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1
Chapter 1

Introduction

In his 1879 paper on what we today know as the Hall effect [1], or more
precisely, the classical Hall effect, Edwin Hall quotes a passage of Maxwell’s
famous treatise on electricity and magnetism [2]. There, Maxwell states that,
"It must be carefully remembered, that the mechanical force which urges a
conductor carrying a current across the lines of magnetic force, acts, not on
the electric current, but on the conductor which carries it."

Contrary to Maxwell’s statement, Hall was able to show that a magnetic
field directly affects the current rather than the conductor carrying it [1,
3]. In his experiments, Hall studied samples made from rectangular metal
platelets. He imposed an electric current using a battery and a magnetic
field using an electromagnet. Using a galvanometer, he was able to measure
a transversal voltage, which we today refer to as the Hall voltage.

According to the modern textbook explanation, the effect is caused by
the action of the Lorentz force on the charge carriers that leads to a charge
accumulation and an opposing electric field, the so-called Hall electric field.
The voltage corresponding to this electric field is the Hall voltage, which
is proportional to the imposed current and the magnetic induction and
inversely proportional to the thickness of the sample. The proportionality
constant is the so-called Hall coefficient.

Today, sensors based on the Hall effect are regularly used to measure
magnetic fields. Such Hall sensors are employed in many devices that we
use in our everyday lives. Most commonly, they are used in combination with
a permanent magnet for a variety of sensing applications [4]. In smartphones,
they are used to determine whether a flip cover is closed. In every modern
car, Hall sensors are employed, for example, in order to measure rotational
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1 introduction

speeds [5] or to determine whether a seat belt buckle is latched [6].
A different application of the Hall effect is its use in the characterization of

semiconductors. In bulk semiconductors, the sign of the Hall coefficient and,
hence, the sign of the Hall voltage is given by the sign of the charge carriers.
Therefore, by measuring the Hall voltage, one can identify the predominant
type of charge carriers. It turn out that this statement is false if one considers
a more general class of materials, so-called metamaterials. For a certain
type of structures that were inspired by medieval chainmail, the sign of the
effective Hall coefficient is not identical to the sign of the charge carriers.

In general, metamaterials are finely structured materials that are composed
of several constituent materials and that, on a larger length scale, effectively
act like homogeneous materials with properties that go beyond those of
the constituent materials. Their effective properties are determined by their
microscopic structure and, therefore, can be tailored to specific needs. Usu-
ally, the microscopic structure is a periodic arrangement of certain building
blocks very much like a conventional crystal is a periodic arrangement of
atoms. Metamaterials vastly extend our set of available material properties.
Furthermore, using metamaterials, it is possible to realize a wide variety of
effective material properties starting from a relatively small set of constituent
materials.

In this thesis, I am studying how one can use three-dimensional metama-
terials to tailor the effective conductivity in the limit of weak magnetic fields.
I am referring to such metamaterials as Hall metamaterials. As it turns out,
very unusual effective properties can be realized. A prime example is the
sign-inversion of the effective Hall coefficient mentioned above. Moreover, I
will show that it is possible to realize any arbitrary effective Hall coefficient
using a single-constituent porous metamaterial. Very interesting effects ap-
pear in the anisotropic case. For example, certain anisotropic metamaterials
exhibit the parallel Hall effect. In such metamaterials, the Hall electric field
is parallel rather than perpendicular to the external magnetic field.

In general, one can show that the influence of a weak magnetic field on
the behavior of a conductive material is described by a rank-two tensor, the
so-called Hall tensor. Throughout this thesis, I am exploring both theoret-
ically and experimentally how the effective Hall tensor of a metamaterial
can be tailored by structure. On the experimental side, I am fabricating
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and characterizing Hall metamaterials on the microscale. A main goal is
the experimental demonstration of the sign-inversion of the effective Hall
coefficient and the parallel Hall effect.

All of these efforts aim at approaching the ultimate goal of Hall metamate-
rials, that is, to obtain full control over the effective electrical properties of
a conductive material in a weak magnetic field by tailoring its microscopic
structure.

Outline of this thesis

In chapter 2, I will discuss the fundamentals that serve as a basis for the
subsequent discussion of Hall metamaterials.

Theoretical aspects of Hall metamaterials will be discussed in chapter 3.
Following a derivation of an equation for the effective Hall tensor, I will
present two metamaterials that exhibit a sign-inversion of the effective Hall
coefficient and will explain how the different components of the effective
Hall tensor can be tailored. Furthermore, bounds on the effective material
parameters and an extension of the theory that accounts for nontrivial
distributions of the magnetic permeability will be discussed.

In chapter 4, I will introduce the methods used for the fabrication of
three-dimensional Hall metamaterials on the microscale.

The corresponding experimental results that were obtained using a mag-
neto-electric probe-station will be discussed in chapter 5. The results com-
prise an experimental demonstration of the sign-inversion of the effective
Hall coefficient and the parallel Hall effect.

In chapter 6, I will present a fabrication technique that allows to perma-
nently contact metamaterial microstructures on printed circuit boards, which
simplifies measurements and enables potential applications.

Finally, in chapter 7, I will give a summary of this work as well as a brief
outlook.
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2
Chapter 2

Fundamentals

In this chapter, I will lay the groundwork for the subsequent discussion of the Hall

effect in three-dimensional metamaterials. In the first part of this chapter, I will give

an introduction to the classical Hall effect in isotropic homogeneous materials and

briefly discuss a selection of related effects. Following a summary of tensorial material

properties and corresponding symmetry considerations, I will extend the discussion

of the Hall effect, on the basis of fundamental thermodynamical considerations, to

anisotropic homogeneous materials. Subsequently, I will introduce the concepts of

composites and metamaterials, which are materials that are inhomogeneous on a

small length scale, but effectively act like a homogeneous material on a much larger

length scale. In the last part of this chapter, I will give an introduction to the Hall

effect in metamaterials as well as an overview over a selection of previous results.
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2 fundamentals

2.1 The classical Hall effect

The classical Hall effect describes, in its original and simplest version, the
appearance of a transversal voltage in a current-carrying slab of material
that is subject to a magnetic field that is perpendicular to the direction of
current flow. The transversal voltage is the so-called Hall voltage and the
slab of material is referred to as a Hall bar. Typically, the Hall bar is made
from a semiconductor and has rectangular shape. Moreover, it is usually
thin in the direction of the magnetic field, which leads to a large Hall voltage
for a given current.

In order to impose the current and measure the Hall voltage, one has to
contact the Hall bar. While the Hall bar itself is made from a semiconductor,
the contacts are usually made from a metal. In general, the conductivity of
the metal is much higher than the conductivity of the semiconductor, which
short-circuits the Hall bar in the vicinity of the contacts.

I my following treatment of the Hall effect, I will assume that the contacts
used for measuring the Hall voltage, the sense contacts, are point-like, i.e.,
that they do not influence the behavior of the Hall bar and, furthermore,
that the Hall bar is long, which implies that the effect of the current-injection
contacts can be neglected. Moreover, I will assume that the semiconductor is
strongly extrinsic, such that its behavior is dictated by one type of charge car-
riers. The charge carriers might be electrons or holes, which carry negative
and positive charge, respectively. Importantly, for ordinary bulk materials,
the sign of the Hall voltage is given by the sign of the charge carriers.

The origin of the Hall voltage as well as the dependence of its sign on the
sign of the charge carriers can be understood as follows. Consider the two
Hall bars corresponding to positive and negative charge carriers shown in
Figure 2.1. Assume that the magnetic field1 is along the z-direction, b = bẑ,
and that the Hall bars are thin in this direction. An electric current, I, is
flowing in the x-direction. Hence, positive charge carries move along x̂ while

1 Regarding notation, it should be mentioned that I am using lower case letters for the
electric field, e, the magnetic induction, b, and the magnetic field, h. This notation is
consistent with [7]. Bold face letters are used for vectorial and tensorial quantities.
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2 .1 the classical hall effect

Figure 2.1: Schematic illustration of two Hall bars made from a material
with positive, (a), and negative, (b), charge carriers. The magnetic field is
along the z-direction. Via the current-injection contacts, A and C, a current
flow along the x-direction is imposed. Hence, positive charge carriers
move along x̂, while negative charge carriers move along −x̂. Due to the
magnetic force, Fm, which is part of the Lorentz force, both types of charge
carriers are initially deflected to the right, where they accumulate. This
accumulation leads to a transverse electric field, the Hall electric field, eH,
and a corresponding force, Fe, that balances the magnetic force. The voltage
corresponding to the Hall electric field, the Hall voltage, UH, is measured
between the sense contacts, B and D. As positive and negative charge
carriers are deflected in the same direction, the corresponding Hall voltages
have opposite sign. The dimensions of the Hall bar are Lx, Ly, and Lz. The
Hall bars are long, i.e., Lx is much larger than Ly, such that the the influence
of the current-injection contacts can be neglected. Furthermore, they are
thin in the direction of the magnetic field, i.e., Lz is small as compared to
the other dimensions.

negative charge carriers move along −x̂. Due to the magnetic force, which
is part of the Lorentz force, the charge carriers are initially deflected. Both
positive and negative charge carriers are deflected along −ŷ, i.e., to the right,
and accumulate on the boundary. This accumulation leads to an electric
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2 fundamentals

field, the Hall electric field, eH, that balances the magnetic force. The Hall
voltage is the transversal voltage corresponding to the Hall electric field.
Since positive and charge carriers are deflected in the same direction, the
corresponding Hall voltages have opposite sign.

In the following, I will refine this discussion in order to arrive at expres-
sions for the Hall electric field and the Hall voltage. An introduction to the
underlying theory of electrical transport in semiconductors can be found in,
e.g., [8]. Here, I am assuming that the semiconductor has isotropic electric
properties and that an electric field, e, leads to a uniform movement of the
charge carriers with a constant velocity, their drift velocity, vD. The relation
between the electric field and the drift velocity is given by

vD = λe, (2.1)

where λ is the mobility of the charge carriers in the semiconductor2. This
uniform movement of the charge carriers corresponds to a electric current
density of

j = qnvD, (2.2)

where q and n are the charge and the density of the charge carriers, respec-
tively. The relation between the electric field and the current density, which
is the microscopic version of Ohm’s law, reads as

j = σ0e = qnλe, (2.3)

where σ0 = qnλ is the conductivity of the material in the absence of a mag-
netic field.

Consider again the Hall effect in a long Hall bar as shown in Figure 2.1.
The origin of the effect is action of the Lorentz force on the charge carriers,

FL = Fe + Fm = qe + q(vD × b), (2.4)
2 The mobility is often denoted as µ. Here, I am using λ in order to avoid confusion with

the magnetic permeability. Note that I am assuming that the mobility carries the sign
of the charge carriers. I am not distinguishing between the drift mobility, which is the
quantity defined in Equation 2.1, and the Hall mobility, which is the mobility that is
determined in Hall measurements. This approximation is justified for the materials that I
am using in the experiments.
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2 .1 the classical hall effect

where Fe is the electric force and Fm is the magnetic force. Due to the
magnetic force, the charge carriers are deflected and accumulate on the
boundary. As a consequence of this accumulation, the Hall electric field, eH,
builds up that balances the magnetic part of the Lorentz force,

0 = qeH + q(vD × b), (2.5)

which leads to
eH = −vD × b. (2.6)

Using equation 2.2, one obtains the following expression for the Hall electric
field,

eH = − 1
qn

(j× b) = −AH(j× b), (2.7)

where AH = 1/(qn) is the so-called Hall coefficient of the material. Note
that the Hall coefficient carries the sign of the charge carriers. The Hall
voltage is given by the line integral of the Hall electric field between the two
sense contacts,

UH =

D
∫

B

eH · dl = AH

D
∫

B

(b× j) · dl. (2.8)

Using b = bẑ and j = jẑ as in Figure 2.1 with j = I/(LyLz), one obtains

UH =
AH

Lz
Ib = RH I, (2.9)

where Lz is the thickness of the Hall bar in the direction of the magnetic
field and RH = AHb/Lz is the Hall resistance.

It should be noted that in the vicinity of the current-injection contacts, no
Hall electric field can build up, as this part of the Hall bar is short-circuited
by the current-injection contacts. In short Hall bars, i.e., for Lx ≪ Ly, this
influence of the current-injection contacts becomes dominant3. Instead of the
appearance of a Hall electric field, a transverse current flows, i.e., the current
density is tilted with respect to the x-direction.

This tilting of the current density causes longer current paths, which, for a
constant imposed voltage, leads to a lower current. This increase in resistance
3 A well-known realization of an infinitely short Hall bar is the so-called Corbino disk.
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2 fundamentals

is the so-called (geometrical) magnetoresistance [9], which is proportional to
(1 + λ2b2). As I am considering the limit of weak magnetic fields, I will not
treat this effect in further detail.

Nevertheless, it should be emphasized that the Hall effect does not always
manifest itself in the appearance of a Hall voltage. In a corresponding
more general definition, the Hall effect describes the appearance of an angle
between the electric field and the current density due to an external magnetic
field [9]. Note that for both long and short Hall bars, such an angle appears
upon imposing a magnetic field. For long Hall bars, far away from the
current-injection contacts, the electric fields tilts as the Hall electric field
appears while the current density is not affected. For short Hall bars, far
away from the insulating boundaries, the current density tilts while the
electric field does not change. This angle between the electric field and the
electric current density is the so-called Hall angle, θH, which is given by [9],

tan(θH) = λb = σ0AHb. (2.10)

Note that weak magnetic fields are equivalent to small Hall angles.

So far, I have only considered thin rectangular Hall bars for a specific
set of boundary conditions. In order to study the Hall effect for arbitrary
geometries4, boundary conditions, and orientations of the fields, one has to
find the constitutive relation, i.e., the general relation between the electric
field and the electric current density in the material. Following [9], this
relation can be derived starting from the expression for the Lorentz force, i.e.,
Equation 2.4. The action of this force is studied by considering an equivalent
electric field,

qeL = qe + q(vD × b). (2.11)

The movement of the charge carriers under the electric field eL is identical to
their movement under the Lorentz force. A multiplication with λn yields

j = σ0e + σ0AH(j× b), (2.12)

which, using the zero magnetic-field resistivity, ρ0 = σ−1
0 , can be written as

e = ρ0j + AH(b× j). (2.13)
4 If the geometry is not bar-like, one often uses the term Hall element rather than Hall bar.
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2 .1 the classical hall effect

Solving this equation for the current density yields5

j =
1

1 + σ2
0 A2

Hb2

(

σ0e + σ2
0 AH(e× b) + σ3

0 A2
Hb(e · b)

)

. (2.14)

I am dropping terms higher than first order in the magnetic field, which
leads to

j = σ0e− σ2
0 AH(b× e). (2.15)

One can rewrite these equations as, see section 2.2,

e = ρj with ρ = ρ0I − AHE (b), (2.16)

and j = σe with σ = σ0I + σ2
0 AHE (b), (2.17)

where I is the identity, σ = σ(b) is the magnetic-field dependent conductiv-
ity tensor, ρ = ρ(b) is the magnetic-field dependent resistivity tensor, and
E : R

3 → R
3×3 is the Levi-Civita tensor,

(E (x))ij = ǫijkxk, (2.18)

ǫijk =















1 if (i, j, k) is an even permutation of (1, 2, 3)

−1 if (i, j, k) is an odd permutation of (1, 2, 3)

0 otherwise.

(2.19)

Note that, throughout this thesis, I am using the Einstein summation con-
vention and Latin indices take values 1, 2, or 3. In components, using the
Kronecker delta, δij, the resisitivity and conducitivity tensors are given by

ρij = ρ0δij − AHǫijkbk (2.20)

and σij = σ0δij + σ2
0 AHǫijkbk. (2.21)

On this basis, one can solve the continuity equation for the electric current
density,

∇ · j = 0, j = σ(b)e, ∇× e = 0, (2.22)

where I have assumed that the magnetic field varies slowly, ∂b
∂t ≈ 0. One

can express the problem via the electric potential, φ, using −∇φ = e, which
leads to

∇ · (σ(b) (∇φ)) = 0. (2.23)
5 Note that a more thorough analysis on the basis of the Boltzmann equation, see, e.g., [8],

leads to a very similar expression [9].
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2 fundamentals

This problem can be solved using, for example, numerical methods such as
the finite element method. In order to solve the differential equation, appro-
priate boundary conditions have to be imposed. For a Hall element, usually
two types of boundary conditions are considered. First, for an insulating
boundary, the component of the current density normal to the boundary is
zero, j · nbound. = 0. Second, metal contacts have to be considered. As the
conductivity of the metal is very high as compared to the conductivity of
the semiconductor, metal contacts correspond to a constant potential on the
boundary.

Subsequently, on the basis of the numerical solution, one can find the Hall
voltage or other quantities of interest.

Very often, thin Hall elements, which are often referred to as Hall plates,
are considered and the problem is essentially two-dimensional. In this case,
instead of using numerical methods, the concept of conformal mapping can
be applied, which has been used to study a vast number of geometries [9]. If
the geometry is singly-connected but otherwise arbitrary, one calls it a van-
der-Pauw geometry and the corresponding measurements are van-der-Pauw
measurements [10, 11].

The influence of the geometry of the Hall plate, including the contacts, on
the measured Hall voltage is usually described via a correction factor, GH,

UH = GH
AH

Lz
Ib, (2.24)

with 0 < GH < 1. Certain geometries such as clover-leaf shaped Hall plates
and cross-like Hall plates which leads to a large value of the correction factor,
even for large contacts, are used preferentially.

Results for the geometrical correction factor of rectangular Hall plates
can be found in [9, 12, 13]. For relatively long rectangular Hall plates,
Ly/Lx > 1.5, weak magnetic fields, and a negligible size of the sense contacts,
the correction factor is approximately given by [13],

GH = 1− 16
π2 exp

(

−π

2
Lx

Ly

)

. (2.25)

For Ly/Lx = 2 and Ly/Lx = 3, one obtains GH ≈ 0.93 and GH ≈ 0.985,
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2 .1 the classical hall effect

respectively. A Hall plate with Ly/Lx > 3 is typically considered to act like
an infinitely long Hall plate.

For point-like contacts, the treatment becomes quite simple, as the cur-
rent density is independent of the magnetic field. Following some general
considerations on sensitivity and noise of Hall-element based devices, I will
consider point-like contacts in my subsequent treatment of a specific type of
Hall elements, so-called anti-Hall bars.

Sensitivity and noise

Hall elements are commonly used for two purposes, first, in order to char-
acterize the magnetotransport properties of a certain material and, second,
for the measurement of magnetic fields. In the latter case, the Hall elements
are employed as Hall sensors. Consider a long rectangular Hall bar with
dimensions Lx× Ly× Lz that is used as a Hall sensor. The measured quantity
is the Hall voltage, which, for a certain magnetic field, b, and current, I, is
given by Equation 2.8. The sensitivity of the Hall sensor is the ratio of the
Hall voltage to the magnetic field [9]. It is often defined with respect to the
imposed current. This quantity is the so-called current-related sensitivity,
which, neglecting the geometrical correction factor, is given by [9],

SCurr. =

∣

∣

∣

∣

UH

Ib

∣

∣

∣

∣

= |AH|
1
Lz

. (2.26)

In terms of an imposed voltage, U, the Hall voltage reads as

UH = λ
Ly

Lx
Ub, (2.27)

and the sensitivity with respect to the imposed voltage, i.e., the voltage-
related sensitivity, is given by [9],

SVolt. =

∣

∣

∣

∣

UH

Ub

∣

∣

∣

∣

= |λ|Ly

Lx
. (2.28)

Hence, in order to obtain Hall sensors with large current- and voltage-related
sensitivities, one needs materials with large Hall coefficients and mobilities,
respectively.
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2 fundamentals

Typically, the voltage measured between the sense contacts of a Hall
bar, which is referred to as the transversal voltage, Uy, is not identical to
the Hall voltage. Rather, the transversal voltage is the sum of the Hall
voltage and an additional magnetic-field independent contribution, the so-
called offset voltage, Uoff.. The offset voltage arises due to asymmetries and
imperfections of the Hall bar and asymmetrically placed sense contacts. As
the offset voltage is independent of the magnetic-field, it can be subtracted
by measuring the transversal voltage at two different values of the magnetic
field. The most common procedure is an inversion of the magnetic field [11],
compare chapter 5.

For asymmetrically placed sense contacts and a rectangular Hall bar, the
offset voltage can be calculated easily [9]. Assume that the sense contacts are
shifted by a distance δl with respect to each other along the x-direction, i.e.,
along the direction of current flow. The corresponding offset voltage is given
by

Uoff = U
δl

Lx
, (2.29)

and the ratio of the Hall voltage to the offset voltage reads as

UH

Uoff
= λ

Ly

δl
b. (2.30)

Hence, materials with high mobilities lead to Hall voltages that are large as
compared to the offset voltage. Regarding the characterization of materials,
a reliable subtraction of the offset voltage becomes especially important if
these materials have low mobilities.

Furthermore, the measured voltage is affected by noise. The prevailing
type of noise depends on the frequency [9]. Typically, at low frequencies,
1/ f -noise dominates. At high frequencies, the dominant contribution is due
to thermal noise. Expressions for the corresponding signal-to-noise ratios can
be found in [9]. In both cases, a larger mobility leads to larger signal-to-noise
ratios.
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2 .1 the classical hall effect

Anti-Hall bars

Figure 2.2: Schematic illustration of an anti-Hall bar for point-like contacts
on the outer boundary (a) and inner boundary (b). The Hall bar is made
from an electrically isotropic material and thin in the direction of the
magnetic field. In (a), the current flows from A to C and the voltage is
measured between B and D. In (b), the current flows from A’ to C’ and the
voltage is measured between B’ and D’. The Hall voltages corresponding to
the two configurations have the same magnitude but opposite sign. Notably,
the Hall voltage is independent of the precise shape of the Hall bar. In both
cases, the path of integration, which is chosen such that the integration is
performed either perpendicular to the current density or along a boundary,
is schematically indicated. Adapted from [14].

As a side remark, following a previous publication of mine [14], I will
briefly consider the doubly-connected geometry shown in Figure 2.2. Such
geometries have originally been studied in the 1990s and are called anti-Hall
bars [15]. Essentially, an anti-Hall bar is a Hall plate with a hole. Upon
moving all contacts from the outer to the inner boundary of the anti-Hall bar,
the measured Hall voltage changes sign. Interestingly, this effect is related
to the sign-inversion of the effective Hall coefficient in chainmail-inspired
metamaterials, which is discussed in section 3.2.

In the following, I will discuss the origin of the sign-inversion of the Hall
voltage. Consider a thin anti-Hall bar made from a material with isotropic
electrical properties, zero magnetic-field resistivity ρ0 and Hall coefficient
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AH, with point-like contacts on the outer boundary. Such a Hall bar is
schematically shown in Figure 2.2(a). Assume that a current I is flowing
from A to C. The voltage UBD, which is measured between the two sense
contacts, B and D, reads as

UBD = ρ0

D
∫

B

j dl + AH

D
∫

B

(b× j)dl. (2.31)

The Hall voltage, UH, is given by the difference in UBD caused by the
magnetic field. Due to the point-like contacts, the current density, j, is
independent of the magnetic field. Hence, the Hall voltage is given by

UH = AH

D
∫

B

(b× j)dl. (2.32)

The path of integration is split into several parts, such that for each of these
parts, the integration is performed either perpendicular to the current density
or along a boundary. Clearly, no current is flowing through the boundaries,
i.e., at each boundary, the component of the current density normal to the
boundary is zero. As a consequence, if one keeps the same sequence, the
position of the contacts on the boundary is irrelevant. Only the parts of
the path corresponding to an integration perpendicular to the direction of
current flow contribute to the Hall voltage, which is, therefore, given by

UH = AH

F
∫

B

(b× j)dl + AH

D
∫

G

(b× j)dl =
AH

Lz
Ib, (2.33)

where Lz is the thickness of the Hall bar in the direction of the magnetic
field.

Assume that the sense contacts are moved to the inner boundary while
the current-injection contacts remain on the outer boundary or vice versa.
Using the same reasoning as above, it follows immediately that the Hall
voltage is zero. The Hall voltage only depends on the current that is injected
in between the sense contacts on the boundary on which it is measured,
compare [15].
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2 .1 the classical hall effect

Assume now that all of the contacts, i.e., the current-injection contacts and
the sense contacts, are moved to the inner boundary. This configuration is
schematically shown in Figure 2.2(b). The current is flowing from A’ to C’.
The voltage is measured between B’ and D’. Using the same reasoning as
above, one finds

UH = AH

H
∫

B’

(b× j)dl + AH

D’
∫

I

(b× j)dl = −AH

Lz
Ib. (2.34)

Hence, as stated above, moving all contacts to the inner boundary results in
a sign-inversion of the Hall voltage.

In alternative to this discussion, the problem can be approached using the
concept of conformal mapping. In this formalism, the sign-inversion of the
Hall voltage is related to the fact that the two configurations are connected
via a so-called anti-conformal map. An anti-conformal map preserves angles
but reverses their orientation.

Related effects

Since the discovery of the classical Hall effect in 1879 [1], a plethora of related
effects has been studied. While a detailed discussion is beyond the scope of
this thesis, I will, in the following, give a brief summary of a small selection
of such effects.

Photon drag effect

The photon drag effect [16–18], which can be seen as a dynamic version
of the Hall effect [19], describes the appearance of an electric field in a
semiconductor on which an electromagnetic wave is impinging. Depending
on the boundary conditions, instead of an electric field, an electric current
may appear.

A simple explanation of the effect, in which free charge-carriers are con-
sidered only, is as follows [18, 19]. Assume that an electromagnetic wave is
impinging on a semiconducting slab of material. Due to the electric field of
the wave, the charge carriers are forced into an oscillatory motion. Due to
the magnetic field of the wave and their motion, a Lorentz force acts on the
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charge carriers, which deflects them in the direction perpendicular to both
the electric and the magnetic field. Hence, the electromagnetic wave drags
the charge carriers along its direction of propagation. An application of the
photon drag effect is its use in detectors for electromagnetic waves. Such
detectors are typically used at the wavelength of CO2-lasers [17], i.e., at a
wavelength of about 10 µm.

Thermogalvanomagnetic effects

In the discussion of the classical Hall effect, I have not considered any
thermal currents or temperature gradients. However, charge carriers do not
only carry charge, but also kinetic energy. In a more general discussion
of electrical and thermal transport, which are closely interlinked, a variety
of effects appears in the presence of a magnetic field, additionally to the
Hall effect [9, 20, 21]. Usually, a distinction between galvanomagnetic and
thermomagnetic effects is made.

Galvanomagnetic effects are caused by electric currents. Assume that an
electric current is flowing through a long Hall-bar like sample that is subject
to a perpendicular magnetic field. In addition to the Hall voltage, a transver-
sal temperature gradient will appear, which is the so-called Ettingshausen
effect. It is caused by the variation of the kinetic energy of the charge carriers.
Faster charge carriers are more strongly affected by the magnetic part of the
Lorentz force. Hence, the charge carriers are separated according to their
kinetic energy, which causes the transversal temperature gradient [9].

Thermomagnetic effects, on the other hand, are caused by thermal currents.
Assume that a thermal current is flowing through a long Hall-bar like sample
that is subject to a perpendicular magnetic field. The appearance of a
transversal electric voltage is the so-called Nernst effect [22]. Furthermore,
the thermal current can cause a transversal temperature gradient, which is
the so-called Righi-Leduc effect.

Quantum Hall effect

The quantum mechanical version of the Hall effect was discovered in 1980 by
Klaus von Klitzing [23]. A brief introduction can be found in, e.g., [8]. The
effect appears for a gas of free electrons that is constrained to two dimensions
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2 .1 the classical hall effect

at low temperatures and at strong magnetic fields in very pure samples, such
that λb≫ 1. Under these conditions, the Hall resistance exhibits plateaus in
dependence of the magnetic field which are given by integer fractions of the
von Klitzing constant, RK,

RH = −RK
1
ν
= − h

e2
1
ν

with ν = 1, 2, 3, . . . (2.35)

where h is Planck’s constant and e is the elementary charge [24]. Notably,
the quantum Hall effect and the constant RK are used as a standard of the
electrical resistance [25]. For his discovery, von Klitzing received the Nobel
Prize in Physics in 1985.

Shortly after the discovery of the quantum Hall effect, Horst Störmer
and Daniel Tsui discovered that additional plateaus appear for non-integer
values of ν [26]. This is the so-called fractional quantum Hall effect. For their
discovery, they received the Nobel Prize in Physics in 1998.
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2.2 Tensorial properties and symmetry

In this section, I will, following [27], discuss the relation between the tensorial
properties of a crystal and its symmetry. In chapter 3, I will use these
considerations in the design and analysis of metamaterials, which can be
seen as artificial crystals.

A tensor is a physical quantity that has, in a generalization of vectors
and scalars, an arbitrary number of indices and certain transformational
properties. I will limit the complexity of the treatment in the sense that I will
refrain from discussing mathematical details. Furthermore, I will not discuss
aspects of the theory that arise in the case of curvilinear coordinate systems,
which are, e.g., encountered in the general theory of relativity.

Following an introduction to the concept of tensors, I will elaborate on the
role of symmetry. The tensorial material properties of an (artificial) crystal
are constrained by its symmetry. This proves most useful in two ways. First,
by examining the symmetry of a given crystal, one can make a statement
about its tensorial properties. Second, in aiming for certain properties, one
can identify compatible symmetries, which aids in the design of a corre-
sponding crystal.

In the description of the physical world, one makes a distinction between
scalar quantities, such as temperature, pressure, or charge density, and
vectorial quantities, such as the electric current density or the electric field.
Vectors are quantities which are defined by a magnitude and a direction.
Upon choosing a set of three axes (a coordinate system or basis), a vector is
defined by its magnitude along each of the three axes, i.e., its components.
Typically, the axes are mutually orthogonal and have the same normalized
scaling, i.e., one chooses an orthonormal basis. The components of a vector
depend on the choice of coordinate system while the vector itself is the same
independently of this choice. As the coordinates of a point, the components
of a vector, v, transform according to

v′i = aijvj, (2.36)

where aij are the components of a transformation matrix. I will only consider
orthogonal transformation matrices, i.e., aijakj = δik or equivalently a⊺a = I,
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2 .2 tensorial properties and symmetry

which preserve angles and lengths and constitute the transformations be-
tween different orthonormal coordinate systems with the same origin. It
follows immediately that the determinant of an orthogonal matrix can only
take two values, det(a) =

∣

∣aij

∣

∣ = ±1.
An orthogonal transformation matrix with determinant

∣

∣aij

∣

∣ = 1 corre-
sponds to a (proper) rotation and leaves the handedness of a coordinate
system unchanged. On the other hand, an orthogonal transformation with
determinant

∣

∣aij

∣

∣ = −1 changes the handedness of a coordinate system, i.e.,
a right-handed coordinate system becomes left-handed and vice versa. It
corresponds to an improper rotation, i.e., an inversion of an odd number of
axes followed by a rotation.

Very often, one finds linear relations between vectorial physical quantities
that are physical quantities themselves. An example is the electric conductiv-
ity tensor, σ, which relates the electric field, e, to the electric current density,
j. Such quantities are so-called rank-two tensors. In components, such a
linear relation between two vectors, v and w, is given by

vi = Tijwj, (2.37)

where Tij are the components of a rank-two tensor T. A tensor itself is,
as it is a physical quantity, independent of the coordinate system chosen.
However, as in the case of a vector, its components depend on this choice.
In order to determine how the components of a rank-two tensor transform,
one can use that the relation between the two vectors is independent of the
coordinate system, i.e, vi = Tijwj and v′i = T′ijw

′
j, in the original and new

(primed) coordinates, respectively. These considerations lead to the following
expression for the components in the primed coordinate system,

T′ij = aikajlTkl. (2.38)

Alternatively, one can use this equation as a starting point for the definition
of a rank-two tensor, i.e., a rank-two tensor is a physical quantity with
components transforming according to Equation 2.38. This definition can
be generalized to tensors of arbitrary rank, i.e., to an arbitrary number of
indices, in which case the transformation is given by [27],

T′i1i2...in = ai1 j1 ai2 j2 . . . ain jn Tj1 j2...jn . (2.39)
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Vectors and scalars are two special cases, i.e., a vector is a rank-one tensor,
while a scalar is a rank-zero tensor.

There are, however, quantities with a magnitude and a direction that do
not transform according to Equation 2.36. Consider the cross product of two
vectors, v and w,

ui = εijkvjwk, (2.40)

which is here expressed using the Levi-Civita tensor, see Equation 2.19, under
the transformation aij = −δij, i.e., under a space-inversion. One obtains for
the transformed components

u′i = εijkv′jw
′
k = εijkajlvlakmvm = εijkvjvk = ui = −aijuj. (2.41)

Clearly, equation 2.36 does not hold, but there is an additional minus sign. It
can be shown that the cross product of two vectors, u = v×w, transforms
according to

u′i =
∣

∣aij

∣

∣ aijuj, (2.42)

which is obviously in agreement with Equation 2.41. Quantities that trans-
form according to Equation 2.42 are called axial vectors or pseudo vectors.
Examples for axial vectors include angular momentum and magnetic field.
Consider for example the magnetic field generated by a current in a circular
wire-loop centered at the origin of a coordinate system. A space-inversion
does not change the sense of the circular motion of the charge carriers, i.e.,
the magnetic field is invariant with respect to a space inversion, b 7→ b. On
the contrary, vectors, which are also called polar vectors, are inverted under a
space inversion, v 7→ −v.

As in the case of polar vectors, the definition of an axial vector can be
generalized to objects of arbitrary rank: An axial tensor of rank n is a quantity
that transforms according to [27],

T′i1i2...in =
∣

∣aij

∣

∣ ai1 j1 ai2 j2 . . . ain jn Tj1 j2...jn . (2.43)

One should note that an axial vector, i.e., an axial rank-one tensor, v, can
be seen as a polar rank-two tensor, E (v) with components εijkvk, and vice
versa, as they have the same transformational properties. The cross product
v×w, where w is a vector, can be written as −E (v)w.
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2 .2 tensorial properties and symmetry

In the following, I will introduce the concept of crystals and discuss how
the symmetry of a crystal influences its tensorial material parameters. The
description of a crystals starts with a lattice: “A lattice is a set of points
such that each point has the same environment in the same orientation” [28]
or equivalently, a (three-dimensional) lattice is a set of points such that the
position vector of any lattice point is given by

tn = n1t1 + n2t2 + n3t3, (2.44)

where n1, n2, and n3 are integers. The translations tn are called primitive
translations and t1, t2, and t3 are the basic primitive translations [29]. In
classifying lattices according to their symmetry, i.e., by considering two
lattices to be equivalent if their symmetry groups are isomorphic, one finds
that there are 14 different types of lattices, so-called Bravais lattices, in three
dimensions.

In order to obtain a crystal, one has to define an arrangement of atoms
relatively to all points of a lattice, called basis. A crystal is then given by the
combination of a lattice and a basis.

In order to represent a crystal, it is useful to introduce the concept of
unit cells. Following [30], a unit cell is a region that fills up all space in
a non-overlapping way when translated via primitive translations. Other
definitions that are more restrictive are used as well [31].

The symmetry group of a crystal is referred to as its space group. It is
convenient to start from a more general type of length-preserving transfor-
mations, more precisely, from the transformations that are composed of an
orthogonal transformation followed by a translation. Using Seitz notation
[29, 32], such transformations are written as

{a|t} , (2.45)

and act on a vector, x, as

x′ = {a|t} x = ax + t. (2.46)

The operations {I|t}, {a|0}, and {I|0} correspond to pure translations, pure
rotations, and the identity, respectively. A space group is a group of such
symmetry operations, such that all of the pure translations of the group,
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{I|t}, are primitive translations of a lattice. In three dimensions, there are
230 different space groups. It can be shown that any space group element
can be written as [29],

{a|tn + τ(a)} , (2.47)

where τ(a) is a translation associated with the rotation a, corresponding to
screw axes and glide planes, and tn is a primitive lattice translation. Space
groups containing only elements with τ = 0 are called symmorphic. All
other space groups are non-symmorphic.

The rotational part of the elements of the space group of a crystal form its
crystallographic point group. Furthermore, one can define the factor group
of the space group with respect to the subgroup of primitive translations.
The point group and the factor group of a crystal are isomorphic. The
point group of a crystal is a subgroup of its space group if and only if the
space group is symmorphic. In three dimensions, there are 32 different
crystallographic point groups.

Furthermore, crystals can be classified according to their crystal system.
In three dimensions, there are seven crystal systems, namely the triclinic,
monoclinic, orthorhombic, tetragonal, trigonal, hexagonal, and cubic crystal
system. Each of the space/point groups can be assigned to one of these
systems. The details of this classification can be found in [31].

Having introduced the fundamental concepts of the description of crystals,
I will, in the following, discuss the relation between the physical properties
of an crystal and its symmetry. This link can be made via the following
general statement:

“If a system has a certain group of symmetry operations, then
any physical observable of that system must also possess these
symmetry operations.” [28]

In the context of crystals, this principle, known as Neumann’s principle, is
usually stated in the following way:

“The symmetry elements of any physical property of a crystal
must include the symmetry elements of the point group of the
crystal.” [27]

26



2 .2 tensorial properties and symmetry

Hence, in order to find the symmetry restrictions on a tensor describing a
material property of a crystal, one has to determine the point group of the
crystal. Often, it is sufficient to consider the crystal system. The symmetry
of the tensor can be higher than the symmetry of the crystal, it just has
to include all symmetry operations of the crystal. For example, a cubic
crystal has four three-fold axes of symmetry. A rank-two tensor describing a
material property of this crystal, however, is isotropic [27]. Hence, in a cubic
crystal, the conductivity tensor is isotropic in the absence of a magnetic field,
i.e., the crystal has isotropic electrical properties.

Starting from the point group, the symmetry restrictions on a tensor can
be derived using different methods [33]. For example, for a rank-two tensor
with components Tij, one can evaluate

Tij = aikajlTkl, (2.48)

for all symmetry operations. Here, it was used that the components are
invariant under the symmetry operations of the crystal. This procedure
results in the symmetry restrictions listed in Table 2.1. Corresponding tables
for rank-two axial tensors and higher rank polar/axial tensors can be found
in, e.g., [33]. In general, the higher the symmetry, the fewer components
are independent and the more components vanish. Certain effects are only
present if the symmetry is low enough. For example, only crystals lacking
inversion symmetry can exhibit piezoelectricity.
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Table 2.1: The effect of different crystal symmetries on a polar rank-two
tensor. The notation is as in [27]. The twofold, threefold, fourfold, and
sixfold axis in the monoclinic, trigonal, tetragonal, and hexagonal system,
respectively, are along the x-direction. The symmetry restrictions were
adapted from [33].
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2.3 The Hall effect in anisotropic materials

In my discussion of the Hall effect, I have, so far, only considered isotropic
materials. The electrical properties of such materials in the presence of a
magnetic field are described by two scalar quantities, the zero magnetic-field
conductivity, σ0, and the Hall coefficient, AH. In the following, I will extend
the discussion to anisotropic materials. Starting from Onsager’s principle [34–
36], which makes a statement about the symmetry of the kinetic coefficients
of a thermodynamical system that is close to equilibrium, I will derive a
general expression for the relation between the electric field and the electric
current density in a weak magnetic field. The discussion follows one of my
own publications [14], which summarizes previous results [36, 37].

When applied to magnetotransport, Onsager’s principle implies that the
magnetic-field dependent conductivity tensor, σ = σ(b), is symmetric, if, at
the same time, the magnetic field is reversed [36],

σ(b) = σ(−b)⊺. (2.49)

As stated above, I am restricting my analysis to the regime of weak magnetic
fields, i.e., I will consider contributions to the conductivity tensor up to the
first order in the magnetic field. The corresponding expansion reads as

σ(b) = σ0 + σ1(b). (2.50)

Applying equation 2.49 yields

σ
⊺

0 = σ0 and σ1(b)
⊺ = −σ1(b). (2.51)

Since the first-order contribution to the conductivity tensor, σ1(b), is anti-
symmetric and linear in b, it can be written as

σ1 = −E (Sb), (2.52)

where S is a rank-two tensor specifying the properties of the material in a
weak magnetic field and E is the Levi-Civita tensor, see Equation 2.19. Hence,
one obtains the following expression for the conductivity tensor in weak
magnetic fields,

σ(b) = σ0 − E (Sb). (2.53)
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In components, this expression reads as

σij (b) = (σ0)ij − εijkSklbl. (2.54)

Hence, the electrical properties of a three-dimensional material in the
presence of a magnetic field are, up to the first order, specified by two
rank-two tensors: The zero magnetic-field conductivity tensor, σ0, which is
a symmetric tensor with three independent components that describes the
electrical properties in the absence of a magnetic field, and a second tensor,
S, that accounts for contributions of the first order in the magnetic field. This
second tensor, S, has, in general, nine independent components.

Using the same approach for the resistivity tensor, ρ, in which case,
Onsager’s principle implies that ρ(b) = ρ(−b)⊺, yields

ρ(b) = ρ0 + ρ1(b) = ρ0 − E (AHb), (2.55)

where AH is another rank-two tensor, the so-called Hall tensor. The choice
of name becomes obvious, if one considers an isotropic conductor, ρ0 = ρ0I

and AH = AHI, yielding

ρ(b) = ρ0I + AHE (b), (2.56)

which is identical to Equation 2.16. Hence, the Hall tensor, AH, can be seen
as a generalization of the scalar Hall coefficient, AH, to anisotropic materials.

In summary, this treatment yields the following relations between the
electric current density and the electric field,

e = (ρ0 − E (AHb))j (2.57)

and j = (σ0 − E (Sb))e. (2.58)

Using the cross product, these relations can be expressed as

e = ρ0j + (AHb)× j (2.59)

and j = σ0e + (Sb)× e, (2.60)

and the generalized expression for the Hall electric field reads as

eH = (AHb)× j. (2.61)

30



2 .3 the hall effect in anisotropic materials

Notably, in the anisotropic case, components of the Hall electric field parallel
to the magnetic field, b, may arise. In contrast, in the isotropic case, the Hall
electric field is always perpendicular to the magnetic field. In both cases, the
Hall electric field is perpendicular to the direction of current flow. These
aspects are further discussed in section 3.3.

In order to apply the symmetry considerations outlined in section 2.2, one
has to show that the quantity AH is indeed a tensor. Note that the resistivity
tensor and, hence, −E (AHb) are polar rank-two tensors. Furthermore,
−E (AHb) is antisymmetric with AHb being the corresponding axial vector,
compare section 2.2. Therefore, since the magnetic induction, b, is an axial
vector, it follows that AH is a polar tensor [14, 36]. The corresponding
considerations for the tensor S are analogous.

The contribution of a weak magnetic field to the conductivity tensor is
now alternatively defined by two tensors, AH and S. From ρ = σ−1, using
M⊺

E (x)M = E (Cof(M)⊺x) for any x ∈ R
3 and M ∈ R

3×3, one obtains the
following relation between these two tensors [37],

S = −Cof(σ0)AH, (2.62)

which holds up to the first order in the magnetic field. Here, Cof(σ0) is the
cofactor of the zero magnetic-field conductivity tensor, σ0. The cofactor of a
matrix A is defined as

(Cof(A))ij = (−1)(i+j)M(i, j), (2.63)

where M(i, j) is the (i, j)-minor of A, i.e., the determinant of the submatrix
formed by deleting the i-th row and j-th column. Notably, the transpose of
the cofactor, the adjugate, appears in the following well-known expression
for the inverse matrix,

A−1 =
1

det(A)
Cof(A)⊺, (2.64)

where det(A) is the determinant of A. In the isotropic case, Equation 2.62

reduces to S = σ2
0 AHI, which yields Equation 2.17.
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2.4 Metamaterials

In the following, I will introduce the concepts of composites and metamateri-
als. Composites are materials that are structured on a small length scale and
that are composed of a single porous or two or more constituent materials.
On a much larger length scale, a composite acts like a homogeneous material
with certain properties, its so-called effective properties. It is assumed that
the small length scale is still large as compared to the size of an atom and
that the laws of classical physics can be applied.

Examples for composites that can be found in nature are wood and bone.
Well-known examples for artificial composites are reinforced concrete and
fiber-reinforced polymers [7]. Often, composites are used to combine certain
properties of two or more constituent materials. However, one can go far
beyond that. The effective properties of a composite do not need to lie in
between the properties of the constituent materials but can be very different.
One can even obtain properties that are usually not found in nature. The
key to this unusual effective behavior is the microscopic structure of the
composite. If this microscopic structure is artificially tailored in order to
obtain such unusual effective properties, one typically refers to the material
as a metamaterial.

Notably, the field of metamaterials has a long history, while the term itself
is relatively new [38, 39]. For example, metamaterials with a refractive index
less than one that are composed of conducting rods have been studied in the
1950s [40].

While there is no generally accepted definition, metamaterials are usually
seen as a specific type of composites. Throughout this thesis, I am using the
term metamaterial for artificial composites with effective properties that go
beyond the properties of the constituent materials and that are determined
by a specifically chosen structure. However, more restrictive definitions are
sometimes used as well [38, 39]. In the following, I will only discuss periodic
metamaterials that can be seen as artificial crystals in the sense that they are
periodic arrangements of certain building blocks.

As stated above, the effective properties of a metamaterial can be very dif-
ferent from the properties of the constituent materials. Especially interesting
are sign-inversions of effective parameters with respect to the parameters
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of the constituent materials. For example, the effective thermal expansion
coefficient of a material made from two constituent materials with posi-
tive thermal expansion coefficients and voids can be negative [41–43]. This
behavior is closely connected to a negative poroelastic compressibility [7,
42, 44, 45]. Notably, these are two examples for the sign-inversion of an
effective material parameter in static problems. In the dynamic case, based
on resonances, many more sign-inversions have been realized. Examples
include the magnetic permeability [46, 47] and the mass density [48]. Note
that in the dynamic case, the wavelength imposes an upper limit on the scale
on which the metamaterial is structured, i.e., on the size of the unit cell of
the metamaterial.

Metamaterials are useful for a number of reasons. First, using metamateri-
als, it is possible to realize material properties or combinations of material
properties that are not available otherwise and that are not normally found in
nature. Second, even if certain material properties are available otherwise, it
is often possible to realize those properties starting from very few constituent
materials, or even a single one. Third, using metamaterials, it is possible
to realize property gradients or spatially varying distributions of material
properties that can be tailored to specific needs.

In the following, I will consider the problem of electric conduction in
a composite or metamaterial [7]. As stated above, one has to distinguish
between different length scales. The microscopic scale is the scale on which
the material is structured and, hence, the scale on which the microscopic con-
ductivity tensor, σ, varies. The corresponding quantities are the microscopic
electric field, e, and the microscopic current density, j. On the microscopic
scale, the conductivity equations read as

∇ · j = 0, j = σe, ∇× e = 0. (2.65)

On the macroscopic scale, the corresponding equations read as

∇ · 〈j〉 = 0, 〈j〉 = σ
∗〈e〉, ∇× 〈e〉 = 0. (2.66)

Here, 〈e〉 and 〈j〉 are the macroscopic electric field and the macroscopic cur-
rent density, respectively, which are related to the corresponding microscopic
quantities via an average on an intermediate length scale. Furthermore, σ∗ is
the effective conductivity tensor, which is constant or varies slowly. Usually,
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the goal is to find the effective conductivity tensor of a given structure or, in
the inverse case, to find a structure that exhibits a given effective conductivity
tensor. In general, the effective conductivity depends on the microscopic
conductivity in a very complicated way and is not given by an average.

An example of a simple application is the realization an anisotropic ef-
fective conductivity tensor from isotropic constituent materials. Consider a
material composed of alternating layers of two isotropic constituent materials,
i.e., a laminate. On the macroscopic length scale, the laminate effectively acts
like a homogeneous medium with anisotropic properties. Assume that one
of the constituent materials is highly conducting while the second constituent
material is weakly conducting. Perpendicular to the layers, the behavior can
be described via a network of resistors that are connected in series. Along
this direction, the effective behavior is determined by the weakly conducting
material and the corresponding component of the effective conductivity
tensor is small. Parallel to the layers, the behavior can be described via a
network of resistors that are connected in parallel. Along this direction, the
effective behavior is determined by the highly conducting material and the
corresponding component of the effective conductivity tensor is large.

It should be noted that the problem of electric conduction is mathemati-
cally equivalent to a large number of problems [7, 49], including the problems
of magnetostatics, antiplane elasticity, thermal conduction, and particle or
light diffusion. All of these problems are described by Equation 2.65, by
assigning different meaning to the quantities appearing there. For exam-
ple, in magnetostatics, the magnetic field, h, and the magnetic induction, b,
correspond to the electric field, e, and the electric current density, j, respec-
tively, while the magnetic permeability tensor, µ, plays the role of the electric
conductivity tensor, σ.

As the theoretical description is not constrained to a specific problem, it
is possible to apply ideas and concepts across a wide range of fields, which
has proven immensely fruitful, see, e.g., [7, 39, 50].

Nevertheless, in the application and transfer of concepts to a specific field,
care has to be taken for a number of reasons. First, the description of a
physical system via a differential equation is based on certain assumptions.
For example, the mean free path has to be small compared to the feature size
of the microscopic structure. Typical values of the mean free path depend
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on the problem and differ by orders of magnitude. Second, the range of
properties of available constituent materials heavily depends on the problem
considered. In general, the values of the corresponding quantities of the
same material might be different for each problem. For example, the electric
conductivity of vacuum is zero while the magnetic permeability is not. Third,
the typically encountered boundary conditions might be very different. For
example, if one places an electric conductor in vacuum or air, the surrounding
medium is an insulator and one obtains insulating boundary conditions. The
situation is different for the problem of diffusive light transport [51]. Assume
that a light-scattering diffusive medium is placed in vacuum or air, which
are media that are not diffusive. One typically assumes that all photons that
leave the diffusive medium are lost, i.e., that no light will enter the diffusive
medium from outside. These considerations lead to a rather unusual and
very different boundary condition [52].

Following this short discussion, it becomes clear that, while many ideas
can be transfered across a wide range of fields, the peculiarities of each
problem have to be considered.

Bounds

Bounds are a central aspect of the theory of composites and metamaterials.
In general, bounds are inequalities that relate different microscopic and
macroscopic physical quantities [7]. Typically, a bound limits the range
of effective properties of a composite that are accessible – by tuning its
microscopic structure – as a function of the constituent material’s properties.
In general, a bound should be as tight as possible. Ideally, one can find a
composite that attains a certain bound, in which case the bound is optimal.

The importance of bounds has a number of reasons. First, bounds al-
low to make a statement whether there is hope to obtain certain effective
properties or whether a certain strategy is worth pursuing. For example, in
thermoelectric composites, the dimensionless figure of merit, the ZT value,
cannot be larger than its largest value among the constituent materials [53].
Hence, trying to find a composite exhibiting a larger ZT value under the
assumptions underlying the bound is a fruitless endeavor.

Second, bounds provide a reference scale. An engineer optimizing a
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composite can compare its effective properties to the corresponding bound(s)
and see whether there is room for improvement. Of course, in practice, it is
often not sufficient to find a composite that is optimal in the sense that its
effective properties attain a certain bound, but other considerations such as
cost-efficiency and whether it can be fabricated easily play an important role
as well.

Third, bounds are crucial for inferring information about a system, i.e., for
inverse problems. If the effective properties of a composite are bounded as a
function of the microscopic properties of the composite, such as the number
or properties of the constituent material(s) or their volume fractions, mea-
suring the effective properties will yield information about the microscopic
properties. For example, in two-dimensional composites, the effective Hall
coefficient cannot be sign-inverted, see chapter 3, which means that if one
measures a positive (negative) effective Hall coefficient for a two-dimensional
composite, at least one of the constituent materials must have a positive
(negative) Hall coefficient. Notably, this is not true for three-dimensional
composites.

Fourth, a bound is based on certain assumptions and, hence, by dropping
one of these assumptions, one might be able to exceed it. Therefore, a bound
provides information on how to overcome it.

It should be noted that these considerations are not limited to bounds
on effective parameters but can be applied to more general bounds as well.
An example of such a bound is the Shockley-Queisser limit, which gives
an upper bound to the efficiency of a single-junction solar cell using the
spectrum of the sun as a function of the bandgap of the material [54].

In section 3.4, I will discuss certain bounds that are relevant in the context
of the Hall effect in composites and metamaterials.
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2.5 The Hall effect in composites and metamaterials

Having introduced the classical Hall effect and the concept of metamaterials,
I will in the subsequent chapters discuss how one can use metamaterials in
order to obtain control over the effective properties that are relevant in the
context of the Hall effect.

As mentioned above, the effective conductivity tensor, σ∗, relates the
macroscopic electric field, 〈e〉, to the macroscopic current density, 〈j〉. In the
limit of weak magnetic fields, the effective conductivity tensor is determined
by the zero magnetic-field conductivity tensor, σ∗0 , and the tensor S∗,

σ
∗ = σ

∗
0 − E (S∗b). (2.67)

Instead of the tensor S∗, I am usually considering the effective Hall tensor,
A∗H, that is given by

S∗ = −Cof(σ∗0 )A∗H. (2.68)

Hence, the electrical properties of a metamaterial in a weak magnetic field
can be tailored by adjusting the components of the effective Hall tensor.
Two cases can be distinguished: In the isotropic case, the effective Hall
tensor reduces to the scalar effective Hall coefficient. As it turns out, one
has quite a lot of freedom in tailoring the effective Hall coefficient of a
three-dimensional metamaterial. Most interestingly, in three dimensions, the
effective Hall coefficient can be sign-inverted. In the anisotropic case, one
can, for example, realize antisymmetric Hall tensors and tailor the angle
between the magnetic field and the macroscopic Hall electric field.

My own results are based on the seminal work of Briane and Milton, who
designed the first metamaterial with a sign-inverted effective Hall coefficient
[55] as well as the first metamaterial with an antisymmetric Hall tensor [37].
A number of further theoretical results can be found in the books of Milton
[7] and Grabovsky [56].

Before discussing the theoretical description of the Hall effect in meta-
materials in detail in the next chapter, it is worth mentioning that the Hall
effect in composites has been studied for more than half a century. In the
following, I will give an overview over a selection of these results.

Already in 1956, Juretschke, Landauer, and Swanson studied the effect of
voids in an isotropic conductive medium at weak magnetic fields [57]. Under
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the assumption that the voids are completely surrounded by the conductive
medium and sufficiently far apart, the authors derived explicit expressions
for the effective Hall coefficient for cylindrical and spherical voids.

A number of later publications was dedicated to percolation theory, see [58–
60] and references therein. For three-dimensional metal-insulator composites
and weak magnetic fields, Bergman et al. showed, using a random-resistor-
network model, that the Hall coefficient diverges at the percolation threshold
[60]. More precisely, close to the percolation threshold, the effective Hall
coefficient exhibits a power law behavior, A∗H ∝ (p− pc)−g, where p is the
metal fraction, pc is the percolation threshold, and g > 0 is the corresponding
critical exponent. Note that the effective conductivity follows a power law
as well, σ∗ ∝ (p− pc)t with t > 0, and that it vanishes at the percolation
threshold. In section 3.4, I will discuss that the effective conductivity has
to vanish if the effective Hall coefficient diverges, see also [61]. In two
dimensions, the effective Hall coefficient does not diverge at the percolation
threshold [59], which becomes clear if one considers the corresponding
bound, see [62].

The results obtained from percolation theory were later confirmed exper-
imentally. Rohde and Micklitz studied the Hall effect in a rare-gas metal
mixture and found that the effective Hall coefficient exhibits the expected
critical behavior [63]. Dai, Palevski, and Deutscher confirmed the behavior
for random composites composed of aluminum and germanium that were
fabricated by vacuum coevaporation [64]. While these systems are very
interesting, it should be mentioned that I would refrain from referring to
such composites as metamaterials, since one has only very limited control
over the microscopic structure, which is the result of a random process.

Theoretical results for the Hall effect in periodic composites for strong
magnetic fields can be found in [65] and [66]. In [65], Bergman and Strelniker
studied simple cubic arrangements of spherical and cylindrical inclusions in
a conducting medium. Interestingly, at high magnetic fields, the magnetore-
sistance exhibits a very strong anisotropy. Corresponding experiments were
carried out by Tornow et al. [67]. The authors studied the effect in Hall bars
made from thin GaAs films with a periodic arrangement of cylindrical voids.
The experiments clearly showed the expected strong anisotropy of the magne-
toresistance in dependence of the angle between the direction of current flow
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and the magnetic field. The mobility of the films was λ = 2500 cm2 V−1 s−1

and a magnetic induction, lying in the plane of the films, of up to 12 T was
used, which led to λb > 1. The mean free path was much smaller than
the diameter of the cylindrical inclusions and, hence, the transport was still
diffusive.
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3 Chapter 3

Theory of Hall

metamaterials

In this chapter, I will introduce the theory of three-dimensional Hall metamaterials.

First, I will discuss the fundamentals, derive an equation for the effective Hall

tensor, and briefly summarize the corresponding numerical methods. Thereafter, I

will discuss two types of isotropic metamaterials that exhibit a sign-inversion of

the effective Hall coefficient. The first such type consists of interlinked tori and

was inspired by Japanese chainmail. The second type is based on the inversion of a

local Hall voltage. Subsequently, I will summarize the theoretical results on Hall

metamaterials with lower symmetry, which allow to realize anisotropic effective

Hall tensors. Such metamaterials can exhibit the parallel Hall effect and give

control over the orientation of the Hall electric field. Following a brief discussion

of bounds on the effective properties, I will, in the last part of this chapter, consider

a generalized version of Hall metamaterials that accounts for distributions of the

magnetic permeability within the unit cell. Two examples of such metamaterials will

be given, which employ such distributions to invert the sign of the effective Hall

coefficient and to extend the range of accessible effective parameters.
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3.1 Fundamentals

In the following, I will discuss the theory of three-dimensional Hall meta-
materials in the limit of weak magnetic fields. Throughout this chapter, I
will follow one of my previous publications [14]. In detail, the underlying
theory and the derivation of the corresponding equations are discussed in the
publications of Marc Briane and Graeme Milton, see [7, 37, 55] and references
therein. In several of these publications, the problem is treated in a math-
ematically much more thorough way using the concept of H-convergence
[68].

In this section, I will derive expressions for the effective properties of
three-dimensional Hall metamaterials, i.e., the effective zero magnetic-field
conductivity tensor, σ∗0 , and the effective Hall tensor, A∗H, based on the
corresponding microscopically varying properties, σ0 and AH, respectively.
I am assuming that the metamaterial is a periodic arrangement of cubic unit
cells with lattice constant a. The relevant physical quantities on the scale
of the unit cell of the metamaterial are the microscopic electric field, e, and
the microscopic electric current density, j. The corresponding macroscopic
quantities are the macroscopic electric field, 〈e〉, and the macroscopic electric
current density, 〈j〉, which are defined as the average of the microscopic
quantities, where the average is taken over a region that is large compared
to one unit cell and small compared to the macroscopic object and the scale
of variations of the applied boundary conditions [7, 14].

The regime in which the microstructure effectively acts like a material,
i.e., the effectively homogeneous case, is approached by making the unit cell
smaller and smaller. If the unit cell is small enough, one can assume that the
macroscopic electric field is constant on its scale. Then, the microscopic elec-
tric field is given by the sum of two contributions [7]. The first contribution
has a vanishing average. The second contribution has a constant average
that is given by the macroscopic electric field. For each of the three axes,
one can now solve the conductivity problem for a normalized macroscopic
electric field pointing along the axis, which leads to three solutions of the
microscopic electric field and the corresponding potential, Φ1, Φ2, and Φ3.
These potentials can be written in the form of a vector, the vector-valued
electric potential, Φ = (Φ1, Φ2, Φ3)

⊺. Then, for an arbitrary macroscopic
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electric field, the microscopic electric field is given by the linear combination

e = − (∇Φ) 〈e〉, (∇Φ)ij =
∂φj

∂xi
, (3.1)

and the vector-valued potential, Φ, solves

∇ · (σ∇Φ) = 0. (3.2)

In terms of the vector-valued electric potential, the aforementioned conditions
on the electric field translate to an invariance of Φ(x) + x with respect to
primitive translations of the metamaterial crystal. The electric field associated
with the vector-valued potential is matrix-valued,

E = −∇Φ or Eij = −
∂Φj

∂xi
, (3.3)

and normalized, 〈E〉 = I.
Based on these results, the effective conductivity of the metamaterial can

be obtained by considering the constitutive equation on the macroscopic
scale, which is given by

〈j〉 = σ
∗ 〈e〉 . (3.4)

Hence, it follows that

σ
∗ = σ

∗ 〈E〉 = − 〈σ∇Φ〉 . (3.5)

Here and in the following, the average is taken over a single unit cell. In the
following, I will assume that Φ solves Equation 3.2 for zero magnetic field,
i.e., σ = σ0. In this case, Equation 3.5 yields the effective zero magnetic-field
conductivity, σ∗0 .

In order to obtain an expression for the effective Hall tensor, I am assuming
that the magnetic field is weak (λb ≪ 1), which implies that the Hall
effect is a small perturbation to the conductivity tensor, σ = σ0 + δσ and
σ∗ = σ∗0 + δσ∗ with δσ = −E (Sb) and δσ∗ = −E (S∗b). The key idea is
that, in this case, one can obtain the effective Hall tensor from a solution of
the problem for zero magnetic field [69]. The corresponding treatment of
such perturbations is described in [7]. Let e be a solution to

∇ · j = 0, j = σ0e, ∇× e = 0. (3.6)
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Then, one has the following identity [7],

〈e〉 · δσ
∗〈e〉 = 〈e · (δσ) e〉. (3.7)

One can now insert the three electric fields corresponding to the three axes,

〈E〉⊺δσ
∗〈E〉 = 〈E⊺ (δσ) E〉. (3.8)

Using 〈E〉 = I and M⊺
E (x)M = E (Cof(M)⊺x) for any x ∈ R

3 and M ∈ R
3×3,

gives
E (S∗b) = 〈E (Cof (∇Φ)⊺ Sb)〉 , (3.9)

which leads to
S∗ = 〈Cof (∇Φ)⊺ S〉 . (3.10)

Typically, instead of S∗, one rather considers the effective Hall tensor, for
which, using Equation 2.62, one obtains [37],

Cof (σ∗0 ) A∗H = 〈Cof (σ0∇Φ)⊺ AH〉 , (3.11)

which is an extension of the results derived by David Bergman [69]. This
expression represents a weighted volume average of the microscopic Hall
tensor of the structure. The weights are given by the cofactor of the matrix-
valued current density, C = Cof (σ0∇Φ). The cofactor, therefore, determines
if and how the microscopic Hall tensor at a certain location within the unit
cell enters into the effective Hall tensor of the metamaterial.

Intuitively, the cofactor of the matrix-valued current density, which ap-
pears in the equation for the effective Hall tensor, can be understood as
follows. First, note that each cofactor corresponds to a specific direction of
the magnetic field. More precisely, assuming isotropic constituent materials,
the first index of Cij corresponds to the direction of the magnetic field. In the
following, I will only consider C33, which is given by C33 = J11 J22 − J12 J21

with J = σ0E. This cofactor corresponds to a magnetic field in the z-direction.
Hence, it only depends on microscopic current flows in the x- and y-direction,
i.e., it is independent of J31, J32, and J33. Due to the action of the Lorentz-force,
a microscopic current flow in the x- or y-direction leads to corresponding
perpendicular microscopic current flow. In order for this perpendicular
microscopic current flow to be measurable, it has to lead to a macroscopic
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current flow. Furthermore, it is irrelevant whether a microscopic current
flow in the xy-plane is related to a macroscopic current flow in the x- or the
y-direction. Hence, it is the products J11 J22 and −J12 J21 that determine the
effective behavior of the material. The minus sign of the second product
can be understood, e.g., by considering a spiral-like structure that translates
macroscopic current flows along x̂ and ŷ to microscopic current flows along
ŷ and −x̂, respectively.

In the case of isotropic structures, Equation 3.11 reduces to an expression
for the effective Hall coefficient. Note that such an isotropic behavior is
implied by cubic crystal symmetry. Aside from using Equation 3.11 to
calculate the effective Hall tensor of a metamaterial, it was used in an
inverse sense, in order to design metamaterials with targeted effective Hall
tensors, which I will elaborate on in the following sections. Before that, I
will summarize the corresponding numerical methods.

Two types of numerical calculations were carried out using the finite
element method, see, e.g., [70]. Calculations for infinitely extended crys-
tals, compare [14], were used to determine the effective properties of Hall
metamaterials by evaluating Equation 3.5 and Equation 3.11. Further insight
was obtained by plotting the cofactor of the matrix-valued current density.
Second, additional calculations were performed for finite structures [14,
71–73]. In both cases, the electric current module of the commercial software
package COMSOL Multiphysics (COMSOL Inc.) was used.

The calculations for infinitely extended crystals were performed by solving
Equation 3.2 for σ = σ0. More precisely the conductivity problem was
solved separately for each of the three electric potentials, Φ1, Φ2, and Φ3.
The boundary conditions, i.e., the invariance of Φ(x) + x with respect to
primitive lattice translations, are implemented as follows.

The first component of the vector-valued electric potential, Φ1, is periodic
along the y- and z-direction, which is implemented using the corresponding
built-in functionality of the software. Along the x-direction, Φ1 is the sum
of a periodic contribution and a potential drop that is chosen such that the
corresponding electric field is normalized, which is implemented using a
weak contribution and the linear extrusion feature of the software. For Φ2

and Φ3, the procedure is analogous.
For structures with a certain symmetry, the boundary conditions can be
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simplified [14]. If the unit cell has mirror symmetry with respect to the
three planes that pass through its center and that are perpendicular to each
of the three axes, it follows that each of the three potentials is constant on
two of the outer boundaries, while all other boundaries are insulating [14].
More precisely, one obtains Φ1(− a

2 , x, y) = c and Φ1(
a
2 , x, y) = c + a and

analogous conditions for Φ2 and Φ3, which can be directly implemented
using the corresponding functionality of the software1. Here, c is a constant
that can be chosen arbitrarily.

Once the vector-valued electric potential, Φ, is known, the evaluation of
Equation 3.5 and Equation 3.11 and the calculation of the cofactor of the
matrix-valued electric current density, C, are straightforward.

It should be pointed out that, while it is possible to calculate the effec-
tive properties using this specific type of periodic boundary conditions,
calculations for finite structures are still important. These calculations were
performed by solving the continuity equation,

∇ · (σ∇φ) = 0, (3.12)

with the conductivity tensor,

σ = σ0





1 σ0AHbz 0
−σ0AHbz 1 0

0 0 1



 , (3.13)

thereby prescribing a magnetic field, bzẑ, along the z-direction. I am as-
suming that the structures are made from isotropic materials, i.e., that the
(microscopic) properties are the spatially varying scalar zero magnetic-field
conductivity, σ0, and Hall coefficient, A0

H. In the calculations, a current
flow is imposed by prescribing a constant potential on the corresponding
boundaries while all other boundaries are insulating. The calculations are
carried out for two types of structures.

First, the calculations are carried out for metamaterial Hall bars composed
of a finite numbers of unit cells. Here, a current, I, is prescribed and the
corresponding Hall voltage, UH, is determined. From the Hall voltage, one

1 I am assuming that the unit cell is centered around the origin, i.e., that it is given by
[

− a
2 , a

2
)3.
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can, for a long metamaterial Hall bar, estimate the effective Hall coefficient,
A∗H, assuming an isotropic metamaterial, as

A∗H =
UHLz

Ibz
, (3.14)

where Lz is the thickness of the Hall bar. Hence, these calculations allow
to make a statement whether a certain number of unit cells is sufficient
to approach the continuous case. This aspect will not be discussed much
further, as in general, the results for finite structures and periodic boundary
conditions are in very good agreement already for relatively small numbers of
unit cells, and certainly for the typical numbers considered in the subsequent
chapters.

Second, such calculations are performed for the parts of the unit cell that
are crucial for obtaining the desired effective properties. Such calculations
are an important tool for understanding the underlying mechanisms and for
creating novel structures. In particular, it is often instructive to look at the
perturbation in the electric potential that is caused by the magnetic field, i.e.,
to consider the quantity φ(bz = b0)− φ(bz = 0), which I am referring to as
the Hall potential.
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3.2 Sign-inversion of the effective Hall coefficient

In order to calculate the effective electrical properties of a given microstruc-
ture, one could, in principle, solve Equation 3.2 for two values of the magnetic
field and extract the effective zero magnetic-field conductivity tensor and
the effective Hall tensor. However, this is unsatisfactory as it does not offer
insight into the underlying physical mechanisms, which makes it very hard
to solve the inverse problem, i.e., to come up with a microstructure for a
given set of effective parameters. Instead, a simple and intuitive description
is required.

In the following, I will introduce two different types of metamaterials
exhibiting a sign inversion of the effective Hall coefficient. These two meta-
materials correspond to two such ways of approaching the problem. The
first approach is based on Equation 3.11, which is the result of a perturbative
treatment of the problem and led to a chainmail-like metamaterial design.
The second approach is based on describing the metamaterial as a set of
local Hall elements that are connected in a specific way. Both approaches are
closely connected. For example, I have used Equation 3.11 to conceptually
decompose metamaterials into sets of local Hall elements.

3.2.1 The two-dimensional problem

Before considering three-dimensional Hall metamaterials, I will briefly dis-
cuss the two-dimensional problem, in which case the effective properties are
heavily restricted.

It was shown by Briane and Milton that the effective Hall coefficient of a
two-dimensional metamaterial cannot be sign-inverted [62]. More precisely,
in two dimensions, the effective Hall coefficient lies within the range of
Hall coefficients of the constituent materials [62]. This result is based on an
earlier result by Alessandrini and Nesi, who showed that, in two dimensions,
the determinant of the matrix-valued electric field (the corrector), det(E), is
positive almost everywhere [74].

Furthermore, it should be noted that it was also shown that the positivity
of the determinant holds for laminates in any dimension [75], which im-
plies that the effective Hall coefficient of a laminate cannot be sign-inverted,
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independently of the dimension. In any attempt to find a structure exhibit-
ing a sign-inversion, one has to consider more general geometries. The
three-dimensional metamaterial structures exhibiting a sign-inversion of the
effective Hall coefficient, which will be introduced in the following sections,
are indeed far more complicated than laminates.

Intuitively, Hall metamaterials can be seen as periodic networks of resistors
and Hall elements. Whether the effective Hall coefficient can be sign-inverted
becomes a question of whether the elements can be connected in a corre-
sponding way. In two dimensions, the number of possible connections is
heavily restricted, as they have to be made in plane and are not allowed to
cross. In three dimensions, this restriction is lifted and out-of-plane connec-
tions can be made. This additional freedom is crucial for the sign-inversion
of the effective Hall coefficient.

These considerations are in interesting analogy to the four color map
theorem, which states that, in two dimensions, every map can be colored
with four colors such that no two regions sharing a boundary have the same
color [76]. The problem is usually translated to graph theory. Each region
is represented by a vertex. An edge between two vertices corresponds to a
boundary between two regions. Obviously, the vertices can not be arbitrary,
but are not allowed to cross. This restriction ultimately leads to the result
that four colors suffice. Interestingly, in three dimensions, infinitely many
different colors are needed. For every integer number n, one can give an
example of n regions with each of the regions sharing a boundary with all
other regions. Again, it is the additional freedom in making connections in
the higher dimension that leads to a drastically different result.

3.2.2 Chainmail-like metamaterials

In the following, I will discuss the sign-inversion of the effective Hall coef-
ficient in three-dimensional chainmail-like metamaterials. A brief history
of these metamaterials, including my own work, is given in [77]. The first
such metamaterial was studied by Marc Briane and Graeme Milton [55].
Their structure originated from an earlier design, a three-dimensional meta-
material composed of chains of interlinked electrically-conducting tori [75].
These chains have the property that the determinant of the matrix-valued
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electric field, det(E), turns negative in between the intertwined tori. This
determinant is closely linked to the cofactor of the matrix valued current
density, which appears in the expression for the effective Hall coefficient,
Equation 3.11. As mentioned above, the positivity of the determinant in two
dimensions as well as in laminates is the reason why the corresponding
effective Hall coefficients cannot be sign-inverted.

Figure 3.1: (a) Illustration of an extended unit cell of the three-dimensional
version of the metamaterial introduced in [75]. The structure is composed of
interlinked electrically-conducting tori embedded in a weakly conducting
surrounding medium. (b) Corresponding numerical calculation of the
determinant of the matrix-valued electric field. In between the interlinked
tori, the determinant turns negative, which is a key step towards a sign-
inversion of the effective Hall coefficient. On the white dashed lines, the sign
of the determinant is identical to the sign of the corresponding diagonal
cofactor. Parameters are R = 36 µm, r = 4 µm, d = −18 µm, σTor.

0 =

200 S m−1, and σSurr.
0 = 0.2 µm. Adapted from [14].

A unit cell of the three-dimensional version of the metamaterial is shown
in Figure 3.1. The tori and the surrounding material have zero magnetic-field
conductivity σTor.

0 and σSurr.
0 , respectively. Interestingly, the three-dimensional

version was suggested by a chainmail artist, Dylon Whyte [77]. The specific
arrangement of tori corresponds to a Japanese chainmail pattern. Alterna-
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tively, one can think of the structure as a crystal with a body-centered cubic
lattice and the three-atomic basis [14],

Tx : (a/2, 0, 0)⊺ , Ty : (0, a/2, 0)⊺ , Tz : (0, 0, a/2)⊺ . (3.15)

Here, a is the lattice constant and Tx, Ty, and Tz are tori with the subscript
indicating the corresponding axis.

A corresponding numerical calculation of the determinant of the matrix-
valued electric field, det(E), is shown in Figure 3.1. Clearly, in between the
intertwined tori, the determinant is negative. For all points on certain lines,
schematically indicated in Figure 3.1(b) and Figure 3.2(a), using symmetry
considerations, it can be shown that the sign of det(E) is identical to the sign
of the corresponding diagonal cofactor [14, 55].

Hence, it is not only det(E) that turns negative in between the interlinked
tori, but also the corresponding cofactor. A numerical calculation of the
cofactor trace, C11 + C22 + C33, is shown in Figure 3.2. The three components,
C11, C22, and C33 correspond to magnetic fields along the x-, y-, and z-
direction, respectively. The trace, therefore, reflects the cubic symmetry of
the structure. As expected, the cofactor trace is negative in between the
interlinked tori.

One can now assign different Hall coefficients to different parts of the
structure. If this assignment is performed such that the cubic symmetry of the
material is preserved, it follows that the effective Hall tensor is isotropic, i.e.,
it reduces to an effective Hall coefficient, compare section 2.2. Furthermore,
if one chooses the microscopic Hall coefficient such that it is nonzero only in
the regions of negative cofactor trace, it follows from Equation 3.11, which
represents a weighted average of the microscopic Hall coefficient, that the
effective Hall coefficient of the metamaterial is sign-inverted. An illustration
of a corresponding unit cell is shown in Figure 3.2. Small black spheres
are placed in between the interlinked tori, where the cofactor trace turns
negative. These spheres have the same zero-magnetic field conductivity as
the surrounding material and nonzero Hall coefficient. Hence, one obtains a
three-constituent metamaterial with a sign-inverted effective Hall coefficient.

Realizing such complicated microstructures would be extremely challeng-
ing, especially on the microscale. It is, however, possible to vastly simplify
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Figure 3.2: (a) Numerical calculation of the cofactor trace, C11 + C22 + C33,
for the unit cell of the metamaterial shown in Figure 3.1. In between the
interlinked tori, the cofactor trace is negative. This property is connected to
the change of sign of the determinant of the matrix-valued electric field, see
Figure 3.1. For all points on the white dashed lines, it can be shown that the
sign of det(E) is identical to the sign of the corresponding diagonal cofactor.
Parameters are as in Figure 3.1. (b) Illustration of a unit cell of the three
constituent metamaterial introduced in [55]. Small semiconducting spheres,
shown in black, are placed in between the interlinked tori. These spheres
have the same conductivity as the surrounding material. Furthermore, they
are the only parts of the structure with nonzero Hall coefficient. As the
spheres are placed in regions of negative cofactor trace, the effective Hall
coefficient of the metamaterial is sign-inverted. Adapted from [14, 71].

the structure, which led to single-constituent porous metamaterials that
show the same effect [71]. A drawback of these simplified structures is that
they are not amenable to the mathematical treatment used in the original
publication [55]. Instead, they were studied using numerical calculations
for finite metamaterial Hall bars [71], which were initially performed by
Muamer Kadic. Later, I have carried out calculations for finite structures
as well as for infinitely extended crystals. Two simplifications were made:
First, the surrounding material was replaced by an insulator, which might be,
e.g., vacuum or air. Additionally, the semiconducting spheres were replaced
by cylinder segments. The cylinder segments and the tori are made from
the same material with finite Hall coefficient A0

H. As a result, one obtains a
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single-constituent porous metamaterial2. An illustration of a unit cell of this
metamaterial is shown in Figure 3.3. The distance parameter, d, controls the
relative positions of the tori. A negative value of d corresponds to interlinked
tori while a positive value of d corresponds to non-interlinked tori.

Figure 3.3: (a) Schematic illustration of a unit cell of the single-constituent
porous metamaterial introduced in [71], which is based on the three-
constituent design shown in Figure 3.2(b). The distance parameter, d,
can take positive and negative values. The configuration of interlinked
tori shown here corresponds to a negative value of d. (b) Numerical
calculation of the Hall voltage for a metamaterial Hall bar composed of
11 × 5 × 1 of such unit cells. Results for three different values of r/R

are shown. The Hall coefficient of the constituent material is negative,
A0

H = −624 · 10−6 m3 A−1 s−1. For negative values of d with large enough
modulus, the Hall voltage and, hence, the effective Hall coefficient is posi-
tive and, therefore, sign-inverted. The zero crossing depends on the value
of r/R. Parameters are R = 10 µm, σ0 = 200 S m−1, and bz = 1 T. Adapted
from [71].

Consider a metamaterial Hall bar composed of Nx × Ny × Nz = 11× 5× 1
of these unit cells. Numerical calculations for such Hall bars were carried out
as described in section 3.1. The resulting Hall voltage, UH, versus distance

2 In principle, one could assign different Hall coefficients to different parts of the structure,
which would lead to a structure with several constituent materials, see [14].
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parameter, d, is shown in Figure 3.3(b). By adjusting the distance parameter,
the Hall voltage and, hence, the effective Hall coefficient can be tuned.
For negative values of d with large enough modulus, the effective Hall
coefficient is sign-inverted. The zero crossing shifts depending on the radius
r. Furthermore, for smaller values of r, the effective Hall coefficient becomes
larger.

Figure 3.4: Numerical calculation of the cofactor trace, C11 + C22 + C33, for
two different values of the distance parameter. (a) Unit cell corresponding
to d = −34 µm. The volume average of the cofactor trace is negative.
The corresponding effective Hall coefficient is sign-inverted. (b) Unit cell
corresponding to d = 34 µm. The volume average of the cofactor is positive.
The corresponding effective Hall coefficient is not sign-inverted. Parameters
are R = 48 µm, r = 6 µm, and σ0 = 200 S m−1. Adapted from [14].

Numerical calculations for periodic boundary conditions are shown in
Figure 3.4. Results for the cofactor trace, C11 + C22 + C33, corresponding to
two values of the distance parameter, d = −34 µm and d = 34 µm, are de-
picted. For the structure corresponding to d = −34 µm, the volume average
is negative and, hence, the effective Hall coefficient is sign-inverted. More
precisely, one obtains A∗H = −5.73A0

H [14]. For the structure corresponding
to d = 34 µm, the volume average is positive which implies that the effective
Hall coefficient is not sign-inverted. In both cases, the cofactor is significantly
larger than zero only in the regions where the cylinder and tori cross. While
local Hall voltages appear in all parts of the structure in which a current
flows, these are the only regions that contribute to the macroscopically mea-
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surable Hall voltage and, hence, to the effective Hall coefficient. Therefore,
these regions might be seen as local Hall elements that connected in a specific
way. As I will show in the subsequent sections, this interpretation proves
most useful in the design and analysis of Hall metamaterials.

Figure 3.5: Numerical calculations of the Hall potential, i.e., the perturbation
in the electric potential due to a magnetic field, for a unit cell of a single
layer of the chainmail-inspired metamaterial and two different values of the
distance parameter, d. Results for d = 12 µm and d = −20 µm are shown
in (a) and (b), respectively. A current along x̂ of Ix = 100 µA was imposed
using a constant potential on the corresponding boundaries. The magnetic
field is along ẑ. Parameters are R = 36 µm, r = 6 µm, σ0 = 200 S m−1,
A0

H = −624 · 10−6 m3 A−1 s−1, and bz = 1 T. Adapted from [14].

For certain directions of the magnetic field and current flow, one can give
an intuitive description of the mechanism underlying the sign-inversion [73].
Consider a single layer of the chainmail-inspired metamaterial. Correspond-
ing numerical calculations for a unit cell of such a structure and two different
values of the distance parameter are shown in Figure 3.5. Assume that the
magnetic field is pointing in the z-direction and a current is flowing in the
x-direction. Via the tori in the xz-plane, the current is injected into the torus
in the xy-plane. In this torus, local Hall voltages appear. These are picked-up
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by the tori in the yz-plane. For a negative value of d (with large enough
modulus), the potential is picked-up on the inner boundary of the torus,
which leads to an inversion of the Hall voltage. For a positive value of d, the
electric potential is picked-up on the outer boundary, and the Hall voltage
is not inverted. Interestingly, in order to obtain a sign-inversion, both the
injection of the current and the pick-up of the potential has to be performed
via the inner boundary of the torus. If the current was injected on the outer
boundary and the potential was picked-up on the inner boundary or vice
versa, the picked-up Hall voltage and, hence, the effective Hall coefficient
would be zero. While this interpretation nicely explains the sign-inversion
of the effective Hall coefficient, the situation can be much more complex for
other directions of current flow and magnetic field.

It should be mentioned that this intuitive discussion shows a relation of the
sign-inversion of the effective Hall coefficient in chainmail-like metamaterials
to the sign-inversion of the Hall voltage in so-called anti-Hall bars [15], which
were discussed in section 2.1. This relation led to a series of comments [78, 79]
and replies [80, 81], see also [14]. In some sense, the tori can be seen as three-
dimensional versions of anti-Hall bars. However, it should be emphasized
that my work is concerned with effective materials. While the structures
presented in this thesis strictly qualify as effective materials, this is certainly
not the case for anti-Hall bars. Nevertheless, the sign-inversion of a (local)
Hall voltage can serve as a basis for a material with a sign-inverted effective
Hall coefficient.

One of the goals of my thesis was the experimental confirmation of the sign-
inversion of the effective Hall coefficient in chainmail-like metamaterials. In
the experiments, see chapters 5 and 6, a structure that is slightly different was
realized on the microscale. In a first step, insulating polymer scaffolds were
fabricated. In a second step, these structures were conformally coated with
a thin semiconducting layer. Such a fabrication process leads to structures
that are hollow from the viewpoint of electrical conductivity. In order to
determine whether this change in geometry has an influence on the effect,
corresponding numerical calculations were carried out, for both finite [71]
and infinitely-extended [14] crystals. The main result of these calculations is
that the qualitative behavior of the structure is not affected. The modulus of
the effective Hall coefficient, however, does change. A numerical calculation
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of the cofactor trace for the hollow version of the single-constituent porous
chainmail-like metamaterial is shown in Figure 3.6(a).

Figure 3.6: (a) Numerical calculation of the cofactor trace, C11 +C22 +C33, for
the hollow version of the chainmail-inspired metamaterial. Corresponding
structures were realized experimentally by fabricating insulating polymer
templates and coating them conformally with a semiconducting layer. The
volume average is negative which leads to a sign-inverted effective Hall
coefficient. The thickness of the coating layer is t = 185 nm. The distance
parameter is d = −34 µm. The other parameters are r = 6 µm, R =

48 µm, and σ0
0 = 200 S m−1. (b) Numerical calculation of the effective Hall

coefficient versus d/R. By adjusting the distance parameter, the effective
Hall coefficient can be tuned. For large values of |d/R|, the effective Hall
coefficient saturates. The thickness of the coating layer is t = 1 µm. The
other parameters are as in (a). Adapted from [14].

For this choice of parameters, the average of the cofactor trace is negative
and, hence, the effective Hall coefficient of the metamaterial is sign-inverted.
As for the non-hollow version, the main contribution to the sign-inversion
is due to the regions where the cylinders and tori intersect. However, the
effective Hall coefficient is much larger than the one obtained for the non-
hollow case, which is due to the confinement of the current to a thinner
layer. By varying the distance parameter, the effective Hall coefficient can be
continuously tuned from positive to negative values, compare Figure 3.6(b).
As for the non-hollow structures, the zero crossing shifts towards the left for
larger values of the minor radius, r, not depicted. As long as r is comparably

57



3 theory of hall metamaterials

small, the effective Hall coefficient saturates for distance parameters with
large modulus.

An empirical estimate of the effective Hall coefficient of the hollow struc-
ture can be derived from further numerical calculations [14]. It is given by

|A∗H| ≈ 0.2
a

t

∣

∣

∣
A0

H

∣

∣

∣
, (3.16)

where I am assuming that the minor radius, r, is small and that the modulus
of the distance parameter, d, is large, i.e., that the effective Hall coefficient
is in the saturated regime, compare Figure 3.6. Instead of using a fit to the
numerical results, one can alternatively model the structure as a network of
Hall voltage sources [14], which results in similar estimates. This procedure
is analogous to the one I have used for estimating the effective Hall coefficient
of certain anisotropic structures, see section 3.3.

By reducing the thickness t, the Hall coefficient can be made arbitrarily
large. Equation 3.16 implies that AH → ∞ as t

a → 0, which means that
the effective Hall coefficient becomes unbounded. This property of the
metamaterial is related to the fact that it is porous, i.e., that one of the
constituent materials is an insulator, which is further discussed in section 3.4,
in which I am elaborating on bounds on the effective Hall coefficient and
related parameters.

This increase in effective Hall coefficient can be understood intuitively. A
reduction of the thickness t leads to a confinement of the electric current
to a thinner layer within the unit cell. As a consequence, a corresponding
metamaterial Hall bar effectively acts like a much thinner Hall bar and the
effective Hall coefficient become larger. Furthermore, as discussed above, the
sign of the Hall coefficient can be chosen by adjusting d. Hence, by varying
d and t simultaneously, the chainmail-like hollow metamaterial allows to
realize any arbitrary value of the effective Hall coefficient.

3.2.3 A different way of inverting the effective Hall coefficient

As already discussed, Hall metamaterials may be seen as networks of re-
sistors and Hall elements. In this sense, the realization of an effective Hall
tensor corresponds to the choice of a specific connection of Hall elements.
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Figure 3.7: Numerical calculation of the Hall potential, i.e., the perturbation
in the electric potential due to a magnetic field, for a structure inverting a
local Hall voltage. This inversion is independent of the orientation of current
flow in the xy-plane. (a) Current flow along ŷ. The inversion of the Hall
voltage is due to a inversion of the pick-up. (b) Current flow along x̂. The
inversion of the Hall voltage is due to a local inversion of the current flow
direction. The current flow of I = 100 µA is imposed by a constant potential,
all other boundaries are insulating. Parameters are, compare Figure 3.8,
R1 = 30 µm, r = 3 µm, α = 15◦, β = 220◦, A0

H = −624 · 10−6 m3 A−1 s−1,
and b = 1 T. Adapted from [14].

Based on this concept, a sign-inversion of the effective Hall coefficient can be
achieved by connecting Hall elements in such a way that the corresponding
local Hall voltages are inverted [14]. Numerical calculations for a struc-
ture accomplishing such an inversion of a local Hall voltage are shown in
Figure 3.7. The constituent material is isotropic with zero magnetic-field
conductivity σ0

0 and Hall coefficient A0
H. The inversion can be understood

intuitively and is independent of the direction of current flow in the xy-
plane. Assume that the magnetic field is along ẑ. A current flowing in the
y-direction generates a local Hall voltage in the straight cylinder. The electric
potential is picked up at the cross and guided by the bent segments, resulting
in an inverted Hall voltage. A current flowing in the x-direction on the other
hand, is locally inverted, i.e., flowing in the −x̂ direction through the cross,
leading again to an inverted Hall voltage. As mentioned above, one can
use this behavior as a starting point for a metamaterial with a sign-inverted
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effective Hall coefficient. Arranging six such structures on the faces of a
cube and connecting them via torus segments leads to the metamaterial
unit cell shown in Figure 3.8, which was introduced in [14]. The structure
has the cubic crystallographic point group 32 and, hence, the effective zero
magnetic-field conductivity tensor and the effective Hall tensor are isotropic
by symmetry, compare section 2.2.

Figure 3.8: (a) Illustration of a unit cell of a metamaterial exhibiting a
sign-inversion of the effective Hall coefficient that is conceptually based on
the inversion of local Hall voltages. The metamaterial is composed of six
elements as the one shown in Figure 3.7, which are arranged on the faces of
a cube. (b) Parametrization of the structure. Adapted from [14].

A numerical calculation of the cofactor C33, corresponding to a magnetic
field along the z-direction, for this structure is shown in Figure 3.9. Details of
the numerical calculation procedure were given in section 3.1. The cofactor
is significantly different from zero only in and close to the crosses, which
can, therefore, in agreement with our previous considerations, be seen as
local Hall elements. All other parts of the structure, where C33 is close to
zero, can be seen as a specific connection of these elements. Only four of the
six crosses actually contribute to the sign-inversion. For the crosses on the
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top and the bottom face (parallel to the xy-plane), which contribute to the
effect, the corresponding interpretation was already given above, compare
Figure 3.7.

Figure 3.9: Numerical calculation of the cofactor C33, corresponding to a
magnetic field along ẑ, for the metamaterial unit cell shown in Figure 3.9.
The cofactor is significantly different from zero only at the six crosses. Not
all of the crosses contribute to the sign-inversion. The effective electrical
properties of the structure are isotropic by symmetry. Parameters are
R2 = 20 µm, a = 170 µm, and σ0

0 = 200 S m−1. All other parameters are as
in Figure 3.7. Adapted from [14].

For the crosses on the vertical faces, the interpretation is more difficult.
Assume that the current flows in the x-direction. Local Hall voltages appear
in the crosses. The pick-up of these voltages is reversed for the crosses
parallel to the yz-plane, where the cofactor is negative, but not for those
parallel to the xz-plane, where the cofactor is positive. A similar considera-
tion can be made for a current flow along ŷ. In spite of this counteracting
effect, the volume average of the cofactor is negative, which leads to a sign-
inverted effective Hall coefficient. More precisely, a numerical evaluation of
Equation 3.11 yields A∗H = −3.43A0

H [14].

61



3 theory of hall metamaterials

3.3 Anisotropic structures

Fundamentals

So far, I have considered isotropic materials, in which case, the material is
characterized by a scalar Hall coefficient. In general, however, the material
may be anisotropic, being characterized by the nine independent compo-
nents of the Hall tensor. Such anisotropic effective properties lead to very
interesting effects. For example, depending on the direction of current flow,
they lead to components of the Hall electric field parallel to the magnetic
field3. Consider for example the following Hall tensor,

AH =





0 0 0
0 0 A23

0 0 0



 , (3.17)

for a current j = jx x̂ and magnetic field b = bzẑ. Using Equation 2.61, one
obtains for the Hall electric field,

eH = −A23 jxbzẑ. (3.18)

The Hall electric field is along ẑ, i.e., parallel to the magnetic field. This
appearance of a component of the Hall electric field parallel to b is the
so-called parallel Hall effect [72]. In sharp contrast, in isotropic materials,
the Hall electric field is always perpendicular to the magnetic field.

In the following, I will try to develop a systematic understanding of the
anisotropic problem. As any tensor, the Hall tensor can be written as the sum
of a symmetric and an anti-symmetric tensor. A (real) symmetric rank-two
tensor is diagonizable via an orthogonal transformation, i.e., one can find
a set of orthogonal axes, the so called principal axes, regarding to which it
is diagonal. Its components with regard to these axes are referred to as its

3 As a clarification, it should be mentioned that I am using the word parallel in the sense
that two nonzero vectors, a and b, are parallel iff their cross product is equal to zero,
a× b = 0. This includes the case of a and b pointing in opposite directions.
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principal values. For a diagonal Hall tensor, Equation 2.61 becomes

eH =





A11bx

A22by

A33bz



×





jx
jy
jz



 , (3.19)

which implies that the principal components can be seen as weights to the
corresponding components of the magnetic field.

Symmetric rank-two tensors can be visualized as a quadric [27]. In the
case of a positive definite rank-two tensor, i.e., in the case of all principal
values being positive, the quadric is an ellipsoid, with a well-known example
being the moment of inertia tensor. Some or all of the principal components
of the symmetric part of the Hall tensor might be negative and, therefore,
the corresponding quadric is not necessarily an ellipsoid, but might be, e.g.,
an hyperboloid.

Any antisymmetric rank-two tensor, and therefore, the antisymmetric part
of the Hall tensor, can be seen as an axial vector, compare section 2.2. The
correspondence is given by





a1

a2

a3



←→





0 a3 −a2

−a3 0 a1

a2 −a1 0



 . (3.20)

Hence, the Hall electric field is given by, using Graßmann’s identity,

eH = (AHb)× j = −(aH × b)× j = −b(aH · j) + aH(b · j), (3.21)

where aH is the axial vector corresponding to the antisymmetric part of the
Hall tensor.

The component of the magnetic field collinear with aH lead to a zero Hall
electric field. Therefore, I will in the following, without loss of generality, as-
sume that b lies in the plane perpendicular to aH. Regarding the orientation
of the current density, two cases can be distinguished. In the first case, the
current density is parallel to aH, leading to

eH = ±baH j, (3.22)
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where the sign depends on whether j points in the same (minus) or opposite
(plus) direction as aH. In this case, the Hall electric field is parallel to the
magnetic field.

In the second case, the current density lies in the plane perpendicular to
aH, leading to

eH = aH(b · j). (3.23)

Here, the Hall electric field is parallel to aH with a maximum of the magni-
tude for j parallel to b. All other orientations of the current density can be
treated as a superposition.

Following these general considerations, I will come back to metamateri-
als, which make it possible to tailor the components of the Hall tensor by
structure. In particular, it is possible to realize antisymmetric effective Hall
tensors. For practical reasons, one usually starts from isotropic constituent
materials.

Anisotropic Hall metamaterials

The first metamaterial with an anti-symmetric effective Hall tensor was pro-
posed by Marc Briane and Graeme Milton [37]. A unit cell of their design is
shown in Figure 3.10. It has three components: A highly conducting square
cylinder, which is the only part of the structure with nonzero Hall coefficient,
a spirally shaped part with a high conductivity in the yz-plane and a low con-
ductivity in the x-direction, and a weakly conducting surrounding material.
The anisotropic conductivity of the spirally shaped part can be mimicked
by a laminate with isotropic components, in which case, the metamaterial
would have four constituent materials.

In their analysis [37], Briane and Milton have shown that the effective Hall
tensor of this metamaterial is asymptotically given by

A∗H =





0 0 0
0 0 A∗23
0 −A∗23 0



 . (3.24)
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Figure 3.10: Illustration of a unit cell of the three-component metamaterial
introduced in [37], the first metamaterial exhibiting an anti-symmetric
effective Hall tensor. The structure consists of the following parts. A
square cylinder made from a highly conducting material with nonzero
Hall coefficient, shown in black. An spirally-shaped part made from an
anisotropic material with a high conductivity in the yz-plane and a low
conductivity in the x-direction, shown in grey, and a weakly-conducting
surrounding. Reproduced from [14].

The corresponding axial vector is a∗H = (A∗23, 0, 0)⊺4. For a macroscopic
current flow in the x-direction, i.e., along a∗H, this effective Hall tensor
corresponds to the following Hall electric field,

eH = −A∗23 jx
(

byŷ + bzẑ
)

. (3.25)

Hence, the Hall electric field is parallel to the magnetic field as long as the
magnetic field lies in the yz-plane.

The appearance of this effect can be understood intuitively. Assume that
the current is flowing in the x-direction and the magnetic field points in the
z-direction. Due to the choice of conductivities, the current will mainly flow
through the square cylinder, where, as it has nonzero Hall coefficient a Hall
voltage appears. The spirally shaped structure can be seen as pick-up wires,

4 In [37], the authors have chosen the Hall coefficient of the square cylinder such that the
effective Hall tensor is normalized, A∗23 = 1.
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which guide the electric potential, such that the corresponding macroscopic
Hall electric field is along the z-direction, i.e., parallel to the magnetic field.

Further insight can be gained via symmetry considerations. The structure
has four-fold rotational symmetry about the x-axis. Its crystallographic
point group is 4/m. As it turns out, this symmetry is ideally suited for the
realization of antisymmetric effective Hall tensors. According to Table 2.1, it
implies the following form of the effective Hall tensor (or any other rank-two
tensor),

A∗H =





A∗11 0 0
0 A∗22 A∗23
0 −A∗23 A∗33



 . (3.26)

Hence, it follows from symmetry that the off-diagonal part is anti-symmetric.
However, symmetry makes no statement about the values of the remaining
four components. To determine the actual values, one has to evaluate
Equation 3.11. In order to obtain an anti-symmetric effective Hall tensor, the
diagonal components must vanish, i.e., A∗11 = A∗22 = A∗33 = 0, which is not
implied by symmetry but a result of a careful choice of structure.

While this three-constituent metamaterial is well-understood mathemat-
ically, the fabrication of such a structure seems to be out of reach. There
are, however, similar single-constituent porous metamaterials with (almost)
anti-symmetric effective Hall tensors that can actually be realized. A unit
cell of such a metamaterial, which is based on the three-constituent design,
is shown in Figure 3.11. It consists of a straight cylinder and two S-shaped
elements, all made from the same isotropic material with nonzero Hall co-
efficient A0

H. Again, one can consider the symmetry of the structure. Its
crystallographic point group is the same as the one of the three-constituent
structure, 4/m, which, therefore, leads to the same form of the effective Hall
tensor, Equation 3.26. A numerical evaluation of Equation 3.11 yields [14],
for the parameters given in Figure 3.11,

A∗H =





0 0 0
0 0.05 8.81
0 −8.81 0.05



 A0
H. (3.27)

The underlying mechanism of the structure is very similar to the three-
constituent case. Corresponding to the general discussion of antisymmetric
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Figure 3.11: Numerical calculation of the cofactor C23 of the matrix-valued
current density for a single-constituent metamaterial exhibiting an (almost)
anti-symmetric Hall tensor. Assume that the magnetic field points in the y-
direction. The Hall tensor component, A∗32, which corresponds to C23, relates
a macroscopic current flow along the x- and y-direction to macroscopic
Hall electric fields parallel to the y- and x-direction, respectively. The blue
region indicates where the corresponding local Hall voltage is generated.
Parameters are a = 40 µm, r = 2.5 µm, b = 11 µm, and c = 9 µm. Adapted
from [14].

Hall tensors in the beginning of this section, one can distinguish two dif-
ferent cases of macroscopic current flow. Assume that the magnetic field
points in the z-direction. A macroscopic current flow in the x-direction, i.e.,
parallel to aH, leads to an axial current flow through the straight cylinder
in the center. Due to the magnetic field, a local Hall voltage, appears. The
corresponding electric potential is picked-up by one of the two S-shaped
structures and is guided such that it leads to a macroscopic Hall electric
field in the z-direction, i.e., parallel to b, compare Equation 3.22. An overall
current flow in the z-direction, on the other hand, leads to a local current
in the y-direction where it passes through the straight cylinder. There, a
local Hall voltage appears. The straight cylinder picks-up the corresponding
electric potential, which leads to a Hall electric field in the x-direction, i.e.,
parallel to aH, compare Equation 3.23. Note that I have assumed that the
directions of macroscopic current flow and the magnetic field are parallel. If
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the macroscopic current flow was along ŷ, the current would flow through
the other S-shaped element. The local direction of current flow in the straight
cylinder would be parallel to b and, hence, there would be no macroscopic
Hall electric field. Note that this intuitive discussion is in excellent agreement
with the general treatment in the beginning of this section.

Controlling the orientation of the Hall electric field

Figure 3.12: Illustration of the metamaterial unit cell introduced in [72]. The
different parts of the structure, which are made from the same material with
conductivity σ0 and nonzero Hall coefficient A0

H, are colored for clarity. The
structure consists of a cylinder, shown in red, and two pick-up structures.
The pick-up structure shown in blue corresponds to the parallel Hall voltage.
The pick-up structure shown in green corresponds to the orthogonal Hall
voltage. The material allows to tune the two Hall voltages by adjusting the
parameters dy and dz. Adapted from [14].

Following three of my previous publications [14, 72, 82], I will now discuss
a related metamaterial that, for given orientations of the magnetic field
and current flow, allows to tune the angle between the macroscopic Hall
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electric field and the magnetic field. I am assuming that the magnetic field
is along ẑ and the macroscopic current density is along x̂. A unit cell of
the metamaterial is shown in Figure 3.12. The single-constituent porous
structure is quite similar to the one shown in Figure 3.11. The current is
flowing through the cylinder shown in red, where it leads to a local Hall
voltage. This voltage is picked-up by two structures. The first structure,
shown in blue, leads to a macroscopic Hall electric field along the z-direction.
The second structure, shown in green, leads to a Hall electric field along
the y-direction. By adjusting the geometry parameters dy and dz, one can
adjust this pick-up and, thereby, tune the two components of the macroscopic
Hall electric field. These components, are experimentally accessible via the
corresponding Hall voltages, U

y
H and Uz

H. Here, U
y
H, which corresponds to

a Hall electric field that is orthogonal to b, is the conventional “orthogonal”
Hall voltage. On the other hand, Uz

H, which is zero for isotropic materials,
corresponds to a macroscopic electric field parallel to b and I will therefore
refer to it as the “parallel” Hall voltage.

Figure 3.13: Numerical calculation of the parallel, Uz
H, and orthogonal, U

y
H,

Hall voltage for a metamaterial Hall bar composed of 9× 3× 3 unit cells as
the one shown in Figure 3.12. A current flow of I = 0.1 mA was imposed us-
ing constant potentials. All other boundaries are insulating. Parameters are
σ0 = 200 A V−1 m−1, A0

H = −624× 10−6 m3 A−1 s−1, bz = 1 T, h = 15 µm,
r = 2.5 µm and a = 40 µm. Adapted from [14].
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For a metamaterial Hall bar made from Nx × Ny × Nz = 9× 3× 3 unit
cells, the results of a numerical calculation of U

y
H and Uz

H in dependence of dy

and dz are shown in Figure 3.13. The numerical calculations were performed
as described in section 3.1. The results show that, within some range, U

y
H and

Uz
H can be tuned continuously by adjusting dy and dz. For large values of

∣

∣dy/a
∣

∣ and |dz/a|, the Hall voltages saturate. Importantly, one can not only
tune their magnitude but also their sign. As a result, any orientation of the
macroscopic Hall electric field in the yz-plane can be realized. Furthermore,
one has the convenient property that U

y
H (Uz

H) is independent of dz (dy). This
makes sense, as the pick-up of the Hall voltage via each of the two structures
is independent of the other one.

The two Hall voltages are directly connected to the two corresponding
components of the Hall tensor. Using the constitutive relation, one obtains
for a long Hall bar with dimensions Lx, Ly, and Lz,

U
y
H = A∗33

bz I

Lz
and Uz

H = −A∗23
bz I

Ly
, (3.28)

where I is the current flowing through the Hall bar along the x-direction.
The crystallographic point group of the structure is 2/m, which leads to

the following form of the Hall tensor,

A∗H =





A∗11 0 0
0 A∗22 A∗23
0 A∗32 A∗33



 . (3.29)

As described in section 5.1, see also [82], I have fabricated corresponding
metamaterial Hall bars on the microscale and characterized them experi-
mentally. As for the fabrication of the chainmail-inspired structures, I have
employed a combination of three-dimensional laser lithography, which was
used to fabricate electrically insulating polymer templates, and atomic-layer
deposition, which was used to coat these templates with a thin semicon-
ducting layer. This strategy inherently leads to structures that are hollow
in an electrical sense. It should be emphasized that, as in the case of the
chainmail-inspired structures, see section 3.2, this modification of the design
does not change the qualitative behavior of the metamaterial.
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Figure 3.14: Numerical calculation of the cofactor C32 for the hollow (a)
and non-hollow (b) version of the metamaterial shown in Figure 3.12. The
hollow version is the one that was realized experimentally, see section 5.4.
The inner radius of the hollow cylinders is r and the coating thickness is
t, which results in an outer radius of r + t. Parameters are r = 2.5 µm,
t = 0.2 µm, dz = −12 µm, dy = −8 µm, h = 15 µm, and lattice constant
a = 40 µm. Panel (b) adapted from [14].

A numerical calculation of the cofactor C32, corresponding to the Hall
tensor component A∗23, for the hollow and non-hollow version of the structure
is shown in Figure 3.14(a) and (b), respectively. For the given directions
of macroscopic current flow (x̂) and magnetic field (ẑ), this component
corresponds to a Hall electric field in the z-direction. For both structures,
in agreement with the intuitive interpretation, the cofactor is significantly
larger than zero only in a small region close to the corresponding pick-up
structure.

The components of the effective Hall tensor can be derived from a vol-
ume average, i.e., by evaluating Equation 3.11. For the parameters given in
Figure 3.14, the effective Hall tensor of the hollow structure is given by

A
(hollow)∗
H =





0.01 0 0
0 3.31 76.85
0 7.89 −74.45



 A0
H, (3.30)
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while the effective Hall tensor of the non-hollow structure is given by

A
(non-hollow)∗
H =





0 0 0
0 0.08 8.80
0 0.31 −8.73



 A0
H. (3.31)

The only relevant components are A∗23 and A∗33. In both cases, these
components have opposite sign and almost the same modulus. However,
the magnitude of these components is much larger for the hollow structure.
As for the chainmail-inspired structure, I am attributing this effect to the
confinement of the current to a thinner layer. As the effective Hall coefficient,
compare section 3.2, these components can, in principle, be made arbitrarily
large by reducing the coating thickness, t.

In the saturated regime, i.e., for
∣

∣dy/a
∣

∣ and |dz/a| large enough, compare
Figure 3.13, one can find simple expressions for U

y
H and Uz

H [82]. I will only
treat the hollow case. The procedure for the non-hollow case is analogous.
Again, I will consider a long Hall bar made from Nx × Ny × Nz unit cells.
The straight hollow cylinders, which carry the current, can be seen as local
Hall voltage sources. In [82], I have derived the Hall voltage of a hollow
cylinder, which, for t≪ r, is given by

U
cyl.
H = A0

Hbz
1

tπ
Icyl.. (3.32)

Here, Icyl. is the current flowing through one of the hollow cylinders. In
terms of the total current, I, it is given by Icyl. = I/(NyNz). Via the two pick-
up structures, the voltage sources are connected in series along the y- and
z-direction resulting in an orthogonal and parallel Hall voltage, respectively.
These considerations yield the following expressions [82],

U
y
H =

(

sgn
(

dy

) 1
Nz

A0
Hbz

1
tπ

)

I = R
y
H I (3.33)

and

Uz
H =

(

sgn (dz)
1

Ny
A0

Hbz
1

tπ

)

I = Rz
H I, (3.34)

where I have introduced the corresponding Hall resistances, R
y
H and Rz

H.
Alternatively, one can give the corresponding components of the effective
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Hall tensor,

A∗33 = sgn
(

dy

) 1
π

a

t
A0

H (3.35)

and

A∗23 = −sgn (dz)
1
π

a

t
A0

H. (3.36)

The connection between Equations 3.33 and 3.35 on the one hand and Equa-
tions 3.34 and 3.36 on the other hand is made via Equation 3.28. For the
parameters given in Figure 3.14, one obtains A∗23 = −A∗33 = 63.7A0

H, which
is in good agreement with the full numerical calculation, compare Equa-
tion 3.30.

Potential applications

Figure 3.15: Illustration of a split-
ring like metamaterial Hall element
made from a metamaterial with
an antisymmetric effective Hall ten-
sor. The measured Hall voltage is
proportional to the circulation of
the magnetic field in the yz-plane.
Adapted from [82].

A potential application of anisotropic structures is their use in sensors for
the circulation of a magnetic field [82]. Consider the Hall element shown in
Figure 3.15. It is made from a metamaterial with an antisymmetric effective
Hall tensor. More precisely, the effective Hall tensor is chosen such that
A∗23 = −A∗32 6= 0 and all other components are equal to zero. The Hall
element has the shape of an almost-closed split ring. Assume that the
magnetic field is in the yz-plane and a current is flowing in the x-direction.
A Hall voltage will be measurable between the two almost-touching ends of
the split ring. This voltage is given by the line integral of the Hall electric
field along the split ring. As the Hall electric field is, due to the choice of A∗H,
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proportional to the magnetic field, the measured Hall voltage is proportional
to the circulation of the magnetic field. Similarly, one could think of sensors
for the magnetic field integrated along an arbitrary two-dimensional path.
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3.4 Bounds on the effective parameters

In the following, I will discuss bounds on the effective parameters of Hall
metamaterials, i.e., on the effective Hall tensor and the effective Hall mobility.

As mentioned previously, in two dimensions, the effective Hall coefficient
of a metamaterial lies in between the Hall coefficients of the constituent
materials. For the three-dimensional case, a bound on the effective Hall
tensor was derived by Briane and Milton [61]. Let α be a lower bound to
the conductivity of the constituent materials, βH be an upper bound to the
conductivity of the constituent materials with nonzero Hall coefficient, and
aH be an upper bound to the Hall tensor of the constituent materials. Then,
the bound on the effective Hall tensor is given by [61], see also [14],

|A∗H| ≤ 18
βH

α
aH. (3.37)

In essence, the bound is determined by the conductivity contrast of the
constituent materials. In order to obtain a large effective Hall coefficient, one
has to employ constituent materials with very different conductivities. For
porous structures, one of the constituent materials is insulating. Hence, α is
zero and the contrast of conductivities becomes infinitely large.

An example of such a porous structure is the hollow chainmail-like meta-
material introduced in section 3.2. As discussed there, the effective Hall
coefficient can be made arbitrarily large by reducing the thickness t. There
is, however, a trade-off between the effective Hall coefficient and the effec-
tive conductivity [14]. While A∗H scales asymptotically as t/a, the effective
conductivity, σ∗0 , scales asymptotically as a/t. The product of these two
quantities, i.e., the effective Hall mobility, A∗Hσ∗0 , is asymptotically constant.

A thorough analysis shows that the effective Hall mobility of a metamat-
erial is fundamentally bounded. Let mH be an upper bound to the Hall
mobility of the constituent materials. Then, the bound on the effective Hall
mobility, which I have derived based on the work of Marc Briane and Graeme
Milton [61], is given by [14],

|A∗Hσ∗0 | ≤ 2mH. (3.38)

Hence, using conventional Hall metamaterials, it is not possible to obtain
a significantly enhanced effective Hall mobility, which would lead to an
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increase in sensitivity and signal-to-noise ratios, compare section 2.1. How-
ever, in section 3.5, I will discuss how one can exceed this bound using
certain structures made from a material with very high or low magnetic
permeability, which offer control over the magnetic field within the unit cell.
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3.5 Magnetic permeability distributions

In the following, I will study the influence of a microscopic magnetic per-
meability distribution on the effective Hall tensor of a metamaterial. Such
permeability distributions allow to control and guide the magnetic field
lines within the unit cell. Magnetic permeability distributions in the form of
cylindrical laminates, which can be seen as magnetic hoses, have been used
previously to transfer and route magnetic fields over long distances [83].

Following some fundamentals, I will introduce two novel metamaterials.
The first metamaterial exhibits a sign-inversion of the effective Hall coef-
ficient. The origin of the sign inversion is a specifically chosen structure
with high magnetic permeability. Without this structure, the sign-inversion
breaks down. The second metamaterial employs a magnetic permeability
distribution to break, albeit just barely, the bound on the effective Hall mo-
bility derived in section 3.4. As pointed out in section 2.1, high (effective)
Hall mobilities are desirable as they imply high voltage-related sensitivities
as well as high signal-to-noise-ratios. Furthermore, this example shows that
magnetic permeability distributions allow for effective parameters that are
inaccessible using conventional Hall metamaterials. For the rest of this sec-
tion, I am following the corresponding chapter of my previous publication
on the theory of the Hall effect in metamaterials [14]. This generalization of
the theory has been suggested to me by Graeme Milton.

In order to find the effective properties of a Hall metamaterial that includes
a permeability distribution, one needs to solve two problems. First, one has
to determine the microscopic magnetic field for a given macroscopic average.
Using this result, one can determine the effective electrical properties of the
material. The equations for the microscopic magnetic field are given by,

∇ · b = 0, ∇× h = 0, with b = µ0µh. (3.39)

Here, b is the microscopic magnetic induction, h is the microscopic magnetic
field, µ is the microscopic permeability tensor, and µ0 = 4π · 10−7 V s A−1 m−1

is the vacuum permeability. This problem is mathematically equivalent to
the problem of electric conduction, compare section 2.4.
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As h is curl-free, one can express it in terms of the magnetic scalar potential,
φm, as

h = −∇φm. (3.40)

In analogy to the vector-valued electric potential, Φ, see section 3.1, the
vector-valued magnetic “scalar” potential, Φm, not to be confused with
the magnetic vector potential, which is often denoted as A, connects the
microscopic magnetic field, h, with the corresponding macroscopic magnetic
field, 〈h〉,

− (∇Φm) 〈h〉 = h. (3.41)

The vector-valued magnetic potential solves

∇ · (µ∇Φm) = 0. (3.42)

and is subject to the same periodicity conditions as Φ. One can now define
the matrix-valued magnetic field as

H = − (∇Φm) and B = −µ0µ (∇Φm) . (3.43)

The effective permeability of the metamaterial is given by

µ
∗ = µ

∗ 〈H〉 = 1
µ0
〈B〉 . (3.44)

For the Hall effect, it is the the local magnetic field that is essential. Conse-
quently, the effective Hall tensor results from a product of the local magnetic
field and the cofactor of the matrix-valued current density. A more detailed
analysis, see [14], leads to the following generalization of Equation 3.11,

Cof (σ∗0 ) A∗Hµ
∗ = 〈Cof (σ0∇Φ)⊺ AHµ (∇Φm)〉 , (3.45)

which holds in the limit of weak magnetic fields.
Following these general considerations, I will come back to the two afore-

mentioned examples of generalized Hall metamaterials. The effective mag-
netic permeability and the effective Hall tensor of these metamaterials follow
from Equation 3.44 and Equation 3.45, respectively. I will perform the evalua-
tion of these equations using the numerical methods described in section 3.1.

78



3 .5 magnetic permeability distributions

Figure 3.16: Numerical calculation of the cofactor C33, corresponding to a
magnetic field along ẑ, for the unit cell of a structure consisting of inter-
secting cylinders with radius r1. The constituent material is isotropic with
zero magnetic-field conductivity σ0

0 and Hall coefficient A0
H. The effective

electrical properties of the structure are isotropic by symmetry. The cofactor
is significantly larger than zero only in and close to the crosses that lie in
planes perpendicular to the magnetic field. The effective Hall coefficient
of the structure is not sign-inverted. However, it becomes sign-inverted
upon the addition of a specific structure with a high magnetic permeability,
compare Figure 3.17 and Figure 3.18. Parameters are r1 = 2 µm, a = 86 µm,
and σ0

0 = 200 S m−1. Reproduced from [14].

While the equations hold for the general case, I will only discuss isotropic
structures.

Both examples of generalized Hall metamaterials are based on the elec-
trically conducting structure shown in Figure 3.16. This structure consists
of crossing cylinders with radius r1, conductivity σ0

0 , magnetic permeability
µ0 = 1, and Hall coefficient A0

H. The crosses are arranged on a body-centered
cubic lattice. A numerical evaluation of Equations 3.5 and 3.11, implicitly
assuming µ = 1 everywhere, yields σ∗0 = 3.48 · 10−3σ0

0 and A
∗(0)
H = 11.86A0

H
for the effective zero magnetic-field conductivity and the effective Hall co-
efficient, respectively [14]. The superscript of the effective Hall coefficient
indicates that any magnetic permeability is assumed to be trivial, i.e., µ = 1
everywhere. The effective Hall coefficient in the presence of a non-trivial
magnetic permeability distribution is denoted as A

∗(µ)
H . Clearly, the zero
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magnetic-field conductivity is independent of the magnetic permeability,
which is why the corresponding superscript is omitted, σ∗0 = σ

∗(µ)
0 = σ

∗(0)
0 .

The cofactor C33 of the structure, shown in Figure 3.16, is, similar to the
one for the structures considered previously, nonzero only in and close
to the crosses. Hence, it is only the magnetic field at the crosses that is
relevant. Moreover, C33 is nonzero only in the crosses that lie in a plane
perpendicular to ẑ, i.e., perpendicular to the magnetic field. This behavior
can be understood intuitively. Assume that a current is flowing axially
through a cylinder perpendicular to the magnetic field. The resulting local
Hall voltage can only be picked-up if the axis of the second cylinder of the
cross is perpendicular to the magnetic field as well.

As pointed out above, the first metamaterial features a sign-inversion of
the effective Hall coefficient. The key idea underlying the sign-inversion is
to invert the corresponding component of the magnetic field for each of the
crosses using a second structure made from a material with a high magnetic
permeability, µ1 ≫ 1.

Figure 3.17: (a) Illustration of an extended unit cell of a precursor of a
metamaterial with a sign-inverted effective Hall coefficient. It consists of
two structures. The first structure, shown in grey, is the one introduced in
Figure 3.16, which consists of electrically-conducting crossing cylinders with
finite Hall coefficient. The second structure, shown in black, is made from a
material with a high magnetic permeability. This second structure locally
inverts the z-component of the magnetic field at the crosses perpendicular
to ẑ. (b) Parameters of the structure. Reproduced from [14].
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For a macroscopic magnetic field along the z-direction, such a structure
is shown in Figure 3.17. It has two-fold rotational symmetry about the
principal axes of the cubic unit cell. This “hose”-like structure collects the
magnetic field lines and guides them such that the magnetic field is, at the
crosses, locally inverted. The two structures, the electrical structure and the
highly permeable structure, are not connected but separated by a small gap,
compare Figure 3.17. Furthermore, the highly permeable structure is not
connected over long distances. As a consequence, its electrical properties do
not enter into the effective properties of the metamaterial and can be chosen
arbitrarily. Due to the lack of mechanical connection of the two structures,
one has to provide mechanical support, e.g., by embedding it an electrically
insulating host material with µ = 1.

In order to arrive at a metamaterial with an sign-inverted effective Hall
coefficient, one can add such structures for each of the three axes. This
procedure results in the metamaterial unit cell shown in Figure 3.18. It
should be pointed out that the magnetic field is inverted only at every sec-
ond cross. Naively, one might think that the two opposing contributions
compensate each other and, hence, lead to a zero effective Hall coefficient.
However, the hoses not only invert but also concentrate the magnetic field
lines, which is why the effective Hall coefficient is sign-inverted. For the
parameters given in Figure 3.18, a numerical evaluation of Equation 3.45

yields A
∗(µ)
H = −7.5A0

H [14]. The effective permeability is calculated from
Equation 3.44, µ∗ = 3.14 · 10−3µ1 [14]. Isotropic effective properties follow
from the symmetry of the structure.

The second metamaterial is based on the structure shown in Figure 3.16

as well. A magnetic permeability distribution is used to concentrate the
magnetic field at the crosses, which leads to an increase in the effective
Hall coefficient and the effective mobility. Two cases are considered: First, a
high-permeability structure, which picks-up the field lines, and, second, a
zero-permeability structure, which forces the field lines into the voids. In
the second case, the bound on the effective mobility, derived in section 3.4, is
ultimately exceeded. Before introducing these permeability distributions, I
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Figure 3.18: (a) Illustration of a unit cell of a metamaterial with a sign-
inverted effective Hall coefficient. The sign-inversion is due to structures
with a high magnetic permeability that locally invert a component of the
magnetic field. Three of these structures, introduced in Figure 3.17, cor-
responding to the three axes, are shown. For clarity, these structures are
colored in green, red, and blue corresponding to the x-, y-, and z-axis, re-
spectively. The magneto-electric properties of the metamaterial are isotropic
by symmetry. A cutplane is indicated in grey. (b) Numerical calculation
of one of the components of the matrix-valued magnetic field, Hzz, for the
cutplane shown in (a). This component relates the z-component of the
microscopic magnetic field to the z-component of the macroscopic magnetic
field. At the crosses, Hzz turns negative (indicated by the red arrows). Pa-
rameters are, compare Figure 3.17, R = 15 µm, r1 = r2 = 2 µm, d = 0.2 µm,
α = 220◦, a = 86 µm, σ0

0 = 200 Sm−1, µ1 = 1000. Adapted from [14].

will revisit the effective properties of the purely electrical structure.
The effective zero magnetic field conductivity of this structure is deter-

mined by the relative area of one cylinder, σ∗0 = 2π (r1/a)2 σ0
0 , as long as

r1/a is small. This result is in excellent agreement with corresponding nu-
merical calculations (not depicted). The confinement of the current flow to
the cylinders leads to an enhancement of the effective Hall coefficient of
the structure as compared to A0

H, which is proportional to a/r1. The pro-
portionality constant is inferred from numerical calculations (not depicted),
which yield A

∗(0)
H ≈ 0.275 (a/r1) A0

H. Hence, the effective mobility, A
∗(0)
H σ∗0 ,

scales as r1/a. Upon reducing r1, it becomes smaller as the reduction in
conductivity overcompensates the increase in the effective Hall coefficient.
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Figure 3.19: Illustration of a unit cell of a metamaterial based on the structure
introduced in Figure 3.16, which is shown in grey. It employs a second
structure, shown in black, made from cylindrical rods with radius r2 and
high permeability, µ1 ≫ 1, to concentrate the magnetic field at the crosses.
This concentration leads to an increase in the effective Hall coefficient and
the effective mobility. However, it does not break the bound on the effective
mobility derived in section 3.4. Reproduced from [14].

A strategy of enhancing the effective mobility starts from the observation
that most of the magnetic field lines pass through the unit cell without
actually contributing to the effect. Ideally, one would like to confine the
magnetic field to the crosses. A straightforward way of doing so is to use
cylindrical rods made from a material with a high permeability as a magnetic
field concentrator. This structure enhances the corresponding component of
the magnetic field at each of the crosses. As a result, the local Hall voltage,
and therefore, the effective Hall coefficient increases. Similar strategies are
used to enhance the sensitivity of Hall effect based magnetic field sensors [4,
9]. The corresponding metamaterial unit cell is shown in Figure 3.19. Note
that there are small gaps between the two structures, which provide electrical
insulation. This insulation is necessary as high-permeability materials are
typically electric conductors.

While this strategy further enhances the effective Hall coefficient, a thor-
ough analysis shows that no combination of parameters yields an effective
mobility larger than the mobility of the constituent material of the electrical
structure, see [14], i.e., this structure does not yet break the bound on the
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effective Hall mobility, see [14]. However, for a specific choice of parameters
and by reducing r1, one can approach this value, i.e., A

∗(µ)
H σ∗0 → A0

Hσ0
0 . At

the same time, the effective Hall coefficient, A
∗(µ)
H , can be made arbitrarily

large. The key problem of this structure is that the high-permeability rods
leave gaps with a width of 2(r1 + d) for the electrical structure and the
corresponding insulation. The electrical structure has the same permeability
as the surrounding vacuum/air, which leads to a weaker confinement of the
field lines as one may expect.

One possibility to circumvent this problem, and eventually to break the
bound, is to use a material with zero magnetic permeability, µ1 = 0, i.e.,
a superconductor. A corresponding metamaterial unit cell is shown in
Figure 3.20. The electrical structure is shown in grey. The superconductor
is shown in blue. The voids have the same shape as the high permeability
material in Figure 3.19. Additionally, thin vacuum/air gaps are introduced
to insulate the superconductor from the rest of the structure.

As the magnetic field lines cannot penetrate into the superconductor, they
are forced into the voids. Hence, the corresponding enhancement in local
magnetic field can be estimated by considering the relative cross-sectional
area of the voids, (6π(r1/a)2 + 2(d/a))−1, for r2 = 2r1, r1/a ≪ 1, and
d/r1 ≪ 1, giving A

∗(µ)
H ≈ 0.069(3π(r/a)3 + 2dr1/a2)−1. The enhancement

can become large enough to break the bound on the effective mobility. How-
ever, breaking the bound requires quite extreme parameters. An effective
Hall mobility of A

∗(µ)
H σ∗0 = 3.85A0

Hσ0
0 , as calculated by a numerical evalu-

ation of Equation 3.45, which is in very good agreement with the simple
estimate given above, is obtained for r1 = 0.5 µm, r2 = 2r1, d = 0.01 µm,
and a = 86 µm [14]. It should be pointed out that I am still making the
assumption of weak magnetic fields. As this assumption has to hold at the
crosses, the corresponding macroscopic magnetic field has to be even weaker.

While a realization of such a metamaterial does not seem to be in reach, at
least on the microscale, it shows that, conceptually, magnetic permeability
distributions can lead to previously inaccessible effective parameters. In
contrast to conventional Hall metamaterials, which are the main subject of
this thesis, they not only allow for arbitrarily high effective Hall coefficients
but also for an enhancement of the effective Hall mobility.
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Figure 3.20: (a) Illustration of a unit cell of a metamaterial similar to the one
shown in Figure 3.19. Instead of a high permeability material, it employs
a superconducting structure, i.e., µ1 = 0, shown in blue, to concentrate
the magnetic field at the crosses, which are the regions of larger cofactor,
compare Figure 3.19, by forcing the magnetic field lines into the voids. For
a specific choice of parameters, the effective mobility of this metamaterial
can be larger than twice the largest value among the constituent materials,
breaking the bounds derived in section 3.4. The two structures are separated
by a thin gap, which is crucial to avoid short-circuits. (b) Top view of the
unit cell with a definition of the geometry parameters. Reproduced from
[14].
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4 Chapter 4

Methods

Light micrograph of a chainmail-inspired polymer unit-cell template during the 3D DLW process.

In this chapter, I will present the methods used in the fabrication of microscale Hall

metamaterials. I will start with a discussion of three-dimensional laser lithography,

which has been used to create electrically insulating three-dimensional polymer

templates. Thereafter, I will outline the fundamentals of atomic layer deposition.

Using this highly conformal deposition technique, the polymer templates were

coated with a thin semiconducting film. Together, these two techniques enable the

fabrication of highly complex three-dimensional Hall metamaterials. Furthermore, I

will briefly summarize the principles of electron-beam evaporation, which has been

used for the deposition of thin metal films forming Ohmic electrical contacts to the

semiconducting metamaterial.
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4.1 Three-dimensional laser lithography

Three-dimensional laser lithography, also called three-dimensional direct
laser writing (3D DLW), is a technique for the fabrication of almost arbitrarily
complex three-dimensional structures on the nano-, micro-, and mesoscale
[84, 85]. It is based on tightly focusing a pulsed laser beam via an objective
lens into a photoresist. Via multi-photon (typically two-photon) absorption,
the photoresist undergoes a chemical reaction in the focal volume (the voxel).
By moving the focus relatively to the sample, complex three-dimensional
structures can be created. In the case of a negative photoresist, the exposed
regions are, due to the chemical modification, rendered insoluble while the
rest of the resist dissolves in the developer. In the less common case of
a positive photoresist, the exposed volume is rendered soluble, while the
unexposed regions are not.

The method, which belongs to the class of 3D printing techniques, was
originally introduced in 1997 [86], seven years after two-photon absorption
had first been employed in laser fluorescence scanning microscopy [87].
In the meantime, it has found a wide range of applications. Prominent
examples include the fabrication of photonic crystals [88], micro-optics [89],
cell scaffolds [90, 91], and mechanical metamaterials [92].

In the scope of my thesis, I have used 3D DLW in the so-called dip-in
configuration for the fabrication of templates for metamaterial Hall-bar
structures on the microscale. Using a galvanometer mirror system, structures
were fabricated from a commercial photoresist in a layer-by-layer fashion.
Detailed fabrication parameters are given in chapter 5 and chapter 6.

In the following, I will introduce the fundamentals of 3D DLW followed by
a description of the setup used. Thereafter, I will discuss specific issues that
arise during layer-by-layer fabrication, which is typically used for structures
with medium and large feature sizes as compared to the size of a voxel.

Fundamentals

In the most common version of 3D DLW, one uses a negative photoresist
that is a liquid mixture of at least two components, a monomer (typically
an acrylate) and a photoinitiator. An example of a typical monomer is pen-
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taerythritol triacrylate (CAS 3524-68-3, commonly abbreviated as PETA). A
typical photoinitiator is Irgacure 369 (CAS 119313-12-1). In the simplest case,
the photoinitiator molecule is excited by the simultaneous absorption of two
photons. Following excitation, the molecules cleave and form radicals, which
subsequently trigger a radical polymerization reaction. The crosslinked poly-
mer withstands the developer, typically an organic solvent, while the liquid
monomer is washed away. Other systems, such as chemically amplified
resists [93], based on molecules generating acids upon illumination, can be
used as well. An example of such a resist used in 3D DLW is SU-8 [94].

As stated above, the photoinitiator is typically excited by the simultaneous
absorption of two photons. In two-photon absorption [95], the rate of photons
absorbed per molecule is proportional to the intensity squared. Hence,
pulsed lasers, which achieve high intensities by concentrating the energy
in the temporal domain are commonly employed for 3D DLW. Examples
include Ti:sapphire lasers with typical specifications of a pulse width of less
than 100 fs and a repetition rate of 80 MHz. Nevertheless, 3D DLW using
continuous wave (CW) lasers has been demonstrated as well [96].

The nonlinearity of the process is crucial for the fabrication of extended
three-dimensional structures. A simple example of such a structure is a
laterally extended thin sheet [96]. In order to create such a sheet, one would
move the focus through the photoresist in a corresponding way, which results
in a series of sequential exposures. In most cases, it can be assumed that
these sequential exposures add up linearly [97]. Furthermore, the laterally
integrated intensity of the laser beam is constant along the optical axis.
Hence, if the process is linear, all volume elements of the photoresist would
see the same exposure dose and a massive block of material rather than a
thin sheet would result [96].

The resolution of 3D DLW is, due to the wave-nature of light, limited
by diffraction. However, the term resolution requires some specification.
One needs to differentiate between the minimum width of a line and the
minimum distance between neighboring lines.

The complicated behavior of a photoresist can often be described by a
simple threshold model [97]. In this model, a region is polymerized and
withstands development if the exposure dose is higher than a certain thresh-
old value. By approaching this threshold, the linewidth can, in principle,
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become arbitrarily small [97]. In reality, where this threshold model falls
short, linewidths of about 100 nm can be achieved. On the contrary, the
minimum distance between neighboring lines is fundamentally limited as
long as doses of sequential exposures accumulate [97]. This problem is
especially pronounced in the axial direction, in which the confinement of the
intensity is weaker.

High resolution requires objectives with high numerical apertures (NA)
and favors the use of short wavelengths. For example, in [98], a wavelength of
400 nm rather than the typical near-IR wavelengths around 800 nm was used
for the fabrication of nonlinear three-dimensional photonic crystals. Using
techniques inspired by stimulation emission depletion (STED) microscopy
[99], it is possible to overcome the diffraction limit [97].

As mentioned above, three-dimensional structures are created by moving
the focus along a corresponding trajectory through the photoresist. Different
methods may be used to achieve this movement. Many systems feature
conventional three-axis piezo stages, which offer ultra-high precision and
repeatability but suffer from low writing speeds and small movement ranges.
The use of galvanometer mirror scanning systems, which are based on a
deflection of the beam and have been wide-spread in imaging applications for
decades, allows for much higher lateral writing speeds. Motorized stages are
often employed in combination with the aforementioned systems, typically
in order to increase the maximum lateral dimensions of the structures.

The strategy used for the discretization of an object into a corresponding
trajectory depends on its feature size. For structures with a feature size in
the order of the size of a voxel, the density of trajectory lines, which are often
complex and three-dimensional, is typically low. The shape of the voxel is
clearly visible in the final structure. Often, the total path length of the trajec-
tory is short and piezo stages are used. Examples include three-dimensional
chiral photonic crystals [100]. For objects that are large as compared to
the size of a voxel, usually a different approach, known from conventional
macroscopic 3D printing, is used. First, the object is decomposed into a set of
lateral layers or slices. Thereafter, each layer is filled with a dense set of lines.
Different methods of filling the layer may be used. Typically, it is rastered,
i.e., filled with parallel straight lines. Alternatively, it can be filled with lines
contouring to the shape of its outer boundary. Sometimes, a combination of
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these approaches is used. In specifying fabrication parameters, I will refer
to the distance between neighboring slices as the slicing distance, while the
distance between neighboring lines is referred to as the hatching distance.
Fabrication is performed line-by-line and layer-by-layer. In this layer-by-layer
approach, the high lateral writing speeds of galvanometer mirror scanners
can be fully exploited, while the axial movement can be comparably slow.

Figure 4.1: Schematic illustration of the two most common writing con-
figurations of 3D DLW. (a) Conventional configuration: The objective is
immersed in an index-matched transparent oil. The laser is focused through
a thin, transparent substrate into the photoresist. (b) Dip-in configuration:
The objective is directly immersed in a liquid photoresist. In order to obtain
high resolution, the resist has to be index-matched. The dip-in configuration
allows for structures taller than the working distance of the objective and,
furthermore, for opaque substrates. Adapted from [101].

Depending on the photoresist and the desired height of the structures,
different writing configurations are used. The two most often used configura-
tions are shown in Figure 4.1. In the conventional configuration, the objective
is immersed in an index-matched oil and the laser is focused through a
transparent thin substrate, usually a coverslip, into the photoresist. Hence,
the height of the structures is limited by the working distance of the objective
and the thickness of the substrate. Further limitations on the height of the
structures are imposed by abberations caused by the substrate, the polymer-
ized material, and, if the photoresist is not index-matched, the photoresist
itself. In the more recently introduced dip-in configuration [92], the objective
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is immersed in the photoresist itself. In this configuration, the height of
the structures is, in principle, unlimited. The sequential fabrication of two
closely spaced structures taller than the working distance, however, is still
impossible. A further advantage is that the substrate may be opaque. The
dip-in configuration requires the photoresist to be liquid and index-matched.
Furthermore, cleaning of the objective from the resist has to be possible.

Solid photoresists, which include all positive photoresists, are not com-
patible with the dip-in configuration and, therefore, not suitable for the
fabrication of tall structures. Solid resists are sometimes desired as they
facilitate the fabrication of structures that are not attached to the substrate or
other parts of the structure.

Nanoscribe setup

Figure 4.2: Schematic illustration of the Photonic Professional GT (Nano-
scribe GmbH) 3D DLW sytem. Image courtesy of Nanoscribe GmbH.

For the fabrication of the structures presented in this thesis, a commercial
setup was used (Photonic Professional GT, Nanoscribe GmbH). The system
is schematically shown in Figure 4.2. It is based on an inverted microscope
and employs a femtosecond pulsed frequency-doubled erbium-doped fiber
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laser with a wavelength of 780 nm. The laser power can be controlled via an
acousto-optic modulator (AOM) and is typically in the order of 10-40 mW.
The system features a three-axis piezo stage with a writing range of 300 µm
along all three axes that allows for writing speeds in the order of 100 µm s−1.
Lateral writing speeds as high as 15 cm s−1 can be achieved by deflecting
the beam using a galvanometer mirror scanning system. Its scanning field
depends on the objective used. For the 25× NA 0.8 objective that I have used,
it has a diameter of up to 600 µm. Larger structures can be decomposed
into smaller parts and fabricated stepwise. In this case, several writing
fields are stitched together using a motorized stage. A so-called interface
finder facilitates the determination of the position of the interface between
the substrate and the photoresist. Furthermore, the writing process can be
monitored via a camera.

Fabrication challenges

In 3D DLW, deviations from the intended design can have numerous causes
including poor discretization, finite voxel size [102], and proximity effects
[103]. In the following, I will focus on specific problems that arise during
layer-by-layer fabrication of structures that protrude downwards or horizon-
tally. As described above, this method is typically chosen for the fabrication
of structures with feature sizes that are large as compared to the size of a
voxel.

Many of such structures have features protruding downwards, i.e., towards
the substrate. If the fabrication is performed in a layer-by-layer fashion,
these features will, at certain times during the writing process, not have
a mechanical connection to the rest of the structure, which is typically
anchored to the substrate, which means that they are free to move in the
usually liquid photoresist. Such movement can cause significant deviations
from the intended design.

In some cases, but not in general, it is possible to alleviate this problem by
adopting a certain writing strategy or by choosing a specific orientation of the
structure. In conventional 3D printing, one uses sacrificial materials, which
provide mechanical support during fabrication and can be readily removed
afterwards. This removal is either performed mechanically or with the aid
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of chemicals. For 3D DLW, such sacrificial materials have been developed
recently [104]. Due to the typical length scales involved, mechanical removal
of the sacrificial structures is not feasible. Rather, chemical bond cleavage
was employed [104].

For negative values of the distance parameter, d, this problem occurs, in
principle, during fabrication of the chainmail-like metamaterial structures,
see section 5.3. It is, however, not pronounced as the mechanical connection
to the rest of the structure is made within seconds and can, therefore, be
neglected.

Another issue is encountered for cantilever-like, i.e., horizontally protrud-
ing, structures. Such structures tend to warp, i.e., they are often distorted and
bent upwards. The effect, which at least partially occurs during the writing
process already, is assumed to be related to stresses within the structure.
As a rule of thumb, structures protruding by more than 50 µm will show
pronounced signs of warping.

Figure 4.3: Scanning electron micrographs of cantilever-like polymer mi-
crostructures with a nominally semi-circular cross section fabricated via
3D DLW. Fabrication was performed in a layer-by-layer fashion from a
commercial photoresist (IP-S, Nanoscribe GmbH) using a 25× NA 0.8 ob-
jective. The structures resemble the side-contacts of metamaterial Hall bars,
see section 5.1. (a) Cantilever fabricated in a single step. The structure is
heavily deformed. (b) Cantilever fabricated in a sequential fashion from
shorter overlapping segments. The realized structure shows the intended
semi-circular profile.
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The problem of warping is known from conventional 3D printing tech-
niques, such as stereolithography (SLA) [105] and fused deposition modeling
(FDM) [106]. In FDM, warping occurs due to thermal shrinkage during cool-
ing of the liquefied filament [106].

Warping affects the fabrication of the side-contacts of the polymer meta-
material Hall bar templates that is described in section 5.1. Scanning electron
micrographs of cantilevers resembling these side-contacts are shown in
Fig 4.3. The cantilevers are nominally identical and protrude by 200 µm. In
the design, they have a semi-circular cross section. The cantilever shown
in Fig 4.3(a) was fabricated in a single step. It is heavily distorted and bent
upwards. Its profile strongly deviates from the intended semi-circular shape.
A simple yet effective remedy is a step-wise fabrication strategy. A scanning
electron micrograph of a corresponding structure is shown in Figure 4.3(b).
In each step, only a short segment, protruding by a few ten microns, is
written. The final structure, which closely resembles the intended shape, is
composed of several such sequentially-written overlapping segments. Sacri-
ficial support structures, as discussed above, offer an alternative approach of
tackling the problem, compare [104].
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4.2 Atomic layer deposition

Atomic layer deposition (ALD) is a method for the conformal deposition of
thin films with excellent homogeneity and thickness control at the atomic
level. The films are deposited from gas phase, typically in vacuum. Two
chemicals, so-called precursors, react sequentially with the surface of a
sample in a self-terminating manner, which leads to an almost perfectly
conformal coating, even in the case of very high aspect-ratio structures such
as deep holes or trenches. This conformal nature of the deposition process is
schematically illustrated in Figure 4.4.

The technology was invented independently in the Soviet Union and
Finland in the 1960s and 1970s, respectively [107]. While it was a niche
technology in the years following its invention, ALD related research has
seen a tremendous growth over the past three decades [107, 108] and it has
found use in the industrial fabrication of semiconductor devices [109]. For
example, it can be used in the fabrication of trench capacitors for dynamic
random access memory (DRAM) [110, 111], which feature very large depth-
to-width ratios. The ongoing miniaturization almost inevitably leads to
such high-aspect ratio structures as well as to the need for excellent control
over the deposition of very thin high-quality films [111–113]. Aside from
the use of ALD in the semiconductor industry, other applications, such as
the fabrication of solid oxide fuel cells [114, 115] or the fabrication of gas
diffusion barriers [116, 117] exist as well.

For my purposes, two aspects were decisive. First, complex three-di-
mensional polymer templates fabricated by 3D DLW can be coated with a
conformal, homogeneous thin film with a well-defined thickness. ALD has
been previously used for this purpose. Examples include the fabrication
of lightweight hollow ceramic nanostructures [118] and the fabrication of
woodpiles with complete photonic bandgaps in the visible based on a so-
phisticated double inversion process [119]. Second, a suitable electrically
conducting material, namely zinc oxide (ZnO), is available. The combination
of these two technologies, 3D DLW and ALD, allows for the fabrication of of
Hall metamaterials on the microscale.
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Figure 4.4: Schematic illustration of conformal (left) versus directional (right)
deposition. An ideally conformal process coats all surfaces of a structure
independently of their orientation with a layer of constant thickness. An
example of an almost ideally conformal process is ALD. On the contrary,
physical vapor deposition techniques, such as electron-beam physical vapor
deposition, are typically directional, coating only the parts within line-of-
sight.

In the following, I will briefly describe the deposition of ZnO by ALD as
well as the ALD reactor used in this thesis. Detailed discussions of ALD
in general [108, 113] and ALD of ZnO in particular [122] can be found
elsewhere. The deposition of ZnO from diethylzinc (DEZn) and water is
based on the following exothermic reaction [113]:

Zn(CH2CH3)2 + H2O −−→ ZnO + 2 C2H6, ∆H = −293 kJ. (4.1)

The key idea of ALD is that the two precursors are not present simulta-
neously in the reactor chamber but only one at a time. As stated above,
this results in sequential gas-surface reactions (described in detail below).
Due to the pronounced exothermic nature of these reactions, they can be
performed without employing additional means such as plasma- or radical-
assistance [113]. The remaining aid is the temperature of the sample and
reactor chamber, which is usually chosen within a specific temperature range.
Consequently, the process is referred to as a thermal ALD process.

This deposition of ZnO from DEZn and water is an important example
of thermal ALD using metal organic chemistry. Another example is the
deposition of Al2O3 from trimethylaluminum (TMAl) and water, see, e.g.,
[123], which can be considered to be the prime example of ALD in general.
Other types of reactions, e.g., fluorosilane elimination chemistry for the
deposition of metals, have been employed as well, see, e.g., [113].
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Figure 4.5: Simplified schematic of the ALD system used in this thesis. The
samples are placed in a heated reactor chamber which has a carrier gas
inlet and an oulet which is connected to a vacuum scroll pump. A constant
viscous Ar gas flow through the chamber is maintained and controlled
using a mass flow controller (MFC). Precursor cylinders are connected to
the carrier gas line via dedicated electrically controlled valves. An additional
valve, the stop valve, is used for venting the chamber and for alternative
growth schemes, see [120]. The pressure is monitored using a Pirani gauge.
Adapted from [121].

The commercial ALD reactor used in this thesis (Savannah 100, Cambridge
Nanotech Inc., now Ultratech Inc.) is schematically shown in Figure 4.5. The
reactor features a heated reactor chamber which is connected to a vacuum
pump. It is a so-called viscous-flow reactor, i.e., a constant viscous carrier
gas flow through the chamber to the pump is maintained throughout the
deposition process. The cylinders containing the precursors are connected to
a carrier gas line upstream of the reactor chamber and the precursors can be
pulsed into the carrier gas stream using dedicated valves. The carrier gas
entrains the precursor molecules and carries them to and through the reactor
chamber acting simultaneously as a purge gas for removing excess precursor
molecules. The pressure in the reactor chamber is around 1 Torr ≈ 1.3 mbar.
Depending on the process, the temperature of the reactor chamber is typically
between 80 ◦C and 250 ◦C. In order to avoid condensation of the precursors,
certain other parts of the reactor are heated as well. It should be noted that
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many other reactor designs have been developed and are currently used, see,
e.g., [113]. Some of these often industry-driven designs enable much shorter
deposition times and lead to better cost-efficiency.

Figure 4.6: Simplified and idealized schematical illustration of a single ALD
cycle for the growth of ZnO from DEZn and water. A cycle consists of two
half-cycles. In the first half-cycle, DEZn is introduced into the chamber and
reacts with the hydroxyl-terminated surface. In the second half-cycle, H2O
reacts with the surface. In both half-cycles, excess precursor molecules are
removed from the chamber in the purge step due to the carrier gas flow.
Adapted from [120, 124].

The deposition of films via ALD is based on a typically large number
of repetitions of a single ALD cycle. Such an ALD cycle consists of two
half-cycles, each corresponding to the reaction of one of the precursors with
the sample surface. The layer deposited in a single ALD cycle is usually less
than a monolayer [113]. In the case of ZnO from DEZn and water, the growth
per cycle (GPC), which depends on a number of factors including the reactor
design, is typically between 1.8 Å and 2.0 Å, and close to the ideal interplanar
distance, which lies, depending on the orientation, between 2.48 Å and 2.82 Å
[122, 125]. The GPC is often almost constant over a wide temperature range,
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which is referred to as the ALD window1. Nevertheless, even in the ALD
window, other properties depend heavily on temperature (see below). The
ALD window for ZnO from DEZn and water is ∼ 100-170 ◦C [126]. However,
successful deposition at temperatures as low as room temperature [127] and
above 300 ◦C [122] has been reported. In the following, I will give a detailed
step-by-step description of the ALD process for the deposition of ZnO as
described in [126]. A corresponding illustration of a single ALD cycle is
shown in Figure 4.6.

1. The samples are placed in the heated reactor chamber. A constant Ar
gas flow of 20 sccm is set and controlled. The surface is assumed to
be terminated by hydroxyl groups. This is not always the case. For
example, the growth initiation on polymeric substrates can be very
complex (see below).

2. DEZn is introduced into the reactor chamber by opening the corre-
sponding valve for a short time (15 ms). The DEZn molecules react
with the hydroxyl groups mainly via ligand exchange, i.e., they are
chemisorbed, forming surface – O – Zn – C2H5 groups. The reaction ter-
minates as soon as there are no hydroxyl groups left on the surface, i.e.,
the reaction is self-terminating.

3. Due to the Ar gas flow, excess DEZn molecules are removed from the
reactor chamber. At 150 ◦C and 200 ◦C the purge time is 20 s and 10 s,
respectively.

4. H2O is introduced into the reactor chamber by opening the correspond-
ing valve for 15 ms and reacts with the surface in a self-terminating
way forming surface – O – Zn – OH groups. Following the reaction, the
film is again terminated by hydroxyl groups.

5. Due to the Ar gas flow, excess H2O molecules are removed from the
reactor chamber. The purge time is the same as in step 3.

6. The ALD cycle, i.e., steps 2 to 5, is repeated for a specified number of
times.

1 Alternatively and in a more general sense, the ALD window is often defined as the range
over which the reactions are self-terminating [123].
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The process as described above is idealized. Saturation of the half-reactions
is not only due to the limited number of reactive sites but steric hindrance
can play a role as well [123]. Besides ligand exchange, chemisorption can
take place via dissociation and association [123]. Furthermore, purge times
are determined by the desorption of the precursors from the reactor surfaces,
which leads to their aforementioned temperature dependence [113].

Properties of ALD deposited ZnO

In the following, I will briefly review the properties of ZnO with an emphasis
on the properties of films deposited via ALD. Exhaustive discussions of the
properties of ZnO can be found in the literature [128, 129].

ZnO is a II-VI semiconductor with a direct wide bandgap of 3.4 eV [130]
that is transparent throughout the visible regime of electromagnetic radiation
[131]. It crystallizes in the wurtzite, zincblende, and rocksalt structure,
with the wurtzite structure being stable at ambient conditions [128]. Films
deposited via ALD are usually polycrystalline and have wurtzite structure.
The preferential orientation of the grains depends on the process parameters,
especially temperature, and the substrate [122, 132]. Additional control over
the orientation was obtained by using intermediate Al2O3 layers [133, 134].
Epitaxial growth via ALD, though less common, is possible as well and
has usually been performed using Sapphire substrates [122]. Notably, the
crystal structure lacks a center of inversion, which is a prerequisite for the
piezoelectricity of ZnO as well as for second harmonic generation (SHG),
compare section 2.2.

ZnO usually shows a strong intrinsic n-type conductivity, the origin of
which is being controversial. In the past, it has been attributed to oxygen-
vacancies and zinc-interstitials. More recent computational work has shown
that this explanation is unlikely and that the intrinsic conductivity is rather
due to unintentional doping, with hydrogen being a prime candidate [135,
136].

Additional n-type doping can be achieved using, e.g., group III elements
[128]. An important example is aluminum doped zinc oxide (Al:ZnO or
AZO), which is an alternative to other transparent conducting oxides (TCOs)
such as the widely-used indium tin oxide (ITO). ALD of Al:ZnO is well
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established [122, 137]. An important application of Al:ZnO is its use in
copper indium gallium selenide (CIGS) thin-film solar cells [138]. There,
bilayers of Al:ZnO and ZnO are used as transparent front contacts, with
the ZnO layer preventing diffusion of Al into the absorber. These layers are,
however, usually not deposited via ALD [139]. Al:ZnO has been considered
as an alternative to ZnO for the realization of Hall metamaterials. However,
it was not used as its electrical properties are not more suitable than those of
ZnO.

In contrast to n-type doping, p-type doping, especially reliable and high
p-type doping, is hard to achieve, both for ALD deposited ZnO as well as
for ZnO in general [128, 131, 140]. However, p-type conductivity has been
reported [122], e.g., for ALD films deposited from DEZn and ammonia water
[126].

For ZnO, one can assume that the Hall scattering factor is unity [128].
Consequently, Hall mobility and drift mobility are identical. In experi-
ments, usually the Hall mobility is measured. For bulk crystalline ZnO,
experimental values as high as ∼ 200 cm2 V−1 s−1 at room temperature have
been reported [128, 141, 142]. At lower temperatures, the mobility reaches
2000 cm2 V−1 s−1 at 50 K [141].

The electrical properties of ALD deposited ZnO films can be tuned by
varying the deposition parameters, especially temperature. Figure 4.7 shows
the charge-carrier concentration and Hall mobility for such films versus
temperature as reported in the literature and determined in my experiments.
All of the measurements correspond to films deposited from DEZn and
water using a Savannah 100 ALD reactor (Cambridge Nanotech Inc., now
Ultratech Inc.). Results for two own types of samples, corresponding to
reference samples for the probe station based experiments, see chapter 5,
and the integrated Hall-bar devices, see chapter 6, are shown. In both cases,
the film was grown on a glass substrate. Measurements were carried out in
van-der-Pauw geometry on square shaped samples. In order to determine
the charge-carrier density (and the Hall coefficient) of a film, one needs
to know its thickness. I have determined the thicknesses of the ZnO films
using a commercially available ellipsometry system (VASE, J.A. Woollam
Co.). Ellipsometry is based on measuring the complex reflectance ratio of
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Figure 4.7: Experimentally determined charge carrier density (left) and
Hall mobility (right) for ZnO thin films deposited via ALD from DEZn
and water using a Savannah 100 ALD reactor. The circles correspond
to values reported in the literature, the different colors denoting three
different publications [126, 143, 144], while the black squares correspond
to my own measurements. Two own results corresponding to two types
of reference samples are shown. In both cases, 1000 ALD cycles were
deposited. The film thicknesses were determined by ellipsometry on Si
substrates. Reference samples for the anisotropic structures that were
investigated in the probe-station based experiments were grown at 150 ◦C
on glass substrates, compare section 5.4. The corresponding thickness of
the ZnO layer is 0.185 µm. Reference samples for the integrated Hall-bar
devices were grown at 200 ◦C on glass substrates with a thin Al2O3 base
layer, compare section 6.3. The corresponding thickness of the ZnO layer is
0.17 µm.

a sample. Measurements were carried out on films grown on Si substrates.
In order to determine the properties of the sample, ellipsometry requires
corresponding material models. For ZnO, a Cauchy model was used for the
spectral range in which it is transparent.

Note that, assuming a magnetic field of 1 T, the values of the mobility
obtained for the thin ZnO films lead to λb ≈ 2 · 10−3 ≪ 1. Furthermore,
using an effective mass of 0.27me, where me is the mass of an electron, and a
charge-carrier velocity of 105 m s−1, one obtains a mean free path of ∼ 15 nm.
This value is smaller than the film thickness and, therefore, much smaller
than the unit cell of the Hall metamaterials that I will study in the following
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chapters. Hence, a classical treatment assuming weak magnetic fields on the
basis of the continuity equation is justified.

Atomic layer deposition on polymers

ALD film growth on polymers can be quite different from growth on inor-
ganic substrates, such as glass or Si (usually with a native layer of SiO2).
The main differences is the initiation of film growth. In general, two cases
are distinguished: First, polymers featuring surface functional groups that
can directly react with the metal precursor (such as hydroxyl groups) and,
second, inert polymers which lack these functional groups [117]. As in the
case of inorganic substrates, the most often studied system is the growth of
Al2O3 from TMAl and water [145].

On polymers with a high density of reactive surface functional groups,
regular growth (implying a GPC very similar to those measured for inorganic
substrates) is obtained after very few deposition cycles as the metal precursor
directly reacts with the polymer surface [117]. A sharp transition between
the polymer and the ALD film results. All ALD layers that I have grown on
three-dimensional microstructures fabricated by 3D DLW show such a sharp
transition. A scanning electron micrograph of a corresponding ZnO ALD
film grown from DEZn and water on a layer of polymerized IP-S is shown
in Figure 4.8.

In the case of inert polymers, the metal precursor will often diffuse into
the polymer beneath the polymer surface. A corresponding example is the
growth of Al2O3 from TMAl on polypropylene (PP) [145–147]. The authors
found that the uptake of precursor molecules by the polymer as well as
its ability to retain the precursor depends on various factors including the
porosity of the polymer and the solubility of the precursor. They have mon-
itored these processes experimentally using a quartz crystal microbalance
(QCM) sensor [145]. During subsequent exposure with water, the trapped
metal precursor reacts and form subsurface clusters, which at some point,
coalesce. Eventually, they form a connected layer and almost regular growth
will commence. Pronounced diffusion led to rough surfaces of the resulting
films and graded transitions between the polymer and the ALD film [147].
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Figure 4.8: Scanning electron micrograph of an edge of a ZnO film deposited
on polymerized IP-S. The film was grown from DEZn and water at a
temperature of 150 ◦C. In total, 1000 cycles were deposited. Ellipsometry
measurements on films grown on Si reference substrates yield a thickness
of 185 nm. A sharp transition between the polymer and the film can be seen.
The polycrystalline nature of the film is clearly visible.

Yet different growth arises from polymer backbones which enable other
reaction mechanisms [117]. An example is the deposition of Al2O3 from
TMAl on Polymethylmethacrylate (PMMA) films. In this case, it is assumed
that the carbonyl groups in the PMMA backbone, which are Lewis bases,
react with the TMAl molecules, which are Lewis acids, which leads to a
complex reaction pathway [147].

Depending on the material and process parameters, the growth on certain
polymers can also be inhibited, which can be used to selectively deposit ALD
films by patterning the polymer layer using, e.g., electron-beam lithography
(see [148] for a review including other approaches for selective deposition).
For this purpose, the precursors should not react with the polymer nor
should there be a sub-surface growth based on trapped precursor molecules
as in the case of Al2O3 on PP fibers mentioned above. Examples include the
selective deposition of TiO2 [149] and Ir, Pt, Ru, and TiO2 [150] on patterned
PMMA.

In principle, selective ALD of ZnO could be used for avoiding short-circuits
in the fabrication of metamaterial Hall-bar devices, see chapter 6. However,
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(polymer) mask layers often delay the growth rather than preventing it
completely. In the case of ZnO on PMMA, at low temperatures, a growth
delay of several hundred cycles with subsequent uniform growth has been
reported [127]. Obtaining a reliable passivation for thick layers without
affecting film growth in the vicinity of the masking layer is very challenging
and my own corresponding efforts have not been successful. Consequently,
for contacting the Hall bars in a permanent fashion, a different approach
based on transferring the Hall bar from a substrate to a printed circuit board
after ALD has been chosen, see section 6.1.

In the future, it might be possible to deposit ALD films selectively on
certain parts of three-dimensional polymer microstructures, for example, in
order to locally tune their mechanical properties. A potential realization
might be based on two resists, only one of which inhibiting the growth of
layers via ALD. Alternatively, passivating one of the resists via a functional-
ization, potentially based on thiol-ene click chemistry [151], might be viable
as well.
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4.3 Electron-beam physical vapor deposition

Electron-beam physical vapor deposition (EB-PVD), also called electron-
beam evaporation, is a well-established method for the directional deposition
of thin films [152–154]. The process is based on the evaporation of a target
material using a high-energy electron beam.

Deposition is usually performed under high or ultra-high vacuum condi-
tions. The electron source is typically a tungsten filament. A high voltage is
used to accelerate the electrons. Often, the electron source is placed below
the target, implying that the electron beam needs to be deflected, which is
achieved using a strong magnetic field. Additional electric fields are used
to precisely control and modulate the position of spot of the electron beam
on the target. As the electron beam hits the target, the material is heated
and evaporates coating everything within line-of-sight. Due to the high or
even ultra-high vacuum conditions, almost no collisions with remaining gas
molecules occur and the vaporized material travels in straight lines. This
highly directional behavior, which is illustrated in Figure 4.4, is in sharp
contrast to the conformal behavior of ALD and implies that structures cast a
shadow, which vastly facilitates lift-off processes. Furthermore, it enables a
number of more specific applications, for example, the fabrication of Joseph-
son junctions using suspended masks and a series of depositions at different
angles of incidence [155]. In other cases, this property can be undesired.

I have used EB-PVD to make Ohmic contacts to metamaterial Hall bar
structures via the deposition of titanium/gold bilayers, see section 5.1. Using
the fact that the technique is highly directional, the bilayers are deposited on
specific parts of the structure only, i.e., on the areas that serve as contacts.

It is well known that Ohmic contacts on ZnO can be obtained with non-
alloyed bilayers of titanium and gold with titanium forming the actual
contact and gold acting as a protective layer [143, 156, 157]. Without this
protective layer, the titanium surface would oxidize quickly. For the same
reason, venting in between the depositions of titanium and gold, thereby
exposing the titanium surface to the atmosphere, has to be avoided. Titanium
has the convenient property of adhering well to many substrates.

Other methods for the directional deposition of thin films, such as thermal
evaporation [153], exist as well. EB-PVD was chosen as it is excellently suited
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for the deposition of titanium and gold [158]. In the case of gold, ejection of
small liquid droplets, so-called spitting, can occur. This undesired effect is,
however, not of concern in my case.

In this thesis, I have used a custom-built EB-PVD setup based on a commer-
cially available rotary evaporation source (e-vap 4000 UHV, MDC Vacuum
Products, LLC). Deposition was carried out at pressures below 5 · 10−7 mbar,
as measured right before the deposition, using an acceleration voltage of
8 kV. The deposition rate of about 1 Å s−1 was monitored using two quartz
crystal sensors.
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5 Chapter 5

Probe-station based

experiments

Light micrograph of a metamaterial Hall bar in the measurement setup.

In this chapter, I will present experimental results on the fabrication and charac-

terization of microscale Hall metamaterials. Fabrication of the structures is based

on three-dimensional laser lithography and atomic-layer deposition. Characteriza-

tion was performed using a dedicated magneto-electric probe station. Two different

metamaterial designs were studied. First, the sign-inversion of the effective Hall

coefficient in chainmail-like metamaterials was confirmed experimentally. Second,

anisotropic structures were studied, which led to the experimental observation of the

parallel Hall effect.
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5.1 Fabrication

In chapter 3, I have introduced a variety of single-constituent porous Hall
metamaterials. For two of those metamaterials, I will in the following discuss
the fabrication of corresponding microscale metamaterial Hall-bar structures.
The measurement setup used for the characterization of these metamaterial
structures and the experimental results are described in subsequent sections.

The first structure is the chainmail-inspired metamaterial exhibiting a
sign-inversion of the effective Hall coefficient. The second structure is the
anisotropic metamaterial that allows to control the orientation of the macro-
scopic Hall electric field in the plane perpendicular to the direction of current
flow. This second metamaterial, furthermore, exhibits the parallel Hall effect.
The following summary is based on two of my previous publications, on the
sign-inversion of the effective Hall coefficient [73] and the parallel Hall effect
[82].

Fabrication of the metamaterial Hall bars is performed in a multi-step
process, which is identical for both structures. The corresponding methods
have been described in chapter 4. Fabrication starts with 3D DLW of electri-
cally insulating metamaterial polymer templates on glass substrates. These
templates are subsequently conformally coated with a thin film of n-type
ZnO using ALD. In order to obtain Ohmic contacts to the structures, they
are coated with a bilayer of Ti and Au.

For both structures, the unit cell size is in the order of 100 µm. The overall
length of the Hall bars is in the order of 1-2 mm. As already pointed out, the
effects considered in this thesis are stationary. Hence, there is no restriction
on the size of the unit cell as long as the samples are composed of a large
number of unit cells. Therefore, the unit cells might be much larger.

However, several reasons speak against an experimental realization of
much larger unit cells. First, for a given current flow, the Hall voltage
scales inversely with sample thickness. Hence, upon reducing all Hall-bar
dimensions simultaneously, the current-related sensitivity, compare sec-
tion 2.1, increases. Second, fabrication of such complex three-dimensional
semiconductor structures on a larger length scale is not necessarily much
simpler. Furthermore, in order to measure the effect, one would need a
strong magnetic field that is homogeneous over a large volume. Third, po-
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tential applications, compare section 3.3, require the Hall bar to be small.

In the following, I will go through the fabrication step-by-step:

1. ITO-coated glass substrates are pretreated in order to promote adhesion
of the polymer microstructures. Following an air plasma treatment
for 20 min in order to activate the surface, the substrates are immersed
in a 1 mM solution of 3-(trimethoxysilyl)propyl methacrylate (CAS
2530-85-0) in toluene. Subsequently, they are briefly immersed in water
and dried using a nitrogen spray gun.

2. Using 3D DLW, electrically insulating metamaterial Hall-bar templates
are fabricated on the glass substrates. The ITO layer on the substrates
aids in the determination of the position of the interface between the
photoresist and the substrate by providing a refractive-index contrast.
The Hall bars are fabricated in upright orientation. Other orienta-
tions may lead to short-circuits, as not only the template but also the
substrate is coated with an electrically conductive layer during the sub-
sequent ALD step. Furthermore, side-arms, which aid as contacts for
the measurement of the Hall voltage, and a roof-like structure, which
casts a shadow during the subsequent EB-PVD step, are added. The
side-arms have a notch, which facilitates contacting. In order to avoid
warping, compare section 4.1, the side-arms and the roof-like structure
are fabricated in a segment-wise way. A commercial photoresist, IP-S
(Nanoscribe GmbH), and a 25× NA 0.8 objective (LCI Plan-Neofluar
Imm Corr DIC M27, Carl Zeiss Microscopy GmbH) are used. The
discretization of the structure is performed using a slicing distance of
0.5 µm and a hatching distance of 0.2 µm.

3. In order to wash away the remaining liquid photoresist, the samples
are immersed in the developer, mr-Dev 600 (based on 1-methoxy-2-
propanyl acetate/PGMEA, micro resist technology GmbH), for 20 min,
followed by short immersions in acetone, isopropyl alcohol, and water.

4. Using ALD, the templates are conformally coated with a thin film of
ZnO. Deposition of 1000 cycles is carried out at a temperature of 150 ◦C
using DEZn and water as precursors. The ZnO film has a thickness
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of 185 nm, as determined by ellipsometry measurements on reference
films grown on Si substrates.

5. Using EB-PVD, the sample is coated with a bilayer of Ti and Au with
thicknesses of 30 nm and 100 nm, respectively. As pointed out in sec-
tion 4.3, EB-PVD is a directional deposition technique, which implies
that structures cast a shadow. The roof-like structure on the top pre-
vents the actual metamaterial from being coated. The metal film is only
deposited on the parts which serve as contacts. These parts are the
substrate and the top of the structure, for imposing the current flow,
and the two side-arms, for measuring the Hall voltage.
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5.2 Measurement setup

Figure 5.1: Photograph of the probe-station based measurement setup (front
view). The sample is placed on a sample holder and contacted using four
probe tips. The permanent magnet, which is used to impose the magnetic
field, is in its lower position. The sample is observed from the front and the
back using digital microscopes, and from the top using a stereo microscope.

Measurements are performed using a custom-built magneto-electric probe
station. Front and top views of the measurement setup are shown in Fig-
ure 5.1 and Figure 5.2, respectively. The sample is fixated on a dedicated
sample holder. A source-measurement unit (B2901A, Keysight Technologies
Inc.) is used for imposing electric currents and measuring voltages. Electrical
contact to the structure is made via four tungsten probe tips with a tip
diameter of 20 µm (SE-20TB, Lucas Signatone Corp.) and corresponding
probe tip holders (U-E, Lucas Signatone Corp.). The position of the probe
tips is controlled using four manual three-axis stages (each based on three
linear stages, M-UMR5.16, Newport Corp.). Each of the probe tips can be
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tilted using a rotation stage (MSRP01/M, Thorlabs). The sample is observed
from the front and the back via two digital optical microscopes using long
working-distance objectives (CF 3x and CF 2x, Mitutoyo Corp.). Furthermore,
it is observed from the top using a stereo microscope (MZ12.5, Leica GmbH).
During contacting, the resistance is monitored, which indicates whether
contact has been made. A custom-built computer-controlled switch system
allows to realize any possible connection between the source-measurement
unit and the probe tips. This system enables a fast and simple character-
ization of the contacts by measuring the I-V curves for each combination
of contacts. The actual Hall measurements are performed by imposing a
current flow (between the bottom/substrate and top contact) and a magnetic
field, and measuring the corresponding transversal voltage (between the side
contacts).

Figure 5.2: Photograph of the probe-station based measurement setup (top
view).

The magnetic field is imposed using a permanent magnet. Using a stepper
motor (QSH 4218-049, TRINAMIC Motion Control GmbH & Co. KG),
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the magnet can be moved vertically. In the upper magnet position, the
samples are subject to a homogeneous magnetic field of ±0.83 T as measured
using a commercial Hall sensor (HGT-2010, Lake Shore Cryotronics, Inc.).
In the lower magnet position, the sample can be observed via the digital
microscopes. The residual magnetic flux density at the sample location is
±0.3 T.

As discussed in section 2.1, the experimentally measured transversal volt-
age is the sum of the Hall voltage and a magnetic-field independent offset
voltage. This offset voltage originates from imperfections and asymmetries
of the sample. In order to extract the Hall voltage, the magnetic field is in-
verted during the measurement. This sign-change is achieved by employing
a second stepper motor (QSH 4218-035, TRINAMIC Motion Control GmbH
& Co. KG), which allows for a 180◦ rotation of the magnet about the x-axis.
In order to rotate the permanent magnet, it has to be moved to its lower
position. Otherwise, the magnet would collide with the probe tips and the
sample fixture during rotation. In principle, an electro-magnet could have
been employed as well. However, most systems based on electro-magnets do
not offer suitable optical access to the sample, which is necessary for making
the contacts.

A personal computer is used to control the source-measurement unit,
switch system, and stepper motors. For the stepper motors, two commercial
driver modules (TMCM-1110, “StepRocker”, TRINAMIC Motion Control
GmbH & Co. KG) are employed. A dedicated software serves for data
acquisition and subsequent data processing.
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5.3 Sign-inversion of the effective Hall coefficient

Figure 5.3: (a) Schematic illustration of a unit cell of the hollow version of the
chainmail-inspired metamaterial exhibiting a sign-inversion of the effective
Hall coefficient, compare section 3.2. (b) Scanning electron micrograph
of corresponding polymer unit-cell templates fabricated via 3D DLW on
a glass substrate. The structures correspond to different values of the
distance parameter, d, which leads to different values of the lattice constant,
a = 4R + 2d. The distance parameter increases from the bottom-right
(d = −22 µm) to the top-left (d = 4 µm). Other parameters are R = 36 µm
and r = 6 µm. Adapted from [73, 159].

In the following, I will discuss my experimental results on the sign-
inversion of the effective Hall coefficient in chainmail-inspired metamaterials.
The structure consists of interlinked tori that are connected by small cylin-
der segments. Theoretical aspects have been discussed in section 3.2. An
intuitive explanation for the sign-inversion was given there as well. The
sign-inversion is theoretically expected for negative values of the distance
parameter, d, with large modulus. As pointed out previously, the fabrication
process leads to a structure that is hollow in an electrical sense. A unit cell of
this hollow version of the metamaterial is shown in Figure 5.3(a). Fabrication
of the corresponding metamaterial Hall bars was performed as described
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Figure 5.4: (a) Scanning electron micrograph of a chainmail-inspired meta-
material Hall bar after 3D DLW, ALD, and EB-PVD. The micrograph has
been colored for clarity. The Hall bar is composed of 11× 5× 1 unit cells.
The shadow cast during the EB-PVD step by the roof-like structure and
the side arms is clearly visible on the substrate. The distance parameter
is d = −22 µm. The other parameters are R = 36 µm and r = 6 µm. (b)
Light micrograph of a metamaterial Hall bar in the probe-station setup. The
magnetic field direction is schematically indicated. The four tungsten probe
tips are clearly visible. The probe tip that is used to contact the substrate is
out of focus. Adapted from [73].

in section 5.1. The Hall-bars are composed of Nx × Ny × Nz = 11× 5× 1
unit cells. Design parameters of the structure are R = 36 µm and r = 6 µm.
For the distance parameter, d, values ranging from −22 µm to 4 µm were
chosen, which leads to different values of the lattice constant, a, that is given
by a = 4R + 2d. A scanning electron micrograph of corresponding polymer
templates is shown in Figure 5.3(b). A colored scanning electron micrograph
of a completed Hall bar is shown in Figure 5.4(a).

Following fabrication, I have performed Hall measurements on the struc-
tures using the setup described in section 5.2. A light micrograph of a Hall
bar in the setup is shown in Figure 5.4(a). In a first step, electrical contact to
the structure is made via the four tungsten probe tips. Thereafter, the quality
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Figure 5.5: Measured transversal voltage, Uy, versus time for two metamat-
erial Hall bar samples corresponding to distance parameters of d = 4 µm
and d = −22 µm at a current of 0.5 µA. A magnetic field of bz = ±0.83 T is
imposed using a permanent magnet. During the measurement, the mag-
netic field is inverted by moving and rotating the magnet. A corresponding
reference measurement is shown in the lower part of the figure. The shaded
regions correspond to the time intervals in which the magnet is moving.
Peaks in the transversal voltage arise from magnetic induction due to this
movement. The Hall voltage is inferred from the difference in transversal
voltage for bz = +0.83 T and bz = −0.83 T. Design parameters are as in
Figure 5.4. Adapted from [73].

of the contacts is checked by measuring I-V curves between each pair of
contacts. Once proper contact has been made, the contacts exhibit Ohmic
behavior. During the following Hall measurements, these I-V measurements
are regularly repeated. Sometimes, readjustment of the contacts, especially
the side-contacts, is necessary.

Hall measurements were performed by measuring the transversal voltage,
Uy, versus time for a given current, I, at a magnetic field of bz = ±0.83 T.
The substrate and the top of the structures serve as contacts for imposing
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Figure 5.6: Extracted Hall voltage, UH, versus imposed current, I, for the
same two samples as in Figure 5.5, corresponding to distance parameters
of d = 4 µm and d = −22 µm. The Hall voltage shows the expected
proportional behavior, UH ∝ I. The straight black lines correspond to
fits, assuming a proportional behavior, which are used to determine the
Hall resistances, RH. For the sample corresponding to d = 4 µm, the Hall
resistance is negative, which implies a negative effective Hall coefficient.
For the sample corresponding to d = −22 µm, the Hall resistance is positive,
which implies a positive and, hence, sign-inverted effective Hall coefficient.
Adapted from [73].

the current flow. The two side arms serve as contacts for measuring the
transversal voltage.

The measurement procedure is as follows. Initially, the magnet is in its
lower position. It is then moved to its upper position and the sample is
subject to a magnetic field of bz = +0.83 T. Spikes in the transversal voltage
are caused by induction in the loop formed by the measurement wires due to
the movement of the magnet. After a certain time, the magnet is lowered and
rotated by 180◦, which reverses the sign of the magnetic field. Subsequently,
these steps are repeated for the now inverted magnetic field.

This procedure leads to raw data as those shown in Figure 5.5. The Hall
voltage, UH, is extracted from the difference in transversal voltage for the
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Figure 5.7: Experimentally determined Hall resistances (blue dots) for sam-
ples corresponding to different values of the distance parameter, d. The
other parameters are as in Figure 5.4. For d < 12 µm, the Hall resistance
and, hence, the effective Hall coefficient is sign-inverted. The open red dots
correspond to numerical calculations. The black curve is a guide to the eye.
Adapted from [73].

two different magnetic field orientations,

UH =
(

Uy(bz = +0.83 T)−Uy(bz = −0.83 T)
)

/2. (5.1)

Repeating such measurements for different currents, I, leads to the results
shown in Figure 5.6. Results for two samples corresponding to distance
parameters of d = −22 µm and d = 4 µm are shown. The Hall resistance,
RH = UH/I, of the samples for a magnetic field of bz = 0.83 T is obtained
via a fit. Note that the Hall coefficient of the constituent material, ZnO,
is negative. Hence, naively, one would expect to measure a negative Hall
resistance. For the sample corresponding to non-interlinked tori (d = 4 µm),
the Hall resistance is indeed negative. For the sample corresponding to
interlinked tori (d = −22 µm), however, the Hall resistance is positive and the
corresponding effective Hall coefficient, A∗H = RHLz (0.83 T)−1, is positive
and, therefore, sign-inverted.

The extracted Hall resistances for metamaterial Hall bars corresponding
to different values of the distance parameter, d, are shown in Figure 5.7. As
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expected from theory, for negative values of the distance parameter with
large modulus, the Hall resistance and, hence, the effective Hall coefficient
becomes sign-inverted. In between, one can continuously tune the effective
Hall coefficient by adjusting d. The experimental results show a zero crossing
of the Hall resistance at around d = −12 µm. Corresponding numerical cal-
culations for the finite Hall-bar geometry have been performed as described
in section 3.1. In order to obtain agreement between the experimental results
and the calculations, one has to assume that the radius r is slightly larger
than the design value of r = 6 µm. These deviations are likely caused by
the finite size and elongated shape of the voxel, which leads to slightly
ellipsoidal cross-sections of the cylinder and tori. The numerical results
shown in Figure 5.7 are obtained for a choice of r = 7.5 µm and the other
geometry parameters being identical to the design values. The Hall coeffi-
cient of the constituent material, A0

H, has been used as fit parameter, yielding
A0

H = 3.8 · 10−7m3 C−1 [73].

In summary, the experimental results clearly show a sign-inversion of the
effective Hall coefficient, which can be continuously tuned from positive to
negative values by adjusting a geometry parameter. The experiments confirm
previous theoretical results, compare section 3.2, and are in agreement with
corresponding numerical calculations.
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5.4 Parallel Hall effect

Figure 5.8: (a) Illustration of a unit cell of the hollow version of the anisotro-
pic metamaterial introduced in [72], see also section 3.3. For a macroscopic
current in the x-direction and a magnetic field in the z-direction, the struc-
ture exhibits macroscopic Hall electric field components perpendicular and
parallel to the magnetic field, which can be adjusted via the geometry
parameters dy and dz and which lead to two corresponding Hall voltages.
(b) Scanning electron micrograph of a corresponding metamaterial Hall
bar composed of 12× 6× 6 unit cells after 3D DLW, ALD, and EB-PVD.
The Hall bar has four side-contacts for measuring the two Hall voltages,
U

y
H and Uz

H. Three of these side-contacts are visible here. Parameters
are a = 100 µm, r = 6.25 µm, h = 40 µm, dy = −10 µm, and dz = 20 µm.
Adapted from [82].

In the following, I will present experimental results on anisotropic struc-
tures and the parallel Hall effect that were previously published in [82].
Sample fabrication and measurements were performed by Vittoria Schuster
in the course of her master’s thesis that I have supervised [160]. Theoret-
ical aspects are discussed in section 3.3. An illustration of a unit cell of
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the realized anisotropic metamaterial is shown in Figure 5.8(a). Consider a
corresponding metamaterial Hall bar. For a magnetic field in the z-direction
and a current flow in the x-direction, the macroscopic Hall electric field has
components along the y-direction and the z-direction, perpendicular and par-
allel to the magnetic field, respectively. These two components can be tuned
by adjusting the geometry parameters dy and dz, which gives control over
the orientation of the macroscopic Hall electric field in the yz-plane. The two
Hall electric field components lead to two corresponding Hall voltages, the
“orthogonal” Hall voltage, U

y
H, and the “parallel” Hall voltage, Uz

H, which can
be measured experimentally and are directly related to the corresponding
two components of the effective Hall tensor, compare section 3.3. According
to theory, all other components of the effective Hall tensor are comparably
small.

Fabrication of the metamaterial Hall bars with Nx × Ny × Nz = 12× 6× 6
unit cells was performed as described in section 5.1. The dimensions of the
Hall bar, Lx, Ly, and Lz, are directly related to the number of unit cells in
the respective direction, Lx = Nxa, Ly = Nya, and Lz = Nza. In contrast to
the chainmail-inspired structures, the Hall bars have four pick-up contacts
for measuring the two Hall voltages. A scanning electron micrograph of
such a metamaterial Hall bar is shown in Figure 5.8(b). Four parameter
combinations, dy = ±10 µm, dz = ±20 µm, corresponding to the four sign
combinations of the two Hall voltages were realized.

Measurements were performed as for the chainmail-inspired structures
using the probe-station setup described in section 5.2. Since the probe station
has four probe tips only, the two transversal voltages corresponding to the
two Hall voltages are measured sequentially. From these measurements, the
Hall resistances, R

y
H and Rz

H, are inferred. The corresponding results for the
four parameter combinations are shown in Figure 5.9.

The results clearly show a large parallel Hall resistance, providing experi-
mental evidence that the material exhibits the parallel Hall effect. Further-
more, all four sign combinations of R

y
H and Rz

H can be realized by choosing
dy and dz appropriately. More precisely, as predicted by theory, compare
section 3.3, sign(R

y
H) = sign(dy) and sign(Rz

H) = sign(dz). Moreover, as
expected, R

y
H and Rz

H are independent of dz and dy, respectively. As stated
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Figure 5.9: Experimentally determined Hall resistances for anisotropic meta-
material Hall bars corresponding to four different parameter combinations,
dy = ±10 µm and dz = ±20 µm. Other design parameters are as in Fig-
ure 5.8. The blue and red bars correspond to two generations of nominally
identical samples. The magnetic field is |bz| = 0.83 T. (a) Parallel Hall
resistance, Rz

H. (b) Orthogonal Hall resistance, R
y
H. Adapted from [82].

above, the four different sign-combinations correspond to four orientations
of the macroscopic Hall electric field in the yz-plane. As the modulus of the
Hall resistances is comparable, the orientations are approximately separated
by quarter turns.

For a quantitative comparison of the results with theory, one needs to know
the Hall coefficient of the constituent material, i.e., of the bare ZnO film, A0

H.
Corresponding van-der-Pauw measurements were carried out on films grown
on square-shaped glass substrates with dimensions of 10 mm× 10 mm. The
corners of the samples, which serve as contacts, were metallized using the EB-
PVD process that was used for the metamaterial samples and a shadow mask.
The measurements, which were performed using the same probe-station
based setup, yield A0

H = −2.5 · 10−7 m3 C−1. Using this result, the Hall
voltages can be estimated analytically, compare section 3.3. For the design
parameters and a magnetic field of 0.83 T, see Figure 5.8, Equations 3.34 and
3.33 yield

∣

∣Rz
H

∣

∣ =
∣

∣R
y
H

∣

∣ = 59 mΩ [82].
As pointed out in section 3.3, the parallel Hall resistance, as well as the

parallel Hall voltage, scales inversely with the thickness of the Hall bar
perpendicular to the magnetic field, Rz

H ∝ Uz
H ∝ L−1

y , compare Equation 3.34,
[82]. This behavior is in contrast to the behavior of the ordinary orthogonal
Hall resistance, which scales inversely with the thickness in the direction
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Figure 5.10: Double-logarithmic representation of the experimentally de-
termined parallel Hall resistances, Rz

H, for metamaterial Hall bars with
different values of Ny, the number of unit cells perpendicular to the mag-
netic field. The number of unit cells along the other two directions was kept
fixed, Nx = 12 and Nz = 6. The blue and red dots are the results for two
nominally identical sample generations. The straight black line corresponds
to a scaling of Rz

H ∝ N−1
y . For Ny = 8, the two dots overlap and only one

of them is clearly visible. Design parameters are a = 100 µm, r = 6.25 µm,
h = 40 µm, dy = 10 µm, and dz = 20 µm. The magnetic field is |bz| = 0.83 T.
Adapted from [82].

of the magnetic field, R
y
H ∝ L−1

z , compare Equation 3.33. In a series of
experiments, this unusual scaling of the parallel Hall voltage was closely
examined [82]. Metamaterial Hall bars corresponding to different values of
Ny were fabricated and characterized as described above. As the parallel
Hall resistance was determined only, the Hall bars were fabricated with
two instead of four pick-up contacts. The corresponding experimentally
determined parallel Hall resistances are shown in Figure 5.10. The results
clearly show the expected scaling, Rz

H ∝ L−1
y .

In summary, the results provide clear evidence for the parallel Hall effect
in anisotropic metamaterials. As expected from theory, the orthogonal and
parallel Hall resistance can be tailored by adjusting corresponding geometry
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parameters. The results are well described by a simple analytical model.
Furthermore, the parallel Hall resistance shows the expected dependence on
the Hall-bar dimensions.
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Chapter 6

Hall-bar devices

Light micrograph of a metamaterial Hall-bar structure contacted on a printed circuit board.

In this chapter, I will introduce a method of making permanent contact to metamat-

erial Hall-bar microstructures on printed circuit boards. This approach drastically

simplifies measurements and, therefore, enables refined characterization of the meta-

material’s properties. As an example, I have used it to investigate the role of unit

cell orientation for metamaterials with cubic symmetry. Furthermore, such means of

permanently contacting metamaterial Hall bars are a crucial step towards potential

applications.
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The measurement approach based on a dedicated magneto-electric probe
station described in chapter 5 allowed for the reliable characterization of
metamaterial Hall-bar samples and enabled the experimental observation
of the sign-inversion of the effective Hall coefficient and the parallel Hall
effect. However, it has certain drawbacks. For example, the mechanical
way of contacting the samples limits their lifetime. Moreover, the setup
is fairly complicated. Conventional Hall measurement setups, which are
wide-spread and commercially available, would pose a much simpler tool
for sample characterization if a simple and reliable method of contacting
the structures was available. Furthermore, potential applications of Hall
metamaterials, such as sensors for the circulation of a magnetic field as
introduced in section 3.3, require a method of permanently contacting the
samples.

In the following, I will introduce such a method, which combines the
previously used fabrication strategy, ALD of thin ZnO layers on electrically
insulating metamaterial Hall-bar templates obtained via 3D DLW, with a
manual transfer of the Hall bars to prefabricated printed circuit boards
(PCB), which are ubiquitous in everyday electronics. I will refer to such
permanently contacted metamaterial Hall bars as metamaterial Hall-bar
devices. The description of the method and the corresponding experimental
results follows one of my previous publications [159].

6.1 Fabrication

A key property of ALD is that it coats all surfaces conformally. While this
property is highly desired for coating the metamaterial Hall-bar templates, it
unfortunately also leads to an electrically conductive coating of the substrate,
which, depending on the Hall-bar geometry and orientation, may lead to
short-circuits. As mentioned in section 5.1, this side effect is the reason
why the samples for the probe-station based experiments were fabricated
in upright orientation. If one aims at making permanent contact to the
structures, this problem poses a major challenge in the search of a suitable
fabrication strategy. One possible solution is to pattern the ALD film on
the substrate. Two options of patterning the film have been investigated
experimentally.
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The first strategy, which was studied by Jessica Meier in the scope of her
bachelor’s thesis [124], that I have supervised, is based on a lift-off process.
In a first step, the substrate is coated with a thin photoresist layer, which is
subsequently structured via conventional photolithography. Following 3D
DLW and ALD, the photoresist is removed with the aid of an organic solvent
which lifts the ALD layer on top of the photoresist off the substrate. Lift-off
based patterning of ALD films had previously been demonstrated [161]. We
were able to reproduce these results and successfully used a lift-off process
to pattern thin ZnO films. However, combining this technique with the 3D
DLW process proved to by very challenging [124]. Essentially, the lift-off
requires quite harsh conditions which lead to an unintended detachment of
the metamaterial microstructures.

The second strategy is based on a selective passivation of the substrate,
see section 4.2. As a passivating layer, I have mainly studied thin PMMA
films structured via electron-beam lithography. Using this strategy, I was
able to obtain a spatially selective passivation against the growth of ZnO.
However, the PMMA films affected the growth in their vicinity and led to
poor electrical properties of the ZnO films.

Hence, instead of patterning the ZnO film, I have used the aforementioned
method that is based on transferring the structure to a different substrate.
As a first structure, I have chosen the chainmail-like metamaterial, but the
method may readily be applied to other structures as well. As previously,
the unit cell size is about 100 µm while the total length of the Hall bar is in
the order of 1-2 mm.

In the following, I will go through the fabrication of the chainmail-like
metamaterial Hall-bar devices step by step. Different stages of the sample
fabrication process are, furthermore, illustrated in Figure 6.1.

1. Using 3D DLW, a Hall bar is fabricated in upright orientation on a
Si wafer substrate. In addition to the Hall bar itself, four pedestals,
which serve for contacting the structure, and a handling arm with a
cross section of 50 µm× 100 µm and a length of 1 mm are fabricated.
The only mechanical connection to the substrate is the narrow edge of
one of the pedestals with a width of 20 µm. There is no pretreatment
of the substrates in order to promote adhesion, as it was used for the
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Figure 6.1: Micrographs illustrating different stages of the transfer-based
fabrication process. (a) Scanning electron micrograph of a Hall bar on a Si
substrate after 3D DLW and ALD prior to its transfer. A specific orientation
of the chainmail-inspired unit cell is shown (case D, see Figure 6.3). (b)
Light micrograph of the central area of the PCB with the four gold-coated
contact pads. (c) Scanning electron micrograph of a completed Hall-bar
device, i.e., a Hall bar after transfer and curing of the conductive resin. The
orientation of the unit cells, see Figure 6.3, corresponds to case C. Adapted
from reference [159].

probe station based experiments, see section 5.1. As a consequence, the
sample can be readily removed from the Si substrate later. Nonetheless,
unintended detachment during processing is rare. The structures are
fabricated from IP-S (Nanoscribe GmbH) with a 25× NA 0.8 objective
(LCI Plan-Neofluar Imm Corr DIC M27, Carl Zeiss Microscopy GmbH).
The discretization is performed using a slicing distance of 0.5 µm and
a hatching distance of 0.2 µm. The design parameters of the chainmail-
like metamaterial template are, compare Figure 5.3, lattice constant a =
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104 µm, major torus radius R = 36 µm, minor torus radius r = 6 µm,
and distance parameter d = −20 µm.

2. The sample is developed by immersing it in mr-Dev 600 (based on
1-methoxy-2-propyl acetate/PGMEA, micro resist technology GmbH)
for 60 minutes, followed by immersing it in isopropyl alcohol and water
for 2 minutes each.

3. Following baking at a temperature of 200 ◦C and a pressure of about
1.3 mbar for 7 h in the ALD reactor chamber, the sample is conformally
coated with a thin layer of Al2O3 using ALD. Deposition of 50 cycles is
carried out from TMAl and water at a temperature of 150 ◦C. This film,
with a thickness of 5 nm, as determined by ellipsometry measurements
of reference layers grown on Si substrates, acts as a base layer for the
following deposition of ZnO.

4. The sample is conformally coated with a thin layer of ZnO using ALD.
In total, 1000 cycles are deposited from DEZn and water at a temper-
ature of 200 ◦C. A film thickness of t = 0.17 µm was determined by
ellipsometry measurements of reference layers grown on Si substrates.

5. Electrically conductive silver epoxy resin (EC 101, Polytec PT GmbH)
is dispensed onto the four contact pads of a prefabricated PCB. Dis-
pensing is performed manually under a stereo microscope. A syringe
with a dispense tip with an inner diameter of 150 µm is used.

6. Using a scalpel, the Hall bar is carefully removed from the substrate
under a stereo microscope. Subsequently, it is gripped at the handling
arm using a pair of fine-tip tweezers and transfered to the PCB where
it is carefully positioned.

7. The conductive resin is cured by placing the sample on a hotplate at a
temperature of 125 ◦C for 25 minutes.

8. Following cool-down, a box header connector is soldered onto the PCB.

The parameters for sample processing and ALD given above are slightly
different from those used earlier for the fabrication of samples for the probe-
station based experiments, compare section 5.1. The original parameters led
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to halo-like inhomogeneities of the ZnO layer on the substrate in the vicinity
of the Hall bar as well as on the Hall bar itself. While the underlying reasons
remain to be unclear, it was possible to largely eliminate these issues by
employing the development procedure, baking step, and Al2O3 base layer
described above [159]. Similar base layers were previously used for the
deposition of ZnO on PMMA [127]. Furthermore, acetone was not used in
the final development process. Samples immersed in acetone during the
development process had shown even more pronounced inhomogeneities
[159]. It is known that structures fabricated from IP-S swell in acetone [162],
which may cause outgassing during ALD, interfering with the deposition
process. Nevertheless, small inhomogeneities have remained.
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6.2 Measurement setup

Figure 6.2: Two photographs of a Hall-bar device illustrating the measure-
ment procedure. (a) Front view of the Hall-bar device with schematically
indicated measurement electronics for imposing the current flow and mea-
suring the transversal voltage. The electrical connection to the sample is
made via a box-header connector on the back of the PCB. (b) Side view
showing the Hall-bar device in the gap of the permanent magnet. Using
stepper motors, the magnet can be rotated and moved vertically. The lower
part of the PCB has a width of 6 mm, which is smaller than the gap size
of the magnet (15 mm) and, therefore, allows for a rotation of the magnet
without prior movement to a lower position.

Following fabrication of the Hall-bar devices, I have characterized them
by performing Hall measurements. A corresponding illustration is shown
in Figure 6.2. For convenience, I have used a modified version of the setup
described in section 5.2. Most conventional Hall measurement setups would
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be suitable as well.
In contrast to the previously used setup, the electrical contact is not

made using probe tips but via an electrical connector. As in the previous
experiments, I am employing a permanent magnet with a flux density of
±0.83 T and a gap size of 15 mm. Prior to the measurements, the sample is
positioned such that the Hall bar is in the center of the gap. Using stepper
motors, the magnet can be rotated and moved vertically. A rotation of 180◦

is used to invert the magnetic field. In contrast to the probe station based
experiments and due to the narrow shape of the PCB, this rotation can be
performed without a previous movement of the magnet to a lower position,
compare section 5.2. As a consequence, the inversion can be performed
much faster, which is beneficial as the signal-to-noise ratio is limited by 1/ f -
noise. The vertical movement can be employed for magnetic-field dependent
measurements by varying the position of the Hall bar relatively to the magnet.
A source-measurement unit (B2901A, Keysight Technologies Inc.) is used to
impose a constant current flow and measure the corresponding transversal
voltage. A switch system, see section 5.2, facilitates the measurement of
I-V-curves for each pair of contacts prior to the actual Hall measurements.
A personal computer is used for data acquisition and analysis, and for
controlling the source-measurement unit, stepper motors, and switch system.
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6.3 Investigating the role of unit cell orientation

Figure 6.3: Schematic illustration of the four experimentally realized unit-
cell orientations of the single-constituent chainmail-like metamaterial with
respect to the Hall bar and, neglecting the influence of the contacts, the di-
rections of macroscopic current flow (x̂), magnetic field (ẑ) and macroscopic
Hall electric field (ŷ). Adapted from [159].

In order to demonstrate the usefulness of the new approach, I have
used it for further experimental characterization of the single-component
chainmail-inspired metamaterial, see sections 3.2 and 5.3, which exhibits a
sign-inversion of the effective Hall coefficient. The following summary of
the experiments follows one of my previous publications [159].

As discussed in section 3.2, the chainmail-like metamaterials have cubic
symmetry, which theoretically guarantees an isotropic effective Hall tensor,
i.e., the effective Hall tensor reduces to an effective Hall coefficient, see
also [14]. In the limit of infinitely many unit cells, Hall bars with different
orientations of the chainmail-inspired unit cell should, therefore, behave
identically.

In order to study the effect of unit cell orientation experimentally, I have
fabricated metamaterial Hall-bar devices with four out of the infinitely many
possible orientations. These four orientations (A-D) are schematically shown
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Figure 6.4: Scanning electron micrographs of experimentally realized meta-
material Hall-bar devices corresponding to the four unit cell orientations (A-
D) which are shown in Figure 6.3. Design parameters of the chainmail-like
metamaterial are, compare Figure 5.3, a = 104 µm, R = 36 µm, r = 6 µm,
d = −20 µm. The Hall-bar dimensions for each of the orientations (A-D)
are listed in Table 6.1. Adapted from [159].

in Figure 6.3. Scanning electron micrographs of corresponding metamaterial
Hall-bar devices are shown in Figure 6.4. In case A, corresponding to the
orientation that was chosen for the probe-station based experiments, see
section 5.3, the directions of macroscopic current flow, magnetic field and
effective Hall electric field are along the principal directions of the cubic unit
cell. For the three other orientations (B-D), two of these three quantities are
along face diagonals of the cubic unit cell. For each of the four orientations,
the outer dimensions of the Hall bar, Lx, Ly, and Lz, which are listed in
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A B C D
Lx/a 11 9

√
2 9
√

2 11
Ly/a 5 5 4

√
2 4
√

2
Lz/a 2 2

√
2 2 2

√
2

Table 6.1: Metamaterial Hall-bar dimensions, Lx, Ly, and Lz, in units of
the lattice constant, a, for the four different unit cell orientations (A-D).
Adapted from [159].

Table 6.1, and the contact dimensions are slightly different.
Furthermore, the termination of the metamaterial inevitably depends on

the unit-cell orientation. As the ALD process coats all surfaces, the outer
surfaces of the material are coated as well. As a consequence, I have chosen
the termination such that the influence of the conductive coating on the
outer surface becomes comparably small. Following fabrication, I have
performed Hall measurements for each of the samples and determined the
corresponding effective Hall coefficient.

Prior to the actual Hall measurements, the quality of the contacts was
assessed by measuring I-V curves for each pair of contacts. The resistance
between different contacts, estimated via a linear fit to the data, is about
2 kΩ. As already discussed, Ohmic contacts are usually desired, but not
strictly necessary. For the probe-station based experiments, I have used
Ti/Au bilayers to make contact to the ZnO films. Here, the contact is formed
via the electrically conducting epoxy resin, which leads to deviations from
the ideal Ohmic behavior. For the current-injection contacts and the pick-up
contacts, the relative deviations from the linear fits are less than 1% and 17%,
respectively [159].

Hall measurements are performed similarly to the probe-station based
measurements by imposing a constant current flow, I, and measuring the
transversal voltage, Uy, at a magnetic field of bz = ±0.83 T. During each mea-
surement, the magnetic field is inverted repeatedly by rotating the permanent
magnet by 180◦, which results in raw data as those shown in Figure 6.5. The
Hall voltage, UH, is inferred from the differences in transversal voltage for
the two magnetic field orientations. Such measurements are repeated for
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Figure 6.5: Measured transversal voltage versus time for one of the meta-
material Hall-bar devices (unit-cell orientation A, Gen. I) at a current flow of
I = 0.5 mA and a magnetic field of |bz| = 0.83 T. During the measurement,
the magnetic field is inverted several times which results in a square-wave
like pattern. The Hall voltage is inferred from the height of this pattern, i.e.,
from the differences in transversal voltage for the two magnetic field orien-
tations. Parameters of the chainmail-like metamaterial are as in Figure 6.4.
Adapted from [159].

different values of the electric current, I. The resulting Hall voltage versus
current for each of the four different orientations is shown in Figure 6.6.
The Hall resistance, RH, is extracted from a fit assuming a proportional
behavior. For each of the structures, the effective Hall coefficient of the
metamaterial is then estimated as A∗H = RHLz/bz. For the four unit cell
orientations (A-D) and two nominally identical generations of samples, the
resulting effective Hall coefficients are shown in Table 6.2. The Hall coeffi-
cient of the bare films, A0

H = −3.02 · 10−7 m3 A−1 s−1 [159], was determined
via van-der-Pauw measurements on square-shaped (10 mm× 10 mm) glass
substrates. Electrical contact was made in the corners of the samples, using
the electrically conducting epoxy resin.

As expected, the results consistently show a sign-inversion of the effective
Hall coefficient. Furthermore, the values of the effective Hall coefficient for
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Figure 6.6: Hall voltage as a function of the imposed current flow for four
different Hall-bar devices corresponding to the the four different unit cell
orientations (A-D, Gen. I), compare Figure 6.3. Each of the dots correspond
to a measurement as the one shown in Figure 6.5. The straight black lines
correspond to fits assuming a proportional behavior. The Hall resistances of
two of the samples (A, C) are larger than those of the other two samples (B,
D) due to different sample thicknesses, compare Table 6.1. Parameters are
as in Figure 6.4. The inset shows the magnetic-field dependence of the Hall
resistance for one of the samples (case A). The corresponding measurement
was carried out by varying the position of the magnet with respect to the
sample. Adapted from [159].

A B C D
A∗H/A0

H (Gen. I) −65 −70 −67 −76
A∗H/A0

H (Gen. II) −74 −67 −58 −68

Table 6.2: Effective Hall coefficients for the four different unit cells ori-
entations (A-D) and two different nominally identical sample generations
(Gen. I/Gen. II). Parameters are as in Figure 6.4. Adapted from [159].

the four different unit cell orientations are very similar, scattering by less
than ±13% [159], which is in good agreement with the expected isotropic
behavior. The remaining variations are likely due to the finite number of
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unit cells, different contact sizes, and different surface terminations. Further-
more, as mentioned in section 5.3, the elongated shape of the voxel leads to
slightly ellipsoidal cross sections of the cylinder and tori, which affects each
of the four orientations to a different extent. Deviations between nominally
identical samples are likely caused by the ALD process. Again, one can
compare the experimental results to corresponding numerical calculations.
Assuming an infinitely extended medium, i.e., using periodic boundary
conditions, these calculations were performed as described in section 3.1. For
the design parameters given in Figure 6.4, the calculations yield an effective
Hall coefficient of A∗H = −100A0

H [159], which is somewhat larger than the
experimentally determined value. This deviation is at least partially caused
by the finite voxel size, which leads to slightly larger values of the radius r,
causing the experimentally determined effective Hall coefficient to be smaller.

In summary, the results are consistent with an isotropic effective material
behavior and clearly show a sign-inverted effective Hall coefficient. They are
in agreement with theory, in which the isotropic behavior follows from the
cubic symmetry of the structure, and corresponding numerical calculations.
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7 Chapter 7

Conclusions & Outlook

In the scope of this thesis, I have studied the Hall effect in three-dimensional
metamaterials for weak magnetic fields. In the following, I will summarize
my results and give a brief outlook.

In chapter 2, I have introduced the classical Hall effect. Following a short
discussion on how symmetry affects the tensorial material properties of a
crystal, I have shown, using Onsager’s principle, that the influence of a
weak magnetic field on the conductivity of a material can be described by a
rank-two tensor, the so-called Hall tensor. Subsequently, I have introduced
metamaterials, which are artificial composites with effective properties that
go beyond those of their constituent materials and that are determined by a
specifically chosen structure. The chapter concludes with an introduction to
the concept of Hall metamaterials, which are metamaterials that are used to
tailor the effective behavior of conductive materials in weak magnetic fields,
i.e., that are used to tailor the effective Hall tensor.

The theoretical aspects of three-dimensional Hall metamaterials were dis-
cussed in chapter 3. First, I have given a previously known derivation for the
effective Hall tensor that is based on a solution of the conductivity problem
for zero magnetic field. Based on this equation and corresponding numerical
calculations, I have discussed how one can realize different effective Hall
tensors. I have separately discussed isotropic and anisotropic effective Hall
tensors.

In the isotropic case, the Hall tensor has only a single independent compo-
nent, i.e., it reduces to the Hall coefficient. Interestingly, in three dimensions,
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the effective Hall coefficient can be sign-inverted with respect to the Hall
coefficients of the constituent materials. Following a discussion of the first
metamaterial exhibiting such a sign-inversion, which was proposed by Briane
and Milton and was inspired by medieval chainmail, I have discussed how
the sign-inversion can be obtained in single-constituent porous structures.
An intuitive interpretation of the sign-inversion was given and the relation to
so-called anti-Hall bars was explained. Subsequently, a hollow version of the
material, which is the geometry that corresponds to the experimental realiza-
tion, was presented. By adjusting two geometry parameters of this structure,
one can realize any arbitrary effective Hall coefficient, sign-inverted or not.
For every value of the effective Hall coefficient, the corresponding values of
the geometry parameters are given by a simple mapping.

Furthermore, I have introduced a second single-constituent porous meta-
material with a sign-inverted effective Hall coefficient that is based on a
simple building block that inverts a local Hall voltage. Several such building
blocks were combined in order to arrive at a unit cell of an isotropic effective
material, which can be seen as a network of Hall voltage sources.

Subsequently, I have considered the general case of anisotropic Hall tensors.
First, I have discussed the decomposition of a Hall tensor into a symmetric
and an antisymmetric tensor and have given corresponding interpretations.
Notably, in a long metamaterial Hall bar, off-diagonal components of the
Hall tensor give rise to a Hall electric parallel to the magnetic field, which
leads to a corresponding Hall voltage, the so-called parallel Hall voltage.
Following a description of the first metamaterial with an antisymmetric
effective Hall tensor, which had been proposed by Briane and Milton, I
presented a similar single-constituent porous metamaterial. Thereafter, I
discussed, how in a related structure with lower symmetry, one can adjust
the angle between the macroscopic and the magnetic field. Via two geometry
parameters, one can realize any orientation of the macroscopic Hall electric
field in the plane perpendicular to the direction of current flow, which is
reflected in a corresponding behavior of two Hall voltages, the conventional
orthogonal Hall voltage and the parallel Hall voltage. Again, a hollow version
corresponding to the experimental realization was presented. A simple
model that describes the metamaterial as a network of voltage sources was
used to derive an equation for the components of the effective Hall tensor.
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Thereafter, I have given a short discussion of bounds on the effective Hall
tensor. As shown by Briane and Milton, the effective Hall tensor is bounded
by the contrast of conductivities of the constituent materials. In an extension
of their work, I have shown that the effective Hall mobility is bounded by
twice the largest Hall mobility among its constituent materials.

Furthermore, I have shown how one can treat non-trivial distributions of
the magnetic permeability. On the basis of numerical calculations, I have
demonstrated that one can use structures made from a highly-permeable
material to obtain a sign-inverted effective Hall coefficient. Moreover, I have
shown that, using magnetic permeability distributions, effective material
properties can be realized that exceed the bound on the effective Hall mobil-
ity.

On the experimental side, three-dimensional Hall metamaterials were
fabricated on the microscale. The fabrication was performed in several steps.
3D DLW was used to fabricate electrically-insulating polymer templates.
ALD was used to coat these polymer templates with thin conformal films of
n-type ZnO. EB-PVD was used to deposit thin metal layers that form Ohmic
contacts.

An introduction to these methods was given in chapter 4. Following a
general discussion of 3D DLW, I have focused on several challenges that
occur during the fabrication of structures with feature sizes that are large
as compared to the size of a voxel. In the subsequent summary of the
fundamentals of ALD, I have described the deposition of ZnO from DEZn
and water using a thermal ALD process. Separate sections were dedicated
to the the properties of ALD-deposited ZnO films and to the mechanisms
underlying the film growth on polymers.

In chapter 5, I have presented my experimental results on three-dimen-
sional Hall metamaterials that were obtained using a magneto-electric probe
station. In the first section of the chapter, I have discussed the details of the
fabrication process. Subsequently, I have described the measurement setup.
Contact to the metamaterial Hall bar samples was made using four tungsten
probe tips. Measurements were performed using a source-measurement unit
and a permanent magnet. Experimental results for two different metamateri-
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als were discussed.
First, I presented experimental results on the chainmail-like isotropic

metamaterial exhibiting a sign-inversion of the effective Hall coefficient. By
performing measurements on corresponding metamaterial Hall bars, I have
been able to demonstrate this sign-inversion experimentally for the first time.
Moreover, the experimental results show that the effective Hall coefficient
can be tuned continuously by adjusting a geometry parameter.

Second, I presented experimental results on the anisotropic metamaterial
that enables control over the orientation of the Hall electric field in the plane
perpendicular to the direction of current flow. Two aspects are important.
First, the results provide clear evidence for the parallel Hall effect. Second,
the control over the orientation of the Hall electric field was demonstrated
experimentally by realizing all four sign combinations of the two Hall volt-
ages, the orthogonal and the parallel Hall voltage.

In chapter 6, I have discussed how such metamaterial microstructures can
be contacted in a permanent way on printed circuit boards. This fabrication
approach significantly simplifies the measurement procedure. Furthermore,
it is an important step towards potential applications, for example, towards
sensors for the circulation of magnetic fields. Using this approach, I have
studied the chainmail-like metamaterial in further detail. By investigating
metamaterial Hall bars corresponding to different orientations of the unit
cell, I was able to demonstrate experimentally that, in agreement with theory,
the microstructure effectively acts like an isotropic material.

There are, however, many open questions. For example, whether any
arbitrary effective Hall tensor is realizable using, for example, metamaterials
made from a single isotropic constituent material is yet to be answered.
Certainly, it would be desirable to have a simple recipe that yields a mi-
crostructure for a given effective Hall tensor. Furthermore, it would be
interesting to extend the analysis to stronger magnetic fields. Corresponding
previous results by Bergman and coworkers, who found a very strong an-
isotropic magnetoresistance for arrays of cylindrical or spherical inclusions,
suggest that there is plenty to explore.
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