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Introduction 1
Although the Standard Model is undoubtedly the most successful theory of fundamental
physics ever formulated, there are many reasons to believe that it is incomplete.

On the one hand, there are several ”hard” facts which cannot be described in the context
of the Standard Model like, for example, nonzero neutrino masses, and the existence of
dark matter and gravitational interactions. On the other hand, there is an even longer list
of ”softer” arguments why the Standard Model is theoretically unsatisfying. For example,
the Standard Model offers no explanation for why the gauge couplings have the values
they have, for the quantization of electric charge Qproton +Qelectron < O(10−20), or for the
pattern of mixing angles and masses of the fermions. In addition, the Standard Model
does not explain why CP violating effects in strong interactions are tiny — if they exist
at all. This is puzzling because there is nothing in the Standard Model that forbids CP
violation in the strong sector and therefore, according to Gell-Mann’s totalitarian principle
(”Everything not forbidden is compulsory” [1]), it should be measurable.

While most physicist agree that the Standard Model needs to be modified, there is no
consensus on how this should be done. This is unsurprising since there are, in principle,
infinitely many models that yield the Standard Model at low energies. For this reason,
it is impossible to deduce the correct model which replaces the Standard Model at high
energies from low energy data alone. Technically this follows from the fact that the process
of integrating out fields is not invertible. (We can ”zoom out” but cannot ”zoom in”.)
For this reason, work on beyond the Standard Model physics always depends, to some
extent, on personal preferences. In other words, in the quest for theories beyond the
Standard Model, the available low energy data always needs to be supplemented by guiding
principles. One type of guiding principle which has proven to be highly successful in the
past are symmetries [2]. Therefore, it may seem reasonable, to quote Paul Dirac, that
”further progress lies in the direction of making our equations invariant under wider and
still wider transformations.” [3]

One intriguing way to realize this idea in concrete terms is to embed the Standard Model
gauge group

GSM = SU(3)C × SU(2)L × U(1) (1.1)

in a simple group GGUT ⊃ GSM. This is known as grand unification.

1



2 1. Introduction

Figure 1.1.: The total number of papers published that mention a given group plus unification in the title or
abstract.

As shown in Figure 1.1, the most popular simple groups that are commonly used in the
context of Grand Unified Theories (GUTs) are:

• SU(5) — the smallest viable simple group and was used in the original GUT, which
was proposed by Georgi and Glashow [4].

• SO(10) — popular since its spinorial 16-dimensional representation contains a com-
plete generation of Standard Model fermions plus a right-handed neutrino [5].

• E6 — the only exceptional group that can be used in conventional GUTs [6].

A generic consequence of the embedding of GSM in a larger group is that there are ad-
ditional gauge bosons which have not been observed so far. Therefore, GGUT must be
broken

GGUT
MGUT→ . . .

MI→ GSM
MZ→ SU(3)C × U(1)Q (1.2)

at a sufficiently high scale MGUT.

In the following sections, we will discuss why the embedding of GSM in a simple group
GGUT is an attractive idea and how specific unified models can, in principle, be tested.

2



1.1. Postdictions 3

1.1. Postdictions

Coupling Strengths

First of all, unified models are intriguing because they allow us to understand the relative
strengths of the Standard Model gauge couplings. This is possible since at scales above
MGUT there is only one unified gauge coupling gGUT and therefore, the Standard Model
gauge couplings have a common origin:1

g1Y (MGUT) = g2L(MGUT) = g3C(mGUT) ≡ gG(MGUT) . (1.3)

After the breaking of GGUT, the gauge couplings corresponding to the various remnant
groups run differently such that at the electroweak scale, we find

g1Y (MZ) < g2L(MZ) < g3C(MZ) . (1.4)

This difference is a result of the fact that fermions screen charges if we look at them from
a distance, while gauge bosons have the opposite effect [7].

Since SU(3) has dimension 8, we have 8 corresponding gauge bosons and their effect
outweighs the effect of the color-charged fermions. In contrast, for the rank-3 group
SU(2), the effect of the gauge bosons and fermions almost cancel each other, while for
U(1) the effect of the fermions dominates since there is only one associated gauge boson
with no self-coupling. This implies that g3C becomes stronger as we zoom out from MGUT

to MZ , while g1Y becomes weaker and g2L stays approximately the same. This is shown
schematically in Figure 1.2.

Figure 1.2.: Schematic running of the gauge couplings in the Standard Model. The couplings become approx-
imately equal at a sufficiently high energy scale. This supports the GUT idea.

From a bottom-up perspective, we can argue that the running of the Standard Model
couplings supports the idea that they unify at a high energy scale. If the particle content
of the Standard Model were different, the differences between the couplings could become
larger at higher scales as shown in Figure 1.3. This, in turn, would be a strong argument
against the GUT framework.

Interestingly, the Standard Model couplings do not only approximately unify but they also
do this at a scale that is sufficiently high to be in agreement with bounds from proton
decay experiments.2 Again, the situation could be very different if the particle content of
the Standard Model and the measured values of the gauge couplings were different.

1
At two-loop order and beyond this naive unification conditions must be modified. This is discussed in
Chapter 2.

2
This is discussed in more detail in Section 1.2.

3



4 1. Introduction

Figure 1.3.: Alternative scenario with different values for the gauge couplings at low energies and a different
particle content. This would be a strong argument against the GUT idea.

To summarize, in grand unified models we can understand the relative strengths of the
gauge couplings solely using group theoretical properties of the corresponding gauge groups.
Moreover, the particle content and the gauge couplings of the Standard Model might, opti-
mistically, be interpreted as hints for the correctness of the general unification hypothesis.

Quantization of Electric Charge

Another beautiful aspect of grand unification is that it allows us to understand why the
electric charges of leptons and quarks are related. In the Standard Model, electric charges
are free parameters since there is no group theoretical restriction on the values of U(1)
charges.

In GUTs, however, the Standard Model gauge group is a remnant of the GUT group. In
particular, each Standard Model generator corresponds to a generator of the GUT group
and quarks and leptons live in common representations. This makes it possible to derive
relations between the U(1) charges of different particles. For example, in SU(5) models
the down quark and lepton doublet live in a single representation

5̄ =


νL
eL

(dcR)red

(dcR)blue

(dcR)green

 . (1.5)

Moreover, all SU(5) Cartan generators can be written as (5 × 5) diagonal matrices with
trace zero. For the electric charge generator Q this implies

0
!

= Tr(Q)

0
!

= Tr


Q(νL) 0 0 0 0

0 Q(eL) 0 0 0
0 0 Q((dcR)red) 0 0
0 0 0 Q((dcR)blue) 0
0 0 0 0 Q((dcR)green)


0

!
= Q(νL) +Q(eL) + 3Q(dcR)

Q(dcR)
!

= −1

3
Q(eL) . (1.6)

Analogous relations can be derived for all other fermions. Thus, once more from an
optimistic bottom-up perspective, one might argue that the experimental fact

4



1.1. Postdictions 5

Qproton +Qelectron = O(10−20) is another strong hint that the Standard Model gauge group
should be embedded in a simple group.

Neutrino Masses

In many GUT models the existence of right-handed neutrinos is an automatic consequence
of the group theoretical structure of GGUT. For example, in SO(10) and E6 models, the
smallest representation which contains all Standard Model fermions of one generation, au-
tomatically contains a right-handed neutrino. Since right-handed neutrinos are Standard
Model singlets, they can develop a nonzero mass at scales far above the electroweak scale.
In GUTs, they usually get their mass from a Higgs vacuum expectation value that is also
responsible for one specific step in the breaking chain (Eq. (1.2)). After the breaking of
the electroweak symmetry, one finds, quite generically, a type-I seesaw structure in the
neutrino sector [8–11]. Therefore, unified models do not only provide a mechanism that
yields nonzero mass terms for the left-handed neutrinos, but can also help to understand
why they are so light.

Matter-Antimatter Asymmetry

Grand unified models contain generically all ingredients that are necessary to provide
an explanation for the observed matter-antimatter asymmetry [12]. In particular, baryon
number violating processes are permitted in unified models since quarks and leptons live in
common representations of the GUT group. One the one hand, this leads to the prediction
that the proton is not stable.3 On the other hand, baryon number violation is one of the
Sakharov conditions [13]. Therefore, to quote Nanopoulos ”if the proton was stable it
would not exist” [14].

Next, after this short discussion of generic postdictions of grand unified models, we discuss
actual predictions in the following section.

3
This is discussed in more detail in the next section.

5



6 1. Introduction

1.2. Predictions

Proton Decay

The most famous consequence of the GUT paradigm is that the proton is unstable.4 As
mentioned above, this follows since quarks and leptons live together in one or multiple
representations of the GUT group. Thus, there are gauge bosons that carry color and
weak isospin which, in turn, implies that they are capable of mixing quarks and leptons.
In particular, such X-bosons can transform a quark into a positron and therefore mediate
the process p→ e+ + π0 (Figure 1.4).

Figure 1.4.: Proton decay process p → e
+

+ π
0

mediated by a superheavy X-boson, which is the dominant
process in most non-supersymmetric GUTs [16].

The resulting proton lifetime can be estimated using the formula [16]

τp =
M4
X

g4
GUTm

5
p

, (1.7)

where mp denotes the proton mass, gGUT is the unified gauge coupling and MX is the
mass of the relevant GUT gauge bosons.

The detection of proton decay is commonly regarded as the ”smoking gun signature of
Grand Unified Theories” [17]. Unfortunately, proton decay, so far, has never been observed
and as a result, many models like the original GUT model by Georgi and Glashow [4] are
already ruled out. Minimal SU(5) models like the Georgi-Glashow model predict a proton
lifetime of around 1028.5 ∼ 1031.5 yrs [18], which is far below the current experimental
limit [19]

τP & 1.6 · 1034 yrs . (1.8)

However, as we will discuss in detail in Chapter 2, there are still several simple scenarios
which are not yet ruled out by proton decay experiments.

Magnetic Monopoles

The second most famous generic prediction of grand unified models is the existence of
magnetic monopoles [20]. In fact, magnetic monopoles appear in the spectrum of any
gauge theory in which a semi-simple group is broken to a subgroup that contains a U(1)
factor [21,22]. Therefore, all realistic GUT models contain monopole solutions.

4
It is, of course, possible to construct GUT models in which the proton is stable or quasi-stable. But,
as Nanopoulos puts it: ”OK, you can do it, but . . . you cannot show it to your mother with a straight
face.” [15]

6



1.2. Predictions 7

In simple GUT models, there is only one type of monopole solution and its mass can be
approximated using the formula [18]

mM ≈
4πMGUT

g2
GUT

. (1.9)

Using this approximation and the fact that magnetic monopoles are absolutely stable,
it can be shown that they are produced in large numbers in the early universe [23] and
therefore would ”dominate the mass density of the universe by many orders of magnitude”
[24]. But this is clearly in conflict with experimental bounds since, so far, no magnetic
monopole has ever been observed [25] and a large number of magnetic monopoles would
have a significant effect on nucleosynthesis and the expansion of the universe [26].

Therefore, some suppression mechanism like cosmological inflation [27], inverse symmetry
breaking [28], a strong first order phase transition [29] or Planck scale corrections [24]
must be invoked.

New Particles

Although the detection of proton decay and magnetic monopoles would be strong hints for
the correctness of the GUT paradigm, the ultimate test is whether new particles predicted
by a specific unified model can be detected. At a minimum, models with an enlarged
gauge symmetry contain additional gauge bosons. In addition, conventional GUT models
often contain additional scalars and fermions. The scalars are necessary for the breaking
of the enlarged symmetry and for a realistic pattern of fermion masses and mixing angles.
Additional fermions are necessary, as mentioned above, to explain the smallness of neutrino
masses using a type-I seesaw and can arise as an automatic consequence of the GUT group
structure.

Unfortunately, the GUT scale is likely to be above 1015 GeV, as can be concluded from
the slow running of the gauge couplings and the limits from proton decay experiments
(Eq. (1.8)). To probe such high energies using present day technologies, a collider with
a diameter comparable to the size of our solar system would be necessary. Therefore, it
will probably not be possible to detect all particles predicted by GUT models in the near
future. However, in specific scenarios there can be remnants of the broken GUT symmetry
at much lower scales [30,31]. While the discovery of such low energy remnants would not
be a definite proof of the GUT hypothesis, it could lend further support to the general
”larger symmetry” guiding principle and help us to figure out the correct GUT group and
breaking chain.

7



8 1. Introduction

1.3. Intrinsic vs. External Solutions

In the preceding sections, we have discussed which Standard Model puzzles can, quite
generically, be solved in unified models and how such models can, in principle, be tested.
One can certainly argue that these features are reason enough to study grand unified the-
ories in detail. At the same time, there are several problems, like, for example, the strong
CP problem, the flavor puzzle and the dark matter problem, unified models seemingly
cannot help us with. Moreover, GUT models introduce new problems. One issue is that
the Standard Model gauge couplings almost unify but not exactly. In the following, we
call this the gauge unification problem. A second GUT puzzle is why proton decay has
never been observed so far.

One way to deal with these issues is to extend grand unified models with additional in-
gredients. For example, it is possible to construct unified models which contain viable
dark matter candidates by introducing supersymmetry [32] or additional fermion repre-
sentations plus discrete symmetries [33]. Alternatively, one can solve the strong CP and
dark matter problem simultaneously by introducing an additional Peccei-Quinn symme-
try [17,34,35]. The flavor puzzle can possibly be solved by enlarging the symmetry group
using family symmetries [36]. Moreover, the proton decay and gauge coupling unification
problems can also be solved by supersymmetry [37].

A second possibility is to try to construct specific GUT models which solve additional
Standard Model problems intrinsically. For example, there have been several (not entirely
satisfactory) attempts to construct GUT models that contain a Peccei-Quinn symmetry
accidentally [38–41].5 This is an attractive idea because in such models ”the whole PQ
machinery serves not simply for one purpose — solving the strong CP problem.” [43] Us-
ing the terminology introduced in this section, we can say that models with an accidental
Peccei-Quinn symmetry solve the strong CP problem intrinsically, while models in which it
must be added by hand solve it externally. A key difference is that a Peccei-Quinn symme-
try can, in principle, be added by hand to any GUT model but only appears accidentally
in very specific models. Other examples for intrinsic solutions are specific E6 models which
contain automatically a viable dark matter candidate [44] and models in which intrinsic
flavor symmetries can possibly help to solve the flavor puzzle [45, 46]. Again, the main
difference between these intrinsic solutions and the external solutions mentioned above is
that intrinsic solutions only work in a small subclass of models. In contrast, it is possible
to add suitable new representations plus a discrete symmetry and a family symmetry to
any model to get a viable dark matter candidate and to solve the flavor puzzle. Therefore,
intrinsic solutions have the advantage that they potentially yield concrete guidelines for
GUT model builders. This is helpful because one of the biggest problem of the GUT
framework is that there, in principle, infinitely many grand unified models since there is
an infinite number of viable groups GGUT. Moreover, even if GGUT is fixed, there are usu-
ally several viable breaking chains which lead to very different scenarios. By focusing on
intrinsic solutions, however, the number of compatible GUT groups and breaking chains
can be narrowed down significantly.

From an optimistic perspective, we can therefore argue that by searching for intrinsic

5
Most models with accidental Peccei-Quinn symmetry are phenomenologically unacceptable [42] (e.g.,
Ref. [38] predicts a massless fermion generation) .

8



1.3. Intrinsic vs. External Solutions 9

solutions, we try to reinterpret problems of the Standard Model as hints for specific GUT
models.

In this thesis, we focus on intrinsic solutions of GUT and Standard Model problems.
In Chapter 2, we discuss how the gauge unification and proton decay problem can be
intrinsically solved in non-supersymmetric GUT models. In addition, after a short review
of the strong CP problem in Chapter 3, we discuss in Chapter 4 an intrinsic GUT solution
to the strong CP problem. This is summarized by the following diagram.

external solutions intrinsic solutions

family symmetries [36] // flavor puzzle intrinsic flavor symmetries [45]oo

Peccei-Quinn mechanism [34] //

**

strong CP problem Chapter 4 [47]oo

discrete symmetries [33] // dark matter GUT dark matter [44]oo

supersymmetry [32] //

**

44

gauge unification Chapter 2 [48]oo

tt

proton decay

9





Gauge Coupling Unification
without Supersymmetry 2

This chapter is based on Ref. [48].

The first model with a unified gauge symmetry was proposed by Georgi and Glashow in
1974 [4]. At this time, αs and sin2 θW were not well known experimentally and it therefore
seemed reasonable that the three Standard Model gauge couplings indeed meet at a single
point at a sufficiently high energy scale. In particular, the gauge couplings are running
towards each other and become approximately of the same order of magnitude at around
MX > 1014 [18].

However, when the CERN SPS experiment measured for the Weinberg angle
sin2 θW = 0.24±0.02 [49], it was quickly pointed out by Buras, Ellis, Gaillard and Nanopou-
los that the value predicted by the Georgi-Glashow model (sin2 θW (10 GeV) ≈ 0.20)
is ”somewhat low” and therefore, that there is ”a possible problem with the value of
sin2 θW” [50]. Moreover, when αs was measured more precisely by the DELPHI ex-
periment [51], Amaldi, de Boer and Fürstenau concluded that ”in the minimal non-
supersymmetric Standard Model with one Higgs doublet a single unification point is ex-
cluded by more than 7 standard deviations” [37]. The running of the gauge couplings in
the Standard Model using present-day data is shown in Figure 2.1.

Figure 2.1.: Running of the Standard Model couplings (ωi = α
−1
i = 4π

g
2
i

) at two-loop order.

The fact that the Standard Model gauge couplings do not meet at a single point can be
interpreted in two ways:

11



12 2. Gauge Coupling Unification without Supersymmetry

1. The grand unification framework is wrong.

2. There is no ”grand desert” between the electroweak and the unification scale.

Since, as discussed in the previous chapters, unified models have many attractive features,
the second option was and still is preferred by many physicists.

One possibility to achieve unification of the gauge couplings is by introducing low-energy
supersymmetry (SUSY). Famously, the authors of Ref. [37] noted in 1991 that ”the minimal
supersymmetric extension of the Standard Model leads to unification”. In particular, they
discovered that for a SUSY scale of around 1 TeV, the gauge couplings almost perfectly
unify. In the years after this discovery, supersymmetry and grand unified models were
thought to be in a symbiotic relationship. On the one hand, supersymmetry was regularly
invoked to achieve unification of the gauge couplings. On the other hand, the fact that the
gauge couplings meet almost perfectly at a point in supersymmetric models was interpreted
as a further hint for low-energy supersymmetry. As shown in Figure 2.2, this is visible in
the fraction of GUT papers which explicitly invoke supersymmetry.

Figure 2.2.: The blue area indicates the total number of paper published with either SU(5), SO(10) or E6 in the
title. The red area indicates the fraction of these papers with additionally ”susy”, ”supersymmetry”
or ”supersymmetric” in the title or abstract. The dip in the years from 1987 to 1990 resulted when
early GUT models were ruled out by proton decay experiments [52]. In 1991 it was discovered that
the proton lifetime can be much longer in supersymmetric unified models [37].

However, so far, no supersymmetric partner of a Standard Model particle has ever been
experimentally observed. For this reason, there has been recently a revival of unified
models without low-energy supersymmetry [34, 35, 53–57]. In these kind of models, the
mismatch of gauge couplings requires a different explanation.

In the following sections, we will discuss the various possibilities to achieve unification of
the gauge couplings without low-energy supersymmetry in general and systematic terms.
For concreteness, we will focus on the three most popular GUT groups SU(5), SO(10)
and E6. Moreover, we will restrict ourselves to a class of models (”conservative models”)
that mimic the structure of the Standard Model as much as possible. As a guideline, we
can observe that the structure of the Standard Model follows the rules:

12
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• Only scalar representations that couple to fermions are permitted.

• Only fermions that live in the fundamental or trivial representation of the gauge
group are permitted.

• And, of course, only gauge bosons that live in the adjoint of the gauge group are
permitted.

Unfortunately, the models that we find by applying these rules to SU(5) and SO(10)
models are non-viable and we are forced to bend the rules outlined above. But in these
scenarios, we try to bend the rules as little as possible and therefore only add representa-
tions that are necessary to make them realistic.

In particular, in SU(5) models we are forced to add a fermionic 10-dimensional repre-
sentation since the fundamental 5 is too small to contain all Standard Model fermions.
Moreover, in SO(10) and SU(5) models at least one additional scalar representation that
does not couple to fermions is necessary to accomplish the symmetry breaking down to
GSM.

These additions can also be understood from a top-down perspective by noting that all
representations that are necessary to make SO(10) and SU(5) models viable automatically
exist in conservative E6 models and that SU(5) ⊂ SO(10) ⊂ E6.

After a short discussion of the renormalization group equations for the gauge couplings,
we discuss in Section 2.2 if threshold corrections are sufficient to explain the mismatch in
conservative grand desert scenarios. In Section 2.3, we then analyze the running of the
gauge couplings in conservative scenarios with particles at intermediate scales.

13



14 2. Gauge Coupling Unification without Supersymmetry

2.1. The Standard Model RGEs and Hypercharge Normalization

In general, the renormalization group equations for the gauge couplings gi up to two-loop
order read [58]

dωi(µ)

d lnµ
= − ai

2π
−
∑
j

bij

8π2ωj
. (2.1)

Here,

ωi = α−1
i =

4π

g2
i

(2.2)

and ai and bij are the one-loop and two-loop coefficients respectively. The RGE coefficients
depend on the particle content of the model and can be calculated using the general
formulas in Ref. [58] or more conveniently, using PyR@TE 2 [59].

For the Standard Model, the one-loop and two-loop coefficients read

aSM =
(

41
6 ,−

19
6 ,−7

)
, bSM =


199
18

9
2

44
3

9
10

35
6 12

11
10

9
2 −26

 . (2.3)

The Standard Model RGE’s can then, in principle, be solved using the experimental bound-
ary conditions [60]

ω1Y (MZ) = 98.3686

ω2L(MZ) = 29.5752

ω3C(MZ) = 8.54482

MZ = 91.1876 GeV. (2.4)

However, there is an ambiguity in the running of ω1Y since the hypercharge normal-
ization is not fixed in the Standard Model. The Standard Model Lagrangian only in-
volves the product of the gauge coupling constant g1Y and the hypercharge operator
Y . Therefore, the Lagrangian remains unchanged under rescalings of the hypercharge

(g1Y , Y )→
(
n−1
Y g1Y , nY Y

)
for any nY ∈ R. It is conventional to define ng as the normal-

ization constant relative to the ”Standard Model normalization” in which the left-handed
lepton doublets carry hypercharge −1 and the left-handed quark doublets carry hyper-
charge 1/3. Moreover, it is conventional to normalize the generators of non-abelian gauge
groups T i such that

Tr(T iT j) =
1

2
δij . (2.5)

The values in Eq. (2.4) and the coefficients in Eq. (2.3) are only valid as long as these
particular normalizations are used.

In particular, this implies that we can achieve that the gauge couplings meet at a common
point solely by modifying the hypercharge normalization appropriately. The solutions
of the Standard Model RGEs for different hypercharge normalizations are shown in Fig-
ure 2.3. We can see here that for nY ≈

√
3/4, the three gauge couplings indeed meet

approximately at around µ ≈ 1016.5 GeV.

14



2.1. The Standard Model RGEs and Hypercharge Normalization 15

Figure 2.3.: Solutions of the 2-loop RGEs for the Standard Model gauge couplings with different normalizations
of the hypercharge, as indicated by the superscripts. The solid line corresponds to the canonical
normalization that we get, for example, in SU(5), SO(10) and E6 models.

However, in models with a unified gauge symmetry it is no longer possible to rescale the
hypercharge arbitrarily. In such models, the hypercharge group U(1)Y is a remnant of the
simple unification group GGUT and therefore its normalization is fixed by the normaliza-
tion of the GGUT charges. In particular, the hypercharge generator Y corresponds to a
generator of the unified gauge group and therefore, it must be consistently normalized like
all other generators of GGUT, as specified in Eq. (2.5).

For example, in SU(5) models the GSM representations dc =
(
3,1, 1

3nY
)

and
L =

(
1,2,−1

2nY
)

are usually embedded in the fundamental 5. The hypercharge generator
therefore reads Y = nY × diag

(
1
3 ,

1
3 ,

1
3 ,−

1
2 ,−

1
2

)
. Using this, we can calculate

Tr
(
Y 2
)

=
5

6
n2
Y

(2.5)
=

1

2
(2.6)

and therefore, we find |nY | =
√

3/5.

The value nY =
√

3/5 is known as the canonical normalization since it automatically
follows in models based on the most popular unification groups like SU(5), SO(10) and
E6. We can see in Figure 2.3 that for nY =

√
3/5, the gauge couplings do not meet at a

common point.

For alternative unification groups or non-standard embeddings of GSM , different values of
nY are possible [61]. Therefore, one could argue that this is a hint that SU(5), SO(10)
and E6 are the wrong choices for GGUT . In particular, we could search for a group GGUT
which yields nY ≈

√
3/4. But unfortunately, the value nY =

√
3/5 is quite generic in

realistic models since it follows whenever the Standard Model is embedded in a way that
allows us to assume an intermediate SU(5) symmetry, i.e. GGUT → SU(5)→ GSM [62].

In the following sections, we will consider models involving the groups SU(5), SO(10)
and E6 and therefore always use the canonical normalization nY =

√
3/5. Nevertheless,

in particular for proposals that go beyond the standard GUT paradigm [63–65], it is

15



16 2. Gauge Coupling Unification without Supersymmetry

important to keep in mind that from a bottom up perspective, the gauge couplings can
meet perfectly at a point since the hypercharge normalization is not fixed in the Standard
Model.

Before we can discuss unification scenarios in more concrete terms, we need to define a
criterion that tells us when exactly the merging of the gauge couplings is successful. In
general, the nonzero vacuum expectation value that breaks GGUT yields masses mX for
some of the gauge bosons associated with GGUT . But in processes involving only energies
much larger than mX , the breaking of GGUT can be neglected and the gauge couplings
are approximately equal [66]. Therefore, a naive unification condition reads

ω1Y (mX) = ω2L(mX) = ω3C(mX) ≡ ωG(mX) , (2.7)

where ωG denotes the unified gauge coupling.

However, if we use two-loop RGEs this condition must be refined and in particular, thresh-
old corrections can alter Eq. (2.7) significantly [67].

16



2.2. Thresholds Corrections 17

2.2. Thresholds Corrections

Threshold corrections are necessary if the masses of the particles which become massive
through the breaking of GGUT are not exactly degenerate. While the corrections are small
for individual particles, they can become significant in unified models since they typically
predict a large number of superheavy particles [67,68]. In principle, threshold corrections
can be so large that they alone are sufficient to explain the observed mismatch of the gauge
couplings in Figure. 2.1 [69].

Threshold corrections can be taken into account by modifying the matching conditions
(Eq. (2.7)) as follows [70]:

ωi(µ) = ωG(µ)− λi(µ)

12π
, (2.8)

where

λi(µ) =

λ
G
i︷ ︸︸ ︷

(CG − Ci)−21

λ
V
i︷ ︸︸ ︷

Tr

(
t2iV ln

MV

µ

)
+Tr

(
t2iSPGB ln

MS

µ

)
︸ ︷︷ ︸

λ
S
i

+8 Tr

(
t2iF ln

MF

µ

)
︸ ︷︷ ︸

λ
F
i

. (2.9)

Here, S, F , and V denote the scalars, fermions and vector bosons which are integrated out
at the matching scale µ, tiS ,tiF , tiV are the generators of Gi for the various representations,
and CG and Ci are the quadratic Casimir operators for the groups G and Gi. PGB is an
operator that projects out the Goldstone bosons. The traces of the quadratic generators
are known as the Dynkin indices and can be found in Ref. [71]. It is convenient to define

ηj = ln

(
Mj

µ

)
, (2.10)

where j labels a given multiplet.

Of course, no experimental data on the masses of superheavy particles is available and
therefore the exact magnitude of the threshold corrections is unknown. We can, however,
estimate the impact of threshold corrections systematically by generating random spectra
for the superheavy particles. Specifically, we generate the masses of all superheavy particles
Mi randomly within a reasonable given range around the GUT scale

Mi = RMGUT , (2.11)

where R is a random number within a fixed range. It is usually argued that a spread
of R ∈ [ 1

10 , 10] [68, 72] or R ∈ [ 1
10 , 2] [35] is, ”from a theoretical point of view, quite

reasonable” [69].1 For each random spectrum that is generated this way, we can calculate
the corresponding threshold corrections explicitly by using Eq. (2.9).

For the further analysis, it is convenient to define the following quantities, which are
independent of the unified gauge coupling ωG(µ) [75]

∆λij(µ) ≡ 12π
(
ωi(µ)− ωj(µ)

)
= λj(µ)− λi(µ), (2.12)

1
In particular, specific scalar masses can be significantly below the GUT if there are spontaneously broken
accidental global symmetries in the scalar potential and therefore pseudo-Goldstone modes [73,74].
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18 2. Gauge Coupling Unification without Supersymmetry

for i, j = 1, 2, 3, i 6= j. It is conventional to use ∆λ12 and ∆λ23. These quantities can be
evaluated in two ways.

• Firstly, the ∆λij(µ) can be evaluated from an IR perspective by evolving the mea-
sured values of the couplings up to some scale µ. The value of ∆λij(µ) at a specific
scale µ indicates the distance between the values of the gauge couplings ωi and ωj .
Formulated differently, ∆λij(µ) is a measure of how much ωi and ωj fail to unify.

• Secondly, the ∆λij(µ) can be calculated from an UV perspective by using a specific
mass spectrum of the superheavy particles. For a given mass spectrum, the corre-
sponding ∆λij(µ) can be calculated using Eq. (2.9). Therefore, the ∆λij(µ) can be
used as a measure for the size of the threshold corrections in a specific model.

By combining these two perspectives, we reach the conclusion that if a specific unified
model yields large enough ∆λij(µ) as required from the IR input, the threshold corrections
can successfully explain the mismatch in the gauge couplings.

An important point that we need to take into account before we can discuss concrete
models is that some gauge bosons mediate proton decay. Therefore, in realistic scenarios
the gauge couplings unify at a sufficiently high scale such that the corresponding proton
lifetime is in agreement with the experimental bound from Super-Kamiokande [19]

τP (p→ e+π0) > 1.6× 1034 yrs . (2.13)

If proton decay is mediated primarily by superheavy gauge bosons, we can use Eq. (1.7)
and Eq. (2.13) to derive (ωG

45

)
102(kGUT−15) > 16.6 , (2.14)

where MGUT ≡ 10kGUT GeV. For a typical value like ωG = 45, Eq. (2.14) yields
kGUT > 15.6.

Moreover, since the masses of the various superheavy gauge bosons can be non-degenerate,
it is conventional to define the unification scale MGUT as the mass scale of the lightest
proton decay mediating gauge boson. Figure 2.4 shows ∆λ23(µ) over ∆λ12(µ) as evaluated
from an IR perspective using the experimental values given in Eq. (2.4). Here we assume
that there is a ”grand desert”, i.e. no new physics between the electroweak and the GUT
scale

In the following sections, we discuss if sufficiently large values of ∆λ12(µ) and ∆λ23(µ), as
shown in Figure 2.4, can be explained by threshold corrections in specific GUT models.

In conservative SU(5) models, threshold corrections only arise from additional scalar rep-
resentations, while in conservative SO(10) scenarios there can be additional contributions
from gauge bosons and in E6 scenarios from gauge bosons and exotic fermions.2

2
There are, of course, additional gauge bosons in SU(5) models, too. However, these gauge bosons
mediate proton decay and therefore cannot live below the GUT scale.
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2.2. Thresholds Corrections 19

Figure 2.4.: ∆λ23(µ) over ∆λ12(µ) evaluated from the IR input in Eq. (2.4) for a grand desert scenario. The
numbers above the line denote the scale µ in GeV. The red section of the line indicates scales
which are in conflict with proton lifetime bounds (Eq. (2.14)). The orange section implies a proton
lifetime close to and the green section a proton lifetime above the current bound.
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20 2. Gauge Coupling Unification without Supersymmetry

2.2.1. SU(5)

One of the most important tasks in GUT model building is to find a suitable representation
of GGUT for the fermions. In particular, the GSM representations given in Table 2.1 must
be embedded in a GGUT representation.

Name Symbol SU(3)C × SU(2)L × U(1)Y

Left-handed Leptons

(
νL

e−L

)
(1, 2,−1/2)

Left-handed Quarks

(
urL, u

g
L, u

b
L

drL, d
g
L, d

b
L

)
(3, 2, 1/6)

Right-handed Electron e−R (1, 1,−1)

Right-handed Up Quark
(
urR, u

g
R, u

b
R

)
(3, 1, 2/3)

Right-handed Down Quark
(
drR, d

g
R, d

b
R

)
(3, 1,−1/3)

Table 2.1.: GSM representations of one generation of Standard Model fermions.

In SU(5) models, each generation of the Standard Model fermions lives in the composite
5⊕ 10 representation. Using the products [71]

5× 5 = 10⊕ 15 ,

5× 10 = 5⊕ 45 ,

10× 10 = 5⊕ 45⊕ 50 , (2.15)

we can conclude that scalars with renormalizable Yukawa couplings to the Standard Model
fermions live in the

5⊕ 5⊕ 10⊕ 15⊕ 45⊕ 45⊕ 50 (2.16)

representation.

The smallest representation which can accomplish the breaking of SU(5) to GSM is the ad-
joint 24. However, additional scalar representations are necessary to get realistic fermion
masses and mixing angles. For completeness, we estimate the threshold correction for
scenarios in which all the representations in Eq. (2.16) are present. The detailed decom-
position of these representations with respect to GSM is given in Appendix A.1.

Using these decompositions and Eq. (2.9), we find

λ3C = 2 + ηϕ2
+ ηϕ3

+ ηϕ5
+ 2ηϕ6

+ 2ηϕ8
+ 5ηϕ9

+ 3ηϕ11
+ ηϕ13

+ 3ηϕ14

+ ηϕ15
+ 2ηϕ16

+ 5ηϕ17
+ 12ηϕ18

+ ηϕ20
+ 3ηϕ21

+ ηϕ22
+ 2ηϕ23

+ 5ηϕ24
+ 12ηϕ25

+ ηϕ27
+ 2ηϕ28

+ 15ηϕ29
+ 5ηϕ30

+ 12ηϕ31
,

λ2L = 3 + ηϕ1
+ 3ηϕ6

+ 4ηϕ7
+ 3ηϕ8

+ 2ηϕ10
+ ηϕ12

+ 12ηϕ14
+ 3ηϕ16

+ 8ηϕ18
+ ηϕ19

+ 12ηϕ21
+ 3ηϕ23

+ 8ηϕ25
+ 3ηϕ28

+ 24ηϕ29
+ 8ηϕ31

,
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2.2. Thresholds Corrections 21

λ1Y = 5 +
3

5
ηϕ1

+
2

5
ηϕ2

+
2

5
ηϕ3

+
6

5
ηϕ4

+
8

5
ηϕ5

+
1

5
ηϕ6

+
18

5
ηϕ7

+
1

5
ηϕ8

+
16

5
ηϕ9

+
3

5
ηϕ12

+
2

5
ηϕ13

+
6

5
ηϕ14

+
32

5
ηϕ15

+
49

5
ηϕ16

+
4

5
ηϕ17

+
24

5
ηϕ18

+
3

5
ηϕ19

+
2

5
ηϕ20

+
6

5
ηϕ21

+
32

5
ηϕ22

+
49

5
ηϕ23

+
4

5
ηϕ24

+
24

5
ηϕ25

+
24

5
ηϕ26

+
2

5
ηϕ27

+
49

5
ηϕ28

+
12

5
ηϕ29

+
64

5
ηϕ30

+
24

5
ηϕ31

,

with ηj defined in Eq. (2.10). These formulas can be used to calculate ∆λ23 and ∆λ23

for concrete mass spectra. As described above, we can generate these spectra by choosing
the masses of all superheavy particles randomly within a fixed range. The result of such
a scan for R ∈ [ 1

10 , 2] and R ∈ [ 1
20 , 2] is shown in Figure 2.5. We can see here that neither

for R ∈ [ 1
10 , 2] nor for R ∈ [ 1

20 , 2], the threshold corrections are large enough to explain
the mismatch in the gauge couplings.

Figure 2.5.: Threshold corrections in an SU(5) GUT with scalars living in the 5 ⊕ 10 ⊕ 15 ⊕ 23 ⊕ 45 ⊕ 50
representation. The dark-gray points represent values of ∆λ23(µ) and ∆λ12(µ) for mass spectra
with R ∈ [ 1

10
, 2]. The light-gray points correspond to spectra with R ∈ [ 1

20
, 2].

Next, we discuss the magnitude of threshold corrections in conservative SO(10) models
with a grand desert between the electroweak and the unification scale.

21



22 2. Gauge Coupling Unification without Supersymmetry

2.2.2. SO(10)

In SO(10) models, each generation of the Standard Model fermions (Table 2.1) lives in a
spinorial 16-dimensional representation. Therefore, scalar representations with renormal-
izable Yukawa couplings to the SM fermions live in the

16× 16 = 10⊕ 120⊕ 126 (2.17)

representation. Moreover, the smallest representation which needs to be added to break
SO(10) down to the GSM is the adjoint 45. As in the previous section, we consider
the threshold effects for scenarios involving all representations listed in Eq. (2.17). The
decomposition of these scalar representations with respect to GSM and the corresponding
formulas for the threshold corrections are given in Appendix A.2.

The main difference in SO(10) models compared to SU(5) models is that there are ad-
ditional superheavy gauge bosons which do not mediate proton decay. This implies that
there can be additional threshold corrections since the masses of these gauge bosons can
be smaller or larger than MGUT . Moreover, threshold correction from gauge bosons are
potentially quite large compared to the corrections from scalars as can be seen in Eq. (2.9).

Using the formulas for the threshold corrections given in Appendix A.2, we can estimate
the total size of the threshold correction through a scan with randomized masses. The
result of such a scan, again with R ∈ [ 1

10 , 2] and R ∈ [ 1
20 , 2], is shown in Figure 2.6.

Figure 2.6.: Threshold corrections in SO(10) scenarios with scalars in the 10⊕ 120⊕ 126⊕ 45 representation.
The dark-gray points represent values of ∆λ23(µ) and ∆λ12(µ) for randomized mass spectra with
R ∈ [ 1

10
, 2]. The light-gray points correspond to scenarios with R ∈ [ 1

20
, 2].

The main result of the scan is that there are scenario in which the threshold corrections
are large enough to explain the mismatch of the gauge couplings. However, these sce-
narios imply a unification scale which is already ruled out by proton decay experiments
(Eq. (2.14)).

Next, we discuss the magnitude of threshold corrections in conservative E6 models with a
grand desert between the electroweak and the unification scale.
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2.2. Thresholds Corrections 23

2.2.3. E6

In E6 models, each generation of the Standard Model fermions (Table 2.1) lives in a
fundamental 27-dimensional representation. Since there are only 15 fermions in each
Standard Model generation, E6 models always contain exotic fermions. To understand
the particle content of the 27 it is instructive to decompose it with respect to the maximal
subgroup SO(10)× U(1):

27 = 14 ⊕ 10−2 ⊕ 161 . (2.18)

The 161 contains the usual Standard Model fermions plus a right-handed neutrino. The
14 is a sterile neutrino and the 10−2 contains a vector-like down quark and a vector-like
lepton doublet. Since the Standard Model fermions and the exotic fermions live in the
same E6 representation, the existence of three Standard Model generations implies that
there must be three generations of the exotic fermions, too.

Moreover, scalars with renormalizable Yuakwa couplings to the Standard Model fermions
are contained in the

27× 27 = 27⊕ 351′ ⊕ 351 (2.19)

representation. The decomposition of these scalar representations with respect to GSM
and the corresponding formulas for the threshold corrections are given in Appendix A.3.
The main difference compared to the scenarios discussed in the previous sections is that in
E6 models, there are threshold corrections from the three generations of exotic fermions
discussed above and from a much larger number of additional gauge bosons and scalars.

Using the threshold formulas given in Appendix A.3, we can estimate the magnitude of
the threshold corrections using a scan over randomized mass spectra. The result of such
a scan for R ∈ [ 1

10 , 2] and R ∈ [ 1
20 , 2] is shown in Figure 2.7.

Figure 2.7.: Threshold corrections in E6 scenarios with scalars in the 27 ⊕ 351
′ ⊕ 351 representation. The

dark-gray points represent values of ∆λ23(µ) and ∆λ12(µ) for randomized mass spectra with
R ∈ [ 1

10
, 2]. The light-gray points correspond to scenarios with R ∈ [ 1

20
, 2].

The main result of the scan is that there are scenarios in which the threshold corrections are
sufficiently large to explain the mismatch of the gauge couplings and the unification scale is
high enough to be in agreement with bounds from proton decay experiments (Eq. (2.14)).
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24 2. Gauge Coupling Unification without Supersymmetry

In particular, the E6 scale can be as high as Mmax
E6

' 1015.8 GeV for R ∈ [ 1
10 , 2] and

Mmax
E6
' 1016.3 GeV for R ∈ [ 1

20 , 2].

In the previous sections, we have learned that in conservative SU(5) and SO(10) models,
threshold corrects cannot explain the mismatch of the gauge couplings. However, this does
not rule out conservative SU(5) and SO(10) models since we can also interpret the non-
unification of the gauge couplings in the Standard Model as a hint for scenarios without a
great desert.

In the following sections, we discuss this possibility in detail.
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2.3. Additional Light Particles 25

2.3. Additional Light Particles

In scenarios without a grand desert, there are particles at an intermediate scale between
the electroweak and the GUT scale. The presence of these particles modifies the RGEs
at all scales above the intermediate scale and it is possible that this is the reason for the
mismatch in the gauge couplings if we extrapolate the Standard Model RGEs all the way
up to the Planck scale. Formulated differently, the fact that the three Standard Model
gauge couplings do not merge at any scale can be interpreted as a hint that there must
be something in between the electroweak and the GUT scale. ”An oasis or two in the
desert is always welcome”, as Goran Senjanović puts it [76]. Therefore, we now discuss
which particles at intermediate scales help to bring the gauge couplings sufficiently close
together at scales that are in agreement with bounds from proton decay experiments.

In principle, specific scalars, fermions or gauge bosons can improve the running of the gauge
couplings. However, as discussed above, which kinds of particles and which representations
are present, depends crucially on the group GGUT . In particular:

• In conservative SU(5) models, the only possibility are scalars at intermediate scales.

• In conservative SO(10) models, there can be scalars and gauge bosons at intermediate
scales.

• In conservative E6 models, there can be scalars, gauge bosons and fermions at inter-
mediate scales.

Moreover, we have

SU(5) ⊂ SO(10) ⊂ E6 . (2.20)

For these reasons, we discuss the impact of scalars in the context of SU(5) models, the
impact of gauge bosons in the context of SO(10) models, and the impact of fermions in
the context of E6 models.

The idea to interpret the mismatch of the Standard Model gauge couplings as a hint for
new particles at intermediate scales is, of course, not new [77, 78]. For example, to quote
Ernest Ma [79]: ”If split supersymmetry can be advocated as a means to have gauge-coupling
unification as well as dark matter, another plausible scenario is to enlarge judiciously the
particle content of the Standard Model to achieve the same goals without supersymmetry.”
This idea was studied extensively in Refs. [33, 80].

Our goal in the following sections, however, is a different one. Instead of adding particles
to achieve gauge-couplings unification and to have dark matter candidates, we study the
impact of particles that are automatically present in conservative models. In other words,
our focus here are intrinsic solutions to the gauge-coupling unification problem. In par-
ticular, we calculate the impact of all representations which are present in conservative
models and discuss for each of the three possibilities (scalars, gauge bosons, fermions),
all minimum viable scenarios. A minimum viable scenario in this context is a model with
particles at exactly one intermediate scale in which the gauge couplings successfully merge.

There is, of course, a multitude of more elaborate scenarios which we do not discuss here.
But using the tools and tables discussed below these scenarios can be straightforwardly
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26 2. Gauge Coupling Unification without Supersymmetry

identified and studied.

We start by discussing the impact of additional light scalars in the context of SU(5)
models.
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2.3.1. Additional Light Scalars

As mentioned above, each non-singlet particle modifies the RGEs at all scales above the
scale at which it gets integrated out. However, not every representation improves the
running of the gauge couplings and, in fact, most representations make the situation
worse.

A useful method to check which representations help to achieve gauge-coupling unification
was developed in Ref. [78]. The main idea is to define the quantities

Aij = Ai −Aj , (2.21)

where

Ai = ai +
∑
I

aiIrI , rI =
lnMGUT /MI

lnMGUT /MZ
. (2.22)

As usual, ai are the one-loop RGE coefficients which were defined in Eq. (2.1). Using these
quantities, it is possible to find the following (one-loop) conditions for a succesful merging
of the gauge couplings [78]

A23

A12
=

5

8

sin2 θw − αem/αs
3/8− sin2 θw

,

ln
MGUT

MZ
=

16π

5αEM

3/8− sin2 θw
A12

. (2.23)

The quantities A23 and A12 depend on the particle content, while all quantities on the right-
hand side of the first line can be calculated using experimental input. The experimental
values [60]

α−1
EM (MZ) = 127.950± 0.017

αs(MZ) = 0.1182± 0.0012

sin2 θw(MZ) = 0.23129± 0.00050 (2.24)

yield
A23

A12
' 0.719, ln

MGUT

MZ
' 184.9

A12
. (2.25)

For the grand desert scenarios that we discussed in the previous sections, we find
A23
A12
' 0.51. As a consistency check, we can compare this value with the condition given

in Eq. (2.25) and thus conclude once more that the gauge couplings do not successfully
unify in such scenarios. In addition, this result for grand desert scenarios tells us that all
representations which lower A12 and increase A23 or increase A23 more than they increase
A12, improve the situation. In addition, the second relation in Eq. (2.25) tells us that
representations that lower A12 raise the GUT scale MGUT .

The contributions to A12 and A23 for all scalar SU(5) representations listed in Eq. (2.16)
are given in Table A.1. These results tells us, for example, that SU(2)L doublets with
the same quantum numbers as the Standard Model Higgs improve the running of the
gauge couplings. However, the impact is extremely small and at least eight doublets are
necessary to bring the ratio A23

A12
sufficiently close to the value given in Eq. (2.25). Similarly,

while contributions from (1, 3, 6) and (3, 2, 1) scalars are helpful, their total impact is too

27



28 2. Gauge Coupling Unification without Supersymmetry

small to play a dominant role in minimum viable scenarios. The only representations with
significant impact on the ratio A23/A12 are (1, 3, 0), (3, 3,−2) and (6, 3,−2).

The RGE coefficients for three models in which the Standard Model is supplemented by
these scalar representations are

a(1,3,0) =
(

41
10 ,−

5
2 ,−7

)
, b(1,3,0) =


199
50

27
10

44
5

9
10

49
2 12

11
10

9
2 −26

 ,

a(3,3,−2) =
(

43
10 ,−

7
6 ,−

13
2

)
, b(3,3,−2) =


207
50

15
2 12

5
2

371
6 44

3
2

33
2 −15

 ,

a(6,3,−2) =
(

9
2 ,

5
6 ,−

9
2

)
, b(6,3,−2) =


43
10

123
10

124
5

369
10

707
6 172

131
10

129
2 89

 . (2.26)

Using these coefficients and Eq. (2.12), we can calculate ∆λ12 and ∆λ23 to check if the
improvements are sufficiently large. The results are shown in Figures 2.8-2.10.

Figure 2.8.: Running of the gauge couplings for the Standard Model supplemented by a scalar (1, 3, 0) rep-
resentation at an intermediate scale m(1,3,0). The light-gray points indicate, as before, possible
threshold corrections with R ∈ [ 1

20
, 2] and the dashed line indicates the running in a grand desert

scenario.

The main result is that unification at a sufficiently high scale is impossible solely with
(1, 3, 0) scalars or (3, 3,−2) scalars at an intermediate scale. An important point that we
need to take into account in these scenarios is that scalars in the (3, 3,−2) mediate proton
decay and therefore they need to be heavier than 1010 GeV [81].

The representation with the largest positive impact is the (6, 3,−2). In scenarios with
(6, 3,−2) at m(6,3,−2) ' 1012 GeV, the unification scale can be as high as Mmax

GUT ' 1015.9

GeV. This scenario is therefore on the verge of being excluded by proton decay experiments.
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Figure 2.9.: Running of the gauge couplings for the Standard Model supplemented by a scalar (3, 3,−2) rep-
resentation at an intermediate scale m(3,3,−2). The light-gray points indicate, as before, possible

threshold corrections with R ∈ [ 1
20
, 2]. Scenarios with m(3,3,−2) < 10

10
GeV are already ruled out

by proton decay experiments [81].

As mentioned above, it is also possible to consider scenarios with multiple scalar repe-
sentations at intermediate scales. However, each additional scalar representation with a
mass far below the GUT scale requires additional fine-tuning [66, 82] and since at least
one scenario with just one additional light scalar representation is still viable, we do not
discuss more complicated scenarios any further here.

Next, we discuss the impact of additional light gauge bosons on the running of the gauge
couplings.
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30 2. Gauge Coupling Unification without Supersymmetry

Figure 2.10.: Running of the gauge couplings for the Standard Model supplemented by a scalar (6, 3,−2)
representation at an intermediate scale m(6,3,−2). The light-gray points indicate, as before,

possible threshold corrections with R ∈ [ 1
20
, 2].
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2.3.2. Additional Light Gauge Bosons

Since in conservative SU(5) models, there are no additional gauge bosons which do not
mediate proton decay (”harmless gauge bosons”), we discuss the impact of gauge bosons
in the context of SO(10) models. This is further motivated by the observation that the
scalar representations appearing in conservative E6 models (Eq. (2.19)) contain no singlet
with respect to any maximal subgroup other than SO(10). Therefore, breaking chains of
the form

E6 → SO(10)→ . . . (2.27)

are the only viable possibilities in agreement with Michel’s conjecture [83, 84].3 This
implies that even though there are additional harmless gauge bosons in E6 scenarios, we
can neglect them in conservative models without a grand desert. For this reason, we will
focus in the following on the impact of harmless gauge bosons that appear in the adjoint
of SO(10).

In physical terms, gauge bosons living at an intermediate scale correspond to an interme-
diate gauge symmetry

GGUT → GI → GSM . (2.28)

As mentioned above, we restrict ourselves to minimum viable scenarios which means that
we allow at most one intermediate scale between the electroweak and the unification scale.
A detailed recent discussion of scenarios with two intermediate symmetries was published
in Ref. [86]. Earlier studies of scenarios with intermediate symmetries can be found in
Refs. [30, 87–89]

Unification of the gauge couplings is, of course, also possible if there is an intermediate
symmetry which gets broken at GI and there are, additionally, scalars living somewhere
in-between GI and GGUT .4 The breaking of SO(10) to GSM is achieved by GSM singlets
living in one of the conservative scalar representations

10⊕ 120⊕ 126⊕ 45 . (2.29)

There are no GSM singlets in the 10 and 120 and therefore, all breaking steps must be
accomplished by singlets living in the 126 ⊕ 45. Moreover, if the singlet in the 126 is
responsible for the breaking of SO(10), we necessarily end up with an intermediate SU(5)
symmetry. But in such a scenario, the gauge couplings need to unify already at the
SU(5) scale and we therefore effectively end up with the class of scenarios that we already
discussed in the previous section.

The only remaining possibility is that the breaking from SO(10) to GI is accomplished by
scalars in the adjoint 45. There are exactly two GSM singlets in the adjoint 45 and the

3
According to Michel’s conjecture, the minima of Higgs potentials correspond to VEVs which imply the
breaking of a given gauge group to a maximal subgroup. While there are well known counterexamples
[85], it provides a helpful guideline since ”it expresses the maximizing tendency very well. Even the
counter-examples are only slightly less than maximal” [84]. Moreover, note that in E6 models with an
intermediate SO(10) symmetry, the gauge couplings already unify at MSO(10) and therefore, the E6

scale cannot be computed using low-energy data.
4
One interesting example is a partial unification through the merging of ω1Y and ω2L at around MI ' 10

13

GeV. This is motivated by the observation that ω1Y and ω2L meet at around 10
13

GeV in the Standard
Model. The final merging with ω3C can then be achieved at a sufficiently high scale through scalars
living between MI and MGUT [90].
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32 2. Gauge Coupling Unification without Supersymmetry

resulting intermediate symmetry depends on the relative values of their VEVs. In general,
the following breaking chains are possible [74,91]

SO(10)→ SU(4)C × SU(2)L × U(1)R

SO(10)→ SU(3)C × SU(2)L × SU(2)R × U(1)X

SO(10)→ SU(3)C × SU(2)L × U(1)R × U(1)X

SO(10)→ SU(5)′ × U(1)Z

SO(10)→ SU(5)× U(1)Z , (2.30)

where SU(5)′ denotes the flipped SU(5) embedding [92,93].

The further breaking of the intermediate symmetry needs to be accomplished by the GSM
singlet in the 126. However, this singlet only breaks SU(5)×U(1)Z to SU(5) and therefore
this chain is not viable. Moreover, it is well known that an intermediate SU(5)′ × U(1)Z
or SU(3)C × SU(2)L × U(1)R × U(1)X symmetry yields no improvement for the running
of the gauge couplings [33,89].5

Therefore, the only relevant breaking chains in conservative SO(10) models with just one
intermediate symmetry are the first and second one listed in Eq. (2.30).

In general, before we can discuss the impact of these intermediate symmetries on the
running of the gauge couplings, we need to specify suitable scalar spectra. It is conventional
in this context to invoke the extended survival hypothesis which states that ”Higgses
acquire the maximum mass compatible with the pattern of symmetry breaking” [98]. This
is a hypothesis of minimal fine tuning since only scalars that are necessary for the breaking
chain get a mass significantly below MGUT [82]. In addition, at least one SU(2)L doublet
at MI or below is necessary because otherwise, the structure of the Yukawa sector is too
simple to permit a succesful fit of all low-energy observables [99].

With this in mind, we will now discuss the breaking chains listed in the first and second
line of Eq. (2.30).

SO(10)→ SU(4)C × SU(2)L×U(1)R→ GSM

The breaking of SU(4)C × SU(2)L × U(1)R to GSM is accomplished by a VEV in the
(10, 1,−1) ⊂ 126 representation of the intermediate group. This implies that all scalars
in the (10, 1,−1) have a mass of order M421. Since, as mentioned above, one additional
SU(2)L doublet is necessary, we assume that all scalars in the (15, 2, 1

2) ⊂ 126 have a mass
of order M421, too.

While below M421 the Standard Model RGEs are valid, above M421 the RGE coefficients

5
Take note that there are further possibilities if we consider conservative E6 models with an intermediate
SO(10) symmetry. In particular, alternative intermediate symmetries can be realized through the GSM
singlets contained in the 54 ⊂ 351

′
and 144 ⊂ 351. The singlet in the 144 is able to break SO(10)

directly to GSM and therefore, the problem of gauge unification persists [94]. The singlet in the 54
breaks SO(10) to the famous Pati-Salam group SU(4)C × SU(2)L × SU(2)R ×D, where D denotes
D-parity which exchanges SU(2)L ↔ SU(2)R [95, 96]. For detailed recent discussions of this breaking
chain, see Refs. [35, 97].
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read

a124 =
(

10,−2
3 ,−7

)
, b124 =

 51 24 645
2

8 115
3

285
2

43
2

57
2

265
2

 . (2.31)

In addition, we need the matching condition [89]

ω1Y =
3

5
ω1R +

2

5

(
ω4C −

C4

12π

)
. (2.32)

Using Eq. (2.31) and Eq. (2.32), we find

M421 ' 1011.4 GeV , MSO(10) ' 1014.5 GeV . (2.33)

This result seems to imply that the breaking chain SO(10)→ SU(4)C×SU(2)L×U(1)R →
GSM is ”is definitely ruled out” [89] since the value for MSO(10) in Eq. (2.37) implies a
proton lifetime far below the current experimental bound (Eq. (2.13)). However, to be
certain, we have to check whether the SO(10) scale can be sufficiently raised through
threshold corrections.

As discussed already in Section 2.2, threshold corrections depend on the detailed mass
spectrum of all superheavy particles and can be estimated by generating randomized mass
spectra. The decomposition of all relevant scalar representations and the resulting thresh-
old formulas are given in Appendix A.4. The result of a scan using randomized mass
spectra is shown in Figure 2.11.

Figure 2.11.: Impact of threshold corrections on the proton lifetime τ in SO(10) scenarios with an intermediate
SU(4)C×SU(2)L×U(1)R symmetry. The dark-gray dots indicate mass spectra with R ∈ [ 1

10
, 2]

and the light-gray dots indicate spectra with R ∈ [ 1
20
, 2]. The dashed line indicates the proton

lifetime bound from Super-Kamiokande [19].

The main result is that even if we take threshold corrections into account, the proton
lifetime can be at most:

τmax = 6.15× 1032 yrs. for R ∈ [1/10, 2] ,

τmax = 7.33× 1033 yrs. for R ∈ [1/20, 2] . (2.34)
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34 2. Gauge Coupling Unification without Supersymmetry

This is still below the current experimental bound τ > 1.6× 1034 yrs (Eq. (2.13)).

We can therefore conclude that conservative scenarios involving the breaking chain

SO(10)→ SU(4)C × SU(2)L × U(1)R → GSM

are in conflict with bounds from proton decay experiments, even if we take threshold
corrections into account.

SO(10)→ SU(3)C × SU(2)L× SU(2)R ×U(1)X → GSM

In scenarios in which SO(10) gets broken to SU(3)C × SU(2)L × SU(2)R × U(1)X , the
breaking to GSM is accomplished by a VEV in the (1, 1, 3,−2) ⊂ 126 representation of
the intermediate group.6 Moreover, the Standard Model Higgs lives in a (1, 2, 1, 0) ⊂ 10
and the additional doublet, which is indispensable for a realistic flavour structure, lives in
a (1, 2, 1, 0) ⊂ 126 representation of SU(3)C × SU(2)L × SU(2)R × U(1)X .

This implies that all scalars have a mass of order MGUT except for (1, 2, 1, 0) ⊂ 10, which
lives at the electroweak scale, and the (1, 1, 3, 1) ⊂ 126 and (1, 2, 1, 0) ⊂ 126, which live at
the M3221 scale.

Therefore, the Standard Model RGEs remain valid below M3221, but need to be modified
accordingly above M3221. The one-loop and two-loop coefficients read

a3221 =
(

11
2 ,−

8
3 ,−2,−7

)
, b3221 =


61
2

9
2

81
2 4

3
2

37
3 6 12

27
2 6 31 12
1
2

9
2

9
2 −26

 . (2.35)

Additionally, we need the matching condition [89]

ω1Y =
3

5

(
ω2R −

C2

12π

)
+

2

5
ω1X . (2.36)

Using Eq. (2.35) and Eq. (2.36), we find

M3221 ' 1010.2 GeV , MSO(10) ' 1015.9 GeV . (2.37)

Therefore, this breaking chain is not in conflict with proton decay bounds. For complete-
ness, we estimate once more the magnitude of possible threshold corrections.

The decomposition of the relevant scalar representations and the resulting threshold for-
mulas are given in Appendix A.5. The result of a scan with randomized masses of the
superheavy particles is shown in Figure 2.12.

Using this result, we find that the proton lifetime can be as high as

τmax = 7.16× 1041 yrs. for R ∈ [1/10, 2] ,

τmax = 5.24× 1044 yrs. for R ∈ [1/20, 2] . (2.38)

6
Note that here X = B − L.

34



2.3. Additional Light Particles 35

Figure 2.12.: Impact of threshold corrections on the proton lifetime τ in SO(10) scenarios with an intermediate
SU(3)C ×SU(2)L×SU(2)R×U(1)X symmetry. The dark-gray dots indicate mass spectra with
R ∈ [ 1

10
, 2] and the light-gray dots indicate spectra with R ∈ [ 1

20
, 2]. The dashed line indicates

the proton lifetime bound from Super-Kamiokande [19].

Therefore, it will not be possible to rule out conservative scenarios involving the breaking
chain

SO(10)→ SU(3)C × SU(2)L × SU(2)R × U(1)X → GSM ,

even with the next generation of proton decay experiments [100,101].

In the following final section of this chapter, we will discuss the impact of additional light
fermions on the running of the gauge couplings.
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36 2. Gauge Coupling Unification without Supersymmetry

2.3.3. Additional Light Fermions

E6 models always contain exotic fermions since the fundamental representation of E6 is
27-dimensional. The decomposition of the 27, shown in Eq. (2.18), tells us that these
exotic fermions live in the

(1, 2, 3)⊕ (1, 2,−3)⊕ (3, 1,−2)⊕ (3, 1, 2)⊕ (1, 1, 0) (2.39)

of GSM . Moreover, since we have three generations of Standard Model fermions, E6 models
automatically predict three generations of exotic fermions.

The singlet (1, 1, 0) has, of course, no influence on the running of the gauge couplings.
For the remaining exotic fermions, we can check their impact on the running by using
the method introduced in Section 2.3.1. In particular, their contributions to the ratio
A23/A12 are listed in Table A.7 in Appendix A.3. The main result here is that the vector-
like lepton doublets improve the running, while the vector-like quarks make the situation
worse. Moreover, the contributions of the exotic leptons and exotic quarks cancel at the
one-loop level.

Therefore, we need a scenario with a huge mass splitting between the vector like quarks
and leptons. This is possible since the 45 ⊂ 351 contains one singlet that yields a mass
term solely for the vector-like quarks, while a second one solely yields a mass term for the
vector-like leptons. This is known as the Dimopoulos-Wilzeck structure and historically
it was invoked to explain the mass splitting between scalar SU(2)L doublets and scalar
SU(2)L triplets in the context of the infamous doublet-triplet problem [102, 103]. In the
following, we assume that this or a similar structure leads to a sufficiently large mass
splitting between the vector-like quarks and leptons. In particular, we assume that all
vector-like quarks have a mass of order ME6

.

Secondly, take note that the Yukawa couplings of the exotic fermions and the Yukawa
couplings of the Standard Model fermions have a common origin. This follows since above
the E6 scale, we have a unified Yukawa sector:

LY = ΨT iσ2Ψ(Y27ϕ+ Y351
′φ+ Y351ξ) + h.c. . (2.40)

It is therefore reasonable to expect that the mass splitting between the three exotic gen-
erations is of the same order as the splitting between the Standard Model generations,
i.e.

m2L/m3L ' 10−2 m1L/m3L ' 10−4 . (2.41)

The RGE coefficients for models consisting of the Standard Model plus one, two and three
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vector-like lepton doublets read:

aSM+1L =
(

9
2 ,−

5
2 ,−7

)
, bSM+1L =


104
25

18
5

44
5

6
5 14 12
11
10

9
2 −26

 ,

aSM+2L =
(

49
10 ,−

11
6 ,−7

)
, bSM+2L =


217
50

9
2

44
5

3
2

133
6 12

11
10

9
2 −26

 ,

aSM+3L =
(

53
10 ,−

7
6 ,−7

)
, bSM+3L =


113
25

27
5

44
5

9
5

91
3 12

11
10

9
2 −26

 . (2.42)

The impact of these exotic leptons on the running is illustrated in Figure. 2.13. An
important constraint on this class of scenarios is that vector-like lepton doublets with a
mass below 450 GeV are ruled out by collider searches [104].

Figure 2.13.: Impact on the RGE running of three generations of exotic E6 lepton doublets ((1, 2, 3)) with a
”Standard Model-like” mass splitting m2L/m3L ' 10

−2
, m1L/m3L ' 10

−4
. The numbers in

the lower-left corner indicate the mass scale of the heaviest vector-like lepton doublet for each
corresponding scenario. The dashed line represents the grand desert scenario without any exotic
leptons. The light-gray points indicate threshold corrections with R ∈ [1/20, 2].

The main result here is that the gauge couplings successfully unify if m3L ' 1010 GeV,
m2L ' 108 GeV and m1L ' 106 GeV. However, an obvious problem in this scenario is
that the unification scale is quite low (ME6

≈ 1015.5 GeV) and therefore already in conflict
with proton decay bounds (Eq. (2.14)).

If we take threshold corrections into account, however, we find that if the heaviest lepton
generation has a mass of around m3L ' 1014 GeV, the E6 scale can be as high as Mmax

E6
'

1016 GeV. Therefore, this scenario is still viable.
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The Strong CP Problem 3
The goal of this chapter is to motivate several of the main notions that are commonly
used in the context of the strong CP problem in order to set the stage for the discussion
in the following chapter. More comprehensive discussions can be found, for example, in
Refs. [43, 105–107].

One of the unsolved puzzles in the Standard Model is why CP violating effects, so far,
have never been observed in strong interactions. The violation of CP symmetry in the
strong sector is encoded in the theta parameter

θ̄ = θQCD − θF , (3.1)

where θF = arg detMuMd, Mu and Md denote the quark mass matrices, and θQCD is the

coefficient of the CP violating Lagrangian term αs/8πGG̃. Since CP is already broken in
the Yukawa interactions, there is no reason why θ̄ should be zero or especially small.

However, from the 95% CL experimental bound on the electric dipole moment of the
neutron [108]

|dn|≤ 3.6× 10−26e cm (3.2)

it is possible to derive the upper bound [109]

θ̄ < 10−10 . (3.3)

This is known as the strong CP problem.

The experimental result in Eq. (3.3) is especially puzzling since, as indicated in Eq. (3.1),
there are two contributions to θ̄ from completely different sectors of the theory. In partic-
ular, the parameter θQCD describes a property of the ground state in pure QCD, while θF

depends on the flavor structure of the model.

In the following sections, we discuss the origin and interpretation of these contributions.
But before we discuss the QCD vacuum itself, it is instructive to introduce the most
important concepts in the context of two much simpler models.

The basic properties of a topological parameter like θQCD and of a topological term can be
understood nicely by considering a particle on a ring. Moreover, the nature of tunneling
processes in the presence of a topological term can be studied in a simplified setup by
considering a quantum pendulum.
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40 3. The Strong CP Problem

3.1. Helpful Analogies

The following discussion is mainly inspired by Refs. [110–112].

3.1.1. Particle on a Ring

The location of the particle can be described by an
angle φ(t) and the action

S[φ] =

∫
dtL(φ, φ̇), L =

M̃

2
φ̇2r2 , (3.4)

where M̃ is the mass of the particle and r the ra-
dius of the ring. To unclutter the notation, we define
M ≡ M̃r2.

It is well known that classically, we can always add a total time derivative to the Lagrangian
without changing anything:

L =
M

2
φ̇2 +Aφ̇ , (3.5)

where A is a constant. This topological term1 can be rewritten as

Stop =

∫ t2

t1

dtAφ̇ = A
(
φ(t2)− φ(t1)

)
= θ

∆φ

2π
, (3.6)

where we defined θ ≡ A2π. We can see that the topological term changes by θ each time
the particle moves a full circle on the ring, i.e. φ→ φ+ 2π.

The equation of motion can be derived by using the Euler-Lagrange equation ( ddt
∂L
∂φ̇
− ∂L

∂φ = 0)

and reads
Mφ̈ = 0. (3.7)

Therefore, the additional term Aφ̇ has, as expected, no influence on the equation of motion.

We will see below, however, that it plays an extremely important role if we consider the
same system in a quantum context. Moreover, already at this point we note that there
are infinitely many paths which connect each initial position at t = t1 with a specific final
position at t2.

The conjugated momentum reads

p =
∂L

∂φ̇
= Mφ̇+A, (3.8)

and therefore, the Hamiltonian reads

H = pφ̇− L =
1

2M
(p−A)2. (3.9)

1
The defining property of a topological term in the Lagrangian is its metric independence. This can be
verified by checking if a given term contributes nothing to the stress-energy tensor, which arises in the
variation of the action with respect to the metric [112].
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The resulting Hamilton equations

φ̇ =
1

M
(p−A), (3.10)

ṗ = 0, (3.11)

are physically equivalent to Eq. (3.7) since we always have the freedom to perform a
canonical transformation p→ p+A.

Quantum Particle on a Ring

In a quantum context, the particle can be described by a wave function ψ(φ). To unclutter
the notation, we use ~ = 1. The Hamiltonian operator reads

H =
1

2M

(
−i∂φ −A

)2
(3.12)

and it is convenient to demand that the wave function is a single-valued function, i.e. to
impose periodic boundary conditions ψ(φ + 2π) = ψ(φ). The solutions of the eigenvalue
equation

Hψm = Emψm (3.13)

read

ψm = eimφ, (3.14)

Em =
1

2M
(m−A)2, (3.15)

where m is an integer number.

We can see that A directly modifies the quantized energy spectrum (c.f. Figure 3.1).

Figure 3.1.: Quantized energy spectrum of a particle on a ring as given in Eq. (3.15) for A = θ
2π

= 0, 1
2
, 1

4
.

The dashed line shows the classical continuous spectrum, while the dots indicate allowed energy
values for a quantum particle which are labelled by the eigenvalues m of the momentum operator
−i ∂

∂φ
.

While A, of course, also appears in the classical Hamiltonian (Eq. (3.9)), it has no mea-
surable effect in a classical context since the classical spectrum is continuous. Moreover,
as mentioned above, for a classical particle on a ring, all contributions from A can be
removed through a canonical transformation p→ p+A.

To see that this is no longer possible in a quantum context, take note that while we can
use a gauge transformation ψ → eiAφψ to bring the Hamiltonian (Eq. (3.12)) into the form

H =
1

2M

(
−i∂φ

)2
, (3.16)
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42 3. The Strong CP Problem

this does not remove A from the model because it now shows up in the boundary conditions.
In particular, after the gauge transformation the periodic boundary condition
ψ(φ+ 2π) = ψ(φ) become twisted ψ(φ+ 2π) = e−i2πAψ(φ).

The spectrum of the modified Hamiltonian (Eq. (3.16)) with twisted boundary conditions
is exactly equal to the spectrum (Eq. (3.15)) of the original Hamiltonian (Eq. (3.12)) with
periodic boundary conditions.

Therefore, there are two ways of how we can understand the impact of the topological
term for a quantum particle on a ring.

• On the one hand, we can include an additional term Aφ̇ in the Hamiltonian and use
periodic boundary conditions.

• On the other hand, we can use a Hamiltonian without this additional term are then
forced to use twisted boundary conditions.

The second perspective allows for an interesting interpretation of the topological term.

In words, the twisted boundary condition imply that
the particle picks up a phase θ = 2πA, each time it
moves a full circle on the ring. This is exactly what
happens, for example, when there is a nonzero mag-
netic flux penetrating the ring. While the magnetic
potential has no impact in a classical context, it can
shift the phase of the wave function. This is analo-
gous to what happens in the famous Aharonov-Bohm
experiment.

In particular, we can make the identification

A =
Φ

Φ0
, (3.17)

where Φ denotes the magnetic flux and Φ0 = 2π ~c
e is the flux quantum.

An important point is that different values of A (and equivalently θ) define different
systems. If A is zero, we are dealing with a particle on a ring without any magnetic flux
present. But if A 6= 0, the particle’s phase is directly influenced by the magnetic flux and
this leads to measurable effects. Moreover, the value of A can not be changed dynamically
from within the system but must be changed externally.

Winding Number

To study the properties of the system further, it is instructive to focus on a specific initial
and final configuration of the particle. The situation becomes especially transparent when
we investigate a situation for which eiφ(0) = eiφ(β). In words this means, that the system
returns after β seconds to its initial configuration. This is known as periodic temporal
boundary conditions and is satisfied provided that

φ(β)− φ(0) = 2πQ , (3.18)

where Q ∈ Z is known as the winding number.
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3.1. Helpful Analogies 43

The winding number quantifies how many times the particle’s path winds around the ring
before it returns to the initial position and can be calculated using the formula

Q =

∫ β

0

dt

2π
φ̇ . (3.19)

Using this definition, we can rewrite the topological term in Eq. (3.6) as

Stop = θQ , (3.20)

To calculate the total amplitude that the particle returns after β seconds back to its initial
configuration, we need to take all possible paths into account.

Since we only considered paths for which the particle returns to its initial configuration,
we have effectively compactified time to a circle S1

t = t ∈ [0, β]. This is illustrated in
Figure 3.2.

Figure 3.2.: By imposing e
iφ(0)

= e
iφ(β)

, we effectively compactify the time axis to a circle.

Moreover, the movement of the particle is re-
stricted to a circle S1

φ = φ ∈ [0, 2π] too. We
are therefore dealing with maps

φ(t) : S1
t → S1

φ . (3.21)

These maps fall into topologically distinct
classes. Each such class is labelled by a wind-
ing number Q and consists of all paths which
involve Q revolutions around the ring.

The key observation is that paths within one specific topological class cannot be smoothly
transformed into paths within another class. This can be understood by considering a
simple example.

A winding number zero path is
φ0(t) = 0 , (3.22)

whereas an example of a winding number one path is

φ1(t) =
2π

β
t . (3.23)

We say that paths can be smoothly transformed into each other if we can find a map φ(λ),
parameterized by a continuous variable λ, which yields φ0 for λ = 0 and φ1 for λ = 1. An
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44 3. The Strong CP Problem

obvious first guess is

φ(λ) = λφ1 (3.24)

since φ(0) = 0 = φ0(t) and φ(1) = φ1(t). However, as λ runs from 0 to 1, we leave the set
of permitted paths. For example, for λ = 1

2 , we have

φ( 1
2

) =
1

2
φ1 =

1

2

2π

β
t . (3.25)

This path does not describe a particle which returns to φ = 0 at t = β.

Graphically, this means that we need to detach the path from its start or end point in order
to unwind it and generate a path with a lower winding number. For the transformation
φ(λ) this is shown in Figure 3.3.

Figure 3.3.: The transformation φ
(λ)

yields φ0 for λ = 0 and φ1 for λ = 1. However, for all values of λ
in-between we get paths that are not permitted since the starting and final position are different.

But this is not a topologically permitted transformation and therefore paths with different
winding numbers live in distinct classes.

The topological classes form a group if we introduce the product of two paths as

φ2 · φ1(τ) =

{
φ1(2τ), for 0 < τ < β/2 ,

φ1(β) + φ2(2τ − β), for β/2 < τ < β .

Using this definition, we can see that the product of a path φ1 with winding number Q1

and a path φ2 with winding number Q2 yields a path with winding number Q3. Therefore,
the group structure is equal to the structure of the integers Z equipped with operation
addition ”+” as the group product. This implies that maps from S1 to S1 can be classified
using integers. In mathematical terms, this corresponds to the fact that the first homotopy
group π1 of the circle S1 is the abelian group Z:

π1(S1) = Z . (3.26)

The existence of distinct topological classes implies that the path integral for the particle
on a ring

Z =

∫
Dφ eiS[φ], (3.27)

can be split into a sum over paths in distinct topological sectors [110]

Z =

+∞∑
Q=−∞

eiθQ
∫
φ(β)−φ(0)=2πQ

Dφ ei
∫ β
0 dt M

2
φ̇

2

. (3.28)
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In words this means, as already mentioned above, that each path with a given winding
number Q picks up an additional phase Qθ. This leads to interference between different
topological sectors.

Using this result, we can understand why the topological θ term (Eq. (3.6)) has a measur-
able effect although it does not appear in the equations of motion. The equation of motion
is derived using infinitesimal variations of the action. Such infinitesimal variations cannot
modify the winding number. However, Qθ plays an important role in the path integral
where it acts as the phase of an additional weight factor for paths in different topological
sectors.

Now that we have introduced the most important notions in a simplified setup, we will
analyze one additional toy model which is an even closer analogue of the QCD vacuum
[113].

3.1.2. Pendulum

A pendulum can be described by an angle φ and the
action reads

S[φ] =

∫
dtL(φ, φ̇), L =

M

2
φ̇2 − Mg

l

(
1− cos(φ)

)
,

(3.29)

where V = Mg
l

(
1 − cos(φ)

)
denotes the pendulum’s

potential in the earth’s gravitational field, M is its
mass and l its length.

The movement of the pendulum is restricted to a circle S1
φ = φ ∈ [0, 2π] since after a full

rotation by 2π it returns to its original position.

Again, we can introduce a total derivative term such that the Lagrangian reads

L =
M

2
φ̇2 − Mg

l

(
1− cos(φ)

)
+Aφ̇ , (3.30)

where A is a constant. This additional term has no influence on the equations of motion

Mφ̈ = −Mg

l
sin(φ) , (3.31)

which can be derived, as usual, by using the Euler-Lagrange equation.

The conjugated momentum

p =
∂L

∂φ̇
= Mφ̇+A, (3.32)

can be used to derive the Hamiltonian

H = pφ̇− L =
1

2M
(p−A)2 +

Mg

l

(
1− cos(φ)

)
. (3.33)
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46 3. The Strong CP Problem

The corresponding Schrödinger equation

–

(
d

dφ
− ieA

)2

ψ + q(1− cosφ)ψ = Eψ (3.34)

for A = 0 is the famous Mathieu equation and its solutions are known as Mathieu functions.

Using the periodic boundary condition ψ(φ) = ψ(φ + 2π), it is possible to derive the
quantized energy spectrum of the pendulum [114].

As in the previous section, we can see that A plays no role in a classical description of the
pendulum but directly influences the quantized quantum energy spectrum since it directly
appears in the Schrödinger equation. In addition, we can again use a gauge transformation
to generate a new wave function which obeys a Schrödinger equation without the A term.
However, after such a transformation we are forced to use twisted boundary conditions.

Moreover, we can again interpret A = Φ
Φ0

as the result of a magnetic Aharonov-Bohm-type
potential. The fact that we end up with twisted boundary conditions if we try to get rid
of the A term, tells us that the pendulum picks up a phase each time it undergoes a full
rotation around its support.

While all these aspects are completely analogous to what we already discussed above for
the particle on a ring, there are two additional aspects of a quantum pendulum which are
worth discussing in more detail.

Tunneling

The main difference between a particle on a ring and a pendulum is the existence of a
potential V (φ). As a result of this potential, there is an energy barrier which may prevent
the pendulum from making a full rotation.

In a classical context, a pendulum with an energy less than the height of the potential
barrier Vmax = V (π) = 2Mg

l will only oscillate back and forth. In addition, the ground
state is simply φ = 0.

But a quantum pendulum can always tunnel through the potential barrier. In particular,
this implies that if we want to calculate the amplitude for ground state to ground state
transitions, we need to take into account that there are infinitely many paths. As for the
particle on a ring, these paths can be classified according to their winding number Q.

This implies that the general quantum ground state is a superposition of all possible
configurations which have tunneled around the pendulum’s support and then ended up
back at φ = 0:

|θ〉 =
∞∑

Q=−∞
eiQθ|Q〉 , (3.35)

where θ ≡ A
2π is the phase the pendulum’s state picks up as it moves in a full circle.

Moreover, it can be shown that the ground state energy depends directly on θ and is
minimal for θ = 0 [111].
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Particle in a Periodic Potential vs. Pendulum

There is a slightly different way of how we can interpret the system described by the action
in Eq. (3.29) if we don’t impose φ ∈ [0, 2π].

In particular, the action

S[x] =

∫
dtL(x, ẋ), L =

M

2
ẋ2 − Mg

l

(
1− cos(x)

)
, (3.36)

where x ∈ [−∞,∞], no longer describes a pendulum but a particle moving in a periodic
potential which is shown in Figure 3.5.

Figure 3.4.: Periodic potential V (x) ∝ 1− cos(x) with x ∈ [−∞,∞].

For this system, there are infinitely many classical ground states which are separated by
potential barriers. However, in a quantum context, a particle can tunnel trough these
potential barriers.

Before we can write down the true quantum ground state, we need to take note that
without tunneling effects there would be infinitely many degenerate ground states |Q〉
which are localized around the minima of the potential at x = Q2π. Moreover, according
to Bloch’s theorem, the wave functions are periodic up to a phase

|Q〉 = eiθ|Q+ 1〉 . (3.37)

The true quantum ground state can be understood as a superposition of these states [111]

|θ〉 =

∞∑
Q=−∞

eiQθ|Q〉 . (3.38)

In condensed matter physics, a Lagrangian of the form given in Eq. (3.36) is used to
describe an electron in an ideal crystal. The states of the form |θ〉 are known as Bloch
waves and θ is usually called the quasi-momentum.

An interesting aspect of this ”dual” nature of the Lagrangian in Eq. (3.29) is ”that the
interpretation of θ-states depends on the model; in the system with periodic potential [...]
the θ-states are different states of the same system, while for the pendulum, these are states
of different systems (pendula in the presence of different Aharonov-Bohm potentials).” [111]

With these ideas in mind, we are ready to discuss the QCD vacuum.
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48 3. The Strong CP Problem

3.2. The QCD Vacuum

First of all, there is nothing in the Standard Model which forbids an additional total
derivative term of the form

Ltop = θQCD
αs
8π

GG̃ , (3.39)

where G is the gluon field strength tensor and G̃ its dual. Therefore, according to Gell-
Mann’s totalitarian principle (”Everything not forbidden is compulsory” [1]), it should be
included in the theory. This is analogous to how we are free to add a topological term to
the Lagrangian of the particle on a ring (Eq. (3.6)) or of the pendulum (Eq. (3.30)).

To see that the term in Eq. (3.39) is indeed a total divergence, take note that [115]

1

4
GµνG̃

µν = ∂µK
µ , (3.40)

where

Kµ = εµαβγTr

(
1

2
Aα∂βAγ +

i

3
gsAαAβAγ

)
is known as the Chern-Simons current.

From the discussion in the previous sections, we know already that topological terms play
no role for the equations of motion but can influence the quantum behavior of the system.

In addition, the topological term can again be rewritten in terms of a winding number
Q [116]:2

Stop =

∫
d4xLtop = θQCD

∫
d4x

αs
8π
GG̃ = θQCDQ . (3.41)

However, in this case the interpretation of the topological term and winding number is
more subtle since we are dealing with fields.

Interestingly, the interpretation of the topological QCD term depends crucially on the
gauge used although, of course, all physical implications are independent of the chosen
method of gauge fixing.

Temporal Gauge

Most commonly, the QCD vacuum is discussed in the temporal gauge [117–119]. However,
the temporal gauge condition A0 = 0 does not eliminate all gauge degrees of freedom.
The residual gauge freedom consists of all time-independent gauge transformations. A
discussion of the QCD ground state in the temporal gauge therefore requires a careful
analysis of these residual gauge transformations. A key observation is that the classical
QCD ground state (Gµν = 0) is ”infinitely degenerate” since all gauge transformations of
Aµ = 0, i.e.

Aµ =
i

g
U∂µU

† (3.42)

also correspond to configurations with a vanishing field strength tensor.

2
This is analogous to what we discovered in Eq. (3.20).
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3.2. The QCD Vacuum 49

A second key observation is that the set of gauge transformations that become equal to a
specific but arbitrary constant matrix at spatial infinity3

U(~x)→ const. for |x|→ ∞ , (3.43)

fall into topologically distinct classes and therefore cannot be smoothly transformed into
each other. This, in turn, implies that the pure gauge configuration in Eq. (3.42) fall into
topologically distinct classes too.

Moreover, it can be shown that there is a potential barrier between topologically dis-
tinct ground states. This follows because a continuous transformation to a ground state
configuration in a different topological class necessarily involves configurations which are
not pure gauge [122]. In the temporal gauge, there are therefore infinitely many classical
ground states which are separated by finite potential barriers. But since we are dealing

Figure 3.5.: Schematic illustration of the QCD vacuum structure. Each minimum corresponds to a vacuum
configuration, i.e. a gauge potential configuration with vanishing field strength tensor. These
configurations can be understood as gauge transformations of A

(0)
µ = 0 with a transformations

that satisfies the boundary condition in Eq. (3.43).

with quantum fields, a configuration corresponding to one classical ground state can tunnel
through the potential barrier and turn into a different ground state configuration. This
is known as an instanton process and can be described using a solution of the Yang-Mills
equations [123].

The simplest non-trivial instanton solution contributes

(∆Sθ)in =

∫
d4x (∆Lθ)in = θQCD (3.44)

to the total action [124]. In words, this means that such an instanton configuration carries
a topological charge (winding number) of one.

3
A proper discussion of the origin of this restriction is beyond the scope of this thesis. It should be noted,
however, that the restriction to gauge transformations that become constant at infinity ”has always
been recognized as weak but it had seemed necessary.” [120] and ”while some plausible arguments can be
given in support of this hypothesis [...] in the end we must recognize it as an assumption.” [121]
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50 3. The Strong CP Problem

In explicit terms, this instanton
can be understood as a sequence
of gauge potential configurations
that starts at t = −∞ with
Ainst.
µ (−∞, ~x) = 0 and ends at

t = ∞ with another vacuum
configuration that is given by
Ainst.
µ (∞, ~x) = U † ∂µ U , where U

denotes the hedgehog gauge trans-
formation

U(~x) = exp

− iπ~x~σ√
~x2 + ρ2

 .

The initial and final gauge potential configuration both correspond to a vanishing field
strength tensor and therefore, represent vacuum configurations. However, the final hedge-
hog configuration is topologically nontrivial and carries a winding number of one. This
means that as we visit each location in space ~x, we encounter each group element exactly
once.4

The situation is therefore analogous to a particle moving in a periodic potential. This
implies that the QCD ground state can then be understood as a superposition analogous
to Eq. (3.38) and labeled by a parameter θQCD. However, in contrast to the particle
example, the θQCD-state of the system cannot be changed by any gauge invariant operator

and is therefore ”frozen” in time [122].5

Axial Gauge

If we analyze the QCD vacuum in a gauge which removes all gauge freedom completely,
there is no periodic structure. This is the case, for example, in the axial gauge. In
such a ”physical” gauge, the ground state is non-degenerate [125,126].6 Nevertheless, the
structure of the ground state can be non-trivial.

In particular, gluon fields can still pick up a phase θQCD in vacuum to vacuum transitions.
As already mentioned above, such transitions that result in a nontrivial phase are known
as instanton processes. The situation is therefore analogous to the pendulum system
discussed in Section 3.1.2. In particular, the minimum value of the ground state energy is
realized for θQCD = 0 [116].

But in the toy models we discussed in previous sections, the θ-term encodes the presence
of an external magnetic flux.7 Only if such a flux exists, the particle and pendulum pick
up a phase θ each time they move in a full circle. Thus one may wonder which ”surplus

4
An explicit construction of this instanton process can be found, for example, in Ref. [115].

5
For the particle in a periodic potential, there are different energy bands labelled by θQCD. Therefore,
there can be transitions between states labeled by different values of θQCD. Another difference is
that for the particle, the various ground states are spatially separated, while there is no such spatial
separation in QCD.

6
In a ”physical” gauge, the potentials Aµ are uniquely determined by Fµν .

7
External here means that it is not generated by the particle on a ring or pendulum itself but is something
additional the experimenter adds to the system.
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3.2. The QCD Vacuum 51

structure” provides further justification for the presence of the θQCD-term in the Standard
Model. Formulated differently, so far we have only learned that the gluon fields can pick
up a phase in vacuum to vacuum transitions. But why should they?

This is what we will discuss in the next section.8

8
A speculative possibility to understand the θQCD-term as a result of an additional field (analogous to
the magnetic flux in the toy models) is realized in axion models. This is discussed in more detail in the
following chapter.
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52 3. The Strong CP Problem

3.3. Axial Rotations

As mentioned at the end of the previous section, the θQCD-term might be interpreted as
some kind of ”surplus structure” from the perspective of pure QCD.

Analogous to the topological term for a pendulum, it should certainly be taken into account
if we want to write down the most general quantum description. But the topological term
plays no role for the pendulum if there is no external Aharonov-Bohm-type potential. Thus
one might argue that it seems reasonable to ignore the θQCD-term as long as there is no
good additional reason why θQCD 6= 0. This perspective gains further support if we recall
the current experimental bound mentioned at the beginning of this chapter (Eq. (3.3)).

Moreover, strong interactions violate CP symmetry if θQCD 6= 0.9 Therefore, if we in-
troduce the θQCD-term for the QCD vacuum, we assume that CP symmetry was never a
good symmetry of nature. But it is certainly an attractive idea that at some point in the
early universe, the full Poincare group was a good symmetry of nature [129]. Formulated
differently, if we assume that CP and T are only broken spontaneously, we have θQCD = 0.

This, however, is by no means a solution of the strong CP puzzle since there is an interesting
additional reason why the coefficient of the GG̃-term in the Lagrangian should be nonzero.
To understand how this comes about, we need to understand the axial symmetry and how
it is broken through quantum effects.

3.3.1. Vector and Axial Symmetry

In the absence of mass terms, the Standard Model Lagrangian is invariant under indepen-
dent complex rotations of the left-chiral and right-chiral fermion fields

ΨL → eiαΨL

ΨR → eiβΨR (3.45)

We can see this immediately because gauge and kinetic terms only couple fields of equal
chirality:

L = −1

4
Gµνa Gaµν + Ψ̄L(i∂µγ

µ − eAµγ
µ)ΨL + Ψ̄R(i∂µγ

µ − eAµγ
µ)ΨR + . . . . (3.46)

Noether’s theorem therefore tells us that there are two corresponding conserved currents

JµL = ΨLγµΨL

JµR = ΨRγµΨR . (3.47)

This, however, is only true at the classical level. If we include quantum corrections, only
the vector current

JµV = JµL + JµR = Ψ̄γµΨ

(3.48)

9
In fact, θQCD = π corresponds to a CP conserving ground state too but is in conflict with meson
spectrum data [127,128].
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3.3. Axial Rotations 53

is conserved, while the axial current10

JµA = JµL–JµR = Ψ̄γµγ5Ψ (3.49)

is not. This is known as the axial anomaly.

3.3.2. Axial Anomaly

The axial anomaly can be understood by observing that the fermion spectrum gets mod-
ified in the presence of gauge fields. In particular, certain modes get lifted up from the
Dirac sea while holes get pushed down [130]. Since the spectrum of left-chiral and right-
chiral fields get modified differently, there is a net axial charge production when particle-
antiparticle pairs are produced this way [131].

Alternatively, the axial anomaly can be understood more precisely by an evaluation of the
famous Adler-Bell-Jackiw triangle diagram11, which yields [135,136]

∂µJ
µ
5 =

αs
8π
GµνaG̃aµν . (3.50)

In words, this result implies that the axial current is non-conserved whenever the gauge
fields change in a way such that

αs
8π

∫
d4xGµνaG̃aµν 6= 0 . (3.51)

This is exactly the definition of the winding number (Eq. (3.41)) which, as discussed
above, can be nonzero whenever instanton processes happen. Therefore, the axial anomaly
can be intuitively understood as a result of the particle production through instanton
processes [137,138].

A consequence of the fact that the axial current is not conserved on a quantum level is
that we effectively produce a new term in the Lagrangian each time we perform an axial
rotation. In particular, if ∂µJ

µ
A 6= 0 for the current that would be conserved if Ψ→ eiαγ5Ψ

were a good symmetry, the Lagrangian changes by12

δL = α∂µJ
µ
A = 2α

αs
8π
GµνaG̃aµν . (3.53)

10
Here γ5 = iγ

0
γ

1
γ

2
γ

3
is the usual chirality operator [2].

11
Even more abstractly, the axial anomaly can be understood as a result of the celebrated Atiyah-Singer
index theorem [132–134].

12
This can be shown, for example, by using Fujikawa’s observation that the path integral measure is not
invariant under axial rotations [139,140]. In particular one finds that the measure of the path integral∫

[dΨ][dΨ][dAµ]exp

(∫
d

4
x iL

)
is nontrivial since the Jacobian, which appears in the transformation

[dΨ][dΨ]→ J [dΨ
′
][dΨ

′
] , (3.52)

reads [116]

J = exp

(
−i
∫
d

4
x2α

αs
8π
G
µνa

G̃
a
µν

)
.
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This is interesting because in the real world, quarks are massive:

LM = −ψ̄RiMijψLj − ψ̄LiM
†
ijψRj . (3.54)

The mass matrix Mij can be diagonalized through a bi-unitary transformation, which
yields a real diagonal matrix times a common phase factor. This phase factor can be

removed through an axial rotation ψi → ei
δ
2
γ5ψi with δ = arg detM [141].

Moreover, a transformation is necessary for each flavor and one finds that, in total, an
axial rotation by

α = arg detMuMd (3.55)

is necessary to diagonalize the quark mass matrices. In the Standard Model, there is no
reason why arg detMuMd should be zero since CP violation has been observed in weak
interactions and therefore, entries of the quark mass matrices are, in general, complex.

In summary, this implies that the CP violation in the Yukawa sector gets mediated into
the strong sector through the axial anomaly. Therefore, even if we assume that CP is only
broken spontaneously (i.e., θQCD = 0), we find that strong interactions, in general, should
violate CP nevertheless.

It is conventional to describe all this by defining

θ̄ = θQCD − θF , (3.56)

where θF = arg detMuMd. As mentioned at the beginning of this chapter, the current
experimental bound reads θ̄ < 10−10 (Eq. (3.3)).

Solutions of the strong CP problem therefore need to explain why θ̄ is tiny (or zero) even
though there are two viable reasons why this should, in general, not be the case. The most
popular solutions are discussed in the following chapter.
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A Unified Solution to the
Strong CP Problem 4

This chapter is based on Ref. [47].

The most famous solutions to the strong CP problem can be classified as follows:

1. Minimal solutions with a massless quark. If one of the Standard Model quarks
is massless, there is an additional chiral symmetry and this makes θ̄ unobservable.
However, this possibility is strongly disfavored by experimental data [60].

2. Models with dynamical θ̄. In such models, one argues that the presence of the
θ-term is due to interactions with a new, yet unobserved, axion field which plays
a role similar to the role the magnetic flux plays in the examples discussed in the
previous chapter [142–144]. However, a big difference to the magnetic flux in these
toy models is that the axion field is not just a static external field but a dynamical
part of the system. This implies that the system will relax into a θ = 0 state since
this is the value for which the potential is minimized [145, 146]. Therefore, models
with a dynamical θ̄ provide an elegant and robust solution to the strong CP puzzle.

The most famous mechanism which realizes this possibility is known as the Peccei-
Quinn mechanism [147]. An attractive feature of the Peccei-Quinn mechanism is that
it generically predicts a new light particle known as the axion. The axion is a viable
cold dark matter candidate and can, possibly, be detected in the near future [148].
One aspect of models with a dynamical θ̄ that is sometimes critized is that ”enormous
theoretical superstructures” must be ”erected upon a very narrow foundation.” [149].
In particular, an ”obvious question about the axion hypothesis is how natural it really
is. Why introduce a global PQ ’symmetry’ if it is not actually a symmetry? What is
the sense in constraining a theory so that the classical Lagrangian possesses a certain
symmetry if the symmetry is actually anomalous?” [150]. Moreover, there are also
more technical issues like the domain wall problem [151,152].

3. Scenarios with spontaneous CP violation. The main idea in these scenarios
is that as long as CP is a good fundamental symmetry of nature, we have θ̄ = 0.
However, CP can only be a good symmetry in the UV since CP violating effects have
experimentally been observed in weak interactions. Therefore, CP must be broken
spontaneously and the main task is to find a mechanism that makes sure that θ̄
stays small after CP has been broken spontaneously. The most famous possibility
to achieve this is the Nelson-Barr mechanism, which was first proposed by Nelson
[153,154] and later generalized by Barr [155,156]. An attractive feature of the Nelson-
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56 4. A Unified Solution to the Strong CP Problem

Barr mechanism is that all necessary ingredients can be naturally present in Grand
Unified Theories (GUTs) [156]. However, one fact that makes Nelson-Barr models
quite unattractive is that they usually make no predictions that can be tested in
the near future. In particular, below the CP breaking scale, Nelson-Barr models can
be effectively described by the Standard Model. This is problematic since the CP
breaking scale has to be far above the electroweak scale. Otherwise, there are generic
problems with bounds on FCNCs and domain walls [43]. Formulated differently, ”one
must introduce recondite physics to avoid these problems” [148]. Moreover, proposed
solutions of the strong CP problem that make use of spontaneous CP violation are
commonly criticized because ”coincidences of scales are needed for the CKM angle
to be large” [157].1

In the following, we discuss one possibility to overcome these shortcomings of the Nelson-
Barr mechanism.

The main idea is to implement the Nelson-Barr mechanism in the context of a unified model
with gauge group E6.2 The group E6 is an ideal choice since its fundamental representation
automatically contains additional fermions with exactly the right quantum numbers that
allow us to implement the Nelson-Barr mechanism. In addition, E6 is an attractive gauge
group [6, 161–163], since there is an automatic absence of anomalies [6], each generation
of the Standard Model fermions fits into a single fundamental representation, and because
of its ”exceptional” mathematical status [164].

By imposing E6 and CP symmetry at high scales, we end up with an extremely restricted
Yukawa sector that allows us to make predictions that can be tested in the near future.
In particular, the model makes a prediction for the Dirac CP phase in the PMNS matrix.
This is possible since the CP violation at high scales enters low energy observables through
the mixing between exotic and Standard Model fermions. This happens automatically in
the quark and in the lepton sector and therefore, there is a correlation between the CKM
phase and the phases in the neutrino sector.

Thus one reason for implementing the Nelson-Barr mechanism in a unified theory is that
the GUT structure makes the mechanism predictive. Moreover, otherwise problematic
”coincidences of scales” can be understood as a result of the breaking chain. But at the
same time, the Nelson-Barr mechanism turns out to be an invaluable guide in GUT model
building. A common problem in unified theories is that we can always ask ”why this group
and not another?” [164]. Moreover, for each given group there are usually dozens of viable
breaking chains. But as we will discuss below, by using the Nelson-Barr mechanism, we
can translate the experimental fact θ̄ < 10−10 (Eq. (3.3)) into a concrete GUT scenario.

The remainder of this chapter is organized as follows. In the following section, we start
with a short discussion of the Nelson-Barr mechanism in general terms. Afterwards, we
discuss how the Nelson-Barr mechanism can be implemented in a concrete unified model.
In Section 4.2.1 and Section 4.2.2, we then analyze the quark and lepton sector of the
model in analytical terms. Finally, in Section 4.2.3, we will discuss predictions of the

1
A more detailed discussion of problems of the Nelson-Barr mechanism can be found in Ref. [158].

2
The Nelson-Barr mechanism has been implemented in minimal non-unified models in Refs. [159,160].
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model and how these can be derived using a concrete fit of all relevant model parameters.
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58 4. A Unified Solution to the Strong CP Problem

4.1. The Nelson-Barr Mechanism

The Nelson-Barr mechanism is motivated by the following two facts:

1. If CP is a good symmetry of nature, we have θQCD = 0 since this value corresponds

to the only experimentally viable CP conserving QCD ground state.3 Moreover,
θQCD cannot change dynamically and therefore θQCD stays zero if the CP symmetry
is broken spontaneously.

2. If the determinants of the quark mass matrices Mu and Md are real, we have

θF ≡ arg detMuMd = 0 . (4.1)

However, there must be complex entries in the quark mass matrices since δCKM 6= 0.

Therefore, if CP is broken spontaneously and we have a structure in the mass matrices
such that θF = arg detMuMd = 0, it follows that θ̄ ≡ θQCD + θF = 0.

Nelson and Barr observed in Refs. [153–156] that we can make sure that we end up with
complex matrices with a real determinant by using matrices of the form:

M ∼

(
R 0

C R

)
. (4.2)

Moreover, they observed that we can construct mass matrices of the desired form by
introducing additional vector like quarks. In general, the Lagrangian including vector-like
SU(2)L-singlet quarks reads schematically

LNB = dLmddR + dLmCDR +DLMCdR +DLMRDR + . . .

=
(
dL DL

)(md mC

MC MR

)(
dR

DR

)
+ . . .

Therefore, if complex numbers only appear in MC , which describes the mixing between
vector-like and chiral quarks, and there is no SU(2)L breaking mixing (mC = 0), we end
up with a matrix with real determinant.

These observations are summarized by the Barr criteria:

mc
!

= 0, MC

!
∈ Cn×n, md

!
∈ Rn×n, MR

!
∈ Rn×n (4.3)

In summary, if the Barr criteria are fulfilled and CP is only broken spontaneously, we
have at tree-level θ̄ = 0. At higher orders in perturbation theory, there can be nonzero
corrections to θF which, however, are tiny since they are proportional to Yukawa couplings
and suppressed by small mass ratios [153,154,156,165].

An immediate consequence of this observation is that the CP breaking scale has to be far
above the electroweak scale such that v2

EW /V
2

CP � 1 [159,160]. Therefore, one may wonder
how a sufficiently large enough CKM phase can be generated in Nelson-Barr models.

3
As mentioned above, θ = π is also CP conserving but disfavored by meson spectrum data [127,128].
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4.1. The Nelson-Barr Mechanism 59

This is possible since the effective mass matrix of the Standard Model down quarks reads
schematically [159]

meff
d ≈ mdm

†
d −md

M2
CP

M2
R

m†d , (4.4)

where md denotes the down quark mass matrix in the absence of vector like quarks, MR

the mass scale of the vector like quarks, and MCP is the scale of CP breaking.4 Therefore,
the CKM phase θCKM can be sufficiently large if the ratio of the superheavy scales MCP

and MR is not too small.

In the following section, we discuss how the Nelson-Barr mechanism can be implemented
in the context of a unified model.

4
The formula given here is only valid for one additional vector like quark. A generalized formula for N
vector like quarks was derived in Ref. [166].
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4.2. E6 Unification with Spontaneous CP Breaking

As already mentioned in Chapter 2, we embed each Standard Model generation in a
fundamental representation of E6. We denote each such representation by 27i. The particle
content of the 27-dimensional representation of E6 can be understood by decomposing it
in terms of SU(5) representations:

27 = (10⊕ 5̄⊕ 1)16 ⊕ (5⊕ 5̄)10 ⊕ 11 . (4.5)

The subscripts here denote the corresponding SO(10) representations (c.f. Eq. (2.18)). As
in SU(5) models, the Standard Model fermions live in the 1016 ⊕ 516. Additionally, each
27i contains exotic particles that are contained in the 116 ⊕ (5⊕ 5̄)10 ⊕ 11. The (5⊕ 5̄)10

contains a vector-like, SU(2)L singlet down-quark and a vector-like lepton doublet. The
remaining two representations, 116 and 11, describe Standard Model singlets. A more
detailed decomposition of the 27 is given in Table B.1.

We assume that the breaking of the E6 symmetry down to GSM is accomplished by scalars
contained in the

27H ⊕ 351′H . (4.6)

A detailed decomposition of the scalar representations is given in Table B.2. The Yukawa
sector above the E6 scale reads

Lyuk = 27i27j

(
Y27,ij27H + Y351

′
,ij351′H

)
+ h.c. . (4.7)

Since we impose CP symmetry, all Yukawa couplings are assumed to be real [167]. More-
over, 27 and 351′ are symmetric representations and therefore, the corresponding Yukawa
couplings Y27 and Y351

′ are symmetric too [168]. The Yukawa sector can be simplified
further by using the freedom to choose a suitable flavor basis. In the following, we use a
basis in which Y351

′ is diagonal.

The combination of E6 and CP symmetry therefore leads to an extremely restricted form
of the Yukawa sector. In particular, excluding VEVs, the Yukawa sector contains in total
only 3 + 6 real parameters.

The VEV structure can be determined using the Barr criteria. For simplicity, we introduce
the shorthand notations t ≡ 1016, f ≡ 516, F ≡ 510, F ≡ 510, N = 116, N

′ = 11. The Barr
criteria for our specific model then read:

• i) There are no SU(2)L breaking mass terms which generate t− F terms.

• ii) The only complex mass term is of the form f − F .

These two conditions make sure that the effective low-energy down-quark mass contains
complex entries but still has a real determinant. Therefore, the CKM phase can be nonzero
and at tree level we have θ̄ = 0.

The first Barr criterion tells us immediately that the VEVs of the scalar fields
hc27,16,5, h

c
351,144,45, h

c
351,144,5 have to be zero. The second Barr criterion implies that only

the s27,16,1 and s351,144,24 VEVs can be complex.
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4.2. E6 Unification with Spontaneous CP Breaking 61

For concreteness, we introduce the following notation for the VEVs:

〈h27,10,5〉 = vu1 , 〈h351,126,5〉 = vu2 , 〈hc27,10,5〉 = vd1 , 〈h
c
351,126,45〉 = vd2 ,

〈s27,16,1〉 ≡ V
c

10 , 〈s351,144,24〉 ≡ V
c

5 , 〈s27,1,1〉 ≡ V6 , 〈s351,54,24〉 ≡ V5 ,

〈s351,126,1〉 ≡ V10/2 , 〈s351,1,1〉 ≡ Ṽ6/2 , 〈s351,16,1〉 ≡ V
′

10 , 〈s78,45,24〉 ≡ Ṽ5 . (4.8)

The subscripts denote which group is broken by the corresponding VEV (E6, SU(5) or
SO(10)). As mentioned above, we assume that all VEVs except for V c

10, V
c

5 are real. All
SU(2)L doublet VEVs are assumed to be of order v = 174 GeV or below, while all GSM
singlet VEVs are assumed to be much larger.

The resulting fermion mass terms can be derived using the VEVs in Eq. (4.8) and a
decomposition of Eq. (4.7) with respect to the relevant subgroups. We find

Lmass = titj(m10)ij + tif j(m5)ij

+ f iNj(m10)ij + F iN
′
j(m10)ij + FiN

′
j(m5)ij

+ f iFj(MfF )ij + F iFj(MFF )ij

+
1

2
NiNj(MNN )ij +

1

2
N ′iN

′
j(MN

′
N
′)ij +

1

2
NiN

′
j(MNN

′)ij + h.c.. (4.9)

Here, we introduced the following notation for the mass matrices:

(m10)ij = Y27,ijvu1 + Y351
′
,ijvu2 , (m5)ij = Y27,ijvd1 + Y351

′
,ijvd2 ,(

MfF

)
ij

= Y27,ijV
c

10 + Y351
′
,ijV

c
5 , (MFF )ij = Y27,ijV6 + Y351

′
,ijV5 , (4.10)

and

(MNN )ij = Y351
′
,ijV10 ,

(
MN

′
N
′
)
ij

= Y351
′
,ij Ṽ6

(
MNN

′
)
ij

= Y351
′
,ijV

′
10 . (4.11)

All mass matrices are real except for MfF since, as mentioned above, the only complex
VEVs are V c

10 and V c
5 .

As discussed in the previous section, we need a breaking chain such that MCP ∼ MR,
where MCP denotes the scale of CP breaking and MR the mass scale of the vector-like
quarks. Using the explicit VEVs in Eq. (4.8), we can conclude that one viable breaking
chain is

E6 → SO(10)→ SU(5)→ SU(3)C × SU(2)L × U(1)Y (4.12)

since the E6, SO(10) and SU(5) scale can be sufficiently close. This is a necessary re-
quirement because otherwise, the CKM phase is suppressed by a small mass ratio, as can
be seen in Eq. (4.4).

Before we discuss explicit viable values for the various Yukawa couplings and VEVs, we
analyze the structure of the various mass matrices in analytical terms.

4.2.1. Analysis of the Quark and Charged Lepton Sector

It is instructive to rewrite f i and F i in terms of light and heavy linear combinations, which
we denote by fLi and FHi respectively. To unclutter the following calculations, we neglect
all Clebsch-Gordon coefficients and only include them in the final formulas.

61



62 4. A Unified Solution to the Strong CP Problem

We start with the ansatz

f = af · fL +Af · FH , F = aF · fL +AF · FH , (4.13)

where af , Af , aF , AF denote 3× 3 matrices that encode the mixing. By requiring canoni-
cally normalized kinetic terms, we find

a†faf + a†FaF = 13 , A†fAf +A†FAF = 13 , a†fAf + a†FAF = 0 . (4.14)

Moreover, if we demand that the there is no term which mixes fL and F , we find

aTfMfF + aTFMFF = 0 . (4.15)

Solving Eq. (4.14) and Eq. (4.15) yields

af =
[
13 + Z†Z

]−1/2
, aF = −Z · af , Z =

[
MfF (MFF )−1

]T
. (4.16)

We can use this result to rewrite the quark sector of the Lagrangian in terms of the new
linear combinations:

L = titj(m10)ij + tifLj(m
eff
5 )ij + · · · (4.17)

where

meff
5 = m5 · af . (4.18)

As mentioned above, all ordinary mass matrices like m10 and m5 are real and complex
numbers enter the effective mass matrix meff

5 only through the mixing matrix af . It
follows from Eq. (4.16) that the mixing matrix af is always hermitian. Therefore, while

the effective mass matrix meff
5 , in general, contains complex entries, its determinant is

always real.

If we now include all Clebsch-Gordon coefficient, we find the following formulas for the
quark and charged lepton mass matrices:

Mu = mu , Md = md · ad , Me = aTe ·me , (4.19)

where

mu = Hrβ1 + Frβ2 , (4.20)

md = H + F , (4.21)

me = H − 3F (4.22)

and

ad =
[
1 + Z†dZd

]−1/2
, Zd = r10,6

(
H + Fr5,6

)−1 (
H + Fc5,10

)
, (4.23)

ae =
[
1 + Z†eZe

]−1/2
, Ze = r10,6

(
H − 3

2
Fr5,6

)−1(
H − 3

2
Fc5,10

)
. (4.24)

In addition, we have introduced

H ≡ Y27vd1 , (4.25)

F ≡ Y351
′vd2 , (4.26)
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and five VEV ratios

rβ1 ≡
vu1

vd1
, rβ2 ≡

vu2

vd2
,

r10,6 ≡
|V c

10|
V6

, r5,6 ≡
V5

V6

vd1

vd2
, c5,10 ≡

V c
5

V c
10

vd1

vd2
. (4.27)

All parameters here, except for c5,10 are real. Moreover, H and F are real symmetric
matrices and, as mentioned above, we choose a basis where F is real. Therefore, there are
in total 6 + 3 + 6 = 15 model parameters relevant for the low-energy observables in the
quark and lepton sectors.

In the following section, we carry out a similar analysis for the neutrino sector.

4.2.2. Analysis of the Neutrino Sector

The terms relevant for the masses of the superheavy singlets read

LN,N ′ =
1

2

(
Ni, N

′
i

)
MN,ij

(
Nj

N ′j

)
, (4.28)

where

MN,ij =

(
MNN,ij MNN

′
,ij

MNN
′
,ij MN

′
N
′
,ij

)
. (4.29)

According to their definition in Eq. (4.11) all 3 × 3 matrices appearing as sub-matrices
here are real and proportional to Y351

′ . Since we work in a basis where Y351
′ is real and

diagonal, MNN,ij , MNN
′
,ij and MNN

′
,ij are real and diagonal too.

Therefore, to diagonalize MN,ij , we only need to diagonalize the 2× 2 matrix

M =

(
V10 V ′10

V ′10 Ṽ6

)
. (4.30)

The eigenvalues of M correspond to the masses of the superheavy singlets.

Next, we rewrite the neutrino sector of the Lagrangian

L = νTLa
T
e

(
Hrβ1 − 3Frβ2

)
N + h.c. (4.31)

by integrating out the superheavy singlet N .

The resulting Majorana mass matrix of the light neutrino is then given by

mν ≈ rε
[
aTe ·

(
Hrβ1 − 3Frβ2

)
· F−1 ·

(
Hrβ1 − 3Frβ2

)
· ae
]
, (4.32)

where

rε ≡
vd2

V10
≪ 1 , (4.33)
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64 4. A Unified Solution to the Strong CP Problem

and the effective Lagrangian reads

Lν = −1/2mν,ijνL,iνL,j + h.c. . (4.34)

We can neglect all contributions from N ′ since V10 ∼ V ′10 � Ṽ6 and therefore, its contri-
butions are suppressed by Mν/MGUT .

In the following section, we discuss how all fundamental low-energy observables in the
Standard Model fermion sector can be reproduced using the 16 model parameters intro-
duced above.
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4.2.3. Fit to Fermion Masses and Mixing Angles

A crucial consistency check for any unified model is that all known low-energy data can be
reproduced. We already discussed in Chapter 2 how this can be accomplished in general for
the gauge couplings. In this section, we will therefore focus on a second type of low-energy
data: fermion masses and mixing angles. The experimental values for the 18 fundamental
low-energy Standard Model fermion observables that we use in the following are listed in
Table 4.1.

Fermion observables at the electroweak scale µ = MZ

md(MeV) 2.75± 0.29 ∆12(eV2) (7.50± 0.18)× 10−5

ms(MeV) 54.3± 2.9 ∆31(eV2) (2.52± 0.04)× 10−3

mb(GeV) 2.85± 0.03 sin θq12 0.2254± 0.0007

mu(MeV) 1.3± 0.4 sin θq23 0.0421± 0.0006

mc(GeV) 0.627± 0.019 sin θq13 0.0036± 0.0001

mt(GeV) 171.7± 1.5 sin2 θl12 0.306± 0.012

me(MeV) 0.4866± 0.0005 sin2 θl23 0.441± 0.024

mµ(MeV) 102.7± 0.1 sin2 θl13 0.0217± 0.0008

mτ (GeV) 1.746± 0.002 δCKM 1.21± 0.05

Table 4.1.: Experimental values of the Standard Model fermion observables at the electroweak scale. Quark
masses, lepton masses and the quark mixing parameters are taken from Ref. [169]. Neutrino mixing
parameters for a normal hierachy are taken from Ref. [170]. For all observables the arithmetic
average of the errors is used.

These 18 observables need to be reproduced using the parameters in H,F and the six VEV
ratios rβ1, rβ2, r10,6, r5,6, c5,10, rε. Given concrete values of these 16 model parameters, the
corresponding values of the fermion observables can be calculated by using Eq. (4.19) and
Eq. (4.32).

We performed a numerical top-down fit of the model parameters using the Metropolis-
Hastings algorithm [171, 172]. Since Eq. (4.19) and Eq. (4.32) are only valid at the GUT
scale (Q ' 1016 GeV), we have solved the Yukawa RGEs numerically using REAP [173]
for each given set of values of the model parameters. The numerical solutions were then
used to calculate the corresponding values of the fermion observables at the electroweak
scale MZ . This way, the corresponding values Ofit

i of the observables Oi are calculated for
each choice of the model parameters.

The goal of the fitting procedure is to minimize the function

χ2 ≡
n∑
i=1

(
Oexp
i −Ofit

i

σexp
i

)2

, (4.35)

where Oexp
i denotes the measured value of the observable Oi and σexp

i the corresponding
experimental error. During the fit, we assumed a 0.1% uncertainty of the charged lepton
masses, since the fitting procedure would otherwise focus solely on these observables [174,
175].
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66 4. A Unified Solution to the Strong CP Problem

The fit is non-trivial since there are only 16 model parameters and 18 observables.5

No viable fit point was found for an inverted neutrino hierarchy. Assuming normal ordering
in the neutrino sector, however, we find a best-fit point with χ2 ≈ 15.55. Specifically, our
best-fit point reads,

H(GeV) =

 −0.00814 0.0292 −0.0894

0.0292 −0.217 2.49

−0.0894 2.49 −12.8

 , F (GeV) =

 −0.00248 0. 0.

0. 0.0489 0.

0. 0. 30.7


rβ1 = −1.28 , rβ2 = 2.26 , r10,6 = 2.21 , r5,6 = −0.433 ,

c5,10 = 2.20 · e1.60 i , rε = 1.73 · 10−10 . (4.36)

This corresponding values of the fermion observables are listed in Table 4.2 and the cor-
responding pulls are plotted in Figure 4.1.

Fermion observables at the electroweak scale µ = MZ

fit pull fit pull

md(MeV) 3.44 −2.4 ∆12(eV2) 7.39× 10−5 0.63

ms(MeV) 50.4 1.4 ∆13(eV2) −0.76× 10−3 −0.19

mb(GeV) 2.85 0.27 sin θq12 0.225 0.56

mu(MeV) 1.32 −0.08 sin θq23 0.0414 0.1

mc(GeV) 0.63 −0.07 sin θq13 0.0035 1.1

mt(GeV) 171.58 0.08 sin2 θl12 0.302 0.37

me(MeV) 0.486 0.15 sin2 θl23 0.405 1.5

mµ(MeV) 102.76 −0.61 sin2 θl13 0.022 −0.26

mτ (GeV) 1.746 −0.04 δCKM 1.13 1.5

Table 4.2.: The fermion observables at the electroweak scale MZ as calculated using the best-fit point in

Eq. (4.36). The pull of is defined as pull(Ofit
i ) =

(
Oexp
i −Ofit

i

)
/σ

exp
i , where σ

exp
i is the corre-

sponding experimental error and Oexp
i the experimental value as given in Table 4.1.

In addition to being a consistency check, the fit of the model parameters in the Yukawa
sector can also be used to make predictions for not yet measured observables. In particular,
we can use our best-fit point in Eq. (4.36) to predict the effective mass

mβ =
√∑

|Uei|
2m2

i , (4.37)

which is probed by experiments like KATRIN [176], MARE [177] , Project 8 [178], or
ECHo [179].

In addition, we can calculate the sum of neutrino masses

Σ =
∑

mi,

5
Take note that this implies that there must be two relations between Standard Model observables.
Unfortunately, due to complexity of the formulas we were not able to find analytical formulas for these
relations.
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Figure 4.1.: Pulls for the observables corresponding to the best-fit point in Eq. (4.36).

which is tested by cosmological observations, and the ”effective Majorana mass”

mββ =
∣∣∣∑U2

eimi

∣∣∣ , (4.38)

which is probed by neutrinoless double beta decay experiments, like, for example, GERDA
[180], EXO-200 [181] or KamLAND-Zen [182]. The predicted values for these observables
and for the Dirac and Majorana phases are summarized in Table 4.3.

mβ [meV] Σ [meV] mββ [meV] δ [◦] ϕ1 [◦] ϕ2 [◦]

Prediction 8.8± 0.5 59± 3 1.8± 0.1 157± 3 187± 4 159± 5

Current bound . 2000 [60] . 230 [60,183] 200 [184,185] - - -

Table 4.3.: Predictions for the neutrino observables using the best-fit point in Eq. (4.36). All current bounds
were taken from Ref. [186]. The uncertainty on the predicted values correspond to perturbations
of the best fit point with χ

2 . 150.

The main result here is a quite narrow prediction for the Dirac phase δ ∈ [154, 157]◦.
This prediction can be probed in future experiments like Hyper-Kamiokande [187] or
DUNE [100]. Moreover, the values for all mass observables are far below the ranges
that can be probed by experiment in the near future.
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Conclusions and Outlook 5
In this thesis, we have discussed an intrinsic GUT solution to the strong CP problem and
how gauge coupling unification can be achieved in the absence of low energy supersymme-
try.

To analyze the running of the gauge couplings, we introduced in Eq. 2.12 the quantities
∆λ12(µ) and ∆λ23(µ) that quantify the mismatch in the gauge couplings at a given scale
µ. We then analyzed the running of the gauge couplings in a class of SU(5), SO(10) and
E6 models (”conservative models”) that mimic the Standard Model group structure as
much as possible.

In scenarios with a grand desert between the electroweak and the unification scale, the
failure of the three Standard Model gauge couplings to meet at a common point at all
scales can only be explained through threshold corrections. We therefore estimated the
magnitude the of threshold corrections by calculating ∆λ12 and ∆λ23 in conservative grand
desert scenarios using randomized mass spectra for the superheavy particles.

In conservative SU(5) models, the threshold corrections are generically too small to explain
the mismatch in the gauge couplings. This is shown explicitly in Figure 2.5. In SO(10)
models, the threshold corrections can be much larger since there are not just contributions
from additional scalar contributions but from superheavy gauge bosons too. But, as shown
in Figure 2.6, while the threshold corrections can, in principle, be large enough to explain
the mismatch, this is only true for scales that are already ruled out by proton decay
experiments. In conservative E6 models, however, there can be significant contributions
from superheavy scalars, gauge bosons and fermions. We find that the corresponding
threshold corrections can be large enough to explain the mismatch in the gauge couplings
up to a unification scale of Mmax

E6
' 1016.3 GeV.

In addition, we analyzed the impact of particles at intermediate scales on the running
of the gauge couplings. We quantified explicitly which scalar, fermion and gauge boson
representations improve the running of the gauge couplings and used this information to
discuss the viability of scenarios with just one intermediate scale.

In conservative SU(5) scenarios, the running is only improved by scalars in the (1, 3, 0),
(3, 3,−2) and (6, 3,−2) representation. But while it is possible to achieve gauge coupling
unification with any of these representations, only for (6, 3,−2) scalars at an intermediate
scale the unification scale can be sufficiently high to be in agreement with bounds from
proton decay experiments (Figures 2.8-2.10). In conservative SO(10) scenarios, the run-
ning can additionally be improved through gauge bosons at an intermediate scale, i.e. an
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intermediate symmetry. We argued that even if we take threshold corrections into account,
the only viable scenario with just one intermediate scale can be described by an

SU(3)C × SU(2)L × SU(2)R × U(1)X

intermediate symmetry. By estimating possible threshold corrections as before using ran-
domized mass spectra, we found that the proton lifetime can be as high as
τmax ' 5.24× 1044 yrs (Figure 2.12). We also argued that scenarios with breaking chain

SO(10)→ SU(4)× SU(2)L × U(1)R → GSM

are already ruled out by proton decay experiments, even if we take possibly large threshold
corrections into account (Figure 2.11). Finally, we analyzed the impact of additional
light E6 fermions on the running of the gauge couplings. The main observation in this
context was that vector-like E6 leptons improve the running, while the vector-like E6

quarks make it worse. Therefore, a large mass splitting between these leptons and quarks
is necessary to achieve unification. With all vector-like quarks at the GUT scale, the
unification scale can be as high as Mmax

E6
' 1016 GeV if the heaviest lepton generation

lives around m3L ' 1014 GeV and we have a Standard Model like mass splitting between
the generations, i.e. m2L/m3L ' 10−2, m1L/m3L ' 10−4 (Figure 2.13).

As mentioned above, we restricted our analyses to conservative scenarios with just one
intermediate scales. These are arguably the simplest models that are not yet ruled out by
proton decay bounds. There are, of course, several additional models with two or more
intermediate scales that could be analyzed systematically in the future using the methods
discussed in this thesis.

After this general discussion of the gauge unification problem, we shifted our focus to the
strong CP problem. In Chapter 3, we reviewed the problem itself and motivated why the
idea of spontaneous CP violation is an interesting first step towards a full solution.

We then argued in Chapter 4 that this idea can be naturally realized in the context of a
unified model. To keep θ̄ small after CP has been broken spontaneously, we implemented
the Nelson-Barr mechanism in the context of an E6 model. In particular, we argued that
by doing this, several generic problems of the Nelson-Barr mechanism can be avoided. For
example, a high CP breaking scale is by no means mysterious in the context of a GUT
model. Moreover, the vector-like quarks that are necessary to mediate the high-scale
CP violation into the low-energy sector are automatically included in the fundamental
representation of E6. In addition, the required coincidence of the CP breaking scale and
the scale of the vector-like quarks can be understood as a consequence of the breaking
chain.

Most importantly, by implementing the Nelson-Barr mechanism in a grand unified context,
we end up with a predictive model. This is possible since the idea of spontaneous CP
violation, the requirements of the Nelson-Barr mechanism and the structure imposed by
the unified gauge symmetry taken together leave us with an extremely restricted Yukawa
sector. One consequence of the restricted form of the Yukawa sector is that there is a
correlation between the CP phase in the quark sector and the CP phase in the lepton
sector.
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In total, there are only 16 real parameters in the Yukawa sector. To test the viability of
the proposed model, we performed a fit of these model parameters and found a best fit
point with χ2 ≈ 15.55. Since there are less model parameters than fermion observables in
the Standard Model, we were able to use this best fit point to calculate, among others,
the prediction δCP = 157 ± 3◦ for the leptonic CP phase. This prediction will be probed
by experiments like Hyper-Kamiokande [187] or DUNE [100].

One interesting aspects of the model that is not yet fully understood and therefore could
be analyzed further in the future is the exact analytic relationship between the CP phases
in the quark and lepton sector. A second aspect that deserves further attention is why the
fit was successful although there are less model parameters than observables. This result
in particular implies that there are hidden relationships between Standard Model fermion
observables that could provide new hints for the longstanding flavor puzzle.
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Scalar Decompositions and
and Threshold Formulas A

A.1. SU(5)

SU(5) 3C2L1Y A23/rI A12/rI Label

5
(1, 2, 3) 1

6
- 1
15

ϕ1

(3, 1,−2) - 1
6

1
15

ϕ2

5
(1, 2,−3) 1

6
- 1
15

H

(3, 1, 2) - 1
6

1
15

ϕ3

10

(1, 1, 6) 0 1
5

ϕ4

(3, 1,−4) - 1
6

4
15

ϕ5

(3, 2, 1) 1
6

- 7
15

ϕ6

15
(1, 3, 6) 2

3
- 1
15

ϕ7

(3, 2, 1) 1
6

- 7
15

ϕ8

(6, 1,−4) - 5
6

8
15

ϕ9

24

(1, 1, 0) 0 0 s1

(1, 3, 0) 1
3

- 1
3

ϕ10

(3, 2,−5) 1
12

1
6

ξ1

(3, 2, 5) 1
12

1
6

ξ2

(8, 1, 0) − 1
2

0 ϕ11

45

(1, 2, 3) 1
6

- 1
15

ϕ12

(3, 1,−2) - 1
6

1
15

ϕ13

(3, 3,−2) 3
2

- 9
5

ϕ14

(3, 1, 8) - 1
6

16
15

ϕ15

(3, 2,−7) 1
6

17
15

ϕ16

(6, 1,−2) − 5
6

2
15

ϕ17

(8, 2, 3) - 2
3

- 8
15

ϕ18

45

(1, 2,−3) 1
6

- 1
15

ϕ19

(3, 1, 2) - 1
6

1
15

ϕ20

(3, 3, 2) 3
2

- 9
5

ϕ21

(3, 1,−8) - 1
6

16
15

ϕ22

(3, 2, 7) 1
6

17
15

ϕ23

(6, 1, 2) 5
6

2
15

ϕ24

(8, 2,−3) - 2
3

- 8
15

ϕ25

50

(1, 1,−12) 0 4
5

ϕ26

(3, 1,−2) - 1
6

1
15

ϕ27

(3, 2,−7) 1
6

17
15

ϕ28

(6, 3,−2) 3
2

- 18
5

ϕ29

(6, 1, 8) - 5
6

32
15

ϕ30

(8, 2, 3) - 2
3

- 8
15

ϕ31

Table A.1.: Decomposition of the scalar representations in conservative SU(5) GUTs with respect to SU(3)C×
SU(2)L×U(1)Y . Goldstone bosons are labelled by ξi, SM singlets by si and all other fields by ϕi.
The hypercharges are given in the normalization of Ref. [71]. The numbers in the A23 and A12

columns indicate whether or not the fields can help to achieve gauge unification.
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74 A. Scalar Decompositions and and Threshold Formulas

A.2. SO(10)

The threshold corrections in conservative SO(10) GUTs can be calculated using Eq. (2.9)
and read

λ3C = 5− 21ηPSV +
1

2
ηΦ2

+
1

2
ηΦ3

+
1

2
ηΦ5

+
1

2
ηΦ7

+
1

2
ηΦ9

+ ηΦ10
+

1

2
ηΦ12

+ ηΦ13
+

1

2
ηΦ15

+
3

2
ηΦ16

+
1

2
ηΦ17

+ ηΦ18
+

5

2
ηΦ19

+ 6ηΦ20
+

1

2
ηΦ22

+
3

2
ηΦ23

+
1

2
ηΦ24

+ ηΦ25
+

5

2
ηΦ26

+ 6ηΦ27
+ ηΦ29

+ 2ηΦ31
+ 5ηΦ32

+ ηΦ34
+ 3ηΦ35

+ ηΦ36
+ 2ηΦ37

+ 5ηΦ38
+ 12ηΦ39

+ ηΦ41
+ 2ηΦ42

+ 15ηΦ43
+ 5ηΦ44

+ 12ηΦ45
+

1

2
ηΦ47

+ ηΦ48
+

1

2
ηΦ50

+ ηΦ51
+ 3ηΦ53

,

λ2L = 6 +
1

2
ηΦ1

+
1

2
ηΦ4

+
1

2
ηΦ6

+
3

2
ηΦ10

+
3

2
ηΦ13

+
1

2
ηΦ14

+ 6ηΦ16
+

3

2
ηΦ18

+ 4ηΦ20

+
1

2
ηΦ21

+ 6ηΦ23
+

3

2
ηΦ25

+ 4ηΦ27
+ ηΦ28

+ 4ηΦ30
+ 3ηΦ31

+ ηΦ33
+ 12ηΦ35

+ 3ηΦ37
+ 8ηΦ39

+ 3ηΦ42
+ 24ηΦ43

+ 8ηΦ45
+

3

2
ηΦ48

+
3

2
ηΦ51

+ 2ηΦ52
,

λ1Y = 8− 21

(
8

5
ηPSV +

6

5
ηWR

)
+

3

10
ηΦ1

+
1

5
ηΦ2

+
1

5
ηΦ3

+
3

10
ηΦ4

+
1

5
ηΦ5

+
3

10
ηΦ6

+
1

5
ηΦ7

+
3

5
ηΦ8

+
4

5
ηΦ9

+
1

10
ηΦ10

+
3

5
ηΦ11

+
4

5
ηΦ12

+
1

10
ηΦ13

+
3

10
ηΦ14

+
1

5
ηΦ15

+
3

5
ηΦ16

+
16

5
ηΦ17

+
49

10
ηΦ18

+
2

5
ηΦ19

+
12

5
ηΦ20

+
3

10
ηΦ21

+
1

5
ηΦ22

+
3

5
ηΦ23

+
16

5
ηΦ24

+
49

10
ηΦ25

+
2

5
ηΦ26

+
12

5
ηΦ27

+
3

5
ηΦ28

+
2

5
ηΦ29

+
18

5
ηΦ30

+
1

5
ηΦ31

+
16

5
ηΦ32

+
3

5
ηΦ33

+
2

5
ηΦ34

+
6

5
ηΦ35

+
32

5
ηΦ36

+
49

5
ηΦ37

+
4

5
ηΦ38

+
24

5
ηΦ39

+
24

5
ηΦ40

+
2

5
ηΦ41

+
49

5
ηΦ42

+
12

5
ηΦ43

+
64

5
ηΦ44

+
24

5
ηΦ45

+
3

5
ηΦ46

+
4

5
ηΦ47

+
1

10
ηΦ48

+
3

5
ηΦ49

+
4

5
ηΦ50

+
1

10
ηΦ51

.

Here, PSV denotes the Pati-Salam gauge bosons in the (3, 1,−4) and WR the right-handed
W±R in the (1, 1,−6).

SO(10) SU(5) 3C2L1Y Label

10

5
(1, 2, 3) Φ1

(3, 1,−2) Φ2

5
(1, 2,−3) H

(3, 1, 2) Φ3

Table A.2.: Decomposition of the scalar 10 representation of SO(10) with respect to the subgroups SU(5) and
SU(3)C × SU(2)L × U(1)Y . For further details, see Table A.1.
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A.2. SO(10) 75

SO(10) SU(5) 3C2L1Y Label

45

1 (1, 1, 0) s1

10

(1, 1, 6) Φ4

(3, 1,−4) Φ5

(3, 2, 1) Φ6

10

(1, 1,−6) Φ7

(3, 1, 4) Φ8

(3, 2,−1) Φ9

24

(1, 1, 0) s2

(1, 3, 0) Φ10

(3, 2,−5) ξ1

(3, 2, 5) ξ2

(8, 1, 0) Φ11

Table A.3.: Decomposition of the scalar 45 representation of SO(10) with respect to the subgroups SU(5) and
SU(3)C × SU(2)L × U(1)Y . For further details, see Table A.1.

SO(10) SU(5) 3C2L1Y Label

120

5
(1, 2, 3) Φ12

(3, 1,−2) Φ13

5
(1, 2,−3) Φ14

(3, 1, 2) Φ15

10

(1, 1, 6) Φ16

(3, 1,−4) Φ17

(3, 2, 1) Φ18

10

(1, 1,−6) Φ19

(3, 1, 4) Φ20

(3, 2,−1) Φ21

45

(1, 2, 3) Φ22

(3, 1,−2) Φ23

(3, 3,−2) Φ24

(3, 1, 8) Φ25

(3, 2,−7) Φ26

(6, 1,−2) Φ27

(8, 2, 3) Φ28

45

(1, 2,−3) Φ29

(3, 1, 2) Φ30

(3, 3, 2) Φ31

(3, 1,−8) Φ32

(3, 2, 7) Φ33

(6, 1, 2) Φ34

(8, 2,−3) Φ35

Table A.4.: Decomposition of the scalar 120 representation of SO(10) with respect to the subgroups SU(5)
and SU(3)C × SU(2)L × U(1)Y . For further details, see Table A.1.
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76 A. Scalar Decompositions and and Threshold Formulas

SO(10) SU(5) 3C2L1Y Label

126

1 (1, 1, 0) s3

5
(1, 2, 3) Φ36

(3, 1,−2) Φ37

10

(1, 1,−6) ξ3

(3, 1, 4) ξ4

(3, 2,−1) ξ5

15

(1, 3, 6) Φ38

(3, 2, 1) Φ39

(6, 1,−4) Φ40

45

(1, 2,−3) Φ41

(3, 1, 2) Φ42

(3, 3, 2) Φ43

(3, 1,−8) Φ44

(3, 2, 7) Φ45

(6, 1, 2) Φ46

(8, 2,−3) Φ47

50

(1, 1,−12) Φ48

(3, 1,−2) Φ49

(3, 2,−7) Φ50

(6, 3,−2) Φ51

(6, 1, 8) Φ52

(8, 2, 3) Φ53

Table A.5.: Decomposition of the scalar 126 representation of SO(10) with respect to the subgroups SU(5)
and SU(3)C × SU(2)L × U(1)Y . For further details, see Table A.1.
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A.3. E6 77

A.3. E6

The threshold corrections in conservative E6 GUTs can be calculated using Eq. (2.9) and
read

λ3C = 9− 21
(
ηPSV + ηE2

+ ηE4

)
+ ηΣ2

+ ηΣ3
+ ηΣ5

+ ηΣ7
+ 2ηΣ8

+ ηΣ10
+ ηΣ12

+ ηΣ14

+ ηΣ16
+ 2ηΣ17

+ ηΣ19
+ ηΣ21

+ 2ηΣ22
+ ηΣ24

+ 2ηΣ25
+ ηΣ27

+ 2ηΣ28
+ 6ηΣ30

+ ηΣ32

+ ηΣ34
+ ηΣ36

+ 2ηΣ37
+ ηΣ39

+ 2ηΣ40
+ ηΣ42

+ 3ηΣ43
+ ηΣ44

+ 2ηΣ45
+ 5ηΣ46

+ 12ηΣ47

+ ηΣ49
+ 3ηΣ50

+ ηΣ51
+ 2ηΣ52

+ 5ηΣ53
+ 12ηΣ54

+ ηΣ56
+ ηΣ58

+ ηΣ60
+ 2ηΣ61

+ 2ηΣ63

+ 5ηΣ64
+ 2ηΣ66

+ 2ηΣ67
+ 6ηΣ68

+ 2ηΣ70
+ ηΣ71

+ 3ηΣ72
+ 6ηΣ73

+ 10ηΣ74
+ ηΣ76

+ 3ηΣ77
+ηΣ78

+ 2ηΣ79
+ 5ηΣ80

+ 12ηΣ81
+ηΣ83

+ηΣ85
+ 2ηΣ87

+ 5ηΣ88
+ 2ηΣ90

+ 5ηΣ91

+ 2ηΣ93
+ 2ηΣ94

+ 6ηΣ95
+ ηΣ97

+ 2ηΣ99
+ 5ηΣ100

+ ηΣ102
+ 3ηΣ103

+ ηΣ104
+ 2ηΣ105

+5ηΣ106
+12ηΣ107

+ηΣ109
+2ηΣ110

+15ηΣ111
+5ηΣ112

+12ηΣ113
+ηΣ115

+ηΣ117
+ηΣ119

+2ηΣ120
+2ηΣ122

+5ηΣ123
+2ηΣ125

+2ηΣ126
+6ηΣ127

+2ηΣ129
+ηΣ130

+3ηΣ131
+6ηΣ132

+ 10ηΣ133
+ ηΣ135

+ 3ηΣ136
+ ηΣ137

+ 2ηΣ138
+ 5ηΣ139

+ 12ηΣ140
+ 8

(
ηD1

+ ηD2
+ ηD3

)
,

λ2L = 10− 21ηE1
+ ηΣ1

+ ηΣ4
+ 3ηΣ8

+ ηΣ9
+ ηΣ11

+ ηΣ13
+ 3ηΣ17

+ ηΣ18
+ 3ηΣ22

+ 3ηΣ25

+ 3ηΣ28
+ 4ηΣ29

+ ηΣ31
+ ηΣ33

+ 3ηΣ37
+ 3ηΣ40

+ ηΣ41
+ 12ηΣ43

+ 3ηΣ45
+ 8ηΣ47

+ ηΣ48

+ 12ηΣ50
+ 3ηΣ52

+ 8ηΣ54
+ ηΣ55

+ ηΣ57
+ 3ηΣ61

+ 4ηΣ62
+ 3ηΣ63

+ 4ηΣ65
+ 3ηΣ66

+ 3ηΣ67
+ ηΣ69

+ 3ηΣ70
+ 12ηΣ72

+ 6ηΣ74
+ ηΣ75

+ 12ηΣ77
+ 3ηΣ79

+ 8ηΣ81
+ ηΣ82

+ ηΣ84
+ 4ηΣ86

+ 3ηΣ87
+ 4ηΣ89

+ 3ηΣ90
+ 4ηΣ92

+ 3ηΣ93
+ 3ηΣ94

+ ηΣ96
+ 4ηΣ98

+ 3ηΣ99
+ ηΣ101

+ 12ηΣ103
+ 3ηΣ105

+ 8ηΣ107
+ 3ηΣ110

+ 24ηΣ111
+ 8ηΣ113

+ ηΣ114

+ ηΣ116
+ 3ηΣ120

+ 4ηΣ121
+ 3ηΣ122

+ 4ηΣ124
+ 3ηΣ125

+ 3ηΣ126
+ ηΣ128

+ 3ηΣ129

+ 12ηΣ131
+ 6ηΣ133

+ ηΣ134
+ 12ηΣ136

+ 3ηΣ138
+ 8ηΣ140

+ 8
(
ηL1

+ ηL2
+ ηL3

)
,
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78 A. Scalar Decompositions and and Threshold Formulas

λ1Y = 12− 21(
6

5
ηWR

+
8

5
ηPSV +

3

5
ηE1

+
2

5
ηE2

+
6

5
ηE3

+
8

5
ηE4

) +
3

5
ηΣ1

+
2

5
ηΣ2

+
2

5
ηΣ3

+
3

5
ηΣ4

+
2

5
ηΣ5

+
6

5
ηΣ6

+
8

5
ηΣ7

+
1

5
ηΣ8

+
3

5
ηΣ9

+
2

5
ηΣ10

+
3

5
ηΣ11

+
2

5
ηΣ12

+
3

5
ηΣ13

+
2

5
ηΣ14

+
6

5
ηΣ15

+
8

5
ηΣ16

+
1

5
ηΣ17

+
3

5
ηΣ18

+
2

5
ηΣ19

+
6

5
ηΣ20

+
8

5
ηΣ21

+
1

5
ηΣ22

+
6

5
ηΣ23

+
8

5
ηΣ24

+
1

5
ηΣ25

+
6

5
ηΣ26

+
8

5
ηΣ27

+
1

5
ηΣ28

+
3

5
ηΣ31

+
2

5
ηΣ32

+
3

5
ηΣ33

+
2

5
ηΣ34

+
6

5
ηΣ35

+
8

5
ηΣ36

+
1

5
ηΣ37

+
6

5
ηΣ38

+
8

5
ηΣ39

+
1

5
ηΣ40

+
3

5
ηΣ41

+
2

5
ηΣ42

+
6

5
ηΣ43

+
32

5
ηΣ44

+
49

5
ηΣ45

+
4

5
ηΣ46

+
24

5
ηΣ47

+
3

5
ηΣ48

+
2

5
ηΣ49

+
6

5
ηΣ50

+
32

5
ηΣ51

+
49

5
ηΣ52

+
4

5
ηΣ53

+
24

5
ηΣ54

+
3

5
ηΣ55

+
2

5
ηΣ56

+
3

5
ηΣ57

+
2

5
ηΣ58

+
6

5
ηΣ59

+
8

5
ηΣ60

+
1

5
ηΣ61

+
18

5
ηΣ62

+
1

5
ηΣ63

+
16

5
ηΣ64

+ 5ηΣ66
+ 5ηΣ67

+
27

5
ηΣ69

+
1

5
ηΣ70

+
8

5
ηΣ71

+
24

5
ηΣ72

+
48

5
ηΣ73

+
2

5
ηΣ74

+
3

5
ηΣ75

+
2

5
ηΣ76

+
6

5
ηΣ77

+
32

5
ηΣ78

+
49

5
ηΣ79

+
4

5
ηΣ80

+
24

5
ηΣ81

+
3

5
ηΣ82

+
2

5
ηΣ83

+
3

5
ηΣ84

+
2

5
ηΣ85

+
18

5
ηΣ86

+
1

5
ηΣ87

+
16

5
ηΣ88

+
18

5
ηΣ89

+
1

5
ηΣ90

+
16

5
ηΣ91

+ 5ηΣ93
+ 5ηΣ94

+
3

5
ηΣ96

+
2

5
ηΣ97

+
18

5
ηΣ98

+
1

5
ηΣ99

+
16

5
ηΣ100

+
3

5
ηΣ101

+
2

5
ηΣ102

+
6

5
ηΣ103

+
32

5
ηΣ104

+
49

5
ηΣ105

+
4

5
ηΣ106

+
24

5
ηΣ107

+
24

5
ηΣ108

+
2

5
ηΣ109

+
49

5
ηΣ110

+
12

5
ηΣ111

+
64

5
ηΣ112

+
24

5
ηΣ113

+
3

5
ηΣ114

+
2

5
ηΣ115

+
3

5
ηΣ116

+
2

5
ηΣ117

+
6

5
ηΣ118

+
8

5
ηΣ119

+
1

5
ηΣ120

+
18

5
ηΣ121

+
1

5
ηΣ122

+
16

5
ηΣ123

+5ηΣ125
+5ηΣ126

+
27

5
ηΣ128

+
1

5
ηΣ129

+
8

5
ηΣ130

+
24

5
ηΣ131

+
48

5
ηΣ132

+
2

5
ηΣ133

+
3

5
ηΣ134

+
2

5
ηΣ135

+
6

5
ηΣ136

+
32

5
ηΣ137

+
49

5
ηΣ138

+
4

5
ηΣ139

+
24

5
ηΣ140

+ 8

(
2

5
ηD1

+
3

5
ηL1

+
2

5
ηD2

+
3

5
ηL2

+
2

5
ηD3

+
3

5
ηL3

)
.

The subscript PSV denotes the Pati-Salam gauge bosons in the (3, 1,−4) and WR denotes
the right-handed W±R in the (1, 1,−6). Moreover, Ei denotes additional E6 gauge bosons
in the (1, 2,−3), (3, 1, 2), (1, 1, 6), (3, 1,−4) respectively. The subscripts Di and Li possible
corrections from vector-like quarks and leptons.

E6 SO(10) SU(5) 3C2L1Y Label

27

1 1 (1, 1, 0) s1

10

5
(1, 2, 3) Σ1

(3, 1,−2) Σ2

5
(1, 2,−3) H

(3, 1, 2) Σ3

16

1 (1, 1, 0) s2

5
(1, 2,−3) Σ4

(3, 1, 2) Σ5

10

(1, 1, 6) Σ6

(3, 1,−4) Σ7

(3, 2, 1) Σ8

Table A.6.: Decomposition of the scalar 27-dimensional representation of E6 with respect to the subgroups
SO(10), SU(5) and SU(3)C × SU(2)L × U(1)Y . For further details, see Table A.1.
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E6 SO(10) SU(5) 3C2L1Y A23/rI A12/rI

27

1 1 (1, 1, 0) 0 0

10

5
(1, 2, 3) 1/3 −2/15

(3, 1,−2) −1/3 2/15

5
(1, 2,−3) 1/3 −2/15

(3, 1, 2) −1/3 2/15

Table A.7.: Contributions of the exotic fermions in the fundamental 27-dimensional representation of E6 to the
ratio A23/A12.
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80 A. Scalar Decompositions and and Threshold Formulas

E6 SO(10) SU(5) 3C2L1Y Label

351

10

5
(1, 2, 3) Σ9

(3, 1,−2) Σ10

5
(1, 2,−3) Σ11
(3, 1, 2) Σ12

16

1 (1, 1, 0) s3

5
(1, 2,−3) Σ13
(3, 1, 2) Σ14

10

(1, 1, 6) Σ15
(3, 1,−4) Σ16
(3, 2, 1) Σ17

16

1 (1, 1, 0) s4

5
(1, 2, 3) Σ18

(3, 1,−2) Σ19

10

(1, 1,−6) Σ20
(3, 1, 4) Σ21

(3, 2,−1) Σ22

45

1 (1, 1, 0) s5

10

(1, 1, 6) Σ23
(3, 1,−4) Σ24
(3, 2, 1) Σ25

10

(1, 1,−6) Σ26
(3, 1, 4) Σ27

(3, 2,−1) Σ28

24

(1, 1, 0) s6
(1, 3, 0) Σ29

(3, 2,−5) ξ1
(3, 2, 5) ξ2
(8, 1, 0) Σ30

120

5
(1, 2, 3) Σ31

(3, 1,−2) Σ32

5
(1, 2,−3) Σ33
(3, 1, 2) Σ34

10

(1, 1, 6) Σ35
(3, 1,−4) Σ36
(3, 2, 1) Σ37

10

(1, 1,−6) Σ38
(3, 1, 4) Σ39

(3, 2,−1) Σ40

45

(1, 2, 3) Σ41
(3, 1,−2) Σ42
(3, 3,−2) Σ43
(3, 1, 8) Σ44

(3, 2,−7) Σ45
(6, 1,−2) Σ46
(8, 2, 3) Σ47

45

(1, 2,−3) Σ48
(3, 1, 2) Σ49
(3, 3, 2) Σ50

(3, 1,−8) Σ51
(3, 2, 7) Σ52
(6, 1, 2) Σ53

(8, 2,−3) Σ54

144

5
(1, 2, 3) Σ55

(3, 1,−2) Σ56

5
(1, 2,−3) Σ57
(3, 1, 2) Σ58

10

(1, 1, 6) Σ59
(3, 1,−4) Σ60
(3, 2, 1) Σ61

15

(1, 3, 6) Σ62
(3, 2, 1) Σ63

(6, 1,−4) Σ64

24

(1, 1, 0) s7
(1, 3, 0) Σ65

(3, 2,−5) Σ66
(3, 2, 5) Σ67
(8, 1, 0) Σ68

40

(1, 2,−9) Σ69
(3, 2, 1) Σ70

(3, 1,−4) Σ71
(3, 3,−4) Σ72
(8, 1, 6) Σ73
(6, 2, 1) Σ74

45

(1, 2,−3) Σ75
(3, 1, 2) Σ76
(3, 3, 2) Σ77

(3, 1,−8) Σ78
(3, 2, 7) Σ79
(6, 1, 2) Σ80

(8, 2,−3) Σ81

Table A.8.: Decomposition of the 351 representation of E6 with respect to the subgroups SO(10), SU(5) and
SU(3)C × SU(2)L × U(1)Y . For further details, see Table A.1.
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E6 SO(10) SU(5) 3C2L1Y Label

351
′

1 1 (1, 1, 0) s8

10

5
(1, 2, 3) Σ82

(3, 1,−2) Σ83

5
(1, 2,−3) Σ84
(3, 1, 2) Σ85

16

1 (1, 1, 0) s9

5
(1, 2, 3) ξ3

(3, 1,−2) ξ4

10

(1, 1,−6) ξ5
(3, 1, 4) ξ6

(3, 2,−1) ξ7

54

15

(1, 3, 6) Σ86
(3, 2, 1) Σ87

(6, 1,−4) Σ88

15

(1, 3,−6) Σ89
(3, 2,−1) Σ90
(6, 1, 4) Σ91

24

(1, 1, 0) s10
(1, 3, 0) Σ92

(3, 2,−5) Σ93
(3, 2, 5) Σ94
(8, 1, 0) Σ95

126

1 (1, 1, 0) s11

5
(1, 2, 3) Σ96

(3, 1,−2) Σ97

10

(1, 1,−6) ξ8
(3, 1, 4) ξ9

(3, 2,−1) ξ10

15

(1, 3, 6) Σ98
(3, 2, 1) Σ99

(6, 1,−4) Σ100

45

(1, 2,−3) Σ101
(3, 1, 2) Σ102
(3, 3, 2) Σ103

(3, 1,−8) Σ104
(3, 2, 7) Σ105
(6, 1, 2) Σ106

(8, 2,−3) Σ107

50

(1, 1,−12) Σ108
(3, 1,−2) Σ109
(3, 2,−7) Σ110
(6, 3,−2) Σ111
(6, 1, 8) Σ112
(8, 2, 3) Σ113

144

5
(1, 2, 3) Σ114

(3, 1,−2) Σ115

5
(1, 2,−3) Σ116
(3, 1, 2) Σ117

10

(1, 1, 6) Σ118
(3, 1,−4) Σ119
(3, 2, 1) Σ120

15

(1, 3, 6) Σ121
(3, 2, 1) Σ122

(6, 1,−4) Σ123

24

(1, 1, 0) s12
(1, 3, 0) Σ124

(3, 2,−5) Σ125
(3, 2, 5) Σ126
(8, 1, 0) Σ127

40

(1, 2,−9) Σ128
(3, 2, 1) Σ129

(3, 1,−4) Σ130
(3, 3,−4) Σ131
(8, 1, 6) Σ132
(6, 2, 1) Σ133

45

(1, 2,−3) Σ134
(3, 1, 2) Σ135
(3, 3, 2) Σ136

(3, 1,−8) Σ137
(3, 2, 7) Σ138
(6, 1, 2) Σ139

(8, 2,−3) Σ140

Table A.9.: Decomposition of the 351
′

representation of E6 with respect to the subgroups SO(10), SU(5) and
SU(3)C × SU(2)L × U(1)Y . For further details, see Table A.1.
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82 A. Scalar Decompositions and and Threshold Formulas

A.4. SO(10)→ SU(4)C × SU(2)L × U(1)R

The threshold corrections at the SO(10) scale can be calculated using Eq. (2.9) and read

λ4C = 4 + 2ηζ1 + 8ηζ4 + 6ηζ7 + 6ηζ8 + 2ηζ9 + 2ηζ10
+ 2ηζ11

+ 6ηζ12

+ 16ηζ13
+ 16ηζ14

+ 2ηζ15
+ 18ηζ16

+ 6ηζ17
+ 6ηζ18

+ 16ηζ19
,

λ2L = 6 + ηζ2 + 4ηζ3 + ηζ5 + ηζ6 + 24ηζ12
+ 15ηζ13

+ 15ηζ14
+ 40ηζ16

+ 15ηζ19
,

λ1R = 8 + ηζ2 + ηζ5 + ηζ6 + 12ηζ9 + 12ηζ11
+ 36ηζ12

+ 15ηζ13
+ 15ηζ14

+ 20ηζ17
+ 15ηζ19

.

For the corrections at the SU(4)C × SU(2)L × U(1)R scale, we find

λ3C = 1− 21 (ηPSV ) + 2ηζ1 + 2ηζ2 + 12ηζ3 + 5ηζ5 ,

λ2L = 3ηζ1 + 3ηζ2 + 8ηζ3 + ηζ4 ,

λ1Y =
8

5
+

49

5
ηζ1 +

49

5
ηζ2 +

24

5
ηζ3 +

3

5
ηζ4 +

64

5
ηζ5 − 21

(
8

5
ηPSV +

6

5
ηWR

)
.

As before, PSV denotes the Pati-Salam gauge bosons in the (3, 1,−4) and WR the right-
handed W±R in the (1, 1,−6).

A.5. SO(10)→ SU(3)C × SU(2)L × SU(2)R × U(1)X

The threshold corrections at the SO(10) scale can be calculated using Eq. (2.9) and read

λ3C = 5− 21 (4ηLR + ηPSV ) +
1

2
ηζ1 +

1

2
ηζ2 + 3ηζ5 +

1

2
ηζ8 +

5

2
ηζ9 +

1

2
ηζ11

+
5

2
ηζ12

+
3

2
ηζ13

+
3

2
ηζ14

+
3

2
ηζ15

+
3

2
ηζ16

+ 2ηζ18
+ 2ηζ19

+ 12ηζ20
+

1

2
ηζ21

+
1

2
ηζ22

+
3

2
ηζ24

+
15

2
ηζ25

+
3

2
ηζ26

+
15

2
ηζ27

+ 2ηζ28
+ 2ηζ29

+ 12ηζ30
,

λ2L = 6− 21(3ηV1
+ 3ηV2

) + 2ηζ4 + ηζ6 + 6ηζ13
+ 6ηζ14

+ ηζ17
+ 3ηζ18

+ 3ηζ19
+ 8ηζ20

+ 2ηζ23
+ 6ηζ24

+ 12ηζ25
+ 3ηζ28

+ 3ηζ29
+ 8ηζ30

,

λ2R = 6− 21(3ηV1
+ 3ηV2

) + 2ηζ3 + ηζ6 + 6ηζ15
+ 6ηζ16

+ ηζ17
+ 3ηζ18

+ 3ηζ19
+ 8ηζ20

+ 6ηζ26
+ 12ηζ27

+ 3ηζ28
+ 3ηζ29

+ 8ηζ30
,
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λ1X = 8− 21(4ηLR + 4ηPSV ) +
1

2
ηζ1 +

1

2
ηζ2 +

3

2
ηζ7 +

1

2
ηζ8 + ηζ9 +

3

2
ηζ10

+
1

2
ηζ11

+ ηζ12
+

3

2
ηζ13

+
3

2
ηζ14

+
3

2
ηζ15

+
3

2
ηζ16

+ 8ηζ18
+ 8ηζ19

+
1

2
ηζ21

+
1

2
ηζ22

+
9

2
ηζ23

+
3

2
ηζ24

+ 3ηζ25
+

3

2
ηζ26

+ 3ηζ27
+ 8ηζ28

+ 8ηζ29
.

For the corrections at the SU(3)C × SU(2)L × SU(2)R × U(1)X scale, we find

λ3C = 5 ,

λ2L = 6 + ηζ1 + ηζ2 + ηζ3 ,

λ1Y = 8 +
3

5
ηζ1 +

3

5
ηζ2 +

3

5
ηζ3 .

The subscript PSV denotes the Pati-Salam gauge bosons in the (3, 1, 1,−4/3) represen-
tation and LR additional bosons in the (3, 2, 2,−2/3).
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84 A. Scalar Decompositions and and Threshold Formulas

SO(10) 4C2L1R 3C2L1Y Label Scale

10

(6, 1, 0) ζ1 MGUT
(1, 2, 1/2) ζ2 MGUT

(1, 2,−1/2) (1, 2,−3) H MZ

45

(1, 1, 1) ξ1 MGUT
(1, 1, 0) s1 MGUT

(1, 1,−1) ξ2 MGUT
(1, 3, 0) ζ3 MGUT

(6, 2, 1/2) ξ3 MGUT
(6, 2,−1/2) ξ4 MGUT

(15, 1, 0) ζ4 MGUT

120

(1, 2, 1/2) ζ5 MGUT
(1, 2,−1/2) ζ6 MGUT

(10, 1, 0) ζ7 MGUT
(10, 1, 0) ζ8 MGUT
(6, 3, 1) ζ9 MGUT
(6, 1, 1) ζ10 MGUT
(6, 1, 0) ζ11 MGUT

(6, 1,−1) ζ12 MGUT
(15, 2, 1/2) ζ13 MGUT

(15, 2,−1/2) ζ14 MGUT

126

(6, 1, 0) ζ15 MGUT
(10, 3, 0) ζ16 MGUT

(10, 1, 1)

(1, 1, 0) s2 MI
(3, 1, 4) ζ17 MI
(6, 1, 8) ξ5 MI

(10, 1, 0) ζ18 MGUT
(10, 1,−1) ζ19 MGUT
(15, 2, 1/2) ζ20 MGUT

(15, 2,−1/2)

(1, 2,−3) ζ21 MI
(3, 2,−7) ζ22 MI
(3, 2, 7) ζ23 MI

(8, 2,−3) ζ24 MI

Table A.10.: Decomposition of the scalar representations in an SO(10) model with SU(4)C × SU(2)L × U(1)R
intermediate symmetry. Only relevant decompositions are shown. For further details, see Ta-
ble A.1.
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SO(10) 3C2L2R1X 3C2L1Y Label Scale

10

(3, 1, 1,−2/3) Ω1 MU

(3, 1, 1, 2/3) Ω2 MU

(1, 2, 2, 0)
(1, 2, 3) Ω3 MI

(1, 2,−3) H MZ

45

(1, 1, 3, 0) Ω4 MU

(1, 3, 1, 0) Ω5 MU

(3, 2, 2,−2/3) ξ1 MU

(3, 2, 2, 2/3) ξ2 MU

(1, 1, 1, 0) s1 MU

(3, 1, 1, 4/3) ξ3 MU

(3, 1, 1,−4/3) ξ4 MU

(8, 1, 1, 0) Ω6 MU

120

(1, 2, 2, 0) Ω7 MU

(1, 1, 1, 2) Ω8 MU

(3, 1, 1, 2/3) Ω9 MU

(6, 1, 1,−2/3) Ω10 MU

(1, 1, 1,−2) Ω11 MU

(3, 1, 1,−2/3) Ω12 MU

(6, 1, 1, 2/3) Ω13 MU

(3, 3, 1, 2/3) Ω14 MU

(3, 3, 1,−2/3) Ω15 MU

(3, 1, 3, 2/3) Ω16 MU

(3, 1, 3,−2/3) Ω17 MU

(1, 2, 2, 0) Ω18 MU

(3, 2, 2,−4/3) Ω19 MU

(3, 2, 2, 4/3) Ω20 MU

(8, 2, 2, 0) Ω21 MU

126

(3, 1, 1,−2/3) Ω22 MU

(3, 1, 1, 2/3) Ω23 MU

(1, 3, 1, 2) Ω24 MU

(3, 3, 1, 2/3) Ω25 MU

(6, 3, 1,−2/3) Ω26 MU

(1, 1, 3,−2) s2 MI

(3, 1, 3,−2/3) Ω27 MU

(6, 1, 3, 2/3) Ω28 MU

(1, 2, 2, 0)
(1, 2, 3) Ω29 MI

(1, 2,−3) Ω30 MI

(3, 2, 2, 4/3) Ω31 MU

(3, 2, 2,−4/3) Ω32 MU

(8, 2, 2, 0) Ω33 MU

Table A.11.: Decomposition of the scalar representations in an SO(10) model with
SU(3)C × SU(2)L × SU(2)R × U(1)X intermediate symmetry. Only relevant decomposi-
tions are shown. For further details, see Table A.1.
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E6 Decompositions in the
Unified Nelson-Barr Model B

E6 SO(10)× U(1)Z SU(5)× U(1)X SU(3)C × SU(2)L × U(1)Y

27 161 10−1 ≡ t (3, 1)−2/3 ⊕ (1, 1)1 ⊕ (3, 2)1/6 ≡ u
c
R + ecR +QL

27 161 53 ≡ f (1, 2)−1/2 ⊕ (3, 1)1/3 ≡ lL + dcR

27 161 1−5 ≡ N (1, 1)0 ≡ ν
c
R

27 10−2 52 ≡ F (1, 2)1/2 ⊕ (3, 1)−1/3 ≡ L
c
R +DL

27 10−2 5−2 ≡ F (1, 2)−1/2 ⊕ (3, 1)1/3 ≡ LL +Dc
R

27 14 10 ≡ N
′ (1, 1)0 ≡ s

Table B.1.: Decomposition of the fermionic 27 with respect to all relevant subgroups. The subscripts denote
the corresponding U(1) charges.
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88 B. E6 Decompositions in the Unified Nelson-Barr Model

E6 SO(10)× U(1)10 SU(5)× U(1)5 × U(1)10 SU(3)C × SU(2)L × U(1)Y

27F 161 101,1 = t q, u, e

5−3,1 = f d, l

15,1 N

10−2 52,−2 = F D,L

5−2,−2 = F D,L

14 10,4 N
′

27S 161 101,1

5−3,1 h
c
27,16,5

15,1 s27,16,1

10−2 52,−2 h
c
27,10,5

5−2,−2 h27,10,5

14 10,4 s27,1,1

78S 450 240,0 s78,45,24

104,0

10−4,0

10,0 s78,45,1

16−3 101,−3

5−3,−3 h
c
78,16,5

15,−3 s78,16,1

163 10−1,3

53,3 h78,16,5

1−5,3 s78,16,1

10 10,0 s78,1,1

351
′
S 1441 45−3,1 h

c
351,144,45

401,1

245,1 s351,144,24

151,1

101,1

5−7,1 h351,144,5

5−3,1 h
c
351,144,5

126−2 50−2,−2

452,−2 h
c
351,126,45

156,−2

10−6,−2

5−2,−2 h351,126,5

1−10,−2 s351,126,1

544 240,4 s351,54,24

154,4

15−4,4

16−5 10−1,−5

53,−5 h351,16,5

1−5,−5 s351,16,1

10−2 52,−2 h
c
351,10,5

5−2,−2 h351,10,5

1−8 10,−8 s351,1,1

Table B.2.: Decomposition of the scalar E6 representations with respect to all relevant subgroups.
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