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Abstract

In this thesis next-to-leading order mixed QCD-electroweak corrections to the Higgs bo-
son gluon-fusion cross section are evaluated. Leading order and virtual next-to-leading
order amplitudes are expressed in terms of two- and three-loop master integrals. These
integrals are evaluated using differential equations augmented by the choice of a basis of
uniformly transcendental functions. The integration constants are fixed in a systematic
way by numerically matching the solutions to their large-mass expansion. The ana-
lytic results for the master integrals are expressed in terms of uniformly transcendental
combinations of Goncharov polylogarithms. The real emission contributions are imple-
mented using the soft-gluon approximation. The evaluation of the cross section shows
that the ratio between QCD and mixed QCD-electroweak contributions to the cross sec-
tion remains nearly unchanged from leading order to next-to-leading order. This result
removes one of the important uncertainties if the Higgs boson gluon fusion cross section.
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Overview

The fact that the Standard Model is a robust theory of Nature, culminated in the
discovery of the Higgs boson in 2012. However, strong evidences from astrophysics and
cosmology points towards the need to extend it, even if neither new fundamental particles
nor interactions have been directly observed in collider experiments. Since effects of New
Physics are searched for by looking for deviations from Standard Model expectations,
precise theoretical predictions within the SM represent a key ingredient for the success
of this effort.

The Higgs boson is a natural candidate for precision studies, both because it is a
new particle and because of its peculiar role in the Standard Model. At present, the
Higgs boson is studied at the LHC and its main production channel is gluon fusion.
Given the importance of this production mode, it is desirable to decrease its theoretical
uncertainty. One of the important sources of theoretical uncertainties is given by the
missing three-loop computation of mized QQCD-electroweak corrections to Higgs boson
gluon fusion at next-to-leading order.

This thesis provides the analytic calculation of these corrections to the Higgs boson
gluon-fusion cross section for arbitrary values of electroweak bosons and Higgs boson
masses of the leading order and virtual next-to-leading order amplitudes, while the real
next-to-leading order corrections are evaluated in the soft-gluon approximation.

In Chapter [1| theoretical predictions for Higgs boson gluon fusion are reviewed. Mixed
QCD-electroweak corrections are introduced and their current status is discussed.

The Feynman diagrams that contribute to QCD-electroweak corrections at leading
and next-to-leading order is presented and discussed in Chapter [2] The form factors are
extracted and renormalized, and IR singularities are made explicit.

Chapter [3| introduces the Feynman integrals required for the calculation of mixed
QCD-electroweak corrections and describes their reduction to master integrals via in-
tegration-by-parts identities. Differential equations are used to calculate the master
integrals and the notion of uniformly transcendental functions is reviewed and applied
to simplify the solution of the differential equations. The large-mass expansion method
is applied to systematically evaluate boundary conditions for master integrals both at
leading and next-to-leading order.

In Chapter 4] the two-and three-loop master integrals appearing in leading order and
next-to-leading order form factors, respectively, are calculated. At first, the equations
are reduced to a canonical Fuchsian form, then the system is integrated in terms of Gon-
charov’s polylogarithms and numerically matched to its large-mass expansion obtaining
solutions in terms of uniformly transcendental functions. The analytic expressions for
the form factors are constructed.

The next-to-leading order cross section for Higgs boson gluon fusion is computed in



Chapter |5, using a soft-gluon approximation to include the next-to-leading order real
emission contributions. Conventions used to compute Feynman diagrams are listed in
Appendix[A] Leading order and virtual next-to-leading order Feynman diagrams, master
integrals and uniformly transcendental bases at two and three loops are presented in
Appendix Bl Appendix [C] contains the analytic expressions for the leading order and
next-to-leading order form factors.

The results presented in this thesis have been published in the papers [1}-4]. Master
integrals, form factors and differential equations are provided in a computer-readable for-
mat at https://www.ttp.kit.edu/_media/progdata/2017/ttpl7-047/anc.tar.gz.
This doctoral thesis has been typed using I{TEX. Feynman diagrams presented in this
thesis have been realized using JaxoDraw [5].


https://www.ttp.kit.edu/_media/progdata/2017/ttp17-047/anc.tar.gz

Chapter 1.

Precision physics for the Higgs boson

In 2012, ATLAS and CMS collaborations announced the observation of a scalar ele-
mentary particle with the mass of 125 GeV. The properties of this particle were quite
compatible with the expected properties of the Standard Model (SM) Higgs boson and
the significance of the observation was almost 6 standard deviations [6] [7]. All subse-
quent tests performed so far point towards a close proximity of this new particle to the
SM Higgs boson [8-16]. This discovery completes the SM and fixes its last undetermined
parameter, the Higgs boson mass.

Although subject to unprecedented scrutiny, the SM has withstood all experimental
checks up to this point. At the same time, its apparent inability to explain such exper-
imental facts as neutrino masses and mixings, dark matter, and baryogenesis indicates
that a “full” theory of Nature is yet to be found. Physics beyond the Standard Model
(BSM) appears to be needed to explain phenomena in cosmology and astrophysics, but
no new fundamental particles or violations of established laws of physics have been
detected in collider and other terrestrial experiments until now.

As provocatively outlined in |17], the present situation shares many similarities with
the situation of physics at the beginning of the 20th century. Indeed, Newtonian me-
chanics and Maxwell’s electrodynamics were able to adequately describe the majority of
natural phenomena, but more and more deviations from their predictions were observed.
A radical change in the theory of physics was needed to reconcile all experimental evi-
dences. Special and general relativity together with quantum mechanics expanded the
classical picture, providing explanations for the existing observations and successfully
predicting new ones.

Many of the discrepancies that led to modern physics were discovered by comparing
experimental results with precise theoretical predictions |18 [19]. The extensive and
detailed work conducted within theories that existed at that time highlighted their weak
points and directed the development of a new framework. In a similar way the SM
can be used to identify issues with the existing understanding of Nature and guide the
formulation of a new theory of fundamental interactions. For this reason, a continuous
improvement of the understanding of the SM of particle physics at a very practical level
remains as important as ever.

Currently, fundamental particle physics at the energy frontier is studied at the Large
Hadron Collider (LHC) at CERN. Since all attempts to directly observe BSM particles



Table 1.1.: SM Higgs boson production cross section at the LHC (in pb) for my =
125 GeV and center-of-mass energy /s = 13 TeV [22].

ggH VVH WH  ZH ttH  Total
44.170% 378720 137720 0.8873%  0.5179%,  50.6

have been unsuccessful so far, a precise description of collider processes within the SM
assumes a key role in unveiling New Physics. It is obvious that different SM processes
have different sensitivities to BSM physics. The question of where to look to maximize
chances to find it is, therefore, an important one. Both theoretical and experimental
aspects of this question have to be considered to formulate a meaningful strategy.

On the theory side, the SM can be divided into three parts: matter, gauge interactions,
and the Higgs sector. The matter part is described by Dirac fermions and does not
possess self-interactions. The gauge sector is more complex: it is built upon the paradigm
of gauge invariance |20, 21], which completely determines both self-interactions of gauge
bosons and their couplings to matter fields once the gauge group representations are
chosen. The Higgs sector is unusual in the sense that it does many different things
at once, although —a priori— they are not related to each other. Indeed, the Higgs
field breaks electroweak symmetry through self-interactions, couples and gives masses
to electroweak bosons, restores the SM unitarity at high energies and gives masses to
fermions. In addition, the Higgs sector is clearly the least explored part of the SM.
It is, for example, far from clear that the Higgs boson does not couple to new, so far
unknown particles. Such interactions may alter the Higgs couplings to SM particles and
modify the Higgs boson production rates compared to SM predictions. The spontaneous
symmetry breaking mechanism, the central part of the SM, is implemented in a rather
simplistic way. Moreover, additional Higgs-like fields may hide at higher energies. The
large number of options is clearly reflected in the diverse models of physics beyond the
SM that have been explicitly constructed. The central role of the Higgs boson in the
Standard Model and the fact that little is known about this particle makes it an ideal
candidate for precision studies.

1.1. Higgs boson physics at the LHC

Higgs bosons are produced in collisions of high-energy protons at the Large Hadron
Collider (LHC). The LHC is a circular proton-proton collider with a center-of-mass
energy of /s = 13 TeV. Higgs physics is mainly studied at two general-purpose detectors
ATLAS and CMS.

The major Higgs boson production channels at the LHC are, in order of importance:
gluon fusion (ggH ), weak-boson fusion (VV H), associated Higgs boson production with
an electroweak gauge boson (Higgs-strahung: W H or ZH), and associated ¢t production
(ttH). The corresponding cross sections are shown in Table

The Higgs boson is an unstable particle. For this reason, its properties are inferred
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Table 1.2.: SM Higgs boson branching ratios for my = 125 GeV and related uncertainties

[22].

v WTW- o rtro YA vy Zy whp
0.584 0.214 0.0627 0.0262 2.27 x 1072 1.53 x 1072 2.18 x 1074
+32%  +4.3% +5.7%  +4.3% +5.0% +9.0% +6.0%
—3.3%  —4.2% —57%  —4.1% —4.9% —8.9% —5.9%

from studies of its decay products. The Higgs boson mass of 125 GeV implies that the
Higgs boson can decay in a variety of ways, many of which can be studied experimentally.
Table [1.2f summarizes the main Higgs decay modes in order of their importance.

Higgs boson gluon fusion

As already mentioned, the LHC is a proton-proton collider. Protons are composite ob-
jects held together by the strong force, but their internal structure cannot be adequately
described using perturbative quantum field theory. Nevertheless, for some hard scatter-
ing processes, for example Higgs boson production in gluon fusion, it was proven that the
hadronic cross section can be computed according to the following factorization theorem

1 1 AQCD
oppx = Z/o da /0 dw, fz‘/P(xl)fj/P(%)UijaX(pi,pj) {1 + O (T)} - (1)
i,J

In Eq. , () indicates the transferred momentum, opp_. x is the hadronic cross sec-
tion for the production of the final state X in proton collision, o;;_,x is the partonic
cross section calculated within perturbative QCD, and f;/p(x1) (f;/p(z2)) is a parton
distribution function (PDF), that describes the probability to find the parton ¢ (j) with
momentum p;’ = 1py, (pj = w2py,) inside a proton P carrying momentum pi 5 (p2n)-
PDF's are extracted from experimental data using Eq. for a variety of final states X
and then used to describe processes for other final states. PDF's for different partons in
the proton are shown in Fig. . It follows from Eq. that the factorization theorem
is valid up to terms proportional to the ratio between the non-perturbative QCD scale
Aqep ~ 0.3 GeV and the hard momentum Q. Taking () ~ 30 GeV, Aqep/@ is expected
to provide a percent correction to the hard scattering cross section.

To understand which partonic processes are important for Higgs boson production,
note that at leading order the partonic center-of-mass energy is fixed to v/ = my, since
the only particle in the final state is the Higgs boson. This constrains the values of the
Bjorken z since

2
N m _
5= 11195 =M% S xw\/—le() 2, (1.2)
T1~To=T S

If follows from Fig. that for such values of x, the gluon PDF is by far the largest;
this is one of the reasons that makes gluon fusion the dominant production channels of
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Figure 1.1.: PDF4ALHC15 NNLO at typical LHC energy scale with a one-sigma uncer-
tainty band from [23].
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the Higgs boson at the LHC.

Numerically, the Higgs boson gluon-fusion production cross section at the LHC for
Vs =13TeV and my = 125 GeV is quite large [24]

0 =48.58pb 5 00Py (i) (theory) & 1.56pb (3.20%) (PDF+ag).  (1.3)

The cross section of Eq. (1.3]) is assembled from different contributions shown in Ta-
ble [L.3]

The largest contribution to the Higgs production cross section in gluon fusion comes
from QCD interactions. In this case, the Higgs boson couples to gluons through quark

Table 1.3.: Breakdown of Higgs boson gluon fusion cross section at the LHC, my =

125GeV, /s = 13 TeV, up = pg = my /2 [24, 25].

Source o [pb] Relative contribution [%)]
LO, rEFT 16.00 32.9
NLO, rEFT 20.84 42.9
(t,b,¢c), exact NLO —2.05 —4.2
NNLO, rEFT 9.56 19.7
NNLO, 1/m, 0.34 0.2
EW, QCD-EW 9.40 4.9
N®LO, rEFT 1.49 3.1
Total 48.58 100.0

12



loops. In practice, contributions of heavy quarks, especially of the top quark, dominate
since [26/-28]

\1‘31
const., for my — 400,
2 2
- - o~ m m 14
—2q log” —ZI, for my — 0. (1.4)
m m
H q
a8

Because my < 2my, a useful approximation for computing the QCD contribution
consists of considering the top quark infinitely heavy, “shrinking” its loop into an effective
ggH vertex. This induced ggH interaction vertex follows from the Lagrangian

C
Luygrr D —QSEGZVGZL”(I)T(I), (1.5)

where @ is the Higgs doublet and the Wilson coefficient C' includes all corrections to the
infinite top-mass effective vertex ggH that come from energy scales comparable to the
top quark mass m,;. The description of Higgs boson interactions with gluons using the
Lagrangian of Eq. can be interpreted in the spirit of effective field theories, where
the top quark is integrated out. Within this effective theory, N°LO QCD corrections to
the Higgs boson production cross section were recently computed in [29, 30] (NLO in
[31433] and NNLO in [34-36]). The validity of these calculations can be extended by
rescaling the resulting cross sections by the ratio

10,

ex,

Rio = =5 (1.6)
OEFT

where agjx(?t is the leading order cross section with full top mass dependence. To obtain

the contributions showed in Table [1.3] and labelled as LO, NLO, NNLO, N°LO rEFT
(rescaled Effective Field Theory) the rescaled partonic cross sections are convoluted with
NNLO PDFs.

To refine the result obtained in the m; — 400 limit, corrections due to the finite
mass of the top quark are considered. These corrections are known exactly up to NLO,
while for NNLO an expansion in the inverse top quark mass 1/m; is available [37-41]. A
further refinement is obtained by including bottom and charm quarks contributions; they
have been evaluated through NLO |28 32, [33} 42-47]. The impact of these corrections
on the Higgs boson production cross section is shown in Table [[.3} they are labelled
as “(t,b,c), exact NLO” (corrections up to NLO for exact values of m;, my, and m,.)
and as “NNLO, 1/m;” (corrections at NNLO expanded in 1/m;). The last contribution
presented in Table is due to electroweak corrections, known exactly at leading order
(x ag) and only in various approximations at NLO (oc %). This contribution changes
the Higgs boson cross section by about 5 %.

13



Table 1.4.: Breakdown of the theoretical uncertainty on Higgs boson gluon fusion [24,
25, 130].
d(scale) §(PDF-TH) &6(EW)  §(t,b,¢)  6(1/my)  o(PDF)  d(as)
TO10b 1056ph  +0.49pb  +0.40pb  +0.49pb  +0.90pb FlETRD

Each contribution to the gg — H cross section has an uncertainty associated with
it; they are listed in Table [1.4] At the level of partonic cross sections, the first source
of uncertainty is given by the residual scale dependence, a consequence of the fact that
predictions are calculated through finite order in perturbative QCD. For Higgs boson
production in gluon fusion it is customary to set the factorization and renormalization
scales equal to each other pg = pp = p, choose = my /2, and vary p in the interval
[mp /4, my] to determine the uncertainty d(scale). Other sources of uncertainties include
the expansion in 1/m; at NNLO and the lack of knowledge of the bottom and charm mass
effects beyond NLO (6(1/m;) and 6(¢, b, ), respectively). The uncertainty in electroweak
contributions §(EW) is caused by the missing NLO computation, which includes exact
dependencies on the Higgs, W=, and Z masses.

PDF-related uncertainties have both theoretical and experimental origins. Theoretical
PDF uncertainties (§(PDF-TH)) are caused by the absence of N*LO PDFs that are
formally needed for a consistent N*LO prediction. Experimental PDF (§(PDF)) and
as (0(ag)) uncertainties are evaluated according to PDFALHC recommendations [4§]
and reflect the current knowledge of the parton distribution functions and the strong
coupling constant. All theoretical uncertainties are added up linearly giving the theory
error in Eq. , while the experimental uncertainties are added in quadratures to
obtain the PDF + ag error.

It is important to understand if the current knowledge of the Higgs boson production
cross section is sufficient. A way to check this is to estimate a typical effect of BSM
physics on the production cross section in gluon fusion. Consider a heavy fermion @)
whose mass is not generated by the Higgs mechanism that couples to the Higgs boson via
a Yukawa vertex QHQ mq/v. In this case the QQH coupling is suppressed in the large
meg limit, scaling as Com3,/mg (while the top quark coupling ¢t H is constant in the
limit, being Cym?% /v). The interference of @ and ¢ contributions generates a variation
in the gg — H cross section of the form

mi Co v
agg%HocCEU—f (1+2?‘5m—@+...). (1.7)

By taking C; ~ Cg and mg ~ 5 TeV, a a variation in the ggH coupling of 6gger/gggn ~
5% is expected. Explicit calculations in specific models, such as supersymmetry [49],
result in O(1-5 %) variations of the ggH coupling. These variations can be detected if
the total uncertainty of the theoretical predictions does not exceed a few percent for
Higgs boson production cross section in gluon fusion. To decrease &(scale), the N*LO

14



2,

Y

A

s

(a) ggH coupling x aga, (b) VVH coumpling x aga?

Figure 1.2.: The two classes of QCD-electroweak contributions to ggH at leading order.

EFT calculation is required, but it is almost impossible to perform such calculation
with the current technology. All other contributions to the cross section have an O(1 %)
associated uncertainty. Among those, the calculation of three-loop QCD-electroweak
corrections appears to be feasible although highly non-trivial. The focus of this thesis
is the calculation of these corrections.

1.2. Mixed QCD-electroweak contributions

Mixed QCD-electroweak contributions can be divided into two categories, according to
the Higgs coupling involved. The first category is related to the Higgs boson coupling
to quarks (¢gH coupling, Fig. , the second to weak vector bosons (VV H coupling,
Fig. . For the gqgH coupling the electroweak corrections consist of an electroweak
boson line attached to the internal quarks, while for V'V H diagrams a quark box acts as
a connector between the gluons and the electroweak bosons. Both contributions appear
for the first time at two loops.

Which of the two contributions is more important, is different for light (m, < v)
and heavy (m, ~ v) quarks. Indeed, thanks to different Yukawa couplings, the top
quark contribution is enhanced in ¢gH diagrams, while light quarks contributions are
suppressed, cf. Eq. . On the contrary, V'V H contributions are not suppressed by
the light quark Yukawa couplings and, instead, are even somewhat enhanced by the total
number of light quarks. The top contribution, on the other hand, is only a few percent
with respect to the massless quarks contribution.

At present the two-loop leading order contributions are known for both classes of
diagrams: corrections involving the top quark, both for ¢ggH and V'V H, have been
evaluated as an expansion in m? /(4m?) up to the fourth power [50]. This approximation
is equivalent to an expansion of the gg — H amplitude in external momenta and,
therefore, is evaluated in terms of vacuum bubble integrals that depend on masses my
and my. In addition, a fully analytic expression for the amplitude for massless quarks
in the VV H case is available [47, 51, |52]. These computations showed that the top
quark contributions are only about 2% of the light quark contributions and, therefore,
are negligible.

An attempt to estimate the magnitude of the light-quark contributions at next-to-

15



leading order in QCD was undertaken in |53} 54| using different ways to combine QCD
and electroweak corrections. The results were not conclusive — depending on how the cor-
rections were combined, the cross section was changed by either +(1-2 %) or +(5-6 %).
This range is clearly unsatisfactory and an explicit calculation of the mixed corrections
is called for.

A first direct calculation of next-to-leading order mixed QCD-electroweak contribu-
tions was performed in [55], where the limit my,mz > mpy was employed.ﬂ In this
limit, the calculation of the three-loop Feynman diagrams appearing in the amplitude is
reduced to the evaluation of vacuum bubble integrals that are well-known. The contri-
bution of next-to-leading order mixed QCD-electroweak corrections to the Higgs boson
production cross section in this approximation amounts to O (5 %).

To address the uncertainty related to the approximate knowledge of the QCD-elec-
troweak contributions different approaches are used [25] 55]: difference between partial
factorization and complete factorization, scale variation around pg = purp = my/2, vari-
ation of effective coupling ggHqcp+rw, etc. Most of these approaches lead to O(1 %)
variations of the gg — H cross section; for this reason, 1% is conservatively chosen as
the theoretical uncertainty.

To conclude, the imprecise knowledge of the next-to-leading order mixed QCD-elec-
troweak corrections to gg — H is one of the important sources of theoretical uncertain-
ties in the Higgs boson production cross section in gluon fusion. To eliminate it the
exact computation of this corrections is needed. We will address this computation in
what follows.

1Despite the unphysical nature of this limit, the fact that pure QCD gluon fusion contributions have
been evaluated considering m; > my and that such result remains close to the exact one even for
my up to 1 TeV is a good indication of its reliability.

16



Chapter 2.
Mixed QCD-electroweak gg — H

2.1. Feynman diagrams

The mixed QCD-electroweak corrections to Higgs boson gluon fusion are obtained by
considering the QCD terms obtained from the effective Lagrangian of Eq. and the
electroweak contributions presented in Fig. [I.2b] both described in Chapter [I Both
contributions are considered up to order a%. At next-to-leading order we must account
for virtual contributions, where an extra QCD loop is added, and real emissions, where
a QCD parton is emitted into the final state. In this chapter, leading order and virtual
next-to-leading order contributions are discussed, while the computation of the real
emission contribution is addressed in Chapter [f]

Before discussing the calculation of the gg — H amplitudes in detail, we summarize
the notation. We consider two incoming gluons g; and g with on-shell momenta p;

and py, color indices ¢; and cp, and polarization labels A; and Ay, respectively. The

momentum of the outgoing Higgs boson is p§ = p' + ph, with (p; +p2)? = p2 = s = m¥%.

QCD contributions

QCD contributions are evaluated in the limit of an infinitely heavy top quark, see
Eq. (L.5) of Section [I.1] Results are available in the literature [31} [33].

Only one diagram contributes to the amplitude at leading order. It gives
Pi1, )\17 (&1
@)

@

p27)\2702

as _agm?
o z? = 59, (p1) - en(Plig . (21)
TV

The contributions to the next-to-leading order amplitude arise both from loop effects
and from higher order contributions to the Wilson coefficient of the effective ggH vertex.

17



The NLO contributions read |31} |33]

P1, AL,

- - = - - = s __+ ”___:
oZm?,
= 5, 00 en o) (%) (47) T+ )
TV
y 9Ne  167*Ne + 33
- — @] 2.2
8 ( m%) [ g2 4872 +00E)| (2:2)

where p is the renormalization scale.

Electroweak contributions

Mixed QCD-electroweak corrections to Higgs boson production in gluon fusion are
sketched in Fig. 2.1l They appear for the first time at two loops. The two incom-
ing gluons ¢g; and g» annihilate to electroweak vector bosons V' through a quark loop.
The vector bosons subsequently fuse into a Higgs boson. The diagrams contributing at
leading order and next-to-leading order have been generated using the computer pro-
gram QGRAF [56] and the manipulation of Feynman diagrams has been performed using
the computer language FORM [57]. The complete list of two-and three-loop Feynman
diagrams at leading and next-to-leading order, respectively, is provided in Appendix

Both W* and Z bosons appear in the diagrams that contribute to mixed QCD-elec-
troweak corrections. However, since electroweak interactions are considered at O (a?),
non-vanishing contributions contain diagrams either with W= or Z bosons. In the case
of W¥, the first two generations of quarks are accounted for; when considering Z bosons,
all quarks but the top quark are considered. Quarks are always considered to be mass-
less and, therefore, the CKM matrix is taken to be equal to the identity matrixﬂ The
conventions used for Feynman diagrams are listed in Appendix [A]

Leading order

Three two-loop Feynman diagrams contribute to the leading order amplitude, they are
shown in Fig. . The presence of electroweak vertices of the form v, (C/V + CIV+s)
between weak vector bosons and quarks introduces axial terms in the Feynman diagrams.

LAll the quarks considered have a mass which is less than one twentieth of the mass of an electroweak
boson. The largest quark-to-boson mass ratios are m./mwy < 2% for w* diagrams and mp/mz <
5% for Z diagrams.

18
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Figure 2.1.: Examples of mixed QCD-electroweak corrections for gg — H(g).

These terms are generated by Dirac structures of the form
(V2 4 OV e T + 207V OV s, (2.3)

where I is a string of Dirac gamma matrices. Once the sum of all diagrams is computed,
the part proportional to tr[y;I'] vanishes. Moreover, for each diagram that contains W+
bosons there exists another one containing Z bosons with exactly the same general
structure, and vice versa. It is therefore possible to write the leading order amplitude
as

P1, A1, 01
oot [owgen (M) | ozg0an (M2)] (o)
EW |- - - 647 sin® Oy A1 s A1 A2 s g :
P2, A2, o

where £() is a function proportional to the sum of the leading-order Feynman diagrams
containing generic vector-boson lines and depending on the ratio my /s, v is the Higgs
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Figure 2.3.: Examples of virtual NLO mixed QCD-electroweak Feynman diagrams. NLO
QCD corrections are shown with bold lines.

vacuum expectation value, 6y, is the Weinberg angle, andﬂ

cV = 4,
5 7

2 22
Z .92 . 4
- | Z - _ 0”, + — 6)1’[’ .
O COS4 01}[1 (4 3 St 9 St >

Next-to-leading order

Virtual NLO QCD-electroweak corrections are described by three-loop Feynman dia-
grams. Examples are shown in Fig. [2.3l The majority of the diagrams are similar for
both Z and W* contributions. However, there are few exceptions that receive contri-
butions only from the Z boson, see Fig. 2.4, However, all diagrams that distinguish
Z and W#* contributions vanish either because of color algebra (Fig. , or because
of Furry’s theorem for vector current contribution or because complete generations of
massless quarks enforce cancellation of the axial current contributions, Fig. [58-
61]. In the case of the axial current, the contribution of the bottom quark is not well
defined without the top quark because of the axial anomaly. In this thesis this issue
is ignored and all diagrams of the type shown in Fig. are discarded. The bottom
quark is nevertheless still included in all other three-loop QCD-electroweak diagrams.
After these simplifications, there remain forty-seven non-vanishing three-loop Feynman
diagrams for both W+ and Z bosons. Similar to the leading-order case, no axial contri-
bution is present at the level of the amplitude, thanks to charge-parity conservation and

2By checking the Feynman diagrams, it is clear that the LO amplitude has mass dimension +1. All
diagrams contain v as a coupling and s and m%/ as kinematic parameters. Once v is extracted the
sum of Feynman diagrams € can only depend on the ratio m?,/s.
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(a) Quark loop connection. (b) Two separate quark loops.

Figure 2.4.: Examples of diagrams that may provide Z-contributions but not W*-con-
tributions to the virtual NLO amplitude.

sum over complete generations of massless quarks [58-61]. Hence, the next-to-leading
order mixed QCD-electroweak amplitude can be written in the same way as the leading
order one

P1, A1, C1
. 05205?91] W o(1),c1c2 mIQ/V Z o(1),c1c2 m2Z
P2, A2, C2

where £ has the same role as £© but is proportional to the virtual next-to-leading
order Feynman diagrams, and C" and CZ are defined in Eq. (2.5)).

2.2. Form factors

The amplitude can be decomposed into Lorentz and color structures, determined by the
quantum numbers of the external particles and the symmetries of the theory. Such a
decomposition is independent of the perturbative expansion. It reads

(P pe, {m*}) = Y Fils, im* T2, (b1 P2y ex, ), (2.7)

where F; are called form factors and T; are the relevant Lorentz structures. The form
factors are scalar functions of kinematic variables and internal masses, while the Lorentz
structures contain all the information about quantum numbers of the external particles,
for example their polarizations and color.

Tensorial decomposition

In the case of Higgs production in gluon fusion, the color structure is given by 6“2,
since this is the only invariant structure that can be constructed from two color indices.
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The Lorentz indices of the amplitude are made explicit by writing

illc)i (p17 P2, {mZ}) = 501626/;1 (pl)GKQ (p2)M,ul/<pl> P2, {mQ}) (28)

M,,,, is a linear combination of rank-2 Lorentz tensors constructed out of py,, pa,,, and the
metric tensor gw,ﬂ All the possible tensorial structures but one disappear for physical
external gluons.

The most general form of the tensor M, is

M, = gu Fo + pruprv Fi + Dopbov Fo + P1uDow F3 + poupiv Fa. (2.9)

Consider now the Higgs boson rest frame, and take the 2 axis along p; = —ps2. The
physical polarizations of the gluons belong to the (#,y) plane, therefore when M, is
contracted with e’;leKQ only the term g,,Fy survives. The amplitude for gg — H is
therefore written in terms of a single form factor, and reads

ok (P1, P2, {m?}) = 0965, (P1) - €3, (P2) F (s, {m”}). (2.10)

The choice of physical polarizations is equivalent to impose the conditions

EAl(pl) “p1=€ex(P1) -p2 =0,

(2.11)
€x(P2) * P1 = €x,(P2) -2 = 0,
and the sum over polarizations reads
v v
. +
> P (py) = —g 4 PELTIAL (2.12)

N P1 D2

Extraction of the form factor

The form factor must be extracted from the amplitude written in terms of Feynman
diagrams

P1, A1, 1 P1, A1, 1 P1, A1, €1
--t EW EW - - - =
(2.13)
P2, A2, Co P2, A2, Co P2, A2, Cp P2, A2, Co

= 09%ey, (1) - €x,(P2) F (s, {m?}).

To do so, it is necessary to build a projector P, i.e. a tensor that selects the coefficients
of the tensorial structure written in Eq. (2.10]).

3Terms containing the Levi-Civita tensor do not appear since axial contributions have been ruled out

in Section [2.1] [60], [61].
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It is not difficult to build such a projector for the case under study. To select the
color-singlet part of the Feynman diagrams it is sufficient to contract the amplitude
with ., /(N& — 1) (the factor 1/(NZ — 1) is introduced for normalization). For the
Lorentz part, we use Eq. and find

Z [e*/\l(p1>_ *Az(pz)] [6,\1(131) . 6,\2(P2)} —

A1,A2
w .
_ [_gmx | Phps+ P } {_ g - P2 trupe] _p_y
P1 D2 P11 P2

(2.14)

therefore a factor 1/(D — 2) must be included. Putting these pieces together, the pro-
jector reads
]P))\l)\g E*Al (pl) : 6*)\2 (p2) 5clc2

= ) 2.15
cre2 D -2 NZ -1 (2.15)
The amplitude is written in terms of Feynman diagrams
cic . QQQSU w (0),c1c 2 cic 2
e = Tl [ c (f‘&ml “(miy/s) + 5 S Q(mw/8)> 216

+ C7 (e s) + 5> ERImy /)]

and the projector IP’;\IC)‘; is applied separately to each diagram in the sums 5 CICQ . The

polarization vectors of each diagram are extracted and contracted with the projector,
giving

*)\1 *)\2
cic € : 50 c 1),c1e
Pg\g;zg/\l/\; 2 _ (pl) - (p2) - 1_2 El)fl (p1)5>\2 (pg)E( ),c1c2
D—2  NZ-1 2.17)
_ 60162 1 uro plllpg +png E(i),clcg _ F(l), ‘
Né¢—-1D -2 p1-p2 e

where E,Siy)’cm are Feynman diagrams with free color and Lorentz indices. The projection
operation reduces each Feynman diagram to a scalar function F”. These functions are
then added together to construct the form factor.

2.3. UV renormalization and IR subtraction

While the leading order part of the form factor is finite in D — 4 dimensions, the virtual
NLO contributions are divergent with poles starting at €72, as explicitly shown for the
QCD contributions in Eq. (2.2)). These divergencies are both of ultraviolet (UV) and
infrared (IR) origin.

To remove ultraviolet divergences, the strong coupling constant g must be renormal-
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ized. In the MS scheme the bare coupling constant ozfgo) becomes

EYE 2
af’ = (ZT)EO‘S(MQ)MQE (1 - %%) +0 (o), (2.18)

where vg is the Euler-Mascheroni constant and [ is the first coefficient of the QCD -
function. It reads

fo= S Ng — 2 (2.19)

where N¢ = 3 is the number of colors and Ny = 5 is the number of massless fermions that
contribute to the renormalization of the QCD coupling constant. It is not necessary to
renormalize « since both axial and vector currents are conserved when massless quarks
are considered.

Combining Egs. (2.4), (2.6), and (2.10) together with the UV renormalization of
Eq. (2.18)), the complete form factor F of Eq. (2.13]) can be written as

2 2
Qs 7
F o= A —
Toro TP ( s ) *
2 2

a’ag(p?)v miy my p?
—i—0 2 CY Aqep. el L e C? Agcp. —Z T, (220
1647r sin? Oy [ QED-EW < 5 s ) * QEPEWA "5 g ( )

with C; defined in Eq. (2.5)). Aqcp includes QCD contributions, while Aqgcp.-gw contains
mixed QCD-electroweak ones. Both of these functions can be written as an expansion
in ag

2
A= A0 4 %A(U +0(a3). (2.21)

The ultraviolet renormalization removes some of the 1/e poles but infrared singulari-
ties remain. The general structure of these singularities in QCD is described by Catani’s

formula [62]. It reads
2

A — 1 (/”L_> AO) 4 gOfin) (2.22)

S

@ (P _ (zs—i0\ " e [ Ne B
! ()‘( 2 ) r(l—e)[ 2 ] (2.23)

Note that the leading order amplitude in Eq.(2.22)) is needed through order O (¢?). This
pole structure is the same for both QCD and QCD-electroweak diagrams, since in both
cases one order higher in ag is considered to build the next-to-leading order amplitude.

Egs. (2.21) and (2.22)) are combined into Eq. (2.20) to obtain the form factor. Its final

where
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expression reads
2 2 2 2
_ -O‘SmH (0) as(p?) a (¥ (0) (1,6in) [ M
2
0‘ Aas(p)y v | 40 my
— O v
647T sin QW VZ { QCD-EW ( s ) +

as(p?) p my w (mb o
t— (I(l) (? AQtpew SV + AQSDEw va . . (2.29)

Once the IR divergencies are made explicit by the Catani’s operator, the form factor
is written in terms of finite quantities. The calculation of the function AQCD pw has

required a non-negligible amount of work. The evaluation of AQCD_EW (or, equivalently,

of AS)CD_EW) is a highly non-trivial task, and the main subject of this thesis, which will
be discussed in Chapters [3] and [
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Chapter 3.

Evaluation of master integrals

3.1. From Feynman integrals to master integrals

Feynman integrals
The functions AS&D_EW and AS&D_EW introduced in Eq. (2.24)) are linear combinations

of scalar multi-dimensional Feynman integrals (FIs). A L-loop Feynman integral can be

written as QA2 d4-2¢1 1
Z— s}, M2 &) = / 1.-- L : , 31
(b o) = | o Ugj o (3.1)

where {s} and {M?} indicate external kinematic variables and squares of internal masses,
respectively, € = (4 — D)/2 is the dimensional regularization parameter, a; is an integer
number, and [j] is an inverse propagator of the form

j] = K2 — M. (3.2)

In Eq. K; indicates a linear combination of external momenta p; and loop momenta
k;. The set J of inverse propagators [j] is called the integral family of the Feynman
integral I.

The subset of inverse propagators J with positive a; defines the topology of the Feyn-
man integral, i.e. a graphical representation in terms of oriented edges and vertices.
Different sets of denominators that belong to the same topology are related to each
other by shifts of the loop momenta. When drawing a Feynman integral in this thesis,
wavy lines are used to indicate massless propagators and external legs, and solid lines
are used when the mass is non-zero. Lines of different thickness represent particles with
different masses. A dot on a line indicates that the corresponding propagator is raised
to the second power. Each extra dot on the same propagator increases the exponent by
one.

In an actual calculation, scalar products that involve loop momenta may appear in
the numerator. These scalar products can be written as linear combinations of inverse
propagators, to express all Feynman integrals in the notation of Eq. . It is then
easy to see that a L-loop Feynman integral with E + 1 external legs (£ independent
external momenta) possesses L(L+1)/2+ LE independent scalar products. At one loop
it is always possible to map all the scalar products of a given Feynman integral into its
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inverse propagators (J = J ), while from two loops on the number of inverse propagators
is almost always smaller than the number of possible scalar products. The so-called
irreducible scalar products require the introduction of additional inverse propagators.
These inverse propagators never appear with positive powers a; and, as long as they are
independent, their choice is arbitrary. A rule of thumb is to select a collection of inverse
propagators that makes the integral family symmetric under the exchange of loop and
external momenta.

To calculate the leading order form factor from AS)CD_EW, O(1000) two-loop Feynman

integrals must be computed, while the calculation of AS%D_EW requires the evaluation
of O(10000) different three-loop Feynman integrals. To proceed, different integrals are
grouped together into integral families. Inside the same integral family, the Feynman in-
tegrals can be further classified according to their parent topology. Parent topologies are
Feynman integrals with a large number of inverse propagators, and their graphical rep-
resentation usually resembles one or more Feynman diagrams of the relative amplitude.
A Feynman integral belongs to a parent topology if it can be obtained by removing some
inverse propagators from the parent one. The two-loop Feynman integrals are expressed
in terms of two integral families (planar PP and non-planar NP), each containing one
parent topology. The three-loop Feynman integrals require three integral families (one
planar, VPP, and two non-planar, VNA and VNB) and a total of eleven parent topolo-
gies (five in VPP, four in VNA and two in VNB). Integral families and parent topologies
are given in Appendix

Reduction to master integrals

The computation of a large number of Feynman integrals, typical for multi-loop prob-
lems, is facilitated by the existence of linear algebraic relations among them. It is easy
to derive these equations using the fact that integrals of total derivatives vanish in di-
mensional regularization. It follows that [63, 64]

0 1
4—2¢ 4—2¢ o — —
/d ky...d " kg _(%“ < | | [j]aj> 0, qge{p,k}, l=1,...,L. (3.3)

jeT

Eq. produces L(L + E) identities among different Feynman integrals, called in-
tegration-by-parts identities (IBPS)EI Other useful information is provided by Lorentz
identities (it has been proven in [66] that they can be constructed from the IBP identi-
ties) and symmetry relations between integrals.

As an example of how IBP identities are generated, consider the integral

[ir2 51“ 1 +g)] b i
~ = / L (3.4)

1One can understand IBPs as a consequence of the invariance of Feynman integrals under shifts of the
loop momenta, as explained in [65].
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Two identities can be written

4—2e;, O K+ B

/ dmk Ok [k2 — M2 [(k — p)2 — M?] 0, (3.5)
42e, O p B

/ -k Okt [k2 — M2] [(k — p)2 — M?] =0, (3.6)

and they lead to

0 =(1-2)~ -2+t @-2M)~ - (), (37
O:pQ(i) — >> (3.8)

One IBP relation can be derived for the subtopology

1+€)] d4 25k
(O = / TG : (3.9)

0 K
4—2¢ —
/ A%k — o T~ 377 0, (3.10)

(1-¢) () -M* () =0 (3.11)
Eqgs. , , and are combined to give
1 —25 —1+e¢
< > - ( } M2 4M2—p2)Q7
1 —€
Q Y Q

Hence the two Feynman integrals with a dot are expressed in terms of two simpler
integrals in an algebraic way.

starting from

to obtain

(3.12)

By using IBP identities, Feynman integrals can be expressed through a small set of
integrals. Elements of this set are called master integrals (MIs). Given the master
integrals for a set of parent topologies, all other Feynman integrals are computed as
linear combinations of the master integrals.

Finding master integrals requires a constructive algorithm. Ideally, this algorithm
should be optimized to select simple candidates for the master integrals in an efficient
way, since it becomes increasingly difficult to generate and solve IBPs beyond one loop.
The algorithm described in [67] is currently widely used in many computer programs
that generate and solve IBP identities.

To compute mixed QCD-electroweak corrections to Higgs production, we perform
the reduction to master integrals at two and three loops using the computer programs
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Reduze2 [68] and KIRA [69]. We find that Agng-Ew and AS)CD_EW can be expressed
as linear combinations of twelve two-loop master integrals and 95 three-loop master
integrals, respectively. The master integrals can be found in Appendix

3.2. Differential equations for master integrals

The evaluation of master integrals is a highly non-trivial problem. Indeed, a direct
integration over Feynman parameters is often prohibitively difficult, if not altogether
impossible. A different approach to the problem consists of considering Feynman in-
tegrals as functions of kinematic variables and internal masses, that satisfy particular
differential equations with respect to such variables [70-75]. By solving these equations
and imposing suitable boundary conditions, Feynman integrals can be fully determined.
The method of differential equations for master integrals has proven to be powerful and
versatile. Generation of differential equations for a given set of Feynman integrals is
implemented in many computer programs for reduction to master integrals, for example
in Reduze2 [68].

There are many different ways to employ differential equations (DEs) to compute
Feynman integrals. For example, the basis of master integrals I({s}, {M?},¢) for the
amplitude is differentiated with respect to kinematic variables {s} and internal masses
{M?}, and IBP identities are used to express the result in terms of I, leading to a closed
system of partial differential equations

0I(x,¢)
aXi

= Ai(x,e)I(x,¢), (3.13)

where x = ({s}, {M?}).

An additional relation for master integrals comes from the fact that they are functions
with mass scaling dimension F, therefore they satisfy Fuler’s scaling equation

Z [xi] Xiaiink(X, g) = Bpli(x,¢), (3.14)
Ej =2 [L(2 —e) - aj] : (3.15)

YN,

where I is the vector of master integrals, [x;] is the mass dimension of the variable x;,
and L is the number of loops. Practically speaking, the Euler’s scaling equation is useful
to check the consistency of the differential equations. A mismatch in this relation might
indicate either that the system of IBPs is not complete or that some master integrals
are not really independent.
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To give an explicit example, consider the basis of master integrals

QO

I(p?, M? ¢) = : (3.16)

<

The master integrals are differentiated either with respect to p? or M2, leading to

(0
) L =0 -
0 1 1 1 )
o = Ot (O e
(0

<8(M2) O - O ’ (318)
) |
lgam < =~

The IBP relations derived in Eq. (3.12]) are applied. Two closed systems of partial
differential equations, one with respect to p? and the other with respect to M?, are
obtained

o (L) ' ' L

(2 - 2 —2¢ ep? — 2M? ’ (3.19)
AT p?(AM? —p?)  p? (AM? —1?) O
1—¢
5 0
o (L) ) M O | 520

O(M?) C -2+ 2¢ 2 —4e C
M?2(4M? —p?) 4AM? — p?
The differential equations are consistent with the Euler’s scaling equation
0 0 Q
[QpQ— + ZMQ—] {}

o(p?) a(M?)
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0 0 2—2¢ 0

= A—de  2ep?—aM? | T | —4+44c  (4—8)M2 : =

AM? — p?2  4AM? — p? AM? — p2  AM? — p?

:<2_2€ 0) O . (3.21)
0 —2¢ AQf

EQ =2 26, EO = —2¢. (322)

since (cf. Eq. (3.15))

Master integrals possess a natural hierarchy given by their topologies, which translates
into constraints on the system of differential equations. As can be guessed from the
previous example, differentiating a master integral results in a linear combination of
integrals whose topologies are either the original one or subtopologies of it. This implies
that master integrals that contain fewer inverse propagators satisfy simpler differential
equations, and that Feynman integrals belonging to unrelated topologies do not interact
with each other. This rather simple picture is complicated by the fact that a single
topology may require more than one master integral to be fully reduced. The issue
appears already in simple topologies, for example in

: (3.23)

that requires two master integrals. A possible choice of these integrals is

: . (3.24)

The number of master integrals for a given topology usually increases with the number of
internal lines, going up from two for integrals with 3—4 internal lines to four for integrals
with 6-9 internal lines.

The presence of more than one master integral in a topology increases the complexity
of the differential equations, since integrals that appear in the course of differentiation
are reduced to linear combinations of all the master integrals of the topology. As a
consequence, the general structure of the matrix of coefficients of the equations is (after
rearranging the order of the single terms) lower block-triangular and relatively sparse.
The lower block-triangular structure allows one to use a bottom-up approach to solving
the differential equations: first the master integrals with smaller number of internal lines
are determined, followed by the master integrals with a larger number of internal lines,
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where simpler integrals appear as inhomogeneous terms.

3.3. Uniformly transcendental functions

Definition

Except for the requirement that master integrals form a basis, their choice is to a
large extent arbitrary. A natural choice [67, |68] is to use Feynman integrals with
a; € {—1,0,1,2}, giving a preference to simpler topologies with no inverse propaga-
tors in numerators. However, a system of equations for this choice of master integrals
rarely shows a simple structure, despite the fact that the master integrals themselves
are simple. In general, it is difficult to integrate a system of differential equations for
Feynman integrals, therefore obtaining a simple system of differential equations is an
important goal in practice.

To give an explicit example, consider once more the pair of one-loop master integrals
given by the massive tadpole and the massive bubble. They can be evaluated by a direct
integration over Feynman parameters

M? M? M2 (3.25)
+ e — {log2—2 —210g—2+2}
2 1 p
M? M? M? M?
+ 2 — |log® — — 3log> — + 6log — — 6
6 112 12 112
+0 (¢,

1 R+1 R—1
M = —Q— :E—logMQ—Rlog 5+ Rlog ——— +2
—1 —1
i —|—4logM210gR

+ Z [leogM2 log(p + 4) — 4Rlog M?log

R+1 R+1
+4Rlog M?log + 4log M?log + 2log? M? — 8log 21og M?

1 -1
—8log M? — 4R Li, (RQ—;) + 4R Liy (RQ—R) +2log?(p +4) — 8log 2log(p + 4)

+ 4log(p + 4) log

—8log(p+4) — 4Rlog(p + 4) log

1 R-1
— 2Rlog* ——
og R

R+1 R+
+4Rlog(p + 4) log + 4log(p + 4) log
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R—1 R+1 R+1 R—-1
+21log? T + 2R 1og? % + 2log? % + 4Rlog2log

—1 1 1 -1
K —4Rlog210gR+ —810g210gR+ +8R10gRR

R—1 R+1 R—1. R+1 R+1 (3.26)
— log —— + 41 | — 8log ———
SR log I + 4log 7 og 7 8log 7

—8log2log

—8log
+16 4+ 8log?2 + 16log2 | + O (%),

where R = +/(p + 4)/p, with p = (—p*)/M? and p? is the incoming momentum squared,
and p? fixes the mass dimension of the integral. The corresponding differential equations

are shown in Eqgs. (3.19) and (3.20)).

It is possible to derive much simpler differential equations and series expansions that
contains the same amount of information. Indeed, consider the rescaled master integrals

F - =¢ (Aj—;) () =1 (3.27)

F - =eM? (]‘Z—;)E\/ﬁ\/m@:
= —2¢ [log (Vo + /p+ 1) —3log2]
+ €2 {—Li2<1+% VP )+L12(1—1 VP )

2 " 2p+4a 2 2 p+4
+2log2 log+/p+4+2log <\/ﬁ+ \/p+4) log \/,0—1—4}
+0 (%) . (3.28)

The differential equations in the new pair of variables (M?, p) greatly simplify

F 0 0\ (F
A < ) — (3.29)
OMINF ) o o) \Fey
F 0 0 F
9 [T :5[ﬁ< ) ) 330)
Op \F -, Op \—2log (\/p+pT4) —2logyp+4 F

The choice of this new functions F is less “natural” at first sight but it leads to extremely
simple differential equations. Notice that

e F have no poles in ¢;

e constants that appear both in M and F can be related to powers of logarithms, in
the sense that
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— 7 comes from log(—1), therefore it can be associated with the “logarithmic
power” 1;

— ((2k), k € N, can be written as ¢n?*, with ¢ € Q, so that ((2k) can be
associated with the “logarithmic power” 2k;

— as a generalization of the above statements, one can assume that ((n) for
n € N has the “logarithmic power” n;

— and rational constants are assigned the “logarithmic power” 0;
e coefficients of " terms have uniform “logarithmic power” n in F;

e since - |
log"(z) < — =

w& &

the notion of “logarithmic power” can be associated with the number of iterated
integrations (where the constant terms arise from the integration boundary sy).

¢, ... dg,, (3.31)

These properties find immediate confirmation in the structure of the differential equa-
tions, which possess:

e a dlog-form with respect to the kinematic variables thanks to the fact that the
coefficient of " contains log" s terms;

e an e-homogeneous form, since the number of iterated integrations matches the e
power term by term in the expansion.

The above statements about GG can be made more rigorous by introducing the concept
of uniformly transcendental functions (UT functions) |76, [77]. These functions appear
naturally in supersymmetric gauge theories, where amplitudes themselves are UT func-
tions. Such results are extremely simple and compact and are expressed in terms of a
very specific class of functions defined by iterated integrations on a small number of ker-
nels, whose analytic properties are well known and allow to predict features of the final
result such as discontinuities and integration constants. Despite the fact that SM am-
plitudes are not UT, the evaluation of master integrals simplifies in the UT framework.
A rigorous discussion of the theory of UT functions is beyond the scope of this thesis;
moreover, it is still under an active study by both mathematicians and physicists, see for
example [78]. Below, a self-contained description of UT functions and their properties,
useful for the present computation, is given.

The main concept behind UT functions is the concept of weight. A function of weight
n can be written as n nested integrations of dlog R;(&;) forms, where R;(§;) are rational
functions

z En—1
W(F)=n <+ Fx) = / / dlog R,(&,) ... dlog Ry(&1). (3.32)

Constant values (such as 7, ((k), log2...) are said to have weight n if they result
from evaluating a weight n function at a rational point. Such assignment of weight has
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been shown to be unambiguous for a large number of cases. It is also important to note
that a product of two quantities with weights n; and nsy has weight n; +mny. This implies
that

e log" x has weight n;

e rational numbers have weight 0;
e 7 and logq, ¢ € Q, have weight 1;
e ((n), n € N, have weight n.

A function that admits a series expansion in the dimensional regularization parameter
¢ is said to be a uniformly transcendental function if and only if the coefficient of ¥ has
weight k, for all k € Zs,P|

UT functions and canonical Fuchsian differential equations

UT functions are naturally related to differential equations written in the form presented
in Eq. (3.30) which generalizes to [79]

dF(x,2) = Y Apdlog Ri(x)F(x,¢). (3.33)
keK

In Eq. (3.33) F(x,¢) is a vector of functions that depends on the set of variables x, K
is a finite set of points in the x-space, A, is a matrix with rational entries, and Rk( )
are rational functions of x. differential equations written in the form of in Eq. - are
called canonical Fuchsian differential equations.

A system of differential equations

0
aXZ'

F(x,e) = Ai(x,¢e)F(x,¢), (3.34)

is said to be canonical if the coefficient matrices are homogeneous in ¢
Ai(x,¢e) = eB;(x), Vie{l,...,dimx}, (3.35)

and it is said to be Fuchsian if it contains only simple poles (or, equivalently, d log-forms
with rational functions as arguments) in all variables x

=> Pixle) alOgR’“( Qlog Rulx) Vie{1,...,dimx}, (3.36)
kek Xi

where P, () is a rational function only containing .

2Equivalently, if one assigns weight —1 to the parameter e, a uniformly transcendent function is a
function of weight zero with no poles in ¢.
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Canonical Fuchsian systems of differential equations can be solved using a path-or-
dered exponential integral or a Dyson series [80]. The canonical form of the differential
equations implies that the number of iterated integrations is equal to the order in the ¢
expansion of the solution of the differential equation term by term. The Fuchsian nature
of the system allows us to straightforwardly assign a weight to each group of functions
resulting from iterated integrations over rational dlog forms. The solution takes the
form

F(x,e)= FU+

te Ux B(&) dgFY + Fgw] +
0

N " N (3.37)
+ &’ { / B(&) / B(&) dé& d&iFY + / B(&)deFSY + FP | +
ol |
where Fo =" z—:"Fén) is the vector of integration constants,
B(x) =) Ay dlog Ry(x), (3.38)

kel

and the integral fox is computed along the path v(0,x) (in case of a single scale problem,
x = x and a typical choice of (0, x) is the real axis interval [0, z]).

Thanks to the Fuchsian form of the matrix B, the nested integrals in Eq. (3.37) can be
expressed in terms of multiple polylogarithms [81} |82, or Goncharov’s polylogarithms
(GPLs) [83-86].

GPLs are defined recursively through the equation

1 .
—!log x, if m,, = (0,...,0),

r—— G(m,_q1;¢)d¢, if my, #(0,...,0),

G(my;z) = ] 1 (3.39)

where m,, = (my,, m,_1), and G(;z) := 1. The weight of a GPL is then the number of
entries of m,,. Each element of m,, is called a letter, while the set of all different letters
is called alphabet.

GPLs possess useful properties that follow from their definition in terms of iterated
integrals [8789]. They include

e scaling relation

G(Muy, .. .,my; ) = G(amy, ...,amy;ax) if my # 0; (3.40)
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e shuffle algebra
G(a;z)G(bx) = > G(c;x), (3.41)
cecaulb
where a LU b denotes the shuffle product of the lists a and b. The shuffle product
is defined as the set of all possible lists containing all the elements of a and b, for
which the relative order of the elements in a and in b is the same as in the original
lists;

e G(my,...;x) diverges for © — m,,. In particular, G(0,,...,0;2 — 0) is propor-
tional to lim,_,log"” = — oco. Exceptions are G(1,0,...,0;z — 1), which is finite,
and G(0,my_1,...,my;x — 0), which is zero if at least one of the m; is different
from zero;

e A value of a GPL of weight n at a rational point is given by a linear combination
of constants of weight n with rational coefficients.

UT functions and boundary conditions

To fully solve the differential equations, the integration constants F(()") must be fixed. A
unique solution for the Cauchy problem is usually achieved by using regularity conditions
and by matching the solutions to boundary conditions at a specific point xg. In this thesis
we rely only on the matching to boundary conditions to resolve the integration constants,
thanks to the fact that for this particular calculation all the boundary conditions are
constructed using a single and relatively simple technique (see Section and the
matching is performed in a systematic way.

For UT functions, the matching procedure greatly simplifies. By choosing a rational
point Xy as a matching point, the solution of the differential equations F(x,¢) is given
by a series in ¢ where the k-th order coefficient is given by a linear combination of
constants of weight k with rational coefficients. In parallel, also the boundary functions
L(e) (which correspond to F evaluated in x — x¢ and are constructed independently
from the differential equations) must be UT e-series with constant coefficients. By
performing the matching

lim [F(x,e) —L(g)] =0 (3.42)

X—X0

the integration constants Fy(g) of Eq. (3.37) can be determined order by order in ¢.

UT functions represent a useful tool for evaluating master integrals by integrating differ-
ential equations. First of all, they generate simple differential equations that are solved
as Dyson series that contain only Goncharov polylogarithms, which are well-understood
functions both analytically and numerically. The solution contains coefficients of weight
k at order ¥, so only a particular set of GPLs and constants can appear at each given
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order. The determination of the integration constants is also simplified by the weighted
structure of both the boundary functions and the solutions to the differential equations.

3.4. Large-mass expansion

To determine the boundary conditions for the integrals that appear in the calculation
of the gg — H amplitude we consider the case when the mass M? becomes infinitely
large at fixed s. In this limit the master integrals and the UT functions can be easily
computed using the so-called large-mass expansion procedure [90].

To construct the 1/M? expansion of a Feynman integral, we proceed using the method
of regions.ﬁ We note that in the case of mixed QCD-electroweak corrections to Higgs
boson gluon fusion a typical integral depends on two different scales: the energy of the
external legs p; ~ /s, and the internal mass M. To provide a non-vanishing contribu-
tion in dimensional regularization, the loop momentum k that flows through any sub-
set of internal lines has to scale either as k ~ /s or as k ~ M. All possible combi-
nations of scalings of loop momenta are allowed and have to be considered, provided
that momentum conservation constraints are satisfied at each vertex. In particular, a
large-momentum conservation law holds: large momentum k£ ~ M cannot be created,
destroyed or provided by external legs. For this reason it must flow through at least one
closed loop composed of the internal lines of a given integral. Once a valid momentum
scaling is identified for a particular Feynman integral, the integrand is Taylor-expanded
in all small momenta (both the external and the loop ones) and then integrated. This
procedure is performed for all possible momenta assignments and the results are summed
up to obtain the large-mass expansion of the original Feynman integral.ﬁ

As an example consider the master integral I; that appears in the NLO calculation

(see Appendix [B)). It reads

/ 22 (1 4+ 2)] 7 A2k A4 2 ky 42k (3.43)
(k1)? M2 12 [(k1 + ka)?) [(ka + k3)?] [(k3)?] [(ks — p)2]* '

where p? = s is the external momentum. Among all the choices of large and small
momenta that fulfill the large-momentum conservation law, only two configurations give
non-vanishing contributions. Indeed, it is possible that the large momenta flow through
the two-loop self-energy sub-graph and the small momentum flows in the “outer” loop,

3 An alternative approach, based on the decomposition in 1-PI large-mass subgraphs and co-subgraphs,
is explained in [90, [91].

4We note that a single choice of loop momenta is often insufficient to account for all possible flowing
routes of the large momentum. Multiple choices must be considered, and every new pattern of large-
momentum flow must be included to get a consistent large-mass expansion.
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or that all the three loop momenta are large (bold lines indicate large momenta)

}@L | s

Lines with large momenta “decouple” from adjacent propagators: they become tad-
poles that multiply a diagram obtained by shrinking the lines with large momenta to
a point. For the two possible kinematic configurations described above, the large-mass
expansion reads

R S
o

= @ N 2116)@ n o(((]\;))4) (3.46)

In the first case the result is exact since, upon the expansion, the tadpole produces a
term that cancels one of the propagators of the massless bubble. The large-mass expan-
sion of the master integral I7 is obtained by summing over the two possible momenta
configurations described above. The final result reads

M2 —+00 M2>s
X + + M + O 82
° 2—¢€ M8

(3.47)
All integrals that appear on the right hand side of this equation can be easily evaluated.

Clearly, the number of different momentum configurations that need to be considered
increases with the topological complexity of the integrals. Nevertheless, the large-mass
expansion always leads to integrals that are straightforward to compute, even in cases
with a large number of loops and many propagators. Indeed, upon expanding in s/M?,
the most complex integrals that arise are tadpoles and one-or two-loop massless triangles
and bubbles. All these integrals are well-known, see e.g. |92, |93].

In many cases the large-mass expansion produces no contribution at the integral level.
As an example, consider the two-loop master integral Iy of the LO form factor (Ap-
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pendix

(3.48)

Only the configuration where large momentum flows through all propagators may give

non-vanishing contributions
s
+0(+%)- (3.49)

However, as can be immediately seen by dimensional analysis, such a contribution scales
as O (M%) and, therefore, vanishes for M — +o00. Note, however, that such statement
may not hold true when considering UT functions obtained from master integrals, since
they may be multiplied by powers of M?. As a general rule, while Taylor expansion
in small momenta can be safely performed master integral by master integral, the limit
s/M?* — 0 must always be applied to the whole UT function.
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Chapter 4.
Two- and three-loop gg — H results

In this Chapter the results and the techniques discussed in Chapter (3| are applied to
compute the Feynman integrals that appear in the leading and next-to-leading order
functions Ag%D_EW and Agng-Ew-

4.1. Preliminary analysis

With the help of the computer program Reduze?2 [68], integration-by-parts identities are
generated and the reduction to master integrals is performed both for two-and three-loop
Feynman integrals. Using dedicated routines available in Reduze?2 differential equations
with respect to s and M? are derived for all the master integrals.

The first step in solving the system of differential equations is to redefine all but one
variable to be dimensionless. We choose
M2
5:=s, W= ——, (4.1)
s
where the minus sign in the definition of w is used to have a positive-definite variable in
the Euclidean region s < 0 and M? > 0.
Since s is now the only dimensionful variable, the dependence of any master integral
on it follows uniquely from their mass dimension. It is possible to factor out such
dependence via the rescaling

Ik(g,w,g) = (—3)7%7145116((,0,8). (42)

In Eq. (4.2), L is the number of loops and ay, is an integer determined by the canonical
mass dimension of the integral I,. The differential equations in s now reduce to

0sZ(w,e) = 0. (4.3)
The non-trivial information is contained in the dimensionless functions Z(w, ). The

goal now is to find a transformation of Z(w,¢) into a vector of UT functions F(w,¢).
The new system of equations will be solved using the methods described in Chapter
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4.2. Reduction to UT basis

Given a set of master integrals, it is not always possible to map them into a set of UT
functions. It was conjectured in [77] that in many physically relevant cases this mapping
is possible. While this statement has not been rigorously proven, it is expected to be
true at least for those cases in which the master integrals can be expressed in terms of
Chen iterated integrals. General criteria to find candidate UT integrals and functions
are given in |79} |94-96].

Even when a UT set of functions exists, its construction is a highly non-trivial pro-
cedure for which a universal algorithm is not yet known. For the calculations presented
in this thesis, a UT basis exists and the general procedure to construct the sets of UT
functions for two-and three-loop master integrals exploits the lower block-triangular na-
ture of the differential equations, following the ideas described in [79]. The plan is to
start constructing the UT bases from the simplest integrals and gradually move to more
complex ones.

Master integrals with the smallest number of internal lines can often be evaluated
by means of Feynman parameters or directly found in the literature, therefore their
UT versions are easy to construct. Having determined the master integrals for lower
topologies, the non-homogeneous terms in the differential equations of higher master
integrals are fixed, and the corresponding UT functions are determined by requiring
that the differential equations are canonical and Fuchsian. For all the cases considered
here this procedure has proven to be successful[f]

There are two main approaches to find UT expressions for master integrals. On the
one hand, it is possible to work directly with the master integrals themselves, modifying
the powers of the inverse propagators. This process is usually attempted first, in order
to remove poles in € and to bring the system as close as possible to an e-linear form.
On the other hand, the matrix of coefficients of the differential equation can be used
to construct algebraic transformations to cast the system into a canonical dlog form.
This is usually done as a second step, in order to remove non-Fuchsian poles from the
differential equations and to bring the system into a canonical form.

Manipulating master integrals

The considerations described below allow one to choose master integrals that are close
to UT ones. These considerations are not algorithmic, but they have proven to provide
useful guidelines on many occasions.

First of all, candidate master integrals are found by adjusting powers of the inverse
propagators. It is well understood how to do this to obtain a canonical form for simple
integrals, such as bubbles and triangles where one of the guiding principles is to ensure
that integrals are free from ultraviolet divergences. After that, the candidate integrals
are multiplied by a polynomial in e of the form £ (c; + ¢2¢)®2, to bring the system as

'The canonical dlog-form of the differential equations alone does not guarantee that the solution will
be UT, since mixed weights might arise in the integration constants.
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close as possible to a linear e-form [97, 98|

OF(x,¢)

aXi = [Al‘,()(X) -+ &TAZ'J(X)] .F(X, 8). (44)

Building-block approach

A graphical method that helps to select the right powers and prefactors for an integral
is the building-block approach. A given master integral can be viewed as a collection of
sub-integrals (such as bubbles, triangles, boxes...). A UT version of the sub-integrals is
constructed. Typically, a UT version of the initial integral is found once all the building
blocks are put back together. The effectiveness of the building-block approach decreases
as the topology grows in complexity.

Consider for example the three-loop master integral 4

_ 1 / d472sk.1 y
in2<T(1+¢)]° J [(k1)? = M2™ [(ky — p1 — p2)? — M?]™

d4_28k}2 d4—2ak2
X |:/ [(k1+k2)2]a3 [(k2)2]a4 / [(1{71+k3—p1)2]a5 [(k3>2]a6 . (45)

The integrals over ky and k3 are one-loop massless bubbles with external momentum £k;.
They read

ny

_ 1 / =%k _
Ay T ET o) R  R o

B (_k_%) - (kQ)g_m_nQ L(ny+ng+e—2)I2—ny —e)T(2—ny —¢)
/,LQ ! F(nl)F(ng)F(—nl — N9 + 4 — 28) ’

therefore Eq. (4.5 can be rewritten as

/ Cug01(2) Cag 05 (€) lir* T(1 + )] 4>y _
[(k1)? — MQ]al (k1 — p1 — p2)? — M2]a2 [<k1)2]a3+a4+a [(ky — p1>2]a5+a6+5

as + ag (437)

—2+¢€

— (ja&a4(€)(ja&a6(€) as+a

—2+¢

where C,, o, and C, 4, contain Euler gamma and rational functions of ¢.

One possibility to obtain a UT structure is that both the functions Cy, ., and the
Feynman integral are UT functions. A UT form for the massive one-loop triangle is
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known to be

g . (4.8)

The values of the powers a; are constrained by matching the Feynman integral of Eq. (4.7))
to Eq. (4.8)). ¢ is set to zero while matching the powers of the denominators. We find

as =2
as + ay N ay 7 (49)
a5—|—a6—2 =0 as =1

ag =1

in this way also the functions C, ,, and C,; 4, are fixed. What remains to do to get a UT
function now is to construct an e-prefactor to make the two bubbles UT. By expanding
Eq. (4.6) and requiring uniform weight we see that

€ , e(1—2e¢) : (4.10)

are UT functions. Upon combining the three pieces together, a UT function for I, is
found. It reads

P oe T omew

= (1 —2¢)

(4.11)

Unitarity cuts

Another useful procedure to select candidate integrals for the UT basis is to inspect the
generalized unitarity cuts of the master integrals, as explained in [79,99]. The idea is
that by replacing a propagator by a Dirac delta function 1/(K?*—M?) — §(K*—M?), the
differential equation that an integral satisfies does not change except that all integrals
on the right hand side where this propagator is not present are set to zero. Thanks to
this observation, by cutting a master integral in different ways it is possible to inspect
different subsets of the differential equations that it satisfies. By replacing all propagators
of a given integral with Dirac delta functions (mazimal cut), differential equations which
involve only master integrals of the highest topology are obtained, since all other integrals
drop out [100].
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Note that the analysis of the cuts can be simplified by using the so-called Baikov
representation [101, |102]. Without going into details, we note that a UT integral must
have a d log representation for all its cuts and unit leading singularity, i.e. only constant
prefactors [79)].

For the present calculation integrals with many propagators are required; they satisfy
complicated differential equations with up to four coupled master integrals appearing in
the same topology. The study of all the different cuts is therefore prohibitive and in most
cases only maximal cuts can be computed. As explained above, the latter only allows us
to inspect parts of differential equation that correspond to the highest topologies. What
is usually done then is to look for a master integral I such that its maximal cut is of the
d log-iterated form

I = C’(x)// dlog R, (x,&1,...,&,) ... dlog Ry(x,&1), (4.12)

where C'(x) is a function of the kinematic invariants x and R(x,&,. .., &) are rational
functions. If this requirements are fulfilled, the integral I is often a good candidate for
the UT basis.

Once the dlog-form is achieved for the maximal cut of all the coupled highest-level
master integrals, the homogeneous part of the equations is ensured to be canonical. Of
course, integrals of lower topologies that appear in the differential equations still do not
have a a canonical form, but the study of the maximal cut has proven to be sufficient to
provide a good starting point for the successful application of other methods.

Consider as an example the one-loop massless box with all incoming momenta

P1 P4

_ (72 °0(1 +¢)] " d* 2k
B / (k — p1)2(k)2(k + p2)2(k + ps + p3)? (4.13)

First, we rewrite the integral in terms of Baikov variables using the Mathematica routines
provided in [102]. The Baikov variables for this example are defined as

ry = (k—p1)? 2 = (k)%

(4.14)
3 = (k+p2)? a1 = (k+ps+ps3)

47



and give

P1 P4

B / dzy dry drs day 1 o

I'(l1+¢e) wzixom3my
b by (4.15)

x [45H [=st(s 4+ 1))7 [s* (£ — 2t(z2 + 24) + (x2 — 4)?) — 2t (t(m1 + 23)+
_1
— o3 — T4%3 + 20904 — T1(T2 — 223 + 14)) + 12 (21 — z3) ] - 2} '
This integral is quite simple, therefore we can inspect all its cuts and explicitly construct

a function showing the dlog-form of Eq. (4.12)) with unitlieading singularity C(x) =
We include the a numerator of the form

N = C() + 01111 + 02272 + 031‘3 -+ C4[L'4 + 01127% + CQQ.T% + Oggl‘g + O44fL’Z+

4.16
+ Ciar129 + Ci3z123 + Craz1274 + Cogxoxs + Coszowy + Csax374, ( )

in order to consider also subtopologies in our analysis. We work in D = 4 (¢ = 0) for
simplicity.

The maximal cut is obtained by replacing all propagators with Dirac delta functions

1

T1T92X3T4

We integrate in D = 4 and find

(4.18)
To have unit leading singularity for the maximal cut we must impose
CO = st or C() =0. (419)
We cut now only three propagators, for example 1, xo, and x3. We get
C t2Cyq +tCy + C C
- N oc/dx4 0 —( aa PGt O)—ﬁ ) (4.20)
sty st(xy —t) s

We see immediately that Cyy must be set to zero to eliminate the only non-logarithmic
part of the expression. To have unit leading singularities in all logarithms we must
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impose

Cu =0 Cu = Cu =0 Cu =0
Cy, = or Cy = or Cy -8 or Cy =

CQ =0 OO = st Oo = st O() =0

(4.21)
A similar result is found for other cuts involving only three propagators

011 = 022 = 033 = 044 = 0, (422)
Cy ={0,%t} = Cs, (4.23)
CQ = {0, ﬂ:S} = C4. (424)

The same procedure is applied to integrals with one or two cut propagators. In this way
we obtain the additional constraints

012 - 013 = 014 == 023 == 024 = 034 = O (425)
A set of UT candidates is therefore

Ci=0,=0C3=C;,=0 and Cy=st = st , (4.26)

C():Cl:CQ:Cg:O and C4:8 = 8}(:1?;, (427)

O() = Cl = 03 = 04 =0 and 02 =S = S , (428)

Co=Ci=Co=Cyi=0 and Cy—t = tiﬁ, (4.29)

CO = 02 = 03 = 04 =0 and Cl =t = (430)

All the other candidates are linear combinations of these five. The triangle integrals are

not independent, since
}Cé - Eﬁﬁ{i (4.31)

(4.32)
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The basis of master integrals is constructed using both the triangles and the box, rescaled
by €2 By defining z := t/s we find

I(2) = s)1+e Ej@i : (4.34)

and the related differential equations read

10 0 0 0 0
dI
d(z):g dlogz| 0 0 0 [+dlogt+2z) | 0 0o of|I¢:). (435
z

2 0 -1 2 2 1

Consider the basis of master integrals for two-loop diagrams described in Section
For master integrals like I, I, and I;; the power of the denominators and the form of
the prefactors are fixed by checking the explicit expression of the integrals. For the other
master integrals a combination of the building blocks method and direct inspection of
the differential equations leads to a basis whose equations are linear in ¢, cf. Eq. .

Filw,e) = 52(5—1)(—5)2€%S$<, (4.36)
Fa(w,e) = —52(—3)25+1(w+1)>@*7

(4.37)

Falw,e) = —*(=s)* M (w+1)

Filw,e) = 53(—3)25“2%, (4.39)

2This choice of master integrals is equivalent to the common one in terms of s-and t-bubbles, since

st plrel

, (4.38)
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Fs(w,e) = & (—s)*Tw §§>-—
Folw,e) = —52(—5)2€+2>@—, (4.41)

f7(w,€) — 84(_S>2s+1

, (4.40)

(4.42)

Falw,e) = e*(—s)*t!

Folw,e) = 54(—5)25+2(4w+1)ﬁ>, (4.44)
Fiolw,e) = &?2(—5)25+1><%, (4.45)

Fi(w,e) = —&*(—s)*"? : (4.46)

Fiolw,e) = —&*(1—2¢)(— )28+2w><§y. (4.47)

Manipulation of differential equations

, (4.43)

A particular choice of master integrals often leads to a system of differential equations
which is linear in € or, at least, polynomial in €. In many cases, such a system can be
put into a canonical dlog-form by an additional basis transformation that can be found
by a direct inspection of the matrix of coefficients A.

Euler’s variation of constants

Starting from an e-linear system of differential equations of the form given in Eq. (4.4,
the e-independent part can often be removed. In a single-variable case, the e-independent
part of the system is removed by applying the matrix

N Sk—1
Sao(w) = Prel 20O — Z/ Ao(&)- / Ao(&k) dé ... d&, (4.48)

to the original set of functions F(x,¢), leading to

F(z,e) = ggol(a:)]:(:c,é), (4.49)
TD) g3 (@) ()8, () (. ) (4.50)
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A different way to construct the above transformation by means of algebraic operations
is given in [97]. For the calculations presented in this thesis the basis change has always
been obtained using Eq. to take full advantage of the sparse nature of the matrices
Ay, cf. [9§].

In case of a n-scale problem the above construction is iterated over all the variables,
one after the other

A &
Spy (%) = Py e Asole) e Z/ Ao(61,%) / A6, %) . A&y, (4.51)

0

leading to
F(x,e) = A_n’o (x)... SZ}YO(X)}"(X, e), (4.52)
OF(x,¢) A A\
o = E0m0(X) Sl () Ain (%) 5410 (%) - - S, (X)F(x, €) (4.53)
where
Ajo(&,X) = Ajo(xX1, ., Xj-1, 8, X415 - -+, Xn), (4.54)
fk: (Xl,...’xj717€k7xj+1’...,Xn>. (455)

It is not always possible to integrate out Ag(x) in the presence of off-diagonal terms
and even if the procedure works, the Fuchsian form of the system is not guaranteed to be
preserved. Nevertheless, this procedure provides a practical way to achieve a canonical
form for the majority of differential equations relevant for the present computations.

As an illustration consider the coupled system of differential equations for integrals
Fy and F3 (Egs. (4.37) and - The e-independent part of the differential equations

reads
i = — ) (4.56)
wir) «+tllo 1/)\AH

We integrate Eq. (4.56) and obtain

F (G ) —1 —2w
=5 ’ So = ’ (457)
.Fg 63 0 w—+1

where Cy and C3 are the two integration constants. Since the above solution satisfies
the system of differential equations for arbitrary C, and Cs, the matrix Sy satisfies the
original differential equation

4, 1 (0 =2\ |
=0 So, (4.58)
dw w + 1 0 1

52



and can be considered to be a part of the (12 x 12) matrix S 4,- Finally, F = S L F reads
2w

w+1 + 2w
1+w 459
1
F, = F = 25“ .
3 1+ w 3

The system of differential equations for the functions Fy and F3 is guaranteed to have
a canonical form. Moreover, the overall Fuchsian structure is not spoiled by the trans-
formation

F2 = —F2+ fg = —E( 2E+1

2 4
da [F2 w+ 1 w+ 1 F,
F3 S —— - = F;
w+1l w w+1l w

The procedure is applied block by block to Ag + £A4; (cf. Eq. (4.4)) and the system
of canonical Fuchsian differential equations is found. The canonical basis reads

Fi(w,e) = &*(e— 1)(—3)2€~@<, (4.61)
(w+ 1)>@7 + 2w>@7] , (4.62)

, (4.63)

FQ(W,&) — _62(_8)25+1

Fi3(w,e) = &*(—s)**!

Filw,e) = &3(—s)*™ (4.64)

-7 9

—(—s)%*? —— E%] : (4.65)

Fo(w,e) = & [(1 —5)(_5)26_”‘;4”\@< N Chs 1)4\/1 + 4w ? =
(—s)2EHL 4 (—g)2 (W+1);/m j S N

53



+(—8)*2wV1 + 4w >@—] , (4.66)
Fi(w,e) = e*(—s)*™ % (4.67)
Fs(we) = &'(=s)*" }}k (4.68)
Fo(w,e) = &'(=5)*"Viw+1 W (4.69)
Fip(w ) = 52(—3)2€+1>(:}L, (4.70)
Fi(w,e) = —eX(—s)*2Vaw+1 m (4.71)

1-— 1
F12(w’6) _ E2 [ > 5(_8)25@< +( 26+10J + >@7+
(-5 2s+1w+ 1 ?g 4 (—s)2t2 >®7+
28+2>C>©7 + 1 o 28 2€+2 %] 4 72

For larger sets of coupled master integrals or for master integrals with a larger number of
denominators, the differential equations become too complex to be put into a canonical
dlog-form only by a clever choice of propagator powers and prefactors, or by integrating
out non-homogeneous terms. When considering single scale integrals, like the two-and
three-loop master integrals discussed in this thesis, the algebraic algorithm presented
in [94] is applied. In practice, the implementation of this algorithm in the program
Fuchsia [103] is usedE| Similar techniques described in |95, 96] have also been used,
together with their implementation in the Mathematica package CANONICA [105].
Despite the power and versatility of these algorithms, their blind application to the
systems of differential equations results either in a failure of the procedure to reach

Algebraic transformations

3Recently, the program Libra [104] became available. It has not been used in this thesis.
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a canonical Fuchsian form or in an incorrect redefinition of the master integrals that
have already been fixed. In the second case, the new system shows a canonical Fuchsian
structure, but the integration constants F( will be, in general, not of an uniform weight
n. Again, by carefully selecting the master integrals and choosing their prefactors in such
a way that at least no poles in ¢ are present, it is possible to overcome these problems.

As an example, consider the three-loop master integral I; from Eq. (3.43)). Its UT
version, obtained using Fuchsia, reads

(—s)* [ 65°w(e — 1)e @ e2(e — )?@7—1—
—3s(w — 3)? ;@7 6(s —1)e w)é;%

Notice the coefficient (¢ —w) that multiplies the last two master integrals: this prefactor
cannot be obtained by means of the other techniques explained above, since it mixes &
with w.

(4.73)

4.3. Canonical dlog-form

The differential equations obtained from a UT basis of Master Integrals are homogeneous
o dF(w,¢) = edB(w)F(w,¢), (4.74)
For both the two-and three-loop cases the matrix dB can be written in the dlog-form
dB(w) = B, dlogw
+ By dlog(l+ w)

+ By dlog(l + 4w) (4.75)

V1+4w —1
V1+dw+1’

where B;’s are matrices whose entries are rational numbers.

+ B; dlog

It is convenient to remove the square roots to get Fuchsian expressions. The new

variable
CVl+dw -1 (4.76)
VIt dw+1] '
is introduced. The differential equations become
dF(y,e) = edC(y)F(y, e), (4.77)
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Figure 4.1.: Different cuts of the parent topologies. A bold line is used to indicate the
extra propagator present in the three-loop diagrams.

dC(y) = Cy dlogy

+ Cy dlog(l —y)
(4.78)

+ Cy dlog(l—y+y?),

where, again, the matrices C; contain rational numbers. The system can be integrated
in terms of GPLs in y by defining the integration kernels

1 1 1 % — 1
0Gy) ==, f(liy)=—— Ffl—Ly =—" ) = 2~ (479
f(0;y) m f(Ly) T f(=Ly) R f(ry) pp—— (4.79)
Then y
Glmu i) = [ Flmir)Glm,-ii7) dr (4.50)
0
where f(r;y) is a short-hand notation for
2y — 1 1 1 im
flriy) = = + = flry) + frsy), e =730 (481)

l—y+y2 y—ry y—r_

The functions f(ry;y) are necessary only for numerical evaluation, while the integration
of the differential equations can be performed using the quadratic form indicated with
the symbol 7 [106} [107]. Indeed, thanks to the linearity of both the differential equations
and the GPLs, it is always possible to express generalized GPLs in terms of the canonical
ones

G(l...,ryo.5y)=G(..or—, .. 5y) + G ey oY) (4.82)
One can relate the discontinuities of the logarithms in Eq. (4.79) to the discontinuities

of the Feynman integrals present in AS&D_EW and AgéD_EW. Indeed, all parent topolo-
gies both at two and three loops have the same cuts, as the graph in Fig. shows.
The branch points are:

26



Table 4.2.: Prescriptions for analytic continuation and different kinematic regions for s,

w, and y.
Definition Prescr.  Euclidean r. Minkowski region
Below thr. Above thr.
s s+i0F —oco<s<0 0<s<4M? 4M? <5< +o0
M? ) 1 1
w=—-—— w410 0 <w < +oo o0 <w <~ —Z<w<0
s
V1 —4M?/s—1 .
y = /s y+i0t O<y<l1 . 0<f<m —1<y<0
1—4M?/s+1
e y—1=0 = s=0 from all on-shell massless lines

(type A in Fig. |4.1));

e Y —y+1=0 = s=M? from one on-shell massive line and all other
on-shell lines being massless (type B);

e y+1=0 = s=4M" from two on-shell massive lines (type C);

o y=0 = s — oo  since Feynman integrals are analytic functions
in the complex plane.

Table summarizes the changes of variables that have been used so far, prescriptions
for their analytic continuation and Euclidean and Minkowski regions for each of them.
Note that the two-and three-loop integrals that contribute to gg — H are strongly
divergent in the ¢ — 0 limit. The divergencies start at ¢ * and 7% for the two-and
three-loop integrals, respectively. Moreover, in order to extract a finite remainder from
the virtual contributions, the LO amplitude must be calculated up to order €2, according
to Eq. . All UT functions are constructed to be free of e-poles, therefore both the
two-and three-loop master integrals must be evaluated up to order 5 (corresponding to
weight 6). The time needed to produce numerical values with this precision is relatively
small, never exceeding one hour for single UT function on a desktop machine, thanks to
the fact that GPLs are evaluated at y — 1.

4.4. Determination of the integration constants

Integration constants are determined by matching the large-mass expansion of the UT
functions to the solutions of the differential equations in the limit y — 1E| As it was

4This limit corresponds to M? — o0, or w — oo.
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Table 4.3.: Constants appearing at each order in ¢.

Weight 0 1 2 3 4 5 6
o 2 4 WQC(?’) 70
Values 1 0 ¢(3) T 5) c(3)

discussed earlier, both the boundary conditions and the solutions can be written as
rational linear combinations of UT-weighted constants.

Analytic expressions for GPLs with complex letters e*™/3 evaluated at y = 1 are
available [108]. Instead of evaluating one by one all the GPLs at y = 1 and then
add the resulting constants, we evaluate the whole linear combinations of GPLs order
by order in € with very high precision, and match the result to a linear combination of
weighted constants. This procedure is more efficient than the determination of constants
for each integral separately, as it automatically accounts for possible cancellations of
constants between different GPLs. TheAnsatz for constants appearing at a given weight

is constructed as follows:
€° rational numbers;
er m, log?2;
g weight 2 products of the previous constants;
¢(3), weight 3 products of the previous constants;
ge* weight 4 products of the previous constants;
¢(5), weight 5 products of the previous constants;
weight 6 products of the previous constants.

The UT solutions written in terms of GPLs are evaluated with high precision at y = 1
using an implementation of the program GINAC [86] in Mathematica [109] and their nu-
merical values computed to at least 750 digits of precision are matched to rational linear
combinations of elements of the Ansatz using the PSLQ algorithm. The integration
constants are determined and are written as linear combinations of the UT constants
listed in Table 4.3, with rational coefficients. At weight 1, all integration constants are
zZero.

At two loops, the large-mass expansion of any integral vanishes except for the following
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cases

T(1+2e)0(1—¢)

Li(y.e) = ~(1-9)* A(1+e)

= —% +e[-2G(1;y)] + & {—4G2(1;y) - %2} +

+&° —C(3) - gG(l;y) [8G*(L;y) +W2}] +
+ & ——gG(l;y) [4G%(1;y) + 7°G(1;y) — 3¢(3)] — ;T—;] +
' ) (4.83)
+ &° _§§(3) [24G7(Ly) + 7] — 4—5G(1;y)><
x [192G*(1;y) + 80m°G*(1;y) + 97*] + 3¢(5)] +
e Z514(3) [8G*(1;y) + 7°] G(1;y) +12¢(5)G(1; ) — %Gﬁ(kgﬂ
—%%204(1;@ - §W4G2(1;y) —¢*(3) 2;7:501 +
+0 (87) ,
Lay.e) = (1 -y HE2ZEE=S)
- 1 efay) + 2 s + T+
+é° éG(lsy) [8G*(L;y) + m*] — 2((3)] +
4+t -gG(l;y) [4G3(1;y) +m2G(1;y) — 3((3)] + 7;—;1 +
+ & _—24(3) [24G*(1;y) + 7] + %G(l;y) [192G"(1; )+ (4.84)

+80m°G*(1;y) + 9] — 6¢(5)] +

e -_§<(3) [8G*(Liy) +7*] G(Liy) — 24C(5)G (L y)+

4
+45 (646G (L) + 407°G* (L) + 97'] G2 (1 y)+
6176

2 2
+2¢°(3) + 1390

+0 (g7,

+
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4e FQ(]' - 6) _
N(1—2)

= % +e2G(1;9)] + & [4G2(1;y) — 7{—;} +

Lio(y,e) = (1—v)

+ 63% [16G%(1;y) — 7°G(1;y) — 3¢(3)] +

4

[\]

+ &t [——G(l;y) [—8G3(1;y) +m2G(1;y) + 6C(3)] T +

80

w

4 1
+&° {—8C(3)G2(1;y) + %G5(1;y) - §W2G3(1;y) — —m'G(Ly)+

20 (4.85)
4+ %(3) - 3C(5)} +
e [24(3) [ = 166%(1)] G(139) = 120()G(L )+
+%G6(1;y) - §”2G4(1;y) N %W4G2(1;y)+
) 797
+B) - 30240]
+0 ().

The integration constants are fixed using the above expressions in the large-mass expan-
sion. They read

0 1 0
F) = 5 Fiy = 1,
F{) = 0. Foz = 0.
2 2
2 m 2 s
Fi) = 5 Foy = BER
FP) = ¢(3) FP) = —10¢(3)
01 = ¢(3), (4.86) 0.2 ¢(3), (4.87)
4 4
4 T 4 1171—
F(()% = _%’ F((),% = = 90 ’
5o 1 1072¢(3
R = 5 [73) +9¢6)]. w = )
6176 12176
FO _ _2ay ©) _ =002(3) _
01 ¢ 3780 Foz = 50¢°(3) 1890
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=
EX
2

o> RG> R R
o8 LR L2

sk
SE

(5)

=

g
S804

0,
0,
2
EJ
8¢(3), Ls8)
Tt
ﬁa
48¢(5) — 3m°¢(3),
12775 )
o160~ 28CG),
0,
0,
2
—5
—4¢B), (4.90)
417t
180
m2¢(3) — 30¢(5),
9 9770
0,
0,
0,
¢(3),
5 (4.92)
ﬁu
2
B 4 6e(s),
3¢%(3)  13x°
> om0

) (4.89)

(4.91)

(4.93)
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0 )
Fia = 0. Fifl =
2 2
2 ™ 9 T
Fio = —3- T —-
(3) (3)
F = =24 s F = —92((3 7
t f @ (4.94) oI i( ) (4.95)
p) — 157 PO _ T
0,9 45 0,10 10’
4672((3 72¢(3
P = 00, Fo = = ecs),
3977T6 7971'6
F(G) — 9642 F(@) _ o2 _
F, =0, F{), = 0,
F(()gl =0, F((H2 = 0,
2 2
2 ™ ) -
F((),%l = E’ F(()7%2 E’
3 _ (3)
F0,11 - 2C(34)7 (496) F0712 4<(34)7 (497)
FW _ T F& TTm
0,11 3607 0,12 —720 ,
5 3m2¢(3
Fily = 60(5) —7°¢(3), ), = 30¢(5) _#7
ATr® 171175
F(G) = —6¢%(3) — —— © _ o 2
o O = o Fo12 s0za0 ~ S06 (3)-

The basis of three-loop master integrals has been determined following the same steps
as discussed here for the two-loop case. However, by adding one loop, the size and
complexity of the expressions grow considerably, as well as the number of strategies em-
ployed to obtain and integrate the UT basis. The intermediate expressions are therefore
not suitable for providing useful and self-contained examples, but the complete UT basis
is available in Appendix [B]

All the UT functions both at two and three loops have been checked for at least two
different values of s and M? against numerical results obtained using the programs
SecDec [110] and pySecDec [111]. In all cases agreement was found. Analytic expressions

for both the two-loop and three-loop contributions are given in the ancillary files of |1,
2].
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(a) Cut for s > 0 at LO. (b) Non-zero contribution to the cut
for s > 0 at NLO.

Figure 4.2.: Examples of cut diagrams contributing to the discontinuity
for 0 < s < mjy .

4.5. Final result for gg — H amplitude

Despite the presence of poles up to order e# in the individual integrals, the LO ampli-

tude is finite, since all the poles cancel when all diagrams are added. At NLO, where ¢~6
terms might appear, the virtual amplitude diverges as £~2 so also here a cancellation of
higher poles happens, as expected from Eq. .

Two-loop and three-loop results are combined as explained in Section[2.3] The analytic
expressions for the mixed QCD-electroweak contributions of Eq. from Section
are given in Appendix Both AS)CD_EW and Aggg_)EW depend on y through either
GPLs or rational expressions. The NLO part also depends on p? through the logarithm
log(s/u?), on Ny, and on Ng. Taking my = 125.09GeV, my, = 80.385GeV, my =
91.1876 GeV (see [22]), Nc = 3, Ny =5 and ug = /s = my, the following numerical
results are obtained

AY = A pw(my/mYy, i /m3 = 1) = —6.880846 —i0.5784119

AY = AQp (i /m3y, i /m3y = 1) = —10.71693 —12.302953,
(4.98)

A AL (2 Sy, i fm2, = 1) = —2.975801 —i41.19509,
A — AQED) 2 22 e 1) = —11.31557 —i 54.02989
w = AQep-ew\ Ty /My, - /My = ) = . 104. .

Considering the amplitude as a function of s = m?% and the analysis of the cuts con-
ducted in Section [4.3, one expects both A©® and AGF™N) to show a similar ratio between
real and imaginary parts, since both receive imaginary contributions from discontinuities
at s = 0 and s = mjy,, (s = 4my,z does not contribute since mjy, , < m¥ < 4mi, ).

A Mathematica-readable form of the expressions is available in [2] or at https://www.ttp.kit.edu/
_media/progdata/2017/ttpl17-047/anc.tar.gzl
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However, the difference in the relative importance of imaginary parts at NLO compared
to LO is striking. The reason for this can be traced back to the fact that, contrary to
expectations, the LO amplitude is actually real in the region 0 < s < m%/v, 4, and that
the discontinuity at s = 0 contributes only to the imaginary part of the NLO amplitude
[50].

To better understand this point, note that the imaginary part of the LO amplitude
in the region 0 < s < m%M , is obtained by cutting through the fermion loop so that it
corresponds to the sequence of physical processes gg — ¢ | ¢g — H, see Fig. [4.2a)
Since the Higgs boson cannot couple to massless fermions, this contribution must vanish.
It is important to stress that this is a feature of the amplitude, and it does not hold at
the level of individual master integrals.

The same is not true at NLO, where more cuts contribute to the discontinuity at
s = 0. In particular, a cut through a gluon loop provides a non-vanishing contribution
to the imaginary part of the amplitude for 0 < s < m%/ , from the re-scattering process
99 — 99 | g9 — H, see Fig. 4.2b|
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Chapter 5.

Soft-gluon approximation

5.1. Hadronic cross section

To compute the next-to-leading order cross section for Higgs boson gluon fusion both
virtual and real NLO contributions have to be included to obtain a physical result. At
next-to-leading order, the partonic process that we are interested in reads

g+g9g— H+X, (5.1)

where X describes the additional QCD radiation. The inclusive cross section up to next-
to-leading order reads

1 1
oppsn (PLhs Pon) = Z/o dzy /0 das fiyp(21) fi/p(22) [Ug}gH + UgiOH} , (5.2)
1,]

where 0}, ;; and 03", are finite contributions to the gg — H cross section that depend

on the momenta of the incoming gluons p; = x1p1, and ps = xopap. p1p and psj are
the momenta of the two incoming protons.

As long as the Higgs boson is the only particle in the final state, the only possible pair
of initial partons is a pair of gluons. The expression for the leading order differential
cross section is

5,00, MO (012 qp-1
oty = =52 -y 228 2m) P60 (p1 + py — par) (zw)agpg ’
H

ii—H = o (NZ — 12(D —2) (5.3)

where s = 2p; - po = 2x129p1 , - P2, and the sum over polarization and color indices is
understood. The leading order amplitude reads

pl,Al,Cl plaAlacl
A A2
M( )0162 = --t EW - - - (5 4)
P2, A2, €2 P2, A2, ¢
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The QCD and EW amplitudes have been defined in Section [2.1|, Eqgs. (| and .,
respectively. The cross section is finite in D = 4 dimensions.

The next-to-leading part of the cross section contains different contributions, each one
being divergent if taken alone. Renormalizing the strong coupling constant ag in the
MS scheme, the cross section is written as

2
o) as(i?) ( 50 0 e} (0
Tioam = O+ Ol + Tors (PZ(_Bk ® O + T ® Pj(—2k> : (5.5)

In Eq. (5.5)), the functions ]51(0) are the Altarelli-Parisi splitting kernels and the symbol

—k
® indicates the convolution of two functions

wl®gﬂoa=14 4 dy g1 ()92 (4)3 (= — 2y). (5.6)

The virtual contributions are written as

(001122 o g(1)ere2
5. 5 23% |:M cico M )\1)\2:| dD—lpH
do; = 2999 271)P§(P) — —_— 5.7
with
P1, A1, ¢
A1
M = EW [ - — (5.8)
P2, A2, 2 P2, A2, 2

where higher order terms are defined in Section 2.1] Egs. (2.2) and (2.6). The virtual
contributions contain both soft and collinear IR divergencies, according to Catani’s

formula, Eq. (2.22)) and (2.23).

The real emission contributions may contain terms where initial states different from
gluons play a role: the presence of an extra colored particle in the final state allows to
select also quarks as incoming particles. In principle, all channels

g9 — Hg, q9 — Hq,  qg — Hq, qq — Hg, (5.9)

contribute to doj}_,; and should be considered. These contributions contain soft and
collinear divergencies that are cancelled by similar poles in the virtual contributions, and
an additional renormalization of parton distribution functions. This renormalization
reads

190 (a) = ﬁm@w%+%§9[rﬂ®m4< 0@ (610)

It produces the last term in Eq. (5.5)) and removes the collinear divergencies still present

in doy_,p+dogt The full next to leading order cross section oN"9; is therefore finite

ij—H " ij—H
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A

(a) g9 — Hg. (b) g9 — Hg.
(c) g9 — Hg. d) qg — Hyg.

Figure 5.1.: Examples of Feynman diagrams for NLO real corrections to gg — H.

in D = 4 dimensions.

Real emission corrections

The real emission corrections consist of 66 Feynman diagrams (up to crossings) that

contribute to the amplitude at order ozz/ ’a? in the coupling constants (see Fig. .
These diagrams contain two-loop four-point Feynman integrals, both planar and non-
planar, that depend in a non-trivial way on four kinematic scales (s, t, u, and m?,). Their
reduction to master integrals and subsequent evaluation is a challenging tasks [112]. A
different approach to the calculation is presented in [113], where the NLO contributions
are evaluated in the small mass limit for m?..

It is possible in first approximation to neglect quark-initiated contributions (qg, gg,
and ¢q) since they are suppressed by low luminosity, as explained in [114]. In the QCD
case, when considering gluons in the initial state, the real emission contributions are rel-
atively well described by the soft-gluon approximation |115-117], and it is reasonable to
expect that such approximation will also provide a reliable estimate of the mixed QCD-
electroweak contributions to Higgs boson gluon fusion. The soft gluon approximation
accounts for the contributions of the real gluon emission by a universal formula that
depends on the leading order cross section. In this way, the only non-universal piece at
NLO that is required is the finite part of the virtual correction, computed in Chapter [4]
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5.2. Evaluation of the cross section

Neglecting the quark contributions, we write the inclusive hadronic cross section given

in Eq. (5.2) as
1 1
Opp—H —/ da, / dw, fg/P(x17M2)fg/P($27M2> Z 0p G(Z;N27O<S(M2))- (5-11)
0 0

In Eq. (5.11)), = = m3/(sw122), 0p is the Born cross section for gg — H, my is the
mass of the Higgs boson, s is the hadronic center-of-mass energy squared, a,(u) is
the strong coupling constant, and g is the factorization scale which is set equal to
the renormalization scale. G is called the hard coefficient function. It contains all
the information about contributions beyond leading order. It admits a perturbative
expansion in the renormalized QCD coupling as(p?)

Gl it as(12) = GO () + DGOz, )+ 0 ((“52(:2>> ) 12

Leading order cross section

The leading order expression for the inclusive partonic cross section is obtained by
integrating Eq. (5.3) over the phase space of the Higgs boson. The integration results in

A1 cic
LO . m M(O)C11622M(0)T)\11>\22
Ogrsl = —71 5 520(1 — 2). (5.13)
my (N& —1)"(D - 2)

This expression is matched to Eq. (5.11]) using the following definitions

A1 A cic
T M(O)cllc; /\/((O)T;l;2

mi (N2 —1)*(D —2)* (5.14)
G9(2) = 6(1-2).

As mentioned above, og is the Born cross section. It reads

2
Qg

= 576102

go Bo(mH,mw,mz), (515)

where By contains both QCD and QCD-electroweak contributions at leading order. It
is normalized in such a way that By = 1 if only pure QCD contributions are taken into
account. Considering also QCD-electroweak corrections, the expression for By becomes

By = |A©P, (5.16)
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where

0
(0) Ager -t
AP = 30202 (5.17)
0) _ av (0) (0)
with
Cw = 4,
2 5 7 22 (5.18)
C, = 2~ Lsin2fy 4+ =sin6
z cost Oy {4 3sm w + gsm W},
and
A = —10.71693 —i 2.302953,
(5.19)

AW — —6.880846 —i0.5784119,

as written in Eq. (4.98)), Section . Notice that, according to Eq. (5.16)), also the square
of the mixed QCD-electroweak corrections is included in the cross section. Numerically,

this makes a tiny difference and we keep this contribution for the sake of convenience.

Numerical results

We choose the following numerical values for Standard Model parameters: mpy =
125 GeV, my = 80.398 GeV, mz = 91.88 GeV, aqep(myz) = 1/128.0, sin® fy, = 0.2233,
Gr = 1.16639 x 10° GeV 2. The Higgs field vacuum expectation value is defined as
v = (G F\/§)71/2. The numerical values for ag and gluon PDFs are provided by the
NNPDF30 set [118]. Specifically, NNPDF30}, 450130 and NNPDF30,j0.45.0118 are used
for leading and next-to-leading order computations, respectively. The hadronic center-
of-mass energy squared is taken to be s = (13TeV)?. The renormalization and fac-
torization scales are set equal to each other and their central values are taken to be
pp = pr = p = my/ 2E| The evaluation of the cross section is performed using the
computer language FORTRAN.

The cross section of Eq. is evaluated for the two cases of pure QCD and
QCD+EW cross section, using the appropriate definition of A® from Eq. (5.17). We
find

o6 = 20.6 pb,

(5.20)

It follows from Eq. (5.20) that the inclusion of electroweak corrections increases the
gluon fusion cross section by
0 (Ii%DJrEW — 0 (Ii%D
oGeD+EW — Coop = +1.1pb = 10 = +5.3%. (5.21)
QCD

Tt is noted, however, that the relative change in LO and NLO QCD cross sections due to mixed QCD-
electroweak contributions is practically independent of the central scale.
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Next-to-leading order cross section

The virtual next-to-leading order contributions to the partonic cross section have been
evaluated in Chapter [l The real corrections are implemented in the limit of a soft
emitted gluon.

Eikonal approximation for real emissions

Consider the partonic process gg — Hg

91 \Eh)\l-’cl P4, Mg, C4
/

(5.22)

In the limit where the energy E4 of the final state gluon g4 approaches zero the amplitude
squared factorizes into a universal eikonal factor and the LO amplitude squared

2 2

2 .
| =— 4ragNo— 21 12 |l ro), (523

E4—0 (p1 - p4)(P2 - P4)

I (5.24)

The leading soft contribution is given by the emission of the soft gluon off the external
legs g1 and g, (cf. Fig. . Emissions from internal lines are suppressed by at least
two powers of the soft momentum py [119-123].

In the limit £y — 0 the phase space of the inclusive cross section can be factorized
into the gg — H phase space and the phase space of a soft final state [116]. The partonic
cross section for the real corrections oy, 57, with a final state containing a Higgs boson
and a gluon with momenta py and p4, respectively, reads

o= [l [ @080 4ma =y | (. 62)

where [p] = dP~!'p/[(2m)P~'2E,] and the line over the picture of the process indicates
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averaging over the initial states. The identity

:‘i/ /d0%+ - Q*)(2m) P8 (K — pir), (5.26)

(where 6T indicates that the positive solution is taken) is inserted in Eq. (5.25). In the
soft limit

0P (K —pu )6 (p1+p2—pu —pa) — 8P (pr+p2—pu)6” (pr+pa— K —ps), (5.27)

and a factorized expression for the cross section can be written as

2

dQ? 1
do®* == i/[I’H] — -~ 20”8 (py + p2 — pu) X

E4—0 27T 28

(5.28)

D (D) o 0 2p1 - p2
L e e
x 0T (K% — Q).

The first line of Eq. (5.28) is the leading order cross section, while the second line
contains the soft part of the process.

The soft part of the cross section is integrated over the momentum py4, giving

dch_ o) a(s) (4m/s)® A(1 —¢)

i 5.29
dQ? s 2 (1—z)+2 01 — 2¢)’ (5.29)
where ozg indicates the bare (unrenormalized) strong coupling constant. The term
1/(1 — 2)**% admits the following expansion in &
1 1 ,
= ——6(1 — 2) + Do(z) — 2eD1(2) + O (£7) . (5.30)

(1 — 2)l+% %

The functions Dy and D; have the form

Do(z):[ ! L, Dl(z):{M]Jr, (5.31)

1—=2 1—=2

where the plus distributions are defined as

/01 dz D, (2)g(2) = /01 dz {log:(;z)} (=) — g(1)]. (5.3

—Z
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Virtual contributions

The divergent part of the virtual contributions to the cross section is extracted using
Catani’s representation of the amplitude after the renormalization of ag (as discussed
in Section [2.3). This contribution reads

@ — @%5(1 _ Z) [_ (47-(’”2)5 (47r) e€7EF(5) (& N @) N O.(l,ﬁn):| |

g2 €

dQ? s 2« s eI'(1 — 2¢)I'(2¢) o
(5.33)
where By = 11N¢/6 — N;/3 and o) is defined as
A1 cic
o (Lfin) f [pr] 2R [M(O)C;;M(l’ﬁnﬁxlé]
= . (5.34)

A1 A cic
0 [ o] MOZMOTER,

Notice that the term containing e*7# in Eq. (5.33)) is obtained by taking twice the real
part of the Catani’s operator I of Eq. (2.23)), Section , and rewriting (—1)¢ in terms
of Euler’s gamma functions.

Soft-gluon cross section

The renormalization of the PDFs is the last ingredient needed to compute Eq. (5.5)). It

reads
do™" g0 as2 g

TQ2 = S 27T€Pg_>g(2’). (535)

In the soft limit the Altarelli-Parisi splitting kernels become

PO (2) = Byd(1 — z) + 2NDy(). (5.36)

g—g

Egs. (5.29), (5.33), (5.35]) are integrated in @* and inserted in Eq. (5.5]). The divergent

parts in € cancel in the sum. The result in the ¢ — 0 limit reads

d A% d R d PDF
aNLj’Hz/sz Sy 4= =
99 dQQ dQ2 dQ2

ag Do(z), m%4

272 (1,fin) 2
+(ZNo+ 2 + 26, log 1L 6(1—2),
3 (o) [12

where we have used Q?/s = p?% /s = m%/s = z. As a last step, the dependence on
log(s/u?) in M) is made explicit

A1A2
cic2

AtAz M(l’ﬁn))\l)\z

ciez T Hr=s ¢

n S
ML) Bolog EM(O) (5.38)

1C2
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therefore

ot [ [pm] 20 MO MG | .
1A2
- 0 >\1)\2 O c1c2 - 2/80 log _2 (539)
70 f [pH] M c1c2 M )\1)\2 H

The final result reads

(1 ﬁn)
D 2 272 o
UgNngH = Z 0y 2— [8NO <D1(Z) —+ 02('2) log %) + <?NO + w2= ) 1 — Z)]

5.40)
This expression is compared with Eq. (| and the hard coefficient function G 1 is

extracted. It reads

2 2
GY(z, %) = 8N¢ (Dl(z) + DO;Z) log %) + (%Nc + V) (1 —2). (5.41)

Where V stands for alglz’ir;) /oo. V is the only non-universal contribution in the soft limit.
It is determined using the results of Eq. (4.98) of Section and next-to-leading order
pure QCD corrections from the literature [31]. They are computed as

2R [ A0 ]
u’=s

Y= A , (5.42)
where
11
A(l,ﬁn) — —,
A _ )P 2 (5.43)
/1,225 - A(l’ﬁn) - 11 30427)2 O A(l,ﬁn) C A(l,ﬁn) '
QCD+EW ? - 32m%[ Sin4 QW Wy + Z+z )
with
AT — _11.315691 —i 54.029527,
(5.44)

AQ™ — 2975666 —i41.195540,

as shown in Eq. (4.98), Section [4.5

Numerical results

With the same specifications as for the leading order, the cross section of Eq. (5.11)) at

NLO evaluates to
oQeD = 26.30 pb,

5.45
oocDiEw = 27.70pb. (5.45)
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The modification of the cross section is

NLO NLO

g — 0,
TOCDEW — 0Qcp = +1.40pb = QODIEW QD _ 1 532%.  (5.46)

0QCD

Improved soft-gluon approximation

It is known that in the case of Higgs production the soft-gluon approximation underes-
timates the exact NLO QCD corrections. An attempt to improve on this was made in
[117], where sub-leading terms were taken into account. It was argued there, using ana-
lyticity considerations in Mellin space and information on universal sub-leading terms in
the z — 1 limit that arise from soft-gluon kinematics and, also, from the collinear split-

ting kernels, that a useful extension of the soft approximation is obtained by replacing
the plus-distribution D;(z), that appears in Eq.(5.41)), with

Dy (2) = Di(2) + 6D (2), (5.47)
where
2—-32+4+222 1—2z log(l-2)
log — .
1—2 Vz 1—2
Notice that 6D, (z) is an integrable function of z and not a plus-distribution.

Using this improved formula for the soft-gluon approximation the QCD and QCD+EW
cross sections becomes

0Dy (2) =

(5.48)

onepT = 32.66pb,
NLO+ (5.49)
The modification of the cross section is
0 géODiEw - USE%JF
ToeDEw — 9QcnT = +1.75pb = “NIoF — 4535%.  (5.50)
QCD

The ratio is in line with the previous soft-gluon approximation.

Full NLO contributions

The increase in the hadronic cross section from pure QCD to QCD-electroweak processes
is stable around +5.3%, and the full NLO QCD cross section for Higgs boson gluon
fusion in all partonic channels can be automatically computed. It is therefore possible
to give an approximate result for the full NLO QCD-electroweak hadronic cross section
for PP — H by multiplying the full QCD NLO cross section by +5.3 %.

The full NLO QCD cross section is generated with the computer code MCFM [124127].
For y = mpy/2 and including all partonic channels the QCD cross section reads

oacp " = 35.4pb. (5.51)
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NLO, full NLO+
0gcp — 9qQeD

NLO, full NLO
oocn — UQCD+ = +42.74pb = NTOT = +8.4%. (5.52)
JqcD
The estimate for the full NLO QCD-electroweak cross section is
GNLO full — NLO full
QCD+EW QCD ! NLO, full
QCD

The variation of the next-to-leading order cross section for mixed QCD-electroweak
corrections given by the inclusion of quark channels is therefore expected to be

NLO,full NLO

In particular the cross section can be divided into

37.28pb = 34.41pb + 2.74pb + 0.13pb, (5.55)
N—— S—— ~—— S~——
NLO,full NLO+ o ol
9QCD+EW 9QCD+EW QCD AEW
where O’%CD = Jgég’fuu—agé%r is the contribution of pure QCD quark-initiated processes

and oApy is the estimate of the mixed QCD-EW contributions to quark channels. This
last contribution is very small (+0.3 %), as expected from [114].

Analysis of the results

It follows from the different cases showed above that the QCD-electroweak contributions
increase both the leading and next-to-leading order cross sections by O(+5.3%). This
outcome is consistent with the estimate of the impact of mixed QCD-EW corrections
obtained in [55].

The fact that the increase in the cross section remains essentially unchanged between
the soft-gluon approximation of Eq. and its refined version of Eq. is a good
indication of the robustness of the result, since dD; represents our attempt to go beyond
the soft-gluon approximation.

In general, the soft approximation for real gluon emission that has been employed here
does not describe correctly the structure-dependent radiation that arises when gluons are
emitted from the internal lines of the diagrams. As mentioned before, the contribution of
the true structure-dependent radiation to the cross section is suppressed by two powers
of the gluon energy relative to the soft gluon approximation [119-123]. For this reason,
there is a good chance that the structure-dependent radiation plays a relatively minor
role and that the soft gluon approximation employed here provides a sufficiently good
description of real emissions. Further improvement on this result are then only possible
with the exact computations of the real emission contributions.

1)






Conclusions

In recent years, multi-loop computations have experienced a rapid advancement, thanks
to a close interplay among phenomenology, formal scattering amplitudes, and mathemat-
ics. As a result, new techniques and automated tools have been developed and applied
to the computation of higher and higher order corrections to many processes of interest,
reducing their theoretical uncertainty to unprecedented small values. In this thesis, we
computed the next-to-leading order mixed QCD-electroweak corrections to Higgs boson
gluon fusion. These corrections, previously unknown, represent an important ingredient
to refine the theoretical Standard Model predictions for the main production channel of
Higgs bosons at the LHC.

We considered diagrams where gluons interact with light quarks; the quarks later
couple either to W= or Z bosons and these last particles annihilate into the Higgs boson.
We reduced the single form factor for Higgs boson gluon fusion at leading and virtual
next-to-leading order to a linear combination of master integrals and evaluated them by
solving their differential equations. We exploited the notion of uniformly transcendental
functions and canonical Fuchsian equations to express the result in terms of weighted
linear combinations of Goncharov polylogarithms. We fixed the integration constants in
a systematic way by numerically matching the large-mass expansion of the UT functions
valid in the limit mw,z > mpy to the solution of the differential system with high
precision. The analytic result for the amplitude has been obtained for an arbitrary
relation between the Higgs boson and the electroweak gauge boson masses. The real
next-to-leading order contributions is the last ingredient needed; it has been evaluated
in the soft-gluon limit, giving a reliable result for the next-to-leading order Higgs boson
gluon fusion cross section.

The mixed QCD-electroweak corrections increase the Standard Model theoretical pre-
diction for the Higgs boson gluon fusion cross section by about five percent, both at
leading and next-to-leading order, settling a debate about the magnitude of this class
of contributions and removing one of the main theoretical uncertainties in the Standard
Model prediction for gg — H.

To further improve the result presented in this thesis, the exact analytic computation
of the real emission contributions is required. Such computation, even if remarkably
challenging, appears to be within reach of the current methods and techniques for multi-
loop computations and is under active study.
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Appendix A.
Notations and conventions

A.1. Feynman rules

In this thesis, when referring to Feynman diagrams, the following conventions are un-
derstood:

e bold momenta p, q...indicate on-shell particles;

e Greek superscripts and subscripts u, v...represent Lorentz indices, with the ex-
ception of A, which is used to indicate polarization states of the external gluons;

e capital Latin subscripts A, B...are Dirac indices, while r, s...refer to spin states
of the external quarks and anti-quarks;

e Latin superscripts and subscripts refer to color structure; in particular, a, b. .. span
the adjoint representation (used for gluons) of the color group, while i, j...span
the fundamental representation (used for quarks).

Quarks are considered massless, therefore only one spinor U is required to fully de-
scribe the states of both particle and antiparticle. As a consequence, there is no mis-
alignment between flavour states and mass states, resulting in the CKM matrix being
the identity matrix.

EW massive vector bosons are described by a single particle V', since W and Z boson
never appear in the same diagram in mixed QCD-electroweak corrections. The Feynman
rules used in this thesis and presented below follow the conventions of Ref. [128].

External legs

e Gluon external leg

P, A

o008 = €5(P), (A1)
n

0000 = € (). (A.2)
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e Quark external leg

—> o = e—<«— =Usap), (A.3)
A A

o> = — <o =U,alp) (A.4)

A A

e Higgs boson external leg

- _ @ = & --- =1. (A.5)
Propagators
e Gluon propagator
— g bub
00000008 = —idap PP (1—¢&q) 2. A6
b,v a, p2 _I_IO ( )(p2)2 ( )
e Quark propagator
L, P
o > o =i0,;—AB AT
i B i A Tp2 410 (A7)

e Massive vector boson propagator

P

O TINS = g — (1= ) D (A8)

p? —mi +10 p?—&mi |’

where my = my = gv/2 or my = myz = gv/(2cosbOy), v = 246.22 GeV is the
Higgs vacuum expectation value (VEV), g = e/ sin Oy = V4ra/ sin Oy is the weak
charge (« is the fine-structure constant), and fy is the weak mixing angle.

82



Vertices

e three- and four-point gluon vertices

p3, ¢, pl
= —gsf* [g" (pr — p2)"+
(A.9)
AN +9"°(p2 — p3)* + g (05 — p1)"],
p1,a, p D2, b7 v
d7 9 Ca p 22 e
= —1g9g [feabf cd (gupgl/cr - g;wgup) +
+ feacta (g;wgpz/ - guugpa) +
a, W b,v + feadf o (GuwGpo — GupGuo)]
(A.10)

where gg = v/4mag is the strong charge (ag is the strong coupling constant).

e Quark-gluon interaction

a, [
= —igsfyf‘BTﬁ.. (A.11)
i, B i, A
e (Quark-massive vector boson interaction
Vip
. g
= —i0;———he (CJV(SCB - CL{V%)CB) ) (A.12)
cos Oy
1,5, B i, A
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where, for V =W

Y

Cz()u,d,s,c)W — CC(Lu,d,s,c)W
while for v =7
u,c 1 2 . u,c 1
ng’)Z :—FZ—gSanew, C(g’)z :+Z
s r 1. s 1
ngd’ )2 — _ZL + g SlIl2 9W7 C(Sd’ bz = _L_l
e Higgs boson-massive vector boson interaction
I
I
|
' N
M RN
Vi Viv
where
CWWH _ CZZH _ 1

Y

A.2. Relevant identities for color factors

cos? Oy

(A.13)

(A.14)

(A.15)

(A.16)

Considering a gauge group SU(N¢), quarks (antiquarks) transform as elements of Ng

(N¢), therefore they can be represented as vectors 1; (covectors v;), i =

1,..., Ne.

Gauge bosons transform as elements of NZ — 1, and can be represented using N¢ X N¢
hermitian matrices 7% a = 1,..., N — 1.EI Conventions enlisted in [129] are followed.
For the gauge group SU(N¢) the color factors of the fundamental (Cr) and adjoint

(C4) representation have the form

NZ —1
Cp ==X Cy4 = Ne.
F 2NC7 A C

The Dynkin index is taken to be Tr = 1/2.

Structure constants are defined as
5ab
[Ta, Tb] —_ ifabch {Ta7 Tb} -
N¢

where Iy, is the N¢o X N¢ identity matrix.

"When N¢ = 3 Gell-Mann matrices for SU(3) QCD can be used.

84

]INC + dabch

(A.17)

(A.18)



Relations among 7' matrices

1 5ab
TaTb i I dabc : pabe T
3 |7t + @ iz
1 0ij0k1
TY (T = = 8,6, — =2
( )zy( a)kl 9 (5zl5k] NC )7
tr 7% =0,
5ab
tr(T°T°) = 5
dabc 5 fabe
tr(TTT¢) = —Z iy
b 5bc
tr(T°T°T°T°) = — .

Relations among structure constants

2
fabefcde — N_C((Sac(sbd o 5ad5bc) + (dacedbde o dbcedade)’

fabb = Oa
dabb — 07
facdbed — Nc(sab,
faCddde _ O,
N2 —4
dacddbC — C 5ab
d NC

(A.19)

(A.20)
(A.21)

(A.22)
(A.23)

(A.24)
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Appendix B.

Feynman diagrams and master
integrals

Feynman diagrams and Master Integrals are presented.

Feynman diagrams have been generated using QGRAF [56] and drawn using QGRAF
Diagram Drawer [130]. Line coding follows Feynman rules presented in App. [A]l Wavy
lines stand for a generic massive vector boson V.

Master Integrals are drawn using LiteRed [131], a package for Mathematica [109].
Wavy lines indicate massless propagators, while internal straight lines indicate propaga-
tors carrying mass M.

B.1. LO amplitude gg - H

Feynman diagrams

0 9

(<) 4y et (R oy et

Dy Do

Master Integrals

The integral families are listed in Table [B.1] The parent topologies are depicted in
Fig. B.1}

Planar PP integral family

pVegiaialaiie

87



Table B.1.: Integral families for 2-loop FIs in AS&D_EW and AS{%}EW.

Families of denominators

PP NP

Label

Figure B.1.: Planar (PP, left) and non-planar (NP, right) parent topologies for 2-loop

FIs in AgéD_EW and AS&%}EW. Cfr. Table [B.1] for momenta assignments
and propagator labels.

: Iy i
I7 Ig ho I12

Non-planar NP integral family

Iy
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UT basis

Fi(y,e) = ¢&*e—1)(—s)*1, (B.1)
2 per |V —y+1 2y
Fo(y,e) = —e*(—s) (e I+ i y)213 : (B.2)
Fi(y,e) = X (=s)*"I, (B.3)
Fy(y,e) = &(—s)*M1y, (B.4)
Fs(y,e) = & [2(1—¢e)(—s)*L+
3(y* + 1) _g)2e 1 Y 5)2+2
G G @9
2 e Y11 oer1 Y1
Fe(y,e) = e*|(1—¢)(—s) mh + (—s) = y)3]2+
per1 Yo +1 2er2 ¥y +1)
+(=s)*" mf?) + (=s)*" TEE 16} , (B.6)
Fr(y,e) = &'(=s)*"I, (B.7)
Fs(y,e) = &*(—s)*"I, (B.8)
4 9e12¥ +1
Fo(y,e) = &(-9) mﬂ% (B.9)
Flg(y,g) = 62(—8)26—1—1]10, (B]_O)
Fi(ye) — —52(—3)28+2%111, (B.11)
Fio(y,e) = &° L ; 6(—8)2511 + (—8)2€+1—y4<1_3;21 I+
e ¥’ —y+1 _g)2+2,,
+(—8> ng + ( ) I6+
F(—8)E 2 4+ (1— 25)(—3)2%2(1_#)2112 . (B.12)
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B.2. NLO virtual corrections gg — H

Feynman diagrams

= - —1
(-3) % (+3) ey f
\\\H H
D1 D2 D3
92 91 9N
o
) ﬁ: (+1) % (1) zﬁ
" -
Dy Ds Dg
92 //H g1 91
(+1) El;; (=1 ﬂ (1) ﬁg
" 92 \\H 92
Dy Dg Dy
H// | H/l | %
Dl() Dll D12
o o 9
% H/ H// _
D13 D1y D15
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92

0

Dis

92

(+1)

(+1)

91

9N

92

D16

Dy7

g1

Q.

92

(+1)

o

D19

92

(+1)

Dy

Doa

Dag

Doy

Dos

Dog

Do7

92

H

92

91

Dog

Dag

Dso

91



(+1)
(+1)
(+1)

92

9
Dsa
91
; |
9

(+1)
1)

9
H
D35
g2
Dssg
g1
H
(—1) 1)
92

92

g1
H
D31
91
D34
g1
92
92
(-1) = «:@
9

T B | |
. 2 y W
MN M o 8 .
) S

[ . ] 2

g 2 i 4

M Q , Q % w WH Q W. E
S = > ,H - m %.

(+1)

Dy3

Dyq

Dys
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92

92

9N

Dyg

Dyr

Dys

91

92

Dso

92
g
Ds3
91
ii 92
H/
Dse
H
9N

)

(+1)

H

g1

g
Dss

ﬁg
Ds2
H
2
g1
-
H

(
(+1)

Dss

Dsg

93



Table B.2.: Integral families for 3-loop Fls in AS’(?S?EW.

Families of denominators

Label
VPP VNA, VNB
1 (k) (k2)? (k1)?
2 (k)? (ks)? — M? (k2)?
3 (ks)? — M? (k1 + ps3)? (ks)? — M?
4 (k1 + p3)? (ks +ps)> — M? (k1 + p3)?
5 (ko + p3)? (ks — k2)? (ko + p3)?
6 (ks +ps)> — M?  (ky — k1)? (ks +ps)®> — M?
7 (k3 — ko) (ks — k)2 (kg — ko)
8 (ko —Fki)? (k1 —p1)? (k2 — k1)?
0 (ks —ky)? (ky — p1)? (k1 —p1)?
10 (ki —p)? (k1 — kg — p1)? (ks — p1)?
1 (ky—p)? (k1 — ko + ks + p3)®  (ky — ko + ks + ps)?
12 (ks — p1)? (ks — ko — po)? (ky — k1 — po)?
,H " K % %
(+1) M@@ (1) m:}i% (-1 ”
o
Deg1 Dga Deg3

Master Integrals

The integral families are listed in Table [B.2] The parent topologies are depicted in
Fig.[B.2] B.3] and [B.4l

A circled number besides the graph indicates that the corresponding propagator ap-
pears in the numerator with power one.

The MIs with an asterisk (x) do not contribute to the NLO form factor, but do appear
in the differential equations.
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Figure B.2.: Planar (VPP) parent topologies for 3-loop FIs in Agéﬁ]g_)EW. Cfr. Table|B.2

for momenta assignments and propagator labels.

Figure B.3.: Non-planar type A (VNA) parent topologies for 3-loop FIs in AS’CﬁS?EW.

Cfr. Table for momenta assignments and propagator labels.
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Figure B.4.: Non-planar type B (VNB) parent topologies for 3-loop FIs in Ag’CﬁS_)EW. Cfr.
Table for momenta assignments and propagator labels.
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Non-planar type A VNA integral family

TTYTTY
2 === )

Sﬁ;;:mww i - %»ﬁ %3» >;wr—
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Non-planar type B VNB integral family
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UT basis

Fs5

Fg

Fr

(75)3552y5211
= —,

(y —1)2

= —(-9)% (e —1)e’I5,

5= —(—)3%s31,,

S(y2 *y+1) e3I3(—s)3¢ 3syedIy(—s)3¢

(y—1)2 (y —1)2

= —(—5)3555315,

(—5)%s%(y + 1) Ig
y—1 ’

)

3s (3y2 — Ty + d) &2 (5y2 — 2y —y + 5) 14(—5)35 6(e — 1)52 (5y2 —2ey —y + 5) 12(—5)35

(y — 1)

(y —1)2

652y(c — 1)e2I7(—s)3 s (y2 —y+ 1) e? (€y2 — 2y —y+ 6) I3(—s)3¢

(y —1)2

p

(y — 14

6+ (e~ V(-0 | 2w+ (v2 —y+1) L5 (—s)% .

y—1

(y—1)3

. 3s(y +1) (y2 -y 1) SI4(=)%  652y(y + 1)e3 I10(— )¢

(y—1)3

= —(-9)%se'Iy,

6y (e~ DSPDy(-s)¥ 6 (v* +1) e*Iz0(—5)*

)

(y—1)3

s2y2e3 51 (—s)3¢

y+1 (y—D(y+1)

(y—13y+1)

6= D2 (e = a0 523 (5ey? — 132y + 2y + 5¢ ) I(—3)**

y2 —y+1

+

y2 —y+1
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4532ey® — 7876295 +34622ey® — 1534295 — 142462 y* — 16187ey* +11655y* +102304e2y2 — 86117ey? — 11655y2 — 12442622y + 104552ey +
7968y + 789942 —97772e) I52]/[11655(y% —y+1)(y* +1)(2e —1)] — [(—s)3% 560 (—14ey® +7y® +30e2y* +25ey* — 20y* — 1802y 2 +125ey? +
20y2 43002y — 274ey — 13y — 1502 + 150e) Ig1]/[5y(v* +1)(2e —1)] — [(—s)3%se®(—124ey® +62y° +502y* — 25ey? — 3002y 4+ 275692 +
500e2y—574ey+162y —250e2 +250e) I70]/[25y(y*+1)] — [(—s)3%s2ye3(—674ey® +337y° +300e2y* —150ey* 46002 y> —300ey> — 12002 y2 +
1350ey? — 674ey + 337y + 150062 — 1500e)I45]/[150(y — )3 (y + 1) (y* +1)] — [(—s)3°s2ye3(—3218ey® + 1609y° + 3150e2y* — 15756y +
6300e2y® —3150ey® — 12600e2y? +14175ey? — 3218ey + 1609y + 1575062 — 15750e)I131]/[1575(y — 1)3 (y + 1) (y* +1)] — [(—s)3se*(114ey” —
57y7 4+200e2y%4+300ey® —200y° +12002 45 —34102y° +1405y° +1000e2y* —800ey* +400y* —2800e2 3 +5314ey> —2457y> +200e2y 2 +300ey> —
200y +4000e2y —8610ey+3805y-+1000e2 —1000e) I44]/[100(y— 1)y (y+1) (y*+1)] — [(—s)3¢se3(2e—1)(—151150ey®+75575y5 41206002 y° +
103182ey°® — 81741y° + 120600e2y* + 73700ey* — 67000y* — 7236002y + 529300ey> + 67000y> + 4824002y> — 961850ey? + 209575y +
6030002y — 707518y +52259y —603000£2 +603000¢) I24]/[40200(y—1)2 (y+1) (y*+1)(e+1)] — [(—s)3¢ 52’ (—14ey®+7y%+30e2y* —35ey* +
10y* — 180292 +185ey? — 10y? 430062y — 314ey + Ty — 15062 + 150e) Ig3]/[5(y — 1) 2 (y* +1)(2e —1)] — [(—s)3%s2ye* (e +1)(54ey* —27y* +
40ey® —20y> —40ey +20y+1034e —267) I6] /[20(y —1)% (y* +1)(2e —1)] — [(—s)3¢s2y(e—1)e? (1158ey* —579y* — 1200ey> +600y> +1200ey —
600y 49158 —2079)I22]/[600(y —1)2 (y* +1)(2e —1)] — [(—s)3s(e—1)e3(11018ey® —5509y° +1500£2y® — 27592¢y> +13421y> + 15002 y* +
250ey* — 500y* — 9000243 + 7250ey® + 500y> + 6000e2y2 + 18cy? — 1509y2 + 75002y — 38592¢ey + 17421y — 75002 + 7500¢)I12]/[750(y —
D2y 4+ Dy + 1)(2e — 1)] —  [(—s)3%s5e3(4532e2y0 — 2266y° + 184104e3y® — 203384c2y° + 86350ey® — 15342y° — 1398603 y* +
144392e2y* — 60541ey® + 11655y% + 1398603 y? — 100363c2y2 + 9389ey2 — 11655y2 — 956163y + 413712y + 16420y + 7968y + 394972 —
48886¢)151]/[11655(y% —y+1)(y* +1)(2e —1)] — [(—s)3%se* (14934820 — 74674yS — 891682 y® + 13900ey® + 15342y° + 1260382 y* —
39709ey* — 11655y + 7087882 y2 — 202879ey2 + 11655y2 — 6719182y + 177070y — 7968y + 6854782 — 167914e) I53]/[11655(y2 —y+1) (v* +
1)(2e—1)] — [(—s)3%se3(—715834ey” +357917y7 418648002y 4 6474eyC® —469437yC — 18648002y —301434ey° +616917y° —9324000e2y* +
9324000ey* +29836800s2 y> — 34489434ey> +3569517y> — 391608002 y? +43518474ey? — 3422037y +27972000c2y — 34075034ey +3828517y —
9324000e2 +9324000¢) I5]/[932400y (y2 —y+1) (y* +1)(2e—1)] — [(—s)3cse* (258282 y® —25828:y® +6457y® —8400£2y7 +8400ey” —2100y" —
661992290 +661992ey0 — 16549815 +252002y° — 25200215 +6300y° +803392e2y* — 757892ey? +192098y?* — 25200243 +25200ey3 — 6300y —
6759926292 + 58499292 — 151498y? + 84002y — 8400ey + 2100y + 7775642 — 732064e + 185641)I20]/[1400(y — 1)2 (y+1)2 (y* +1)(2e —1)?] ,

Fio2 = [s2y(y+1)(e — 1)e2(80ey? — 15y? + 24ey — 12y +80e — 15)I7(—s)3%]/[3(y — 1) (y* + 1)(2e — 1)] + [s2y(y + 1)(2893y* + 540042 +
2893)e5I10(—5)31/[225(y — 1)3 (v +1)] — [92]/[25] se?I19(—5)3 + [4s(y—1)(y+1)e®(28ey? —9y? —dey+2y +28e — 9) I42(—5)>¢]/[(v* +
DE2e—1)] + [20s(y — D(y+ D + 1)e®(9e = 2) 146 (=) /[(w* + 1)(2e = 1] + [2s(y — 1)(y + D (y> + 1) (326 — 21) L49(—5)>°)/[y* +
1] + Ms(y—1)(y+1)(s—1)e®(38e?y? —dey® —2e%y —cy+y+3e% —4e) I52(—5)3°)/[(y* +1) (2 = 1)] + [125(y—1)3(y+1)e5T54(—5)>]/[v* +
1 4+ [Bs(y—1)(y+1)(y? +1)e’ (2262 —8e + 1) I75(—5)%]/[(v* + 1) (2e — 1)] + [6052y(y + 1) (2 + 1) T77(—5)%]/[(v — 1) (¥* + 1) (2¢ —
D] + [282(y+1)e% Iz (—)3%) /[y — 1] + [4s(y — 1)(41y* +84y® 4+ 41)e® (6 — 1) Is3(—5)>]/[T(y + D)(y* +1)] + [4s%(y+1)(y* +6y% +
De’Iss (=) /[(w—D(* +1)] + 4w+ D)2+ D @? —y+1D)eb (e +2)Is0(—5)3) /(v — D(w* +1)(2e — )] + [Bs%y(y+1)(By? —y+

3)e8 1101 (—=9)%1/[(y— D) (w*+1)] — [As(y—1)(y+1)(Ty> —dy+7)e5 L1 (—9)3°] /[y +1] — [20s(y—1)(y+1) (¥ +1)e® (3e = 1) T84 (—5)3°]/[y* +
1] — [40s(y—1)(y+1) (2 +1)e8T102(—5)%)/[y* +1] — [4s2y% (y+1)8T100(—)3)/[(y— D (y* +1)] — [4s(13y° —7y* +63y> — 63y +13y —
7)e® I32(—)%1/[T(y+1)(y* +1)] — [s%y?(21173y* +4200y2 +21173)e® I31 (= )3°]/[525(y— 1) (y+ 1) (y* +1)] — [4s(y—1)(y+1)e*(23e2y> -
dey® —2e2y+3ey—y+23e2 —4e)I53(—s)3%)/[(v*+1)(2e—1)] — [8s(y—1)(y+1)e®(46ey? —13y? —dey+2y+46c—13)Ig5(—5)3°]/[(y*+1)(2e —
1)] — [4s(y—1)(y+1)e®(67ey? —21y? +12ey—6y+67c —21)I47(—5)3¢]/[3(y*+1)(2e —1)] — [2s5e°(79ey* +23y* —600ey" +300y> +600ey —
300y — 171e +23)I33(—s)3¢]/[25(y* +1)(2e = 1)] — [252y(y+1)e? (e +1)(49ey? — 12y — dey + 2y +49e — 12) I6 (—5) 3] /[(y — 1) (y* +1)(2c —
D] = [s2y(y+1)(e—1)e?(80ey® — 15y +24ey — 12y +80e —15) Iz (—5)*]/[B(y— D) (y* +1)(2e —1)] + [(—5)3s(y? —y+1)e? (10259426223 —

1034713ey% 4 2246192295 — 3307096235 + 4095009° — 261716342 y* + 3967617y + 1146600y* — 52416002y — 3057600ey> 4+ 1474200¢° —
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270869742 y2 +4425287cy2 4+ 1146600y 2 +2246192e2y — 3307096y 4409500y + 111747662 — 1492383¢) I3]/[491400(y —1)3 (y+1) (y* +1)(2e —
1)] + [(—s)3%se>(9324002y% —932400ey® — 18648002 y° 4 2463262y° — 37693195 + 13053602 y* — 1015280ey* — 51800y* — 13053602y +
1015280ey2 +51800y2 +1864800e2y — 2343778y +317189y — 9324002 +932400¢) I5]/[46620y (y* +1) (26 —1)] + [2(—s)3Fs(e—1)e3(3750e2y7 —
3750ey” — 3750e2y% + 1929398 — 870998 — 22506295 — 1931795 + 10221y + 5250e2y* — 3500ey* — 500y* — 5250243 + 3500ey3 + 50043 +
225062 y? 48293y —4709y2 +37502y —30317ey+14221y—3750e2+3750¢) I12]/[375(y—1)2 (y+1) (y*+1)(2e—1)] — [2(—5)3se3(3539e2y* —
957=y? — 3002 y3 + 450ey> — 15093 +300e2y — 450ey + 150y — 27112 +543¢)I1g]/[75(y* +1)(2e —1)] + [(—s)3cse3(2e — 1)(301500e2y7 —
301500ey” — 301500e2y0 + 2843506y + 8575y% — 180900295 + 53868295 — 14874145 + 4221002 y* — 227800ey* — 67000y* — 42210023 +
227800ey> + 67000y> + 1809002 y? — 526350ey2 + 142575y2 + 3015002y — 272018y — 14741y — 3015002 + 301500¢) I24]/[10050(y — 1)% (y +
1) (y*+1)(e+1)] + [4(—s)3%s2ye3 (787562 ¢y —7875eyC —3218ey® +1609y° —4725:2y* +6300ey* +6300e2y> —3150ey — 4725242 +6300ey? —
3218ey + 1609y + 7875¢2 — 7875¢)I31]/[1575(y — 1) (y + 1) (v + 1)] + [2(—s)3 5% (14853ey® — 5239y° — 3647ey* + 4011y* + 14700ey® —
7350y — 14700ey? 4 7350y + 5403cy — 4889y — 13097 +4361)I35]/[175(y+1)(y* +1)(2e —1)] + [4(—s)3cse? (1256248 —125¢y® +500e2y7 —
112527 4+ 50097 + 506240 + 75ey® — 50y% — 200e2y° + 301ey® — 163y° + 250e2y* — 200ey? + 100y* — 200243 + 175ey° — 10093 + 50292 +
75ey? — 50y? 4+ 5002y — 999y +437y + 12562 — 125¢)144]/[25(y — Dy (y+ 1) (y* +1)] + [2(—s5)3¢s%ye3 (7502 y® — 750296 —674ey® +337y° —
45022 y* +600ey? +600e2y% —300ey® — 4502 y? +600ey? — 674y +337y+750e2 —750e) I45]/[75(y —1)3 (y+ 1) (v*+1)] + [2(—5)3s(y—1)(y+
1)e3 (24ye® — 3y2e? — 24ye? — 362 + 4y e+ 10ye +4e — 2y) I51]/[(y* +1)(2e —1)] + [4(—s)3% 50 (752yC® — 7540 — 150e2y° +136ey® + 79° +
105e2y* — 50ey® — 20y* — 105e2y? + 50ey? + 20y? 4 150e2y — 124ey — 13y — 752 + 75e)Ig1] /[By(y* +1)(2e —1)] + [4(—5)3 525 (75240 —
756y — 15062 9% +156ey® —3y® 4+ 1052 y* — 110ey* +10y* — 1052 y? + 110ey? — 10y> + 1502y — 144ey — 3y — 752 +75¢) I3 /[5(y — 1) (v* +
1)(2e —1)] + [4(—s)3%se® (1256290 — 12595 — 2502y + 261ey® — 68y° + 1752 y* — 150ey* — 1756242 + 150ey? + 25062y — 189y + 32y —
1252 +125¢)I70]/[25y(y* +1)] — [(—s)3¢ 53 (93240002 y” — 9324000y — 186480002y + 31576076ey® — 7629538y3 + 1305360062y —
16640962ey” 42726081y 7 49324000248 — 7155938245 — 108403148 —31701600e2 45 +38954764ey® —5724482y° +31701600e2y* —34624324ey* +
3559262y% — 93240002 y> 4 3871838y + 2726081y> — 130536002y + 13356862ey2 — 10840312 + 186480002y — 27245636y + 5464318y —
9324000e2 4 9324000¢)113]/[233100(y — 1)2y(y + 1)(y* +1)] — [16(—s)3se*(50e3y® — 2182290 + 168ey® — 42¢% — 30e3y* — 1062y* +
141ey® — 34y 4 40e3y3 — 40623 4 10ey> — 30e3y2 — 11862 y2 4 153ey? — 37y2 + 5063 — 20662 + 156¢ — 39) L40]/[5(y — 1) (v + 1) (y* + 1) (2 —
D] — [(—s)3% (e —1)e? (2092132862 y® — 104606643y’ — 5240872402 y® + 277583620ey° — 2913750y° + 5240009142 y* — 226258457y —
81585004 — 1864800002 y3 + 133644000y — 10489500y + 372383286c2y2 — 150449643=y2 — 8158500y2 — 5240872402y + 277583620y —
2913750y +360830914s2 — 180415457¢) I5]/[582750(y — 1) (y+ 1) (y* +1)(2e —1)] — [4(—s)3s2ye3 (2 +1)(25e2y® — 25695 — 152e9° + 76y —
15e2y* +20ey? +20e2y% —10ey® — 1562y +20ey? —152ey+76y+25¢2 —256)141]/[5(y—1)3 (y+1) (2 +1)(2e —1)] — [(—s)3% 52 (497910228 —
1807051ey® — 1151262262y 7 — 6255689y 41228500y 7 — 192816002 y° 4-9859200ey° 4573300y 45850003062 y® — 12214815ey® —2375100y° —
30528992e2y% +23509096ey* — 3439800y +54880978=2y3 —10405289ey° —2375100y° — 192816002y +9859200=y2 +573300y> — 78935702y —
80652155y +1228500y+2711906e2 —673453¢)14]/[163800(y—1)3 (y+1)(y*+1)(2e—1)] — [(—s)3%se% (1005002 y° —100500ey” —201000£2y5 —
351876ey® + 25188y% + 1407002y 7 + 468726ey” — 43413y” + 100500240 + 876890ey® — 23744510 — 341700e2y° — 385108ey® + 102104y° +
3417002y + 612924y — 216012y* — 1005002y — 1092374ey> + 345187y — 1407002 y? — 684210ey? + 151155y2 + 2010002y + 579692y —
139096y — 100500e2 4 100500¢)I23]/[5025(y — 1)%y(y + 1)(y* + 1)(2e = 1)] — [(—s)3% 53 (93240003 y® — 93240002 y” + 37296000 y® —
44414524248 + 12883262ey® — 428904003y 7 + 79912580e2y7 — 37175804ey” + 3971057y — 242424003y + 859095402 yC — 5237599629° +
7740913y% + 46620000e3y° — 519542362y° + 12923518ey° + 1864800y° — 466200003 y* + 56284676:2y* — 15088738ey* — 1864800y* +
24242400333 — 860546202 y° + 51402196ey® — 7217743y + 42890400332 — 800576602y + 36202004ey? — 3447887y2 — 372960003y +
487449642y — 15048482y — 93240003 +9324000£2)114]/[233100(y — 1)%y(y+ 1) (y* +1)(2e —1)] — [(—s)3%se* (189690246 — 17831545 +
45235y + 4200e2y® — 4200ey® + 105045 + 1826782 y* — 194053ey* + 47857y* — 8400293 + 8400ey> — 2100y3 + 186190292 — 19756522 +
48735y2 + 42006y — 4200ey + 1050y + 18617822 — 174803¢ + 44357)I20]/[175(y — 1)(y + 1) (y* + 1)(2e — 1)?]

Fios = [4s(63y° +67y% + 151y + 21)e* I19(—5)%¢]/[21y(y + 1)] + [2s(4y® — 13y* + 229 — 269> + 23y — 8)e* I23(—5)*]/[(y — 1) (y +
D2 —y+1)] + [s2ye®(2e — 1)(2ey? — 10ey® +3y3 — 6y — 10ey + 3y +26)I31(—)3° /By — 13w+ D% —y+ 1 (4e +1)] + [2s(y—
1)e®Iap(—5)% /[y + 1] + [2se®(Bey® + 17ey® + 4y® — 13ey — 3y — 3e)I34(—)>°)/ (¥ + D(e + )] + [s2(y + 1)e®(2e — 1)(60ey? +
13y? — 56ey — 12y + 60c + 13)I37(—5)3%)/[(y — D(W? —y + 1) (4e + 1)] + [852(y + 1)e?(ey® — 82ey — 21y + &) Iu3(—5)3¢)/[3(y — 1) (v* +
(e +1)] + [s(120° — 29y* +16y% — 29y + 4)e® Lig (—5)*)/[y(y + D(¥? —y + 1] + [4s(11y® — 17y2 + 17y — 3)e® L4s(—5)3¢]/[(y +
D?—y+1)] + Bs®—7y% +7y—9)et(2e — ) Iag(—=9)*V/[(w+ V(W2 —y+ D] + [8s(y+1)(y> —y+ 1’ I51(—5)>)/[3(y — 1)y (4e +
D] + [16s(y+1)(y2 —y+1)eT53(—5)3)/[B(y —Dy(4e+1)] + [s%(y+1)e*(2e —1)(2ey® +2ey+y+2e)I59(—5)>]/[(y— 1) (y® —y+1) (4e+
D]+ [6s(y°+y% —y+7)e0T65(—)3°)/[(y+ D) (W2 —y+1)] + [252y(2y —1)e’T71(—9)3¢)/[y% —y+1] + [452(y+1)e®(ey® +30ey + Ty +

) I7a(—5)*]/[(y— 1) (W2 +1)(4e+1)] — [4]/[7] s%e®Iar(—5)3 + [252(y+1)eClgo(—5)3)/[y—1] + [325yeCTo5(—5)3]/[y+1] — [25%(y+
1)e®Iss (—5)%)/[y—1] — [252(y+1)e®l103(—9)3¢)/ly—1] — [4s(y—1)e®(6e —1)Isa(—5)>]/[y+1] — [4s2ye®(2e +1)Toa(—5)3]/[(y —
Dy+1] — [2s(y— DBy —1)(e — 1) Is1 (=) /[y + D] — [165%ye?I1(=5)%¢])/[y® —y+1] — [2sy(2y — 1) T62(—5)3]/[y?

y+1] — [2s(y — D)(y + 1)e5(2e — D)I70(=5)%1/[y? —y +1] — [4sy(2y — 1)e’I47(=5)3°)/B(y% —y +1)] — [2s(y® — Ty% + Ty —
9)et (26 — 1) Iaa(—5)*Y/[(w+ D(W? —y+ D] — [2s2y(y® —3y% + 3y —5)e* (e + Dlge (—9)>)/[(y — D>+ D> —y+1)] — [sye®(2e -
1)2I24(—5)%)/[(y =12 (e +1)] — [45%(y+1)3e® (6 —1)I76(—5)3¢)/[By —1)3(4e+1)] — [4s2(y+1)(11y2 — 14y +11)eI77(—5)3¢] /[3(y —
13 +1)] — [Msly—D)(y+1)e8T54(—9)%)/ly(de +1)] — [165(y+ 1)(y* —y+ 1) (e — 1)e®I52(—9)3¢])/B(y — Dy(4e + 1] — [8s(y+
1)(y? — 4y +1)e8(6c — 1)I75(—5)3]/[3(y — Dy(de +1)] — [25%(y+ 1)3e0T75(—5)3°)/[3(y — Dy(4e +1)] — [sye3(ey® — 106ey — 27y +
)I21(—9)*]/[9(y — D3y + DA + 1] — [s®(y — D(y + 1)e®(60ey® + 13y — 56ey — 12y + 60s + 13)T6(—5)>]/[2y(v® — y + 1)(4e +

D] + [(—s)3% (e —1)e2(1216e2y7 +300ey” —224e2y® — 72648 — 53762y® — 1324ey® + 5y° + 68162 y* + 1876y 4+ 40y* + 9622y — 148¢y° —
40y3 — 38402 y? — 684ey? + 69y? + 17602y + 456ey — 4482 — 108¢) 1] /[12(y — 1)2y(y+ 1) (¥2 —y+ 1) (de +1)] + [(—s)3€se2(1296c2y7 +
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300ey” — 3672e2yS — 894ey0 + 42726245 + 1088ey® + 5y° — 840e2y? — 98ey? + 40y — 32402y — 922ey3 — 409> + 3888:2y2 + 1248=y2 +
69y2 — 11762y — 318ey — 5282 — 108e)I3]/[72(y — ) *y(y + 1)(de +1)] + [(—s)3 52 (1880e%y7 + 470ey” — 4936e2yC — 131890 — 1540 +
433625 + 744295 — 85y° + 1760e2y* + 2004ey? + 385y — 7520e2y3 — 4332ey3 — 607y> + 718422 y2 + 4208ey? + 603y? — 21522y — 1342ey —
207y — 552e2 — 138e)I4]/[24(y — D*(w+ 1) (w2 —y+ 1)(de +1)] + [(—s)3%s2(e — 1)e2(12e9° — 20ey®* — 5y* — 172ey® — 40¢° + 17292 +
40y2 — 276ey — 69y — 12)I7]/[12(y — )3 (y+ 1) (y% —y + 1)(4e+1)] + [(—s)3se3(60e2y® + 13ey® + 23425 + 60ey® — 4862 y* — 59y +
16y + 52062 y? + 1302y — 546e2y2 — Tley? + 16y2 + 2862y + T0ey — 60e2 — 13e)Ig] /[y (¥2 + 1) (y2 —y+1)(4e +1)] + [(—s)3se3(60e2y0 +
73ey® + 1390 + 2346295 + 294e9® + 60y° — 4862 y* — 417ey* — T5y* + 52022 y® + 650ey® + 130y° — 546292 — 489ey? — 87y> + 2862y +
356y + 70y — 60e2 — 73¢ — 13)Ig]/[y(v% + 1) (v% —y+ 1)(4e +1)] + [2(—s)3%se3(2e — 1)(ev® + 12ey* + 6y* — ey® — 6y% — 11ey? + 392 +
24ey + 3y —e)I13]/[3(y — 1)?y(y +1)(4e +1)] + [(—s)3se?(5ey® +437ey” + 111y7 — 330ey® — 81y% + 131e9° + 33y5 + 490ey* + 126y* —
13ey® — 3y® — 186ey? — 45y? + 293y + 75y + 5e) I20] /[3(y — Dy(y+ D (W2 + (2 —y+ 1A +1)] + [(—5)35%e®(6ey® +106ey® +27y° —
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144e%y2 +60e3y? —1262y? +3ey? +3y? —40e3y — 222y +8¢% +8:2)I51]/[3(y — 1) 2y(y2 —y+1) (e +1)(4e+1)] + [(—5)3s(e—1)e> (4835 +
126295 —40e3y* —10e2y* —9ey* —3y* +68e3y3 + 56295 + 15695 +6y° — 7263 y2 —42e2y2 —9ey? —3y2 + 803y +44e2y — 166 —162)I52]/[3(y —
1)2y(y? —y+1)(e+1)(4e+1)] + [(—s)3€se*(96e3y® +72e2y® +12ey® —200e3y* — 14662 y* —39ey* —3y* +220e3 43 +139c2y3 + 519> +6y° —
1683 y? — 114e2y? — 39ey? — 3y? 4+ 643y + 402y + 12ey + 166> +16e2)I53]/[3(y — 1) 2y (v2 —y+ 1) (e +1)(4e+1)] + [2(—s)3%se° (2023 +
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17ey> 4 3y> — 26e2y? — 24ey® — 4y? + 22e2y + 19ey + 3y — 262 — 26)I54]/[y(v® — v + 1)(e + 1)(de + 1)] + [(—s)3°s5(260ey® + 65y° —
268cy* — 64y* +268cy> +68y> —8ey? +8ey +3y —12e) I72]/[y(v2 + 1) (v2 —y+1)(4e+1)] — [(—s)3%s2ye3(2e —1)(60ey® + 15y° — 196ey* —
48y* +284ey> +60y> — 192ey? — 36y2 +80ey + 9y —4e)I31]/[6(y — D* (y+1)2(¥% —y+1)(4e +1)] — [(—5)3°s2£°(180ey” +45y7 — 552eyC —
13595 + 808ey® + 195y° — 764ey®* — 182y + 452ey + 103y3 — 224ey? — 47y? + 962y + 17y — 12e)I73]/[2(y — 12y (v + 1) (v — y + 1) (4e +
1)] — [(—s)3%5%(1260ey® +315y% —1892ey” —492y7 —824ey® —192y0 + 476445 +1185y° —6232ey* — 1563y* +3908=y> +972y3 — 112892 —
288y2 4 196ey + 63y + 76e) 42]/[3(y — 1)?y(y+ 1) (2 + ) (y2 —y+1)(4e+1)] — [(—s)3%se7(252ey” +63y” —28ey® — 10y® +252e9° +59y° +
336ey* +80y* — 164ey® —47y> +376ey2 +90y? — 28y — 11y +126)I35]/[y(y+1)2 (v2 +1) (2 —y+1)(4e+1)] — [(—s)3cse*(108ey” +27y° —
622ey® —153y8 +1118ey” +276y7 —1152ey® —291y6 +1802ey® +450y% —1088ey* —279y? —526ey> —132y> +1752ey? +435y2 — 1318ey — 333y —
10e)I20]/[6(y —1)2y(y+1)2 (2 + 1) (y2 —y+1)(4e+1)] — [(—s)3%se3(2e —1)(1082y® + 111y’ +21y° —74e2y* — 116ey* —24y* + 346295 +
37ey> + 3y3 — 72e2y? — 108ey? — 18y2 4 1182y + 118ey + 18y — 262 — 2¢)113]/[3(y — 1)2y(y+ 1)? (e + 1) (4 +1)] — [(—s)3%se® (926243 +
31ley> +2y3 —4262y? —42ey? — 1462y — 263cy — 54y — 4262 —426)I34]/[Ty(¥2 + 1) (e +1)(4e+1)] — [(—s)3%s%(e —1)e? (324295 + 40545 +
81y% — 340e2y® — 470ey® — 94y® — 5322 y* — 671ey? — 139y? + 151262y + 1893ey° 4 381y° — 14602 y2 — 1870ey? — 374y> 4+ 604e2y + 749ey +
145y — 1262 —12e)I7]/[12(y — D (y+1) (v —y+1) (e +1)(4e+1)] — [(—s)3se3(168e3y7 +210e2y7 +42ey7 —240e3y0 — 5556240 — 9096 +
910 +1236e3y°® 4+ 10462295 —22ey® — 48y — 14523y — 14262 y* +98ey? +72y* + 127263y + 1032253 —60ey® — 369> —336e3y2 — 595622 —
40ey? 4 3y? + 2043y + 23662y +32ey + 1263 +1262)114]/[6(y — )2 y(y+ 12 (y2 —y+ 1) (e +1)(4e+1)] — [(—s)3%se3(308£3y® 43852y +
77ey® —1683y7 —26652y” —56ey” —2984e3y® — 30266240 — 153ey® +99y° + 65563y +6934c2y® +474ey5 — 198y° — 79003y — 84042yt —
726ey® + 198y + 7928313 + 858622 y° + 754ey® — 198y3 — 5252e3y2 — 5770e2y? — 629ey> + 99y2 + 21563y + 25622y + 448ey — 6445 —
77762 —133e)Ig]/[14(y — D2y + D) (w2 —y+ 1) (e +1)(de+1)] — [(—s)3%se3(308e3yd +693c2y8 +462ey3 + 77y% — 1683 y7 — 43427 —
322ey7 — 56y7 — 2984390 — 49946290 — 2641ey® — 379yC + 655623 y° + 11682295 + 6276ey® + 898y° — 79003yt — 14272e2y* — 8054ey? —
1178y% + 79283 y3 + 1470622 y> + 8208ey> +1178y> — 5252392 — 100066242 — 5861ey? — 855y2 + 215623y + 47182y +3010ey + 448y — 6443 —
142162 —910e — 133) Ig]/[14(y — 1) 2y (¥2 + 1) (v% —y+1) (e +1)(4e+1)] — [(—s)3%se3(1188c3y7 +18212y7 +381ey” —5356e3y% — 6219290 —
10732y% + 4290 + 5642395 +7472y% — 153ey® — 8495 + 133123 y* + 175222y +3790ey? + 84y* — 2368423 y3 — 29493623 — 61456y —84y3 +
18780e3y? 4238532 y? +4863ey? + 42y2 — 68205y — 81472y — 1579ey + 11263 +112e2) 18] /[42(y — 1) %y (v2 + 1) (%2 —y+ 1) (e + 1) (4e +1)] ,

Fio6 = [3s(y—1)2e3I5(=5)%1/[4(y2 —y+1)] + [s2ye®(200ey?+51y2+292ey+75y—4e) 21 (—5)3¢]/[72(y—1)3 (y+1)2(4e+1)] + [s(6y°+
77y* — 250y + 326y% — 235y + 78)e* Ing (—)%]/[4(y — D2 (y+ (2 —y+ 1] + [s2ye®(2e — 1)(2ey* — 10ey® + 3y% — 6y — 10ey + 3y +
26)I31(—)%¢1/[6(y— 13 (y+ 12 (W2 —y+ 1) (4e+1)] + [s(y—1)5I32(—5)31/[(y+1)?] + [s%e3 (26 —1)(682y® +17y> +8ey® —2y% +4y+T6e +
15)I37(—5)>°)/[4(y—1) (y2 —y+1)(4e+1)] + [35(y>+21y% —20y+20)e* (2e — 1) I49(—5)>°)/[2(y+1) (y2 —y+1)] + [s2e?(2e—1)(2ey? +2ey+
y+26)I50(—5)%1/[2(y—1) (¥ —y+ 1) (4e+1)] + [s%(y*+3y—3)e®I71(—5)*)/[4(¥2 —y+1)] + [s>(y+1)e® (T2ey+17y+4e) I74(—5)3]/[2(y—
D@2 +1)(e+1)] + [s2(y+1)e®(32ey + 9y — 4e)I7s(—5)3°)/[12(y — Dy(4e +1)] + [5s(y — 1)(By? — 1)(c — 1)e®Is1(—s)3°]/[2y(y +

D]+ [23]/[14] s2ePIg7(—5)3%° + [s2e0089(—5)%%) /[y — 1] + [55%we®(2e + DIoa(—5)3]/[(y — D+ 1)] — [s%e’Ig5(—5)3¢]/[y —
11 = [s%e%103(=9)¢)/ly — 1] — [sye®Ti06(—5)%1/[(y — D?] — [25(21y + 1)eClos(—5)*]/[y+1] — [55(504y® —1933y> — 1261y +
168)e?I19(—5)%¢]/[168y(y+1)] — [2s(y—1)e®(6e —1)Is3(—5)3]/[(y+1)?] — [s(y—1)e®(2e — D)Izo(—5)%¢)/[¥? —y+1] — [s(y?+3y—
3)e8T62(—)3°]/14(y® —y+1)] — [s(v®+3y—3)e7Lar(—=5)3]/[6(y*> —y+1)] — [351s%ye> 11 (—5)%]/[28(y% —y+ 1] — [s(v®+21y° —
20y +20)e? (26 — 1) 144(—5)%]/[(y+ D) (W2 —y+1)] — [25(31y% —39y® + 40y — 10)e® I4g (—5)3)/[(y + D (¥*> —y+1)] — [s(23y° +25y° —
20y +38)e% 165 (—9)%°]/[(y+ D2 —y+ 1] — [s%y(v® +22¢2 — 20y +19)e* (e + DI (—5)%¢]/[2(y — D2 (y+ D (W2 —y+1)] — [s(120y° —
331y" +104y® +40y? — 235y +40)e I46(—5)3°]/[By(y+ 1) (v2 —y+1)] — [sye®(2e—1)2T2a(—5)*)/[8(y— )% (e +1)] — [2s%(y+1)2e5(6c—
DIzg(—5)%¢)/[Bly —1)%(4e+1)] — [25%(11y% — 14y +11)e8T77(—5)3¢]/[B(y — )3 (4e +1)] — [4s(y? — 4y +1)e®(6e — 1)I75(—5)3¢]/[3(y —
Dy(de + )] — [s2(y + 1)e*(200ey + 51y — 4e)I143(—5)3°]/[3(y — 1)(v° + 1)(4e + 1)] — [se®(48ey® + 15y> + 8ey? + 120ey + 32y +
126)T34(—5)%)/[4y(y? +1)(4e+1)] — [se®(2ey® +8ey® +3y> +4ey — 2e)I54(—5)3°)/[y(¥® —y+1)(4e+1)] — [s2(y—1)e3(68ey® +17y° +

8ey? —2y? +4y+76c+15)I6(—5)3%]/[By(v® —y+1)(4e+1)] + [(—s)3%se2(7048£2y® +1762ey® — 167362 y7 —5636cy” —363y” +9944e2y6 +
10470ey5 + 202048 4 167682 y° — 7824ey® — 3004y° — 271362 y* — 4728=y* 4 490y* + 160023 + 8896ey> + 2148y3 + 272562 y2 — 4178=y> —
2748y? —24672¢%y — 2148y + 981y + 59282 +-1482¢)14] /[192(y — 1) 4 (y+1)2 (2 —y+1)(4e+1)] + [(—5)3%se3(476e2y0 41192y 43432245 +
830ey® —9020e2y? —802ey* +351y* +7284e2y> +1751ey> — 95242 y? —907ey? +351y2 +3880e2y +921ey —532e2 —105¢) Ig]/[28y (y2 +1) (v° —
y+1)(de+1)] + [(—s)3se(4762y% + 595290 + 11990 434322295 4+ 426295 +830y° —9020e2y* — 7014ey* — 1153y* 4+ 7284293 +9035ey° +
1751y° — 95242 y? — 7623ey? — 1258y 2 + 38802y +4801ey +921y — 532e2 — 637 — 105) Ig]/[28y(y2 +1) (2 —y+1)(4e+1)] + [(—s)3Fse3(2e —
1)(92ey® +21y° — 24ey® + 18y* — 80ey® — 66y> — 16ey? +42y? +132ey + 9y — 8¢)I13]/[24(y — 1)2y(y+1)%(4e +1)] + [(—s)3%se3 (2526297 +
69ey” — 6602y — 13ey® + 3090 +60e2y° — 201ey® + 6¢° + 11042 y* +298cy* — 108y* + 132623 — 301ey® +30y° — 852e2y2 +99ey2 + 18y +
3242y 4 49ey +24e2)114]/[24(y — D2y(y + 12 (w2 —y+ 1)(4e +1)] + [(—s)3%se3(10032e2yC + 2522646 — 189446295 — 500995 — 63y° +
24692e2y* + 6488cy? + 63y* — 20436c2y3 — 5417y — 63y> 4 1032062 y? + 2895y + 63y? — 5832e2y — 1479ey — 56¢2)I15]/[42(y — 1)y (v +
(2 —y+1)(@e+1)] + [(—s)3s2 (e —1)e?(436ey* +121y* — 2000ey® — 512¢5 +1920ey? +480y2 — 1356y — 327y +48¢) I22]/[96(y — 1)2 (y +
1)(y? —y+1)(4e+1)] + [(—s)3se®(916ey” +235y7 —396ey® — 9790 + 1220295 +305y° +528ey* +136y* — 132e9° — 37y +932ey2 +233y2 —
1482y — 39y +24¢) Is5]/[4y(y+ 12 (¥2 +1)(v? —y+1)(4e +1)] + [2(—s)3%5e®(353ey” +93y” — 106ey® — 30y — 534ey® — 132y° + 1123ey* +
282y* — 1097ey® — 273y> + 4262y? 4 108y2 — 178y — 48y — 19¢) I42]/[3(y — Dy (y + 1) (y%2 + 1) (y% —y+1)(4e +1)] + [(—s)3%se®(—40e2y? —
12ey? + 21663y — 4652y% + 15ey® 4 9y® — 21663y? + 54e2y? — 15ey? — 9y? + 322y + 12ey + 8e2)I51]/[6(y — Dy(y? — v + 1)(4e +
D]+ [(—5)3s(e — 1)e3(80e2y? + 24ey® — 52e2y% — 57ey® — 993 + 366292 + 57ey? + 9y? — 64e2y — 24ey — 16e2)I52]/[6(y — Dy(y? —y +
1)(4e+1)] + [(—s)35s2%(836ey® +203y® —876ey? —211y* 4 1424ey> +346y> — 612ey? — 143y? 4 604ey 4 143y — 24¢) I73]/[8y (v + 1) (v2 —
y+1)(4e+1)] — [(—s)3%se2(41282y8 +1032ey® — 1528822 y7 — 37262y + 1125622 yC 4 2234ey® — 121y + 1029662 y° + 41382y° + 39145 —
252962 y? — 6004sy? +32y? + 1730422 y3 +3522ey° — 153y3 + 15602y 2 4 1698ey? + 327y — 7704e%y — 1830ey + 37442 + 840¢)I3]/[576 (y —
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DAy(y+1)2(@4e+1)] — [(—s)35%e3(68ey® +17y° —64ey® — 19y* +96ey® +29y5 + 52y +5y2 — 40y — 5y +72e +15)I10]/[8(y — 1) (¥% —y+
1)(de+1)] — [(—s)3¢se*(152e2y* +42ey* — 4842 y> — 93ey® + 9y° + 46862 y> + 93ey? — 9y? — 136e2y — 42ey — 1662)I53]/[6(y — Dy(y? —y +
1)(4e+1)] — [(—s)3%s2(e —1)e2(436ey? +121y* —2000ey> — 512y° 4 1920ey? +480y? — 1356ey — 327y +48¢) I7]/[96(y — 1)% (y+ 1) (y% —y +
1)(de+1)] — [(—s)3% (e —1)e2(28896e2y® + 7224ey® — 2497122y 7 — 62316ey” + 4359202 y% + 106040y — 84746 + 261602295 +17488ey° +
2737y% —631488:2y* — 157312y +224y% +41121622 4> +98856cy° — 1071y° +4593622y> +20640ey> +2289y2 — 908962y —23172ey+23968:2 +
5880e)I5]/[672(y —1)2y(y+1)2 (2 —y+1)(de+1)] — [(—s)3%se0(170ey® +41y° —172ey? —42y* +198=y> +49y> — 34ey? —8y? +36cy + 8y —
6e)I72]/[y(y2+1)(y2 —y+1)(4de+1)] — [(—s)3se?(2e—1)(68eyC+17y% +244ey® +60y® —240ey* —56y* +764ey> + 184y —516ey? — 122y +
512y + 124y — 64e — 15)I36] /[4y(y?2 + 1) (y2 —y+1)(4e +1)] — [(—s)3%se?(184ey® +51y® 4 1372ey7 + 336y7 — 816ey® — 21040 + 976ey° +
243y® — 1804ey® — 465y* — 1700ey® — 426y° + 1656ey? + 408y? — 3752ey — 945y — 20e) I20]/[24(y — Dy(y+ 12 W2 + 1) (¥2 —y+1)(4e +1)] .
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Appendix C.

QCD-electroweak form factor at NLO

The form factor for mixed QCD-electroweak corrections to Higgs boson gluon fusion

from Eq. (2.24)) reads
2 2 2 2
_ o asmy [ as() (o) (1) 40 (1fin) (1
F= 6mv {AQCD - 2m (I( | (_> Ao + AQCD (?>)} N
a OzS Vv
c A
647T sin HW VZ QCD-EW () +

2 (10 () Al )+ 4G ()] 1)

S

See also the ancillary file of [2] for Mathematica-readable expressions.

Al ()jD ew (¥) ﬁ[ 2m2G(L )y — 12G%(L;9)G(rv)y — 6G(r;v)y® — 24G(1;9)G(0,1;9)y® +
12G(1;9)G(0, 75 v)y> +24G(1; y)G(r, 1; y)y> + 18G(0, — 1, 5 )y + 18G(0, 0, —1; y)y> +24G(0,0, 1; y)y> + 6G(0, 0, 7; y)y> +
24G(0,1,1;9)y3 + 12G(0, 1,7 9)y® + 18G(0,r, —1;y)y>® — 12G(0,7, 1;9)y® — 24G(r, 1, 1;9)y® + 6¢(3)y> + 12¢3 + (y +
1)G3(0; y)y? —m2y? —12G(1; y)G(r; y)y? +12G(r; y)y? —12G(0, 1; y)y? +6G(0, r; y)y> +12G(r, 1; )y +18G(0, — 1, r; y)y> +
18G(0,0, —1;y)y? + 36G(0,0, 1;y)y? — 6G(0,0,7; y)y? + 12G(0, 1, 7;y)y? + 18G(0, r, —1;y)y? + 18¢(3)y? — 36y> + 72y +
12G(1;9)G(r;y)y — 12G(r;y)y + 12G(0,1;9)y — 6G(0,7m;y)y — 12G(r, 1;9)y + 18G(0, —1,r;9)y + 18G(0,0,—1;y)y +
12G(0,0, 1;9)y + 12G(0,0,7;y)y + 12G(0, 1,75 y)y + 18G(0, 7, —1;y)y + 6¢(3)y + 36y + 272G (1;y) — 3(y — NG?(0;y)(y +
202y +y+2)G(1L;y)) +12G%(1;9)G(r; y) + 6G (13 y) +24G(1;9)G(0, 1; ) + G(0; ) (3m?y3 + 12y° + w2y? — 24G(0, 15 9)y? —
18y? +-2m2y+12(y—1)G(1; y)y+6y+12(y3 —1)G?(1;y) — 18(y3 +y% +y+1)G(0, —1;4) —24G(0, 1;9)) — 12G(1; y) G(0, r; ) —
(W3 +v? + y + DG(—1;9)(—-9G%(0;y) + 72 + 18G(0,7;9)) — 24G(1;y)G(r, 1;y) + 18G(0, —1,r;y) + 18G(0,0, —1;y) +
24G(0,0,1;y) — 24G(0,1,1;y) + 12G(0,1,r;y) + 18G(0, r, —1;y) + 12G(0, r, 1;y) + 24G(r, 1, 1;y) + 18¢(3) — 12]

(1fin)
AQCDn-EW

2
(1,fin) vy Ne 1

s
— log (‘E) BOAS%D-EW (y) -

(C.2)
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The functions C; are listed below.

Cy

C1(y) = =3y3G(0;9)° — 3y%G(0;9)® + 105y3G(0;)* + 60y>G(0; y)* + 45yG(0;y)* — 195y°G(—1;1)G(0; ) — 195y°G(—1;9)G(0;y)* —
195yG(—1; 1) G (03 y)* — 195G(—1;9)G (03 y)* + 210y>G(1;1)G(0; y)* — 12052 G(1; ¥)G(0; y)* + 180yG(1; ¥)G(0; y)* — 150G (1; )G (05 y)* —
10m2y3G(0;9)° — 580y3G(0;4)° — 10m2y2G(0;y)® + 1380y2G(0;v)° — 480y3G(—1;4)2G(0;y)® — 480y2G(—1;4)%2G(0;y)® —
480yG(—1;9)2G(0;y)® — 480G(—1;9)2G(0;9)® — 810y°3G(1;1)2G(0;9) + 105042G(1;9)2G(0;9)® — 1050yG(1;9)2G(0;9)3 +
810G(1; y)2G(0; y)> — 480y G(0; y)3 + 1680y> G(—1; ¥)G(0; y)® + 1680y2 G(—1; y) G(0; y)> + 1680y G (—1; ¥)G(0; ¥)® + 1680G(—1; y) G(0; y)> —
2100y G(1;9)G(039)® + 1020y>G(1;¥)G(0; y)® — 360yG(1;y)G(03y)° + 960y°G(—15y)G(1;y)G(05 ) + 960y>G(—1;y)G(1;y)G(05 v)* +
960yG(—1;y)G(1;y)G(0;y)® + 960G(—1;¥)G(1; ¥) G (0; ) + 1440G (1; ¥) G (0; ) + T80y3 G (0, —154)G(0; y)® + 780y> G (0, —15y) G(0; y)® +
780yG(0, —1;4)G(0;4)° + 780G(0, —1;y)G(0;4)° — 180y3G(0,1;y)G(0;4)% — 180y2G(0,1;y)G(0;y)® + 540yG(0,1;y)G(0;4)° +
540G(0, 1;9)G(0; )% + 54072y2G(0;y)? — 3420y°G(0;9)? + 570y°G(1;y)3G(0;y)? — 3810y>G(151)3G(0;y)? + 3810yG(1;1)*G(059)? —
570G (15 y)* G (0; y)? — 330m2y2 G(0; y)? +1380y% G (0; y)* + 3780y G(—1; )2 G(0; )2 +3780y> G (—1; 1) 2G(0; )2 + 3780y G(—1;9) 2 G(0; ») 2 +
3780G(—1;9)%G(0;y)® + 3960y°G(1;9)2°G(0;9)? + 52200°G(1;9)°G(05y)® — 8190yG(1;y)2G(0;y)? — 990G(1;1)2G(0;y)? +
21072y G(0;y)® + 600yG(0; y)* + 3072y2 G(—1; ) G(0; y)? — 3060y> G(—1;1)G(0;y)® + 30> G(—1;y)G(0;y)® + 307>y G(—15y) G(0; y)* +
5940y°G(—~1;9)G(0;9)? + 3072yG(—1L;y)G(0;y)® + 5940yG(—1;9)G(0;y)? — B8060G(—1;9)G(0;y)? — 30m2y3G(1;9)G(0;9)® +
7320y° G(1;y)G(0;y)? + 15072 G(1;y)G(05y)? + 57072 y*G(159)G(05 )% — 25920y G (1;4)G(0; ) + 2160y°G(—1;3)°G(1;9)G(0;9)* +
2160y2G(—1;9)2G(L;9)G(0;1)?  + 2160yG(—1L;»)?G(LY)G(0y)? + 2160G(—1;9)2G(L;9)G(0;y)? — 4507°yG(L;9)G(05¥)?  +
23760yG(1;y)G(0;y)? — 5160G(1;y)G(0;9)? + 180y3G(r;9)G(0;9)2 — 360y%G(r;y)G(0;y)% + 360y°G(159)2G(r; ¥)G(0;y)?
360G(1;9)2G(r; »)G(0;9)% + 360yG(r; »)G(0;9)% + 360y°G(1;9)G(r;y)G(0;y)? — 360yG(1;y)G(r;y)G(0;y)% — 180G(r; y)G(0;9) —
12600y°G(0, —1;9)G(0;y)>  —  12600y°G(0, —1;9)G(0;y)>  —  5040yG(0, —1;9)G(0;y)> + 7204°G(-1;9)G(0, —1;y)G(039)>  +
72042 G(—1;9)G(0, —1; 4)G(0; y)% +720yG(—1; y) G (0, —1; 1) G(0; ) + 720G (—1; ¥)G(0, —1; ¥)G(0; y)® —5040y> G (15 ) G(0, —1; ) G(0; y) —
504092G(1;5)G(0, —1;)G(0; )2 — 5040yG(1;9)G(0, —1;9)G(0; )2 — 5040G(1;9)G(0, —1;9)G(0;5)% — 5040G (0, —1; )G (0; )2

16204°G(0,1;9)G(0; )2 —  192604%G(0, 1;4)G(0; )2 - 2520yG(0,1;9)G(0;9)®  —  3600y3G(—1;)G(0,1;4)G(0;y)? -
3600y2G(—1;9)G(0, 1;¥)G(0; y)? — 3600yG(—15y)G (0, 1;1)G (03 y)? — 3600G(—15y)G(0, 1;1)G(0; ) — 2880y°G(1;9)G(0, 1; ) G(05 y)* —
5040yG (15 y)G (0, 1;4)G(0; y)* — 7920G(1;y)G(0, 1;3)G(0; ) — 4320G(0, 15 y)G(05 y)? — 180y>G(0, 73 ) G(0; ) + 180yG(0, 75 y) G(0; ) +
540y°G(—1;9)G(0,75y)G(0; ) + 540y>G(—1;9)G(0,739)G(0;y)? + 540yG(—1;y)G(0,75y)G(0;y) + 540G(—1;9)G(0, 3 9)G(0;y)* —

360y°G(1;9)G(0, 5 y)G(0; )2+ 360G(1;9)G(0, 3 9)G(09)% —  360y2G(r, 1;y)G(0;)?  +  360yG(r, 1;9)G(059) -
7202 G(L;y)G(r, 1;9)G(0;y)® + T20G(L;y)G(r, 1;y)G(0;y)? — 2880y°G(0, -1, —1;9)G(0;9)° + 1440y°G(0, —1, —1;9)G(0;9)° —
2880yG(0, —1, —1; y)G(0; y)®> + 1440G(0, —1,—1;4)G(0;y)®> + 1440y°G(0, —1,1;y)G(0;y)?> + 5760y2G(0, —1,1;y)G(0;y)? +
1440yG(0, —1,1;4)G(0;¥)2  +  5760G(0, —1,1;4)G(0;4)2 —  540y3G(0, —1,7;y)G(0;4)2 —  540y2G(0, —1,r;y)G(0;y)2  —
540yG(0, —1,7;9)G(0;y)2  —  540G(0,—1,7;9)G(0;y)2  + 1980y3G(0,0, —1;y)G(0;9)%> —  2340y%G(0,0, —1;y)G(0;9)?  +
1980yG(0,0, —1; y)G(0;¥)?>  —  2340G(0,0,—1;4)G(0;y)2 + 3600y3G(0,0,1;y)G(0;y)?> +  252042G(0,0,1;y)G(0;4)2  —

360yG(0, 0, 1;9)G(0; y)% — 1440G(0, 0, 1;4)G(0; y)2 — 180y3G(0, 0, 7; y)G(0; y)? + 180y2G(0, 0, r; y)G(0; y)% — 360yG (0,0, r; y)G(0; y)? +
144043 G(0, 1, —1; ¥)G(0;)®>  + 5760y2G(0,1, —1;y)G(0;y)®> + 1440yG(0,1,—1;3)G(0;y)®> + 5760G(0,1,—1;4)G(0;y)> +
1980y3G(0, 1, 1; y) G(0; )2 +1350042G(0, 1, 1; y) G(0; y) 2 +540yG(0, 1, 1; y) G(0; y) 2 +12060G (0, 1, 1; y) G(0; y)2 —360y> G (0, 1, r; y) G(0; y)? —
360y2G(0, 1, 7;4)G(0; y)2 — 360yG(0, 1, m; ¥)G(0; ¥)2 — 360G(0, 1, 75 ¥)G(0; y)% — 54042 G(0, r, —1; ¥)G(0; y)% — 54092 G(0, r, —1; y) G(0; y) 2 —
540yG(0, 7, —1;y)G(0; y)2 — 540G (0, r, —1; y)G(0; y)? + 360y3G(0, r, 1; y)G(0; y)2 — 360G(0, r, 1; y)G(0; y)2 + 72043 G(r, 1, 1; y)G(0; y)?

720G(r, 1,1;9)G(0;m)%  —  1800y2¢(3)G(05y)% 4+ 1800y¢(3)G(051)%  —  510y3G(Liy)*G(0sy)  +  1110y°G(1;9)*G(0y)  —
1110yG(1;9)*G(0;y) + 510G(Ly)*G(0y) + 107x*y3G(0y) — 174072y3G(0;y) + 192043G(05y) — 22204°G(1;9)3G(05y) —
3780y G(1;9)3G(0y) + 3780yG(1;9)3G(0;y) + 2220G(1;9)3G(0;y) — 97*y2G(05y) + 396072y2G(0;y) + 1800y%G(05y) —
36072y G(~1;9)2G(0;y) — 360m2G(~1;9)2G(0;y) — 36072y2G(~1;4)2G(0;y) — 360m2yG(—1;9)2G(0;y) — 9072y>G(1;9)2G(0;y) —
6960y°G(1;9)2G(0y) + 902G (1;9)2G(0;y) + 3307n2y2G(1;9)2G(05y) + 24480y2G(1;9)%G(0y) — 330m2yG(1;4)%G(03y) —

24480yG(159)>G(0;y) + 6960G(1;)2G(0;y) + 2160y°G(0, —1;4)°G(05y) — 2160y°G(0, —1;4)>G(0;y) + 2160yG(0, —1;1)>°G(0;y) —
2160G(0, —1;9)%G(0;y) + 360y°G(0,1;4)2G(0;y) — 972052G(0,1;9)2G(0;y) + 4680yG(0,1;5)2G(0;y) — 5400G(0,1;4)%G(0;y) +
1167r4yG(0;y) - 12607r2yG(0;y) — 3720yG(0;y) + 42071'2y3G(—1;y)G(0;y) + 42071'26'(—1;y)G(0;y) + 4207r2y2G(—1;y)G(0;y) +
420m2yG(—1;9)G(0;y) — 150072y3G(1;9)G(0;y) + 4680y3G(1;9)G(0y) — 480m2G(1;9)G(0y) — 300m%y2G(1;9)G(0;y) +
12042 G(1;¥)G(0;y) + 228072yG(1;y)G(05y) — 5880yG(1;9)G(0;y) + 240m2y3G(—1;9)G(1;9)G(0y) + 24072 G(—1;9)G(1;¥)G(0;y) +
2407292 G(—1;¥)G(1; 9)G(0; y) + 24072y G (—1; y) G(1; ¥) G(0; y) + 1080G (1; y) G(0; y) + 72053 G (r; ¥) G(0; y) +960y° G (1; ¥)3 G (r; ¥) G(0; y) —
960G(1;9)°G(r;»)G(05y)  —  1440y2G(r;)G(0;y)  +  1440y%G(1;9)2G(rp)G(0iy)  —  1440yG(1;9)2G(r9)G(0y)  +
1440yG(r; y)G(05y) + 1440y2G(1;y)G(r;v)G(05y) — 1440yG(1;9)G(r;y)G(03y) — T20G(r;y)G(0y) + 4207253 G (0, —1;4)G(05y) +
612043 G(0, —1;¥)G(0; y) — 60m2G(0, —1; y)G(0; y) — 60w2y2G(0, —1; y)G(0; y) — 11880y2G(0, —1; y)G(0; y) + 42072yG (0, —1; y)G(0; y) —
11880yG(0, —1; 4)G(0; y) — 1512053 G(—1;1)G(0, —1;9)G(0; y) — 15120y> G (—1;4)G(0, —15y)G (05 y) — 15120yG(—1;y)G (0, —1;1)G (05 y) —
15120G(—1;9)G(0, —1;9)G(0;y)  —  8640y°G(—1;9)G(1;5)G(0, —1;9)G(0;y)  —  8640y2G(-1;)G(1;9)G(0, —1;9)G(0;y)  —
8640yG(—1;y)G(1;4)G(0, —1;9)G(0; y) — 8640G(—1;9)G(1;4)G(0, —1;5)G(0;y) + 6120G(0, —1;4)G(0;y) + 6072y>G(0,1;4)G(0;y) —
5040y G(0, 1; y)G(0; y) — 42072 G(0, 1; y) G(0; y) — 258072 y2 G(0, 1; y) G(0; y) +25920y2 G(0, 1; y) G(0; y) + 1440y G(—1; y) 2 G(0, 1; y) G(0; y) +
1440y G (—1;9)2G(0, 1;9)G(0; y) + 1440yG(—1;1)2G(0, 1;3)G(0; y) + 1440G(—1;9)%G(0, 1;9)G(05 y) + 3240y>G(1;9)%G(0, 1;1)G(05 ) +
5400y°G(1;y)2G(0, 1;9)G(0;y) — 5400yG(1;9)°G(0,1;9)G(0;y) — 3240G(1;9)2G(0, y)G(0;y) + 22207°yG(0, 1;1)G(0y)  —
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38880yG(0,1;9)G(0;y) — 151204°G(—1;9)G(0,1;9)G(0;y) — 1512052G(—1;9)G(0,1;9)G(03y) — 15120yG(—1;9)G(0,1;4)G(05y) —
15120G(—1;9)G(0,1;1)G(0;¥) — 5040y°G(1;9)G(0, 1;1)G(0;y) + 2160y%G(1;9)G(0,1;1)G(0;y) + 5760yG(1;4)G(0, 1;4)G(0y) —
8640y G(—1;9)G(1;9)G(0, ;9)G(0;y)  —  8640y°G(—1;9)G(1;9)G(0,1;9)G(0;y)  —  8640yG(—1;y)G(L;y)G(0, y)G(05y)  —
8640G(—1; ¥)G(1; ¥)G(0, 1; ) G(0; ¥) —2880G (1; ¥) G(0, 15 ) G (0; ) +720y> G(0, —1; y) G (0, 1; y) G(0; y) —5040y2 G(0, —1; y) G(0, 1; ) G(0; y) +
720yG(0, —1;4)G(0,1;9)G(0sy)  —  5040G(0, —1;9)G(0,1;5)G(0;y)  +  10320G(0,1;9)G(0;y) —  360y3G(0,m59)G(05y)  —
2160y3G(—1;y)2G(0, r; )G (05 y) — 2160y% G(—1;4)2G (0, 73 ¥) G(0; y) — 2160y G(—1; )2 G (0, r; ¥) G(0; y) — 2160G (—1;y)2G(0, 75 ) G (05 y) —
2160y°G(1; 1) G0, 75 1)G(0;y) + 2160G(1;y)>G(0,m51)G(0;y) — 2160y°G(1;9)G(0, 3 )G(03y) + 2160yG(1;y)G (0, m59)G(05y) +
4680y°G(0, —1;9)G (0, 73 ¥) G (0; ¥) +360y> G (0, —15 y) G(0, 15 ) G(0; ¥) +4680yG (0, — 15 y) G(0, 15 y) G(0; y) +360G(0, —1;¥) G (0, 73 ¥) G (0; y) +
360G(0,my)G(0;y)  —  T20y3G(r, 1;9)G(05y) —  43200°G(1;9)%G(r, 1;9)G(0;y) 4+ 4320G(1;9)°G(r, 1;9)G(0;y)  —
432092G(1;9)G(r, Ly)G(0;y)  +  43209G(L;y)G(r, y)G(0;y)  +  720G(r, 1;9)G(05y)  +  1512043G(0, -1, —1;9)G(0sy)  +
15120y2G(0, -1, —-1;y)G(0; y)+15120yG(0, —1, —1; y) G(0; y)+8640y3G(1; y)G(0, —1, —1; y)G(0; y)+8640y2G(1; y)G(0, —1, —1;y)G(0; y)+
8640yG(1;y)G(0, —1, —1;y)G(0;y) + 8640G(1;y)G(0, —1, —1;y)G(0;y) + 15120G(0, —1, —1;y)G(0;y) + 15120y3G(0,71,1;y)G(0;y) +
1512092 G(0, —1, 1; y) G(0; y) + 15120yG (0, —1, 1; y)G(0; y) — 2880y3G(—1; )G (0, —1,1; y)G(0; y) — 2880y2G(—1;y)G(0, —1,1; )G (0; y) —

2880yG(—1;y)G(0, —1,1;y)G(0; y) — 2880G(—1;y)G(0, —1,1;y)G(0; y) + 8640y3G(1;y)G(0,71,1;y)G(0;y) +
8640y2G(1;5)G(0, —1,1;9)G (05 y) + 8640yG(1;4)G(0, —1,1;5)G(0;y) + 8640G(1;5)G(0, —1,1;4)G (05 y) + 15120G(0, —1,1;94)G(0; y) +
432093 G(—1;y)G (0, —1,7;9)G(0; y) + 432092 G(—1;y)G(0, —1,7; y)G(0; y) + 4320yG(—1;4)G(0, —1,7;9)G(0; y) +
4320G(—1;y)G(0, —1,r;9)G(0;y) + 40320y3G(0,0,71;y)G(0;y) + 40320y2G(0,0,71;y)G(0;y) + 10080yG(0,0,—1;y)G(0;y) +
2880y°G(—1;y)G(0,0, —1;4)G(0; y) + 2880y%G(—1;¥)G(0,0, —1;4)G(0; y) + 2880yG(—1;9)G(0,0, —1;4)G(0; y) +
2880G(—1;4)G(0,0, —1;y)G(0; y) + 14400y° G(159)G(0, 0, —1; 1) G (0; ) + 14400y G(1; y)G(0, 0, —1; ) G(0; ) +
14400yG(1; y)G(0,0, —1;4)G(0;y) + 14400G(1;4)G(0,0, —1;y)G(0;y) + 10080G(0,0, —1;4)G(0;y) + 23400y>G(0,0,1;y)G(0;y) +
51480y2G(O,0,1;y)G(0;y) + 12240yG(0,0,1;y)G(0;y) + 12240y3G(71;y)G(0,0,1;y)G(O;y) + 12240y2G(71;y)G(0,0,l;y)G(O;y) +
12240yG(—1;y)G(0,0, 1;4)G (05 y) + 12240G(—1;y)G(0,0, 1;y)G(0; y) + 144043 G(1;9)G (0,0, 1;4)G(0; y) +
1152092 G(1; y)G(0,0,1;y)G(0; y) + 15840yG(1;4)G(0,0,1;y)G(0;y) + 25920G(1;y)G(0,0,1;y)G(0;y) + 8640G(0,0,1;y)G(0;y) +
1440y2G(0,0,r;4)G(0;y) — 1440yG(0,0,r;y)G(0;y) — 1440y3G(—1;4)G(0,0,7;9)G(0;y) — 1440y2G(—1;9)G(0,0,r;y)G(0;y) —
1440yG(—1; y)G(0, 0, 73 y)G(0; y) — 1440G(—1;1)G (0,0, r; )G (05 ) + 2880y>G(1;5)G(0, 0, 73 4)G (05 y) — 2880G(1;y)G(0, 0,75 ¥)G(0; y) +
1512043 G(0,1, —1;9)G(0;y) + 15120y2G(0,1, —1;y)G(0;y) + 15120yG(0,1, —1;y)G(0;y) — 2880y3G(—1;4)G(0,1, —1;y)G(0;y) —
2880y2G(—1;9)G (0, 1, —1;4)G(0; y) - 2880yG(—1;4)G(0,1, —1;4)G(0; y) - 2880G(—1;y)G(0,1, —1;y)G (05 ) +
8640y3G(1;y)G(0,1, —1;4)G(0; y) + 8640y2G(1;y)G(0,1, —1;y)G(0; y) + 8640yG(1;y)G(0,1, —1;4)G(0; y) +
8640G(1;y)G(0,1, —1;y)G(0; y) + 15120G(0, 1, —1;y)G(0; y) + 7560y30(0, 1,1;9)G(0;y) + 4680y2G(0, 1,1;y)G(05y) +

28440yG(0, 1, 1;y)G(0; ¥) + 1152092 G(—1; y)G(0, 1, 1; y) G(0; ¥) + 1152092 G(—1; y) G(0, 1, 1; ) G(0; y) + 11520y G(—1; ¥) G(0, 1, 1; y) G(0; y) +
11520G(71;y)G(0,1,1;y)G(O;y)76480y3G(1;y)G(0,1,1;y)G(0;y)+18000y2G(1;y)G(O,1,1;y)G(O;y)73600yG(1;y)G(0,1,1;y)G(0;y)+
20880G/(1;¥)CG(0, 1, 1;4)G(0;y) + 9720G(0,1,1;9)G(0;y) + 2880y°G(~1;4)G(0,1,m59)G(0;y) + 2880y°G(—159)G(0,1,79)C(03y) +
2880yG(—1;y)G(0, 1,73 y)G(0; ) + 2880G(—1;9)G(0,1,m;9)G(0; ) + 4320y°G(—1;9)G(0, 7, —1;3)G(0; y) +
432092 G (=1;9)G (0, 7, —1;y)G (05 y) + 4320yG (=15 9) G(0, 7, — 15 9)G(0; y) +4320G(~1;y)G(0, 7, —1;y) G (03 y) + 2880y° G(0, 7, 1;y) G (03 y) —
2880yG(0, 7, 1;9)G(0;y) — 2160y G(—1;9)G(0, 7, 1;9)G(0;y) — 2160y>G(—1;4)G(0, 7, 1;y)G(05y) — 2160yG(—15y)G(0,m, 1;9)G (03 y) —
2160G(—1;y)G(0,7,1;y)G(0; y) + 5760y3G(1;y)G(0,'r,l;y)G(O;y) — B5760G(1;y)G(0,7,1;y)G(0;y) + 5760y2G(r,1,1;y)G(0;y) —
5760yG(r, 1,1;9)G(0;y) + 11520y°3G(1;y)G(r, 1,1;y)G(0;y) — 11520G(1;4)G(r, 1,1;3)G(0;y) + 2880y3G(0,—1,—1,1;9)G(0;y) —+
2880y2G(0,71,71,1;y)G(0;y) + 2880yG(0,—1,—-1,1;y)G(0;y) + 2880G(0,—1,—-1,1;y)G(0;y) — 432Oy3G(0,71,71,T;y)G(0;y) —
4320y2G(0,71,71,r;y)G(O;y) — 4320yG(0, -1, —1,r;9)G(0;y) — 4320G(0,—1,—-1,7;4)G(0;y) + ZSSOyBG(O,71,1,71;y)G(O;y) +
2880y2G(0, —1,1, —1;9)G(0;y) + 2880yG(0,—1,1,—1;9)G(0;y) + 2880G(0,—1,1,—1;4)G(0;y) — 11520y3G(0, —1,1,1;9)G(0;y) —

11520y2G(0,71,1,1;y)G(0; y) — 11520yG(0,—1,1,1;y)G(0;y) — 11520G(0,—1,1,1;y)G(0;y) — 2880y3G(0,71,1,'r;y)G(0; y) —
2880y2G(0, —1,1,r;y)G(0;y) — 2880yG(0,—1,1,7;9)G(0;y) — 2880G(0,—1,1,7;9)G(0;y) — 4320y°G(0, —1,r, —1;4)G(0;y) —
4320y2G(0,71,r,71;y)G(0; y) — 4320yG(0,-1,7r, —1;y)G(0;y) — 4320G(0,—1,r,—1;y)G(0;y) + 2160y3G(0,71,T,1;y)G(0;y) +
2160y2G(0,—1,r,1;y)G(0; y) + 2160yG(0,—1,r,1;y)G(0;y) + 2160G(0,—1,r,1;4)G(0;y) — 2880y3G(0,0,—1,—1;y)G(0; y) —
2880y2G(0,0, -1, —1;y)G(0;y) — 2880yG(0,0,—1,—1;y)G(0;y) — 2880G(0,0,—1,—1;4)G(0;y) — 5040y3G(0,0,—1,1;9)G(0;y) —
10800y2G(0,0, -1,1;y)G(0;y) — 5040yG(0,0,—1,1;y)G(0;y) — 10800G(0,0,—1,1;y)G(0;y) — 7920y3G(0,0,71,7‘; y)G(0;y) +
720y2G(0,0, —1,7;9)G(0;y)  — T920yG(0,0,—1,79)G(05y) + T720G(0,0,—1,759)G(0;y) —  21240y3G(0,0,0, —1;4)G(0;y)  +
4680y2G(0,0,0,71;y)G(0; y) — 21240yG(0,0,0,—1;y)G(0;y) + 4680G(0,0,0,—-1;y)G(0;y) — 19800y3G(O,O,O,l;y)G'(O;y) —
6840y2G(0,0,0,1;y)G(0; y) - 10440yG(0, 0,0, 1; y)G(0; y) + 2520G(0,0,0,1;y)G(0;y) — 10803}3@(0,0,0,7‘;3;)@(0; y) -
1800y%G(0,0,0, 75 y)G(0;9) + 720yG(0,0,0,75y)G(0;y) — 50409°G(0,0,1, —1;4)G(0;y) — 10800y2G(0,0,1,—1;4)G(0;y) —
5040yG(0,0,1, —1;y)G(0;y) — 10800G(0,0,1, —1;y)G(0;y) — 9000y3G(0,0,1,1;y)G(0;y) — 30600y2G(0,0,1,1;y)G(0; y) -
3240yG(0,0,1,1;9)G(0;y) - 24840G(0,0,1,1;y)G(0; y) + 2880y2G(0,0, 1, 7;y)G(0; y) + 2880G(0,0,1,r;y)G(0;y) —
7920y3G(0,0,r, -1;9)G(0;y)  + 720y2G(0,0,'r, —1;y)G(0;y) — T7920yG(0,0,7,—1;y)G(0;y) + 720G(0,0,7r,—1;y)G(0;y) —
2160y3G(0, 0, r, 1;4)G(0; y) - 720y2G(0,0, 7, 1;4)G(0; y) + 1440yG(0,0,7,1;y)G(0;y) + 2880G (0,0, 7, 1;y)G(0; y) +
288Oy3G(0,1,71,71;y)G(0; y) + 2880y2G(0,1,71,71;y)G(0; y) + 2880yG(0,1,—1,—1;y)G(0;y) + 2880G(0,1,—1,—-1;y)G(0;y) —
115204°G(0,1, —1,1;9)G(0;y) — 11520y2G(0,1, —1,1;9)G(0;y) — 115209G(0,1, —1,1;y)G(0;y) — 11520G(0,1, —1,1;4)G(0;y) —
2880y3G(0,1, —1,r; y)G(0;y) — 2880y2G(0,1,—1,7;9)G(0;y) — 2880yG(0,1,—1,r;y)G(0;y) — 2880G(0,1,—1,7;9)G(0;y) +
3600y3G(0,1,0,71;y)G(0; y) + 720y2G(0,1,0,71;y)G(0; y) + 3600yG(0,1,0,—1;y)G(0;y) + 720G(0,1,0,—-1;y)G(0;y) +
2160y3G(0, 1,0, r; y) G(0; y) + 2160y2G(0, 1,0, 75 y)G(0; y) + 2160yG(0,1,0,7;y)G(0;y) + 2160G(0,1,0,r;y)G(0;y) -
11520y3G(0,1,1,71;y)G(0; y) — 11520y2G(0,1,1,71;y)G(0;y) — 11520yG(0,1,1, —1;y)G(0;y) — 11520G(0,1,1,—-1;y)G(0;y) +
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4320y3G(0,1,1,1;y)G(0;y) - 48960y2G(0,1,1,1;y)G(O; y) + 15840yG(0,1,1,1;y)G(0;y) —  37440G(0,1,1,1;y)G(0;y) —
2880y3G(O,1,1,r; y)G(0;y) — 2880y2G(O,1,1,r; y)G(0;y) — 2880yG(0,1,1,r;y)G(0;y) — 2880G(0,1,1,r;y)G(0;y)
288Oy3G(0,1,T,—1;y)G(0; y) — 2880y2G(O,1,r,—1;y)G(O; y) — 2880yG(0,1,r,—1;y)G(0;y) — 2880G(0,1,r, —1;y)G(0;y) +
1440y3G(O, 1,7, 1;9)G(0;y) + 1440'y2G(07 1,7, 1;9)G(0;y) + 1440yG(0,1, 7, 1;y)G(0; y) + 1440G(0,1, 7, 1;y)G(0; y)
4320y3G(0,r,71,71;y)G(0;y) — 4320y2G(0,r,71,71;y)G(0;y) — 4320yG(0,r, —1,—1;y)G(0;y) — 4320G(0,7, —1,—-1;y)G(0;y) +
2160y3G(0,r,—1,1;y)G(0; y) + 2160y2G(0,r,—1,1;y)G(0;y) + 2160yG(0,r, —1,1;y)G(0;y) + 2160G(0,r, —1,1;y)G(0;y) —
4680y3G(0,r,0,71;y)G(0; y) - 360y2G(0,r,0,71;y)G(0;y) — 4680yG(0,7,0,—-1;y)G(0;y) — 360G(0,7,0,—1;y)G(0;y) +
2160y3G(0,r,1,—1;y)G(0; y) + 2160yzG(0,r,1,—1;y)G(O;y) + 2160yG(0,7,1,—1;y)G(0;y) + 2160G(0,7,1,—1;y)G(0;y) —
7200y3G(O, r,1,1;y)G(0;y) + 7200G(0, r, 1, 1; y)G(0; y) — 14400y3G(7‘, 1,1,1;y)G(0;y) + 14400G(r, 1,1, 1; y)G (05 y) — 7920y3C(3)G(0; y) +
11520y%¢(3)G(0;y) — 3600yC(3)G(0;y) — 4320y°G(—1;y)C(3)G(03y) — 4320y°G(—1;y)C(3)G(05y) — 4320yG(—1;y)C(3)G(0;y) —
4320G(—1; ¥)C(3)G(0;y) + 50402 G(1;9)C(3)G(05y) — 6480y2G(1;9)C(3)G(05y) + 6480yG(1;)C(3)G(0;y) — 5040G(1;4)¢(3)G(05y) +
9574y 4 540m2y3 — 2040y° — 1707243 G(1; y)3 + 17072 G (1; y)2 + 3707242 G(1; )% — 370w2yG(1; y)® + 12043 G (r;v)3 — 24042 G (r; v)° +
24093 G(1;9)2G(r; )3 — 240G (15 y)2 G(r; ¥)3 +240yG(r; y)® +240y% G (1; y) G (s y)® — 240y G (15 1) G (r; y)® — 120G (r; )3 — 48072 — 23674y —
152072y2 4+ 6120y — 42072y3 G(—1;9)2 — 42072 G(—1;y)? — 420m29y2G(—1;y)? — 420m2yG(—1;v)? + 5407243 G(1; y)% — 87072 G(1; y)2 —
60072y G(1;y)? + 9307%yG(1;9)% + 1620y°G(r;y)® — 150053 G(1;4)3G(r;v)? + 22200°G(1;9)3G(ry)? — 22209G(1;y)3G(r;)? +
1500G(1; )3 G (r;y)? — 3240y° G(r; y)? + 450y° G(1;9)2 G (r; )? — 5850y> G(1;y)2 G (r;y)? + 5850yG (1;4)* G(r; y)* — 450G (1;9)° G(r5 y)* +
3240yG(r; y)? 4 1800y2G(1; y)G(r; y)? — 1800yG(1; )G (r; y)2 — 1620G (r; y)2 + 270043 G(0, 1; )% — 306042 G(0, 1; y)? — 7380yG(0, 1;y)2 —
2880y G(—1;y)G(0, 1; )% — 2880y2G(—1;4)G(0, 1;4)? — 2880yG(—1; y)G(0, 1; y)% — 2880G(—1;y)G(0, 1;4)? + 3600y>G(1;y)G(0, 1;y)% —
72042 G(1;y)G(0,1; )% — T720yG(1;9)G(0, 1;4)%2 — 5040G(1;y)G(0,1;y)% + 2700G(0,1;y)% + 540y2G(0,m;v)%2 — 540yG(0,r;y)? —
1620y3G(—1;4)G (0, r;9)% — 162042 G(—1; y)G(0, r; y)% — 1620yG(—1;y)G(0, r;y)% — 1620G(—1;y)G(0, r; y)? + 1080y>G(1;¥)G(0, r; y)? —
1080G(1; ¥)G(0, 5 y)? 4+ 2160y2 G (7, 1; y)% — 2160y G(r, 1;y)? + 4320y G(1; y)G(r, 1; ¥)? — 4320G(1; y)G(r, 1;y)? + nty + 162072y — 6120y —
15374 G(—1;y) — 1537443 G(—1;9) + 3407243 G(—1;y) + 340n2G(—1;y) — 1537442 G(—1;y) — 66072y2G(—1;y) — 153nyG(—1;y) —
660T2yG(—1;y) — 7174 G(1; y) + 3172 y3 G(1; y) + 104072 y3 G(1; y) + 936093 G (1; y) — 128072 G(1; y) + 1277442 G(1; y) — 312072y G(1; y) —
2808052 G(1;y) — 2407%y3G(-1;9)2G(1;y) — 240m2G(—1;9)2G(Ly) — 24072y G(-1;9)%G(Liy) — 2407%yG(—1;9)2G(L;y) —
16774 yG(1; y) + 336072yG(1; y) + 28080yG(1;y) — 9360G(1;y) + 51093 G(1;v)2G(r;y) — 111092 G(1; )2 G(r; y) + 1110yG(1; v)2G(r; y) —
510G(1;9)*G(riy) + 180n%y3G(r;y) — 56409°G(riy) + 2220¥°G(1;9)3G(r;y) + 3780y2G(1;9)3G(riy) — 3780yG(1;9)3G(rsy) —
2220G(1;9)3G(riy) — 1807n2G(r;y) — 36072y%G(r;y) + 11280y2G(r;y) + 36072y3G(1;9)2G(riy) + 6960y°G(1;9)2G(ry) —
36072G(1;y)2G(r;y) — 24480y2G(1;9)2G(r;y) + 24480yG(1;y)2G(r;y) — 6960G(1;9)2G(r;y) + 360m2yG(r;y) — 11280yG(r;y) —
1800y° G (1; 9)G (73 y) + 36072 y% G (15 y) G (s y) — 3000y> G (15 y) G(r; y) — 36072y G(1; y)G(r; y) + 3000yG (1;y) G (r; y) + 1800G (15 y)G(rs y) +
5640G (r;y) + 42072y3G(0, —1;y) — 42072G(0, —1;y) + 420m2y2G(0, —1;y) — 420m2yG(0, —1;y) + 96072y3G(—1;y)G(0, —1;y) +
960m2G(—1;¥)G(0, —1;4) + 96072y2G(—1;9)G(0, —1;y) + 960m2yG(—1;y)G(0, —1;9) + 42072y3G(0,1;vy) + 6120y°G(0,1;y) —

2040y3G(1;9)3G(0, 1iy) + 4440y%G(1;9)3G(0,1;9) — 4440yG(1;4)3G(0,159) + 2040G(1L;9)3G(0, 1;y) + 48072G(0, L;y) +
11407%y%G(0,1;y) — 18840y2G(0,1;y) + 8460y°G(L;y)°G(0, 1;y) — 9180y°G(1;9)%G(0,1;9) + 9180yG(1;9)°G(0, 1;y) —
8460G(1;4)2G(0,1;y) — 288072yG(0,1;y) + 18840yG(0,1;y) — 480m2y3G(—1;4)G(0,1;y) — 480w2G(—1;9)G(0,1;y) —

48072y2G(—1;9)G(0, 1;y) — 48072yG(—1;4)G(0, 1;9) + 4807w2y3G(1;y)G(0,1;y) + 1392043 G(1;y)G(0,1;y) — 72072 G(1;9)G(0, 1;y) —
14407242 G(1;y)G(0,1;y) — 38880y2G(1;y)G(0,1;y) + 120072yG(1;y)G(0, 1;y) + 38880yG(1;y)G(0,1;y) — 13920G(1;y)G(0,1;y) +
2160y°G(r; y)G(0, 15 y) —4320y° G (r; y) G(0, 1; ) +4320y° G (1; 1) G(r; y) G(0, 15 y) —4320G (15 )2 G(r; ¥) G (0, 1; ¥) +4320yG (73 ¥) G (0, 1; ) +
4320y°G(1;y)G(r; y)G(0, 1iy)  — 4320yG(L;y)G(r;y)G(0, Liy) — 2160G(r;y)G(0,1;y) + 115204°G(—1;y)G(0, —1;9)G(0, 1;y) +
1152052 G(—1;9)G(0, —1; y)G(0, 1; ) + 11520yG(—1;y)G(0, —1;4)G(0,1;y) + 11520G(—1;5)G(0, —1;9)G(0,1;y) — 6120G(0,1;y) —
2520y3G(0,m5y) + 1020y3G(1;9)3G(0,m5y) — 2220y2G(1;9)3G(0,m5y) +  2220yG(1;9)3G(0,m5y) — 1020G(1;9)3G(0, m5y)  —
18072y2G(0,m;y) 4+ 10320y2G(0,7;y) — 7560y°G(—1;9)2G(0,my) — T7560y2G(—1;y)2G(0,r;y) — 7560yG(—1;v)2G(0,r;y) —
7560G(—1;y)2G(0,r;y) — 7200y3G(1;4)2G(0,7m;y) + 7560y2G(1;4)2G(0,7;5y) — 1620yG(1;4)2G(0,r;y) + 1260G(1;4)2G(0,r;y) +
1807‘r2yG(0,r;y) —  8520yG(0,7m;y) + 540772y3G(71;y)G(0,T;y) + 6120y3G(71;y)G(0,7‘;y) + 5407r2G(71;y)G(0,7‘;y) +
540m2y2G(—1;y)G(0, r;y) — 11880y2G(—1;y)G(0, r; y) + 540w 2yG(—1;y)G(0, r; y) — 11880yG(—1;y)G(0, r; y) + 6120G(—1; y)G(0, r; y) —
3607‘r2y3G(1;y)G(O,'r;y)7912Oy3G(1;y)G(0,r;y)+3607‘r2G(1;y)G(O,'r;y)+21600y2G(1;y)G(O,r;y)f432Oy3G(71;y)2G(1;y)G(O,T;y)7
4320y2G(~1;9)2G(1;9)G(0,my) — 4320yG(—139)2G(1;9)G(0,my) — 4320G(-1;9)*G(1;y)G(0,m5y) — 17280yG(1;y)G(0, miy) +
4800G (1; ¥)G (0, 73 y) — 1080y> G (5 y) G(0, 15 y) + 2160y° G(r; y) G(0, 5 y) — 2160y> G(15y)2 G (73 y) G (0, 73 y) +2160G (15 4)> G(r; y) G(0, r5 y) —
2160yG (r;y)G(0, 5 y) - 216052 G(1; y)G(r; y)G(0, 5 y) + 2160yG(1;y)G(r; y)G(0, 3 y) + 1080G(r; y)G (0, r; y) +
756043 G(0, —1;4)G(0, m;5y) + 7560y2G(0, —1;4)G(0,r;y) — T560yG(0, —1;4)G(0,m5y) — B5760y°G(—1;9)G(0, —1;4)G(0,r;y) —
576Oy2G(71; y)G(0, —1; y)G(0, r; y) — 5760yG(—1; y)G(0, —1; y)G(0, r; y) — 5760G(—1; y)G(0, —1;y)G(0, r; y) — 7560G (0, —1;y)G(0, ;5 y) —
2160y%G(0, 1;y)G(0, 5 y) 4+ 2160yG(0, 1;9)G(0,m5y) + 6480y°G(—1;9)G(0,1;4)G(0,73y) + 6480y2G(—1;4)G(0, 1;9)G(0, r5y) +
6480yG(—1;9)G(0, 1;4)G(0, 5 y) + 6480G(—1;4)G(0, 15 5)G (0, 73 y) — 432053 G(1;9)G(0, 1;9)G(0, 5 y) + 4320G(1;9)G (0, 1;4)G(0, 5 y) +

3600G(0,r;y) — 6120y°G(r,1;y) + 2040y°G(1;9)3G(r, 1;y) — 4440y%G(1;9)3G(r, 1;y) +  4440yG(1;9)3G(r, 1;y) —
2040G(1;9)3G(r, 1;y) — 360w2y2G(r,1;y) + 18840y2G(r,1;y) — 8460y°G(1;9)2G(r,1;y) + 9180y%2G(1;4)%2G(r, 1;y) —
9180yG(1;y)?G(r, 11y) + 8460G(1;9)2G(r, 1;y) — 7204°G(r;y)2G(r, 1y) + T20yG(r;y)?G(r, 1y) — 1440y°G(1;9)G (1) G(r, 1) +
1440G(1; y)G(r; ¥)2G(r, 1;y) + 360m2yG(r,1;y) — 18840yG(r,1;y) — 720m2y3G(1;4)G(r, 1;y) — 13920y°G(1;y)G(r, 1;4y) +
720m2G(1;9)G(r, 1;y) 4+ 38880y°G(1;9)G(r, 1;y) — 38880yG(1;9)G(r, 1;y) + 13920G(1L;9)G(r, 1;y) + 72003G(r;9)G(r, 1;y) —
5040y°G(r; )G (r, 1iy) + 10440y°G(1;9)°G(riy)G(r Liy) — 1332097 G(159)°G(riy)G(r, 1iy) + 13320yG(1;9)°G(r;y)G(r, Liy) —
10440G(1;9)2G(r; v)G(r, 1;y) 4+  5040yG(riy)G(r, 1;y) — 1800y°G(1;9)G(r;iy)G(r, 15y) + 24840y%G(1;9)G(r;y)G(r, 15y)  —

24840y G (15 y) G (r; )G (r, 1;y) + 1800G (1; y) G (r; ») G (r, 15 y) — 720G(r; y) G(r, 15 y) — 432092 G (0, 1;9)G (7, 1;y) + 4320y G (0, 15 4)G(r, 1;y) —
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8640y3G(1; y)G(0,1;y)G(r, 1;y) 4+ 8640G(1;y)G(0,1;y)G(r,1;y) + 2160y2G(0, r;y)G(r, 1;y) —  2160yG(0,r;y)G(r, 1;y)
432043 G(1; y)G(0, r; y)G(r, 1;y) — 4320G(1;y)G(0, r; y)G(r, ;) + 6120G(r, 1;y) — 720m2y3G(0, —1, —1;y) — 120072G(0, —1, —1;y) —
120072y2G(0, -1, —1;y) — T720mw%yG(0,—1,—1;y) — 115205°G(0,1;9)G(0, -1, —1;y) — 1152092G(0,1;y)G(0, —1, —1;y) —
11520yG(0, 1; y)G(0, —1, —1;y) — 11520G(0, 1;y)G(0, —1, —1;y) + 10080y3G(0, r;y)G(0, -1, —1;y) + 144Oy2G(0, r;y)G(0, -1, —1;y) +
10080yG(0, r; y)G(0, —1, —1; y) 4+ 1440G(0, r; y)G(0, —1, —1; y) + 720m2y3G(0, —1, 1;y) + 24072G(0, —1,1;y) + 240m2y2G(0, —1, 1;y) +
72072yG(0, —1,1;y) +  5760y3G(0,1;4)G(0, —1,1;y) 4+  5760y2G(0,1;4)G(0,—1,1;y) 4+  5760yG(0,1;y)G(0, —1,159)  +
5760G(0,1;y)G(0, —1,1;y) + 144Oy3G(0,'r;y)G(0,71,1;y) - 7200y2G(0,'r; y)G(0,—1,1;y) + 1440yG(0,r;y)G(0,—1,1;y) —
7200G(0, r; y)G(0, —1,1;y) — 540m2y3G(0, —1,m;y) — 612003G(0, —1,7my) — 54072G(0, —1,7ry) — 54072y2G(0, —1,r;y) +
1188042 G(0, —1,m;y) — 540w2yG(0, —1,7;9) + 11880yG(0, —1,7;y) + 1512053 G(—1;9)G(0, —1, r;y) + 15120y2G(—1;y)G(0, —1, 7 y) +
15120yG(—154)G(0, —1, 75 y) + 15120G(—159)G (0, —1, 75 y) + 8640y> G(—13 ) G(1; y)G(0, —1, 73 y) + 8640y° G(—154) G(1; ) G(0, —1, 3 y) +
8640yG(—1;y)G(1;y)G(0, —1, r; y) + 8640G(—1;y)G(1;y)G(0, —1, r; y) — 6480y>G(0, 1;4)G(0, —1, r; y) — 6480y2G(0,1;y)G(0, —1,r;y) —

+

6480yG(0,1;y)G(0, —1,r;y) — 6480G(0,1;y)G(0, —1,r;y) + 3240y3G(0,r;y)G(0,71,'r;y) + 3240y2G(0,r;y)G(0,71,r;y) +
3240yG(0, 75 y)G(0, —1,7;y) + 3240G(0,r;y)G(0, —1,r;y) — 6120G(0, —1,r;y) — 1380w2y3G(0,0,—1;y) — 6120y3G(0,0, —1;y) —+
6072G(0,0,—1;y) + 60m2y%2G(0,0,—1;y) + 11880y2G(0,0,—1;y) — 1380m2yG(0,0,—1;y) + 11880yG(0,0,—1;y) +
1512043 G(—1;4)G(0,0, —1;y) + 15120y2G(—1;9)G(0,0, —1;y) + 15120yG(—1;9)G(0,0,—1;y) + 15120G(—1;4)G(0,0,—1;y) +
8640y G(—1;¥)G(1;9)G(0, 0, —1; y) + 8640y>G(—1;y)G(1;¥)G(0,0, —1; ) + 8640yG(—1;y)G(1;4)G(0,0, —159) +
8640G(—1;y)G(1;y)G(0,0, —1;y) — 4320y3G(0, —-1;4)G(0,0, —1;y) + 4320y2G(0,71;y)G(0,0,71;y) — 4320yG(0, —1;y)G(0,0, —1;y) +
4320G(0, —1;y)G(0,0, —1;y) — 4320y3G(O,l;y)G(O,O,—l;y) + 4320y2G(O,1;y)G(0,0,—l;y) —  4320yG(0,1;y)G(0,0, —1;y) +

4320G(0,1; y)G(0,0, —1;y) — 6120G(0,0, —1;y) — 60m2y3G(0,0, 1; y) — 13200y°G(0,0, 1; y) 4+ 540w2G(0, 0, 1; y) + 3780m2y2G(0,0,1; y) +
10800y2G(0, 0, 1;y)— 720043 G(—1; y)2G(0, 0, 1; y) —7200y2 G (—1; )2 G(0, 0, 1; y) — 7200y G (—1; ¥)2G(0, 0, 1; y) —7200G(—1; ¥)2G(0, 0, 1; y) —
450043 G(1;4)2G(0, 0, 1; y) — 1206052 G(1; ¥)2G(0,0, 1;y) + 12060yG(1;¥)2G(0, 0, 1; y) + 4500G(1; ¥)2G(0, 0, 1;y) — 3300w2yG(0, 0, 1;y) +
28080yG (0,0, 1; y) +15120y° G(—1; y)G(0, 0, 1; y) + 1512052 G(—1; y)G(0, 0, 1; y) + 15120y G(—1; y) G(0, 0, 1; y) + 15120G(—1; y) G(0, 0, 1; ) —
1728093 G(1;9)G(0,0,1;y)  +  16560y2G(1;4)G(0,0,1;y) + 3240yG(1;9)G(0,0,1;9) + 8640y3G(—1;4)G(1;9)G(0,0,1;y)  +
8640y2G(—1;9)G(1;5)G(0,0,1;3) + 8640yG(—1;4)G(1;9)G(0,0,1;y) + 8640G(—1;1)G(1;5)G(0,0,15y) — 2520G(1;9)G(0,0,1;y) +
8640y3G(0,—1;y)G(0,0,1;y) + 2880y2G(O,—1;y)G(0,0,l;y) + 8640yG(0, —1;y)G(0,0,1;y) + 2880G(0,—1;y)G(0,0,1;y) +
5400y2G(0,1;9)G(0,0,1;y) —  14760y%G(0,1;9)G(0,0,1;y) +  27000yG(0,1;4)G(0,0,1;y) 4+  6840G(0,1;4)G(0,0,1;y) —
10320G(0, 0, 1; ) — 1807243 G(0, 0, r; y) + 5520y G(0, 0, r; y) + 1807242 G(0, 0, r; y) — 2160y2G(0, 0, r; y) + 7200y>G(—1;4)2G(0, 0, r; y) +
7200y2G(-1;9)2G(0,0,m59y) 4+  7200yG(—1;y)2G(0,0,7;y) +  7200G(—1;9)2G(0,0,7y) +  3060y°G(1;4)2G(0,0,my)  +
19260y2G(1;y)2G(0,0,r;y) — 19260yG(1;y)2G(0,0,7;y) — 3060G(1;4)2G(0,0,m;y) — 360m2yG(0,0,7;y) — 1080yG(0,0,7r;y) +
7560y3G(—1;y)G(0,0,T;y) + 7560y2G(—1;y)G(0,0,T;y) + 7560yG(—1;y)G(0,0,r;y) + 7560G(—1;y)G(0,0,7r;y) +
17640y%G(1; y)G(0,0,m;y) — 40680y2G(1;4)G(0,0,m;y) + 20880yG(1;4)G(0,0,r;y) + 4320y°3G(—1;9)G(1;4)G(0,0,r9y) +
432092 G(~1;9)G(1;9)G(0,0,m5y) + 4320yG(—1;4)G(1;9)G(0,0,my) + 4320G(—1;3)G(1;9)G(0,0,m5y) + 2160G(1;4)G(0,0,m5y) —
15840y3G(O,71;y)G(0,0,7‘;y) + 2880y2G(0,71;y)G(0,0,r;y) — 15840yG(0, —1;y)G(0,0,r;y) + 2880G(0,—1;y)G(0,0,m5y) —
13320y3G(0, 1;4)G(0,0,7r;y) + 19800y2G(0, 1;y)G(0,0,r;y) — 34920y G(0, 1;y)G(0,0, r;y) — 1800G (0, 1; y)G (0,0, r; y) — 360G(0,0, 75 y) +
7207293 G(0,1, —1;9) + 24072G(0,1,-1;y) + 2407%y2G(0,1,-1;9) + 720m2yG(0,1,—1;9) + 5760y°G(0,1;4)G(0,1, —15y) +
5760y2G(0,1;y)G(O,1,7l;y) + 5760yG(0,1;y)G(0,1,—1;y) + 5760G(0,1;y)G(0,1,—1;y) — 17280y2G(0,r;y)G(0,l,*l;y) -
17280G(0, r; y)G(0,1, —1;4) + 18072y3G(0,1,1;y) — 13920y°G(0,1,1;y) -+ 114072G(0,1,1;y) + 114072y2G(0,1,15y) +
28800y2G(0, 1, 1; y) + 18360y G(1; ¥)2G(0, 1, 1; y) — 3996032 G(1; y)2G(0, 1, 1; y) + 39960y G (1; ¥)?G(0, 1, 1; y) — 18360G(1; ¥)2G(0, 1, 1; y) +
18072yG(0,1,1;y) — 28800yG(0,1,1;y) — 20520y3G(1;y)G(0,1,1;y) + 59400y2G(1;y)G(0,1,1;y) — 59400yG(1;y)G(0,1,1;y) +

20520G(1;9)G(0,1,1;y) — 17280y°G(0, —1;3)G(0,1,1;y) — 17280y2G(0, —1;9)G(0,1,1;y) — 17280yG(0,—1;3)G(0,1,1;y) —
17280G(0, —1;y)G(0,1, 15 y) - 720y3G(0,1;y)G(0,1,1;y) + 7920y2G(0,1;y)G(0,1,1§y) + 7920yG(0,1;y)G(0,1,1;y) +
16560G (0, 1;4)G(0, 1, 1; y) + 13920G(0, 1, 1;y) — 36072y3G(0,1,r;y) — 552053 G(0, 1, r;y) — 360m2G(0,1,r;y) — 360w2y2G(0, 1, r;y) +
15840y2G(0,1,my)  —  1440y3G(—1;9)2G(0,1,r;y)  —  1440y2G(—1;9)%2G(0,1,my)  —  1440yG(—1;y)2G(0,1,r;y)  —
1440G(—1;9)%2G(0,1,my) —  14760y°G(1;9)2G(0,1,m9) 4+  1332002G(1;4)2G(0,1,r;y) —  133209G(1;4)2G(0,1,r;y)  +
14760G(1;4)?G(0,1,r;y) — 36072yG(0,1,m;y) — 2880yG(0,1,7;y) + 151209°G(—1;y)G(0,1,7;y) + 151204%G(—1;y)G(0,1,759) +
15120yG(—1;y)G(0,1,7y)  +  15120G(—1;4)G(0,1,r;y) +  5760y°G(1;4)G(0,1,r;y) —  33120¥2G(1;9)G(0,1,75y)  +

25200yG(1;y)G(0,1, 73 y) + 8640y°G(—1;9)G(1;9)G(0, 1, 15 y) + 8640y2G(—1;4)G(1;4)G(0, 1, 3 y) + 8640yG(—1;3)G(1;y)G(0,1, 75 y) +
8640G(—1;9)G(1;9)G(0,1,my) + 2160G(1;9)G(0,1,7y) + 144009°G(0, —1;9)G(0,1,my) + 20160y2G(0, —1;4)G(0,1,m5y) +

14400yG(0, —1;y)G(0,1,m5y) 4+ 20160G(0, —1;94)G(0,1,r;y) — 432093G(0,1;y)G(0,1,m;9y) — 432052G(0,1;4)G(0,1,r;y) —
4320yG(0,1;y)G(0, 1, r; y) —4320G(0, 1; y) G (0, 1, r; y) +240G(0, 1, 75 y) — 5407243 G (0, 7, —1; y) —6120y>G(0, r, —1;y) —54072G(0, 7, —1; y) —
54072y2G(0, 7, —1;y) + 11880y2G(0,7, —1;y) — 54072yG(0,r, —1;y) + 11880yG(0,r, —1;y) + 15120y3G(—1;9)G(0,r, —1;y) +
1512092 G(—1;y)G(0, 7, —1;9) + 15120yG(—1;y)G(0,r, —1;y) + 15120G(—1;9)G(0,7, —1;y) + 8640y3G(—1;9)G(1;y)G(0,r, —1;y) +
864Oy2G(71;y)G(l;y)G(O,'r,71;y) + 8640yG(—1;y)G(1;y)G(0,r, —1;y) + 8640G(—1;y)G(1;y)G(0,r, —1;y) —
432043 G(0, —1;4)G(0, r, —1;y) + 432092G(0, —1;9)G(0, 7, —1;y) — 4320yG(0, —1;y)G(0, 7, —1;y) + 4320G(0, —1;9)G(0,r, —1;y) —
6480y3G(0,1;y)G(O,7‘,71;y) — 6480y2G(0,1;y)G(O,7‘,71;y) —  6480yG(0,1;y)G(0,r, —1;y) — 6480G(0,1;y)G(0,7r, —1;y) +

3240y3G(0,r; y)GO,r,—1;y) + 3240y2G(O, r;y)G(0,r, —1;y) + 3240yG(0,r;y)G(0,r, —1;y) + 3240G(0,7m;y)G(0, 7, —1;y) —
6120G (0, r, —1; y) + 36072y3G(0, r, 1; y) + 134403 G(0, r, 1;y) — 36072G(0, r, 1; ) — 2088052 G(0, 7, 1; y) + 4320y G(—1;4)2G(0, 7, 1; ) +
432092G(—1;4)2G(0, 7, 1;y) +  4320yG(—1;9)2G(0, 7, 1;4y) +  4320G(—1;9)2G(0,r, 1;4y) —  9180y°G(1;4)2G(0,r, 1;4) +
1998052 G(1; y)2G(0, r, 1;y) — 19980yG(1;4)2G(0, 7, 1;y) + 9180G(1;y)2G(0, r, 1;4) 4+ 7920yG (0,7, 1;y) + 1512043 G(—1;y)G(0, r, 1;y) +
1512092 G(—1;4)G(0, 7, 1; y) + 15120yG(—1;y)G(0, 7, 15y) + 15120G(—1;y)G(0,r, 1;y) +  28080y°%G(1;y)G(0, 7, 1;y) —
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4752092 G(1;9)G(0, 7, 1;y) 4+ 11880yG(1;4)G(0, 7, 15y) + 8640y3G(—1;9)G(1;9)G(0, 7, 1;y) + 8640y2G(—1;9)G(1;9)G(0, 7, 1;y) +
8640yG(—1;y)G(1;y)G(0, 7, 1;y) + 8640G(—1;y)G(1;y)G(0,r,1;y) + 7560G(1;y)G(0,7, 1;y) —+ 17280y2G(0,71;y)G(0,T,1;y) +
17280G(0, —1;y)G(0, r, 15 y) + 4320ySG(O, 1;y)G(0,r,1;y) — 4320G(0,1;y)G(0, 7, 1;y) - 2160y3G(0, r;y)G(0,r, 15 y) +
2160G(0, r; y)G(0,m, 1;y) — 480G(0,7,1;y) — 72043G(0,7,my) — 252092G(0,r,my) + 2160y3G(—1;9)2G0,r, my) +

2160y2G(—1;4)2G(0,r, r;y) + 2160yG(—1;9)2G(0,r,r;y) +  2160G(—1;9)2G(0,r,m;y) +  7380y°G(1;4)%2G(0, 7, r;iy) —
6660y2G(1;9)2G(0,r, 73 y) + 6660yG(1;y)2G(0,7,m;y) — T380G(1;y)2G(0,r,m5y) + 6840yG(0, 7, r;y) — 7560y°G(—1;9)G(0, 7,73 y)
756Oy2G(71;y)G(0,'r,r; y)—T7560yG(—1;y)G(0, r, r;y)—7560G(—1;y)G(0, r, T} y)76840y3G(1;y)G(0,'r,r; y)+20520y2G(1;y)G(0,'r, riy)—
8640yG(1;9)G(0, r, m5y) — 432043 G(—1;9)G(1;4)G(0, v, r5y) — 432092 G(—1;9)G(1;y)G (0, r, 5 y) — 4320yG(—1;9)G(1;9)G(0, r, m5y) —
4320G(—1;y)G(1;y)G(0,r,m;y) — 5040G(1;y)G(0,r, m5y)  — 8640y3G(0, -1;y)G(0,r,m5y)  — 8640y2G(0, —1;y)G(0,r,m5y) —
8640yG (0, —1;y)G(0, 7, r; y) —8640G (0, —1; y) G(0, r, r; y) —3600G (0, 7, r; y) + 72072 y3 G(r, 1, 1; 4)+13920y°3 G (r, 1, 1;y) — 72072 G(r, 1, 1; y) —
28800y2 G (r, 1, 1;y) — 18360y° G (1;4)2G(r, 1, 1; y) + 39960y2 G(1; y)2G(r, 1, 1; y) — 39960y G (1; y)2G(r, 1, 1;y) + 18360G(1; y)2G(r, 1, 1;y) +
144043 G(r; ¥)2G(r, 1,1;y) — 1440G(r;y)2G(r, 1, 1;y) + 28800yG(r, 1, 1;y) + 2052043 G(1;y)G(r, 1,1;y) — 594002 G(1;y)G(r, 1,1;y) +
59400yG(1;y)G(r, 1, 1;y) — 20520G(1; y)G(r, 1, 1; y) + 1800y> G (r; y) G(r, 1, 1; y) — 26280y2G(r; y)G(r, 1, 1; y) 4 26280y G(r; y)G(r, 1, 1;y) —
23760y3G(1; y)G(r;y)G(r, 1, 1; y)+26640y2G(1; y)G(r;y)G(r, 1, 1;y) —26640yG(1; y)G(r; y)G(r, 1, 1;y) +23760G(1; y)G(r; y)G(r, 1, 1;y) —
1800G (r; y)G(r, 1, 1; y)+8640y3G(0, 1;9)G(r, 1,1;y) —8640G(0, 1;y)G(r, 1, 15 y) —4320y3G(O, r;y)G(r,1,1;y)+4320G(0, r; y)G(r, 1,1;y) —
8640y3G(r, 1;¥)G(r,1,1;y) + 8640G(r, 1;y)G(r,1,1;y) — 13920G(r,1,1;y) — 2880y3G(r, 7, 1;y) + 9360y%G(r, 7, 1;y) —
1476043 G(1; y)2G(r, 7, 1;y) + 1332042 G(1;4)2G(r, r, 1;y) — 13320yG(1;y)2G(r, r, 1;y) + 14760G(1; y)2G(r, r, 1;y) — 9360yG(r, r, 1;y) +
1800y3G(1; y)G(r,r, 1;y) — 29160y2G(1; y)G(r,r, 1;y) + 29160yG(1; y)G(r, r, 1;y) — 1800G(1;y)G(r,r, 1;y) + 144Oy2G(r;y)G(r, r,1;y) —
1440yG(r; y)G(r, 1, 1;y) +2880y3G(1; y)G(r;y)G(r,r, 1;y) —2880G(1; y)G(r; y)G(r, r, 1; y) + 2880G(r, 1, 1) — 15120y3G(0, —-1,—-1,ry) —

1512092G(0, —1, —1,r;y) — 15120yG(0,—1,—1,r;9y) — 8640y3G(1;9)G(0, —1,—1,my) — 8640y°G(1;y)G(0,—1,—1,r;y) —
8640yG(1;y)G(0, —1, —1,7r;y) — 8640G(1;y)G(0, —1, —1,7;y) — 15120G(0, —1, —1,7;y) — 1512093 G(0, —1,1, r; y) —
15120y2G(0, —1,1,m5y) —  15120yG(0, —1,1,m9y) +  2880y°G(—1;y)G(0,—1,1,75y) + 2880y°G(—1;9)G(0, —1,1,7m59) +
2880yG(—1;9)G(0, —1,1,r;y) + 2880G(—1;9)G(0, —1,1,r;y) — 8640y3G(1;y)G(0, —1,1,r;y) — 8640y2G(1;y)G(0,—1,1,r;y) —
8640yG(1;y)G(0,71,1,T;y)78640G(1;y)G(0,71,l,r;y)715120G(0,71,l,r;y)715120y3G(0,71,7”,71;y)715120y2G(0,71,r,7l;y)7
15120yG(0, —1,7, —1;9y) — 8640y°G(1;y)G(0, —1,7r, —1;9y) — 8640y2G(1;y)G(0, —1,r, —1;y) — 8640yG(1;y)G(0,—1,7, —1;y) —

8640G(1;y)G(0, —1,r, —1;y) — 15120G(0, —1,r, —1;y) — 15120y3G(0,71,'r,1;y) — 15120];2(;(0,71,7‘,1;’!;) — 15120yG(0, —1,7,1;y) —
8640y°G(~1;y)G(0, —1,7, L;y) — 8640y°G(~1;9)G(0, ~1, 7, L;y) — 8640yG(~1;4)G(0,~1,m 1;y) — 8640G(~1;»)G(0, ~1,7, 1;y) —

8640y G(1;y)G(0, —1,7,1;y) — 8640y2G(1;9)G(0, —1,7,1;9) — 8640yG(1;y)G(0,—1,7,1;y) — 8640G(1;y)G(0,—1,7,1;y) —
15120G(0, —1,7,1;9) + 7560y3G(0, —1,7,m5y) + 7560y2G(0, —1,7,m5y) + 7560yG(0, —1,7,m;y) — 4320y°G(—1;9)G(0, —1,7,15y) —
432092G(—1;y)G(0, =1, 7, r;y) — 4320yG(—1;9)G(0, —1, 7, m;y) — 4320G(—1;9)G(0, —1,7,my) + 4320y3G(1;9)G(0, —1,7,m;9y) +
432Oy2G(1;y)G(0,71,'r,r;y)+4320yG(1;y)G(O,71,r,r;y)+4320G(1;y)G(0,71,T,r;y)+7560G(0,71,7',7‘;y)715120y3G(0,0,71,71;y)7
15120y2G(0,0, -1, —1;y) — 15120yG(0,0, —1,—1;3y) — 8640y°G(1;y)G(0,0,—1,—1;y) — 8640y2G(1;y)G(0,0,—1,—159) —
8640yG(1;y)G(0,0,71,71;y)78640G(1;y)G(0,0,71,71;y)715120G(0,0,71,71;y)715120y3G(0,0,71,1;y)715120y2G(0,0,71,1;y)7
15120yG(0,0, —1,1;y) — 8640y3G(71;y)G(0,0,71,1;y) - 8640y2G(71;y)G(0,0,7l,l;y) — 8640yG(—1;y)G(0,0,—1,1;y) —
8640G(—1;y)G(0,0, —1,1;y) — 8640y3G(1;y)G(0,0,—1,1;y) — 8640y2G(1;y)G(0,0,—1,1;y) — 8640yG(1;y)G(0,0,—1,1;y) —

8640G(1;4)G(0,0, —1,1;5) — 15120G(0,0, —1,1;5) — 22680y3G(0,0, —1,7;y) — 22680y2G(0,0, —1,ry) + 7560yG(0,0, —1,79) —
288043 G(—1;y)G(0,0, —1,r;y) — 2880y2G(—1;4)G(0,0, —1,7;y) — 2880yG(—1;y)G(0,0,—1,7r;y) — 2880G(—1;4)G(0,0, —1,r;y) —
4320y3G(1;y)G(0,0, —-1,ry) — 432Oy2G(1;y)G(O,O, —1,my) — 4320yG(1;y)G(0,0,—1,7m;y) — 4320G(1;y)G(0,0,—1,r;y) +
7560G(0,0, —1, r;y) — 5544093G(0,0,0, —1;y) — 5544092G(0,0,0, —1;5) — 10080yG(0,0,0, —1;y) — 7200y3G(—1;4)G(0,0,0, —1;y) —
7200y2G(—1;y)G(0,0,0, —1;y) — 7200yG(—1;4)G(0,0,0, —1;y) — 7200G(—1;9)G(0,0,0,—1;y) — 18720y3G(1;y)G(0,0,0, —1;y) —

18720y2G(1;y)G(0,0,0,7l;y) — 18720yG(1;y)G(0,0,0, —1;y) — 18720G(1;y)G(0,0,0, —1;y) — 10080G(0, 0,0, —1;y) —
21240y2G(0,0, 0, 1; y) — 8748042 G(0, 0,0, 1; ) — 13680yG(0, 0,0, 1;y) — 1512053G(—1;9)G(0,0,0, 1;y) — 1512092G(—1;4)G(0,0,0, 1; y) —
15120yG(—1;y)G(0,0,0,1;y) — 15120G(—1;y)G(0,0,0,1;y) — 4680y3G(1;y)G(0,0,0,1;’y) + QOOOyQG(l;y)G(O,O,O,I;y) —
46440yG(1;y)G(0,0,0,1;y) — 32760G(1;y)G(0,0,0,1;y) — 8640G(0,0,0,1;y) — 25200y3G(0,0,0,T‘; y) + 31680y2G(0,0,0,T; y) —
1440yG(0, 0,0, r;y) - 144093 G(—1;4)G(0,0,0, r; y) — 1440y2G(—1;9)G(0,0,0, r; y) - 1440yG(—1;y)G(0,0,0, 75 9) -
1440G(—1;y)G(0,0,0,r;y) — 2520y3G(1;y)G(O,O,O,'r;y) — 32040y2G(1;y)G(0,0,0,7'; y) + 33480yG(1;y)G(0,0,0,r5y) +
3960G(1;y)G(0, 0,0, 7;y) — 1512092 G(0, 0, 1, —1; y) — 151202 G(0, 0, 1, —1; y) — 15120yG(0, 0, 1, —1; y) — 8640y>G(—1;y)G(0,0,1, —1; y) —
864Oy2G(71;y)G(0,0,l,*l;y) — 8640yG(—1;y)G(0,0,1,—1;y) — 8640G(—1;y)G(0,0,1,—1;y) — 8640y3G(1;y)G(0,0,1,71;y) —
864Oy2G(1;y)G(0,0,1,—1;y) - 8640yG(1;y)G(0,0,1, —1;y) - 8640G(1;y)G(0,0,1, —1;y) - 15120G(0,0,1, —1;y) +
1296043 G(0,0,1,1;y) — 59760y2G(0,0,1,1;y) — 24120yG(0,0, 1, 1;y) + 5760y>G(—1;4)G(0,0,1, 1;y) + 5760y2G(—~1;y)G(0,0,1,1;y) +
5760yG(—1;y)G(0,0,1,1;y) + 5760G(—1;y)G(0,0,1,1;y) — 16200y3G(1;y)G(0,0,1,1;y) + 17640y2G(1;y)G(O,O,l,l;y) —
40680yG(1;y)G(0,0,1,1;y) — 6840G(1;y)G(0,0,1,1;y) — 9720G(0,0,1,1;y) — 2412093G(0,0,1,7;y) + 5292092G(0,0,1,7;y) —
31680yG(0,0,1,m5y) — 26640y3G(71;y)G(0,0,1,'r; y) - 26640y2G(71;y)G(0,0, 1,7y) — 26640yG(—1;y)G(0,0,1,r;y) —
26640G(—1;3)G(0,0,1,r;y) + 12960y2G(1;9)G(0,0,1,my) — 43200y2G(1;4)G(0,0,1,r;y) + 41760yG(1;9)G(0,0,1,7m;y) —
14400G(1;y)G(0,0,1,r;y) — 2160G(0,0,1,7m5y) — 226803;3‘G(07 0,r,—1;y) — 22680y2G(O, 0,7,—1;y) + 7560yG(0,0,7, —1;y) —
2880y3G(—1;y)G(0,0,7‘,—1;y) - 2880y2G(—1;y)G(0,0, r,—1;y) — 2880yG(—1;y)G(0,0,r, —1;y) — 2880G(—1;y)G(0,0,r,—1;y) —
432043 G(1;¥)G(0,0,7, —1;y) — 432092G(1;9)G(0,0,7, —1;y) — 4320yG(1;y)G(0,0,7, —1;y) — 4320G(1;y)G(0,0,7, —1;y) +
7560G(0,0,r, —1;y) — 46440y3G(0, 0,r,1;y) + 70920y2G(0, 0,7, 1;y) — 32400yG(0,0,r,1;y) — 18720y3G(71; y)G(0,0,7, 1;y) —
1872092 G(—1;y)G(0,0,7, 1;9) — 18720yG(—1;9)G(0,0,7,1;y) — 18720G(—1;9)G(0,0,7,1;y) + 4680y3G(1;4)G(0,0,7,1;y) —

69480y2G(1;y)G(0,0,r,1;y) + 66600yG(1;y)G(0,0,7,1;y) — 7560G(1;y)G(0,0,7,1;y) — 2160G(0,0,r, 1;y) + 14400y3G(0,0,T, riy) —

118



16560y%G(0, 0, 7, 73 y) + 7200y G(0, 0, 7, 75 y) + 8640y> G(—1; y) G(0, 0, 7, 73 y) +8640y> G (—1; ) G(0, 0, 7, 73 y) + 8640y G(—1; y) G(0, 0, v, 5 ) +

8640G(—1;y)G(0,0,7r, 75 y) — 8280y3G(1;y)G(0,0, T Y) + 15480y2G(1;y)G(0,0,r, T y) — 14040yG(1;y)G(0,0, 7, r;9) +
9720G(1;y)G(0,0, r, r;y) — 15120y G(0, 1, —1, r; y) — 1512092 G (0,1, —1, r; y) — 15120yG(0, 1, —1, r; y) + 2880y G(—1;y)G(0, 1, —1, r; y) +
2880y%G(—1;9)G(0,1, —1,m9) + 2880yG(—1;9)G(0,1,—1,my) + 2880G(—1;9)G(0,1,—1,79) — 8640y°G(1;4)G(0,1,—1,77y) —

8640y2G(1;y)G(0,1,71,r; y) - 8640yG(1;y)G(0,1, —1,r;y) - 8640G(1;y)G(0,1, —1,r;y) - 15120G(0,1, —1,r;y) -
1152093 G(—1;y)G(0,1,0, —1;y) — 1152052 G(—1;9)G(0,1,0, —1;y) — 11520yG(—1;y)G(0,1,0, —1;y) — 11520G(—1;4)G(0,1,0, —1;y)

3240y3G(0,1,0, ;) + 34920y2G(0,1,0, r;y) — 24480yG(0,1,0,7;y) — 3600y°G(—1;y)G(0,1,0,r;y) — 3600y2G(—1;y)G(0,1,0,r;y) —

3600yG(—1;y)G(0,1,0,7;y) — 3600G(—1;y)G(0,1,0,r;y) — 144Oy3G(1;y)G(0,1,0,r; y) = 23040y2G(1;y)G(0,l,O,T;y) +
24480yG(1;y)G(0,1,0,my) + 2880G(1;y)G(0,1,0,r;y) — 2160G(0,1,0,7;y) + 24120y3G(0,1,1,1;y) — 100440y2G(0,1,1,1;y) +
100440yG(0,1,1,1;9) —  6120053G(1;9)G(0,1,1,1;5) +  13320042G(1;9)G(0,1,1,1;5) —  133200yG(1;4)G(0,1,1,1;y) +
61200G(1;4)G(0,1,1,1;9y) — 24120G(0,1,1,1;y) — 10440y3G(0,1,1,my) + 9720y2G(0,1,1,r;y) — 42840yG(0,1,1,my) —
11520y3G(71;y)G(0,l,l,r;y) - 11520y20(71;y)G(0,l,l,'r;y) — 11520yG(—1;y)G(0,1,1,r;y) — 11520G(—1;y)G(0,1,1,r;5y) +
16560y3G(1;y)G(0,1,1,m5y) — 33840y2G(1;¥)G(0,1,1,7m;y) + 19440yG(1;4)G(0,1,1,r;y) — 30960G(1;9)G(0,1,1,7;y) —
6840G(0,1,1,r;y) — 15120y3G(0,1,'r,71;y) - 15120y2G(O,1,7‘,71;y) — 15120yG(0,1,r, —1;y) + 2880y3G(71;y)G(0,l,r,fl;y) +
2880y2G(—1;y)G(O,l,r,—l;y) + 2880yG(—1;y)G(0,1,r, —1;y) + 2880G(—1;y)G(0,1,r, —1;y) — 864Oy3G(1;y)G(0,l,r,—l;y) -

8640y2G(1;y)G(0, 1,7, —1;y) — 8640y G(1; y)G(0, 1,7, —1;y) — 8640G(1; y)G(0, 1, 7, —1;y) — 15120G(0, 1, r, —1; y) — 15840y G(0, 1, 7, 1; y) +
20160y2G(0, 1,7,1;y)—32400yG(0,1,r, 1; y)75760y30(71; y)G(0,1,7,1; y)75760y2G(71; y)G(0,1,7,1;y)—5760yG(—1;y)G(0,1,r, 1;y)—

5760G(—1;y)G(0,1,7,1;y) + 18000y°G(1;y)G(0,1,7,1;y) — 3240092G(1;9)G(0,1,7,1;y) + 20880yG(1;y)G(0,1,7,1;y) —
29520G(1;y)G(0,1,r,1;y) — 12240G(0,1,7,1;y) + 5040y3G(0, 1,r,my) + 6480y2G(0, 1,r,7y) 4+ 3600yG(0,1,r,m;y) —
4320y3G(—1;y)G(0,1,T, riy)  — 4320y2G(—1;y)G(O,1,T, ryy) — 4320yG(—1;y)G(0,1,r,r;y) — 4320G(-1;y)G(0,1,7,r;y) +
5760y°G(1;y)G(0, 1,7, 75 y) + 2880y2G(1;¥)G(0, 1,7, r; y) + 2880yG(1;y)G(0, 1,7, 75 y) + 5040G(0, 1,7, m;y) — 1512053 G(0, r, —1, —1; ) —
15120y2G(0, r, —1, —1;y) — 15120yG(0,r, —1,—1;y) — 8640y°G(1;y)G(0,r, —1,—1;y) — 8640y2G(1;y)G(0,r,—1,—1;y) —
8640yG(1;y)G(0,r, —1, —1;y) — 8640G(1;y)G(0,r, —1, —1;y) - 15120G(0, r, —1, —1;y) — 1512093 G(0, 7, —1, 1;y) —
15120y2G(0, r, —1,1;y) —  15120yG(0, 7, —1,1;y) —  8640y°G(—1;y)G(0,r, —1,1;y) —  8640y2G(—1;9)G(0,r, —1,1;y) —
8640yG(—1;y)G(0,r,—1,1;y) — 8640G(—1;y)G(0,r,—1,1;y) — 8640y3G(1;y)G(07 r,—1,1;y) — 8640y2G(1;y)G(0,r,—1,l;y) -
8640yG(1;y)G(0, 7, —1,1;y) — 8640G(1;y)G(0,r, —1,1;y) — 15120G(0,r, —1,1;y) + 7560y3G(0,r,71,r;y) + 756Oy2G(0,r,71,7‘; y) +
7560yG(0,r, —1,r;y) — 4320y3G(—1;y)G(0,r,—1,7‘; y) — 4320y2G(—1;y)G(0,7‘,—1,r; y) — 4320yG(—1;y)G(0,7r,—1,7r;y) —
4320G(—1;y)G(0, 7, —1,m9) + 43204°G(1;9)G(0, 7, —1,r;y) + 432092G(1;y)G(0,r, —1,7;y) + 4320yG(1;9)G(0,r, —1,7r;y) +
4320G(1;y)G(0,r, —1,7;y) + T7560G(0,r, —1,r;y) — 75601;3G(07 r,0,-1;y) — 7560y2G(0,r,0,71;y) + 7560yG(0,r,0,—-1;y) +
5760y3G(—1;y)G(0,r,0,—1;y) + 5760yZG(—1;y)G(0,T,O,—l;y) + 5760yG(—1;y)G(0,7,0,—1;y) + 5760G(—1;y)G(0,r,0,—1;y) +
7560G(0, 7,0, —1;y) — 15120y3G(0,'r,1,71;y) — 1512Oy2G(0,r,1,71;y) — 15120yG(0,r, 1, —1;y) — 864Oy3G(71;y)G’(0,'r,1,71;y) —
8640y2G(—1;y)G(O,T,l,—l;y) — 8640yG(—1;y)G(0,r, 1, —1;y) — 8640G(—1;y)G(0,r,1,—1;y) — 8640y3G(1;y)G(O,7‘,1,—1;y) -
8640y2G(1;y)G(0, 7,1, —1; 1) 8640yG(1;y)G(0, 7,1, —1;y) — 8640G(1;y)G(0, 7,1, —1;y) — 15120G(0,r, 1, —1;y) —
41760y3G(0, 7, 1, 1;y) + 7992042 G(0, r, 1, 1; y) — 20520yG (0, r, 1, 1;y) — 17280y3G(—1;4)G(0, 7, 1, 1;y) — 17280y>G(—1;y)G(0,r, 1,1;y) —
17280yG(—1;y)G(0, 7, 1,1;y) — 17280G(—1;9)G(0,7,1,1;y) + 30600y°G(1;y)G(0,7r,1,1;y) — 66600y2G(1;9)G(0, 7, 1,1;y) +
66600yG(1;y)G(0,r,1,1;y) — 30600G(1;y)G(0,7,1,1;y) — 17640G(0,r,1,1;y) + 684Oy3G(0,r,1,r;y) - 19080y2G(0,'r,1,r;y) +
7200yG(0, 7, 1,75 y) + 6480y3G(—1;y)G(0,T,1,r; y) + 6480y2G(—1;y)G(0,7‘,1,r; y) + 6480yG(—1;y)G(0,r,1,r;y) +
6480G(—1;9)G(0, 7, 1,my) — 11880y3G(1;9)G(0, 7, 1,my) + 1332092G(1;9)G(0, 7, 1,7y) — 13320yG(1;9)G(0, 7, 1,7;y) +
11880G(1;y)G(0,r,1,7;y) + 5040G(0,r, 1,r;y) + 7560y° G (0, r, r,—1;y) + 7560y2G(O, r,r,—1l;y) + 7560yG(0,r,r,—1;y) —
432043 G(—1;9)G(0, m,m, —1;y) — 4320y2G(—1;y)G(0,r,r, —1;y) — 4320yG(—1;9)G(0,r, 7, —1;y) — 4320G(—1;y)G(0,r, 7, —1;y) —+
4320y3G(1;y)G(0,r, r,—1;y) + 4320y2G(1;y)G(0, rr,—1l;y)  + 4320yG(1;y)G(0,r, 7, —1;y) + 4320G(1L;y)G(0,r, 7, —1;y) +
7560G(0, v, v, —1;y) + 6840y°G(0, 7,7, 1;y) — 19080y2G(0,r, 7, 1;y) + 7200yG(0,r, 7 1;y) — 11880y°3G(1;4)G(0, 7,7 1y) +
13320y2G(1;y)G(O7 r, 7, 1;y) — 13320yG(1;y)G(0,7r, r, 1;y) + 11880G(1;y)G(0, 7, r, 1;y) + 5040G(0, 7, r, 1;y) — 720y2G(0,7‘, r,r;y) +
720yG (0, T, 7, 3 Y) + 2160y3G(—1;y)G(0,r, T Y) + 2160yzG(—1;y)G(0,7‘7 T, TY) + 2160yG(—1;y)G(0,r, r, 5 y) +
2160G(—1;y)G(0, 7,7, 73 y) — 1440y3G(1;y)G(0, 7,7, 75 y) + 1440G(1;y)G (0,7, v, 75 y) — 24120y G(r, 1,1, 1;y) + 100440y2G(r, 1,1, 1;y) —
100440yG(r, 1,1, 1;y) + 61200y3G(1; y)G(r,1,1,1;y) — 133200y2G(1; y)G(r,1,1,1;y) + 133200yG(1;y)G(r, 1,1, 1;y) —
61200G(1;y)G(r, 1,1, 1;y) + 2664Oy3G(r; y)G(r,1,1,1;y) — 26640y20(T; y)G(r,1,1,1;y) + 26640yG(r;y)G(r,1,1,1;y) —
26640G(r;y)G(r,1,1,1;y) + 24120G(r,1,1,1;y) — 1800y3G(r, rnl,1;y) + 26280y2G(T, r,1,1;y) — 26280yG(r,7,1,1;y) +
23760y3G(1;y)G(1", r1,1;y)  — 26640y2G(1;9)G(r,r,1,1;y)  +  26640yG(1;y)G(r, 7, 1,1;y)  — 23760G(1;y)G(r, 7, 1,1;y) —
2880y3G(r; y)G(r, 1,1, 13y) + 2880G(r;y)G(r,r, 1,1;y) + 1800G(r,r,1,15y) — 1440y2G(r,r, 7, 13y) + 1440yG(r, v, 7 13y) —
2880y3G(1;y)G(r,m,m, 1;y)  +  2880G(1;4)G(r,rmm1;y)  —  2880y°G(0,—1,-1,1,79) —  2880y2G(0,-1,—-1,1,75y) —

2880yG(0, —1, —1, 1, r; y) — 2880G(0, —1, —1, 1, r; y) + 8640y3G(0, —1, —1, 7, 1; y) + 8640y2G(0, —1, —1, r, 1; ) + 8640y G(0, —1, —1, 7, 1; y) +
8640G(0,71,71,T,l;y)+432Oy3G(0,71,71,r,r;y)+4320y2G(0,71,71,7“,7';y)+4320yG(0,71,71,r,r;y)+4320G(0,71,71,7“,7';:1;)7
432043 G(0, —1,0, —1, r; y) +4320y2G(0, —1,0, —1, r; y) —4320yG(0, —1,0, —1, r; y) +4320G (0, —1,0, —1, r; y) —2880y3 G(0, —1,1, —1, r; y) —
2880y2G(0, —1,1, —1, r; y) — 2880y G(0, —1,1, —1, r; y) — 2880G (0, —1, 1, —1, r; y) + 1152043 G(0, —1,1, 1, 7; y) + 1152092 G(0, —1,1, 1, 7; y) +
11520yG(0, —1, 1,1, r; y) + 11520G(0, —1,1, 1, r; ) — 288053 G(0, —1,1, 7, —1; y) — 2880y>G (0, —1, 1,7, —1; y) — 2880yG (0, —1, 1,7, —1; y) —
2880G(0, —1,1,7, —1;y) + 5760y>G(0, —1,1,7,1;y) + 5760y2G(0, —1,1,7,1;y) + 5760yG(0, —1,1,r,1;y) + 5760G(0, —1,1,7,1;y) +
4320y3G(0, —1,1,r, m;y) + 432092G(0, —1,1,r, m;y) + 4320yG(0, —1,1,r,7;9) + 4320G(0, —1,1,7,r;y) + 8640y°G(0, —1,r, —1,1;y) +
8640y2G(0, —1, 7, —1, 1; y) +8640yG(0, —1,r, —1, 1; y) +8640G(0, —1, 7, —1, 1; y) + 432053 G(0, —1, 7, —1, r; y) + 432092 G (0, =1, 7, =1, r; y) +
4320yG(O,71,7‘,71,T;y)+4320G(0,71,7‘,71,'r;y)+8640y3G(0,71,r,1,71;y)+8640y2G(0,71,7‘,1,71;y)+8640yG(0,71,r,1,71;y)+
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8640G (0, —1, 7,1, —1;y) + 17280y°3G(0, —1,7,1,1;y) + 17280y2G(0, —1, 7,1, 1;y) + 17280yG(0, —1,7,1,1;y) + 17280G(0, —1,r, 1, 1;y) —
6480y3G(0, —1,7,1,m;y) — 6480y2G(0, —1,r,1,m;y) — 6480yG(0, —1,7,1,m;y) — 6480G(0, —1,7,1,r;9) + 432043G(0, —1, 7,7, —1;9) +
4320y2G(0, —1,r,r, —1;y) + 4320yG(0, —1,r, 7, —1;y) 4+ 4320G(0, —1,r, 7, —1;y) — 2160ySG(O, —1,r,r,riy) — 2160y2G(0, —-1,r,r,ry) —
2160yG(0, —1, 7,7, 7;9y) — 2160G(0, —1, 7,7, r;y) + 8640y>G(0,0, —1, —1, 1; y) + 8640y2G(0,0, —1, —1, 1;y) + 8640yG(0,0, —1, —1,1;y) +
8640G(0,0, —1, —1, 1;5) —5760y3G(0, 0, —1, —1, r; y) +11520y2G(0, 0, —1, —1, 7; y) — 5760y G(0, 0, —1, —1, 73 5) +11520G(0, 0, —1, —1, 75 y) +
432043G(0,0, —1,0, —1;y) —4320y2G(0, 0, —1,0, —1; y) +4320yG (0,0, —1,0, —1; y) — 4320G(0, 0, —1, 0, —1; ) — 1656043 G(0, 0, —1,0, 1; y) —
2160y2G(0,0, —1,0, 1;5) — 16560yG(0,0, —1,0,1;y) — 2160G(0,0, —1,0,1;y) + 16920y3G(0,0, —1,0, r;y) — 324052G(0,0, —1,0, r;y) +
16920yG (0,0, —1,0,7;4) — 3240G(0, 0, —1, 0, 7 y) + 8640y3G (0,0, —1,1, —1;y) + 8640y2G(0,0, —1,1, —1;y) + 8640yG(0,0, —1,1, —1; ) +
8640G(0,0, —1,1, —1;3) + 1728053G(0,0, —1,1,1;3) + 1728092G (0,0, —1,1, 1;3) + 17280yG(0,0, —1, 1, 1; ) + 17280G (0,0, —1,1,1;3) —
504053G (0,0, —1,1,ry) + 720y2G(0,0, —1,1,7y) — 5040yG (0,0, —1,1,my) + 720G(0,0,—1,1,74) + 2880y3G(0,0, —1,r, —1;3) +
2880y2G(0,0, —1, 7, —1; y) + 2880yG(0, 0, —1, 7, —1; y) + 2880G (0,0, —1, r, —1; y) + 1584093 G(0,0, —1, r, 1;y) — 1440y2G(0,0, —1, 7, 1; y) +
15840yG(0,0, —1,7,1;y) — 1440G(0,0,—1,7r,1;y) + 2160y3G(0,0,71,r, ry) + 2160y20(0,0,71,r, r;y) + 2160yG(0,0, —1,r,m;y) +
2160G(0,0, —1, r, r; y) + 2016053 G(0, 0,0, —1, —1; ) — 576052G(0, 0,0, —1, —1; ) + 20160y G(0, 0, 0, —1, —1; y) — 5760G(0, 0,0, —1, —1; y) —
10800y3G(0, 0,0, —1, 1; ) + 6480y2G(0,0,0, —1, 1; ) — 10800yG(0, 0,0, —1, 1; ) + 6480G(0,0,0, —1,1;3) + 48960y3G(0,0,0, —1, r; y) —
720042G(0, 0,0, —1, ;) + 48960yG(0,0,0, —1, 75 y) — 7200G(0,0,0, —1,7;y) + 47160y3G(0,0,0,0, —1;y) — 4680y2G(0,0,0,0, —1;y) +
47160yG(0,0,0,0, —1;y) — 4680G(0,0,0,0, —1;y) + 36720y3G(O,O,0,0,1;y) + 5760y2G(O,O,O,O,1;y) + 28800yG(0,0,0,0,1;y) —
2160G(0,0,0,0,1;y) + 7560y53G(0,0,0,0,7;y) + 4680y2G(0,0,0,0,r;y) + 2880yG(0,0,0,0,7y) — 10800y3G(0,0,0,1, —1;3) +
6480y2G(0,0,0,1, —1;y) — 10800yG(0,0,0,1, —1;y) + 6480G(0,0,0,1, —1;y) — 11160y3G(0,0,0,1,1;y) + 150840y¥2G(0,0,0,1,1;y) —
140760yG(0,0,0,1,1;y) + 21240G(0,0,0,1,1;y) + 38880y3G(0,0,0,1,my) — 36000y2G(0,0,0,1,7y) + 76320yG(0,0,0,1, ;)
1440G(0,0,0,1,m;y) + 48960y3G(0,0,0,r, —1;y) — 7200y2G(0,0,0,r, —1;y) + 48960yG(0,0,0,r, —1;y) — 7200G(0,0,0,r, —1;y)
4320043 G(0,0,0,7,1;y) — 26640y2G(0,0,0,7,1;y) + 71280yG(0,0,0,7,1;y) + 1440G(0,0,0,7,1;y) + 72043G(0,0,0,7,7;y)
144092G(0,0,0, r, r;y) — 7209G(0,0,0,7, 7 y) + 8640y3G(0,0,1, —1, —1;5) + 8640y2G(0,0,1, —1, —1;y) + 8640yG(0,0,1, —1, —1; )
8640G(0,0,1, —1, —1; ) + 1728053 G(0,0, 1, —1, 1; ) + 1728092G(0,0,1, —1, 1; ) + 17280yG(0,0,1, —1, 1;) + 17280G(0,0,1, —1, 1; 1)
2160y3G(0,0,1,71,7‘; y) + 20880y2G(0,0,1,71,'r; y) — 2160yG(0,0,1, —1,r;y) + 20880G(0,0,1, —1,r;y) — 8640y3G(0,0,1,0,71;y) -
288052G(0,0,1,0, —1;9) — 8640yG(0,0,1,0,—1;3) — 2880G(0,0,1,0,—1;7) — 13680y3G(0,0,1,0,1;y) + 54000y2G(0,0,1,0,1;y)
69840yG(0,0,1,0,1;y) — 2160G(0,0,1,0,1;3) + 1548053G(0,0,1,0,my) — 1044052G(0,0,1,0,ry) -+ 26280yG(0,0,1,0,7y) +
360G(0,0,1,0,m;y) + 1728053G(0,0,1,1, —1;y) + 17280y2G(0,0,1,1, —1;3) + 17280yG(0,0,1,1, —1;y) + 17280G(0,0,1,1, —1;4) +
2124043G(0,0,1,1,1;3) — 4860052G(0,0,1,1,1;9) + 19800yG(0,0,1,1,1;3) — 50040G(0,0,1,1,1;y) + 2196053G(0,0,1,1,79) +
73800y2G(0,0,1,1,r; y) — 18360yG(0,0,1,1,r;y) + 33480G(0,0,1,1,7;y) — 2160y3G(0,0,1,7',71;y) + 20880y2G(0,0,1,r,71;y) —
2160yG(0,0,1, 7, —1;y) + 20880G(0,0,1,r, —1;y) — 7920y3G(0,0,1,r,1;y) + 85680y2G’(0,0,1,r,1;y) — 65520yG(0,0,1,r,1;y) +
28080G(0,0,1,7,1;y) + 1800y3G(0,0,1,r7 ry) — 19800y2G(0,0,1,T,7';y) + 16200yG(0,0,1,r,7;y) — 5400G(0,0,1,r,m;5y) —+
1152043G(0, 0, 7, —1, —1; ) —5760y2G(0, 0, 7, —1, —1; 4)+11520yG (0, 0, 7, —1, —1; 4)—5760G(0, 0, r, —1, —1; ) +15840y3G(0, 0, 7, —1, 1; ) —
1440y2G(0,0,7, —1, 1;y) + 15840yG(0,0,7, —1,1;y) — 1440G(0,0,7, —1,1;y) + 2160y3G(0,0,r, —1,7m;y) + 2160y2G(0,0,r, —1,r;y) +
2160yG(0,0,r, —1,r;y) + 2160G(0,0,r, —1,r;y) + 15840y3G(0,0,r,0,71;y) - 2880y2G(0,0,r,0,71;y) + 15840yG(0,0,7,0, —1;y) —
2880G(0,0,7,0, —1;y) + 11160y2G(0,0,7,0,1;y) — 17640y2G(0,0,7,0,1;y) + 30600yG(0,0,7,0,1;y) + 1800G(0,0,7,0,1;y) —+
1080y3G(0,0,7,0,m;y) — 1080y2G(0,0,7,0,7;y) + 2160yG(0,0,7,0,r;y) + 18720y°G(0,0,r, 1, —1;y) + 1872042G(0,0,7,1, —1;9) +

+

+

o+ o+ o+ o+

18720yG(0, 0,7, 1, —1;y) + 18720G(0,0,r, 1, —1;y) — 15480y>3G(0,0,r,1,1;y) + 100440y2G(0,0,7,1,1;y) — 94680yG(0,0,7,1,1;v)

21240G(0,0,7,1,1;y) + 7560y°G(0,0,7,1,r;y) — 14760y%2G(0,0,7,1,7y) + 12600yG(0,0,7,1,7;y) — 9720G(0,0,7,1,7;v)
2160y3G(0,0,r,r, —1;y) + 2160y2G(0,0,r,r, —1;y) + 2160yG(0,0,r,7, —1;y) + 2160G(0,0,r,r, —1;y) + 14040y3G(0,0,7, 7, 1;y) —
16920y2G(0,0,7,7,1;¥) + 16920yG(0,0,7,7,1;y) — 14040G(0,0,7, 7, 1;9y) — 720y°G(0,0,r,r,ry) -+ 72042G(0,0,7, 7, m5y) —

1440yG (0,0, 7,7, r;y) — 2880y3G(07 1,-1,-1,ry) — 2880y2G(O, 1,—-1,-1,r;y) — 2880yG(0,1, -1, —1,r;y) — 2880G(0,1, —1, —1,r;y) +
1440y3G(0,1, —1,0, r; y) + 10080y2G(0, 1, —1,0, r;y) + 1440yG(0, 1, —1,0, r;y) + 10080G (0,1, —1,0,r;y) + 11520y3G(0,1, —1,1,r;9) +
11520y2G(0, 1,-1,1,r;y) +11520yG(0,1, —1, 1, r; y) + 11520G(0, 1, —1, 1, r; y) 72880y3G(0, 1,-1,r,—1;y) — 2880y2G(0, 1,-1,r,—1;y) —
2880yG(0,1, —1,7, —1;3) — 2880G(0,1, —1,7, —1;y) + 5760y3G(0,1, —1,r, 1;y) + 5760y2G(0,1, —1,r 1;y) + 5760yG (0,1, —1,r 1;3) +
5760G (0,1, —1,7r,1;y) + 4320y3G(0,1,71,7‘,r;y) + 4320y2G(O,1,71,T,7‘;y) + 4320yG(0,1, —1,r,m;y) + 4320G(0,1,—1,r,r;y) +
115204%G(0,1,0, -1, -1;9)  +  11520y2G(0,1,0,—-1,—1;3) +  11520yG(0,1,0,—1,—1;y) +  11520G(0,1,0,—1,—1;y) +
1152043G(0, 1,0, —1, 1; ) 4+ 1152052G(0, 1,0, —1, 1; ) + 115205G(0, 1,0, —1, 1; ) + 11520G(0, 1,0, —1, 1; ) — 1080033 G(0, 1,0, —1, r; y/) +
72042G(0,1,0, —1, 7 y) — 10800yG(0, 1,0, —1,m;y) + 720G(0,1,0, —1,r;y) + 1152043G(0,1,0,1, —1;3) + 1152052G(0,1,0,1, —1;9) +
11520yG(0,1,0,1, —1;y) + 11520G(0,1,0,1, —1;3) — 10080y3G(0,1,0,1,1;y) — 18720y2G(0,1,0,1,1;y) — 18720yG(0,1,0,1,1;y) —

27360G(0,1,0,1,1;y) + 14040y3G(0,1,0,1,7y) -+ 3420092G(0,1,0,1,7;3y) — 11880yG(0,1,0,1,7y) + 8280G(0,1,0,1,r;y) —
1080043 G(0,1,0, 7, —1;y) + 7204°G(0,1,0,r, —1;y) — 10800yG(0,1,0,r, —1;y) + 720G(0,1,0,7, —1;y) — 5040y3G(0,1,0,r,1;y)
59760y2G(0,1,0,r,1;y) — 56880yG(0,1,0,7,1;y) + 7920G(0,1,0,7,1;y) + 3240y3G(0,1,0,r,r;y) — 18360y2G(0,1,0,7,r;y)

16200yG(0,1,0,r,r;y) — 5400G(0,1,0,7,m5y) + 11520y3G(0,1,1,71,r;y) + 11520y2G’(0,1,1,71,'r;y) + 11520yG(0,1,1, —1,7;y)
11520G(0, 1,1, —1, 7 y) + 1728043G(0,1, 1,0, —1;9) + 1728052G(0,1,1,0, —1; ) + 17280yG(0, 1,1,0, —1;y) + 17280G(0, 1, 1,0, —1; y)
4680y3G(0,1,1,0,79) + 4680y2G(0,1,1,0,79) — 12600yG(0,1,1,0,79) — 12600G(0,1,1,0,ry) + 85680y3G(0,1,1,1,1;%)
186480y2G(0,1,1,1,1;y) + 186480yG(0,1,1,1,1;y) — 85680G(0,1,1,1,1;y) — 10080y3G(0,1,1,1,7y) + 4320032G(0,1,1,1,r;y) —
10080yG(0,1,1,1,r;y) + 43200G(0,1,1,1,r;y) + 1152092G(0,1,1,r, —1;9) + 11520y2G(0,1,1,r, —1;y) + 11520yG(0,1,1,7, —1;y) +
11520G(0,1,1,r, —1;y) — 9360y3G(0,1,1,'r,1;y) + 35280y2G(0,1,1,'r,1;y) — 18000yG(0,1,1,7,1;y) + 26640G(0,1,1,7r,1;y) —
72043 G(0,1,1,r,r;y) + 2160y2G(0,1,1,r,r;y) + 2160yG(0,1,1,r,r;y) + 5040G(0,1,1,7,ry) — 2880y°G(0,1,7r, —1,—1;y) —
2880y2G(O, 1,7, —1,—1;y) — 2880yG(0,1,r, —1, —1;y) — 2880G(0,1,r, —1, —1;y) + 5760y3G(0, 1,7, —1,1;y) + 5760y2G(0, 1,r,—1,1;y) +

+ o+ o+ +
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5760yG(0,1,7, —1,1;y) + 5760G(0,1,r, —1,1;y) + 4320y3G(0,1,7r, —1,r;y) + 4320y2G(0,1,r, —1,m;y) + 4320y9G(0,1,7r, —1,7;7)
4320G(0,1, 7, —1,r;y) — 14400y3G(0,1,'r,0,71;y) - 20160y2G(0,1,'r,0,71;y) — 14400yG(0,1,7,0, —1;y) — 20160G(0,1,7,0, —1;y)
2160y3G(0,1,7,0,7;y) + 2160y2G(0,1,7,0,r;y) + 2160yG(0,1,7,0,75y) + 2160G(0,1,r,0,r;y) + 5760y°G(0,1,7,1,—1;y)
5760y2G(0,1, 7,1, —1;y) + 5760yG(0,1,7,1,—1;y) + 5760G(0,1,7,1,—1;y) — 6480y°G(0,1,7,1,1;y) + 38160y2G(0,1,7,1,1;y)

+ o+ +

15120yG(0,1,r,1,1;y) + 29520G(0,1,7,1,1;y) — 7200y3G(0,1,r,1,r;y) - 4320y2G(0,1,r,1,r; y) — 4320yG(0,1,7,1,75y) —
1440G(0,1, 7,1, m59) + 43209%G(0,1,7,7, —1;y) + 4320y2G(0,1,7, 7, —1;y) + 4320yG(0,1,7r, 7, —1;y) + 4320G(0,1,7,7,—1;y) —
2880y3G(0,1,7,r,1;y) + 2880G(0,1,7,m 1;y) — 1440y3G(0,1,r,r,my) — 144092G(0,1,7r,r,my) — 1440yG(0, 1,7, 7 riy) —

1440G(0,1,r,r,r;y) + 8640y3G(0, r,—1,—-1,1;y) + 8640y2G(0, r,—1,—1,1;y) + 8640yG(0,r, —1,—1,1;y) + 8640G(0,r, —1,—1,1;y) +
432043 G(0, 7, —1, —1, 75 y) +4320y2G(0, r, —1, —1, 7; y) +4320yG(0, 7, —1, —1, 7; y) +4320G (0, r, —1, —1, r; y) +432043 G (0, , —1,0, —1; y) —
4320y2G(0, r, —1,0, —1; y) +4320yG(0, r, —1,0, —1; y) —4320G(0, r, —1,0, —1; y) +8640y3G(0, r, —1, 1, —1; y) +8640y>G(0, r, —1, 1, —1;y) +
8640yG(0, 7, —1,1, —1;y) + 8640G(0,, —1,1, —1; y) + 17280y G(0, r, —1, 1, 1; y) 4+ 17280y2G(0,r, —1, 1, 1; y) 4+ 17280yG (0, r, —1,1, 1;y) +
17280G(0,r, —1,1,1;y) — 6480y3G(0, r,—1,1,r;y) — 6480y2G(0, r,—1,1,r;y) — 6480yG(0,r, —1,1,r;y) — 6480G(0,7, —1,1,r;y) +
432043 G(0, 7, —1,7, —1; y) + 432092 G(0, r, —1, r, —1;y) + 4320y G(0, r, —1, 7, —1; y) + 4320G(0, r, —1, 7, —1; y) — 216093 G(0, 7, =1, 7, r; y) —
2160y2G(0,r, —1,7,r; y) — 2160yG(0, r, —1,7,r;y) — 2160G(0, r, —1, 7, r;y) — 1440y3G(0,r,0, —1, —1; y) — 10080y2G(0, 7,0, —1, —1;y) —
1440yG(0, 7,0, —1, —1;y) — 10080G(0, 7,0, —1, —1;y) — 1440y3G(0, r,0, —1,1;y) — 10080y2G(0,r,0, —1,1;y) — 1440yG(0, r,0, —1,1;y) —
10080G(0, 7,0, —1,1;y) + 5400y3G(0, 7,0, —1,7;y) + 5400y%2G(0,7,0,—1,7;9y) + 5400yG(0, 7,0, —1,7;y) + 5400G(0,r,0, —1,7;y) +
5400y3G(0,r,0,r, —1;y) + 5400y2G(0,r,0,7, —1;y) + 5400yG(0,r,0,7, —1;y) + 5400G(0,r,0,7, —1;y) + 2160y3G(0,r,0,7, 1;y) —

2160G(0, r,0,7,1;y) + 8640y3G(0,7,1, —1, —1;y) + 8640y2G(0,n, 1, -1, —1;y) + 8640yG(0,r, 1, —1, —1;y) + 8640G(0,7,1, -1, —1;y) +
172807;3G(0,r7 1,-1,1;y) + 17280y2G(0,r, 1,—-1,1;y) + 17280yG(0,r, 1, —1,1;y) + 17280G(0,r, 1, —1, 1;y) — 6480y3G(0,'r, 1,-1,ry) —
6480y2G(0,r,1,—1,r;y) — 6480yG(0,r,1,—1,r;y) — 6480G(0,7,1,—1,7r;y) — 17280y2G(0,r,1,0,—1;y) — 17280G(0,7,1,0,—1;y) +
1728043 G (0,7, 1,1, —1;y) + 17280y2G(0, 7, 1,1, —1;y) 4+ 17280yG (0,7, 1,1, —1;y) + 17280G(0,r, 1,1, —1;y) — 42840y G(0,r, 1,1,1;y) +
93240y2G(0,7,1,1,1;y) — 93240yG(0,7,1,1,1;y) + 42840G(0,r,1,1,1;y) + 1332043G(0,r,1,1,r;y) — 1332042G(0,r,1,1,r;y) +
13320yG(0, 7, 1,1, 7;y) — 13320G(0,7,1,1,m;y) — 6480y3G(0,7, 1,7, —1;y) — 6480y2G(0,r, 1,7, —1;y) — 6480yG(0,7, 1,7, —1;y) —
6480G (0,7, 1,7, —1;y) + QOOOySG(O,r,l,'r,l;y) — 13320y2G(0,r,1,'r,1;y) + 13320yG(0,7,1,7,1;y) — 9000G(0,r, 1,7, 1;y) +
144093 G(0, 7, 1,7, r5y) — 1440G(0, 7, 1,7, 7;59) + 4320y3G(0, 7,7, —1, —1;3) + 432092G(0,r,r, —1, —1;9) + 4320yG(0,r, 7, —1,—1;y) +
4320G(0,r, 7, —1, —1;y) — 2160y3G(0,'r,7‘,71,r;y) — 2160y2G(0,r,r,71,r;y) — 2160yG(0,r,r, —1,r;y) — 2160G(0,r, 7, —1,r;y) +
8640y3G(0,r, 7,0, —1;y) + 8640y2G(0,r,r,0,—1;y) + 8640yG(0,r, 7,0, —1;y) + 8640G(0,r,7,0,—1;y) + 9000y>G(0,r, 7, 1,1;y) —
13320y2G(0, 7,7, 1,1;y) + 13320yG(0,7, 7, 1,1;y) — 9000G(0, 7,7, 1,1;y) + 1440y3G(0,r, 7, 1,7;y) — 1440G(0, 7,7, 1,75y) —
2160y3G(0, r,r, 7, —1;y) — 2160y2G(0,r,r,r,—1;y) — 2160yG(0,r, 7, r, —1;y) — 2160G(0,r,r, 7, —1;y) + 144043G(0,r,r, 7, 1;y) —
1440G(0, r,r, 7, 1;y) — 85680y3G(7‘,1,1,1,1;y) + 186480y20(r,1,1,1,1;y) — 186480yG(r,1,1,1,1;y) + 85680G(r,1,1,1,1;y) +
8640y3G(r,1,7,1,1;y) — 8640G(r,1,r,1,1;y) — 7204°G(r,r,1,1,1;y) + 26640y2G(r,r,1,1,1;y) — 26640yG(r,r,1,1,1;y) +
720G(r, 7, 1,1, 1;9) + 2880y°G(r,r,r,1,1;y) — 2880G(r,7, 7, 1,1;y) + 60w2y3¢(3) + 120y3¢(3) + 60w2¢(3) + 300mw2y2¢(3) —

10800y%¢(3) — 2160y°G(—15)2¢(3) — 2160y G(—1;9)%¢(3) — 2160yG(—1;y)2¢(3) — 2160G(—1;y)%¢(3) — 6120y3G(1;9)%¢(3) +
11880y2 G (1;9)%¢(3) — 11880y G(1;1)2¢(3) + 6120G (15 4)%¢(3) — 18072 y¢(3) + 29520yC(3) + 7560y G (—15y)¢(3) + 7560y> G (—1; ¥)¢(3) +
7560yG(—1;y)¢(3) + 7560G(—1;9)¢(3) + 360y>G(1;y)¢(3) — 24840y G(1;4)¢(3) + 32760yG(1;9)C(3) + 4320y3G(—1;9)G(1;9)¢(3) +
432052 G(—-1;9)G(1;9)C(3) + 4320yG(—1;9)G(1;9)¢(3) + 4320G(—1;9)G(1;9)C(3) — 8280G(1;9)¢(3) + 43204°G(0, —1;9)¢(3) +
432042 G(0, —1; y)¢(3) + 4320y G (0, —1; ¥)¢(3) + 4320G(0, —1;1)¢(3) + 2160y3 G (0, 15 ¥)¢(3) — 5040y2 G (0, 15 ¥)¢(3) + 10800y G(0, 1; )¢ (3) +
3600G (0, 1;¥)¢(3) — 11160¢(3) 4+ 1800y3¢(5) + 48960y2¢(5) — 36360y¢(5) + 10800¢(5) + 2040.

C,

Co(y) = —6y*G(0;1)° + 6y2G(0;9)° — 15y G(0;9)* — 30¥3G(0;9)* + 15y%G(0;)* + 30yG(0;9)* — 30y G(—1;9)G(0; )" +
30G(—1L;»)G(0;9)* + 60y*G(Ly)GO;9)* — 12002°G(1;9)G(05»)* + 60G(1;y)G(05y)* — 100m2y?G(0; )3 + 40y*G(0;9)3 +
1100y3G(0;9)® + 1007%y°G(0;1)° — 750y2G(059)® — 960y*G(—1;9)°G(0;y)® + 960G(—1;9)°G(0;y)® + 540y*G(1;1)2G(05y)*
1560y G (1; 9)? G(05 y)® +2040y° G(15 1) 2 G(0; y)® — 1560y G (15 4)2G(0;y)® + 540G (1; )2 G(0; ¥)® — 180yG(0; ) — 480y G (—15y)G(05 y)® —
19200°G(~1;1)G(0; )% + 19200G(—1;9)G(0;1)® + 480G(—L;»)G(0;)° + 4204*G(Lw)G(0;1)% + 960y°3G(1;9)G () —
288052 G(1;1)G(0;9) + 1200yG(1;9)G(0;9)® + B00G(1;1)G(0;y)3 + 2040y G(0, —=1;9)G(0;9)® — 19204°G(0, —1;9)G(0; )% —
120G(0, —1;9)G(0;1)° — 1320y*G(0,1;9)G(0;9)® + 1440y2G(0,1;4)G(0;9)® — 1440y°G(0, 1;9)G(0;y)® + 1440yG(0, 159)G(059)® —
120G (0, 1;9)G(0;9)° — 150m2y*G(0;4)2 — 3600y*G(0;9)2 + 18072y3G(0;y)2 + 5910y3G(0;y)? — 1440y%G(—1;4)%G(0;y)% +
1440G(-1;9)3G(0;9)? — 540y*G(1;9)3G(0;1)% + 1080y°G(1;9)3G(0;9)2 — 1080y2G(1;9)3G(05 )2 + 1080yG(1;1)3G(0;9)? —
540G(1; )3 G(0; y)? —450m2y2G(0; y)? — 174042 G (0; ¥)2 — 1080y* G(—1; ¥)2G(0; )% — 432042 G(—1; 1) 2 G(0; y)? + 4320y G(—1; y) 2 G(0; y)? +
1080G(—1;9)°G(0;y)* + 540y G(1;9)°G(03y)® — 43204°G(L;y)°G(0;9)* + 8100y°G(1;9)°G(0;y)> — 5400yG(1;9)°G(03y)> +
1080G(1;1)2G(05 y)? + 42072y G (0; ) — 570yG(0;y)2 — 18072 y* G(—1;¥) G (05 y)? + 2520y G(—1; 1) G(0; )? + 5040y> G (—1; ¥) G(0; y)? +
18072 G(—1;9)G(0;y)? — 5040yG(—1;1)G(0;9)? — 2520G(—1;9)G(0;y)? + 42072y G(1;9)G(059)® — 2100y G(1;9)G(0;1)? +
120723 G(1;9)G(0; )% — 6360y°G(1;9)G(0;9)2 + 42072G(1;9)G(0;9)2 — 108072y G(1;9)G(0;9)% + 15840y2G(1;9)G(0;9)% +
12072y G(L9)G(05)®  —  42009G(1;)G(05y)?  — 3B180G(Ly)G(0;1)° + 450y*G(riy)G(0;y)® —  1980y°G(r;y)G(0;9)°  +

243042 G (r; y) G(0; ¥) 2+ 720y G (1; ¥)2 G (73 ¥) G(0; )% — 144042 G (1; ¥)2 G (73 ¥) G(05 1) 2+ 720G (15 1) 2 G(r; y) G(0; ¥) 2 — 1980y G (73 y) G(0; ) % —
18054 G (1;9)G(r; ¥)G(0; 9)2 + 3602 G(1; 4) G (r; 1) G (05 )% — 180G (15 1) G (r; ¥) G(0; y)2 + 450G (r; y) G(0; y) 2 + 252092 G(0, —1; 1) G (05 )% +
1440043 G (0, —1;4)G(0;y)?  —  8640y2G(0, —1;4)G(0;y)? — 5760yG(0, —1;4)G(0;4)® + 10080y G(—1;4)G(0, —1;4)G (05 v)?

10080G(—1;y)G(0, —1; y)G(0; y)? —4320y* G(1; ) G(0, —1; ¥) G(0; ¥) 2 +8640y> G (1; 4) G (0, —1; 1) G(0; )% —4320G(1; y)G(0, —1; y) G(0; y)? —
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2520G(0, —1;9)G(0; )% — 1260y*G(0,1;1)G(0; )% + 7920y°G(0,1;1)G(0; )% — 1080y%G(0,1;9)G(0; )% — 3600yG(0,1;y)G (05 )% +
4320y*G(—1;9)G(0, 1;9)G(0;)? — 4320G(—1; )G (0, 1;9)G(0; y)? — 4320y* G (1;9)G(0, 1;9)G(0; )2 + 7200y>G(1;4)G(0, 15 4)G(0; y)? —

5760y°G(1;y)G(0, 1y)G(0;y)?  +  7200yG(1;9)G(0, 1;9)G(059)®>  —  4320G(1;9)G(0, 1;9)G(0;9)®  —  1980G(0,1;9)G(059)*  +
360y G (0, 5 ) G(0; ¥)? +1080y° G(0, 73 ¥) G(0; y)? — 180y%G(0, 75 ¥) G(0; y)? — 1080y G (0, 5 y) G (0; ¥)? + 1080y* G(—1; ) G(0, 73 ¥) G(0; )% —
1080G(—1;1)G(0, 7 9)G(0;9)? — 72051 G(1;9)G(0, 7 9)G (05 y)? + 1440y2G(1;9)G(0, 75 y)G(0;1)% — 720G (1;9)G(0, 15 9)G (05 )% —
180G(0, 5 y)G(05y) 2 +180y* G (r, 1;9) G (05 y)? —360y> G(r, 1;¥) G (0; ¥)* — 1440y G(1; ) G (7, 15 y) G(0; y)>+2880y° G(1; y) G (r, 1; 1) G(0; ) —
1440G(1; y)G(r, 1;4)G(0;v)%2  + 180G(r, 1;4)G(0;4)2 — 5760y*G(0, -1, —1;4)G(0; )2 —  8640y2G(0, —1,—1;4)G(0; )% +
14400G(0, —1, —1;y)G(0; y)2  — 8640y2G(0, —1,1;4)G(0;y)2 + 8640G(0, —1,1;y)G(0; )2 — 1080y%G(0, —1,7r;y)G(0;9)® +
1080G(0, —1,7;y)G(0;y)2 — 11880y*G(0,0, —1;4)G(0; )2 + 1152052G(0,0, —1;3)G(0;y)®> + 360G(0,0,—1;9)G(0;1)% +
2880y%G(0,0,1;y)G(0;y)2 —  6480y°G(0,0,1;4)G(0; )2 +  10080y2G(0,0,1;4)G(0;9)2 —  6480yG(0,0,1;4)G(0;4)%2  —
360y1G(0,0,7;9)G(0; )2  +  360y2G(0,0,m;y)G(0;y)2  —  8640y2G(0,1,—1;4)G(0;¥)2 4+  8640G(0,1,—1;9)G(0;9)%  +

9720y%G(0, 1, 1; y) G(0; y) 2 — 720043 G(0, 1, 1; y) G(0; y) 2 +1440y2 G(0, 1, 1; y) G(0; y) 2 — 7200y G (0, 1, 1; y) G(0; y) 2 +3240G(0, 1, 1; y) G(0; y) % —
720y%G(0, 1, 7;¥)G(0; ¥)2 +720G(0, 1, 7; y) G(0; y) 2 — 1080y* G(0, r, —1; ¥) G(0; y)2 +1080G (0, r, —1; y) G(0; y)2 +720y* G (0, r, 1; y) G (0; y)% —
144042 G (0, 7, 1;9)G(0; y)2 + 720G (0, r, 1; 4) G(0; y)2 + 1440y* G(r, 1, 1; ¥) G(0; y) % — 2880y% G(r, 1, 1; ¥) G(0; y)? + 1440G(r, 1, 1; ) G(0; v)? +
1440y*¢(3)G(0; ) — 72053 ¢ (3)G (05 y)* — 720y¢(3)G(0; y)? — 2027t y? G(0;y) + 56072y G(0;y) + 1440y G (05 y) + 180y G (1; )G (0 y) —
360y° G (1; y)*G(0; y) +360y2G(1; y)2G(0; y) —360yG(1; ¥) 1 G(0; ) +180G(1; y)* G(0; y) + 447 y3 G(0; y) +11807m2y> G (0; y) +2940y> G (0; y) —
360y*G(1;1)2G(05 ) + 216013 G(159)*G(03y) — 3600y°G(1;y)?G(0;y) + 2160yG(15y)*G(03y) — 360G(1;y)G(05y) + 114n*y>G(05y) —
2107r2y2G(0; y)—lOQOOyZG(O; y)—240ﬂ'2y4G(—1;y)2G(0; y)+2401r2G(—1;y)2G(0; y)—11407r2y4G(1;y)2G(0; y)+3120y4G(1;y)ZG(0; y)+
360m2y3G(1;y)2G(0;y) + 19204°G(1;4)2G(0;y) — 114072G(1;4)2G(0;y) + 156072y2G(1;4)2G(0;y) — 10080y2G(1;4)2G(0;y) +
360m%yG(1;9)2G(05y) + 1920yG(1;9)°G(03y) + 3120G(1;)°G(05y) — 4320y*G(0, —1;1)%G(05y) + 8640y°G(0, —1;4)%G(05y) —
4320G(0, —1;)2G(0; y) — 5040y*G(0,1;4)2G(0; y) — 2880y3G(0,1;4)2G(0;y) + 11520y2G(0, 1;4)2G(0;y) — 2880yG(0, 1;4)2G(0;y) —

720G (0, 1;4)2G(0;y) + 44ntyG(05y) — 9007%yG(0;y) + 5820yG(0;y) — 120m2y*G(—1;9)G(0;y) — 480n%y3G(—1;4)G(05y) +
120m2G(—1;9)G(05y) + 480m2yG(—1;9)G(0;y) + 6072y *G(1;9)G(05y) + 4320y*G(1;9)G(0y) — 960m2y3G(1;4)G(0;y) —
492053 G(1;9)G(0;y) — 30072G(L;y)G(0;y) + 1440m2y2G(1;4)C(0y) — 1680y2G(1;4)G(0;y) — 24072yG(1;9)G(05y) +
840yG(1;9)G(0;y) + 1440G(1;9)G(05y) + 84072y G(0, -1;9)G(0;y) — 5040y*G(0, —1;9)G(05y) — 10080y>G(0, —1;9)G(05y) —
360m2G(0, —1;5)G(0;y) — 4807%y2G(0, —1;1)G(0;y) + 8640y G(—-1;9)%G(0, —1;9)G(0;y) — 8640G(—1;9)2G(0, —1;9)G(0;y) +
10080y G (0, —1; ¥)G(0; y) + 4320y G(—1;9)G(0, —1;5)G (05 y) + 17280y>G(—1;4)G(0, —1;9)G(0; y) — 17280yG(—1;y)G (0, —1;5)G(0;y) —
4320G(—1;9)G(0, —1; y) G(0; y) + 5040G (0, —1; y)G(0; y) + 156072y% G (0, 1; y)G(0; y) - 1320y G(0, 1; y)G(0; y) —

96072y3G(0,1;¥)G(0;y) + 240y3G(0,1;4)G(0;y) — 60072G(0,1;9)G(0;y) + 960w2y2G(0,1;4)G(0;y) — 20520y2G(0,1;y)G(0;y) +
8640y* G (—1;¥)2G(0,1;4)G (05 y) — 8640G(—1;y)2G(0,1;4)G (05 y) + 3600y* G (155)2G(0,1;5)G (05 y) — 144053 G(1;4)2G(0, 1;4)G(0; ) —

4320y G(1;9)%G(0, 1;9)G(05y)  —  1440yG(1;1)°G(0, 19)G(05y)  +  3600G(1;y)°G(0,1;1)G(0y) — 9607°yG(0,1;9)G(0y)  +
12720yG (0, 1;9)G(0;y) + 4320y G(—1;9)G(0,1;9)G(0;y) + 17280y°G(—1;9)G(0,1;5)G(0y) — 17280yG(—1;9)G(0,1;9)G(0;y) —
4320G(—1;9)G(0,1;)G(0;y) — 7205%G(1;9)G(0,1;9)G(0sy) + 2880y3G(1;1)G(0,1;9)G(05y) — 5760y2G(1;9)G(0,1;9)G(0;y) +

5760yG(1; ¥)G(0, 1;¥)G (05 y) — 2160G(1;1)G (0, 15 ¥)G(0;y) — 7200y G (0, —1;4)G(0, 1; 1) G(0; y) + 1728052 G (0, —1;¥)G(0, 1; )G (05 y) —
10080G(0, —1; )G (0, 1; 4)G(0; y) + 6360G(0,1;5)G(0;y) — 900y*G(0, 75 4)G (05 y) + 3960y3G(0, 73 y)G(0; y) — 4860y>G(0, 73 y)G(0;y) —

1440y*G(1;9)°G (0,75 y)G(03y)  + 2880y°G(1;9)°G(0, 5 y)G(03y) — 1440G(1;9)%G(0, 13 y)G(05y)  +  3960yG(0, m3y)G(05y)  +
360y G(1;y)G(0, 13 y)G(05y) — T20y°G(L9)G(0,m5y)G(03y) + 360G(L;9)G(0,m5y)G(0iy) + 2160y G(0, —1;y)G(0, 13 y)G(05y) —
2160G(0, —1;4)G(0, 73 y)G (03 y) — 900G (0, 73 9)G (03 y) — 1800y*G(r, 1;4)G (05 y) + 7920y°G(r, 1;9)G(05y) — 9720y G(r, 1;4)G(0; y) —
2880y G(1;1)2G(r, 1, ¥)G(0;y)  + 5760y2G(1;1)2G(r, 1;¥)G(0;y)  —  2880G(1;9)%G(r, 1;y)G(0;y) + T7920uG(r, 1;4)G(0;y)  +
7204 G(1;9)G(r, 1;9)G(05y) —  1440y2G(L;9)G(r, 1 y)G(0;y)  +  T20G(L;y9)G(r, y)G(0;y)  —  1800G(r, 1;4)G(0;y)  —
4320y%G(0, —1, —1; y)G(0; y) — 17280y3G(0, —1, —1;y)G(0; y) + 17280yG(0, —1, —1;4)G(0; y) — 17280y*G(—1;y)G(0, —1, —1; y)G(0; y) +
17280G(—1;y)G(0, —1, —1;4)G(0;y) + 4320G(0, —1, —1;4)G(0;y) — 4320y%G(0, —1,1;9)G(0;y) — 17280y2G(0, —1,1;4)G(0;y) +
17280yG (0, —1,1; y)G(0;y) — 17280y4G(71;y)G(0,71,1;y)G(O; y) + 17280G(—1;y)G(0, —1,1;y)G(0;y) + 4320G(0, —1,1;y)G(0;y) —
7200y4G(0, 0,—-1;y)G(0;y) — 46080y3G(O7 0,-1;4)G(0;y) + 34560y2G(0,0, —1; y)G(0;y) + 11520yG(0,0,—-1;y)G(0;y) —
28800y4G(71; y)G(0,0, —1;y)G(0; y) + 28800G(—1;y)G(0,0, —1;y)G(0; y) + 17280y4G(1; y)G(0,0, —1;y)G(0; y) -
34560y2G(1;y)G(0,0,71;y)G(0;y) + 17280G(1;y)G(0,0,—1;y)G(0;y) + 7200G(0,0,—1;y)G(0;y) — 360y4G(0,0,1;y)G(0;y) —
36000y3G(0,0,1;y)G(0;y) + 23040y2G(0,0,1;4)G(0;y) + 7200yG(0,0,1;4)G(0;y) — 187204*G(—1;4)G(0,0,1;9)G(0;y) +
18720G(—1;9)G(0, 0, 1; ¥) G(0; ») +11520y* G(1; 1) G(0, 0, 15 ) G(0; y) —8640y> G (1; ¥) G (0, 0, 1; 4) G (0; y) —5760y> G(1; ) G(0, 0, 1; ) G(0; y) —
8640yG(1;y)G(0,0,1;y)G(0;y) + 11520G(1;y)G(0,0,1;4)G(0;y) + 6120G(0,0,1;y)G(0;y) — 1440y*G(0,0,7r;y)G(0;y) —
4320y3G(O,O,7‘;y)G(O;y) + 720y2G(O,O,T;y)G(O;y) + 4320yG(0,0,r;y)G(0;y) — 4320y4G(71;y)G(0,O,T;y)G(O;y) +
4320G(—1;y)G(0, 0,73 y)G(0; y) + 2880y G (1;4)G(0,0,7;1)G(0;y) — 5760y>G(1;1)G(0,0,3y)G(05y) + 2880G(159)G(0,0,75y)G (05 y) +
720G (0,0, 7;y)G(0; y) — 4320y%G(0, 1, —1; y) G(0; v) — 1728043 G(0, 1, —1; y) G(0; v) + 17280yG(0,1, —1;y)G(0; y) —
17280y4G(71;y)G(0,l,*l;y)G(O;y) + 17280G(—1;y)G(0,1, —1;y)G(0;y) + 4320G(0,1, —1;y)G(0;y) — 2880y3G(0,1,1;y)G(0;y) -
10080y2G(0,1,1;y)G(0;y) + 11520yG(0,1,1;y)G(0;y) — 5760y4G(—1;y)G(0,l,l;y)G(O;y) + 5760G(—1;y)G(0,1,1;y)G(0;y)

10080y* G (15 y)G(0, 1, 15 ) G(0; y) — 2880y G(1; ) G(0, 1, 15 1) G(0; 1) + 2592052 G(15 ) G(0, 1, 15 ) G(0; y) — 2880y G(1; 1) G(0, 1, 15 ) G(0; y) —
10080G(1; y)G(0,1,1;y)G(0;y) + 1440G (0,1, 1; )G (05 y) - 1800_1,446‘(07 r, 1;4)G(0;5y) — 4320y3G(0, r, 1;9)G(0; y) +
1440y2G (0,7, 1;9)G(0sy) + 4320yG(0,7r, 1;9)G(0;y) — 4320y*G(—1;9)G(0, 7, 1;4)G(0sy) + 4320G(—1;9)G(0,r, 1;4)G(0sy) +
5760y4G(1;y)G(0,'r,l;y)G(O;y) - 11520y2G(1;y)G(0,r,1;y)G(0;y) + 5760G(1;y)G(0,7r,1;y)G(0;y) + 360G(0,7,1;y)G(0;y) —
1440y4G(r, 1,1;9)G(0;y) + 2880y2G(r,1,1;y)G(0;y) + 115200*G(1;y)G(r, 1,1;y)G(0;y) — 23040y2G(1;y)G(r,1,1;y)G(0;y) +
11520G(1;y)G(r, 1,1;y)G(0;y) — 1440G(r,1,1;y)G(0;y) + 17280y4G(O,71,71,71;y)G’(0;y) — 17280G(0,—1,—1,—-1;y)G(0;y) +
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17280y%G(0, —1, —1,1; y)G(0; y) — 17280G(0, —1, —1,1;y)G(0;y) + 17280y*G(0, —1,1, —1;y)G(0;y) — 17280G(0, —1,1, —1;9)G(0; y) +
5760y4G(0,71,1,1;y)G(0; y) — 5760G(0,—1,1,1;y)G(0;y) + 4320y4G(0,71,7‘,1;y)G(0; y) — 4320G(0,—-1,7,1;y)G(0;y) +
28800y4G(0,0,—1,—1;y)G(O; y) — 28800G(0,0,—-1,—-1;y)G(0;y) + 1584Oy4G(0,0,—l,l;y)G(O;y) — 15840G(0,0,—1,1;y)G(0;y) +
35280y4G(0,0,0,71;y)G(0; y) - 34560y2G(0,O,0, —1;y)G(0;y) 720G(0,0,0, —1;y)G(0;y) + 3600y4G(0,0,0, 1;y)G(0;y) +
14400y3G(0,0,0, 1;y)G(05y) — 33120y2G(0,0,0, 1;y)G(0;y) + 14400yG(0, 0,0, 1; y)G(0; y) + 720G(0,0,0,1;y)G(0; y) +
2160y%G(0,0,0,7;9)G(0;y) — 2160y2G(0,0,0,7;9)G(0;y) + 15840y%G(0,0,1, —1;y)G(0;y) — 15840G(0,0,1, —1;3)G(0;y) —
3600y4G(0,0,1,1;y)G(0; y) + 14400y3G(0,0,l,l;y)G(O;y) — 20160y2G(O,0,l,l;y)G(O;y) + 14400yG(0,0,1,1;y)G(0;y) —
5040G(0,0,1,1;y)G(0;y) + 288044 G(0,0, 1, r; y)G(0; y) - 2880G(0,0,1,r;y)G(0;y) — 1440y*G(0,0, 7, 1; y)G(0; y) +
4320y2G(0,0,7‘,1;y)G(0; y) — 2880G(0,0,7,1;y)G(0;y) + 17280y4G(O,1,71,71;y)G(0;y) — 17280G(0,1,—-1,—-1;y)G(0;y) +
5760y4G(0,1,—1,1;y)G(0; y) — 5760G(0,1,—-1,1;y)G(0;y) — 1440y4G(O,1,0,—1;y)G(0;y) + 1440G(0,1,0,-1;y)G(0;y) +
1440y*G(0,1,0,759)G(0;y) —  1440G(0,1,0,759)G(0;y) + 5760y%G(0,1,1,—1;4)G(0;y) — B5760G(0,1,1,—1;4)G(0;y) +
8640y%G(0,1,1,1;4)G(0;y) + 8640y3G(0,1,1,1;4)G(0;y) —  4320042G(0,1,1,1;4)G(0;y) + 8640yG(0,1,1,1;9)G(0;y) +
17280G(0,1,1,1; y)G(0; y) + 2880y% G (0,1, 7, 1;9)G(0; y) — 2880G(0,1,r,1;y)G(0;y) +  43209%G(0,7, —1,1;y)G(0; y) —
4320G(0,7, —1,1;y)G(0; y) — 2160y4G(0,r,0,71;y)G(0;y) + 2160G(0,7,0,—1;y)G(0;y) + 4320y4G(0,T, 1, -1;y)G(0;y) —
4320G(0,r, 1, —1;y)G(0; y) — 8640y*G(0, 7, 1,1;y)G(0; y) + 17280y2G(O, r,1,1;y)G(0;y) - 8640G (0,7, 1,1;y)G (05 y) —
1728094 G(r, 1,1, 1;y)G(0; y) + 34560y2G(r, 1,1, 1;9)G(0;y) — 17280G(r, 1,1,1;y)G(0;y) — 7200y3¢(3)G(0;y) + 5760y%¢(3)G(0;y) +
1440y¢(3)G(05y) — 2880y*G(~1;9)¢(3)G(03) + 2880G(~1;1)¢(3)G(05y) + 1440y*G(159)C(3)G(0;y) — 2880y°G(1;4)¢(3)G(0w) +
1440G(1; )¢ (3)G(0; ) — 27t — 457%y? 4 30072 y? — 4800yt + 1907%y3 — 120072y + 1920093 + 16072y G(—1; )% — 16072G(~1;9)® +
2207\'2y4G(1;y)3 — 120772y3G(1;y)3 + 22071'2G(1;y)3 — 2007r2y2G(1;y)3 — 12071'2yG(1;y)3 + 300y4G(7‘; y)3 — 1320y3G’('r;y)3 +
1620y G (r;y)® + 480y G(L;1)?G(r;y)® — 960y°G(L;y)?G(r;y)® + 480G(1;9)°G(ry)® — 1320yG(r;y)® — 120y*G(L9)G () +

24042 G (1; ¥)G(r; y)® —120G(1; y)G(r; y)> +300G (r; y)3 + 6072 — 3254 y2 + 182072 y2 —28800y2 + 12072 y* G (—1; y)% + 48072 y2 G(—1; 9)?
12072 G(—1; )2 — 48072yG(—1;9)? + 60n2y*G(1;9)% + 1200m2y3G(1;9)2 — 25807w2y2G(1;y)? + 1320w2yG(1;y)? + 1260y1G(r;y)? —
3780y3 G (r; y)? + 840y* G(1;¥)3G(r; )2 — 72053 G(1;9)3 G (r; 1)? — 24092 G (15 9)3G(ri )2 — 720yG (15 9)3G(ri v)? + 840G (1;4)3 G (r5 y)? +
504052 G(r; y)? =180y G(1; )2 G (r; ¥)? +5400y° G (1; ¥)* G(r; y)2 —10440y> G(1;y) 2 G (73 )% +5400y G(1; )2 G (r; ¥)® — 180G (1; )2 G (r; y)? —
3780yG(r; y)? — 1800y* G(1; y)G(r; y)? + 122403 G(1; y) G (r; y)? — 20880y2 G (15 1) G (r; y) + 12240y G(1; y) G(r; y)? — 1800G(1; y)G(r; y)? +
1260G(r;y)? — 3240u%G(0,1;y)%2 — 4320y°G(0,1;y)% + 2160y2G(0,1;9)%2 + 43209G(0,1;y)%2 — 5760y*G(—1;y)G(0,1;y)% +
5760G(—1;y)G(0,1;y)%2 + 8640y%G(1;4)G(0,1;4)? — 17280y2G(1;4)G(0,1;4)%2 + 8640G(1;y)G(0,1;4)? + 1080G(0,1;9)% —
1080y* G (0, m;9)2 — 324043G(0,r;y)? + 540y2G(0,7;9)2 + 3240yG(0, r;y)? — 3240y*G(—1;9)G(0, 75 9)? + 3240G(—1;)G(0, r;y)?
2160y%G(1; y)G(0, r; y)? — 4320y2G(1;y)G(0, r;y)? + 2160G(1;y)G(0, r; y)2 + 540G(0, r;y)2 — 1080y*G(r, 1;4)? + 2160y2G(r, 1;y)>
8640y*G(1; )G (r, 1;9)% — 1728042 G(1; y)G(r, 1;y)% +8640G (1; y)G(r, 1;y)2 — 1080G(r, 1; y)2 + 18274y — 89072y + 19200y + 26 w2 G(—1; y)
267yt G(—1;y) — 28072yG(—1;y) — 56072y G(—1;y) + 28072G(—1;y) + 560m2yG(—1;y) + 1987*G(1;y) + 1987*y*G(1;y) —
118072y G(1;y) + 13080y%G(1;4) — 287%y3G(1;y) + 3830m2y3G(1;y) — 52320y°3G(1;y) — 106072G(1;y) — 340m%y2G(1;v)
528072y2 G (1;y) + 78480y G(1;y) — 287 *yG(1;y) + 3640m2yG(1; y) — 52320yG(1;y) + 13080G (1;y) + 450m2y*G(r; y) — 7260y*G(r;y) —
180y*G(1;9)*G(r; y) + 360y3G(1;9)*G(r;y) — 360y2G(1;9)*G(r;y) + 360yG(1;9)*G(r;y) — 180G (1;9)*G(r;y) — 198072y3G(riy) +
21780y3 G(r; y) + 360y G(1;9)*G(r;y) — 2160y>G(1;9)*G(rs y) + 3600y G(1;y)>G(r; y) — 2160yG(1;y)3G(ry) + 360G(1;y)3G(riy) +
45072 G(r;y) + 2430m2y%2G(r;y) — 29040y2G(r;y) + T720m2ytG(1;y)2G(r;y) — 31200%G(1;9)2G(r;y) — 19200°G(1;y)2G(r;y) +
720w G (1;y)? G(r; y) — 144072y 2 G(1;9)2 G (73 y) + 10080y G (1; ) G (rs y) — 1920y G (1; ¥)* G(r; y) — 3120G(1;y)? G (r; y) — 198072y G (5 y) +
21780y G (r; y) — 180m2y* G (1;9)G(r;y) — 2880y G (1;9)G(r;y) + 2040y3G(1;9)G (r; y) — 18072 G(1;9)G(r;y) + 3607242 G(1;9)G (i y) +
1680y2G(1;y)G(r;y) + 2040yG(1;9y)G(r;y) — 2880G(1;y)G(r;iy) — T7260G(r;y) — 480m2y3G(0,—1;y) + 960w2y2G(0, —1;y) —
48072y G(0, —1;y) + 4807w2y*G(1;4)G(0, —1;y) + 480m2G(1;9)G(0,—1;y) — 960m2y2G(1;y)G(0, —1;9) — 300m2y*G(0,1;y) +
2160y%G(0, 1; y) — 144072y3 G(0, 1; y) — 13080y° G (0, 1; y) +2640y* G (1; ¥)3 G (0, 1; y) — 14403 G (1; ¥)3 G(0, 1; y) — 240042 G (1; )3 G(0, 1; y) —
1440y G(1;y)3G(0, 1;y) + 2640G(1;y)3G(0, 1;y) + 420m2G(0, 1;y) + 1320m2y2G(0, 1;y) + 21840y2G(0, 1;y) + 360y1G(1;4)2G(0,1;y) +
1512043 G(1;¥)2G(0,1;y) — 30960y2G(1;4)2G(0,1;y) + 15120yG(1;9)2G(0,1;y) + 360G(1;9)2G(0,1;y) — 13080yG(0,1;y) —
96072y G(—159)G(0, 15 y) + 96072 G(—1;9)G(0, 1; y) + 19207%y* G(154)G(0, 15 y) — 13440y* G(15y)G(0, 15 y) — 4807>y3 G (1;9)G(0, 1;y) +
4512043 G(1; ¥)G(0, 1;y) + 1920m2G(1;y)G(0, 1;y) — 28807292 G(1;y)G(0,1;y) — 63360y2G(1;y)G(0,1;y) — 48072yG(1;y)G(0,1;y) +
45120yG(1;y)G(0,1;y) — 13440G(1;y)G(0, 1;y) + 5400y*G(r;y)G(0,1;y) — 23760y3G(r;y)G(0,1;y) + 29160y°G(r;y)G(0,1;y) +
8640y G(1;9)%G(r;iy)G(0, 1;y) — 17280y°G(1;9)%G(r;y)G(0,1;y) + 8640G(1;9)2G(r;y)G(0,15y) —  23760yG(r; y)G(0, 1; y)
2160y4G(1;y)G(r; y)G(0,1;y) + 4320y2G(1;y)G(r; y)G(0,1;y) — 2160G(1;y)G(r; y)G(0, 1;y) + 5400G(r; y)G(0,1;y) + 2160G(0, 1;y) +
3607w2y*G(0, r;y) + 1080y*G(0, r;y) + 108072y3G(0, r;y) + 2940y3G(0, r;y) + 2880y*G(—1;4)3G(0,r;y) — 2880G(—1;4)3G(0, r;v)
13205 G(1;9)3G(0, i y) + 72003G(Ly)3G(0,my) + 120032G(1;1)3G(0,my) + 720yG(L;y)3G(0,m3y) — 1320G(L;9)3G(0,my) —
18072 G(0, r;y) —1807w2y2 G(0, r; y) — 1092042 G (0, 5 ¥)+2160y* G (—1; y) 2 G(0, r; y)+8640y> G (—1; ¥)2 G (0, r; y) —8640y G (—1; ¥)2G (0, 75 y) —
2160G(—1;¥)2G(0, m;9) + 360y?G(1;9)2G(0,m;y) — 8640y3G(1;4)2G(0, m;y) + 15480y2G(1;4)2G(0,r;y) — 6480yG(1;y)2G(0,r;y) —
720G(1;9)2G(0,r;y) — 1080m2yG(0,7r;y) + 10140yG(0,7;y) + 1080m2y%G(—1;4)G(0,my) — 5040y*G(—1;4)G(0,r;5y) —
1008093 G(—1;y)G(0, r; y) — 1080w2G(—1;4)G (0, r;y) + 10080yG(—1; )G (0, r; y) + 5040G(—1;y)G(0, r;y) — 72072y2G(1;9)G(0, r; y) +
5640y4G(1;y)G(O,7‘; y) — 20400y3G(1;y)G(0, m;y) — 7207‘r2G(1;y)G(0,7‘;y) + 14407r2y2G(1;y)G(0,7‘; y) + 31680y2G(1;y)G(0,7‘; y) —

24720yG(1;y)G(0, r;y) + 7800G(1;4)G(0,75y) — 2700y*G(r;y)G(0,7;5y) + 11880y3G(r;y)G(0,r;y) — 14580y2G(r;y)G(0,r;y) —
43200 G(1; )% G(riy)G(0,m5y)  +  8640y2G(1;9)%G(riy)G(0,m5y) —  4320G(1;9)%G(r;y)G(0,my) + 11880yG(r;y)G(0,my)  +
1080y G(1;9)G(r; »)G(0,m5y)  —  2160y°G(L;y)G(r;y)G(0,75y)  +  1080G(1;4)G(r;v)G(0,m5y)  —  2700G(r;9)G(0,m5y)  —
8640y3G(0, —1;9)G(0, m;y) + 17280y2G(0, —1;4)G(0,m5y) — 8640yG(0, —1;y)G(0,r;y) + 8640y*G(1;9)G(0, —1;y)G(0,r;y) —

17280y2G(1; y)G(0, —1;9)G(0, 75 9y) + 8640G(1;y)G(0, —1;4)G(0,m5y) + 4320y*G(0,1;9)G(0,m5y) + 12960y3G(0,1;4)G(0, r;y) —
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2160y2G(0,1;y)G(0,r;y) — 12960yG(0,1;y)G(0,m;y) + 12960y4G(—1;y)G(0,l;y)G(O,r;y) — 12960G(—1;y)G(0,1;y)G(0, r;y) —
8640y4G(1;y)G(0,l;y)G(O,r;y) + 17280y2G(1;y)G(0,1;y)G(O,r;y) — 8640G(1;y)G(0,1;y)G(0,m;y) — 2160G(0,1;y)G(0,r;y)
3240G(0, r;y) + 1807w2y*G(r,1;y) — 2160y *G(r,1;y) + 13080y°G(r,1;y) — 2640y*G(1;9)3G(r, 1;y) + 1440y°G(1;9)3G(r, 1;v) +
240042 G(1; )3 G(r, 1;¥) + 1440yG(1;y)3G(r, 1;y) — 2640G(1;y)3G(r, 1;y) + 18072 G(r, 1;y) — 360w2y2G(r, 1;y) — 21840y2G(r, 1; )
360y%G(1;y)2G(r, 1;4) — 151204°3G(1;9)2G(r, 1;y) + 30960y°G(1;4)2G(r, 1;y) — 15120yG(1;y)2G(r, 1;y) — 360G(1;y)2G(r, 1;9) +
360y G(r;y)?G(r, 15y)  —  T20y2G(ry)?G(r Ly) - 2880y G(Ly)G(rsy)2G(r, 1iy)  + 5760y G(Ly)G(riy)?Gr Ly)  —
2880G(1;y)G(7‘;y)2G('r,l;y) + 360G(7‘;y)2G('r,1;y) + 13080yG(r,l;y) — 144O7r2y4G(1;y)G('r,1;y) + 13440y4G(1;y)G(7',1;y) -
4512043 G(1;9)G(r, 1;y) — 1440w2G(1;y)G(r, 1;9) + 2880m2y2G(1;y)G(r, 1;y) + 63360y2G(1;9)G(r, 1;y) — 45120yG(1;y)G(r, 1;9) +
13440G(1;y)G(r, 1;y) + 5400y4G(7‘; y)G(r, 1;y) — 32400y3G(7‘; y)G(r, 1;y) + 51480y2G(7‘; y)G(r, 1;y) — 2160y4G(1;y)2G(r;y)G(7‘, L;y) +
4320y°G(1;4)2G(r; y)G(r, 1iy) — 432092G(1;9)2G(r; )G (r, 15y) + 4320yG(1;9)2G(r;y)G(r, 1;y) — 2160G(1;)2G(r; y)G(r, 1;y) —

32400yG(r;y)G(r, 1;y) — 21600y3G(1;9)G(r;y)G(r, 1;y) + 432009°2G(1;9)G(r;9)G(r, 1;y) —  21600yG(1;4)G(r; v)G(r, 1;y)  +
5400G(r;y)G(r, 1;y)  +  2160y*G(0,1;4)G(r, 1;y) —  43209°G(0,1;y)G(r, 1;9) —  17280y*G(1;y)G(0,1;y)G(r, 1;4y)  +
34560y2G(1;y)G(0,1;y)G(r, 1;4) — 17280G(1;y)G(0,1;9)G(r, 1;y) + 2160G(0,1;3)G(r,1;y) — 1080y%G(0,7;y)G(r, 1;y) +
2160y2G(O,r;y)G’('r,1;y) + 8640y4G(1;y)G(0,7‘;y)G(T,l;y) — 17280y2G(1;y)G(0,r;y)G('r,1;y) + 8640G(1;y)G(0,r;y)G(r, 1;y) —
1080G(0, r;y)G(r, 1;y) — 2160G(r,1;y) — 480w2y*G(0, —1,—1;y) — 480%2G(0,—1,—1;y) + 960m2y2G(0,—1,—1;y) —
8640y*G(0,r; y)G(0, —1, —1;y) + 17280y2G(0,7;9y)G(0, —1,—1;9y) — 8640G(0,7;y)G(0, —1,—1;y) + 48072y*G(0,—1,1;y)

144072G(0, —1, 1;y) + 96072y2G(0, —1,1;y) + 11520y%G(0, 1;¥)G(0, —1, 1; y) - 11520G(0, 1; y)G(0, —1, 1;y) -
14400y%G(0, 7; »)G(0, —1,1;y)  + 1728092G(0,m;y)G(0, —1,1;y) — 2880G(0,7;y)G(0, —1,1;y) — 1080m2y*G(0,—1,r;y) +
5040y%G(0, —1, ;) + 10080y3G(0, —1,r;y) + 1080w2G(0, —1,r;y) — 8640y*G(—1;4)2G(0, —1,r;y) + 8640G(—1;y)2G(0, —1,r;y) —
10080yG (0, —1, r; y) — 432044 G(—1;9)G(0, —1, 75 9) — 1728093 G(—1;y)G(0, —1, r; y) + 17280yG(—1;y)G(0, —1,7m;y) +
4320G(—1;y)G(0, —1,my) — 12960y4G(O,l;y)G(O,fl,r;y) + 12960G(0,1;y)G(0,—1,m;y) + 6480y4G(0,r;y)G(0,71,r;y) —
6480G(0, r; y)G(0, —1,7;y) — B5040G(0, —1,7;y) — 132072y*G(0,0,—1;y) + 5040y%G(0,0,—1;y) + 10080y>G(0,0,—1;y) +
36072G(0,0, —1;y) + 96072y2G(0,0,—1;y) — 8640y*G(—1;4)2G(0,0, —1;y) + 8640G(—1;9)2G(0,0, —1;y) — 10080yG(0,0, —1;y) —
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8640y*G(—1;4)2G(0,0,1;y) + 8640G(—1;9)2G(0,0,1;y) —  16200y*G(1;94)2G(0,0,1;y) + 3600y3G(1;94)2G(0,0,1;y) +
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62400y°G(0,1,r;y) + 72072G(0,1,7m;y) — 80640y°G(0,1,r;y) — 8640y*G(—1;9)2G(0,1,r;y) + 8640G(—1;9)2G(0,1,r;y) —
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21600y3G(r;y)G(7‘, 1,1;y) — 44640y2G(T; y)G(r,1,1;y) + 21600yG(r;y)G(r,1,1;y) — 144Oy4G(1;y)G(r;y)G(r, 1,1;y) —
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17280G(—1;9)G(0, —1, 1, r;y) — 4320G(0, —1,1, r;y) + 4320y%G(0, —1, 7, —1;y) + 1728093 G(0, —1,r, —1;y) — 17280yG(0, —1,7, —1;y) +
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17280y*G(1;y)G(0,0, —1,m5y)  +  34560y°G(1;9)G(0,0, —1,7;9) —  17280G(1;y)G(0,0, —1,7;y) —  2160G(0,0,—-1,7m;y) +
9360y%G(0,0,0, —1; y) + 63360y°G(0,0,0, —1;y) — 51840y2G(0, 0,0, —1;y) — 11520yG(0, 0,0, —1; y) + 37440y*G(—1;y)G(0,0,0, —1;y) —
37440G(—1;y)G(0,0,0, —1;y) — 25920y%G(1;4)G(0,0,0, —1;y) + 51840y2G(1;y)G(0,0,0, —1;y) — 25920G(1;y)G(0,0,0, —1;y) —
9360G(0,0,0, —1;y) — 3960y*G(0,0,0,1;y) + 60480y%G(0,0,0,1;y) — 52560y2G(0,0,0,1;y) + 4320yG(0,0,0,1;y) +
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1080G(0,0,0,r;y) + 4320y*G(0,0,1, —1;y) + 17280y°G(0,0,1, —1;y) — 17280yG(0,0,1, —1;y) + 17280y*G(—1;y)G(0,0,1, —1;y) —
17280G(—1;9)G(0,0,1, —1;y) — 4320G(0,0,1,—1;3) + 3600y*G(0,0,1,1;y) + 74880y°G(0,0,1,1;y) — 62640y2G(0,0,1,1;y) —
10080yG(0,0,1,1;9) +  34560y*G(—1;4)G(0,0,1,1;y) —  34560G(—1;y)G(0,0,1,1;y) +  28080y*G(1;4)G(0,0,1,1;y) —
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8640yG(0,0,7, —1;y) + 864Oy4G(71;y)G(O,O,T,71;y) —  8640G(—1;y)G(0,0,7, —1;y) — 17280y4G(1;y)G(0,0,7‘,71;y) +
34560y2G(1;y)G(0,0, 7, —1;y) — 17280G(1;4)G(0,0,r, —1;y) — 2160G(0,0,r, —1;4) + 10800y*G(0,0,r, 1;y) — 40320y3G(0,0,r, 1;y) +

2952042 G(0, 0, 7, 1; y) — 7200yG(0, 0,7, 1; y) — 8640y4G(71; y)G(0,0, 7, 1;y) + 8640G(—1;y)G(0,0,7,1;y) — 13680y4G(1; y)G(0,0,7,1;y) —

12960y3G(1;y)G(0,0,r,l;y) + 53280y2G(1;y)G(0,0,r,l;y) — 12960yG(1;y)G(0,0, 7, 1;y) — 13680G(1; y)G(0,0, 7, 1;y) +
7200G(0,0,7,1;y) + 12960y3G(0,0,7,r;y) — 2160y2G(0,0,7,7m;y) — 8640yG(0,0,7,my) + 8640y*G(—1;9)G(0,0,7,my) —
8640G(—1;y)G(0,0, 7, r;y) — 2160y*G(1;4)G(0,0,r,my) +  4320y°G(1;4)G(0,0,r,my) —  43204°2G(1;9)G(0,0, 7, m59y)  +
4320yG(1;)G(0,0,7,m5y) — 2160G(1;9)G(0,0,7,m;y) — 2160G(0,0,7,7m59y) + 43209%G(0,1,—1,r;9y) + 17280y°G(0,1,—1,r;y) —

17280y G(0, 1, —1, r; y) + 17280y G(—1; y)G(0, 1, —1, 7; y) — 17280G(—1; y)G(0, 1, —1, 7;y) — 4320G(0, 1, —1,r; y) + 3240y4G(O, 1,0,75y)
21600y3G(0,1,0,r;y) + 17280y2G(0,1,0,r; y) — 4320yG(0,1,0,7m;y) — 7200y4G(—1;y)G(O,1,O, r;y) + 7200G(—1;y)G(0,1,0,7;y) +
8640y*G(1;¥)G(0,1,0,r;y) — 8640y3G(1;y)G(0, 1,0, r; y) — 8640yG(1;y)G(0,1,0, r; y) + 8640G(1;y)G(0, 1,0, m; y) + 5400G(0, 1,0, r; y) —
2160y%G(0,1,1,1;y) + 116640y°G(0,1,1,1;y) — 228960y2G(0,1,1,1;y) + 116640yG(0,1,1,1;y) + 56160y*G(1;y)G(0,1,1,1;y) —
4320093G(1;9)G(0,1,1,1;y) — 2592042G(1;4)G(0,1,1,1;y) — 43200yG(1;y)G(0,1,1,1;y) + 56160G(1;y)G(0,1,1,1;y) —
2160G(0,1,1,1;y) — 14400y3G(0,1,1,T;y) + 4464Oy2G(0,1,1,7';y) — 28800yG(0,1,1,m;y) + 5760y4G(71;y)G(0,1,1,T;y) —
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5760G(—1;y)G(0,1,1,r;y) + 1440y*G(1;9)G(0,1,1,m9) + 8640y3G(1;4)G(0,1,1,r;y) —  20160y2G(1;9)G(0,1,1,m59) +
8640yG(1;y)G(0,1,1,r;y) + 1440G(1;y)G(0,1,1,r;y) — 1440G(0,1,1,r;y) + 432Oy4G(0,1,r,71;y) + 17280y3G(0,1,T,71;y) -
17280yG(0, 1, r, —1;y) + 17280y G(—1;y)G(0, 1,7, —1;y) — 17280G(—1;y)G(0,1,r, —1;y) — 4320G(0,1,r, —1;y) + 43209%G(0,1,r, 1;y) —
5760y3G(0, 1,7, 1;y) + 44640y2G(0,1,r, 1;y) — 37440yG(0,1,7,1;y) + 17280y4G(71;y)G(0,1,'r,1;y) — 17280G(—1;y)G(0,1, 7, 1;y) +

1440y*G(1;¥)G(0, 1,7, 1;y) + 8640y°G(1;4)G(0,1,7,1;y) — 20160y2G(1;4)G(0,1,r,1;y) + 8640yG(1;y)G(0,1,7,1;y) +
1440G(1;y)G(0,1,r,1;y) —5760G(0, 1,7, 1;y) — 2880y4G(07 1,r,my) — 8640y3G(07 1,r,7y)+ 1440y2G(O, 1,7, y)+8640yG(0,1,r, r;y) —
8640y*G(—1;y)G(0, 1,7, ry) 4+ 8640G(—1;y)G(0,1,7,r;iy) + 5760y*G(1;4)G(0,1,r,my) — 1152042G(1;y)G(0, 1,7, r;iy) +
5760G(1;9)G(0,1, 7, r;y) + 1440G(0,1,7,m;y) + 4320y*G(0,r, —1,—1;y) + 17280y°G(0,r, —1, —1;y) — 17280yG(0,r, —1,—1;y) +
17280y4G(71;y)G(0,r,71,71;y) —  17280G(—1;y)G(0,r,—1,—1;y) — 4320G(0,r,—1,—1;y) + 4320y4G(0,7‘,71,1;y) +

1728043 G(0, r, —1, 1;y) — 17280y G(0, r, —1, 1; y) + 17280y* G(—1;y)G(0, 7, —1, 1; y) — 17280G (—1; y)G(0, r, —1, 1; y) —4320G(0, r, —1, 1;9) —
2160y*G(0, 7, —1,7; y) — 8640y>G(0, 7, —1, 7; y) + 8640yG(0, 7, —1, 73 y) — 8640y*G(—1;y)G(0, r, —1, 75 y) + 8640G(—1;y)G(0, 7, —1, r;y) +
2160G(0,r, —1,7;y) + 8640y°G(0,r,0,—1;y) — 17280y2G(0,7,0, —1;y) + 8640yG(0,7,0, —1;y) — 8640y*G(1;y)G(0,r,0,—1;y) +
17280y2G(1; y)G(0,7,0, —1;y) — 8640G(1;y)G(0,r,0, —1;y) +4320y4G(O,T, 1,-1;y) + 17280y3G(0, r,1,—1;y) — 17280yG(0,r, 1, —1;y) +
17280'y4G(71;y)G(O,r7 1,—1;y) — 17280G(—1;y)G(0, 7, 1, —1;y) — 4320G(0, 7,1, —1;y) + 6480y4G(0,r, 1, L;y) — 6912Oy3G(0,'r, 1,1;y) +
11448042 G(0, r, 1, 1; y) —47520yG(0, r, 1, 1; y) —28080y* G (1;y) G (0, r, 1, 1;4)+21600y> G (1; ¥)G(0, 7, 1, 15 y)+12960y° G(1; y)G(0, , 1, 1;y) +
21600yG(1;y)G(0,7,1,1;y) — 28080G(1;y)G(0,7,1,1;y) — 4320G(0,7,1,1;y) + 360y*G(0,r,1,7y) + 17280y°G(0,7,1,7;y) —
2232042G(0, 1, 1, m;y) 4+ 4320yG(0, 7, 1,75 9) + 4320y%G(—1;4)G(0, 7, 1,75 y) — 4320G(—1;4)G(0, 7, 1,75 9) — 720y G(1;4)G(0, 7, 1,75 9) —
4320y3G(1;y)G(0,r, 1,my) + 10080yZG(1;y)G(O,r, 1,r;y) — 4320yG(1;y)G(0, 7, 1, r;y) — 720G(1;y)G(0,r, 1, r;y) + 360G(0,r, 1, m;y) —
2160y*G(0, r,r, —1; y) — 8640y>G (0, r, 7, —1;y) + 8640yG(0, r, r, —1; y) — 8640y*G(—1;y)G(0, r, 7, —1;y) + 8640G(—1;y)G(0, 7,7, —1; y) +
2160G(0,r,r, —1;y) — 2880y%G(0,r, 7, 1;y) + 4320y°G(0,r, 7, 1;y) — 2232002G(0,r, 7, 159y) + 17280yG(0,7r, 7, 1;9y) —
8640y4G(71;y)G(0,'r,7‘,1;y) + 8640G(—1;y)G(0,7, 1, 1;y) — 720y4G(1;y)G(0,7‘7 r,1;y) — 4320y3G(1;y)G(0,r,7‘,1;y)
IOOSOyQG(l;y)G(O,r,n1;y) — 4320yG(1;y)G(0,r,r, 1;y) — 720G(1;y)G(0,r, 7, 1;y) + 3600G(0,7,7r, 1;y) + 1440y4G(0,r,r,r;y)
4320y3G(0,r,7‘,r;y) — 720y2G(0,7‘,7‘,r;y) — 4320yG(0,7, 7,y y) + 4320y4G(—1;y)G(0,T,T,r;y) — 4320G(—1;y)G(0,r, 7,75 y)
2880y4G(1;y)G'(0,'r,'r,r;y) + 5760y2G(1;y)G(0,T,7',r;y) — 2880G(1;y)G(0,r,r,m;y) — T20G(0,r,7r,r5y) + 2160y4G'('r,1,1,1;y) -
116640y3G(r, 1,1, 1;y) + 228960y2G(r, 1,1, 1;y) — 116640yG(r, 1,1, 1;y) — 56160y*G(1; y)G(r, 1,1, 1;y) + 4320053 G(1; y)G(r, 1,1, 1; )
25920y2G(1;y)G(r, 1,1,1;y) 4+ 43200yG(1l;y)G(r,1,1,1;y) — 56160G(1;y)G(r,1,1,1;y) + 7200y4G’(r;y)G(r, 1,1,1;y)
864Oy3G(r; y)G(r,1,1,1;y) — 3168Oy2G('r; y)G(r, 1,1, 1;y) + 8640yG(r; y)G(r, 1,1, 1;y) + 7200G(r; y)G(r, 1,1, 1; y) + 2160G(r, 1,1, 15 y)
720y%G(r,r,1,1;y) — 21600y3G(r, 7, 1,1;y) + 44640y2G(r,7,1,1;y) — 21600yG(r,r,1,1;y) + 1440y*G(1;y)G(r, 7, 1,159) +
8640y3G(1;y)G('r7 r1,1;y) - 20160y2G(1;y)G(T,7',1,1;y) + 8640yG(1;y)G(r,r, 1,1;y) + 1440G(1;y)G(r, 7, 1, 15 y) —
5760y1G(r; y)G(r, 7, 1,1;y) + 1152092G(r;y)G(r,r,1,1;y) — 5760G(r;y)G(r, 7, 1,1;y) — 720G(r,7, 1,1;y) + 720y*G(r,r, 7, 1;y) —
144Oy2G('r,T,7',1;y) — 576Oy4G(1;y)G('r,r,r,l;y) + 11520y2G(1;y)G’(7‘,7‘,T,l;y) — 5760G(1;y)G(r,7r, 7, 1;y) + 720G(r,r, 7, 1;y) —
17280y%G(0, —1, -1, —1,r;y) + 17280G(0,—1,—1,—1,r;y) — 17280y*G(0, —1,—1,1,my) + 17280G(0,—1,—1,1,r;y) —
17280y*G(0, -1, —1,r, —1;y) + 17280G(0, —1,—1,r, —1;y) — 17280y*G(0,—1,—1,r,1;y) + 17280G(0,—1,—1,r,1;y) +
8640y*G(0, —1, —1,r,r;y) —  8640G(0,—1,—1,r,ry) +  8640y*G(0,—-1,0,—1,r;y) —  17280y2G(0,—1,0,—1,7;9)  +
8640G (0, —1,0, —1,m;y) — 17280y*G(0, —1,1, —1,r; y) + 17280G(0, —1,1, —1,r;y) — 5760y*G(0, —1, 1,1, r;y) + 5760G(0, —1,1,1,7;y) —
17280y4G(0, —1,1,r,—1;y) + 17280G(0, —1,1,r, —1;y) — 17280y4G(O7 —1,1,r,1;y) + 17280G(0, —1, 1, r, 15 y) +864Oy4G(0, —1,1,r,7my) —
8640G(0, —1,1,r,m;y) —  17280y*G(0,—1,r, —1,—-1;y) 4+  17280G(0, —1,r,—1,—1;y) —  17280y*G(0, —1,r, —1,1;y) +
17280G(0, —1,r, —1, 1;y)+8640y4G(0, —1,7, —1,7;y) —8640G(0, —1,7, —1, r; y) — 17280y*G(0, —1, 7,1, —1;y) + 17280G(0, —1, 7,1, —1; y) —
4320y%G(0, —1,7,1,m;9) + 4320G(0, —1,7r,1,r;y) + 8640y*G(0, —1,7, 7, —1;y) — 8640G(0, —1,7r,r, —1;y) + 8640y*G(0, —1,r, 7, 1;y) —
8640G (0, —1,r, 7, 1;y) — 4320y4G(07 —1,7, 7,7 y) + 4320G(0, —1, 7, r, 7; y) — 17280y*G(0,0, —1, —1, —1; y) 4+ 17280G(0,0, —1, —1, —1; y) —
17280y*G(0,0, —1,—1,1;y) +  17280G(0,0,—1,—1,1;34) +  8640y*G(0,0,—1,—1,r;y) —  34560y2G(0,0,—1,—1,7ry) +
25920G(0,0, —1, —1, r; y) —8640y*G (0,0, —1,0, —1; ) +17280y2G (0,0, —1,0, —1; y) —8640G(0, 0, —1,0, —1; y) —15840y*G(0, 0, —1,0, 1; )+
17280y2G(0,0, —1,0,1;y) — 1440G(0,0,—1,0,1;y) — 9360y*G(0,0, —1,0,r;9) + 17280y2G(0,0, —1,0,7;y) — 7920G(0,0, —1,0,r;y) —
17280y%G(0,0, —1,1, —1;y)+17280G (0,0, —1, 1, —1; y) — 15840y* G(0, 0, —1, 1, ; y) +15840G(0, 0, —1, 1, r; y) —8640y* G(0, 0, —1,r, —1; y) +
8640G (0,0, —1,r, —1;y) — 8640y4G(0,07 —1,7,1;9) + 8640G(0,0, —1, 7, 1;y) + 12960y*G(0,0, —1,r, r;y) — 17280y2G(0,0, —1, 7, 7;y) +
4320G(0,0, —1, 7, ;y) —63360y*G(0,0,0, —1, —1; ) +51840y2G(0, 0,0, —1, —1; y) +11520G(0, 0, 0, —1, —1; ) — 64800y *G(0, 0,0, —1, 1; y) +
5184042 G(0, 0,0, —1, 1;y) + 12960G(0, 0,0, —1, 1; ) — 10080y*G(0, 0,0, —1, r; y) + 25920y2G(0,0,0, —1, r; y) — 15840G(0,0,0, —1,7;y) —
46800y*G(0,0,0,0, —1;y) + 46080y°G(0,0,0,0, —1;y) + 720G(0,0,0,0, —1;y) — 30240y*G(0,0,0,0,1;y) — 1152043G(0,0,0,0, 1;9) +
54720y2G(0,0,0,0,1;y) — 11520yG(0,0,0,0,1;y) — 1440G(0,0,0,0,1;y) + 50404*G(0,0,0,0,7;9) — 2880y3G(0,0,0,0,7;y) +
720y2G(0,0,0,0,7;y) — 2880yG(0,0,0,0,7;y) — 64800y*G(0,0,0,1, —1;y) + 51840y2G(0,0,0,1,—1;3) + 12960G(0,0,0,1, —1;y) —
160560y*G(0,0,0,1,1;y) + 38880y°G(0,0,0,1,1;y) + 36000y2G(0,0,0,1,1;y) + 38880yG(0,0,0,1,1;y) -+ 46800G(0,0,0,1,1;y) +
17280y%G(0,0,0,1,7;y) — 1152043G(0,0,0,1,7;9) + 34560y2G(0,0,0,1,7;y) — 11520yG(0,0,0,1,7;y) — 28800G(0,0,0,1,7r;y) —
10080y*G(0,0,0, 7, —1;y) + 25920y2G(0,0,0,r, —1;y) — 15840G(0,0,0,r, —1;y) + 31680y*G(0,0,0,r, 1;y) — 12960y2G(0,0,0,r, 1;y) +
23040y2G(0,O,O,r,1;y) — 12960yG(0,0,0,7,1;y) — 28800G(0,0,0,7,1;y) — 4320y4G(0,0,0,r,r;y) + 4320y2G(0,0,0,r,r;y)
17280y*G(0,0,1, —1, —1; y) + 17280G(0, 0,1, —1, —1; y) + 1440y*G(0,0, 1, —1, r; y) — 1440G(0,0, 1, —1, r; y) — 14400y*G(0,0, 1,0, —1; y) +
17280y2G(0,0,1,0, —1;y) — 2880G(0,0,1,0, —1;y) — 475204%G(0,0,1,0,1;y) + 20160y3G(0,0,1,0,1;y) — 1440042G(0,0,1,0,1;9) +

+
+

+ +

20160yG(0,0,1,0,1;y) + 21600G(0,0,1,0,1;y) — 720y*G(0,0,1,0,m9) — 2880y3G(0,0,1,0,7;y) + 21600y2G(0,0,1,0,7;y) —
2880yG(0,0,1,0,7y) — 15120G(0,0,1,0,79) + 799205%G(0,0,1,1,1;y) + 1296053G(0,0,1,1,1;y) — 47520y52G(0,0,1,1,1;9) +
12060yG(0,0,1,1,1;y) — 58320G(0,0,1,1,1;y) + 324004%G(0,0,1,1,my) + 17280y3G(0,0,1,1,ry) — 40320y2G(0,0,1,1,r9) +
17280yG(0,0,1,1,r;y) — 26640G(0,0,1,1,7m5y) + 1440y4G(0,0,1,T,71;y) — 1440G(0,0,1,r, —1;y) — 15840y4G(0,0,1,7‘,1;y) +
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25920y3G(0,0,1,r,1;y) — 28800y2G(0,0,1,r,1;y) + 25920yG(0,0,1,r,1;y) — 7200G(0,0,1,r,1;y) -+ 9360y4G’(0,0,1,7‘,T; y) —
8640y3G(0,0,1,r,'r;y) + 14400y2G(0,0,1,r,'r;y) — 8640yG(0,0,1,7r,r;y) — 6480G(0,0,1,7,my) — 25920y4G(0,O,7‘,71,71;y) +
34560y2G (0,0, r, —1, —1; ) — 8640G(0,0,, —1, —1; ) — 8640y*G(0,0,r, —1,1; ) + 8640G (0,0, r, —1, 1; ) + 1296054G (0,0, —1, 5 y) —
17280y2G(0,0,r, —1,7;y) + 4320G(0,0,r, —1,7;y) + 1440y4G(0,O,7‘,0,71;y) + 8640y2G(0,0,7,0, —1;y) — 10080G(0,0,7,0, —1;y) —

720y%G(0,0,7,0,1;y) — 5760y°G(0,0,7,0,1;y) + 27360y2G(0,0,7,0,1;y) — B5760yG(0,0,7,0,1;y) — 15120G(0,0,7,0,1;y) -+
2160y*G(0,0,7,0,7;y) — 2160y2G(0,0,7,0,7;y) + 8640y*G(0,0,7,1,—1;y) — 8640G(0,0,7r,1,—1;y) + 15120y%G(0,0,7r,1,1;y) +
21600y3G(0,0,T,1,1;y) - 73440y2G(0,0,'r,1,1;y) + 21600yG(0,0,r,1,1;y) + 15120G(0,0,7,1,1;y) + 720y4G'(0,0,'r,1,'r;y) -
4320y3G(0,0,r,1,m59) + 5760y2G(0,0,7,1,r;y) — 4320yG(0,0,7,1,r;y) —+ 2160G(0,0,7,1,r;9y) + 12960y9*G(0,0,7,7, —1;y) —
17280y2G(0,0,r, 7, —1;y) + 4320G(0,0,7, 7, —1;y) + 13680y4G(0,0,r,7‘,1;y) — 4320y3G(0,0,7,7,1;y) — 15840y%2G(0,0,7, 7, 1;y) —
4320yG(0,0,7,r,1;y) + 10800G(0,0,r, 7, 1;y) — 1440y*G(0,0,7, 7, r;y) + 144092G(0,0,7,r,r;y) — 17280y*G(0,1,—1, —-1,r;y) +
17280G (0,1, —1, —1,7;y) + 8640y*G(0,1,—1,0,r;y) — 8640G(0,1,—1,0,7r;y) — 5760y*G(0,1,—1,1,r;y) + 5760G(0,1,—1,1,r;y) —
17280y4G(0,1,71,7“,7l;y)+17280G(0,1,71,7*,71;3;)717280y4G(0,1,71,r,1;y)+17280G(0,l,71,7',1;y)+8640y4G(0,1,71,r,r;y)7
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