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CHAPTER 1

INTRODUCTION

Ever since in 1973, Black & Scholes [12] and Merton [61] introduced what we call Black-
Scholes model today, pricing of exotic options using financial market models is an active
research area in mathematical finance. Over the years, researchers and practitioners
developed a still growing set of increasingly sophisticated option pricing models, such
as diffusion models, jump-diffusion models [56], 57, 62], pure jump models [20} [60], local
volatility models [23] [27], stochastic volatility models with and without jumps in the
underlying and the volatility [2, 36, 40], and Lévy models with stochastic time [16) [70].

All models of this era work similar in principle. They fix a certain underlying probability
space and assume that the random future behaviour of the underlying asset price process
is specified somehow, for example as the solution of a stochastic differential equation.
Further assuming no-arbitrage and completeness of the considered financial market, a
unique equivalent martingale measure, i.e. a probability measure such that the discounted
asset price process is a martingale, exists by the fundamental theorem of asset pricing.
Then using the law of one price, it is possible to derive the uniquely determined price of
an exotic option written on the underlying by calculating either the expected discounted
payoff of the exotic option with respect to the equivalent martingale measure or the price
of a self-financing, replicating hedging strategy. Most of the models are of parametric form,
where the parameters are determined by calibrating the model to observable market prices
of certain options. We refer to this model-based approach as classical mathematical finance
and remark that the connection of pricing and hedging of exotic options, which we call
pricing-hedging duality, is a revolving observation throughout mathematical finance in
general.

In this thesis however, we pursue a different approach that we refer to as robust or

model-independent (mathematical) finance. This approach is of growing interest since the
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seminal article of Hobson [41] on the lookback option from 1998 and the pioneering work
of Beiglbock, Henry-Labordére & Penkner [5] connecting model-independent finance and
optimal transport from 2013. Before we introduce the model-independent approach and
the techniques used in the two mentioned papers in detail, we shortly discuss reasons to
complement the classical methods in the first place.

For this purpose, we follow a categorization of model input into three different categories
by Obléj [66]. That is, any model input may be assigned to either of the categories beliefs,
information and rules. Classical models mostly rely on strong assumptions on the financial
market that have to be considered as beliefs, while observable market prices of liquidly
traded options that count as information are used for calibration purposes only. This leads
to two important drawbacks.

Stressing that the assumptions are simplifying and quite regularly unrealistic, we recognize
that the model prices are very likely to be inaccurate and unreliable. Indeed, various
studies, see for example Schoutens, Simons & Tistaert [71], observe a great range of option
prices when calibrating several different models to the same underlying market.

Furthermore, not using the information of observable option prices for more than just
calibration may lead to various inconsistencies of the model. The best known inconsistency,
that serves as an example here, is the so-called volatility smile as observed in the Black-
Scholes model. The inconsistency is that calibrating the Black-Scholes model to observable
prices of call options with different strike prices, the associated model prices differ from
each other and also from most of the market prices.

The lack of reliability and consistency that appears in classical mathematical finance
is addressed by the model-independent approach. The general recipe in terms of Obtdj’s
categories is rather simple: Fewer beliefs, more information.

The first demand of this recipe is satisfied by omitting all assumptions on the dynamics
of the underlying asset price process as well as the completeness. In fact, the only remaining
assumption is that of no-arbitrage such that the existence of martingale measures is ensured.

In order to satisfy the second demand, we have to use observable market prices of certain
options and the desired consistency with these prices. Then we may derive restricting
conditions on the martingale measures that could potentially be used for the pricing of
exotic options. The historical development of financial markets favours this approach.
Indeed, Black, Scholes and Merton had to consider European call options as exotic options,
the value of which is derived from the value of the underlying asset. However, over the
years, trading of such options became so liquid that Dupire [26] [27] and others argued that
they should rather be considered as contingent claims with exogenously fixed prices. Thus,
the prices of European call options became available as information for pricing other, more
complicated exotic options. In model-independent finance, this is used under the idealizing
assumption that for the maturities of interest, the call option prices are observable for a
continuum of strike prices.

A very good intuition how the prices may be used is given by Hobson [42], who states

that ,ideally we should use a model which calibrates perfectly to the full spectrum of



traded calls. However, in principle there are many such models, and associated with each
model which is consistent with the market prices of liquidly traded options, there may be
a different price for the exotic. Instead, one might attempt to characterise the class of
models which are consistent with the market prices of options. This is a very challenging
problem, and a less ambitious target is to characterise the extremal elements of this set,
and especially those models for which the price of the exotic is maximised or minimised .
An alternative motivation comes from Cox & Obléj [17] who “want to answer two questions.
First, for a given exotic option, what is the range of prices that we can charge for it without
introducing a model-independent arbitrage? Second, if we see a price outside this range,
how do we exploit it to make a riskless profit?”

Restating these motivating citations, we observe that the target of model-independent
finance is to price exotic options such that the prices satisfy no-arbitrage and are consistent
with certain observable call option prices. Therefore, no specific martingale measure but a
set of different consistent martingale measures emerges from the analysis. Thus, no unique
option price but a range of possible option prices may be derived. In return, the risk of
model misspecification is eliminated.

This intuition was first formalized by Hobson in his famous paper [41], where he used the
no-arbitrage assumption and the knowledge about the call option prices to derive upper
and lower price bounds for the lookback option in continuous time. For this, two tools are
crucial.

The first tool is the lemma of Breeden & Litzenberger [13] Sec. 2] from 1978. It states that
the distribution of the price of some asset at a certain time, i.e. the marginal distribution
of the asset price process at that time, may be inferred from the prices of call options
for different strike prices on the same underlying and the same maturity. Combining this
marginal condition with the usual martingale condition, Hobson derived the set of all
potential pricing measures over which then the expected discounted payoff of the exotic
option is maximized and minimized.

The second tool is the theorem of Dambis, Dubins & Schwarz, see for example Revuz &
Yor [69, Chap. V, Theorem 1.6], that enabled Hobson to translate the pricing problems
into Skorokhod-type stopping problems. That is, Hobson translated the continuous-
time martingale, which the underlying asset price process is, into a Brownian motion
and optimized over all stopping times such that the stopped Brownian motion has the
previously inferred marginal distribution.

Furthermore, Hobson derived sub- and super-replicating hedging strategies that help to
exploit arbitrage possibilities, if there are any.

The connection of model-independent finance and the Skorokhod embedding problem is
quite nice, as the latter is well-studied. A great survey on the Skorokhod embedding problem
was published by Obléj [66], providing various solutions that were known at the time.
Following the ideas of Hobson, a great variety of researchers investigated several different
exotic options using similar methods, see for example [14] (15| 17, (18] (19} [43] [44] (45} |46} [47].

A comprehensive survey on the connection between model-independent finance and the
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Skorokhod embedding problem is provided by Hobson [42].

All articles following this approach do not only use the same techniques but also provide
the same type of results. That is, for a particular path dependent exotic option, in each
article upper and lower price bounds as well as super- and sub-replicating hedging strategies
are derived using previously known solutions to the Skorokhod embedding problem. We
can think of such results as pricing-hedging dualities for very specific pairs of optimization
problems. The fact that this duality results apply for a wide range of exotic options
attracted the search for more general duality results.

Such results were finally established in 2013 by Galichon, Henry-Labordere & Touzi
[29] using stochastic optimal control theory in the continuous-time case and by Beiglbock,
Henry-Labordere & Penkner [5] using methods from optimal transport in the discrete-
time case. While the former actually generalizes the results derived using the Skorokhod
embedding problem, as both is done in continuous time, the latter is the approach that we
further pursue in this thesis. Before we discuss the approach in more detail, we shortly
discuss optimal transport.

In optimal transport, the problem is to minimize the cost that transportation of mass
from one point to another generates in the sense that a cost-minimal transport allocation is
aimed for. Mathematically, we may specify the mass at the origins and the destinations by
measures. Then, minimizing the transport cost is equivalent to minimizing the integral over
a usually two-variate function representing the cost of transporting a unit of mass from
one point to another with respect to the set of all couplings or so-called transport plans
which have the specified measures as marginals. The problem was originally introduced by
Monge [63] in 1781 and then refined by Kantorovich [53] [54] in 1948. A great variety of
researchers considered the optimal transport problem and in the course of their research
many important results on optimal transport were established, see for example Rachev &
Riischendorf [67, 68] or Villani [77] for excellent monographes on the topic.

Observing that there is an analogy between model-independent finance and optimal
transport, as in both areas the marginals of the distribution over which some function
is optimized are specified, Beiglbock, Henry-Labordére & Penkner [5] introduced a new
research field that we refer to as martingale optimal transport. Re-interpreting the
transport cost function as the payoff function of an exotic option and implementing the
usual martingale condition of mathematical finance, the minimization problem of optimal
transport cost evolves to the lower price bound problem of model-independent finance. Also,
properly implementing the martingale condition in the dual problem of optimal transport,
a pricing-hedging duality is shown using only the usual assumptions of model-independent
finance, no-arbitrage and consistency with call options prices.

Here, the authors use three key tools. The first tool is again the lemma of Breeden
& Litzenberger enabling the authors to infer the marginal distributions of all potential
pricing measures. The second tool, the theorem of Strassen [73], is necessary to guarantee
the well-posedness of the lower price bound problem, as it implies assumptions on the

marginals which guarantee that pricing measures satisfying both the martingale and the



marginal conditions do exist. Finally, the third tool, which rather is a toolbox, is the set of
all ideas, techniques and results from optimal transportation theory.

Using the connections made by Hobson [41] and Beiglbock, Henry-Labordére & Penkner
[5], a stream of articles emerged building up an immediate connection between the Skorokhod
embedding problem and martingale optimal transport that enabled the authors to bring
great progress to both areas using the methods and results from each other, see for example
[3} 14 6] 31} (33} 134, (50}, [52]. Following the continuous-time approach, a variety of results
emerged in this setting, see for example [24] 25 35| [49] [75].

Finally, many researchers closely followed the ideas of Beiglbéck, Henry-Labordere &
Penkner [5], answering questions brought up by them about the existence of dual optimizers,
see for example Beiglbock, Nutz & Touzi [9], about the structure of solutions to the pricing
problem, see for example Beiglbock & Juillet [7], and about the improvement of the price
bounds, see for example Liitkebohmert & Sester [59]. Other articles posed and answered
new questions and generalized earlier results, see for example [6} [8, 22| (30, 132, [38] (39, (48|
51}, 158} [65] and the recent book on martingale optimal transport by Henry-Labordere [37].

The present thesis shall join this type of work, as we generalize various earlier results
and introduce different algorithmic tools to derive and approximate solutions to the price

bound and hedging problems.

This thesis is build up as follows. In Chapter |2| we setup the notation and introduce
basic notions from analysis and measure theory that we need in this thesis. In Section
we discuss several continuity and differentiability properties of real-valued functions. Most
importantly, we present a characterization result for bounded, semi-continuous functions.
In Section we introduce the measure theoretic terminology. Starting from the types of
measures we consider, we recall the usual notions up to couplings and marginals. Finally, we
discuss different convergence types for sequences of measures. In particular, we introduce
the Wasserstein distance and state a representation result that is useful to calculate
Wasserstein distances explicitly.

In Chapter [3] we recall the principles of model-independent finance discussed in the
introduction. In Section we introduce two financial markets incorporating the essentials
of model-independent finance and thus provide the mathematical framework for this thesis.
In Section we take a closer look at European call options. In particular, we discuss
several important no-arbitrage properties of the prices of European call options that we
regularly apply throughout this thesis.

In Chapter [4] we detail the connection between model-independent finance and classic
optimal transport, thus explaining the notion of martingale optimal transport. In Section
we discuss classic optimal transport in some detail. We present various well-known
results of this area that motivate recent research questions in martingale optimal transport.
In Section we present the lemma of Breeden & Litzenberger. This lemma connects

model-independent finance and classic optimal transport using the assumptions made on
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observable call option prices. Then we define the set of martingale transport plans as an
adaption of classic transport plans. This set builds the foundation of martingale optimal
transport. We complement the definition of martingale transport plans in Section [4.3] where
we introduce the concepts of convex order, potential functions and call option price functions
in order to guarantee the existence of martingale transport plans using the theorem of
Strassen. Thus, in Section we may finally introduce the primal problems of martingale
optimal transport in a well-defined manner. These problems allow an interpretation as
upper and lower price bound problems in model-independent finance. The dual problems
of martingale optimal transport, which allow an interpretation as super and sub hedging
problems, are introduced in Section [4.5] The first duality result of martingale optimal
transport derived by Beiglbock, Henry-Labordere & Penkner [5] is presented in Section
This result allows an interpretation as a pricing-hedging duality for exotic options written
on a single underlying asset.

In Chapter |5, we begin to derive new results on model-independent finance via martingale
optimal transport. In Section we use the duality result of Beiglbock, Henry-Labordere
& Penkner [5] as a guideline to prove a similar pricing-hedging duality result for the general
case of exotic options written on more than one underlying asset. We further discuss some
drawbacks of the general theory of martingale optimal transport concerning the existence
of optimizers to the dual problem and the extent of the gap between the lower and upper
price bounds. In Section we present some conditions under which dual optimizers, i.e.
optimal hedging strategies, do exist. In particular, we present a result of Beiglbock, Lim
& Oblgj [8] that implies certain Lipschitz properties for the optimizers. In Section
we present improvements of the price bounds based on additional market information on
the asset return variances in the single asset case as derived by Liitkebohmert & Sester
[59]. Then we discuss possible generalizations to the multi-asset case using the entire asset
return covariance structure.

In Chapter [6, we consider the optimization problems separately and in a simpler setting
in order to establish structural conditions under which the problems may be solved
explicitly. In Sections and we present results of Beiglbock & Juillet [7] and of
Henry-Labordere & Touzi [38]. We introduce the notion of monotonicity, a structural
property of martingale transport plans. One of the results of Beiglbock & Juillet [7] implies
optimality of monotone martingale transport plans for the pricing problems considering
general underlying marginals and a certain type of payoff functions. We further introduce
the martingale Spence Mirrlees condition, a structural property of payoff functions. Similar
to the afore mentioned optimality statement, a result of Henry-Labordeére & Touzi [38]
says that monotone martingale transport plans are optimal for the pricing problems
considering continuous marginals and payoff functions satisfying the martingale Spence
Mirrlees condition. In this case, we also present algorithmic methods of Henry-Labordere
& Touzi [38] that provide solutions to both the pricing and the hedging problems, thus
recovering a special case of the pricing-hedging duality. In Section we generalize the

afore mentioned optimality results proving that monotone martingale transport plans are



optimal for the pricing problems considering general marginals and payoff functions that
satisfy the martingale Spence Mirrlees condition, thus unifying the previous results. In
Section we specialize ourselves to the case of discrete marginals. In this case, we
weaken the condition on the payoff functions for the optimality results and we introduce
constructive algorithms that provide optimizers for both the pricing and the hedging
problems.

In Chapter|7| we consider the results of model-independent finance via martingale optimal
transport from an application-oriented point of view. The key motivation is to overcome
the idealizing assumption that we could uniquely determine the true asset price process
marginals from observable call option prices. This is crucial in application, as we can
observe only finitely many call option prices in the market. The general idea to overcome
this assumption is to approximate the price bounds. Thus, in this chapter, we discuss
convergence issues. In Section we evaluate properties of the true call option price
function and the associated marginals, which we also refer to as theoretical call option price
functions and theoretical marginals, in order to derive plausibility checks for observable
call option prices. Then we discuss how the observable prices can be transformed into
empirical call option price functions and associated marginals and how those can be used
to approximate the true price bounds. In Section we investigate the convergence of
the approximating price bounds towards the true price bounds. This is done under the
assumptions that the payoff function satisfies the martingale Spence Mirrlees condition and
that the true marginals have bounded support. In Section we introduce an explicit
sequence of empirical marginals and quantify the speed of the convergence of the associated
empirical price bounds towards the true price bounds in the situation of the previous
section. Finally, in Section we generalize the convergence and the convergence speed
results of the previous sections. We get rid of the assumption that the payoff functions
satisfy the martingale Spence Mirrlees condition and we provide similar results for general
sequences of empirical marginals. Ultimately, we also overcome the assumption that the
true marginals have bounded support, thus providing a rather general result allowing to a

numerically approximate the true price bounds in application.






CHAPTER 2

PRELIMINARIES

In this chapter, we introduce the basic notions of analysis and measure theory required
in this thesis. We work in the n-dimensional Euclidean space R", n € N, equipped with
its usual topology induced by the standard scalar product (-,-) and the corresponding
Euclidean norm || - ||. We denote by B(R™) the Borel o-algebra on R"”. We often restrict
ourselves to R} = {(z1,...,2,) € R" [z; > 0,5 =1,...,n} equipped with the same scalar
product and norm. By B(R') we denote the Borel o-algebra on R} .

Let X € {R",R7}. For A C X, we denote the closure of A by A and the interior of A
by A°. For xz,y € X and n = 1, we write z V y := max {z,y} for the mazimum of x and vy,
x Ay = min{z,y} for the minimum of x and y, 2" =2 V0 for the positive part of x, and

x~ = (—z) V0 for the negative part of x.

2.1. FUNCTION SPACES

Let f: X — R be a function. We always assume measurability properties for the functions

we consider. Therefore, we define
LO(X) = {f: X = R| fis (B(X), B(R))-measurable},

the set of all measurable functions on X. We often use the notion of semi-continuous
functions. The function f is called upper semi-continuous in x € X, if for any sequence

(xg)ken in X such that limg_, zx = x, we have

limsup f(zx) < f(x),

k—o00
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and it is called lower semi-continuous in x € X, if for any sequence (zx)gen in X such that
limg_,oo £ = x, we have
liminf f(z) > f(z).
k—o00
A function is continuous if and only if it is upper and lower semi-continuous. We denote by
C(X)={f:X —=R|fis continuous}
the set of all continuous functions on X, by
Co(X) :={f eC(X)| f is bounded}
the set of all bounded, continuous functions on X, and by

Ce(X) ={f €C(X)| f has compact support}

the set of all continuous functions with compact support supp(f) := {x € X | f(x) # 0}.

The function f is called Lipschitz continuous with constant L > 0, if

[f@) = fW)I <Lz —yl, =yek.

We denote the set of all Lipschitz continuous functions with constant L > 0 by
Cr(X) ={f eC(X)| f is Lipschitz continuous with constant L}.

For a sequence (f)ren of functions f : X — R, k € N, we write fr, A f, if fi < frs1,
keN,and fi(z) "=5° f(2), z € X. We write fi \, f, if —fx S —f.

Lemma 2.1 ([10, Lemma 7.14]). Let X' be a metrizable space and f : X — RU{—00,00}.

1. The function f is lower semi-continuous and bounded from below if and only if there
is a sequence (fx)ren in Cp(X) such that fr, 7 f.

2. The function f is upper semi-continuous and bounded from above if and only if there
is a sequence (fi)ren in Cp(X) such that fr, \ f.

Let us now proceed with differentiability considerations. We denote by
CH(X) = {f €C(X)| f is k times continuously differentiable}

the set of all k times continuously differentiable functions on X. If X = R, then we denote
the derivatives of f € CE(R) by £/, f", f", f®,..., f®. By f'(-—) and f'(-+), we denote
the left and the right derivative of f respectively. If X = R", then we denote the total
derivatives of f € CF(R™) by £/, f", f", f®, ..., f®). For the partial derivatives, we write

Of(x1,...,2p)
83% ’

1=1,...,n.

fxi(l‘l, cey X)) =
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Remark 2.2. By Rademacher’s theorem, see for example [28, Theorem 3.1.6], the left and

right derivatives exist for any convex function and are then equal almost everywhere. ¢

2.2. MEASURE THEORY

After discussing several properties of functions, we now consider measure theoretic aspects.

Let X € {R",R"} }. We define

Pu(X) = {77

7 is a Borel measure on (X, B(X)) : m(X) < oo and / |z|m(dx) < oo} ,
X

the set of all Borel measures 7 on (X', B(X')) with finite mass 7(X’) and finite barycentre or

first moment B(r) = ﬁ Sy xm(dzx). By
P(X) ={m € Pa(X) | m(X) =1},

we denote the set of all Borel probability measures with finite first moment. A measure

7 € Po(X) is called discrete, if its support
supp(m) := {x € X | For any neighborhood N, of x, we have 7(N,) > 0}

is a countable set. An x € X is called an atom of =, if m({z}) > 0. For a discrete measure,
the support is equal to the set of all atoms, i.e. supp(n) = {z € X | 7({z}) > 0}. A
measure T € Py (X) is called continuous, if {x € X | 7({z}) > 0} = 0, i.e. if it has no
atoms.

Now let (X, B(X), m) be a probability space, 4 € P(R) and X : X — R a random variable
on X, ie. X € L%X). Then p is called the law of X under 7, if

uw(B) =n(X € B), B e B(R).

In this case, we write X ~ p or X ~, pu and we denote the distribution function of (the
law of) X by
F,:R—=[0,1], z—= (X <x)=p((-o0,z]),

and the quantile function of (the law of) X by
F.1:(0,1) » R, tw inf{z € R|Fy(z) >t}
For a measure m € P,(X), we denote by
LI, m) = {1 LW | [ If(@)ln(ds) < oc
the set of all w-integrable functions on X. If 7 € P(X) and f € L}(X,7), then we write

EA[f(X)] = [ f(a)n(da)
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for the expected value of f(X) with respect to 7.
For a sequence (7 )ken in P(X) and m € P(X), we say 7, converges weakly to m, denoted
by 7, — 7, if for all f € Cy(X), we have

/Xf(m)ﬂk(dar) k_—>>°°/Xf(a:)7r(da:)

For two measurable spaces (X1, B(&1)) and (Xa, B(Ab)), X1, X2 € {R", R} }, a measurable
mapping f : X1 — Xs and a measure m € P, (X)), we define the pushforward measure
7l € Pu () by

! (B) = (fgm)(B) ==(f"'(B)), Be€B(X).

Using this notation, we may write p = 7% = Xum for the law p of a random variable X
under the measure 7.
Now let X = Xy x ... &y, A1,..., &, € {R", R}, m € N. Then we define the i-th

projection mapping, 1 = 1,...,m, by
proj : X = X;, x = (T1,...,%m) — T4,
and the i-th marginal of m € Po(X),i=1,...,m, by
ui(B) = (projym) (B). B € B(X;).

Let (X;, B(X;), 1), i = 1,...,m, be probability spaces. Then, coupling p1, ..., f,, means
constructing random variables Xi,..., X, on some probability space (€2,P) such that
X ~p pi, t = 1,...,m. The couple (X1,...,X,,) is called coupling of (p1,...,um). We
also say m is a coupling of (p1,..., pm), if (X1,...,Xm) ~p 7.

In a measure theoretic sense, coupling p1, ..., t, means constructing a measure 7w such
that = admits puq, ..., tm as marginals. There are three equivalent ways of rephrasing the

marginal condition for m:
1. Foralli=1,...,m, 7 satisfies projy/m = p;.

2. For all i =1,...,m and all measurable sets B; € B(&}), m satisfies

,ui(BZ'>:7T(X1X...XXi_1XBiXXi+1X...XXm).

3. For all i = 1,...,m and all 7-integrable (or non-negative, measurable) functions

p; + X; = R, m satisfies

[ SUCSLCCRENED o) RECACE!

X ... X Xm i—1

Let us consider two rather extreme couplings as examples for m = 2. The first one is
the independence coupling. That is, the coupling (X7, X2) is distributed according to the
product measure of p; and po, i.e. (X1, X2) ~ p1 ® p2, and X; and Xo are independent.
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The second one is a so-called deterministic coupling. That is, for a measurable function
T : X, — Xy we have Xy = T'(X1). Hence, we say (X1, X2) ~ 7 is a deterministic coupling,

if one of the following equivalent conditions is satisfied.
1. 7 is concentrated on the graph of a measurable function 7" : X} — Ab.
2. Xq ~p and Xo = T'(X1), where po = Ty 1.

3. For all us-integrable (or non-negative, measurable) functions ¥ : Xo — R, we have

[ veam(da) = [ 9@ (@) o).
Xs Xy

4. = (Id,T)#,ul.

Let pi € P(X1),..., um € P(Xy) and assume that &; is n;-dimensional, i = 1,...,m.
We denote by d = i n; the dimension of &} X ... x &,,. Then we denote the set of all
couplings of (p1, ..., tm) by

Hd(ula"'vum)
= {WEP(Xl X Xm) ’,LL,L(BZ):W(Xl X ... X Xj_1 X By X Xiq1 X...XXm),
B; GB(Xi),’L': 1,...,m}.

The elements of I1g(u1,. .., 1) are called transport plans. We have Ily(u1, ..., pm) # 0,
as 1 ® ... @ pm € Mg(p1, .- -, tm). If the dimensions are unspecified and irrelevant, with a
slight abuse of notation, we also write IL;,(p1, ..., tm)-

Clearly, considering the marginals of some measure and building a coupling of some
measures serve as inverse operations.

On P(X) we define the Wasserstein distance of u,v € P(X) by

W(p,v):= inf E [|X-Y]], (2.1)
wella(p,v)
where X ~ pand Y ~ v are random variables.

We denote the topology induced by the metric W on the metric space (P(X), W) by
T1(X). We further denote the weak topology induced by bounded, continuous functions by
Tep(X). Observe that in our case, see for example Villani [77, Theorem 6.9], the Wasserstein
distance metrizes weak convergence, as we consider measures with finite first moments.

We may characterize the Wasserstein distance using Lipschitz continuous functions by

W)= swp [ f@)(u-v)(do). (2.2)
)yJx

feci(x

In order to calculate the Wasserstein distance of two probability measures, we often need

the following, more explicit lemma.
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Lemma 2.3 ([64, Sec. 6.1]). Let u,v € P(R) and m € Ia(u,v). Let X and Y be two
real-valued random variables with distribution functions Fj, : R — [0,1] and F, : R — [0, 1].
Let (X,Y) be a coupling of X and Y with distribution function H : R? — [0,1], d.e.
Ex[|X —Y|] = Jge |z — y|H(d(x,y)). Then we have

By [|X — Y]] = /_O; Fo(t) + Fy(t) — 2H(t, £)dt.

In particular, we have

[e.e] o0

W) = | (1) — Fy(0)dt.

—00

Fu(t) + F,(t) — 2min {F,(t), F, ()} dt = /

—0o0

Remark 2.4. A proof of Lemma is given in Dall’Aglio [21, Sec. 1]. In particular, the

author shows that one may give up the assumption that the expected values exist. O

Remark 2.5. Let X be a non-negative random variable with distribution function F. Then
E[X] < oo = (1 - F(z)) -z "=°0. (2.3)

In order to prove the claim, we assume that the convergence does not hold. Then there is
an € > 0 such that for all g € Ry there is an x > xg such that

(1-F(z))-x>e, orequivalently 1— F(x)> <.
x

Now let (xg)ken be a sequence in Ry such that the above inequalities hold for every
xk, and that satisfies xp1 > 2z, £ € N. As the distribution function F' is monotone
non-decreasing, we have

1 - F(z)>1— Flay) > —
Tk

for all © € (zg_1,2x]. Using the representation formula for the expected value, we get

0o 0 g X Trg1
E[X] :/ (1= F(z))de > Z/ 1 = Fla))de > Z/ B
0 k—1"%k k—1"%k Th+1
> 9 > T > 1
= (Tpg1 —xp) =€ - 1-—- >>5- — = 00,
,CZ::I Tht1 (Ther = 1) kz::l < Thy1 kz::l 2

a contradiction to the existence of the expected value.
The converse implication in 1) is not true, as for example 1 — F(x) := m yields a
counterexample.

Let now r € N. Then the general version of the statement in (2.3) reads as
E[X"] <oco= (1= F(x))-a" "= 0AF(z) 2" “570,

where we allow the random variable X to take values in R. We do not discuss the assertion

in detail, as we do not need it in later chapters. O



CHAPTER 3

PRINCIPLES OF MODEL-INDEPENDENT FINANCE

In this chapter, we model the mathematical framework that we use in this thesis and present
some of its elementary properties. In Section we model two different financial markets
that implement some of the core assumptions of model-independent finance mathematically.
In Section we analyze call options and their price functions closely, as they play an

important role in model-independent finance and thus throughout this thesis.

3.1. THE UNDERLYING FINANCIAL MARKETS

As this thesis is somehow twofold, we introduce two financial markets. Though one is
a special case of the other, we introduce the markets separately, because two different
parts of this thesis use the framework given by one of the subsequently defined markets
respectively. We start by introducing the more general financial market used in a first
part and then specialize and restate everything for the so-called standard market used in a
second part. The main advantages of doing so are much simpler notation and referencing

in the standard market case.

3.1.1. THE GENERAL MARKET

Let (Qg, Fy) = (R™, B(R")), n,d € N, be the underlying measurable space. We already
know from the introduction that in model-independent finance, we do not specify a certain
probability measure on (£, Fy), as we consider all probability measures that are admissible
in a certain sense at once. Based on (24, F,) we consider a frictionless financial market in

which we assume no-arbitrage.
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Let 0 =ty < ... <t, =T < 0o be discrete trading times and T the final maturity date.
We denote T = {t1,...,tn}.

We assume that there is a risk-free asset with price process (S?);e7 and SY = S§ = 1 for
all t € T. That is, we assume that the financial market pays no interest rates.

We further assume that there are d non-redundant risky assets with corresponding price
processes S/ = (Sg)teT with Sgi eR,i=1,...,n, and Sg = 36 eRforall j =1,...,d,
where s% is the observable market price of asset j at time ¢ = 0. We denote S = (S%,...,S%).
We assume that the risky assets pay no dividends. The risky assets S',...,S¢ are the
potential underlyings for the exotic options considered in this thesis.

As the future asset prices are unknown, we model the price processes as stochastic
processes using the canonical definition. That is, forallt=1,...,nand all j =1,...,d,

we define the single asset prices by coordinate mappings

J . 1 1 d d J
Si, 1 Qg = R, (stl,...,stn,...,Stl,...,stn) > S,
Analogously, for all j = 1,...,d, we define the price process of a single asset by
i 1 1 d d J J
ST Qy = R”, (stl,...,stn,...,stl,...,stn> = (8105 51,)-

Thus, whenever we specify a probability measure on (€, F,), we have indeed random
variables, random vectors and stochastic processes.

The crucial novelty of model-independent finance is, as explained earlier, to assume that
the prices of call options on the underlyings are determined by market mechanics rather
than the underlying asset prices. Thus, the call option prices are observable in the market

at time 0. That is, we assume that call options with payoff function
Q;;: Qg xR—= Ry, (stll,...,s%n,...,sfl,...,sfn,k) > (Sil — k)t

are liquidly traded for all i =1,...,nand all j =1,...,d, i.e. for all underlying assets at
all trading times and for all strike prices £ € R. We denote by C; j(k) the price of the call
option with payoff ®; ; (Stll, . Stln, e Sfl, - an, k) . As we assume no-arbitrage, we
may deduce some properties of the call option price functions k — C;j(k), i =1,...,n,
j=1,...,d. We discuss these properties in Section

Finally, we introduce a general exotic option depending on S. An exotic option is

represented by its payoff function

c:Qy — R, (sgl,...,s%n,...,sfl,...,sfn) — c(s%l,...,s%n,...,sfl,...,sgn),
where we assume ¢ € L9(€2,). In this thesis, we derive results concerning the price at time
t = to of the exotic option with random payoff ¢ (Stll, e ,Stln, e ,Sfl, e an).
We already know that in model-independent finance the price is in general not uniquely
defined. Instead, there is an interval of possible no-arbitrage prices. Hence, whenever we

speak about the price of an exotic option, we actually mean upper and lower price bounds.
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In order to find these price bounds, we introduce several optimization problems, namely
two pricing problems and two hedging problems. We formalize these problems in Sections
and We use the framework of this general financial market in Chapter

Remark 3.1. Though we generally allow the asset prices Stj to take values in R, we often
consider the case that the prices take values in R;. This case emerges from the above
by suitably replacing R by R,. This also applies to the next section. Further note that

whenever we choose d = 1, we remove the associated index j in the notation. O

3.1.2. THE STANDARD MARKET

It is quite hard to deduce results in model-independent finance for the general market case.
Thus, we specialize ourselves to a situation in which we can say far more.

In particular, let in the general market case of the previous section be n =2 and d = 1.
Then we have the underlying measurable space (25, Fs) = (R2, B(R?)). As the notation
of the previous section is rather complicated for this simple case, we change it suitably.
We denote the trading times by 0 < t < T, the risk-free asset by B = (B, Br) = (1,1)
with By = 1 and for the risky asset we write S = (X,Y) with Sy = sop € R. We use the
same canonical definitions as before in order to introduce the stochastic to the underlying
measurable space. Finally, we denote by Cy(k) the price of ®;(X, k) = (X — k)™ and by
Cr(k) the price of ®p(Y, k) = (Y — k). The exotic option under consideration is then
represented by the payoff function

CZQS%R, (xay)%c(xvy)a

where we assume ¢ € L°(Qy).

As the notations in the standard market case stay simpler when introducing the op-
timization problems, we proceed to distinguish the two market cases in the following
chapter.

We use the more special framework of the standard market in Chapters [6| and

3.2. CALL OPTIONS

We know from the heuristic description in the introduction as well as from the market
specification in the previous section that call options play an important role in model-
independent finance. Though we do not yet formally know why, we take a closer look at
this special (exotic) option.

We stress the assumption of no-arbitrage, which also applies to the call option prices.
Hence, we may derive some properties of the price function k£ — C(k), where in this section
C' (k) shall represent the price of some call option with strike price k € R. The underlying,
which we generically denote by S, and the maturity of the call option, which we denote by

T, are of no particular interest at the moment.
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Lemma 3.2. The mapping C : R — R4, k — C(k) is monotone non-increasing and

CONVET.

Proof. 1. Monotonicity of C: Let k < £. This implies (St — k)™ > (Sp — O)*. If we
assume C'(k) < C(¢) to get a contradiction, then we realize an arbitrage by buying
a call option with strike price k and selling one with strike price ¢. In Table

Portfolio Priceint =10 Payoffin t =T
Call option with strike k long C(k) (St — k)™
Call option with strike £ short —C(0) —(Sr — 0"
In total Ck)—C) | (ST —k)T = (St —0)T
Value <0 >0

Table 3.1.: Arbitrage strategy, if C' is not monotone non-increasing.

we illustrate that this arbitrage strategy has a non-negative payoff in ¢t =T and a
negative price in ¢t = 0. Thus, it realizes a free lunch, which is a contradiction to the

no-arbitrage assumption. Consequently, C'(k) > C(¢) and C' is non-increasing.
2. Convexity of C: Let s € R, A € (0,1) and kq, k2 € R. Then we have

Ms—k)+(1=N(s—k)t

(s = (M1 + (1= Nka)) " = (
<As—k)T+ (1 =N (s—ka)T.

The left hand side is the payoff of a call option with strike price (Ak1 + (1 — A)k2)
for ST = s and the right hand side is the payoff of a portfolio of A call options with
strike price k1 and (1 — \) call options with strike price kg for Sp = s.

By the same arguments as for the monotonicity, we immediately get
C(Ak1 + (1 — Nk2) < AC (k1) + (1 — XN)C(k2),
which is the convexity of C. O

Remark 3.3. 1. Clearly, the assertion of Lemma also holds when St takes values in
R,. Then the call option price function is a mapping C' : Ry — R,.

2. By Remark the left and right derivatives C'(-—) and C’(-4) of C exist and are

equal almost everywhere on R. Hence, C' is differentiable almost everywhere. O
Lemma 3.4. The mapping C : R — Ry, k+— C(k) has the following properties.
1. limg_o, C(k) = 0.
2. C'(k+) > -1, ke R.

3. limg, oo C(k) + k = 5.
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If St takes values in Ry, i.e. if C : Ry — Ry, then we may replace 2. and 3. by the

following properties.
27 C'(04) > —1.
8.’ C(O) = 50-

Proof.

1. limg_yoo C(k) = 0: We know that C' is a monotone non-increasing function.

As the payoff of a call option is always non-negative, it is bounded from below by 0.

Hence, we know that the limit exists.

In order to argue formally that the limit is indeed equal to 0, we need tools from
Chapter This is detailed in Remark [4.15] Heuristically, the assertion is the
reasonable assumption that for increasing strike prices it is virtually impossible for

the option to generate a positive payoff.

. C'(k+) > =1,k € R : Assume there is an £ € R such that C’(¢+) < —1. Then there
is an ¢ > ¢ such that C'(¢{'+) > —1 with

c) -

—1.
v—_¢ =

Indeed, otherwise we have an immediate contradiction to C'(k) > 0,k € R. The

former inequality is equivalent to
chy—-c)y+0 —r<o.

Using this, we may realize an arbitrage using the arbitrage strategy illustrated in

Table It has a non-negative payoff in t = T" and a negative price in ¢t = 0, which

Priceint =0 Payoff in t =T, if
Portfolio St > 0V>8Sr >0 | £>Sr
Call with strike ¢’ long c() St — 1 0 0
Call with strike £ short —-C(0) L— St L— St 0
Bond investment of ¢/ — ¢ 0 - o -0 0 - 0 -
In total cy—-cw)y+4 —¢ | Sp—0'—(Sp—0)+t —¢ ¢ — St o —¢
Value <0 =0 >0 >0

Table 3.2.: Arbitrage strategy, if C'(¢+) > —1.

is a free lunch and a contradiction to the no-arbitrage assumption. Thus, we have
C'(k+) > -1,k eR.

Climg oo C(k) + k = sg: As for limy_,o, C'(k) = 0, we have to wait for Remark
to formally prove this assertion in the general case. However, if we assume that
St takes values in [s,00), then we may prove the claim using simple no-arbitrage

arguments. Therefore, assume k < s. Then we even have C(k) = sg — k.

Indeed, we have C(k) > so — k, as for the payoff we have (Sp — k)™ > Sr — k for
all k£ € R. (Actually, as also (St — k)T > 0, we even have C(k) > (sg — k)*.) Now
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assuming C(k) > so — k, we have an arbitrage strategy buying the underlying, lending
money and selling the call option short as illustrated in Table We observe that

Portfolio Priceint =10 Payoffint =T
Underlying long So St
Bond investment of —k —k —k
Call option with strike k short —C(k) —(Sr - k)t
In total so—k—C(k) | (St —k)— (St —k)T
Value <0 =0

Table 3.3.: Arbitrage strategy if C'(k) > sg — k.

(St — k)T = Spr — k, as k < s. This strategy has a zero payoff in t = T and a
negative price in t = 0, which is a free lunch and a contradiction to the no-arbitrage
assumption. Thus, we have C'(k) = sop — k for all k£ < s. Heuristically, this property

should also hold if s tends to —oo.

27 C'(0+) > —1 : Clearly, this holds by choosing ¢ = 0 in the proof of the second
property. By the convexity of C', we have C'(k+) > —1 for all k € R.

37 C(0) = sp: A call option with strike price k = 0 has a payoff of (Sp — 0)* = Sr, as
St > 0 by assumption. Hence, any price unequal sg immediately gives rise to an

arbitrage strategy. O

The properties discussed are mainly guaranteed by no-arbitrage considerations. We gain
some deeper insight into the properties of call options and their price functions in Section
4.2, where we connect call option price functions and probability measures. We end this

chapter by introducing the notion of candidate functions.

Definition 3.5. A function C' : R — R is called a candidate function for call option

prices, if it satisfies the following conditions.
1. C' is monotone non-increasing and convex.
2. limg_0o C'(k) =0, C'(k+) > —1, k € R and limy_, o, C(k) + k = so.

A function C': Ry — Ry is called a candidate function for call option prices, if it satisfies

the following conditions.
1. C' is monotone non-increasing and convex.
2. limg_00 C(k) =0, C'(04) > —1 and C(0) = so.

We denote the sets of all candidate functions by IC]% and K¢ respectively.



CHAPTER 4

MARTINGALE OPTIMAL TRANSPORT

In this chapter, we present the optimization problems which are at the core of our interest.
We understand the importance of call options formally and introduce the notion of mar-
tingale transport plans. We provide results from classic optimal transport that bring up
presumptions worthwhile to investigate and basic ideas how to handle the presumptions in
the martingale case. In Section we recall several results from classic optimal transport
that motivate the investigation of duality, optimality and several structural properties
in martingale optimal transport. In Section we transfer classic optimal transport to
model-independent finance presenting the celebrated lemma of Breeden & Litzenberger.
This finally explains the immense importance of the assumptions on call options. We also
define the set of martingale transport plans. In Section we introduce the notion of
convex order and the theorem of Strassen in order to guarantee existence of martingale
transport plans. In Section we finally introduce the optimization problems that yield
the upper and lower price bounds for exotic options in the general and the standard market
cases. We complement the price bound problems in Section where we introduce the
super and sub hedging problems that prove to be the dual problems. In Section we
recall the pioneering duality result of Beiglbock, Henry-Labordére & Penkner [5], which

serves as a guideline for our main theorem in the general market case.

4.1. CLASSIC OPTIMAL TRANSPORT

In this section, we introduce the idea of classic optimal transport in order to understand
that an adaption may be useful in model-independent finance. We present several results

of classic optimal transport, some of which we need explicitly or in an idea-generating way.
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Before we start to rigorously introduce the mathematics, we shortly explain the original
idea of optimal transport. In 1781, Gaspard Monge [63] introduced and studied the problem
of what we call classic optimal transport: Assume you have a certain amount of soil at
specified locations and have to transport it to other, not necessarily different locations.
As transport is costly, the question is, how can we assign the locations to each other in
a cost-minimizing and in this sense optimal way. We may assume that the locations on
both ends of the transport are given by probability measures. Then the transport problem
becomes the problem of coupling the measures with each other in a cost-minimizing way.

Based on this intuition, we formalize the problem and present several related results.
Thereby, we mostly follow Villani [77, Chap. 4, 5], but add a useful result from Kellerer
[55]. Finally, we motivate subsequent results by restating well-known assertions as it is
done in Beiglbock & Juillet [7] and Henry-Labordére & Touzi [38]. Though we only need
the results for probability measures on the Euclidean space, we state them in full generality.

Let (X, u) and (Y, v) be two Polish probability spaces and ¢ : X x J) — R a measurable
function indicating the cost ¢(z,y) of transporting mass from some x € X to some y € ).

Then Monge’s original problem of optimal transport is

inf /X o(x, T(x))p(dz),

where the infimum is taken over all transport maps T from p to v, i.e. all measurable
functions 7' : X — Y such that T u = v. However, this problem may be unsolvable, as
there is not always a transport map between two probability measures.

Therefore, in 1948, Kantorovich [53, 54] introduced the more general so-called Monge-
Kantorovich problem of optimal transport

Puk(¢) = inf /X RG] (4.1)

wella (p,v)

Theorem 4.1 ([77, Theorem 4.1]). Let (X, ) and (Y,v) be two Polish probability spaces.
Leta: X — RU{—o0} and b:Y — RU{—o0} be two upper semi-continuous functions such
that a € LY (X, p) and b € LY(Y,v). Let ¢ : X x Y — RU {0} be a lower semi-continuous

cost function such that

o(z,y) > a(z) +b(y), (v,y) € X x Y.

Then there is a coupling of (u,v) which minimizes the total cost [y, ¢(z,y)m(d(z,y))
amonyg all possible couplings @ of (u,v), i.e. there is a minimizer for Py (¢) in (4.1).

As the proof helps to understand some parts of the proof of Theorem we provide it
in detail. In advance, we present three results that we need in the proof and also in later

chapters. We start with the so-called theorem of Prohorov.

Theorem 4.2 ([1, Theorem 2.3]). Let (X,d) be a Polish space with metric d. Then a
family K C P(X) is relatively compact with respect to the weak topology Tep(X) if and only



4.1. CLASSIC OPTIMAL TRANSPORT 23

if it is tight, i.e. if for all € > 0 there is a compact set K. C X such that (X \ K.) < ¢
forallme K.

We now present two lemmata. The first lemma states the lower semi-continuity of the
cost functional m — [ ¢dm and the second lemma states the tightness of certain sets of

transport plans. Both lemmata are useful in Chapter
Lemma 4.3 ([77, Lemma 4.3]). Let X and ) be two Polish spaces, ¢ : X x Y — RU{c0} a

lower semi-continuous cost function and h : X x Y — RU{—o00} an upper semi-continuous
function such that h < ¢ on X x ). Let (mg)ren be a sequence in P(X X)) converging
weakly to some m € P(X x ) and such that h € LY(X x Y, ), h € LY(X x Y, 7) and

| heyma ) = [ b))
XxY AxY

Then

oy < timin [ o y)m(d(p).
XY k—oo Jxxy

In particular, if ¢ is non-negative, then

b {P(X x V) = R
= IXXJ) (Z)(:Ba y)’ﬂ'(d(l‘, y))
is lower semi-continuous on P(X x Y) equipped with the topology of weak convergence
Tep(X x ).

Lemma 4.4 ([77, Lemma 4.4]). Let X and Y be two Polish spaces. Let P C P(X) and
Q CP(Y) be tight subsets of P(X) and P(Y) respectively. Then the set

H2(P7Q) = {FGHQ(/%V) |M€P,V€ Q}

is tight in P(X x ).
Proof of Theorem [{.1. We first prove that IIy(u, ) is compact. Since X and Y are Polish,
{u} and {v} are tight in P(X) and P(Y) respectively. By Lemma Iy (p, v) is tight in
P(X x Y). Thus, by Theorem IIo(u, v) is relatively compact.

Let now (mg)ren be a sequence in Ia(u,v). By the relative compactness, there is a

subsequence (7, )nen that is weakly convergent to some 7, i.e. for all f € Cp(X x )),

[ @ @) "= [ pynate).
XxY XxY

It remains to show that 7w € Ila(u, v). For this purpose, choose f(x,y) independent of y,
ie. f(x,y) =g(x) € Cp(X). Then

[ s@nta) = [ faym, (@)
X X%y

ey Xxyf(l’,y)ﬂ(d(%,y)):/Xg(a:)(proj;‘fyﬂr)(dac)7
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which implies projjm = u. Analogously, we obtain projiw = v and thus 7 € Ila(p,v).
Therefore, II5(p, v) is closed and thus also compact.

Now we show that a minimizer does indeed exist. In order to do so, let (mg)ken
a minimizing sequence in Ila(p,v). By the compactness we may assume it is weakly
converging to some 7 € Ily(u, v). Choosing h(z,y) = a(x) + b(y) the conditions of Lemma
are satisfied and thus

| owyrty) < timin [ o p)m(dly).
XxY —o0 JXxY

That is, 7 is a minimizer. O

Remark 4.5. The proof of Theorem and the proofs of Lemma and Lemma as
presented in Appendix do not rely on aspects of dimensionality. Thus, the assertions
hold true if, for n € N, we replace X and ) by X1,..., X, X x Y by X} X ... X X, etc. O

Definition 4.6. Let X and ) be arbitrary sets and ¢ : X x Y — RU {oo} a cost function.
Aset I' C X x Y is said to be ¢-cyclically monotone, if

N
Zﬁb i, Yi) SZ (T4, Yiv1)

holds for any N € N and any family (z1,y1),..., (zn,yn) of points in ', where yn 41 == 1.
A transport plan is said to be ¢-cyclically monotone, if it is concentrated on a ¢-cyclically

monotone set.

A ¢-cyclically monotone transport plan can not be improved by simply rerouting the
transported masses along a cycle. That is, the total cost is not reduced by transporting
mass for example from z; to ys instead of y1, from z9 to ys instead of g9, etc. We can
think of this property as a local optimality criterion. Clearly, an optimal transport plan is
¢-cyclically monotone. The converse is less obvious but still true by Theorem

Before stating this result, we introduce the concept of the dual problem. While the primal
problem aims at minimizing the transport cost, the dual problem aims at maximizing a
certain profit. Indeed, assume a transport company may buy soil at location = for the price
©(x) and sell it at location y for the price ¥(y). Then the profit of this transport company
is ¥(y) — ¢(x). Since the customer may transport the soil herself for the cost ¢(z,y), in
order to be competitive the transport company’s profit should satisfy ¥ (y) — p(z) < ¢(z,y).

The natural dual problem to the Monge-Kantorovich problem of optimal transport thus is

Daric(0) = s { [ vwrian) = [ elan(an)}.

where the supremum is taken over all functions ¢ : Y — R and ¢ : X — R such that

V() —p(r) < ¢(x,y), (z,y) € X x V.
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From a mathematical point of view, we should only consider functions ¢ € L'(X, 1) and
Y e LYY, v).

We are now able to state several well-known results on classic optimal transport. All of
the following results have counterparts in model-independent finance, some of which are

proved in this thesis.

Theorem 4.7 ([77, Theorem 5.10]). Let (X, p) and (Y,v) be two Polish probability spaces

and let ¢ : X x Y — RU{oo} be a lower semi-continuous cost function such that

o(x,y) > a(x) +b(y), (z,y) € X x Y,

for upper semi-continuous functions a : X — R and b :Y — R with a € L' (X, ) and
beLY(Y,v). Then:

1. Strong duality holds, i.e.

min {/Xxygb(x,y)w(d(:z:,y))} = Pyk(¢) = Dyk(9)

mella (p,v)

= s A vt - [ e
(o) €LY (X, ) XL (V) X

- (@7¢)66i?216))><cb(y){ /yw(y)V(dy) - /X p(z)p(dr)

2. If ¢ 1is real-valued and the optimal transport cost Py (@) is finite, then there is a

by) - plz) < ¢<x,y>}

() - #l0) < 9(a0) |

measurable ¢-cyclically monotone set ' C X x Y such that for any 7w € Ta(p,v) the
following are equivalent.

a) m is optimal for Pyi ().

b) m is ¢-cyclically monotone.

c¢) m is concentrated on I

d) There exist functions ¢ : X — RU {oo} and ¢ : Y — RU{—o0} such that
V(y) — p(x) < éd(x,y) for all (z,y) € X x Y with equality m-almost surely.

Before stating a more general duality result, let us revisit some further results in the two
marginal case that motivate the work of Beiglbock & Juillet [7] and Henry-Labordére &
Touzi [38], which we present in Sections and

Theorem 4.8 ([7, Theorem 1.1]). Let p,v € P(R) and ¢ : R? — R be a cost function
defined by ¢(x,y) = h(y — x), where h : R — R is a strictly convex function. Assume that
there are functions a € L*(R, u) and b € LY(R,v) such that ¢(z,y) > a(x) + b(y) for all
(z,y) € R2. If Py () is finite, then for © € Us(p,v), the following are equivalent.

1. 7 is optimal for P ().

2. 7 preserves the order, i.e. there is a set I' C R? with w(I') = 1 such that for
(z,9), (x’vy’) el ifex<a, theny <y
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We define for pu, v € P(R) the so-called Hoeffding-Fréchet transport plan
— (-1 —1 2
mgr(B) = (FH ® F, >#)\[071](B), BGB(R ),

and the increasing mapping Tpr : R — R,z — F, ! o F,(z). Furthermore, we define
functions pgr : R = R and ¢¥grp : R — R by

err(r) = ¢(x,Tur(x)) — Yur(Tur(z))  and  Yupy) = oy(Typy),y).

Definition 4.9. A function ¢ : R? — R satisfies the Spence Mirrlees condition, if the

partial derivative ¢, exists and satisfies ¢, > 0.

Theorem 4.10 ([38, Theorem 2.2]). Let ¢ : R? — R be an upper semi-continuous cost

function with linear growth, i.e. there exists a constant K € R such that
o(z,y) <K+ ]z +]yl), (v,y) €R™

Assume that ¢ satisfies the Spence Mirrlees condition. Assume further that p is continuous
and that ppr € LY(R, 1) and Yyr € LY(R,v). Finally, denote

Puk(@)= swp [ wym(la.y)
mella(p,v) J XXY

and by Dy () the dual minimization problem. Then:
1. Puk(¢) = Duk(d) = g ¢ (2, Tpr(2)) p(dz).
2. our(x) +vYur(y) > ¢(z,y) and (pgr,Yur) is a solution for Dy (¢).

8. mgp(de,dy) = p(dz)dry, . (x)(dy) is a solution for Py (¢) and mhp is the unique

optimal transport plan.

All results so far matched the standard market case. Now we shortly consider the general
market case at least for d = 1. Therefore, let py, ..., puy, € P(R). Then IL, (u1, ..., pu,) is a
convex and, by the same arguments as in the proof of Theorem |4.1] weakly compact subset
of P(R™). We state a Kantorovich-type duality result of Kellerer [55] similar to Theorem
for this multi-marginal situation, as we need it in the proof of Theorem

Theorem 4.11 ([55, Theorem 2.14]). Let py,...,pu, € P(R). Then, for all lower semi-

continuous functions ¢ : R™ — [0, 00|, we have

Py (9) = inf { e d(x1, ..., xn)m(d(2, ... ,xn))}

TEn (1 4eees i)

= sup ){j;/ﬂ{st(wj)uj(dmj)

@ ELI(R,p;

o1(x1) + ...+ on(zn) < o(x, ... ,xn)}

= Dy ().
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4.2. TRANSFER TO MODEL-INDEPENDENT FINANCE

In this section, we understand the connection of classic optimal transport and our studies.
Therefore, let us consider the general market case for d = 1. Recall that we assume to
know the price functions of call options with n different maturities.

The connection from model-independent finance to classic optimal transport is made by
the so-called lemma of Breeden & Litzenberger. We first state it in a special case in which

the assertion may be denoted compactly and hence the consequences are easy to fathom.

Lemma 4.12 ([13, Sec. 2]). Let, in the situation of the general market case with d =1,
Q € P(R™) be consistent with the price functions of call options, i.e. for alli=1,...,n
and all k € R, we have

Cl(k?) = - (I)i(Stl, ey Sty k)@(d(stl, ey Stn))- (42)

If C; € C2(R), then we have
Fs, (k) = Q(S, < k) =1+ Cj(k) (4.3)
for the distribution function of Sy, under Q and
fs,(k) = Q(Sy, € dk) = C{'(k) (4.4)
for the associated density for alli=1,...,n and all k € R.

Remark 4.13. 1. Without any formal proof of the above statement, we immediately see
that the consistency condition in implies a strong connection between the price
function of the call option on S;, and its marginal distribution under the consistent
measure Q. Indeed, denoting the marginal of S;, under Q by p;, we may rewrite the

right hand side of the consistency condition as
[ Bl 51 R)Qsty o 51,)) = /RCI)l-(stl, e se B ps(dsy ).
Hence, the price function is determined by the associated marginal. This directly

yields one part of the one-to-one connection between the two notions.

2. The differentiability assumption is only important for the exact representations in
(4.3) and (4.4). The core assertion, namely the one-to-one connection between call
option price functions and the marginal distributions of the underlying under any

consistent measure, remains valid without it. O

Lemma 4.14 ([42, Lemma 2.2]). In the situation of Lemmal|4.12, drop the differentiability

assumption on C;. Then, for alli=1,...,n and all kK € R, we have

Fs, (k) =1+ Ci(k+).
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Lemma is implied by Lemma The assertion of Lemma is discussed in
Hobson [42, Lemma 2.2]. It can also be derived from the following option price formula of
Bick [11], Proposition 1]. Assume that an exotic option, that only depends on the underlying
at some future time point T, has a payoff function ¢ : R — R that is twice continuously

differentiable except in a countable set of points. Then the price of the exotic option is

| e@C @zt 3 (Cat) - C'(am)) ela)

aeD(C)

where C' denotes the price function of a call option on the same underlying with maturity
T and D(C") denotes the set of all points where the left and right derivatives of C' differ.
As the assertion of Lemma is well-known and the proof does not yield any insight,

we do not report it here.

Remark 4.15. Before we make the connection of model-independent finance and classic
optimal transport even clearer, let us formally prove the first and the third assertion of
Lemma Let us first assume that, for some call option price function C : R — R, we
have C'(k) P20 s 0. Then, for k € R, using p as the marginal distribution of St under
all consistent measures, we have

(s = &) p(ds) = |

[k,00)

c<C(k) = / sp(ds) — / ku(ds)
R [k,00)
=E, {ST]l{stk}} — k- (1= Fyu(k)).
The second summand tends to 0 by (2.3), as p has a finite first moment. Thus, we have

lim B, [Srlig,5] 2 ¢ >0,

a contradiction to the existence of the expected value of Sp. Similarly, for k € R, we have

C(k)m:/R(s—k)m(ds)M:/

[k,00)

:/[k )sp(ds)+/( | Fu(ds) =, (511 (5703 + k- Fu(k).

(s = byu(ds) + [ ku(ds)

Clearly, the first summand tends to sg as k — —oo, while the second summand tends to 0
by the general version of (2.3) in the case r = 1. O

Let us now explain the connection of classic optimal transport and model-independent
finance as well as the implications of Lemma therein. The target is to price an exotic
option characterized by its payoff function ¢ : R™ — R. In order to reach this, we search
for potential pricing measures, i.e. measures that yield in a certain sense reasonable prices.

In order to obtain reasonable prices, such a measure has, in particular, to return
observable market prices correctly. As we assume that call option prices are observable,
potential pricing measures have to satisfy the consistency condition in (4.2). By Lemma
all such measures have the same marginals, that we denote by p1, ..., u, € P(R).
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This implies that the set of all potential pricing measures is a subset of IL,, (u1, ..., tn),
which formally connects model-independent finance with classic optimal transport. For
obvious reasons, we call elements of IL,,(u1,. .., u,) consistent measures.

However, I1,, (i1, . . ., ttn) is not the set of all potential pricing measures, as such measures
have to be martingale measures. That is, the (discounted) price process has to be a
discrete-time martingale with respect to any potential pricing measure. As the measures in
I, (g1, - - -, i) do not satisfy this condition in general, we have to adapt classic optimal

transport to the subset of all martingale measures.

Definition 4.16. Let pq,...,u, € P(R). The elements of the set

Ma(p1, -, fin)
={QeIly(p,...,pn) | EQ[Stiir | Stys---,Su] =8, Q—as.,i=1,...,n—1}

are called martingale transport plans or potential pricing measures.

We may characterize the martingale property of a transport plan in several ways. For

Q e 0, (p1, - - -, 4n), the following are equivalent.

L Q€ Mu(p, s fin).

2. Forall 1 <i<n—1and all h € Cy(R?), we have

EQ[h(St17 ey Sti)(Sti+1 - Stl)] — O

Using the definition of martingale transport plans, we may consider the same problems
as in classic optimal transport only with a restricted underlying set of probability measures.
Clearly, we may hope that similar results as presented in the previous section apply for the

martingale case as well.

4.3. CONVEX ORDER AND STRASSEN’S THEOREM

Before we may state the adapted problems in a well-defined way, we need to consider
the question if and under which conditions potential pricing measures do exist, i.e. if
M (p1, ... ) # 0. This question shall be answered in this section.

Unfortunately, the answer is not as easy as for I, (u1, ..., n), as there is no obvious
element. Indeed, the non-emptiness crucially depends on the measures 1, ..., 4, and only

holds under additional assumptions. Therefore, we introduce the notion of convex order.

Definition 4.17. Two measures ju, v € P,(R) are said to be in convex order, denoted by

<. v, if for any convex function f: R — R such that the integrals exist,

[ f@n(da) < [ flaw(da).
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Remark 4.18. Let p, v € Py(R) be two measures such that p <. v. Then, choosing f(x) =1,

we have

M(R):/Rlu(dx) g/Rlu(dx):y(R).

With f(x) = —1, we also have pu(R) > v(R). Hence, p and v have the same mass. Choosing
f(x) =z, we get

1
(R)

With f(x) = —x, we also get B(u) > B(v). Hence, p and v have the same barycentre. ¢

1
B(u) = /R:U,u(dx) < ) /ny(daj) =B(v).

In order to state characterizations of convex order that are easier to be checked than the

definition, we introduce the notions of potential functions and call option price functions.

Definition 4.19. Let pu € P, (R). Then the potential function of p is defined by
u, :R=Ry, =~ / |t — z|p(dt).
R

Proposition 4.20 ([7, Proposition 4.1]). Let u € Po(R) and say v = u(R) is the mass of
W and let B = %fx,u(d:c) be the barycentre of u. Then:

1. wuy is conver.
2. JCEr_noouu(x) —v|lz—-p=0= xlggouu(x) —vlx — 8.
Conversely, if f is a function with these properties for some € R and v € (0,00), then

there exists a unique measure p € Po(R) such that f = uy,.
Proposition 4.21 ([7, Proposition 4.2]). Let pu,v € Po(R). Then:
1. We have p < v if and only if u, — uy, is convex.

2. A sequence (ug)ren of measures in Py (R) with mass v and barycentre 5 converges in
Pa(R) weakly to some measure i if and only if the sequence (uy, )ren of the potential
functions converges pointwise to a function u that is the potential function of some

measure (' € Po(R). In that case, p = p'.

Definition 4.22. Let p € Po(R). Then the call option price function corresponding to u
is defined by
Co:RoRy, ke / (x — k)* p(da).
R

Remark 4.23. We used the notion of a call option price function with respect to some
generic underlying S = (Sy,, ..., St,) before and we denoted it by Cs, , i =1,...,n. If we
now denote by p; the marginal distribution of S, under any potential pricing measure,
then by Lemma it is obvious that we have C, = Cg, . O

With these definitions, we may answer the question under which conditions the set of
martingale transport plans is non-empty. The characterization using the convex order goes
back to Strassen [73, Theorem 8§].
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Proposition 4.24. Let pq, ...,y € Po(R). Then the following are equivalent.
1. Mp(pa, ... pn) # 0.
2. p1 Zc...<c ln.
If we assume p1(R) = ... = py(R), then also the following is equivalent.
3wy, <<y,
If we additionally assume B(uy) = ... =B(uy), then also the following is equivalent.
4. Cpy <...<Cy,.

Remark 4.25. Further equivalent statements as well as general proofs can be found in
Shaked & Shanthikumar [72, Chap. 3]|. One of the additional equivalent statements in the
case of equal total masses of the measures shall be mentioned here: There exist stochastic
kernels r¢(z1,...,o_1,dr;) such that for all (z1,...,2; 1) € RI7L 2 <t < n,

/R|:17t|/<at(x1,...,:nt,1,dxt) < oo and /RZEtlit(iﬂl,...,ﬂj‘tfl,diﬁt) =T 1,

and for all 1 <t <n,
ut:proj’#(m@m@...@nn). O

Remark 4.26. When it comes to application in finance, the characterization of the existence
of martingale transport plans via call option price functions is important, as observable
call option prices increase with the maturity, i.e. for 1 <¢ < j <n, we have C, < C),,.
Indeed, to get a contradiction assume that for 1 < ¢ < j < n and some k € R, we have
Cy;(k) > Cy; (k). Recall that the measures p; and yi; correspond to future underlying prices
St,

7

and St;. Denote by Cgit_ (k) the price of the call option on S;; with strike price & at
J
time ¢;. Then we have

by usual no-arbitrage arguments. This gives rise to an arbitrage strategy. Indeed, in Table
we illustrate the payoffs of a strategy where at time ¢ = 0 we buy a call option on S,

and sell a call option on S, short and at time ¢ = ¢; we resell the call option on Stj. This

Portfolio Priceint =0 Payoff in t = ¢;
Call option on Sy, with strike k long, sold in t =t; C,, (k) cg (k)
Call option on Sy, with strike k short -Cy, (k) —(S; — k)t
In total Cu; (k) = Cu, (k) | C§. (k) = (St — k)"
Value <0 >0

Table 4.1.: Arbitrage strategy, if call option prices do not increase with maturity.

strategy yields a free lunch and hence a contradiction to no-arbitrage. Hence, we have
Cu, < ij forall 1 <i<j<n.

Thus, we may assume M, (u1, ..., pu,) # 0 without imposing too many restrictions. ¢
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4.4. PRICING PROBLEMS: THE PRIMAL APPROACH

Knowing that martingale transport plans exist under certain conditions, in this section we

may formally introduce the price bound problems for the two market cases.

4.4.1. THE GENERAL MARKET CASE

Recall the general market from Section Using the observable call option prices, we
receive information about the marginal distributions of the vector of asset price processes S.

We denote the marginal of SZZ_ with respect to any potential pricing measure by p; ; € P(R)

and write p = (1,15 M1y -y fMds - - - Hnyd)-
Let us assume that marginals corresponding to the same underlying asset are in convex

order as time increases. That is, we assume
Hij <c .- Zc Hn; (4.5)
forall j =1,...,d. Then we denote by
I (1) = {7 € P (R™) \ 7 (81 €B) = (B), i=1,...,nj=1,....d, B cBR)}

the set of all nd-dimensional transport plans with the desired marginals. We observe that

M (u) = g (p1,1, -y ity oy Blody - - -5 in,d)- Also, for all j =1,...,d, we denote by
i, () = {7r e P(R") ’ T (Sgl € B) =wij(B), i=1,...,n,B € B(]R)}

the set of all n-dimensional transport plans with the marginals of the asset price process
S7 and observe that ;I1,(u) = I, (g1 4, - -, i) for all j =1,....d.
Based on these classic transport plan sets, we define the sets of martingale transport

plans. For 5 =1,...,d, we denote by

j./\/ln(,u) = {Q S an(M) ‘ EQ |:Sgi+l

Sgi,...,SgJ :S,{i @—a.s.,izl,...,n—l},

the set of all martingale transport plans with respect to the marginals of S7. We observe
that ;M (1) = My (p1j, .-, ptn,j) forall j=1,...,d.
Finally, we define the set of all martingale transport plans incorporating the marginals

of the vector of asset price processes S

M = M (1)
= {@ € HZ(M) ’ Eq |:Sgi+1

Sg;,,...,sg'l} =S Qas,i=1,...,n—1, j:l,...,d},
for which we may also write

M =pa((Man(p), - - aMn(p))
= {77 epP (Rnd) ’ 7 has n-dimensional marginals 7; € ;M,, (1), 7 =1,..., d} .
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By (4.5), we know that jM,,(u) # 0 for all j =1,...,d. Hence, we have
d
M2 Q) jMuln) # 0.
j=1

Recall that ¢ : R™® — R is the payoff function of some exotic option with payoff
e (St s St S S

We define the primal problem of model-independent finance in the general market case,
that we also call multi-asset and multi-marginal case. It is the problem of finding the lower
bound for the price of the exotic option with payoff function c,

. : d d
P(c) = inf Eq (S S8t 8] (4.6)

As usual, we may also consider the problem of finding the upper price bound

P(c) == sup Eg {C(Stll,...,Stln,...,Sfl,...,an)} .
QeM

4.4.2. THE STANDARD MARKET CASE

Now recall the standard market. Let u € P(R) be the marginal distribution corresponding
to X and v € P(R) the marginal distribution corresponding to Y. We assume u <. v and
hence My(p, V) # (. Then we define the upper price bound problem

Ps(uv) = sup  Egle(X,Y)], (4.7)
QeMz(p,v)

and the lower price bound problem

PS(p,v):= inf Egle(X,Y)]. 4.8

Pi(uv)= _inf  Bole(X.V) (45)
Remark 4.27. We use different kinds of notations for the primal problems in the two cases,
because in the chapter in which we deal with the general market case, the underlying
marginals are always the same, while in the chapters in which we study the standard

market case, we consider the problems for different marginals simultaneously. O

4.5. HEDGING PROBLEMS: THE DUAL APPROACH

From classical mathematical finance we know pricing-hedging dualities. We also know that
duality results hold in classic optimal transport. Thus, it is natural to hope for similar
results in martingale optimal transport and model-independent finance. In this section, we

introduce the relevant hedging problems for the two market cases.
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4.5.1. THE GENERAL MARKET CASE

Heuristically, the hedging problem that proves to be dual to the lower price bound problem
n (4.6) is the problem of finding the most expensive hedging strategy that sub-replicates

the payoff of an exotic option. Formally, this is the maximization problem
d n
= SUPZZ/ Pi,j StZ i j (dstz) = pZZ i, [sz,] )} (49)
Jj=1li=1 j=11i=1

where the supremum is taken over functions

0ij €S = {U:R—HR u(x):a+bx+204(x—k:g)+, a,b,cbk‘geR,meN}

(=1

such that there are functions h? € Cy(R?) with

1 1 d d
Wy oy (Sts oSt ey Styse o5 Sty
(¢i,5),(h7)
d n d n—1
_ J J (I J J
- Z ZSO’L’J (Stz) + Z hl (Stl’ ’stz> (StHrl Stz>
Jj=li=1 j=li=1
1 1 d
< C(5t17 2855 Sty ,stn)

for all (stl, ceey s%n, e ,sfl, cees sfn) € R™. From this sub hedging inequality, we directly

derive the weak duality inequality P(c) > D(c).
Analogously to the sub hedging problem and corresponding to the upper price bound
problem, we define the super hedging problem

n

d
mfz Z/ gom ,u,m (dst ) = infz ZEM,J' [w,j(S{i)} ,
Jj=li=1 j=li=1

where the infimum is again taken over functions ¢; ; € S such that there are functions

h{ € Cy(R?) with ‘11(%],)7(%) > ¢ on R™.

Remark 4.28. 1. Analogously to Beiglbock, Henry-Labordere & Penkner [5], the dual
problem can be formulated more general, considering p; j-integrable functions ¢; ; and
bounded, measurable functions hg . Anyhow, we see later that ¢; ; € S is sufficient to
achieve duality. Additionally, S is the set of payoff functions that can be build up
using only the risk-free and the risky assets, and the call options that we assume to
be liquidly traded. This guarantees that hedging strategies are meaningful when it

comes to application.

2. We could also consider functions hg € Cy(R™) in the sense that the dynamic investment
in any asset may depend on the history of all assets. As this enlarges the class of
functions over which we optimize, D(c) does only increase. In a setting different to

ours, Lim [58] considers this exact approach. O



4.6. THE FIRST DUALITY RESULT 35

4.5.2. THE STANDARD MARKET CASE

In the standard market case, we have dual problems that have an interpretation in the
sense of hedging as well. Therefore, we define the sets of all admissible super and sub

hedging strategies

D5¢ = {(p,¥,h) | ot € L'(R,p), v € L'(R,v),h € LO(R),

p(x) +U(y) + h@)(y — 2) > c(z,y), (z,y) € R?},
D5 = {(p., 9, h) | o7 € L'(R, ), 9" € L'(R,v),h € L°(R),

p(x) +9(y) + h(@)(y — z) < c(z,y), (z,y) € R?}.

Hedging strategies of this form are called semi-static hedging strategies, as ¢ and 1 may be
interpreted as static investments in European options with maturity ¢+ and T respectively,
while h may be understood as a dynamic investment in the underlying asset. Clearly,
similar interpretations apply in the general market case.

Using such hedging strategies, we may define the super hedging problem

Div)= ot { [ @utdn) + [ vy (4.10)

(¢.,h)EDF*
= inf  {Eufe(X)] +E, (Y]},

(p,h)€DF*
which is the dual problem to the upper price bound problem in 1' Analogously, we may
define the sub hedging problem

Du)=  swp [ p@mn) + [ v} (4.11)

<
(p,3,h)eDFC

= sup {E,[o(X)] +E[v(Y)]},
(p1h,h) €D

which is the dual problem to the lower price bound problem in (4.8).

4.6. THE FIRST DUALITY RESULT

In this section, we discuss the pioneering duality result of martingale optimal transport
by Beiglbock, Henry-Labordeére & Penkner [5]. For this purpose, we describe the financial
market and the assumptions considered by the authors. We do not go into too much detail,
as they work in the general market case for d = 1.

Thus, let us consider the general market for d = 1. That is, we consider a discrete-time
financial market liquidly trading a single risky asset S = (St):c7. Denote by Sy := sp € R
the price of S at time ¢ = 0. At the core of interest is a general exotic option with payoff
function ¢ : R” — R, the payoff of which is ¢(Sy,, ..., S, ).

We assume that for all maturities ¢1,...,t, and all strike prices k € R, call options on
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the underlying, i.e. (exotic) options with payoff function
O R" xR =Ry, (Sy,.-.,54,,k) > (s, — k)T

are liquidly traded at time ¢ = 0 with price C;(k). This has well-known implications for
the marginals of any potential pricing measure.

The problem under consideration is to find the lower price bound for the exotic option

PB(C) : inf EQ[C(St17 ‘e 7Stn)]'

QEMH(H’lv"'vMTL)

The dual problem considers semi-static sub hedging strategies, i.e. payoff functions of

the form
n n—1
\I/(gpi),(hi)(stlv s 78tn) = Z Spi(sti) + Z hi(stla sy Sti)(sti+1 - Sti)’
=1 =1

where the functions ¢; : R — R are assumed to be p;-integrable and the functions
h; : R? — R are bounded and measurable. If payoff functions of that kind and additionally
sub-replicating the payoff of the exotic option in the sense V() ;) < ¢ do exist, then for

any martingale transport plan Q € M,,(u1, ..., iy) holds the inequality

E@[C(Stl, ey Stn)] 2 EQ[\I}(kpi),(hi)(Stlﬂ “e 7Stn)] = EQ

> @i(Sti)] =Y Eu [0i(S)]-

i=1 i=1
This leads to the dual problem of finding the most expensive sub hedging strategy
n .
Dg(c) = su% {Z E,, [vi(S:)] ‘ 3h; € Cp(R") : Wy, (ny) < con R"} ,
wi € i=1

for which we have Pp(c) > Dp(c). Beiglbock, Henry-Labordeére & Penkner [5] prove the

following strong duality theorem for the above pair of optimization problems.

Theorem 4.29 ([5, Theorem 1.1]). Let 1, ...y be Borel probability measures on R such
that My (p1, ..., un) # 0. Let further ¢ : R" — (—o0,00] be a lower semi-continuous

function such that there exists a constant K € R with
c(StyyeySt,) > =K+ sy |+ ...+ s, (4.12)

on R™. Then Pp(c) = Dpg(c). Also Pp(c) is attained, i.e. there is a martingale transport
plan Q* € My, (p1, ..., ) such that Pp(c) = Eq-+[c]. In general, Dp(c) is not attained.



CHAPTER D

DUALITY IN THE GENERAL MARKET

In this chapter, our central aim is to generalize the pioneering duality result of model-
independent finance using martingale optimal transport, namely Theorem to the
general market case. This is necessary in order to be able to treat multi-asset options
such as basket options. This generalization is presented in Section where we also
list and illustrate some drawbacks of the theory. These are the possible non-existence of
optimizers for the dual problem and the potentially large deviations of the upper and lower
price bounds. In Section we discuss several recent results on conditions under which
dual optimizers do exist, some of which are important in Chapters (6| and [7] Finally, in
Section we investigate the question, how it is possible to tighten the price bound gap.
We discuss recent progress using information on asset return variances in the situation
considered in Theorem [4.29] Then we transfer some of the results to the general market

case additionally using information on asset return covariances.

5.1. THE GENERAL DUALITY RESULT

In this section, we generalize Theorem [4.29] Before we state and prove the generalized
result, we discuss the general market and the associated optimization problems and detail
the differences to the situation and the problems considered in Section

As notations are similar, we indicate by an indexed B whenever we consider objects from
that section, as the results are from Beiglbock, Henry-Labordere & Penkner [5]. That is, we
write M2 (p) instead of M,, (1, . ., ftn), etc. We discuss the differences that appear in the
primal and dual problems respectively. For this purpose, we adapt the single asset situation

from dimension n to dimension nd. That is, then there are nd instead of n trading times
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and the dimensions of the compared problems are equal. We stress that the differences

result from the introduction of multiple underlying assets.

1. Primal problem: The formal difference is induced by the different sets from which
the optimizing measures can come. Indeed, while IIZ, (1) and II1¢ (1) are equal, the

sets M5 (1) and M differ even for the same dimension.

Indeed, in ./\/lfd(u) we have martingale conditions connecting all marginals, as the
marginals correspond to the same underlying risky asset. Counting the conditions

leads to nd — 1 conditions of the form

Eo[St,, | St; .- St ] =S, Q-as., i=1,...,nd—1.

i+1
Conversely, in M we have martingale conditions only connecting the marginals
corresponding to the same underlying asset. Marginals of different assets are in no
specific relation at all. Formally, for all 7 = 1,...,d, we have the n — 1 conditions

Eq [S%., |S%,....S,] =8 Qas, i=1,...,n-1

tit1
Hence, we have d(n — 1) conditions, i.e. d — 1 fewer than in the single asset case.

2. Dual problem: As in the setting of Section the nd marginals correspond to the
same risky asset, the dynamic part of the hedging strategies contains nd — 1 single
timestep investments in the underlying. In the general market case, the hedging

strategies only consist of n — 1 such investments for every risky asset.

In fact, the d — 1 missing dynamic investment possibilities would allow trading of the
form A7 (-) (Stjfl — Sjn), j=1,...,d—1, in the general market case. Though such
swap-type strategies may be considered somehow, we only allow for classic dynamic

hedging strategies corresponding to one single asset.

The mentioned differences of our problems to those introduced by Beiglbéck, Henry-
Labordere & Penkner [5] induce value changes for P(c) and D(c). As for the sets of
considered martingale transport plans we have M 2O M5 (1), P(c) decreases from the
single asset case to the multi-asset case, i.e. P(c) < Pp(c). However, in the multi-asset
case we have fewer possible dynamic hedging strategies such that D(c) decreases as well,
i.e. D(c) < Dp(c). Thus, we may still hope to achieve duality.

The key result in this chapter is the desired duality result for the optimization problems
introduced in and . It guarantees that the lower bound for the price of the exotic
option and the price of the most expensive hedging strategy that sub-replicates the payoff
of the exotic option in a pointwise sense are equal. It generalizes Theorem as it allows
the exotic option to depend on more than only one asset. In particular, it allows us to

incorporate basket options.
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Theorem 5.1. Let M # 0 and ¢ : R™ — (—o00,00] be a lower semi-continuous payoff

function such that there is a constant K € R with
d n )
c(sgl,...,s%n,...,sfl,...,st >-K |1 +ZZ’S§1‘ (5.1)
j=1i=1

forall (st,,....st ,....s¢, ..., s8)eR™. Then P(c) = D(c) and there is a Q* € M such
that P(c) = Eqg-[c].

Considering ¢ := —c¢, we get the corresponding duality result for the upper price bound

and the cheapest super-replicating hedging strategy.

Corollary 5.2. Let M # () and ¢ : R™ — [—00,00) be an upper semi-continuous payoff

function such that there is a constant K € R with

d n
1 1 d d J
c(stl,...,stn,...,stl,...,stn)SK(l—i—E E ‘%)
j=1i=1

forall (s},,... st ... sk, ... s8)€R™. Then P(c) = D(c) and there is a Q* € M such
that P(c) = Eqg-+|c].

Before we prove Theorem [5.1] on page [44] we collect several auxiliary results. First, we
introduce a duality result for classic optimal transport, that we use in the proof of Theorem
with the correct dimensionality, = € T1%(u) and a certain choice for the function ¢.

Proposition 5.3 (][5, Proposition 2.1]). Let ¢ : R™ — (—o0, 00] be a lower semi-continuous

function such that there is a constant K € R with
O(x1, .. xn) > —K(1 4 x|+ ...+ |znl), (21,...,2,) € R",

and let p1, ..., pun € P(R). Then

Py (o) = inf ){ - gb(a:l,...,mn)w(d(azl,...,mn))}

TEy (1 y--esfbn

~ {g [ itz

©; €S
= Di1x(9).

(Pl(xl) +...+ @n(xn) < ¢(x1a ce 7xn)}

By Theorem the main task in the proof is to show that it suffices to consider
functions ¢; € S instead of functions ¢; € LY(R, ;). In order to do so, we need Lemma
and the following approximation lemma, the proof of which is reported in Appendix

Lemma 5.4. Let f € C,(R), p1,...,1n € P(R) and € > 0. Then there is a functionu € S

such that u < f on R and, for alli=1,...,n, we have

/ f(z) —u(z)pi(dr) <e.
R
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Proof of Proposition (5.5, In the proof of Theorem we show that without loss of gene-
rality we may assume ¢ > 0. By Lemma we may expand the class of admissible sub

hedging functions from S to Cy(R). Hence, we have to show

PJ(L/IK((Z5 = Ssup {Z/‘Pz 377, /147, dxz ‘ 901(3:1) ('rn) < ¢($1, s 7xn)} : (52)
@zecb(R
We start the proof of (5.2) assuming ¢ € C.(R™). Then in particular, ¢ is lower semi-
continuous. By Theorem , for all n > 0 there are ¢; € LY(R,;), i = 1,...,n, such
that o1+ ... 4+ ¢ < ¢ and

Plic(9) Z [ extwpmtaz) <

As C.(R) is dense in L' (R, y;), i = 1,...,n, see for example [78, Lemma V.1.10], we may as
well assume @1, ..., ¢, € C.(R). Hence, ¢, @1, ..., p, are uniformly bounded in particular.

Now we iteratively replace @1, ..., ¢, € C.(R) by @1,...,9Pn € Cp(R). We define

o1(x1) = pi(z1) +  inf {gb(xl,...,xn) —zn:gol(xl)}

z2,...,tn €ER -1

= inf n) — i\ Tq = inf H yeeosLn). 9.3
i {qb(wl,  Zn) ; pi(z )} ot H(zna). (5.3)
Let us prove ¢1 € Cp(R). Clearly, the boundedness of ¢; holds by definition as a sum of
bounded functions.
Now let us consider the continuity of ¢;. For all € > 0 there is a 6 > 0 such that for all

z,2’ € R with |z — 2/| <, we have

\H(z,29,...,2n) — H (2,22, ...,20) | = |@(x, T2, ..., 7)) — d(&, 22, ...,x)| < (5.4)

for all z3,...,z, € R, as ¢ is uniformly continuous. Hence, we also have
~ ~ / . . /
|p1(z) — p1(2')] = inf  H(z,xo,...,2n)— inf H(2',z9,...,2,)| <e.
T2,...,.tn ER T2,...,.tn ER

In order to prove the last inequality by contradiction, let us assume without loss of
generality that for some €9 > 0 and all § > 0 there are z,2’ € R with |z — 2’| < § such that

(,51(33) — (,51(.%”) > £9. (5.5)

Now let 69 = dp(gp) be such that is satisfied and zg = x¢(do), 25 = z((do) € R be
such that is satisfied. Let also (z(®),en with () = (xgk), . ,azgk)) € R ! bea
minimizing sequence for ¢1(zf), i.e. @1(xh) = limg_ oo H($6,$(k)). As |zg — x5| < do, by
(5.4) we have —eg < H(xg, %)) — H(xh,2®)) < gq for all k € N. Taking the limit we get

—eo < lim H (w0,2®) - G1(ap) < <o.
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However, contradicting the definition of ¢, this implies by (5.5) that we have
. (k) -
leH;OH (1’0,3: ) < ¢1(xo).

Hence, the assumption in (5.5) is wrong and thus the continuity of @1 holds.
Finally, we prove ¢; to be a reasonable replacement function for ¢;. By (5.3)), we have

o1(z1) + p2(x2) + ...+ onl(xn) < d(z1, ..., 2n)

n n

= xszxn {(;5(3:1, B z;gol(:c,)} < (1, .., Tp) — ZQQDZ(CCZ),
1= 1=

where the latter inequality is trivially satisfied. As @; € Cy(R), we have ¢; € LY(R, u1) as

well. Finally, as ¢ > 1 + ... 4+ ¢n, we have @1 > 1 by definition. Thus, ¢, is suitable for

the optimization problem and improves the value of DY, (¢).

Iterating this procedure for i = 2, ..., n, we replace p;(x;) by

i—1 n
Pils) = :pl,...,:ciq,igﬁl,...,xneﬂ% {d)(xl’ ey Tp) — J; Gj(xj) — j;‘rl Pj (x])} )
and thus arrive at the duality in for ¢ € C.(R™).

Now let ¢ € Cp(R™) be non-negative. If we manage to prove the duality in in this
case, using Lemma and the exact same arguments as in the proof of Theorem we
may transfer the result to general lower semi-continuous functions ¢ : R™ — [0, 0o].

Recall that by definition we have Py, (¢) > D% (¢). To get the opposite inequality,
we observe that IL,(u1, ..., py,) is tight by Lemma and Remark Thus, for every
m € N there is a compact set K, C R™ such that for all = € I, (g1, - - -, pin) we have
T(R"\ K,,) < L Furthermore, we define K,, := K, U[—m,m]™. Then we clearly have

m (R Kp) <
m

for all w € I, (p1, . - ., pin). For m € N, we define

- )o@, zn), (21, 20) € Ky
B 0, (X1, . ) & K.

Clearly, then ¢,, has compact support and satisfies 0 < ¢,, < ¢ for all m € N. We also
have g?)m(xl, consy) S o(xy, .. xy) forall (xq,...,2,) € R™ as m — 0o. Smoothing bm,

we achieve a continuous function ¢, that satisfies the following conditions.
1. ¢y = ¢ on K,,.
2. 0< ¢ < ¢ < ¢ on R™.

3. ¢m has compact support.
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We thus have a sequence (@, )men in C.(R™) such that ¢, (21, ..., 2,) 7 é(x1, ..., 2,) for
all (z1,...,z,) € R" as m — oo . Let m € I, (1, - - ., ptn). Then we have

- d(x1,. . xn) — O, .oy xp)w(d(21, ..o 2))
:/K $(@1, ..., @n) — (a1, .., z)m(d(1, . ., Tn))
+/ Qb(l'l,...,l'n)—¢m(l'1,.--,l’n)ﬂ'(d(l'l,.--,l'n))
R\ Ko

= ¢(x17"'>$n)_qu(xla"'7xn)7r(d(x17"'7xn))
R\ Km

B
SB'T((R”\Km)SE,

where B > 0 is the smallest bound for the bounded function ¢. Hence, we have

/Rn S(z1,. . xp)w(d(@r, ..y 2)) = /]R Sm(@1, .o 2) T d(@1, - 7))
+/Rn S(21, . 2n) — D1y s )T (A, 20)

< / on(@1s ) (A1) + 2
-

m
Applying the infimum over all = € I1,,(u1, . .., ttn) on both sides, we get the first step of

B B B

(D) < Prrg (ém) + - M (Pm) + oS M (P) + o
where we use the duality result for ¢,, € C.(R™) and ¢,, < ¢ in the second and the third
step. With m — oo we get the desired duality for ¢ € Cp(R™). O

With the adapted multi-marginal duality result of classic optimal transport proved, we
proceed to collect further useful facts. We recall that I1¢(u) is a compact and convex set.
Consider M C M%(x) and assume M # (). We show that M is as well compact with
respect to the weak topology 7o, (R™). For this purpose, we need two lemmata. While the
second lemma has to be adapted to our more general situation, the first lemma could be
used as stated by Beiglbock, Henry-Labordere & Penkner in [5) Lemma 2.2]. However, we
provide a more general version and report the proof in Appendix

Lemma 5.5. Let f € C(R") and p = (u1, ..., un) € P(R)™ be such that there are functions
fi € L(R, ), i=1,...,n, and a constant K € R with

|f(a:1,...,a:n)\ SK(l—i—Zfz(.%)) , (371,...,.%'n) e R". (5.6)
i=1
Then the mapping

i R flx1, .. op)m(d(zy, ...y 20))

is continuous on I, (w1, ..., p,) with respect to the weak topology Tep(R™).
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Remark 5.6. Observe that the assertion of Lemma holds in particular for the choice
fi(zi) = |xi|. That is, what is shown by Beiglbock, Henry-Labordeére & Penkner [5] and it
is all we need in the proof of Theorem O

Lemma 5.7. Let 1= (W11, fnds - filds-- - find) € P(R)™ and m € &(u). Then

the following are equivalent:
1. meM=Mp).

2. Forallj=1,....d,alli=1,...,n—1 and all h € Cy(R?), we have

J J J J 1 1 d d —
/R dh(stw"'vSti) (Sti+1 —Sti)ﬂ'(d (Stl,...,stn,...,stl,...,stn>> =0.
n

Proof. 1. = 2. Assume m € M. Then, by the definition of M, we have
/Rndh (sgl,...,sgi) (Sii+1 —s{)w(d (s%l,...,s%n,...,stdl,...,sfn»
= Ex [Ex [W(S] -, SIS, = S | S-S0 =0
for all h € Cp(R?), all j=1,...,dand all i =1,...,n — 1.

2. = 1. Assume 7 ¢ M. Then, by the properties of M, there is a j € {1,...,d} and an
i€ {1,...,n — 1} such that we have

E- [S%

tit1

~ S| Sk Sl #0
which is a contradiction to the second condition. O

Proposition 5.8. The set M is compact with respect to the weak topology Te(R™?).

Proof. As T¢(u) is compact and M C TI%(yu), it suffices to show that M is a closed
set. Therefore, for all i = 1,...,n — 1, all j = 1,...,d and all h € Cy(R?), we denote
h (St17 . .,si) =h (sgl, . ,sgi) (si s ) We also define

M(h,i,j) = {7‘( c Hg(u) ‘ hz (s{l,...,s{i)ﬂ(d (s%l,...,s%n,...,sfl,...,sgn>) :O}.

Rnd

Then, by Lemma we have M = (. ﬂ] 1 Nhec, iy M(h, 4, 5). The functions hz are

continuous by definition and they satisfy

S3.

< B(h) (’st

+|

)
i )

(stl,.. >‘<B(h)‘st+1— 1

where B(h) > 0 is the smallest bound for h. Hence, the functions satisfy the conditions of
Lemma such that 7 — [ h{ dr is continuous. In particular, M(h,1,j) is closed for all
i=1,....,n—1all j=1,...,d and all h € Cy(R?). Thus, M is closed as an intersection of

closed sets. O
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The last tool that we need to prove Theorem is a minimax theorem as it is known
from game theory, optimal control and related fields. We report such a theorem in Appendix
In the proof of our general theorem, we use it together with the duality result in
Proposition and the approximation statement in Lemma

Proof of Theorem[5.1. In order to improve readability, whenever the full nd-tuple appears,
we write S for (Stll,...,Sgn,...,Sg,...,an) and s for (stll,...,stln,...,sfl,...,sfn).

We start the proof showing that we may without loss of generality assume ¢ > 0. Notice
that if ¢ satisfies the assertion of Theorem ﬂ, then so does é := ¢+ Z;l:l > i1 i, where
Gije€S,i=1,....,n,j=1,...,d.

Indeed, on the one hand we have

d n

P@) = jaf FaleS)] = dof Bole()] + 323 B, (15 (s7)]
d n
= P(C) + Z ZEM,J' [@id (Stjz)} )
j=li=1

where in the second equality we use that all QQ € M have the same marginals and that the
second summand does not depend on the dependence structure between the marginals.
On the other hand we have

d n )
D(é) = Supz ZEM,J‘ [Qpid (Sgl)} )
j=1i=1
where the supremum is taken over functions ¢; ; € S such that there are h{ € Cp(R?) with
d n ) d n-1 ) ) ) ) d n )
Z Z i j (siz) + Z Z hl (sil, . sg) (Sgi+1 — sil> < ¢(s) =c(s) + Z Z@m <s§l) )
j=1i=1 j=11i=1 j=1i=1

which is the case if and only if

Z Z(cpm — i) <sil) + Z Z h! (sgl, A s{) (sii+1 — sgz) < c(s). (5.7)
j=1i=1 j=1i=1

We define 9; ; == ¢; ; — ¢; ; and immediately have v; ; € S. Thus, we have

d n d n

D(&) = sup > B,y [(is+ 805) ()] = D&V + XD B, 80 (S7)]
j=1i=1 j=li=1
as the 1); ; are by (5.7) exactly the functions in S that are used for the optimization in
D(c). As P(c) = D(c) holds, we have P(¢) = D(¢) as well. Hence, we may consider the
function ¢, the non-negativity of which holds by (5.1), defined as

j=1i=1

é(s)=c(s)+ K (1 + zd:z”: ‘sgl‘) > 0.
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Thus, let us assume ¢ > 0. Then the class of functions the theorem has to be shown for
is the set of all lower semi-continuous functions ¢ : R™ — [0, 00]. As those functions are in
particular bounded from below by 0, we may even assume ¢ € Cy(R"®) by Lemma

For such payoff functions, we justify the applicability of Theorem on the sets

K =TI (p),
the set of all transport plans on R™ with suitable marginals, and

d
T = (cb (R) x Gy (RQ) X G (R”‘1>) :
the set of d(n — 1)-tuples of bounded, continuous functions, and the function

f:KxT—=R, (mh)— o Xq(hg)(s)w(ds),

N j=1,.d
where we write h = (h{ )]

i=1,...,n—1

and define x,_ HE R™ — R by

d n—1

c(hj) =c(s ZZh{ (stl,...,s{i) (s{m —s{i>.
j=11i=1

We already know that K is compact. The convexity of K and T' are well-known and
obvious respectively. Thus, we only have to show that f is indeed a suitable function.

Let us first check the second condition. Therefore, let A € T be arbitrary. We have to
investigate the mapping 7 +— f (7, h), which is convex by definition of the integral. In
order to check the continuity, recall that ¢ € Cy(R"?) and h! € Cy(R?) forall i =1,...,n—1
and all j =1,...,d. Hence, Xe (h?) is continuous as a combination of continuous functions

and it satisfies

n—1

d
Xey ()] S le() + X

j=11i=1

J J J
h; (Stl,..., tz)’ (‘sti+1

Denote by B(c) > 0 and B (hz ) > 0 the smallest bounds for the bounded functions ¢ and
hg,i: 1,...,n—1,5=1,...,d. Then we obtain

D

J
+ ‘St-

d n—1

Ko@) < B0+ 32328 (1) (|

+ ’st

)
n d n
=B(0)+ 3> B]|sl,| = B(e) (HZZfij (4))

j=14i=1

where BZJ >0 and flj e LYR,pij),i=1,...,n,j=1,...,d, are defined in such a way that
the equalities hold. Clearly, the integrability holds, as the first moments of all marginals
exist. Thus, is satisfied and 7 — f (m, h) is continuous by Lemma

Now let us check the third condition. Therefore, let 7 € K be arbitrary. Then the
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mapping h — f(m, h) is concave on T as for all h,h € T and all A € [0, 1], we have

f(m (A + (1= V) = A (m,h) + (1= ) f (7, ).

Now let us prove the desired duality. By definition of the sub hedging problem, we have

D(c) = sup {ZZ/(/%J st i j (dst)

%i,i€S | j=1i=1

hET W, (s) S els )}.

By the definitions of \I/(%jx(h{) and X (h): We have

d n
i (I _
\If(%j),(hg)(S) <c(s) <= ;;‘Pw (sti) < Xc,(hg)(s) (5.8)
j=1li=
for all s = (3%17 e 78%717 cee S,?ll, .. ,sfn) € R™. Decomposing the supremum, we have

We justify (¢) in the case that all the suprema are indeed maxima.

Let us first show that ,<“ holds. For this, let ¢;;, i = 1,...,n, j = 1,...,d, be
maximizing functions for the supremum on the left hand side of (¢) and let the value be
denoted by Z(@; ;). Then by definition there is an h € T satisfying the left hand side of
. By the equivalence, the functions ¢; ;j are accessible for the inner supremum on the

right hand side of (o) for fixed h = h in the outer supremum. Thus, we have

I(pij) < sup {ZZ/%,J St i g (d3t>

%i,i€S | j=1i=1

d n )
Z Z@i,j (s‘gz) < Xc,(hg)(s)} .
j=1i=1

Clearly, maximizing over all possible h € T the right hand side gets only bigger.

Now let us show that ,>* is true. For this, let i and Gij,i=1,...,n,5=1,...,d, be
maximizing functions for the double supremum on the right hand side of (¢) with value
J(h, ©;.5)- Then the right hand side of is satisfied by definition and thus the ¢; ; are

accessible for the supremum on the left hand side of (¢). Thus, we get

©i,j €S j=1i=1

sup {ZZ/S‘%,] St ,uz] dst)

In total, we have the desired equality in the case of existing maximizers. The same

arguments work when we consider maximizing sequences instead of maximizers. Thus, ()

does indeed hold.
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Now using Proposition on the right hand side of (5.9) with the choice ¢ = Xe (h) We
get the first equality of

D(c) = sup Jnf | Xewh)()m(ds)

:7}1612 2161531 - Xc,(h{)(s)ﬂ-(ds)

< inf [ e(s)Q(ds) = Po).

while the second equality holds by application of Theorem The last equality holds by
definition, but (o) needs some more detailed justification.

For this, let m € T1¢ (1) \ M be fixed. Then, by Lemma there are ¢ € {1,...,n — 1},
je{l,...,d} and hf € Cp(RY) such that

/Rnd hg (s{l, . .,S{i) (s{wrl — si) m(ds) # 0.

Suitably scaling, we get this integral to be arbitrarily large. Hence, the supremum on the
left hand side of (o) becomes arbitrarily large for any 7 € I1%(u) \ M. As we minimize the
value over all 7 € K, it suffices to consider Q € M. Furthermore, for all Q € M, we have
s h (sgl, cel sii)(sipr1 - s{i)(@(ds) =0,
foralli=1,...,n—1,j=1,...,d and hf € Cy(R?) by Lemma Thus, by definition of
Xe,(hiyr We also have

X (@Qds) = [ e(5)Q(ds).

Rnd Rnd
which yields (o). Thus, we have shown the desired duality for ¢ € Cy(R™).

In order to complete the proof, let us now assume that ¢ is lower semi-continuous and as
before ¢ > 0. By Lemma there is a sequence (cx)ren of functions in Cp(R™) such that
0<ci <cy<...and supgencr = C

Let us define a sequence (Qg)ren of measures in M such that, for all k£ € N, we have

Pla)2 [ eo)Quds) - 1. (5.10)

Rnd k

Let k € N. Then there is a sequence (ng)geN of measures in M such that

P(cy) = oy o cr(s)Q(ds) = lim o cr(s)Qf (ds).

We may choose the sequence such that the convergence is monotone, i.e. such that we have
Jgna ci(s)QE(ds) \y P(cy). Hence, for all & > 0 there is an £y € N such that

0< /R ep(s)Qh(ds) — Pley) <
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for all £ > £y. Choosing a suitable subsequence of (ng) ¢eN, we have

1
| al)Qkds) = Ple) < o
for all £ > k and in particular
L ex9)@k(ds) - Pl < o
na CF k k) S or

This yields a sequence (Q’g) ren of measures in M such that for all kK € N, we have

P> [ al)Qkds) - 5

Furthermore, we have ¢,  c¢. That is, for all € > 0 there is an kg € N such that
0 < c¢— ¢ < ¢ and, in particular, ¢ > ¢ — ¢ for all £ > ky. Again choosing a suitable

subsequence, we obtain ¢ > ¢ — i for all k € N. In total, we have

P> [ alo)@hds) - 5= [ (els) - g )@k~ 5 = [ cts)abds) — ;-

Choosing (Qk)ken = (Qllj) reN, we have the desired sequence of measures in M.

As M is compact by Proposition we may assume that (Qg)ren converges weakly to
some Q € M. Then we have

Pe)= inf [ e(s)Q(ds) < /

QeM Jrnd Rnd

o(£)0(ds) 2 im [ ci(s)0(ds)

© lim <lim /Rnd Ce(S)@k(ds)) (%) lim (lim /Rnd Ck(S)Qk(d3)>

{—o00 \ k—o0 l—o00 \ k—o00

k—roo JRnd —o0 JRnd

(%)
= [ a0 < tin [ @) < im (Pa)+ 1) = lm P,

The equation marked with (¢) holds by the monotone convergence theorem. The equation
marked with () holds by the definition of weak convergence, since ¢;, € Cp(R™), k € N. The
inequality marked with (o) holds, since the sequence (cj)ken is monotone non-decreasing,.
Finally, the inequality marked with (x) holds by (5.10).
By definition of the sequence (c)gen, we have D(ci) < D(c) and P(cy) < P(c) for all
k € N, which implies
D(c) > D(cx) = P(cx) / P(c).

Thus, we have D(c) > P(c). Recalling the weak duality inequality P(c) > D(c), we finally
have P(c) = D(c) for general lower semi-continuous functions ¢ : R" — [0, c0).

It remains to show that the infimum in the primal problem is attained. If P(c) = oo, then
this is trivially satisfied. Thus, we assume P(c) < oco. Then there is a sequence (Qx)xen
in M C % (u) such that P(c) = limg o [ ¢cdQg. As M is compact, a subsequence of
(Qk)ren converges weakly to some Q € M.

As the payoff function c is lower semi-continuous, for any sequence (m3)gen in II% ()
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weakly converging to some 7 € I1¢(u), we have by Lemma and Remark that

7+ [ edm is lower semi-continuous, i.e.

liminf [ e(s)mu(ds) > / o(s)m(ds).

k—oo JRnd Rnd

Thus, the limit measure Q € M is a minimizer of P(c). O

Remark 5.9. In Section we mentioned that in classic optimal transport an optimizer
to the dual problem does not exist in general. The same applies to martingale optimal
transport. In the following sections we discuss, among other topics, the existence of dual
optimizers.

However, if we assume that a dual optimizer exists, i.e. if there are functions ¢; ; € S
and h! € Cy(R?) such that ¥ := \If(%,j)’(hg) < c and 2?21 doic1 By, [cpi,j (S’i)} = D(c),
and if further Q is a primal optimizer, i.e. if Eg[c] = P(c), then

0 <Eglc—¥] = P(c) — D(c) =0.

That is, the sub-replicating hedging strategy W replicates the payoff function ¢ at least

Q-almost surely. This property of a dual optimizer is also used in the following chapters. ¢

Remark 5.10. A result similar to Theorem may be obtained applying a result from
Zaev [79] on optimal transport with linear constraints. In order to understand how this is
done, let us shortly discuss the work of Zaev [79].

For this purpose, let u1,...,u, € P(R) and define for all i = 1,...,n,

CL(pi) = {f € L"(R, i) NC(R)},

the set of all continuous functions that are absolutely integrable with respect to p;. Further
define

Co(p) =CL(p, ..., pn) = {h € C(R") ’ 3f = fi € @ Cu(pi) with |h| < f}
i=1 i=1
equipped with the seminorm

AL = sup h(z1,...,xn)w(d(x1, ..., 20)).
TEILy (11 5eeespin) /R?

Now let W C Cp(1) be some subspace and ¢ € Cp(p). Then the author considers the

constrained Monge-Kantorovich problem of optimal transport
inf c(x1y .. xp)m(d(zy, ...y x0)),

nelly Jrr

where

IOy = {7r eI, (p1, -y pin) ‘ / w(zy, ..., xn)7(d(z1,...,2,)) =0 for all w € W}
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Theorem 5.11 ([79, Theorem 2.1]). Let p1,...,un € P(R), W C Cr(u) a subspace and
ceCr(p). Then

nelly Jrn

inf (..., zp)m(d(z1,...,2n)) = sup; /R filxy)pi(da;),

where the supremum is taken over functions f; € Cp(u;) such that there is a function w € W
with Y1y fi(z) +w(zy, ... zn) < c(z1,...,2y) for all (x1,...,2,) € R".

Using this theorem, we may state a result similar to our general duality theorem. In

order to do so, consider measures fi1,1,. .., n1,---,Hids-- -5 Mnd € P(R) and choose
d n—1 ) ) ) ) )
ZZ (stl,..., §Z> (sii+1 —s{i> hl € G(R"),i=1,....n—1,5=1,...,d
=1

The functions in W are obviously contained in C(R™?) and further we have

J J J J J J J J
> DN (Stl’ e vsti) <5ti+1 - St@-) ‘ <> > B (hz> "Stm - Sti‘
Jj=1j=1 Jj=1j=1

n—1 ) ) d n
J J J 1) — RJ | J
SZ B(hi) (’St-H +’Sti)_ZZBl St;
Jj=1j=1 Jj=1j=1
d n
_ J 1 1 d d
- ZZf’L,j (Sti) f (Stl, y St y Sty astn> )
Jj=1j=1

where B (hf ) > 0 are the smallest bounds for the bounded functions h{ and Bg are suitable
constants such that the equality holds. Thus, we have indeed W C Cr,(u).

Using Lemma we obtain Ilyyy = M and thus the similarity of Theorem and
the discussed special case of Theorem However, we observe some differences in the
assumptions on the payoff function and the hedging functions between the two results.

Indeed, our theorem allows for more general payoff functions. In particular, we do not
need continuity such that payoff functions with jumps, as for example for binary type
options, are covered. Furthermore, the class of functions that we use for static hedging is a
subclass of the class considered by Zaev that allows nice interpretation when it comes to

application, as we only use payoff functions of liquidly traded options for the hedging. ¢

Let us close this section discussing some drawbacks of the theory of martingale optimal
transport.

A first drawback is, as we already mentioned, that dual optimizers do not exist in general.
This was first shown by Beiglbock, Henry-Labordere & Penkner [5, Proposition 4.1]. A
much simpler counterexample is given by Beiglbock, Nutz & Touzi [9, Example 8.2]. As we
do not contribute anything to the progress on existence of dual optimizers, but only present
some important proceedings in that direction, we do not discuss any counterexamples.

Instead, we proceed with a second drawback which is less technical but as important.
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That is, upper and lower price bounds may deviate vastly. This can for example be seen in
Liitkebohmert & Sester [59] Sec. 5], who numerically investigate the price differences in the
standard market case and also suggest methods to improve the situation using additional
information about the variance of asset returns. We complement their numerical studies

by illustrative investigations in the general market case for d = n = 2.

Ezxample 5.12. In order to illustrate the problem, we do not need to consider marginals
too complicated. Thus, we restrict ourselves to the case of simple discrete measures. In

particular, we consider the marginals

1 1
pi1 = §(58 + 010 + d12) <c 1(57 + 09 + 611 + 013) = a1,
1

B2 = 3

1
(08 + 010 + d12) <¢ 5(54 + 07 + 910 + 013 + O16) = p12,2-

In Table we state the payoff functions that we consider in this example.

Exotic option type Payoff function
. +
Basket option cB (531,532,531,532) = (i(Stll + S}, +SE +SE) — 10)
Binary option e (SE, 8L S2.82) =1 -1
Yy op ( t1 Ptgr Pty tz) {S22>St11} {St22>st21}
. . + +
Asian option ca (84, 54,5%,5%) =1 (S5, = St,) " - (S%, — S%)
sl _gl \2 52 _g2 \ 2
Variance option cv (831,532,531,8,?2) = ( 2 "1) . ( 2oy ‘1>
t1 t1
sl _gl 52 _g2 \t
Covariance option ce (S,}l,StIQ,Sfl,SfQ) = ( ‘251 . t252 tl)
t1 t1

Table 5.1.: Types of payoff functions

Let us now compare the resulting upper and lower price bounds for exotic options with

the given payoff functions with respect to the sets of measures
M3(p) S 113 50 (k) € T3 (),
where we define

I (1) = {m € W3(u) ‘ Cova(S},,Sty) > 0, Cova(S2, S3) > 0}

1’ 1’

This set is of interest as the dependence structure of martingales ensures non-negative
covariance in the above sense. However, it is easier to implement the above condition of
non-negative covariance than the martingale property itself.

In Tables and we state the upper and lower price bounds for the different
options and the different underlying sets of measures. The values are calculated numerically
using classic methods of linear programming, as the price bound problems reduce to finite

dimensional linear programs in this case.
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Payoff function ¢ | inf, cpz(,) Ex [c] infﬁenim(m E-[c] infoe amz () Eg|c]
CB 0.075 0.09 0.1464
c1 0 0 0
ca 0 0 0
cy 0.0007 0.0007 0.001
cc 0 0 0

Table 5.2.: Lower price bounds for different exotic options

Payoff function ¢ | supge iz () Eo [d] SUPrer _ (u) Br [c] SUP ez () Ex [d]
cB 1.022 1.033 1.033
c1 0.6 0.6 0.6
cA 0.9944 2.1125 2.675
cv 0.0218 0.0859 0.1092
cc 0.072 0.171 0.241

Table 5.3.: Upper price bounds for different exotic options

Finally, in Table we collect the relative price range

SUPQemz(u) Bold — infoeaz () Eqld]
infge () Eold]

and the relative sharpening of the price ranges by the martingale property

~ suPgerg(u Eold — infgerz () Eald
suPgerz () Eold — infgerz () ol

for the different payoff functions, both denoted in percent.

Payoff function ¢ | Relative price range | Relative sharpening
CcB 1277.77 8.6013
c1 - 0
cA - 62.8262
cy 15500 80.8295
cc - 70.0124

Table 5.4.: Some key numbers to measure the price bound quality in percent.

We see that the price bound differences are rather great even in the martingale case,
but we also see that often the martingale property leads to a major improvement of the
price bounds. However, there is room for further improvement. We discuss some possible

improvements of the price bounds in Section [5.3] where we consider an approach using

additional information on the asset prices. A
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5.2. EXISTENCE OF DUAL OPTIMIZERS

In this section, we present some results on the existence of dual optimizers for martingale
optimal transport. In Section we present the first result in that direction derived by
Beiglbock, Nutz & Touzi [9]. The authors introduce the notion of irreducibility in order
to guarantee the existence of dual optimizers. We present some more recent results by
Beiglbock, Lim & Obl1dj [8] that we need in Chapter |7l Those results are achieved in the
standard market case. In Section we present some generalizations to the general
market case provided by Nutz, Stebegg & Tan [65] and Lim [58]. We focus on the results

and do not discuss any difficulties or subtleties that are not important for our work.

5.2.1. THE STANDARD MARKET CASE

We immediately state the central notion of irreducibility that goes back to Beiglbock, Nutz
& Touzi [9]. It plays an important role in Chapters[6|and 7, where we consider the standard
market case. The irreducibility property intuitively stems from the observation that points
in which the potential functions of the marginals  and v touch, i.e. points z € R such

that u,(r) = u,(x) holds, somehow restrict martingale transport plans.

Definition 5.13 ([9, Definition 2.2]). Let p,v € P4(R) be such that u <. v. The pair
(p,v) is called drreducible, if the set I = {u, < u,} is connected and p(I) = p(R). In this
situation, let J be the union of I and any endpoints of I that are atoms of v. Then (I, .J)
is called the domain of (u,v).

While Henry-Labordére & Touzi [38] introduce an equivalent definition in terms of call
option price functions, Beiglbock, Nutz & Touzi [9] also discuss several useful consequences
of this definition. In order to understand the definition of irreducibility thoroughly, we
recall some of these consequences here.

First of all, recall that <. v implies v, < w,. Hence, outside of I we have v, = u,. As
both measures have the same mass and barycentre, we have v(J) = v(R). Indeed, J is the
smallest superset of I such that v is concentrated on J. A very important property proved
by Beiglbock, Nutz & Touzi [9] implies that whenever discussing the standard market case,

we may assume the pair (u, ) of marginals to be irreducible.

Proposition 5.14 ([9, Proposition 2.3]). Let p <. v and let (I;)1<x<n be the (open)
components of {u,, < u,}, where N € {1,...,00}. Set Iy =R\ Ug>q Ix and py = g, for
k>0, so that =73 o pk- Then there is a unique decomposition v =} vy such that

1. po =vo and pux <. vy for all k > 1.
2. I, = {uy, <uy} forallk > 1.

Moreover, any Q € Ma(u,v) admits a unique decomposition Q = > k>0 Qk such that
Qr € Ma(pk,vg) for all k > 0.
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In order to show dual attainment using irreducibility, the set of functions over which the
dual problem is optimized has to be relaxed. For this purpose, a generalized integrability
notion is introduced. In the next two definitions, we assume the pair (u,v) with u <. v to
be irreducible with domain (I, J).

Definition 5.15 (]9, Def. 4.7 & 4.9]). Let ¢ : I — RU{—o00,00} and ¢ : J — RU{—00, 00}
be Borel functions. If there exists a concave function x : J — R such that ¢ — x € L1(R, )
and ¥ + x € LY(R,v), then we say x is a concave moderator for (p,1) and define

[ e@ntan) + [ vwwan) = [ o=@ + [ @+ 0@
1 2
g o m)@X @) [ xwtay)

Denote by L¢(u, v) the set of all pairs (¢, ) of Borel functions that admit

1
5 [ =)@ (@)~ [ x(idy) < .
I NI
With the notion of a concave moderator and the relaxed notion of integrability, we may

introduce the relaxed set of super hedging strategies.

Definition 5.16 ([9; Definition 5.1]). Let c: I x J — [0, o0]. Then we denote by Dy’ (c)
the set of all triples (¢, ¥, h) of Borel functions ¢ : R — RU{—00, 00}, ¥ : R — RU{—00, 00}
and h : R — R such that (¢,%) € L¢(u,v) and

o(x) +v(y) + hz)(y —2) > c(z,y), (v,y) €1 X J.

Theorem 5.17 (]9, Theorem 6.2]). Let p,v € Po(R) be such that pn <. v and (p,v) is
irreducible. Further let ¢ : R? — [0, 00] be a payoff function.

1. If ¢ is upper semianalytic, i.e. if the set {c > a} is the image of a Borel subset of a

Polish space under a Borel mapping for all a € R, then

sup Egle(X,Y)] = inf {/cpxuder/Q/)yydy}EO,oo.

ey 0 [¢(X,Y)] . R A (@)uldz) + [ d(y)r(dy) ; €0, o]

2. If inf {re(x)pu(dx) + [ ¥ (y)v(dy)} < oo, then there exists a dual mini-
(b, R)EDT™ (0)

mizer (p,, h) € D" (c).

Now we proceed with the results of Beiglbock, Lim & Obléj [8]. We remark that the
authors actually consider the lower price bound problem in (4.8]) and associated to that the
sub hedging problem in (4.11). On the contrary, in the standard market case, we mostly
consider the upper price bound problem in and the super hedging problem in .
However, the results of Beiglbock, Lim & Obl6j [8] are crucial for our work in Chapter
Therefore, we do not present the original results but adapted versions that we can apply

later.
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The authors investigate the existence of dual optimizers from an application-oriented
point of view in the sense that they try to find conditions on the payoff function and the
marginals such that optimizers do not only exist but also have some nice properties. For
this purpose, they introduce the notion of a dual optimizer independently of the super
hedging problem in using the intuition that we developed in Remark

Definition 5.18 ([8, Definition 2.1]). Let u <. v and ¢ : R? — R be a payoff function.
Then a triple (¢, %, h) of functions ¢ : R - RU {0}, ¥ : R - RU{oo} and h: R — R is
called dual minimizer, if ¢ is finite p-almost surely, ¢ is finite v-almost surely and, for any
maximizer Q* € Ms(u,v) of the upper price bound problem in , we have

p(x) +P(y) + h(z)(ly — ) > c(z,y), for all (z,y) € R,
o) +¢v(y) + h(x)(y —x) =c(x,y), for Q*-almost every (z,y).

Definition 5.19 ([8, Definition 2.2]). Let J be an interval and u € Po(R). We say that a
function ¢ : R? — R is semi-concave in y € J p-uniformly, if there exists a Borel function
u: J — R such that for y-almost every x, the mapping y — c(x,y) + u(y) is continuous

and concave on J. In this case, we say that u is a y-concavifier on J for c.

Theorem 5.20 ([8, Theorem 2.3]). Let p <. v, J = conv(supp(v)) and c : R* — R.
Suppose that there exists a y-concavifier u on J for c. If J is not compact, then further

suppose that y — c(xz,y)+u(y) is of linear growth on J. Then there exists a dual minimizer

in the sense of Definition|5.18.
Theorem 5.21 ([8, Theorem 2.5]). Suppose the assumptions of Theorem|[5.20 are satisfied

and that further c is Lipschitz continuous on J X J and u is Lipschitz continuous on J.

Then there exists a dual minimizer (p,, h) such that ¢ and ¢ are Lipschitz continuous on
J and |h| is bounded on J.

Remark 5.22. 1. If ¢ and u in Theorem are Lipschitz continuous with constant A,
then the dual minimizer may be chosen such that ¢ and 1) are Lipschitz continuous
with constants 19A and 17A on J, and |h| is bounded by 18A on J. This is computed
in the proof of Beiglbock, Lim & Obldj [8] Theorem 2.5].

2. In a former version, the authors prove Theorem for compact J. Then the
proof yields that the dual minimizer may be chosen such that ¢ and ¢ are Lipschitz
continuous with constants 7A and 5A on J, and |h| is bounded by 6A on J.

3. Analyzing the proof of [8, Theorem 2.5|, the authors recognize that the global
Lipschitz condition may be weakened. Instead, one demands that there isa A > 0

such that for the domain (7, J) of every irreducible component of (u,r), we have
o ¢y(z,b—) +u(b—) — cy(x,a+) — v/ (a+) < 4A for all z € T = (a,b).
o |c(z,y) —c(a,y)| < Alx — 2| for all z,2/,y € J. O
For us, Theorem and Remark are of major importance in Chapter
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5.2.2. THE GENERAL MARKET CASE

Nutz, Stebegg & Tan [65] generalize many aspects of the work of Beiglbéck, Nutz & Touzi
[9] to the general market case for d = 1. In particular, they prove a generalized version of
Theorem restating the well-known duality and proving the existence of dual optimizers
whenever the value of the dual problem is finite. The theorem is the same as Theorem
only for a version of the dual problem with a different space of functions over which the
hedging may be optimized. As the introduction of this so-called dual space takes several
pages, we skip the exact formulation of the generalized version.

Lim [58] generalizes some of the results from Beiglbock, Lim & ODbl6j [8] for the general
market in the case n = 2. Therefore, let p1 1,421 ..., 11,4, 2,4 € P(R) be such that
p1 <c poj, j = 1,...,d and denote 1 = (pi1,-..,01,4), p2 = (p2,1,---,p2,4), and
p = (p1, o). Consider the set of martingale transport plans M$(u), which can also be
written as the set of all probability measures of R? x R¢ such that

1. If Q! and Q? are the d-copulas induced by an element Q € M%(u), then they have
marginals p1,1,..., 41,4 and po 1, ..., tg 4 respectively.

2. If (Q.), is a disintegration of Q with respect to Q!, then for any convex function
¢ : RT — R it must satisfy ¢(z) < [ra ¢(y)dQ.(y) Q-almost surely.

In this situation, Lim [58] considers the same lower price bound problem as we do in
. However, the dual problem is changed slightly. Indeed, instead of assuming ¢; ; € S
and b/ € Cp(R) for i = 1,2, j = 1,...,d, the author considers y; j-integrable functions
¢ij R — RU{-00} and h/ : R? — R bounded for i = 1,2, j = 1,...,d. Differently to
our situation and as already discussed in the second part of Remark this allows that
the dynamic investment in the assets depends on the history of all assets. Clearly, on R%¢

the functions have to satisfy the usual sub hedging property

d
Z {gpm (s{l) + 2,5 (3{2) + Y (3%1’ .. .,stdl) (3{2 — 3{1)} <c (stll, .. .,sfl,stlz, .. .,sz) .
j=1
(5.11)

Using such functions, the definition of a dual maximizer is quite similar to the definition of
a dual minimizer from Definition

Definition 5.23 ([58, Definition 2.1]). We say that (1,5, ¥2,j, hj)jzl _; is a dual mawi-
mizer for the sub hedging problem in (4.9), if

1. The functions ¢; ; are finite 1, j-almost surely and such that (5.11)) holds.

2. For any minimizer Q € M$%(p) of the lower price bound problem in (4.6), we have
equality in (5.11) Q-almost surely.
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Theorem 5.24 ([58, Theorem 2.2]). Let (u1j, pa,j) be irreducible with domain (I;,J;) for
j=1,...,d. Let ¢ : R?** 5 R be a lower semi-continuous payoff function and suppose that

1 1 d d
’c (stl,...,st2,stl,...,st2)

d
< Zvj (Sg;) + wj (S{2>
j=1

for some v € LNR, pu1 ;) and wj € LNR, pa ), j =1,...,d. Assume further that there is a
function q : Jyx...xJg — R such that ¢ € LY(J1 x...x Jg, ) for allm € Wa(p2a, ..., p2.4),
and for all (st,,...,sE) € Jy X ... x Jq, we have

1 1 .d d 1 d
sup c(stl,...,stQ,stl,...,stg) < q(stZ,...,stQ).
(5%1,...,8211)611><...><Id

Then a dual mazimizer exists.

5.3. IMPROVEMENTS OF THE PRICE BOUNDS

In this section, we present some results on the improvement of the price bounds for
martingale optimal transport. In Section we present an approach introduced by
Liitkebohmert & Sester [59], who use additional information on the variance of the asset
returns in order to tighten the price bounds in the situation of Beiglbock, Henry-Labordere
& Penkner [5] as presented in Section In Section we adapt this approach to the

general market using the entire covariance structure of the asset returns.

5.3.1. IMPROVEMENTS USING INFORMATION ON RETURN VARIANCE

When pricing an exotic option with payoff function ¢ : R — R on an underlying risky
asset S = (Sy,...,S,) with marginals u1 <. ... <. uy,, Litkebohmert & Sester [59] aim
to improve the price bounds Pg(c) and Pg(c) = SUPQE My (p1,..opin) BQ[C(Sty5 - - -5 St,)] by
incorporating more than just the marginals and the martingale property into the set of

potential pricing measures. For this purpose, they assume to have information on the

S — Sy,
Var( tJSti tl)

for all 1 <i < j < n and motivate how this could be achieved in application. Clearly, in

variance of the asset returns

order to have a well-defined variance, one does assume that the underlying takes positive
values, i.e. Sy, > 0,4 =1,...,n, which is equivalent to supp(u;) C (0,00), i =1,...,n.
The authors restrict the set of potential pricing measures to the set of martingale

transport plans that additionally satisfy the above variance condition, i.e. to the set

S, — Sy,

V(o, L, pi1y ey i) = {Q € M(ui, ..., pn) ‘ VarQ( S ’> :01-2]- for (i, ) EI},

where Z C {(,§) € {1,...,n}?,i < j} is an index set and o = (0y;)(; j)ez is the matrix of
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standard deviations of the asset returns. Then

Pgp(c) < inf Eglc(Sty, .-, S,)] < sup Eglc(Sty,---,S,)] < Pgle).
QeV(o,Z 1 sespin) QEV(0,T a1 st1m)

In this scenario, Liitkebohmert & Sester [59] prove several results. Those results are among

others a characterization result for the set V(o,Z, u1, ..., tn) similar to Lemma a

strong duality result for the problems

inf Eqle(Sty, .-+, St,
QEV(0,Z,p15--s14n) Q[ ( " ' )]

and

8116% {Z EM [goi (Stl)]’Elhl S Cb(Ri), Q5 Z 0: \I’(%),(hi),(aijﬂﬁ) Z c on Rn} y
¥i i=1

where

n n—1
\Il(‘Pi)v(hi)v(aij7Uz‘j)(stl’ e Sty,) = Z pi(se;) + Z hi(seys- - -, Sti)(stiH — 5t;)
i=1 i=1

2

St 9

p el )
(i.4)eT ’

similar to Theorem and several results concerning the price gap between the lower and

upper price bounds with respect to V(o,Z, p1, ..., ). Litkebohmert & Sester [59] also

discuss the improvement of the price bounds by the additional information in an extensive

numerical study.

5.3.2. IMPROVEMENTS USING INFORMATION ON RETURN COVARIANCE

Now let us consider the situation of the general market case. Then proving similar results
as Liitkebohmert & Sester [59] considering return variances for the multi-asset case would
be a strong generalization, as this gives rise to basket options among others. Anyhow, we
intend to derive even stronger results by taking the complete covariance structure of asset

returns into account.

For this purpose, let p1.1,..., fin1s- -5 fi,ds - -5 fin,d € P((0,00)) be the marginals of d
different assets S, ..., S?% taking strictly positive values with w1 <Zc .- <¢ pn,j for all
j=1,...,d and let ¢ : R"™ — R be a payoff function. We incorporate information on the
covariance of the returns to the set of potential pricing measures QQ by posing conditions of
the type ' ' ' '
Sit—Si s sp

" y 72 :O'(jl,jQ,il,...,i4), (5.12)
St si

COVQ

where j1,j2 € {1,. . .,d}, 11,...,14 € {]_,...,TL}, 71 < jo, i1 < 19, and 3 < i4. That is, we
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introduce the set of all covariance restricted martingale transport plans
C(2,7) ={Q € M| Q satisfies for all (j1, jo,%1,...,14) € L},
where 7 is a suitable index set such that
T {(Godoin, - ovia) € {1, ¥ x {1, o} | i < oy in <ip and i < ia

and ¥ = (0(j1,72,%1, - -, 84))(jy josi1,....is)eT contains all return covariances. We shortly
denote a generic index by Ig == (j1, jo, 91, .. ,%4)-

In this situation, we consider the upper and lower price bound problems

Y s 1 1 d d
Piue) = inf Eq e (ko St st 8t )] (5.13)
‘C
< sup Eg {c (Stll,. L SE .,Sfi, . .,Sflnﬂ =: P, ,(c).
QeC(x,7)
Remark 5.25. 1. When it comes to application, we often choose i1 =ig =19 —1=1i4—1

in order to consider one step returns with either j; = jo regarding the variances of
the returns or j; # jo regarding the covariances of the returns of two different assets

at the same time point.

2. For k=1,...,d, we denote by

V (Z,I) =4qQ¢€ Mn(lul,ka"'v/"n,k) Var@ JT = O'(k’,]{f,l,],l,])

ti

for all (k,k,i,7,4,7) € I}

the set of all martingale transport plans restricted with respect to the return variances
of the asset S* as considered by Liitkebohmert & Sester [59]. Then we have

C(S,T) CV(S,T) =Tl (VI(S,T), ..., VA(S, 7))
= {7r € P(R™) | 7 has n-marginals 7; € Vj(E,Z)} Cc M,

where V(X,7) is the set of martingale transport plans only incorporating variances.
We define 7= = {(jl,jQ,il,. . .,i4) A | J1 = J2,11 = 13,19 = i4}, the subset of Z
only containing indices that lead to variance conditions. Then V(3,7) = C(X,Z7).
We may then consider the price bound problems
1% — : 1 1 d d
Ple) = inf  Eq e (ShooesSEon St 82 )]
d d .pY
< sup Eg [c (s}l, L SE s ,Stn)} =PV, (c).
QeV(E.1)

Opposed to V(X,7Z), we may consider the set of martingale transport plans only
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incorporating true covariances. That is the set (C\ V)(X,Z) == C(X,Z\Z7). We may

then also consider the price bound problems

c\v . 1 1 d d
P = f E Sy, S8, S
0 = g 2 (oS 5E)
—C\V
< sup Eg {C(Stll,...,S}n,...,Sfll,...,an)} ::Pn> (c).
Qe(C\V)(E,1)
3. As the asset price processes S*, k = 1,...,d, are martingales under any potential

pricing measure, we may derive an alternative representation of the covariances.

Indeed, we have

Sit—sh s — 8P st s
'L2 Zl 'L4 23 'LQ 'L4
COVQ J1 ’ J2 - COVQ J1 7 QJ2
1 3 1 3
J1 J2 J1 J2 J1 J2
t; Sti Sti Sti Sti t;
—F 2 4 - 2 E 4 —T 2 . 4 -1
- gt g2 Q g Q g2 | Q g g2 ’
til ti3 til ti3 til ti3

where in the last step we use the tower property and the martingale property. If we
assume j; = jo and iy # 44 Or i1 # i3, then again using the tower property multiple
times, we obtain that the asset return covariances are equal to zero, as martingale
increments are always uncorrelated. Therefore, we may reduce the index set under

consideration to

Z CH{ (1, d2y i1 yia) € {1, .0 d}? x {1, o}t | g1 < gayin < i, i3 < g,

and if jl = jg, then ig = i4 and il = ig}. <>

Let us now at least shortly motivate how we could gain the necessary information about
the return covariances. By the third part of the previous remark, we have to derive
information about the common distribution of the asset returns 5332 /Sfil1 and Sfil /551'23 for all
I € Z. For this purpose, we may use observable market prices of suitable rainbow options.
While it is difficult to derive the full distribution and thus the exact covariances, we at
least present an approach to derive upper and lower bounds for the covariances.

We assume that the prices of forward start options with payoff functions

Sit - s P2 — s

max [ —2—41 F and max | —2—-—5, ,
512

71
Stil tig

and the prices of put on max options on the asset return with payoff function

J1 J2
K — max 2 4
J1 7 Qi2
til ti3

are observable. We denote the associated option prices by S;, i, j, (F), Sisisjo (F) and

M

i s jo () If we assume that the prices are differentiable and calculated under a
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martingale measure Q € M, then we have

) si ) 72
iz (F—1)=Q i <F and =5 Sis s g (F — 1) = Q 3 <F

til tig

as shown in Liitkebohmert & Sester [59, Sec. 2.2.1]. Proceeding analogously, we obtain
4 A n

0 0 Si. Si?

7}2 Goia.da.q (K):iEQ K_maX 42’ .4

QK 11512:83,14,01,52 oK |:( {Sg;l Sgi
st go

= Q | max 2 M<K |.
IR
11 13

Now let Ig = (j1, j2, 41, . -,44) € T be fixed, K1, K3 € R, and denote R; := 5] /Sfil1 and

2

Ry = Sfil /S{fg In order to bound the covariance Covg(R1, R2), we estimate the probability

@(Rl > Ky, Ry > Kg) :Q(Rl > K1)+Q(R2 > KQ) —Q({Rl > Kl}U{RQ > KQ})
For the last expression, we have

Q (max {Ry, Ra} > max{Kj, Ks}) < Q({R1 > K1} U{Ry > K>})
< Q (max {Rl,RQ} > min{Kl,Kg}) .

Thus, we may define random vectors (Ry, Ry) and (Ry, R2) by

QR > K1, Ry > K»)
= min {max {Q (R; > K1) + Q (R > K2) — Q (max {R1, Ro} > min{ K, K2}),0},1},
Q(R1 > K1, Ry > K»)
= min {max {Q (R; > K1) + Q(R2 > K2) — Q (max {R1, Ro} > max{Ki, K2}),0},1}.

All defining probabilities are determined by observable market prices and we have
QR > K1, Ry > K3) < Q(R; > K1, Ry > K») < Q(Ry > K1, Ry > K»).

By definition, that is equivalent to (R, Ry) <uo (R1, R2) <uo (R1, R2), where <,, is the
upper orthant order as defined in Shaked & Shantikumar [72, Chap. 6.G]. Now applying
[72, Theorem 6.G.1 (a)], we have

Eg[R; - Ry) — 1 < Covg(R1, R2) < Eg[R: - Rg) — 1,

as f(z,y) = x -y is the product of two non-negative increasing functions.

These are the desired bounds for the covariance. Clearly, whenever R; = Ro, i.e.
when we have in fact variances, then the bounds collapse to singletons just as derived by
Liitkebohmert & Sester [59].
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However, the third part of Remark does not only help to bound the covariance but
also implies a characterization lemma for C(X,Z) similar to Lemma

Lemma 5.26. Let Q € M. Then the following are equivalent.
1. Qe C(%,T).

2. For alllg € Z, we have

St —si s - s
Covg TR = o(Is).
tiy lig

3. For all oqgy € R, we have

5{1_12 sgi . ) . ;
Z /oz]lﬁ g o —1—0o(Ig) Q(d(stl,...,stn,...,stl,...,stn»:0.

]IG eZRnd i tz3

Proof. 1. <= 2. Holds by definition of C(X,Z).

2. = 3. Clearly, the equation in the second condition implies

J1 J2
a Pty Pty 1—0(s) | |Q (d (81 st 54 54 )) =0
HG jl j2 6 t1o " 99ty Oty Oty -

Rnd stﬁ Sti:a

for any ag, € R. Summing over all [ € Z implies the claim.

3. = 2. In order to prove the equation in the second condition for a certain Iz € Z, choose
ag, = 1 and ag, =0 for all Jo € 7\ {Is}. O

This lemma implies a natural dual problem, which we introduce in the following corollary,

where we provide a strong duality result.

Corollary 5.27. Let pi 1, ... fnis---rM1,ds---spnd € P((0,00)) be such that for all
i=1,...,nandall j =1,...,d, we have p1j <¢ ... <¢ finj, f(o,oo) 22 j(dx) < oo and
that there exist b; j > 0 with supp(u; ;) C [bi;,00). Assume further that C(X,Z) # 0 and
let ¢ : R™ — (—o0,00] be a lower semi-continuous payoff function such that there is a
constant K € R with

d n
1 1 d d .
c(stl,...,stn,...,stl,...,stn> > K (1+§:§:’8g1)

j=1i=1
for all (3%1, ey St ,sfl, . ,an) € (0,00)™. Then
d n

onf  Eo e (ShovenSEon St 8t )] = Sup;;Em,j ii(S1)],



5.3. IMPROVEMENTS OF THE PRICE BOUNDS 63

where the supremum is taken over g;; € S such that there are h{ € Cp(RY) and ap, € R
with

. 1 d d
v W) (a Stys-v+rStyre 1Sty ) St,,
Pi,5)s i )\ Clg
o (¢ i J i
: E E i j (sti) + E h; (stl,...,sti) (sti+1 Sti)
j=1li=1 j=1i=1
J1 J2
5 s
iy tiy
+ E o o . o —1—0(Ig)
IgeZ tiq tig
1 1 d d
Sc(stl,...,stn,...,stl,...,stn)
for all (sl st s sd) € (0,00)".  Furthermore, there is a minimizer
Fire s St ey Shyy ey SE , . ,

Q* € C(%,Z) for the lower price bound problem in (5.13).

Remark 5.28. The proof of Corollary goes in the exact same lines as the proofs of
Theorem and Liitkebohmert & Sester [59, Corollary 3.2]. Therefore, we do not report
it in any detail.

However, let us stress that the additional assumptions on the marginals are necessary in

order to be able to bound X (5., (R : R" — R, which is defined by

a1g)
) 1 1 d d
X(@i,j),(hi),(anﬁ) (stl, P TERRRE- ,stn)
el 1 d d
.—c(stl,...,stn,...,stl,...,stn)
J J J J J
DI (stl’ e Sti) (Sti+1 - Sti)
j=1i=1

sgl sf
— 2 T4 _
Z Qg gt g2 1 —o(ls) ’
Is€Z tiy  “tig

by the sum of integrable functions as in condition (5.6) of Lemma

Indeed, for the only part of X (gi.1).(h) (o) that is different to X(pq),(h3) 3 defined in
the proof of Theorem we have

sgilz sgi sgilz sii

2. 1—0() | < 2.1 1 —o(lg)
gt 572 ot b2

t; ti 11 13

1 *3

IN

() () | — o(l)
S 5| —1-ole)],
bl! b2

where the latter is the sum of integrable functions, as the second moments of the marginals
do exist. O
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THE TWO MARGINAL & TWO ASSET CASE

Let S' = (X1, X3) and S? = (Y1, Y2) be two underlying asset price processes with marginals
w1, p2, vi,ve € P((0,00)) such that p; <. pe and vy <. o respectively. We consider a
payoff function ¢ : R* — R and the corresponding optimization problems infgee(sn,z) Eglc]

2

2
and supgee(s,7) Eglc], where X = (UJ;Y UUXY> with
Y

Xo—X1 Yo— X Xo— Xy Yo— Y
UXy:Con< X . Y; ), agngarQ()ﬁ), U%:Var(@< Y; ),

and Z = {(j1,72,%1,.-.,14) € {1,2}6 | j1 < jo,i1 =13 = 1,i9 = i4 = 2}. Let us characterize
the non-emptiness of C(3,7) and thus the well-posedness of the price bound problems.

Proposition 5.29. Suppose p1 <. p2 and vy <. v, i.e. Ma(u1,u2) # 0, Ma(vy,v2) # 0
2 2
and M # 0, and define the functions ¢x(x1,x2) = (ﬂ) -1, ¢y (y1,y2) = (@) —1 and

z1 Y1

exy (1,22, y1,Y2) = (x—?y—?) — 1. Then C(3,Z) # 0 if and only if

Z1 Y1

1. 0% €1l = inf Eoléx], sup Eoléx]| -
* . lQEM?(“l’W) ol ]QGMz(m,uz) oléx]

2. 02 €l = inf Eolcy], su Eolcy]]| -
Y e |f@€M2(1/1,V2) Q[ Y] QQMQ(BhyQ) Q[ Y]]

3. oxy €1 = inf Egléxy], sup Egléxy]|-
oxy L@Ev(m) oléxy] I oléxy]
We shortly write Iy, := Io*%( X Ia%, X oy -

Remark 5.30. Similar assertions hold for (C \ V)(X,Z), where the first and the second

condition vanish and the third condition becomes

o | " N
oxy € ISY = [ng/fw Eglexy], Sup, E@[CXY]] ;

and for V(X,7), where the third condition vanishes. O

Proof of Proposition[5.29. By the compactness of Ma(p1,p2) and the lower and upper
semi-continuity of ¢x, analogously to the proof of Theorem [5.1, there are measures

Q,Q € Ma(p, p2) such that Iz = [E@[EX],E@[@(” . If we now assume

o% € |ok.7%] = [Eqlex), Ealex]]

then there is a A € [0,1] such that 0% = Ao% + (1 — \)7%. We also know that then
AQ + (1 - N)Q € VI, T), as Ma(u1, p2) is convex and the convex combination is chosen
such that, by (5.15), the measure has variance 0% . Hence, V1(3,7) # 0.

Conversely, if Q € V1(X, ), then in particular Q € Ma(u1, u2). Hence, Eg[éx] € Iag(.
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The same applies to 032/ such that we have V'(X,Z) # () if and only if the first condition
is satisfied and V2(¥,Z) # () if and only if the second condition is satisfied.

Clearly, this means that V(X,Z) # 0 if and only if the first and the second condition
are satisfied. Hence, it remains to show that there is a measure Q € V(3,7) such that
Covg (%, %) = oxvy if and only if the third condition is satisfied.

For this purpose, denote by oxy and oxy the lower and the upper bound for oxy given
by the third condition, i.e. Iy, = [oxy,0xy). Then there exists a A € [0, 1] such that
oxy = Aoxy + (1 — \)oxy. We now denote by Q and Q measures in V(X,Z) that realize
oxy and oxy. Then we define the measure Q := AQ + (1 — A\)Q. If we can show that
Q € V(X,7) and that Q realizes the desired covariance oxy, then we have Q € C(3,7).

As for all suitable functions f : R* = R

E@[f(XbXQv}/laYQ)] — )\E@[f(XlaX27}/1a}/2)] + (1 - )\)E@[f(XlaX27Y17Y2)]a (514)

it is clear that the marginal and martingale conditions of V(X,Z) are satisfied by Q.

While in general variances and covariances may not be expressed as a simple expected
value as in (5.14), by the martingale property we have

_ (5.15)

Xo — X3 X5\ 2
varg (F ) =Ee | (1) ‘11’
Ys — Y, Y5\ 2
s (52) -2 (3
1 1

Xo — X3 Yz—Y1> '<X2 YQ) ]
7 =Bg|(22-2)-1].
X1 Y \X1 Y
Hence, Q has the correct marginal return variances and the correct return covariance and
thus Q € C(X,7).
Conversely, let Q € C(X,Z) and denote oxy = Eg {% . %] — 1. Then the subset
property C(3,Z) C V(X,Z) immediately implies the third condition. O

Covg (

Ezample 5.31. Let us discuss some numerical aspects. We stick to the same exotic options
and marginals as in Example As we consider the general market case for n = d = 2,
the notation of the payoff functions simplifies as presented in Table

Exotic option type Payoff function

Basket option cp (X1,X2,Y1,Y2) = (3(X1 + Xa + Y1 +Y2) — 10) "

Binary option

c1 (X1, X0, Y1, Y2) =1ix,5x,1 - Livasny}

Asian option

ca (X1,X2,11,Y2) = i (X2 — X1)+ (Yz — Yl)jL

Variance option

cv (X1, X2, Y1,Y2) = (M)Q . (M)Q

X1 Y1

Covariance option

co (X1, X2, Y1,Ys) = (&X;lxl . 3’2}/;15”1>+

Table 5.5.: Payoff functions
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Recall that we consider the discrete marginals

1 1
p1 = 5(58 + 010 + 012) <c 1(57 + 09 + 011 + d13) = p2,

1 1
VL= §(58 + 610 + d12) <c 3(54 + 07 4 010 + 013 + 016) = v

In this situation, we discuss the impact of additional information about asset return
covariances to the upper and lower price bounds. For this purpose, recall that for fixed
marginals and payoff function, we may interpret the lower price bounds as functions of the

covariance parameters, i.e.

C: Iy — R, QX, 52/, xy)+— inf Egld],

¥ (0%,0y,0xY) GICI(lE, ) old]

V:Iy — R, QX, 52f, xy)+— inf Eglcl,

b (O‘ Oy,O0 ) e%}l?(l27 ) Q[C]
C\V: Iy —> R, 0'2)(, szf,axy — inf Eqlcl,
> ( ) Qe(C\V)(2,T) g

:Is =R %, 0% — inf E
M b)) ) (UX70Y7UXY) dgM @[CL

Analogously, we may define the upper price bounds as functions of the covariance parameters.
We denote the functions by C, V, m, M. We collect the associated pairs of price bounds
denoting them by C,V,C \ V, M, where clearly V is actually independent of oxy, C\ V is
independent of 0% and 0% and M is independent of all three parameters.

As Proposition suggests, the parameters have to lie in certain intervals in order
not to contradict the existence of a suitable pricing measure. We partition these intervals
uniformly and calculate the price bounds for all parameter combinations in the partition.
By the structure of the mappings under consideration, we are not able to present the bounds
in tables or figures depending on all parameters, as these objects are three dimensional.
Instead, for certain fixed 0% and 0%, we present the bounds as a function of oxy-.

We first state the intervals from which the input parameters may come. We have
0% €[0.0211,0.0298], o2 €[0.1281,0.2062], oxy € [—0.0656,0.0718].

We stress that here the bounds for oxy result from the restriction by the martingale
property only. If we assume that certain return variances are fixed, then the bounds

become tighter.

Let us now consider the basket option price function c¢p. In Figures [5.1a], [5.1b] [5.1c]
and we show the upper and lower price bounds for different return variance

combinations. We combine high, medium and low variances from the possible intervals.

In black lines, we present the martingale optimal transport bounds that we already
considered in Example [5.12] In red lines, we present the price bounds that result when
incorporating the return variances O'g( and 032/. In orange lines, we present the price bounds
that only rely on the return covariance oxy. Finally, in olive lines, we present the price

bounds that use the full information of o*_%(, 032/ and oxy.
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0.8} 41— C 0.8 f
< 06} | 0.6 |
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Figure 5.1.: Price bounds for basket options.

In Figures [5.2a) [5.2b] [5.2¢| [5.2d] and [5.2¢| we show the same price bounds in the same

variance situations for the covariance swap type payoff function c¢¢c and in Figures
and we show price bounds in the case of medium variances 0'%( = 0.0255 and
02 = 0.1671 for the binary type payoff function c;, the asian type payoff function c4 and

the variance swap type payoff function ¢y respectively.
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Figure 5.2.: Price bounds for covariance swaps.

Analyzing the figures closely, several observations come up. First of all, the olive bounds
are obviously the tightest and full covariance information yield quite strong improvements
of the price bounds for some of the exotic options. This is the case for example for
the covariance swap and the asian option. On the contrary, almost no improvement is

observable for the basket option.



5.3. IMPROVEMENTS OF THE PRICE BOUNDS 69

0.6 | =M i
— Vv
C \ V 0.8 -
— C
0.4 -
- 0.6 -
=
=
<3 041}
0.2 -
0.2
0 0
-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6
oxXy 41072 oXy .1072
(a) Binary options (b) Asian options
—_ M
0.02 | 1=V
c\V
— C
0.015 - *
N
S
£ 0.01 - .
0.005 |- 2
0 L | | | | | | | i

-6 -4 -2 0 2 4 6
oXyYy .1072

(¢) Variance swaps

Figure 5.3.: Price bounds for 03( = 0.0255, 032/ = 0.1671.

The fact that the olive bounds C and C collapse for extreme choices of o xy for every choice
of 0% and 0% suggests that for any payoff function there are parameters (0%,0%,0xy)
such that C(c%,0%,0xy) = C(0%,0%,0xy). This observation is similar to Liitkebohmert
& Sester [59, Proposition 3.4]. We also observe that for a certain covariance oxy these
bounds touch ¥ and V respectively.

While we are not able to formally prove the former, as no well-known structural results
apply, the latter is virtually trivial, as the measures realizing the bounds in V and V realize
a certain covariance.

Finally, we observe the convexity of C and the concavity of C at least with respect to
oxy. However, looking at higher dimensional bound surfaces suggests that these properties
hold indeed true for the bounds as functions of I,. Thus, again similarly to Liitkebohmert
& Sester [59, Proposition 3.6], we claim that for suitable ¢, the mapping C is concave and
the mapping C is convex.

Structurally, the same observations hold true for the orange bounds €\ V and C\ V,
except they touch M and M respectively. -
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Analyzing the red bounds V and V, we seem to lose the property that the bounds collapse
to a unique price, as the gaps are quite large though we consider rather extreme variances
ag( and 012/. Heuristically, this should be expected, as ultimately V(X,7) is just a set
of transport plans of two specific two-dimensional marginals such that for any variance

combination there is a great variety of potential pricing measures. A



CHAPTER 0

MONOTONICITY AND OPTIMALITY

In this chapter, we consider questions concerning explicit solutions to the price bound
and hedging problems for certain classes of payoff functions. As this is rather difficult, we
restrict ourselves to the standard market case and focus on the upper price bound problem
in and the associated super hedging problem in . We begin the chapter by
defining the so-called monotone martingale transport plans and the martingale Spence
Mirrlees condition. These definitions generalize the order preserving transport plan of
Theorem and the Spence Mirrlees condition of Definition to the martingale case.
They are relevant throughout this and the following chapter. In Section[6.1] we present some
results of Beiglbock & Juillet [7] about existence, uniqueness and structural properties of
monotone martingale transport plans. In Section we discuss results of Henry-Labordere
& Touzi [38] that build up on the results of the afore mentioned section. In particular,
those are constructive procedures to find explicit solutions to both problems whenever the
marginals are continuous. We illustrate one of the procedures with an extensive example.
Finally, we point out major drawbacks of the illustrated procedure. In Section we
provide a generalization of some of the results presented in Sections and namely
the optimality of the (left) monotone martingale transport plan for the upper price bound
problem in for payoff functions that satisfy the martingale Spence Mirrlees condition
and arbitrary marginals. In Section we further restrict ourselves to the case of discrete
marginals. In this case, we discuss the structure of the pricing and hedging problems,
improve the main result of Section and provide an algorithm to determine the (left)
monotone martingale transport plan. Complementing this, we introduce an algorithm
to determine a solution to the hedging problem. Finally, we compare our determination

techniques to those of other researchers and illustrate the algorithms.
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Let us now directly introduce the two crucial definitions. We begin with the structural
property of martingale transport plans that guarantees optimality for the upper price
bound problem in (4.7) for a certain class of payoff functions.

Definition 6.1 ([7, Definition 1.4]). Let p,v € P(R). A martingale transport plan
Q € Ma(p,v) is called left monotone, if there is a Borel set I' C R? with Q((X,Y) eTI') =1
and such that for (x,y1), (z,42), (/,y’) € T’ with x < 2/, we have ¢ ¢ (y1, y2).

Respectively, Q € Ma(u,v) is called right monotone, if there is a Borel set I' C R? with
Q((X,Y) e I') =1 and such that for all (z,41), (x,y2), (¢/,y') € T with z > 2/, we have

y' ¢ (y1,12).
The set I is called monotonicity set of Q and we say it is left or right monotone respectively.

Y- y yt

Figure 6.1.: Forbidden configuration for left monotonicity.

This definition was introduced by Beiglbock & Juillet [7] and picked up by Henry-
Labordere & Touzi [38]. Both articles achieve impressive results about existence, uniqueness,
optimality and the representation of monotone martingale transport plans. We recall those
results as far as we generalize or complement them in this thesis. In order to do so, we need
the structural property of payoff functions that guarantees that left monotone martingale

transport plans are optimal for the upper price bound problem in (4.7).

Definition 6.2. A function ¢ : R> — R satisfies the martingale Spence Mirrlees condition,

if the partial derivative ¢y, exists and satisfies c;yy > 0.

Remark 6.3. This definition goes back to Henry-Labordere & Touzi [38]. We may rephrase
the definition. A function ¢ : R? — R satisfies the martingale Spence Mirrlees condition, if

one of the following conditions is satisfied.

1. The function ¢ is measurable and the mapping x — ¢(z,y) is continuously differenti-

able for all y € R and such that y — ¢, (x,y) is strictly convex for all z € R.
2. The mapping y — c(2’,y) — ¢(x,y) is strictly convex for all 2/ > x.
3. For all 2’ >z, y© > ¢/ >y, the function c satisfies

c@ yt)—clzyt) _ e’ y)—clzy)  cla’y)—clzy)  cl@y )—clzy)
x/—x z/—x x'—x z/—x

— > 0.
yt—y Yy -y
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The first alternative definition goes back to Beiglbock, Henry-Labordere & Touzi [6] and
the second definition comes from Nutz, Stebegg & Tan [65]. The third alternative is based
on our proof of Theorem It is in particular useful in the case of discrete marginals. ¢

6.1. THE FIRST OPTIMALITY RESULTS

In this section, we state the central results of Beiglbock & Juillet [7] concerning left
monotone martingale transport plans in adapted versions such that the results apply to
the upper price bound problem in (4.7).

For this purpose, let u,v € P(R) and ¢ : R? — R be measurable and such that there
exist a € L'(R, ) and b € L'(R, v) with

c(z,y) <alx) +b(y), =yeR.

Then, for all 7 € IIy(u, v), we have

_/R2 c(z,y)r(d(z,y)) € |:—OO,/RCL(.T)Iu,(dx) + /Rb(y)y(dy)} )

This property is called the sufficient integrability condition. Under these conditions,
Beiglbock & Juillet [7] show the following results.

Theorem 6.4 ([7, Theorem 1.5]). Let p,v € P(R) be such that u <. v. Then there exists
a unique left monotone martingale transport plan in Ma(u,v). We denote it by Qie(u, v).

The next corollary is an analogue to the third part of Theorem except we may
not expect the martingale coupling Q;.(u, v) to be deterministic, as it has to satisfy the

martingale condition. This can only be true in the trivial case p = v.

Corollary 6.5 ([7, Corollary 1.6]). Let p,v € P(R) be such that p <. v and suppose
that p is continuous. Then there exists a Borel set S C R and two measurable functions
Ty, Ty, : S — R such that

1. Que(p,v) is concentrated on the graphs of Ty and T,,.
2. Forallx €S, Ty(x) <z < Ty,(x).
3. Forallz <x' €8S, Ty(x) < Tu(x') and Ty(x') ¢ (Ty(z), Tu(z)).

This result is exploited by Henry-Labordeére & Touzi [38], who determine the mappings
T, and T, explicitly. We present their results in Section

Beiglbock & Juillet [7] also show the optimality of Q.(p,v) for the upper price bound
problem in for certain types of payoff functions.

Theorem 6.6 ([7, Theorem 1.7]). Let p,v € P(R) be such that u <. v. Assume that for
some differentiable function h : R — R, the derivative of which is strictly concave, the
function c(xz,y) = h(y — x) satisfies the sufficient integrability condition. If Ps(u,v) > —oo,
then Quc(p,v) is the unique mazimizer of the upper price bound problem in (4.7).
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In the article, another type of payoff functions is proven to have Q.(u,v) as maximizer,
namely functions of the form c(x,y) = p(z)y(y) > 0, where ¢ : R — R is non-negative and
decreasing and ¥ : R — R is non-negative and strictly concave.

We prove in Section that there is a general class of payoff functions such that Q;.(u, v)
is optimal for the upper price bound problem in , which includes both types of payoff
functions introduced by Beiglbock & Juillet [7].

Let now ¢ € R and 7 € IIa(u,v). Then we define the measure v] by

Vi (B) = projly (ml(—scijxz) (B), B € B(R).

Then 7 moves the mass of yif(_4) to 2f. A transport plan 7 € IIa(u, v) is uniquely defined
by the family (] );cr. This yields an equivalent characterization of Qq.(p, v) € Ma(u, v).

Theorem 6.7 (7, Theorem 1.8]). For every t € R, the measure l/i@le(“’y) is minimal with

respect to the convex order in the family

{z/ft@ ‘ Q € Ma(p, V)}

The above results can be summarized as follows.

Theorem 6.8 ([7, Theorem 1.9]). Let pu,v € P(R) be such that p <.v. Let h: R — R
be differentiable and such that h' is strictly concave. Assume that the payoff function
c(z,y) = h(y — x) satisfies the sufficient integrability condition. Moreover, assume that
P§(p,v) > —oo and let Q € Ma(u,v). Then the following are equivalent.

1. Q s left monotone.
2. Q is optimal for the upper price bound problem in (4.7).

3. Q= Qu(p,v), ie for all (Q,t) € Ma(p,v) X R we have v2 <. 1} "

Analogous results hold for the right monotone martingale transport plan and the lower
price bound problem in (4.8). We detail the connection in Section

6.2. THE CONTINUOUS OPTIMALITY RESULT

In this section, we state and discuss the already mentioned results of Henry-Labordere &
Touzi [38] concerning the construction of the left monotone martingale transport plan and
an associated super hedging strategy.

For this purpose, let u,v € P(R) and define the difference function 6F : R — [—1,1],
z+— F,(z) — F,(z). Let ¢: R — R be upper semi-continuous and satisfying the sufficient
integrability condition. Under the conditions of Corollary Henry-Labordeére & Touzi
[38] construct the left monotone martingale transport plan explicitly. They also show
that it is optimal for the upper price bound problem in for a general class of payoff
functions. For such payoff functions, optimizers for the super hedging problem in

are derived as well. The results are achieved under the following assumption.
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Assumption 6.9 ([38, Asm. 3.5]). Let p,v € P(R) satisfy p <. v and let  be continuous.

Working under this assumption, we know by Theorem and Corollary that there
exists a unique left monotone martingale transport plan Qy.(u,v) € Ma(u,v) such that
Qie(p, v) is concentrated on the graphs of some measurable functions Ty, T, : S — R with
Ta(x) <z <T,(z), x € S. For the structure of Q;.(u,v), we thus have

Qlc(:u’a I/)(dl’, dy) = M(dx) ® [Q<w)6Tu(x) + (1 - Q(x))éTd(z)} (dy)7 (61)

where ¢(x) = %M(Tu—n)(m’bo}.

In order to present the results of Henry-Labordeére & Touzi [38], we have to go into
more detail than in the previous section, as the results are derived constructively. Thus, in
order to understand and correctly state the results, we have to present certain parts of the

construction itself.

Remark 6.10. Observe that by p <. v, dF increases from zero at the left boundary and to
zero at the right boundary of its support. As F), is continuous by Assumption OF is
upper semi-continuous. Thus, the local suprema of §F are attained in (I,,7,), where [,
and 7, are the left and the right boundary of the support of p. Indeed, we have 0F = F),
on (—o0,l,) and 0F = F, —1 on (r,,00). Thus, 6F is increasing in that area. Hence, there
can not be any local suprema. Denoting by [, and r, the left and right boundary of the
support of v, by the convex order we have [, <[, <7, <r,. O

Let M(6F) denote the set of all maximizers of 0F and, for each m € M(JF), write
m_ :=sup{z <m | 0F(x) < 0F(m)} and my = inf{z > m | 0F(x) < 0F(m)}. Then the
set

Mo(0F) :=={m € M(JF) | m =m4 and §F = §F(m) on [m_, m|}

plays a crucial role in the construction. The construction works under the following

additional assumption on p and v.
Assumption 6.11 ([38, Asm. 3.7]). Let v be continuous and let My(dF') be finite.

It may also assumed that the pair (u,v) is irreducible, as the construction is done on
separate irreducible components, which may be considered by Proposition Then, by

the continuity of ;1 and v, we have I = J for the domain of the irreducible pair (u,v).

6.2.1. CONSTRUCTION OF THE LEFT MONOTONE MARTINGALE TRANSPORT PLAN

The construction relies on the representation of Qc(p, v) in (6.1). As Qe(p,v) € Ma(u,v),
Ty and T, have to be such that Q;.(u, v)(X € dz) = p(dx), Qi(p, v)(Y € dy) = v(dy) and
Eq,.(u)[Y | X] = X hold. The first and the third condition are trivially satisfied. Hence,
the construction is done in a fashion that guarantees Qi (i, v)(Y € dy) = v(dy).

In the construction we need some more notations. We denote

g9(z,y) = F, (Fu(x) + 6F (y))
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for all x,y € R, and for all x € R, we write

;10 u () T
s = [ engag - [ emac)

—00

Now let A € B(R) be such that 6 F is increasing on A. Then, for t < m < z, we define
G(ta) == [ lo(w,¢) = CLaOSF(O) + [ [glem) — €F (o).

As My (6F) is a finite set by assumption, let us write Mo(dF) = {m{,...,m%}, where

—oco <mi < ... <mf < oo. Furthermore, we define
By == {z € R| 0F is increasing in a right neighborhood of z.}

and z := inf By. We have x € By, if for all € > 0 there is an z. € (x,z + €) such that
§F(x.) > dF(z). Observe that zp < m? and §F = 0 on (—o0,z¢]. The construction

recursively relies on the following ingredients.

(I1) mo € {—o0} UMy(dF) and Ay C By N (—o0,mg) with §F > 0 on Ay, satisfying
e (—00,+) = () and [0 14,¢(d0F) = [7) #(dIF) for all non-decreasing maps ¢.

(IQ) o € BopnN [mo,m%) and tg € Ag U {OO}, satisfying 5F(t0) = 5F(i‘0) > 0 and
G (10, 7o) = 0.

Lemma 6.12 ([38, Lemma 4.1]). We define m; = min {My(6F) N (Zg,0)} as well as
Ay = (Ao \ [to, mo]) U (Zo,m1). Then we have the following.

1. 0F >0 on Ay, G’ (—00,-) = (-) and [T 14,¢(d6F) = [T $(dOF) for all non-

decreasing maps ¢.

2. For all x > my with 6F (x) < §F(ma) there exists a unique scalar ty! (z) € Ay such
that Gy () (z),x) = 0.

8. The function x +— t'y!(z) is decreasing p-almost everywhere on [my,x1], where we
define 1 = inf{z > my | g(z,t))! (z)) < x}.

4. If 21 < oo, then x1 € By N [my,my) \ My(6F), and 6F (') (x1)) = 6F (x1) > 0.
Using Lemma the functions Ty and T, may be constructed explicitly.

Algorithm 6.13 ([38, Sec. 4.2]). We start by defining Ty(z) = T, (z) = z for all z < x

and we continue the construction of Ty and T, along the following steps.

1. Set mg == —o0, Ag = 0, Tg = g, to = —oo and notice that (I;) and (I3) are
obviously satisfied by these ingredients. We may then apply Lemma and obtain

my == min[My(6F) N (xg, 00)] = min My(6F) = m¥,
Ay = (Ao \ [to, mo]) U (zg, m1) = (—00,m1).
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We know that for all z > my with §F(z) < §F(my), there is a scalar ¢} (z) € Ay
and we choose z7 := inf {:c > my ‘ g (:c,tzll (a:)) < :1:} Further define t; := tzll (21).
Then define the maps T, and Ty on (xg,x1) by

Ty(z) =Tu(z) =2, x9<x<MY
Ta(x) =ty (x), Tu(z) = g(z, Ta(x)), m1 <z <21

If 21 = oo, this completes the construction and we set m; = x; = oo for all j > 1.
Otherwise, Lemma guarantees that the new ingredients (mq, A1, x1,t1) satisfy

conditions (I1) and ([3) and we may continue with the next step.

i. Suppose that the maps Ty and T, are defined on (—oo, x;_1) for some suitable quadru-
ple (m;—1, Aj—1,x;—1,t;—1) satisfying conditions (1) and (I3). Using Lemma we
obtain m; = min[My(6F)N(x;—1,00)] and A; = (A;—1 \ [ti=1,mi—1])U(xi—1,m;). By

g (m, th (:L')) < ZL‘}

and t; == tfj (2;). Then define the maps Ty and T,, on (z;—1,x;) by

the existence of a scalar ' (z) € A;, we find z; == inf {:L’ >m;

Ty(x) =Ty(x) =2, xi1 <z<my
Tu(x) =t (x), Tu(z) = g(z, Ta(x)), m; <z <m0
If ; = oo, this completes the construction and we set m; = z; = oo for all j > i.

Otherwise, Lemma guarantees that the new ingredients (m;, A;, z;,t;) satisfy

conditions (I7) and (I3) and we may continue with the next step.

As My(dF) is finite, the algorithm terminates after finitely many steps. The next
theorem states that this yields the desired left monotone martingale transport plan using

the probability kernel

e(,dy) = 1 ()52 (dy) + Loe(@) [a(2)d1m, (2 (dy) + (1 = a(@)d (003 (a) |

where D = ;> (2i—1,m;] and ¢(x) = %H{Uu*%)(wbo}'

Theorem 6.14 ([38, Theorem 4.5]). Let u,v € P(R) be such that p <. v.
1. Assume the pair (p,v) is irreducible with domain (I,I) and satisfies Assumptions[6.9
and[6.11. Then we have

Qlc(lu” V) (d'x’ dy) = ,u(dx) @ Kx (xv dy)

2. Let (fuk, vk)k>0 be the decomposition of (u,v) into irreducible components. Consider
the decomposition Q = > 1~oQx € Ma(p,v) with Q € Ma(ug,vx), k > 0. Then Q
is left monotone if and only if Qg is left monotone for all k > 1.

We discussed the construction of the left monotone martingale transport plan in the

case of continuous marginals, which is the solution for the upper price bound problem in
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(4.7) in the case that the payoff function satisfies the conditions of Theorem We now
present the construction of a solution to the super hedging problem in (D Thereby,
the duality of Theorem in the standard market case is recovered. The irreducibility of

(1, v) is important, as this implies the existence of a solution.

6.2.2. AN ASSOCIATED SUPER HEDGING STRATEGY

In this section, we present the construction of a triple (¢, 1¥x, hy) € D%C such that

[ ee@na)+ [ 0. @)vidy) = Eq g (X, Y)

as provided by Henry-Labordere & Touzi [38]. Such a triple is immediately optimal for
the super hedging problem in (4.10), whenever Q.(u,v) is optimal for the upper price
bound problem in (4.7), compare Definition We only present the results and omit the

construction process. The functions h, and 1, are given by

B (z) = T, () Ty (2) : z € D,
he (2) = (T (2)) 4 ¢y (@,2) = ¢ (T, (@), 2) z €D,
W (@) =y (T, (@), 2) = e (T (2), z e D",
W () = ey (T (@), 0) = ha (T7 () z e D.

The corresponding function ¢, is given by

Px(2) = By (uu)[c(X,Y) = (V) | X = ]
= q(z)(c(z, Tu(z)) — u(Tu(x))) + (1 — q(2))(c(z, Ta(x)) — «(Ta(x))), = €R.

Finally, the exact values are chosen such that the function
z = oz, Tu(x)) — Yu(Tu(x)) — [e(z, Ta(z)) — ¥u(@)] = (Tu — Ta)(x)h(2)
is continuous.

Theorem 6.15 ([38, Theorem 5.1]). Let p,v € P(R) with pn <. v be such that (p,v) is
irreducible and Assumptions (md are satisfied. Assume further that ¢} € LY(R, u)
and ¥} € LY(R,v). Suppose the payoff function ¢ : R? — R satisfies the martingale Spence

Mirrlees condition. Then:
1. We have (px, s, hy) € DQZC.
2. We have

sup  Bole(x,¥)) = ot { [ p@wtas) + [ vtovian)}.

QeMa(u,v) (p,1b,h)eDZC



6.2. THE CONTINUOUS OPTIMALITY RESULT 79

Also, Qe(p,v) is a mazximizer for the left hand side and (pyx, Uy, hy) is a minimizer
for the right hand side. That is,

| | @ dyputda) = Bg, uunfe(X.Y)) = [ pul@ulda) + [ vuwmay)

6.2.3. AN EXEMPLARY CONSTRUCTION

We now execute Algorithm in the simplest possible situation, namely in the case of
uniform marginals. We remark that this is one of the few situations, in which the algorithm
yields analytical results for Q;.(u, 7). In almost all other cases, numerical procedures have

to be used.

Example 6.16. We study the construction of the left monotone martingale transport plan
in the case of continuous uniform marginal distributions. In this case, we achieve explicit
results for the relevant expressions.

Therefore, let a < ¢ < d < b be such that m = ‘LTH’ = <d and let p ~ U(c,d) and
v ~U(a,b). Then, for x € R, we have

xr —C
FM(‘T;) = d_ c]l(c,d)(x) + IL[d,oo)(x)a
1
fu(z) = T C]l(c,d)(x),
r—a
Fy(z) = m]l(a,b)(x) + L 00y (7)),
1
fu(z) = - ) (),
r—a r—a r—C r—a
0F(2) = s —L@q(@) + <b — T do C) Licay(z) + (b— . 1) Ligp),
—00, z<0

Fu_l(x): b—a)xr+a, 0<z<l1

00, z>1

for the distribution, density and quantile functions that are relevant for the construction.
The distributions satisfy the necessary conditions. Indeed, p and v are continuous with
finite first moments and the unique maximum of JF is attained at c¢. In particular, there
are only finitely many maxima.

Now let us calculate Ty and T, and thereby observe that the second marginal of the
resulting martingale transport plan is indeed v. Afterwards, using certain choices of a, b, ¢, d,
we deepen the understanding of left monotonicity providing an illustrative figure. Clearly,
before we may determine the left monotone martingale transport plan associated to p and
v, we have to show that yu <. v. However, this is an easy consequence of the structure of
the measures and we do not prove it in detail.

Thus, let us now determine Ty and T, using Algorithm For this purpose, observe

that p is concentrated right of the maximum of 6 F', which is attained in c¢. Hence, all of
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the mass of u is split up by Ty and T,. As the maximum is unique, we know that the

algorithm terminates after one step. We start by calculating T,;. We choose
mi =min My(6F) =c and A; = (z9,m1) = (—00,¢)

such that we can disregard 14, in the defining equality G'y! (Ty(z), =) = 0, which is thus
equivalent to

a0 = GeF(c) = [ lale,0) - R0 (6.2

Ty(x)
for a < Ty(z) < ¢ <z <d. Recall g(x,y) = F, Y(F,(z) + 6F(y)).
We start by calculating the left hand side of the above equality. This yields

Jry (B Bty w00 = ) orta0) = [ (57 (505 ) =€) or(a0
:bia/TZ(x) <F”_1 <Z:E+g:2> _C)dg

2 bia/T:(x) <(b—a) <Z:2+§:Z>+a—g)dg
¢ r-—c T —c

= e ) T

where in the first step we use x € (¢,d) and in the second step we use Ty(x) > a. The
equality under (¢) is under closer review in Remark

The right hand side of the equality in (6.2) is rearranged similarly. Skipping some
intermediate steps, we get

[ (i woren —€) e = 7 [T (5 (G ) —€) a6

= dic/j((b_;)_(i_c) +c—§>d£

-8 [e-oae [(e- o]
e

where the equality under (o) is as well discussed in Remark
Plugging those results into the equation in (6.2), for all z € (¢, d), we receive

Ty(z) = (d—c);(b—a)Fu

(z)+c.

Remark 6.17. Observe that solving equation (6.2) as above, we formally assume that the

arguments, that we evaluate F;'! in, are in (0, 1), as then the integrals are finite.

Clearly, these arguments are positive on both sides of the equation. Indeed, for the left

hand side we have

Fu(@) +0F(¢) = Fu(z) — Flu(Q) + F,(¢) = F,.(¢) > 0,
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as ¢ > ¢ > ( > a. Similarly, for the right hand side we have
Fu(§) +0F(c) = Fu(§) — Fu(e) + Fu(c) > F,(c) >0,

as & > c¢. Thus, only the condition of being less than 1 may restrict the arguments.
Let x € supp(u) and ¢ < £ < . Then, for the right hand side, we have
E—c c—a!

+ <1<:)§<(d—c)<z_c)+c.

d—c b—a —a

Fu(§) +0F(c) =

With £ — z we have the condition x < (d — ¢) (b C) + ¢. As we have :g < 1, this upper
bound is strictly less than d. Hence, the integral on the right hand side of is infinite
for all € ((d — ) 8=5 + c,d).

Now let a < { < ¢ < z. Then, for the left hand side, we analogously have

T — (—a
d— +b—

Fu(2) + 6F(C) = Sl (< boa) i

As long as the right hand side is greater than ¢, no problems occur. However, if

d— b
c>(b—a)d_i+a = x>(d—c)b_a

+ ¢,

then the integral on the left hand side of is infinite. Thus, for x € ((d — C)Z_;Z + ¢, d),
no uniquely defined scalar t%l (x) exists.

Still, the analytic results that we derived for Ty(z), = < (d — c)b < + ¢, determine the
function correctly for the complete support of u by simply continuing 7y onto the area
where it is not properly defined by the integral equation in . Thus, this procedure
ultimately yields the left monotone martingale transport plan as desired.

However, if no closed form results may be derived, as it is the case for example for normal
or log-normal marginals, then this gives rise to severe problems. Indeed, the necessary

numerical considerations will fail in such cases. O

Now let us calculate the second characterizing mapping T,,. For = € (¢, d), we have

(d=c)—(b=a)
_ i fTr—c 5 Fu(z)+c—a
Tu<x)_g(xaTd($))_FV (d_c+ b—a
(d—c)—(b—a)
o r—c ~—5—F(x)+c—a _(d=c)+(b—a)
= (b a)(d_c—i- — )—l—a— 5 Fu(z)+c

Remark 6.18. Considering the argument of F, ! in the calculation of T}, and using the
condition that the argument should be less than 1, similar to Remark we obtain the

additional restriction )
—c

(d—c)+ (b—a)

where the right hand side is strictly less than d. As for Ty, continuation of the calculated

x < 2(d—c) +c,

function for such x € supp(i) that do not satisfy the above condition is meaningful. ¢
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Finally, let us calculate g(x) in order to write down the left monotone martingale

transport plan in closed form. For z € (¢, d), we have T, (x) > Ty(z) and thus

e (I
L0 (0) 1 o — (020 ) (2) 1 c)

_2(d—-c¢z—((d=c)— (b= ))( ¢) —2(d—c)c
2(d—¢)(b— (x)
:((d—c)—l—(b—a)Fu:U) 1<
2(b—a)F,(x) 2

Thus, we get

Quolp ) (o, dy) = (o) © (5 (1455 ) b+ 5 (1= 5 ) Srycm ) ().

Let us now check that it has indeed the correct marginals. Therefore we show that
Fy(y) = Que(p, v)(Y < y). We immediately have

Q) (V<9 = [ [ (a@)br+ (1~ 0) b)) (@) (da)

:dic/cd (q(:c)/_yooéTu(x)(ds) (I1—q(x / 07, (2) ds)d

1 d
= [ @ T @)+ (- @) T () do = T )

In order to compute Z;(z,y), Za(z,y) and Z3(y), we have to distinguish two cases.

L. Let y < c. Then Zy(x,y) =0, as Ty(r) > ¢, and Ta(z,y) = Lz, x)<y) = ]l{szd*l(y)}’

where T '(y) = 2% +c.

Let now a < y < ¢. Using the above, we receive

I3(y) = dic (; (1 - g:;)) /Cd]l{w:fdl(y)}dx

b—a)—(d—c _
= (2(6 —)a)(Ei - c)) = max{e. T, () }]

Now observe that W >0,asy—c<0and (d—c)— (b—a) <0, such that

T;'(y) > c. Using this and b+ a = d + ¢, we have

(b—a)—(d—c) (y—c)d—c)
Ls(y) = 2(b—a)(d—c) {d_c_z(d—c)_(b_a)]
_(b—a)—(d—9) , 2y—c)
Q(b—a) 2(b—a)
y—a (bt+a)—(d+¢) y—a
_b—a+ 26— a) —b_a—Fl/(y)'

If y < a, then the marginal condition is trivially satisfied.
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2. Let y > ¢. Then Zy(x,y) = ]l{chgT;l(y)} and To(z,y) = Lir,(x)<c} = L{z>c}, Where

_ —c)(d—c
T (y) = 2055y +

Let now ¢ < y < b. Using the above, we receive

d d
Ty(y) = dl (/ (x)n{cgzg;l(y)}dﬂ/ (1q(x))dm>

_d=o+ (b—

2(d—c /1{$<F }d$+ 2(b—a /1d$
_(d—c)+<b—a>mm L, —ad-o) 0=,
 2(d—c)(b—a) {d ’Q(d—c)+(b—a)}+ 2(b—a)(d —c) (d=c)

:min{(d—c)+(b—a)y_c} 1 d-e

2b—a) ‘b—a) 2 2(b—a)

Here, the minimum is attained by the second term as y < b. Thus, we get

(b—a)—(d=c)+2(y—¢)) = = F(y),

where in the last step we use again b+ a = d + c.

If b < y, then the marginal condition is trivially satisfied.

Finally, let us consider an explicit example. For this, let now —a=0=2, —c=d = 1.

Then we have m = 0, the mappings T, and T}, are defined by
1
Ty:[-1,1] = [-2,-1], x+— _5(96 +3)

T,:[-1,1] - [-1,2], =+ §ZL‘ + l,

2 2
and we have ¢(z) = %. In order to illustrate the transport plan, we provide Figure
where we see that the derivation of Ty and T, by the presented algorithm works and yields
the left monotone martingale transport plan. Formally, the derivation of Ty(x) is correct
only for x < % With the help of Figure and the previous theoretical investigations, we

see that the continuation indeed provides the left monotone martingale transport plan. A

06T

0.2

Figure 6.2.: f,, (red), f, (olive) and pointwise mass transport between p ~ U(—1,1) and
v ~U(—-2,2) for certain points in the support of u (orange).
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6.2.4. ON CONNECTIONS BETWEEN LEFT AND RIGHT MONOTONICITY

We presented some properties of the left monotone martingale transport plan, such as
uniqueness and optimality for the upper price bound problem in with respect to a
certain class of payoff functions. In order to find the optimal solution to the lower price
bound problem in for the same class of payoff functions, we have to find the right
monotone martingale transport plan, that we denote by Qy.(u,v).

The roles as maximizers and minimizers of those two martingale transport plans in the
continuous marginal case exchange when choosing the opposite type of payoff function, i.e.
replacing the condition cgyy > 0 by czyy < 0. We detail these connections by transforming

the problems, a method introduced in [38) Remark 5.2].

1. Let us assume ¢y < 0. Then the upper price bound supge as,(4,0) Eg [e(X, Y)] is

attained by the right monotone martingale transport plan Q,.(u,v). Indeed, define
c(z,y) = ¢(—z,—y). Then ¢y, > 0 and thus, there is a stochastic kernel &, such
that

Wb BolelX.¥)] = | [ ety (o dyutao).

We define a pair of probability measures (i, 7) by their distribution functions
Fa(x) =1—-F,(—2) and Fp(z)=1-F,(-y).
Then we have

S Eole(X,¥)] = | | ek ta.dyita) (6.3)

for some suitable stochastic kernel k.. We now show that also

(b Eole(X.¥)] = [ [ et dyitia).

In order to show this, replace X by —X and Y by —Y. Then the martingale condition

remains stable and for any Q € My(ji, ), we have

QX <z)=Fu(z) =1—-F,(~2) <= Q(-X <z)=F,(2)

and analogously Q(—=Y < %) = F,(y). That is, the random variables —X and —Y

have marginals 1 and v under Q respectively. Thus,

sup  Ege(X,Y)]= sup Egle(—X,-Y)]= sup Eg[e(X,Y)],
QEM?(Nul’) Q€M2(ﬁvl_’) Q€M2(/._L,17)

from which by (6.3), we deduce the desired equality

@eﬂﬁlﬁu,y)EQ[c(X’ V)| = /R /R (@, y) R« (@, dy) p(de).
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We now know that for a payoff function such that c;y, < 0, we find the maximizing
martingale transport plan in Ma(p,v) as the maximizing one from My (f, v), when
optimizing with respect to the payoff function ¢. By the structure of g and v, we see

that this plan is right monotone with respect to u and v.

2. Let us now assume cgyy > 0. Then the problem of finding the lower price bound is
solved by the right monotone martingale transport plan as well. As —c¢(z,y) again

satisfies the condition ¢y, < 0, using the previous part, we observe

Qo Ealle(XY )] == s Bo[-c(X.)] = [ [ et dyas).

The results of this section yield the overview in Table

Optimizing martingale transport plan for the problem in (4.7) (4.8])
and payoff function s.t. czyy > 0 Qic(p,v) | Qpe(p,v)
and payoff function s.t. czyy < 0 Qre(p,v) | Que(p,v)

Table 6.1.: Optimality properties of left and right monotone martingale transport plans.

6.3. THE GENERAL OPTIMALITY RESULT

In this section, we generalize Theorem regarding the class of payoff functions and
Theorem regarding the class of marginals. For this purpose, we need some further
definitions and results from Beiglbock & Juillet [7]. The idea is the same as for c-cyclical
monotonicity in classic optimal transport. That basically is, any optimal transport plan
should specify the best possible coupling target in the support of v for any point in the
support of u. In the martingale case, this is rigourously formulated by the two following

definitions.

Definition 6.19 (|7, Definition 1.10]). Let  be a measure on R? with finite first moment
in the second argument. A measure o’ on the same space is called competitor, if o’ has the

same marginals as « and it satisfies

/R yau(dy) = /R ya (dy)

for projj a-almost every z € R, where (ag)ser and (a)zer are disintegrations of the

measures o and o/ with respect to proj%a, ie. a= projj;a ® oy and o = proj%a ® al,.

Definition 6.20 ([7, Definition A.1]). For a payoff function ¢ : R? — R, a Borel set I' C R?
is called finitely optimal for c, if for every measure a on R? such that supp(a) C I' and

| supp(a)| < oo and every competitor o/ of a, we have

[ et patdy) > [ @y,
T r
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Using these definitions, we may present the so-called variational lemma that basically
states an equivalence of the optimality of a transport plan and the finite optimality of the

associated support set.

Lemma 6.21 ([7, Lemma 1.11]). Let u,v € P(R) be such that p <. v and let c € L°(R?)
be a payoff function that satisfies the sufficient integrability condition. Let Q € Ma(u,v)
be an optimal martingale transport plan leading to a finite price Ps(u,v). Then there is a
Borel set T' C R? such that Q(T') = 1 and T is finitely optimal for c.

Lemma 6.22 ([7, Lemma A.2]). Let u,v € P(R) be such that i <. v and let c € Cp(R?).
Let Q € Ma(p,v). If there is a finitely optimal set T' C R? for ¢ with Q(I') = 1, then Q is
an optimal martingale transport plan for the upper price bound problem in (4.7).

Recall the notions of left monotonicity and the martingale Spence Mirrlees condition.
With these notions and the above definitions and results, we may now prove the connection
between the optimality of the left monotone martingale transport plan for the upper price
bound problem in and the satisfaction of the martingale Spence Mirrlees condition
by the payoff function. In the proof, we proceed similar to the proof of [7, Theorem 6.1].

Theorem 6.23. Let p,v € P(R) be such that u <. v. Suppose ¢ : R? = R is a payoff
function that satisfies the martingale Spence Mirrlees condition and the sufficient integrabi-

lity assumption. Then the left monotone martingale transport plan Q.(u,v) is optimal for
the upper price bound problem in (4.7).

Proof. Let Q € Ma(u,v) be a finite optimizer for Ps(u,v), which exists by Corollary
Let further I' C R? be a finitely optimal set for ¢ with Q(I') = 1, the existence of which is
guaranteed by Lemma We prove that I is a left monotone set.

In order to get a contradiction, we assume that (z,y7), (z,y"), (2/,3’) € T are such that
they contradict the left monotonicity of I', i.e. z < 2’ and y~ <y’ < y*. If we consider a

measure « with finite support contained in I', then any competitor o’ of a should satisfy

[ cawatday) = [ clayalda.y)
r T

by the finite optimality of I'.

We define such a measure o on I" by

o= /\5(17,1;*) + (1 — A) 5(ac,y+) + (5(1/71//),

where A € [0,1] is such that AyT + (1 =Ny~ =y, ie A= ;ﬁ:?z_. A general competitor

of = w18z T w200,y T W30(ayt) TW10(ry-) FW2T(ary) + Wiy,

.
which we shortly denote by o/ = <w1,w2, ws, wi, w’Q,wg) , has to satisfy the conditions of
Definition which in our situation translate to the following conditions.
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1. Marginal distribution proj% a:
e Mass in x: wy +wo + w3 L 1,
e Mass in z’: w] + wh + wh L1
2. Marginal distribution projgéa:
e Mass in y~: wy + W) = A,
e Mass in y': wo + wh L 1,
e Mass in y': w3 + wj 1o
3. Conditional distributions oy, o;:
e Integral equation for z : w1y~ + woy’ + w3y™ = ANy~ + (1 =Nyt =17,
e Integral equation for z/: wiy™ + why' + why™ = v

These conditions yield a linear equation system with variables (w1, ws,ws, w],wh, ws),

which we may state in matrix form as

1 0 0 1 0 0] A
01 0 0 1 0/ 1
0 0 1 0 0 1 |1-x
1 1 1 0 0 0] 1
00 0 1 1 1] 1
y- v oyt 0 0 0] g
0 0 0 y ¢ y"| ¢

We see that the fourth row is redundant by adding the first, second and third row and
subtracting the fifth row, and that the sixth row is redundant by adding suitable multiples
of the first, second and third row and subtracting the seventh row, where we use that
g2y~ —y — (1= Nyt =~y

We solve the above linear equation system in order to determine the form of a competitor

a’. Clearly, this system may be solved using classic methods as follows.

100 1 0 0] A 1000 -1 -1 [x-1
010 0 1 0| 1 0100 1 0 1
001 0 0 1[1-XA[~]00T10 0 I [1-2
000 1 1 1| 1 0001 1 1 1
000y o yt| v 0000 1 L=o| g
10000 -1
01000 —3 1| 0
P Mo 0100 1 [1-x
00010 1-%] 0
00001 3 1
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Thus, a general competitor o’ of a has the form

$-1 A D) D)
0 —3 0 ~1 —1
, 1—-A 1 1—A A A
o = +t- = +s- =a+s-
0 1-3 0 A—1 A—1
1
x 1 1 1
0 -1 0 —-A -

We immediately see that s < 0 has to hold in order to have o/ > 0. For s = 0, we obtain a.

Now let us consider the integral difference
[ el ma'@e,) - [ elematd@.) = [ ey - a)d@y)
T
Asd —a=s- (1—/\,—1,/\,)\—1,1,—/\> , we have

[ e’ = a)(d(ay)
=5 [(1 = Ne(@,y7) = ela,y) + e,y ™) = (1= Nea',y ™) + e’ y') = Ae(@',y")] -

Thus, we have [ c(z,y)(¢/ —a)(d(z,y)) > 0 for all s < 0, if and only if

e, y™) = elw,y™)] + (0 =N [e(@',57) = elw,y7)] = [e(@, ') = e(z,9/)] > 0.

This condition however may be rewritten by the differentiability of the payoff function. We

obtain the equivalent notion

/ e (t,yT) + (1= Neo(t,y™) — cul(t,y')dt > 0,

which is satisfied as c¢ satisfies the martingale Spence Mirrlees condition. This however is a

contradiction to the finite optimality of a. Hence, I' is left monotone. O

Remark 6.24. The main assertion of Theorem is independently reported in Beiglbock,
Henry-Labordere & Touzi [6, Theorem 3.3]. The authors also use similar ideas as in the
proof of [7, Theorem 6.1]. Thus, their proof is similar to our proof. However, our proof is

beneficial, as it allows us to deduce a stronger result in the case of discrete marginals. ¢

6.4. MONOTONICITY AND OPTIMALITY IN THE DISCRETE CASE

In this section, we consider the special case of discrete marginals. We improve the assertion
of Theorem present an algorithm to determine the left monotone martingale transport
plan and an algorithm to find an optimal super hedging strategy. This complements the
methods of Henry-Labordére & Touzi [38] in the continuous case. Finally, we discuss an

extensive example in order to illustrate the results of this section.
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For this purpose, we need several further results from Beiglbock & Juillet [7]. We start

with a generalized version of the convex order of two measures.

Definition 6.25 ([7, Definition 4.3]). Two measures u, v € P,(R) are said to be in extended
convex order, denoted by u <g v, if for any non-negative convex function f : R — R, such
that the integrals exist,

[ f@ndo) < [ r@pwas).

Let us shortly discuss this notion. Since the class of test functions is reduced, we
immediately have that u <. v implies u <g v. The converse is not true. Indeed, if u < v,
ie. uw(B) < v(B) for all B € B(R), then p <g v. This is an easy consequence of an
algebraic induction. As p < v may hold for measures with different masses or barycentres,
this implies that the extended convex order extends the convex order in the sense that new
relations are introduced.

However, choosing f = 1, p <g v implies u(R) < v(R). Assuming u(R) = v(R), the
convex and the extended convex order are equivalent. This can easily be deduced using
Proposition as then we have

p<cVv=>pu<gpv=u, Ju =>p,v.

An alternative proof can be found after Definition 4.3 in [7].

Beiglbock & Juillet [7] also show that u <g v if and only if there exists an 1 € P, (R)
such that u© <. n and n < v. In the following, we are interested in a certain choice of
71, namely the so-called shadow. In order to formally introduce this particular measure,
assume p, v € Py (R) are such that p <g v. Then we denote by F, ., the set of all measures
N € Po(R) such that p <.nand n < v, i.e.

F={n€PaR)|p<cnn<v}
All measures in F); have the same mass and the same barycentre as . Thus, it is meaningful

to search for minimal and maximal elements in the partially ordered set (£, <.).

Lemma 6.26 ([7, Lemma 4.6]). Let pu,v € Po(R) be such that p <g v. Then there exists

a measure S¥(u) such that
1. S¥(p) <wv.
2. 1< S (u).
3. If n is another measure satisfying 1. and 2., then S”(u) <. 7.
As a consequence of 3., the measure S” () is uniquely determined. Further it satisfies
3.7 If n is a measure such that n <v and p <g n, then S”(u) <gn.

There also is a measure T (u) that is maximal in the convex order, i.e. in the third
condition of Lemma, we have instead n <. T"(u). This may be proven similar to the
proof of Lemma [6.44]
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Definition 6.27. The uniquely defined measure S”(u) from Lemma is called the

shadow (measure) of p in v.

As Beiglbock & Juillet [7] show, the shadow measure has several useful properties. First

of all, it is associative in the sense of the following theorem.

Theorem 6.28 ([7, Theorem 4.8]). Let v1,72,v € Pa(R) be such that v1 +v2 <g v. Then
Y2 <gv—=5Y(1) and

SY(y1 +72) = 8¥(71) + 875 ) ().

Corollary 6.29. If v1 + 72 <. v holds in the situation of Theorem then we even
have vo <. v — SY(y1) and

v=5"(m+2)=8"(m)+ S5 ().

Furthermore, the shadow measure allows a general characterization of the left monotone

martingale transport plan Qq.(u,v).

Theorem 6.30 ([7, Theorem 4.18]). Let pu,v € P (R) and assume p <. v. Then there is a
unique probability measure Q on R? that transports ,u,\(_oo@] to S (,u’(—oo,ac])' That s,

projy (Q|(foo,x]><]R) = Ul(—00a) and projy (Q|(foo,x]><R) =S¥ (:u"(foo,xo

for all x € R. Q is a martingale transport plan, i.e. Q € Ma(p,v), and it is the left

monotone martingale transport plan, i.e. Q = Q. (u,v).

In the case of a discrete marginal u, Beiglbock & Juillet [7] also provide an abstract
description of the left monotone martingale transport plan Q.(u,v) using the shadow

measures of the single atoms of pu.

Ezample 6.31 ([7, Example 4.20]). Let § = ad, and § <g v. Then S”(J) is the restriction

of v to a measure of the form v/ = (F; 1) 4\, o) with s’ = s + « such that B(v/) = x.

Ifpu= ijzl 0; = Z;-V:l w;jdy,; with xy < ... <zy, then
N —
Qie(p, v 25 ® SVTVi=1(5;),

where §; = % and v; == SY(p ) with p; = Zgzl J;. A

While the description of Q.(u,v) provided in the example is somehow useful when the
quantile function F; ! is well-defined and easy to determine, the description is not practical
when the quantile function is defined ambiguously, which is the case when the marginals

and v are both discrete.
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6.4.1. THE DISCRETE CASE

Assumption 6.32. Let u,v € P(R) be such that p <. v and (p,v) is irreducible. Let p
and v be discrete, i.e. there are N, M € NU {oco} such that

N M
= ijcsggj and v = Zﬂi‘syw
j=1 i=1

wherew;,¥; > 0, x;,y; € Rforallj =1,...,Nandalli=1,...,M, "N jw; =YY, 9; =1
and m = Z;-V:l wizj = M 9y < oo hold.
Under this assumption, martingale transport plans Q € Ma(u,v) are of the form
N M
Q= Z @,i0(z; 1)

j=1i=1

where the following additional constraints have to be satisfied.

1. The masses of Q are non-negative, i.e. we have ¢;; > 0, forall j =1,..., N and all
i=1,...,M.

2. The marginal distributions of Q are y and v, i.e. we have
M
ZQJ,Z:C‘)]7 jzla"'7N7
i=1
N
> gii=1, i=1,...,M.
j=1

This clearly implies E;-V:l Zi]\il ¢;; = 1 such that Q is indeed a probability measure.

3. The measure Q satisfies the martingale condition. We know that the martingale
condition may be characterized in different ways. Transferring the classic condition
Eq[Y | X] = X to the discrete situation, we have

j7iyi:xj7 .j:l:"'7N7

M=

i—1 Wi
as i — w is the correct conditional distribution. Rewriting this as
wj QX =)
M M M M
S gayi =wizs = > gy — > G =0 <= > qji(yi — ;) =0,
i=1 i=1 i=1 i=1

we find an alternative condition, which resembles the alternative characterization
Eg[h(X)(Y — X)] = 0 for all suitable h: R — R.

Altogether, the upper price bound problem in (4.7) reduces to a possibly infinite dimen-
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sional linear programm in the discrete case, namely
N M N M
max > > qiic(xi,yi) =YY q5icii (6.4)

j=1l1i=1 j=1l1i=

[y

M

s.t. qu'yi:w]', jzl,...,N,
i=1
N
ZQJ,’L:ﬂU i=1,..., M,
7=1

M
qu,i(yi—xj)zo, jzl,...,N,
i=1

gi>0, j=1,...,Nyi=1,...,M.

Formulating a discrete version of the super hedging problem in (4.10) yields the problem

N M
min Y wip; + > Uirg (6.5)
j=1 i=1

s.t. pj—i—ri—i—hj(yi—xj)ch’i, j=1,....Ni=1,..., M,
pj,hj,qiER, j=1...,Nyi=1,..., M.

Remark 6.33. If we assume N, M < oo, then using classic methods of linear optimization,

we may state some observations.

1. In linear optimization, the dual problem for an optimization problem of the form
max ¢’ ¢ such that Ag =b,q >0

is given by
min ALb such that hT A > c.

It is easy to check that the upper price bound problem in (6.4) and the super hedging
problem in |D indeed satisfy this connection.

2. As p <. v, by Corollary we know that there is an admissible solution to the upper
price bound problem in . As Z;V:1 Zf\il ¢;; = 1 holds, we also know that the
maximum is finite. Thus, the upper price bound problem is admissible and solvable.
Hence, by the strong duality theorem, see for example Vanderbei [76, Theorem 5.2],
we know that there is a solution to the super hedging problem in as well, even

without assuming irreducibility. O

6.4.2. THE DISCRETE OPTIMALITY RESULT

From Theorem [6.23, we know for which payoff functions the left monotone martingale
transport plan Q.(u, v) is optimal for the upper price bound problem in (4.7).
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The discrete version in (6.4) is slightly different from a structural point of view, as only
the discrete points zi,...,xy and yi,...,yy are important. Thus, we may prove the

optimality criterion to be slightly more general.

Theorem 6.34. Let p,v € P(R) satisfy Assumption . Let ¢ : R? — R be a payoff
function such that

c@ yH)—clayt) _ c@y)—cl@y) e y)—clzy) @'y )—clzy)

' —x ' —x z/—x /' —x
- >0 (6.6)
yt—y Yy -y

for all 2’ > x and y* >y >y~ with x,2’ € supp(p) and y—,y',y* € supp(v). Then
Qic(p, v) is optimal for the discrete upper price bound problem in (6.4).

Proof. As in the proof of Theorem we find the optimality condition
A [C($/,y+) - C($,y+)] + (1 - )‘) [C($,7y_) - c(:c,y_)] - [C(xlv y/) - C(l‘,y,)] > 07
which is then equivalent to

M, yt) = elalsy) = ela,y ™) + e,y
- (1 - )‘) [C(xlvy/) - c(xlvy_) - C((L‘, y/) + C(l’,y_)] > 0.

Y=y~
yt—y=’

If we plugin A = multiply by y™ — ¥~ and divide by y™ — ¢/ and 3/ — y~, then

we obtain
e(@,y™") — el y) —c(@,y™) + el y)]  [e(@,y) —c(a'sy7) — e(z,y) + c(z,y7)]

— > 0.
yt —y Yy -y

Finally, dividing by ' — z and sorting the terms suitably, we have the desired condition

C(I/7y+)—0($7y+) _ C(xlvyl)_c(‘rzy/) C(I/,y/)—C(I’yl) _ C(xlvyi)_c('rzyi)
' —x ' —x ' —x ' —x

_ > 0.
yt—v Yy -y

O]

The following lemma shows that all functions that satisfy the martingale Spence Mirrlees
condition satisfy condition as well. In this sense, condition is indeed more

general than the martingale Spence Mirrlees condition.

Lemma 6.35. Let ¢ : R? = R be a function satisfying the martingale Spence Mirrlees
condition. Then holds for all ' > x, y* >y >y~.

Proof. In the following we prove an inequality from which we may deduce the claimed

"—y7) and 2’ — x on both sides. In order to derive

implication by dividing by (y* —4/)(y
the desired inequality, we repeatedly apply the fundamental theorem of calculus, which

is possible by the differentiability assumption on ¢. As ¢y > 0 and s > 3/ > u for all
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s€[y,y"] and u € [y, y'], we have

x’ y+ y/ s i
V< / / / / Cayy(t,v)dvdudsdt = /
* Yy y- Ju .

= /: /; ny(t> 5)(3// - y_) - (Cx(t,y’) — Cx(t,y_))dsdt

’ + /

vty
/ / Cay(t, 8) — Cay(t, u)dudsdt
Yy JyT

= /x (ca(t,y™) = calt, )W —y7) = (calt,y') — ca(t,y7)) (v —¢)de

= [e(@,y") — el y™) = (ce(@',y)) — (=, YN —y7)
— [e(@",y) — e(z,y) — (c(a’,y7) — ez, y™ D™ —9). O

Let us now introduce a discrete case analogue of the explicit construction of Q.(u,v) in
Section The structure of Q;.(u, v) in this situation is abstractly discussed in Example
We translate this abstract description to a constructive algorithm.

6.4.3. CONSTRUCTION OF THE LEFT MONOTONE MARTINGALE TRANSPORT PLAN

Assumption 6.36. Let u,v € P(R) satisfy Assumption Additionally assume that p

and v satisfy the following conditions.

l.oi<... <y, 1 < ...<yYm-

2. pu# .

3. p has at least two different atoms of positive mass.

In this section, we detail an algorithm to determine Q.(u, ) whenever u and v satisfy
Assumption [6.36, Instead of using the notion of the shadow as in Example we
proceed intuitively. However, to prove the correctness of the algorithm, we prove that the
construction indeed yields the desired shadow measure. In order to clarify the connection
to the discrete upper price bound problem in , we denote the mass of the atom (z;, y;)

under Q.(u,v), i.e. the mass transported from x; to y;, by g;;.

Remark 6.37. Let us shortly discuss the additional properties of Assumption The
first property is necessary to be able to work with left monotonicity, as this depends on the
order of the atoms. The two further conditions simplify notation and formalisms. The two
special cases ruled out yield formal difficulties in the algorithm though they are trivial to
handle. Indeed, if the second condition is violated, then the unique martingale transport
plan is the identity transport p ® 6iq(,)(dx, dy). If the third condition is violated, then the
single atom p = wd, is trivially transported to the atoms of v by just splitting the mass
properly. O

Let us now develop an intuition on how to proceed in a constructive algorithm. It is
natural to couple the single atoms w;d,; of  stepwise and one after another with suitable
measures p; < v in order to determine a transport plan. As we construct the left monotone

martingale transport plan, this approach has to comply with some conditions.
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1. The marginal distributions of the coupling have to be p and v. As we couple the
atoms of p stepwise and one after another, it is obvious that u results as a marginal.
To ensure that v results as a marginal, the measures p;, j = 1,..., N, have to satisfy
Z;V:l pj = v. This is satisfied by coupling the atoms w;d,; of u with suitable measures
p;i <v—311pi

2. The coupling has to satisfy the martingale condition. As pu <. v, a martingale
transport plan does exist. Starting by coupling an arbitrary atom w;d,; of u with
some measure p; < v, two conditions have to be satisfied not to contradict the
martingale property.

First, B(p;) = «; is mandatory, as this is the martingale condition for the measure p;.
However, as p;(R) = w; naturally holds, we may also require w;d,, <. p;, implying
both properties. Secondly, u — w;d;; <. v — p; is necessary to ensure the existence of

a martingale transport plan between the residual measures.

Hence, coupling all atoms of p ordered by ji, ..., jx should admit
w]’i(sxji <c¢ Pj;

forall i = 1,..., N. Denoting u*) = 1 — Zle wjiéxji and v®) =1 — Zle pj; for all
k=0,...,N, it should also admit

FOPSC)

This demand reminds us of Corollary Indeed, the corollary yields the desired

convex orders, whenever we can show that, for all ¢ =1,..., N, we have
(i-1)
Pj; = SY (wji(sxji) ’

3. The coupling has to be left monotone. As the monotonicity is a property that relies
on the order of the atoms, it is natural to couple the atoms in a certain order such

that no contradictions are introduced.

Assume we couple the atom w;d,; of p first. Then the structure of left monotonicity
yields conditions for z1,...,2;-1 and for xj41,..., 2y respectively. Indeed, for all

i=1,...,7—1and all y € supp(p;), we have to satisfy

y ¢ conv(supp(pi))°.

Analogously, for all i = j +1,..., N and all y € supp(p;), we have to satisfy

y ¢ conv(supp(p;))°.

If in any step any of the above conditions is violated, this is a contradiction to the

left monotonicity of the constructed transport plan.
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As it is easier to control only one of the conditions, it seems useful to start the
coupling with either the smallest atom x; or, if N < oo, the largest atom z and to
proceed in either increasing or decreasing order. As we shall see later, starting with
the largest atom xp, the procedure may fail. Thus, we start with the smallest atom
x1 and proceed in increasing order. Then we have to ensure that v(*®) = p — Z;?:l pj
has no mass between any atoms of p, i.e. it is crucial that, for all k=0,..., N — 1,

we have
supp (1)) N (conv(supp(p)))° = 0.

As motivated, the algorithm describes detailed how to couple the smallest atom w10,

of p with some measure p; < v such that the expected relations as discussed above

are satisfied. Iteratively applying this coupling procedure yields sequences (pi,...,pnN),
(@, ..., ™) and (1@, ... ) of measures such that u*) <. v® for all k=0,...,N,
pN) =) = 0 and py = N1 as in the N-th step there only remains the coupling

of one single atom wyd,, , which has to be coupled with the remaining residual measure

V(Nfl)

as discussed in Remark [6.37, The sequences (wi0y,,...,wndzy) and (p1,...,pN)
then determine Qy.(u,v).

The iterative construction immediately guarantees the marginal and martingale con-
ditions. The left monotonicity is also directly implied by the iteration procedure. After
presenting the algorithm, it only remains to prove that the iteration may be continued
after each step. As announced in the intuition, we do this using Corollary

However, before we provide the algorithm formally, we introduce two auxiliary lemmata.

Lemma 6.38. Let u,v € P(R) satisfy Assumption and suppose x1 € supp(v), say
x1 = yg for some £ € {1,...,M}.

1. Then (z1,ye) is an atom of Qc(u,v).
2. Further suppose £ = 1. Then wi < ¥4.

Proof. 1. In order to get a contradiction, assume that z; is not coupled with y, under
Qie(p,v). Then there are y~,y* € supp(v) with y~ < y, < y* and such that x; is
coupled with y~ and y*. Also, there is some 2’ € supp(u) with 2’ > x; and such
that 2’ is coupled with y,. This contradicts the left monotonicity.

2. In order to get a contradiction, assume that wy > 1. After coupling x; with y; there
is mass of at least wy — ¥ left in z;. This has then to be coupled with some atoms
from supp(v) \ {y1}. Asy; >z for all t = 2,..., M, this contradicts the martingale
property. [

Lemma 6.39. Let p,v € P(R) satisfy Assumption[6.36 and suppose y; < x1 < ygi1 for
somel € {1l,...,M —1}. Then (z1,ys) and (x1,ye+1) are atoms of Qi.(u,v).

Proof. In order to get a contradiction, assume without loss of generality that x; is not

coupled with gy, 1. Then there is a y* € supp(v) with y™ > 3,41 and such that z is
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coupled with at least y, and y™. Also, there is an z’ € supp(u) with 2’ > 21 and such that
x’ is coupled with gy, 1. This contradicts the left monotonicity. O

Algorithm 6.40. Let u,v € P (R) satisfy Assumption and let x1 € supp (u) be the
smallest atom of p. The atom z; has mass w; and we denote § = w;d,,. We distinguish

two cases.

1. 1 € supp (v).

Then there is an £ € {1,..., M} with 21 = y,. By the first part of Lemma T
has to be coupled with .

1.1. ¢ =1.

By the second part of Lemma we have w; < ;. We define ¢1 1 = wy,
P1 = Q1,15y17

N
pV =3 widy, and W i=v—py.
=2

By coupling ¢ with p1, the total mass w; of xy is transported to v and we have
u(l) <. v, We may thus apply the iteration step to these measures for the

smallest atom x5 of (V).
12. 6=2,...,M —1.
We have yp—1 < 1 < yot1.
1.2.1. wy < 9.

As in 1.1, we define g == w1, p1 = q1,¢0y,,
N
,u(l) = ijaxj and v =p— p1-
j=2

By coupling § with p;, the total mass wy of x; is transported to v and we
have ,u(l) <. v, We may thus apply the iteration step to these measures

for the smallest atom x5 of p(1).
1.2.2. wy > ¥y.

We define ¢4 :== ¥, and p} = ¢1¢0,,. That is, we do not yet transport
the total mass wy of z1 to v. Hence, we couple z1 with further atoms
of v. By Lemma we have to couple with yy_; and yey1 first. As
Ye-1 < 1 < Y41, there are numbers ¢} , 1,4 o4 > 0 such that

Qo1+ G = w1 — 01 (R),

Go1Ye-1 + G opryer + 01 (R)B (p)) = wizy.

Considering ¢ ,_; and ¢q; ,, ;, four cases may appear.
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1.2.2.1. ¢,y > VU¢—1 and ¢} 4y > Up41. Proceed as in 2.1.[[£ — 1],
1.2.2.2. q1p 4 > V-1 and ¢}y < Ypy1. Proceed as in 2.2.[[¢ — 1],
1.2.2.3. ¢,y <VU¢-1 and ¢) 4y > Up41. Proceed as in 2.3.[[( — 1],

[6—1]

1.2.2.4. q’M_1 < ¥y_1 and q/1,5+1 < ¥¢41. Proceed as in 2.4.[[¢ — 1],

1.3. £ =M.

0+
0+
0+1]).
0+

1]).
1]).

1]].

Then z; = yps, which is possible only if N = M =1 and w; = ¥j;. However,

that is p = v, a contradiction to Assumption [6.36]

2. x1 ¢ supp (v).

Then there is an ¢ € {1,..., M — 1} such that y; < 1 < y;31. Thus, there are

numbers ¢} 4,q; 41 > 0 such that
/ / .
W WAS I

/ /
q1,0Ye + Q1 p11Ye+1 = W1T1.
Considering ¢, and ¢}, ;, four cases may appear.

Then it is not possible to (additionally) couple 21 with only Y[ and yjgyq). Thus,

we define qy [ == Y|y and qy [g4.1) = V41 as well as

o= pl + Q1,[£]5y[e] + Q17[5+1]5y[€+11'

That is, we do not yet transport the total mass wi of x1 to v. Hence, the

remaining mass has to be coupled with yy_1 and ypy141- As yp—1 < 21 <

Y[e+1]+1, there are numbers qi,[f]—l’ q’l’[ZH]Jrl > 0 such that
@i -1 T G )1 = w1 — pL (R,

QQ,[@_W[L’H + qll,[€+1]+1y[f+1]+1 + 01 (R)B (p}) = wiz

Considering q’L[é]_l and q’L[ four cases may appear.

0+1]+1
2.1.1. qi,[f]—l > Y[y and qll,[é+1]+1 > Yjg41)41- Proceed as in 2.1.[[¢
l

14

[
2.1.2. qim_l > Jjg—; and qll,[€+1]+l < Ypg41)41- Proceed as in 2.2.[]
2.1.3. qim_l < J[y—; and qll,[£+1]+1 > Jjg41]41- Proceed as in 2.3.[[
2.1.4. qiymfl < Jpg—1 and qll,[€+1]+1 < Vpg41]41- Proceed as in 2.4.[[¢

—1
-1
-1
-1

J,
J,

Then it is not possible to (additionally) couple x1 with only yjy and yjg41). Thus,

we define g [y = U} and p} = p} + g dy,- That is, we do not yet transport

the total mass wi of 1 to v. Hence, the remaining mass has to be coupled with
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Yig—1 and Y1) As ypg—1 < 21 < Yje41), there are numbers q’l?[e}_l,qiwﬂ] >0

such that
/ / . /
G -1+ @1 s = w1 — p1 (R),
) j0-1Y10-1 + a1 T o1 (R) B (p) = wizr.

Considering q’1 (-1 and q’1 [ four cases may appear.

0+1)0
22.1. qq > Vpg-1 and qq ) > Vjeqr). Proceed as in 2.1.[[¢ — 1], [¢ +1]].
2.2.2. qy gy > Vg1 and qq p,q) < Dppyq). Proceed as in 2.2.[[¢ — 1], [€ + 1]].
2.2.3. qi,[f]fl < Jjy—1 and q’l’[gﬂ} > Jjg41)- Proceed as in 2.3.[[¢ — 1], [( + 1]].
2.2.4. q’lm_1 < J-1 and q’l’[éﬂ} < Ypp41)- Proceed as in 2.4.[[¢ — 1], [£ 4 1]].

Then it is not possible to (additionally) couple z1 with only yj; and yqq).

Thus, we define g [p11) = J}p41) and p} = pj + 191[”1]53/[ That is, we do not

41"
yet transport the total mass w; of 1 to v. Hence, the remaining mass has to

be coupled with y and ypy1y41- As Yy < 21 < Yey1]41, there are numbers

qi,[z]v q/1,[[+1]+1 > 0 such that
a1, + @ a1 = w1 — P (R),

qll,[Z]y[Z] + (1/1,[4+1]+1y[e+1}+1 + P/1 R)B (Pﬁ) = Wi

Considering ¢} [ and q’1 [ four cases may appear.

04+1] 417
2.3.1. qp > Vg and qq gy 440 > Vpey41- Proceed as in 2.1.[[¢], [ + 2]].
2.3.2. qy g > Vg and ¢ 441 < jea)41- Proceed as in 2.2.[[¢], [€ + 2]].
2.3.3. qy g < Vg and ¢ (441 > Yje1)41- Proceed as in 2.3.[[4], [€ + 2]].
2.3.4. q/L[Z] < 9y and qll,[€+1]+1 < Vjg41)41- Proceed as in 2.4.[[f], [¢ + 2]].

24. ([0, [0+ 1] ¢} g < Dy and qq 14y < Dpea)-

We define q; [y = qll,[é’} and qy [p41) = qll,[€+1] as well as
p1 = p1+ 40y + Qe Oy

Further we define

N
p = ij(sxj and vV = v — p.
=2

By coupling § with p1, the total mass w; of 1 is transported to v and we have

u(l) <. Y. Hence, we may apply the iteration step to these measures for

smallest atom x5 of u(V).
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Let us now show that Corollary applies in the cases 1.1, 1.2 and 2.4 in the sense
that indeed p™) <. M holds. As this is only useful, if we ensure that in case 2, case 2.4 is

reached somehow, we begin by showing that.

Lemma 6.41. In Algorithm|[6.40, if 1 ¢ supp(v) or x1 =y € supp(v) such that wy > Jy,
then we reach case 2.4 after a finite number of recursive steps through cases 2.1, 2.2 and

2.3 for all p,v € P(R) that satisfy Assumption [6.36]

Proof. By assumption, 1 is the smallest of at least two atoms of . Thus, the total mass
w1 < p(R) of x; is coupled with a set of subsequent atoms from the countably many atoms
of v, say with {yn,...,ym}. The algorithm guarantees that the masses ¥, +1,...,0n_1 are
used up entirely. In particular, after the coupling there is no remaining mass in (y,, Ym)

and we have wy <377, ;. We distinguish two cases.

1. m < 0o. Then z7 is coupled with finitely many atoms. Hence, we clearly reach case
2.4 after a finite number of iterated applications of the cases 2.1, 2.2 and 2.3, as in

each of this cases the mass of at least one of the atoms in {yy,...,¥ymn} is used up.

2. m = co. Then x; is coupled with infinitely many atoms. However, this contradicts
the martingale and the left monotonicity properties. Indeed, only the atoms y1,...,y,
remain to be coupled with some atom 2 of —w;d,,. By assumption we have xo > z1
and by construction we have x1 > y,. Thus, x5 is greater than the greatest atom
remaining in v with which it could possibly be coupled. Thus m = oo is possible only

if 1 is the last remaining atom of p. This however is ruled out by Assumption [6.36]

We conclude that we do reach case 2.4 after a finite number of case applications. O
In order to prove that Corollary applies and implies ,u(l) <. v in all relevant cases,
we show that p; = S, (0), where in analogy to the algorithm we now write

m—1

p1 = q1,nly, + Z 79]'51/]' + q1,m0y,, -
j=n+1

Lemma 6.42. Applying Algorithm we have p1 = SY(9).
Proof. 1. By construction, we have p; < v.

2. As § is an atom, we have § <. n for all n with the same mass and barycentre. By

construction, p; satisfies this property.

3. Let 1 be a measure with § <. n and n <v. Then n = Zjﬂil Yj0y,, where 0 < v; < 9,

j=1,...,M. By construction, we have p1 = q1 0y, + ;”z_nlJrl U0y, + q1,m0y,, -

Let us now show that p; <. n. For this purpose, we write

p1=p1—(p1 An)+ (p1 An) = p+ (p1 A7),
n=n—(prAn)+(pr An) =1+ (p1 An).
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Now it is sufficient to show that p} <. 7/, as adding p1 An does not change the convex
order. Let us investigate p; A 7. By construction, p; is concentrated on [y, y,] and

we also have p; = v on [Ynt1,Ym—1]. Thus,

7, on (Yn, Ym)
(p1An) = e
pP1, OnN (—OO, yn) U (ym7 OO)

Concerning y, and ¥, we have to consider several cases.

3.1. p1 >non {Yn,ym}. Then p1 An=mnon {yn, ym} and thus

p1—1, ON [Yn,Ym]
pr=p1—(p1An) =
0, on [ynvym]ca

07 on [yrwym]
n’zn—(mM)z{

n—p1, on [yTL)ym]c

Now let f: R — R be a convex function and ¢ : R — R the linear function with
flyn) = 9(yn) and f(ym) = g(ym) as illustrated in Figure

Figure 6.3.: A convex function (solid) and the intersecting linear function (dashed).

Then f < g on [yn,ym] = supp(p}) and f > g on [yn, ym]® = supp(n’). Hence,

/R fy)pi(dy) < /R 9(y)pi(dy) = /R g(y)n'(dy) < /]R f)n'(dy),

where in the equality we use that p; and 7, and thus pj and n’ have the same
mass and the same barycentre, and that ¢ is a linear function. Hence, pj <. 7.
3.2. p1 2 niny, and p1 < nin y,,. Then py An=nin y, and p1 An = p1 in Ypm.
The argumentation is done replacing v, by ym—1 in 3.1.
3.3. p1 £niny, and p1 > 7N in yy,. Then p1 An = p1 in y, and p1 An =17 in yp,.
The argumentation is done replacing y, by yn+1 in 3.1.

3.4. p1 <non {yn,ym}. Then p1 An = p1 on {yn,ym} The argumentation is done
replacing y, by yn+1 and y, by ym—1 in 3.1. 0
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Remark 6.43. 1. Based on Example and Algorithm in the discrete marginal
case, we now know how to choose s in S,(6) = (F, 1)uly with s = s + w.
Obviously, S, (0) equals v in between the quantiles s and s+ w; such that we have to

choose

n
s = Z 19]' —q1n-
7j=1

Analogously, we get the alternative representation s’ = Z;”:_ll Y5+ q1m.

Similarly, the algorithm gives an intuition how the shadow S*(8) = (F,; 1)\ ¢
looks like when v is continuous. It is the measure that we receive by moving the
correct mass along the distribution function of v until the correct barycentre results.
That is,

/

F,(sY)=F,(s) =w; and / xF,(dx) = x1.

2. We could expect that we also obtain the left monotone martingale transport plan,
when we proceed the other way around, i.e. when we start with the greatest atom
of p and iteratively determine the greatest measure in convex order, 7, (6), for each

atom ¢. However, this is not the case as we see in the following example.

Consider the discrete probability measures

1 1 4
0_o9+ 5(52 + 654 + B(Sg

1

1 1 1
M=6(51—|—§53+*(56 and v=—

3 15
They satisfy u <. v, as we are able to construct a martingale transport plan between
the two measures. Let us try to determine the left monotone martingale transport
plan using T%(-). Obviously, we have TV(%(SG) = %5,2 + %58. Then, using the
algorithm in consideration, we get

1 1
p) o= — 266 = —

1 1 1
30 = g0+ 50 and  pW =y = T"(6) = 50 + G,

6

For those measure we immediately have p(Y) £e v as L,y <l,a. Hence, there is
no martingale transport plan between those two measures and we are in particular
not able to determine T7%~T"(5%) (%53).

If we instead apply Algorithm to the measures p and v, then we obtain

(1 1 1

S <651> = ﬂ5—2 + §527
v=5"(go1) <15 ) — 55 15 i(g

ST (5% ) = g0 g0t g0

and finally

v v—SY(L61) (1 1 1 5 43
gr=5"(§81)-5" " (82 (355) (5 ) = —0_g+ —0y + —0s.
’ %) T 02T %2t g™

This indeed determines the left monotone martingale transport plan. O
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In order to overcome this drawback of T(-), we now consider measures 1, vz, v € Pq(R)
such that v; + 2 <. v and the set

It is clear that S$¥(v1) € F'5¢ holds and that S”(71) is the minimal element with respect

"/1+’Yz
to the convex order in va +C7 Indeed, this follows from Lemma, Now let us consider
the maximal element with respect to the convex order in wa +i72

Lemma 6.44. Let v1,72,v € Po(R) with v1 + v2 <. v. Then there is a measure C¥ (1)
such that

1. C"(m) <v

2. m <.C"(m),

3 y2 <cv—C"(m),

4. If n is another measure with the above properties, then n <. C"(y1).

Proof. The proof goes essentially as the proof of [7, Lemma 4.6]. Thus, we translate the
problem in the language of potential functions. We aim to find a suitable convex function
h :R — R4 that is the potential function of C¥(;). In order to understand the conditions
for a function to be suitable, we translate the first, the second and the third condition of

the lemma. Here, we write u = 1 + 2 and denote by k1 = v1(R) the mass of v and by

lil/x’yl(da:)

the barycentre of 7;. We further denote by k2 = v(R) —72(R) = p(R) —72(R) = 71 (R) = k;
the mass of v — v and by

my = k: / z(v — 1) (dz) = o (/ x’/(daf)—/Rl"m(dm))
Tk (/Rx“(d“") /ﬂf%(dl’)) = kll/le(dx) =my

the barycentre of v — 79, where in the above calculations we use pu <. v. By Propositions
and the translations of the three defining properties are the following.

my =

1. u, — h is convex.

2. uy, <hand lim h(z)—ki|lz —mi] :O:xli_)ngoh(x)—kﬂx—ml.

—T—00

3. Uy, Suy —hyie h <uy — Uy,

We remark that the second part of the second condition in connection with the convexity
already guarantees that h is indeed a potential function, see Proposition Thus, the

transformation in the third condition is unproblematic. Furthermore, we remark that in
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the third condition we omitted ligl h(z) — kalz —meo| =0 = liLn h(z) — kalz — mol, as
—r 00 —r—00
this is implied by the second part of the second condition and the previous calculations.

Now we define the set of all relevant functions
Up = {h:R — Ry | h is convex and satisfies conditions 1. — 3.}

The set Ur contains all functions that could be the potential function of C¥(7y;). The
actual potential function h has to satisfy h > h for all h € Up by the fourth condition.
By the existence of S¥(y1) and Corollary [6.29, we know that Ur # (). Thus, we define

h(z) == sup h(z), x€R.
heUp
The function h is the potential function of some measure, as it satisfies the conditions of
Proposition Furthermore, it satisfies the first, the second and the third condition
and is by construction the greatest such function. The desired measure C¥ (1) now is the

unique measure p € P (R) such that u, = h. O

Remark 6.45. By the additional defining property of C¥(-) compared to S”(-) and T"(-),
which basically ensures the validity of an analogue to Corollary it is possible to
introduce an abstract procedure to determine the left monotone martingale transport plan
Qic(p, v). Using the measure C¥(-), we get it as follows.

For u = Z;-V:l 0; = Zév:l w;dy,; with x1 <... <z, we have

N—-1
Qie(p,v) = D On—j ® C*¥=I (6n—j),
=0

< ON—j . .
where dn_; = m, vy =v,and v; == v — CY+1(0j41), j=0,...,N — 1.
However, a counterpart to Algorithm is hard to provide, as the determination of
the measure C"(-) is difficult. O

Remark 6.46. Independently of our work, Hobson & Norgilas [48] also considered the
problem of determining the left monotone martingale transport plan Q.(, ). The results
are similar to those of Beiglbock & Juillet [7] and Henry-Labordere & Touzi [38] in the
sense that two mappings are defined and constructed that fully characterize Q;.(u, ). In
the case of a continuous marginal p, the mappings provided by Hobson & Norgilas [48]
and those provided of Henry-Labordere & Touzi [38] are in a one-to-one connection.

However, differently to Henry-Labordeére & Touzi [38] and similar to our work, Hobson &
Norgilas [48] provide a procedure to determine Q;.(u,v) in the presence of atoms. Indeed,
whenever u is a discrete measure the procedure yields the desired martingale transport
plan Q.(p,v) in an algorithmic fashion and independently of the structure of v. For
non-discrete p, the determination of Q.(u,v) has to be done by approximation.

Though the work of Hobson & Norgilas [48] covers all possible cases, we suggest to
prefer our approach and that of Henry-Labordére & Touzi [38] in the purely discrete and
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purely continuous cases respectively, as even the algorithmic part of the general procedure
is highly non-intuitive and complicated to implement and execute. We combine the three

complementary approaches altogether in the following example. O

Ezample 6.47 (Construction of Q;.(u,v) in the case of mixed marginals). We completely
presented techniques to determine the left monotone martingale transport plan in the cases
of purely discrete and purely continuous marginals. Also, we remarked that there is a
generally functioning approach that is rather difficult to apply.

Now we consider a special case not discussed so far, namely the case of mixed marginals.
We combine the three mentioned techniques to gain a procedure as easy as possible.

In particular, we consider the case of marginals supported in R; having exactly one
atom located in 0. Heuristically, this could model the value of a company with a positive
default probability. Formally, let u,v € P,(R4) be continuous and 0 < wy < ¥ < 1 be
such that

1=+ woby < v+ Vodo = v/,

' v e P(Ry) and (¢/,v) is irreducible. Clearly, wy < 9 is necessary in order not to
contradict the convex order p' <. v'. Also, wy < ¥y is necessary in order not to contradict
the irreducibility of (¢/,v’). However, this assumption is weak, as default probabilities
increase over time.

Let us now start to determine the left monotone transport plan Q.(u/,v’). Algorithm
immediately tells us that we have to couple the total mass wqg of dg in ' with g in v/,
as otherwise the martingale property is violated. As wgdy = S¥ ' (wopdp), by Corollary
we have

p<c v+ (Jo —wo)do = v+ xodo = V.

This coupling does not interfere with the assertions of Theorem as wodo = f4](—o0,0)-
Thus, we proceed to determine Q.(u, 7) such that

Qlc(,u/, V/) = Qlc(ﬂ7 D) + wO5(070)-

Therefore, we consider p and v. By assumption, p is continuous and hence we are in the
situation of Corollary Thus, we have

Qe 7) = 1 ® (a(@)or, @) + (1 = 4(2))0n, ) -
where ¢(z) = Tj;)f%]l{n(x»n(w)} and Ty, T; : Ry — R, are suitable mappings.

As v is not continuous, we may not apply the techniques of Henry-Labordeére & Touzi
[38] directly. However, the structure having only one atom at the left boundary of the
support of © allows us to proceed very similarly. Indeed, we proceed as the authors do to
gain a first intuition.

Thus, let us assume that there is a unique maximum m € R of the difference function

dp = Fy — F), that also serves as a bifurcation point for T}, and Ty, i.e. T, = T; = id on
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(0,m), Ty, : (m,00) = (m,00) is monotone non-decreasing and T : (m,00) — (0,m) is

monotone non-increasing. We also define
mo = inf {z € supp(n) | Tu(z) = 0,2 > m},

the smallest point in the support of p that is coupled with §y. While it is easy to calculate
the bifurcation point m, it is not immediately clear how to determine mgy. We come back
to this later.

First, let us split up the measures p and v. We write

1= el om) + Ml mamo) + Hl(mo,00) = 11+ pi2 + pia.

We do this, as then we may easier couple in a left monotone fashion.

Indeed, on (0,m) we have T, = Ty = id, i.e. (0,m) is the set of particles of p that
are coupled with themselves at least almost surely. We stress that this is necessary in
order to maintain the left monotonicity. Indeed, if there is a p-non-null set N of points
z' € (0,m) such that T, (a") # Ty(a'), then we have Ty(z') < 2’ < T,,(2’) by the martingale
property. Then there must be a v-non-null set of points z” such that there exists 2’ € N
with 2 > 2’/ and Ty(2") = 2/, a contradiction to the left monotonicity.

Further, on (m,mg) we have 0 < Ty < T, and hence this is the set of particles of p, the
mass of which is split up but not coupled with dy. This however implies that the measure
vy < v with which ps is coupled, is continuous.

Finally, (mg, 00) is the set of particles of p, the mass of which is coupled with dg.

These thoughts also imply the splitting of v, where we write
U=+ Sz?—/u (MQ) + SD—(N1+SD*M1(M2))(M3) = v, + vy + 3.

We already stated that p; has to be coupled with v; via an identity-mapping, i.e.
Qie(p1, 1) = 1 ®6iq. We have 1 = S”(u1) = v and wodp + 1 = '] (—o0,m], Which implies

wodo +v1 = S (wodo) + S”(11) = S (wodo) + S =5 “0d0) (1) = 5V (lu’/|(*007m])

Hence, we do not have any contradictions to Theorem Observe that this also holds for
1| (—o0,2) and sV (,u’|(_007$]) for all z € (—oo, m) such that by Theorem |6.30, the resulting
coupling is the correct one. By Corollary we have

W= g 4 p3 <o vo +uvz =",
Now let us come back to mgy. As pe and 1o are by construction continuous, we may
apply the theory of Henry-Labordeére & Touzi [38]. Thus, mg has to satisfy their integral
equation and we may choose

mo == inf{x>m’/(Om)(g(%C)—C)f;F(dC):/(m (g(fym)—ﬁ)Fu(dé)}-

7m0)
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Sometimes the easy bounds m < mgy < Fljl(l — Xo) may be useful.

Applying the theory presented in Section we now determine the maps Ty, m,) and
Tul(m,mo) as in Algorithm and thus get Qj.(u2,v2). Remark that, by our assumption
that m is the unique maximum, the algorithm terminates after only one step and that
it actually also covers the identity mapping between p; and v;. However, by definition
we have vy = S”7#1(uy) such that we have us <. v3 by Corollary As before, we
understand that we have wgdg + @1 + po = u’](_oqmo} and

wodo + w1+ va = S (wodo) + (1) + 57 (2) = S (W] (—scmo))

and analogously that yi'|(_ ) is coupled with S’ (,u’|(_oo,x}> for all x € (—o0,mq) by
construction. Hence, there are again no contradictions to Theorem [6.30]
Finally, we use the techniques of Hobson & Norgilas [48] to determine Q.(u3,v3). Then

the same arguments as before guarantee that indeed

Que(i', V") = wod(o,0) + Que(p1, v1) + Que(p2, v2) + Que(ps, v3).

If we skip the assumption of a unique maximum of § F', then we have to proceed similarly
to the general version of Algorithm As in the simple case discussed above, we have to
adapt the algorithm such that in each step we use the techniques of Hobson & Norgilas
[48] in order to check for particles the mass of which is transported to dp. That is, in every
step of the algorithm, three instead of two cases are distinguished. However, we do not

discuss this case in detail. AN

6.4.4. AN ASSOCIATED SUPER HEDGING STRATEGY

Assumption 6.48. Let p,v € P(R) satisfy Assumption Additionally assume that pu

and v satisfy the following conditions.
l.oy<...<zn,y1 <...<ywm.
2. N,M € N.

In this section, we complement Algorithm in the case of finitely supported measures
that satisfy the conditions of Assumption in the sense that we provide a technique to
determine a super hedging strategy associated to Q.(u,v).

For this purpose, we rewrite the discrete super hedging problem in in the fashion
of the general super hedging problem in . In particular, we change the notation from
P4, ¢ and hj to ¢(x;), ¢ (y;) and h(x;). Though this makes the notation more complicated,

it also yields a better intuition. The rewritten super hedging problem is

N M
min Y wip(z;) + Y i (y;) (6.7)
=1

=1
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Let in the following I' C {z1,...,zn} X {y1,...,ynm} be the monotonicity set of Qi.(u,v),
where we assume that p and v satisfy Assumption The basic idea is to use the
characterization of a dual minimizer from Definition That is, we search numbers
o(z1),...,0(xN), (y1),...,¥(ys) and h(x1),...,h(zy) such that for all j = 1,..., N
and all ¢ =1,..., M, we have

e(@;) +(yi) + h@;)(yi — x5) 2 (@), 3:), (6.8)

where equality holds for all (z;,y;) € T, i.e. Qc(p, v)-almost surely.

In the following, we denote I'y == {y € R | (z,y) €e '} and I'y = {x e R | (z,y) € '} as
wellas Xp={z e R|JyeR: (z,y)eT}tand Y ={yeR|Fx e R: (x,y) € T'}.

Using these sets and the previous thoughts, we now turn to the super hedging strategy.
Clearly, an ideal super hedging strategy can easily be found solving the linear program
in using classic methods. However, we assume that the payoff function ¢ : R? — R
satisfies , the discrete analogue of the martingale Spence Mirrlees condition, and use
that we know the structure of Q;.(u, ). This leads to a more explicit approach.

Indeed, we provide an algorithm that yields an optimal super hedging strategy in two
steps. In a first step, many of the numbers of interest are determined explicitly before
ultimately a lower dimensional linear inequality system has to be solved.

This is somehow similar to the approach suggested in Guo & Obl6j [32] Sec. 4.2]. Using
the so-called discrete concave envelope, the authors rewrite the super hedging problem in
as a convex optimization problem for which various solving methods apply.

Herrmann & Stebegg [39, Sec. 5.1] use a somehow opposite approach. They first
determine a dual optimizer solving a semi-infinite linear program and then derive the
primal optimizer from that dual optimizer.

Though both articles consider finitely supported marginals, their results are more general,
as the discrete version of the martingale Spence Mirrlees condition does not apply. As a
consequence, the approaches are more technical and harder to understand and implement.

Let us now turn to our two step algorithm, where in the first step we choose numbers
such that the Qj.(u,v)-almost sure equality in holds, while in the second step we

address the general inequality condition. For this purpose, we partition the set Xr as
Xr=XZUXPUXY,
where we use the disjoint subsets

XP={z e Xp ||l =1},
Xt = {z e Xr ||| =2},
XY = {xe Xp ||l >3}

That is, we partition by the number of atoms of v, an atom of u is coupled with. The

notations have a natural interpretation. In order to achieve equality in , for z € X7, it
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suffices to choose o(z) suitably. For z € X%, additionally h(x) has to be usefully adapted.
Finally, for x € Xlﬂ/’ , also 1(y) has to be properly defined for at least one y € T',.

As in Algorithm we go through the atoms of 1 in a certain order. However, we start
with the greatest atom, which exists by Assumption Recall that I' is the monotonicity
set of Quc(u,v) and that ¢ : R? — R satisfies (6.6). We define

D(x,y) = ¢(x) +¢(y) + h(z)(y — x) — c(z,y).

Finally, we may now provide an algorithm to define numbers such that D(z,y) = 0 for all
(x,y) € T.

Algorithm 6.49. Let 1, v € P(R) satisfy Assumption|6.48/and I' C R? be the monotonicity
set of Que(p, v).

1. We begin considering x and distinguish three cases.

1.1. 2y € X[, ie. |I'zy| =1. That is, x5 € supp (v) and I';,, = {zn}. Define
¢ (zn) =c(an,on) = (an).
1.2. 2y € XP ie. [Tuy| =2say Tuy = {yi¥, yd'}, where y¥ < 2y < yd'. Define

h(an) = c(on,vd) — e (onsw) = (v () — v (u))

vy —yl¥

o) = I (awall) — 0 () + B2 (e o) -0 ().

)

1.3. zy € Xff, ie. |Tuy| >3, say Toy = {yl,...,y0,} where yf¥ < ... < ¢ .
Define

c(onoy) = e (anol) = (v (ud,) — v (y{V))

yN —y

h($N) =
Now let y € {y3',...,y) _1}. Define
y =yt N N
b (y) = clzn,y) - P (c (o) = v (a1
ny

_ y"NN__ZjV (c (xN,y{V) — (yfv)) '

yyjlvN n

Finally, define

olxy) = M (c (:CN,yéVN) - (yéVN))

ynN 1

B I ()~ (51)).

yrjzvN n
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k+1. Assume that we have applied the previous step on x and the procedure of this step
on rnN_1,...,EN—k+1. Then we have defined numbers such that D (x,y) = 0 for all
(x,y) € U?;& ({xN_j} X FmN7j>. In this step, we proceed to achieve D (zy_g,y) =0
for all y € I'y,_,. Clearly, we may not change previously defined numbers. This is

only relevant if |I';,_,| > 3. In order to improve readability, we write K = N — k.

k+1.1. zx € X{, ie. Iy, | =1. That is, zx € supp (v) and I',,, = {xk}. Define
¢(rg) =c(rr,vKx) =¥ (2K) .
k+1.2. g € XP ie. Tup| =2, say [y, = {yF, y&}, where ¢ < ¢ < yIX. Define

e (wreut?) e fonoft) = (v (u) — v ()

Yl — oyl

o) = DI (e (o) = () + B (e (omnnl) = ()

h(zg) =

I

k+1.3. xx € Xw, ie. |Igz| > 3, say I'y, = {y{(,...,yTIfK}, where ylf < ... < y{fK.

Define
b (o) = (zrc vl ) = (o wf) = (v (i) — v ()
v — Ut '
K
Now let y € {y&, ..., ny_l}. Define
¥ (y) = clax,y) - y%:ﬁ( (e (erowme ) = v ()
. yfz(K -y K\ _ K
S (o) )

Finally, define

o) = U (e maelf,) o (u5,)

ynK - {<
yvfz{K —TK K K
+ 25— (e (orou) — v (u))
In step k+ 1, we define v (yf) R ) (yffK_l), as it is clear that these numbers have not

been defined in a previous step, while for v (y{( ) and (yffK) this can not be guaranteed.
Indeed, to get a contradiction, assume that there is a j € {2,...,ng — 1} such that
P (yJK) has been defined prior to step £+ 1. Then thereisan L=N —-{¢> N —-k=K
such that y]K ely, =Tz \ {yIL,yTLLL} . But then, as 2x < 7 and yf < y]K = yiL < yffK
for some i € {1,...,n}, we have a contradiction to the left monotonicity.
Now let us prove that Algorithm indeed yields D(x,y) = 0 for all (z,y) € T, where

in the proof we follow the steps and case distinctions of the algorithm.
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Lemma 6.50. Algorithm[6.49 yields D (z,y) =0 for all (z,y) € T.
Proof. 1.1. Implying D (zn,zn) = 0, by definition we have

p(zn) =clzn,on) — ¢ (zn) =c(an,zn) — ¢ (on) — h(zN) (zv — 2N).

1.2. Implying D (:UN, yév) =D (:UN, y{v), by definition we have

h(zx) e (owolf) — e (owd’) = (v (') —v (yfVD

B yd — oyl

Implying D (:c Ny ) = 0, we also have

R i S
( _) v (13)

I (o) = o)~ (5 ()~ (1)

(xNyéV> w(yz) h(x )(yév—l’N)-

1.3. Implying D (xN, y{v> =D (xN, yflVN), by definition we have

oy = o) e (o ot') = (v (i)~ (o))

yN =yl

For y € {y¥,...,yN,_1}, implying D (z,y) = D (=, ), we have

U (y) =clxn,y) — %_ ygN (c (HJN,%]ZVN) - (yr]zvzv>)

Ynny — Y1
N _
Bt (e o)~ (1)

=c(@n,y) —c(on ) + ¢ () — k@) (y—ul).

Implying D (:c Ny Yn N) , we finally have
N N _
o) = I ) )+ B (e o) -3 (o)

- C(ﬂfN o) = ()
R et ) )+ )
= c(an,ully) = v (uy) = h(an) (uhy — 2n).-
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k+1.1. Implying D (zx,xx) = 0, by definition we have

¢ (rk) =c(zk,2k) =¥ (2K) = c(zK,2K) — Y (vK) — h (vk) (T — 2K) -

k+1.2. Implying D ($K, yf) =D (:EK, yf), by definition we have

h(o) = & (2rc,08) = ¢ (s, v8) = (v () — v (yf())

Yl —yf

Implying D (x K> Yo ) = 0, we also have
K
1

o (rK) = Zlg _y{( (c (:cK Y5 ) P (yg )) + ‘ZZ :ZK (c (xK,yf(> - (yf(»
:c(:cK,_ )= ()

K
2
X

_ 'ZZIIE — y? (c (:J:K,yf) - C($K7y{<) - (¢ (yf) —Y (y{{)))

:C<1‘K7y£(> —@D(yg() —h(zk) (yg(_l’K)'

k+1.3. Implying D (xK, yf) =D (xK, yffK>, by definition we have

e (orumie) e (owevft) = (0 ) —v (o))

hlex) = yk —yk
nK

For y € {yg(, e 73/51{71}7 implying D (xx,y) = D (xK,yffK), we have

60 = cloman) 2 (e (eronll) v (u))

ynK 1

K _
- y%f— ;g( (c (wK,yf() — (yf())

= c(@r,y) = e (2, yl) + 0 (ul) = h(@r) (- v1F).

K
TK — Y1
yK
Y1

Implying D (a: K yffK) 0, we finally have
oo (

= 2 (o oent) 0 () + L (e o) - 0 (o1))
<wK i) =0 ()
- BT (e (ool ) — e (amnl) - (v (o) ¥ ()

=c (JCK,Z/T{L(K) - (Z/r[L(K) —h(zk) (?/r{(K - JUK) :
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Now we proceed with the second part of our algorithm in order to achieve the inequality
D(z,y) > 0 for all (z,y) € supp(u) x supp(r). For this purpose, recall that we have already
defined ¢(z) for all = € supp(u), h(x) for all z € Xk U Xff and 9 (y) for all y € supp(v)
such that there is an z € X#’ with y € I'. Conversely, we have to define h(z) for all z € X
and ¢(y) for all y € Ylfp, where

YIf/’ = {z e supp(v) | Pz € Xlip such that 327,21 € I, with 2~ < z < 21},

Now we iteratively plugin all numbers (), ¥(y) and h(z) into that are defined
by Algorithm Then the resulting inequality system is formulated depending on
x € supp(p), y € supp(v) and c(z,y) for x € supp(pn) and y € supp(v), which are
constants, and on h(z) for z € Xf and ¢(y) for y € Ylfp , which are the variables of the
lower dimensional inequality system. In particular, the number of variables is reduced
from 2N + M to at most N + M, as at least ¢(x) is defined by Algorithm for all
x € supp(p) = {z1,...,2n}. Also, the number of (in-)equalities is reduced from NM to at
most N(M —1), as I contains at least N elements for which equality is already guaranteed.
Solving this lower dimensional system then yields a dual minimizer satisfying and
thus the conditions of Definition

The existence of a solution to the simplified linear inequality system is implied by the
existence of a dual minimizer, i.e. a solution to the linear inequality system in .

Indeed, having any dual minimizer (¢*,¥*, h*), we may adapt it according to Algorithm
without causing any inequalities to be unsatisfied. This can be seen by a recursive case
distinction as indicated in the following. Remark that we do not argue completely formal,
as the necessary calculations, though mathematically straightforward, are rather lengthy.

Starting from the generic inequality
p(z) +9(y) + h(z)(y — ) > c(z,y)

for some (z,y) € supp(u) x supp(v), we distinguish whether or not ¢(x), h(x) and 9 (y) are
specified by Algorithm Then we either plugin the algorithmically specified numbers

or those from the dual minimizer. After a first step the inequality does only depend on
¥(+),v*(-) and c(-,-). Then, recursively plugging in the definition from Algorithm if

¥(+) is specified there and ¢*(-) if it is not, we arrive at an inequality of the form
M N
S (i) + Y sjac(zj,y) | >0 (6.9)
i=1 j=1
for some \;, kj; € R. Then we show that the left hand side of (6.9) may be written as
N M
DD Nl () + " (ya) + B () (i — 5) — (s, 9)],
j=1i=1

where A} ; > 0 whenever ¢*(z;) + 9 (yi) + h*(2;)(y; — ;) > c(x;,y;). This clearly implies
that is satisfied and thus shows the claim.
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6.4.5. AN EXEMPLARY CONSTRUCTION

Ezample 6.51. Let p,v € P(R) be two discrete measures with three atoms each, say
p= Wqlz, + Wmlg,, +wylz, and v =130y, + Inoy, +Fu0y,.

We consider a combination of binary type options on two time points of an asset price

process (S¢)i—o,....2 with payoff function

c(z,y) = 1{(z,y)>(§1,§2)} + ]1{x>§1} + ]1{y>§2} - 1{ac<§1} - ]l{y<§2} - ]1{(x,y)<(§1,§2)}’

where we choose S; = 100 = S5, S; = 110, and Sy = 120.

Before we illustrate this function in Figure let us first prove that it is indeed of the
kind such that the left monotone martingale transport plan Q;.(u,v) is optimal for the
discrete upper price bound problem in . By Theorem we have to show that the
condition in is satisfied, where we denote the left hand side by D(2/,z,y",v',y~). By

the structure of the measures we have to consider three cases.

1. Let 2y =2’ > 2 =2, and y©™ = yy > Yy =y >y~ = yq. Then we have

1 —1 1-—
D(' z,y",yy7) = ( ’ - . )
Yu — Ym Ty — Tm Ty — Tm
B 1 < 1-0 0—(—1))
Ym —Yd \Tu — Tm Ty — Tm
1

= o) @u )

2. Let oy =2’ >x=wgand y" =yy > ym =% >y~ = yg. Then we have

_ 1 3—0 1—(—1
D($/,$,y+,y/,y ) = ( - ( >)
Yu — Ym \Tu — X4 Loy — g

1 (1 ~(-1) 0- (—3))

Ym — Yd

Ty — Td Ty — Tg
_ 1 1 1 1
Yu — Ym Ty — T4 Ym — Yd Ty — T4
_ 1 —Yu + 2Ym — Yd éO.

Ty — Zd (Yu — Ym) (Ym — Ya)

This inequality is satisfied if and only if y,, > y“;yd.

3. Let 2y =2’ > =245and y" =yy, > ym =¥ >y~ = y4. Then we have

_ 1 1-0 0— (-1
D(x',z,y*, 9 y7) = ( _0=d )>
Yu — Ym \Tm — X4 Tm — Iq
1 (0—(—1) B (—1)—(—3)>
Ym —Yd \Tm — T4 Tm — Xq

= ! >0
a (Ym — Ya) (@m — 24) .
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c(S1,.52)

Sa

Yu 0 1 3
So

Um -1 0 1
Sy

Yd -3 -1 0

Td Im Ly, S1
S Sh

Figure 6.4.: The binary type payoff function c.

In total, we see that the atoms of v should satisfy y,, > L‘gyd. This is ensured by the
explicit choice of the measures.

Let us think of a two-year horizon and choose Sy = 100 for the expected value of the
measures p and v. Also, choose z, = Si = 120, x,,, = S = 105 and x4 = S{ = 80. Now
the measure i has to be chosen such that two conditions are satisfied. First, we need that

the asset price is a martingale, which is satisfied if
120w, + 105w, + 80wy = 100.
Also, we want i to be a probability measure, i.e.
Wy + wm +wg = 1.

Furthermore, let us assume that the asset has an annualized volatility of 20 percent such

that we get the condition

120 2 105 2 80 2 9
S | | > —0.22. 6.10
<1oo ) qur(100 ) “m+(100 ) wd (6.10)

The unique solution to this linear equality system is

( )= (17 12 20)
WU)wmawd - 497 49749 N

In a second step let us choose v properly. We proceed in the same way as for pu and
assume y, = S = 135, y,, = S§* = 110 and yq = S§ = 65 such that indeed y,,, > L. Let

again the weights be such that the annualized volatility is 20 percent. This is, differently to
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2
before, that equation (6.10) has the right hand side (i0.2) . We get the unique solution

V2
9 17 23
(ﬁuaﬁm>19d) - (357 £> 63) .

Formally, we have to show that u <. v. As the specifications of the measures do not
contradict this property immediately, we prove the convex order by constructing the left
monotone martingale transport plan.

Now let us determine the left monotone martingale transport plan, the upper price
bound, the right monotone martingale transport plan and the lower price bound for the
binary type option. Also, let us determine associated super and sub hedging strategies.

We begin with the calculation of Qq.(u,v).

1. The measures to be considered in the first step are

20 12 17 23 17 9
=—94 —) 190 <. —0, Y — 0135 = V.
o 19 80 + 19 105 + 190120 Se 63 65 + 15 110 + 350185 v

We algorithmically couple the mass of dgp with v. We have ¢z, + ¢zyym = % and

65¢z 4y, + 110qz2,y,, = ol 80.

This implies
40 20

Arayy = 147 and Qzqym = 147’

which is admissible, as gz ,y, = f‘TO7 < % =4 and gz 4y, = 12707 < i% = VU

2. The residual measures are

12 17 41 533 9
=26 —0190 < —6 ——9 — 135 = V.
T 105 + 190120 Se o 65 1+ 2905 110 + 350185 =V
We algorithmically couple the mass of d1p5. Here, we have qz,,y; + zmym = % and

12
6592,y + 110¢z,,y,, = o 105.

This implies

32
Armyq = 147 and Qrmym = 147
4 41

Ca . - _ _ _ 32 553 __ .o/
which is again admissible, as qz,,y; = 77 < 27 = Vg and @upy, = 757 < 3505 = U

3. The residual measures are p” = }Tg(slg() <e %5(55 + %5110 + 3%5135 =", A simple
test shows that an admissible coupling is possible. That is, gz, = 29 = 53

= 41> Yxuym = 2205
9
and gz,y, = 35 -

An illustration of the above application of Algorithm is given in Example We

determined Q.(u,v) and thus we know that p <. v, as otherwise no martingale transport
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plan would exist. Let us calculate the associated upper price bound. We have

9 53 29 32
E X,Y) = 34 o T e 0
Q) (XY =55 34 Sone 14 g -0+ 747 -0

4 20 40 58

(=1 — . (=1 —_ . (= = ——.

o U GO (5= 5

Similarly, we determine the right monotone martingale transport plan Q,.(u,v) in order

to compare the upper and lower price bounds.

1. The measures to be considered in the first step are

20 12 17 23 17 9
=—90 —0 — 100 <o —6 —0 —0135 = V.
M 19 80+49 105+49 120 Se (3 65+45 110 + 350135 v
Here, we have to first couple the mass of 6129 with v. We have ¢;,y,, + @zuy. = }TZ)
and
17
1102,y + 135¢z,y, = ol 120.
This implies
51 34

Gouym = 5q5 4 Gewys = 5
which is admissible, as ¢y,y,, = % < 4% = Oy, and gy, y, = % < % = 9y.
2. The residual measures are

20 12 23 374 29
=225 — 105 <o —0 —4 135 = .
I 19980 + 190105 Se 53065 + 5905 110 + 9450135 v

We couple the mass of d1095. Here, we have g,y + @znym = % and

12
65¢z,,y, + 110gz,,y,, = — - 105.

49

This implies

4 32

Qzmyy = 147 and  gz,.y, = 147
which is not admissible, as ¢u,.y, = 14 < 23 = U, but Gu,y, = 15 > 2t = 0.
Thus, we choose
374
Tomym = 9905

and get two new equations for the desired weights, namely

12 374 166

Gzmyg + Qemy. = 19 2205 ~ 2205

and
65 + 135 _ 12 050 3™ 023112
Qe mya Qemyn = g 2205 T o441
This implies
137 1 53
=—— an = —
Qemys = 3087 Qemya = 1715°

which then is admissible, as gz, = 3oe < 25 = ¥/ and gy, = 120 < 2z = V)



118 CHAPTER 6. MONOTONICITY AND OPTIMALITY

3. The residual measures are p” = %8580 <c %565 + %(5135 =", Again, an admissible

coupling exists and it is clear how to find it.

Thus, we determined Q,.(u,v). The lower price bound then is

34 51 53
E Xy =22 302 1 22
Qretua) [CXOY)] =503+ o 14 o
374 30 137 110 5419
2 04+ 2 0 — o (—) 4 (=) = -
05 0t 33 Ot 30 D T3 (08 = 533

Let us now consider the hedging strategies. The super hedging strategy may be found
using Algorithm and solving the residual inequalities. The application of the two step
algorithm is detailed in Example The resulting super hedging strategy is given by

P(S1) =193, S1=105 $(S)={-18 S=110 h(S)=1{3, 5 =105
%7 S1 = 120, 0, Sy = 135, %, S, = 120.

A sub hedging strategy is given by

158 =20 0, S;=65 2 5 =280
e(S1)=9-3, S1=105 ¥(S2) =140, S=110 h(S1) =144, 51 =105
73 4 14
i S1 =120, 5, 52 =135, 595, 91 =120.
SQ SQ
yu| M 2 3 Yu 0 1 3
kP S5
Ym| -1 0 1 Ym| —31 0 1
Sy Sy
Yd -3 -1 0 Yd -3 -1 —%
Zd Im Ly S1 Zd Iy Ly S1
Sy St S St
(a) Qie(p, v)-almost sure equality (bold). (b) Qpe(p, v)-almost sure equality (bold).

Figure 6.5.: Super hedging strategy (left) and sub hedging strategy (right)

The two hedging strategies are displayed in Figures and A



CHAPTER 7

PRICE BOUND APPROXIMATION

In Chapter [4], we discussed the connection between observable call option prices and the
marginals of any potential pricing measure. In Chapters [5]and [6] we used this connection
in the sense that we considered the price bound problems with respect to sets of martingale
transport plans, for which we implicitly assume that the measures that serve as marginals
are uniquely defined by observable call option prices.

In the standard market case restricted to R, that we consider in this chapter, this
formally means that we have two uniquely defined tuples (C,,u) and (C,,v), where
Cu,C, : Ry — R are price functions of call options on the asset prices X and Y at the
two trading times ¢t and 7', and p and v are the associated marginals of the underlying

price process S = (X,Y’) at the same trading times. The pairs satisfy

Fu(k)=1+C,(k+) and F,(k)=1+C(k+), keRy.

In this setting, 1 and v are probability measures with common finite expected value. Hence,

by Proposition we have
C,<C, = p<.v. (7.1)

However, the tuples consisting of a call option price function and its associated marginal
are uniquely defined if and only if call option prices are observable for strike prices that
form a dense subset of R;. Otherwise, there are infinitely many consistent call option price
functions and associated marginals. When it comes to application, this is the case as only
finitely many different call option prices may be observed. Thus, it is natural to consider
convergence issues, which shall be done in this chapter.

In detail, assume that there are sequences of measures (p,)nen and (v )nen that approx-

imate the measures p and v in some sense. Then we investigate whether the associated
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upper price bounds with respect to u,, and v, approximate the upper price bound with

respect to u and v as well, i.e. whether

sup Egle(X,Y)] — sup Eg[e(X,Y)] "Z200. (7.2)
QeMa(pn,vn) QeMa(p,v)

In order to further motivate the interest in convergence issues, recall the situation of a
payoff function that satisfies the martingale Spence Mirrlees condition. In this case, the
left monotone martingale transport plan is optimal for the upper price bound problem
in and there are techniques to determine it. However, for continuous marginals the
determination is difficult, while for discrete marginals it is very simple. Thus, we prefer to
approximate the actual upper price bound, given the convergence in is valid.

In Section we discuss the application-oriented point of view. We consider theoretical
and empirical tuples of price functions and marginals, explain how we may use observable
call option prices and define the notion of consistency rigorously. In Sections and
we prove the convergence claimed in and quantify the convergence speed for
certain approximating sequences of marginals, assuming that the payoff function satisfies
the martingale Spence Mirrlees condition and that the marginals are compactly supported.
In Section we generalize the results of Sections and allowing for more general
payoff functions and arbitrary approximating sequences of marginals. Finally, we generalize

the results allowing for marginals with unbounded support.

7.1. BASIC CONSIDERATIONS

7.1.1. THEORETICAL PRICE FUNCTIONS & MARGINALS

Let (C,, p) and (Cy, v) be the tuples of the unknown theoretical call option price functions
and the associated unknown theoretical marginals of the underlying S with respect to
any potential pricing measure at two arbitrary trading times 0 < ¢ < T'. In the following
sections, we mostly use them as a reference. Let us additionally assume that the price of
the underlying at time t = 0 is sop = 1.

We recall the no-arbitrage considerations of Section and apply them to the tuples
(Cu, ) and (Cy,v). As we assume the underlying to have prices in R, the measures u

and v are concentrated on R. In particular, recall the notion of a candidate function.

Definition 7.1. A function C': Ry — Ry is a candidate function for call option prices, if

it satisfies the following conditions.
1. C' is monotone non-increasing and convex.
2. limy_,00 C(k) =0, C'(04) > —1 and C(0) = so = 1.

We denote the set of all candidate function by KC°.
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By the usual no-arbitrage considerations, we necessarily have that the theoretical call
option price functions are candidate functions, i.e. C,,C, € Ke.

As the discounted underlying is a martingale with respect to every potential pricing
measure, we require the theoretical marginals to satisfy p <. v. Recalling equation ,
we know that then the theoretical call option price functions satisfy C,, < C,.

These intrinsic properties may be used in plausibility checks for observed call option
prices. Clearly, the observed prices must not contradict the existence of theoretical price
functions with the above properties, as the observed prices are evaluations of theoretical

call option price functions.

7.1.2. EMPIRICAL PRICE FUNCTIONS & MARGINALS

In the following, we additionally assume a compactness property for the theoretical call

option price functions C), and C, that shall be satisfied in Sections and

Assumption 7.2. There are numbers 0 < K* < L* < oo such that C,(k) = 0 for all
k> K* and C,(¢) = 0 for all £ > L*. We denote the set of all candidate functions that
meet this assumption by £%. and ICg* respectively.

Remark 7.3. Assumption is not very strong when it comes to applications, as the call
option prices decrease to be numerically negligible when the strike prices increase. The
associated measures p and v have compact support under this assumption, i.e. we have
supp(p) C [0, K*] and supp(v) C [0, L*]. Indeed, for general p € P(R,), we have

0=Cyla) = [ (s—a)*p(ds) = pl(z,00) =0. 0

Now let us choose finitely many strike prices in the intervals [0, K*] and [0, L*] and use
the associated observable call option prices for the approximation. In order to guarantee
that the approximating marginals are in convex order and to reduce numerical complexity,

we choose the strike prices suitably. Therefore, we define

L >2”},
K* =

and then K = 2L—m > K* and L := L*. For every n € N, we choose the strike prices using

equidistant partitions of the intervals [0, K] and [0, L] defined by
i:O,...,Q”}.

m = max {n € Ny

zZb = {k? = ;—RK j:(),...,2"} and Z; = {E? = 2%L

Then the sets of associated call option prices are

et = 100 ke 28y = {0,655 ) oo G (K = 57 Cuti)}.

Cr = {C, () | L€ 2"} = {CV(O),CV (;) e (L - ;) ,cV(L)} |
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Now let us use the fact that the prices in C# and C}, have to be evaluations of some
candidate functions C, € IC% and C), € IC% respectively and the properties of such functions
in order to state conditions that these prices necessarily have to satisfy. The conditions

serve as a plausibility check when it comes to application.
Lemma 7.4. The prices in C¥ and C}, satisfy the following conditions for all n € N.

1. The sequences of price differences

(Cu(k}) = Cu(kf_1))j=1,..2n  and  (Cy (&) = Cy (£y

j ))izl,...,2n

are mon-positive and monotone non-decreasing.
2. We have C,(ky) = C,(€5) = 1.
3. We have Cy (k) > 1 — & and C,(€7) > 1 — £
4. We have Cy(K) = C,(L) = 0.

Proof. We only consider C,, as C,, is treated analogously.

1. We use the first part of Definition The candidate function C,, is monotone
non-increasing such that for all £7_; < &7, we have C,(k7_,) > C(k7), which yields
the non-positivity. Further, C), is convex such that for all k7, <k < k7., we have

that the slopes of the secants are monotone non-decreasing, i.e.

Culln) = Culky) _ Culk) = Culkyy) _
K = bk

which is the claim by k7, — k' = k' — k7).

2. We have kf} =/} = 0 and s¢p = 1 such that the claim is implied by the third property
from the second part of Definition

3. By the convexity of the candidate function and the second property of the second
part of Definition we have

Cu(k) = Culke)
kY — kD

K
> Cp(kg+) = Cu(04) 2 —1 <= Cu(k}) 21— .

4. This is immediately implied by Assumption It is sufficient for the first property
of the second part of Definition O

Now let us state conditions that the prices have to satisfy in order not to contradict the

order conditions €}, < C, and thus pu <. v.

Lemma 7.5. For all n € N, the prices in C¥ and C}, satisfy

CL(2™K) < Cy (1), i=0,...,2"
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Proof. As K = %, we have
i i

If now C,(2™k}') > C,(£}), then this is a contradiction to C,, < C, and thus to p <, v. O

If the conditions of the Lemmata [7.4] and [7.5] are satisfied, then we may define suitable
price functions and measures for the approximation of (Cy, 1) and (C,,v) based on C¥
and C}. For the approximation of C, and C,, and of yu and v, only such functions and
measures should be considered that are consistent with C¥ and C},. Here, consistency is to

be understood in the following sense.

Definition 7.6. A candidate function C' € K¢ is called consistent with the prices of C*
and C¥, n € N, if respectively

The set of such candidate functions is denoted by C¥ and C}, n € N, respectively.

Definition 7.7. A probability measure p € P(R;.) is called consistent with the prices of
CH and CY, n € N, if respectively

| @k plda) = Cully). 5 =0,....2",
R4
/ (y— ) p(dy) = Co (1), i=0,...,2"
Ry

The set of all such probability measures is denoted by P4 and P}, n € N, respectively.

Thus, we have defined the sets of all price functions and all measures that are possibly
of interest. The consistency immediately implies the compactness of the support of any
approximating measures p, € P¥ and v, € P},.

Observe that the sets do in general not consist of only one element, as the observed call
option prices do not determine the price function and the associated measures uniquely.
The notation already suggests that the sets are in a one-to-one connection and this is
indeed the case.

Lemma guarantees that call option price functions and marginals are in a one-to-one
connection. Thus, we only have to justify that the consistency is preserved. For this

purpose, start with a consistent measure p € P(R) and observe that
Cola) = [ (s = a)*o(ds)
Ry

immediately yields the consistency of the price function C, € KCC. If we otherwise start
with a inconsistent measure p, then the same equation implies that C, is inconsistent as

well.
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7.1.3. TOWARDS PRICE BOUND APPROXIMATION

Recall that the actual aim of this chapter is to approximate the upper price bound Ps(u, v)
by a sequence of upper price bounds (Ps(fin,Vn)),cn- Thus, we may not consider arbitrary
pairs of consistent call option price functions (C,,,,C,, ) and marginals (tn,v,). Indeed, in
order to let P§(jiy,vy,) be meaningful, we have to consider pairs such that C,, < C,,, and

tn <c V. Therefore, we define

C< :{( Hn Vn)GC“XCV|O <CVn}
ch {(tnsvn) € Pl x Py | pin <c v}

As C,eCt, C,eC),and C, < C,, we have (C,,C,) € C,% for all n € N. Analogously,
as € P*, v € PY, and p <. v, we have (u,v) € Pe for all n € N. That is, the theoretical
price functions and marginals guarantee the non-emptiness of the sets of relevant pairs of
approximating price functions and marginals respectively. Furthermore, by and the
same arguments as at the end of the previous section, C= and P=¢ are isomorphic. In the
following, we rather consider the measure theoretic point of view.

As Pse # (), we may formulate the two well-defined price bound problems

sup sup  Egle(X,Y)], and inf sup  Egle(X,Y)],
(Hn:Vn)E’PEC QGMZ(Nn,Vn) (Hn,Vn)G,P Q€M2(Hn7’/n)
which yield the maximally and minimally possible values for the actual upper price bound
Ps(u,v) that are consistent with the observable call option prices in CH and CY. We
observe that by the choice of (Z),en and (Z%),en, we have P D n+1, n € N. As

inf - P (pn, vn) < Py(p,v) < sup Py (b, vn),
(tnsvn ) EPRC (lm,vn ) EPSC

this subset property suggests that for n — oo, we have

inf < Py (pinsvn) /Py (p,v) sup  Py(tin, vn).
(tnsvm ) EPRC (fim,vn ) EPSE
That is, the largest and the smallest possible upper price bound considering marginals from
P=c converge from above and from below to the actual upper price bound. This would in

particular imply the convergence in (7.2)) for any approximating sequence of price bounds.

7.2. CONVERGENCE IN THE MARTINGALE SPENCE MIRRLEES
CASE

In this section, we prove that the convergence in (7.2) holds true, at least in the case that
the theoretical marginals are compactly supported and when the payoff function satisfies
the martingale Spence Mirrlees condition. In the following section, for all n € N, we define

a pair (ud,v?) € P=c based on the observable call option prices C# and C¥ in order to
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investigate the convergence speed of the price bounds both empirically and theoretically.
In order to investigate the convergence itself, let in this section 0 < Ry < Ry < co. Then
we define the set of all pairs of probability measures with finite first moments and suitable

compact support that are in convex order,

Pi k= {(p1.p2) € P(RL) x P(Ry) | supp(p1) C [0, Ry, supp(pz) C [0, Ra], p1 <c p2} -

By Assumption and Remark , we have (u,v) € Pse C 77;{2 - © P[%CL for the

theoretical marginals ¢ and v and all n € N.

Theorem 7.8. Let the payoff function ¢ : Ri — R satisfy the martingale Spence Mirrlees
condition and let 0 < R} < Ry < co. Then the mapping

<c
P2c,MSM : {PRl,RQ - R
(pla PQ) = EQlc(p1,p2)[c(X’ Y)]

is continuous with respect to the topology Tey(R4)? as well as the topology Ti(R4)2.
In order to prove the theorem, we need a continuity result from the work of Juillet [51].

Theorem 7.9 ([51, Theorem 2.16]). The mapping

Curt : {{(”1°p2> € P(R) x P(R) | p1 <c p2} — P(R?)
(p1,p2) = Que(pr, p2)

is continuous with respect to the topologies Top(R)? and T (R?) as well as the topologies
T1(R)? and T1(R?).

Proof of Theorem[7.8. In order to use Theorem we rewrite the mapping Py MSM a5 a
concatenation of a restriction of Curt to compactly supported measures and some additional

mapping. Indeed, we may write

pPoMSM _ 1, Curt| <.
2 P ;
Ry,Ro

where
. {P([O, Ry x [0, Ro]) —» R
@~ Egle(x, v)).

Ri,Ro
by the definition of weak convergence, since the payofl

and thus bounded on the compact set [0, R;] x [0, Ra].
It remains to prove that Curt(Péf r,) € P([0, R1] x [0, Ro]). This is clear, as arbitrary

couplings of measures are concentrated on some subset of the cartesian product of the

The continuity of Curt\ch is implied by Theorem The continuity of I holds directly

unction c is in particular continuous

supports of their respective marginals. O
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7.3. CONVERGENCE SPEED IN THE MARTINGALE SPENCE
MIRRLEES CASE

In this section, we introduce a specially designed sequence (ué, v%),,cn of pairs of marginals

such that (ud,vd) € Pse C PIS(’CL for all n € N, which converges to the theoretical marginals

(u,v) € PIS(fL with respect to the Wasserstein distance. Then we investigate the convergence

speed of the price bound difference

i

‘EQZC(M%,V%) [C(Xa Y)] - ]EQZC(M,V) [C(Xv Y)]

the convergence of which is implied by Theorem as we assume the payoff function
c: Ri — R to satisfy the martingale Spence Mirrlees condition, both empirically and

theoretically.

7.3.1. SPECIALLY DESIGNED MARGINALS

For any n € N, the pair of marginals (¢, v9) is defined using a suitable pair of consistent

call option price functions. We choose the consistent call option price functions C 4 € Cf

and Cpa € C to be exactly the functions that result from interpolating between the

observed call option prices in C# and C¥. That is, for k € | , ]T.LH)’]' =0,...,2" — 1, we
define
M=k o, F-K
Cpg (k) = o Culk5) + 5 Culki),
Jj+1 J 41 j

and for £ € [}, 07, ),i=0,...,2" — 1, we define

o, — 0 0—
Coa(l) = C, (1) + - C, (17, ).
" Gy — 4 G — 4 H

Then the associated measures ué and v¢, n € N, are discrete measures of the form

kn B

& Culkjiy) — Culky) — Culk}) — Culki_y)
j+1 A

27’1
d .__ n .
pl = Wl =
Jj=0 Jj=0

2n 27L
= 2 2 [Culkn) = 2 (k) + Cu(kyy)] by,
=0
where we set C“(kSZ“):Cf(k;") =0 and w = —1, and
kgn g1 —kgn ko —k",
27L 27L
Cy(lh ) — Cu (e} C,(47) — Cy (0
i=0 i=0 i+1 7 Y i Yi—1
on 2
= A [CV( ?—&-1) - 201/(5?) + CV(K?—I)] 5(?7
=0

C, (L2, —Cy (€5,
where we set ( zn+1)—zn ()
on41” tan

=0 and —CU(E(ZQ:Z:(ZZ) =—1.
0 —1
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The distribution functions of the measures satisfy

2" C. (k™ ) — . (k"
Fl(a) = Z <1 n #(k]j{;ﬁ - k:(kg )> ]l[k” i )(m), (7.3)
J

j=0 j+1

<l Co () — Cu(e7
Fualy) = ; (1 - ﬁi — ( Z)) Loz, ) W)

In Remark we show that C’M% and Cyg are recovered as the call option price functions
corresponding to u¢ and v¢ in the sense of Definition We also show that ul and v?
are probability measures with expected value equal to sg = 1.

Thus, we may deduce the convex order ul <. v¢ showing that CM% < CM% . For this, let
NS [k;‘,k:;-brl] C 67,0} ] and ALy € [0,1] be such that z = Nk + (1- )\;‘)k:? and
=00 + (1 —~7)0. Then we have

Cpa(x) = AJCpu(kjy ) + (1= N))Cu(k})
< NCY (K} ) + (L= A)C (K]

En o gm Mmoo kn
< \7 MC,,(&H) + MC,,(&))
: (% 4 oy

(ke o=k
+ (1 — )\]) 75” o Cl,(flqu) + 7@1 o C,,(fl) .
i+1 ) i+1 7

In the first inequality, we use the fact that the theoretical price functions satisfy C}, < C,,.

n

In the second inequality, we use the convexity of C. If we now plugin the definition of A7,

then we get

Tz — k" ko =0 oy =k
¢ d(ﬂ?) < n ’ n < .?]’L+1 ;CV<€Z'+1) + ”CV(E’L)>
o ki — kP \ G — 6 Gy — 4
ki —x (k] =€ o, —
+ Tf—H n ( nj ZnCV(gi-f-l) + “CI/(EZ)>
ki — kP A\ — 4 Gy — 4
x— 0% 0 —x
< 2o A e W Vs
— ?_ﬁ_l _ Ezn ( ’L+1> + E:},—i_l _ g;z ( ’L)

=% Co(lif1) + (1 =7")Cu(€}) = Ca (),

where the second inequality follows from an easy calculation. Thus, €4 < C,a.

Recall that for payoff functions ¢ : Ri — R that satisfy the martingale Spence Mirrlees
condition, by Theorem [7.8| we have

EQlc(M%:Vﬁl) [C(X7 Y)] n__>>oo EQZC(H‘J/) [C(X7 Y)]

By Algorithm Que(pd,vd) is easy to determine as pul and v are discrete measures.
Thus, we easily get the sequence of upper price bounds that approximates the actual upper
price bound. In the following section, we illustrate this convergence for different theoretical

marginals and payoff functions.
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7.3.2. EMPIRICAL CONSIDERATIONS

Example 7.10. Let us now discuss the convergence speed of the price bound approximation
for different compactly supported theoretical marginals and payoff functions that satisfy the
martingale Spence Mirrlees condition empirically. Therefore, we calculate the approximating
upper price bounds for several n € N as well as the actual upper price bounds as far as
possible. Additionally, we calculate the corresponding normalized price bound differences
dy = 22" (P§(u, v) — P§ (g, vy))-

We calculate the approximating marginals slightly different from the theoretical definition
in the previous section. In fact, we always choose K = L, i.e. we potentially lose some
information available for the time ¢ marginal u. Also, we are not always able to calculate
the actual upper price bound correctly. Indeed, we can only do so in the case of uniform
marginals as discussed in Example For all other distributions considered here, we
estimate the actual upper price bound based on the convergence results so far.

We begin with uniform marginal distributions and use the results about the left monotone
martingale transport plans from Example [6.16]

1. Let pu ~UJ[1,3],v ~U[0,4]. Here, we partition the support of v in maximally 2048

1

513 between two partition points.

intervals, i.e. we have a difference of

a) c(x,y) = ry?. The exact upper price bound is

Ps(mv)= sup  Eqe(X,Y)] = Eg, () [XV?]
QEM?(/’“”)

3/3 N2 173 1_\?
=E, | X |- =X+ -l==—=X =12.5.
”[ (4(2 +2> +4<2 2))] g
For all n = 3,...,11, we calculate the upper price bound P§(ul,v?) and d,,.
This yields the results of Table

n 3 4 5 6 7 8 9 10 11
Ps(pd,vd) | 12.808 | 12,57 | 12,517 | 12.504 | 12.501 | 12.5002 | 12.50006 | 12.50002 | 12.500004
dn 197 | 179 | 171 16.6 16.4 16.35 16.3 16.274 16.274
Table 7.1.: Approximation results in the case 1.a)
b) c(x,y) = —%(y—:n)s. The exact upper price bound is Ps(u,v) = 0.5. The upper
price bounds Ps(ud,v¢) are given in Table
n 3 4 5 6 7 8 9 10 11
PS(pd,vd) | 0.493 | 0.499 | 0.5001 | 0.50004 | 0.50001 | 0.500004 | 0.500001 | 0.5000002 | 0.50000006
2 n>’n
dn -0.44 | -0.003 | 0.141 | 0.200 0.226 0.238 0.244 0.247 0.249

Table 7.2.: Approximation results in the case 1.b)

c) c(x,y) = exp(x) - y*>. The exact upper price bound is P§(j,v) = 61.8801. The
upper price bounds P§(ul,v?) are given in Table
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n 3 4 5 [§ 7 8 9 10 11
Pf(u,d” vd) | 65.8620 | 62.7911 | 62.0990 | 61.9338 | 61.8934 | 61.8834 | 61.8810 | 61.8803 | 61.8802
dn 254.8 233.2 224.1 219.8 217.7 216.7 216.1 215.8 215.5

Table 7.3.: Approximation results in the case 1.c)

2. Let p ~UI[9,11],v ~ U[0,20]. Here, we partition the support of v in maximally 2048

5

intervals, i.e. we have a difference of =75

between two partition points.

a) c¢(x,y) = ry?. The exact upper price bound is

P§(u,v)= sup Egle(X,Y)] = Eg,(uy) |XV?]
QeMa(u,v)

11 /11 81\?2 9 /99 9 _\?2
—F |x|=(==x - == —(=-=X = 1356.5.
“[ (20(2 2) +20<2 2 >>] 3565

For all n = 3,...,11, we calculate the upper price bound P§(ul,v¢%) and d,,.
This yields the results of Table

n 3 4 5 6 7 8 9 10 11
PQC(,u%7 vd) | 1421 | 1367.2 | 1359.35 | 1357.206 | 1356.676 | 1356.543 | 1356.511 | 1356.503 | 1356.501
dn 4133 2739 2922 2894 2882 2805 2826 2808 2819

Table 7.4.: Approximation results in the case 2.a)

b) c(z,y) = —i(y — x)3. The exact upper price bound is P§(u,v) = 16.5. The

upper price bounds P§(ul,v?) are given in Table

n 3 4 5 6 7 8 9 10 11
P2C(;L‘Til,1/g) 33.319 | 19.052 | 17.311 | 16.695 | 16.551 | 16.512 | 16.503 | 16.501 | 16.500
dn 1076 653 830 800 831 799 821 802 813

Table 7.5.: Approximation results in the case 2.b)

c) c(x,y) = exp(z) - y>. The exact upper price bound is P§(u,v) = 4041627.609.
The upper price bounds P§(ul,v?) are given in Table

n 4 5 6 7 8 9 10 11
PZ"(MZ, u;f) 4826637 4236165 4093466 4054268 4044652 4042391 4041818 4041675
dp 200962386 199206022 212331405 207103361 198219006 200101331 199976026 200114438

Table 7.6.: Approximation results in the case 2.c)

Now let us consider more complicated marginals. We choose triangular distributions,
which still have a simple structure but already leave us no possibility to calculate the actual
upper price bound explicitly. Triangular distributions are slightly more natural to serve as

marginals for an asset price process than uniform distributions.
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3. Let u~ A[l1,2,3],v ~ Al0,2,4], i.e. the density functions of  and v are given by

0, r<1 0, z <0

r—1, 1<x<?2 x, O0<ax <2
fulz) = and f,(x) =

33—z, 2<x<3 4—x, 2<x<A4

0, 3< 0, 4 <z

Here, we partition the support of v in maximally 2048 intervals, i.e. we have a

difference of % between two partition points.

a) c(z,y) = zy?. For all n = 3,...,11, we calculate the upper price bound

Ps(ud vd). Assuming the standardization is correct, solving the equation

22 (P (pih, vil) = Ps(pv)) = 220 (Pg (pi i) — PS(us0)

for n = 10, we receive a very good approximation to the exact price bound by
P5(u,v) ~ 10.21832381, which we use in the calculation of d,,. This yields the
results of Table

n 3 4 5 6 7 8 9 10 11
P;(;L%,z/g) 10.546 | 10.289 | 10.235 | 10.222 | 10.219 | 10.2186 | 10.21834 | 10.21834 | 10.21833
dn 20.98 18.13 17.03 16.54 16.24 16.10 16.01 15.99 15.98

Table 7.7.: Approximation results in the case 3.a)

b) c¢(z,y) = —3(y — z)3. The upper price bounds P§(ud,vd) are given in Table

7.8, where we use P5(p,v) ~ 0.218323819 in the calculation of d,.

n 3 4 5 6 7 8 9 10 11
Ps(ud,vd) | 022 | 0218 | 0.2183 | 0.21833 | 0.21832 | 0.218323 | 0.2183236 | 0.2183238 | 0.21832381
dn -0.08 | -0.1 | -0.028 | -0.028 | -0.018 | -0.0247 | -0.0548 -0.0554 -0.0554

Table 7.8.: Approximation results in the case 3.b)

¢) c(x,y) = exp(x) - y>. The upper price bounds P§(ul,v?) are given in Table
where we use Ps(u,v) ~ 44.79714628 in the calculation of d,,.

n 3 4 5 6 7 8 9 10 11
Pg(pd,vd) | 48.423 | 45.573 | 44.979 | 44.841 | 44.808 | 44.800 | 44.798 | 44.798 | 44.797
dn 232.03 | 198.45 | 186.00 | 180.60 | 177.34 | 175.92 | 174.89 | 174.61 | 174.57

Table 7.9.: Approximation results in the case 3.c)

The above considerations allude a convergence speed of 22". However, we can only
investigate the case of uniform distributions exactly, as this is the only continuous distribu-
tion such that the mappings Ty and T, can be calculated explicitly using the methods of
Henry-Labordere & Touzi [38]. We shall later see that the general convergence speed is

indeed worse than this suspicion. A
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7.3.3. THEORETICAL CONSIDERATIONS

Theorem 7.11. Let (u,v) € PI%L. Let ¢ : R2 — R be a Lipschitz continuous payoff
function such that cyy exists and c satisfies the martingale Spence Mirrlees condition. We
denote by A the Lipschitz constant of ¢ and assume max{/A\,sup(x,y)eRi leyy(x,y)|} < A
Then, for any n € N, we have
M,
B iy [ Y] = Eg ) (X, V)| < S,
where M, = (TK + 5L) - A with A == A - max{L,1}. If we additionally suppose that
Cy, Gy € C3(Ry), then, for any n € N, we have

[Ea oty (€K, V)] = By [ X, V)| < 2,

where My = (TT,K? + 5T, L?) - A with T), == sup |Ch (k)] and T, == sup |C7(N)].
k€[0,K] X€[0,L]

Remark 7.12. Without assuming that C,,C, € C? (R, ), we also have
(B ) (€K, Y] = B [e(X, V)|

<2 725 |(Cug - )
j=0

n__

on_1
52 | -c)

, neN.

[en e )

[k?’k;le) i %41

[e.o]

This estimate is sharper than the ones in Theorem but it directly depends on the

theoretical marginals ¢ and v. O

In the proof of Theorem [7.11], we need some of the results presented in Section
Thus, recall Definition Theorem and Remark We also need to estimate the
Wasserstein distances of ué and y, and of v and v. Therefore, recall the definition of the
Wasserstein distance in and Lemma

Theorem 7.13. Let (u,v) € Plg(fL. Then, for any n € N, we have

. an—1 K
W) =2- 3 (Gt = Ol < 3 (7.4)
W (vva) =23 (G = Co)fieran| . < - (7.5)
i=0
If we additionally suppose that C,,C, € C%(R.), then, for any n € N, we have
W (p, 1) < Tg,;ff, (7.6)
W (v,vi) < TQ”n' +L12. (7.7)
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Proof. We only consider W (u, uz), as the calculation of W (V, fo) is exactly the same.
By Lemma we have
[ee]
W (1) = /_ |

In order to calculate the integral, we plugin the distribution function representations using

[e.9]

the call option price function C),. In particular, we use Lemma, for F}, and equation
(7.3) for F,a. Then we have

K 2" -1 g C (k™ ) —C, (k"
W (s, 1) :/ ‘1+C’L(t+)—FMd(t)‘dt: 3 / o) - i Jf) :( D a.
0 " P 41— K

In the following, let us write my = W For all j = 0,...,2" — 1 there
1R

is a k(j,n) € [k}, k7,) such that for all ¢ € [k}, k(j,n)), we have F),(t) < F,a(t), or
equivalently C) (t+) < m[, and for all t € [k(j,n),k}} ), we have F,(t) > F,a(t), or

equivalently C} (t+) > m}. Thus, we have

<
>

21 k(]vn) k;}+l
W (uud) = 3 an (mp = Cp()) dt+/k(j )(CL(t—F) —m?) dt]. (7.8)
=0 3 o

Calculating the integrals leads to the exact representation in (7.4). We stress that the
set of points ¢ € Ry such that C},(t—) # C},(t+) is a Lebesgue null set. Hence, integrating
over the right derivative C},(-+), we receive C,,(-). Based on (7.8)), we thus obtain

2n—1

W () = > [m (kGom) = k) = (Culk(,m) = Cu(k]))
j=0

Cu(kiy1) — Cu(k}) ( " kG n))]

=Y o | (Gt — Cutk) (k) — )
(CulktGn) = Culh)) (Kyer = 55)
+ (CH( 1) — Cu(k(j’n))> (k;}“ a k?)

~ (i) = ) (K — kG |,

where in the second and the third equality, we plugin the definition of m7 and put its

denominator kj'; — kj outside the brackets. If we now add a suitable zero and rearrange
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the terms, then we receive

2" —1
2

W () = 3 e | (Culgin) = CulhtGon) (k) — 1)

j=0 Mi+1 TNy
— (Cuk(G.n) = Culk])) (Kpia = k(iim)) ]

2" —1

=2 32 N K10) + (1= X)C) = G (N + (1= )

2" —1

=2 Z Cuz(k(],n)) - C,u(k(]:n))7
=0

j k
where we use A} = k(,{ni)w and the linearly interpolating definition of C,, 4. By the choice

of k(j,n), we have that the slope of the secant through C,(k}) and C, (k:;‘ ',1) is contained
in [C},(k(j,n)—), C,(k(j,n)+)], i.e. it equals C},(k(j,n)) whenever the derivative exists. In
particular, the distance of Cj 4 and C, on [k7, k], ) is maximal in k(j,n). That is,

k(j,n) = argmax ‘C’Mg(k) - C’M(k)‘ .

ke[kr k7, 1)

Thus, we have the desired representation

[k K

2" —1
W (i) =2 2% H(Cug - Cy)
p=

7410

Now we turn to the estimate in (7.4). For this purpose, we estimate the slope O/, (t+)

for t € [k}, k7, ;). In particular, we have

Cl(kr+),  te [k kG,
C,(H){ 5, Ee k)
< C (kg+1+) le [k(‘%n)?k;]’-i-l)
Using the above estimate in (7.8)), we get
Sl O EAD)
W () < 3 l/ (my — (K +) dt+/ ) (Crk+) = mp) dt]
j=0 L7k} k(G
2T ) (Culki) — Culky)
- Z l/" ( ljfn —kn : _Cl:(kjﬂ) dt
j=0 J Jj+1 J
iy C(k7. ) — C (k™
+ j+1 (O/ (kj+1+) H( Z:j;l) k:( ])) dt‘|
k(j,n) J+1

2n—1 n
_ Z l( g+1) - (;jff(kj) B CL(IC?-F)) (k(j, n) — k?)

¢ (k? 1> B Cu(’“?) n .
) k%t+1 iz ) (k7 —k‘(J,n))], (7.9)

(Cl (k]+1+)
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where we first plugin the definition of m7

immediately get W (u, ud) < 2571 Indeed, if we apply the inequalities k(j,n) < &}, and
—k(j,n) < —k7} in the estimate in (7.9), then we have

and then calculate the integrals. Then we

W (,u, ui) < 2231 (Cl (kj'p1t) — CL(’“}”‘)) ( 41— k?)
i=0
_ QEH Zf (o’ (Kja4) — C (k7 + )) 25 (7.10)
=0

In order to obtain the estimate in 1) we use the fact that the slopes get closer and

closer when n increases. We assume that Cy,, C, € C*(R4) and rewrite the right hand side

of . Then we have

d — n ! n n n k(]’n) B k;l
W(u,un) <Y [(Cu( Ti1) — Cul(k}) — C (k7)) (K ’fﬂ) (W)
j=0 J J

K — k(in
+(Ca)05 ) - i + ) (o =E) |
J J

Now let us use the Theorem of Taylor. In particular, for two times continuously differentiable

functions f : R — R, we may use the formula of Taylor

f(:E) = Tnf(.T,CL) + Rnf(xv a)
for n = 1, where T\ f(z,a) = f(a) + f'(a)(z — a) and Ry f(z,a) = [} (x —t)f"(t)dt. If we
now apply this formula in the form
f(@) = fla) = fl(a)(z — a) = f(z) — T1 f(z,a) = R1f(z,a)
for f = C), with = k', and a = k7, and with z = k7 and a = k7, then we obtain
Rl k(.]a ) k knJrl - k(]) n)
W () < 3 ((w) RiCpu(kfy, k) + <jkk> G5, ’“Hl)) :
j7=0 J+ Jj+1 J
The well-known general Taylor residual estimate states that we have

1(€)
o=

Rifma)l < suw
¢e(a—r,a+r)

for all x € (a — r,a + r). Choosing r = 2% + &, € > 0, we achieve

C”( ) .
‘RlC (k]Jrl’ J)‘ <He(k?_1sllfk?+l+g) M2K (J+1 kj) ’

C// 2
= sup M (Ii) <T,- K2.9-(2n+1)
ne(kyfl—s,k?+1+e) 2 2
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and analogously [R1Cy(k7, k)| < T, - K? .27+ Thus, we get

227 k(i) — kK kM, —k(j,n
o) 5 (B0 B i

iz \ K — & ki —kj
T, K>
_ . 12 o9—(2n+1) _ fp
=2"-T, -K=- 27" = ol
which is the desired estimate and thus ends the proof. ]

Remark 7.14. Theorem yields two different estimates for the Wasserstein distance
W (p, ud) whenever we assume C,, € C2(R;). We analyze which one is the better estimate.
The second estimate is better if and only if

T, K K
on+l  — 27

2
=K

Using the definition of T),, we observe that it is better whenever Cyj(k) < 2 k€ [0,K].
Let us now consider two exemplary call option price functions in order to show that both
estimates are relevant.

If we assume the structure Cy,(k) = (cok® + c1k + c2)Lo<p<k} and as usual Cy,(0) =1,
Cu(K) =0 and C}(K) = 0, then we get

k2 k

This price function satisfies C” = 25

< % on [0, K|, whenever K > 1. However, strictly

= K2
speaking we have C,, ¢ C%(R,), as the second derivative ¢}, (k) is not continuous in k = K.
Observe that the associated marginal ;1 has an atom of mass % in 0, as C;,(0) = —%.
As any function C}, such that C,,(0) =1, C,,(0) = —1 and C};(k) < 2 for all k € [0, K],

assuming K > 4, in this case there is

takes negative values somewhere in [
no continuous distribution x on [0, K] such that C}/ < 2.

Alternatively, choosing

Cu(k) = <<1 - 2) exp (-KK_IIC» Lio<k<kys

we have a price function such that the first estimate yields the better results. O
Proof of Theorem|[7.11, We may rewrite [Eq, (,a ,a) [c(X,Y)] = Egq, () [c(X,Y)] | as

sup  Eq[e(X,Y)]— sup Eg[c(X,Y)]
QeMQ(“%?”ﬁ) QeMz(p,v)

)

since the payoff function c satisfies the martingale Spence Mirrlees condition.
Now we may reformulate this difference as the difference of the values of the dual

problems, as the payoff function satisfies the strong duality properties of Corollary and
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Theorem respectively. That is, we have

o Eolx )=t [ stodan s [ vtdian},
QEMQ(#'(}”V;JL) (4p,1/),h)€D2—c R4 Ry

sup  Egle(X,Y)) = inf { pla)pta) + | w<y>v<dy>}.
QeMa(p.v) (p0,h)eD5 R+ Ry

Now let us apply Theorem and Remark For this purpose, we have to prove that
the conditions are satisfied. By assumption and by construction respectively, we have that
w <. vand ,ufll <c Vg are compactly supported. The payoff function ¢ is Lipschitz continuous

n [0, L] x [0, L] = conv(supp(r)) x conv(supp(r)) with constant A < A. It remains to
show that there is a Lipschitz continuous function u : [0, L] = conv(supp(v)) — R such
that y +— c(x,y) + u(y) is concave on [0, L] for p-almost every x € Ri. As cyy < A, it
is clear that u(y) := —4y? is such a function with Lipschitz constant AL. We define
A=A -max{L,1}.

Thus, by Theorem there are solutions (¢*,¢*, h*) and (¢}, ¢}, h;:) for the dual
problems with respect to (u,v) and (ud,v?) respectively. By Remark [5.22, ¢* and ¢
are Lipschitz continuous with constant 7A, and 9" and 1), are Lipschitz continuous with

constant 5A. Hence, we have
EQZC(M%?”’Z) [C(X’ Y)] B EQZC(N‘J’) [C(X’ Y)]

—  inf >‘{ @(x)uz(dx)+/ w(y)u;‘f(dy)}
(ph,h)eD5 e | /Ry Ry

— inf { 2 o(x)p(dzr) + ¢(y)l/(dy)}

gowh)ED

/s@ undw+/w

_ ( . ©* () p(dz) + / w*(y)v(dy)>
_/ o ( (dx) +/ P ( )(dy)

< TAW (,u, un) + 5AW (l/, l/n) ;

Ry

where in the last inequality we scale the integrands by their Lipschitz constants and then
use the dual representation of the Wasserstein distance in (2.2). Completely analogous,
but using ¢} and ¢} in the first inequality instead of ¢* and v*, we obtain

By ) [0 V)] = Byt ) [0 V)] < TAW (n, i) + 5AW (v, ).

Using the estimates in (7.4)) - (7.7), we have the claimed convergence speed estimates. [

In Example we show that the convergence speed of Theorem is best possible.
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7.4. GENERALIZED RESULTS

In this section, we generalize the results of Sections and In particular, we aim
at generalizing Theorems and [7.11] In Section [7.4.1] we get rid of the assumption
that the payoff function satisfies the martingale Spence Mirrlees condition and also of the
specially designed sequence of marginals (ul, v9),cy. We further present a result relying
on a more general set of observable call option prices. All results of that section are derived
for theoretical marginals with bounded support. In Section we adapt the definition
of the marginals ¢ and v¢ such that we get rid of Assumption i.e. such that we may

consider theoretical marginals with unbounded support.

7.4.1. THE CASE OF GENERAL PAYOFF FUNCTIONS & CALL OPTION PRICES

In order to generalize the results of the previous sections, we closely analyze the proof
of Theorem First we observe that the martingale Spence Mirrlees condition is not

necessary. Thus, we get the following result.

Theorem 7.15. Let (u,v) € PI%L. Let ¢ : Ri — R be a Lipschitz continuous payoff
function such that cyy exists. We denote by A the Lipschitz constant of ¢ and assume

max{f&, SUD (3 y)er? |Cyy (T, y)|} < A. Then, for any n € N, we have

sup  Egle(X,Y)]— sup Egle(X,Y)]
QeMo(pd vt QeMa(pv)

M.
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where M, = (TK + 5L) - A with A = A - max{L,1}. If we additionally suppose that
Cu,Cy € C3(Ry), then, for any n € N, we have

sup Egle(X,Y) — sup Egle(X,Y)]
QeMa(ug,vi) QeMa(p,v)

where My = (TT,K? + 5T, L?) - A with T, = sup |Cl (k)| and T, = sup |Cy(A)|.
K€[0,K] X€[0,L]
Furthermore, we observe that the proof is parted in the estimation of the price bound
difference against the Wasserstein distances of the approximating marginals and the
estimation of those Wasserstein distances. Removing the second part and replacing u¢ and

v? by general approximating sequences j,, and v, we obtain the following result.

Theorem 7.16. Let (u,v) € PI%L. Let ¢ : RZ — R be a payoff function as in Theorem
. Finally, let (pn,vn) € P=c, n € N. Then, for any n € N, we have

swp Eqle(X, V)]~ sup  Eg[e(X,V)]| < & [TW (s am) + 5W (v, 1)
QGMQ(;U'TMV”) Q€M2(/"‘7V)

We may quantify the Wasserstein distances of the previous theorem. For this purpose,

we need a lemma provided by Guo & Obldj [32].
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Lemma 7.17 ([32, Lemma 3.13]). Let p1,p2 € P([0,R]), R > 0. If there is an € > 0 such
that
1Cpi (k) = Cpy (k)| <&, Kk €[0,R],

then W (p1, p2) < RV/2¢.
Lemma 7.18. Let (u1,v) € P and (fn, vy) € Pec. Then, for any n € N, we have

W (p, pn) < KV2177,
W(v,v,) < LV2177,

Proof. We prove the claim for W (ju, yi,) and use Lemma [7.17, Therefore, we have to
estimate |Cy, (k) — Cu(k)| for all k& € [0,K]. There is a 0 < j < 2" — 1 such that

k € [k}, k7). Then we have
n n n n n n 1
Crin (k) = Cu(k) < Cp,,(k5') = Culkjy) = Cu(k]) — Culkiya) < kiq — k' = o

where the first inequality is the monotonicity of C,, and C,,,, the equality is implied by
the consistency, and the second inequality holds by CL(O+) > —1 and the convexity of C),.
Analogously, we have

n n n n n n 1
C.U’n(k) - Cu(k) > Cun(kj—i-l) - Cu(kj) - Cu(kj-i-l) - Cu(kj) > kj — i1 = _27-

Thus, |C,, (k) — Cu(k)| < 3= for all k € [0, K]. Using Lemma the assertion holds. [

This quantification yields the following explicit version of Theorem

Corollary 7.19. Let the conditions of Theorem|7.16/ be satisfied. Then, for any n € N,

we have

sup  Egle(X,Y) — sup Egle(X,Y)]| < AV2I(TK +5L).
QeMaz(pn,vn) QeMa(u,v)

Analyzing the proof of Lemma we observe that a result similar to Corollary
may be deduced for general partitions and thus general sequences of approxima-
ting marginals. For R € R, we denote by Z% = (ZF),cy a sequence of partitions of
0,R]. If ZF = {0, 2p ), Jn € Nwith 0 = 2 < ... < 27 = R, then we denote

AZER = max |27 — 2" ]
j=loin

For 0 < Ry < Ry < o0, let (u,v) € 731%167& and ZF1 and Z2 be sequences of partitions
of [0, Ry] and [0, Ro] respectively. Then, for all n € N, we denote by
Cgf‘l = {C#(z) ‘ z € Zfl} and 025‘2 = {Cl,(z) ) z € ZfQ}

the sets of observable call option prices associated to the strike prices in Zf1 and Z1.
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Finally, for all n € N, we define

fPS

c .
R Ry
Zn 'ty

= {(pl,pg) € P(Ry) x P(R4) | p1 is consistent with CZRl’
p2 is consistent with C’;RQ and p; <, ,02}.

Theorem 7.20. Let c: Ri — R be a payoff function as in Theorem . Let K, L € Ry
be arbitrary and (u,v) € PIS(’CL. Let Z5 and Z" be sequences of partitions of [0, K] and
[0, L] with AZE "Z°0 and AZE "22°0 and let (fin, Vn)nen be a sequence of approzimating

marginals such that (pn,vy) € 77;‘; 4o for alln € N. Then, for any n € N, we have

sup  Ege(X,Y)]— sup Eqle(X,Y)]
QeMa(pn,vn) QeMa(p,v)

<A (7K 2AZK 4+ 5L 2Azg) .

In particular, the mapping
<c
(P1,p2) = SUPQE M, (p1,p0) E[c(X, V)]
is continuous with respect to the topology Tey(R1)? as well as the topology Ti(R4)2.

Proof. As in the proof of Theorem we get

sup  Eg[e(X,Y)]— sup Egle(X,Y)]
@GMQ([.Ln,l/n) QGMQ(H,V)

< A[TW (p, i) + 5W (v, 1)) . (7.11)

Indeed, the techniques used to obtain the above estimate are independent of the approxi-
mating measures as well as the underlying partitions.

As in the proof of Lemma for a general partition ZX of [0, K] and an arbitrary
we obtain |C,, (k) — Cu(k)| < AZE for all n € N.

measure [, consistent with CgK,
n

By Lemma|7.17, we then have W (u, ) < Ky/2AZJK . Proceeding analogously, we obtain
W(v,vp) < L\/ 2AZL. The claim concerning the convergence speed holds by (7.11]).

The continuity of the mapping P§ follows from the convergence speed assertion in

equation (7.11)), when we observe that for every sequence (fin, Vp)nen in P}S{L there are

sequences of partitions ZX and Z% such that (pun,v,) € P for all n € N. O

<
zZK,ZL
7.4.2. THE CASE OF GENERAL THEORETICAL MARGINALS

In this section, we adapt the definition of u¢ and v? to the case that Assumption is not
satisfied, i.e. that the theoretical marginals p, v € P(R4) have unbounded support. We
denote the resulting measures by u,° and v.>°.

In this case, Guo & Obléj [32] derive various results on closely related problems using

similar techniques such as Theorem However, we believe that their proofs are incorrect,
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as the conditions of the above mentioned theorem are not satisfied. We stress that the
results of this chapter, though very similar, are independent from those of Guo & Obldj
[32] in the sense that neither are special cases of the other. Still, the results are so similar
that techniques which overcome the errors in the work of Guo & Obl1dj [32] are very likely
to improve and generalize our results as well.

Differently to the compact situation, we do not allow the strike prices to be different for
the observed option prices. Thus, for every n € N, we denote the set of strike prices by

o [pn._ I

j:Q”wﬂ}.

Then we have kj = 0 and kJ» = 2". We denote the options prices associated to Z:° by
Che ={Cuk) | ke Zy} and Cp>™:={C,(k)|keZ }.

Now let us define candidate functions C,0c, Cpyee € K consistent with the prices in C#>
and C;;> such that Cje < Cpe, from which we may then derive consistent measures
pse, 1> € P(R4) such that puo° <. vg°. As in the compactly supported case, let us use
piecewise linear functions. Then the main difference to the former case is the fact that
Cu(kfn) # 0 and C,(k}) # 0. Hence, for k > kj, it is unclear how to choose C),= (k) and
Cyeo (k). However, for k € [0, K} ), we choose the functions Cy (k) and Cye (k) similar to

Section ie. for ke [k}, Kk} ), =0,...,4" — 1, we define

Cloo (k) = MC (k") + ﬂo ) (7.12)
2% ToEn  —gn A\ no_ fn - H J+1/» :
j+1 J j+1 j
Coo (k) = MCV(H‘) + ﬂcy( ). (7.13)
T T R

It remains to decide how to choose Cjc and Cp e on (kj»,o0). For this, we introduce
two methods that seem natural, explain why both do not work as desired, and adapt one

of them in order to be purposeful.

1. Replace the observed option prices Cyoc (kfn) and Cpe (kfn) by zero. Then we have
Cuee = Cpee = 0 on (k}n,00), and linearly interpolating on [k}._;,k}»), we have
completely defined the price functions. This method yields two problems. While
the first problem - the consistency is lost - is of minor interest when it comes to
approximation and convergence, the second problem is more severe. In Figure
we see that the convexity may be violated by this choice. This is impractical, as it

gives rise to signed measures.

2. Choose C);2c and Cpe on (kjn, 00) as the pointwise maximum of the linear continuation
of Cyee and Cpee on [klfn 4, kjjn) respectively and the zero function. Then we remain
to have consistency and convexity of the two price functions. However, in general we
do not have Cj e < Cpe such that the convex order of the resulting measures is lost.
This is illustrated in Figure
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Cy(Kin_2)

Figure 7.1.: The convexity of Cpe (red) is lost.
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Cu(kin_1)
n
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Cy (k)
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~ N~
~ ~
.~ ~o
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-~ ~§
~ ~

| S S~

T 1N LK
n n n
ki _q Kjin 1,0 10,0

Figure 7.2.: The order Cys < Cye is lost.
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In order to obtain a useful choice for the price function on the critical interval, we adapt
the second method slightly. For this purpose, we denote by k}; ; and k;), the smallest zeros
of the continuations of Cje and Cyeo on [kfn_q, kfn) to (kjn,00) as described in the second

method, i.e. exactly the point at which the maximum switches. Formally, we have

ki — k k— Kn_
k;4" - k4"—1 k4" — hyn_1
ki — k k— K}
’ kifn — kin_y an — Rgn_y

We have to distinguish two cases.

1. Let kj; o < k. Then the procedure described in the second method already remains
the order of the price functions. Hence, we choose Cyc and Cp exactly as the
described linear continuations truncated in zero. This is illustrated in Figure For
the resulting measures, we observe that p3° and vp® have an atom in k7, and k7

respectively, but neither have an atom in k}».

Co(Kin_y)
Cy(kin)
Cpu(kfn_y1)
Culkip) ™™~
| N
Ky k7, 1.0 7,0

Figure 7.3.: If k; ) <k}, then the convexity and the order Cj < Cg are preserved.

2. Let kjy < kj; o. Then the procedure described in the second method fails to remain
the order of the price functions. Hence, we choose Cy = as the described linear
continuation and Cye as linear interpolation between the points (kf», C,(kf»)) and
(kj1050) on (Kjn, k) o) and constantly equal to zero on [k} 5, 00). This procedure is
illustrated in Figure Doing so, we reduce the slope for none of the functions in
order to keep the convexity and we guarantee the order of the functions by reducing

both to zero in the same point. For the resulting measures, we observe that v,° has

n

atoms in kj» and k), ,

while £7° has only one atom in kj .
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Figure 7.4.: If ko < kj; , then the convexity is preserved but the order Cee < Cyeo is lost.

After this heuristic description, we formalize the choices of Cyec and Cye on (K}, 00). For
k€ (Kjn, k), we define
no—k
1,0

Cuze (k) =
s MO__k4"

C,(kjn) (7.14)
and Cyee = 0 on (k}} ,00). For Cpge a case distinction is necessary.

1. Let kj; o < kj,o. Then we define

no—k
" vo — Kin

C, (k) (7.15)

for k € (kifn, k) and Cyee = 0 on (k7 , 00).

2. kj o > Ky - Then we define

Co(k) = 0 =K o m 7.16
Vgo()-—m y (ki) (7.16)

for k € (kjjn, K, 9) and Cpee =0 on (k}; o, 00).

By (7.12) - (7.16), we define call option price functions Cyee, Cpeo € KC.
From those functions we may derive probability measures ;2% v5° € P(R,) with expected
value equal to one. The resulting measures are in convex order by construction, i.e.

X <. vp°, and they are discrete measures of the form

4" -1

o0 . n 0
/’Ln T Z (.U] 6]6? + ,un,ru
Jj=0
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where wit — S0 =Culk) _ Oulk)-Cuthyy) o
j kT — KT KPR

Culh—1) = Culkp) 5
K — Koy

0o ., n —
Mn,r = wﬂékﬁ’o =

and slightly more complicated

an—1
oo L n oo
v = Z U3 0kr + vy
=0
Cu(k™, )=Cu (k™) Cu(k™)—Cy (k7 )
n __ i+1 7 7 1—1
where 97" = e - R and
oo . n n n n n n
Y = (194“5’“4" + ﬁﬂékuﬂ) ]l{kz,o>kg,o} T ﬁydkvyoﬂ{kﬁ,oékﬁo}

([ =Gk Colki) = Colkin ) | 5 Culki) 5 )4
. 270 - an an — ]{f;’fn_l k4n :1/70 — k;’fn kp,,O {k270>k370}
Co(kn—1) = Coll) <
Kl — KB, Koo {k o<kl o}

Now we investigate the convergence and convergence speed of | Py (2, vo°) — Ps(u, v)|,
where we assume C,,C, € C?*(R;) and that ¢ : R2 — R satisfies the assumptions of
Theorem where we assume that the Lipschitz constants of ¢ and the y-concavifier u
are less than A > 0. Thus, using Theorem Remark and the same techniques as
in the proof of Theorem we obtain the estimate

P52 1) — B ()| < AJLOW (a, ) + 1TW (v, 057)]. (7.17)

Let us first calculate W (u, uo°). In great parts, we may proceed exactly as we do to

obtain (7.9) and (7.10) in the proof of Theorem Thus, we get

AN k(i) ki
W)= 3 | [ - cpoans [T el - mpya
i k(4,n)

+ | Fu(t) = Fuge(t)] dt

kit

14 Cy,(kfn) 00

JANAZ!
< [ B — B (0)]
471

It remains to estimate the second summand. For this purpose, recall that ;>° has no atom
in k. Thus, we have F, > Feo on [kjn, ko) and we have F), < Fjc =1 on [k (,00).
Hence, we have

LR - Bl = [ " B0 - Fg@dt+ [~ 1- R

n n n
an Kin ki o

If we now plugin the distribution function representations using the associated call option



7.4. GENERALIZED RESULTS 145

price functions, then we get

| 1Fu(t) = Fue )]
4n

k 5 C knn - C knn o0
— [ "1+ o) - <1+ ul 4n) ;‘( 4 —1)> dt + 1— (14 C)(t))dt
k:fn k4n — k4n71 kﬁ,O

Ko Cu(kih) — Cu(k ) .
= kn“ Cy(t) - < | At Culkio)

/A 4n an—1

n n Cu(klfn) — Cu(kln_y) n n n
= il u,o>—<cu<k4n>+( ) (o = K ) + Culhi)

= 2Cu(kj o),
Cu(kln)—Cu(kln
where in the last step we use that <Cu(k;rfn) + ( i zn)fk:( . 1)> (ko — k:ffn)> =0, as
an " Ryn_q ’

the fraction is exactly the slope of the linear function Cee on (K, ky; o), which has, starting
in C(kfn), its zero in kj ;.

Now let us calculate W (v,v5°). Analogously to the situation with p and ui°, we obtain

W) < SR e ) - R o)
k

n
4n

It remains to estimate the second summand. Therefore we have to distinguish two cases.

1. Let kj; o < kyo. Then vp° has no atom in £j», but only in k7. Thus, we are in the

exact same situation as for W(u, p2°), i.e. we have

L 1R0) = Fuge ()]t = 26 kL)

n
qan

2. Let ko > kjo. Then v;° has atoms in kj» and kj; o, but we do not know the mass

of 5an in particular. Thus, depending on this mass, we have to distinguished three
further cases. We illustrate these cases in Figure

_—

Figure 7.5.: Possible distribution functions of v5° (blue).
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2.1. Let F,,(k}n) > Fyeo(kfn). This is very similar to the first case as F), > Fje on
[kin, ko) and Fy, < Fyee on [k}, 00). Though the value of Fe is different and

1,00
we have to replace ;o by ko in the calculation, we analogously obtain

| IR0 — R )]t = 26, (R2)

4amn

2.2. Let F,(kin) < Fyge (kin) and Fy (kj; g—) > Fuee (k) o—). Then there exists some
k(4" n) € (kin, k}; o) such that F, < Fyeo on (kjn, k(4",n)) and F, > F,e on
(k(4",n), kp o) Thus, for the integral of interest we have

k(4™,n)

/ TR — P ()] dt = / Fye(t) — F,(t)dt

n

k™ o)
+ / "R (t) — Fue(B)dt + 1— F,(t)dt
k(4™,n) k;O

K (0 - Gyl
_ (kn gl RLGAGLL

0- C (k4”) n
+ / [ e ( i )dt+cy(/%0)

Now the two integrals may be estimated analogously to the estimates in (7.9)

and (7.10) in the proof of Theorem Thus, we obtain
[ IR0 = B )] de < (ko — k) (CLlkzg) — CLkE) + ol

2.3. Let I, (ki) < Fyeo (k) and Fy ( 270—) < Fueo Z,O_)‘ Then we have F,, < Fy,e
on (kjn.,00). However, this is the case only if C] < Okucl'i(’;g@) n (kin, kjo)-
From Cy (k) = Cyge (kin) we may then derive C, < Cyee on (kifn, kj; o). This
implies Cy (k}; o) < Cuge (K} ) = 0, which is a contradiction to C, < Cy, as by
construction and C), € C*(R4.), we have C,,( 10) > 0. Thus, this case can not

appear.

Let us conclude the results on the Wasserstein distances. We have

1+ C, (ki)
2n

Fu(kin)

W, 15°) < + 20, (k) =

w,0

+ QCu(kZ,O)
W(Vv Vn ) < — on + 2le(k7u,0)]l{kn <kn0}
MRS A e <20V(kZ’O)H{FV(an)ZFu$§(kffn)}

+ (( Z,o - kffﬂ) (CII/( Z,o) - Cz//(szn)) +Cy (ku 0)) ]l{FV )<Furﬁo(k2n)})'
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Defining h¥(k}.) == 1 {Fo (ki) > F oo (K1) } and using the structural properties, we achieve
v iFyn )24y qn
the simplified estimate

W(v,v°) < on +C, (max{kuo, ku,o})

+Cy (max{klo, k7 o}) <]1{kn cipod T L a1 (k:4n))
+ (Kito = Kin ) (CLkito) = CLkE)) g o 3 (1= BV ().

Now plugging in the estimates for the Wasserstein distances in , we obtain
IPS i vi) — P Gu)] < 198 (288 1oc i)
+ 17A< (k‘*") +C, (max{kyo, H,O})
+ Gy (max (K, kLo }) (11 oz F e ko) hu@@))
+ (ko = ¥3) (CL00) = CLE) Ly g (1= 1 (13)))

The previous calculations prove the following theorem, which concludes the results derived

in this section.

Theorem 7.21. Let p,v € P(Ry). Let c: Ri — R satisfy the assumptions of Theorem

such that the Lipschitz constants of ¢ and its y-concavifier are less than A > 0. Let
Cy, Cy, € C2(Ry). Then, for anyn € N, we have

RSz i) — Psu)] < 198 (258 oc i)

+17A< ék“") +C, (maX{kyo, ,u,0}>

+C, (max{kg,o,k;jp}) (11{,62,0@” b L s VR (k4n)>
+ (Ko — ki) (Cokpo) = CLkE)) T s 3 (1= <kzzn>>).

Remark 7.22. Assuming in Theorem that the measures u and v have compact support,
say contained in [0, K], we recover an assertion similar to Theorem for all n € N such
that 2" > K. Indeed if n is great enough, then under the compactness assumption we
have by definition kj}q = &k = kin as well as Cy (k) = Cp(max{ky, k7 }) = 0 and
Fu(kyo) = Fu(kin) = Fy(kpo) = Fy(kjn) = 1. Thus, we then have

36-A

[P (s v ) = P v)| = —5

O

Finally, as in the previous section, we may generalize the above theorem concerning the

sequence of approximating measures. In return, we lose the explicit numerical statement.
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Theorem 7.23. Let the assumptions of Theorem be satisfied and let p,, v, € P(R4)
be such that p, <. vy for alln € N. Then, for any n € N, we have

| Ps (pon, vn) — Py (p, )| < 19AW (, o) + L7TAW (v, ).

In particular, the mapping

2 -

e {P(Rg x P(Ry) — R
(1, p2) = SUPQE My (p1,00)) Bale(X, Y)]

is continuous with respect to the topology Tey(R1)? as well as the topology Ti(R4)2.



APPENDIX A

USEFUL SUPPLEMENTS

A.1. SUPPLEMENTS TO CHAPTER

Proof of Lemma[4.3. Replacing ¢ by ¢ — h, we may without loss of generality assume that
¢ is non-negative and lower semi-continuous. By Lemma we may write ¢ = lim,, o0 Pn,

where (¢, )nen is a non-decreasing sequence of functions ¢,, € Cy(R). Then we have

[, @@y = i [ ou@ymd(y)
XxY

n—oo X><))

— lim lim bn(z,y)mr(d(z, y)),

n—00 k—oo Jx¥x)

where the first equality holds by the monotone convergence theorem and the second equality
holds by the definition of weak convergence. As the ¢,, are continuous and such that we
have ¢, < ¢, n € N, we obtain

| oyrdey) = lim imint [ g (@ y)mld@.y)
XxY

n—00 k—oo Jxxy

< lim liminf o(x, y)mp(d(z,y))

n—o0 k—oo Jxxy

= lim inf o(x, y)mr(d(z,y)). O

k—oo Jxxy

Proof of Lemma[4.4. Let p € P, v € Q and 7 € Ila(u,v). By assumption, for any € > 0
there are a K. C X independent of the choice of i € P such that u(X \ K.) < e and an
L. C Y independent of the choice of v € Q such that v(Y\ L.) < e. Then, for any coupling



150 APPENDIX A. USEFUL SUPPLEMENTS

(X,Y) of (u,r), we have
P(X,) V)¢ K. X L) <P(X ¢ K.)+P(Y ¢ L.) = p(X\ Ko) +v(Y\ L) <2 (A1)

As K. x L. is a compact set and (A.1) is independent of the coupling (X,Y’), we obtain
that IIy(P, Q) is indeed tight in P(X x ). O

A.2. SUPPLEMENTS TO CHAPTER

Proof of Lemma 5.4 We construct a suitable function u € S starting with an approxima-
ting step-function ¢ < f. Therefore let € > 0. We proceed with the construction such
that it is uniform for all y;, i = 1,...,n. Therefore we notice that the set {u1,..., u,} of
probability measures is tight as it is finite. Hence, there is a compact set K = [a,b] C R

such that for all i =1,...,n, we have

g

. >1—_
pi(K) > 1 BB

where B > 0 is the smallest bound for the bounded function f. Then we choose
p = argmax {v(K) [ v € {p,. .., pn}}-

Notice that the function f is uniformly continuous on K, as it is bounded and continuous

and K is compact. Hence, there is a k € N such that for all |z — 2/| < b*Ta, we have

We partition K = [a,b] in k intervals of length I’_Ta. That is, we have

[avb] = ‘

]

k k
_ [Tio1,x;) == Q

b— b—
[a+(i—1)-a,a+i- a).
1 i=1

k k

Let us further define () := argmin{f(z)|z € [z;_1,2:)}, i =1,...,k, and the step function

k
Hz) =D o (@)f (29) + 1y (@) f (=)
=1

Then we have t < f and |z — 2()| < I’_T“ for z € [xj—1,x;),7=1,...,k. Thus, we have

6p(K)

@) = t(e) = f(z) = f (2V) < (A2)

As the construction aims for a function in S, we have to change this step function such
that it is continuous. This has to be done with neither violating the order relation with
respect to f nor letting the distance to f grow too big. Therefore we connect the ,inner,

lower corners“ of the step function such that the resulting function is continuous and
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slightly smaller than the step function. Below, we formally define the function u(z) for
z € K and give a visual aid in Figure[A.1]

(z1 — 2)t(z0) + (x — 20)(t(20) N t(21))
1 — X

+ kil T o) (x; — ) (t(zim2) Nt(xi1)) + (x — zi—1) (E(miz1) A t(z5))

Tj — Ti—1

U(.’E) = ]l[mo,ml) (l’)

(zr — @) (t(zp—1) A tlag)) + (@ = 2p—1)t(zr)

+ ]l[mkflyxk](aj) Th — Tho1

Figure A.1.: Some step function ¢ (solid) and its associated continuous adaption u (dashed).

By definition, we have u < t < f on K. Hence, the order relation is satisfied. Let

x € [xi—1,2;), i = 1,..., k. Then, for the distance between f and u, we have

f(@) —ulz) = f(2) - u(2)] < [f(z) = t(2)] + |t(z) —u(@)] < & + [t(z) —u(=)],

( )

where we use (A.2). Let us now analyze the second summand. We have

t(z) — u(z)| = ’f (a) - (i —x) (t(zig) AT (xi—;z):rxgi— zi1) (t(zi1) At (zi))

| (£ (=)~ (=) 1 (o))

I B

We observe that the greatest value results when both minima are not realized by f (x(i)),
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as in any other case we get rid of at least one summand. Thus, we have

o [ (7 (0) =1 (570)) + o — i) (1 (=) = £ (1)

t(x) —ulx
t(x) — u( —

As B ;i__”rﬁ <land |20 — x|, 2oy — 20D 2O — 24, |z; — 20| < bt we

finally obtain
ta) = u(@)| <[£ (a0) = £ (20| + | (=) = 1 (a1
| (#9) = £ @] + |f i) = £ ()]

) = sl -1 ()| < gy

We stress that a separate investigation of the cases ¢ = 1 and ¢ = k is not necessary, as
they are covered by the above in the sense that one of the summands in the expression

before (¢) does not appear in these cases. In total, we have

for all z € K such that in particular

be _ depi(K) _ 5
[0 =t tan) < [ 2 puan) = 220 3

for all i = 1,...n. By construction u is piecewise linear and continuous on K.

It remains to show that we may expand u suitably on R\ K such that the integral
condition is satisfied. Therefore let us define u outside of K. For x € (—00,a), we choose
u(z) == max{—B,l(z)}, where I(z) is the linear function with the smallest slope m; > 0
such that I(a) = u(a) and [(x) < f(z) for all z < a. Analogously, for x € (b, 00), we choose
u(z) = max{—DB,r(z)}, where r(x) is the linear function with the greatest slope m, <0
such that r(b) = u(b) and r(z) < f(x) for all z > b.

Then u is piecewise linear and continuous on R and since u is not differentiable in only
finitely many points, we have u € S. We also have —u < B by definition and f < B by

assumption such that finally, for all ¢ = 1,...,n, we have

2Be

/R\K(f(w) — u(z))pi(dz) < /R\K 2Bpui(dz) = 2Bui(R\ K) < o0 = ¢

Thus, u € S satisfies u < f on R and [p(f(z) — u(z))pi(dz) <eforalli=1,...,n. O

Proof of Lemma 5.5 Let (mx)ren be a sequence in II, (1, ..., uy) weakly converging to
some 7 € I, (1, ..., tin), i.e T, — 7. We have to show that

Ak =

/nf(xlw-',xn)(ﬁ—Wk)(d(xl,...,xn)) k__>>°° 0.
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Let a > 0. Then we have

Ak<

/[a o flwe, .o o) (m —m)(d(z1, . - ,xn))|

+ / Fla, e —m) (@, 2)
R7\[—a,a]™

= Ak(a) + Ea(k).

As [—a,a]" is compact and f is continuous and thus bounded on [—a,a]", we have
Ag(a) — 0 for all @ > 0 as k — oo. This is an immediate consequence of the weak
convergence of the sequence (7x)ken-

We further observe

(k:)</ (21, 20) |7+ 76) (A2, - )
R\ [—a,0]"

= /R"\[a,a}" K (1 + ; fi(ﬂh‘)) (7 4+ mp) (d(x1, . . ., 20)),

where we used the triangle inequality and the condition in (5.6). Then, partly calculating
the integral, we get

culk) <K <<w ) (R )+ Z ( Lo, a4 maan, ,xn»))
K (7 + m) (R \ [—a, a]") +2KZ/ L Jiwma), (A.3)

With a — oo we have R" \ [—a, a]™ — 0. Thus, the first summand of tends to 0 as
a — oo for all k € N. For the second summand we get the same by the integrability of the
fi,i=1,...,n, ie. we have ,(k) — 0 uniformly for all £ € N as a — co. Hence, for all
e > 0 there is an a > 0 such that ¢,(k) < € for all k£ € N.

Thus, for all € > 0 there is an a > 0 such that

lim Ay < hm Ag(a) + klim eq(k) <e.
—o0

k—o0

Finally, we get limg_,o Ay =0 as e — 0. O

Theorem A.1. [7, Theorem 45.8] Let X, be vector spaces such that X is locally conver,
and let K C X and T C Y be convex sets. Let f: K xT — R. If

1. K is compact,
2. x— f(x,y) it continuous and conver on K for ally € T,

3.y f(z,y) is concave on T for allx € K,

then

sup inf f(x,y) = 1nf sup f(z,y).
yeT T€K K yer
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A.3. SUPPLEMENTS TO CHAPTER |6

Ezample A.2. In this example, we complement Example by presenting a step by step
illustration of the algorithmic determination of the left monotone martingale transport

plan and the super hedging strategy. We start with the illustration of Algorithm

1. The measures p and v illustrated.

20 12 17
0.5 4 49 49 49
0.25+
80 100 105 120
23 17 9
05+ 03 15 35
0.25+
65 100 110 135

2. We start coupling the mass of the smallest atom of u, dgg.

20 12 17
0.5 4 49 49 9
0.25+
80 100 105 120
23 17 9
05+ 03 5 35
0.25+

65 100 110 135
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3. As dgg is no atom of v, we couple with dg5 and d11¢.

20 12 17
0.5 + 19 19 19
0.251
80 100 105 120
23 17 2
054+ 0 15 35
0.25 1
65 100 110 135

4. We determine the weights q,,y, = {% and ¢z y,, = % and check the suitability.

20 12 17
0.5 4 49 49 19
0.254
30 100 105 120
23 17 9
054 03 5 35
0.2514

65 100 110 135
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5. We proceed with the measures p/ and v/'.

0 12 17
05+ 49 9
0.2571
80 100 105 120
a4 533 9
054 M 2205 35
0.251
65 100 110 135
6. We couple the smallest atom of /, d105.
0 17
05 % 4
0.2571
80 100 120
41 533 9
054 M 2205 35
0.251

65 100 110 135
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7. As 6195 is no atom of v/, we couple with dg5 and d11¢.

12 17
0.5 : " o
0.25 1
80 100 105 120
41 533 9
0 5 N 141 2205 35
0.25 |
65 100 110 135

8. We determine the weights gz,,y, = % and gz,,y,, = % and check for suitability.

12 17
0.5 % ’ & o
0.251
80 100 105 120
11 533 9
05 % 441 2205 35
0.251

65 100 110 135
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9. We proceed with the measures p” and v”.

0 0 17
0.5 % 9
0.251
80 100 105 120
29 53 9
05 4 MI 2205 35
0.251
65 100 110 135
10. We finish the algorithm coupling the smallest atom of i, d12¢.
0 0 17
0.5 % .
0.251
80 100 105 120
2 53 9
05 4 M 2205 35
0.251
65 100 110 135



A.3. SUPPLEMENTS TO CHAPTER’E‘ 159

11. As 4199 is no atom of "/, we couple with 119 and d135.

0 0 a
0.5 % Y
0.251
80 100 105 120
2 53 9
05 N 441 2205 35
0.251
65 100 110 135

12. We determine the weights ¢y, = % and qg,y, = % and check for suitability.

0 0 1
05 N 49
0.254
80 100 105 120
2 2
05 N 441 3
0.2514

65 100 110 135
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13. We choose qg,y,, = U1, = 5905
712
0.5 % : ! 2205
0.25 1
80 100 105 120
29 9
0.5% M : 3
0.25 |
65 100 110 135
14. We couple the remaining mass of d199.
0 0 NEES
05 ' 2205
0.25 1
80 100 105 120
29 9
054 A ! 3
0.25 1
65 100 110 135
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15. We couple the mass of d199 with dg5 and d135.

0.5 7%

0.251

05 %

0.251

29
441

80

100 105

120

ST
&R

100

110

16. We determine the weights g, = % and qg,y, = % and check for suitability.

0.5 %

0.251

05 7%

0.251

0 0 =

80 100 105 120
29 ¢
41 0 35
65 100 110 135
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17. We determined the left monotone martingale transport plan Qq.(u,v).

0 0 0
05 %
0.2514
80 100 105 120
0 0 0
05 %
0.251
65 100 110 135

18. The left monotonicity is obvious.

22 80 100 105 120
°

°
v 65 100 110 135

Theoretically, the algorithm does not apply when coupling the mass of 199, as it is the
last atom of u to couple. Instead, we should just transport its mass to the residual of
v. However, in order to illustrate a situation in which a case distinction is necessary, we

decided to determine the transport weights using the algorithm.
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Let us now construct a super hedging strategy. For this purpose, observe that (4, y,)
and (2, yy) are the only points in supp(u) x supp(v) not contained in the support of

Qie(p, v). Thus, ultimately we have to solve the inequalities

o(a) + ¥ (yu) + Mza) (Yu — a) = c(Ta, Yu), (A.4)
o(Tm) + Y(Yu) + h(@m) (Yu — Tm) = (Tm, Yu)- (A.5)

Before we solve this linear inequality system, let us apply Algorithm in order to
guarantee equality on the support of Q.(u,v). We skip the detailed calculations and
immediately state the resulting numbers.

We start with z, = 120. As z,, € Xff = {Yd, Ym, Yu }, we have

3 — (Y(yu) — ¥(va))

h(xy) =

70 ’
13 9 5
V(Ym) = 1 + ﬂ¢(yu) + ETﬁ(yd),
33 11 3
plea) = 75— 7% W) — ﬂw@d)-

For z,, = 105, we have z,,, € X{i = {y4,ym} and hence

Plarm) = 2 = 29() ~ 26 (ya).

Finally, for 24 = 80, we have x4 € X% = {y4, ym} and hence

41 1 1
h(zq) = 630 %10(%) + %?ﬂ(yd),
85 3 11
o(xq) = 55 ﬁ¢(yu) - ﬁw(yd)-

If we now plugin these numbers as well as (x4, v,) and (2, y,) into the inequalities
and , then we obtain the inequalities %4 > 0 and 2 > 1, which are satisfied
independently of the choices of ¥ (yq) and ¥ (y,). Thus, we may choose ¥ (yq) = ¥ (yn) = 0.
If we now plugin those values into the above hedging functions, then we obtain the super
hedging strategy presented in Example [6.51] A

A.4. SUPPLEMENTS TO CHAPTER

Remark A.3. In this remark, we prove that CM% is recovered when considering the definition
of a call option price functions corresponding to the measure ué. Let k € [k}, k7q). Then
we have

on

Cu® = [ -0l = [ e - bydtan) = 3 w0 - B

Ry i=j+1
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If we now plugin the definition of w;’, then we have

= & (cmﬂ) — Culk?) _ Culh) = cu<k?_1>> G

Hn i=j+1 kzn—i-l k? kzn - kzn—l
277. 277.
Cu(kl* ) — CL(kP Cu(kM) — C (kY
— j{: ( N( 221) 75( z)) (k? —'k)—— jg: ( N( 22 ;& ll)) (k? —'k)
i=j+1 Ry = ki i=j+1 ki — ki

2" —1
C, (k') — CL(k!
i=j+1 ki—l—l - ki

C, (k') —C, (K} 2 ny — n
- ( M( Z}Zl) — k;( J)) ( ;l+1 —k‘) - Z (Cﬂ(klzz — ]f;_(le)) (k?:b —k),

j+1 i=j+2 7

where we just split off the last and the first summand of the first and the second sum

respectively. Then shifting the index and writing the two remaining sums as one, we get

2"'1
Cou(k?) = Culkp ) Fjon =k
k) — pu\fg p\i—1 no_opny nooy ) =
Cﬂ%( ) 1:;-2( kP — K} (hizy = ) <C“( 7+1) ~ Cu j)) kjy — k7
i n n n n k;LJ"l _ k
=(-1)- Z (Culki’) = Culkit)) | — (CM( j+1) = Culkj )> N
K" —k
= Cpu(kjy1) — (Cu( 1) — Cu(k?)) krf:i_kn
j j

k- kn Kk
= 2 Cu(kf ) + %C (k7).
ki — K Y ki — K

where in the third equality we simplify the telescope sum and use that C,(k5.) = 0.

We also show that uZ and v¢ both have mass and expected value equal to one. Having
mass equal to 1 is immediately clear for both measures by definition of the weights.

Concerning the expected value, let X ~ u? and Y ~ v%. Then we have

zwnkn = 3 7 (Culin) = 20,08 + Cuthy-) b

7=0

—z;( ki) = 20(K}) + Cu(Ky))

2n 2"
- chﬂ(kyﬂ) =2 JCL(K]) + D iCu(k} )
i— j=0 J=0

2" +1 2m
=3 (- DCL(ED) — 23 GOk + Z (4 +1)C
j=1 j=0 j=—1

=2" Cpu(kfniy) + (2" = 1) - Cu(kBn)
— 22" Cu(kB) —2-0-CL(kD)
+0- Cu(k™y) + Culkg),
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as only those summands of the three sums remain present that are not contained in all

sums. Rearranging and using some of the earlier definitions, we have

Eug [X] =2" (Cu(kgmrl) - Cu( gﬂ)) - Cu(kgn) + Cu<k8)
Cu(kgny1) — Culksn)

= - - — Cu(K)+CL(0) = Cu(0) = so = 1.
k2n+1 - kzn
Analogously, we obtain E,q4[Y] = 1. O

Ezample A.4. In this example, we show that the convergence speed proven in Theorem
7.11]is ideal in the sense that it can not be improved. This means that the speed in our
empirical investigations is better than the guaranteed convergence speed. For this purpose,

we consider the two discrete measures
1 1 1 1 1 1
n = 1(51 —+ 5(5% + 153 and vV = 160 —+ 5(5% + 154

These measures have mass 1, mean % and the call option price functions

13 23 3 3 1
Cu) = (G k) Losken + (T~ 1#) Lnsmeyy + (5 %) Trpsnssy
13 3 1
)= (%5 = 3¢) Loy + (1= 30) 1gercay
We easily see that C), < C, and thus p <. v.
By the requirements of Theorem we have cgyy > 0. Hence, the upper price bounds
are realized by the left monotone martingale transport Q;.(u, ). Using Algorithm we
easily verify that

3 3
) = L5 25, 51 S1 14 —6; G304 —6
Qie(p,v) = 2010+ 5801 2 + 17501 0+2877+1674 630+1634

The most simple payoff function satisfying the martingale Spence Mirrlees condition is

c(z,y) = xy?. For this function, we get

3 ™ 11 /77N 1 /7 3 913
PC —_ 1 — J— —_, = _— — 4 34
2 (1) 280( ’3>+280(3’3>+ 166(3’ >+ 6B =51

In order to prove the optimality of the convergence speed, we calculate the approximating
measures x¢ and v¢ and the associated price bounds for general n > 3. The measures have
the structure

pd = 3(51 +33) + pt and ve = 3(50 +64) +v

for all n € N, where u; and v, are also measures with two atoms close to % each. This
follows from the determination technique of the approximating measures based on the

associated piecewise linearly interpolated call option price functions Cu% and C,,g. Indeed,

these deviate from the functions Cy and C, only on the interval (k:;.‘(n), k:;.‘(n) +1>’ where
j(n) is such that Kiny <3 T < K )+ 1~ Consequently, K%y and Ky 4 are the atoms of the

residual measures.
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We determine the general structure of these values and denote j = j(n) and k; = k;‘(n)

for the rest of the example. We have

7 Jg 7 J+1 T2
As j € N, we clearly have
. {7 2”J 22— 1 neven,
j: _—. — = n
3 4 %-27—%, n odd,
from which we immediately get
. 7 4 ) 7 8
7 — a5m, TN even, 1 3+ 25w, TN even,
k:j=4-2]n={i 3'; and k‘j+1=4-‘7; :{i 3;
3 7 3ons nodd, §+W’ nOdd

The masses of u& and v? in the atoms Ok; and d,,, are the differences of the slopes
of Cpa and Cyq on the intervals (kj, kji1) and (kj—1,k;), and (kj11, kj+2) and (kj, kjt1)
respectively. As C, and C, have the same slopes in these areas, we know that the masses
of the atoms are equal for u¢ and v2. Hence, we have

3 1

wi =17 =mj] (4) and wiy =9V7 1M

where mf! = S8 0=Cul) — 20, (111) — Cu(ky)) = & (Co (k1) — Culky). Using the

representations of C), and C,, we deduce

. 2" 1 13 3
o= (== (5 30)
2n /7T 1 1
- (—6 = 3 (Kjr = ky) + 2"%’)
2" (1 7\ 1
== (Zki—=) -2
4(2J 6> 4
2" (1 (7 4 7 1 _ 5
_ T(i(é_ﬁ_6>)_1__12’ n even,
2n 7 8 7 1 7
T(%(g—ﬁ—6>)—zz 12, nodd

In total, we have the general structure

1

6
1 1

I/g = Z((50 +04) + 6 (5kj + 5kj+1) +

1
NZ = 1(51 + 63) + (5k] + 5kj+1) + (5kj]l{n even} + 6kj+1]l{n odd}) )

[N

<5kj]1{n eveny T 0k Lin odd})
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By construction we have un <c Vd Thus we may calculate Qlc(un, n) In the following,

let n > 3 be even. Then we have to transport the mass Z of 41 to dp and dy, such that

q1,0 + Q1K =

)

0-q10+kj qug,

%\H%\H

. . _ kj,1 _ 1 . n o __ n _ 1
These equalities imply ¢19 = o and q1 x; = I As n is even, we have Wi, = 19kj = 3.

Since k; > 1, we obviously have ﬁj < %

Now we transport as much mass as possible from dy; to dy;. Thus, we have gk, r, = %— ﬁ.
J

The leftover mass is transported to dp and 0k, , according to

1
qk’j,O + Qk:j,ij = Tk"
J

1 1 1 1
0 k0 Riwt by = 3k = (3 - 4]-::-) ki=1
J

. 1 1
Thus, we obtain g; 0 = " 4k — and g, k;, ., = Ty

Now we transport as much mass as possible from d,,, to 0k, ,. Therefore we have

Qhjr ka1 = % — %ﬁ. The leftover mass is transported to dy and d4 according to

1 1
q}Cj+1,0 + ij+1,4 — 6 - 4l€j+1,

1 1 1 1
0 qrjpr,0 +4 Qo4 = gkj—H B (6 B 4k5j+l> R = 4

— 1
6 and qx; ;4 = 13-

This yields g

1
J+17 4kj+1

Finally, two equations have to be satisfied, namely

q3,0 + 434 =

)

0-q30+4-q34=~"3,

%\Hﬂk\'—l

which is satisfied by g3 = 1 and ¢34 = 5.
In total, we get
kj—1 1
Qlc (/‘Lna n) 61 0 4]{] + 51 N 4k‘
1 1 1 1 1
Ok k. - | = 0 - oo -
Ok kg (3 Ak > + 00 (41@- 4kj+1> T Okiki

1 1 1 1 1
+ Ok kji - 6 ey + Ok;1.0- % “ 16 + Ok 0 16

1 3
030 — + 034 —.
+ 03,0 16+ 3,4 16
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Analogously, we proceed for n > 3 odd. Then we get

ki —1 1
Qlc (Mna n) 51 0 ° j4k'J + 51 N 4k

+ ) 1 _ i + ) i _ 1 + ) L
kiokj 6 4]€j k;,0 4/€j 4kj+1 kioki1 4/€j+1

1 1 1 1 1
0k ki 3 4k + 000 4kjiq 16 Ok 16

1 3
+ 930 - 1764_53’4'%.

With these transport plans, we may now calculate the approximating upper price bound

sequences. For n > 3 even, we find

) 1 11 1
P2 (,U«ngg) =c (1,k]) . @ + C(k’]7k]) . (3 1k ) +C(kjak]+1) 4kj+1

1 1

+ C(k‘j+1, k‘j+1) : <6 Y o
J

ki KR kikia R K

I _ k. 9.
LT3 T T T g TRt

1 3
> +C(kj+1,4)'ﬁ+0(374)'ﬁ

Plugging in the derived representations of k; and k; 1, we get

P?(“n’ n) T T3 T3 3o 3 6 4

If we now also plugin the representations for the higher degree terms and rearrange the

former, then we achieve

P( d)_ng [ 7)3_(7>2 4 7T 16 64
2 \HnoPn) =9 T 57 0n 3 3) 3.2n ° 3 9.22n  27.23n

3
1[/7\3 ? 8 7 64 512
+6<<3> +<3> 320 3 9.220 ' a7 23n>
1/49 28 49 16
4(9+9-2n 9. 22n (9_ Ty 2%)
49 112
_<9+9 *y. 2%))

—913+ 84 +O<1)
54 H4.9on 22n ) -

Analogously, for n > 3 odd, we have

913 78 1
Ps(ud, vd) = 22 ).

That is indeed the convergence speed from Theorem A
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