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We calculate the A, - A.Zv form factors and decay rates for all possible b — cZv four-Fermi
interactions beyond the Standard Model, including nonzero charged lepton masses and terms up to order
a,Aocp/m., and AéCD /m2 in the heavy quark effective theory. At this order, we obtain model

independent predictions for semileptonic A, — A, decays in terms of only two unknown sub-subleading
Isgur-Wise functions, which can be determined from fitting LHCb and lattice QCD data. We thus obtain
model independent results for A, — A.ZD decays, including predictions for the ratio R(A,) = B(A, —
A.0)/B(A, — A up) in the presence of new physics, that are more precise than prior results in the
literature, and systematically improvable with better data on the decays with u (or ¢) in the final state. We
also explore tests of factorization in A, — A,z decays, and we emphasize the importance of measuring at
LHCb the double differential rate d’T'(A, — A.£D)/(dg*d cos ), in addition to the g> spectrum.
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I. INTRODUCTION

In arecent paper [1], it was shown that LHCb data for the
semileptonic A, — A uv decays [2], combined with lattice
QCD calculations [3], provide sensitivity for the first time
to sub-subleading O(Agcp/me) terms in the heavy quark
effective theory (HQET) expansion [4,5] of the A, — A,
semileptonic decay form factors, independent of |V].
The O(Agcp/me) corrections were found to have their
expected characteristic size, suggesting that the expansion
in Agcp/m, for baryon form factors is well behaved up to
AéCD /m?2 terms. The same framework also resulted in a
new standard model (SM) prediction for the ratio

R(A) = (A, = A.7D)

=—————=0.324 £ 0.004, 1

which is significantly more precise than prior results [3,6-11].
The ratio in Eq. (1) is of particular interest in light of the
persistent hints of deviations from the SM, in the ratios

I'(B - DYzp)

() = 2= Y )
RD™) I'(B— DWip)’

[=u,e, (2)
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at approximately the 4o level, once the measurements for the
D and D* final states are combined [12]. The A, — A uv
decays involve the same underlying b — c7v new physics
(NP) operators as B — D)z, but the HQET expansion for
the ground-state baryon form factors is simpler than for
mesons. The “brown muck™ [13,14] surrounding the heavy
quark is in a spin and isospin zero ground state. A
consequence of this is a simpler expansion of the form
factors, in which the O(Aqcp/me p» @ Agep/ M. ) sublead-
ing contributions are determined by the leading order Isgur-
Wise function, reducing the number of free parameters in the
form factor fits, and thereby providing sensitivity to
O(Agcp/me) terms.

The spread in the uncertainties quoted for theoretical
predictions for R(D*) in the SM are largely due to different
estimates of O(Ajcp/mz) effects [15-17]. The very same
hadronic matrix elements are also crucial to resolve
tensions between inclusive and exclusive determinations
of |V,.,| [15-23]. The abundant sample of A, baryons
produced at the LHC may therefore provide a comple-
mentary and theoretically cleaner laboratory to study the
behavior of the heavy quark expansion, identify possible
NP effects, and extract |V |-

In this paper, we expand and generalize the study of
Ref. [1] beyond the SM, to include all b — czv four-Fermi
operators, including those containing right-handed (sterile)
neutrinos. We compute the relevant form factors including
O(Aep/m?) terms, and we compare the fit results of
Ref. [1] to the lattice QCD determinations of not only the
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three vector and three axial vector SM form factors, but also
the four NP tensor current form factors. We further
emphasize the importance of measuring at LHCb the
double differential rate d’T'(A;, — A £D)/(dg*d cos @) in
addition to the g? spectrum, and also we explore tests of
factorization in A, — A,z decay.

II. HQET EXPANSION OF THE FORM FACTORS

A. Form factor definitions

We are interested in the A, — A, matrix elements of
operators with all possible Dirac structures, for which we
choose the basis

(Ac(p',s")[ey,blAy(p.s)) = u(p',
(AP, s")[erursb|Ny(p.s)) = u(p',

where p = my, v, p' = m, _v', and the f; and g; are functions of w = v - v/ =

OV == E‘}’Mb,
Oy = &b,

O, = Cy,rsb,

OP == E'}/jb, OT = Z‘Gﬂyb, (3)

with o, = (i/2)[y,.7.]. As done in Refs. [24-27] for
excited charm mesons, we use the conventions
Tr[y*y*y°y’y’| = —4ie"®, so that o**y> =+(i/ 2)e"°c,
[This is the opposite of the common convention in the B —
D™ ¢0 literature, which typically chooses Tr[y*y*y°y"y>] =
+4ietr°, so that 6"y = —(i/2)e"°6,,,.]

The semileptonic A, — A.Zv form factors in HQET are
conventionally defined for the SM currents as [28-30]

SV 1vu + f2v, + f30,]u(p.s),
a1y, + g2v, + g0, lysu(p. s), (4)

(m}, +mi —q*)/(2mp,my ). The spinors

are normalized to &(p, s)u(p,s) = 2m. We further define the NP form factors,

(Ac(P', s")|ebI Ay (p, 5))
(Ac(p',s")ersb|Ay(p,s))
<Ac‘(p/v S’) |Eo-;wb|Ab(p7 S)>

+ lh4(

hsu(p'. s")u(p.s).
hpit(p'. s )ysu(p.s),
( S/)[hldmz + th( UyVv —

Uy]/ﬂ) + ih3(v//47/y - Uéyu)

v v))u(p, s). (5)

In the definition of the NP tensor current, the conventions are chosen to simplify the a, corrections when expressed in terms

of the standard coefficient functions.

In full QCD, the form factors of the SM currents were instead traditionally defined as [29]

(Ac(P'ss")[er bl Ay (P, s)) = a(p',
(A(p's s")eyursb|Ap(p,s)) = a(p’

Our notation for the form factors follows Ref. [30]; the
notation of Ref. [29] corresponds to an exchange of upper
and lowercase symbols, F; <> f; and G; <> g;, in Egs. (4)
and (6). The relations between the form factors in Egs. (4)
and (6) are given in Appendix A.

B. Form factors in HQET

The ground-state baryons are singlets of heavy quark
spin symmetry, because the light degrees of freedom, the
brown muck, are in the spin-O state. Hence, the baryon
masses can be written as

/1A

m/\ —mQ—I—AA—%—I—

Q=b.c, (7)

where the ellipsis denotes terms suppressed by more
powers of Agcp/mg. The parameter A, is the energy of
the light degrees of freedom in the my — oco limit. The A4
parameter is related to the heavy quark kinetic energy in the

S)F1y, —
)[Gl}’u

iF26,,q4" + F3q,]u(p. s).
iG10,,q" + G3q,]ysu(p,s). (6)

|
A baryon. We use m,, =5.620 GeV, m, = 2.286 GeV
[31], and we employ the 1S short distance mass scheme
[32-34] to eliminate the leading renormalon ambiguities in
the definition of the quark masses and A . Details of the 1S
scheme treatment can be found in Ref. [15]. In particular,
we treat m)S = (4.71 £0.05) GeV and émy, =m;,—m.=
(3.40£0.02) GeV as independent parameters [35]. (The
latter is well constrained by B — X £ spectra [36,37].) We
match HQET onto QCD at scale u = \/m;,m,, so that
a, ~ 0.26. For example, using Eq. (7) for both A; and A, to
eliminate A3, at O(a;) we obtain A, = (0.81 +0.05) GeV
and A} =—(0.24+0.08) GeV?. (Similar HQET-based dis-
cussions can be found for other decay modes, B — D¢
[15], B —» D**¢v [24-27], and A, — A:£D [38,39].)

Making the transition to HQET [4,5], at leading order in
Aqcp/Me b,

(Ac(v'. ") [eTh|Ay (v, 5)) = C(w)a(v', s")Tu(v. ), (8)
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where u(v, s) satisfies pu(v,s) = u(v,s) and {(w) is the
Isgur-Wise function for ground-state baryons [28], satisty-
ing £(1) = 1. At leading order, one finds

fiw) = g1(w) = hg(w) = hp(w) = hy(w) = {(w),
Fo(w) = f3(w) = g2(w) = g3(w) = hy(w) = hz(w)

= hy(w) = 0. (9)

At order Agcp/m, , a remarkable simplification occurs
compared to meson decays. The O(Aqcp/m, ;) corrections
from the matching of the ¢I'h heavy quark current onto
HQET [40-42] can be expressed in terms of A, and the
leading order Isgur-Wise function {(w) [43]. In addition,
for A, — A, transitions, i.e., between the ground-state
baryons, there are no O(Aqcp/m, ;) contributions from the
chromomagnetic operator. The kinetic energy operator in
the O(Aqcp/m. ;) HQET Lagrangian gives rise to a heavy
quark spin symmetry conserving subleading term, para-
metrized by {.(w), which can be absorbed into the leading
order Isgur-Wise function by redefining ¢ via
= L(w),

é’(W) + (80 + gb)gke(w) (10)

where €., = Ap/(2m, ;). Luke’s theorem [44] implies
{re(1) =0, so the normalization {(1) =1 is preserved.
Thus, no additional unknown functions beyond {(w) are
needed to parametrize the O(Aqcp/m,)) corrections.
Perturbative corrections to the heavy quark currents can
be computed by matching QCD onto HQET [40—42] and
introduce no new hadronic parameters. The same also holds
for the order a;Agep/m,p, corrections [45,46].

The O(Agcp/m?,) corrections are parametrized by six
linear combinations of sub-subleading Isgur-Wise func-
tions, by ¢ [29], which are functions of w. Only two of
these, by »(w), occur at O(Agcp/me). The redefinition in
Eq. (10) introduces additional €2{ (w) terms, which can be
reabsorbed into b, ,(w). We may then define

i), hy(w), by(w)}

{JACi(W) i
9i(w), hi(w), b;(w)}/{(w).

= {fi(w), (11)

Thus, including a,, Aqcp/Mep, @Agep/Mmep, and
AéCD /m? corrections, the SM form factors are [1]

. b, —b
F1=146a,Cy, +e +e,+a,[Cy +2(w—1)Cy (e +e,) + ’4m2 24,
N . 2¢,. . 3w—1
fr=a,Cy, _w—+1+a5 [CVZW—HEZJ —[2Cy, = (w=1)Cy, +2CV3] + 1
+2(w=1)C} (e + &) —i—ﬁ—l----
Vaite T 5b 4m? ’
. 2, [. 3w-1 e,
fz=a,Cy, —W—_H‘f'as [Cw 1 e.—[2Cy, +2Cy, = (W= 1)CV3]w+ 1
#200= G et e+
A N w—1 A w—1 21
g =1+ a,Cy, +(€c+€b)w—+1+as[CAlw—+l+2(W—1)@4[ (8c+€b)+4—m%+""
R N 2¢, . 3w+ 1
g = (XS(jA2 _W——|—1+ g |:CA2W——|—1£b - [2CA] ( I)CA + 2CA;] + 1
! 32
+2(w—=1)Cy (e. +ep) +4—2+---,
A N 2817 3W+1 &p
g3 = (lxch3 + — Wt ] |:CA3 T 1 [2CA ZCAZ (W + I)CA3] Wt 1

+2(w—1)C} (e +8b):| +e

(12)

where the Cr. are functions of w, and &, = a,/z. (We use the notation of Ref. [30]; explicit expressions for Cr. are in
Ref. [15].) In Eq. (12), primes denote 9/ 9w and the ellipses denote O(¢,¢y,. £, €2) and higher order terms in Agcp/m and/
or a,. Equation (12) agrees with Eq. (4.75) in Ref. [46] [where a redefinition different from Eq. (10) was used].
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For the expansions of the form factors parametrizing the BSM currents, we obtain

A

b,
4m? ’

+1

o w w—1
b = 1+ 8,Co e b ) o o 2000 )G e 20) +

+1
by = by
4m?

hp =1+4a,Cp+e.+e,+a,[Cp+2(w—1)Chl(e, + &) + +oee

~

- w—1 w—1 b
h =1+ a,Cr, +(ec+eb)w—+&s[0nw—+2(w—1)091}(80+eh)+—'2+~~,

+1 +1 4m:
A . 2¢, . 3w+ 1
hZZaSCTZ_W+1+ [ szgb—[ZCT] - (w+1)Cr, +2Cr,] —— +1
! 132
+2(W_1)CT7(66+8b) + 2+"
2 4me
N R 2¢ R 3w+ 1 &
]’l'; = asCT3 + W+ 1 + s |:CT3 T&'C + {2CT1 — 2CT2 + ( 1>CT1] W+ 1
# 200 = )Cp e &)+
A 2
h4 = O (CT; Cngb)_F'“' (13)

Sw+ 1

Similar to f5 and g3, neither of the /5 and A, form factors receive AéCD /m? corrections. The structure of h 53 is similar to
9123, While Ay is nonzero only at O(a,Aqcp/m, ).

C. Differential decay rates and forward-backward asymmetry

In Appendix B, we collect explicit expressions for the A, — A.£v amplitudes for all NP operators, including possible
contributions from massless right-handed sterile neutrinos [47,48]. Including the charged lepton mass dependence, and
defining @ as the angle between the lepton and the A, momentum in the dilepton rest frame,' the double differential decay
rate in the SM is

d2F G2m5 VC 2 ~2 2 3
_Gr Vel (g ;]4pf> rimKl )(H++2512H) Py

dwd cos 0 4873 24?
3cos20 — 1
— 3w - 1<2f191212 —2—§H+O> cos 0 + (1 —g—i) (@H = H) = —|. (14)
where p, = my/m3 . ra =my [my,, @ = q*/my =1=2r\w+ 713,
Hi=w-)f+w+1)g,  H,=w-1DF2+w+1)G,
=W+ 1)F5+ (w—-1)G. Hyo=F Fo+G,%: (15)

and

(L4 ra)fi+ W+ D) (raf2+ f3),

(L=rp)g1 = (w=1)(ra02 + 93).

(L=rp)f1 = (raw = 1)f2 4+ (w=rp)f3.

g0: (L4+7a)g1 + (raw = 1)gy = (W = 7a) g3 (16)

The double differential rate in Eq. (14) can be at most a degree-two polynomial in cos 6, and it was written in Eq. (14) in the
Legendre polynomial basis, so that only the zeroth order term in the first line contributes to the dI"/dg?, after integration
over dcos 6.

f ¢ - 32w decay is used to reconstruct the 7 vertex [49] and if the A, momentum could also be reconstructed, then € could be
accessed in principle (up to a discrete ambiguity). Whether this can be done with useful resolution is beyond the scope of this work.
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The single differential rate in the SM is correspondingly

2.5 2 /A
dr _ Grmy, |Veol* (3% = ps)? A

2
o —1
dw 2473 FEE
3
x | (14+25) (H, +202H)) + 2251, |, (17)
2q 2q

and the forward-backward asymmetry is given by

dArs /1 /o &T
S A Y.
dw {0 1] awdcosg @

2.5 2 /A
_ G Val (@ - pe)? A= 1)
167 g "

X <2f191512—2—§H+0)- (18)

Our result in Eq. (17) agrees with those in Refs. [3,50].
Including all possible NP current operators and a nonzero
charged lepton mass, our result for dI"/dw as derived from
Appendix B agrees with the result for SM neutrinos in
Eq. (2.51) of Ref. [51]. We see from Eq. (14) or Eq. (18)
that the @ distribution in the light lepton modes gives
sensitivity to the product f;g;, which is not present in
dl'/dw. The quadratic term in cos® in the angular dis-
tribution provides sensitivity to the combination
G¢*H, —H_.. Thus, just like in the case of b — s¢F¢~
[52], measuring the dependencies on all three polynomials
of cos® gives information on the form factors beyond
measuring only dI"/dg® and dAgpg/dq’.

To gain more information than obtainable from Eq. (14),
the distribution of the A. decay products would have to be
studied. Such an analysis would be simplest for two-body
decays, such as A, = A(pz~)z™ [7]. This channel loses an
order of magnitude in statistics compared to the commonly

P
©
S,
NE‘
3
~
=
—
=
LQCD
0.02 — LHCb+LQCD fit
—_ LHCb+LQCD fit without 1/m?
I R (U E I ST B
0’000 2 4 6 8 10

7’ [GeV?]

FIG. 1.

used A, — pKnr reconstruction; however, a model inde-
pendent description of this three-body decay amplitude is
not currently available. With much higher statistics and
using A, — Azn™", the measurement of all A, — A, form
factors would be similar to that for A, - Aev [53-55],
requiring measuring distributions in three angles [as
for B — (D* - Dn)lp).

If NP only affects the (axial)vector interactions, which
may be the most plausible scenario (see Refs. [7,9,56] for
other options), then Eqs. (14)—(18) are simply modified via

fi—= fill+g0 + gr) gi = 9i(L+g.—gr), (19)

and, in particular,

dApg  dApg
—

dw I [(1+g.)* = gr)*]. (20)

In the m; = 0 limit, i.e., in the A uv and A,.ev modes, the
forward-backward asymmetry only receives further contri-
butions from tensor-(pseudo)scalar interference, even in the
presence of arbitrary NP. The relation in Eq. (20) is then valid
in the light lepton modes, as long as NP does not simulta-
neously generate (pseudo)scalar and tensor operators.

III. FITS TO LHCb AND LATTICE QCD DATA

A. SM form factor fits

The methods used to fit dI'(A, — A.ub)/dg* measured
by LHCb [2] and lattice QCD (LQCD) calculation of the
(axial)vector form factors [3] were described in Ref. [1] and
are only briefly recapitulated here. LHCb measured the g?
spectrum in seven bins, normalized to unity [2], reducing
the effective degrees of freedom in the spectrum from
seven to six. This measurement is shown as the data points
in the left plot in Fig. 1. Our fits to the LHCb data use the
measured and predicted partial rates in each bin. This

0'07:_................__

=

=)

=
T

e

o

S
T

) 1/Tdl'/dg? [GeV~?]
o (==}
g8 B
T

= 0.02F
< r
0.01F — LHCb+LQCD fit R
r —— LHCb+LQCD fit without 1/m?
. . 1 v A PR T N TR TR NN T TR W N T
0.005 2 4 6 8 10

7’ [GeV?]

Left: The data points show the LHCb measurement of the normalized dI'(A, — A u)/dq* spectrum [2]. The red band shows

our fit of the HQET predictions to these data [2] and to the LQCD form factors [3]. The blue curve shows the fit results, setting the order
AéCD /m?2 terms to zero. The gray band shows the LQCD prediction. Right: Our prediction for dI"(A, — A.t0)/dq* normalized to
R(A,) from the same fit, with and without including the Agcp/m? terms.
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FIG.2. Fits of the HQET predictions in Eq. (12) to the LQCD results [3] for the six form factors (red bands) for f/ , ; (left column) and
9123 (right column). The blue bands show the same fits, setting the order AéCD /m? terms to zero. Also shown are the LQCD predictions

(gray bands and data points); see text for details.

procedure differs slightly from the fits performed by LHCb
[2], which used the square root of dN.,/dw evaluated at
the midpoint in the seven unfolded w bins. The right plot in
Fig. 1 shows our prediction for 1/T" x dI'(Aj, = A.tv)/dg?,
normalized to R(A,).

The lattice QCD results [3] for the six (axial)vector form
factors are published as fits to the BCL parametrization
[57], using either 11 or 17 parameters. We derive pre-
dictions for f , ;3 and g; 5 3 using the 17 parameter result at
three ¢* values, ¢> = {1 GeV?, 2 /2, Ghax — 1 GeV?}, for
a total of 18 form factor values, constructing a covariance
matrix from their correlation structure. The values of ¢* are

chosen to sample both ends and the middle of the g?
spectrum. Adding more g? values from the BCL fit of the
LQCD result to our sampling does not noticeably affect the
fit results. The difference in the form factor values obtained
using the 17 or the 11 BCL parameter results is added as an
uncorrelated uncertainty. This slightly differs from the pre-
scription in Ref. [3], which used the maximal differences of
the form factor values between the two parametrizations,
and cannot preserve the correlation structure between the
form factor values. The 18 form factor values used in our
fits are shown as data points in Fig. 2. The LQCD pre-
dictions, following the prescription of Ref. [3], are shown
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as gray bands. The uncertainties are in good agreement.
Similarly, the gray band in Fig. 1 (left plot) shows the
LQCD prediction for the normalized spectrum, using the
BCL parametrization.

In our fits, m })S and 6m,,, are constrained using Gaussian
uncertainties. The leading order Isgur-Wise function is
fitted to quadratic order in w — 1

= 1+(w—1)§’+%(w—1)22_,’”. (21)

Alternative expansions using the conformal parameters z or
7" [50,57-59] instead of w yield nearly identical fits.
Therefore, we do not explore the differences in the unitarity
bounds between meson and baryon form factors [60]. Fits
with ¢ linear in w, z, or z* are poor, while adding more ¢>
values to our sampling indicates no preference for the
inclusion of higher order terms in w — 1. In the fits, b 1o are
assumed to be constants, which is appropriate at the current
level of sensitivity. With better experimental and lattice
constraints in the future, the sensitivity to lifting these
assumptions should be tested.

Fit results combining the LHCb and LQCD results are
shown in Table I and in Fig. 2 by red bands. To test the
importance of the AéCD /m?2 terms, we also perform a fit
with the order Agp,/m; terms, parametrized by by 5, set to
zero. These fits are shown in Fig. 2 as blue bands, and the
corresponding fit values are provided in Table I. This is a
much poorer fit, changing y?/ndf from 7.2/20 to 18.8/22.

We do not include explicitly an uncertainty for neglected
higher order terms in Eqs. (12) and (13). Four form factors,
f3» 93> h3, and hy, receive no Agcp/mg corrections, so the
agreement of f3 and g; with the LQCD results in the plots
in the bottom row in Fig. 2 indicates that these higher order
corrections are probably small. The order ¢.¢;, corrections
to f5 and g3 are given by two new functions of w, b5 and bg
[29], while the &’ corrections to f3 and g5 also vanish.
Thus, including such corrections, the fitted values of b5 and

TABLE I. HQET parameters extracted from fits to the LHCb
measurement and the LQCD calculation of the (axial-)vector
form factors. Predictions for R(A,) for each fit are shown in the
last row. The 13,2 values marked with an asterisk were fixed to
zero in the fit; see text for details.

Including O(AéCD/ m?2) Neglecting O(A%QCD /m2)

¢ ~2.04 £ 0.08 ~2.06 £ 0.08
4 3.16 £ 0.38 328 £0.36
b, /GeV? ~0.46 £ 0.15 0%
b,/GeV? —0.39+£0.39 0%
m}S/GeV 4724 0.05 4.69 £ 0.04
Sy /GeV 3.40 £ 0.02 3.40 £ 0.02
£ /ndf 7.20/20 18.8/22
R(A,) 0.3237 £ 0.0036 0.3252 £ 0.0035

be would simply accommodate the 0.5¢ — 1o differences
between the LQCD results and our fit for f3 and g3. The
impact of this is small; for example, setting 3 = 0 does not
perceptibly change the SM prediction for R(A.) compared
to Eq. (1), while setting g; = 0 changes the SM prediction
from R(A.) =0.324 £0.004 in Eq. (1) by about Io,
to 0.320 + 0.003.

In Fig. 3 we show our fit results for ratios of form factors
(red bands) and the LQCD predictions (gray bands). The
top plot shows f;/¢g;, which HQET predicts to be O(1),
whereas the four ratios f,/f; and ¢,/g, (second row) and
f3/f1 and g3/ g; (third row) are predicted to be O(e, 5, a;).
The ratio, f,/g:(= f1/g.), is determined by Eq. (12) as

fiw)
g1(w)

. 2
:1+as(CV|—CA1)+(€C+€/;)—W+1+""

(22)

so the enhancement of f; relative to g; is a model
independent prediction of HQET, as seen in the top plot
in Fig. 3.

B. Tensor form factors

LQCD results [51] for the tensor form factors are available
and may be compared to HQET predictions from our fits to
the (axial)vector form factors, via Eq. (13).2 The correspon-
dence between the four form factors used in this paper for the
tensor current, {y, hy, hs, hy}, defined in Eq. (5), and those
used in the LQCD calculation [51], {h, .k, hy h,}, are
given in Appendix A. In the former basis, only one form
factor, hy, is nonzero in the heavy quark limit, while the four
form factors of the LQCD basis are equal to one another in
this limit. Note in particular that /; = h.,.

The LQCD results [51] are presented using the BCL
parametrization, including the correlations of the parame-
ters. These results are computed at the scale y = m;,, while
in this paper we match HQET onto QCD at u = /m_ m;,.
Since the tensor current has a nonzero anomalous dimen-
sion, we use the multiplicative renormalization factor
[as(my,) [ as (/myme)]*? = 0.97 [61,62], in order to scale
the form factors to u = /mym,.

In Fig. 4 the gray bands show the LQCD results for the
tensor form factors converted to the h,34 basis. Our
prediction from the fit to the (axial)vector SM form factors
and the LHCb data are overlaid as red bands. The LQCD
uncertainties are large for /34 at both ends of the spec-
trum. This is an artifact of the 1/(w — 1) and 1/4? factors

In Ref. [51] the equations of motion were used to express
the scalar and pseudoscalar current matrix elements in terms
of the axial and vector currents. The resulting expressions depend
on the quark masses, m, .. It is inconsistent beyond leading
order in a; to use in such expressions the MS masses 7, (771, ) and
m.(m,.) [51] to evaluate the decay rates. Instead, one must use
7, (1) and 7, (1) at the same p.
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Fits of the HQET predictions in Eq. (12) to the LQCD results [3] (gray bands), for five ratios of the six form factors. The top row

shows f/g,, whichis O(1) in HQET, whereas f, 3/ f (left column) and g, ;/g, (right column) are expected to be O(a,, Aqcp/mg)- The
red bands show our nominal fit including Aécn /m? terms; the blue bands show fit results with AéCD /m? terms set to zero.

in the transformation from the LQCD basis in Eq. (A7).
The same informationin the {/, , i, , h,, & } basis is shown
in Fig. 5. In this basis the uncertainties are not strongly ¢>
dependent. Unlike the fits in Sec. III A, the LQCD results for
the tensor form factors are not an input to our fits, so there isno
free parameter in these comparisons. Figure 5 shows that the
order €, terms, which are fully determined by HQET in
Eq. (13), combined with the definitions in Eq. (A6), account
for the near equality of 7, and fz+, the slight enhancement of
h , and the substantial enhancement of /1, . The top left plotin
Fig. 4 shows a tension between our fit and the LQCD
determination of h; = fz+, visible in all plots in Fig. 5.

In addition, the LQCD result for /; prefers a slightly smaller
curvature than our prediction. This is akin to f; and g; in

Fig. 2, where the LQCD results also prefer a smaller curvature
at small ¢2. Similarly the LQCD rate in Fig. 1 falls faster at
small g* than the LHCb data.

C. R(A,) predictions with new physics
LHCDb expects that the precision of the measurement of
R(A.) can compete with that of R(D*)) in the future [63].
For the SM prediction we obtained [1]
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FIG. 4. Predictions for the tensor form factors based on Eq. (13) and our fit to the LHCb data and the LQCD calculation of the (axial)
vector form factors, overlaid on the LQCD calculation of the tensor form factors [51] (gray bands; scaled to u = /mm.). The red bands
show our nominal fit including Agep,/m? terms; the blue bands show fit results with Agcy,/m: terms set to zero.
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FIG. 5. Predictions for the tensor form factors in the basis used in the LQCD calculation [51] (gray bands, scaled to y = \/m,m.,),
compared with our predictions based on Eq. (13) and the fit to the LHCb data and the LQCD (axial)vector form factors. The red bands
show our nominal fit including Agcp,/m: terms; the blue bands show fit results with Agcp,/m: terms set to zero.

055008-9



BERNLOCHNER, LIGETI, ROBINSON, and SUTCLIFFE

PHYS. REV. D 99, 055008 (2019)

0.8
0.6 i
< 04t ]
~
02 r — Oy—0, |
0 Oy+0y
=1 0y
= Og
O 1 1 1
0 0.2 0.4 0.6 0.8
R(D)

FIG. 6. R(A.) vs R(D) (left) and R(D*) (right) for various NP
contributions vanish for the D(D*) modes and are not shown.

R(A.) =0.324 £ 0.004. (23)
Our form factor fit, combined with the expressions for the
NP rates in Appendix B and the HQET predictions in
Eq. (13), allows for precision computation of R(A,.) for
arbitrary NP contributions (see Refs. [7,9,56,64,65] for
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operators, in the basis defined in Eq. (3). The (pseudo)scalar

prior analyses). To gain a sense of the sensitivity of R(A.),
in Fig. 6, we show the allowed regions in the R(A.) — R(D)
and R(A.) — R(D*) planes, as any one of the five NP
couplings in Eq. (3) are turned on. The boundary of each
region corresponds to real NP Wilson coefficients, while
the interior requires a relative phase between the SM and
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NP. The V — A NP interaction cannot have a physical phase
relative to the SM and therefore spans a line in the R(A..) —
R(D(*)) planes. Possibly by numerical coincidence, the
scalar operator exhibits a very large correlation between
R(A.) and R(D), resulting in a very narrow R(A.) — R(D)
region for this operator. Note that the (pseudo)scalar
contributions vanish for the D(D*) modes, respectively,
and are not shown.

In Fig. 7 we compare the variation in R(A.)/R(A.)sy
with the corresponding ratios for D), as a function of each
NP coupling, assuming they are real. The error bands,
corresponding to the uncertainties in the fit of Ref. [1], are
also shown. In some cases the errors are imperceptible. We
see that the NP sensitivity of R(A,.) is typically between the
R(D*) and R(D) variations.

IV. FACTORIZATION AND A, - A7

The LHCb measurement of the dT'(A, — Afu~0)/dq?
spectrum [2] is normalized to unity, and the LCQD results
for the A, — A, form factors are also independent of |V ,|.
Thus, our fit is sensitive to hadronic parameters, but it
cannot be combined with the present LHCb data to extract
|Vy|. One may, however, use the LHCb measurement of
dU (A, — Afp~p)/dg?* to test factorization in A, — Az
or to extract |V,,| assuming factorization (see also
Ref. [66]). For B — D)z decays, it has long been known
that the ratios B(B~ — D°z~)/B(B° - D"z~) ~ 1.9 and
B(B~ - D*z7)/B(B° - D**z~) ~ 1.8 [31] deviate sub-
stantially from unity, the prediction in the heavy quark
limit. This implies that O(Aqcp/m,) contributions to the
amplitudes enter at the 30% level, and deviations from
factorization in the heavy quark limit are substantial.

At leading order in the heavy quark expansion, the A, —
A7 matrix element factorizes such that the nonleptonic

rate is related to the semileptonic rate at g*> = m2 via

LAy = Aem) = 62°(Cy + Co/3)* |Vl f2
" dr'(A, —;Acez_/) ’ (24)
dq 2=m?
where f, = 131 MeV is the pion decay constant, and C , are
the usual Wilson coefficients in the effective Hamiltonian,
satisfying (C; 4+ C»/3)|V 4| =~ 1. (Uncertainties in this linear
combination, f, and 7,, are neglected.) In Eq. (24), we write
the A.er final state to emphasize that the semileptonic rate has
to be evaluated neglecting lepton masses. In A, — A uv
decay, measured by LHCb, the impactof m,, # Ois substantial
at g> = m2.

Combining the factorization relation in Eq. (24), |V,| =
(4.22 4 0.08) x 1072 [31], and our fit for the form fac-
tors, as an approximation to dI'(A, = A.eD)/dq?| 2,
predicts

B(A, = Aczr) = (3.6 £0.3) x 1072, (25)

This uncertainty is from the fit and |V | only and does not

account for uncertainties in the factorization relation,

Eq. (24). By comparison, the measured branching ratio
.3

[31] is

B(Ay = Auzt) = (49 £0.5) x 1073, (26)

The result B(A, — A.x) = (2.85+£0.54) x 1073 [72]
using the LQCD form factors and no LHCb data is smaller,
as expected, than the prediction from our fit in Eq. (25).

Conversely, assuming factorization, one could use
Eq. (26) in Eq. (24) to extract |V,,|=(4.9+£0.3)x 1072,
where this uncertainty is only from our form factor fit and
the measured branching fraction, without any uncertainty
assigned to the factorization relation itself. Thus we
observe an (O(20%) deviation from the factorization
relation in Eq. (24), consistent with it arising from a
Aqcp/m, suppressed correction [73].

V. CONCLUSIONS

Fitting the LHCb measurement of the normalized ¢>
spectrum for A, — A.uv decay [2], and the six (axial)
vector form factors calculated in lattice QCD [3], one can
test HQET relations and the applicability of power count-
ing. In Ref. [1] we found that the Agc/m¢ corrections

were constrained by the fit to be of the expected magnitude,
without any signs of enhancements or breakdown of the
power counting at the m,. scale, as is sometimes claimed in
the literature. Compared to the lattice QCD only determi-
nation of the SM prediction of R(A.), by fitting the LHCb
measurement as well, we further found that the uncertainty
of the SM prediction may be substantially reduced, gen-
erating the most precise SM prediction for R(A.) to
date, R(A,) = 0.324 4+ 0.004.

We expanded and generalized the results of Ref. [1] in
several ways. First, we calculated A, — A, semileptonic
form factors for all four-Fermi NP operators, including the
O(AéCD/ m?2) corrections (as well as the corresponding

This PDG average for B(A, —» A,x) includes an uncertainty
scale factor of 1.5 [31] and is based on two LHCb [67,68] and one
CDF [69] measurement. Reproducing this is not easy, as it
involves rescaling the CDF result from B(A. —» pK z") =
(5.0 £ 1.3)% to the latest values: B(A, —» pK z") = (6.84 £
0.247931)% [70] and B(A,— pK~z+)=(5.8740.274+0.23)%
[71]. The LHCb measurements also preceded Ref. [71], and
lifetime and other data also changed.

4Regarding the behavior of the heavy quark expansion, the
decay constants also satisfy the HQET scaling better than was
thought in the 1990s. The Ny = 2 + 1 + 1 FLAG [74] averages,
fp=(186+£4)MeV and fp=(212+1.5)MeV, yield
fs/fp =~0.88, which is not inconsistent with the leading order
HQET relation [75,76] /mp/mpgla,(my)/a,(m.)]~%/* ~0.68,
plus Agcp/m.p, corrections.
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helicity amplitudes for use in the Hammexr library [77]).
Using our fit of the LHCb measurement and the LQCD
prediction for the six (axial)vector SM form factors, we
obtained parameter-free predictions for the four tensor
form factors at O(Agcp/mz). We observed some tension
between our results based on HQET and those in Ref. [51],
at a magnitude greater than the A(zgcn /m? corrections (see

the top left figure for the 7, = h, form factor in Fig. 4).
The small uncertainties in our fit to the (axial)vector
form factors, combined with HQET predictions for the
form factors at O(Adcp/mz), allowed us to derive precise
predictions for R(A.) for arbitrary NP. We studied the
NP impacts on R(A,), including their correlations with
R(D™). The NP sensitivity of R(A,) typically falls between
those of R(D*) and R(D). We also explored tests of
factorization in A;, — A,z decay. Factorization in the heavy
quark limit, combined with |V ;| measurements and our fit
to the semileptonic form factors, implies a mildly lower
nonleptonic rate than is measured, consistent with correc-
tions to the factorization relations arising at O(Aqcp/m..).
LHCb measurements of the double differential rate
d*T (N, — A D)/ (dg?d cos 9), in addition to the > spec-
trum, will provide the most differential information meas-
urable in the massless lepton channels (4 and e), if the
details of the A, decay are ignored. Besides the ¢> spectrum
|

and the (¢° dependent) forward-backward asymmetry, this
double differential distribution involves a third function of
g%, which can help constrain form factors and test heavy
quark symmetry. If the absolute normalization and the
double differential rate of semileptonic A, — A, decays
can be measured, it will provide a fully complementary
path to extract |V |, explore the b — czv anomalies, and
test HQET. We look forward to these developments.
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APPENDIX A: FORM FACTOR DEFINITIONS,
CONVERSIONS, RELATIONS

The form factors in Egs. (6) and (4) are related via [29]

/2 E /2 /3 /2 E
F = N F = — —_ = N = — s
V= Fit lma, ¥ ) <2m/\b " 2my, ’ 2my,  2my, ’ 2my,  2my,
9 93 92 g3 92 g3
G =g — - , G, =- — , Gy = - , Al
! 9 (mAb mAC) (ZmAb + 2mA[) 2 2mAb ZmAC 3 2mAb ZmAC ( )
or in the opposite direction,
fir=Fi+ Fy(my, +my ), fo=(F3—=Fy)my,, f3=—=(F3+ Fy)my,
g1 = Gy — Gy(my, —my ), 9 = (G5 = Gy)my,, g3 = —(G3 + Gy)my,. (A2)

The form factors used in the lattice QCD calculation [3] and in the LHCb analysis [2] follow the definitions in Ref. [78],

_ _ My, — Ny,
LSl p.9) = (0.9 | ™2

2m,\

¢

+fL<y;4_

_ _ mp, + my,
(APt sbIp.5)) = =00 s oo™

2m/\c
— Py =

+gJ_ (7//4 =+

2 2
my, + My, my, —my,
G+ fr—— <p,4 + Py —quﬂ)

where ¢ = p — p/, and s, = (my, £ my_ )* — g* = 2my,ms_(w £ 1). These form factors are related to the HQET form

factors defined in Eq. (4) via
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f3:f$l?+<f+—fo>%;m,
R
0 =" = (9~ ) “(15 ")

(A4)

At w = 1, corresponding to g2, the form factors satisfy
g+<q§1ax) = gJ_(Qrznax)'

In the heavy quark limit, fo=f, =f, =gy =9, =
g1 =+ O(ay, Agep/m. ). The lattice QCD results in
Fig. 12 in Ref. [3] show that f, f, g9, 9., g, differ from
one another by less than O(10%); however, f, is sub-
stantially enhanced, consistent with the HQET prediction
in Eq. (22).

The form factors in Eq. (A3), expressed in terms of the
HQET definitions in Eq. (4), are

fo(l=wrp) + f3(w—r4)
l—rA
Jora + f3
1+I’A
G(1 =wra) + g3(w—ra)
l—l—rA
G2rA + g3
l—rA '

fi=ru fo=/i+

’

fr=fitw+1)

’

91 =91 90 =91 —

s

gr =g —(w-1) (AS)
Finally, the translation between the k34 tensor form

factors used in this paper, defined in Eq. (5), and those
defined in Eq. (2.14) in Ref. [51] are

hy=hy—hy+hs—hy(w+1),

1 —wry wW—r

hy=h;—h - ,
L ! 21+rA 3]+VA
il+—h1,
- h h
hy =h zer s ( - 1), (A6)
-
and in the opposite direction,
hlzil+,
ljll—il_;'_ ~ l—l-rA
hy, = hy—h ,
| + (hy—hy) 7
h, —h - 1
hy = 2 L_'_(hL_hl)rA( A+"A)’
w—1 q
hy—h, h, —h -
hy=——L 4+ 4 o(h —h))A A7
4 w—1 W—|—1 + (J_ J_)Az ( )

In the heavy quark limit, the tensor form factors calculated
in LQCD and shown in Fig. 2 of Ref. [51] satisfy h, =

hy =h, =h, =¢+O(ay, Agcp/Me.p)-

APPENDIX B: AMPLITUDES

In this Appendix we collect explicit expressions for the
A, = A Zv amplitudes, including mass terms and right-
handed sterile neutrino contributions. These amplitudes
correspond to those used in the Hammer code [77].

As in Ref. [79], we write explicit expressions for the
b—¢ amplitudes rather than b — ¢, defining the basis of
NP operators to be

SM: i2v2V,Gglby* Ppc| oy, PL7), (Bla)
Vector: i2v2V?,Grlb(afy"PL + agy"Pr)c)[B(BY v, PL + By, Pr)), (B1b)
Scalar: — i2V2V*,Gplb(as P, + aSPr)c|[0(B Pr + p5PL )], (Blc)
Tensor: — i2V2V?,Gp[(bako" Pre)(0pL0,,Prt) + (bal o P c)(0fko,,PLE)). (B1d)

The lower index of f denotes the v chirality and the lower
index of « is that of the ¢ quark. Operators for the CP
conjugate b — ¢ processes follow by Hermitian conjuga-
tion. (The correspondence between the a, f# coefficients and
the basis typically chosen for b — ¢ operators can be found
in Ref. [27].) The A, — A Zv process has four external
spins: s, = ;5. = 1,2; 5, = 1, 2; and 5, = £. (We label

[

the A, and Z spin by 1 and 2, to match the conventions of
Ref. [79] for massive spinors on internal lines.)

Helicity angles and momenta are similarly defined with
respect to the b — ¢ process. Definitions for the conjugate
process follow by replacing all particles with their anti-
particles. The single physical polar helicity angle, 8, defines
the orientation of the lepton momenta in their center of mass
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reference frame, with respect to —p,,, as shown in Fig. 4 of
Ref. [27]. Note that 8, = 7 — 0, for 6 defined in Eq. (14).

If subsequent A. — AY decays are included coherently,
one further defines ¢, and ¢, as twist angles of the /- and
A-Y decay planes, with the combination ¢, — ¢, becom-
ing a physical phase. Our phase conventions match the
spinor conventions of Ref. [79] for not only 7 but also A,
decay amplitudes. This amounts to requiring the inclusion
in the 7 and/or A, decay amplitudes of an additional spinor
phase function, £, (s,) and i, (s,), defined with respect to
s, and sp, such that h (=) =1 = hy(+), h(+) = €',
and h,(—) = e7*. Under these conventions, the A, —
A.Zv amplitudes themselves are independent of ¢, — .

For compact expression of the amplitudes, it is conven-
ient to define

wy =wEVw? -1,

rfsz/m/\b»

@ =q*/my, =1=2r\w+r3,

(B2)

along with

1 1
Are = {=Jhslat + aDEE, + 3 holad - B +

2

T, = wy +w_, o= w—w_,
R, =(1+4ry)£(1=ry)cosby,
R_.=(1=rp)£(1+4ry)cosb,,

Q, =r—w+ Vw?>—1cosb,,

Q. =rw—1+rvw?>—1cosb,.

The A, — A.Zv amplitudes obey the conjugation relation

AEbfv[stb (Wv \ w? — 1, af’ ¢f)
= -As,,sfsfsv (Wv —V w? — l,w— 9% _¢f)7 (B4)

(B3)

in which the exchange Vwr—1 - Vw2 -1 implies also
w_ <> w,. One then need only write the s, = — ampli-
tudes, with the s, = + amplitudes following via Eq. (B4).

Further writing A = ZﬂGpmib ra(§® —ps) x A, the
explicit amplitudes are

f1(1+ (ag +a] )Y )re(VW_R_y + /W R_)
2

f3(1+ (ag +ap)pr)re2 Q0 fo(1 4 (ag +af)B) 2. Q.

257 257
+91(1 + (af = a%)ﬂZ)rf(\/W-R++ —VWiR ) _93(1 + (af —ap)B)reE_Q
247 247
1 vV _ VgV Z_QX
_olt (o 22§)ﬂL)rf +4hakpt /W cos 0, — 2hyakBTE_cos,
+ 2h3akfrE_cos O, — 2huakpt(w+ 1)Z_ cos @} (B5a)
. ra)ji\ap = ag)Prea— | FaJo\ap T ag)Pr(W - 3\ap T+ ag)Pr(W -
(Lt ra)filap +ag)PRE- | rafolaf +ap)fe(w+ DI fi(a) + ag)Br(w + DT
A711+ = Sin Hf > + > + >
2vq 2vq 2vq
L (ra=Dgilaf —al)BEE. | raga(al —al)Bhiw = DE, | gi(al —ap)phw - DE,
N a 2/ §? 2/ §*
- dhal s viz_; N 2h2a{ﬂirf2_ _ 2h3a2ﬁ§2r52_ N 2h4a{ﬁ,€rfgvzv + 1)2_} (BSb)
4 V4a V4q

(14 ra)f1(1 4 (ag + a) )] )Z_
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q q q
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VW q q
The total differential rate for A, — A.£v is obtained from these expressions via
GEm3, Al Vel (@* = pe)? .
dr = ﬁT Vw?— 1T D Ay, Pdwsin0,d0,. (B6)
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