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ASYMPTOTIC PRESERVING TRIGONOMETRIC
INTEGRATORS FOR THE QUANTUM ZAKHAROV SYSTEM

SIMON BAUMSTARK AND KATHARINA SCHRATZ

ABSTRACT. We present a new class of asymptotic preserving trigonometric
integrators for the quantum Zakharov system. Their convergence holds in
the strong quantum regime ¥ = 1 as well as in the classical regime ¢ —
0 without imposing any step size restrictions. Moreover, the new schemes
are asymptotic preserving and converge to the classical Zakharov system in
the limit ¥ — 0 uniformly in the time discretization parameter. Numerical
experiments underline the favorable error behavior of the new schemes with
first- and second-order time convergence uniformly in 1, first-order asymptotic
convergence in ¥ and long time structure preservation properties.

1. INTRODUCTION
We consider the quantum Zakharov system
i0:E + AFE —9A’E = Eu, F(0,2) = E°(x),
Ot — Au+9A%u = A|EP?,  u(0,2) = u®(z), Bu(0,z) = v (z),

which describes the nonlinear interaction between quantum Langmuir waves and
quantum ion-acoustic waves in an electron-ion dense quantum plasma. In the above
model the quantum parameter ¥ > 0 expresses the ratio between the ion plasmon
energy and the electron thermal energy. We refer to [14, 17, 24, 37] and references
therein for its physical motivation and derivation by a quantum fluid approach.
Here, z(t,x) € C denotes the varying envelope of the highly-oscillatory electric field
and n(t,x) € R is proportional to the ion-density fluctuation. Setting ¢ = 0 in
(1.1) yields the classical Zakharov system which is described by a coupled system
of a Schrodinger equation for z and a wave equation for n, see [8, 9, 10, 22, 40] and
references therein.

The classical Zakharov system (that is ¢ = 0 in (1.1)) is numerically extensively
studied, see, e.g., [3, 4, 11, 12, 23, 18, 19, 27, 31, 36]. Various schemes have been
proposed in case of ¥ = 0 reaching from splitting methods up to trigonometric
integrators. In context of the Klein-Gordon-Zakharov system we also refer to
recent works [1, 2, 41]. However, up to our knowledge nothing is known so far in
numerical analysis for the quantum Zakharov system (1.1), where the oscillations
are driven by

(1.1)

otity/—A(1-9A) with 0<¥9<1 (1.2)

instead of the classical case e*IVl. While classical methods allow convergence

bounds in the strong quantum regime ¥ = O(1) and the classical regime ¥ = 0,
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2 SIMON BAUMSTARK AND KATHARINA SCHRATZ

respectively, their error bounds do in general not hold uniformly with respect to
the quantum parameter 9. The latter is due to the fact that the highly oscillatory
phases (1.2) are in general not preserved uniformly in ¥ under the discretisation.
This phenomenon is illustrated in Figure 1, where soliton solutions ([39]) are simu-
lated with the splitting method [31] generalized to the quantum setting (1.1). The
simulation is carried out for different values of ¢ using the same time-step size:
In the “strong quantum regime” (left picture) the shape of the solition is nicely
preserved, whereas in the “classical regime” (right picture) the approximation fails.
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A N L N L Lloe e ®
\ \ w N w w > © ORG
W \ = \\ X = >| @ ® @ ®)
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z € [—m, 7] z € [-m, 7 x € [—m, 7

FI1GUurRE 1. Contour plot: Simulation of soliton solution of the
quantum Zakharov system (1.1) set on T? with a classical split-
ting method (cf. [31]) for two different values of the quantum
parameter 9 using the same time-step size. Left picture: Strong
quantum regime ¢ = 1. Right picture: Classical regime ¥ = 0.01.

The aim of this paper lies in the construction of a new class of asymptotic pre-
serving integrators for the quantum Zakharov system (1.1) that
e converge in the strong quantum regime ¥ = O(1) as well as the classical
regime ¥ = 0 without any 9 dependent step size restriction, and
e converge asymptotically from the quantum to the classical Zakharov system
without any step size restriction depending on the discretization parameter.

For the latter, note that on the continues level the quantum Zakharov system (1.1)
reduces to the classical Zakharov system

in the classical limit ¥ — 0. More precisely, solutions of the quantum Zakharov
system (1.1) are approximated by the classical Zakharov system (1.3) with conver-
gence rate O(¢), where the latter holds for sufficiently smooth solutions. The new
constructed trigonometric integrators are designed such that this approximative
property is inherited in the numerical discretization. In particular, convergence
of order O(¥) from the quantum to the classical Zakharov approximation holds
uniformly in the time-step size T (see Section 4 for details). Our techniques allow
us to develop asymptotic preserving schemes of arbitrary order. We will give de-
tails on the construction of a first- and second-order scheme. For the development
and analysis of asymptotic preserving schemes in the context of highly oscillatory
Klein—Gordon type equations we also refer to [5, 13, 16].
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The main challenge in constructing such a robust method for system (1.1) origi-
nates from the presence of derivatives in the nonlinearity: Mild solutions are given
by

E(t) =e "% B(0) — i / t e ON () B(¢)de,
0

o) [ sinl(e - 900)2; MBS

where we define the operator

Qy = VA= UA). (1.5)

With the aid of the Fourier expansion f(z) = >, za fkeik"’” we can express the
action of (1.5) as follows

Qo f(x) = 3 VKR T OkP) fue™, (1.6)

kezd

(1.4)
u(t) = cos(tQy)u(0) +

where
k2 =k?+.. k3 and kx =kx+ ...+ kqzq.
Note that the coupling operator leA in (1.4) allows the following bounds:
There exists a ¢ > 0 such that

W0t 19 A < cinf (072l [} (1.7)
“Naively” estimating the solutions thus yields for s > d/2 and all ¥ >0

IE@)|s < [[EO)]s +6/0 w1 EE)]sdE,
(1.8)

lu(®)ls < 1u(0) s + 1w )| s—1 + ¢ / | B2, de,

respectively,

IE@®)ls < [I12(0)]ls +C/O ()| 1 E(€)sdE,
(1.9)

t
lu(®)lls < [u(O)lls + [1u'(0)[| -y + e~/ / |E©)]2de.

The estimate (1.9) seems the preferable choice as (1.8) amounts in a loss of de-
rivative. However, the bound (1.9) yields an error constant involving the term
exp(9~1/2T) which explodes in the classical limit regime 9 — 0.

In order to avoid any CFL condition depending on ¢ nor the spatial discretiza-
tion paramter Az we follow the techniques developed in the analytical work [35] on
the well posedness analysis of the classical Zakharov system: We will reformulate
the quantum Zakharov system as a system in (E, 9 E,u, 0;u). This allows us to
overcome the loss of derivative and derive robust and uniformly accurate trigono-
metric integrators for the quantum Zakharov system (1.1) without imposing any
type of CFL condition — neither depending on the step size 7 nor on 1. This idea
was recently applied to the classical Zakharov system (that is ¢ = 0 in (1.1)) where
a new stable class of trigonometric integrators were introduced, see [27]. This ap-
proach was recently also successfully applied in the context of splitting schemes
for the Zakharov system ([23]). In context of the quantum Zakharov system the
analysis is however more involved as our aim lies in asymptotic preserving schemes
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which converge in the limit ¥ — 0 to solutions of the classical Zakharov system
(1.3) without any step size restriction. In particular, and compared to the classical
case ¥ = 0 (see, e.g., [27]) the main task lies in establishing error bounds that hold
uniformly in the quantum parameter ¥ and the asymptotic analysis ¥ — 0 (see
Section 4). For further results on trigonometric (and exponential) integrators for
semilinear wave equations we refer to [20, 28, 29] and the references therein. For
practical implementation reasons we will impose periodic boundary conditions, i.e.,
x € T?, hence both £ and u are considered to be spatially periodic.

2. TRIGONOMETRIC INTEGRATORS FOR THE QUANTUM ZAKHAROV SYSTEM

Following the strategy in [27, 35] we reformulate the quantum Zakharov sys-
tem (1.1) as follows

t
i0.F — Q2F = uF + du <E(0) + / F(g)dg) ,
0
attu—l—Qfgu: A|E|2, (21)

B=@+ 1) {ir - -1 (B0 + t Feae) }.

where F' := O, F and

0

F(0) = —i(Q3E(0) + u(0)E(0)), u(0) = u’, du(0) =", E(0)=E°. (2.2)

Let
t
Ir(t) := Ep +/ F(N)dA.
0

Then the mild solutions of (2.1) at time ¢,11 = t,, + 7 with ¢, = 0 read

Flt, +7) = TS F(t,) — i / " emitr-093 ((uF TR + g)dg)
0

u(ty +7) = cos(T7Qg)u(t,) + Q' sin(7Qy)u’ ()

+ /OT Qy ' sin((r — Q) A|E(t, + &)[7dE, (2.3)

uw (ty +7) = — Qo sin(7Qy)u(t,) + cos(1Qy)u’ (t,)

+ [ costlr - 9B + €)1
E(tn +7) =(Q5 + 1) {iF(ty +7) = (u(tn +7) = DIr(ta +7)}.

In order to construct a numerical scheme which preserves the oscillation (1.2) in
the quantum parameter 1 we approximate the exact solutions (u,u’, F, E)(t, + &)
appearing in the above integrals via Taylor series expansion. This allows us to
integrate the oscillatory terms e~ ,08(£82y9) and sin(£€2y) exactly. Furthermore,
we use the following approximation for the integrals over F: For 0 < & < 7 we
approximate

tn+E n
/0 F)A = 7Y F(ty).

k=0
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This yields for n > 0 the trigonometric time integration scheme

n

n+1 —itQ2 n - 1_67“—019 u" F™ m 10 k
Pl = e TR it (WP B " (7Y FF)
k=0

—iT 3
1-— Q
u" = cos(Ty)u" + Q' sin(7Qg)u" + 7O COS(T 19)A|E"\2
. (2.4)
u" = —Qy sin(7Qs)u" + cos(TQ)u" + TMA\E”P

Ty
B = (@3 4+1)7! {“ — (- 1)(B + <TZF’““>>}
k=0

equipped with the initial values (5). This scheme is an asymptotic preserving ex-
tension of the trigonometric integration scheme derived in [27] for the classical
Zakharov system (1.3). The new scheme (2.4) in particular respects the oscillatory
structure (1.2) which strongly depends on the quantum paramter . In particular,
in Section 4 below we will prove that in the limit ¥ — 0 it asymptotically con-
verges towards the classical integration scheme derived in [27] without any step size
restrictions (neither on 7 nor on ).

3. ERROR ANALYSIS

In the following we set for f(z) = >, za f(k)e*® and s € R

(V) f(z) = |V f(2) + F(0), (Q)*f(z) = Q5f(z)+ f(0)
and define
1£1ls == [KV)* fll 22 (pa)-

Furthermore, for a € R we set

M) i= sup (R0 2EO. + [(00)* O] + @) O]}

Theorem 3.1. Fiz s > d/2 and 9 > 0. For any T > 0 suppose that
ms10(T) = OiltlgT{||<Qﬁ>4E(t)lls + Qo) *u(®)lls + [KQ0)u' ()]s} <00 (3:2)

Then there exists a 1o > 0 such that for all0 <1 <719 and t, <T
1(Q0)*(E(tn) = E™)ls + [{Q0) (ultn) — u™)lls + [/ (tn) = w™||s < er,  (3.3)

where ¢ depends only on mg1,9(T) as well as on T, s and d.

Remark 3.2. Local-wellposedness results for the quantum Zakharov system (1.1) are
given in [14]. For local-wellposedness of the classical Zakharov system in Sobolev
spaces of low regularity on T? we refer to [9, 38, 32]. Concerning the well-posedness
theory on R? we refer to [35, 10, 22, 7, 6] and references therein.

Proof of Theorem 3.1. Compared to the classical case ¥ = 0 (see, e.g., [27]) the
main task lies in establishing error bounds that hold uniformly in the quantum
parameter 1.

Fix s > d/2 and ¥ > 0. In the following let ¢ denote a numerical constant that
does not depend on ¥ nor 7,n. Subtracting the numerical solutions (2.4) from the
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exact solutions (2.

F(thrl) — Pt =

and
(Q) (u(tnr1)

as well as

’LL/ (tn+]_

and

E(tpy) — E" =

SIMON BAUMSTARK AND KATHARINA SCHRATZ

3) yields

e—iTQ% (F(tn) _ Fn)
g 1— efi‘rQ;‘;
ZT —iTQ3

+ (W (tn) — W) E(0) +u/(ta) (7 Y (F(tr) — F*))

k=0

+ (W () — ) (r Y FY)) + L,
k=0

— w1 = cos(TQ) Qo) (u(t,) —u™)

+ Sin(TQﬁ)%(u/(tn) — U,’”)

1 —cos(7Qy) (Qy) 5 n12
+ 7 P % A(|E(tn)\ |E™| )

+ (Qy) L7,
m+1 __ s Qﬁ n
) — "t = Sln(TQg)m<Qﬁ><u(tn> —u )
+ cos(T8) (v (t,) — u'™)
+IUTR) A ()P - B2+ 2,

TQ19

= (@ + D)7 Hi(F () - )

— (u(tnyr) — u™ ) (E(0) + TZFk+1))

+ ]. — ’LL n+1 TZ tk+1 Fk+1)) + <Ql9>2L7Elv}
k=0

The local errors at time ¢, satisfy

+tu (tn + g)IF(tn + f) - ul(tn) (E(O)

Q) Lyl s =

n —
1L lls =

1(920)* Liplls =

/ e 0% (u(ty + )P (b + &) — ultn) F(tn)
Q) [T

G [ sinl(r = 020)A (B(, + OF - (L)) de]
/0 cos((7 — E)20)A (|B(tn + O — |E(t)]?)

(1~ ultnen))( /tw PN -7y Plten) ||
0 k=0 8

() (F(ta) = F™) + (uts) — ) P

+TznjF<tk>))d§Hs,

(3.7)

(3.8)
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Set
Mo = max {[(Qo)2E"||s + [|F"[|s + [[(Qo)u™ s + [lu™||s}-
) 0<k<n
(i) Error in F: Note that for all 7 € R
[l <1, [1(ETQF) 7M1~ < 2. (3.9)
Furthermore, for all §,+v > 0 we have

[ fllsss = D> P2 fl? + [fol> < ) KPP0 (1 + 01k fil® + | fol?

kezd kezd (3.10)
< 1{Q20)° flls < 1{20)°+ f1ls.
Thus, plugging the stability bound (3.9) into the error recursion (3.4) yields that
_ . < _ k
1E ) = F" s < (14 Tetumo,0(tn)) max [F(te) = F*ls

+e7(ms,0,0(0) + tnmi g p) () (ultn) — u™)lls + [lu'(tn) — ™ [ls) + [ L [ls-

(3.11)
(i) Error in E: The error recursion (3.7) together with (3.10) implies that
1(20)2E(t) — E™lls < (1+ ctamao,0(ta)) max |1F(t) — F¥|,
osksn S (3.12)
+e(mis,0,0(0) + tami o 9) (o) (u(tn) — u™) s + [[{Q0)* L |s-
(#ii) Error in ({(V)u,u'): Formula (3.6) and (3.5) imply that
(Qo)(u(tnr) —u"™)\ o [ (o) (ultn) = u")
U/(tn-i-l) — y/ntl T u’(tn) —un
1—cos(7Qy) () QN n (3.13)
Ty Qy 2 n|2 < 19> U
+7 : A(E(t)]” = |E"?) + 7
sin(7Qy) L,
TRy u
with the rotation matrix
cos(7y sin(7Qy &o)
O-=| ( )Q (T)ar) (3.14)
—sin(7Qy) 72y cos(7y)
Note that the error recursion (3.12) together with (3.10) yields that
1B (tn) = E"||ss2 < (1+ ctums,o,0(ta)) max [|F(tk) = F*ls
osksn (3.15)

+ C(ms’O,ﬁ(O) + tnm?,o,ﬁ) () (u(tn) —u™)|s + ||<qu>2LZfl||S,
Also note that the stability result [27, Lemma 3.5.] holds true as we have that
O, =V~ ldiag(e'™ e ")V + Z,, (3.16)

where

V:1(1 ) P 0 IR () — Q)
\/5 i 1 9 T 511;(<7'VQ>19)(<919>_919) 0

sucht that the action of Z; is nothing but multiplication by 7 of the zero mode of
the second component weights with the sinc-like function s’i(ZvQ)"). Using (3.15) as




8 SIMON BAUMSTARK AND KATHARINA SCHRATZ
well as (3.16) in (3.13) thus yields that

Q0 wltn1) = )l A o (tsr) — ™+

< (ctn (ms.0.0(tn) +mi0,){ (14 tums 0,0 (tn)) max [1F () = F¥lls 54

+Omka§ [1(Q9)2 L% || }+2n max (H<Qﬁ>LkHs+IIL ”s))etn(an)’

where ¢, < ¢(1+t,)(ms09(tn) + mzo)ﬁ)z.

Collecting the results in (3.11), (3.12) and (3.17) together with the local error
bounds given in Lemma 3.3 below yields the assertion by a bootstrap argument. [J

Lemma 3.3. Let s > d/2. Assume that

ms,l,ﬂ(tn+1) < o0.
Then the local errors defined in (3.8) satisfy

k <
Oglgg{HL s + 1{Qo) Lills + 1L || s + TI{Q)* L ||s} < e

where ¢ depends on ms 1 9(tni1).

Proof. The proof follows the line of argumentation to the proof of Lemma 3.4 in [27]
by replacing the operator (—A)% by 2§ in the local error analysis. (Il

Remark 3.4. The quantum Zakharov system (1.1) has a Hamiltonian structure and
if Opu(0, z) has mean zero,

d
—H(E

a0 (E,u)

d 1

— u\E|2+HV|E|2+19|AE|2 (u +9||V]ul® + [|V| "' 0pul?)dz = 0,

T
(3.18)
where |V| := v/—A. Theorem 3.1 implies first-order convergence of the trigono-
metric integrator (2.4) in the corresponding energy space for sufficiently smooth
data.

Furthermore, Theorem 3.1 together with the observation in (3.10) implies the
following uniform convergence bound:

Corollary 3.5. Fiz s > d/2. For any T > 0 suppose that

ms1.(T) == Oiup ms,1,0(T) < 0. (3.19)

Then there exists a 79 > 0 such that for all0 < 7 < 719, t, < T and all 0 < ¥ <1
we have

1E(tn) = E™ls42 + llu(tn) — v lepr + [ () — u™[|s < e, (3.20)

where ¢ depends only on ms1.(T) as well as on T, s and d, but can be chosen
uniformly with respect to 9.
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4. ASYMPTOTIC CONVERGENCE IN THE LIMIT ¥ — 0

The classical Zakharov system (that is ¥ = 0 in (1.1)) is approximated by the
quantum Zakharov system for 9 — 0. More precisely, the approximation holds with
order O(¥) for sufficiently smooth solutions. Denote by (Ey, ug, u}y) the solutions of
the quantum Zakharov system (1.1) and accordingly by (EY, u}, u}") its numerical
approximation by the trigonometric integration scheme defined in (2.4). Thus,
in particular let (Eo,uo,uq) denote the exact solutions of the classical Zakharov
system (1.3) and (EJ,u,u'q) their numerical approximation defined in (2.4) by
setting ¥ = 0. Then, for s > d/2 and sufficiently smooth solutions the following
approximation holds

1ES — Ejllss2 + lug — wgllsrr + [lu's —u'3ls

< [Bo(tn) = Eg ls+2 + lluo(tn) — uglls+1 + lup(ta) — w/lls

1By (tn) = Ejllere + lluo(tn) — willser + uh(tn) — u'plls
+[1Eo(tn) = Eo(tn)llst2 + lluo(tn) = wa(tn)lls41 + [[ug(tn) — wy(tn) s

<c(r+ 9+ [Eo(0) = Ep(0)l|s+2 + [luo(0) — up(0)ls41 + [lug(0) — uy(0)]]s).
(4.1)
This naturally implies that for time steps 7 < ¢} the quantum approximation con-
vergences to the classical approximation with order O(«}). However, the even more
desirable property of asymptotic preservation holds true for the new schemes (2.4).

Theorem 4.1. Fiz s > d/2. For any T > 0 and £ > 0 suppose that

Moo (T) = sup {IE@®)rose + @) lassre + 0/ Ollapare) <00 (49
0<t<T

Then there exists a 19 > 0 such that for all0 <7 <719, t, <T and all0 <9 <1

1(29)* (B — E3)lls + [1(Q0) (ug — ui)lls + lu's —u'lls (4.3)
< (9 + [[{920)*(Eo(0) — Eg(0))lls + [1{€20) (w0 (0) — g (0)) s + [lug(0) — U%(O)(\Lszl,)

where ¢ depends only on M .(T) as well as on T, s and d.

Proof. First note that Theorem 3.1 together with the regularity assumptions (4.2)
imply that there exists a 79 > 0 such that for all 7 < 7y and ¢,, < T we have

n k
mi = sup_max {(Q)2ESlls + IFSl, + (Qadublls + w5l } < o0, (4.5)
0<9<10<k<n

k
i = max LI llovs + 1FS lora + [uflloss + 0 llssa b < oo (4.6)

Note that
sup [|5.f[ls < 2[1flls+6-
0<9<1
Therefore the regularity assumptions (4.2) imply that mg 1 9(T) < co. Hence, the

first claim (4.5) follows by Theorem 3.1. The second claim (4.6) follows by replacing
s with s + 4 in Theorem 3.1. in [27].
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(i) Error in F§ — F}: The definition of the numerical solutions in (2.4) together
with the stability bound (3.9) implies that
IE5 ™ = Fy s
< (L 7mitne) sup [|FY — Fjlls + 7em? (|lug — wjlls + [lug® — uillls)
0<k<n

+ ” (e—iTQI% _ eirA) F(?”s (47)
1— efi‘erg 1— eiTA I " n n
+ |l ( 2 T A (uOFO +ud B 4 u) (TZFéC))Hs
k=0
The definition of Qy in (1.5) implies that
(7% = em) flly = | (1= 7)) £l < 7I(A + @) Sl < 7O flssa
(4.8)

Similarly, we have that

o —itQ? _ ITA
I 1—e 9 1—e
—iT 3 iTA

> flls S TIA+ Q) flls < TONflls4a- (49)

Plugging (4.8) and (4.9) into (4.7) yields
1F5 = Fy s < (L4 7mitne) sup [|EY — Fjls
0<k<n

(4.10)
+rem (lug — wjlls + [lug” — ug'lls) + eromy,
1) Error in Ef — Ej: By (2.4) we have that
0 9
n+1 n—+1 n+1 k+1
QFEyT =iyt —uy (B + 7Y FTY),
k=0
—AByT =i Fpt — (B +TZF’“+1 :
Using the bound
02 9
{2 +1) flls = 11(Q5+A) flls—2 < Ol flls42
A
we therefore obtain that
(Q20)* (B ™" = B3 H)lls < (1+ em{ty) sup IES ™ = F5 s
Osks (4.11)

+ c(m? +m2t, )Hu"‘Irl uli s +cmg
(i11) Error in (ug — u}, ug® — ul'): (2.4) implies that

() o ()

ug’

sin(7Qy)
Ty

1—cos(m9y) (Qo)
i ( ran” ) A (B — |B31) + R(r.0,m.),

(4.12)
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where

cos(7§) sin(76y) 2o
0. _ ( () (T€) g2 ) (4.13)

—sin(7y) &—:; cos(7€y)
and the remainder satisfies
IR(7, 9, mZ )|
< (19209 (cos(T€y) — cos(T|V|))ug ||s + || (R sin(7]V]) — [V|sin(rQqg) ) ug ||s
+ || (sin(rQy) — sin(7|V|))ug*[|s + || (cos(T€y) — cos(T|V|))ug||s

Qy 1 —cos(7|V|) 1 —cos(TQy) 9
— - A|ET|?|s
+TH (|V| T|v‘ Tqu | 0| H
sin(7Qy) sin(T|V|)> 5
+7‘ — A En S
|( T<Q19> T‘V| | O| ||
Note that for o = 1, % we have that
V1I—09A—-1)(vV1—-9A+1 JA
IVT=7E - )71 =1 ) SRy TR S—
(VI—0A+1) (VI—0A+1)
< 19&||f||s+2av

which in particular implies that for a = 1, %
1((20) = (V) flls < O flls41420,  Nlsin(r(Qo = [VD) flls < 79 flls+1420-
With the aid of the relations
cos(7€y) — cos(|V|) = =2sin(7/2(Qy + |V|))sin(7/2(Qy — [V])),
sin(7Qy) — sin(7|V|) = 2cos(7/2(Qy + |V]))sin(7/2(Qy — |V]))
we thus obtain the following bound on the remainder
IR(7,9,m¢)ls
< 4)(Q9 — [V)sin(7/2(Qs — [V])ug s + 4[| Visin(r/2(2 — [V]))ugls
+4|sin(7/2(Q — (V) ug'[ls + 4711 (20 — V) |EG*[ls41

1
+ 2Hm (9 — [V)(1 = cos(Ty)) + Qg (cos(TQy) — cos(T|V]))) [EG*[|s+2
1 . . . n
+2| Vi, (V] = Qy) sin(7Qg) + |V|(sin(r€y) — sin(|V]))) | E] 12| 542
< er9(Jlugllsa + ug ls4s + [ EG lls+4)
< CTﬁmZ*.
(4.14)
Collecting the results in (4.10), (4.11), (4.13) and (4.14) yields the assertion by
an inductive argument. O

5. SECOND-ORDER ASYMPTOTIC PRESERVING TRIGONOMETRIC INTEGRATORS

Following the above approach we can also derive a second-order trigonometric
integration scheme for the quantum Zakharov system (1.1). To achieve an asymp-
totic preserving scheme we discretize the mild solution (2.3) thereby as follows: In
the approximation of F' we employ the second-order Taylor series expansion

(uF +0'Tp)(tn + &) = (uF +u'Tp)(tn) + E(uF + u'Tp) (tn) + O(&?)
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while integrating the appearing oscillatory phases (cf. (1.2)) exactly by using that
! —i(T—6)Q5 q¢ — 1 ( —irQg 1)
/0 e ¢ ; 9129 e

T i3 eqe - L (1 (02
/Oe &de i3 (T mg( ¢ ) '

For the approximation of the wave part (u,u’) we apply the trapezoidal rules

/T Q5 'sin((7 — &)Q)A|E(t, + €)]2d¢ = gﬁglsin(Tqu)ME(tn)F +0(r%)
0

/OT cos((1T — )Q)A|E(t, + €)|?dE = gA (|E(tn +7)2+ Cos(TQ§)|E(tn)\2) + O(3).

This motivates us to define the following second-order trigonometric integration
scheme

Frtl = e TN P 4 Dy (—ir3) (u"F™ + W'"I}) + Do (—iT)
(2u'”F" U (—Q2F — unET /M) + TR (— Q20" + A|E"\2)>,
u" T = cos(TQ)u" + Qy tsin(TQg)u™ + gQ;l sin(7Q9)A|E™|?,
M™M= M™ 4 u"F™ +u'™(Ey + S},
Iptt = By — Dy (—irQ5) 83 + 7D (—irQ5) M,
B = (2 4+ 1)L (P — (- )Tt
™ = —Qy sin(7Qg)u™ + cos(T)u'™ + % (A[E™ 2 + cos(TQ9)AIE™?) ,

Sptl = Sp 4+ TF"H!

(5.1)
with Qy defined in (1.5), the operators
1 2 1
- 2 —iTQ : 2 . 2
Dl(_ZTQ,&) = T% (1 — € 19) 3 DQ(-’LTQ,&) = _7% (1 +D1(_ZTQ,§))
(5.2)

and initial conditions (cf. (5))

FO = —i(Q3E(0) + u(0)E(0)), «=u(0), u°’=adu(0), E°=E0),
M°=0, Sp=7F° Ip=E.

The scheme (5.1) is second-order convergent in time without any 9— dependent
step size restriction. In addition, it asymptotically converges to the the classical
Zakharov system (1.3) in the limit ¥ — 0. The analysis follows the line of ar-
gumentation to the first order scheme and will therefore be neglected here. The
convergence properties are underlined in the numerical experiments, see Section 6.

6. NUMERICAL EXPERIMENTS

In this section we numerically underline the theoretical convergence results de-
rived in the previous sections. For the spatial discretization we use a pseudo spectral
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method in which we choose the highest Fourier mode K = 28. This corresponds to
a spatial mesh-size Ax = 0.0245. Furthermore, we chose the initial values

E(0,z) = (2 — cos(z) sin(2x)) ™" sin(2z) cos(4x) + isin(2z) cos(z),

u(0,2) = (2 — sin(2z)?) " sin(z) cos(2z),  Au(0,z) = (2 — cos(2z)?) ! sin(z).
(6.1)

Ezample 6.1 (First-order convergence rate in time). We numerically test the first-
order convergence rate in time of the trigonometric integrator (2.4) towards the
exact solutions of the (quantum) Zakharov system (1.1). The convergence rate
holds uniformly with respect to the quantum parameter 14, i.e., for sufficiently
smooth solutions (such that ms 1 9(T) < co cf. (3.2)) there exist C > 0 such that
forallt, <T

1(920)*(Es (tn) = E§)lls + [1{Q0) (ws (tn) — up)lls + lluy(tn) — ui'lls < Cor, (6.2)

see Theorem 3.1. The convergence bound (6.2) is numerically confirmed in Figure 2
with the initial values (6.1) normalized in [[(Qg)* - |0, ()% - [0 and [|{(29) - |0,
respectively.

108

)z

10} 2

H(Qﬂ>2(Eﬂ(tn) -

10}

-
e
©

[lwo(tn) — wyllz2

—
S
=

FIGURE 2. Orderplot (double logarithmic). Convergence rate of
the first-order trigonometric integrator (2.4) towards the exact so-
lutions of the quantum Zakharov system (1.1) for different values
of 4.

Ezample 6.2 (Second-order convergence rate in time). In Figure 3 we illustrate the
uniform convergence in 9 of the second-order scheme (5.1) with initial values (6.1).
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Error in F Error in u Error in v’
T T

10t T

10°

1071

10—3

—6— 1 = 0.0625

¥ =0
[ R R 0(7—2)
107° | . .
1074 1073 1072

T T T

FIGURE 3. Orderplot (double logarithmic). Convergence rate of
the second-order integrator (5.1) for different values of 9.

Ezample 6.3 (From the quantum to the classical approximation). We numerically
test the convergence rate from the quantum to the classical approximation of the
trigonometric integrator of first order (2.4) and second order (5.1) for ¥ — 0 using
the initial values (6.1) normalized in H?, H' and L?, respectively. The first- and
second-order trigonometric integrators allow a convergence rate of order 1 indepen-
dently of the time-step size, see Figure 4 and Theorem 4.1.

10° 10°
105} 105}
=N =N
-10 | | -10 [ |
10 e Sl e [T v P 10 N Sl e [T o
D5 Fu = () g — a)ee seE Fy = () — )z
o T y = I3 — a3l
1074 1078 1072 107 1078 1072
Y v

FIGURE 4. Orderplot (double logarithmic). Convergence rate from
the quantum to the classical approximation of the trigonometric
integrator (2.4) for 9 — 0. Left picture: time step-size 7 = 1072
Right picture: time step-size 7 = 1073, The slope of the dashed
line is one.

Ezample 6.4 (Energy conservation). In Figure 6, 7 and 8 we simulate the numerical
energy H(ER,ul,u,”) (with H defined in (3.18)) as well as the L?—norm of E}
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15
“"‘
100 - -
107t
~
S 1072
—
€3]
107 == [[{Q)*(E — Bl |
\ == [[{Qo) (ug — uy) | 12
10~
lug' — ug'l| 2
Lo-5 nmn 0(19)
! : : :
107 10-6 107° 1074 1073 1072 1071
¥

FIGURE 5. Orderplot (double logarithmic). Convergence rate from

the quantum to the classical approximation for 19 — 0 with the

second-order trigonometric integration scheme (5.1). All errors
are measured in L?. Time step-size 7 = 1.191 - 1075. Slope of the
dashed line is one

in the quantum regime ¥ = O(1) as well as in the classical regime ¥ = 0 for the
trigonometric integrator of first order (2.4) and second order (5.1).

%103

0.5

-y = || Ej|

? SELELE seL

0 -
—y = || Ej ||z
-y = H(E}, uj,u'y)
-2 . -0.5 .
0 2.5 5 0 250 500
t

t

FIGURE 6. Energy conservation of the first-order scheme (2.4) for
¥ = 1. Initial values (6.1) normalized in |[{Qy)*- o, [[(Q29)2 - |lo and
() - |lo, respectively. Time-step size: 7 = 0.025. Left picture:
Time-scale [0,5]. Right picture: Time-scale [0,500].
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