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CrossMark
Abstract
Scattering of time-harmonic waves from periodic structures at some fixed
real-valued wave number becomes analytically difficult whenever there arise
surface waves: These non-zero solutions to the homogeneous scattering
problem physically correspond to modes propagating along the periodic
structure and clearly imply non-uniqueness of any solution to the scattering
problem. In this paper, we consider a medium, described by a refractive index
which is periodic along the axis of an infinite cylinder in R? and constant
outside of the cylinder. We prove that there is a so-called limiting absorption
solution to the associated scattering problem. By definition, such a solution is
the limit of a sequence of unique solutions for artificial complex-valued wave
numbers tending to the above-mentioned real-valued wave number. By the
standard one-dimensional Floquet-Bloch transform and the introduction of
the exterior Dirichlet—-Neumann map we first reduce the scattering problem
to a class of periodic problems in a bounded cell, depending on the wave
number k and the Bloch parameter a. We use a functional analytic singular
perturbation result to study this problem in a neighborhood of a singular pair
(k, o). This abstract result allows us to derive explicitly a representation for
the limiting absorption solution as a sum of a decaying part (along the axis of
the cylinder) and a finite sum of propagating modes.
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1. Introduction

Periodic non-absorbing surface structures allow surface waves that propagate along the struc-
ture without decaying. These waves do physically arise at certain exceptional values of the
Bloch parameter, and mathematically they are eigenfunctions of a certain periodic eigenvalue
problem involving the periodic structure. The corresponding eigenvalue determines the sur-
face wave’s frequency, and the surface wave itself is the periodically extended eigenfunction.

Since the eigenfunction is a non-zero solution to a corresponding periodic scattering prob-
lem from the periodic structure, the latter scattering problem cannot be uniquely solvable
at any of these eigenfrequencies. For this reason, such frequencies are often excluded from
the analysis (see, e.g. [4]) by proper assumptions on the refractive index. In the past decade,
however, the study of surface waves, also known as resonant scattering, has attracted a lot
of attention. For an overview we suggest the interesting paper [24] by S. Shipman. From the
mathematical point of view the formulation of a correct radiation condition is challenging
which ensures both, uniqueness and the existence of surface waves.

In this paper we extend the paper [15] to the scattering problem in R? by an infinite inho-
mogeneous cylinder involving a periodic (with respect to the axis of the cylinder) refractive
index. We believe that the so-called limiting absorption principle is the natural approach for
finding the physically correct solution of the scattering problem. By construction, this solution
is, in a certain topology, limit of the unique solutions to a family of coercive problems with
artificial complex-valued wave numbers.

This limiting absorption solution consists of two parts that we determine via the Floquet—
Bloch transform: The first part belongs to H' in any cylinder of finite radius and the sec-
ond part is made up of surface waves or propagative modes. This second part vanishes if no
propagative mode exists. However, if such modes exist then the direction of propagation is
determined through a finite-dimensional eigenvalue problem in the finite dimensional space
of propagating modes. This paper seems to be a first instance of such a limiting absorption
principle for a scattering problem by an infinite tube. There exist, however, several contrib-
utions concerning problems in R?® which are periodic with respect to two or all three variables,
see, e.g. [24]. Our problems serves as a simple model how tubes in R? are scattered by, e.g.
point sources.

The structure of the spectrum, the limiting absorption principle, and the construction of
radiation conditions for frequency scattering problems in free space, in closed waveguides,
and in stratified media has a long history. We refer to [2, 3, 7-9, 13, 17, 22, 23, 25-27] for a
few references. Further, in [10] (see also [14]) a limiting absorption principle for scattering in
a closed waveguide has recently been shown that relies fundamentally on the Floquet—Bloch
transform and has substantially motivated our first paper [15]. In [10], the authors decompose
fields via the eigenfunctions of the generalized quasi-periodic Laplacian in the unit cell. This
technique cannot be applied in our case—not even in the two-dimensional case—, as such
decompositions cannot be directly transferred to structures that form open instead of closed
waveguides. Our analysis is indeed rather different compared to the one in [10], and also com-
pared to the independent study in [12].
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Precisely, we consider the scattering of an incident field #™ by an infinite cylinder
Tg := B2(0,R) x R C R3 where B,(0,R) C R? denotes the disc centered at the origin with
radius R > 0. We assume that the index of refraction n € L>(R?) is positive and 27-periodic
with respect to x3 and equals to one for x € Tk and construct a (weak) limiting absorption
solution u* € HZ(R?) such that the total field u' = u™ + u* solves

Au' +Knu' = 0 inR. (1)
Here, k > 0 denotes the wave number.

The limiting absorption principle leads to a special decomposition of the solution into a
field u'" which decays along the axis of the tube and a second field u'® which consists of a
finite combination of propagative modes. Outside of the cylinder T the field u‘" is a solution
of the exterior boundary value problem Au() + k2u() = —h for some h € L2(R3 \ Tg) with
H'?-boundary data on the boundary I'y = 9T. This limiting absorption solution u‘" can be
explicitly expressed by the (generalized) Fourier transform in terms of Hankel functions of
the first kind.

Both parts, the decomposition of the field u into a decaying field u"’ along the axis and
a propagating field u® and the particular form of u" outside of the cylinder allows the for-
mulation of a radiation condition which we carry out in the second part of this paper. There,
we will prove uniqueness under this radiation condition and also existence by a direct method;
that is, without using the limiting absorption principle.

The methods we apply are all well-known and in principle simple enough to extend our
analysis to more involved scattering problems in linear elasticity or electromagnetics. This,
however, has to be done and is planed for the future.

To briefly comment on this paper’s structure, the following section 2 discusses the scatter-
ing problem in more detail and transforms it into a family of periodic problems with the help
of the Floquet—Bloch transform. We reduce the problems to a bounded cell by introducing
the Dirichlet-Neumann operator for the exterior of the cylinder Tk. In section 3 we prove
the limiting absorption principle and exhibit the particular form of u‘! in the exterior of Tk.
Finally, in the appendix we prove several properties of Hankel functions with complex argu-
ments and solve an exterior boundary value problem for the Helmholtz equation with the use
of the Fourier transform.

2. Formulation of the scattering problem and the Floquet-Bloch transform

We begin by setting up some notations (see figure 1). Let k € C with Rek > 0 and Imk > 0
be the wave number, By(y,R) = {x € RV : |[x — y| < R} the ball in RY with center y and
radius R >0, and Tgr = B2(0,R) x R C R3 the tube (or infinite cylinder) in x3-direction
with boundary I'g := 9Tr = 9B,(0,R) x R. Furthermore, we define the finite cylinder by
Cr := By(0,R) x (0,27) C R? and C := R? x (0,27) C R? and the vertical part of the
boundary by g := I'r N Cx. We consider in the following the case that a point source at some
point y € R¥is scattered by a tube Tg, C R? of radius Ry which is filled by some medium with
index of refraction n € L>°(R?®) which is assumed to be 27-periodic with respect to the vari-
able x3 and equals to one outside of Tg,. The incident field ™ is given by the fundamental
solution ®; of the Helmholtz equation in R3: that is,

. exp(iklx —y
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for some fixed y € R3. The scattering problem is to determine the total field u’ € HJ (R \ {y})
with

Ad' +KPnu' = 0in R\ {y}, (2)

and such that the scattered field u* = u’ — '™ is more regular than the incident field, in par-
ticular u* € HL_(R3). In other words, we wish to determine the Green’s function of the differ-
ential operator A + k?n. The solution is not uniquely determined by (2) because some kind
of radiation condition for the scattered field is required. It is the purpose of this paper to
derive a correct form of a radiation condition from the limiting absorption principle. First,
we transform this problem into an inhomogeneous equation in H}_ (R*) with a source term
of bounded support. Indeed, choose € > 0 and a function x € C*(R?) with x(x) = 0 for
|x| < €/2 and x(x) = 1 for |x| > € and set u(x) = u*(x) + x(x — y) u"(x). Then u coincides
with u* for |x — y| < €/2 and coincides with u’ for |x — y| > €. Setting x,(x) = x(x —y) we
observe that u solves

Au+Knu = —f inR? 3)

where f:= —[k*(1 —n)(1 — x;) + Ax,] u™ — 2V, - Vu™. We note that f € L*(R?)
has support in the ball B3(y,€) C R? and depends analytically on k. From now on we treat
f =fi € L*(R?) as an arbitrary function with compact support in the disc B3(y,€) C R?such
thatk — f; € L? (B3 (y, 5)) is holomorphic in some (complex) neighborhood of some k e R<o.
We enlarge the radius R of the tube to include the support of the source function f. In the case
of the scattering problem the scattered field is then given by u* = u — u'™ and the total field
by u' = u+ (1 — x,)u™. The solution of (3) is understood in the variational sense:

Definition 2.1. A function u € H} (IR?) is called variational solution of (3) if

/RS[Vu-Vw—anuz/)]dx: fdx @)

Tk,

for all vy € H'(R3) with compact support.

By choosing ¢ € H'(R3) in (4) with compact support in R? \ Tg, we note that u is a clas-
sical solution of the Helmholtz equation Au + k*u = 0 for x2 + x3 > R3. The solution u is
therefore analytic in the exterior of the tube Tg,.

In the following we will consider the source problem (3) for arbitrary functions f € L*(R?)
with compact support and make the following assumption on the data.

Assumption 2.2. Let k € C with Rek > 0 and Imk > 0 and let n € L>°(R?) which is as-
sumed to be 2m-periodic with respect to the variable x3 and equals to one outside of Tg,. Fur-
thermore, we assume that there exists ny > 0 with n(x) = ng forall x € R3, Finally, we assume
that f € L*(R3) has compact support which is also contained in Ty, and depends analytically
on k in the neighborhood of some k> 0.

As mentioned above, a further condition is needed to assure uniqueness. It is one of the
main goals of this paper to develop a proper radiation condition for real wave numbers. For
wave numbers with positive imaginary part we simply require that u € H'(R?).

Theorem 2.3. Let assumption 2.2 hold. If Imk > O then there exists a unique variational
solution u = w, € H'(R3) of problem (4).
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xs3

Figure 1. The geometry with its notations.

Proof. This is a standard application of the Lax—Milgram theorem. O

We will show in the first part of this paper that the solution u = u; converges (in some
topology specified later) to some solution u;, of the Helmholtz equation Au; + K*n up = —f;
in R3 when k tends to some real valued k > 0; that is, the limiting absorption principle holds.

We use the (periodic) Floquet—-Bloch transform to reformulate the problem as a
family of 2m-periodic problems. Recall that the periodic Floquet-Bloch transform
F: L*(R) — L*((0,27) x (—1/2,1/2)) is defined by

(Ff)(t.a) = f(t,a) = D f(t+2mm)e 2™ e (0,27), a € [-1/2,1/2].
mez

This formula directly shows that for smooth functions f and fixed a the transformed function

t — (Ff)(t, ) = f(t, ) is 2m-periodic; while for fixed ¢ the function o — (Ff)(t, ) = f (1, )
satisfies (1, 4+ 1) = ef(r, ). It is hence sufficient to consider L*((0,27) x (—1/2,1/2))
as image space of F.

The inverse transform is given by

1/2
(F7'h)(r) = / l/zh(t,a)eia’da, t€R, 5)

where we extended A(-, «) to a 2m-periodic function in R.
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In view of our scattering problem, we apply the Floquet—Bloch transforms to the variable
x3 and consider (x1, x;) as a parameter. We use the same symbol F for this extension. Then one

can show that F is an isometry from L?(Tg) onto L?(Cg x (—1/2,1/2)); that is,

72 (cex(—1/2.1/2)) = /

1/2
a)Pvda = [ 0P = Wik,
1/2
Further, the restriction of F to H'(Tg) is an isomorphism from H'(Tk) onto the space
L*((—-1/2,1/2),H}.(Cg)) where H]. (Cg)= {g € H'(Cg) : x3 — g(x) is 27-periodic}
(see [20, section 6]).
We transform (3) using the Floquet—Bloch transform

= Zf(x + 27rme(3)) eialat2mm) ang
mez
U0 (x) = Z u(x + 27rme(3)) emialat2mm)  for v € R3 and o € R,
mez

where e®) = (0,0, 1)T denotes the third coordinate unit vector. We note that fa depends ana-
Iytically on a because the series reduces to a finite sum. We arrive at the problem to determine

for every a € [—1/2,1/2] a solution i, € H;er‘loc(Coo) of
aﬁka 2 2N\ ~ T .
Allg g + 2ia—= + (kK'n—a)ige = —fo inCx. (6)
(9}63
Here, H;er loc(Coo) is just the local space corresponding to Hp,(Coo); that is,
H) o 10e(Coo) = {81 Coo = C: gley € Hpo(Cg) for all R > 0}. The trace space corre-
sponding to H)..(Cg) with respect to the vertical boundary is denoted by Hpe/r (v&). The spaces
H;[er]/ () are defined as the completion of Cpg, () with respect to the norms
+1/2 ,
el = R D < + 3 +€2) 80| )
LmeZ
where g¢,, = 217r 02” 02“ (p,x3)e —'[WPHX*] depdxs, £,m € Z, are the Fourier coefficients of

g € L*(y&) (see [5]). Then g(p,x3) = 277 Ze ez, 8tm € i[mp+Lxs],
Analogously to theorem 2.3 the Lax—Milgram theorem yields:

Theorem 2.4. Let assumption 2.2 hold. If Tmk > O then for every « € [—1/2,1/2] there
exists a unique variational solution iy, € Hper( Cso) of (6).

The solutions for Imk > 0 necessarily satisfy a Rayleigh expansion. From now on we fix
R > Ry.

Definition 2.5. Let Imk >0. A solution @ € H}yoo(Coo \ Cr) Of Al + 2icx 5% +
(k> — )i =0 in Cx \ Cg satisfies the Rayleigh expansion if there exists R; > R and

er,loc (

aem € C such that i is given in cylindrical coordinates by

(1) 2 2
- 1 H,' (ri/k* — ({+« )
M(I’,Lp,X3) = 7 § A 0 ( ( ) ) el[m90+fx3] (8)
T pmez  Hw (RiV/R2 = (0 +a)?)
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for r > Ry, ¢,x3 € (0,27). Here, Hy, ¢ )( ) denote the Hankel functions of the first kind and
order m € Z. The branch of the square root /z for z € C with Imz > 0 is chosen such that
Rez > 0 and Imz > 0. The series converges in H!'(Cg, \ Cg,) for every R, > R.

Remark. The series for i(r, ¢, x3) and for du(r, ¢, x3)/Or converge uniformly for r > R; + §
for every 6 > 0. Indeed, we write (8) in the form

(1) 2 2
- 1 m (rv/k* — (0 + « ot fx
u(r,p,x3) = I E b ( ( ) ) ellmetta]

(R +6) /2= (0 + a)?)

HY ((R+0)P—ra)
D (R era?)
50 (/P
|15 ((Ri+6)y/B—(E+a)?)
the Fourier coefficients of #(R; + d, -, -). Since this function is analytic we have convergence
of 3, ez (1+ 2 +m*)P|by,,|* for all p € N. Therefore, also Y, ., |bem| converges. The
same argument holds for the derivative.

r>= Ry +6,

with b, = agm . Then [i(r, 0, x3)| < 5= > tmez |bem| because of the

boundedness of ’ (see part (a) of lemma A.2). Furthermore, by, are

For Imk > 0 the (unique solution) it o, € H!

per

(Cwo) of (6) satisfies the Rayleigh expansion.
Since g = Uy |7R € H;e(rz (&) this follows from the first part of the following lemma.

Lemma 2.6. Ler assumption 2.2 hold and let g € Héérz('yR) with Fourier coefficients
27 27w

gm=13=Jo  Jo" 8(p.xs) e el do s, £,m € 7.

(a) If Imk > O then there exists a unique solution it € H,.(Coo \ Cr) of the following

per

Dirichlet boundary value problem

i
Au+21aa—+(k a®)ii = 0in Coo \ Cr, it = gong. 9)
X3
The solution is given by
(1) 2 2
- H,' (rykK>— (4 « ;
u(r’ 809x3 = 5= Z g(m 1) ( 5 ( )2) € [m¢+ZX3]7 (10)
T fmez 2 — (0 +a)?)

for r >R and p,x3 € (0,27). The solution u and its derivative Oii/dr decay exponen-
tially; that is, there exist ¢ >0 and o > 0 such that |u(r, p,x3)| < cexp(—or) for all
r > R (and the same for the derivative).

(b) If Tmk > O then the series (10) converges in H'(Cg, \ Cr) for every R; > R to some
it € Hyp1o.(Coo \ Cr). Furthermore, i is the unique solution solution of (9) satisfying the
Rayleigh expansion (8).

(c) ForeveryR, > Randk € CwithImk > 0 the operator S, : H;e/r (&) = Hper(Cr, \ Cr),

given by g = ii|c, \c, is bounded.

Proof.

(a) Existence and uniqueness of a solution & € H;er(COO \ Cg) follows again by the Lax—
Milgram theorem. The uniqueness and the proof of part (b) imply that i has to be of the
form (10). To show the exponential decay we set k; = \/k?* — (¢ + «)? and use part (a) of

lemma A.2 which yields that, for any R; > R,
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1 HY (rk 5 (Rike) ’ Hy (k)
u(r,p,x3)| < 5= || —mp—| =
‘ | 27T Z,mZEZ‘ | (l)( 27r @;Z’ H(l) Rk) (I)(R kZ)
=: |bgul
1 1
~_ |bZ,m| e_(lmke)(r_Rl) < ~_ e—o(r—Rl) |b€,m 5 rz Rl’
2w é%ejz 2w e,%ejz ~

where o = min{Imk, : ¢ € Z} which is positive because Imk > 0. This yields the esti-
mate because ), <z |bg,m| < 00. The estimate for the derivative is obtained by the same

argument.
(b), (¢) LetImk > 0 and u given by (10). We define

H,(nl)(}’kg)
HY (Rke)

where again kg = \/k?> — ({ + «)?, £ € Z. Then
~ l ifxw
a(r,p.x3) = 5 > gemem(r. ) e

LmeEL

Yom(r,p) = e r>R, LmeZ,

By lemma A.4 of the appendix there exists ¢ > 0 such that

C
[$emllZ2 500 0\B:0R)) S Ve and H"/}f,m||12-II§CI(32(0,R1)\32(0,R)) < cVi+l+m?

for all £,m € Z. Therefore, by the orthogonality of {exp(imep + ilx3) : £,m € Z},

1
HuHHper(CR]\CR) = % Z ’g&m {Hlpfm‘ H).(B2(0,R)\B2(0.R)) + (é + O‘) HwﬁmHLZ(BZ(ORI)\BZ(OR))}
LmeEL

2 (04 )?
< Jeen] {¢1+ez+m2+ e
mEL 1+£2

(’YR)

This proves that the function given by (10) provides a solution of (9). The solution is also
unique. Indeed, let g = 0 and &t € H};1,.(Coo \ Cr) be a solution satisfying the Rayleigh
expansion (8). The Fourier coefficients ug,(r) = 5 OZTr 027T i(r, o, x3) e mPTId 0 ds
satisfy Bessel’s differential equation

1 / / 2 2 m2
;(rue?m(r)) + kK= (l+a) -3 upm(r) = 0, r>R,

and the initial condition ug,,(R) = 0. By the Rayleigh expansion, uy,, is given by

i (r/P=o))

anl) = s ey

is given by this formula for all » > R. The initial condition yields a,, = 0. O

for r > R; and some ay,, € C. By analyticity, up,,(r)

Now we consider the source problem (6) also for the case of real wave numbers k = k>0
and include the Rayleigh expansion.

Problem (P, ): Determine i, € Hg, Co) as a solution of (6) for k =k >0 which
satisfies also the Rayleigh expansion (8) for k = k > 0; that s,

er,loc (
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A, + 21046— + (n—a i, = —f, inR’,  and (11)
, s ,

ei[mcp-‘r@xﬂ’ r 2 Rls

1 H,,(11)(r K- L+ 04)2)
U (rip,x3) = — E agm
ka 2 ) -
tmez Hy' (R — ({4 a)?)

for some R; > R and ay,, € C.
As the example of a constant index n shows for given £ > 0 there might exist certain values
of a such that the Problem (P, ) does not have a unique solution.

Definition 2.7 The values of a € [~1/2,1/2] for which the homogeneous form of Prob-
lem (P, ); that is, (11), (12), with f,, = 0, admits non-trivial solutions are called exceptional

values or propagative wave numbers. The corresponding periodic solutions ¢ € H per 1oe(Coo)
of the homogeneous problem are called propagating modes.

We define the set
= {a€[-1/2,1/2]: thereexists { € Z with |a + ¢| = l}}

of cut-off values and note that A consists of one or two elements. We make the following
assumption for the rest of the paper.

Assumption 2.8. The cut-off values o € A are not exceptional values; that is, for o € A
the only solution of (11) and (12) for f, = 0 is the trivial one.

The name ‘propagating mode’ is justified by the following.

Lemma 2.9. Let assumption 2.8 hold and choose Ry > R.

(a) If « is an exceptional value with corresponding propagating mode (b €EH Coo) then
gi) is evanescent; that is, there exists o > 0 and ¢ > 0 with |¢> X } < cexp(—o\ /X7 + x%)
for all x € Co. In particular, ¢ € H}o(Coo).

(b) If « is exceptional with propagating mode QS cH

per loc (

per 1oc(Coo) then —av is exceptional with

propagating mode ¢>.

Proof.

(a) Let ¢ € H, Coo) be a non-trivial solution of (P,) with f,, = 0. Green’s formula in
Cg, and the Rayleigh expansion (12) yields

/ [|V<;3|2 — Zia%g—ﬁ— (a® — &n) |9|*] dx
Cr,

per loc (

-/ L0 = R Y farnf il (k)

OmeZ H(l) R k )
2 keH lez 2 1|kg|H lR1|k4D
_RIZ Z ‘1’ | Z Z { (1)(R\k|)
mEL || <k MmEL |¢tal>k
zsz letz \kZ|K (R lke)
meZ | 4a|<k '”EZ [e+a| >k

9
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with k, = /k2 — |¢ + «|?. The terms with [{ + | = k do not appear because of assump-

tion 2.8. Here, K,, are the modified Hankel functions which are related to the Hankel
functions by H,(,,l)(it) = %i_"’_le(t) and are real valued (see [1]). The left hand side
and the second series on the right hand side are real valued. Furthermore, for s > 0

YO S ADIAOES AOIAC) >0
HiD() s (s) rlH o)

by the Wronskian relationship. This implies that a,, =0 for all (¢,m) € Z* with
[0+« < k. Finally, we use part (a) of lemma A.2 which yields as in the proof of lemma
2.6 that, for any R, > Ry,

- (rke)
|”ic,a(r’90’x3)‘\ Z Z ’aMl| (1) - ‘
L=t HYD (Rikg
— Z > a } ‘H&l)(rke)|
m€Z|€+a\>k (]) (Rike) H;Sf)(Rzke)
= |bem]
Ly oy g
MEL |0+ a|>k
< e Y S r> R,
g m€Z‘g+a|>/}

where o = min{|¢ + | —k:|¢+ a| > k, £ € Z}. This proves part (a) because the
series over |by | converges.
(b) This is clear from the definition. O

Next, we reduce the problem to a boundary problem in the bounded cell Ck using the
Dirichlet-Neumann operator.

Definition 2.10. Let Rek > 0 and Imk > 0. The periodic Dirichlet-Neumann operator
Ao : H;e/rz('YR) — Hp;3/2(7k) is defined by

1)
A (keR) i€
(Akag)(prx3) = E et for o, x3 € (0,27),
H“) (k¢R) -

where again ky = \/k*> — (£ + «)? for £ € Z. Here we cut the complex plane along the nega-
tive imaginary axis so that the square root is holomorphic in C \ (iR¢o). Furthermore,

27 27
Stm = / glp.x) e mtuldpde,  meZ,

are the Fourier coefficients of g € H;e{rz(w). The operator is well defined and bounded by part
(b) of lemma A.2.

10
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We can even extend this operator Ak,a to (k, ) € C x C in a neighborhood of real values
(k,&) € Ryg x [—1/2,1/2] C R x R. This and other properties are shown in the following
theorem.

Theorem 2.11.

(a) The operators Ao, are well defined and bounded from H;e/rz (vg) into H;erl / 2(71?) Sor all
k€ Cand o € [-1/2,1/2] with Rek > 0 and Imk > 0.

(b) Let k > 0 and & € [—1/2,1/2] such that|{ + &| # k for all £ € 7. Choose § > 0 such
P={(ka)eCxC:la—al+k—kl <d}

satisfies |+ o # k and K — (0 +a)? ¢iRg for all (k,a) € P and £ € Z. Then
the mapping (k,a) v~ Ay is well defined and strongly holomorphic from P into
L(HE (). Hyet " (1))

(c) Ak,a — ]X,',o is compact from Hfl,e/r2 (yr) into Hp_erl / 2('yR). Here, /N\i,o denotes the Dirichlet—
Neumann operator for k =i and o = 0.

(d) Aig is self-adjoint and negative; that is, (Ajog,g) <0 for all ge H;érz (vr) with
g # 0. Here, {(-,-) denotes the dual form; that is, the extension of the L*-inner product to

—1/2 1/2
Hpet "> (78) X Hylt' (78)-

Proof.

(a) This follows directly from the estimate of part (b) of lemma A.2 of the appendix.

(b) Boundedness of Ak,a for every (k, o) € P follows again by the estimate of lemma A.2 of
the appendix. For the analyticity of the mapping (k, o) — ]\k,a it is sufficient to show that
this mapping is weakly holomorphic; that is, the mapping (k, ) — (Ayag, k) is holo-
morphic in P for every g, h € Hrl)e/r2 (v&)- The fact that every weakly holomorphic function
is strongly holomorphic is shown, e.g. in Chapter 8 of [6] for operator valued functions
of one complex variable. Since the proof uses only Cauchy’s integral formula - which is
valid also in C? - this property holds also for functions of two complex variables. The
series

converges uniformly by lemma A.2 which proves analyticity of this function.
(c) Let Agog = Ou/0r|, and A;pg = 0v/0r|,, where u and v solve

B
Au + 2ia = + (B—a®)u =0, Ao —v =0 inCx )\ Ck

8x3
and u = v = g on ¢ and the Rayleigh expansions. The difference u — v satisfies
. O(u—v) 2_ 2 . Ov 2 _ 2
Au— 2 - —0) = 2ia— — (K- 1
(u—0) + 2ia o + (kK —a”) (u—"0) ia o, (k*—a"+ 1o

for » > R and u — v vanishes on 7. Now we choose ¢ € C>°(R?®) which is equal to
one in the cylinder {x € R3: x% + x% < IA€2, —1 < x3 < 2w + 1} and vanishes outside of
the larger cylinder {x € R?: x3 +x3 < (R+ 1)%, —2 < x3 < 27 + 2} for some R > R.

1
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We define the shell S:= {x € R*: R> <x} +x} < (R+1)%, —2 < x3 < 27w + 2}. The
product w = ¢(u — v) satisfies

)
Aw + 2ia o= + (K —o®)w = —h inS
8x3

and vanishes on the boundary of S. Here,

h = 2ia@+(kta2+1)v ¢—2V¢-V(u—v)—(u—v)A¢—Zia(u—v)@.
8)63 8x3
We notice that i € L*(S) and the mapping g — & is bounded from Hée/rz(yR) into L*(S) (by

the continuous dependence of # and v on g). Standard regularity results for elliptic partial
differential equations imply continuity of 4 — w from L*(S) into H*(S). This shows conti-
nuity of g — w from H;éz(wg) into H*(S) and thus compactness as a mapping into H'(S).
The trace theorem yields compactness of g — dw/dr = d(u — v)/0r = (Ao — Aip)g.
(d) Let again A;ogj = 0v;/dr|.,, for j = 1,2 where v; € Hjor(Coo \ Cr)solves Av; — v, =0

in Cs \ Cg and v; = g; on . Then, for any R; > R,

~ a 8
(iog1-82) = / %Flds = / %%ds - / Vo, - VI, 4 0,7; dx
TR r r=Ri r CR]\CR

which converges to the hermitean form — fc \Cr [Vvl -Vo, + 01772] dx as Ry — o©
because v; and dv;/Or decay exponentially by part (a) of lemma 2.6. This shows that
/~\i,0 is selfadjoint. Furthermore, for g = g; = g, we observe that Ai,O is negative because

(Aiog,g) = 0 holds only for v = 0 which implies g = 0.

We recall the bounded cell Cg = B»(0,R) x (0, 27) and formulate the source problem for
o € H !

ber(Cr) as the variational equation

- — . O . = o s
/ |:vuka : Vd) + 2ia Uk, 8717[} + (a2 - k2n) Uk, o 1/) dx — <Ak,auk,a’ dJ) = fa wdx (14)
Cr 3 Cr
for all 1 € Hp, (Cg).
The proof of the following lemma is simple and left to the reader.
Lemma 2.12. Let k € C with Rek > 0 and Imk > 0.

(a) If g € H;er,loc(C"o) is a solution of the scattering problem (6) and Rayleigh expansion
(8) then the restriction iy o|c, € Hl(Cr) solves (14).

per

(b) If tig.o. € H)r(Cr) is a solution of (14) then the extension

~ (x) ﬁk,a (x)’ X e CR7
Uk, = e ~
- Sk,a (uk,a|FR) (X), X € Coo \ CRy

with the operator S'k,a introduced in lemma 2.6 is the solution of the scattering problem
(6) and Rayleigh expansion (8).

_ We show that the equation (14) is of Fredholm type. Indeed, we first decompose Ak,a into
Ak = Aig + [Aka — Aip)- From theorem 2.11 we observe that

12
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(0.4), = /C [Vo VT + 07 de — (Av.w), 0.9 € Ha(Cr)o (15

defines an inner product in H).,(Cg) which is equivalent to the ordinary norm in H}..(Cg).
Therefore, (14) is equivalent to

(ﬁk»a’ ¢)* - ak,a(ﬁk,ﬂé’ ¢) fa¢dx ¢ € per( )

where
o (0,9) = /CR [ (vg;i 1/188:3> + (@ —Kn—1)vi| dx
- <[‘/~\i,0 - Ak,a] o, ¢>’ 0, w € per( ) (16)

We note that the source term fa in (14) can also depend on k (as in the original scattering
problem (3)), and we write fk,a from now on.

Let again k € C with Rek > 0 and Imk > 0. By the theorem of Riesz, the compact imbed-
ding of H),(Cg)in L*(Cg), and the compactness of A;o — Ao there exists a compact opera-

tor Ko from Hy, (Cg) into itself with aq(u,v)) = (Kiatt, 1)« for all u,p € Hy, (Cg).
Furthermore, there exists rx.o € Hp.,(Cg) with [, o Jro W dx = (rpa, ) forall ¢ € H)o (Cr).

Then we can rewrite the variational equation (14) as an operator equation in the form
ﬁk,a - Kk,aﬁk,a = Tt in Hper(CR)- (17)

The operator equation is well defined for all kK € C with Rek > 0 and Imk > 0. For Imk > 0
we have uniqueness and existence by theorem 2.4.

For real values k = k > 0, however, we expect non-uniqueness at certain values of « that
we called exceptional values (see definition 2.7) . In other words, we expect that for some
o € [—1/2,1/2] there is an eigenvalue A = 1 of the non-selfadjoint operator K; . We note
that by lemma 2.12 the corresponding eigenfunctions are exactly the propagating modes of
definition 2.7.

Lemma 2.13. Let k > 0 and assume that assumptions 2.2 and 2.8 hold. Then there exist
at most finitely many exceptional values {&; : j € J} C [—1/2,1/2] for some finite index set
J C Z. By part (b) of lemma 2.9 we can assume that J is symmetric with respect to the origin
and 6_j = —&; forall j e J.

Proof. Assumeonthecontrary thatthere exists an (infinite) sequence (&;);in[—1/2,1/2]and a
sequence (w;); in Hper(CR) of corresponding normalized functions such that (I — K} & Jwj =0
for all j. Let again A = {a € [=1/2,1/2] : |¢ + a| = k for some ¢ € Z}. We can assume
that the sequence belongs to one of the at most three intervals of [—1/2,1/2] \ A, say to
T = [~1/2,7) where |¢ + 7| = k for some £ € Z. By theorem 2.11 there exists an open set
U such that Z C U and the mapping o — K , is analytic from U into £(H} per(CR)). From
[11, theorem 5.1] it follows that the equation (I K; ,)w = 0 has the same number of linearly
independent solutions at every parameter o € Z except for finitely many. Since for the infinite
sequence ¢; this number is at least one, it has to be at least one for all o € Z except for finitely
many. From the continuity of o +— I?,;a and the injectivity of IN(;(,T by assumption 2.8 the op-
erators K  have to be injective for all « in a neighborhood of 7. This is a contradiction. The

other cases of Z are treated in the same way. O

13
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3. The limiting absorption principle

In this section we fix an arbitrary wave number k € Ry and investigate the operator equa-
tion (17) in a neighborhood of the exceptional values &; for j € J. (Of course, such excep-
tional values do not need to exist for every k > 0.) The following lemma is obvious by the
Fredholm property of the operator K ., and the definition of an exceptional value.

Lemma 3.1. Forany fixed § > O the solutions i o, € H.,.(Cg) of (17) for Imk > 0 converge

per

toiy ,in H!. (Cr)ask — lAcunzformlywithrespectto{a €[-1/2,1/2] s la — & =6 Vj e J}.

per

It remains to study the convergence of it o, in neighborhoods of the exceptional values &;.
To this end, we formulate the following result from abstract functional analysis.

Theorem 3.2. Let H be a (complex) Hilbert space, I.= (—¢cp,c0) CR and
Io = (—ag,a0) CR  open intervals  containing 0. Let K(e,o):H—H and
fle,a) € H, (e,a) € I, x I, be families of compact operators and elements, respectively,
such that (e, o) — K (e, o) is twice continuously differentiable on I x I, and (¢, &) — f(e, @)
is Lipschitz continuous on I, X I,. Set L(e, ) = I — K (g, &) and assume the following:

(a) The null space N := N'(L(0,0)) is not trivial and the Riesz number of L(0,0) is one; that
is, the algebraic and geometric multiplicities of the eigenvalue 1 of K(0,0) coincide; that
is, N'(L(0,0)?) = N'(L(0,0)). Let P : H— N C H be the projection operator onto N
corresponding to the direct decomposition H = N @ R(L(O, 0)),

(b) L(e, &) is one-to-one; that is, also onto, for all (e, &) € I X I, (g,a) # (0,0),

(c) A:= %P%K(O, O)|nv: N =N is selfadjoint and positive  definite  and
B:=PZK(0,0)|5 : N = N is selfadjoint and one-to-one.

Let u(e, ) € H be the unique solution of L(e, o)u(e, «) = f(e,a) for all (e,a) € I X I,
€ > 0. Then there exists e, € (0,e0) and § € (0, ) such that u(e, ) has the form

m

ua) = uW(ca) — 3 —L gy for (c,a) € (0,61) x (~6,0).

i — A
=1 £

u(l)(s, a)||g is uniformly bounded with respect to (g, &), and {/\g, Qe l=1,... ,m}
is an orthonormal eigensystem of the following generalized eigenvalue problem in the finite
dimensional space N (where m = dim N ):

—B¢y = M A¢, inN  with normalization (Aqﬁg,qﬁgl)H = g (18)

Here,

Sfor 6,0 =1,...,m. Finally, fo = (Pf(0,0), ¢g)H are the expansion coefficients of A~ Pf(0,0)
with respect to the inner product (A-,-)g.

For the proof we refer to [16].

We want to apply this tlleorem to the equation (17) and set K(e, ) = K; Hedta and
fle,a) = Titic.dita where k > 0 is fixed and &;, j € J, is one of the exceptional values.
In the following we assume always that assumptions 2.2 and 2.8 are satisfied. We have to
show the assumptions of the previous theorem. Let 5(1 =N(I - K;. af) denote the kernel of

I — Kl},d,-- By lemma 2.12 it is given by

14
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¢; is evanescent

_ A2 —
{¢J|CR : ¢’J per( ) satisfies éd)j + Zla] 8@/8)“ + ( T )¢] Oin COO}

and recall that X; C H!

per

the inner product (-, -). from (15). We set m; = dimX;.

(Cg) is finite dimensional. The space H,.(Cg) is again equipped with

per

Lemma 3.3. Fix j € J.

(a) The decomposition Hy,(Cr) = X & R(I— A’é/_) is orthogonal with respect to (-, +).
Therefore, the projection operator P; : per(CR) — X is the orthogonal projection.

(b) The Riesz number of I — KAJi is one.

(c) P; 88K (0,0) |X =P 8kK _‘ﬁ : )N(] — 5(} is selfadjoint and positive definite and

X
PJ 8aK )
/
(d) The elgenvalue problem (18) takes the form

: XJ — X] is selfadjoint.

oo

/ [_ia(gqﬁe,erdj@J] Pdx = MJ.;;/ ngejibdx forally € X, (19)
Coo 3

and { = 1,...,m;. The normalization takes the form

2]2/ noujdpjdx = o

oo

Here, @J e 5(] is identified with its extension in Co.

Proof. Since j € J is fixed we drop j from the notation.

(a) First we note that for v € X and + € per(C ®) the dual form takes the form (see proof of
lemma 2.9)
(1)
(Apgo) =R Y szmmM RS Y vty Kl lelf)
, Gl >k mMEL Hy, (k R) c7 UWZ'R)
|46 |>k™m [e4+a|>km
= <U? A]}a¢>

because the ratio is real valued. Again, K,, are the modified Bessel functions and
ke = ke(k, &) = \/k? — (£ + &)2. Therefore, for v € X and ¢ € H,.(Cr) we have by

partial integration
o 02
a8 (0, ) = — 21a08—+(a —kKn—1)v|de — (A 0.9)
Cr X3
— _/ [-21@@— + (&% — k*n — 1)@] dx — (0, Ay 4%) = ag,(¢,0).
Cr 8)63 ’ ’
From this we conclude for v € N'(I — K ;) and ¢ € H,,(C) that

((I_Ki(,@)w’v)* = (w,v)*—a@,@(l/w) = (U"‘ﬁ)*_al},@(v’w) = ((I—K;;,@)W/))* =

15
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(b) Letu € N'((I — Kp4)*) and set v = (I — K; 5 Ju. Then v € N'(I — K ). Therefore

||ZJ||3< = (U, (I— Kk&)u)* = ((I— K,;’d)u, Z))* = aic?d(u, )
=ap4(v,u) = ((1— K; 5)0, u), =0
because (I — K ,)v = 0. This implies v = 0; that is, u € N'(I — K ).
(c) We note that aj 4 has the following form on X x X
_ oy 2 — o
a; ,(v,9) = — 2iGv —— + (&* —kKPn— 1) vy | dx, 0,7 €X,
’ Coo Ox3

because v and ¢ decay exponentially as x7 + x3 tends to infinity. On the right hand side
v, € X are again identified with their extensions in C,. Therefore,

%a,;’&(v,w):ﬂc/ nopdy, v,9€X,
c

oo

iak*d(v’w)__z/c {wgqi—i—avw} , v EX.

This proves part (c) because X is finite dimensional.

(d) This is obvious of the forms of 2 5% 4 and -2 Ja%a of part (c). O
Therefore, all of the assumptions of theorem 3.2 are satisfied if \g; # Oforall{ = 1,...,m;
and j € J.

For a more convenient formulation we translate the spaces 5( into the (isomorphic) spaces
X of ¢&j-quasi- perlodlc solutions of the homogeneous Helmholtz equation; that is, we replace
the periodic function ¢; by j(x) = €% @(x). Then ¢; € X; if, and only if, b € X; where

X; = {Jilcy : & € H, (Coo) satisfies Agy + k*nd; = 0in Coo, ¢ is evanescent}. (20)

Here, H ( '~ ) denotes the space of G Q- quasi- perlodlc functions (wrt x3); that is, the subspace
of H! (C ) consisting of functions (JS such that ¢(x1,x2, 2m) = e‘aﬂ”(ﬁ(xl,xg, 0) for all x1,x,.
The eigenvalue problem (19) is equivalent to

—i/ %de = Ag,,.ic/ ngejPpdx forallyh € Xjand £=1,...,m;.
Coo 8X3 ’ ’
2D

oo

Again, qASg ,j are normalized by

2];/ néejbojdx = Sop.
Therefore, all of the assumptions of theorem 3.2 are satisfied if k > 0 is regular in the follow-
ing sense.

Definition 3.4. & > 0 is called regular, if A\g; # 0 for all £ =1,...,m; and j € J where
Aej €ER, ¢ =1,...,m;, are the eigenvalues of the selfadjoint eigenvalue problem (21) in the
finite dimensional space X .

We fix j € J and consider « in a neighborhood of an exceptional point &;. Application of
theorem 3.2 to the equation (17) for k = k+ ig; that is, writing ite o, K o, and r, o for it tie.as

Kk+1e,a’ and r; Ptie.ar respectively,

16
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i’te,a - Ks,aﬁe,a = TIea in Hper(CR>»

yields the decomposition
oo = 0L + ) (22)

of @ie for a in a neighborhood {o : | — @] < 6} of an exceptional point &; where

aé‘)l € H,..(C) is bounded uniformly in (e, @) and

~(2) __ d fé,j 7 N ~
us,a = 7;m¢zd for (6,0[) S (0,51) X (Oéj — 5,0éj+5)

Here, A\; denote the eigenvalues of (19) with corresponding eigenfunctions bo; J € 5(
Furthermore, fz; = (Pjro.a;. (%) = (rog, ,qﬁgd) fCRfka ¢ejdx by the definition of "ia,
and part (a) of lemma 3.3. We note that u:7, € X has an extension to all of R3.
We set u(z) =0 and ug,l =i qfora€Zs:={ae[-1/2,1/2]: la—d&| > Vje T}
Then we have the decomposition i, o, = il + ) forall o € [-1/2,1/2]and € € (0,¢y).
We need to investigate convergence of the inverse Floquet—Bloch transformations

1/2 ‘ 446 A
uc(x) :/ ﬁglc)!(x) e*Bda 4+ Z/ ﬁg&(x) el®B qg

/2~ jer Ja—o
1/2 (1) G&j+6 1 )
= u 1Omdoz fei <,Z5g / — _e"dq
/_1/2 cal j;; T &6 ie — Agj (o — &)
12 |
[ ean = S i) [ e
—1/2 jes =1 £
_ /1/2 i) (x) ™5 da + sz&] Bo(x / 1 RIS
—1/2 sl jel =1 s<lal<1/2 i€ = Agj @

1/2

= 3> fuj bej(x) / L —e!““da

jes =1 71/2 IE_A[JQ

= ul(x) + u®(x)

where

1/2 1

jes =1

and u") = u, — ul?. Note that we switched from ¢y (x) to dy,(x) = %% gy, (x).

The functions ;é ) converge to u(() i in H),(Cg)as ¢ tends to zero for every a ¢ {&; : j € J}
O]

because I — K, is an isomorphism for all such .. Furthermore, ||itea
formly bounded for a € Zs and also for a € |J;,(& — 6, d; + &) by theorem 3.2. Therefore,

Lebesgue’s theorem on dominated convergence yields fi/lz/z ) i ;Hip (cpyda — O as
s per (CR
Q)

€ — 0. The boundedness of the inverse Floquet—Bloch transform yields convergence ue ’ to

u(()]) in H!(Tg) as € — 0. Therefore, it remains to study the convergence of ul®.

(1) L
— iy, Hng,(CR) is uni-

17
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Lemma 3.5. Let A € R, A #0. Then

1/2 1 . 2 X3/2 t
lim e“®da = —— |1 +sign(\) = / Sli dr (24)
™ Jo

e—0 —1/2 i — Ao |)\‘

uniformly with respect to |x3| < a for every a > 0. Also, the derivative of the integral with
respect to x3 converges uniformly for |x3| < afor every a > 0.

Proof. We compute

/1/2 1 eiax3da _ /1/2 —ie — A\« eiax3da
—1/2 iE— o —1/2 82+)\2052

1/2 1/2 .
:7i5/ cos(auxz) do — i)\/ asin(aos) do.

71/2 52 —+ )\2042 71/2 52 + )\ZCKZ

In the first integral we substitute & = te/|A| and in the second integral ¢ = awxs. This yields

12 elon g IM/) cos( t€x3/|)\|) _ %/2 0 fsint &t
—-1/2 i€ — /\CM |/\| —|Al/(2¢) 1+ 2 _x x252 + 2242
3/2 3

For € — 0 the expression on the right converges to

i [1 2i (%% sint 2 (%2 sint
- ——dr — — —dr = 1 A —drt

|)\|/_Ool+t2 )\/0 ‘ |)\| sign() 2 /0 ‘
uniformly with respect to |x3| < a, for arbitrary @ > 0. The derivative of the integral with re-
spect to x3 converges uniformly for |x3| < a for every a > 0 as well. O

Remark 3.6. Aslim, .« [, sin(t)/tdr = /2 we observe that ¢+ € C*°(R), defined by

2 (%% sint
1+ 7/ Smdt] X ER, (25)
Vs 0 t

tends to 1 as x3 — £oo while it converges to 0 for x3 — Foo. Thus, as € tends to zero, uff)

from (23) converges to

uy (@) = 9 ) Do uw () + 9T () Dou (1), e Th, 26)
jeJ jel
where
uji x) = 2mi Z |fe,; ¢gJ R x e R3. 27)
At 20 Al

()

This separates u; * into groups of modes propagating to the left and the right.

18
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Setting a,j = 2mi ‘{\’Zﬁ in (27) yields the following main result.

Theorem 3.7 (The limiting absorption principle). Let assumptions 2.2 and 2.8 hold
and let k > 0 be regular in the sense of definition 3.4. Then the solution u,2+6 of (3) for

k =k +ic has a decomposition in the form i, = ugl) 22) where u( ) e H}. (R3) and

(2) € W (R3) is given by (23). Furthermore, for every R > Ry we have that uél) € H'(Tg)
converges in H'(Tx) to some uV) € H'(Tg) and u? e w2 2 (R3) converges for every a > 0

in W2 (R? x (—a, a)) to u®) € W2 (R3) which has the form

(2) = YT (x; Z Z agj ¢>l,1 + 1/)7(x3)z Z ag‘fqggd-(x), x e R,

JET Xgj>0 J&J Xj<0
(28)

foray; € C given by

27 =

.
i (x) e j(x) dx, (29)

g — 2L
Tyl

g (Ff)(x, &) dej(x) dx =

B ‘)‘é,i| R3

¢=1,....mj, j € J. Here, the functions )* are defined in (25), and ngSgJ are the &j-quasi-pe-
riodic solutions of A¢y; + kznm’j = 0inR3, given by the eigenvalue problem (21). The func-
tion u = u" +u® € HL (R?) is a solution of the source problem Au + k*nu = —f in R>,

Proof. Only the second equality in (29) has to be shown. But this follows directly from

/ (Ff)(x Oé/) ¢l,/ Z/ f(x_|_27-rme(3)) *271'1maj¢ ( )

Coo meZ

- Z/ Fla+2mme®) Gyj(x+ 2mme®)) dx = /f(x du(x) dx
meZ D

This result holds for any R > Ry. Therefore, the solution u = u) + u®@ is defined in all of
R3 and a solution of the differential equation (3) for k = k.

Remarks 3.8.

(a) We note that we canreplace the functions ¢)% by any functions with ™ (x3) = 1 + O(1/x3)
as x3 — 0o and ¥t (x3) = O(1/xs]) as x3 = —o0 and £yt (x3) = O(1/|x3]) as
x3 — Foo (and ¥~ analogously) because the difference of this choice of ¢+ and the
one of (25) differ only by a H'-function. In particular, one can choose 1T such that
¥t (x3) =0 for x3 < —7 and " (x3) = 1 for x3 > 7 for some 7 > 0 (and ¥~ analo-
gously) or

¥t (x3) e 2t ;i €R, T =1 — gt

(b) The representation (28) (with (29)) corresponds to the asymptotic formulas for closed
waveguides Tk; that is, with boundary condition u = 0 on 0Tk see, e.g. theorem 7 in [10].

(¢) From part (b) of lemma 2.9 and the eigenvalue problem [21) we note that we can assume
that (ﬁ(!_j = @J forall £and j € J and thus Ay _; = — ;. Therefore, there exist as many
propagating modes propagating upwards as ones propagating downwards.
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(d) In the special case that X; is one-dimensional with basis {¢;} such that 2k Jeo n|¢;Pdx = 1

the wave number is regular if \; = —2i [, Co ‘%’ - jdx # 0. In pamcular =1Im [, Co gi’ idx

corresponds to the group velocity of this elgenfunctlon and measures its energy flux in
vertical direction: In the the case \; > 0 the energy of the wave is traveling upwards, in
the case \; < 0 the energy of the wave is traveling downwards (see [18]).

As a corollary we apply this result to the special case of the scattering of a point source
U™ (x) = ®;(x,y) by the periodic waveguide. In this case the total field u' = u™ + u* is the
Green'’s function of the differential operator A + k?n and is given by u' = u + (1 — Xy )u™
where xy(x) = x(x —y) and x € C>(R?) is such that y(x) = 0 for |x| < €/2 and x(x) =1
for [x| > € for some € > 0 and u solves (3) with f := (A + k?n) [(1 — x,) u"™]. In this case
we can compute the coefficients a,; explicitly.

Corollary 3.9. Let assumptions 2.2 and 2.8 hold and let k > 0 be regular in the sense of
definition 3.4. Then the Green’s function G(x,y) has the form

G(x.y) = ®u(xy) + GV (xy) + 2wt @)Y Y 5 |¢@ ) des(v)
JET Agy>0 1
+ 27y (x3) ZZ | QSZJ ( )s x,y€R3,x7éy,
JET Ag;<0 €J|
(30)

where (= are as in theorem 3.7 and GV (-, y) € H'(Tg) for all R > 0 and y € R>.

Proof. We have to compute a,; from (29) for the special form
fi=(A+K&n)[(1 - x,) (-, y)]. By Green’s theorem we have for any ¢ € (0,&/2) (note
that f has compact support and x,(x) = x(x —y) = 0 for |x — y| = 0)

/|v>§f(x)¢3w(x)dx— | 7y‘>6(Ax+k2n) [(1 = xy) Be(-,y)] e dx
_ AP (x,y) == am X »
- /x v=3 [ O (x) Peslx) = 5y 2k(ny)| ds(x)

B /|7<5(I)k(x’y) [Ade(x) + K di(x)] dx + duy(y)

ye / Du(x,y) (1= n(x)) dey(¥) dx + rs(y)
[x—y[<é

and this converges to ¢y j(¥) as & tends to zero. Therefore, ay; = &—’;l be (). The assertion
J
follows from the decomposition

Glxy) = ux) + (1= x(x =) Bulxy) = Buloy) + [ (x) = x(x =) Vulxy)] +u?(x)

=: GO (xy)

and the form of u®. O
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4. The radiation condition

It is obvious that uV) from theorem 3.7 is a solution of the following boundary value problem
AuY + BPuD = —pyin R \ T, u) = goon g, 31

with hg := Au® + K2u® in R3 \ Tg and g := u =y — u® on I'g. The solution of this
boundary value problem is not unique without a condition away from the waveguide. We will
derive such a radiation condition below. First we note that sy € L?>(R? \ Tx). Indeed, from
(26) we observe that for x & Tg the right hand side A is given by

ho(x) = Au® (x) + K2u® (x )

-3 [zw YO d‘iw*(m}

JjeJ
au-_(x) 42
= i —n &

+ {2 o, T (x) dx%w (x3)}

JeJ
1 sin(x3/2) 3ujT"(X) 3uj_(X) d sin(x3/2) , | B
- Zﬂjze;[ x3/2 Oxs Ox3 + d;  x3/2 (”f () = u; (@) (32)

where ui are linear combinations of the evanescent modes g 0= 1,...,mj, see (27). From

this we observe that not only hy € LZ(R3 \ Tg) buteven hy € L2 (R \ TR) for any o > 0 where
L2(R3\ Tg) = {h € LA(R¥\ T) : hy € LX(R*\ Tz)} and h,(x) = (1 +x3 +23)7/2h(x),
x ¢ Tr. This space is equipped with the canonical norm |||z s\ 7,) = (= Il 2 o\ 1)

In order to formulate a correct radiation condition for #!" normal to the axis of the cylinder
we need the cylindrical Fourier transform Fg : Z x R — C of g which is given by

1 27 . '
(Fg)(m, &) = = g(p,y3) e et )dpdy;, meZ, E€R.
ZW R
0

Here, ¢ € (0,27) and y; € R are the cylindrical coordinates of y € T'g. Then F is well
defined and bounded from L*(T'g) into

L*(Z xR) := {g Z xR — C: g(m,-) € L*(R) for all m and Z/fgmgﬂ d§<oo}
me7Z

The inverse transform is then

_ i(mp+£€xz)
gcp,xg—ZZ/]:gmg pHen) ge.

mez

Also, Parseval’s identity holds in the form

/Fklg(xﬂzds: // s aodn = RY [[(Femo)f'as

meZ
(33)
The one-dimensional Fourier tranform F is related to the Floquet—Bloch transform F by
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1 . 1 2w (m+1) )
Fif §+£ = 7/f s e*”(fﬁ“é) ds = fls eflS(ﬁ‘F[) ds
FNE+0 =05 | Y
27
Z/ fs+27rm —i(s42mwm)(£4£) ds = \/7/ Ff ) 71&de

mEZ

for ¢ € Z and £ € (—1/2,1/2]. This translates to the cylindrical Fourier transform F as

27 27
(FF)(rm&+0) = / / (FF) (1. €) 0" +05) ey dip (34)

forr >0, ¢,m e 7Z, & € (—1/2,1/2] where r, ¢, x3 are the cylindrical coordinates of x € R,
Analogously, the inverse of F is expressed as

14+1/2
(F'g Z / rom, §) &P ) dg = Z / gr,m, &) emeten) ag
mEZ ﬂ-mZEZ =172
1 12 '
= — g(r’ m, g + é) el(mtﬂ+(§+f)xs) dg
2 —-1/2 mleL

where r, o, x3 are the cylindrical coordinates of x € R, Therefore, by (5),

(FFl'g)(x,a) = — Z (rom, o + £) elmettx), (35)
mlEZ

The Fourier transform is, in particular, useful to define the trace space H'/?(I'g) by

H'*(Iy) = {g €L’ (Tr): ) / + (m/R)? + €)% (Fg) (m, &) Pde < 00} :
me7z
Then the trace theorem holds for u € H'(Tg) or u € H' (T} \ T) for R > R (see [5]).
We will now study the following exterior boundary value problem for the Helmholtz equa-
tion in the exterior of the cylinder 7%

Av+ kv =—hinR*\ Tz, ©v=gonlkg, (36)
such that the Fourier transform satisfies the family of one-dimensional radiation conditions
. 0 .
i VF (G (Fo)(rm ) iK€ (Fo)(rm ) ) = 0 G7)

for all m € Z and almost all £ € R where k(§) = /k> — &2

Theorem 4.1. Let h € L2(R3\ Tg) for some o > 1 and g € H'/*(Tg) and k € C with
Rek > 0 and Imk > 0. The function

o(r,0,x3) = 2177/]R§:Z [/Rw G(r, p;m, &) (Fh)(p,m,&) pdp
me

Hy (k(€)r)

VN (F , im0+i§x3d
e e 5>]e ¢ 38)
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forr>R, 0 €[0,2r], and x5 € R, is the unique solution of the boundary value problem (36),
(37). Again, k(§) = \/k*> — &2, and G is given by

(1)
Hn (KO0 ) )y k©R)| . (39)

G(r,pim, &) = 5 H,(nl)(k(g)hr)-]m(k(f)r*) - r(nl)(k(f)R)

for r,p >R m€Z and { €R where ry =max{r,p} and r— = min{r,p}. Further-
more, the solution depends continuously on h, g, and k, in the sense that for any R > R and
o > 1 the mapping (h, g, k) — 0|11, is continuous from L2(R3\ Tg) x H'/2(Tg) x C* 1o
H'(T; \ Tg). Here CT = {k € C : Rek > 0, Imk > 0}.

Proof. In this—and only this—proof we abbreviate the (cylindrical) Fourier transform by
writing f instead of Ff. Let ko > O be arbitrary, but fixed, and k € C with Rek > 0 and
Imk > 0 and |k| < ko. The proof is divided into five parts.

(a) We show that v is well defined and depends continuously on /# and g. The function v
consists of two parts; i.e. v = v; + v, with Fourier transforms

o A M) k()
%(hm,i):/R G(r, pym, &) h(p,m, &) pdp, @z(r,m,ﬁ)zw

Dieor) S

First we discuss 0. We have 8801 (r,m,€) = fROO G(r, p; m,ﬁ)il(p,m,f)pdp by the
continuity of G. From part (d) of lemma A.2 we conclude that

2 - 2
(1+%+52) |01(rom, ©)[° + %
0o 2 oo 1 . i

0o dp 0o ) c oo 5
< hp,m &) pl pdp = ———— h(p,m, &) p°| pd (40)
C/R pz"*‘/R |h(p.m,€) p°|"pdp 2(U—1)R2(”*1)/R \h(p,m, &) p°|" pdp

2

and thus by Parseval’s identity

2 R
lorlln rvro = /Z {/ < +"r%+£2) |61 (rom, &) rdr +/R

mEZ

/Z/ h(p.m.€) p° |’ pdpde < / . o () [*dx = ¢ |lal]2: g1

mEZ

af}l (l‘, m, 5) :
or

rdr} d¢

where cdependsonlyonkg, R,and R. Thisshows theestimate||, || (7 (1) S C |z @\10)-

Now we discuss 0, as in [5]. Part (a) of lemma A.2 yields ]02 r,m, &) ] < |g m, &) ‘
Furthermore,
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R R
52/ ‘f)g(r,m,§)|2rdr<§2/ elemk(g)(’fR)rdr|§(m,§)‘2
R R
< g<m,s)\2{fzf?f§e'§'<’“ dr. ¢
\

4lk12R2 )2, I3
V1+& |am o)

where we used the elementary estimate Imk(&) > |£|/2 for €] > 2|k| (see lemma A.5).
Furthermore, with lemma A .4,

. 2
(1+ r:j) {@2(r,m,€){2+ avz(r,m,f)‘ ] rdr— |

or
Altogether we have shown that

>2
< Ikl

gm, &)

’

c\ 1+ &+ m? |§(m,§)’2.

2
(1 +E&+ ’%) [o2(r.m. &) + gm &) @n

or

~ 2
802(?’,”1,5)‘ :| rdr < < 1+£2+m2

R
J
Taking the inverse Fourier transform proves that v, € H YT\ Tg) and
02/l (z\72) < €llgllm1/2(ry) Where ¢ depends only on ko, R, and R.
(b) Now we show that v from (38) satisfies the differential equation. Let & € C**(R? \ Tg)
and g € C*°(T'x) have compact supports. Then h = Fh and § = Fg are smooth with
respect to p and & and h vanishes for large values of p. The partial sections

N
wh(r,0,x3) = i[N Z

[m|<N

« o -
| 6t pim ). m ) pap+ O (("(5)’)) a(m.©)| e ag

satisfy Aw" + k>w" = —h" in R? \ Tg and w¥ = g" on I'y where

imf+i&x;
WY (r,0,x3) = 27T/ Zhrmg 3d¢  and

|m|<N
9 X3 / Z rom, 5 1m0+1§x3d§
|m|<N

as it is shown by using (A.7). Let ¢ € C>°(R3 \ Tg) have compact support in some
T \ Tg. Then

/JVWN-vw—kzu/Vzp]dx: / WM.
Ti\Tr Ti\Tr

Both sides converge as N tends to infinity which shows that

/ [Vw - Vi) — Pw] dx :/ hdx;
T:\Tr Ti\Tr

that is, w satisfies Aw +k*w = —h in R®\ T. For arbitrary h € L2(R3\ T¢) and
ge HY 2(T'g) we approximate & and g by smooth functions with compact support and
repeat the argument. This ends the second part of the proof.
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(c) Now we study the dependence of the solution on k. Here we use Lebesgue’s theorem on
dominated convergence. Concerning v; estimate (40) provides an integrable bound uni-
formly with respect to k. Furthermore, the integrand (left hand side of (40)) is continuous
with respect k. Lebesgue’s theorem, applied to the integration with respect to r and £ and
to the summation with respect to m yields the continuous dependence of v on k. The same
arguments applies to v, using estimate (41). This ends the proof of part (c).

(d) Next we show that o= Fv satisfies (37). For 0, this follows from
H,(nl)/(z) - iH,(nl)(z) = O(1/]z]>/?) as|z| — oo, see [1]. Furthermore,

b1(rm. €) = HY) (k(€)) R, In(K(E)9) .. ) pdp -+ (k(E)r) [ T HD (k(©)p) oo m. ) pdp

and thus

%@](n m, €) — ik(€) D1 (r,m, €)

— k(€) [H (k(€)r) — i HO (k(E)r)] / In(K(€)p) h(pm.€) pdp

+ k() Uk ~ k()] [ YD KO ho.m.8) pap

Now we use again that H,(,,l)/(z) - iH,(,,])(z) =0(1/|z)/?) and also

J! (2),Jm(z) = O(1/)2)'/?) as |z tends to infinity. This ends the proof of this part because
also [ HY (k(€)p) h(p,m, €) pdp — 0 as r — .

(e) Finally, we show uniqueness under this radiation condition. Let # =0 and g =0 and
v € H'(R?\ Tg) be a solution of (36) satisfying (37). We take the Fourier transform

0(r) = (Fov)(r,m, &) of v. Then ¥ solves the Bessel differential equation

19 do(r,m,¢§) 242 ”ﬁ P _
e (r o ) + (k —& - 2 o(r,m,§) = 0, r>R,

and 9(R, m, &) = 0 for all parameters m € Z and almost all £ € R. The general solution is
givenby 0(r) = aH) (k(&)r) + bHP (k(&)r)forr > Randsomea, b € C. The boundary
condition and the one-dimensional radiation condition ¥'(r) — ik(&)0(r) = o(1/+/7)
yields (Fv)(r,m,&) = 0(r) = 0 for all » > R, m € Z and almost all { € R. This yields
v = 0 and ends the proof. O

Theorem 4.2. Let u = u") 4+ u® pe the solution of the source problem Au + k*nu = —f
in R? derived by the limiting absorption principle of theorem 3.7. Then the Fourier transform
(FuM)(r,m, €) of u'V satisfies the one-dimensional radiation condition (37) for all m € Z
and almost all ¢ € R.

Proof. First we consider the case k=k+ic for ¢ >0. The unique solution
ul" € H'(R3\ Tg) of (36) for h = h. = Aul® + K2uP in R3\ Ty and g = g. = ul” on 1z
satisfies the radiation condition (37) because they decay exponentially as r — oo. Therefore,
by the previous theorem it suffices to show convergence of k. and g to hy = Au® + Ru®
and go := u") = u — u®, respectively, in L2 (R? \ Tx) and H'/?(Tg), respectively. For g, this
is clear by the trace theorem and the convergence of u'" to u in H'(Tx) (theorem 3.7). For
he and hy we compute, using (23) and (26), (27),

25



Inverse Problems 35 (2019) 104004 A Kirsch

he(x) = Aul® (x) + (k + ie)u® (x)

= Zifw

JEJ £=1

- 1/2 ' . 1/2 2 .
+ 2i 001, (x) / —%___donda — dy(x) / .ae“mda} . x ¢ T,

1/2
((ic_’_ i6)2 _ IA{Z) &ZJ(X)/‘ ;eiamda

—1/2 157)\&]'(1

ax3 —1/2 IE—A[JCY —1/2 18—)\[Ja

ho(x) = Au® (x) + Ku® (x)

:_lzz’:fgd [ Dpej(x) sin(xs/2) N 2$2J(x)dsin(x3/2)}

e Ao 0x3 X3 dxs  x3

_ ) o
_ _ZZfZJ |: an;ix) /1/2 el dn — ¢€J(x)/ Oéelax3d0¢:| i X¢ Th.

jer =1 " —1/2

Forthe proofthath. convergesto iy we observe that we have to estimate three terms corresponding

to the three integrals of h. For the first we set wéo) (x3) = ((/2 +ig)? — ]%2) —l/liz —L—el*uda
for the moment (where A € R is one of the A\g;). Then, with Parseval’s identity,
1/2 do 172 da ce [PA/@ g cme
e oy < CEZ/ ie — a2 Csz/ 222 N =2 S T
_1/2 lie = Aaf —12 €7+ A A JZjne) 1+ 1 Al

Analogously, with <p(’)( 3) = fiﬁz igf‘;a e *da for j=1,2 and € >0 we compute

P (03) — o () = % [17, 1 25n e da and thus

—1/2 ie—Aa
. 2 12 2j—2 NE

W _ e, < & a o e/ =1
||¢E 900 ||L2(]R) = )\2 _1/2 52 +A2a2 d 52/|>\|4, J: 2'

Furthermore, we have an estimate of the form |<;§g z,-(x)| + |5({5@ i(x)/ 5X3| ce M forr >R
where r = m because ¢y, is evanescent. This shows that there exists ¢ > 0 with

[e'S) 2
/ e (x) — ho(x)’2 (6} +x3)" dx = / / /|h5(r, 0,x3) — ho(r, 6,x3)|2 PP dxy d dr
R3\ Tk R Jo Jr

oo
< CE/ e 2t gy
R

for every p > 0 and € > 0. Therefore, h. converges to g in L2 (R* \ Tg) for every o > 0. []

Therefore, we have shown that the limiting absorption solution satisfies the following radi-
ation condition.

Definition 4.3 (Radiation condition). Let assumptions 2.2 and 2.8 hold and let
k>0 be regular in the sense of definition 3.4. Let ¥ € C>(R) be any functions with

UE(0) =1+ 0(1/t])as t — +ooand ¢*(r) = O(1/|¢]) as  — Focand G (1) = (1/|t|)
as |t| — oo. The solution u € HZ, (R?) of (3) has a decomposition in the form u= u( )+ u®
where:
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(a) u(1)|Tie € H'(T,) for every R > R, and u® € W>>(R?) is given by
WP () = () DD ardei(x) + 0T (6) Y D andrlx), xR,

JET Ag;>0 JET Ag;<0

for some ay; € C.
(b) The cylindrical Fourier transform (Fu(")(r,m,£) of u" satisfies the one-dimensional
radiation condition (37); that is,

lim ﬁ(i(fum)(r,m,s) k() <fu<1>><r,m,§>) ~ 0

r—o00

for all m € Z and almost all £ € R. Here again, k(&) = /k> — £2.

We note that the coefficients ay; are given by (29). Again, the representation of (a) cor-
responds to the well known radiation condition for closed waveguides as in definition 5 of
[10]. Part (b) is needed for open waveguides to describe the behavior normal to the axis of the
cylinder.

We will show in Part (B) that this radiation condition assures uniqueness and existence
directly; that is, without using the limiting absorption property.
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Appendix

We collect some properties of Hankel functions.

LemmaA.l. LerCt:={ze€ C:Rez >0, Imz > 0}. Then

(1)
Hp (pZ) < e—Imz(p—r)
' (r2)
forall p>r >0, mn € Zwith|m| < |n|, and z € C+.

Proof. It suffices to consider the case 0 < m < n. We use the representation of the modified
Hankel functions

Kn(w) = / e eosh() cosh(ms)ds, Rew >0, m € Ny, (A.1)
0

(see [21], 6.22, formula (5)) and Nicholson’s formula

|Hr(n1)(a)}2 = %/ Ko(2asinh(s)) cosh(2ms)ds, a >0, m € Ny. (A.2)
™ Jo
([21], 13.73, formula (1)).
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We define for fixed 0 < m < n and p > r > 0 the function f by

(1)
Hm iz(r—
flz) = #ez( P, zeCT.
H, ' (rz)

Then f is holomorphic in C* and continuous in C, in particular at the origin. The latter is
seen by the asymptoticis of the Hankel functions for small arguments, see, e.g. [1]. Now we
show boundedness of f on OC™.
(a) Letz=1¢> 0. Then
| = |Hen
HY (rt)

by the monotonicity properties of (A.1) and (A.2).
(b) Let z = it with > 0. Then, because Hy (ir) = 27K, (1) (see, e.g. [1])

B fooo e—pt(cosh(s)—1) COSh(ms) ds <1
- fOOO e_rz(cosh(s)—l) CoSh(nS) ds h

o - [0 -

again by the monotonicity properties of (A.1). Therefore, V(z)} < 1on OCT. Now we con-
sider f(z) for large values of |z|. We have (see again, e.g. [19], section 5.11)

2 e 2m ) [ O(1/2])]. ] = oo,

H () =/ —

uniformly with respect to z € C*. This yields

flz) = \/geiz(p_’) ei<r=r) [1+0(1/[z])] = \/; [1+0(1/z])]. |z = oo,

and thus lim|z|_,oo| f (z)| = \/% < L. The maximum principle for holomorphic functions
yields the assertion. O

LemmaA.2. Lerk(§) = \/k* — &* for £ € R and k € C with Rek > 0 and Imk > 0. Here,
the branch of the square root is taken such that the square root is holomorphic in C \ iRgg.

Then

(a)
Hy (k()p) < o mHE ()
HY (k(©)r)

SJorallm,n € Zwith|m| < |n|, £ €R, p > r > 0and k € C withRek > 0 and Imk > 0.
(b) For all ky > O there exists ¢ > 0 such that

K(€)HY (k(€)p)
HY (k(£)r)

<c [|k(§)| + |ml] e~ Imk(&)(p—7)
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Sforall m,n € Z with |m| < |n
Imk > 0.
(c) For all kg > 0 and 0 < R < R there exists ¢ > 0 with

[T (k()r)HD (k(&)r)| < ¢

V1+m?+ &2

for all me Z\ {0}, £ €R, R<r<R, and k€ C with |k| < ky and Rek > 0 and

>r >0, and k € C with |k| < ko and Rek > 0 and

Imk > 0.
(d) Define
; (1)
rom &) = T g - oy _ Hn k()p) ) .
Glr,psm.§) = > [Hm (k(&)r ) Tm(k(E)r—) Hiﬁf)(k(g)R)Hm (k(&) )Jm(k(ﬁ)R)]

forr,p > R > 0where ry = max{r, p}and r— = min{r, p}. Then, for every ko > 0 and
R > R > 0 there exists ¢ > 0 such that

2

2
< c

9 6(r.pim.€)

2
(1 + n:—z +£2> }G(r,p;m,g)|2 + ‘ar

forall r,p > Rwithr— <R meZ ¢ €R, and k € C with |k| < ky and Rek > 0 and
Imk > 0. Furthermore, (r 0,&) — G(r,p;m, &) is continuous on [R,00) X [R,00) x R
for every m € Z.

Proof.

(a) The estimate follows directly from lemma A.1 (set z = k(¢) and note that k(¢) € C+).
(b) Again, we assume that n > m > 0. The recursion formula 71"’ (z) = zH'" (z) — mHS (z)
and the estimate of (a) yields for m > 1

KO (ko) | _ wo H, 1 (K©p) |, [m ' (k€)p)
HY (k(©)r) | H“ (k(g)r) P HY (k(€)r)
< { L I o),
R
For m = 0 we have that Hél) —H, (1) Therefore, the same estimate holds for n > 1. If
n=m = 0 then
k(g)Hél)’(k(f)p)| _ ’k(m‘Hfl)(k(E)p) |H<§1)(k(€)p) .
Hy (k(&)r) Hy (k(©)p) | | Hy" (k()r)

The last factor can be estimated by e '™ (€)(»—7) The second factor is bounded because

1" (2)

lim ——=
|z| =00 H(El)(z)

=1, and lim|;|_, H]('7>Ez)
0

() ‘ = 0 uniformly for z € CT.
(c) By [1], formula 9.6.4, we have 7 |H,(ﬂl)(k(§)r)| =7 |H,(n1)(ir\/§2 - k2)| = |Kn(mz,)|
and |1, ((k(§)r)| = |Ln(mz,)| with z, = L\/€? — k2. Since arg\/&? —k? € (—m,7/2]

we can use formulas 9.7.8 and 9.7.8 of [1] and have the asymptotic forms
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T o) =\ |11+ )
(€)= 3 | sy |11+ )|
where
= (1+2)"% + ln71+(1iz,)1/2 and
|6 (rm)| < — o j=12,

my/IU+2] 2+ 2 (@ =)

for some ¢; > 0 which is independent of r, £, and m. Substituting the form of z, we arrive at

1

|Hr(n1)(k(f)r) Jm(k(f)r)] = mr 11 21/ ‘1 + pi(z,m | ‘1 + pa(zr,m )}
1
= }1 +p3(r,§,m)|
w2+ 12 (2 - 12)|
where ] p3(r, &, m ] < W We choose M and > 2ko such that ’ pj (&m | <! L for
€| > Zand|m| > M and j = 1,2,3. Then also &% — k§ > 2 &2 for |¢| > E and |m| > M.

We distinguish between four cases:
Case 1:|¢| > E and |m| > M. From the above asymptotic form we conclude that

2c Cy

C
r) In(k(©)r)| < < < :
) \/m2+r2(€2—k%) \/m2+%R2£2 Vit e

Case 2:|€| = Eand|m| < M. Now we use the asymptotic formulas for the Hankel functions
for large arguments (see [1], formulas ?)

| (k

HD (@) = | = 629 14 0(12) (A3
1 7 .
In(@) =1 — [efemmm/2m/) emiGomn2on O] [1 L O(11)], (Ad)

as |z| tends to infinity uniformly with respect to |m| < M and thus

NHD ()| < € [o-2rlk©)] —
In (HONH (K@) < e MO +1] < s

This proves the estimate because [k(£)| > /€2 — k3 > ﬁ > c1y/ 1+ &2 + m? for
all|¢] > E and |m| < M. We note that this holds also for m = 0!
Case 3: |¢] < Eand|m| > M. Now we use the asymptotics for large order:

HD(z) = 3 (m—1)! (i)m [14+0(1/m)], (A.5)

1
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Z

Tu(z) = % (E)m (14 0(1/m)], (A.6)

for m — oo uniformly with respect to |z| < Ry/Z? + k3. This yields

C C1
Tu(k©r)HD (k)] < — < ——
(KON H ()] < 1 <~
for m > M uniformly with respect to |¢| < Zand R < r < R.

Case 4: €] < Eand 0 < |m| < M. We have to estimate ﬁmtely many terms. Each of them is
continuous with respect to ¢ and k, also in cases where €2 = k2. This proves part (c).
(d) For m # 0 this follows easily from (a), (b), and (c¢). Indeed, by (a) and (c) we have

c

(Glropim. )] < Z|H ((E)r-)n(k(€)r-)| + ZHD (ORI (KER)| < e

Furthermore, if » < p we have by the same arguments

‘ g G(r, p,mf)‘ < SV KN H K| + TIOI[HS (K(E)r)n(KE)R)

< SO KONEL O] + 1 + S OIHD KON kR
1. k(5>H$>’<k<£>r> M () .
B3| (1759 wam(atom] +
Hi (KON ||

| ager |1 R )

<l+c{‘k ‘+|m|]7l <c

SR R Vitmt+e ="

Here we used the Wronskian zJ,ﬁq(z)H,(,,l)( ) = 2Jm(2)H, (1)'( ) — & and the estimates of parts
(a) and (b) of lemma A.2. For r > p we argue analogously. If m = 0 and £ > = we can argue
analogously (see remark in the proof of part (c) at the end of case 2). Finally, in the case m = 0

and ¢ < E we use the asymptotics of the Bessel and Hankel functions for small arguments
and find that

(1) P
o g _ H () po _ 2 < 2R
g 5" rpr-) i )H (MAkEOR)| = 2™ < 2.
For the derivative we argue analogously using lim,_, [tHél)’(t)} = % [

Remark A.3. We note that G is essentially a Green’s function of the ordinary differential

operator
10 ( 0 m? s
or (a) A

31



Inverse Problems 35 (2019) 104004 A Kirsch

More precisely, for any h € L?(R, 0o) with compact support in [R, 00),
o(r) = / G(r.p.m, &) h(p) pdp, r >R,
R

satisfies the boundary value problem

14 (r dv(r)) + (kZ _e- ’"2) o(r) = —h(r), r >R, (R) =0. (A7)

r dr dr r?

This is seen by a direct calculation using the Bessel differential equation and the Wronskian
of the Bessel functions in the form H,S,l)/(z)Jm(z) — H,(,,l)(z)Jr’n(Z) =2

wz"
LemmaA.4. Letk € C withRek > 0 and Imk > 0. For £ € R and m € Z define

Hr(”l) (r k(f)) eimcp

0 ., r=2R ¢{mecZ,
HD (RK(©))

¢E,m(r’ 4/7) =

where k(&) = \/k? — €2, £ € R. Then, for all ky > 0 and R > R there exists ¢ > 0 such that

2 ¢ 2 \/7
Wenlimornmon < g ™9 Wenlnaoiymon) < evIHEFm

forall§ € R andm € Z and k € C with |k| < ko and Rek > 0 and Imk > 0.

Proof. We follow closely the proof in [5]. We set A, = B»(0,R) \ B>(0,R) and use the
elementary estimate Imk(€) = Im+/k? — €2 > 2—\/\/3; €] = 1 1€] for |¢] > 2|k| (see lemma A.5).
First we have

HY (rk(©)) [

R
—a | rdr < 271'/ e HMK(E)(r—R) 1. 4
HY (RK(€)) R

R
[¥emlsay = 27 |

by part (a) of the previous lemma. If |£| < 2|k| then we use e ~2™X&)(=RK) < 1 for > R, and
lvemllz2(a, ) is bounded uniformly with respect to £ and m. If || > 2|k| then, by the above
elementary estimate

R
2r 1
IR < 27r/ e EI0=Rpdr < = (R+>'
[Vemllzzag, . €] Zko

This proves the assertion for ||¢§,m||L2(32(0,1})\BZ(O,R)). For the gradient we use Green’s formula
and have
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2 _ 2
vaf.m“LZ(A(RJ})) = /A(R,k)|vw§’m’ dx

. —— Qe Do Wen
— _ w,mA’L/)’de‘i’/ ",b,m —ds — / w,m — ds
A(R’k) 3 3 =R £ ar r=R : ar
< KO Yemlanray)

W (RK©)) Y (RKE)) | | | H (RK(E) Hi (RKE))
[H (RK(E)) 2 [H (RK(E)) 2

<f% [k +Iml] < eV TFETnP

forall £ € R and m € Z. Here we used (a) and (b) of the previous lemma. This ends the proof.
O

+ 27 |k(&)| |R

LemmaA.5. Fork € C withRek > 0 and Imk > 0 we have

1
Imy/k? — & > §|§| for all |£] > 2||.

Proof. We have k* — &2 = |k* — £*| exp(iar) with some « € [0, 7). Taking the real part
yields |k* — &2|cosa = (Rek)? — (Imk)? — €2 < [k|* — €* < 0. Therefore, « € [r/2,7].

Then
22— e — 2lsin & [ — 2lsin™ > = Je2_ e
Im\/k? — €2 =/ |k*? = & sin > >0/ =£ sin > 7 &2 — |k
> i s L ok > O
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