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The main goal of this work is to develop and validate a new method for characterizing the material properties of
hetero-agglomerates when calculating population balances in magnetic seeded filtration processes. A new ap-
proach of computing various collision cases and probabilities and then weighting the respective agglomeration
rates with them is considered to be physically justifiable. An experimental design of experiment (DOE) yielded
data for the variation of multiple process parameters with a reasonable standard deviation. By measuring ag-
glomeration kinetics, a deeper understanding of the process could be achieved and simple mathematical models
were found in order to describe experimental data. The following multiple regression analysis showed good
accordance with the agglomeration theory and thus the data was usable for further validation of the calculation
results. By comparing calculated and experimental data and minimizing the residuals, estimates of the model
parameters describing hard-to-measure material properties could be obtained. The comparison of experimental
and computational regression models showed good agreement and thus validates the fundamental physical
soundness of the implemented model. Furthermore, the comparison of the measured and calculated agglom-
eration kinetics further suggests the validity of the collision case model. Finally, this work showcases the pos-
sibilities of additional model calculations for a deeper, more thorough process understanding.

1. Introduction

Developments in separation technology have only been able to keep
pace with advances in particle production to a limited extent. The

current separation equipment is often optimized for processes on the
basis of a single or two material features. Centrifuges are, for example,
mainly based on density and particle size, whilst chromatographic
methods can be used to separate the different types of particles on the
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basis of charge density or hydrophobicity. However, the functionality of
particle systems depends not only on one or two but on several prop-
erties. The multidimensional character of the functional properties also
requires a multidimensional separation approach. Usually, a series
connection of different separation apparatuses is used for the multi-
dimensional separation. This leads to an extended production time and
a reduced product yield. The separation processes mentioned as ex-
amples also demonstrate the second challenge of separation technology.
On the one hand, there are processes that exploit size and inertia ef-
fects. To achieve this, the particles must have a certain minimum size.
As a rule of thumb, this is a particle size above 10 μm. On the other
hand, for the separation processes based on diffusion effects and mo-
lecular interactions, the particles must not exceed a critical size of
≈100 nm. Therefore, a separation gap arises in the range of particle
sizes between 0.1 μm and 10 μm in which separation is very challen-
ging. The process commonly referred to as magnetic seeded filtration [1]
tackles these challenges by being multidimensional by nature and not
limited by particle size. It aims to separate fine paramagnetic particles
by agglomerating them with particles of higher magnetic susceptibility
followed by a HGMS (high-gradient magnetic separation) step. Previous
research found that not only ferromagnetic but also paramagnetic im-
purities could be separated by means of magnetic separation, which
was explained by a hetero-agglomeration process between these parti-
cles [2]. The presented work is motivated by said findings and aims to
explicitly investigate and enhance these effects. While many authors
emphasize the HGMS part [3,2], this work takes a closer look at the first
step: The hetero-agglomeration of ferro- and paramagnetic particles. In
this context, both a computational and an experimental path should be
taken.

As one can expect, an agglomeration process between different
particles of different materials and sizes can be quite complex and hard
to grasp mathematically. There is no fundamental equation solving this
problem and hence model calculations have to be used in order to es-
timate process results. The most common way of doing so is to describe
the process by a population balance equation. RAMKRISHNA broadly covers
the basic theory of this topic in [4] and gives an overview about current
and future applications and problems in [5]. A review of previous

research specifically related to the modeling of agglomeration processes
of colloidal systems is given in [6]. In this field, mainly discrete po-
pulation balances are employed which generally start by initializing the
distinct agglomerate classes. Starting with primary particles, all pos-
sible agglomerate combinations between them are created and are
given characteristic class properties. Since the agglomeration process is
non-stationary, a time-dependent change in each of these particle
classes has to be calculated. As a result, population balance equations
yield time- as well as agglomerate class-dependent concentration in-
formation. Many research groups have used this type of calculation in
order to predict process results [7,8], however none has given thorough
information about the perhaps most crucial aspect of such calculations
in hetero-agglomeration processes: the actual properties of a given
agglomerate. When regarding a suspension of particles of different
materials, said particles can vary severely in relevant properties, like for
example surface charge or magnetic susceptibility. The main obstacle in
such heterogeneous systems is that for each agglomerate, only one
value can be used for each property. This work presents a method to
deduce suitable values dependent on the composition of a given ag-
glomerate by area-weighted collision case probabilities.

The second aspect of this work focuses on obtaining experimental
results in order to compare, validate and discuss the theoretically
gained information. There are plenty of works dealing with pure ex-
perimental investigations of hetero-agglomeration processes [2,9,10].
However, the time-dependent size distribution and agglomerate com-
positions are difficult and for the latter maybe even impossible to
measure, which makes these works limited in their capability to fully
describe the system. On the other hand, some research groups con-
ducted purely theoretical studies of this problem [7] which yield the
possibility of calculating plenty of non-measurable results. However,
without validating these results through comparison with experimental
data, these findings need to be taken with some skepticism. For this
reason, many authors (including the authors of this work) recorded
both experimental and theoretically gained data and are thus able to
describe the hetero-agglomeration process from various angles [1,8].

Due to the use of hydrophobic PVC particles, the influence of the
hydrophobic interaction on the agglomeration process needs to be
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examined. However, to the authors’ best knowledge, there is currently
no work that implements these interactions into the population balance
equation. This is mainly due to two reasons: first, the theoretical
foundations of these interactions as yet have not been thoroughly un-
derstood and only empirical equations are available for describing them
[11–14]. Second, these empirical equations require hard-to-measure
material properties, which can generally only be obtained by AFM
measurements. This work implements the hydrophobic interactions in
the population balance and avoids AFM measurements by varying these
hard-to-measure parameters until the calculated values match the ex-
perimental results. Further, both experimentally and theoretically
gained findings are compared and validated for their physical mean-
ingfulness. To sum up, this work strives for a new direction in experi-
mental and theoretical hetero-agglomeration research. Experimental
data is used to obtain information on hard-to-measure hydrophobic
parameters and to validate the newly presented collision case model at
a deeper physical level.

2. Materials and methods

2.1. Experimental studies

The particle systems used for the experiments are presented in
Table 1 along with their characteristic properties. Note that as a mea-
sure for the mean diameter of these systems, the number-weighted
median value x50,0 is used since population balance equations operate
on absolute particle numbers rather than volume fractions. The pH
value in all experiments was 5.5, hence the zeta potential for all particle
systems is given for this value. SEM images of the particle systems are
given in Fig. 1. It can be seen that both particle systems have a round
shape and similar particles size. For the continuous phase, ultrapure
water with a residual ionic strength of 10 6 mol

L was used. The ionic
strength was adjusted in the experiments by adding analytic grade so-
dium chloride.

The entire experiment can be split into four process steps which are
illustrated by Fig. 2 and are described in the following section. Before
conducting the actual agglomeration, the suspension had to be pre-
pared by means of ultrasonic dispersion. First, the given amount of PVC
particles and sodium chloride was weighted and added to 0.5 L of ul-
trapure water. Then, this suspension was dispersed with the Digital
Sonifier 450 (Branson) for 20 min in order to break up existing PVC
agglomerates. After the first dispersion step, a sample (S0) of this sus-
pension was taken and stabilized with 0.5 g

L
tetrasodium pyrophosphate

in order to hinder agglomeration before measurement of this sample.
Next, the iron particles were added and the suspension was further
dispersed for 10 min. The prepared suspension was then added to the
vessel and stirred at the given speed n for the given time tA in order to
induce an agglomeration of the particles. After the agglomeration
process, an iron matrix was lowered into the suspension and the whole
tank was brought into a magnetic field. The magnetic field was pro-
duced by an openable Halbach permanent magnet [15] and had a
magnetic field density of 0.35 T. The matrix consists of a mesh of fine
iron wires that produce large magnetic field gradients which then in-
duce a strong magnetic force on the magnetic particles and hetero-ag-
glomerates and thus ensure that these particles are collected by the
matrix. The specific physical dependencies in HGMS are well described
in the literature [16] and are therefore not extensively discussed in this
work. Subsequently to the HGMS, the suspension containing the not
separated particles and agglomerates was collected, dispersed with the
sonifier for 10 min and stabilized with tetrasodium pyrophosphate. A
sample of the residual suspension was then taken (Si) and analyzed
together with the S0 sample by means of absorbance spectroscopy at
λ= 600 nm. The validity of the Beer-Lambert law was ensured in
previous studies, so that the absorbance value can be transferred into a
concentration value. Under the assumption that all magnetic particles

as well as all hetero-agglomerates (agglomerates containing magnetic
particles) are separated in the HGMS step, a separation efficiency for
the non-magnetic particles can be defined according to Eq. (1).
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In order to gain information about the influence of various process-
related parameters (l), a design of experiment (DOE) approach was
used. Five factors were varied on two levels in this study. The factors as
well as the respective level values are presented in Table 2. A full fac-
torial DOE of the given problem yields k= 2l = 32 parameter combi-
nations that have to be conducted by experiment. However, by using a
fractional factorial DOE, the amount of experiments can be reduced to
k= 2l−1 = 16. The 25−1 design still allows a clean resolution of all
main and two-way interaction terms, since they are only aliased with
interactions of an order larger than two [17]. The separation effi-
ciencies for all 16 process parameter combinations were determined in
triplicate and the mean separation efficiencies as well as the standard
deviations were calculated. These values were then used in a multiple
regression calculation in order to determine the effects of all factors and
two-way interactions. A linear model as presented by Eq. (2) was used.
The X variables represent the factors given in Table 2.
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2.2. Model calculations

In this work, a population balance equation was used to model the
hetero-agglomeration processes. At first, a discrete calculation grid has
to be created containing all possible agglomerates in the given two
material suspensions. A visualization of this process and the corre-
sponding indexing are shown in Fig. 3.

The first index (i) represents the total number of primary particles in
an agglomerate, while the second index (j) represents the number of
magnetic particles per agglomerate (j− 1). A 3-dimensional matrix N(i,
j, t) is then created in which the time-dependent number concentrations
of all agglomerates are stored. This matrix is initialized for t= 0 with
the number concentration of primary particles A1,1 and A1,2 which can
be calculated from given process parameters under the assumption of
perfect spheres according to Eq. (3)
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where ri,j is the radius of an agglomerate and VS is the volume of the
suspension. The actual time-discrete population balance is given in Eq.
(4a).

Table 1
Particle systems used in experimental studies.

Magnetic (M1) Non-magnetic (NM1)

Material Iron (Fe) Polyvinyl chloride
(PVC)

Manufacturer Merck KGaA, Darmstadt,
Germany

Vinnolit GmbH,
Ismaning, Germany

Mean diameter x50,0 1.07 μm 0.82 μm
Density ρ 7870 kg m3 1400 kg m3

Zeta potential ζ (pH = 5.5) ≈0 mV −32 mV
Susceptibility χ 10.13 4.6 · 10−5

Saturation magnetization
Msat

17.7·105 A
m

=( )H 1.75·105 A
m

–

Contact angle air, water Θ 0°a 91.7° ± 4.1°a

a Contact angles were measured by sessile drop method. Samples were pre-
pared in a hydraulic press with constant force (15 kN).
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The agglomeration efficiency Fij,lm is given by Eq. (4b) and describes
the agglomeration rate between agglomerates Ai,j and Al,m. It is the
product of the agglomeration efficiency α and the collision frequency β.
Vividly described, this means that particles that agglomerate first have
to come into contact (probability given by β) and then have to over-
come an energy barrier and “stick” (probability given by α).

In order to find further expressions for α and β, a process distinction
has to be made: The equations depend on whether the process is dif-
fusion- or flow-controlled (peri- or orthokinetic). The PÉCLET number
presented in Eq. (5) describes the orthokinetic transport in relation to
the perikinetic one and can thus be used to determine the given con-
ditions [8]
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where G is the mean shear rate in the system, μ the viscosity of the fluid
and R is the size ratio of both particles. In the scope of this work, the
PÉCLET number roughly varied between 101 and 102, however, an ac-
curate calculation is difficult due to the undefined energy dissipation by
the impeller. This proposes an interesting situation: Generally, Pe > 1

indicates an orthokinetic process, however, in this range of values,
diffusion processes may not be neglected entirely. Since the collision
between particles is likely to be flow-controlled, the collision frequency
β can be calculated according to Eq. (6) [8].

= +r r G2.3( )i j l mij,lm , ,
3 (6)

The calculation of the collision efficiency however, is more chal-
lenging. In the case of orthokinetic agglomeration, a trajectory analysis
needs to be conducted in order to include the influence of the inertia of
the particles. Various authors implemented this type of calculation in
their population balances [8,1]. However, since the PÉCLET number does
not indicate pure orthokinetic conditions, the FUCHS approach for peri-
kinetic agglomeration [18] is used in this work. Thereby, the collision
efficiency is attained by integrating the interaction potential between
two particles. The implemented expression is given in Eq. (7)

Fig. 1. SEM image of pure PVC particles (left) and agglomerates of PVC and iron particles (right).

Fig. 2. Illustration of the four process steps. (1): Suspension preparation. (2): Agglomeration (no magnetic field, iron matrix outside suspension). (3): Separation
(magnetic field, iron matrix in suspension). (4): Post processing (breakup of PVC agglomerates).

Table 2
Varied factors with respective levels.

Name Description Unit Factor level

− +

n Rotary speed [min−1] 100 250
cv M, Volume concentration magnetic particles [vol%] 0.005 0.01

v,NM Volume concentration ratio non-magnetic

particles =v
cv
cv M,NM

,NM
,

[−] 0.5 2

tA Agglomeration time [min] 10 30
I Ionic strength mol

L
10−6 10−3
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where s is the dimensionless center-to-center distance [7]. Here, the
HONIG approach [19] in Eq. (8) is used to account for viscous effects
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The expression ΨΣ in Eq. (7) represents the sum of all interaction
energies between the two agglomerating particles. The classical ap-
proach of the DLVO theory only regards van-der-Waals (ΨvdW) and
electrostatic (Ψel) interactions [20]. This work however, also considers
hydrophobic (Ψhph) interactions and a mathematical expression for
each interaction energy is given in the following paragraph.

The van-der-Waals interaction energy is given by Eq. (9) which is
valid for the interaction of two spheres [21]
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where AH is the HAMAKER constant and h represents the absolute surface-
to-surface distance which can be calculated from the dimensionless
center-to-center distance s according to Eq. (10).
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The electrostatic interaction energy can be calculated by Eq. (11a)
[21]

=
+

r r IN
r r

e e
h

128 kT
( )

tanh
4kT

tanh
4kT

exp ( )i j l m a

i j l m

i j l m
el,ij,lm

, ,

, ,
2

, ,

(11a)

= e2 IN
kT

a
2

(11b)

where Na is the AVOGADRO number, e is the electron charge, φ is the
surface potential of the particles and κ is the reciprocal DEBYE length
which can be calculated by Eq. (11b). As the surface potential is not
measurable directly, the zeta potential ξ is used as an approximation.

Since the PVC particles exhibit a contact angle of Θ > 90°, they can

be regarded as fully hydrophobic and thus hydrophobic interactions
need to be considered [14]. For these interactions, an empirical bi-ex-
ponential model derived in [12] is used and given in Eq. (12)
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where C1 and C2 are the parameters adjusting the strength and d1 and d2

are the parameters adjusting the range of the short-ranged and long-
ranged hydrophobic interactions. [12] has shown that this model is able
to describe various reported AFM datasets of the still not entirely un-
derstood hydrophobic interaction between particles. Note that this at-
tractive interaction has not only been shown to be present between two
hydrophobic particles, but also between hydrophobic and hydrophilic
particles and therefore, this interaction may also arise between PVC and
iron particles.

Lastly, all interaction energies are summed up according to Eq. (13)
and used in Eq. (7) to compute the value of the collision efficiency α.

= + +vdW el hph (13)

However, in order to conduct any calculation, the material prop-
erties of all agglomerate classes have to be known, which can be a large
obstacle to overcome. In this work, a different and new approach was
used solely based on the material data of the primary particles A1,1 and
A1,2 and the surface-related agglomerate composition. For a given ag-
glomerate Ai,j, the surface-related proportion of non-magnetic particles
is calculated by Eq. (14) and stored in matrix YNM. This model assumes
perfect spheres as well as an agglomerate porosity of 0. Note that even
without these assumption, an agglomerate may be larger in size and
surface area, however, the surface proportions of both primary particle
classes are likely to be similar.
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The main question is to what extent each of the two agglomeration
partners exhibits non-magnetic or magnetic behavior. Depending on
this, four cases can be derived and are presented in Fig. 4. The cases
differ in the fact whether agglomerates Ai,j and Al,m collide with their
non-magnetic or magnetic surface. The calculation assumes that the
probability of an agglomerate Ai,j colliding with the non-magnetic part
of its surface is given only by the surface fraction YNM(i, j) and no

Fig. 3. Schematic figure of all possible agglomerate combinations for NS,max = 5. The time dependency of the number concentration matrix N is represented in the
third dimension (t-axis).



further flow- or material-related property of any kind. Since the matrix
YNM is known, the probability for each collision case between two ag-
glomerates Ai,j and Al,m can be calculated according to the equations
given in Fig. 4. Furthermore, for each of the four cases, the surface
properties of both agglomeration partners are known and can be ex-
pressed by the pure material properties of either the non-magnetic or
magnetic primary particles (depending on the case). Thus, for each
case, a corresponding collision efficiency αA−D can be calculated. Since
all case probabilities and collision efficiencies are known, a surface
area-weighted collision efficiency can be calculated according to Eq.
(15).

= + + +P P P PA A B B C C D Dij,lm (15)

This method is an alternative to volume-weighted averaging of
material properties for each agglomerate and then using these proper-
ties to directly calculate one collision efficiency. However, from a
physical perspective, averaging of e.g. surface potentials does not seem
fit for a surface-controlled process. For better illustration of this fact,
the following example is presented. Consider an agglomerate consisting
of one PVC and one Fe particle of equal size and shape. When averaging
the material properties by volume, this agglomerate has a zeta-potential
of ζ = −16 mV regardless of the collision cases presented in Fig. 4. A
collision arising between two of these agglomerates always shows a
non-negligible electrostatic repulsion, while in reality, three of the four
equally probable collision cases (A, B and D) should not exhibit any due
to the non-charged iron surface. This has a tremendous effect on the
dynamics of the whole population balance which is further intensified
the more heterogeneous the material properties of the primary particles
are. Therefore, the selected particle systems with their large differences
in material properties are well suited to critically examine the presented
collision case model.

For the calculations, three different parameter groups can be dis-
tinguished which are given in Table 3. Regarding the constant para-
meters, especially the maximum number of primary particles per ag-
glomerate NS,max and the time step size Δt are of interest and demand
further investigation. NS,max defines the agglomeration grid and thus
the number of calculations which need to be performed per time step.
However, a too small value of NS,max may influence the calculation
result, since it also limits the possible agglomerate combinations and
therefore limits further agglomeration. The time step size Δt defines the
number of discrete calculations that have to be conducted until the
predefined agglomeration time tA is reached. As in every discrete
method, a too small step size increases the real-world calculation time,
while too large steps may lead to non-physical results and divergence.
In preliminary studies, both grid-relevant parameters have been in-
vestigated. The results are shown in Fig. 5. From Fig. 5a, it can be seen
that both the relative change in separation efficiency dT/T as well as the
calculation time t are dependent on NS,max in an exponential manner. A
trade-off between calculation time and accuracy was found with
NS = 10. Fig. 5b shows that the relative change of calculation results
starts to rise at approximately Δt= 1 s and diverges strongly for large

time steps. Therefore, this parameter setting was chosen for the calcu-
lations.

The second set of parameters are the process parameters given by the
DOE in Table 2. They ensure comparability between model calculations
and experimental results. As mentioned above, 16 process-related
parameter combinations are investigated experimentally and therefore
all 16 of these combinations are calculated by the population balance.

The third parameter group contains model parameters which are
varied between calculations. This parameter group mainly contains
hard-to-measure material properties such as the parameters of the hy-
drophobic interaction in Eq. (12) or hard-to-measure process para-
meters expressed in correction terms such as a correction term for the
collision frequencies β. This opens up an optimization problem: The
model parameters can be varied in a way such that the calculated se-
paration efficiencies best match the measured ones. Therefore, a
second, full factorial DOE was conducted in order to find the optimal
model parameters. Table 4 gives an overview of the varied factors and
the range in which their levels were varied. Note that not only two
levels (+ and −) were investigated but multiple values in between. For
the strength parameters of the hydrophobic interaction, a further dif-
ferentiation was conducted: All four different collision cases are as-
signed different hydrophobic parameters as it can be expected that two
PVC surfaces (NM-NM) interact differently than an iron and a PVC
surface (M-NM). However, for the interaction between two iron sur-
faces, no hydrophobic interaction is expected and thus both parameters
C1,M,M and C2,M,M are set to zero. With each model parameter combi-
nation, the full experimental DOE (16 experiments) as well as the re-
sulting root-mean-square error (RMSE) given in Eq. (16) were calcu-
lated.
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By comparing the RMSE value of the various model parameter
combinations, an optimum parameter set can be found to best describe
the given system. Thus, the combination of experiment and model
calculation allows to gain extra hard-to-measure information about the
material properties of the particle systems.

3. Results and discussion

3.1. Experimental results

Preliminary studies showed that a separation efficiency can be
measured even when no magnetic particles are added to the system.
This effect is due to systematic errors such as sedimentation effects and
cannot be credited towards a hetero-agglomeration process. In order to
identify, quantify and ultimately correct this effect, the agglomeration
kinetics of the process only containing non-magnetic particles as well as
the total process containing non-magnetic and magnetic particles were
measured. The results are shown in Fig. 6. In order to quantify the

Fig. 4. Various collision cases and corresponding probability calculations for the agglomeration of Ai,j with Al,m.



effects, a mathematical analysis of the problem was conducted under
simplifying assumptions starting from a reduced agglomeration kinetic
given in Eq. (17).

= =N t N t N t N t c
dN

dt
( ) ( ) ( ) ( )i j

i j i j i j i j i j
,

, , , (17)

Assuming the separation in the case of pure PVC to be due to a
homo-agglomeration process, this equation can be rewritten and fur-
ther used to calculate a separation efficiency according to Eq. (18a). By
fitting this equation to the measured kinetic, the coefficient cHom is
received. When describing a pure hetero-agglomeration process, the
equation cannot be solved readily because the number of magnetic
particles NM is unknown. Since a hetero-agglomerate can still agglom-
erate further (and thus act as a magnetic particle), it can be assumed
NM = const which yields an integratable equation and the expression for
the pure hetero-agglomeration process given in Eq. (18b). In order to
obtain the coefficient cHet, the total system in which homo and hetero-
agglomeration compete has to be investigated. Note that the measured
kinetic in Fig. 6 describes exactly that. By adding both rates and in-
tegrating the resulting expression, Eq. (18c) is obtained. Since cHom is
already known, cHet can be calculated by fitting Eq. (18c) to the mea-
sured kinetic. This coefficient can then be used to compute the cor-
rected value for TNM,Het according to Eq. (18b). When conducting an
experiment, only the separation efficiency at t= tA is determined rather
than the whole kinetic. This datapoint is represented in Fig. 6 by the
bold points at t= 30 min. Nevertheless, the investigation of the ag-
glomeration kinetics showed that the derived models represent the
measured curves well and so the above-described procedure can still be
used to obtain the coefficients cHom and cHet for any given experimental
result. The latter coefficient is then inserted into Eq. (18c) to calculate
the corrected value of TNM,Het(t= tA). The solid line in Fig. 6 thus re-
presents the corrected pure hetero-agglomeration process. However, for
this calculation, the experimental results for the pure homo-agglom-
eration process are required. They were determined experimentally in a
separate DOE.
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After correcting the results in the above-described physically ra-
tional manner, they were used in a linear multiple regression model in
order to extract the relevant parameters for this process. The absolute
effects of the factors on the separation efficiency are shown in Fig. 7a. It
can be seen that the rotational speed n and thus the collision efficiency
has the largest effect in the investigated range of parameters. This in-
dicates a destabilized system in which agglomeration is only limited by
collision. Furthermore, the interplay between the positive effect of cv M,
and the negative effect of v,NM indicates that for a good agglomeration
result, as many magnetic particles as possible should be agglomerated
with as few non-magnetic particles as possible. Again, this effect can be
ascribed to the collision-controlled mechanism, since the probability of
a non-magnetic particle colliding with a magnetic one is increased. The
positive effect of the agglomeration time is self-explanatory, while the
non-existent effect of ionic strength can be credited towards the non-
charged surface of the magnetic particles and thus the subordinate role
of the electrostatic interactions. Generally, the experimental separation
efficiencies varied in a range from TNM,min = 5.93% for the worst to
TNM,max = 86.13% for the best process parameter combination. This
demonstrates that the selected parameter range is able to cover a large
area of possible separation efficiencies and that the magnetic seeded
filtration process itself is capable of achieving a high and desired result.
The experimental results showed a rather minor mean standard

Table 3
Parameter groups and examples.

Parameter group Examples Meaning for calculation

Constant parameters NS,max, Δt, r1,1, r1,2, φ1,1, φ1,2, AH,1,1, AH,1,2, … Not changed during calculations. Mainly measurable/known material properties of the primary
particles.

Process parameters n, cv M, , v,NM, tA, I Parameters given by the DOE of the experimental studies.
Model parameters C1,NM,NM, C2,NM,NM, C1,M,NM, C2,M,NM, d1, d2, βcorr,100,

βcorr,250

Adjustable model parameters. Mainly hard-to-measure material properties of the primary
particles.

Fig. 5. Study of grid relevant parameters Ns and Δt.



deviation of =¯ 3.75%exp and good accordance with the agglomeration
theory and are thus further used to conduct the comparison between
model calculations and experimental data.

3.2. Model adjustment and validation

As described above, a DOE for the calculation in which the model
parameters were varied was conducted. The parameter combination

displaying the least RMSE values is given in Table 4. The discussion of
this optimal parameter setup is performed in a separate section below.
The resulting root-mean-square error is RMSE= 13.37%, while the
mean absolute error is MAE= 11.49%. Note that the RMSE weights
large residuals more severely and is therefore larger in absolute value.
At first sight, the mean residuals appear to be disproportional to the
mean standard deviation of the experiments and thus indicate a poor fit
between experiments and model calculations. However, only 16

Table 4
Varied model parameters, with investigated range and optimum value.

Name Description Unit Factor range Optimum

− +

C1,NM,NM Strength parameter short-ranged hydrophobic interaction between NM and NM mN
m

0 300 *

C2,NM,NM Strength parameter long-ranged hydrophobic interaction between NM and NM mN
m

0 10 *

C1,M,NM Strength parameter short-range hydrophobic interaction between M and NM mN
m

0 300 *

C2,M,NM Strength parameter long-ranged hydrophobic interaction between M and NM mN
m

0 10 *

d1 Decay length short-ranged hydrophobic interaction [nm] 1 10 ≤2
d2 Decay length long-ranged hydrophobic interaction [nm] 3 30 ≤4
βcorr,100 Correction term collision frequency n= 100 rpm [–] 1 15 7.4
βcorr,250 Correction term collision frequency n= 250 rpm [–] 1 15 9

Fig. 6. Experimentally measured agglomeration kinetics of a pure PVC suspension (homo-agglomeration), the total process containing magnetic and non-magnetic
particles as well as the resulting calculated pure hetero-agglomeration. Process parameters are n= 250 rpm, =c 0.01v M, vol%, = 1v,NM and I= 10−3 mol

L
.

Fig. 7. Absolute effects of the process parameters on the separation efficiency.



singular parameter combinations were investigated and it appears to be
more meaningful to compare physical effects rather than absolute er-
rors. Therefore, the calculated results were used in a multiple regression
model to identify the effects of the factors on the separation efficiency.
The effects are shown in Fig. 7b and indicate a good agreement with the
experimental results: The effects of n, cv M, , tA and I are nearly identical
in direction and absolute value, while only v,NM does not show the
same influence as in the experimental study. This difference in one
parameters effect can explain the rather large RMSE value, since this
effect produces large residuals for some of the 16 investigated para-
meter combinations. The reason for this deviation in effects cannot be
resolved with absolute certainty, but a possible explanation lies in a
systematic error in the experiments overestimating the influence of

v,NM. Generally, it can be argued that by fitting model parameters to
experimental data, it is not meaningful to further compare the calcu-
lated to the experimental results since they need to show good agree-
ment by nature. The answer to this critical question is ambiguous: Yes,
the absolute values of the target value need to show accordance.
However, the physical causalities of gaining these results are not ne-
cessarily identical since an infinite number of model equations can lead
to the same result without considering any agglomeration theory. In
conclusion, it can therefore be stated that the comparison between
Fig. 7a and b shows the capability of the model to portray the main
physical correlations and said model can thus be seen as validated on a
basic theoretical level although the absolute values may show non-
negligible residuals.

Another way of verifying the physical soundness of the calculations
is by examining the agglomeration kinetics. The model offers the pos-
sibility of knowing the exact agglomerate distribution for any given
point of the experiment and thus the separation kinetic can be extracted
readily. As mentioned above, the absolute values of the separation ef-
ficiencies at t= tA can show rather large differences to the experimental
values which makes a direct comparison difficult. From a physical
standpoint, the shapes or the slopes of the curves are more interesting
than the final value. Therefore, the measured and calculated kinetics
were normalized to the final point at t= tA and the results are shown in
Fig. 8. Both graphs exhibit the same exponential character although the
model calculation overall shows a larger separation efficiency. This can
be explained by the earlier discussed rivalry between homo- and hetero-
agglomeration in the experiments resulting in a particle loss not ac-
countable for in the pure hetero-agglomeration kinetic. Nevertheless,
Fig. 8 shows that the model calculations are able to reproduce real
measured agglomeration kinetics.

3.3. Discussion

After verifying the general credibility of the model calculations, the
results of the model parameter optimization deserve a closer in-
vestigation. Especially estimates of the hard-to-measure material
properties of the hydrophobic interaction are now accessible through
this calculation. The optimization results showed that the hydrophobic
parameters of the interaction between iron and PVC surfaces (C1,M,NM

and C2,M,NM) do not affect the dynamic or result of the calculations and
are thus marked with * in Table 4. This is due to the fact that this
interaction exhibits no electrostatic repulsion. Therefore, this sub-pro-
cess is only limited by the collision frequency and independent of fur-
ther attractive potentials. Furthermore, the interaction between two
PVC surfaces rather showed an optimum parameter range than a spe-
cific set of optimum parameter values. Hereby, the strength parameters
C1,NM,NM and C2,NM,NM played a subordinate role compared to the decay
lengths d1 and d2 in this context: the calculations only exhibited rea-
sonable residuals with parameter values of d1 and d2 in the range given
in Table 4, while for these decay lengths, the absolute values of
C1,NM,NM and C2,NM,NM did not influence the outcome significantly. A
closer look at the interaction potentials between two PVC surfaces re-
vealed that these values mark the range in which the hydrophobic in-
teraction between two PVC surfaces is surpassed by the electrostatic
repulsion viz. in which PVC surfaces are stable and do not agglomerate.
Fig. 9a shows the potential curves for the critical model parameter
setup and maximal ionic strength resulting in a minimal range of the
electrostatic repulsion. An energy barrier is apparent which prevents
particles from agglomerating until the surface distance becomes ex-
tremely small. However, as shown in Fig. 9b, even a small increase of
the decay lengths d1 and d2 dissolves the energy barrier and the system
becomes destabilized. These results indicate that in the given system, all
interactions between iron and another surface (iron or PVC) are fully
destabilized, while interactions between two PVC surfaces do not lead
to an agglomeration. This means that the most drastic differences in
agglomeration-relevant material properties are present. As outlined
above, this setup thus challenges the collision case model to the ex-
treme and since it was nevertheless able to produce physically sound
results, the overall credibility of the validation is underlined.

With regard to the uniqueness of the parameter set found, it can be
stated that the displayed combination should be regarded as best fit and
not as an exact solution. As already mentioned, for many parameters an
optimal range rather than an optimal value was observed, which further
indicates that the optimization procedure provides a general estimate
rather than exact values. Nevertheless, the method presented shows the

Fig. 8. Comparison between the normalized experimental and calculated agglomeration kinetic. Process parameters are n= 250 rpm, =c 0.01vol%v M, , = 1v,NM and
=I 10 3 mol

L .



critical physical relationships and relative importance of the various
agglomeration-relevant model parameters, although it may not provide
final unambiguous values for the variables studied.

As mentioned above, by performing additional model calculations,
various hard-to-measure results become accessible. The following
paragraph aims to showcase the potential of these calculations and
gives additional information about the investigated agglomeration
problem. At first, the raw data is stored in the matrix N(i, j, t) which
describes the class- and time-dependent agglomerate number densities.
A possible visualization of such 4-dimensional data is shown in Fig. 10
and is inspired by [7]. The concentration values on the z-axis are nor-
malized to the sum of the initial number concentrations of the primary
particles which allows for an easier estimate of the separation efficiency
at any given time. The y-axis shows the number of primary particles per
agglomerate (NS) and can thus be interpreted as agglomerate size. On
the x-axis, the various possible agglomerate classes are distinguished
while the gray values represent the fraction of magnetic particles (gray
is magnetic, white is non-magnetic). Data illustration as in Fig. 10
produces a vivid understanding of the ongoing time-dependent

processes and allows for a qualitative discussion. It shows a rapid de-
crease in magnetic particles while the agglomeration of non-magnetic
primary particles is slower. However, for a further quantitative ap-
proach, the number-weighted particle size distributions as well as the
according density distributions can be calculated. They are shown in
Fig. 11. It becomes apparent that the fraction of non-magnetic primary
particles represented by the left-most peak in the q0 and the left-most
increase in the Q0 distribution is seemingly constant over the course of
the agglomeration process. This can be quite misleading when con-
ferring with Fig. 10 since a decrease in particle concentration is defi-
nitely present (otherwise the separation efficiency would be zero).
However, since two smaller agglomerates combine to one larger ag-
glomerate during the process, the absolute number of individual ag-
glomerates decreases which makes it possible for the fraction of non-
magnetic primary particles to stay constant. On the other hand, it can
be seen that the fraction of magnetic particles (second left-most peak in
q0) rapidly decreases. This illustrates the fact that the magnetic parti-
cles are destabilized due to the non-existence of a surface charge and
agglomeration of them is only limited by collision. This effect can

Fig. 9. Interaction potentials between two PVC surfaces for critical model parameter values. Other relevant parameters are =I 10 3 mol
L , =C 3001,NM,NM

mN
m ,

=C 102,NM,NM
mN
m .

Fig. 10. Raw data of calculated results. Process parameters are n= 250 rpm, =c 0.01v M, vol%, tA = 30 min, = 0.5v,NM and =I 10 6 mol
L .



further be seen when regarding the time-dependent agglomerate com-
position of a given agglomerate size, as shown in Fig. 12 for NS = 10.
With increasing time, the mean composition shifts from ≈70% to
≈60% magnetic particles. The fast agglomeration of primary magnetic
particles manifests itself in a large fraction of magnetic particles overall
and especially after short agglomeration times. The shift of composition
for increasing agglomeration times is due to the limitation of the system
by NS,max and the predefined concentration ratio v,NM. For an infinite
time, the composition will converge to v,NM, however, Fig. 12 is able to
describe the dynamic of this process.

4. Conclusions

Initially, an experimental approach for investigating hetero-ag-
glomeration processes was used. Thereby, a DOE varying multiple
process-relevant parameters was conducted, while the results showed a
reasonable standard deviation and were in good accordance with the
basic agglomeration theory. A further measurement of the agglomera-
tion kinetics allowed for a deeper process characterization and basic
simplifying mathematical expressions were found that were consistent
with the data.

Fig. 11. Time-dependent number-weighted particle size (Q0) and particle size density distributions (q0).

Fig. 12. Time-dependent agglomerate composition for NS = 10.



However, since the experimental data cannot access valuable in-
formation as for example time-dependent agglomerate compositions, a
population balance equation was used to gain a different angle of in-
vestigation on the problem. Here, a new and simple approach for esti-
mating material data of hetero-agglomerates was presented and im-
plemented in the calculations. From a physical standpoint, regarding
different collision cases and using the primary particle properties seems
more justifiable than e.g. volume-weighted averaging in a surface-
controlled process.

Due to the used material systems, the hydrophobic interactions had
to be included in the population balance equations. However, the ne-
cessary material properties are hard to measure and thus an estimate of
this interaction potential is delicate. This work strived in a new direc-
tion of gaining information about these parameters by comparing cal-
culated and experimental results. The so found model parameters could
then be used to re-calculate the measured DOE and the comparison of
resulting regression models showed that the model calculations are able
to describe the fundamental physical processes. In addition to that, the
comparison of theoretically and experimentally gained agglomeration
kinetics also emphasizes the basic soundness of the calculations. Hence,
the presented model could be validated by multiple experimental
means.

Finally, this work showcases the additional information gain though
model calculation and the possibilities for a better process under-
standing arising from them. Calculated data can be visualized in various
manners and examples are given for potential qualitative and quanti-
tative interpretations.
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