabe =
4)»“1%,(2, and Aggaa T 2ada T agaa T 20040 = 4)%“2‘2‘1 one easily finds (writing the sums over the
scalar indices explicitly):

Ny
1 1 .
Lo= —ZFXVF/‘;‘V +>° 5 D"$aDyda+ iy io"Dyy;
a=1
| Yoo
— QYW jtvada the) = D7 habeabadpbeda
a=1 a,b,c,d=1
1 Yoo A
— SRy +0e) =6 3 2hiadabs®ids —4 D rapcibadrded;
a,b=1 " abec=1
Yoy 1
~4 2 rPaddia%a®i%i®s — g aaaata%itadi- @D

a=1 "~

A few comments are in order:

e The first two lines reproduce the Lagrangian £ (2.2) with the original particle content with-
out the dummy field.

e The terms in the third line reproduce the Lagrangian £; (2.6) if one makes the following
identifications:

d 2
Yidg=mp)jks  Apii®i®s=2may . Aupei®s = habe - 4.2)
Note that we believe these are the correct relations while the notation below Eq. (21) in [7]
is rather sloppy:
d 2
Yie=(mp)jk, rgpaa=2mgp,  Aypeg = habe 4.3)

e The terms in the fourth line of Eq. (4.1) do not spoil the relations in Eq. (4.2) or (4.3). First
of all, the second last term is only gauge invariant if ¢, is a gauge singlet. Furthermore, it
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is an effective tadpole term which can be removed by a shift of the field ¢." The last term
is just a constant. In any case, contributions from the interactions in the fourth line to the
B-functions of the other dimensionful parameters would involve at least one internal dummy
line which gives a vanishing result.

The relations (4.3) have been used in Ref. [7] to derive the S-functions for the fermion masses
from the known ones for the Yukawa interactions. Likewise, the B-functions for the scalar
masses and the trilinear scalar couplings were obtained from the scalar quartic 8-functions. This
was achieved by removing contributions with a summation of c?-type indices and terms with d
indices appearing on the generators ®. However, a subtlety arises due to the wave-function renor-
malisation of external dummy scalar lines which leads to effective tadpole contributions. Such
contributions should be removed from the S-functions for the Yukawa interactions and quartic
couplings but are not necessarily eliminated by just suppressing the summation over d-indices
and associated gauge couplings. For this reason, we re-examine in the following sections all the
B-functions for the dimensionful parameters by verifying the dummy method on a diagram by
diagram basis.

5. B-functions for dimensionful parameters

We now apply the dummy method to obtain the B-functions of the dimensionful parameters
using the generic results for the dimensionless parameters given in Refs. [1-3,7]. In Sec. 5.1,
we start with the fermion mass term. The trilinear scalar couplings will be discussed in Sec. 5.2
before we turn to the scalar mass terms in Sec. 5.3. First of all, it is necessary to introduce a
number of group invariants and definitions for certain combinations of coupling constants. These
definitions will be used to write the expressions for the -functions in a more compact form.

Group invariants Co(F) is the quadratic Casimir operator for the (in general) reducible fermion
representation:

d d Ny
Co(F) := Z Y e [Ca(F))ij = CY (F) = Z Zti’?ct,f} , (5.1)
A=1 A=1k=1
where i, j =1, ..., Ny. Due to Schur’s lemma, C>(F) is a diagonal Ny x Ny matrix with the

same eigenvalues for each irreducible representation. Similarly, C»(S) is the quadratic Casimir
operator for the (in general) reducible scalar representation:

d d Ng
Co(S) = Z 0464 e [C2(S)]ap = C52(S) = Z 29;;93, , (5.2)
A=1 A=l1 c=1

where a,b =1,..., Ny. Again due to Schur’s lemma, C(S) is a diagonal Ny x Ny matrix.
Furthermore, S>(S) and S»(F) denote the Dynkin index of the scalar and fermion representations,
respectively,

Tr[0468] =: $:(5)848 .  Tr[t418) =: S,(F)s48, (5.3)

and C»(G) is the quadratic Casimir operator of the (irreducible) adjoint representation

' For the same reason such a term is not included in L1 in Eq. (2.6).



6 1. Schienbein et al. / Nuclear Physics B 939 (2019) 1-48
d
AB . ACD ¢BCD
C2(G)s"B = Y~ fACD fBCD. (5.4)
C,D=1

Coupling combinations We start with two Ny x Ny matrices formed out of the Yukawa matri-
ces Yi‘;:

Ny Ny
Y2 (F) :=ZY*“Y“, Y, (F):= ZY“Y”, (5.5)
a=1 a=1

where the sum includes all ‘active’ (propagating) scalar indices but not the dummy index.
It should be noted that Y2T (F) # [Yo(F)]"; instead it represents the quantity Y,>(F) where
the Yukawa coupling Y has been replaced by its conjugate ¥ . Furthermore, the following
Ny x Ny matrices are needed below:

1 . .
Y5 (s) =3 Ty eyt + ytbye], (5.6)
1 X
H2,(S) =3 ZTr[Y“Y“’YCY*C +yTeybyieye, (5.7)
c=1
| o
ﬁib(S) =5 ZTr[Y“Y“‘YbYTC +yTeyeytbye, (5.8)
c=1
TR
Agb(s) ::g Z AacdeMbede » (5.9
c,d,e=1
1 .
v2E () :=§Tr[C2(F)(Y“Y’b +voytoy. (5.10)

There is one crucial comment in order concerning the properties of these objects: in previous
works it is assumed that Yz‘*b(S) =Y5(5)8,p» and Agb(S) = A2(S)8,4p holds. These properties are
derived from group theoretical arguments. We agree with them as long as the considered model
does not contain several scalar particles with identical quantum numbers. However, if this is the
case than these relations are no longer valid. Or, in other words, the matrices Yz“b and Aczl p are
diagonal in the space of irreducible representations but not necessarily in the space of particles
in the considered model. The consequence is that contributions from off-diagonal wave-function
corrections may arise which are not included in Refs. [1-3,7]. This is one source for the dis-
crepancies between our results and previous ones. This does not only affect the dimensionful
parameters but also the quartic scalar couplings.

RGEs for dimensionless parameters The B-function for the dimensionful parameters are ob-
tained from those of the dimensionless parameters using the dummy field method. The one- and
two-loop expressions for the running of a Yukawa coupling are given by

1
B! =3 [VH(F)Y* + Y Y2 (F)] +2YPyTy? + 26 P Y52 (S) — 3g%{Ca(F), Y9},

(5.11)
ﬁ(ﬁ[ :Zycy+bya(y+cYb _ Y—‘rhyc) _ Yb [Y2(F)Y+a + Y+aY2+(F)] Yb
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1
-5 [Ysz(F)Y”’Y“ + Y“Y“’Y;(F)Yb] — 4 YS(S)YPY Y — 2P HP (S)
3
- 5K be(y(rby ey 4 vy teyty — 3k YP H2 (S) — 2hapea Y2 Y TEYY
1
+ EAﬁb(S)Yb +3g%{Ca(F), YPYTOYP) 4+ 582YP(Cr(F), YT} Y7
7
- Zgz[Cz(F)Yf(F)Y“ + YIY2(F)Ca(F)]
1
- Zgz[YbCZ(F)YH’Y“ + VYT Cy(F)YP]+ 687 HE + 10kg? Y2 Y2E ()
+6g%[C5(S)Y Y Taye —205°(S)YPyTey?)
9
+ §g2cé}6(s)(yby+cya + Ya Y+Cyb)

3
- 584{[C2(F)]2 YY) 4684 CSP(S)H{Ca(F), Y?)

W97 10 11 .
+g —gcz(G)—i-?KSz(F)-i-ESz(S) {Ca(F), YT}

— %g“Cf”(S)Cé’C(S)YC
+g*cgb(s) [ C2(G) — 2k S$H(F) — %SZ(S)} Y?, (5.12)

where the definition of Hj, can be found in App. A.1 and the factor ¥ = 1/2 for 2-component
fermions and « = 1 for 4-component fermions. These expressions were taken from Ref. [7]
without any modifications.

For the quartic coupling, we are going to use the following expressions:

Baved :Aabcd 8 Hubed + 26 A gpeq — 38" Ajpq + 38" Aabea (5.13)

11 3 A2Y
IBabcd 12 Z Aaf)‘fbéd abcd 4KAabcd
per

1
ti | 8HY,, — 62[3Hf+2Hf]xfbcd
per

+ 4K(H abcd + 2Ha§70d + 2Ha3bcd)

_ 5
+87 | 280, — 6Aabcd + 4 (H g — Hopea) + 3 Z Y2F A fbea

per

35 10
- g4{ |: Cr(G) — —KSZ(F) - _SZ(S)] abcd

+ 4K (B — 1OBchd)}
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161 32 7 15
+g° {[?Cz(G) - ?Ksz(F) - 552(5)] Aabed — jAﬁbc,, + 27A§bcd} ,
(5.14)

where the quantities Aflbcd, H,pea, Agbcd, Agbcd, and Agpeq in Eq. (5.13) are described in
Sec. 5.2, while the definitions for the quantities 1_\2,90 dr e Aﬁbc 4 in Eq. (5.14) can be found
in App. A.2. Here, >_ denotes a sum over all permutations of uncontracted scalar indices. Our
er

equations (5.13) anﬁ (5.14) differ from the results in Refs. [2,7] in the terms which are un-
derlined. The reason is that only the possibility of diagonal wave-function renormalisation is
included Refs. [2,7] as discussed above.

Finally, to have all RGEs at one place, we give here also the §-functions for the gauge coupling
although we will not use them in the following:

’—311CG 4SF 1SS 5.15
By == 5 C2(G) — 3kS(F) = £5:(5) | . (5.15)
17 3 5 34 2 20
By =—2kg Ya(F) —g [?Cz(G) —K<4C2(F)+?C2(G)> S2(F)
1
- <2C2(S)+§Cz(G)) Sz(S)] . (5.16)

5.1. Fermion mass

The B-function of the fermion mass term can be obtained from the expressions of the Yukawa
coupling by considering the external scalar as dummy field. We follow a diagrammatic approach;
for each class of diagrams we provide the coupling structure and show the resulting diagram
together with its expression after applying the dummy field method. In accord with the discussion
in Sec. 4, the following mappings are performed:

a—d, Y“—>Yd—>mf, YTa—>YTd—>m';, habed = *jpeq = Mbed -

The fermion mass insertions will be represented by black dots in the Feynman diagrams. We
recall that dummy scalars do neither couple to gauge bosons nor propagate. There are two gener-
ically different wave function correction diagrams contributing to the running of the Yukawa
couplings: those stemming from either external fermions or scalars. For external fermions, the
transition between the Yukawa coupling and fermion mass term looks as follows, where the grey
blob depicts all loop corrections to the external line:

Ys (F)Y® 4+ YYa(F) — Y, (Fyms +m Y2 (F) (5.17)
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{C2(F), Y} = {Co(F), m} (5.18)
Yo (F)Y™Ye 4 Y Y Y (F)Y? - YOVa(F)Y P +m YY) (F)Y?  (5.19)
YreS)(rbyya £ yeyyty — v )y ©m s +-mpyeyd) (5.20)

& (Co(F)YS (F)Y* + Y Y2 (F)Ca(F)) — g3 (Co(F)Y; (F)m g +m s Ya(F)Ca(F))
(5.21)

BYPCF)YT Y 4 Y YOy (F)YP) — (Y Co(F)Y omp +m s Y TP Co(F)YD)
(5.22)
2CH(S)(Yly eyt 4 yayTeyty — g2C () (YO Y mp 4 m Y TCYD) (5.23)
gHIC2(F)?, Y} — gHIC2(F) [P mf) (5.24)
g*C2(G){Ca(F), Y} — g*C2(G){Ca(F), m ) (5.25)

g 1 $2(F) + 282 (SHHC2(F), Y9} — g*(x182(F) + x282(SH{C2(F), ms}.  (5.26)

Here, x| and x; are real numbers (cf. Eq. (5.12)).

Thus, we find counterparts for all contributions in both cases. The wave-function renor-
malisation part stemming from the external scalar is completely different: after applying the
replacement with dummy fields, we find only tadpole contributions. However, those are usually
absorbed into a re-definition of the vacuum, i.e., they don’t contribute to the S-function of the
fermion mass term, and the correct replacements are

- - L ©-

Ybyst(s) — 0 (5.27)

YV H,,(S) = 0 (5.28)

YPHZ,(S) — 0 (5.29)

A2, (Y? =0 (5.30)

@y sy —»o (5.31)

g'C5P(H{Ca(F), Y"} = 0 (5.32)

g*C8P()CE ()Y >0 (5.33)

g C5()[x1C2(G) + 1282(F) + x382()]Y’ — 0. (5.34)

However, we find differences compared to the results of Ref. [7], where the following replace-
ments have been made:
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1 . _
rbysb(s) — EY” Telm |, Y? + Y Pm ] (5.35)
— 1 hute kb e
YU Ho(S) EY” Trlm s YTYPY ™ 4 ml vy ™ye] (5.36)
1
YPH3(S) — SY" Telm Y ™y? Y (F)+m Y va(F)] (5.37)
2 b 1 b
ALY — ghcde)\bcdey (5.38)
1 T
FYYG (8) = S @Y THCH(F) o Y™ +Ym)) (5.39)
g C3P (HC2(F), Y} - 0 (5.40)
g 3P ()T (SY 0 (5.41)
g* (9L 1¥" - 0. (5.42)

Thus, there is a disagreement between Egs. (5.27) and (5.35) entering the one-loop beta-function
for m y. Furthermore, there are differences between Egs. (5.28)—(5.31) and Egs. (5.36)—(5.39)
affecting the two-loop beta-function.

We now turn to the vertex corrections. At one-loop level, there is only one diagram which
needs to be considered:

ybytayb me}yb (5.43)

At the two-loop level, there are many more contributions. The explicit diagrams are given in
Appendix A.1. While we completely agree with Ref. [7] for the one-loop vertex corrections, we
also found differences at the two-loop level. Those stem from diagrams involving both, wave-
function corrections of scalars as well as vertex corrections, as depicted in Fig. 1. According to
our reasoning, these diagrams are also converted into tadpole diagrams which drop out.

Summarising our results, we find that the one-loop B-functions of fermion masses have one
term less than the expression given in Ref. [7] and are given by the following form:

1
B, =3 [V (Fym g +mYa(F) | 4+ 2¢Pm Y? = 3¢3(Co(F), m ). (5.44)
At the two-loop level, we obtain
Bl =2vyTmy(vicy? — yye) b [YZ(F)m} + m']‘;Yz"'(F)] y?
1 3
-5 [Y”YZ(F)Y”’mf + meT”YZT(F)Y”] - 5;d/fC(S)(Ymef +myieyh)

—2hpea Y YV 4+ 367 (Co(F), Yom YP) + 587 Y (Co(F) . my)Y?
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—-(O)-- . O--

Fig. 1. Two-loop diagram which does not contribute to the B-function of the fermion mass when replacing the external
scalar by a dummy field as indicated here. The contribution depicted on the right hand side was included in Ref. [7].

2 [y 4 mp )

- %gz [YPC2F)Y m 4 m gy Co(F)Y? |

+ 64> I:tA*meJfb[A*Yb i thAyTbmftA] 4 6g2CSC(S)me1]‘CYc

- %g“{[Cz(F)]2 ,my}+ 2g2C§’°‘(S)(YbY“‘mf +myytey?)

+g [_Q—CQ(G) + s+ ;SQ(S)] {Ca(F),my}. (5.45)

Here, we disagree in several terms as discussed above. The numerical impact of these differences
compared to earlier results is briefly discussed at the example of a specific model in Sec. 7.

5.2. Trilinear coupling

We now turn to the purely scalar interactions. The B-functions of the cubic interactions are
obtained from the expressions for the quartic couplings by replacing one external scalar by a
dummy field. The translation of the wave-function contributions between both cases is straight-
forward and can be summarized as follows:

\\ ,/ /7
/
\\ ,,/ //
e /
e /
% /, //
\\ ,/ /
N d /
,V\ % ____%___J\
d N \
d N \
,/ \\ \
e N \
e N \

,/ \\ \\
,/ \\ \
7 N AY

e N \
AY —IEY“fSA AY—IE:Y"fSh 5.46
abed = 6 2 (S) fbed = Dgpe = E 2 ®)) fbc (5.46)
per per

Adpea = Z Co()habea = Adpe = Y Ca(i)habe (5.47)
i



12 1. Schienbein et al. / Nuclear Physics B 939 (2019) 1-48

1 1

€ 2 Nar O hppea = 5 D NG (S)h e (5.48)

per per
- 2(3 (S) + 2H o1 (S fhed — Z(stf (S) + 2Hop (S e (5.49)

per per
Z it (X fhea — Z Y2E (S)h poe (5.50)

per per
XAS, . — XAS,. (5.51)
Adpeq = Z C2i)Phabea = Adpe = Y 1C2(D)*have (5.52)

i

In this notation, the index i is summed over all uncontracted scalar indices. Furthermore, ‘X’ de-
notes the combination of group invariants multiplying Aabc 4 in Eq. (5.14). As discussed above,
we have modified the parts which involve Yukawa or quartic couplings compared to Ref. [7]. The
reason is that in these cases new contributions can be present due to off-diagonal wave-function
renormalisation corrections. There are three generically different vertex corrections which con-
tribute to the RGE of the quartic interaction. However, since the dummy field does not interact
with the gauge sector, those kind of contributions do not appear in the case of the cubic interac-
tion. Therefore, the translation at the one-loop level becomes:

N e e
N - 7 - e
\\\ ,/, ~q /// ,/ ~. ///

N 7 \ s / \ s
~ \// \//

//1 N —_— T === ( AN
4 \\ / N \\ / ~N
// \__/’ \\ \__// \\

// \\ \\
e N N

Aabcd = )\abef)\efcd Aabc )\abefhefc (5 53)
per per
—

Hype = 22 o Tr(m pYTaybyte

ayibycyitd
Hapea = = _Tr(vy™ycy™?) +meaYTbYC) (5.54)
per
—
1
Aavea =5 D 10", 6%)ap(0", 6% Jea 0 (5.55)
per

The explicit form of the two-loop diagrams as well as their expressions in both cases are given
in Appendix A.2. We find agreement between our results and those of Ref. [7] at the one- and
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two-loop level up to the differences from off-diagonal wave-function renormalisations. Thus, the
B-functions at the one- and two-loop levels are

Bh.,. =Dape — 8k Hape + 26 ALy — 387 A%, (5.56)
hab( Z Adf(s)h be tl - 4KA(lbL
pcr
1 _
K [SHj,ﬁ + 8, 3> [3Ha2f(S) n 2Ha2f(S)] h f,,c]
per
+4c(HY, +2H)Y +2H,)
+ g2 |:2A(2¢ia - 6A§ic + i (H, abc abc + 5« Z (S)hfbc:|
per
35 10 11
—g! {[ C2(G) — Sk S(F) — —Sz(S):| S
2Aabc 2Aabc 2 abc + 4K(Babc lOBabc) s (557)

where the invariants are defined in Eqgs. (5.53)—(5.54) and (A.10)—(A.26).
5.3. Scalar mass
Finally, we turn to the terms involving two scalar couplings. The procedure is very similar to

the case of the cubic scalar coupling, and we find the following relations for the wave-function
corrections to the terms appearing for the quartic scalar coupling:

e @
AY = Z Y§(S)hebea = Ay =2 Y54(Sm, (5.58)
per per
AS, = Z Co()habea — A3y =2 Z Ca(iym?2, (5.59)
- Z A% (SYhebea =2 AL (S)m?, (5.60)
er per
1 - )
< > CGHZ(S) + 2H 1 (S)A ppea — 2 Y _(BHzp(S) +2H .1 (S))m7,, (5.61)

per per
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1
< DY Shpoea =2 Yaf (SmF,, (5.62)
per per
XAS,.; — XAS, (5.63)
Adyea =Y 1C2(0) P haved = Ay =2 " |Coi)Pm}, . (5.64)
i

i

Again, ‘X’ denotes the combination of group invariants multiplying Agbc 4 in Eq. (5.14).
Again, we need to consider the three generically different diagrams which contribute to the
running of the quartic functions. The one with vector bosons in the loop vanishes due to inserting

dummy fields, while for the other two diagrams additional terms arise.

I, \\ ///
\//
+ I\\
\ Vi N
N - Ne__~ N
N PEdai e - AN
A AN —
// N // \\
I S~ ~
. ~ -
i AN I/’ \\\
______ | ‘-
\ I
\\ ,/
2 ] 2m? 2haerh 5.6
Aabcd = g )\abef)\efcd mef)\abef +2hgefhpef (5.65)
per

R
e O
_ per ] 2 f fTa f f

\/\/\/\/ \/\/\/\/ .
f;;bcd -2 ;{e/‘, eB}ab;;A, 0%}y 0 (5.67)

The two-loop diagrams are given in Appendix A.3. We also find agreement between our results

here and the ones given in Ref. [7] up to the wave-function renormalisation. One needs to be

careful about some factor of % due to ﬂmzb = %ﬂ,x ,a.» Which we have included here explicitly
a a

into the definition of the B-function for mzb, while it has been partially absorbed into other
definitions in Ref. [7]. Thus, with our conventions the one- and two-loop S-functions read
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3
ﬁigb =m_ Aabef + hacfhver — 4k Hap + K AY), — Engg,, , (5.68)

1 1- -

11 § 2 2 3 2Y

mﬁb :E Aaf(S)mfb_EAah_ZKAab
per

+ [4?1;,, -y [3H§f.(5) + 2F13f(5)] m?ﬂ,}
per
+2(HY +2HY, +2H3)

+g’ [[\32 —3AZ + 2w (HY, — HY) + 100 Y v2F (S)micb:|
per
35 5 11
4 s
- —C2(G) — =kSH(F) — =S8 | A
g{[6 2(G) 3Kz() 242()] ab
3. 55 S0 1o Y 4
_ZA‘”’ - ZA‘”’ — ZA”I’ +2«(B,, —10B,,) ¢ , (5.69)
where we used the objects defined in Egs. (5.65)—(5.66) and (A.27)—(A.43).

6. Comparison with supersymmetric RGEs

We have now re-derived the full one- and two-loop RGEs for the dimensionful parame-
ters. While we agree with Ref. [7] concerning the bilinear and cubic scalar interactions (up to
wave-function renormalisation), we find differences in the fermion mass terms. Therefore, we
want to double-check our results by comparing to those obtained using supersymmetric (SUSY)
RGEs. The general RGE:s for a softly broken SUSY model have been independently calculated
in Refs. [8,19,20] and the general agreement between all results has been discussed in Ref. [21].
Thus, there is hardly any doubt that these RGEs are absolutely correct. Therefore, we want to
test our results with a model in which we enforce SUSY relations among parameters. After a
translation from the MS to the DR scheme one should recover the SUSY results.

Since a supersymmetric extension of the SM yields many couplings which are generically all
of the same form, we opt for a more compact theory. We consider a toy model with one vector
superfield B and three chiral superfields

. 1
Hi: Q=3 6.1)
. 1

H,: Q:E, (6.2)
S: 0=0, (6.3)

where Q denotes the electric charge. The superpotential consists of two terms”

W =AH,HyS + wH, Hy (6.4)

and the soft-breaking terms are

2 We neglect terms ~ 52, §3 which are not essential for our argument.
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1 .
—Lsp = (BMHdHu + Ty HyH, S + EMBB2 +h.c.) +

myy, | Hal* +m3; |H,|* +m3|S|*. (6.5)

This model contains all of the relevant generic structure we need to test. Making use of the results
of Ref. [8], which are also implemented in the package SARAH, we find the following expressions
for the one- and two-loop RGEs for the different parts of the model:

1. Gauge Couplings

1

B = 58 g (6.6)

b0 = 28 ( 212 +22) ©.7)
2. Gaugino Mass Parameters

Buy =8 M 6:8)

B2 =2g <g2M3 e ( — Mg+ TA>) (6.9)
3. Trilinear Superpotential Parameters

B =2 (3012 - &) (6.10)

9:A(—6|}\|4+g2|x|2+g4) 6.11)

4. Bilinear Superpotential Parameters

BY =—u( - 2122 +¢?) (6.12)

O = (-4 +5°) (6.13)
5. Trilinear Soft-Breaking Parameters

Y =2gMph — (—9|A|2+g2)n (6.14)

B = =301 Ty + g2 (= 2Mph +3T; ) + g*( — 4Mpi + ) 6.15)
6. Bilinear Soft-Breaking Parameters

ﬁ“) =28>Mpu + 47> By, + 4ur* T, — g*B, (6.16)

By = (2671412 = 811* + ) B — 2u (10142 T; + 26* My + g MplA?)  (6.17)
7. Soft-Breaking Scalar Masses
1
Bt =28 IM +2(miy, +miy, +m3)IAP + 2T = 2% (= mb, +m},)
d
(6.18)
2
ﬂfn,} — 6g*|Mp|? — S(m%,d +mY, +m§)|x|4 16T

Hy

+g de—i—g (A (mH —m%_,d) (6.19)
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1 1
ﬁr(n%u =—2g2|MB|2+2(m%{d ~|—m%{u +m§)|)h|2+2|T)\|2+ Egz(_mQHd+mQHu)

(6.20)
B =65 (Ml = 8(my, +my, +m3) 1" — 16117,
+ gt my, + &M (—m%,u +m%,d) (6.21)
B = 2((my, +miy, +m3) M2 +17:12) (6.22)
B = 2= 4(mdy, +miy, +m3 ) nl* 2 (205 (2Mph — T3 ) +
A( =8I + g (miy, + mby, +m3))) + 82T (— Mpr+ 7)) (6.23)

As before, we have suppressed the pre-factors —— and for the one- and two-loop

1
i ] i ) 16 (1672)2
B-functions. With these functions, the running of all parameters at the one- and two-loop level
is fixed. However, for later comparison, it will be convenient to know the B-functions for some

products of parameters as well. That is done by applying the chain rule:

1 1
m _Laa_1 4
.B%gz 4g/3g 8g ) (624)
1 1 1
@ 1,80 _ 13 R2et 4 — o6
ﬂ%gz 4g/3g 4| I“g +8g , (6.25)
Bun =By 7B =2 (32 - g2). (6.26)
Biop =MBEY + 257 =2 (= 6IA1 + g2 + ). (6.27)
1
By o =280 = SeB = =20 + 6 - 1, (6.28)
2 2 1 5
By o =287 = B2 = 120 — g+ Zg P + 2620 (6.29)
Bipe =B + W B = " r (=287 + 51A1%). (6:30)
Bie =MBI) + W B = A= 1001* +2g* + g1, (631)
Bl =B + B = =21 (— 20 +g?). (6.32)
Bk =n(BD) + u P =2l (=4t + ). (6.33)

We now consider the same model written as non-supersymmetric version. In this case, we
have one gauge boson B, four fermions

Hy: Q=—= (6.34)
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H,: 0= % , (6.35)
S: 0=0, (6.36)
B: 0=0, (6.37)
and three scalars
Hy: Q= _% , (6.38)
H,: 0= % , (6.39)
S: 0=0. (6.40)

The full potential for these models involves a substantial amount of different couplings
V= (T] S|Hy? + TS| Hy|? + T3 Hg Hy S +h.c.>

+mi|Hy|? + m3| H,|* + m3|S|?
+ M ISP Hal? + 22| S Hy |* + A3 Ha || Hy|* + hal Ha* + As| Hy|*

n <M11§B + MyHyH, + BHyH, + h.c.)

~ o~ - ~ o~ 1 -~ 1 .
+ <Y1SHdHu +Y>,SH;H, +Y3SH;H, — ﬁgdBHdH; + ﬁguBHuH; +h.C.> .
(6.41)

We think that this rather lengthy form justifies our approach to consider only a toy model, but not
arealistic SUSY theory. We have neglected couplings that would be allowed by the symmetry of
this theory, but vanish as we match to the SUSY model. In particular, CP even and odd part of
the complex field S will run differently unless specific (SUSY) relations among the parameters
exist. Therefore, one would need to decompose S into its real components and write down all
possible potential terms involving these fields. However, we are only interested in the 8 functions
in the SUSY limit where no splitting between these fields is introduced. Therefore, we retain the
more compact notation in (6.41). We can now make use of our revised expressions to calculate
the RGEs up to two-loop. For this purpose, we modified the packages SARAH and PyR@TE
accordingly. The lengthy expressions in the general case are given in Appendix B. In order to
make connection to the SUSY case, we can make the following associations between parameters
of these models:

8d=8u= §&, (6.42)
YI=Yo=Y3= A, (6.43)
M=r= A2, (6.44)
1
A= A - Zgz, (6.45)
1

ha=hs= o g%, (6.46)
T'=T= u*i, (6.47)

3= T, (6.48)
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1

M1=§MB,
My = u,

mi = my, +ul,
mi = my, +|ul,
m2= m?,

B= B,.

By doing that, we obtain the following RGEs:

1. Gauge Couplings

1
B _ 2,3
ﬂg _2g

1
ﬂ§2)=5g3<—2|)»|2+g2)

2. Quartic scalar couplings

ﬂ(l) ;8(1) _ 2|?»|2<3|)»|2 _ gz)

5
By = B2 =20 (= 6lnl" + Je? A +

1
1
By =287 + 61l — gt

e

17 31
2
B = —12001° — —¢® + gl + &I

8

1
M _ g0 _ 1
By =B 8

1
2 2
B2 =82 = Sg P - gl + g

3. Yukawa Couplings

1
() — g(h — _ 3
Bos =Po =58

1 11
@ _go_ 1 3( 2)
Bos =Ps, =58 | >+ 3

ﬂ(l) —k(3|k|2 _ g2>

1 11
By =1(—6IM" + 7822+ 5*)

ﬂ(l) ,3(1) _)L<3|M2 _ gz)

11
2 2

i)

19

(6.49)

(6.50)
(6.51)
(6.52)
(6.53)
(6.54)

(6.55)

(6.56)

(6.57)
(6.58)
(6.59)
(6.60)
(6.61)

(6.62)

(6.63)

(6.64)

(6.65)

(6.66)

(6.67)

(6.68)
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4. Fermion Mass Terms

1
,3() - 2MB

By =g (3g2MB +35( = Mp2+T3.))

B =—n(—21P +¢°)

) 11 1
By = (=4l + g = 28"1%)

5. Trilinear Scalar couplings

By =B1) = au*(— 282 +5IA)

) 2 17
/3() ,3() <_10|M4+Zg4+2g2|“2)

B =2¢*Mpi — (=91 + )T,

7
B = =30, + g2 (— 2Mpi 43T + g*(— 4Mpi + e

6. Scalar Mass Terms

0 =2 Mppu + 4B, A° + 40 Ty — B, g?

(6.69)

(6.70)

6.71)

(6.72)

(6.73)

(6.74)

(6.75)

(6.76)

6.77)

5 7
pY = (— Al + Eg2|,\|2 T —g4) B, — 2u(10|x|2x*n 2" My + g2|k|2MB>

4

(6.78)

1
1
/3;”%) — 22 Mp? + 2|,\|2<m%,d +m2 + mg) LT + Egz(m%,d - mi,)

+ (4127 =267 Inl?

» 1l
B = &' IMal’ - 8, +midy, +m )AL = 16T, A2

1 1
+ 5122 (2miy, —miy, ) + 8% (+2miy, +omi,)

3 17
1l (508 = 8A + g*)

1
1
,3;5 — 2 M + 2|,\|2<mild +mY, +m§) AT + 5gZ(m

+ (417 = 267 Il

1
2
ﬁfn; = ¢ 1Ml - S(mi,d +mY + m§)|,\|4 —16|T3 210

+ 5% ¢ (2my, —m, ) + 28 (+2m3, +9m3,)

(6.79)

(6.80)

2 2
H, _de)

6.81)
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3 17

+ |u|2<§|k|2g2 — A1t + Zg“) (6.82)
B} =2((mhy, +miy, +m3) 1A+ T:I) (6.83)
By =~ 2(4(my, +miy, +m3 a2+ g2u)ar? - 267 (B2 4 T (Mg~ T, ) )

+ )\*(gzx(2mzd + Zm%,M +4|MB|2 + 8|l/«|2 +m§) _ 2(8)»TA* N gZME)T))
(6.84)

We see that all one-loop expressions as well as the two-loop B-function of the gauge cou-
pling agree with the SUSY expressions. The remaining discrepancies at two-loop are due to the
differences between MS and DR scheme. In order to translate the non-SUSY expressions to the
DR-scheme, we need to apply the following shifts [22]

11,
8du — gd,u(l ~Ten? 88 ) (6.85)
11
Y Yi(1l+— - 2), 6.86
L 1( T len? 38 (©:59)
11
Y Yas(1— - —g%), 6.87
23 — 2,3( 62 Sg) (6.87)
11
A3 > Az — gt (6.88)
1672 4
[ T
A has— —— - —g*, 6.89
45 = M5T 1528 (6.89)
11
M M>(1 -—g%), 6.90
y — 2( + 162 4g) ( )

which have to be applied to the expressions of the one-loop 8 functions to obtain the correspond-
ing two-loop shifts. In addition, one must take into account that for the quartic couplings and the
Yukawa couplings an additional shift appears ‘on the left hand side’ of the expression, e.g.

o 4. pr 4 /. WS c TS S
DR DR MS 2 MS 2 MS
=g =g (e ) =" (1 ) +2
Y T dt T ien28 ) =P U g8 T 281 e
(6.91)
with some coefficient ¢ depending on the charges of the involved fields.
We find the following shifts for the different couplings:
1 9
Ay =—5g" I = Zg' I (6.92)
2 4
15 21
Ads =g = g A + g7l (6.93)
1 9
Ahg=—g° = 2g*Ihl? + g2 Ial? (6.94)
16 8
3 5.3 3,2
Agg=—— =g’ |x 6.95
8d c% T3¢ 2] (6.95)
32,2 34
AY1 = —g“AA| gA (6.96)

4 8
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34 3 2,02
AYy=—g*) — Zg%AIa 6.97
2= 168 38 2] (6.97)
1
AMy=—¢ g*Mp (6.98)
1 3
AMy = —g*ulrf® = Zg*u (6.99)
4 8
1
ATy = ——gzk(4lkl2 +9g2)u* (6.100)
4
3
AT3=—Zg4T;L (6.101)
1 2 2 2
AB——ZBg (2IA| +3g) (6.102)
1
Am7 = —Zgz( — 282 Mp|* + 2|/\|2(3|u|2 +m§1,d) +g2<2m%1,u +5my, + 9|M|2))
(6.103)
1
Amj = _ZgZ(_ 28%| M| +2|>L|2(3|M|2 +m%1u) +g2(2m%,d +5m3, +9|M|2))
(6.104)
Am2 = 2(212 ¥2 5203 %)2 2f 2 2 6
3=8 WA 207 (A7) + (A 8lu|” +myg (6.105)

This gives a complete agreement between the two-loop B-functions of both calculations. Thus,
our revised results for the RGEs of a general quantum field theory are confirmed.

7. Numerical impact
7.1. Running of fermion mass terms

We briefly want to discuss the numerical impact on the changes in the g-function for the
fermion mass term. Differences in the running will only appear in models in which the La-
grangian contains fermionic terms

LDOYSfifo+wnfifa+he. 7.1

with a Yukawa-like coupling ¥ between two Weyl fermions fi, f> and a scalar S as well as a
fermion mass term . Both terms can only be present if S is a gauge singlet and if f}, f> form a
vector-like fermion pair. As concrete example, we consider the case of heavy top-like states and
a real singlet, i.e.

T (3,1)_%, (7.2)
T : (3,1)%, (7.3)
S: (1,1, (7.4)

and the potential reads
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Fig. 2. The running mass p7 of the vector-like top partners at one- and two-loop level for two different choices of the
Yukawa coupling Y7 . Here, we show the results using the incorrect (‘old’) expressions in literature as well as our derived
expressions (‘new’). The other parameters are set to Ayg =0, Ag =1, kgs = k = 1 TeV. (For interpretation of the
colours in the figure(s), the reader is referred to the web version of this article.)

1 1 1 1
V =Vsu + ZASS4 + EASH|H|252 +ksu|HI?S + g/<S3 + Emgs2

+ (Y7 ST'T + purT'T' +he.) . (7.5)

The one- and two-loop B-functions are computed using our corrected expression and read

2
B = ru’% -3 (ZOg§ - g%)ur +urlYrl?, (7.6)
4
B2 = 5 (667g1 24037} - 46600g3 ) 7 + = (263ur +40g3ur — 15c5¥r ) Y7
37 2 N
= urlrlt 22 (— 15077 +8(208 + 6 ) Jui (1.7)
while the differences compared to the old results are

ABS) =—6ury;. (7.8)
ABZ) = Yr(=26ushys — kshs + ur Yr(27Yf — 287 —40g3)) . (7.9)

The numerical impact of this difference is depicted in Fig. 2 where we assumed a value of
1 TeV for w7 at the scale Q =1 TeV and used different values Yr. As expected from Eq. (7.8),
the discrepancy between the old and new results rapidly grows with increasing Yr. Thus, the
correction in the RGEs is crucial for instance to study grand unified theories which also predict
additional vector-like fermions with large Yukawa couplings to a gauge singlet.

7.2. Off-diagonal wave-function renormalisation

We now turn to the numerical impact of the off-diagonal wave-function renormalisation which
is not included in the previous works. For this purpose, we consider the general Two-Higgs-
Doublet-Model type-III with the following scalar potential:

V =m?|Hi > + m3|Hal? + A1 | Hi |* + Aol Hol* + 23| Hi P Ho | + hal H Hy |2

I ; : ;
+ (5A5<H2‘ Hy) + A¢|Hi |*(H{ Ho) + 27| Ha|*(H| Hy) — Mo H| Hy + h.c.> (7.10)
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and the Yukawa interactions
Ly =~ (YaH{dg + Y. H]el = Y, Houq + eaH]dq + €. H]el — &, Hug + hec.) . (7.11)

Due to the presence of all Yukawa interactions allowed by gauge invariance, the anomalous
dimensions of the Higgs doublets H; and H, are no longer diagonal, but a mixing is induced
proportional to Tr(Y;¢;) with i = e, d, u. If we neglect for the moment all terms involving either
the electroweak gauge couplings (g1, g2), a lepton or down-quark Yukawa coupling (Y, Y., €4,
€.), the one-loop B-functions for the quartic coupling read

B = 2433 + 223 + 2h3h4 + A3 + |45 + 1206/

+ 12k1Tr(eu ) + 6Re()\6)Tr(eu ) — 6Tr<eue;eue§) , (7.12)

B =2433 + 223 + 2h3h4 + A3 + A5 + 12037/

+ 12x2Tr(Yu v ) + 6Re(x7)Tr(eu Y ) - 6Tr(Yu YV, Y ) , (7.13)

B =212 + 203 + 443 + 6Re(ké + A7)Tr<eu YJ) +4137)% + 4]26 ]2 + 16Re(AeA?)

+ 6)\3Tr(eue; +Y, Yj) + 4(11 + A2> <3A3 + )\4) - 12Tr(eue;' Y, Y;) . (1.14)

BY = an, (2x3 FAL A+ M) +8)hs) + 6Re(k6 + A7)Tr<eu ) 21 (5)\6 + )\7)

202 (5,\7 + A6> + 6A4Tr(euej; +Y, YJ) - 12Tr(eu Y Yuej) , (7.15)

Bl = 2( (2A3 +3hs+ A+ A2>k5 FSAEZ 20N 4 SAE2 4 3(&; + x?)Tr(euYJ)

+32s (Tr(eu ) —|—Tr(Y Y] )) - 6Tr(euyjeuyj)), (7.16)
BLY = 24h1k + 633 (s + 27 ) + 4ha (246 + A7) + 25 (1085 + 243 ) + 303Te (e ¥}

+ 3(2)\1 s+ M)Tr(yue;) + 3A6Tr(3eue; +7, Y;) - 12Tr<euejyue;) . (7.17)

BLY = 4hats +8(3h2 + 2 )7 + 643 (A + A7) + 23 (1045 +225 ) + 33Tr(e Y]

+ 3(2)\2 Fst M)Tr(yue;) + 3A7Tr<3Yu i+ eue;) - 12Tr(Yue;Yu YJ) .

(7.18)

The underlined terms stem from the off-diagonal wave-function renormalisation and are missing
in the results of Refs. [1-3,7]. In Fig. 3 we show the numerical impact of the additional one-loop
contributions on the running of the quartic couplings for two different points. The chosen sets of
the quartic couplings, tan 8 and M, result in a tree-level Higgs mass of 125 GeV.’

3 While itis in principle possible to renormalise the Higgs sector of the THDM-III on-shell, large radiative corrections
can occur when extracting the MS parameters which enter the RGEs [23]. Therefore, the given example is meant as an
illustration on the difference in the running, but the input parameters in the running will change when including those
corrections.
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733 = 0. tan § =2
5 cvas = 0.5, tan/ eys3 =1, tanf =50
12f © i
— —\ ]
4 il 8l A3 0
3 — A A
I g 4= oY
S 6 = 0 =o=== =
0 == —
— —4t RN
-2t N N
. \\ -8+ \\
— with off-diagonal WV N — with off-diagonal WV \
A - without off-diagonal WY . =12} === without off-diagonal WV \
10 10* 10° 10 10"
Q[GeV] Q[GeV]

Fig. 3. The running of different quartic couplings in the THDM-III with and without the contributions of off-diagonal
wave-function renormalisation to the S-functions of the quartic couplings. Here, we have used the input parameters
Al =A3=As=0.5, A5 =—0.05, Ag = A7 = —0.45, tan B =2 and M}, = 5002 GeVZ at Q = m;. On the left, we have
used €7 33 =0.5, A2 = 0.5, tan 8 = 2, and on the right €y 33 = 1, A = 0.15, tan 8 = 50. All other ¢; are zero.

We see that the additional terms can lead to sizeable differences already for €, 33 = 0.5 and
small tan 8 = 2. This is due to Tr(e, Y,}L ). When increasing €, 33 to 1 and tan 8 = 50, one obtains
Tr(ey Y,j ) >~ 1 and the impact on the running couplings is tremendous.

Of course, there are also differences at the two-loop level. Those read within the same approx-
imation:

2 1 kg k2 *
AR = 563507 +636((2h2 + A3 + Aa)A] + A5 Oue +27))
+ A6€ Y, (—27€2 —27Y2 4+ 80g3) + AL (120007 4 2441 kg — 27€Y, — 27¢, Y

+6(h3 + 14) (246 + A7) + 6AIA% + 80, g3Y7)) (7.19)
@ _1 2 2 2
ARy, = 7(Ga(6hs(he + A7) + €Yy (=276, = 27¥; +80g3)
+ 6AE(Q201 + A3 + Aa)A7 + AZAE) + A5(1201 A6 + 24hah7 — 27€)Y, — 27€, Y,
+6(A3 + A4) (247 + A6) + 6AIAS + 80€,83Y))) (7.20)
1
AR = 7 (G +27) (625 (ke +27) + € Yi(—27€2 —27Y?2 +80g3)) + 6AZAE% + 61112

+ 1208645 + Qha 4+ 43 + 1) (1717 + [A6”) + 2001 + 22 + 23 + Aa)Re(h )

+ (A3 AN (—27€dY, — 27¢, Y] +80€,83Y,) (7.21)
1
AR = 7 (6 +27) 64506+ 17) + & Yi(—27€2 —27Y2 +80g3)) + 6AIAE2 + 611A%
+ 12054605 + (A2 + A3 + ) (A717 + [26*) + 2001 + A2 + A3 + Aa)Re(Rjr6))

+ O+ A (=27€XY, — 27€, Y + +80€,83Y,) , (7.22)
1
ABY = S (0 + A5)(6QA1 + 45+ M)k +6(2ha + A3+ Aa)25 + 6hs (ke + A1)
+ €Y (—27€2 — 2777 +80g3)), (7.23)

1
ABY = 7 (@11 435+ ) (120046 + 22h7) - 27XV, 4 € YD) + 6(h3 + Aa) (ko + A7)
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+ 80€,3Y,) + AE(12Q201 + A3 + Aa)Af + 12001 + A2 + A3 + Aa) A3
+645(h6 + A7) + € ¥, (—27(3 + Y1) + 80g3))) , (7.24)

@ 1 2 X 2, 2
AR = Z(6)@6 + X6(6(202 4 A3 + Aa)AS 4 645(hg + A7) + € Y (=27(e2 4+ Y?2)

+80g3)) + AL (120047 + 241146 — 27(€0Y, + € Y) + 6(A3 + A1) Rhe + A7)
+ 61305 + 80€,83Y))) . (7.25)

8. Conclusions

In this paper, we have revisited the general RGEs with the goal to present the current state-
of-the-art and to correct some mistakes in the literature. In particular, the known expressions for
the scalar quartic couplings [3,7] assume a diagonal wave-function renormalisation which is not
appropriate for models with mixing in the scalar sector. We therefore have corrected/generalized
the expressions for the S-functions of the quartic couplings in (5.13) and (5.14). While finalizing
this work, a related paper appeared on the arxiv [24] which confirms our findings concerning
the couplings in the scalar sector. Furthermore, we have carefully re-examined the dummy field
method and have provided a detailed description of it, which has so far been missing in the litera-
ture. We then have used this method to re-derive the B-functions for the dimensionful parameters
(fermion masses, scalar masses, and the cubic scalar couplings). For cubic scalar couplings and
scalar masses, the only differences to Ref. [7] are due to the aforementioned off-diagonal wave-
function renormalisation. However, discrepancies for the fermion mass S-functions in [7] have
been found and reconciled in (5.44) and (5.45). We have also performed an independent cross-
check of our results using well-tested supersymmetric RGEs and we find complete agreement.

We have illustrated the numerical impact on the changes in the B-function for the fermion
mass terms using a toy model with a heavy vector-like fermion pair coupled to a scalar gauge
singlet. Unsurprisingly, the correction to the running of the fermion mass rapidly grows with in-
creasing Yukawa coupling. Thus it is crucial to use the corrected RGEs if one wants to study for
instance grand unified theories which predict additional vector-like fermions with large Yukawa
couplings to a gauge singlet. In addition, we have demonstrated the importance of the correction
to the S-functions of the scalar quartic couplings using a general type-1II Two-Higgs-Doublet-
Model. As can be seen in Fig. 3 the corrections to the running couplings are non-negligible and
can become very large in certain regions of the parameter space.

All the corrected expressions have been implemented in updated versions of the Mathematica
package SARAH and the Python package PyR@TE. We hope that this paper will be a useful
resource in which all the relevant information on the two-loop B-functions is at hand in one
place.
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Appendix A. The dummy field method at two-loop

In this appendix, we list all two-loop vertex corrections which are needed to obtain the B
functions for dimensionful parameters.

A.l. Fermion mass

yeytyayteyt — ythye) YY™m vyt —yty©) (A.1)

Y (ra(Fyyte 4 vty (Fyy? Yb(Yz(F)m} + m}Yj (F)Y? (A2)

O - O

yie(s)rbyteyt 0 (A.3)
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(A4)
g*{Ca(F), Y’y y?) g{Ca(F), Y'm Y (A5)

g Y Ca(F), Yiapy? gV {Co(F), my)Y" (A.6)
ngzaz _ gZ(tA*YayTbtA*Yb g2(tA*mfyfbtA*Yb+ A7)

+YlrAytbyasAy YorAY m p1h)
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g2cie(s)ybytaye gZCQC(S)Y”m}Y" (A.9)
|
I
S ’
|
I
g2cicybyieyt 0 (A.10)
A.2. Cubic scalar coupling
1. Scalar-only contributions:
,f/\
________ <271 \
\A\ //
Sy —
7/ ~ \\\ ’//\\
~- 1 \
// T~ \\\ //
-3 1 3 1
Aabcd = Z Z )\abef)&ceghkdfgh Aabc = E Z[haefkbegh)\cfgh + )\abef)\ceghhfgh]
per per

(A.10)
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2. Scalar-Fermion contributions:

//;1\ ///\\\ —) ______ (\ ,/\\\
X2Y = 2Y 1 f
abed — > g
Aope ==Y YI8(S)haverh (A.11)
%Zper Y{g(s))"ubef)‘-cdeg abc 2 pXe; 2 abefMceg
/v\\ % 777777
—h —Am
— | Habc + Habc =
H,py= 32 per Mae Te(YPY ey cyts
I3 per rabes Tr(Y Y ey dyt +yiyeytey (A.12)
t+yfeyeytdyfy 1 per Mavey Te(m g Y i€y ey ™/
+yieyem'y /)
_>

HY Hach = Zper Tr(Yz(F)[m}Y“Y'{'byc
abed = fa thye tavb T ve
Y e Te(Xa(F)Y Y Py ey d) +¥ iy PYe 4 yiaybmy A13)
+YT“YbYTCmf])
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—=Y
Habc =
H o LY e Te(Yem ' yeytaybyteq
> per 2Tr(YEYTaYEY"’YCYW YeyTayem yby’e (A.14)
—}—YTeYaYTeYbYTC Yd) _I_Ye ’{ayey’i‘bmfy’]'c_l_
yeyfayey™yem' +he.)
_____ : e : :
: [ i
|
! —
: T :
HY = zzperTr(me”TY"Y‘bY‘Y'e
Hipeq = +yembyeytyeyte (A15)
32 per TE(YY Py ey ieydyte) Lyaytbye, yeyte :
+yaytbyeytem pyte)

7

X

L

= er Tr({Cg(F) m)yetybyte

ubc

HE = | +{Ca(F), Y“}m ybyfte (A.16)

> per TH{C(F), YO}y TP Y €Y ™) +{Ca(F), Yﬂ}Y”’m,YTC :
HC2(F), Y)Y Tyem’)
%
7o N I R 70 W I B
abcd—Zczo)Hm Hy,, = Zcm)Huhc (A.17)
3. Scalar—Vector contributions
Ly - [ K
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Raped = g 9 C3* (W haberhedes Rape =5 9 €3 (S)haehees (A.18)
per per
\/Y: \>/\/ — Tt == <: \>/\/
) 1 ) 1
K= s hunerreandlh K= hamntof  a19)
per per
\;{: O\’ T — (: {:}/
A)\. — EZ)\ b {GA 93} {QA 93} J 1 Azbcz
abed = g LBl T 3 Y per haer 167,05 1ep 107,05 e
(A.20)
3 - <3
Ropea =3 2 haber (0%, 0% )ce (0%, 67) A
== b ) ) d
abed = = abef ce f % Zper haef{eAa QB}be{eA, QB}cf
(A.21)
Agb d
aba 0 A.22)
L fACE gBDE Y 194 0B),,(6C, 0P} (
—
X Aabea = X{04,08} (04,08} cq 0 (A.23)
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ﬁ@ -
s _
. ?“b"fej— A B
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(A.24)

4. Scalar-Fermion-Vector contributions

Y
Ba

bed =
% Zper {QA , QB}abTr(tA*fB* yey'td
+YcrArByTdy

B

abc

+Y%At3m})

Yo izm{e/‘, 08} b Tr(t A tB*m py T
+mftAtB YTC 4 IA*[B*ch}

(A.25)
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\ e N L
\ \ -
\ AN
, N —
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B - Bl =15 (04,08}, Te(t % m 1By e
1 abed — abc — 4 per ) ab mf
A pB A By i
3 2 per 01,08} Te(e Y 1By ) +eAryerBmly
(A.26)
A.3. Bilinear scalar
1. Scalar-only contributions:
_N ,4’\/\
<71 \ o«
RN RN
. /,/*’:
,’k\\i\\ ! —
o N PN
________ 1 1
\\\ //
Aped = Aup = havef hegih fg1 & 2mig haegi Mgl (A.27)

% Zper }&abefkcegh)\dfgh
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2. Scalar-Fermion contributions:
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3. Scalar—Vector contributions
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4. Scalar-Fermion-Vector contributions
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Appendix B. Full two-loop RGEs without SUSY relations

In this appendix, the full -functions for all parameters of the non-supersymmetric toy model
in Sec. 6 are listed up to two-loop order.

B.1. Gauge couplings

1

B = §g3 (B.1)
1
B2 =28’ (-2l =21 =41 + 68— Igal* ~ 5. (B.2)

B.2. Quartic scalar couplings

1 3
1
Br = 2003 + 2algal” = 2100 = 3g%hs +4halnaP — Sleal* + et H AT AT (BI)
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B.3. Yukawa couplings
B = —(2gd|Y1|2 +284l¥s[* — 3¢%ga + 48385 + 4gul V2 — 8gu Y3 + galgul?)
(B.13)
82 = 55 (= Taalaul* ~ 108357 + 82 (28gasui 1+ 20~ Tsa¥s + 8g,73)7;
+ a(168aY2Y5 = 328,03 — 568l ¥l — 7g%. ) ) — leal* (2(122472Y;
— 248, Y3V} —31g%gq + 64gahs + Tga 1 Y} + 7ng3Y3*) + 7gdgug:>
- 2<14gd|Y1|4 - 2<16gu?»3Y3 + <8guY3 - 78011/2)|Y3|2 +82<5ng2 - 4guY3>)Y2*
+ 8Y2<3ng2 - SguY3)Y2*2 +2[Y) |2<4gd(4)»1 + 82) + <7ng2 - 8guY3) 2)
(= 1187Y3 + 320305 ) 5 + 141731 +2( = 4(833 +23 +23) +¢ ))))

I Z(zgum 2+ 22u|V2? — 3g2gu + 48285 + 4l V3I? — 8ga YoV + gu|gd|2)
(

B.15)

1
2 _ 4
2 = 5~ 78uleal



42 1. Schienbein et al. / Nuclear Physics B 939 (2019) 1-48

-8y (7g2gdgu +32g848ur3 — 288agulY11?
+568a8u|Y21* + 148484l Y31* + 7848080
— 1682373 — 16831213

- 2<2g4gu - 8&,)»% - Sgu)é - 64314)\% - 11g28u|Y2|2

+32g,A3|Y2|* — 10g%g, | V3|

+ g, |1 * + 14g, V2| +24g,1Y3|* + 583852 + 852 ga Y2 Y5 — 3284372 Y]

+ 14g, V3| Y2 |2 Y5 — 1684 Y3 Y5 Y — 64g Yo Y3 Y52

+ |gu|2<12c‘>’uY3Y3:k - 24‘8(1Y2Yj;k - 31g2gu + 648, A5 ‘|‘7gquY1>‘< + 7guY2Y2*)

+ 2|Y1|2(4gu (432 +8%) + (Tau¥s — 83a72) ¥5 ) )) (B.16)
B0 = 2 (28073 —4gava) gl + 1322 4202 ~ 38 +85P) + Valgal?) B17)

ﬂ(z) = —( —7¥31g41* +g2(gd( —78uY3 + 8ngz)ng + Y3(— 8( —28.Y3
+ 7ng2)Y2* +g,1<1 192 — 14]y3)> — 32x3))) - 2(2gu (3guY3 - Sngz)g;z
+ g:(“gzngz — 16g4A3Y> — 5g%gu Y3 + (7guY3 - Sng2)|Y2|2 —24g, Y| Y3
+ (7guY1 Y — 8g4Yi Yz)Yl* + 12guY32Y3*) + Y3(14|Y1|4 + 147, *
n 2|Y1|2< —14nY +4(4x2 +g2> +7Y3Y3*> n |Y2|2<14Y3Y3* 432+ 7g2)
n 2(10|Y3|4 n (- 3162Y; +64ASY3)Y3* — 4(8x§ +22 —|—A§) + g4>))> (B.18)

B0 = 2 (2( 20075+ gama)gi + 1o (20P + 2P 38 18P + 18P
(B.19)

B2 = 55 (480 (320 88,133 + 3(( - 78072 + 8073 P
+2(58%aY2 — 4824 Y3 + 1683373 — 12( = 28, Y3 + 842 ) 1V2l? = Ta 2l V[
+ (88u¥1Ys = Tgai V2 ) V7 + 88, ¥3Y7 )
= Ya(Tgul* + g5 = 118%u + 14ul V2 + 32843 — 8(28a Y2 = Tu¥3 ) Y5)
+ 2(234 — 8AT — 843 — 6445 + 7g”|¥3|* + 3223| Y3 + 14]Y|* + 20| Yo |* + 14]¥3/*

N |2(16,\] — 14Y3Y] +4g% + 7Y2Y2*) 4 2|Y2|2(64A4 3182+ 7Y3Y3*))))
(B.20)

B = T (20 4 25 — 622 4 8V P+ lgal + ) (B21)

2 1 * 2 2 2
By, —§Y1 Tlgal* +71gul* + 5 (328001 — 11g%ga — 14g41gul* + 1484|111
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—32g,YsY + 56841 V2%) + g5 (148u V1 + (3222 — 11g7)g — 8(4gaY>
= 78.¥3) 1) +2(20101[* + 1402l + 1131 = 863 +23) — 116%6> + 113

26
+320|Y3? + |Y2|2<32A1 —11g% - 28Y3Y3*) i 14|Y1|2<Y2Y2* YY) - 7g2>>)
(B.22)

B.4. Fermion mass terms

1
B = —M1(|gd| +lg.l?) (B.23)
2
83 = < (Milzat* + g (1687377 + Mgy + My (— 1217 417
— 2|Y1|2 _ 2|Y2|2)g;) + M Igd|2< — 20V} + 1782 — 21 Y — 2Y3Y3*>) (B.24)
B = M2(2|Y2|2+2|Y3|2+4|Y1|2 63> + lgal® + l2ul?) (B.25)
(2) 4 2 2 2
B33 = 55 (226 M2 + 6487 Ms 11 4 2267 M 4 2267 M P — Tl
— 7Mz|gu|“ + 8Ma| Y[ — 28M Y, |* — 28M,|Y3|* — 64Y, V2P T} — 64Y, (Y3 TS
- g2<14ngz|gu|2 — 328N\ T + M2(11828d —2galV11* + 328, Y3Y5
- 56gd|Y2|2>) — AML YY1 2] — AM Y3 (Y PYS + S6MaYs | Yo 2 Y

+ g;‘( — 328,11 TS + Mz(l 18%g — 2guIV1 > + 8<4ng2 — g, Y3)Y3*)>) (B.26)

B.5. Trilinear scalar couplings

ﬂ(l)— (gd(SMlYlgu +ng3)

4T (2|Y1 24 21Va 4+ 21Y3 12 — 3g2 + Ay + 4 + 443 + |gu |2)) (B.27)
pR = —( . 2g;;2(3g§T3 +40g,M Y1 g" — 64M, Y, Y3Y2*>

+g5( — 80gu M1 Vigy? + 25 (— 32231y

— 32M Y2V} — A8My Y1 |Yal? — A8My Y1 |Y3]? + 58aguTs + 88 M, Y1)

+ T3(— 12g4|Y11* + 168, Y3 Y5 +gd(— 12|Y3]% — 16<)»1 +)»3> +582))>

+ Tagy (= 1241712 = 128, V2 + 1684 Y2Y] — 168,32 — 169,43 + 588

+ g;‘z(lstl YiYaYi — 6g3T3) + T3(19g4 + 8¢

— 1633 + 8824 — 961142 — 1643 + 64g%A3 — 961143 — 96123 — 1643
— 642X Ag + 2 304 — )»421 + 2AoA5 + 2A3A5 — )»g) + 10g2|Y3|2 — 32)»2|Y3|2
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323115 = 24011 + Y2l + Y1) + 41 (100025 + VYD) + 567
— 80 + ,\2)) + 2|Y2|2< — 16<A1 + )»3) 2073V} + 5g2))) (B.28)
(1) 2 2 g% 3 2
By, =2x3T2 + 2T |Y2|" + 40T — 4Y1|Y2|"M; +8)»4T1—§g Ty
+ |gd|2(—2Y1M;+T1) + TV (B.29)
9 21 1
,3(2) 4T1 +g K]Tl — 7A2T1 + 2)»2T1 Ador3T) — )»%T] + 16g2)»4T1
5

— 480 04Ty — 4003T) + Zg4T2 — 20T + 48203 — 4hiA3Th — A3 T

5 5
— 4237 + Zgzmmz — Ty V> + Zngllelz — 401 Ti|YV2]? — 1644T1 | V2|

3

— 4a3 Y3 — 5T1|Y1|4 —3T1|Y2|* = 3g*YI M5
—2¢°V1| V2P M} + 40 Y| Y2 P M5

dagx l 4( _ * 2 2 Ak yk z 2 vk
+ 10| Y2 |* M3 4|gd| 10Y1 M3 + 3Ty ) + 10YE| V2 |* M3 Y; +4T1Y2|Y1| Y;

1

+ 581(58%8aTi = 168011 T1 = 64gahaTy +T8aTi V1| = 6gaTi |V
—3galeu*(—8YIM5 + T ) + 8 ThYa¥5 — 168, T2V3Y3
+8Y1M3 (28001 + 284l ¥ + Sgal V1 + 6gal Yo = 68, Y3¥5 — g%a ) )

3 3 3
= TBINPYS = STIPY + 2N 6EMEYS = Seia i

1
- 56 <2<4ng2(2T2 +6Y\ MY — T1>Y3* + 82,037 + gM|Y2|2<3T1 — 8Y1M§>)>
(B.30)

3
,B(l) 203T) 4 2T3|Y3|? + 42y Ty — 4Y, Y32 M2 + 85T — EgZTZ
+ |gu|2( —2NM5 +T2) + Tan P (B31)
@) 4 2
ﬂ —g T1 — 20 ATy + 487 3T — 4rA3T) — 4x23Th
39 1
— 3T+ —g*T AT
1+16g 2+2 2
+ 2AT—EA2T —4A a3 Ty — A2T 2 - — 4022
8"l — AT 1M1 — A3T2 +16g°A5Ty — 48h2A5To — 40A5T>
5 5
+L—tg2T2|Yl|2—4)»2T2|Y1|2—4?»3T1|Y2|2—i-182T2|Y3|2—4/\2T2|Y3|2

3
— 1645 |Y3)* — 5T2|Y1|4 —3D|Y3|* = 3g*YI M5 — 287 Y1 Y3 M

1
+ 40 Y1 |Y3 P M5 + 107 | V3] * M5 — Z|gu|4( — 107, M3 + 3T2) +10Y2| V3> M3 Yy
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3 1
- ZTzYzlYl vy — §g§(3ng2|Y1 >+ 3gd|gu|2( —8Y 1 M + Tz)
+2(4g,Ys (271 +6Y1 M5 = T2)Y5 + ga (8371 + 11312 (372 = 8Y1M5 ) )))

7 3 1
+ DHINPY = STYIN LY + RN IRRMEY + sei(5e2a T
— 168, 00Ts — 64g,hsTa + T8y Ta|Y1 > — 68, Ta|Va|> — 1684 T1 Y2 Y5 + 8gaTo Y2 Y}
+ 871 M3 (2802 + 28ul Vol + 5gulV12 = 684275 + 62,1132 — g%8.))  (B32)

B.6. Scalar mass terms

By = —(2B|Y2|2+23|Y3|2—3Bg2+4Bkg+4T3T1*+4T3T2*+B|gu|2
+ g5 (8M1 Mg, + Bgd)) (B.33)
) 19 1 2 1 2 2 2 2
By +16B + 5B —2BAhs + 5B +4Bg?A3 — BA3 — 8BhA3hg +4B2]
5
— 8BAzhs +4BAZ + gBgz|Y2|2 —2BA3|Ys)?
5 2.0 2 3 4
+§Bg |Y3|° — 2BA3|Y3| —EBIYzl
3 1
— 5B|Y3|4 + Eg2T3T;" —2MTT} — 20151
— AT T} — 8Aa T3 T} — 2T5| Yy | T
1
— 23| VLT + 5ng3T2* —2MTRTS — 20 T3 TS — 603 T3 T — 8AsT3 Ty
3
— 23|V 2Ty — 213 |Y3 1 T5 + AMa T3\ Y, |2 Y + AMo T3 Y3 2 Y — ZBY2|Y1|2Y2*
3
+g22(—5ng1M2gZ -i-81‘41M2Y3Y2>‘< — §Bg(21)
1
— g8 ((64A3M1M2+64M1M2|Y1| + 96 M Ma(|Y2|? + |Y3]*) — 10Bgag.,
— lo6g M1M2)8; + 808, M1 Mgt + 1684 T3 T}
+ B(1284l ¥ + 16(8473 — guY3¥5)

3 5 3
—5¢%a+68a11117)) = BYsGINI = SIRP)YS + g (8M1MaYaYs — 2Bt

1
+ 85 (¢ B(168a72Y5 = 128u1V21” — 168,23 + 580 — 65I1117) = 8u T3 T3 )
(B.34)
3
BL = =28’ m] +8ham? + 2hsm3 + 2} + 4|71 + 273 + 2} |Vl
1

+ |gd|2(—2M2M; —8M M} +m%) — 4| My Y (B.35)
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39 5
g = (1—6 gt =3 =+ 1697 — 4003 )mi + (J8* + 48745 — 413 )md — 4rfm3
1
—3g* My + 2ITh | — 100 |T1|? — 4834 |T1 1% — 201 | T2 |* — 423| To

1 5
+ 5g2|T3|2 — 611|T3 1% — 643 T3> — 84| T3> — 42 ym3|Y1|? + Zgzm%wzﬁ

1
— 1634m} (2 = 425m3 V32 = £ (3mF = 101021 — 64101 ) [gal* = 3mi Yol
+10|Ma 2| Va|* — M3 Ta T} + 4Y1 | Y2 > ME T} — 433 TS — 4Y1|T1 )Y

3
= 2NITSPY] +4MTH V2 PY] = 28° Vol MaPYS = 4Ya| Ty Y5 = Smia Vi PY3
3
+10Y1 Yo | Ma |2 Y Y5 — 2Y3| T3 2 Y5 — zm%Y3|Y2|2Y3* + 12Y, V3| Mo | Y5 Y}
1

+ -8y (nggdm% — 64ggham?t — 16g4|T1|* — 6gam7|Y1|* — 6gam7|Y3|?

8
- 3gd|gu|2( —16M M} — 8My M5 + m%) + 1684 Mo T1 Y} + 3284 Y1 | My Y}

+ 8g,m3Y3Y5 — 16g,m3Y3Y5 — 64g,Y3|M|* Y

+ 8M§(28dY1 T + 1\/12(2gd|Y3|2 + 584l Y11* + 684l Y2|* — 68, Y3V — gzgd»

3281 PY3) — 22 (4l TP+ gl (30} — 323 bf — 805

+ 4(2gu,\3m§ t gl (2m§ +6|M % + 8|M; % — m%) Y3*)> (B.36)
ﬂ;:%) =2h3m} — %gzm% + 8hsm3 + 223m3 + 4| Ta|? + 2| T3)? + 2m3| ¥3)?

+ Igu|2< —2Ma M} — SM M + mg) — 43| My Y5 (B.37)
=33 =3+ 1687 — 4022 )m3

@ _ (34 2 2N\, 2 (39
:Bm% = (Zg +4g°h3 — 4X3)m1 + (Eg

—413m3 = 3g* My * — 20| T1 1> — 43| T |* + 2| Tal* — 10| Ta|* — 4845 T2

1

+ Eg2|T3|2 — 62| T3|* — 63| T3|* — 8As|T31> — 42om3| Y1 |* — 4r3mi|Ya|?
5 1

+ 28Pm3 Vs = 163sm31Y3 [ = 2 (= 101 + 3m3 — 6410, %) g,

—3m3|Y3|* + 10|Ma | V3 |* — s Ta T} — AMs Ty Ty + 4Y1 | Y3 > M3 TS
—AY(| T PYF = 2V | T312Y ] + 4Ma To| Y312 Y — 2Y5 | T3 |2 Y5

— <8 (3salgul(m3 — 16My M7 —8325) 24,1751

+ ga(8ram? + 1Y (3m3 — 320, M} — 8M>M5 ) )

t 4,V (2m% +6|Ma)? + 8| M % — mg) Y2*>) — 282Y3| My |2YE — AY3| T Y

3 3
— Em§1/3|1/1|21/3* - §m§Y3|Y2|2Y3* +10Y1 V3| Ma |2 Y Y5 4 12Y2 V3| Mo |2 Y5 Y
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1

+ g8 (sgzgumg e (64A5m§ + 16|22 + 6m3 (Y1 2 + 6m3|Ya|? — 16M2T2Y1*)
+ 32gu<Y1 ML PYS + Ya M, |2Y2*> _ gd(16m%Y2Y3* — 8$miY, Y] + 64Y2 | M, |2Y3*>
+8M (281175 + Ma (201 V2P + 5811112 = 68275 + 643 — °24) ) )

(B.38)
LY =20um} +200m3 — Tf — T3 + 2T > + 2/ 1o + 2/ T3> + 2m3| V1 |* + 2Y7 M3
3

. *2_ *2—8Y1|M2|2Y1*+2M22Y*2 (B39)
,3(2)—4g2A 1mT —4ATmT + 4ghams — 4hsm3s — Aim3 — Agm3 — 28° T} +4M T}

—28°T? + 430T2 + 4¢2 T1 1> — 1204|T1 2 + 4% | Ta? — 1200| To? + 482 T3
_6x1|r3|2—6xz|T3|2+§g2m§|Y1|2—4A1m%|Y2|2+2T12|Y2|2—4kzm%IY3I2
+2T22|Y3|2 —3md it 4 321Ma P 11 4 282 Y M3 —2Y12(|Y2|2 + |Y3|2>Mf2
=281 T2 + 4T 2 + 22 P T2 — 28° T3 + 40 T2 + 21 Y3 P TS

—8g2Y1|M2| Y§ —4gag  TsM}Y] — 8Y? M3 2Y Y +2g2M2Y1 —2M2|Y2|2Y1*2
—2M3|Y;3 Y% - 8M3Y Y

1

— 2 laul (8kgm2 AT 4+ AY2 M2 4 8ToTS — AT} + 4T3 T + 3m2Y, Y7
—32M Y MY — 16My Y\ MY + 4M22Y1*2)

+ g,}"( —2gahim7 + gaT{ — 284l Ti > — gal T3

3
- ngm%|Y1|2 — ga Vi M52 + gaT}?

— M Y18 TS + 8 Vi ML PY] +dga Vi [MaPYT — gaM3Y?)
3
— AV | Ty |2 YS — 21| T3 Y5 — 5m§1/2|1/1|2Y2* + 8Y1Vo| Ma | Y YS — 4Y3|T2| Y5
2 vk 3 2 2yx 2yxyk
—2Y3|T5|°Y5 — Em3Y3IY1| Y3 +8Y1Y3| MY Y; (B.40)
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