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Part |I.
Introduction






Frequency combs are optical signals consisting of many equidistantly spaced modes with
numerous applications. In 2015, Hansch and Hall have been awarded the Nobel Prize
in physics for the discovery made in 1998. Frequency combs serve as optical devices for
example in high speed data transmission and optical metrology. Using one single fiber, a
large amount of data can be transmitted which is modulated onto the frequency combs
by Wavelength-Division Multiplexing (WDM).

In 1987, Lugiato and Lefever derived the Lugiato-Lefever equation
iay(x,t) = (—i+ Qalx, t) — dagy(x,t) — |alz, t)]> a(x, t) +if

with x € T := R/27Z, t € R, as a mean-field approximation to describe the dynamics
of the slowly varying amplitude of the electromagnetic field a(z,t) in the paraxial limit
inside an optical cavity excited by a laser pump [28]. It is a nonlinear Schrodinger
equation with damping and forcing. However, it can also be used as a model for the
field a(z,t) = ez Gx(t)e*® inside a ring resonator pumped by a continuous wave (cw)-
laser, where day(t) denotes the dimensionless, complex amplitude of the k-th excited
mode. Therefore, the Lugiato-Lefever equation can alternatively be written as

1i&k(t) = (C — 1)&k(t) + dedk(t) - Z ap (t)&k// (Zf)&k/+k//,k(t) + i0or f
K k€T

with k € Z, which is a system of coupled ordinary differential equations. Mathematically,
frequency combs can be understood as stationary solutions of this system, where d, (, f
are real parameters and ¢ is the normalized time. The value ( is the detuning offset
of the laser relative to the resonance frequency of the resonator. The dispersion of the
material can either be anomalous (d > 0) or normal (d < 0). The expression 0y f with
Kronecker-Delta dq; describes the forcing by the cw-laser.

Figure 1 depicts the experimental setting. The cw-laser emits light at frequency w,
which is then amplified and coupled into a microresonator. As the refractive index is
intensity dependent (nonlinear Kerr effect), the field inside the resonator is strongly
enhanced. This leads to modulation instabilities and the cascaded degenerate and non-
degenerate four-wave mixing yields the formation of a frequency comb, which is the
resulting stationary pattern of equidistantly spaced excited modes.

Microresonator
Laser Amplifier
Vi
P, P, P,
T | w T w L;L,w

Figure 1: Scheme of the system for generation of frequency combs.



Degenerate four-wave mixing converts two photons of the same frequency w; into two
photons of different frequencies wy < w7 < w3 such that 2w; = wy + w3 = A—EE. For non-
degenerate four-wave mixing, two photons of different frequencies wy, wy are converted
into two photons of different frequencies ws, wy such that w; + wy = w3 + wy = A—EE,
cf. Figure 2. Four-wave mixing leads to the formation of frequency combs with equidis-
tant mode spacing across the entire comb. For more details see [17].

E+AE
h

w2 Wy

Figure 2: Energy level diagram for non-degenerate four-wave mixing.

The first experimental verification of frequency combs was done by Kondratiev, Gorodet-
sky and Kippenberg in [25], where they generated solitons that were stable over some
time. Furthermore, they generated a large number of comblines by suitably adjusting the
detuning parameter ¢, which is also consistent with their numerical simulations where
they used a time-dependent detuning.

A particular challenge is the identification of parameter regimes for d, (, f where non-
trivial and in particular soliton-like frequency combs exist. As frequency combs are
stationary solutions of the Lugiato-Lefever equation, we consider the problem

—da" + (¢ —i)a — |a|Pa+if =0, a(-)=a(-+27). (LLE)

Therefore, throughout this thesis the Lugiato-Lefever equation always refers to the sta-
tionary equation.

We are especially interested in so-called soliton-frequency combs, as they are particularly
useful for optical metrology and high speed data transmission. They correspond to
localized solutions of (LLE) in spatial domain and are particularly broad in frequency
domain, cf. Figure 3.

The time-dependent and the stationary Lugiato-Lefever equation have been studied in
literature from different points of view. E.g., numerical simulations of temporal comb
formation using time-integration techniques can be found in [17],[47].

Moreover, there are several publications concerning local bifurcation from the constant
solutions. Snaking behavior of solution branches has been discussed in [35],[36],[37].
Furthermore, in these publications and in [16] bifurcation with respect to f,{ from
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Figure 3: Left: Soliton for d = 0.01, ¢ = 12, f = 10.5 and corresponding frequency
comb. Right: Soliton for d = 0.01, ¢ = 26.5, f = 35 and corresponding
frequency comb.

the viewpoint of spatial dynamics is considered. However, with this approach the 27-
periodicity of the solutions is neglected. A bifurcation analysis for fixed period 27 can
be found in [29].

Another analysis concerning the Lugiato-Lefever equation was done by Miyaji, Ohnishi
and Tsutsumi in [31],[32]. They also considered stability and bifurcation of trivial solu-
tions. In the case of bounded intervals, they could prove fold bifurcation of nontrivial
stationary solutions around codimension two bifurcation points using center manifold
reduction. Furthermore, they performed a stability analysis using Strichartz estimates.

However, up to our knowledge, a global and quantized study covering the cases of
both anomalous dispersion (d > 0) and normal dispersion (d < 0) concerning soliton-
frequency combs over a large range of possible parameters f,( has not been developed
so far and is therefore the goal of this thesis. It is part of the project B3 in the CRC 1173
"Wave phenomena: analysis and numerics", which is a joint project of mathematicians
from the Institute of Analysis and electrical engineers from the Institute of Photon-
ics and Quantum Electronics at KIT. The goal of this thesis is to find an analytical
and numerical framework for the existence of frequency combs and to identify suitable
parameter regions.
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This thesis considers two approaches, both analytically and numerically:

e continuation of solitons of the cubic NLS without damping and without forcing
into the regime of positive damping and forcing,

e bifurcation from the constant solutions with respect to the detuning parameter (.

The first method described in Part II allows to prove the existence of soliton-frequency
combs for large values of ( and f. It consists in the continuation of the solitons of the
cubic, undamped and undriven NLS into the situation of the Lugiato-Lefever equation
where damping and forcing are present. However, continuation is only possible in the
case of anomalous dispersion (d > 0). This method is applied both as an analytic and
a numerical tool and the analytical results are supported by numerical experiments to
identify regions in the (¢, f)-plane, where solitons exist.

The second method in Part I1I starts from the knowledge of the trivial (constant) solu-
tions parametrized by ( for fixed d, f. It allows to detect those points on the trivial curve
where nontrivial solutions bifurcate. Bifurcation is possible both for anomalous disper-
sion (d > 0) and for normal dispersion (d < 0). Based on [13],[29], we develop heuristics
for the most localized solitons in bifurcation diagrams computed by the MATLAB-toolbox
pde2path. Moreover, we define quality measures that allow to compare these frequency
combs and identify parameters, for which highly localized solitons exist. We develop
heuristics that allow us to find the most localized solutions on branches bifurcating from
the trivial solutions. These can be used to perform a global study covering a large
parameter range and we discover that dark solitons (d < 0) have a greater conversion
efficiency at the expense of reduced combwidth.

Additionally, in Part IV, we consider a slightly modified equation
—da" + (¢ —i)a — (1 +ik)|alPa+if =0, a(-) = a(-+27),

with an additional loss term due to two photon absorption (TPA). During TPA two
photons are absorbed and electrons of the valence band are excited into the conducting
band and hence, free carriers are generated which leads to nonlinear loss. The continu-
ation and bifurcation methods described above are also valid in the extended equation
and we prove the persistence of bifurcation points for small k < k,, their disappearance
for k > Kk, and the absence of any nontrivial solutions for x > k*, where 0 < k, < K*.
Furthermore, we provide explicit bounds for x, and x*.

Summing up, the goal of this thesis is to analytically prove the existence of soliton
solutions of (LLE). Furthermore, we support the analysis by a large number of numerical
experiments, which allows us to quantify parameter regions, where soliton solutions
of (LLE) exist and to evaluate their performance characteristics.
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Numerical experiments. Throughout this thesis, several numerical examples are
found. All of them have been computed in MATLAB (version R2016b) together with the
toolbox pde2path (Versions 2.2 and 2.3) (cf. [10],[44]) on a computer with an Intel i5-
6500 (4 cores with 3.2 GHz) processor and 8 GB of RAM. However, we mostly omit
the details on the implementation, as the numerical experiments mainly support our
analysis and serve as proof of principle.

Prepublications. Some of these results have been published in advance in a preprint
with Rainer Mandel and Wolfgang Reichel: The Lugiato-Lefever equation with nonlinear
damping caused by two photon absorption, see [14]. Moreover, some results have been
published in a preprint with Philipp Trocha, Rainer Mandel, Christian Koos, Tobias
Jahnke and Wolfgang Reichel: Bandwith and conversion efficiency analysis of dissipative
Kerr soliton frequency combs based on bifurcation theory, see [13]. The results will be
pointed out at the appropriate places.
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Continuation
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1. Functional Analytical Framework and Outline

In this first section, we will fix our notations and introduce the spaces used in this part
of the thesis.

In Sections 2-4, we consider the stationary Lugiato-Lefever equation
—da" 4+ (¢ —i)a—|a|*a+if =0, d(0)=0 onR, (1.1)

for anomalous dispersion d > 0 and ¢ > 0, f € R. Especially, we are interested in
homoclinic solutions, i.e., solutions of (1.1) of the form a = a 4+ a*, where a belongs to
the space

H.:={a € H*(R;C):d'(0) =0}
and ™ := lim;|_,o a(x) solves the algebraic equation
(¢ —i)a—lal*a+if =0.

It is sometimes convenient to split ¢ = v + iw into real and imaginary part and to
consider the system

—dv” +w + (v — (v +w?)v =0, on R,
—dw" — v+ Cw — (V¥ +w*)w+ f =0, onR,

where v = 0 4+ v, w = W + w™, U, W belong to the space
H, :={z€ H*(R;R) : Z(0) =0}
and v = limy| 00 v(2), W™ := lim|g|00 w(x) solve the algebraic system

w+ (v — (v + w*)v =0,
—v + (w — (v + w*)w + f =0.

Then obviously @ = ¥ + iw and a® = v>° + iw™.

Our strategy consists of three steps. In Section 2, we calculate the solutions of (1.1) in
the absence of damping and forcing

—da" +Ca—|a|’a=0, d(0)=0, onR,

with d, ( > 0. The solutions are then given by

1 .
a(z) = \/20———F———¢'7,
@) fcosh(x\/(/d)
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where a € [0, 27). Hence, for fixed d, (, there is a one-dimensional sphere of solutions 7T~
parametrized by a € [0, 27).

In a second step, in Section 3, we introduce the forcing term and consider
—da" + Ca—a’a+if =0, da'(0)=0,

on R for d,{ > 0 and f € R. We show that bifurcation from the solution family 7 with

respect to the parameter f at f = 0 only happens if a € {g, 37“}, which means that
only purely imaginary solutions bifurcate. Subsequently, a phase-plane analysis of these
purely imaginary solutions is performed for |f| < 29@. The bound for f is crucial, since

only for these values of f homoclinic orbits exist, which represent the soliton solutions.

In Section 4, we will prove existence of homoclinic solutions of the full problem (1.1). We
can prove that for d,{ > 0 and f < 2%9/?’53/2 homoclinic solutions of (1.1) with ¢ = Ce 1,
f = fe3/? exist for small € > 0. For the proof, we use a suitable singular rescaling of
the problem as well as the Implicit Function Theorem. The theorem proves in particular
the existence of solutions of (1.1) for large parameters ¢ and f.

The approach of considering (1.1) on the real line is a valid approach, since highly
localized solutions of (1.1) serve as good approximations for solutions of (LLE), cf. [19].

Finally, in Section 5, we will use the results of Sections 2-4 as a basis for a numerical
method that allows to compute 27-periodic and localized solutions of (LLE). It is a
numerical continuation algorithm that allows to continue solutions for f = ¢ = 0 into
the situation where f > 0 and e > 0. This approach, together with the rescaling, allows
us to perform a large parameter study in the ({, f)-plane and to identify regions where
solitons exist. As a result, we get a lower envelope, such that above this envelope soliton
solutions exist. Furthermore, we investigate spectral stability and discuss the connection
to nonlinear stability. Finally, we compare our results with the approximation of [19],
stating that for

dE
~

f>

soliton solutions exist and we present a method how to numerically calculate these
solutions in a systematic way.
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2. LLE without Forcing and without Damping

As a first step, we consider solutions of (1.1) without forcing and without damping, i.e.,
the stationary cubic nonlinear Schrodinger equation (NLS)

—da" + Ca = |al*a, d'(0) =0, (2.1)

on R with fixed (,d > 0. Of course, this equation is well-studied and understood,
cf. [4]. However, for completeness, we will rigorously calculate the solitons of (2.1) in
the following theorem.

Theorem 2.1. The solutions a € H. of (2.1) are given by a(x) = ¢“p(x), where

a € [0,27) and
1

T) = \/20———F——.
#lo) ﬁcosh(x ¢/d)

Proof. Let ¢ € H, be a real-valued solution of (2.1). Due to ¢/(0) = 0, we have the
symmetry ¢(z) = ¢(—x). Multiplying

—dy¢" + Co = |pl*p (2.2)

by ¢’ leads to
d L, 1.5 1 4) _
dx( e gt ) =0

and therefore

1
—de” + (" =Syt =

for a constant ¢ € R. As ¢ € H,, we know lim, ,+., p(z) = 0 and by (2.2), we get
lim, 100 ¢"(x) = 0. Thus, lim, 4+, ¢’ () = 0 and consequently ¢ = 0, which leads to

1
—di” + (9 — 59" = 0. (2.3)

Together with ¢'(0) = 0, it is clear that p(0) = £/2¢. As with ¢ also —¢ is a solution
of (2.2), we will concentrate on ¢(0) = /2.

By inserting ¢(0) = 1/2( into the equation, we get ¢"(0) = —2\/2( < 0. Therefore,

there is a by > 0 with ¢ < 0 on (0,b;). We will now show, that ¢’ < 0 on (0, c0).
Assuming ¢’ < 0 on (0,b9) and ¢'(by) = 0, we get by (2.3) that ¢(be) = —v/2(. Hence,
there exists a value bs € (0, by) with p(b3) = 0. Using (2.3) again, we get ¢’(b3) = 0 and

19



consequently, ¢ = 0 which leads to a contradiction and means that ¢’ < 0 in (0, c0).
Furthermore, ¢ > 0 on [0, 00) and by symmetry ¢ > 0 on R.

Now the solutions of —dy"? + (¢? — %@4 = 0 can be calculated using separation of

variables. As
do\* ¢, 1,
ir) = d° " 2d”

and ¢’ < 0 in (0, 00), we get

/ - \/7 \[ arcosh\f

and therefore,

T) =4/20——m———.
#lo) ﬁcosh(x ¢/d)

Now let
A={a€H,: —dad" + Ca = |a|*a}.

As in [4], we show that A = U{e!*p : a € R}. Take a € A and multiply (2.1) by @’. As
above, we have

1
—d|d')? + (|al* — §|a\4 =0. (2.4)

Additionally, we know |a| > 0, because if a(xz) = 0 for any z, by (2.4) we would also
have /() = 0 and thus, @ = 0. Consequently, we can write a = pe!* with a > 0 and
0, € C%(R). Inserting this into (2.1), we get

(—dg” —f-dQ&lQ + CQ _ 029>eia _ id(?g’o/ + Qa//)eia — O,
i.e., 20/’ +pa” = 0. Then, there exists ¢ € R with ¢?a’ = ¢. We have lim,_, 4., |a(z)] =0
2
and lim, 1 |@/(z)] = 0 and |d/| = V/0?a”? + p” is bounded. Thus, ¢*a? = £ s also

2
bounded. From lim, 1 |a(z)] = 0, we get o(x) — 0 as © — Foo and consequently,
¢ = 0. Now we have @ = o for ap € R and a = ge'®. As o € H'(R), there is a
7o € R with ¢'(z9) = 0 and a € H, yields zy = 0. Inserting a = ge'® in (2.4) leads to
0(0) = /2(. Hence, g solves (2.2), 0(0) = /2¢ and ¢'(0) = 0. The corresponding initial
value problem has a unique solution and therefore o = ¢ and finally
. 1 )
a(x) = p(x)e'* = /20 —————F—2¢'".
(&) = (o) \/?cosh(x ¢/d)

20



Remark 2.2. Decomposing a := v +iw into real and imaginary part, we have seen that
the solutions (v, w) of the system

—dv" + (v — (V¥ +wHv =0, onR
—dw” + (w — (v + w*)w =0, on R,

are given by the family

T = {(cos(a)p,sin(a)p) : 0 < o < 27},

21






3. LLE with Forcing and without Damping

3.1. Phase plane analysis

In this section, we will consider purely imaginary solutions a = iw of
—da" + Ca —|a)®a+if =0, (3.1)
i.e., purely imaginary solutions of (1.1) with forcing and without damping. They satisfy
—dw” + (w —w® + f = 0. (3.2)

This second-order differential equation can be written as a first-order system

(;"y) — h(w,y)  with h(w,y) = ( o Sa s f> (3.3)

and the solutions can be studied in the phase plane (w,w’), i.e., the trajectories of the
phase plane correspond to the level sets of the first integral

1
I = —dy* + (w* — §w4 +2fw=c (3.4)

for c € R. As we are interested in soliton solutions, we need to find all homoclinic orbits
of this system, i.e., all solutions iw = iw + iw™ with @ € H, and w™ := lim|y| 0 w(x).
In Lemma 3.1, we will prove that they exist for all |f| < 29£C3/2.

2 (3) w

—
—

Figure 4: Homoclinic orbits

Lemma 3.1. Let d,( > 0 and |f| < 2%9/?:&”/2. There exist two even homoclinic solu-
tions iw; for i = 1,2 of (3.1) with wy symmetrically increasing and wy symmetrically
decreasing.

Proof. We observe that all trajectories are bounded in the (w, y)-plane. Indeed, consider
an arbitrary trajectory

1
—dy* + (w* — §w4 +2fw = ¢,

23



for ¢ € R and let N := max,er{Cw? — 1w* + 2fw}. Then, there exist £&,n > 0 such
that

—dy? <& =N forall |y|>¢
and
2 1 4 *
Cw* — JW +2fw < ¢ forall |w| >n.
Hence, for all (y,w) with |y| > &, we have
1
—dy2—|—Cw2—§w4—|—2fw <c*~N+N=c

and for all (y,w) with |w| > n

1
—dy* + Cw* — §w4 + 2fw < c*.

Finally, the set

() —dy? +Qu? — St + 2w =} € [¢,¢] x [-n,1)

is bounded. Furthermore, every trajectory crosses the w-axis, as for all ¢ € (—oo, N]
there exists a @ with (@? — 3@ + 2f# = ¢ and hence (@,0) € {(y,w) : —dy* + (w? —
swh 4+ 2fw = ¢}. Additionally, by symmetry y — —y of (3.4), all trajectories of (3.2)
are symmetric with respect to the w-axis.

The equilibria of the system are characterized by w’ = y = 0 and they solve the algebraic
equation

Cw—w>+ f=0. (3.5)
This equation has three distinct real-valued solutions w?), j = 1,2,3 for |f| < 2%9/?7’(3/ 2
two real-valued solutions w/), j = 1,2 for |f| = 29@( 3/2 and only one real valued solution
for | f| > %QB/ 2. Due to the Theorem of Ponicaré-Bendixson, homoclinic orbits are only

possible in the case |f| < 2%4‘3/2. To study the behavior of the system (3.3), we need
to linearize and get

Evaluating the Jacobian at some equilibrium (0,w")), we find

A= Dh(w(j),O) = (C _ S?w(j))Q é) )

24



The characteristic equation reads
0 =det(A — \d) = )\ + A,
where
A = det(A) = —¢ + 3(w)2,
Then,
AM=vV—-A and A=-V-A

are solutions to the characteristic equation. Hence, the linear stability analysis, which

allows us to characterize the equilibria of the nonlinear system, reduces to the analysis
of A.

For |f] < %C?’/Q and wM < w® < w®, we see immediately that

A>0 forj=1,3
A <0 forj=2

as w9 solve the algebraic equation (3.5).

1/,'(1) w® 3) W

Figure 5: Sketch of (3.5).

This means in particular, that for j = 2 we have two real valued eigenvalues of opposite
sign and the equilibrium is an unstable saddle. However, for j = 1,3, we have two
purely imaginary eigenvalues of opposite sign and these equilibria are stable centers,
surrounded by periodic orbits.

Since the stable and the unstable manifold of the saddle are symmetric around the y-axis,
they are identical and thus, provide the two homoclinic orbits.

[]

The homoclinic orbits represent the soliton solutions iw; = iw; +iwg® of this problem. In
the following, we will work in the regime where 0 < |f| < 2/2¢%? and define wi® := w®),
where w? is as in the proof above.
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3.2. Bifurcation from the sphere

Here, we will consider
—da" + Ca — |alPa +if =0, (3.6)

on R, i.e., (1.1) with forcing and without damping. Writing a = v + iw, we get the
system
—dv" = —Cv + (v* + w?),
—dw" = —(w + (V¥ + wHw — f,

7)
8)

on R. In the previous section, we have seen that in the situation without damping
and without forcing the solutions of (1.1) are given by the one-dimensional sphere T
consisting of (va, w,) = (cos(a)p, sin(a)y) where a € [0, 27) and

1

T) =\ 20—F—. 3.9
#le) ﬁcosh(x ¢/d) (39)

(3.
(3.

We will show that bifurcation from 7 with respect to the parameter f is only possible

T 3n
fora€{2,2

Figure 6: Symbolic picture: Bifurcation from the sphere of solutions for f =0

The theorem reads as follows.

Theorem 3.2. Let d,( > 0 and |f] < 22¢3/2. Then

(1) bifurcation with respect to f from T happens ezactly at o € {%, 37”},

(i) the bifurcating solutions consist of the purely imaginary homoclinic solutions found
in Section 3.1.
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Proof. The proof of (i) is a consequence of Theorems 3.6 and 3.8 below. Theorem 3.6

shows that there is no bifurcation for o ¢ {g, 37”} and Theorem 3.8 shows that the curve
of purely imaginary solutions from Section 3.1 connect to 7 at f =0 and o € {g, 37”}

(ii) holds due to Theorem 3.7. We prove that the purely imaginary solutions of Sec-
tion 3.1 are locally unique and are given by two curves (f,iw;) and (f,iws)*. ]

For the proofs, we need the following two theorems of Crandall-Rabinowitz. The first
one gives conditions under which no bifurcation occurs (cf. Theorem 3.2 in [7] or Theo-
rem 1.4.1 in [24]).

Theorem 3.3. Let X, Z be Banach spaces and U C X an open neighborhood of xqy, and
I C R an open neighborhood of \g. Furthermore, assume that F € CY(U x I,Z) and

dim(ker(D,F(zo, A))) = codim(ran(D,F(xg, Ag))) = 1
with
Dy\F(x9, \o) ¢ ran(D,F(xq, A\o)).
Then there is a continuously differentiable curve through (zo, \o), that is, there exists
{(z(5); AMs))ls € (=0,9), (x(0), A0)) = (0, do)}

such that F(x(s),A(s)) = 0 for s € (—0,0) and all solutions of F(x,\) = 0 in a neigh-
borhood of (zg, Ag) belong to this curve.

For the proof of bifurcation for a € {g, 37”}, we need a second Theorem of Crandall

Rabinowitz (cf. [6] or Theorem I.5.1 in in [24]).

Theorem 3.4. Let X, 7 be Banach spaces and U C X an open neighborhood of 0,
and I C R an open neighborhood of \g. Furthermore, assume that F € C*(U x I,7),
F(0,\) =0 forall A € I and

dim(ker(D,F(0,\))) = codim(ran(D,F(0, A\g))) = 1
with
ker(D,F(0, o)) = span{¢},  DuaF(0, A)[¢] & ran(D,F (0, \o)).
Then there is a continuously differentiable curve through (0, \o), that is, there ezists
{(z(s), A(s))|s € (=0,9), (x(0), A(0)) = (0, 20)} (3.10)

such that F(z(s),\(s)) = 0 for s € (=9,6) and all solutions of F(x,\) = 0 are on the
trivial solution curve or on the nontrivial curve (3.10).

!Note that in this notation iw; and iw, depend on f.
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Let (v, w™) satisfy

0= —Cv™® + (1) + (™)™ = ( ¢+ (0%) + (w™)?),
0= Cw™ — (v°)w™® — (w®) + w(—C + (V=) + (Ww™)?) + f.

Then, for f # 0, the only possibility is v* = 0 and w*™ solves
CwOO - (wOO)3 + f = 07

and for f = 0 the requirement of homoclinic solutions also leads to v* = w*™ = 0,
cf. Section 2. Hence, v>*° = 0 for all f € R.

Differentiating by f yields

of

and consequently ag’;o = S(WOO)Q . As a first step, we define for d,( > 0 and the map
F:H, xH, xR— L*R) x LQ(R) by

-t (L& 9)” ((@2 + (@ + w™)?) f&)

5= (= +9) 7 (0 + @+ wP) 0+ w) - f = o)

For ¢ = (¢1, ¢2) € H, X H,, the following formulas for the derivatives of F" hold

(DaF (0,0, 6] = 61 — ( L C)_ ((38% + @+ w*)?) 61 + 2005 + w*)¢2),

dz? d
(3.11)
a5, 006 = 02— (= + ) (024 30+ 02P) 4 2060+ ) ).
(3.12)
(D F)y (5,1, f) = _clz (—jﬁ + 2) (2@(@ + ww)g(wool)Q_C) (3.13)
(DsF)o(0, 0, f) = —611 <_ch2 + §>_ ((@2 +30° + 6ww°°) 3(w<>°1)2—§> (3.14)

and (3.6) is equivalent to finding nontrivial solutions of
F(v,w, f) =0.

By Section 2, it is clear that F'(v,, w,,0) = 0. Theorem 3.3 applies if D;F (v, w,,0) ¢
ran(D; F(v,, wa, 0)). Therefore, we have a closer look at Dz F'(v,, W, 0).
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Lemma 3.5. For all o € [0,27) we have

ker (D[ (va, Wa, 0)) = span {(sin(a)p, — cos(a)p)},
ran(Dg F'(va, wa, 0)) = span {(sin(a)p, — cos(a)gp)}LL2 ,

with ¢ from (3.9).
Proof. We first prove that DzF'(v,,w,,0) is Fredholm of index 0. For that, we use
the splitting Dz F'(va, wa,0) = A — K where the two operators K : L?(R) x L*(R) —
L*(R) x L*(R) and A : L*(R) x L*(R) — L*(R) x L*(R) are given by
p <¢1> B L-&+ g)“ (302 4+ @?) ¢y + 20(W + W)y

¢2 V() (0 4 302) gy + 20( + 0oy
and
14<¢{)': ¢1—-2(—£§'+§)_1<@ﬁ”V¢n>

%) -t (-5 + ) (3w
From the Fourier transform

Fok) = [ o)e " da,

we obtain that A is an isomorphism, if

1 — ) 0
dk?+C
0 1 — )

dk? 3¢

is invertible for all k € R. This holds if 1 — 3(w>)? > 0 or equivalently ¢ — 3(w™)? > 0,
which is true by Section 3.1. The equation —u” + %u = h with h € L*(R) is solved
by u(z) = ¢ [z e Y h(y)dy with ¢ € R. Hence, we observe that K is compact as the
operator L? — L%, f — [oe ®Yh(y)f(y)dy is compact for h € L?*(R) since it is a
Hilbert-Schmidt operator due to

[ [ ey dedy = @ [ (hiy))? dy

for some ¢ € R. Finally, D;F (vs,w,,0) = A — K is Fredholm of index 0 as a com-
pact perturbation of an isomorphism. Furthermore, Dz F' (v, w,,0) is self-adjoint and
hence it is enough to prove the assertion for ker(DgF(va, wa,0)). Let ¢ = (¢1,09) €
ker(DgF(vq, wa,0)). Then, the formulas on the derivatives (3.11) and (3.12) yield

— ¢+ fﬁbl = ; (2cos*(a) +1) @1 + zsin(a) cos(a)p?¢s, (3.15)
— ¢ + fg@ = Cll (2sin*(a) + 1) % + Zsin(a) cos(@) 1. (3.16)
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Multiplying (3.15) by cos(«), (3.16) by sin(a) and adding up the resulting equations,
we observe

<_j; . 2) (cos(a)r + sin(a)es)

= cos(«) (il (2 cos?(ar) + 1) O’ p1 + CQZ sin(«) cos(a)g02¢2)
+ sin(«) <c11 (2 sin?(a) + 1) O o + zsin(a) cos(a)g02¢1>

:2902 (cos(a)¢1 + sin(a)en) .

We show in Section 4.1 that
d? ¢ 3
k — _— —— 2 pr—
eryy,. < d:zc2 + d dQO ) {0},

where kerHT(—j—; + & — 30?) refers to the kernel of the differential operator on H,.
Consequently, cos(a)@; + sin(a)gpe = 0. Therefore, there exists a function ¢y € H'(R)
such that ¢ = (sin(a)¢pg, — cos(a)pp) and we get from (3.15)

<—dd; + 2) (sin(a)go) = 2(2 COSQ(Q) + 1)¢2 sin(a) ¢ — Zsin(a) COS(oz)cp2 cos(cr) o

1 )
= ggoz sin(a) o,

as well as from (3.16)

<—dd$2 + 2) (— COS(OC)QbO) = —;(2 siHQ(Q) + 1)802 COS(a)gbO + zsin(a) COS(oz)goQ Sin(a)gzﬁo
1

= —ggpQ cos() .

Due to positivity [15] (Theorem 8.38), ¢ € H,. is the unique eigenfunction of ;de—l—(% — 12
corresponding to the eigenvalue 0 (up to a constant factor) and therefore, ¢o € span {y}
implying ¢ € span {(sin(a)p, — cos(a)p)}. O

This lemma allows us to prove the following result.

Theorem 3.6. Let o € [0,27) with o ¢ {g, 37”} Then there exists a neighborhood U of

(Vay Wa, 0) in Hy X H, X R, such that all solutions (v,w, f) of (3.6) in U belong to T.
In particular, there is no bifurcation for a ¢ {g, 37”

Proof. From (3.13) and (3.14), we have for all « € [0, 27)

D F(va, wa, 0) = (;gsin(oz) cos(a), 2(1 + QSiDQ(oc))> (—dQ + C) h o2,
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Hence,

(D F (v, Wa, 0), (sin(a)p, — cos(a)p))

1 2 -
:CTC<<2 sin(a) cos(a), 1 + 231n2(oc)) <_cl952 + 2) ©?, (sin(a)p, — cos(a)p))
1 2\,

:_dCcos(a)/Rgp<—dx2+d> o dx #0
for a ¢ {g,%ﬂ}, as ¢ > 0 and (—j—; + %>_1g02 > (0. Then, by the previous lemma,
DF(vg, wa,0) & ran(DgF (va, wa,0)) and hence Theorem 3.3 proves there is no bifur-
cation for a ¢ {g,%ﬂ} O
In the next theorems, we will prove that bifurcation from 7 occurs for a € {g, 37”}

Moreover, we prove that the bifurcating branches only contain purely imaginary solutions
for 0 < |f| < 243¢3/2.

Theorem 3.7. Let d,{ > 0, 0 < |f] < %/EC?’/Q and iw; the purely imaginary and
homoclinic solutions of (3.6) fori =1,2. Then, there exist open neighborhoods U of iw;
in He and J of f in R such that (3.6) is uniquely solvable in U x J.

Proof. Consider G : H, x H, x R — L*(R) x L*(R) by

S f) e —di" + (0= 0 — (W + w*)%
G(v,w, f) := (—dﬁ)" (b — (0 + we) — @3 — 30w — 3w (w™)?)

Then, by definition of w;, we have

and
- _ [ —de] + (o1 = 30%h1 — (D + w*)PPr — 2(d + W) Ty
N BV A A |
Hence

D:G(0, 0, f)[¢] = ( —d¢l + Cp1 — (w; + w§®)2 ) |

—ddly + Cy — 3(; + wi®) s

In Section 4.1, we prove that ker(DzG(0,w;, f)) = {0} for i = 1,2. Since DzG(0, w;, f)
is Fredholm of index 0 (cf. proof of Theorem 4.11), it has a bounded inverse and thus
the statement of the theorem follows from the Implicit Function Theorem. n

The above theorem proves in particular that for 0 < |f| < 2%9/5@“ 3/2 the purely imaginary
solutions calculated in Section 3.1 are locally unique and given by two curves (f,iw;)
and (f,iws).
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Theorem 3.8. Let d,( >0, |f| < %/g(?’/? and iw; the purely imaginary and homoclinic
solutions of (3.6) for i = 1,2. Bifurcation from the curve of purely imaginary and
homoclinic solutions occurs only for f = 0.

Proof. Let G : H, x H, xR — L*(R) x L*(R) such that G(v, 2, f) := F(d,w; + 2, f) with
F:H,xH, xR — L*(R)x L*(R) as above. Then, we have by Theorem 3.6 that there is
no bifurcation for f # 0. Furthermore, G(0,0, f) = F(0,;, f) = 0 for all |f| < 2/3¢3/?
and by Theorem 2.1, w; = ¢ for f =0 with ¢ as in (3.9). As in Lemma 3.5, we obtain

ker(D;zG(0,0,0)) =ker(D;F(0, ¢,0)) = span{ (e, 0)},
ran(DzG(0,0,0)) =ran(DzF (0, ¢,0)) = span{ (¢, 0)}+z2.

Moreover,

and hence
DG (0,0,0)[(4,0)] = DasF(0, 0, 0)[(12,0)] = (‘33< (= +3) 9”2) .
Thus, Dz¢G(0,0,0)[(¢,0)] ¢ ran(DzG(0,0,0)), as

2 2\,
<D<~1fG(07070)a(9070)> :_ﬂ R¢<_Cl$2+d> @ dl‘;’éo

and Theorem 3.4 proves the assertion. O]

Remark 3.9. As for f = 0 the bifurcating branch from the curve of purely imaginary
and homoclinic solutions are exactly the solutions on T, the theorems above prove in
particular, that bifurcation from T for f = 0 is only possible for o € {g, 37”} and that
the bifurcating solutions are purely imaginary.
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4. LLE with Forcing and Damping

4.1. Nondegeneracy

In this section, we will show nondegeneracy of the purely imaginary homoclinic solutions
iw; for ¢ = 1,2, from Lemma 3.1, i.e., we will show that

2

d . o
ker g2 <_dci332 +(¢— Dg(lwi)> = span {iw; } .

Here, kerpp (—d% +(¢— Dg(iwi)) refers to the kernel of the differential operator on
the domain H2(R) and g(a) = |a|’a — if, Dg(a)z = Lg(a + tz)‘tzo = 2|al’ 2 + o’z
Splitting the linearized operator L := —dj—; + ¢ — Dg(iw;) into real and imaginary part
and using w; = w; + w® with @; € H*(R) and w® := lim; o0 wi(z), we get

pe

Lyi=—dos +( — (w*)? = 2wi*w; — w;

=:p(z)

and

2

d
Ly = —d@ + ¢ = 3(w)? — 6w;w — 307 .

=:q(x)

Observe that nondegeneracy is equivalent to the fact that keryz(Ly) = span {w;} and
kery2(L1) = {0}.

As a first step, we need the following lemma (cf. Theorem 3.3 in [2]).

Lemma 4.1. Let r € C(R) with r(xz) > a > 0 for x > R. Then for any solution u of
—u"4+ru =0 onR,

one of the following two limits holds

(a) lim u(x) = 0,

T—00

(b) lim |u(z)| = oo.

T—r00

A nontrivial solution satisfying the first condition is unique (up to a multiplicative fac-
tor).

Lemma 4.2. Let d,( > 0, |f] < 2%9/?:(3/2, ¢1 € kery2(Ly) and ¢o € kerg2(Lo). Then ¢y
and ¢y are unique (up to a multiplicative factor).
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/ w? — w
f
/ - “’

Figure 7: Property of w® for f > 0.

Proof. w® = w® solves the equation w® — (w = f and thus, 3(w®)? — ¢ < 0. Hence,
lim p(z) = ¢ — (w)* > (= 3(w)* > 0
and

lim g(x) = ¢ — 3(w®)* > 0.

T—00

Therefore, Lemma 4.1 proves the claim since

lim ¢1(z) = lim ¢y(x) = 0.

Lemma 4.3. Let d,( > 0 and |f| < 22¢32. Then

ker 2 (L) = span{w;}.
Proof. To show that @] € kerpy2(Ls), we note that

d2
l d2—|—§ 3(w)? — 6w Sw]w;

42
= — d——} + (W] — 3(w®)2 W, — 6w;w W, — 3w,

da? 2w, 24,
d d2
—d( d— 5 Wi + Qi — (w;’°)2wi—3w§w;°_@g>
T
d d? |
:dx< d—s (@ + wi )+<(wi+w§°)_(wi+w§o>3+f> 69

As lim,_,, @, = 0, the solution is unique by the previous lemma (up to a multiplicative
factor). O

For the following results, let ¢; € keryz(L;y) and split ¢1 = ¢1 cpen + P1,0d4 inNtO even
and odd part. Then we observe ¢1cven; P1,0aa € kerg2(L1) with ¢ ,.,,(0) = 0 and

®1,04a(0) = 0.
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Lemma 4.4. Letd,( > 0, |f| < 2—‘96{3/2 and @1 evens P1.0dd defined as above. Then either

O1,even = 0 07 @1 cpen has no zero on R. Likewise, either ¢1 040 = 0 01 @144 has exactly

zero on R at x = 0.

Proof. We prove this lemma only for i = 1 and ¢; cpen. By Lemma 4.3, we know that
Lowy = 0. (4.1)

Now, assume that ¢ ce, had a first positive zero zo > 0, i.e., @1 cpen(o) = 0. Then we
can assume @1 epen, > 0 on (0,2¢). Since @y epen(r) — 0 as & — oo, there is x; € (xg, 0]
such that @1 epen < 0 0n (29, 21) and lim,_,;, @1 cpen(z) = 0. Additionally, we observe

p(x) = ¢ — (W +w1)* > ¢ — 3(w® + 1) = q(x).

Multiplying (4.1) by ¢1.cven, L1¢1,even = 0 by @] and integrating the difference yields

1 -
0= [ =A@ 61c0en ~ S euen@) dz + [ (0= D) 61c0en da
Zo

o

>0

X1
~ 11 1" ~/
> _/ d(wl le,even - 1,evenw1) dx
o
d / ~/

1
- = d— (wlllqbl,even - l,evenwl) dz

x0 dx

_ ~ 11 / ~/
=—d [wl le,even - d)l,evenwl}xo

= —d{ v (0) 4 0) = 1) B (21) ) > 0,
—_— T

<0 >0 >0 >0

1

which is a contradiction. Hence ¢1 ¢ye, has no zero on R. An almost identical argument
applied to ¢ oqq proves that either ¢y 44 = 0 or ¢1 4q has no zero on (0, co). O

Lemma 4.5. Let d,( >0 and 0 < |f| < ¥<3/g_ Then kerp=(Ly) = {0}.

Proof. We again prove this lemma only for ¢ = 1 and assume for contradiction that there
is a non-trivial solution ¢1 = @1 cyen + P1,0da of L1¢1 = 0.

For the odd part, suppose ¢1 .44 is not identically zero. Then ¢y .50 € Hj((0,00); R) is
w.l.o.g. a positive Dirichlet eigenfunction to the eigenvalue 0 of L; on (0,00). Observe
that @] € H}((0,00);R) is a positive Dirichlet eigenfunction of Ly on (0,00) corre-
sponding to the smallest eigenvalue 0. We also have the following inequality between
the quadratic forms of Ly and L4

ba(0) = [ a0 +potde > [ d(6)? + 46" dr = by (0)

for all ¢ € H((0,00);R)\ {0}. Therefore, by the Poincaré min-max principle, we obtain
a strict ordering between the Dirichlet eigenvalues of L; and Ly, and hence, the smallest
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Dirichlet eigenvalue of L, is strictly larger than the first Dirichlet eigenvalue of Ly which
is impossible. This implies ¢; o4q¢ = 0.

Let us now consider the even part ¢iepen. We know that ¢y cpe, has no zero on R.
Testing (3.2) with ¢ cyen, and integrating twice by parts, we obtain

0 7& _/ f¢1 even dx = /]R _d(wl + wfo)ﬂqbl,even + (C - (ml + wTO)Q)(ml + w?})gbl,even dx
- / wl + wl lll,even + (C - (U~)1 + wfo)2)(u~)1 + wfo)gbl,even dx = 0.

This is a contraction, and hence, ¢ cpen, = 0. Together with ¢1 .44 = 0, we finally see
¢ =0. O

Now the previous lemmas immediately prove the following theorem.

Theorem 4.6. Let d,( > 0, |f| < 2—‘96(3/2 and w; = w; + wi® the homoclinic solutions
of Lemma 3.1. Then

d? . .
ker 2 <_dda:2 +(— Dg(lwi)> = span {iw, } .

Remark 4.7. If we set the domain of the differential operator as H. we get kemd—d%%—
¢ — Dg(iw;)) = {0}. This is true because H. only contains functions a with a’(0) =0 so
that 1w, & H. because (3.2) yields

dw;(0) = qw;(0) — w;(0)* + .

The latter expression is non-zero since w;(0) # w9 for j = 1,2,3 where w™, w? w®)
are the solutions of the algebraic equation (3.5) cmd hence the constant solutwns of (3 2).

4.2. Calculating the equilibria

In the following, we calculate the equilibria, i.e., we want to determine a*> = v*> + W™
which satisfy the equation

(¢ —1)a—|a]*a+if =0, (4.2)
or equivalently (v, w>) which satisfy the system

0=—Cv—w+v*+w, (4.3)
0=C(w—v—2v*w—w+ f (4.4)
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Lemma 4.8. Consider the equation

fPa® —20f? + (1 4+ o — f=0.

(4.5)

Then x € R is a solution of (4.5) if and only if a® = v>™° + W™ with v>° = x and

w® = —(v>® + f(v™®)? is a solution of (4.2).

Proof. Multiplying (4.3) by w and (4.4) by v and adding up the resulting equations leads

to
V' +w? = fo
and inserting this relation into (4.3) yields
w = —Cv+ fo’.
Inserting (4.6) and (4.7) into (4.4) gives
0= —v+((—§v+fv2> — (—(v+fv2> “fo+ f
= 2+ 20 = (1+ ) v+ f

and with z := v, we get (4.5).

Next, we will calculate the solutions of (4.5).

Lemma 4.9. For f? ¢ (%g(@ +9) — %(@ — 3)3/27217 (C2+9)+ 2;7(@ _ 3)3/2) and

¢ > /3 equation (4.5) has 3 real solutions.

(4.6)

(4.7)

Proof. To calculate these solutions, we will use Cardano’s formula. First, we will reduce
it to a depressed cubic equation. To do so, let x := z + 3, where 8 € R\ {0} will be

chosen later. Inserting this into the equation for z yields

2( 1+ ¢?
0=(=+0) = S48+

1
f

(z+6)

S

Choosing [ := % gives

f I? f

=z3+(36—%)22+<352—W+1+C2>2+53—2<62+

B 20\>  4C2¢ 1+ (2 20> 2¢ [2¢\?
0_23+<3<3f> ARG >+<<3f> -7 (55

B 4% 1+ ¢? 16¢3 124¢%2¢ 1
_z3—{—<—3fz+ I >z+<—27f3+ 7 3f_f>'

=p =:q

37

14 ¢?
f2

1
f-

1+¢22¢ 1

f2

3f  f

|



Now, we can apply Cardano’s formula to the equation

2+ pr+q=0.

It is well-known that there are three real solutions if and only if A := % + ’2’—?; < 0,
cf. [22]. Indeed,
2 3
q p
A=—+4—
4 + 27
_ (2¢ +18¢ —27f%)*  (3-¢*)°
B 4. 272 f6 272f6 7

and hence, there are three real solutions of (4.5) if and only if

2 2 _gpr 2 2
f2€<27C(<2+9) 27 (=37 5 l(E 4 9) 5o (C 3)32>.

We notice, that
q 27 203 +18¢ — 27f?

2V P 2AC -3

and
2¢% +18¢ — 27 % < 2(¢* — 3)*?
by the condition on the discriminant A as well as
23 +18¢ —27f2>0 and 2(C2—3)*2>0

which are also true by the condition on the discriminant f2 < 2¢(¢* 4+ 9) and by

definition. Consequently
q 27
0< —=/—— < 1. 4.8
<45 < (4.9

Hence, the solutions given in the following lemma are well-defined.

Lemma 4.10. For (, f,p,q as before, the solutions of (4.5) are given by

4 1 q | 27 2¢
T = — —gpcos (3 arccos <—2 —p3>> + ﬁ’

4 1 q 27 U 2C
To = + —gpcos (3 arccos (—2 _p?’> + 3) + g,

&

I

+
]

——pcos 1arccos 1 —g _z —l—%
Peosi3 o\ ") 3) T 3f

with 1 < 9 < x3.
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Proof. Cardano’s formula now gives
1
cos | = arccos
3
cos arccos
+1/— pcos ( arccos (

with 21 < 25 < 23 or equivalently with x; = z; + % for : = 1,2,3 as in Lemma 4.9, this
proves the assertion. O

21 =

N———
+ v

| |
_l’_

3 =

\ =~

[\DMQ l\D\»Q [\D\»Q

;‘i‘@w
| ol | W=
N——

|

w|y
N——

4.3. Continuation via the Implicit Function Theorem

In this section, we analyze for which values of (, f solitons of (1.1) exist for fixed d > 0.
There is a rescaled version given by

—du" + (( —ei)u— |ul*u+if =0, onR. (4.9)

Namely, u solves (4.9) with ¢, f if and only if a(z) := e~/?u(e~/?z) solves (1.1) on R
with ¢ = Cg Uand f = fe=%/2. In the following (Theorem 4.11), we will show that for
given C, f, (4.9) has soliton solutions for all & € [0, £,ez). Hence, we know that for the

pair (¢, f) with
Ce (C,oo>, f= oo,

max €3/2

(1.1) has a soliton solution.

f (c, C‘fpc”)
(o)
N YN
i €maz  Emax
5?}{3:2 777777777 :
¢ ¢
gma/.z’

Figure 8: Illustration of lower envelope.
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Varying ¢, f, we get a lower envelope ( - SJ;Q ) Then our main result states that

above this envelope solitons exist.

We first establish this result rigorously in Theorem 4.11. Afterwards, in Section 5, we
show how to use this idea for a numerical algorithm to compute approximate soliton-type
solutions.

If we define g(z) := |z|*x, we can rewrite (4.9) as
0= —di" + (i — eit — (g(@ + u™) — g(u™)). (4.10)
Now, we apply the Implicit Function Theorem to (4.10).

Theorem 4.11. Let d,( > 0 and iw; the purely imaginary solutions of Section 3
of (4.10) for e = 0. Then there exist open neighborhoods U of iw; in H., J of 0 in
R such that (4.10) is uniquely solvable for (a,e) in U x J.

Proof. Define H: H. xR — L ={u € L*(R;C) : u(x) = u(—z)} by

o
H(u,e) = (—d2 + C) u — eit — g(u + u™) + g(u™).
dx
By definition of w;, we have
H(iw;,0) =0

and we define L := Dy H (iw;, 0) = —d% + ¢ — Dg(iw; + iw®). By Remark 4.7,

2
kery, (_dij + ¢ — Dg(iw; + iwfo)) = {0}.

Hence, Dy H (iw;, 0) is injective. Furthermore, L is self-adjoint and Fredholm of index 0
as a compact perturbation of an isomorphism, since Ly := —d% + (¢ —i— Dg(iw)) :
H?(R) — L*(R) is an isomorphism and K := Dg(iw;) : H*(R) — L?*(R) is compact.
Indeed, consider K, : H*(R) — L*R), Kpp := hp for h € C§°(R). Then K, is
compact due to Sobolev embedding. By density, there exists a sequence (h,)nen C
Cs°(R) with h, — Dg(iw;) in HY(R). As ||k, — Dg(iw;)||,, — 0 for n — oo, this
yields |[(Kp, — K)¢|| < ||h, — Dg(iw;)|| ||¢ll;2 and hence ||K,, — K| — 0 and the
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compactness of K. The self-adjointness follows as

(Lz,p) = Re/R(Lz)ﬁdx

d > I
- Re/]R <_ddx22 + (z — Dg(iw; + iw; )z) odz

d? >
:Re/ (—dwz+gz—2|i7jji+iwf°|22+(iwi+iw;’°)z>gpdz
R x
d? > 5
:Re/R —d@go+§'go—2|iwi+iwf°\ o + (Iw; + iw®)p | zdx
2

d ~
= Re/ —d—=¢ + Cp — Dg(iw; + iw;°)p | Zdx
R dx?

= Re/ (Lp)zdx = (z, Lp).
R
Therefore, L = Dz H (iw;,0) = Ly — K has a bounded inverse and the statement follows
from the Implicit Function Theorem. O

Remark 4.12. Taking into account the rescaling a(x) := e ?u(e~'/%x), the previous
theorem proves in particular that for all € > 0 sufficiently small, there are two even
homoclinic solutions a of (4.9) with ( = (e}, f = fe=3/? satisfying

a— lim a(x)

_ ( L@+ @)+ (o~ Tim a(a:))2da:> "

|| —00 772 |z|—00
1 1 1/2
_—1/4 N2 S \2 — 1 2d
([ S+ S i ) )
>e V4l — lim u(y)| — oo
ly|—o0 H2

as e — 0.

Remark 4.13. The above theorem guarantees the existence of €mae > 0 depending on
d, ¢, f with the property that for 0 < & < emqq the parameter pair (¢, f) with ¢ = e~ and
f = fe32 allows for a localized solution of (4.9). Let us take emaz = Emaz(d, C, ) to be
the largest value with the above property. Then we can consider the curve (0, €mae) D €
(Ce™', fe=3/2) in the (C, f)-plane. By varying the parameters  and f these curves cover
regions in the (C, f)-plane, such that above the lower envelope ({(emaz) ™", f(Emaz) *?)
localized solutions of (1.1) exist.

The practical applicability of Theorem 4.11 is demonstrated in Section 5. However, at
this point, we will give the brief idea how the proof of the theorem is the basis for a
numerical continuation method with pde2path. The details on the implementation in
pde2path can be found in Section 7.4. It is done by replacing the real line with the inter-
val [, 2] and by considering the rescaled version (4.9) of the Lugiato-Lefever equation
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on [, 2x] with Neumann boundary conditions at the endpoints. Then, for a fixed value
- - _ _ -1
of ( and f = & = 0 the (shifted) approximate solution iy/2¢ (cosh ((QJ — )/ ¢/ d))

from Section 2 is continued first in f and then in e, where we chose the purely imaginary
solution due to Theorem 7.4. Rescaling a(z) = e 1/?u(e~'/2(z — 7)) we obtain a function
defined on [r, (1 + y/€)7] that we extend constantly to [(1 4+ /)7, 27]|. The resulting
function is mirrored on the vertical axis at x = 7 so that an approximate 2m-periodic
solution of (LLE) for parameter values (¢, f) = (Ce~!, fe=3/?) is found. Refining this so-
lution with a Newton step yields a periodic soliton solution a solving (LLE) on [0, 27] for
the parameters (¢, f). As an example, for fixed d = 0.1, = 5 we initially set f = ¢ = 0,
and first continued the cosh™!-type soliton with respect to f € 0,2.9]. For fixed f=29
the continuation is then done with respect to ¢ € [0,1]. The resulting solutions are
shown in Figure 9. With ¢ = 0.5 the corresponding detuning and forcing values are
¢ =Ce ' =10and f = fe 3?2 = 8.20. Similarly with ¢ = 1 the corresponding detuning
and forcing values are ( = =5 and f = f = 2.9.

6

=10
T f=82

=5

41 ——f=29

=5
21
. QAB&
0 T 21

i

Figure 9: Solutions of (LLE).

We finish our discussion with a brief comment of the case d < 0 (normal dispersion),
which we also discussed in [14]. Here, we also consider the rescaled equation and rewrite
it in the form

—|dju" + (¢i— Ou+ [u’u—if =0 onR,  wu(0)=0. (4.11)

For e = f = 0 the solutions are given by u(x) = e®p(z), where a € [0,27) and

o(x) = \/E tanh <x\/5(2 |d|)—1> :

Starting with € = 0, we consider purely imaginary solutions for |f| > 0. The equilibria
in the phase plane of Section 3.1 are the same as before, but due to d < 0 their character
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changes. Now we have a center for j = 2 and two unstable saddles for j = 1,3 and
the unstable saddles are connected by two heteroclinic orbits. Going back to (4.11), we
have for € = 0 two heteroclinic solutions u; = vy + iwy, ug = vy + iwe with w} > 0 and
wh < 0 on R. Moreover, lim,_, iw; (2) = lim,_,_ iws(2) = iw®, lim,_, o iw(z) =
lim,_,o iwy(z) = iw™. For ¢ > 0 the unstable saddles persist and one might try to
continue the heteroclinic solutions iwy,iws into the range ¢ > 0. Let us explain why
the previous continuation argument fails in the case of iw; (the argument for iw, is the
same). One could seek for heteroclinic solutions of the form

u =1+, with @ € H*(R)
and where 1. is a smooth given function of z, continuous in ¢ with

Yo = iw; and zh—glowe(x) :u£3)7 lim ¢ (z) = (1)7

T——00

where uY) are the equilibria of (4.11) for ¢ > 0. The implicit function continuation
argument applied to

F(u,e) = —|d|(a + )" +ei(a + ¥.) — g(a + )

Would then provide @ as a function of €. Due to ¢y = iw;, we have F'(0,0) = 0 and the
98(0,0) = —|d|-L; — {+ Dg(iwy) : HA(R) — L*(R). Now
there is the question of nondegeneracy of iw;. Since iw; is purely imaginary, aF =(0,0)
decouples into two real-valued, self-adjoint operators

Iy ::(—|d|sz —§+w§(x)) . H2(R) — L*(R), (4.12)

L ::<—|d|sz ya 3w§(x)> . HX(R) — L*(R). (4.13)

As w) solves (— §+w)w—f>0forj—123andw1 < 0 < w®, we see that
—C 4 limy oo w3 (x) = = + (wM)? < 0 and —¢ + lim,_, o w?(z) = —C + (w®)% > 0.
Hence, we get for the essential spectrum of L; the relation

Uess(Ll) = [_5 + (w(l))27 OO)

and 0 € 0.s(L1). Unlike in the case of d > 0, L; is not a Fredholm operator and the
nondegeneracy of the heteroclinic solution fails for d < 0.
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5. Numerical experiments

In this section, we use numerical path continuation in a way as already foreshadowed in
Section 4.3. The goal is to numerically calculate 27-periodic solutions of (LLE) using the
results of Sections 2 - 4. To do so, we need to replace the real line by the interval [, 27|
and consider the rescaled version (4.9) on [r, 27| with Neumann boundary conditions at

the endpoints. Then for d > 0, set ¢ > 0 for f = ¢ = 0 and continue the approximate
-1

(shifted) solution i\/;f (COSh <(3: — )¢/ d)) of the NLS numerically in f € [0, fo].

Subsequently, we take all solutions for f € [0, fo] and continue them in € € [0, go]. This
procedure is then repeated for all { € (0, (y]. Finally, all solutions are rescaled according
to Section 4 by a(z) := e~Y2u(e71/2(x — 7)) and we obtain solutions of

—dd" + (¢ —a—|afa+if =0, d((1—+e)m)=d(m)=0

with ¢ = ¢ and f = 63f/2. Extending these solutions as constants to [(1 + /)7, 27| and
vertically reflecting at = m then yields approximate periodic solutions of (LLE). In
Figure 10, the continuation routine for ¢ = 5 is shown. First the approximate solution
on the NLS is continued in f. Subsequently fixing f = 0.5, we continue in €.

0.6912

0.69115

2
2

5

2
53

[lull3

0.6911

0.69105

€

Figure 10: Continuation of the approximate solution in f and then in ¢.

The approximate solutions found by this method are post-processed by a Newton step
and spectral stability is checked. The results for d = 0.01 can be seen in Figure 12.
Observe, that we can find spectrally stable soliton solutions as well as spectrally unstable
soliton solutions, cf. Figure 11. In [42], orbital asymptotic stability of 2m-periodic
solutions was investigated. This result particularly yields stability of our spectrally
stable solutions and instability of our spectrally unstable solutions.

Let us briefly comment the shape of the continuation in f in Figure 10. Obviously for
each f (with ¢ = 0), we find two solutions with different L2-norm. This is due to the
phase plane analysis in Section 3.1, where, in the absence of damping, we always find
two homoclinic orbits corresponding to one single f < 2%5 3/2 These homoclinic orbits
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serve as separatrices, with periodic solutions inside and outside. Our procedure described
above uses the homoclinic orbits as an approximation to a 2m-periodic solution inside
the homoclinic orbits. However, there is always another 27-periodic solution outside the
homoclinic orbit. These solutions can be found on the upper curve.

14 3000

2000 -

1000 +

|al
Im(\)

0+

-1000 |
4

2 -2000

5 -3000
0 1 2 3 4 5 6 8 6 4 2 0 2 1 6

8 T T : . . . 3000
2000 -
1000

0r

la
-
Im(X)

-1000

2
{ -2000 |

0 1 2 3 4 5 6 8000 2 * ” > 0 2 s 6

Figure 11: Top: Stable solution together with the spectrum of the linearization for { =

Cem' =80 and f = fe3/2 = 23. Bottom: Unstable solution together with
the spectrum of the linearization for ¢ = (e~ =20 and f = fe3/2 = 25.

Our analysis in Section 4 was only valid for ¢ > /3 and

2 2 2 0 e 20 2 5 3/2)
7€ (C(C+9) = (=32 G +9)+ (- 32)).
A result from [19] states that highly localized solutions on R serve as good approxima-
tions for solutions of (LLE). Therefore, one could assume that f? should not exceed the
region given above and we included these bounds as blue curves in Figure 12. Indeed,
we observe that the upper bound coincides with our numerical results. However, the
lower bound does not seem to be as good.
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40 +

30 ¢

20 ¢

10+

Figure 12: Soliton solutions found by continuation of an approximate solution of the
NLS. The unstable solutions are marked in red, the stable solutions in green.

Yet, there is another lower bound

(5.1)

suggested in [19], which is only valid for large values of 4%, as discussed in Section 8.
This bound is also included in magenta in Figure 12 and seems to be more consistent
with our numerical results.

In [29], a bound for non-existence of nontrivial solutions is given. For
C>6f2(1+12f2m%d1)? (5.2)

nontrivial solutions cease to exist. As % < 6f%(1+12f27%d~1)?, these two bounds are
compatible.
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5.A. Details on the implementation

In this appendix, we comment some details on the implementation for the computation
of the (¢, f)-plane of this section. The idea is to consider the rescaled version

—du" + (C —ei)u+ [ulPu+if =0

on [0, 7] with homogeneous Neumann boundary conditions. For ¢ = f = 0 the ap-
—1

proximate solutions iy/2¢ (COSh ((m — )/ (/ d)) of the NLS are first continued in f

and then in ¢ in a systematic way, which leads to large areas in the ((, f)-planes with
solutions of (LLE) by using the rescaling ¢ = (e™! and f = fe=%/2.

Algorithm 1 Computation of stable and unstable bright solitons
Input: d=10.01,{ >0, f=e=0
while ¢ < (, do
—1

continue i\/;g <COSh ((:v — ) CN/d)) in f until fold point is found

continue each of these solutions in e until fold point is found
rescale solutions and parameters
extend solutions constantly and reflect at x =7
Newton step
check spectral stability
end while
indicate solutions in (¢, f)-plane
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Part IIl.
Bifurcation
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6. Outline

In this third part, we will discuss (LLE) numerically using the Matlab-based toolbox
pde2path for numerical path continuation and bifurcation.

In Section 7, we briefly discuss the functionality of pde2path based on numerical path
continuation and present the main routines for continuation, switching of branches and
fold continuation. Moreover, we implement the equation as a system in pde2path and
present a first bifurcation diagram computed by the software. Furthermore we give some
details on the implementation.

The results of Section 8 are published in [13] together with Philipp Trocha, Rainer Man-
del, Chrinstian Koos, Tobias Jahnke and Wolfgang Reichel. For anomalous dispersion
d > 0 and for normal dispersion d < 0, we develop a heuristics in order to find the most
localized soliton solutions using the bifurcation diagrams. Bright single solitons for d > 0
are found on the last bifurcating branch, when we number the bifurcation successively
along the curve of constant solutions. Dark solitons for d < 0 are found on the first
bifurcating branch. Using these heuristics, we define the properties comb bandwidth and
power conversion efficiency for the corresponding frequency combs, which allows us to
compare solitons for different values of d and f. For d > 0, we can compare our results
to some known approximation formulas. This global study provides an overview on the
structure of nontrivial solutions. We observe that for bright and for dark solitons the
bandwidth increases with f whereas the power conversion efficiency decreases. Further-
more, we obtain that with d — 0 the combwidth increases whereas the power conversion
efficiency decreases. In direct comparison of bright and dark solitons, we will observe,
that the bright solitons have a decreased combwidth along with a higher conversion ef-
ficiency for the same values of f. The approach presented within this parts, can also be
extended to include additional effects as two photon absorption. These results allow a
targeted design of soliton comb generators for specific applications.
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7. pde2path and Numerical Path Continuation

The Matlab toolbox pde2path (cf. [10],[44]) is designed to numerically treat continuation
and bifurcation of PDE systems.

For the discussion of numerical path continuation and bifurcation detection, the fol-
lowing definitions from [30] are very useful to discuss a discretized and therefore finite-
dimensional problem.

Definition 7.1. Let F : R" x R — R" be a C'-map.

o A point (ug, \g) € R" xR is called reqular, if rank(DF(z)) = n. Otherwise (ug, Ao)
is called singular.

e w € R" is called a regular value of F, if (ug, \o) is a reqular point of F for all
(ug, No) € F~H(w). Otherwise w is called a singular value.

Definition 7.2. Let A be an n x (n + 1)-matriz with rank(A) = n. The unique vector
t =t(A) € R"" satisfying

o At =0,

o [t =1,

e det <é> > 0,

is called the tangent vector induced by A.

There are different ways to parametrize the set of regular solutions

L:={(u,\) e R" xR : F(u,\) = 0,rank(DF(u, \)) = n}.

In pde2path, the so-called pseudo-arclength parametrization is used. If we assume that
(ug, Ao) € R"xR is a regular solution of F'(u, A) = 0, then the Implicit Function Theorem

yields the existence of a unique continuously differentiable function s +— ¢(s) such that
c(0) = (up, Ao) and

F(c(s)) =0
c(0) = (uo, Ao)

and ||¢(s)|| = 1. According to [44], we choose a differentiable function p : R" xRxR — R,
(u, A\, s) = p(u, A, s) such that

p(uo, Ao, 0) =0 (7.1)
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and the extended Jacobian

DF(UO )\0) (n+1)x(n+1) .
’ c R\ " is not singular. 7.2
(D(u,x)p(uo, Ao, 0)F & (72)

In this case, the equation

p(u, A, s) =0
defines a parametrization of the solutions of F(u,\) = 0 close to (ug, \g). This is
described in the following lemma (cf. [30]).

Lemma 7.3. Assume zero is a reqular value of F' and (ug, o) € R" X R is a solution of
F(u,\) = 0. Then under conditions (7.1) and (7.2), there exists an open neighborhood
J CR of 0 and a uniquely defined function c: J — R™ x R, such that

F(e(s)) = 0,
p(c(s), s) = 0.
Remark 7.4. o The parameter s is called pseudo-arclength.

(7.3)

o Lemma 7.3 yields a local parametrization of the solution curve.

The question now is how to choose the function p in a way suitable for numerical path
continuation. Differentiating (7.3) by s yields

DF(c(s)) - ¢(s)
D yp(c(s), s) - ¢(s) + Dsp(c(s), s)
and the lower equation can be rewritten

_D(U’A)p(C(S),S) cols) =
Dup(e(s).s) =1

if Dgp(c(s),s) # 0. Therefore, ¢ is a solution of the initial value problem

DF(c) \
e:(_D(u,Afp()c,g) (?) (0) = (o, o). (7.4)

Dsp(c,-)

If we consider the initial value problem

¢ — H(DF(?)) = (_ tgf;(cg))T> h (f) E0) = (o, o), (7.5)

the solution curve s — ¢(s) parametrized by pseudo-arclength is indeed a valid approx-
imation to the solution curve s — ¢(s) parametrized by arclength due to Theorems 3
and 4 in [3].

0
0

For a given sg, a point (ug, Ao) := (u(s0), A(s0)) and additionally knowing a tangent

vector o := (i, Ao) 1= £ (u(s), A(s))|s=s,, pde2path uses the following pseudo-arclength

parametrization for s near sq
plu, X\, s) == €[ty - (w — ug)] + (1 — E)Ag(A — Xo) — (s — 50) = 0
with weight 0 < £ < 1.
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7.1. cont

The main routine concerning numerical path continuation in pde2path is cont. Using
this routine, one can perform a predefined number of path continuation steps msteps.
Given a starting point (ug, Ag) and a tangent direction 7y, pde2path performs a predictor
corrector algorithm to compute further points on this branch. Here an Euler predictor
with tangent vector 7y is used, i.e.,

(41, My1) = (g, ) + ds - 7

with stepsize ds. Subsequently, a Newton-corrector is performed, i.e.,

<UH_1> _ (@l—i—l) . A(ﬁl_‘_l, :\H_l)_lH(ﬁH-l? S\H—l) (76)

>\l+1 )\l+1

with

A::DH:(D“F DA )

Eug (1 =&)X

Theoretically, this is only possible if A is not singular. Therefore, this routine does not
work at possible bifurcation points. However, in principle, path continuation methods
shoot past singular points of A. Therefore, for the detection of bifurcation points, we use
the following criterion: We will call (u(so), A(s0)) = (ug, Ao) a simple bifurcation point
if det(A) changes sign in (ug, Ag) and implicitly assume that this happens if a simple
eigenvalue of A crosses zero.

If the user sets p.sw.bifcheck=1, cont calls the function bifdetec which checks whether
a simple bifurcation point was crossed during the last predictor corrector step, i.e.,
whether det(A) changed sign. This excludes fold points, where an eigenvalue of A
reaches zero but does not change sign, see [23]. If a bifurcation point is detected, the
location is refined using a bisection method.

Finally, depending on the residual, the step size is adapted and subsequently, the new
tangent in (u;1, \jy1) is calculated.
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Figure 13: Idea of predictor corrector method: The red curve is the numerical approx-
imation to the true solution curve c. Starting from wuy the Euler predictor
calculates a first approximation %; and the Newton corrector yields u;.

Algorithm 2 cont
Input: (ug, Ao, 7o), msteps
while steps<msteps do
Predictor: (uy, A1) = (ug, \o) +ds - 7o
Corrector: Iterate (7.6) until convergence
if p.sw.bifcheck=1 then
Call bifdetec
end if
Adapt step size
Calculate new tangent 71 and set (ug, Ao, 70) = (u1, A1, 71)
end while

7.2. swibra

Calling the function swibra, the user can switch to the bifurcating branch. Hence, one
has to compute the new tangent 7. In order to do this, one needs to differentiate the
unknown bifurcating branch with respect to the pseudo-arclength s. pde2path uses
"Method I" from [23] (Section 5.26) as this method does not need the parametrization
of the bifurcating branch. We will briefly recall this method.

Having found a simple bifurcation point (u(sp), A(so)) = (ug, Ao), assume that ¢ €
ker D, F'(ug, A\g). Now choose ¢y € R™ such that

D, F(ug, Xo)po + DrF(ug, Ag) =0 (7.7)
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with ¢T¢g = 0. With this, we split ran(D, F(ug, \g)) in two orthogonal complements.
Differentiating F' twice with respect to s yields

d2

S F(u(s),\(3))

. :DuF(uo, )\0)&0 + D)\F(U(), )\0)5\0 + DuuF(Uo, )\0)[&0, Uo}
+ 2Du)\F(u0, )\o)uoj\o + D)\)\F(U(), )\0))\3 =0. (78)

S=s8

Splitting 1 into a component in ker(D, F'(ug, Ag)) and a component in ran (D, F'(ug, A)),
the ansatz

Xo =1
Uy = ap + Bdo

with «, 5 € R is chosen. Inserting this in (7.8) and multiplying the resulting equation
from the left by ¢* where ¢ € ker((D, F(ug, X\o))*), we obtain

0 =" Dyo F (ug, Mo)[¢, @a” + 200" (Do F' (g, Xo) [do, @] + DurF (g, Xo)p)r3
+ " (Do F (g, Xo) [0, G0 + 2DurF (g, Xo)po + DarF (g, Xo)) 3%,

where T D, F(ug, \o)ilg = 0 as ¢ € ker((DyF(ug, \o))*) and 9" DyF(ug, Ag) Ao = 0 due
to (7.7) together with ¢ € ker((D,F (ug, \o))*).

From this equation, swibra approximates o, and hence g, \o. Finally, we get an
approximation for the tangential vector 7y of the bifurcating branch.

7.3. Fold continuation

As turning points (=fold points, where A(sq) = 0) in bifurcation diagrams are of special
interest, we used fold continuation a lot during the computation of the results presented
in the following sections. Thus, we will give a short introduction. In order to perform a
fold continuation, one needs an additional free parameter, e.g. A := (A, ). We consider
the extended system

F(u, A)
D, F(u,\)o
lol72 —1
p(u’ ¢7 A? S)

H(u,¢,A) = =0 (7.9)

and its Jacobian

D,F 0 DAF
DuuFé D,F Dy Fb

0 27 0 e
g ot (1—(6+&)/2)A

DH(U7¢>A) =
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where ¢ € ker(D, F') with ||¢]| ;> = 1 by the third equation of (7.9) and the forth equation
yields the pseudo-arclength equation

£+&

B )Ao(A — Ao) — (S — 50)

plu, ¢, A, 5) :=Elito - (u— uo)] +&d0 - (6 — do)] + (1 —
=0

with weights { and §,. The matrices D, F' and D, ['¢ can either be calculated numer-
ically or assembled by the user. However, as the calculation is very costly and admits
numerical errors, we assembled it by hand in our cases, cf. Section 7.4. The derivatives
with respect to A are calculated by the toolbox via finite differences.

Having found a fold point, calling spcontini, the user can start a fold continuation.
After a predefined number of steps with the function cont, calling spcontexit, one can
switch back to regular continuation.

7.4. First example of bifurcation diagrams of LLE

In this section, we will explain how the Lugiato-Lefever equation is implemented. The
goal is to numerically find the bifurcation points and bifurcating branches, described
in [29]. We will consider the Lugiato-Lefever equation as the system

—dv" = —w — (v + (V¥ + w?),
—dw" = v — (w + (V* +wHw — f,

on [0, 7] with homogeneous Neumann boundary conditions. For the implementation in
pde2path, we rewrite the system in the form

F(U,{) =F(v,w,() =0 (7.10)
where U = (v,w) and

(b wCo— (e
F(v,w, ()= (—dw”—v+§w— (v2+w2)w+f> '

The nonlinearity

g=9gv,w,() = < —w = (v + (V¥ +w?v )

v—Cw+ (v +wHw — f
is implemented in nodalf.m with v(-) =u(1:p.np), w(-) =u(p.np+1:2*p.np).

We present a simple example, where we use ( as the active continuation and bifurcation
parameter for fixed values of d = 0.1 and f = 2. These parameters have been chosen due
to illustrative reasons. We start the continuation procedure from a constant approximate
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solution (vg,wp) for ¢ = —0.5. Given this starting point, pde2path begins with the
continuation algorithm and checks whether a bifurcation point is crossed.

The constant solution branch is indicated in black in Figure 14. During the continuation
process, we find 16 bifurcation points. Switching to the bifurcating branches and starting
another continuation routine, we observe that some of the bifurcating branches return to
the constant solution branch at some other bifurcation point and some branches return
to another branch of nontrivial solutions.

3.5+ ]
3t / ]
2.5} / ]
NEN 2} /f/ C
15 — ¥
1 / N
0.5 ¥
10 1 2 ‘ 4 5

3

9

¢

Figure 14: Bifurcation diagram for d = 0.1, f = 2.

This observation is proven in part (c¢) of Theorem 1 in [29] and follows from Rabinowitz’
global bifurcation theorem from [39] together with a priori bounds. Furthermore, this
theorem guarantees that we have found all bifurcation points. In Figure 14, a complete
picture of all branches bifurcating from the trivial branch is shown and the bifurcating
branches are illustrated as colored lines. The solutions at labels A, B and C can be seen
in Figure 15.

Figure 15: 1-soliton, 2-soliton and 3-soliton found at labels A, B and C in Figure 14.
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8. Soliton Quality

Based on Section 7.4, we present a global bifurcation study of the LLE, covering a large
parameter range for d and f. The results of this section have been published in [13].
Our analysis comprises both bright-soliton states in resonators with anomalous group-
velocity dispersion (GVD) [19] as well as dark solitons that form in the presence of
normal GVD [46]. For both types of combs, we classify branches associated with single
and multi-soliton states and characterize the broadest frequency combs by their optical
bandwidth as well as by the pump-to-comb power transfer efficiency. Our bifurcation
analysis hence allows determining and systematically optimizing the performance of Kerr
comb generators in integrated photonic systems, which is of significant importance for
industrial adoption of these devices. As in Section 7.4, we consider solutions a : [0, 7] —
C of the Lugiato-Lefever equation on [0, 7] of LLE with Neumann boundary conditions

—da" 4+ (¢ —i)a—|a|*a+if =0, d'(0)=d'(x)=0 (8.1)

and reflecting a solution in an even way around x = 7 yields a 27-periodic solution. In
Fourier modes the solution is represented as a(z) = Y ez are™ with a_, = ax. The
intracavity power of the field is given by the square of the L?-norm ||al|3 := Y ez |ax|* =
L2 o) da
2 JO )

For simplicity of the presentation, we assume that the trivial solution ay can be paramet-
rized (locally) as ag = ag(¢). However, as discussed in [29], this fails only at the turning
points of the trivial curve, which does not lead to any undesirable effect.

The analysis of this section, particularly Theorem 8.1, is based on Theorem 10.1 in
Part IV in the case kK = 0.

8.1. Bifurcation analysis for the LLE

We will prove in Lemma 10.5 in Part IV with x = 0 that bifurcation can only occur if
there is an integer £ € N such that

(Go + dk?)* — 4fao(Co)[*(Co + dk?) + 1 + 3Jag(Go)|* = 0. (82)

Solving (8.2) yields

. J 2laol W12 — G yfao( @)l — 1 .

d
The k-value obtained by evaluating the expression on the right side of (8.3) defines
the periodicity 27/k of the solutions on the bifurcating branch close to the bifurcation

point. Equations (8.2) and (8.3) naturally occur in bifurcation studies of the Lugiato-
Lefever equation. In [16], for instance, bifurcations are considered from the point of
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view of spatial dynamics both for normal and anomalous dispersion, and parameter
regimes are determined where patterned soliton states bifurcate from trivial solutions.
In [35], a similar approach is taken to study bifurcation of dark solitons from trivial
solutions in the normal dispersion regime. In both of these works bifurcations with
respect to the forcing parameter f are studied and 27-periodicity of the solutions is
neglected. In contrast, our work takes into account 27-periodicity and our goal is to find
a global picture of all branches bifurcating with respect to the detuning ¢, whose physical
accessible parameter space is usually larger than the parameter space for f. With the
help of (8.3), we formulate the following version of the bifurcation result Theorem 10.1
for k = 0. The curve (¢, ao(¢)) of constant solutions is shown in black in Figure 16(a)

and (d) for f = 2.

Theorem 8.1. For a point P = (o, ag({p)) on the curve of trivial solutions the following
15 true:

(1) If exactly one of the two numbers ki o from (8.3) is an integer and if the transver-
sality condition

2Jao(Co)|*(lao(Go)* = o) F (1 + G5 — lao(¢o)*)y/ao(Co)[* — 1 # 0 (8.4)
holds with “—” if ky € N and “4 7 if ko € N, then P is a bifurcation point for (8.1).

(ii) If neither ki nor ko is an integer, then P is not a bifurcation point for (8.1), and
near P only trivial solutions of (8.1) exist.

In the remaining cases, where either the condition (8.4) fails or both k; and ky are
integers, no statement is made.

For the cases f = 2, d = £0.1, we have computed the bifurcation points determined
by (8.2) with pde2path, as explained in Section 7. The computed bifurcation points
are marked by circles in Figure 16(a) and (d) for d = 0.1 and d = —0.1 respectively.
In case (i) of the above theorem, we may apply Rabinowitz’ global bifurcation theorem
from [39]. It says not only that ({o, ao({p)) is a bifurcation point, but that we can obtain a
branch of nontrivial solutions bifurcating from the trivial branch at the bifurcation point
(Co, a0(¢p)) and returning either to the trivial branch at some other bifurcation point or
to another branch of nontrivial solutions, cf. [29]. We also checked for all bifurcation
points which one of the numbers k; 5 in (8.3) is an integer and whether the transversality
condition (8.4) holds, cf. Table 1.

In Figure 16(a), a complete picture of all branches bifurcating from the trivial branch
is shown for d = 0.1. The branches were computed by the pde2path (cf. [44, 10]). For
the example given in Figure 16, all bifurcation points were reproduced by pde2path.
Bifurcation branches determined by pde2path are shown additionally in Figure 16(a) as
colored lines. Here, the single soliton branch (k = 1) is highlighted in red. Blue branches
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are related to higher order soliton frequency combs (k = 2...8). In Figure 16(d), the
same procedure is performed for d = —0.1 and the single dark soliton branch is again

marked in red.
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Figure 16: Bifurcation diagram of (8.1) for f = 2 and d = 0.1 (left) and for f = 2 and
d = —0.1 (right), corresponding solutions and frequency combs.
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Co ao(Co) k1 ko | Transv.

—0.6770 | 0.51 +0.87i | 5.44 5 3.67
—0.1117 | 0.66 +0.94i | 6 | 4.35 2.56
0.3325 [ 0.794+0.981 | 6.35 | 4 4.49
1.1508 | 1.05+1.00i | 7 | 3.47 12.26
1.9646 | 1.34 +0.94i | 7.65 3 4.44
24179 | 1.50+087 | 8 2.74 16.42
3.4759 | 1.8740.491 | 8.72 2 4.12
4.0242 | 2.00 — 0.051 | 8.85 1 3.85
3.8603 | 1.73—-0.681 | 8 | 1.56i | —22.26
3.4893 14340901 | 7 | 2.13i| —23.74
3.1793 | 1.17—-099 | 6 |249i| —21.14
29576 1096 —-1.00i | 5 |2.76i| —17.57
2.8218 | 0.80—-098i | 4 |296i | —14.19
27541 [ 0.68—-095 | 3 |[3.091 —11.41
27293 [ 0.61—-0.92i | 2 |3.14i| —-9.32
27239 [ 0.57—-090i | 1 |3.151| —=8.00

Table 1: Bifurcation points on the trivial branch for d = 0.1, f = 2.

8.2. Solitons along bifurcating branches

pde2path was explored in depth to cover much more extensive parameter regions for the
detection of single soliton states on bifurcating branches. Based on a large number of
numerical experiments, heuristics concerning the branches associated with single soliton
states as well as the location of the solitons with the strongest localization on these
branches could be developed.

Starting from the bifurcation point with the smallest detuning value, let us number the
bifurcation points and bifurcating branches successively along the trivial branch. We
observe the following

(i) For d > 0, bright single solitons occur on the last bifurcating branch. The most
localized single solitons occur near the first turning point of this branch (locally
maximizing (), cf. Figure 16(a).

(ii) For d < 0, dark single solitons occur on the first bifurcating branch. The most
localized single solitons occur near the second turning point of this branch (locally
maximizing (), cf. Figure 16(d).

Both for normal and anomalous dispersion, the common feature of the most localized
single solitons is their occurrence at maximal possible detuning values within all turning
points of the bifurcating branch.
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For quantification of localization, we need the following definition.

Definition 8.2. Let a be a solution of (LLE) as in Figure 17 and Zin, Tmae € [0, 27]
such that |a(Zmim)|* < |a(@)]* < |a(Zma)|* for all z € [0,2x]. Furthermore let

e For anomalous dispersion d > 0, assume w.l.o.g. that |a(0)* = |a(27)])* < |a(x)]>.
Then we define the full width half mazimum

T := min {ac € [0,7]:

|a(x)]2 = |a<xmin)|2 + ; (’CL(Imax)’Q - |a(75min>|2)

FWHM, :=2|m —xy].

e For normal dispersion d < 0, assume w.l.o.g. that |a(0)]> = |a(2m)]> > |a(x)|>.
Then we define the full width half minimum

FWHM,L 222’7'('—.’171‘.

FWHM,
FWHM,

33}1 }77' X l"}l LT x
Figure 17: llustration of FWHM, for d > 0 and FWHM,; for d < 0.
These heuristics are illustrated in Figure 18, where FWHM,, of the solution for d > 0 and
FWHM; of the solution for d < 0 is plotted along the bifurcating branch starting from

the bifurcation point. Note that the soliton at label C in Figure 16(a) (FWHM,=0.3330)
has slightly smaller FWHM, than the soliton at label B (FWHM,=0.3393).
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Figure 18: FWHM,/; along the bifurcating branch for anomalous dispersion (d = 0.1)
and normal dispersion (d = —0.1) for f = 2.

For different points A, B, C along the bright single soliton branch and D, E, F along
the dark single soliton branch respectively, comb states are depicted in the spatial and
frequency domain in Figure 16(b), (c) and (e), (f). The comb states identified by using
the aforementioned criteria, i.e., the states located at the points C and F, show the
strongest localization in the spatial domain. We can see that in the case of anomalous
dispersion, there is no other state on the branch k = 1 for the same value of (. However,
in the case of normal dispersion, we find another dark soliton state with equal detuning
marked by point D in Figure 16(d), as e.g. discussed in [16]. Point F in Figure 16(d)
corresponds to a deeper intensity drop in the spatial domain and has the broader comb,
making it the state of interest compared to point D. In this example, the soliton character
of the solutions, i.e., their strong localization in the spatial domain, at the turning
point is visible but not yet very pronounced due to the moderate value of f. With
increasing f the soliton localization as well as the comb power and comb bandwidth
will be much enhanced. At the same time, the graphs of the bifurcation branches will
be less illustrative due to a steeply increasing number and density of bifurcation points.
Therefore, f = 2 is chosen merely for illustrative reasons, and much larger ranges of f
are covered in Section 8.3.
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8.3. Quantitative characterization of soliton frequency combs
8.3.1. Characteristics of soliton frequency combs

Using the heuristics from the previous subsection, we are able to identify single soliton
solutions with the smallest FWHM, ; for a certain forcing both in the normal as well as
in the anomalous dispersion regime. Based on this approach, we now characterize these
comb states a(z) = ez are* by their comb bandwidth 2k* and their power conversion
efficiency 7, defined next.

Definition 8.3. We define the following characteristics of soliton frequency combs.
(i) The comb bandwidth is 2k*, where k* is the minimal value such that |ag|* < 3|a,|?,
(i) The power conversion efficiency 1 is defined as n:= > yez oy |ak|>.
This means that the power conversion efficiency is the ratio between the intracavity
comb power ez (0} |a|? and the pump power f2. The intracavity comb power does

not contain the zero mode, since |dy| mostly stems from the pump and is therefore
nonzero even if no comb is formed in the microresonator.

8.3.2. Approximation formulas

For bright solitons, under the assumption of high forcing, approximation formulas for
the comb bandwidth as well as the power conversion efficiency exist, cf. [1],[5]. Assuming
a detuning set to its maximum value (gs max = 72 f2/8, they read as

2k e ~V2I0 (14 V2) j?z’ (8.5a)

1 /d
T1BS,max %f\/; (85b)

and will be motivated in the following.

For bright solitons, a closed form approximation [1],[19],[34],[33] of the intracavity field

is given by »
a(x) =a> +a(x) = a™ + \/i (cosh (x@)) e'vo (8.6)

with a* = const. and p, ~ arccos <\7{§) is the relative phase of the soliton with respect

to a®. For highly localized solitons, we approximate a(z) ~ a(z). For a given forcing,
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the maximal detuning (gs max = LSfQ can be derived by the condition on argument of
the arccos

<1,

3
s

cf. supplementary information in [19]. For a maximal detuning, the intracavity field

reads .
_rf 7 f -
Y (cosh <2mx>> : (8.7)

Given this expression, the power conversion efficiency at the maximum detuning for

bright solitons can be expressed as
’ 1 [d f 1 [d
T
d:czftanh T~ ==
fv2 (2\/2d ) fv2
(8.8)

P eon(5r))

1 s
TIBS,max ~ W /_7r

I
for large values of i

In order to determine the formula for the comb bandwidth, we calculate an approxima-
tion of the Fourier coefficients

-1

R 1 x T ik

lax|* = 27r/7r2f (cosh (2\/];_d$>> e R dg
-1

1/ ﬂ cosh i30 e kT

27T —00 2 2 2d

2
In particular |d1|2 ~ d (cosh (—Qd» R~ g for large values of .. Hence, k* from

2 f Vd
Definition &.3 fulfills

2

Q

B f

e ()

vad \\ 1
h | =k ~ 1
(cos < 7 k )) 5 (8.10)
and finally
2y max ~ V210 (14 V2) S (8.11)

7

Expressions for the approximation of dark solitons are given in [35]. They are valid near
the bifurcation point and are obtained using multiple scale asymptotics. However, this
kind of solitons, indicated in Figure 16(d) by point D, is of less interest due to its lower
comb power compared to the dark soliton at point F. For dark solitons of the latter type,
no formula for bandwidth or power conversion efficiency is available to the best of our
knowledge.

68



8.3.3. Results

For dispersion parameters d € {£0.1,4+0.15,£0.2, £0.25} and f > 1, we have carried
out a large parameter study. For d > 0 we computed the last bifurcation point and its
corresponding bifurcating branch. Based on the heuristics in Section 8.2, we stopped the
computation as soon as we reached the first turning point, i.e., point C in Figure 16(a),
where the most localized bright soliton is found. In the same manner the strongest
localized dark solitons in the case d < 0 are at the second turning point of the first
bifurcating branch, i.e., point F in Figure 16(d). For all of the above values of the
dispersion d and the pump power f the corresponding solitons at the turning point were
investigated and their comb bandwidth as well as their power conversion efficiency were
evaluated.

The results are plotted in Figure 19. For bright solitons, gray lines corresponding to
the approximate expressions in (8.5a) and (8.5b) are also shown (a) and (c¢). Overall,
the approximate and the numerically computed values are quite similar except for small
values of f.
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Figure 19: Comb bandwidths and power conversion efficiencies for bright and dark
solitons.
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8.3.4. Conclusion

The comb bandwidth increases with an increasing f at the expense of a decreasing
conversion efficiency. Additionally, one can see that with d — 0 the comb bandwidth
increases whereas the power conversion efficiency decreases. The overall dependence of
the conversion efficiency and comb bandwidth of dark solitons shows the same trends
for bright solitons, see Figure 19(b) and (d). In direct comparison, dark solitons have
a decreased bandwidth along with a higher conversion efficiency for the same values
of f and |d|. We relate this to their increased width, which enables a stronger power
transfer from the pumped continuous-wave background to the soliton, thereby increasing
the conversion efficiency. However, a solution with higher FWHM, ; is also linked to a
narrower comb in frequency domain.

We note that the comb bandwidth of both bright and dark solitons does not increase
strictly linearly with an increasing forcing as suggested by the approximation formula
in the case d > 0.

Our approach can be further extended to include additional effects such as two photon
absorption and to study their impact on the stationary comb states. Our results allow
for targeted design of soliton comb generators for specific applications. In this context,
power conversion efficiency and comb bandwidth are key performance characteristics
that need to be optimized under technical restrictions such as limited optical input
power.
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8.A. Details on the implementation

In this appendix, we comment some details on the implementation for the routines
used in the previous subsections. As already explained, the primary continuation and
bifurcation parameter is (. As soon as we have found the first bifurcation point for
normal dispersion or the last bifurcation point for anomalous dispersion, we switch to
the bifurcating branch and continue this branch until we reach the second fold point in
the case of normal dispersion or the first fold point in the case of anomalous dispersion.
Subsequently, we perform a fold point continuation. As explained in Section 7.3, we
need an additional free parameter, where we choose f. However, to reduce numerical
errors, we regularly restart the calculation of bifurcation point and bifurcating branches.

Algorithm 3 Computation of combwidth and power conversion efficiency
Input: d
f:=1.01
while f < 100 do
initialize problem
find bifurcation point
switch to bifurcating branch
continue bifurcating branch till the fold point
perform fold point continuation till f + 2.5
save solutions in fold points
f=f+25
end while
compute combwidth and power conversion efficiency
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Part IV.
LLE with Two-Photon-Absorption
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9. Outline

We will now consider the Lugiato-Lefever equation with an additional nonlinear damping
term. The results of this chapter are published in [14] together with Rainer Mandel and
Wolfgang Reichel. This additional term in the Lugiato-Lefever equation is due to two
photon absorption (TPA) which occurs for semiconductor based optical devices such
as silicon. Their nonlinear Kerr effect is much higher than for other materials and
hence, they are interesting for applications. During TPA two photons are absorbed and
electrons from the valence band are excited into the conducting band and hence, free
carriers are generated which leads to nonlinear loss. The other affect which occurs in
semiconductor based devices is free carrier absorption (FCA) where free carriers are
excited from one state to another within the same band. To our knowledge, there are
no rigorous mathematical studies dealing with TPA and FCA

—da" + (¢ —i)a— (1 +ir)|al?a +if — s(i — u)na =0,

n’:/ﬂa|4—ﬁ
-

with k, s, u, 7 > 0. Following [18] and [26], the stationary Lugiato-Lefever equation in
the presence of TPA and absence of FCA, by assuming s = 0, is given by

—da" + (¢ —i)a — (1 +ik)|alPa+if =0, a(-) = a(-+27), (9.1)

with k£ > 0 and where the spatial period given by the circular nature of the resonator is
normalized to 2.

We prove that the bifurcating branches described in [13] and [29] for k = 0 persist for
sufficiently small values of k € (0, k,). Moreover, if k exceeds a critical value k,, then
bifurcation points on the trivial curve disappear. This can also be seen numerically in
the bifurcation diagrams. We observe, that with increasing values of x more and more
bifurcation points vanish and that they cease to exist, if we exceed a certain threshold
k2. Comparing them with the analytically obtained values k, of our Theorem, we
discover, that they are very similar.

Furthermore, we investigate what happens to the entire set of solutions when x increases.
Using a priori bounds on solutions of (9.1) on the torus T := R/27Z, we prove that there
is a second critical value x* such that all solutions of (9.1) are constant provided x > k*.
Hence, Kerr comb formation is prohibited for large TPA. However, we find a second
bound, which guarantees the absence of nontrivial solutions of (9.1). Studying the time-
dependent problem, we show that there are no nontrivial solutions provided x > %0,
Combining this bound with the one obtained by the a priori bounds, we obtain the

constancy of all solutions for x > min{x*, %}
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Additionally, we consider solutions of
—da" + (¢ —i)a — (1 +ik)|a]?a+if =0, on R, a’'(0) =0, (9.2)

in the case of anomalous dispersion d > 0. As soliton-like stationary solutions of (9.2)
are of utmost importance in applications, we consider the formation of bright solitary
combs for anomalous dispersion in the presence of small TPA using the Implicit Function
Theorem. The results concerning (9.2) are in the spirit of Section 4.3. As in Section 4.3,
we prove together with an appropriate rescaling, that there exists a lower envelope ((, f)
such that above this envelope, localized solutions of (9.2) exist.
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10. Bifurcation

Let us start with the discussion of (9.1) on the torus T by investigating bifurcation from
the curve of trivial solution with respect to (. The following results provide nontrivial
solutions via bifurcation theory for k € (0, k), i.e., the bifurcating branches described
in [29] for k = 0 persist for small k > 0. The natural question, what happens to the
bifurcating branches when x gets larger, is also answered in part (iii) of the theorem:
bifurcation points disappear at latest when x exceeds k.. In Figure 20 the vanishing of
bifurcation points and nontrivial solutions for increasing « is illustrated for anomalous
dispersion d = 0.1 and f = 1.6. Black curves indicate the line of trivial solutions, colored
curves show bifurcation branches. With increasing nonlinear damping, more and more
bifurcation branches vanish, until all have disappeared.
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Figure 20: Bifurcation diagrams for d = 0.1, f = 1.6. Subfigure (a) corresponds to
k=0, (b) to Kk =0.05, (¢) to Kk =0.1, (d) to Kk = 0.15, (e) to k = 0.185 and
(f) to k = 0.186. Solutions at turning points A, B in (a), C, D in (b) and E
in (c) are shown in Figure 21.
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Figure 21: Subfigure (a) shows 1-solitons and subfigure (b) 2-solitons of (9.1) for increas-
ing values of k.
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In Figure 22, the vanishing of bifurcation points and nontrivial solutions for increasing

k is illustrated for normal dispersion d = —0.1, f = 1.6. Black curves indicate again the
line of trivial solutions, colored curves show bifurcation branches.
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Figure 22: Bifurcation diagrams for d = —0.1, f

k = 0.05, (d) to Kk = 0.07, (e) to k = 0.074

k=0, (b) to k = 0.025, (c) to
and (f) to k = 0.075.

Theorem 10.1. For f # 0,k > 0 the following holds:

(i) All constant solutions of (9.1) form a smooth unbounded curve in H*(T) x R.

(ii) A point (C,ag) on the curve of constant solutions is a bifurcation point provided
exactly one of the two numbers

2|ap|? — ¢ £ /(1 — 3K2)]ap|* — 4kl|apl?> — 1
MWZJ V . (10.1)

is in N and
2(3k% — Jao|*)(lao|* — ¢) — 4xlao|*(3laol|* — ¢)

/(1= 3k2)]aglt — 4xag|? — 1(1 + ¢ Jag* — drlaof? + 3&2) £0 (10.2)
with “+7 if ki € N and “— " if ks € N.

(iii) The curve of constant solutions does not contain bifurcation points provided k > K.
where

i € (0. 75 s PV TR < 2]

Ky =0 df f2 < 1.
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Remark 10.2. o Necessarily, we have k < /3 in case (. it) since otherwise the values
k12 in (10.1) will not be real. Moreover, in case (ii) we may apply Rabinowitz’
global bifurcation theorem from [39]. It says not only that ((,ag) is a bifurcation
point, but that there is a global branch of non-trivial solutions that either returns
to the trivial branch at some other bifurcation point or becomes unbounded in the
C-direction or in the H?(T)-direction.

e Notice that by strict monotonicity, the value k, is the uniquely determined solution

of

2 v 2
Mﬂ — R VT F R = f, (10.3)
cf. Figure 23.

o For |f| \(1, we have k, — 0. This is consistent with [29], where for k =0 it was
shown that no bifurcations occur in the case |f] < 1.

e By running pde2path for increasing values of k > 0 we can determine numerically
when bifurcations cease to exist. The values for k, from Theorem 10.1 and these
numerically determined values from pde2path are very similar, cf Table 2.

f /{* Rnum

1.1 | 0.045 | 0.042
1.6 | 0.185 | 0.185
2 10.248 | 0.245
4 10.380 | 0.378
10 |1 0.474 | 0.473
20 | 0.513 | 0.513

Figure 23: Illustration of (10.3).

Table 2: s, from Theorem 10.1 and numerical
values from pde2path.

In the following, we prove Theorem 10.1 .

Proof. (i) is proved in Lemma 10.3 below together with the following remark.

Proof of (i1) — simplicity of the kernel of the linearization:

Notice that ker L is either two-dimensional or four-dimensional, since ae!** belonging to
ker L always implies that ce % also belongs to ker L. The two-dimensional case happens
if exactly one of the two numbers k; » from (10.1) is an integer and the four-dimensional
case happens if both k1, ks € N.
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In order to achieve simple instead of multiple eigenvalues, we need to change the setting
for (9.1) by additionally requiring a’(0) = 0, i.e., solutions need to be even around
x = 0. Together with 27-periodicity this implies ¢'(7) = 0, i.e., we consider (9.1) with
vanishing Neumann boundary conditions at x = 0 and z = 7. If we define H2 _, (T) and

even

L?,.,(T) as the subspaces of H*(T) and L?*(T) with even symmetry around x = 0 then

even

L,L*: H?, (T)— L., (T) are again Fredholm operators, and Lemma 10.5 still holds.
In this way we halve the dimension of ker L for every k satisfying (10.21) since instead
of both ae** and ae™** only a cos(kr) remains in the kernel of L. In particular, we
get a one-dimensional kernel of L if and only if exactly one the numbers k; o from (10.1)

belongs to N. The same is true for the kernel of L*.

Proof of (ii) - computing the kernel of the linearization:

Under the condition that exactly one of the numbers k; 5, from (10.1) belongs to N, let
us compute ker I and ker L*. In Lemma 10.5, we prove the bifurcation equation. To
describe the matrix N — dk?1d with N from the proof of Lemma 10.5, let us introduce

the real numbers a;, &;, o, & for j = 1,2 as follows

NodPld= (2 M) (T% @
dQ —O~é1 O?f —OéT
B (—C — dk* + (Reag)? + 2|ag|* — kIm(ad) Im(a?) — 1 — 2x|ag|* + x Re(a?) )

Im(a?) + 1+ x Re(ad) + 2k|ao|? —( — dk? + 2|ag|* — Re(ad) + x Im(ad)
(10.4)

In the matrix N — dk*1d the off-diagonal elements have the property that
o] < Im(ag) <
and hence, they cannot be zero simultaneously. Therefore, if Im(a3) < 0 we can define
= (o, )", o= (af,a3)” (10.5)

and obtain eigenvectors of N—dk?Id, NT—k? Id, respectively, so that ker L = span{ae**},
ker L* = span{a*e**}. Likewise, if Im(a2) > 0 then

a:= (a1,a9)", a*:=(aj, a5’ (10.6)

are the eigenvectors of N — dk?Id, NT — k?1d leading to ker L = span{ae’**}, ker L* =
span{a*ef}.

Proof of (i1) — tangent direction to the trivial branch of solutions:

Let us assume that the curve of trivial solutions of (9.1) is parametrized by ¢t —
(C(t),ap(t)) as in Lemma 10.3, and that ({,ag) = ({(to),ao(tp)) is a specific bifurca-
tion point. Let us compute the tangent ((,ag) = L(¢(t), ao(t)]t=t,. As explained in
Remark 10.6 we can ignore turning points where ¢ = 0. Differentiating the equation
(i—C(t))ao(t) + glao(t)) = 0 with respect to ¢t and evaluating the derivative at t, we get

(Dg(ao) +i-— g)ao = Cao.
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Inserting Dg(ag)z = (1 +ir)(2|ao|?z + a2Z), we find
(2(1 +ir)|ao|? + 1 — O)ag + (1 + ir)aa, = Cag
and hence,

(1= 3ik)|ag)? — ¢ — i

ao = 7Cap  with 7= .
0 =TGao 3(1 + K2)|ao|* + 4(k — O)]aol> + 2 + 1

(10.7)

Proof of (i) — sufficient condition for bifurcation:

According to the Theorem of Crandall-Rabinowitz, see Theorem 3.4 or [6] or Theo-
rem 1.5.1 in [24], two conditions are sufficient for bifurcation. The first is that ker L is
simple, i.e., one-dimensional. In part (ii) above, we proved this to hold provided k; € N,
ke ¢ N or vice versa with ky5 from (10.1). In the following, we write k for the one
which is the integer. In view of the statement of (ii), it therefore remains to show that
the second condition, the so-called transversality condition, is satisfied provided (10.2)
holds. To verify this we bring our problem into the form used in [6]. Nontrivial solu-
tions of (9.1), which are even around x = 0 may be written as a(-) = ao(t) + b(-) with
b'(0) =0 (m) = 0. From (9.1), we derive the equation for the function b in the form

F(t,b) = —db' — (i — C(t))(ao(t) + b) — g(ao(t) +b) =0 (10.8)

where F' : R x H?_ (T) — L2, (T). Notice that F(t,0) = 0 for all ¢, i.e., the curve
of trivial solutions ({(t), ao(t)) for (9.1) has now become the line of zero solutions (t,0)
for (10.8). Let us write Dy F'(to,0) for the mixed second derivative of F' with respect to

(t,¢) at the point (o, 0). According to [6], the transversality condition is expressed by
Dth(t07 0)¢ ¢ ran DbF<t0a 0)7

with ¢ such that ker D, F(ty,0) = span{¢}. In our case, DyF(to,0) = L, where L is the
linearized operator given in (10.22). By the Fredholm alternative, ran L = (ker L*)* =
span{¢*}+, and ¢(z) = acos(kz), ¢*(x) = a*cos(kz) if Im(ad) < 0, cf. (10.5), or
o(x) = acos(kz), ¢*(z) = a*cos(kx) with &, &* if Im(a) > 0, cf. (10.6). The
components of a,a* and &,a&* can be read from (10.4). Since orthogonality of two
functions u, v in the real Hilbert space L? ., (T) means vanishing of the inner product

even
(u,v) = Re [y u(z)v(x) dz, we find that transversality is expressed as

(DyF(ty,0)6,¢*) = Re /0 (DyF (0, 0)0)* da # 0. (10.9)
Using D?g(ag)(z, w) = 2(1 +ik)(apzw + agzw + agzw), we find for the second derivative

Dy F(ty,0)¢ = (¢ — D?g(ao)(¢, o)

- N - (10.10)
= (o — 2(1 +ir) (@odito + aodito + aodito)
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with ag = 7¢ ag, 7 from (10.7). As explained in Remark 10.6, we can ignore the turning
points where ¢ = 0. Hence, inserting (10.10) into the transversality condition (10.9) we
get in case Im(a?) < 0,

Re(aa* —2(1+1r)(2Re7|ag|*aa* + 7'@36404*)) #0 (10.11)

and in case Im(a3) > 0, we replace o, a* by &, @*. Let us first consider the case Im(a?) <
0. Here we obtain

0@ =(an +is) 0] — i 0} ) = (] + az) +i(aza] —a})
— H/T:
=aq =a1ay (1012)

—a (zgo +2dk? — dlag)’ +i(2 + 4/£|a0\2)>.

Likewise, we use (10.4) and det(N — dk*1d) = 0 to compute

acr =(ay — i) (af —1i af ) = a1(af — an) —i(a] + axal)
~— ——
=1 :OCI&T (10-13)

=a;2(1 — ik)ag.

Taking the expressions for ca* and a2aa* into the transversality condition (10.11) finally
leads to

Re(ozoz*(l —4(1+ik)Re T|a0|2)) — Re(@oz*Q(l + i/{)T&%)
= (1 —4Re7|ao|*) Re(aa®) + 4k Re 7|ao|* Im(aa®) — 4o (1 + £%)|ag|* Re 7 (10.14)
— <2<0 +2dk? — dlag|> — 4Re a2 (2Go + 2dk? — 3aol(1 + #?) — 2@) 20,

Since Im(a2) < 0 implies that a; is non-zero, the non-vanishing of the expression in
brackets amounts to (after inserting Re 7 from (10.7))

(€ = dk*)(Jaol* — 3K%) + (C* + 1)(C + dk* — 2]ao|*) — 4slao|*(|aol* + dk?) # 0.
Using (10.1), we obtain the transversality condition (10.2).
Changes in case Im(a2) > 0 amount to replacing «; in (10.12), (10.13) and (10.14) by

&2, which is non-zero in this case. Therefore, the final transversality condition (10.2) is
the same as before.

Proof of (iii) — nonexistence of bifurcations:

We assume that bifurcation for (9.1) occurs at some trivial solution (¢, a) so that the
claim is proved once we show x < k,. By Lemma 10.5, we know that the quadratic
equation in ¢ + dk? from (10.21) holds for some k € Ny. In particular, the discriminant
is nonnegative and we obtain

0 < (4al*)* —4- (3(1+ K?)ao|* +4rlao > +1) = 4((1 = 3k)[ao|* — 4xao|* — 1). (10.15)
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For k > % this inequality is unsolvable, so we necessarily have x € [0, %) as well as

2k + V1 + K?

2
>
aol” 2 1 —3k2?

(10.16)

On the other hand, the inequality (10.20) from the proof of (i) gives |ag|? < f?7 where
7 is the unique value such that 7(1 + kf?7)? = 1. Therefore,

. 254+ VI1+k? < |lao|?

T

T s S p <7 (10.17)

Since z — 2(1 + 1 f?z)? is increasing on [0, 00), we deduce from the definition of 7 the
inequality
FI+rf2F)2 <t(1+kf?7)* = 1.

Inserting 7 from (10.17), this is equivalent to

2k + V1 + K2 9 ——9 9

m(l—ﬁ +K/ ].+K/2) Sf,
which implies k < k, by definition of k. This finishes the proof of (iii). O
The following lemma, which proves part (i) of the theorem above, provides a parametriza-

tion of the curve of constant solutions.

Lemma 10.3. Let 7 € (0,1) be the unique value such that 7(1 + rf?7)*> = 1. For

t € (—/T,\/T) define

1+ 4k f2r + 3r2fA72 + 2(=3K> fi7 — 2K f?) + t4/£2f4>1/2
T — t2 ’

At) = t(
Then t — (((t), ao(t)) parametrizes the curve of trivial solutions with
Ct) = A7 = 1*) + A(t),
ag(t) = (1 — ) (1 + £ f2(r — 1) —iA(t)).
Proof. Constant solutions (ag, ¢) of (9.1) satisfy
(¢ —1i)ag — (1 +ix)|ao|?ap +if =0 (10.18)

and in particular
laol((¢ = laol®)? + (1 + Klaol?)?) = £2. (10.19)

Let us successively parametrize |ag|?, ¢ and ag. Since (¢ — |agl?)? > 0, we obtain
from (10.19) that
0<lagl’f <, (10.20)
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for 7 € (0, 1) as in the statement of the lemma. Equation (10.19) suggests the following
parametrization of |ag|? by t > |ag|?(t) := f2(7 —?) for t € (—/T, /7). The sign of ¢ is
chosen according to sign(t) = sign(¢ — |ag|?). Due to (10.19), the value ¢ can be written
as follows:

¢ = Plr—1)+(— |l
= f(r =) +sign(t)|¢ — laol’
EY P )+ sign(t)y/ Plaol 2 = (Lt wlaol?).

Inserting the parametrization of |ag|?(t) yields the following parametrization of ¢

C(t) = fA(r =) + Sign(t)\/T _1 = (L+Rf2r = 12)2 = f2(r — 1) + A(1).

12
Next, we rearrange (10.18) to express ag in terms of f, k, (, |ag|* and use (10.19) to find
if
|aol* = ¢ +i(1 + &lao|?)
—if(i(1 + Klaol*) + ¢ — |ao|?)
(1 + &laol?)* + (¢ = lao|?)?

(10.19) |ag|? _
01 T(1+f€|a0|2+1(|a0\2—()).

If we insert |ag|?(t) = f2(7 —t*) and ((t) = f?(7 —t?) + A(t) into the previous expression
we finally arrive at

Qo

ao(t) = f(r = 2) (14 K f2(r — £2) —1A(t))
0

Remark 10.4. The curve (C,ag) : (—/7,+/7) — R x R? is smooth and unbounded in
the C-component. The same is true if we consider (C,ag) as a map from (—+/7,+/T) into

R x H*(T).
The following result is a generalization of Proposition 4.3 in [29]. It provides the neces-
sary condition for bifurcation.

Lemma 10.5. All bifurcation points (¢, ag) for (9.1) with respect to the curve of trivial
solutions satisfy

(¢ + dk*)? — 4lao* (¢ + dk?) + 3(1 + K2)|ao|* + 4klaol* +1 =10 (10.21)

for some k € N.
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Proof. By the Implicit Function Theorem, we know that a necessary condition for bi-
furcation is that the linearized operator

2

L=—d>
dx?

— (i—¢) — Dg(ag) : H*(T) — L*(T) (10.22)
has a nontrivial kernel. Here g(a) = (1 + ix)|al?a — if stands for the nonlinearity and
Dg(a)z := Lg(a+t2)]i—o = 2(1 +ix)|al*z + (1 + ix)a?Z with a,z € C for the derivative
of g at a. The derivative Dg(a) can also be written in the form

_ [ Re(a®) +2|a]* — kIm(a*) Im(a®) — 2k|al* + K Re(a®)) (Rez
Dygla)z = (Im(aQ) + kRe(a?) + 2klal* 2|a|* — (Rea?) + k Im(a?) ) (Im z) - (10.23)

L is Fredholm of index 0, since —d-5, — (i — ¢) : H*(T) — L*(T) is an isomorphism
and K : H*(T) — L*(T), ¢ — Dg(ao)p is compact due to compact Sobolev embedding.
Therefore, the space ker L is finite dimensional, and the adjoint operator

d? —_—

L = _dﬁ + (i+¢) — Dg(ag) : H*(T) — L*(T) (10.24)

x
has a kernel with the same finite dimension as ker L. Any element ¢ € ker L can be
expanded in the form ¢(z) = ;e uel™®. The condition that ¢ € ker L means that there
is at least one integer k € Z such that L(ae'*®) = (dk? — i+ ¢ — Dg(ap))ae*® = 0 for
some « € C\ {0}. In other words, dk? is an eigenvalue of the matrix

N = Dg(ag) + (f :é)

with Dg(ap) in matrix representation given by (10.23). Non-zero elements in ker L exist if
det(—dk*1d +N) = 0 and computing this determinant yields (10.21). Solving for k leads
to ki 5 given by (10.1). Likewise, non-zero elements in ker L* exist if det(—dk?Id +NT) =
0 for some integer k € Ny. Solving det(—dk?Id +NT) = det(—dk*Id+N) = 0 leads to
the same formula (10.1) as for k. Consequently, (10.1) is equivalent to both L and L*
having nontrivial kernels. If neither k; or kg are in N then ker L = ker L* = {0}, and in
this case the Implicit Function Theorem, cf. Theorem I.1.1 in [24], implies that solutions
nearby the point ((, ap) are unique, i.e., trivial, and hence (¢ ag) cannot be a bifurcation
point. Therefore, k; or ky in N is a necessary condition for bifurcation. ]

Remark 10.6. We exclude the case ky = 0 or ko = 0 in the bifurcation condition (10.21).
It happens exactly at the turning points of the curve of trivial solutions and corresponds to
the non-injectivity of ((t). Since it creates only artificial bifurcation points as explained
in Section 4.2 in [29], we omit it.
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11. Nonexsitence of Nontrivial Solutions

11.1. A priori bounds and nonexistence of nontrivial solutions |

Here, we calculate a priori bounds in L*°(T) for solutions of (9.1), following the discussion
in [29].

Theorem 11.1. Let d # 0, k > 0 and ¢, f € R. Then every solution a € C?*(T) of (9.1)
satisfies

nwms(l+%ﬁﬂw|ﬂmm{u|0”) } (1)

Proof. Let a € H?*(T) be a solution of (9.1). Then we define the 27-periodic function
r:= —dIm(a'a)’. Using (9.1) we obtain

r = —dIm(a"a)
_ Im((i ~O)fal + (1 + ir)]al* —1fa> (11.2)
= |a]* + k|a/* = fRea.

Using the fact that r is 27-periodic together with Holder’s inequality, we get from the
previous identity

2m
0= / rd:v—/ (la]* + & |a* = fRea) dx
> all{ + lall} = V27 |f1 all, (113
K
> lall (5 llall + lall, = V27 141}

Neglecting once the [Ja||3 and once the ||al|> term, we obtain the L*-bound

|all, < v2rC, with C, —m1n{|f| (’f’) } (11.4)

Next, we derive a bound for ||d’||2. First, the differential equation (9.1) yields the identity
|d'||5 = Re /zw(—ida” —iCa+ (i — K)|al*a + f)/C_L/ dx
:Re/ —ida"'a’ +i(|a|*a)@ — k(|a]*a)'d dz
~Re /02Tri(|a|2)’aé’ i — m/j’r lal?|a'2 dz — /@Re/%(la\z)’a&’ i (115)

27 2T
:—Im/ (]a|2)’ad’dx—f£/ laf?]a’[2 dar — f/ (lal2) (|a]?)’
0 0

2w
< - Im/ (|a*) ad’ d.
0
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Then, we set R := —dIm(d’a) = dIm(a’a) so that R' = r as well as R(0) = R(2m).
Using the identity (11.2) we get the pointwise estimate r > —f; on [0, 27] from which
we deduce

R(z) — R(0) = /Oxr(t) dt > —gﬂ (z € [0,27]) and ..
2T T 116
R(z) — R(27) = —/m r(tydt < 2f2 (v € [0,2n).

Using the definition of R and (11.6) we deduce from (11.5)

2
o'l <[t ([ () dads)
0

2
< [ (aPYIR - R(0)| da
0
T 2 2 , 2 ,
< [Ny de = g2 [ ol | da
0 0
<xflall, ]l
<2126, ||d|l,

27 9
—| [ (aPyRda
0

with C, from (11.4). So we find

dl la'll, < v27* f2C.. (11.7)
Finally, we combine the previous estimates for [la|s, [|a’[|2 to deduce an L*-estimate.
From (11.4), we obtain that there is a z; € [0, 27| satisfying |a(x;)| < C,. Together

with (11.7), this implies

lalloe < la(z)] + lla = a(z1)]
< G+ [lally

) 11.8
< Cy +V2r ||d'|, (11.8)
< (1+27%f2|d ™) C..

0

Remark 11.2. One can obtain a more refined version of the bound (11.1) of the form
lall,, < (1 + 272 f2 |d|_1> C.. where

SIS SRR B A B O SR
S L — - . 11.9
\J 2K N 4k2 * 27k3 2K * 4k2 * 27K3 (11.9)

This follows from Cardano’s formula applied to (11.3). We did not make further use
of the refined value of C,, since (11.1) already provides a meaningful a priori bound
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both for small as well as for large values of k. However, observe that C, from (11.9) is
non-singular in Kk, indeed

VA+VE—{/-A+ VB =

2A
(A+ VB + (A+ VB)A(—A+ VB + (—A+ VB

i N 1
where A := 4~ and B := 5 + 5. Hence,

ll-clE)% Cli = |f| )
which recovers a similar bound as in Theorem 1 in [29], which reads for k=0
lall < 111+ 12022 [d] 7).
With the L*-bound (11.1), the constancy of solutions for large  is proved along the
lines of the proof of Theorem 2 in [29]. However, from a technical point of view, several

partial results from the proof presented in [29] break down and new difficulties have to
be overcome so that the proof given next contains several new aspects.

Theorem 11.3. Letd # 0, k > 0, (, f € R and let k* be given by
w* = 676 (1+ 20212 1d) ) 2,

Then all solutions of (9.1) are constant provided k > K*.

Proof. We equip the real Hilbert space H'(T) with the inner product generated by the
norm

014 =~ |5+ ¢lls  for ¢ € HY(T), (11.10)

where v > 0 will be suitably chosen later. We observe that a solution a : [0,27] — C
of (9.1) is constant if and only if the function A = @’ is trivial. Since a solves (9.1), the
function A is a 2w-periodic solution of the differential equation

—dA" = (i— A+ 2(1 +ik)|a]*A + (1 + ik)a*A. (11.11)
We introduce the differential operator L, : H*(T) C L*(T) — L*(T) by
L.B:=—dB" — (i— ¢)B — 2ik|a|*B — ika*B (11.12)
so that (11.11) may be rewritten as
L.A =2|a]*A + a?A. (11.13)

The fact that L_!' : L*(T) — H'(T) exists as a bounded linear operator will follow from
the injectivity of L,, since L, is a Fredholm operator of index 0. The injectivity is a
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consequence of the following estimate. For g € L*(T) let B € H*(T) satisfy L.B = g.
Testing with B yields

/027r <d|B'|2 — (i—¢)|BJ? - 2is|a*|B|* — i/faQBQ) dx = OQW gBdx.
Taking the real and imaginary part of this equation implies
d||B')? + ¢ ||B|2 + xIm /0% a2B% dr = Re 02” B dr, (11.14)
1B + 5/02” (210182 + Re(@?B?)) de = 1 02” gBdz. (11.15)

>lal?|B|?
From (11.15) and x > 0, we get || Bl|2 < ||g]]2- Together with (11.14), (11.15), we obtain
me 2 T2 p)2 2
|| [| B'|l; + sign(d)C || Bl — ff/o lal"|B]* dx < lgll3,
9 27 9 9 9
1B+ [ la B do < gl

Multiplying the second equation with ¢ > 1 and summing up both equations, we finally
get

[l | B3 + (o + sign(d)¢) 1 BII3 < (o +1) g5

Choosing o sufficiently large and v from (11.10) sufficiently small, we obtain || B3, <
4]|g||3. This implies in particular the injectivity of L,, consequently the boundedness of
L': L*(T) — HY(T) and finally also the norm bound ||L.!|| < 2 uniformly in x > 0.

Having proven this bound, we turn to the task to prove that solutions A of (11.11) are
trivial for k > k*. In view of (11.13), we define the bounded linear operator

K,B:= L' <2|a|2B 4 a2B) . L2(T) — L*(T).
It remains to show that its operator norm is smaller than 1, because then K, is a

contraction and therefore admits a unique fixed point A, which must be the trivial one.
Since

_ 2m _
I20aPB + B3 = [ (5lal'|BPE + 20aPa B + 2faP'a® B ) do < 9lall || Bl
we find that
11.8),(11.4)

( 2 2\ 2/3
15l < Bz al S 6 (L) (D)

which is smaller than 1 for kK > &*. O
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11.2. Nonexistence of nontrivial solutions |l

A second threshold for the nonexistence of nontrivial solutions may be obtained by
studying the time-dependent Lugiato-Lefever equation

i0,a = —(1— ()a — dag, — (1 +ik)|al’a +if. (11.16)

Modifying slightly the proof by Jahnke, Mikl and Schnaubelt [21], who considered (11.16)
for k = 0, we first derive the global well-posedness of the initial value problem for (11.16)
with initial data a(0) = ¢ € H*(T). In [21], the corresponding well-posedness result for
k = 0 is based on the observation that the flow remains bounded in L?(T) and that
the H'(T)-norm grows at most like v/t as t — oo. It is not known whether infinite
time blow-up or convergence occurs in this case. We show that for sufficiently strong
nonlinear damping x > % the solutions converge to a constant solution regardless of
the initial datum. Combining Theorem 11.3 and Theorem 11.4 below, we obtain that for
k > min{k*, %} only constant solutions exist. Notice that all weak solutions of (9.1)

are smooth and in particular lie in H*(T).

Let us first recall a global existence and uniqueness results in the case k = 0. It is shown
in Theorem 2.1 in [21] that (11.16) with a(0) = ¢ € H*(T) and x = 0 has a unique
solution a € C(Ry, HY(T)) N CY(R,, H*(T)) N C*(R,, L*(T)). The proof of this result
may be adapted to the case x > 0 since the crucial estimate (6) in that paper is even
better when x > 0 given that the damping effect is stronger. The remaining parts of the
proof need not be modified so that we get the same estimates and gobal well-posedness
result as in [21] also in the case k > 0.

Theorem 11.4. Let d #0 (, f € R and & > —=. If a(0) = ¢ € H'(T) then the solution

of (11.16) is in C(Ry; HY(T)) and converges in H*(T) to a constant as t — oo. In
particular, all solutions of (9.1) are constant.

Proof. Since we will need the inequality ||a(t)||s < max{v/27|f]|,|a(0)|]2} in the proof of
our convergence results, let us prove this first. For notational convenience we suppress
the spatial variable in our notation.

For any given solution a of (11.16) the following estimate holds

(jt (Ha(;)H%) ~ Re ( /OQ”at(tywdx)

(11.16

B (/02 (=1 =i¢+ (1= WlaOP)a(t) + £ + idasa(t) aft) o)
=~ la®I ~ wlla)l}+ f | Re(a(t)) s
< =@l = 5= la@ls +v2rlfllla(t)]2
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So [[a(t)||2 decreases provided the last term is negative. Since this is true is precisely for
|la(t)]|2 > V27 C, by (11.3) (11.4), we conclude

la(®)lls < max{vZrC, [a(0)o} < max{vaxlf],[a(0)|s}  forall t >0. (11.17)

Furthermore, using the equation for a and integration by parts we get

jt (W) = Re (/0% g (t)a,(t) dm)

= —Re ( /0 u ay(t)az,(t) d:c)
0L1O _ g, ( /0 7 ((—1 —iC+ (= R)|a(O)P)alt) + f + idam(t)>am(t) dw)
_ /02” lan ()2 da — m/jﬂ la(t)2|au(t)? da — 2% /02” Re (a(t)a,(?)) da

-2 /027r Im (a(t)?(t)) Re (a(t)?(t)) dx.

Writing aa, = s + ir and using the scalar inequality

—k(s* +7%) — 2r8% — 251 < (—2K + V1 + K2) (5% +1?), (s,7 € R), (11.18)

EH™

we get the estimate

2 2T
jt (W) < —lax (B3 +aﬁ/ la(t)Plas(t)*dz for all t > 0.
0

Since we assumed Kk > %, we have a, < 0 so that ||a,(¢)||? decays exponentially to

0. The Poincaré-Wirtinger inequality (cf. 5.8.1 in [12]) implies [la(t) — 2= f™ a(t) dz||»
decays exponentially as ¢ — oo. The L?*-boundedness of a(t) derived in (11.17) now
implies that the sequence [’ a(t)dz is bounded, hence a(t,,) converges in L*(T) for
some sequence t,, /0o to some constant solution a* of (9.1). It remains to prove that

this actually implies the convergence of the whole sequence.
By the fundamental theorem of calculus, we get

la(t) = a"[lse < [lax(t)]l + min la(t) — o] < V27as(t)]]2 +

0.2 (t) — a*[l2. (11.19)

1
—la
ol
In particular, the subsequence a(t,,) converges uniformly to the constant a*. So for any
given § € (0,1), we can find an € > 0 such that all h € C with |h| < ¢ satisfy the
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inequality
m{@—@0f+m%f+m—¢m%ﬁ@
2
-—mmﬂﬂhﬁ-2m<Re(an) — 21m (%) Re(a’R) + O(| ")
(11.18) Lot ,
< ala®[7|r[" 4+ O(|A[?)
< §|n)%

(11.20)

Here we used «,, < 0. Choosing t,, large enough, we can achieve

V2 1
e and et <
4 4o

So the function h(t) := a(t) — a* satisfies for ¢t > ¢,, the following differential inequality
provided [|A(t)||. < &

jt (Hh(;)\l%) ~ Re < /02” ath(t)h(t)dx>

(11.16

_)ﬂmwﬁ+Re0—@4%0ﬁ+hwﬂﬁ+h@%4ﬁ%ﬂMﬂm)

(11.20

ST

lla(t,) —a*|l2 < e forall t > t,. (11.21)

Given that [|A(t,)]|e < @5 < ¢, we infer that ||h(t)||2 = ||la(t) — a*||2 decreases on
some maximal interval (t,,,t,, +7") and we want to show 7" = oco. From (11.21), we infer
e Il <
67 x —
4 ‘= 4or

|h(t)]]2 < 5 for all t € [t ty, + T

so that (11.19) implies

! €+ ! -m5§§<5 for all t € [t,,, t, + 1.
4o 2 4 2
As shown above, this implies that ||h(t)]|2 is decreasing on a right neighborhood of
tm +T. So we conclude that there cannot be a finite maximal 7" with the property
mentioned above. As a consequence, T' = oo, ||h(t)||2 is decreasing on [t,,,00) and we
obtain |la(t) — a*|| g1 (1) = ||A(t)|| g2 () — O as claimed. O

()l < V2r-

We add an extension of this result that covers damping parameters k < % In this case

we may obtain the convergence of the flow provided the initial condition ¢ = a(0) has
the property that ||¢,||2 and ||¢||2 are not too large.
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Lemma 11.5. Assume d # 0,(, f € R and xk < % Assume that the initial condition
a(0) = ¢ € HY(T) satisfies

27| ¢ |2 + max{v/2x| f], [|6]l2} < \/27 (11.22)

K

Then the uniquely determined solution a € C(Ry, H*(T)) of (11.16) converges in H*(T)
to a constant.

Proof. We argue as above. Using the same estimate as in the above proof, we get now
for a,, >0

() < g+ [P0
< (1t o aft) ) o ()13
(111 1

<’ <—1 + o (V2 as(t) 2 + \/%Ha(t)llz)2> las ()13

(11.17) 1

V2r

So the prefactor is negative for small ¢ > 0 by assumption (11.22). Hence, by mono-
tonicity, it remains negative for all £ > 0 and we conclude as above. O

IN

<—1 + (V27 |lag (1)l + —== max{v2n]| ], ||a(0)||z})2> las ()13

We do not know whether the above convergence result is sharp in the sense that there
are initial data causing non-convergence or even blow-up in infinite time. As above we
moreover infer that all nonconstant stationary solutions a for kK < % satisfy

2
27 ||agllz + max{v2a|f], [lall2} = /==
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12. Continuation

Following the discussion of Section 4.3, we prove the existence of nontrivial solutions
of (9.2) in a neighborhood of solutions for (¢, x) = (0,0) found in Section 3. Similarly,
we will use a rescaled version of (9.2) given by

—du" + (C —ei)u— (1 +ir) [uPu+if =0 onR (12.1)
for d,¢ > 0, |f| < %53/2 and e, k > 0 and rewrite it in the form
—di" + (i — it — (14 ir) (g(@ 4 u™®) — g(u™®)) = 0 (12.2)

where u = @ +u*. Again, u solves (12.1) with ¢, f if and only if a(z) := e~ 2u(e~/2x)
solves (9.2) with ¢ = (¢! and f = fe=%/2 on R. As before, H, and H, denote the
complex and real-valued Hilbert spaces.

In particular, we prove the following result

Theorem 12.1. Let d,{ > 0 and |f| < 2%53/2. Then for all e,k > 0 sufficiently small,
there are two even homoclinic solutions a of (9.2) with ( = (e, f = fe=3/? satisfying
Ha — limg| 00 a(:(:)‘ o P00 aSE = 0 uniformly with respect to k.

Remark 12.2. As in the remark after Theorem 4.11, the above theorem guarantees that
above the lower envelope (Cegt, fsag/z) localized solutions of (9.2) exist.

Theorem 12.1 is demonstrated in the following. We have continued the soliton solution
with d = 0.1, = 5,f = 2.9, = 0.5 in k. As in Section 4.3, for three different values
of k, the resulting solutions are shown in Figure 24. With ¢ = 0.5 the corresponding
detuning and forcing values are ¢ = (e~ = 10 and f = fe~3/2 = 8.20. We observe, that
with increasing values of k the amplitude of the solution decreases.

6
— ==
—r =0.1
4l —~r =20.15 |
S
21
0 .
0 s 27

Figure 24: Solutions of (9.1) for d = 0.1, { = 10, f = 8.2 and different values of .
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Theorem 12.1 and Remark 12.2 are a direct consequence of the following result.

Theorem 12.3. Let u; = iw; for i = 1,2 be the solutions of (12.1) for (e,k) = (0,0)
from Section 3. Then there exist open neighborhoods U of iw; in H,, J of (0,0) in R xR
such that (12.2) is uniquely solvable for (u,e,k) in U X J.

Proof. We define F': H. x R x R — £ = {u € L*(R;C) : u(x) = u(—x)} by
F(i,e, k) = —di" + Ci — et — (1 4 i) (g(a@ + u>) — g(u®™)).

Then we have F(iw;,0,0) = 0 by definition of iw; and DgzF(iw;,0,0) = —dj—;? +¢—
Dg(u;) : He — L. Due to Remark 4.7 we know that kery, (DgzF(iw;,0,0)) = {0} for i =
1,2. Since Dz F(iw;, 0,0) is a Fredholm operator of index 0 (cf. proof of Theorem 4.11),
it has a bounded inverse and thus the statement of the theorem follows from the Implicit
Function Theorem. O

Remark 12.4. Taking into account the rescaling a(x) = e ?u(e~'/%x), we have as in
the remark after the proof of Theorem 4.11

> o—1/4
H2

a— lim a(z)
|z|—o00

— 0
H?2

u— lim u(x)‘
|z|—o00

for e = 0 uniformly with respect to k.
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Part V.
Outlook and Further Results
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13. A Priori Estimate

In this section, we will give an a priori estimate on the homoclinic and purely imagi-
nary solutions w; in the absence of damping, provided by the phase plane analysis in
Lemma 3.1 for ¢ = 1,2. It will be used in Section 14.

Decomposing w; into w; = w; + w;, where w; € H,, we have lim|y|_,o w; = wi° 1= w®

from Section 3.1, lim;|—o W; = 0 and hence the constant of the first integral in (3.4)
reads

¢ = ()P = 5w+ 2w
Inserting this into the first integral and using (3.5) yields
0 = —dd + C? + 2(w;ws® ;w — 2w — 3wF (wi®)? — 21 (w®)? + 2 f10;
= —dw? + (0] — ;w‘* — 20PwE® — 3w (wi®)?

or equivalently

1 1
W= = (gwg — 5@4 — 203w — 3w§(w§0)2) . (13.1)

2

Lemma 13.1. Let d,( > 0, |f| < %C?’/Q and consider the homoclinic and purely
imaginary solutions w; of Lemma 3.1. Then |||y, can be estimated by

|@:]2 < 2v/2d { — /20 = @,(0)2 — 4w, (0) — 6(wi)? + /2 — 6(uwi)?

— 2w;* arctan 2w + @:(0) + 2w;® arctan 2Wi
V20— :(0)2 — 4wy (0) - 6(w*)? 2¢ — 6(w;*)?
+ e J A= 3200 = @(0)* 4 — By — 2wy (0))0(0)* — s (0)*
2\/4d 3(wg®)2) — 2dw; (0)2 2\/4d(¢ — 3w, — 2wy £(0)) — 2diii (0)2
with
wi(0) = —2w;® £ 1/2(¢ — (wi)?), (13.2)
where "—" holds for the symmetrically increasing homoclinic solution and "+ " holds for

the symmetrically decreasing homoclinic solution.
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Proof. Using the substitution w;(x) = y, we calculate

w; (0)
2w
= Vv2d —\/QC —y? — 4wy — 6(wi®)? — 2w:* arctan Wi Y
V2¢ — % — dwpey — 6(wie)?

0

— \/ﬁ[_ \/2g — w;(0)2 — 4wew; (0) — 6(we)? + \/2C — 6(wge)?

o0

2w® + w;(0) ~ 2w
+ 2w;” arctan ,
V20 = @i(0)? — 4w (0) - 6(wi)? 20 = 6(wye)?

and w;(0) satisfies

— 2w;* arctan (

which shows

wi(0) = =2w® £ /2(C = (w)?)

where "—" holds for the symmetrically increasing homoclinic solution and "+" holds for
the symmetrically decreasing homoclinic solution.

Now we estimate f w; ( )?dz. Using again the substitution w;(z) = y together with
the estimate |y|v/o — y2 < Jylo=lvb) B e get if ww® > 0
\/7 T == %

vl
mazx

[ aitapdn = [ i) dy

f/wz \/c L oupey — 3w dy
< [ R s -y
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C 3( ) ) y2) ;

_\/_/ Q— 3(w)2) — ;(0)2 Y
_ [(C— 3(wge ) )2 — iyﬂ;”i(o)
VAd(C = 3(wge)?) — 2dib;(0)2

— 4(¢ — 3(w;?°)2)u~)i(0>2 _ wi(0>4

1/4d(C = 3(w)?) — 2,0

Similarly if w;w® <0,

0
/ w4 (x)? da
1 wo,7(0) — — .
ST /0 y\/Q(C = 3wiy” — 2wiywo,r(0) — y? dy

L (2(¢ — Buy” — 2ugy00,4(0) — )
= Vad m — 3w — 2Ry o, (0)) — o (0)?

o o ~ wo, £(0)
(€= Bugy? — 2w s (0)y? - o

\Ad(C = 3wgy? — 2w +(0)) — 2didg £ (0)?
_4AC- 3w8f’f2 — QIUS,OfQI/(),f(O))w()J(O)Q — o £(0)*
44/4d(C — Bwge;? — 2wiig 4(0)) — 2didiy £(0)?

dy

Finally, we obtain

@]l < 2v/2d [ —/2¢ = @;(0)2 — 4wEd;(0) — 6(wi)? + /2¢ — 6(w)?

— 2w;" arctan 2w + @i(0) + 2w;” arctan o ]
V26 — @i(0)2 — 4w (0) — 6(ws®)? 20 — 6(we)?

e ] A BR)) (0 — i (0)* 4(C — Bwgy” — 2w3°fwo,f<o>>wo,f<o>2—wo,f<o>4}.
2\/4d 3(wg®)?) — 2dw; (0)2 2\/4d(¢ — 3w, — 2w £(0)) — 2di ¢(0)2

)

[]
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14. Spectral Properties of the Linearization

In this section, we will calculate the spectrum of the linearized operator L : H. — L*(R),

d2
L:=—d—— + ¢~ Dg(iw,),

dzx?
where iw; are the homoclinic and purely imaginary solutions of Lemma 3.1 and g(a) =
la|* a—if, Dg(a)z := %g(a—{—tz)’t_o = 21a|* z2+a?z. The spectral analysis of this chapter

only applies for w; symmetrically increasing if f > 0 and w, symmetrically decreasing
if f<O.

Figure 25: wy for f > 0 and wy for f < 0.

Splitting the linearized operator into real and imaginary part yields L; : H, — L*(R) for
j = 1,2 from Section 4.1. Then, A := \; +i\y € p(L) whenever (L —\)~' : L*(R) — H.,
exists as a bounded linear operator. This is true if and only if (L; —X;)™! : L2(R) — H,
and (Ly — \y) ™' : L*(R) — H,. exist as bounded linear operators and thus, A € p(L;) N

p(Lsy). Hence,
o(L) =R\p(L) = o(Ly) Uc(Ls).

In the following, we will calculate the spectrum of the operator L, or Ly and L, respec-
tively. By Section 4.1, we already know, that 0 ¢ o(L).

We start by calculating the essential spectra of L; and L, in the next lemma.
Lemma 14.1. Let d,QC >0 and |f| < %Cg/? The essential spectrum of L is given by
Uess(L) = [C - 3(w;>o) 700)'
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Proof. Define
Ly := —dd—2 + ¢ = 3(w®)?
dx? !
Then o.s(Lo) = [ — 3(wi®)?, 00). We note that
Ly = Ly — 3w} — 6wws®

As 3w? + 6w;wse is a relatively compact perturbation (see Corollary 2 in Section XIII.4
[40]), we 1nfer that o.ss(La) = 0ess(Lo) = [¢ — 3(w®)?, 00). Similarly, oe(Ly) =
Uess(Lo) = [¢ — (w®)?, 00) and hence, as ¢ —3(w®)? < ¢ — (w®)?, we infer that o, (L)

1

[€ = 3(wf®)?, 00). O
Lemma 14.2. Let d,( > 0, |f| < 2—‘/5’@/2. Then o(Ly) C [—m,oo) for f <0
and o(Ly) C [ﬁ oo) for f > 0.

Proof. We will prove the assertion only for f < 0. However, a similar proof applies for
f > 0. Observe that

Ll(wgo + U~J2) = —f.
Hence, for all n € C*(R),

s s
- 7dx:/L W A+ ) - ———— dx
wag°+w2 p L wa” ) W + e

/i, 2
R R ] e e )
R

ws® + Wo
< [+ (= (5 + ) dee
This leads to

2
/dn’2+ (WS + 9)*)n* dw > — /fdxz—]i/nzdaz

+ wo ws° + w2 (0) Jr

for all n € C2°(R) and by density, this is also true for all n € H'(R) and thus

f
o(Ly) C l—wgo n IDQ(O)’OO> )
Il

Lemma 14.3. Letd,( > 0, |f]| < 2%9@(3/2. Then Lo has exactly one negative eigenvalue
with
vd i
M (L2) € =y (0)* [0 22,
¢ = 3(wi°)?

where ||W;||;2 as in the proof of Lemma 135.1.
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Proof. The quadratic form is given by
by (6) 1= [ 49 + (¢ = 3w +105))¢? da
and testing

0= — da} + (i + wi) — (@; + w®) + f
= — di] + iy — B — 32w — 3y (w)? + Cwl® — (wF)? + f
= — dw] + (W; — W) — 3Wiw® — 3w (w®)?

by w;, yields

/ AP + Ch? — @ — 3wt — 3wl (w®)? dz = 0.
R

br, (@) : = /Rdw? +(C = 3w + @,)?) @ do

)

— / dB2 + (02 — @ — 300> — 302 (w)? — 20 — 3uw do
R

= —/2@?+3w§w§’°d:ﬁ
R

. o, w;(0) Y
< —2/widx:—4/ widx:—él/ — 1 dy
R —o0 0 P\ W;
w;(0) 4
U2V 4V / — dy
0 \/<y2 — % = 2wiy? — 3(wi®)?y?
w;(0) 3
= —avad [ Y dy
N T

4wy — 6(w®)?

w;(0) y3

—4v/2d

IA

As inf o4(L2) = ¢ — 3(w®)? > 0, there is at least one negative eigenvalue of L, with

Vd 5 o
Ai(Ls) < ——————;(0)" ||| 1

S (W)
where ||@;||,2 as in the proof of Lemma 13.1 (cf. Proposition 12.1 in [20]).

Now assume that there is a second negative eigenvalue Ao(Ls). In Section 4.1, we have
seen that kerp2(Ly) = span {w}} and @, has exactly one zero. Hence, the eigenfunction
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corresponding to Ag(Lsy) is of fixed sign. However, this is only possible if Ao(Ls) is the
smallest eigenvalue of Ly. Consequently Lo admits exactly one negative eigenvalue with

Vd o
M (Ly) < ————;(0)* |10 2
¢ — B(w)? "

where ||10;||,2 as in the proof of Lemma 13.1. O

The previous lemmas together with 0 ¢ o(L) (Section 4.1) now yield the main theorem
of this section.

Theorem 14.4. Let d,( >0, 0 < |f] < %C?’/Q. Then,

f
U(Ll)c M,O@) fOTf<O
and
/
o(Ly) [—wz —i—?IJQ(O)’OO) for f > 0.
Furthermore,
o(Ls2) C (—00,— g—\/(awmy 0;(0)* ||u~)i||L22] U (0, 00)
and hence

106



15. Third Order Dispersion

Throughout this thesis, we have neglected higher order dispersion as, in general, they
are several magnitudes smaller than the second order effect. Nevertheless, there are
some cases, where one should take it into account. Especially for dark solitons (d < 0)
and corresponding frequency combs with high comb bandwidth, third order dispersion
(TOD) cannot be neglected, cf. [27],[43]. The modified equation then reads

—da" —ied” + (¢ —i)a—lal*a+if =0, a(-) = a(-+2n). (15.1)

In this case, we lack reversibility x — —x, which means that if u is a solution, then
v(z) = u(—=z) is not a solution. This causes numerical and analytical difficulties, as
it is no longer possible to consider the equation on [0, 7] together with homogeneous
Neumann boundary conditions. Therefore, it remains unclear how to deal with the
shift invariance of the problem. However, we prove some a priori bounds for nontrivial
periodic solutions.

In this section, we work in fractional Sobolev spaces. Following [9], for s € R we denote
the standard fractional Sobolev norm on T by

lall, := > (1 + [K[*") lawl”

k€EZ

where

1

2w X
%/0 a(x)e % dr.

&k =

The fractional Sobolev space is then defined as

H(T) :={a="Y_ ae*™ € L*(T) : [|al|, < oo}

kEZ

Theorem 15.1. Let d,e # 0, (, f € R. Then there is a constant C = C(|d|, ﬁ, 1<, 1f1)
such that every solution a € C3(T) of (15.1) satisfies

lalls, < €.

Proof. Taking a = v + 1w, we can rewrite (15.1) as a system

ew” — dv" = —w — (v + (v + w?)v,

—ev” —dw” = v — Cw + (v + w?)w — f.

First, we will give an L?-estimate. We define G : [0, 27| — R by

1 1
G :=d(wv' —vw') + e<2v'2 + §w’2 —ww" — m/’).
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Using the differential equation we get for ¢ = G’

g = d(wv" —w"v) — e(vv"” +ww")
= —w(—w — (v + (V¥ + w)v) + v(v — (w + (v + wHw — f)
= (V¥ +w?) — fo.

Since G is 2mr—periodic, we get

2T 2
0= [ gdw= ["(0*+ 0 ~ fo)de = |l = V2| f] all
which implies

lall, < v2r |£]. (15.2)

Now we can give a first H%?-estimate. The Fourier coefficients of a satisfy

—

—Gl(lk)gak — d(lk‘)zak = (1 — Q)ak, + (|a|2 a)k — 1f60k

for all k € Z. Thus, for k # 0

—

—ek3ay, = (—dk® +i— Qg + (la]* a).

Testing the equation with @y sign(k) leads to

—e Z |éik|2 |k]3 = Z (—dk* +i— () sign(k) |ak|2 + (|a|2 a)ray sign(k).

k|1 k|1

By definition and using the differential equation as well as Holder’s inequality, we get a
first H**-estimate for r € (0,%) and s = -*;

1
||a||§ o= 2 (1+ k") |ax|”
/

kEZ
Ha|!2+ ST k[ [
|k|>1
<f’+ (\d|k2+1+|cr)rakr 3 Li(alay )
i lel i lel
2
< S~ L @ fad? (L a0
el 2,
PRSI
ol |+Z||||ar ol
[k|>1 [k|>1
| ) _
<P (s aemtae) (X me) " ¢ o 2 Il o).
le] ko1 ko1 €] k\>1
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Using the estimate (1 + k2)2 < 23(1 + \k\s) we obtain

S L |d| 1+!C| ~
lall?, < 2+ 2% (2m) 7 dr ‘H g | Z (ol )il 3]
k|>1
3 |d 2 2 1+|¢
< oty ¢ L p S ((Fadlal. 053
le] €] I<:|>1
=:51
Then we get
Si= 3" (jafa)y |a]
[k|>1
= 3" (laf )| - K3 | K[ 2
[k|>1
— %
—~ 3 _
< JlaPe| -k, (3 w)
o [k|>1
=C
- /2\
< Clafa| Tlally,-

Using (a * b); := Y ,.cz Gl—mbm, we observe that

27 ot
aaa — / tya(t e "t

1 ) )
27T/O < l ) 1lt> (z ame—lmt> (; &nemt> e—lk:tdt

— i Z Z <Z &lam&n / ei(m+l+nkz)tdt>
T\ A 0

—ZalZamak 1— m:(CAL E*d)k

Now, by Young’s inequahty, we calculate

. —_ 1 —
|a|2a = |laaa|| =|axaxa S*Ha*a*aH SHaHg/z-
2 .

[e.9] [e.o] o0

Then we get by a triple Holder’s inequality for « € (0, 3)

a3, = > faf?

k[>1
= 3 @ |2 K2 g2
k|>1

1 7—01 3 (a—3)4 1/4
< cgyare Il lalls” - (32 wl3e794)

k=1

Ca
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where o < % is necessary for the convergence of C,. Therefore,

C
113 2 3-2
alls/, < @Ta)a lally llall3s "

Finally this leads to

—

Si=3 (lal” a)x [

< CCo(2m) ™ Jlall3” llall5 "
< CCo(2m) M [f1 Mlall s
By (15.3), we get for a € (0, %)7 r € (0, %) and s = =

—
2 d|

2 1+]C|
a H3/2<f2+2 P |If! |a Hm

le]

1 A — «@ —2«
fugcca(%) AP fallss

Asr E (0, % we have % > % and 4 — 2a € (%,4). For r close to % and « close to % we

)
write = % + 6 =4— 2« for § > 0 close to 0. This leads to

|f| 50 1+ (]
Jall o~ 1o (28] CCotam) ) el < (14 PR
=:C1(f.e,d) =:C2(f.C.e)
With these definitions of C1(f,e,d) and Cs(f,(,e)
246
Jale (1= Calhre,d) lally ™) < Calf, G )
Defining ¢ : (0,00) — R, g(z) :=1— Cy(f, e, d)z~5, we have
W=t o ( 1 >_2‘135
r) == r=—0"7—=
g 2 201(f7€7d>
X 3/(-2+36)
and consequently [|afl; , < (2C2(f, ¢, e))/? for lall3, > <W> . Finally,
L2 1 3/(—2+35)
lall;, < max § (2Ca(f, ¢ €))7, <W> :
[

Remark 15.2. In Theorem 11.1, we calculated L*°-bounds for higher order damping.
They were used to determine a maximal value k* such that all solutions are constant
provided k > k*. Although it would be possible to obtain them, we omit L>-bounds
within this section, as they cannot be used further.
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16. Summary and Outlook

In this thesis, we have presented several approaches in order to investigate the stationary
Lugiato-Lefever equation

—da" + (¢ —i)a—|a|*a+if = 0.

We have described analytical and numerical approaches to find periodic patterns as well
as nontrivial solutions on R, based on

e continuation of bright solitons of the NLS in the regime of damping and forcing,
e bifurcation with respect to ¢ from the constant solution curve.

The first approach was covered in Part II, where we analytically continued the soliton
solutions of the undamped and undriven cubic NLS on R into the situation with forcing
and damping present. This was done in three steps. First, we rigorously recalled the
soliton solutions a(z) = e*p(z) of the NLS, lying on the sphere. In a second step, we
could prove that bifurcation from this sphere is only possible for o € {g, 37”} and that
therefore only purely imaginary solutions bifurcate. Finally, using a rescaled version of
the Lugiato-Lefever equation together with the Implicit Function Theorem, we could
prove the existence of soliton solutions for large values of f and (. This analytical ap-
proach was supported by a large amount of numerical experiments based on numerical
path continuation in the case of d = 0.01. Using the solutions on R as an approxi-
mation to periodic solutions, we numerically continued them into a region with forcing
and damping present and we covered a large region of the ((, f)-plane, where solitons
exist. Numerically, we also investigated the stability of these solutions. Furthermore,
we compared the lower and upper envelope to bounds given in the literature.

The second approach in Part III was based on a rigorous bifurcation analysis. We
developed heuristics, which allowed to determine the most localized solitons on branches
bifurcating from the curve of trivial solutions. In applications, soliton solutions with
high comb bandwidth together with high power conversion efficiency are favorable. We
approached this, by finding heuristics for the location of the most pronounced solitons
and performing a large parameter study in bifurcation diagrams. We found solitons
both for anomalous dispersion and for normal dispersion and found out that for d > 0
our results are in good agreements with the approximations found in the literature.
However, our approach is also valid for d < 0 and can therefore be used independently
of the dispersion of the material.

Part IV discussed the effect of two photon absorption, where two photons are absorbed
and electrons from the valence band are excited into the conducting band. This leads
to an additional nonlinear loss term in the Lugiato Lefever equation

—da" 4 (¢ —i)a — (1 + i) |a]>a — if = 0.
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We proved the persistence of bifurcation points for small x > 0, their disappearance
for kK > Kk, and the absence of any nontrivial solutions for x > s* with 0 < Kk < K*.
Furthermore, we supported our analysis by some numerical experiments, showing that
the number of bifurcation points reduces with increasing values of x until a value £}
is reached, where bifurcation points cease to exist. Comparing the numerically obtained

value 7™ with the theoretical value k, show a good agreement.

However, closely related to TPA, there is another effect called free carrier absorption,
where free carriers are excited from one state into another within the same band. In-
troducing the free carrier density n, the model including free carrier absorption is given
by

—da" 4+ (¢ —i)a— (1 +ik) |af* a +if — s(i — p)na = 0

n’:m|a|4—ﬁ
-

with k, s, u, 7 > 0, cf. [18]. However, due to lack of reversibility of the extended model,
the approach of Neumann boundary conditions together with reflecting the resulting
solutions is not applicable. At the moment, analytical results are out of reach for us.

An additional effect, that can be considered is higher order dispersion. Although this ef-
fect is several magnitudes smaller than the second order effect, it should not be neglected
in the case of normal dispersion (d < 0). In Section 15, we proved a priori bounds for
the Lugiato-Lefever equation third order dispersion

—da" —ied” 4+ (C —i)a — |a]*a+if = 0.

Due to the lack of reversibility, there are new analytical and numerical difficulties that
need to be overcome, e.g. bifurcation from the trivial solutions may be lost for e # 0
and the character of solitons changes drastically cf. [11],[45].
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