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𝑡 = 0,… , 𝑇

𝒙

𝒚 = (𝒚𝟏, … , 𝒚𝑻)

𝒙𝒕 𝑡

min 𝑐𝑇𝒙 + E𝜔𝑄𝜔(𝒙)
𝒙

 

𝑠. 𝑡.   𝐴𝒙 ≤ 𝑏, 

            𝒙 ≥ 0, 

𝜔 = 1,… , 𝑁

Q𝜔(𝐱) ≔  min 
𝒚
𝑝𝜔
𝑇𝒚 

𝑠. 𝑡.   𝑇 𝜔𝒙 +𝑊  𝜔𝒚 ≤ ℎ𝜔   ∀𝜔 = 1,… ,𝑁,    

                               𝒚 ≥ 0. 
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𝒙

𝑐𝑇

𝐴 𝑏

E 𝑄

𝒚

𝑝 𝑄 𝑇

𝑥 𝑊

ℎ 𝜔 𝜋

(𝑁, 𝑃) 𝑇

𝑊 ℎ 𝑝 𝑊  𝜔 = 𝑊

min
𝒙,𝒚𝝎

   𝑐𝑇𝒙 + 𝜋1𝑝1
𝑇𝒚𝟏 +⋯+ 𝜋𝜔𝑝𝜔

𝑇 𝒚𝝎 +⋯+ 𝜋𝑁𝑝𝑁
𝑇𝒚𝑵 

𝑠. 𝑡.   𝐴𝒙 ≤ 𝑏, 

          𝑇 1𝒙 +𝑊 1𝒚𝟏                                                      ≤ ℎ1, 

           ⋮             ⋱                                                                  ⋮ 

          𝑇 𝜔𝒙                + 𝑊  𝜔𝒚𝝎                                    ≤ ℎ𝜔, 

           ⋮                          ⋱                                                     ⋮ 

          𝑇  𝑁𝒙                               + 𝑊  𝑁𝒚𝑵                    ≤ ℎ𝜔 , 

               𝒙,           𝒚𝟏     ⋯   𝒚𝝎 ,   ⋯  𝒚𝑵                    ≥ 0. 

𝜔 𝛺 = {1,2,… ,𝑁}

𝜋1, … ,𝜋𝑁
𝒙 𝒚

               𝒙 ∈ ℝ+
𝐼−𝑍1 × ℤ+

𝑍1 , 𝒚𝝎 ∈ ℝ+
𝑅−𝑍2 × ℤ+

𝑍2 . 

𝐼, 𝑅, 𝑍1 𝑍2 𝑍1 ≤ 𝐼 𝑍2 ≤ 𝑅

𝑊 𝑝𝑇 𝜔



min
𝒙,𝒚𝝎

 𝑐𝑇𝒙 +
1

𝑁
∑ 𝑝𝜔

𝑇

𝑁

𝜔=1

𝒚𝝎. 

E

𝑁 → ∞

µ

𝜇 𝜎
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ĭ

𝑈

min
𝒙
 sup
𝑐∈𝑈𝑐

𝑐𝑇𝒙 

𝑠. 𝑡.   sup
(A,b)∈𝑈𝑎×𝑈𝑏

(𝐴𝒙 − 𝑏) ≤ 0, 

                                                𝒙 ≥ 0, 

(𝐴, 𝑏, 𝑐) ∈ 𝑈 = 𝑈𝑎 × 𝑈𝑏 × 𝑈𝑐 𝒙 ∈ ℝ𝐼 𝐴 ∈ ℝ𝐼×J 𝑏 ∈ ℝJ 𝑐 ∈ ℝI

𝑈 ℝ𝐼×J × ℝ𝐽 × ℝ𝐼
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𝒙 𝜽

𝑟𝑒𝑔𝑟𝑒𝑡(𝒙, 𝜽) = 𝑓(𝒙, 𝜽) − 𝑓(𝒙∗, 𝜽), 

𝑓(∙)

𝒙∗ 𝜽

min
𝒙
max
𝜽
 𝑟𝑒𝑔𝑟𝑒𝑡(𝒙, 𝜽). 

𝒙𝐫𝐨𝐛𝐮𝐬𝐭 𝑟𝑒𝑔𝑟𝑒𝑡(𝒙𝐫𝐨𝐛𝐮𝐬𝐭, 𝜽) = 0 ∀𝜽
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𝜁 ∈ {0,… ,8}
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𝛩 𝜁
𝑚 𝜁

𝑚

𝛩 𝜁
𝑚 = (

𝜋00
𝜁,𝑚

… 𝜋08
𝜁,𝑚
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𝜋80
𝜁,𝑚

… 𝜋88
𝜁,𝑚
). 

𝜋𝑖𝑗
𝜁,𝑚

𝜋𝑖𝑗
𝜁,𝑚

𝑚

𝜁𝛿 𝛿 𝑗

𝜁𝛿−1 𝛿 − 1 𝑖

𝐵𝑟𝑒𝑖𝑡𝑒𝑛𝑔𝑟𝑎𝑑 = 49.0382 𝐿ä𝑛𝑔𝑒𝑛𝑔𝑟𝑎𝑑 = 8.3641
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𝜋𝑖𝑗
𝜁,𝑚

= 𝑃(𝜁𝛿 = 𝑗 | 𝜁𝛿−1 = 𝑖); ∑𝜋𝑖𝑗
𝜁,𝑚

𝑗

= 1   ∀𝑚 ∀𝑖. 

𝜁𝛿 = 𝑓(𝜁𝛿−1, 𝛯), 

𝛯 [0,1]

𝜁𝛿

𝜉 𝛯

𝜁𝛿 = 

{
 
 
 
 

 
 
 
 0 𝑓ü𝑟 𝜉 ∈ [0, 𝜋𝜁𝛿−10

𝜁,𝑚
[ ,

1 𝑓ü𝑟 𝜉 ∈ [𝜋𝜁𝛿−10
𝜁,𝑚

,∑𝜋𝜁𝛿−1𝑗
𝜁,𝑚

1

𝑗=0

[ ,

⋮

8 𝑓ü𝑟 𝜉 ∈ [∑𝜋𝜁𝛿−1𝑗
𝜁,𝑚

7

𝑗=0

, 1] .

 

𝜋𝑖𝑗
𝜁,𝑚

𝛿

𝛿 − 1

𝜉

𝛿

𝛩 𝜌
𝑚,𝜁

𝜌𝛿

𝛿 𝑚 𝜁𝛿 𝛿

𝜌𝛿−1 𝛿 − 1

𝜋𝑘𝑙
𝜌,𝑚,𝑗

= 𝑃(𝜌𝛿 = 𝑙 | 𝜌𝛿−1 = 𝑘 ∩ 𝜁𝛿 = 𝑗); ∑𝜋𝑘𝑙
𝜌,𝑚,𝑗

= 1

𝑙

   ∀𝑚 ∀𝑗 ∀𝑘. 

15 min



𝜔 ∈ {1, . . . . , 𝑁} 𝑁 = 100

 

15

min

15 min
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40
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15 min

 

60

 Wh/m2

≤ 2050 Wh/m2 ≤ 3736 Wh/m2 ≤ 9056 Wh/m2 ≤ 5424 Wh/m2

≤ 6959 Wh/m2
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Θ

 

 

60

7,12 ct€/kWhel

3,2 ct€/kWhel

3,92 ct€/kWhel

 Θ

𝑐𝑜𝑠𝑡 = 𝐴𝑁𝐹 ∙ 𝑰𝒏𝒗 + 𝑝0
grid

∙ 𝒆𝒕
𝐠𝐫𝐢𝐝

𝑡

Θ



 

𝑐𝑜𝑠𝑡𝜃
∗ 𝑰𝒏𝒗𝜽

 𝑩𝒕,𝒖,𝝎,𝜽 𝜃

𝑚𝑖𝑛 
𝑰𝒏𝒗𝜽,𝑩𝒕,𝒖,𝝎,𝜽

 𝐴𝑁𝐹𝜽 ∙  𝑰𝒏𝒗𝜽 +𝑊𝑎𝑟𝑡𝑢𝑛𝑔𝜃(𝑰𝒏𝒗𝜽) + 𝐷𝑒𝑔𝑟𝑎𝑑𝑎𝑡𝑖𝑜𝑛𝜃 (𝑰𝒏𝒗𝜽)  

                 +
1

𝑁
∑ 𝐵𝑒𝑡𝑟𝑖𝑒𝑏𝑠𝑘𝑜𝑠𝑡𝑒𝑛𝜔,𝜃 (𝑩𝒕,𝒖,𝝎,𝜽)

𝑁

𝜔=1

,  

𝐸𝑛𝑒𝑟𝑔𝑖𝑒𝑎𝑛𝑔𝑒𝑏𝑜𝑡𝑡,𝑢,𝜔,𝜃 (𝑰𝒏𝒗𝜽, 𝑩𝒕,𝒖,𝝎,𝜽)  

−𝐸𝑛𝑒𝑟𝑔𝑖𝑒𝑒𝑖𝑛𝑠𝑝𝑒𝑖𝑠𝑢𝑛𝑔𝑡,𝑢,𝜔,𝜃 (𝑰𝒏𝒗𝜽, 𝑩𝒕,𝒖,𝝎,𝜽) = 𝐸𝑛𝑒𝑟𝑔𝑖𝑒𝑛𝑎𝑐ℎ𝑓𝑟𝑎𝑔𝑒𝑡,𝑢,𝜔,𝜃 (𝑩𝒕,𝒖,𝝎,𝜽)  

+∆𝑆𝑝𝑒𝑖𝑐ℎ𝑒𝑟𝑡,𝑢,𝜔,𝜃(𝑩𝒕,𝒖,𝝎,𝜽)  

+ 𝑆𝑦𝑠𝑡𝑒𝑚𝑣𝑒𝑟𝑙𝑢𝑠𝑡𝑒𝑡,𝑢,𝜔,𝜃(𝑩𝒆𝒕𝒓𝒕,𝒖,𝝎,𝜽)   

∀𝑡, ∀𝑢, ∀𝜔, ∀𝜃,

𝑡 = {0,… , 𝑇} 𝑢 = {𝐸𝑙𝑒𝑘𝑡𝑟𝑖𝑧𝑖𝑡ä𝑡, 𝑅𝑊,𝑊𝑊,… }

𝜔 = {1,… , 𝑁} 𝜃 = {1, … , 𝛩}

𝑆𝑝𝑒𝑖𝑐ℎ𝑒𝑟𝑠𝑡𝑎𝑛𝑑𝑡,𝑢,𝜔,𝜃 (𝑰𝒏𝒗𝜽, 𝑩𝒕,𝒖,𝝎,𝜽) ≤ 𝑚𝑎𝑥. 𝑆𝑝𝑒𝑖𝑐ℎ𝑒𝑟𝑠𝑡𝑎𝑛𝑑𝑢,𝜃(𝑰𝒏𝒗𝜽)   ∀𝑡, ∀𝑢, ∀𝜔,∀𝜃, 

𝑆𝑝𝑒𝑖𝑐ℎ𝑒𝑟𝑠𝑡𝑎𝑛𝑑𝑡,𝑢,𝜔,𝜃 (𝑰𝒏𝒗𝜽, 𝑩𝒕,𝒖,𝝎,𝜽) ≥ 𝑚𝑖𝑛. 𝑆𝑝𝑒𝑖𝑐ℎ𝑒𝑟𝑠𝑡𝑎𝑛𝑑𝑢,𝜃(𝑰𝒏𝒗𝜽)   ∀𝑡, ∀𝑢, ∀𝜔,∀𝜃. 

𝑡 = 0 𝑡 = 𝑇
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Θ

𝐸𝑛𝑒𝑟𝑔𝑖𝑒𝑎𝑛𝑔𝑒𝑏𝑜𝑡𝑡,𝑢,𝜔,𝜃 (𝑰𝒏𝒗𝜽, 𝑩𝒕,𝒖,𝝎,𝜽) 

≤ 𝑚𝑎𝑥. 𝐸𝑛𝑒𝑟𝑔𝑖𝑒𝑎𝑛𝑔𝑒𝑏𝑜𝑡𝑢,𝜔,𝜃(𝑰𝒏𝒗𝜽, 𝑩𝒕,𝒖,𝝎,𝜽)   ∀𝑡,∀𝑢,∀𝜔,∀𝜃, 

∆𝐸𝑛𝑒𝑟𝑔𝑖𝑒𝑎𝑛𝑔𝑒𝑏𝑜𝑡𝑡,𝑢,𝜔,𝜃 (𝑰𝒏𝒗𝜽, 𝑩𝒕,𝒖,𝝎,𝜽) 

≤ 𝑚𝑖𝑛./𝑚𝑎𝑥. ∆𝐸𝑛𝑒𝑟𝑔𝑖𝑒𝑎𝑛𝑔𝑒𝑏𝑜𝑡𝑡,𝑢,𝜔,𝜃(𝑰𝒏𝒗𝜽, 𝑩𝒕,𝒖,𝝎,𝜽)   ∀𝑡,∀𝑢,∀𝜔,∀𝜃. 

𝑰𝒏𝒗𝜽
∗ 𝜽

min
𝑰𝒏𝒗𝜽

∗
 max
𝜽

 (𝑟𝑒𝑔𝑟𝑒𝑡 = 𝑐𝑜𝑠𝑡𝑰𝒏𝒗𝜽,𝜽 − 𝑐𝑜𝑠𝑡𝜽
∗), 

𝑐𝑜𝑠𝑡𝑰𝒏𝒗𝜽,𝜽

min 
 𝑩𝒕,𝒖,𝝎,𝜽

  𝐴𝑁𝐹𝜽 ∙  𝑰𝒏𝒗𝜽 +𝑊𝑎𝑟𝑡𝑢𝑛𝑔𝜃(𝑰𝒏𝒗𝜽) + 𝐷𝑒𝑔𝑟𝑎𝑑𝑎𝑡𝑖𝑜𝑛𝜃 (𝑰𝒏𝒗𝜽)  

                      +
1

𝑁
∑ 𝐵𝑒𝑡𝑟𝑖𝑒𝑏𝑠𝑘𝑜𝑠𝑡𝑒𝑛𝜔,𝜽 (𝑩𝒕,𝒖,𝝎,𝜽)

𝑁

𝜔=1

. 

𝜽
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𝑐𝑜𝑠𝑡𝜃
∗ 𝜃

𝑐𝑜𝑠𝑡𝜃
∗ = min 

𝒙𝒊,𝜽,�̂�𝝎
𝐠𝐫𝐢𝐝,

,𝒆𝒕,𝝎,𝜽
𝐠𝐫𝐢𝐝

,𝒆𝒕,𝝎,𝜽
𝐠𝐫𝐢𝐝,𝐟𝐢

,𝒆𝒕,𝝎,𝜽
𝐏𝐕,𝐟𝐢
 (𝐴𝑁𝐹𝜃 +𝑀𝐹𝑖)∑(𝑐𝑖

fix +
𝑐𝑖
var

(1 − 𝐷𝐹𝑖)
∙ 𝒙𝒊,𝜽)

𝐼

𝑖=1

 

           +
1

𝑁
∑ (�̂�𝜃

grid
∙ �̂�𝝎,𝜽

𝐠𝐫𝐢𝐝
+∑(𝑝𝑡,𝜔,𝜃

grid
∙ 𝒆𝒕,𝝎,𝜽

𝐠𝐫𝐢𝐝
− 𝑝𝑡,𝜔,𝜃

grid,fi
∙ 𝒆𝒕,𝝎,𝜽

𝐠𝐫𝐢𝐝,𝐟𝐢
− 𝑝𝑡,𝜔,𝜃

PV,fi ∙ 𝒆𝒕,𝝎,𝜽
𝐏𝐕,𝐟𝐢)

𝑇

𝑡=1

)

𝑁

𝜔=1

. 

𝑖 ∈ 𝐼

𝐼

𝐿

𝑟

𝐴𝑁𝐹𝜃

𝑀𝐹𝑖,𝜃

𝒙𝒊,𝜽 𝑖

𝐷𝐹𝑖,𝜃

𝒙𝒊=𝐄𝐒,𝜽 𝒙𝒊=𝐮,𝜽

𝒙𝒊=𝐇𝐏𝒖,𝜽 𝒙𝒊=𝐇𝐄𝒖,𝜽

25°C

10°C

10°C

50°C

50°C

35°C

35°C
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Θ

𝜔 = {1,… , 𝑁}

𝑡 = {0,… , 𝑇} 𝒆𝒕,𝝎,𝜽
𝐠𝐫𝐢𝐝

𝑝𝑡,𝜔,𝜃
grid

�̂�𝝎,𝜽
𝐠𝐫𝐢𝐝

�̂�𝜃
grid

𝒆𝝎,𝜽
𝐠𝐫𝐢𝐝,𝐟𝐢

𝑝𝑡,𝜔,𝜃
grid,fi

𝒆𝒕,𝝎,𝜽
𝐏𝐕,𝐟𝐢 𝑝𝑡,𝜔,𝜃

PV,fi

∆𝒔𝒕,𝝎,𝜽
𝐄𝐒

𝒆𝒕,𝝎,𝜽
𝐠𝐫𝐢𝐝

+ (𝒆𝒕,𝝎,𝜽
𝐏𝐕 −  𝒆𝒕,𝝎,𝜽

𝐟𝐢 ) + ∆𝒔𝒕,𝝎,𝜽
𝐄𝐒

= 𝑑𝑡,𝜔,𝜃
ee +∑(𝒅𝒕,𝒖,𝝎,𝜽

𝐇𝐏 + 𝒅𝒕,𝒖,𝝎,𝜽
𝐇𝐄 )

2

𝑢=1

   ∀𝑡, ∀𝜔, ∀𝜃. 

𝒆𝒕,𝝎,𝜽
𝐠𝐫𝐢𝐝

𝒆𝒕,𝝎,𝜽
𝐏𝐕

 𝒆𝒕,𝝎,𝜽
𝐟𝐢 𝒆𝒕,𝝎,𝜽

𝐩𝐯
=

𝒙𝒊=𝐏𝐕,𝜽 ∙ 𝑒𝑡,𝜔,𝜃
PV,kWp

𝑑𝑡,𝜔,𝜃
ee 𝒅𝒕,𝒖,𝝎,𝜽

𝐇𝐏 𝒅𝒕,𝒖,𝝎,𝜽
𝐇𝐄

𝑡 𝑡 + 1

∆𝒔𝒕,𝝎,𝜽
𝐄𝐒 = 𝒔𝒕,𝝎,𝜽

𝐄𝐒 − 𝒔𝒕+𝟏,𝝎,𝜽
𝐄𝐒 − 𝑳𝒕,𝝎,𝜽

𝐄𝐒 𝑳𝒕,𝝎,𝜽
𝐄𝐒

𝑡 𝜂𝜃
ES 𝑙𝜃

ES

𝑳𝒕,𝝎,𝜽
𝐄𝐒 = 𝑙𝜃

ES ∙ 𝒔𝒕,𝝎,𝜽
𝐄𝐒 + (

1

𝜂𝜃
ES − 1) ∙ 𝒑𝒐𝒔𝒕,𝝎,𝜽

𝐄𝐒 + (1 − 𝜂𝜃
ES) ∙ 𝒏𝒆𝒈𝒕,𝝎,𝜽

𝐄𝐒    ∀𝑡, ∀𝜔, ∀𝜃, 

𝒔𝒕+𝟏,𝝎,𝜽
𝐄𝐒 − 𝒔𝒕,𝝎,𝜽

𝐄𝐒 = 𝒑𝒐𝒔𝒕,𝝎,𝜽
𝐄𝐒 − 𝒏𝒆𝒈𝒕,𝝎,𝜽

𝐄𝐒    ∀𝑡, ∀𝜔, ∀𝜃. 

𝑑𝑡,𝑢,𝜔,𝜃
th 𝐶𝑂𝑃𝑡,𝑢,𝜔,𝜃 ∙ 𝒅𝒕,𝒖,𝝎,𝜽

𝐇𝐏

𝑳𝒕,𝒖,𝝎,𝜽
𝐇𝐏 𝜂𝜃

HE ∙ 𝒅𝒕,𝒖,𝝎,𝜽
𝐇𝐄

∆𝒔∆𝒕,𝒖,𝝎,𝜽
𝐓𝐒

𝐶𝑂𝑃𝑡,𝑢,𝜔,𝜃 ∙ 𝒅𝒕,𝒖,𝝎,𝜽
𝐇𝐏 − 𝑳𝒕,𝒖,𝝎,𝜽

𝐇𝐏 + 𝜂𝜃
HE ∙ 𝒅𝒕,𝒖,𝝎,𝜽

𝐇𝐄 + ∆𝒔𝒕,𝒖,𝝎,𝜽
𝐓𝐒    ∀𝑡, ∀𝑢, ∀𝜔, ∀𝜃. 



𝑢

𝑳𝒕,𝒖,𝝎,𝜽
𝐇𝐏

𝑙𝑢,𝜃
HP 𝒑𝒐𝒔𝒕,𝒖,𝝎,𝜽

𝐇𝐏

𝑳𝒕,𝝎,𝜽
𝐇𝐏 = 𝑙𝑢,𝜃

HP ∙ 𝒑𝒐𝒔𝒕,𝒖,𝝎,𝜽
𝐇𝐏    ∀𝑡, ∀𝑢, ∀𝜔, ∀𝜃, 

𝒅𝒕+𝟏,𝒖,𝝎,𝜽
𝐇𝐏 − 𝒅𝒕,𝒖,𝝎,𝜽

𝐇𝐏 = 𝒑𝒐𝒔𝒕,𝒖,𝝎,𝜽
𝐇𝐏 − 𝒏𝒆𝒈𝒕,𝒖,𝝎,𝜽

𝐇𝐏    ∀𝑡, ∀𝑢, ∀𝜔, ∀𝜃. 

𝑡

𝑡 + 1 ∆𝒔𝒕,𝒖,𝝎,𝜽
𝐓𝐒 = 𝒔𝒕,𝒖,𝝎,𝜽

𝐓𝐒 − 𝒔𝒕+𝟏,𝒖,𝝎,𝜽
𝐓𝐒 − 𝑳𝒕,𝒖,𝝎,𝜽

𝐓𝐒

𝑳𝒕,𝒖,𝝎,𝜽
𝐓𝐒 𝑡

𝑳𝒕,𝒖,𝝎,𝜽
𝐓𝐒 = 𝑙𝑢,𝜃

TS ∙ 𝒔𝒕,𝒖,𝝎,𝜽
𝐓𝐒    ∀𝑡, ∀𝑢, ∀𝜔, ∀𝜃. 

𝒙𝒊=𝐇𝐏𝒖,𝜽 𝒙𝒊=𝐇𝐄𝒖

�̂�𝑡,𝜔,𝜃
hp

�̂�𝜃
ℎ𝑒

𝐶𝑂𝑃𝑡,𝑢,𝜔,𝜃 ∙ 𝒅𝒕,𝒖,𝝎,𝜽
𝐇𝐏 =

1

m𝜃

∙ �̂�𝑡,𝜔,𝜃
hp

∙ 𝒛𝒕,𝒖,𝝎,𝜽   ∀𝑡, ∀𝑢, ∀𝜔, ∀𝜃, 

𝒛𝒕,𝒖=𝐖𝐖,𝝎,𝜽 ≤ m𝜃 ∙ 𝒙𝒊=𝐇𝐏𝒖=𝐖𝐖,𝜽   ∀𝑡, ∀𝑢, ∀𝜔, ∀𝜃, 

∑ 𝒛𝒕,𝒖,𝝎,𝜽

2

𝑢=1

≤ 𝑚 ∙∑ 𝒙𝒊=𝐇𝐏𝒖,𝜽

2

𝑢=1

   ∀𝑡, ∀𝑢, ∀𝜔, ∀𝜃, (6.24) 

𝜂𝜃 ∙ 𝒅𝒕,𝒖,𝝎,𝜽
𝐇𝐄 ≤ �̂�𝜃

HE ∙ 𝒙𝒊=𝐇𝐄𝒖    ∀𝑡, ∀𝑢, ∀𝜔, ∀𝜃, 

𝒛𝒕,𝒖,𝝎,𝜽  ∈ ℤ+ 𝑚

𝒛𝒕,𝒖,𝝎,𝜽

𝑚 = 1



Θ

10

 �̌�𝑡,𝜔,𝜃
ES ≤ 𝒔𝒕,𝝎,𝜽

𝐄𝐒 ≤ 𝒙𝒊=𝐄𝐒,𝜽
′    ∀𝑡, ∀𝜔, ∀𝜃, 

�̌�𝑡,𝑢,𝜔,𝜃
TS ≤ 𝒔𝒕,𝑢,𝝎,𝜽

𝐓𝐒 ≤ 𝒙𝒊=𝒖,𝜽   ∀𝑡, ∀𝑢, ∀𝜔, ∀𝜃. 

𝒙𝒊=𝒖,𝜽

𝒛𝒊=𝒖,𝜽

𝒙𝒊=𝐑𝐖,𝜽 = 𝒛𝒊=𝐑𝐖,𝜽 ∙ 1,16 kWhth , 

𝒙𝒊=𝐖𝐖,𝜽 = 𝒛𝒊=𝐖𝐖,𝜽 ∙ 4,65 kWhth. 

𝒙𝒊=𝐄𝐒

𝒙𝒊=𝐄𝐒,𝜽 = 𝒙𝒊=𝐄𝐒,𝜽
′ +

0,3

𝑇
∙∑𝒔𝒕,𝝎,𝜽

𝐄𝐒

𝑇

𝑡=1

, 

∆𝒔𝒕,𝝎,𝜽
𝐄𝐒 ≤

∆�̂�𝒕,𝝎,𝜽
𝐄𝐒 ∆�̂�𝒕,𝝎,𝜽

𝐄𝐒

𝒙𝒊=𝒆𝒔,𝜽
′ 𝐶𝜽

max

∆�̂�𝒕,𝝎,𝜽
𝐄𝐒 = 𝐶𝜽

max ∙ 𝒙𝒊=𝐄𝐒,𝜽
′ − ∆�̂�𝒕,𝝎,𝜽

𝐄𝐒,𝐫𝐞𝐝   ∀𝑡, ∀𝜔, ∀𝜃. 

∆�̂�𝒕,𝝎,𝜽
𝐄𝐒,𝐫𝐞𝐝

∆�̂�𝒕,𝝎,𝜽
𝐄𝐒,𝐫𝐞𝐝 ≥ 𝐶𝜽

max ∙ (4𝒔𝒕,𝝎,𝜽
𝐄𝐒 − 3𝒙𝒊=𝐄𝐒,𝜽

′ )   ∀𝑡, ∀𝜔, ∀𝜃. 

75 %  

100 % 𝐶𝜽
max ∙ 𝒙𝒊=𝐄𝐒,𝜽

′ = ∆�̂�𝒕,𝝎,𝜽
𝐄𝐒,𝐫𝐞𝐝
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𝒔𝒕,𝝎,𝜽
𝐄𝐒 𝒙𝒊=𝐄𝐒,𝜽

′

𝐶𝜽
max

𝑡 𝑡 + 1

𝒆𝒕,𝝎,𝜽
𝐚𝐮𝐱 𝒅𝒕,𝒖,𝝎,𝜽

𝐚𝐮𝐱

𝑡 = 0 𝑡 = 𝑇

min
𝒙𝜽
∗
 max 
𝜽
(𝑟𝑒𝑔𝑟𝑒𝑡 = 𝑐𝑜𝑠𝑡𝒙𝜽,𝜽 − 𝑐𝑜𝑠𝑡𝜽

∗). 

𝑐𝑜𝑠𝑡𝜽
∗ 𝑐𝑜𝑠𝑡𝒙𝜽∗ ,𝜽

𝒙𝜽
∗  𝜽

𝜽



 

5 %

𝑁 = 1 630 727

(70 084)

1 191 372 3

≈ 5 %

𝑁 = 100 63 072 106

(7 008 004)

119 136 606 ∅ 

𝛩 =  7

𝑁 = 100

63 072 106 ·  𝛩 

(7 008 004 ·  𝛩)

119 136 606 ·  𝛩 ∅

1 TB 32

 2,4–2,6 GHz  72 5 %
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𝜃

min
𝒙𝜽
  𝑓𝜃(𝒙) = 𝑐𝜃

𝑇𝒙𝜽 +
1

𝑁
∑𝑄𝜔,𝜃(𝒙𝜽)

𝑁

𝜔=1

 

𝑠. 𝑡.   𝐴𝜃𝒙𝜽 ≤ 𝑏𝜃. 

𝑄𝜔,𝜃(𝒙𝜽) 𝒙𝜽

𝑁

𝑄𝜔,𝜃(𝒙𝜽) =  min 
𝒚𝝎,𝜽

 𝑝𝜔,𝜃
𝑇 𝒚𝝎,𝜽  

𝑠. 𝑡.   𝑇 𝜔,𝜃𝒙𝜃 +𝑊 𝜔,𝜃𝒚𝝎,𝜽 ≤ ℎ𝜔,𝜃   ∀𝜔 = 1,… ,𝑁. 

𝑀𝑥𝑁

𝑓𝜃 (𝝋𝜽 = (𝒙𝜽, 𝒚𝝎,𝜽
𝐟𝐢𝐱𝐢𝐞𝐫𝐭))

𝒙𝜽 𝒚𝝎,𝜽
𝐟𝐢𝐱𝐢𝐞𝐫𝐭

𝒙𝜽 𝒚𝝎,𝜽
𝐟𝐢𝐱𝐢𝐞𝐫𝐭

𝑥1,𝜃, … , 𝑥𝜔,𝜃

𝑥1,𝜃 = . . . = 𝑥𝜔,𝜃



𝑐𝑜𝑠𝑡𝑠𝜃
∗

𝜃

min 
𝒙𝒊,𝜽,𝒚𝝎,𝜽

𝐟𝐢𝐱𝐢𝐞𝐫𝐭
 𝑓𝜃(𝒙𝒊,𝜽, 𝒚𝝎,𝜽

𝐟𝐢𝐱𝐢𝐞𝐫𝐭)

= (𝐴𝑁𝐹𝑖,𝜃 +𝑀𝐹𝑖,𝜃)∑(𝑐𝑖,𝜃
fix +

𝑐𝑖,𝜃
var

(1 − 𝐷𝐹𝑖,𝜃)
∙ 𝒙𝒊,𝜽)

𝐼

𝑖=1

+
1

𝑁
∑𝑄𝜔,𝜃(𝒙𝒊,𝜽, 𝒚𝝎,𝜽

𝐟𝐢𝐱𝐢𝐞𝐫𝐭)

𝑁

𝜔=1

 

𝑠. 𝑡.   𝒙𝒊=𝐏𝐕,𝜽, 𝒚𝝎,𝜽
𝐟𝐢𝐱𝐢𝐞𝐫𝐭 ∈ ℝ+ 𝒙𝒊=𝐄𝐒,𝜽, 𝒙𝒊=𝒖,𝜽, 𝒙𝒊=𝐇𝐏𝐮,𝜽 ∈ ℤ+,  

𝜔 = {1,… ,𝑁} 𝜃 = {1,… , 𝛩}

𝑄𝜔,𝜃(𝒙𝒊,𝜽, 𝒚𝝎,𝜽
𝐟𝐢𝐱𝐢𝐞𝐫𝐭)

= min 
�̂�
𝝎,𝜃
𝐠𝐫𝐢𝐝,

,𝒆𝒕,𝝎,𝜽
𝐠𝐫𝐢𝐝

,𝒆𝒕,𝝎,𝜽
𝐠𝐫𝐢𝐝,𝐟𝐢

,𝒆𝒕,𝝎,𝜽
𝐏𝐕,𝐟𝐢

  �̂�𝜃
grid

∙ �̂�𝝎,𝜽
𝐠𝐫𝐢𝐝

+∑(𝑝𝑡,𝜔,𝜃
grid

∙ 𝒆𝒕,𝝎,𝜽
𝐠𝐫𝐢𝐝

− 𝑝𝑡,𝜔,𝜃
grid,fi

∙ 𝒆𝒕,𝝎,𝜽
𝐠𝐫𝐢𝐝,𝐟𝐢

− 𝑝𝑡,𝜔,𝜃
PV,fi ∙ 𝒆𝒕,𝝎,𝜽

𝐏𝐕,𝐟𝐢)

𝑇

𝑡=1

 

𝑠. 𝑡.   𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 (6.30) − (6.31)  𝑡 = {0,… , 𝑇}. 

𝒙𝜽

𝒚𝝎,𝜽
𝐟𝐢𝐱𝐢𝐞𝐫𝐭 𝜃

𝑀𝑥𝑁 𝑀 = |𝒚𝝎,𝜽
𝐟𝐢𝐱𝐢𝐞𝐫𝐭| + 1

 

𝑠𝑢𝑏𝜓,𝝎

𝜃 𝑀𝑥𝑁



𝑠𝑢𝑏𝜓,𝝎
red

𝑅

𝑓𝜃(𝝋𝜽)

30min

< 1 %
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𝑓𝜃(𝝋𝜽) 

𝑘 𝝋𝜽

𝝋𝜽,𝒌

𝝋𝜽

𝑓𝜃(𝝋𝜽) 

𝝋𝜽,𝒌

𝑓𝜃(𝝋𝜽)

𝝋𝜽,𝒌 𝑠𝑘

𝑓𝜃

𝑠𝑘 𝑓𝜃

𝝋𝜽,𝒌

𝑓𝜃

𝑎 ∈ 𝑅+
𝜃
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𝑃 �̃�

𝑃 𝐾

𝜉 ∈ ℝ𝐾𝑇 :

𝜉𝜔 = {𝜉1,1
𝜔 , … , 𝜉𝐾,1

𝜔 , 𝜉1,2
𝜔 , … , 𝜉𝐾,2

𝜔 , … , 𝜉1,𝑇
𝜔 , … 𝜉𝐾,𝑇

𝜔 }, 

𝑘 = 1,… , 𝐾 𝑡 = 0,… , 𝑇

𝜔 = 1,… ,𝑁 𝑝𝜔 ∑ 𝑝𝜔 = 1
𝑁
𝜔=1 �̃�

𝐾

𝜉 𝜉�̃� ∈ ℝ𝐾𝑇 �̃� = 1,… , �̃�

𝑞𝜔

𝐷𝑘(𝑃, �̃�) = inf  ∑∑ 𝑐𝑇(𝜉
𝜔, 𝜉�̃�)

�̃�

�̃�=1

𝑁

𝜔=1

𝑔𝜔�̃� 

𝑠. 𝑡.   𝑔𝜔�̃� ≥ 0,∑ 𝑔𝜔�̃� = 𝑞�̃�, ∑ 𝑔𝜔�̃� = 𝑝𝜔   ∀𝜔, ∀�̃�

�̃�

�̃�=1

𝑁

𝜔=1

, 

𝑐𝑇(𝜉
𝜔, 𝜉�̃�) ≔ ‖𝜉𝜔 − 𝜉�̃�‖

𝑟
‖∙‖𝑟 𝐿𝑟 𝑟 ≥ 1

𝑐𝑇(𝜉
𝜔, 𝜉�̃�) 𝐿2

𝑤𝑘

𝑇 𝐾

𝑐𝑇(𝜉
𝜔 , 𝜉�̃�) ≔ √∑𝑤𝑘

𝐾

𝑘=1

∑(𝜉𝑘,𝑡
𝜔 − 𝜉𝑘,𝑡

�̃� )
2

𝑇

𝑡=1

, 

𝑤𝑘 = 1/𝜎𝑘

𝐿𝑟 𝑟

𝑟 = 1 𝑐 ℎ

𝑇 𝑟 = 2 𝑐

ℎ 𝑇 𝑟 > 2 𝑊

𝐾 𝑇
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𝐷𝑘(𝑃, �̃�)

𝑔𝑖𝑗 𝑃

�̃�

�̃�red 𝑃 𝑠𝑢𝑝𝑝(�̃�red) =

{𝜉𝜔: 𝜔 ∈ {1,… , 𝑁}\Ñ Ñ

Ñ ⊂ {1,…𝑁} �̃�red {𝜉�̃�}�̃�∉Ñ

𝐷𝑘 𝑃

𝐷𝑘(𝑃, �̃�
red) =  ∑ 𝑝𝜔min 

�̃�∉�̃�
𝑐𝑇(𝜉

𝜔 , 𝜉�̃�)

𝜔∈�̃�

. 

𝑞�̃� 𝜉�̃� 𝑚𝑖𝑡 �̃� ∉ �̃� �̃�red

𝑞�̃� ≔ 𝑝�̃� + ∑ 𝑝𝜔
𝜔∈Ñ(�̃�)

, 

Ñ(�̃�) ≔ {𝜔 ∈ Ñ: �̃� = �̃�(𝜔)}  �̃�(𝜔) ∈ argmin 𝑐𝑇(𝜉
𝜔 , 𝜉�̃�) ∀𝜔 ∈ Ñ

�̃� #�̃�

𝑛 ∈ ℕ 𝑛 < 𝑁

min {∑ 𝑝𝜔min 
�̃�∉�̃�

𝑐𝑇(𝜉
𝜔 , 𝜉�̃�)

𝜔∈�̃�

: �̃� ⊂ {1,…𝑁}, #�̃� = 𝑁 − 𝑛} . 

𝐷𝑘(𝑃, �̃�
red)
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𝑛

𝜀𝑟𝑒𝑙 ≤
𝐷𝐾

𝐷𝐾,1
𝐷𝑘,1

𝐷𝑘(𝑃; �̃�1
red)
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kWp  59,8 75 69,2 61,4 34,6 34,0 75 

St.  2 2 2 2 2 2 2 

kWhth  18,6 20,9 18,6 18,6 18,6 18,6 18,6 

kWhth 60,4 92,9 69,7 69,7 27,9 27,9 74,3 

kWhel − 2,5 − − − − 1,3 

kWhel 45 011 
‒49 447 

55 306 
‒63 519 

50 698 
‒58 226 

44 936 
‒51 609 

25 349 
‒29 113 

24 909 
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‒63 519 

kWhel

60 089 
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(€/a) 
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206.046 € < 1 %

1,3 MWp 73 % 150.790 €

15 %

654,2 kWhth 316 kWhth

830 kWhel

4.686 €
32%

289 €
2%

351 €
2%

9 380 €
64% 0 €

0 €

4.686 €
2%

150.790 €
73%

5.650 €
3%

2.222 €
1%

43.264 €
21%

0 €



 
  

kWp  59,8 − 1 261,7 

St.  2 2 2 

kWhth  18,6 18,6 654,2 

kWhth 60,4 27,9 316 

kWhel − − 830 

kWhel 45 011 ‒49 447 0 924 077 ‒1 061 303

kWhel
60 089 ‒67 164 90 593 ‒95 567 0 

kWel 44 ‒ 60 34 ‒ 38 − 

kWhth
25 212 ‒27 893 24 767 ‒28 406 62 617 ‒79 920 

kWhth
44 939 ‒46 865 39 804 ‒41 498 51 139 ‒56 123 

kWhel
− − 21 261 ‒29 156 

  

kWhth 2 189 ‒2 459 2 119 ‒2 488 5 996 ‒10 189 

kWhth 3 684 ‒3 916 2 208 ‒2 387 16 835 ‒22 680 

kWhel − − 2500 ‒ 3440 

60 ‒ 65 % − 14 ‒ 16 % 

31 ‒ 34 % 0% 100 % 

(€/a) 
29.978 14.691 206.046 
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WW-Speicher in kWhth

(in Liter)



10 % (6 kWp)

25 % (−4,6 kWhth)

15 % (9,3 kWhth) 1,3 kWhel

100

33.478 €

3.500 € 10,5 %

5 200 52

15 % (9,3 kWhth)

1,3 kWhel

30.336 € 358 € 1,2 %

𝜃

kWp St. kWhth kWhth kWel

 

 59,8 2 18,6 60,4 0 29.978 € –

 66,1 2 13,9 69,7 1,3 33.478 € 3.500 € (10,5 %)

 59,8 2 18,6 69,7 1,3 30.336 € 358 € (1,2 %)

 

 0 2 18,6 27,9 0 14.786 € –

 0 2 13,9 18,6 0 62.667€ 47.881 € (324,8 %)

 0 2 16,3 27,9 0 30.336 € 1.241 € (8,2 %)

 

 1 261,7 2 654 316 867,5 206.046 € –

 1 069,8 2 294 130,1 280 110,7 Mio.  € 110,5 Mio.  € (53 318 %)

 1 238,1 2 646,1 292,7 817,5 337.277 € 131.231 € (63,7 %)



 

 

 

≤ 75 kWp



1,4 kWel

15 %

10 15 %

1 kWhel 1 kWhth

1 kWhel 3,1  kWhth 3,8 kWhth

18,6 kWhth

50 %

2,5 kWhel



kWhel

35 %

𝒙𝜽=𝐑𝐞𝐟
∗  

𝜽



 

8,7 ct€/kWhel

1 kWhel 1 kWel

48 €/kWel

52 €/kWel

 34

38 kWel 1 kWel

18 €/kWel

1,3 MWp

28

≤ 75 kWp 45 kWp

1/7



≤ 75 kWp
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50 %

1 1 512

𝑁 = 1 3

≈ 5 %

≈ 6

< 1 %

≈ 6

< 1 %

𝑁 = 100 ∅ ≈ 3  ≈ 15  

𝛩 =  7

𝑁 = 100

∅ ≈ 26 ≈ 5

447 771 13 338 56 700 34 479

100

1TB 32  2,4

2,6  72 h 5 %.

15 min 1 %

< 0,2 %
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20

15 min



 

8,7 ct€/kWhel

35 %

16 4 kWel

110 Mio.  €

200.000 €



100 Tsd.  €

15 min



 



50 %











 

15 min 1 h

𝜌𝑎 = (𝜌𝑎
1, … , 𝜌𝑎

8760)

𝑎 𝑎 ∈ {1971,… , 2011} 𝑎 ∈ {1,… , 100}

𝛲𝑎 = ∑ 𝜌𝑎
ℎ8760

ℎ=1

𝑎 𝑣𝑜𝑙𝑎𝑎 = 𝜎(𝜌𝑎) 𝜇(𝜌𝑎)⁄

𝑎 𝜎(𝜌𝑎) 𝜇(𝜌𝑎)

𝑎 𝑀𝐸𝐴𝑎

𝑎 𝑀𝐸𝐺𝑎 𝑎

µ(∙) 5% 𝑞𝑢𝑎𝑛𝑡5%(∙)

95% 𝑞𝑢𝑎𝑛𝑡95%(∙)

µ(∙) quant5%(∙) quant95%(∙)

𝛲𝑎  0 % 6 % −3 %    

𝑣𝑜𝑙𝑎𝑎 −4 %    −3 %    − 6 %     

𝑀𝐸𝐴𝑎  7 % 4 % 10 %   

𝑀𝐸𝐺𝑎  8 % −2 %     5 % 
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€/MWhel

100

€/MWhel

  

10% 18,47 18,29 

40% 31,96 31,92 

70% 42,84 42,54 

90% 55,97 55,54 

36,21 36,39 

−222,99      −222,99      

210 210 

15,95 16,23 

44 % 44 % 
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𝑀𝐴𝑃𝐸

𝑅𝑀𝑆𝑃𝐸

Δ(𝑣𝑜𝑙𝑎𝑎) = (𝑣𝑜𝑙𝑎𝑎(𝐻0) − 𝑣𝑜𝑙𝑎𝑎(𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 𝑝𝑟𝑜𝑓𝑖𝑙𝑒𝑠))/𝑣𝑜𝑙𝑎𝑎(𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 𝑝𝑟𝑜𝑓𝑖𝑙𝑒𝑠)

28

72 %

100 90 %

Δ(𝑣𝑜𝑙𝑎𝑎)

30 −12 %

28

 

1 5 10 20 28 

25 % 39 % 51 % 64 % 72 % 

𝑀𝐴𝑃𝐸 89 % 53 % 43 % 32 % 26 % 

𝑅𝑀𝑆𝑃𝐸 163 %   74 % 57 % 42 % 36 % 

Δ(𝑣𝑜𝑙𝑎𝑎) −78 %    −43 %     −35 %     −18 %     −12 %     





 

Θ  

𝑖 𝑖 ∈ {PV, HPRW, HPWW, HERW, HEWW, SRW, SWW, SES} |𝑖| = 𝐼 = 7

𝑢 𝑢 ∈ {RW,WW} |𝑢| = 2

𝑡 0, . . . , 𝑇 15 min |𝑇| = 35040

𝜔 1, . . . , 𝑁

𝜃  1, . . . , 𝛩

𝐴𝑁𝐹𝜃 𝜃

𝑐𝑖
fix|var 𝑖

𝐶𝜽
max 𝜃

𝐶𝑂𝑃𝑡,𝑢,𝜔,𝜃 𝑡 𝑢 𝜔 𝜃

𝐷𝐹𝑖|𝑀𝐹𝑖|𝐿𝑖 𝑖

�̂�𝑡,𝜔,𝜃
HP 𝑡 𝑢 𝜔 𝜃

�̂�𝜃
HE 𝜃

𝑑𝑡,𝜔,𝜃
ee 𝑡 𝜔 𝜃

𝑑𝑡,𝑢,𝜔,𝜃
th 𝑡 𝑢 𝜔 𝜃

𝑒𝑡,𝜔,𝜃
PV,kWp kWp 𝑡 𝜔 𝜃

𝑒𝑡,𝜔,𝜃
PV 𝑡 𝜔 𝜃

𝑒c|𝑑c  

𝑙𝜃
ES 𝜃

𝑙𝑢,𝜃
HS 𝑢 𝜃

𝑙𝑢,𝜃
HP 𝑢 𝜃

𝑚

𝑝𝑡,𝜔,𝜃
grid 𝑡 𝜔 𝜃

𝑝𝑡,𝜔,𝜃
grid,fi 𝑡 𝜔 𝜃

𝑝𝜃
PV,fi 𝜃

�̌�𝜃 
ES|�̂�𝜃

ES 𝜃

�̌�𝑢,𝜃 
TS |�̂�𝑢,𝜃

TS 𝑢 𝜃

𝜂𝜃
ES|HE 𝜃



𝒅𝒕,𝒖,𝝎,𝜽
𝐇𝐏 𝑡 𝑢 𝜔 𝜃 ∈ ℝ+

𝒅𝒕,𝒖,𝝎,𝜽
𝐇𝐄 𝑡 𝑢 𝜔 𝜃 ∈ ℝ+

𝒆𝒕,𝝎,𝜽
𝐠𝐫𝐢𝐝 𝑡 𝜔 𝜃 ∈ ℝ+

𝒆𝒕,𝝎,𝜽
𝐠𝐫𝐢𝐝,𝐟𝐢 𝑡 𝜔 𝜃 ∈ ℝ+

𝒆𝒕,𝝎,𝜽
𝐟𝐢 𝑡 𝜔 𝜃 ∈ ℝ+

𝑳𝒕,𝝎,𝜽
𝐄𝐒 𝑡 𝜔 𝜃 ∈ ℝ+

𝑳𝒕,𝒖,𝝎,𝜽
𝐇𝐒 𝑡 𝑢 𝜔 𝜃 ∈ ℝ+

𝒑𝒐𝒔|𝒏𝒆𝒈𝒕,𝝎,𝜽
𝐄𝐒 𝑡 𝜔 𝜃 ∈ ℝ+

𝒑𝒐𝒔|𝒏𝒆𝒈𝒕,𝒖,𝝎,𝜽
𝐓𝐒 𝑡 𝑢 𝜔 𝜃 ∈ ℝ+

𝒆𝒕,𝝎,𝜽
𝐚𝐮𝐱  𝑡 𝜔 𝜃 ∈ ℝ+

𝒅𝒕,𝒖,𝝎,𝜽
𝐚𝐮𝐱  𝑡 𝑢 𝜔 𝜃 ∈ ℝ+

𝒔𝒕,𝝎,𝜽
𝐄𝐒 𝑡 𝜔 𝜃 ∈ ℝ+

∆�̂�𝒕,𝝎,𝜽
𝐄𝐒 ∆𝑡 𝜔 𝜃 ∈ ℝ+

𝒔𝒕,𝒖,𝝎,𝜽
𝐇𝐒 𝑡 𝑢 𝜔 𝜃 ∈ ℝ+

∆�̂�𝒕,𝒖,𝝎,𝜽
𝐓𝐒 ∆𝑡 𝑢 𝜔 𝜃 ∈ ℝ+

𝒙𝒊,𝜽 𝑖 𝜃

𝒙 𝒊=𝐏𝐕,𝜽 𝜃 ∈ ℝ+ ∈ ℤ+

𝒙𝒊=𝐇𝐏𝐑𝐖,𝜽 𝜃 ∈ ℤ+

𝒙𝒊=𝐇𝐏𝐖𝐖,𝜽 𝜃 ∈ ℤ+

𝒙𝒊=𝐇𝐄𝐑𝐖,𝜽 𝜃 ∈ ℤ+

𝒙𝒊=𝐇𝐄𝐖𝐖,𝜽 𝜃 ∈ ℤ+

𝒙𝒊=𝐒𝐄𝐒,𝜽 𝜃 ∈ ℤ+

𝒙𝒊=𝐒𝐄𝐒,𝜽
′ 𝜃 ∈ ℤ+

𝒙𝒊=𝐒𝐑𝐖,𝜽 𝜃 ∈ ℤ+

𝒙𝒊=𝐒𝐖𝐖,𝜽 𝜃 ∈ ℤ+

𝒛𝒊,𝜽 𝑖 𝜃 ℤ+

𝒛𝒕,𝒖,𝝎,𝜽 𝑡 𝑢 𝜔 𝜃 ∈ ℤ+
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𝑓

𝑓

𝑓

𝑓

𝑓

𝑓



𝑓



6

𝑓(𝜑) 𝜑 𝜑 = 0

𝑠𝑘 𝜑𝑘 𝜑 𝜑𝑘 ∈ 𝑍

𝑠𝑘 ∈ ℤ 𝑒𝑘 ∈ 𝑅+
𝐼+𝑅−𝑣 𝑘 𝐼

𝑅 − 𝑣

𝑠𝑘 𝜑𝑘 𝑓(𝜑 + 𝑠𝑘𝑒𝑘) 𝑠𝑘 𝜑𝑘

𝑓(𝜑 − 𝑠𝑘𝑒𝑘) 1 ≤ 𝑘 ≤ 𝐼 + 𝑅 − 𝑣

𝑓(𝜑 + 𝑠𝑘𝑒𝑘)  > 𝑓(𝜑 − 𝑠𝑘𝑒𝑘) 𝑠𝑡𝑒𝑝𝑘
∗ = +𝑠𝑘𝑒𝑘 𝑠𝑡𝑒𝑝𝑘

∗ = −𝑠𝑘𝑒𝑘

𝜑∗ ∈ {𝜑 ± 𝑠𝑘𝑒𝑘 | ∀1 ≤ 𝑘 ≤ 𝐼 + 𝑅 − 𝑣}  

𝑓(𝜑) = min
𝑘
 {𝑓(𝜑 ± 𝑠𝑘𝑒𝑘)}

∆𝑓(𝜑)𝑟𝑒𝑙 = (𝑓(𝜑) − 𝑓(𝜑
∗))/𝑓(𝜑)

∆𝑓(𝜑)𝑟𝑒𝑙  ≤  0 𝑠𝑘 =
𝑠𝑘

2
𝜑𝑘 ∈ ℤ

𝑠𝑘

2
< 1

𝜑𝑘 ∈ ℤ
𝑠𝑘

2
∉ ℤ

𝑠𝑘

2

∆𝑓(𝜑)𝑟𝑒𝑙 > 𝑎 ∈ ℝ+ 𝑓(𝜑) = 𝑓(𝜑∗)

𝜑 = 𝜑∗ 𝑓(𝜑 + 𝑠𝑡𝑒𝑝𝑘
∗) 𝑓(𝜑 + 𝑠𝑡𝑒𝑝𝑘

∗)

𝑓(𝜑∗)

𝜑∗
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