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Abstract

We calculate all contributions < T to the polarized three—loop anomalous dimensions in the M—scheme
using massive operator matrix elements and compare to results in the literature. This includes the com-
plete anomalous dimensions yq(é)’PS and yq(?. We also obtain the complete two—loop polarized anomalous
dimensions in an independent calculation. While for most of the anomalous dimensions the usual direct
computation methods in Mellin N—space can be applied since all recurrences factorize at first order, this is
not the case for )/q(f,). Due to the necessity of deeper expansions of the master integrals in the dimensional
parameter ¢ = D — 4, we had to use the method of arbitrary high moments to eliminate elliptic contributions
in intermediate steps. 4000 moments were generated to determine this anomalous dimension and 2640 mo-
ments turned out to be sufficient. As an aside, we also recalculate the contributions o« T to the three—loop
QCD g—function.
© 2019 Published by Elsevier B.V. This is an open access article under the CC BY license
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1. Introduction

The polarized three—loop anomalous dimensions y( )(N) and splitting functions P( )(z)
govern the scale-evolution of the polarized parton dlstrlbutlon functions in Quantum Chromo-
dynamics (QCD) at next-to-next-to-leading order (NNLO) and are of importance for precision
predictions at ep- and hadron colliders, for the analysis of the different fixed target experiments,
for the planned electron-ion collider EIC [1] and for RHIC. They are also instrumental for the
measurement of the strong coupling constant «s(Mz) [2] at these facilities and for the precise
prediction of key processes like the polarized Drell-Yan process, jet production cross sections,
and further processes. With the availability of the polarized 3-loop anomalous dimensions the
present next-to-leading order data analyses of polarized deep—inelastic scattering data [3] can
be promoted to the next-to-next-to-leading order level. Precision analyses of this kind are also
relevant for the detailed study of the spin—composition of polarized nucleons (for reviews see
[4,5D.

A first computation of the polarized three—loop splitting functions in the M—scheme was per-
formed in Ref. [6]. The two—loop splitting functions have been known since 1995 [7,8]. In the
flavor non—singlet case, the three—loop splitting functions PL](?’NS_ are the same as in the unpo-
larized case [9] and the contributions o Tr have been obtained in Ref. [10] as well. This also
applies to transversity [10,11]. In the unpolarized case the three—loop splitting functions were
calculated in Refs. [9,12] and all contributions « Tr were confirmed in independent massive cal-
culations in Refs. [10,13-16]. Already in 2010 we have computed the odd moments N =1 — 7

of the polarized massive OME A(3) and A((;;,) - and more recently for N =9. Before 2013 the

corresponding moments for the massive OME A®  were calculated, as well as a similar num-
ber of the other OMEs at three—loop order. The whole set of moments remained unpublished,
because an important detail in the definition of the massive OMEs with massless external quark
lines first had to be understood.

In the present paper we compute the polarized three—loop splitting functions Pq(g)’PS and Pq(?
and the parts o« TF of the three—loop splitting functions Péé) and Pé? from massive three—loop
operator matrix elements (OMESs). They are necessary for the computation of the heavy flavor
contributions to deep—inelastic scattering in the region of virtualities Q% much larger than the
heavy quark mass squared m?”. All splitting functions but P(g) are calculated by applying the

techniques described in Refs. [17,18]. In the case of Pq(g we use the method of arbitrarily high
Mellin moments [19] to generate the moments of the O (1/g)—pole of the corresponding OME,
for which a recursion is obtained by using the guessing method [20]. This recurrence is finally
solved by using the package Sigma [21,22]. The calculation is performed in the Larin—scheme
[23]. As it turns out, in a massive calculation using on—shell massive operator matrix elements
special care is necessary in treating massless external fermions, as we will explain later. At
the end of the calculation we perform a finite renormalization to the M—scheme, cf. Ref. [24],
to compare to the results in Ref. [6]. We would like to mention that the present calculation is
thoroughly performed within QCD, while in Ref. [6] auxiliary graviton interactions had to be
introduced to derive the gluonic anomalous dimensions y 2 and y(z)

The paper is organized as follows. In Section 2 we dlscuss the structure of the polarized
unrenormalized three—loop massive OMEs, by which the three—loop anomalous dimensions can
be calculated. If compared to the earlier literature, an important change has been necessary for
the quarkonic projector, to obtain a consistent description of these quantities within the Larin
scheme [23]. The calculation methods of the master integrals are summarized in Section 3. The
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finite renormalization from the Larin to the M—scheme [24] is described in Section 4. In Section 5
we present the polarized anomalous dimensions up to two loops, which can be obtained from the
pole contributions of O(1/ €3) and O(1/€2) of the massive OMEs. In Section 6 we present the
contributions & TF to the three—loop anomalous dimensions, which are the complete anomalous
dimensions for yq(g)’PS and yq(?. In Section 7 we discuss the small z and large N behavior
of the splitting functions and anomalous dimensions and Section 8 contains the conclusions. In
Appendix A we correct two of the operator Feynman rules given in Ref. [7]. Appendix B contains
the splitting functions in z-space calculated in the present paper.

2. The polarized massive operator matrix elements

We will calculate the contributions o« 7r to the three—loop anomalous dimensions using
unrenormalized massive operator matrix elements. Their principal structure has been given in

Mellin—N space in Ref. [25]. As an example we consider AS;,,

23 (ME\3e/2 Pas © 50 o O, 0 ©0) 2
AQg = (F) @ (NF + I)ng ng + qu I:yqq - zygg - 6:30 - SﬂO,Q] + 8/30

1
2 0 0 ~(1 0 0
+2860.0P0 + 24839 + 7Y [yég) +6p0+ 14/30,Q]> +es (V;g) [2yq(q> —2yY

80~ 1080.0] + 72 [745 75U~ 2Np) 4791+ 907 420~ 42

~(2)

—1) ~ 1 y
—2p1 — 2,31,Q] +65my 7 [Vég) ~V4q +3b0+ S'BO’Q]) e %

£(2)
Yag | sf @ (2).Ps @, _ .0
—Nr 3 T Vg [agg»Q — Nrag, ]+an[yqq Ve _450_4'30@]

~(0)
Yag 62 (] ) 0) 0) 5O ) (]
+T[Vgg {quq — Vgg —0Po+ 2'BQQ] — (NF+ Dygg Vag +Vqq {_qu
(=D

dm N —1) A
+6B0} — 863 + 40, 0B0 + 2483 o | + —2—[ 27 + 3m{ V7Y

0) 4 0) 5 Dy 4
+25m§>y;g>]+5m§)y‘;2>[y;g)_y;2>+2ﬁ0+4ﬂo,g]—5m§ >y;g>> +an;].

(D

Here we dropped the dependence on the Mellin variable N from all expressions for brevity. m
denotes the bare heavy quark mass, ¢ = D — 4 the dimensional parameter, u the factorization
and renormalization scale, ¢;,/ € N, [ > 2 denote the values of the Riemann ¢ function at integer
argument, N is the number of massless quark flavors, g; the expansion coefficients of the QCD
B-function, B; o are related expansion coefficients associated to heavy quark effects, yl.(jk) the
expansion coefficients of the anomalous dimensions, and Smg) the expansion coefficients of the
unrenormalized quark mass. The above quantities depend on the color factors C4 = N¢, Cr =
(Ng —1)/(2N¢), Tr = 1/2for SU(N¢) and N¢ = 3 for QCD, cf. e.g. Ref. [25]. The coefficients

al.(;‘) denote the constant terms of the OMEs at k—loop order and Ezl.(j.{) the corresponding terms at
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O(e), cf. [26-31]." In the constant terms O (¢°) also multiple zeta values [34] contribute at fixed
values of N. Furthermore, we use the convention

F(Np)= f(Np +1) — f(NF) )
= f(Np)
fNp) = =5 3)

The OME AS;, consists out of the one—particle irreducible part and a reducible part. These are
related by

N ~ N 2
P _ 2@, Aon m
Aggim=A0; T A0 ) (ﬁ) ’ @)
A3 _ 23 | A2 /(D m? NOR-TO)) m? NONRET) m*\ 7’
A=A At () - Aane () - g [n0 ()] o

A 2 . . . . .
where [1%) (%) denote the expansion coefficients of the massive contributions to the gluon vac-

uum polarization, see. [25]. The local operator insertions can be resummed into propagator—like
structures, by virtue of an auxiliary parameter x, which form corresponding generating functions,
cf. [10].

In total there are six massive OMEs, A(3)’PS ASZ’PS, A(3) A(3) A(3) and A(3)

99.Q > 98.Q° 7 0g> “7gq.0Q 88.Q> which
we calculate in the polarized case. Furthermore, there is the non—singlet OME A[(;):gs which
has already been calculated in Ref. [10]. The latter quantity, due to a known Ward identity,
can be given in the MS scheme. From the poles O(1/¢%) one obtains the one—loop anomalous
dimensions and from the poles O (1/¢?) the complete two—loop anomalous dimensions, while the
contributions & T to the three—loop anomalous dimensions are extracted from the pole terms of
O(1/e).

To describe y3 in D = 4 + ¢-dimensions, we work in the Larin scheme [23]” and express >
by

i
7/5 = ﬂguvpayﬂyuypyg» (6)
i
AVS = gguvaAMVvayo- (N

The Levi-Civita symbols are now contracted in D dimensions,

8Mpgs"‘“1’ = —Det[gg], B=a,r,T,y; w=pu,v,p,o0. (8)

In the calculation of the OMEs with external on—shell gluonic and quarkonic states we use the

projectors Py and P, for the amplitudes é;‘f; and (A};/ . External ghost states do not contribute
in the polarized states to three—loop order since the corresponding traces turn out to vanish. The
gluonic projector is given by

! The structure of the unrenormalized OMEs up to 3—loop orders given in Ref. [25] partly refers to earlier work by
van Neerven et al. in the unpolarized case [32,33] to allow for a more direct comparison. This particularly concerns the

. 2) 2)
definition of ape and dee 0"

2 For other schemes see Refs. [35]. For a discussion of the necessary finite renormalizations see [36].
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R 5ab 1 R
P Gab — A —N-—1 nvpo A Gab' 9
8 ya% Né—l(D—Z)(D—?))( p) 3 ppo' ya% ( )

The following quarkonic projector has been proposed in Ref. [26]

5 i(A.p)~™N

“Y16Nc(D — 1)(D —2)(D —3)
Using it and (8) will imply the necessity of a finite renormalization of the two—loop anomalous
dimensions y(l) PS [37] and ygq) [30], the structure and occurrence of which we did not under-
stand for a series of years. Already in [27,37] and an early version of [29] we reanalyzed the pure
singlet case at two—loop order to get agreement with the result of [26], which has been given there
without presenting details. In the recent complete analytic calculation of the polarized massive
two—loop Wilson coefficient in the whole kinematic range [28] it turned out that y(l) PS did not
receive a finite renormalization, as has been observed in the calculation of the polarized massless
Wilson coefficient in [38-40] before.>

For external quarkonic states a modified treatment compared to (10) therefore has to be ap-

plied. In the limit of a vanishing external light quark mass two bi—spinor structures survive, see
[29]. They can be mapped to the following projector

i(a.p) Nt
% 4Nc(D —2)(D - 3)
which yields the proper definition in the Larin scheme in the case of the massive OMEs with
massless external quark lines, unlike Eq. (10). The existence of a single projector (11) is of
advantage since the calculation techniques described below only had to be modified minimally
if compared to the unpolarized case. This also applies to the calculation of a series of fixed
moments using MATAD [41].

The Feynman diagrams contributing to the massive OMEs were generated by the code QGRAF
[42].* The Dirac algebra has been performed using FORM [43] and the color configurations were
calculated using the package Color [44]. The Feynman integrals were reduced to master inte-
grals using the integration-by-parts (IBP) relations [45] implemented in the package Reduze 2
[46,47].5 There are different techniques available to calculate the master integrals, cf. Refs. [18,
19], which we discuss in the next section.

The constant contributions to the two—loop OMEs a(]z) in the Larin scheme are given in [29]

ﬁqéy == Epvpotr [pyﬂyvl/p)’aé;j] . (10)

PGl = £ vpalr [pyﬂy”(;jf] (11)

for a(z) [28,29] for a(z) -PS , [30] for a® o Q, [31] for a( ) 7.0 In the non—singlet case we obtain
R 22+3N +3N%) 8
(2) NS 1
=CrT —-=S
Y0.0 T5F F{54N3(N+ e ( NN +1) 3 1)52
224S 405 SS 12
27 1T g2 3
_ R 22+3N +3N?%) 8 R
72Ns 2 3
=CrT - -5 P R
Q9.0 ==F F{648N4(1 vy ( IN(N + 1) 9 1)“ + (18N2(N +1)2

3 Note that different schemes have been used in Ref. [38].
4 See Ref. [25] for the implementation of the local operators.
5 The package Reduze 2 uses the packages FERMAT [48] and Ginac [49].
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—@514-&52)52—@51 E52——S3+ 54} (13)
9 3 81 27 9 3
Ry =72+ 240N + 344N? 4+ 379N 4+ 713N* + 657N + 219NS, (14)
Ry = —432 — 1872N — 3504N? — 3280N? + 1407N* 4 7500N° + 9962 N
+6204N7 + 1551 N8, (15)
R3=—12—28N — N>+ 6N> +3N*. (16)
Here agzq) NS denotes the O(¢) contribution needed in the renormalization of the three—loop

OME. We note that the use of the projectors (9, 11) for the massive OMEs allow to extract the
contributions to the anomalous dimensions in the Larin—scheme® from all pole terms of O (¢ %),
k =3, 2, 1. Their finite renormalization to translate to the M—scheme is described in Section 4.
3. The calculation methods

For the pole terms of the OMEs A;‘? ZS AG; PS Affg) 0 A(S) 7.0 and AS; 0 the contributing
master integrals can be calculated by the standard techmques such as the method of hyper-
geometric functions [50,51], the method of hyperlogarithms [52-54], the solution of ordinary
differential equation systems [18,55,56] and the Almkvist—Zeilberger algorithm [57,58], being
used in a combination, since in higher order in the dimensional parameter no elliptic integrals
contribute.” Some of the simpler integrals have been calculated using Mellin—Barnes represen-
tations and using the codes in [59]. Most of the master integrals were already available from
the calculation of the unpolarized three—loop anomalous dimensions in Ref. [16]. Only in a few
cases some further differential equations had to be solved to obtain all master integrals. In all
of the above methods corresponding sum representations have been derived which were solved
using the difference—field techniques [60—67] of the packages Sigma [21,22], EvaluateMul -
tiSums, SumProduction [68], and using HarmonicSums [58,69-74].

This is, however, different for A% Due to the structure of the IBP relations some higher
expansion in ¢ is necessary also to extract the term o 1/¢. Here one would encounter elliptic
contributions [75,76] by using the above techniques. We therefore apply the method of arbitrarily
large moments [19] in this case.® Here one works in moment—space and the IBP relations are
expressed in terms of recurrences for the master integrals. Using these relations one generates
systematically higher and higher moments both for the master integrals and the operator matrix
elements.

The projection to the analytic representation of the moments of the master integrals allows to
treat also elliptic and higher structures. Finally one obtains the moments of the OME. They are
used to derive a difference equation by the method of guessing [20]” implemented in Sage [79,
80], based on very fast integer algorithms. We generated 2000 Mellin moments, which allowed to
find most of the recurrences for all seventeen color—¢ projections. To determine the recurrences
of the projections CFC4TF and C f‘ Tr we used 4000 moments, out of which 2640 turned out to

6 The representation of the two—loop massive OMEs contributing to the structure function g in the M—scheme are
presented in Ref. [29].

7 For a recent survey on these methods see [17].

8 This method has been successfully applied also in a series of other calculations, cf. [16,77].

9 Foran early application to large systems in Quantum Field Theory see Ref. [78].
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Table 1
Characteristics of the recurrences contributing

to the anomalous dimension Vq(?~

color/¢ order degree
CpT} 7 68
CrTE 3 17
CrTENF 7 68
CrTENFS 3 17
C3Tf 22 283
C2Tre 6 32
C2Tpe3 2 10
CaT? 10 85
CATEG 3 12
CATENF 14 131
CATENFG 4 16
CrCaTF 30 484
CrCaTrE 8 46
CrCATrEs 3 19
CATF 30 472
CiTrer 10 57
CATris 4 19

be sufficient. Here we refer to representations in terms of even and odd moments, with the even
moments being unphysical. The analytic continuation is finally performed from the odd moments
only. The characteristics of the recurrences for the different color—¢ factors contributing to the
1/e term of the unrenormalized massive OME A(QS) are summarized in Table 1. For all the pole
terms these recurrences are first—order factorizable and can be solved by applying the package
Sigma. Here some color—¢ structures contribute for technical reasons, which cancel in the final
expression.
All anomalous dimensions can be expressed by nested harmonic sums [69,70]

N

: k
S,,,;,»(N):Z“lg:#sa(k), Sy=1 .b.a; € Z\[0}. (17)
k=1

To provide comparisons on a diagram-by-diagram basis we have calculated the first few Mellin
moments for N =1,3,5,7,9 using MATAD [41].

4. The finite renormalizations from the Larin to the M—-scheme

We would like to compare to the results obtained in Ref. [6] which are given in the M—scheme.
This scheme was defined in implicit form in Ref. [24]. Up to two—loop order it is the same as
the one in which the results of Refs. [7,8] were obtained. The anomalous dimensions have the
expansions in the non—singlet and singlet case
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o0
NS,M _ k+1_ (k).NS,M
Yaq _Zas Yaq
k=0

(k),M

o
M 1 P
Yij :Zaer vij . bJ€lq. g}
k=0

(18)

19)

At leading order, the anomalous dimensions are scheme—invariant. The finite renormalizations
between the Larin and the M—scheme to three—loop order can be obtained following [24], see

also [6], and are given by:

YA NSM = (DNSL 4oz (D), (20)
J/q([l]),PS,M — 7/L](;),PS,Lv (21)
.M _ (1),L 0) (1)
Yo' =Vag Tt Vag Zqq- (22)
MM _ (DL _ . 0), (1)
Yeq = Vgq Yeq %qq> (23)
Vg N = vt (24)
2
i M =y 2 () -2 2me @)
yDPSM —  DPSL | 4,/ QLPS (26)
@M _ ., 2),L (H),M (1) O (L@ _ (12
Yas' o =Vag Tt Vag Zqq T Vg (qu (z49) ) @7)
M _,2.L _ ,(HM_(1) _ . 0,2
Veg = Vgq Yeq  2qq ~ Vgq %qq° (28)
Vel =vge (29)
with [24]
8Cr
M _ _ 30
9T TN+ 1) (30)
16(—3— N +5N?) 40, 16
DNS — CrTEN +CaCpy— - S_
“aq N ONI0+ N2 AFYTONIA N T N+ N) 2
- 8(2+5N +8N*+ N> +2N*)  16(1+2N)
F N3(I+N)? N1+ N2
b 10 g 2 31)
NO+N) 2T NO+N 2
2
0Ps (N+2)(1+ N — N?)
qu = SCFTFNF N3(N I 1)3 , (32)
2) _ _(2).,NS 2),PS
299 =29 T24q (33)
and
Q1 =103N* + 140N + 58 N? + 21N + 36. (34)

Specifically one obtains the following transformations:
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64
A(l),NS,M: ~(1),NS,L CrTrN 35
Yaq Yaq +CrlF FINN+ 1)’ (35)
64(N — 1)
(M _ ()L
Yis, = Vqe ‘f‘CFTFNFm, (36)
Ped ™M =75 37)
256(—3— N +5N?)
~(2),NS,M — ~(2),NS,L C T2 N 1
Yaq Yaq rTF@NE + D Ny
- 64T, 256
ACETRY 2IN3A+ N T AN+ N) 2
+CETF —674(4+2N+5N2—4N3+N4)
3N3(1+N)3
256(1 + 2N 256 512
_ 200N o 50— S, (38)
3N2(1+ N)? 3N(1+N) 3N(1+N)

@psM__opsL N+ +N—-N?)

[128CFT§N§ - 352CACFTFNF] EE)

Yag =Yqq AN3(N + 1)
2_ N3 4
QOM__ oL _ o T2N264(N—1)(18+21N—17N — N3+ 10N%)
Yag Yag FLFYF IN4(1+ N)*
327, 512 128(N — 1)

(s3+s:

CACpTEN _
+CaCrlr F{9N4(1+N)4+N2(1+N)3 'TNZO 1 N2

64(N — 1)(2+9N? +3N?)
N3(1+N)*

-i-Sz)} + C%:TFNF<

128(N — 1)(3 + 4N) 128N —1) /.,
- s (S —2s —25,) , 40
NI+ N3 T NIA NE\T T : “0)
2 3
SOM_ 0L | 27, 322+ N)(6+5N)(3+ N — N>+ 10N?)
2q 8q F IN4(1 4+ N)4
256(2 + N)
== g\, 41
3N2(1 1 N)2 1} @D
with the polynomials
T) =36 — 12N +59N? + 274N3 + 203N, (42)
T = —108 — 237N + 7IN* — 226 N> + 73N* + 139N°. (43)

A priori, it has not been clear whether the use of the Larin scheme in the massive case leads to
results which are equivalent to the HVBM scheme [35], which is known to occur in the massless
case, cf. [6]. For the calculation of the anomalous dimensions it turns out that this is indeed the
case. For the future it still remains to analyze all conditions implied by the Slavnov—Taylor iden-
tities, which are violated by dimensional regularization in both the Larin and HVBM schemes
[23,35], in calculations of anomalous dimensions and Wilson coefficients from two—loop order
onward.
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5. The polarized anomalous dimensions up to two-loop order

Here and in the following we reduce the representations in Mellin—N space to bases by apply-
ing their algebraic relations, cf. [81]. We will also use the shorthand notation S;(N) = S;. The
leading order anomalous dimensions are given by

224 3N +3N?)
O —cpl- 8S 44
Yaq F{ NN D) + 1} (44)
8(N —1)
O _— _7.N 45
Yasg NEY N T (45
42+ N)
© _ _ 46
)/gq F N(N + 1) ( )
8 224+ 11N + 11N?)
O = TpNp= +Cai— 8s 47
Yeg F F3+ A{ INA L) 1 “47)
They are scheme—independent and agree with the results given in Refs. [82-86].!0
The next-to-leading order anomalous dimensions are given by [6-8,28,29,31,39,89-92]
mNs _ o L7y 4P, 16OS N 325 Lc P> N 536S
Yoo " = EFVIERF gz~ 9 D T 32 TR Al NS+ N T 9 !
885 + 1683 + 16 +328; |S_» + 165_3 — 328
3 2 3 N(l n N) 1 -2 -3 -2,1
P; 16(1+2N) 8(2+3N +3N?)
C? —-325 s S
+ F{N3(1+N)3 (N2(1+N)2 2) tTNaEN) 2
3283 + 32 64S; |S_n — 325_3 + 64S (48)
3 N(l T N) 1 -2 -3 =21 (>
P, =3N* 46N> +47N? + 20N — 12, (49)
P, =—5IN® —153N° — 757TN* — 995N — 496 N? — 156N — 144, (50)
Py = —3N® —9N> —9N* — 27N> 4+ 24N? + 32N + 24, (51)
16(2+ N)(1 +2N + N?)
(DPS — CrTEN 52
Yaq FTFNF NN ) (52)
W _corone] BN = (2= N+ 10N3 +5N%) L RN-D
Yag = “FIFAF N3(N +1)° NN+ 1)
16(N —1) , 16(N —1) 16 P4
— S CaTpNpl————-—"—
NN+D O P NN (TN T s v 13
64 16(N — 1 16(N — 1 32(N —1
B s+ ( )S% ( )S2 ( )s, , (53)
N(N + 1)2 N(+N) N(+N) N(+N)

10" The foregoing paper [87] was not fully correct, see also [88] for a survey on earlier work.
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Py=N>+ N*—4N3 +3N?—7N -2, (54)
322+ N)2+5N)  32Q2+N) 8 Ps
D= CpiTrN — Si|+Ca|l ————
Yeq F{ F F[ IN(N +1)2 NN+ T Tons v 103
8(124 22N + 11N?) 82+ N) 2 82+ N) 162+ N)
INAN+D) NN+ T NWN+D T NN D
- 42+ N)(1+3N)(—2—N+3N>+3N3%) 82+ N)(1+3N)
F N3(N £ 1)3 NN +1)2 !
82+ N 82+ N
(+)% (+)52’ (55)
N(N +1) N(N +1)
Ps=T76N> +271N* +254N3 + 41N?> + 72N + 36, (56)
R 8 Pg CATeN 32Ps 160
Yoo =HFIFNF s N3 T AP N2 N2 T 9 !
4Py 8P; 64
c2l- —3025 |S +—— 85, — 168
+ A{ 9N3(1—|—N)3+(9N2(1+N)2 2) 1+N(1+N) 2 3
+ 64 3281 ]S 165_3 + 328 (57)
N(l T N) 1 -2 -3 =21 (>
Ps=3N*+6N3+ 16N? + 13N — 3, (58)
P; =67N* 4+ 134N 4+ 67N? + 144N + 72, (59)
Pg=N®+4+3N>+5N*+ N> —8N? +2N +4, (60)
Po = 48N® 4 144N° 4 469N* + 698N> + TN? + 258N + 144. 61)
Here and in the following we only consider the non—singlet anomalous dimension yq(z)’Ns =
yq(](;)’NS’_. The anomalous dimensions agree with results given in Refs. [6—8,28,39].
In the limit N — 1, which can be performed using HarmonicSums, we obtain
yON=1)=-28. k=0, (62)
with
11 4
,BOZ?CA—gTFNF, (63)
34 , 20
Bi Z?CA—?CATFNF—“'CFTFNF, (64)

cf. [93-96]. Here, relation (62) is the consequence of the fact that the anomaly is maintained in
its one—loop form, cf. [23].
As well the relation [6]

yIOPS(N = 1) = —4TpNpyE (N =1), k=12, 65)

is verified. Furthermore,
yONS(N =1) =0, (©6)
v (N=1)=0, k>0, 67)
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hold, where (66) is implied by fermion number conservation. The other first moments are given
by

Vi (N =1)=6CF (68)
Yeq (N:1):_TCFCA+18CF+§CFTFNF- (69)

6. The contributions to the polarized three-loop anomalous dimensions « Tr

We will first present the anomalous dimensions in Mellin—N space for N an odd integer.
Later this will form the basis to transform to the splitting functions to z—space. We consider the
polarized massive OMEs A;z(i)”gs, A(QZ;’PS, A;?’Q, A(in, A;%J),Q and A(i’),Q for odd values of N
and derive the Tr-dependent contributions to the anomalous dimensions from these quantities.

After finally transforming from the Larin to the M—scheme one obtains:

16(2+ N)P 162+ N)Pi3  32(N — Q2+ N)
yDFS = C%TFNF{— 16 [ 13 2} s,

N3(1+ N)3 N4(1+ N)* N2(1 + N)2
8(N—-1Q2+N)2+3N+3N?) , 32(N-DQ+N) ;4
N3(1+N)3 ! 3N2(1+N)2 7!
8(2+ N)(14 + 23N + 11N3) 224(N — 1)(2+ N) s
N3(1 + N)3 2 AN2A+ N2 °
64(N —1)(2+ N) 192(N — )2+ N)
NZa+ Nz ! N2(1+ N)?
64(2+ N)P 64(2+ N)(6 + 10N —3N2 + 11N3
—i—CFT%N% _ 2+ N)Piy ( )( )Sl
27N4(1 4+ N)4 ON3(1+N)3

_RN-D@+N)
3N2(1 + N)?2

8P 2
3N3(1+N)3!

[S% + Sz]} + CACFTFNF{

8Py 16 P17 16 Py5
AN3A+ N3 2T 2INS(1+ N)S IN4(1+ N)*

32(N = D2+ N) 32(=14+N)2+N)
S |8 — S
N2(1 4 N)? 3N2(1+ N)?2

16( — 58 4+ 23N +23N?) [ 32P 64N — D2+ N) ]S
3 1 -2

3N2(1+ N)2 T N3(1+N)3 N2(1 + N)2
32(—10+7N +7N?) 64(N — 1)(2+ N)
N2(1 + N)2 - N2Q+ Nz !
64(—2+3N +3N?) 192(N — 1)(2+ N) a0
N2(1 + N)2 -2l N2(1 + N)2 :
Pio=N*—2N?—4N? + 15N +2, (71)

P =11N*4+22N3 + 13N> +2N — 12, (72)
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Py =11N*+34N3 + N2 — 70N — 12,

P13 =21N> +9N* + 13N? — 13N? — 22N — 12,

P14 =58N> +7N* +59N3 +50N% +3N — 9,

Pis = 160N® 4+ 438N° + 364N* + 330N° + 529N? + 321N + 18,

Pis=24N" +33N® 4+ 13N> —28N* —31N3 — 33N? — 26N — 8,

P17 =914N® +3005N7 + 3368N° + 4349N°> + 5183N* + 548N> + 1101 N>
+936N + 324,

Yag

16P 64(23 4+ 50N + 10N? + 19N?
a)z(h7ﬁN%{ 28 [ ( )

2IN* (1 + N)* 2IN(1+ N)3

32(N —1) 64(—2+5N%) , 3R2N-1) 4

T3ANAEN) 2} T oNa N O o
64(—24 6N +5N?) 64(N — 1) 128(5N —2)

TN N)2 PTONAEN YT NN
128(N — 1) 128(N — 1) 16Pss
INA+N) " TINA+ N ON3(1+ N)3 2

8 P33 8 P9
_ + =
27N5(1 4+ N)5(2 4+ N) 27N4(1 + N)*

-2

52,1} + C,%\TFNF{

8(—72+ 181N —48N? + 11N?) 704(N—1)S 128(N — 1)

3IN2(1+ N)2 PTANAAN) T NAEN)
S12(N — 1) 192(N — 1)§ } [ 16P>y
T E—— e 1

Na+ N D T NaE S IN3(1+ N)3

N(1+N) ! IN2(1 + N)2 P3N+ N) !
16(N—1) , 32(N—1). 16(345—428N + 11N?)
NO+M 2" Na+N ! ONZ(1+ N)2

. 32 Py 64N =N -1 120N -1,
IN3(1+ NP2+ N) N(1+N2 VT NA+N) !

280 -b ] %N-D [swv-D
TNAEM 2P NG 2 T NaeN) !

160(N — 1 8(24 + 59N — 11N? 16(N — 1
_160( >S]52( ) 160N =D

S3

3,1

32(69 — 92N + 11N?) 352(N — 1) 128(N — 1)
3N2(1 + N)? CTNA+N) YT NAEN)

32(N — 1)(24 + 1IN + 11N?) 64(11IN —7) 448(N — 1)

S_21+

2,1

3N2(1 + N)2 " NZ(1+N)2

TTNA+N)

13

(73)
(74)
(75)
(76)
(77)

(78)

2,1

S22

512(N — 1) _ T68(N — 1) 96(N — 1)( — 8+ 3N +3N?)

2,1,1

T NaO+ Ny O N2(1 + N)2

N(+N)

&}



14 A. Behring et al. / Nuclear Physics B 948 (2019) 114753

oYV L N e g el
FIERN N3 A+ N3 VT N3+ N3 2 T N¥ 1+ NP2+ N)
8 Py; 8(—6+7N +28N%+3N3) 704(N — 1)

N4 (11 N)* N2+ N)2 2T3NAEN)
256(N — 1) 8(N—1(—10—9N+3N?) , 16(N—1)
NaA+N) ! 3N2(1 + N)? P3N+ N !
48N —1) 5 16(N 1)( =224 27N +3N?) 160(N — 1)
N(I+N) > 3IN2(1 4 N)? STNGEN

64Pyg 256(N — 1) 1280V —1) ]
NX1+NPQ+N) NA+N2' T Na+N)
64(N — 1) 128(N —1)2 256(N — 1) 320(N — 1)
e - - 1S3 — 754
N1+N) 2 N2(1+N)2  N(1+N) ~  NA+N)
128(N — 1) 64(N — 1) 256(N — 1) PREGEIE
NA+N2 T NA+ N T T NN T T NN T
256(N — 1) 192(N — 1) 96(N — 1)(—2+ 3N +3N?)
NA+N) T NaN M N2(1+ N)? 3
4P3) 32(—24+4N +47N?) 32(N —1)
CrTAN? — - S |S
+erlr F:27N5(1+N)5 [ 27IN2(1+ N) AN(L+N) 2!

32(N = DG+10N) , 32N—1) 5 326N—1) _ 320N —1)
INZ(1 + N) ONA+ M) U 3N2ZA+N) 2T oNd + N 3

8P, P 640(N — 1
+CACFTFNF[ 23 34 [ ( )

s
A+ N 2 T N A NP N 3N+

N 16 P3o N 16(75+ 14N + 18N2~|—N3)S 384(N — 1)
2IN*(1+ N)* Q2+ N) 3N2(1+ N)2 TNA+N) !
192(N — 1) 8Py 160(N — 1) , R2(N-1)
N(1+N) SN IN3(1+N) '~ NOA+N) 2|V 3Na+N !
16(3 — 31N — 18N% + 101\/3)S3 16(N —1)(240 — 17N + 19N?)

9N2(1 + N)2 ! 9N2(1 4+ N)?
64(N —1) , 32P9 128(N — 1)(4 + N — N?)
N(+N) 2 N3(1+N)32+N) N2(1+ N)22+N)

192(N —1) , 96(N —1) ,  32(N —1)2+ N)(—1+3N)
s s, 52, S_3
N(1+N) N(1+N) N2(1+ N)?

160(N — 1) 96(N — 1)(4+ N + N?) 64(N — 1)
Na+N) NZ(1+ N)? TN+

831
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128(N — 1)? 64(N — 1) 192(N — 1)
TVarN NG N

256(N — 1) 192(N — 1)(—5+3N +3N?)
TNAEN) SR T N2(1+ N)? i

Pig =2N> +6N* — N> —8N? + 15N + 10,

Pio =3N> + 14N* + 21N? + 20N2 + 10N + 4,

Py =8N’ —31N* +205N3 — 59N? — 447N — 108,

Py = 14N> + 15N* — 19N3 — 13N% — 25N — 20,

Pyy = 26N> +41N* —21N3 +21N? + 9N — 12,

Py3 = 36N> — 55N* —243N3 —75N% — 163N — 108,

Pyy = 67N> +49N* — 52N3 + 164N? — 90N — 72,

Prs = 85N> + 151N* — 40N> + 164N? — 306N — 72,

P = 94N® +315N° + 145N* — 63N> + 148N? — 441N — 18,
Py =17N7 +9N® — 95N> — 19N* + 76N> + 22N? + 26N + 28,
Prg = 165N +330N% — 491 N> — 365N* — 136 N> — 445N? — 18N + 144,

15

(79)

(80)
(81)
(82)
(83)
(84)
(85)
(86)
87)
(88)
(89)
(90)

Pro = 475N7 + 833N° + 1527N° +2905N* — 1342N3 + 5562 N2 + 3834N + 486,

Py = 476N8 +2297N7 +2018N® — 4915N° — 7324N* + 242N3 — 1218N?
—2700N — 864,

oD

92)

Py =—5N° —25N8 +228N7 +926N® — 201N° — 2377N* + 626 N> + 2788 N2

+2168N + 480,

(93)

Py =99N° +297N8 — 982N — 662N° + 1035N°> — 3079N* + 3448 N3 + 2868 N2

—2448N — 1728,

(94)

P33 = 741N +3705N° + 2650N8 — 8780N7 — 12083N°® — 13127N° — 15536 N*

+3586N° — 16128N? — 11916N — 3240,

95)

Py =—1251N"3 — 1376 1N — 63514N "' — 168322N 10 — 287659N° — 193473 N8

+664872N7 + 2228724 N° + 2643520N° + 959632N* — 388736 N°
—111936N?% + 182016N + 55296,
2P |:32(2+N)P36 2082+ N) ¢ }s

21N —DNS(1+N)S | 27IN3(0+ N3 " 3N+ N) 2
16(2+N)(—3+16N+37N2)S2 B0Q+N) 5 2562+ N)

i ~cire]

INZ(1 + N)2 PTONA+N) T T oN(a+N)
16(2+ N)(9+46N + 67N?) 256
- INZ(1 + N)2 St N DM AN
64(2 + N) 1282 + N) 8 Psg

- 7(3} + CFCATF{

T3INA+N) T NI +N) 27N — DN3(1+ N)?

(96)
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with

and
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16 P37 802+ N)
_ Sy |S
2IN3(1+N)3 " 3N(1+N)
16(18 + 116N + 129N? + 43N?) o 802+ N)
9N2(1+ N)? EEYGEY
16(—2+ 16N + 9N? + N?) 512(2+N)S
3N2(1+ N)? PTONAEN)
64 P35 256(2 + N) 12822+ N)
+| = SpS+— g
3(N—1DN2(1+N)?2  3N(1+N) 3N(1+N)
1282+ N) 128(2+N)Z o 642+ N)(3+7N + N?)
AN(+N) - 2 TN N BT ON(1+ N)3
642+ N)(2+45N) 322+ N)
Chauil —Si — [ST + $2]
9N(1 4+ N) 3N(1+N)
1282+ N)(3 + 7N + N?) 1282+ N)2+5N)
F IN(1+ N)? IN(1+ N)2 !
642+ N) _,
AN | NN S 97
3N(1—|—N)[1+ 2] ( )
P35 =5N*+9N3 —4N% — 4N +6, (98)
P3s =62N* — 17N> — 76 N? — 69N — 18, (99)
P37 =418N° 4+ 1525N* + 1763N> + 650N? + 444N + 144, (100)
P33 = 537N +1200N° — 1013N° — 2085N* + 1720N? — 855N% — 2468N — 492,
(101)
P30 = 1065N 10 + 6693N° + 14084N® + 10058 N7 — 3475N°® — 11707N° + 446N*
+17132N3 + 3432N? — 6624N — 3456, (102)
5@ _ g2l 16Ps _ 4Pso _ 8 Pso
Yoo =HATRY T2+ N2 T 2IN3A N T 27N+ N3
32P 4P
ML I | G P 5
27TN2(1 + N)? (N —DN5(1+N)52+ N)

[ 16 Pyg 32(N — )2+ N) 52} s,

Tl TNaENT T T NI N2
8(N—1)(2+N)(24+3N +3N?) , 32(10+7N+7N2)S
N3(1 + N)3 ! AN2A+ N2 P

8(2+N)(2—11N—16N2+9N3)S 32(N-1Q2+N) 4
N3 1+ N)3 2T UBNZA+N)? )




with

A. Behring et al. / Nuclear Physics B 948 (2019) 114753 17

512 64(10+ N + N?) 256
N=(1+N) (N—DN(A+N)2+N) N=(1+4+N)
64(N —1)(2+ N) 512 s 192(2+ N + N?)
N1+ N2 P TN AN T TN AN
32P4 32 Pss 16Pss
CAiT S S_3—28_ —— 2 g
+Cy F{9N2(1+N)2 2+9N2(1+N)2[ 3 2’1]+9N2(1~|—N)2 3
. 2 Psg 1280 64 o
N DN+ NPQIN) |9 2T 3T
8Psy 32Ps;
- q 4 St - 3 3
27(N —1)N*(1+ N)*(2+N) 9N —-—1)N°(1+N)°’(2+N)
64 Pso 64 , 128(—3+2N +2N?)
Sy |Sa+—S
SN DN A+ N2+ N) 1] et TNy O
8Py 8 Pyy 2
CrCaT, -
+CrCa F{N3(1—|—N)3 2T 3N31+ N3
2 P57 8 Ps3
+ + |-
27(N —1)N3(1+ N)’2+N) 9(N —1)N4(1 4+ N)*2+N)

RN -DE2+N) 32(N-1DQ2+N) 4

S> + 128@'3:| S1+

N2(1+ N)? 3N2(1+N)2 7!
32(34+ N + N?) N 32Py
N (N—DN>(1+ NP2+ N)
128 Py 192( =4+ N + N?)
+ 5 > S1|S-» > , B
(N-=DN-(1+N)*2+N) N2(1+N)
64(N — )2+ N) 128(— 8+ N + N?) 64(N —3)(4+ N)
NZA+ N2 3! N2(1 + N)2 TN RN P
coar2l 8Ps) _lePs 64N — D2+ N)
FERY " anaa+ N T ) T 2Nt N 3NZ(1+N)2 !

128(N — )2+ N)(— 6 — 8N + N?) 64(N — 1)(2+ N)
+ 1— S
ON3(1+ N)3 N2(1 + N)?

+64(N— 1)(2+N)(—6—8N+N2)S 32(N-1DQ2+N) ,

IN3(1+ N)3 TN+ N2
32(N-1)2+N)
NS } (103)
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Py =N*+2N3 —5N? —6N + 16, (104)
Py =3N* +6N> —89N? — 92N + 12, (105)
Py =3N* 4+ 18N> + 17N? — 46N — 28, (106)
Py3 =8N* + 16N> — 19N? — 27N + 48, (107)
Py =11N*+22N3 + 13N? + 2N — 12, (108)
Pys =20N* + 40N3 4+ 11N? — 9N + 54, (109)
Pys =40N* + 80N> +73N? + 33N + 54, (110)
P47 =3N> +5N* — 33N> —45N? + 6N — 16, (111)
Pag = 5NO + 23N + 1IN* — 39N> —20N2 + 16N + 8, (112)
P9 =20N® + 60N> + 11N* — 78N> — 13N? + 36N — 108, (113)
Pso = 8TNS +261N° 4+ 249N* + 63N> — 76 N? — 64N — 96, (114)
Ps; =95N°® +285N° + 92N* — 291N — 97N? + 96N — 36, (115)
Psy =33N3 + 132N7 + 70N® — 612N° — 839N* + 480N> + 712N? + 408N + 144,
(116)

Ps3 = 165N '0 + 825N + 1102N% — 578 N7 — 1939N® — 239N + 1184N*

+448N3 — 2456 N? — 2256N — 864, (117)
Psy = 418N 10 +2090N° + 3857N8 + 5096 N7 + 6254N6 — 808N — 10295N*

—5622N°> + 2898 N2 + 2376N + 648, (118)
Pss=N"2 4+ 6N —27N'"0 — 186N% — 197N + 310N7 + 899N + 1198N°

+1020N* + 112N3 — 192N? + 64N + 64, (119)

Psg = 699N "2 + 4194N"" + 16447N'0 4 43214N° + 42657N® — 19098 N
—36963N° — 11670N> — 45064N* — 39392N3 + 7536 N? + 8064 N + 1728,
(120)
Ps7 =723N"2 +4338N"" + 12623N'° 4+ 17230N° — 8583N% — 30018N’
+47709N® + 75738N° + 8776 N* + 67208 N> + 4416 N* — 41184N — 20736,

(121)
- 64(2+ N)
QPS — CpT2l - — = """ (943N +50N?+59N3 +7N* + 58N>
Vaq F F{ 27N4(N+1)4( +3N + + +7N* +58N°)
642+ N)(6 4+ 10N —3N2 + 11N3 32(N — D@2+ N)
+ ( ; : )Sl— 5 —[ST + 2 ¢
IN3(N + 1) 3N2(N +1)
(122)
R 4P 32(—24 44N +47N? 32(N =1
J"/'(2) =CFT]% 59 _ ( ) ( )SZ )
a8 27N5(1 + N)5 27IN2(N + 1) 3N(1+N)

32(N —1)(3+ 10N) 2 32(N —1) 3 32(5N —1)
ONZN+1) ' TONN+ D LT ININ D)
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3200V - 1) T2 128(1 +7N) 16 Psg
INN+1)° AP T 90+ N)F T 2INY(1 1 N)?
32(N — 1) N 64(23 4+ 50N + 10N? + 19N?) s
ANN+ D2 2IN(N + 1)3 !
_64(=2+5N?) ,  32(N-—1) 5 64(—2+6N+5N?)
INN+1)2 "V ToONWN+1) 7! IN(N + 1) 2
64(N — 1) 128(5N —2) 128(N — 1) N 128(N — 1)
INN+ DT ONN+ D) 2 3N+ ) T 3N+ D R
(123)
Psg = 165N% + 165N° — 488N* + 147N? — 283N? — 162N + 144, (124)
Pso = 99N +297N® — 982 N7 — 662N° + 1035N° — 3079N* + 3448N°> + 2868 N?
—2448N — 1728. (125)
All anomalous dimensions agree with the results of Ref. [6].
In the limit N — 1 one obtains
PPN =1)==-2p, (126)
with
4= 1Mo 2050 ot +2C3TF + 158 12 + adopre)
2 = 27AF 9AFF FLF 27AF9FF
316 88
+57 CaTiNF + - CrTENE (127)
cf. [97,98]. Furthermore, Egs. (65,66,67) hold analogously and
. 164 104 208
PDN=1)= ——3 CaCrTr + 214C%Tr + TCpT% + TCFTI%NF
+288CFTF(Ca — CF)es. (128)

7. The small z and large Ny expansions

In the polarized case the so—called leading singularity of the anomalous dimensions is situated
at N = 0 for the complete singlet matrix and in the non—singlet case, unlike the unpolarized
case [99,100]. In Refs. [101-103] predictions were made for the small-z behavior of the flavor
non-singlet splitting functions and in [103—-105] and [106] for the polarized non—singlet and
singlet splitting functions in QCD and QED, although not being fully clear within which scheme,
using so—called infrared evolution equations.

Up to two loops, it turned out that the most singular contributions around N = 0 for the
anomalous dimensions in the MS scheme are predicted. This is not the case at three loop order,
where only the diagonal elements agree.'' However, as shown in Ref. [6], if one interprets the
predictions as physical evolution kernels, the ‘leading’ terms of the corresponding anomalous

A corresponding deviation has also been observed for the sub—leading BFKL anomalous dimensions in the unpolar-
ized case [100].
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dimensions agree. In the future it has still to be checked whether or not BFKL predictions will
hold to even higher orders, cf. [107].

An interesting question concerns the numerical effect of the sub-leading corrections to the
leading terms 1/N5, see Refs. [102,104,108]. One obtains

64 I
(2),NS _
W = o 12M)+ 0 (). (129)
128 |
(2),PS _
YT = S (@3- TAN) + 0 (ﬁ) , (130)
o _ 16 405 — 668N) + O ! 131
Vog' = 375405 —668N) + 0 | 5 ), (131)
64 I
2 _
72 = == (2590 — 390TN) + 0 (ﬁ) , (132)
80 |
2 _
2 =~y 154 =120 +0 (). (133)

The next sub-leading terms are more than canceling the leading terms, i.e. the leading terms
alone yield basically nowhere dominant contributions in phenomenological applications numer-
ically, despite the leading pole term of the complete calculation being correctly predicted.

The finite renormalization between the Larin and the M—scheme does not affect the leading
singular terms for the anomalous dimensions at N = 0.

We will now compare to predictions for the large Ny terms given in Refs. [109,110]. Here we
start with the flavor non—singlet case, [109], Eq. (3.5), as the generating function to understand
the conventions used. The parameter p is u = D /2, D=4-2; é¢= (4/3)Tre and ¢ denotes
the usual dimensional parameter. The function n{ is defined below in Eq. (3.12) [109]. The
largest N expansion coefficients to the non—singlet anomalous dimension are now obtained as
the coefficient O (¢k*1), with the leading order term at O (g). We agree with the corresponding
non-singlet predictions.

The generating function for the coefficients

—(0)

—(k) _ —(k Vag
Vag = Veq oy k=0 (134)
Vg

is given in Eq. (5.3) [109], using the same definitions as in the non-singlet case above. Here
71(.;.{) denotes the respective highest order term in Nr. Expanding as in the non—singlet case, we
reproduce all terms containing harmonic sums but not the rational term in Eq. (5.6) [109] after
rescaling by a factor 64C FTI% as suggested by the expansion. Taking the rescaled result (5.6)
[109] as it is and compare it to our three—loop result we obtain the difference

2(N+2)(N2=N-1) .
—CpT3:= =2 (2)PS 135
F F3 N3(N+ 1)3 ﬂO,quq ( )

accounting for the normalization of the anomalous dimensions in the present paper. This sug-
gests that the finite renormalization to the M—scheme for the pure singlet term in Eq. (5.6) [109]
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still has to be done, while 7‘(,2[,) NS and 7;2;, as suggested by Eq. (5.5) [109], are already in the

M-scheme (note also a later discussion in Sect. 6 [109]).'?
We compare now the large Ny term for the combination

=)
8 2
ygg)_i__(z)ng _—4CAT1%|: 01 Sy + 0> :|

Y8150 2IN2Z(1+ N2 T 2IN3(1+ N)3
) 405 64(N — 1)(N +2)(3+ 7N +7N?)
+4CFTE| — - !
2IN*(1 + N)* 9N3(1 4 N)3
64(N — 1)(N +2
(N =DV +2) (136)
3N2(1 + N)2
01 =8N*+ 16N> —19N? — 27N + 48, (137)
0> =8NS +261N> +249N* + 63N> — 76 N? — 64N — 96, (138)
03 =33N%+132N7 4+ 142N® — 36 N> — 263N* — 312N + 280N?
+408N + 144, (139)

[110], to which we agree in the M—scheme.

We finally would like to add a remark by J. Gracey: In respect of the large Ny computation
of [109], to accommodate the finite renormalization constant associated with the Larin scheme
in perturbation theory, whereby chirality is recovered in strictly four dimensions, a correction
had to be appended to the usual D—dimensional large N critical exponent of the underlying
operator. Such an additional piece is therefore by construction dependent on the procedure for
handling y>. Hence the prediction for perturbative coefficients beyond the leading one of [110]
may not tally with those for an alternative > definition as appears to be the case here.

8. Conclusions

We have calculated the contributions o TF to the polarized 3—loop anomalous dimension
yI(Z)(N ) and the associated splitting functions in a massive calculation, which is fully indepen-
dent of the earlier computation in Ref. [6]. We agree with the previous results. To have the
opportunity to deal with propagator—based representations only, we used formal Taylor series
representations in terms of an auxiliary parameter x resumming the local operator insertions.
As in the unpolarized case [16] before, we had to use the method of arbitrarily high moments
[19] to deal with potential elliptic contributions in the necessary deeper expansions in the dimen-
sional parameter ¢ in the case of the OME A(Q3). In the method of high Mellin moments [19]
the moments are calculated recursively using the difference equation systems associated to the
differential equations given by the IBP relations. Individual master integrals are only calculated
in terms of moments. In all other contributions, standard techniques, cf. [17], are used in the
calculation of the master integrals.

The universality of the QCD anomalous dimension allows to compute them within various
setups. In the present calculation, they were obtained from the pole structure of massive polarized

12 Unlike for the terms at two—loop order, which were presented individually, only the combination (134) has been

presented in [109]. Note that 7,(1],1)1)8 is scheme independent, while ?,(12(1)1)3 is not.
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> > . — —
Pp1,? Pp2,] P, 1, a p4,0.,d
1
b3, 4, a p47V7b p?ay7b pg,A,C

Fig. 1. The four-leg polarized local operator vertices.

OMEs. The calculation of these OME:s is part of an ongoing project with the final goal to compute
the massive polarized Wilson coefficients for deep—inelastic scattering in the region Q2 > m?.

The anomalous dimensions and splitting functions presented in this paper are also given in
Mathematica format in ancillary files to this paper. The conversion to maple or FORM-inputs
[43] is straightforward.
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Appendix A. Feynman rules for local operator insertions

Two of the Feynman rules given in Ref. [7] had to be corrected.'® They correspond to the
vertices given in Fig. 1.

Here all momenta are ingoing. The quark-quark-gluon-gluon operator reads, with N € N
defining the Mellin moment,

N-3 N-2

Ol (p1, P2, p3, pa) =AM A fys Y~ Y~ (A.p)l (A.p)V T2
J=0 I=j+1

X [(tatb)kl(A.Pl + A.py)t—iTt

+(tpta) i (A.p1 + A.p3)l_j_1:|, N >3. (140)

The generators of the color group are denoted by 7. and g is the strong coupling constant with
as = g2/(4m)?. The Feynman rule for the polarized four-gluon vertex reads

0427 (p1, pa, p3y pa) = ig* (1 — (=DM fube foae OMF° (p1, P2, 3, pa)
+facefhde orrve ([71 » P35, P2, [)4)
_fadefbce orvee (p3a P2, P1, P4)]

13 We thank J. Smith for a corresponding communication related to Ref. [26] several years ago, with which we agree.
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OMVPG([)’ q.r, $) = (SAvpaAu, _ SAMPUAU)[A.I‘ + A.S]N_2
N-3
AP TR A — gHTASAY) N (A + AsT (AN T
i=1

N-3
FAT (PTAAN — ePHTAAYY N A+ As]V T (AL
i=0
—AV("TAP AP — gPAPAC) N A+ As]V T (= ALp)
i=0
N-3 ) )
+AM(8VUAIIAP _ SVPAqAU) Z[Ar + A.S]N_l_S(—A.q)l
i=0
VAPAOPS AL o As
+AY AP (2P AP 4 HIAS A p)
XY Y AN TITTHAp + Ag) T (—As)
j=0 i=0
_A“Ap(gAUqSAV +8W7ASA.q)
N—4 j
x> APV AP+ Agl T (—As)
j=0 i=0
VAC (AUPE AP upAp
—A"A° (e A+ ¢ A.r)
XD Y APV TIHAp+ AgY T (—Ar)
j=0 i=0
+ARA (B89 AP 4 gVPAP A )
X Z Z(A.q)'"_/_4(A.p +A.q) TH=A). (141)
j=0 i=0

Here the symbols f,5. denote the QCD structure constants.
Nevertheless the two—loop anomalous dimensions calculated in [7] are correct.

Appendix B. The splitting functions

The splitting functions are related to the anomalous dimensions by the Mellin transform

P =-M[PP @] ). (142)
Since distribution—valued components are contributing, the Mellin transform is used as follows
1
M[(f@) ] (N) = f dz (N =1) £ (143)
0
MIg()] (V) = / dzz"1g(2) (144)

0
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MI[s(1 —2)](N)=1. (145)

In the following we present the complete polarized splitting functions to O(af) and the

Tr-dependent polarized splitting functions at 0(05_;7’). Here P‘%),Ps and Pq(? are the complete
splitting functions.

All splitting functions can be expressed by harmonic polylogarithms [111], which are given
by the iterated integrals

Z

Hb,a(2)=/deb(X)Ha(X), Hp=1,b,a; €{0,1, -1}, (146)
0
over the alphabet

11 1
fc(z)E{ — } (147)

21—z 142

Again we reduce to the algebraic basis, cf. [§1]. As a shorthand notation we use H;(z) = H;.
B.1. The splitting functions to two—loop order

The leading order splitting functions are given by

0 _ _ _
Py, _CF{ 2. 4(1+2)+65(1 z)}, (143)
PO = TFNFI8(—1 +2z)}, (149)
PY =y 4(2—1)}, (150)
PO —c 8 isu—2 +z<5cA_‘_‘TFNF)s<1—z> (151)
88 (1-2), 3 3 -

The next-to-leading order splitting functions read

O | oo

88
PNS [C% (—24H0 + 32H0H1> +CrCay ( (67 —1852) + 5 Ho+ 8Hg>

Wl &

32 1
——CFTFNF(5+3H()) —_— + |-
9 11—z .

17
CrTFNF + CACF(? — 8(3)

5 16 16
+Cp(3416¢5) [8(1 = 2) + CFTpNr | (=14 112) + = (1 + 9)Ho

4 4 16(1 +z2?) 82 .,
CaCr| =(89—223 =(1 Hy——— H _Hy— —H
+AF(9( z)+3( +2)Hyp T 1Ho = 17— Hp
16(1+2?) 16z )
——Hp — Cn|72(—1 —16(1 + 2z2)H,
+ T2 0,1+1+Z§2 +Cp|72(=1+2) (1+22)Hy
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32(1+2%) 4(342z+32%)
N TP H O Hp—Hp ] - —— =" 72 16(1 + z)HoH
1+z[10 0,11 T 0 (1 + z)HoH;
+16(1+z2)§ (152)
1+z )
POPS — coTeNgl16(1 —2) — 16(1 —37)Hp — 1 z
7q  =CrTrNpyl6(1—2) (1—-3z)Hp — 16(1 +2)Hj ¢, (153)

P\ =CaTrNF { 16(12 — 112) + 16(1 + 82)Ho — 32(1 + 22)H_ Ho — 16(1 + 22)H3
+64(1 — 2)H; + 16(1 — 22)H? 4 32(1 4 22)Ho,_1 — 32@}
+CrTrNp {8(—22 +27z) — 72Hy — 8(1 — 27)H}

- (64(1 —2)+32(1 - ZZ)H())Hl +16(—1422)H2 —32(—1 +22)& }

(154)
P = cmm{—%mﬂ) + 33—2<2—Z)H1} +CACF{§<41 +352)

+8(4 — 132)Ho + 16(2 + 2)H_1Ho + 8(2 + 2)H} — (2(10 +2)

+16(-2+ z)Ho>H1 —8(=2+2)H} — 16(2 4 2)Hp 1 + 16z§z}

+C {4(—17 +82) + 4(—4 + 2)Ho — 4(—2 + 2)Hj

+8(2 + 2)H; + 8(—2+z)H%}, (155)

160 8 1
P = H—CATFNFT +C3 (—5( — 67+ 18) + 8H} +32H0H1>:| - _Z}
32 ) 64
+ —?CATFNF_chTFNF“r‘CA 8{3+? 5(1—2)

32 32
+CATFNF<?(—14 +192) — ?(1 +Z)H0(Z)> + CrTrNF <80(—l +2)

4 8
+16(—5 4 2)Hg — 16(1 + z)H%) +C3 (—5(37 +972) — 3 (=29 +672)Ho
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32(2+ 3z +22%) 83 +42)
T T JIH Hp — Ho 1]+ — " H2 1 32(1 — 27)HoH
T [H_{Hp 0,11 T2 Ho ( YHoH;
16(1 + 22)2
i ") 156
Ttz (156)

B.2. The contributions x T at three—loop order

We obtain the following contributions o TF to the next-to-next-to-leading order polarized
splitting functions

P\D'PS = CLTp Ny { —192(1 — z) + 16(—25 + 114z)Hp — 8(32 + 257)H3
32 ; 32 4 5
+3 (=5 + 62)Hj — == (1 4 2)Hj — (1 = 2){ 2000 + 192Ho — 80H; |H,
—(1 = 2)| 104+ 160Hy |H} — —=(1 — )Hj + | ~208(4 +32)
+32(—13 4 192)Hp + 32(1 + 2)H3 + 320(1 — z)H1>Ho,1 +64(1 + 2)Hg
- <32(—1 +23z) +384(1 + Z)H()) Ho,0,1 + (64(—7 + 82)
—128(1 + Z)Ho> Ho 1,1 +576(1 + z)Ho,0,0,1 — 64(1 + z)Ho,0,1,1
—128(1 +2)Ho 1,11 + (16(64 4 27z) — 320(—2 4 2)Hp + 192(1 + Z)H(2)> o

1184
—?8(1 + 203 + (64(—11 +21z) — 448(1 +Z)Ho)§3}

5504

(1-2) 64( 65+ 437)H +32(23+17 YH32
27 YTy DR Do

+CFT,%N%{
64 128 160 128

+3(1 +2)H} + T(l —2H; + T(l —)H} + 7(—5 +4z)Hy 1
256 128 128

—?(1 +2)Hop,0,1 + T(l +2)Hp,11 + <—T(—5 +4z7)

142048
27

256 128
+?(1+Z)Ho>{2+7(1+z){3}—i—CFCATFNF{— 1-2)

16
+<_E(2257 +8899z) + 1184(1 + z)H_; — 160(1 + Z)Hz_l)HO
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8 , 32 ;
+( (427 + 11512) = 272(1 + DH_y |Hf — (19 + 370)Hj

8 . (17024 >
3 (3 4OHG + | —g— (1 = 2) +54(1 — 2Hp — 264(1 — DHG |Hy

520 , 160 ; (16
+ T(l —2z)+160(1 — z)Hp |Hy + T(l —z)H] + 3(269 + 440z)
—16(—45 4 312)Hy — 112(1 + 2)H2 — 320(1 — 2)H; — 128(1 + Z)H1>H0,1
—64(1 +2)H3 | + (—1184(1 +2) — 64(—13 + 2)Hy — 96(1 — 7)H>

s 32
+320(1 +2)Hoy |Ho,—1 +64(1 =G _y + | 5 (—44 +672)
+448(1 + Z)HO) Ho,0,1 + <224(—5 +3z) —64(=5+ Z)HO) Hy 0,1

32
+ <—?(—49 +412) +128(1 + Z)Ho) x Ho.1.1 + 128(1 + 2)Ho 1.1

+128(1 +z)Hp,—1,1 — (320(1 +2z) +128(1 —Z)HO> x Ho,—1,-1
—704(1 4 z)Ho.0,0,1 —384(1 4+ 2)Ho,0.0,—1 +64(1 +2)Ho.0,1,1

16 16
+128(1 4 2)Ho 11,1 + (—5(—91 +1342) — (29 + 472 Ho—16(1 — 2)Hy
+160(1 — 2)H; — 32(1 + z)H_1 + 64(1 + z)Hp,1 — 64(1 — Z)Ho,1>§2
16 ) 224
5 (T4 1072)83 + (=3 (-25+260) + 64O+ 130)Ho | e . (157)

, .| 16 16 16 s
CATFNG =5 (=472 + 5272) + - (1067 +2002)Ho + -5-(99 + 68)Hg

128 64 32 64
+5- (= OH) + (E(—B +42) = S (=1 + 2z)H3>H1 + (;(—2 +72)

32 , 32 3 128
—?(—1+2z)H0 Hl—g(—1+2z)H1+ T(2+7z)H0

64 64z 64 128
+?(1 +2Z)H%)H—1 + <_T + ?(—1 +2z)Ho + T(_l +2Z)H1)H071
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128 128 64
+<—T(2 +7z) — T(l + ZZ)Ho)Ho’_l — ?(—1 +2z)Hop.0.1
128 64

+T(1 +2z)Ho,0,—1 — 64(—1+2z)Hp 1,1 + 5(4 +32)

—?(—1 +22)Hy |2 — 6443 ¢ + C2Tr N —1357 + 13622

+ (4(—77 +3972) + 64(— 10 — 9z + 32%)H_; — 128(1 + Z)H2_1>H0

+ (—2( — 59 — 4587 +48z%) — 128(1 + z2)H_; +64(1 + 2z)H2_1)H3

8 32 16

+<—§(—15 +40) -+ 2z)H_1>H3 + ?zHé + (8(—312 +329z)

+64(—17 +222)Hy — 352(1 — 2)H3 + 32(—1 + 2z)Hg>H1 + (16(—29 +362)
2 2 32 3

—160(1 — z)Ho + 64(—1 +22)HZ |H + [ 8(~7 +82) + §(—1 +22)Hy |H;

16 4 2

+?(—1 +22)HT + [ —16(31 + 522) — 64(—1 4 10z)Hy — 128zH}

— (384(1 —2)+128(1 — 2z)H0>H1 +128(—1 4+ 22)H7 — 128(—1 +22)

XH()’1>H0,1 +32(—1+ 2Z)H(2),1 + (—64( —10-9z+ 322)

+(64(—1+ 14z) — 128(1 + 2z)H_1)Ho —32(1 + 62)H3

—128(—1 4 27)HoH; +256(1 + z)H_l) x Ho—1 — 64(—1 +22)H} _,

+<16(—7 +40z) +64(—1+ 10z2)Hp — 64(—1 +2z) x H1>H010,1

+ (—384(—1 +42) +192(1 4+ 2z)Hg + 256(—1 + 2z)H1>H0,0,_1

+ (—48(—11 + 187) — 384(—1+27)Ho — 192(—1 + 2z)H1>HO,1,1

+128(—1+2z) x HoHo,1,—1 +128(—1+ 2z)HoHo, 1,1
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+ <—256(1 +2)+ 512zH0) Ho, 1,1 — 32(=5 + 342)H0.0.0.1

+64(—5 4+ 2z)Ho,0,0,—1 + 320(—1 4+ 2z2)Ho,0,1,1 — 96(—1 +22) x Ho1.1,1
+128(—1+22)Ho _1.0.1 + (16(59 — 36z + 122%) — 16(—23 + 42)Hy
—112(—1+22)H + (— 832(—1 + 2) — 448(—1 + 22)Ho) Hi

—160(—1 4 22)H? — 128(1 4+ 2)H_1 + 64(—3 + 102)Ho 1 + 256zH0,_1>;2
128 5
o (3410945 —  32(=25+ 1) +32(~13 + 149)Ho

8 8
+448(—1 + 2z)H1)§3 } + CiTrNp { 6(—16099 + 163467) + (—ﬁ(l 1468
32 5 5
+40643z) + 5 (776 4+ 709z + 27z")H_; — 672(1 + 2)H~ |

8 16
+64(1 + 2z)H3_1>H0 + (—5(675 — 2356z + 542%) — 3 (104 + 1159)H,
2 2 32 3
+32(1 + 202, |G + | =5 (41+402) = 16(1 +20H..; | x Hf
4 4 40 8
+3 (=15 4 162)Hy +  —55(=1006 4 9112) — 32(=36 + 352)Ho + (=212
80 16 8
+2237)H3 + ?(—1 + 2Z)H3>H1 + (-5(2 +65z7) — §(—157 + 1462)Hy
88 128 16
—16(—1 +2z)H§>H%+ (;(—1 +22) = = (-1 +2z)Ho>H§ +5 (-1
. [16 16 5
+20H] + | (57 42062) — — (=284 + 2472)Ho — 8(15 + 620)Hg

32
+(?(—61 +502) — 64(—1 + 2z)Ho)H; + 64(—1 + 2z)H} — 256(1 + 2)H_
+64(1 4 22)H | — 192(—1 + 2z)H0,_1>H0,1 —32(—1+ 142)H7

32 32
+ —3(776 +709z +272°%) + (?(167 +34z) — 192(1 + 2z)H_1)Ho

+32(=5+ 6z)H% —192(—1+2z)HoH; + 1344(1 + z)H_4

16
—192(1 + 2Z)H2_1>H0,_1 —128(—1+22)H _; + <?(—251
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+3647) + 128(5 + 13z)Hg + 384(—1 + 27)H; — 128(1 + 2z)H_1>HO,0,1
32
+ <?(—23o 4 477) + T04Hy + 384(—1 + 27)H; +256(1 + 2z)H_1)H0,0,_1
+ (—16(—57 +58z) 4+ 64(1 4+ 10z)Hp + 128(1 + ZZ)H1>H0,1,1
+<256(1 +2)+192(—1+4+2z)Hp — 128(1 + ZZ)H_1>H(),1,—1 + (256(1 +2)
+192(—1 4 2z)Hp — 128(1 + 2z)H_1)HO,_1,1 + (—1344(1 +2) + 64(—1

+14z)Hg + 384(1 + 2Z)H_1> x Hp,—1,—-1 —32(37 4+ 702)Hp,0,0,1 —96(11 +

10z)Ho,0,0,—1 +448Ho,0,1,1 + 128(1 + 2z)Ho,0,1,—1 + 128(1 4+ 22)Hp,0,—1,1
—256(1 4+ 2z)Hop,0,—1,—1 — 128(=2 4+ 2)Hp,1,1,1 — 128(1 4+ 22)Ho,1,1,-1
—128(1 4+ 2z)Hog,1,—1,1 + 128(1 +2z)Ho 1, —1,—1 + 192(—1 4+ 2z2)Hp,_1,0,1
—128(1 +2z)Hp,—1,1,1 + 128(1 +2z)Hp,—1,1,—1 + 128(1 +22)Hp —1,-11

16
—384(1422)Ho 111 + <?(733 + 122+ 542%) — 16(—7 + 312)Hy

16
—8(~7+ 62)Hj + (—?(—91 +80z) — 320(—1 + Zz)HO)H1
—32(—1+422)H] — 416(1 + 2)H_1 + 32(1 + 22)H? | +32(=5 + 262)Ho 1

+32(—1+ 14z)H0,_1> o+ 2(495 +5382)¢F + (—16(—315 +2687)
+384(3 + 4z)Hg — 992(—1 + 2z)H; — 160(1 + 2z)H—1> & }

+CFT§N,%{ —%(—4193 + 4226z)—£(—3217 +592)Ho + 13—6(53 + 142)H3
+%(43 +102)H; — 33—2(—1 +27)HY + (%(28 +19z2) — %(—11 + 162)Ho
—%(—1 + 2z)H3)H1 - %(—2 +72)H? + %(—1 + 2z)H§+(%(—7 +22)

128 128 64
+T(_l +2z)Hp |Ho,1 — T(_] +2z)Hp,0,1 + ?(—1 +2z) x Ho,1,1
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128 64 1
+5 (2700 - (-1 + 2z)§3} + CpCaTFNF { 5 (69407 — 689902)

4
+<ﬁ(15259+25645z) —32(1+2) (8 +92)H_1 +32(1 + 2)(13 + 32)H2,
2
—64(1 +2z)H3_1>H0 - (5(— 701 — 2714z + 6482%) —48(5 + 6z + 2z%)H_
> Vo (8 » 176 3
+96(1 +2z)HZ, |Hj + §(—89+130z+36z)—T(sz)H,] H;
16 32 32 16
—— (1 +22)Hg + | === (—1195 + 1433z) + — (—17 4 462)Hy 4+ — (61
3 27 9 3
> 3 16
—592)Hj — 16(=1+20)Hj |Hy + | ——(=317+3132) + 24(=11 + 102)Ho
2\ 2 16 3
F16(=1+22) x H{ JH] + | (=37 +472) + 32(= 1 + 20)Ho | H
32 s 16 32
=S (CTH20H] 4 (= X (2924 72) + | (=91 +1642)
—128(1 —|—2z)H_1)H0 +32(—1 4 142)H3 + (—96(—11 +10z) — 64(—1
+21)H0>H1—192(—1 +22)HT — 64(1 +2)(5 + 32) xH_y + 192(1 +22)H? |
+192(~1 + zz)H0,1>HO,1 +384zHj | + (32(1 +2) x (8+92)
+<—32(—13 +14z) — 192(1 + ZZ)H_1>H0 +16(5 + 62)H3
+192(—142z)HoH; — 64(1 +2)(13 + 32)H_; + 192(1 + 2z)H2_1>Ho,1
2 64 2
+32(=1+20H; _; + | 5-(44 - 82249z ) —352(1 + 62)Hy — 320(—1
+22)H; — 128(1 + 2z)H_1)HO,O,1 + (32( — 11 + 462 + 62%) +32(—1

32
1227)Ho—384(—1 + 2Z)H1)H0,0’_1+(?(—128 + 1812) + 64(—7 + 22)Hy
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+192(—1+2z)H; — 128(1 + ZZ)H_l)Ho,Ll + (64(1 +2)(5+32) —64(=5
+2z)xHg — 384(1 + ZZ)H_l)Ho,l,—1+(64(1 +2)(5+37) — 64(—5+272)Hy
—384 x (1+ 2z)H1>H0,1,1 + (64(1 +2z)(13 4+ 32) +256(1 + z)Hg

—384(1 + 2Z)H1) xHo,—1,—1 + 128(7 4 24z)Ho,0,0,1—32(1 4+ 622)Ho,0,0,—1

—128(1 + 5z)Ho,0,1,1 + 128(1 4+ 22)Ho,0,1,—1 + 128(1 + 22)Ho,0,—1,1
+32(—11+ lOZ)H(),l,l’l + 128(1 4+ 27) % H(),l,l,—l + 128(1 + 2Z)H0,1,_1,1
+384(1 4+ 22)Ho,1,—1,—1 — 320(—1+22)Hp, —1,0,1 + 128(1 +22)Ho,—1,1.1

16
+384(1 +2z)[Ho,—1,1,-1 +Ho,—1,—1,1 +Ho,—1,—1,—1] + (—?(202 + 85z
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—1024(—1+ z)Hp |Ho,—1,—1 + (1 + 2)[960Hp 0.0,1 — 768H0,0,0,—1

16
+64H00.1.1 + 128Ho 1.1.1] + 5( — 848 — 341z + 1082%) &

641 +2)(2 - 132 +22%)
Z

32 , 32
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) .| 16 32
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32 128 5 1312 512
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