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Abstract: This paper presents local and global bifurcation results for radially symmetric solutions of the cubic
Helmholtz system
~Au-pu=(u?+bv’)u onR3,
{—Av -w=(v?+bu?)v onR’.

It is shown that every point along any given branch of radial semitrivial solutions (ug, 0, b) or diagonal so-
lutions (uy, uy, b) (for u = v) is a bifurcation point. Our analysis is based on a detailed investigation of the
oscillatory behavior and the decay of solutions at infinity.
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1 Introduction and main results

Systems of two coupled nonlinear Helmholtz equations arise, for instance, in models of nonlinear optics. In
this paper, we analyze the physically relevant and technically easiest case of a Kerr-type nonlinearityin N = 3
space dimensions, that is, we study the system

“Au-uu=(u2+bv¥u onR3,
{ pu = ( ) )

~Av-vw=(v2+bu’)v onR3

for given p, v > 0 and a constant coupling parameter b € R. We are mostly interested in existence results
for fully nontrivial radially symmetric solutions of this system that we will obtain using bifurcation theory.
Such an approach is new in the context of nonlinear Helmholtz equations or systems. In order to describe
the methods used in related works we briefly discuss the available results for scalar nonlinear Helmholtz
equations of the form

-Au-Au = Q(x)|ulP%u onRY, A>o0. )

Here, the main difficulty is that solutions typically oscillate and do not belong to H*(R"). In the past years,
Evéquoz and Weth have developed several methods allowing to find nontrivial solutions of (1) under certain
conditions on Q and p, some of which we wish to mention. In [1, 2], they discuss the case of compactly sup-
ported Qand2 < p < 2" := Az,—f\’z The idea in [1] is to solve an exterior problem where the nonlinearity vanishes
and knowledge about the far-field expansion of solutions is available. The remaining problem on a bounded
domain can be solved using variational techniques. The approach in [2] uses Leray-Schauder continuation
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with respect to the parameter A in order to find solutions of (1). Existence of solutions under the assump-
tion that Q € L°(RN) decays as |x| — oo or is periodic is proved in [3] using a dual variational approach,
which yields (dual) ground state solutions and, in the case of decaying Q, infinitely many bound states. The
technique relies on the Limiting Absorption Principle of Gutiérrez, see Theorem 6 in [4], which leads to the
additional constraint % <p< 2", Furthermore, assuming that Q is radial, the existence of a continuum
of radially symmetric solutions of (1) has been shown by Montefusco, Pellacci and the first author in [5], gen-
eralizing earlier results in [1]. Their results rely on ODE techniques and only require p > 2 and a monotonicity
assumption on Q.

To our knowledge, the only available result on nonlinear Helmholtz systems like (H) has been provided
by the authors in [6] where, using the methods developed in [3], the existence of a nontrivial dual ground
state solution is proved for the system

—Au - pu = a(x) (|u|g + b(x)|v|§) ul?2u onRV,
-Av-vv = a(x) (\v\% + b(x)|u\%> v|22v  onRN,

u,v e LP(RN)

for N = 2, ZN-periodic coefficients a, b € L°(RN) with a(x) = ag > 0,0 < b(x) < p - 1 and % <p<
2". Under additional easily verifiable assumptions the ground state can be shown to be fully nontrivial, i.e.,
both components are nontrivial. Assuming constant coefficients and working on spaces of radially symmetric
functions, this variational existence result for dual ground states extends to the case p = 4, N = 3 which we
dicuss in the present paper. In contrast to [6] we construct fully nontrivial radial solutions for arbitrarily large
and small b € R that, however, need not be dual ground states.

Motivated by the decay properties of radial solutions of nonlinear Helmholtz equations in [5], e.g. Theo-
rem 1.2 (iii), we look for solutions of (H) in the Banach space X; where, for g > 1,

Xgi= {W € Caa®,B)| Wiy, <oo}  with [wly, i= sup(1 + X)) W)l @
Xe

Working on these spaces, we will be able to derive compactness properties which are crucial when proving
our bifurcation results. Throughout, we discuss classical, radially symmetric solutions u,v € X1 N C 2(R3) of
the system (H) and related equations. Let us remark here only briefly that, using elliptic regularity, all weak
solutions u,v € Lﬁad(RB) are actually smooth and, thanks to Proposition 6 in the next section, belong to
X1 N C? (RB).

We study bifurcation of solutions (u, v, b) of the nonlinear Helmholtz system (H) from a branch of
semitrivial solutions of the form

Tuo :={(up,0,b) | b e R} C X3 x X1 xR

in the Banach space X; x X; x R. Here ug : R?> — R denotes any of the uncountably many nontrivial radial
solutions of the scalar Helmholtz equation

-Aug -pug =uj  onR>, (h)
which all belong to the space X1, see [5]. In contrast to the Schrédinger case, we will demonstrate that every
point in Ty, is a bifurcation point for fully nontrivial solutions of (H). Our strategy is to use bifurcation from
simple eigenvalues with b acting as a bifurcation parameter. The existence of isolated and algebraically sim-
ple eigenvalues will be ensured by assuming radial symmetry and by imposing suitable conditions on the
asymptotic behavior of the solutions u, v. For 7, w € [0, ), we define § C X; x X; xR \ Ty, as the set of all
solutions (u, v, b) € X1 x X1 xR \ Ty, of (H) satisfying the asymptotic conditions

sin(|x|\/p + 1) +0 1
' [X] |2

sin(|x|\v/V + w) 10 <i>

x| Ix|2

u(x) —uglx) =c
as |x| — oo (4)
V(X) =C)
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for some ¢y, c; € R. Propositions 4 and 6 below show that it is natural to assume such an asymptotic behavior
for solutions of (H). For notational convenience, we do not denote the dependence of § and of the asymptotic
conditions (A) on the choice 7, w € [0, m). As we will show in Proposition 6, there exists a unique 79 =
To(ug) € [0, m) such that, for € [0, n),

—-Aw - uw = 3ud(x) w on R?,

w(x) = 7““(‘)“';'/’7”) +0 (ﬁ) as |x| — oo

has no radial solution for T # 1. (N)

With that, we obtain the following

Theorem 1. Let u,v > O, fix any uy € X; \ {0} solving the nonlinear Helmholtz equation (h) and choose
T ¢ [0,m) \ {10} according to (N). Then, for every w < [0, m), there exists a strictly increasing sequence
(bi(w))xez such that (ug, 0, bi(w)) € 8 where § denotes the set of all solutions (u,v,b) € X1 x X1 x R\ Ty,
of (H) satisfying (A). Moreover,

(i) the connected component € of (ug, 0, by (w)) in 8 is unbounded in X1 x X1 x R; and
(ii) each bifurcation point (ug, 0, by (w)) has a neighborhood where €y, is a smooth curve in X1 x X, x R which,
except for the bifurcation point, consists of fully nontrivial solutions.

The main tools in proving this statement are the Crandall-Rabinowitz Bifurcation Theorem, which will be
used to show the local statement (ii) of Theorem 1, and Rabinowitz’ Global Bifurcation Theorem, which will
provide (i). For a reference, see [7], Theorem 1.7 and [8], Theorem 1.3. We add some remarks the proof of which
will also be given in Section 3.

Remark 2. (a) We will also see that fully nontrivial solutions of (H) satisfying the asymptotic condition (A)
bifurcate from some point (ug, 0, b) € Ty, if and only if b = b;(w) for some k € Z. Moreover, the proof will
show that the values by (w) do not depend on the choice of 7.

(b) Themap R — R, krt + w — by(w) where 0 < w < m, k € Zis strictly increasing and onto with by(w) — +oo
as k — zoo. In particular, every point (ug, 0, b) € Ty, b € R, is a bifurcation point for fully nontrivial
radial solutions of (H), which is in contrast to Schridinger systems where bifurcation points are isolated, cf.
[9], Satz 2.1.6.

(c) Close to the respective bifurcation point (ug, 0, b(w)) € Ty,, each continuum C is characterized by a
phase parameter wy(v? + bu?) = w + knt derived from the asymptotic behavior of v (see (10)). It seems that,
in the Helmholtz case of oscillating solutions, the integer k takes the role of the nodal characterizations in
the Schrodinger case, cf. Satz 2.1.6 in [9]. That phase parameter is constant on connected subsets of the
continuum until it possibly runs into another family of semitrivial solutions Ty, with u, # ug; unfortunately
we cannot provide criteria deciding whether or not this happens. For this reason we cannot claim that Cj,
contains an unbounded sequence of fully nontrivial solutions.

(d) For § # 0, let us assume that us € C*(R?) N X1 solves -Aus - pus = u3 on R? with us(0) = uo(0) + 8, see
Theorem 1.2 in [5]. Then w := % |5=0u5 satisfies ~Aw — uw = 3uj w on R?, w(0) = 1. We define 7, € [0, )
as the constant appearing in the asymptotic expansion of w,

w(x)=cSin(X|‘/ﬁ+T°)+O<1) as |x| — oo
x| |x|2
for some unique ¢ # 0 and 179 € [0, m), see Proposition 6. With that in mind, the condition T # Tq is
a nondegeneracy condition which by means of (N) ensures that the simplicity requirements of the above-
mentioned bifurcation theorems are satisfied.

Our results are inspired by known bifurcation results for the nonlinear Schrédinger system
—Au + Au = pyu® + b uv? onRY,
—Av + Av = upv3 + bvu? onRY, (3)

u,ve HH®M), u>0,v>0

Bereitgestellt von | Karlsruher Institut fir Technologie KIT-Bibliothek
Angemeldet
Heruntergeladen am | 18.11.19 12:29



DE GRUYTER R. Mandel and D. Scheider, Bifurcations of nontrivial solutions of a cubic Helmholtz system = 1029

where one assumes Ay, A, > 0 in contrast to (H). We focus on bifurcation results by Bartsch, Wang and Wei
in [10] and Bartsch, Dancer and Wang in [11] and refer to the respective introductory sections for a general
overview of methods and results for (3). In Theorem 1.1 of [10] the authors show that a continuum consisting
of positive radially symmetric solutions (u, v, A1, A2, M1, U2, b) of (3) with topological dimension at least 5
bifurcates from a two-dimensional set of semipositive solutions (u, v) = (u, 1o 0) parametrized by A1, uy > 0.
The existence of countably many bifurcation points giving rise to sign-changing radially symmetric solutions
was proved by the first author in his dissertation thesis (Satz 2.1.6 of [9]).

In Theorem 1 above, we analyze the corresponding case of bifurcation from a semitrivial family Ty, in the
Helmbholtz case. In contrast to the Schrodinger case, our result shows bifurcation at every point in the topology
of X1 xX1 xR, see Remark 2 (b). Looking more closely, we find the same structure of discrete bifurcation points
as in the Schrédinger case when fixing parameters 7, w prescribing the oscillatory behavior of solutions as
|x| — oo as in the condition (A). In the Schrédinger case, the bifurcating solutions are characterized by their
nodal structure; in the Helmholtz case, we use instead a condition on the “asymptotic phase” of the solution
(disguised as an integral), which at least close to the j-th bifurcation point takes the value w + j as described
in Remark 2 (c).

Similar observations can be made for bifurcation from families of diagonal solutions of the Schrodinger
system (3) in the special case N = 2,3 and A; = A; > Oand yy, p> > 0; in order to keep the presentation short,
we assume in addition u; = pp = 1. Bartsch, Dancer and Wang proved in [11] the existence of countably many
mutually disjoint global continua of solutions bifurcating from some diagonal solution family of the form

{(up, up, b) : b > -1} C Hypq(RY) x Hipg(RY) xR

with a concentration of bifurcation points as b N —1. Here uy, := (1 + b)"2uq where ug € Hrlad(]RN )isa
nondegenerate solution of ~Au + u = u>. Moreover, having introduced a suitable labeling of the continua,
the authors showed that the k-th continuum consists of solutions where the radial profile of u — v has exactly
k - 1 nodes, cf. Theorem 2.3 in [11].

We provide a counterpart for the Helmholtz system (H) in our second result, Theorem 3, using the same
functional analytical setup as in Theorem 1. Here we assume v = p. For nonzero ug solving (h), we can then
introduce the diagonal solution family

Ty := {(ub’ up, b) ’ b > —1} CX1xX; xR with uy, = (1 + b)fl/2 Uop.

Given 7, w € [0, m), we denote by & the set of all solutions (u, v, b) € X; x X; x R \ T, of the nonlinear
Helmbholtz system (H) with

sin(|x|\/f + 7) +O( 1 )

u(x) + v(x) = 2uu(x) + 1 x|

sin(|x|\/H + w) ‘0 ( 1 )

x| Ix|?

as x| — oo (Ad1a8)

ux) -v(x) =c,

for some cq, ¢, € R. Our existence result for fully nontrivial solutions of (H) bifurcating from %, with asymp-
totics (A%28) reads as follows.

Theorem 3. Let v =pu > O, fix any up € X; \ {0} solving the nonlinear Helmholtz equation (h) and choose
T € [0,7) \ {10} according to (N). Then, for every w € [0, ), there exists a sequence (by(w))icn Such that
(U, (w)> Uby(w)» br(@)) € & where & denotes the set of all solutions (u, v, b) € X1 x X1 x R\ Ty, of (H) satisfy-
ing (A428), Moreover,

(i) the connected component € of (Up, (4)s Up,(w)s k(W) in S is unbounded in X1 x X1 xR; and
(ii) each bifurcation point (uy, (), Up,(w)> bx(@)) has a neighborhood where the set € contains a smooth curve
in X1 x X; x R which, except for the bifurcation point, consists of fully nontrivial, non-diagonal solutions.
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Again, similar statements as in Remark 2 can be proved. In particular, one can check that every point on Ty,
is a bifurcating point by a suitable choice of w.

We point out that our methods in Theorems 1 and 3 also apply for nontrivial radial solutions of
—Aug — pug = —ug onR>

and corresponding modifications in the system (H). Such solutions ug exist in the Helmholtz case (but not in
the Schrédinger case) and belong to the space X, see Theorem 1.2 in [5].

Let us give a short outline of this paper. In Section 2, we introduce the concepts and technical results we
use in the proof of Theorems 1 and 3, which are presented in Section 3 and Section 4. In the final section, we
provide the proofs of the auxiliary results of Section 2.

2 Properties of the scalar problem

The main challenge in proving Theorem 1 is the thorough analysis of the linearized problem provided in this
chapter. Throughout, we fix A > 0 and discuss the linear Helmholtz equation

-Aw-Aw =f onR3 (4)

for some f € X3, where X3 is defined in (2). We will frequently identify radially symmetric functions x — w(x)
with their profiles; in particular, we denote by w’ := d,w, w” = 02w the radial derivatives. The results we
establish in this section will demonstrate how to rewrite the system (H) in a way suitable for Bifurcation
Theory.

2.1 Representation Formulas

First, we discuss a representation formula for solutions of the linear Helmholtz equation (4). The results re-
semble a more general Representation Theorem by Agmon, Theorem 4.3 in [12]. We introduce the fundamental
solutions

5 o3 __cos(vVA|x]) 5 o sin(vVA|x])

Y, P R =R, Y := x| and Y (x):= “anix| (x#0) (5)
of the equation ~Aw — Aw = 0 on R>. We observe that ¥, is, up to multiplication with a constant, its unique
global classical solution. We will frequently require knowledge of the mapping properties of convolutions
with ¥, resp. ¥,. Various results of such type have been found by Evéquoz and Weth in [3] and further pub-
lications, assuming f € L (RN), w € LP(RYN) for suitable p, p’ € (1, o). In the spaces X5 resp. X;, which

satisfy the continuous embeddings

Xy = L (R%)for3 < p < oo, X3 — L1 (R?)for1 < q < oo, (6)

rad

we prove the following statements.

Proposition 4. For constants a, & € R, we let R,f := (a¥) + a¥,) * f. Then,

(a) the linear map Lid(R3) — L J(R3), f s Ryf is well-defined and continuous;
(b) the linear map X3 — X1, f+— R,f is well-defined, continuous and compact;
(c) for f € X3, we have w := R;f € X1 N C2(R?) with -Aw - Aw = a - f on R>; and
(d) forf € X3, the profile of w := R,f and its radial derivative satisfy as r — oo
W) = \/gf(ﬂ) a cos(rvA) ;r @ sin(rvA) ‘0 (l) ,

r2

W) = \/gf(ﬂ) —aﬂsin(r\f/\): &/ cos(rvA) ‘0 (i)

@)

r2
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where f(VA) = \/%Tf(r)%\/‘{u r? dr. Further, ¥y * f = 471,/T f(V2) - ¥y.
0

As a consequence of Proposition 4, we state the representation formulae we require later to construct the
functional analytic setting in the proof of Theorem 1. For w € (0, 1), we define

RY: X3 — X1, frs Wy *f+cot(w) By *f ®8)

which provide solutions of the Helmholtz equation (4) the asymptotic behavior of which is described by the
phase parameter w as follows.

Corollary 5. Let w € (0, ) and f € X3. Then, for w € X1, we have w = R{f ifand only if wis a C? solution of
—-Aw - Aw = f on R? with, for some c € R,

.sin(xﬂ+a))+0( 1 )

wx) =c —
|x| |x|2

as |x| — oo.
We point out that the operator R} is not well-defined for w = 0 due to the pole of the cotangent. We will
comment on suitable modifications during the proofs of Theorems 1 and 3.

2.2 The Asymptotic Phase

Frequently, equations of interest will take the form (4) with f = g- w for some g € X», see (2). We can then use
ODE methods, more specifically the Priifer transformation, to discuss the corresponding initial value problem
for the profiles,

1

-w' - %w/ -Aw=g(w  on(0,)  withw(0)=1, w'(0) = 0. 9)

Proposition 6. Assume g ¢ X,. Then the initial value problem (9) has a unique (global) solution w : [0, c0) —
R which satisfies

w(r) = 02(8) —Sin(rﬂ: A8 , (i) ,

r2

w'(r) = 02(8)VA —cos(rﬂ: wi8) | (l)

r2

as r — oo for some p,(g) > 0 and w,(g) € R. Here, the value of w,(g) is given by

RN
wa(g) = 7 0/ g(r) sin®(p(MVA)dr

(10)
=1+ Lg(r)sin®(pVA),
where ¢ : [0, o) — R solves {4) 18(sin*(@VA)
¢(0) =0.
In particular, given ug € X1\ {0} solving (h), Proposition 6 with g := 3u(2, € X, shows that the nondegeneracy
condition (N) holds with 7o € [0, ) such that w,(3 u3) € 7 + nZ.

Comparing Proposition 6 with Corollary 5, we observe that Proposition 6 guarantees g;(g) > 0, that is,
the solution has a nonvanishing term of leading order as r — oo. The asymptotic conditions imposed in
Corollary 5 with f = g- w now take the form w;(g) € w + nZ. Such boundary conditions at infinity will provide
operators with spectral properties suitable for building the functional analytic framework in which to prove
Theorem 1. As a first auxiliary result, we prove the following continuity property.

Proposition 7. The asymptotic phase is continuous as amap w; : X, — R, g — w,(g).
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When studying eigenvalue problems of a linearization of (H), we need to know the dependence of the asymp-
totic phase w, (b u3) on the parameter b € R.

Proposition 8. Let ug € X; N C*(R>) be some nonzero solution of (h). Then the map R — R, b — w,(b uj)
is continuous, strictly increasing and onto with w;(0) = 0.

2.3 The spectrum of the linearization

In the proof of Theorem 1, we will rewrite the nonlinear Helmholtz system (H) in the form
u =IR,T4(u(u2 +bv?), v =R+ bu?)), u,veX;

for some 7, w € (0, ), which additionally imposes a certain asymptotic behavior on the solutions, see Corol-
lary 5. In order to analyze the linearized problem, we fix some nontrivial ug € X;NC?(R?) with -Aug—pug = u3
on R? and study the spectra of the linear operators

RY : X1 — X4, wwﬂ%ﬁ’(u% w) = (¥ + cot(w) ‘PA) * [ud wl, 11)
which are compact thanks to Proposition 4 (b).

Proposition 9. Let w € (0, m), A > 0 and ug as before. Then the spectrum of R} is
1
RY) = {0 RY), RH)=<—— __|keZ
o®) - LU0y ®), @)~ (L ke )

where, fork € Z, b = by(w, A, u%) € R is the unique solution of w,(b u%) = w + km, see Proposition 8. More-
over, all eigenvalues are algebraically simple, and the sequence (by(w, A, u(z))) kez 18 strictly increasing and un-
bounded below and above.

This excludes the case w = 0, even though the values b;(0, A, ué) € R, k € Z, can be defined accordingly.
Indeed, the first step of the proof of Proposition 9 above shows for all w < [0, n):

Remark 10. Fix w € [0, ). Then the problem

—Aw-Aw =buiw onR3, w(x) —
0 x| |x|?

_ sin(jx|vA + w) +0 ( 1

> as |x| — oo

has a nontrivial radial solution w € X, N C2(R?) ifand only if b € {b;(w, A, u3) | k € Z}.

3 Proof of Theorem 1

We first discuss the case w, T € (0, ), T # To. Afterwards, we sketch the modifications required if w = 0 or
7=0.

The case w € (0, m)and T € (0, ) \ {7o}.

Step 1: The Setting.
We define the map

F: X1 XX1 XR—)X1 XX1,
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F(w, v, b) := (

w = RE W + 3uow? + 3udw + b (uo + w)v?)
v—RYW3 + bv(ug + w)?)

with the convolution operators R}, RY : X3 — X; from (8). Observe that F is well-defined since u, v, w € X;
implies uvw € X3. Recalling Corollary 5 and (h), we have

Fw,v,b)=0 < (u,v,b):=(up+w,v, b) satisfies (H) with asymptotics (4).

So we aim to find nontrivial zeros of F. Second, we observe that F has a trivial solution family, that is
F(0,0,b) = 0 holds for every b ¢ R. Third, F(-, b) is a compact perturbation of the identity on X; x X;
since the operators Ry, Ry : X3 — X; are compact thanks to Proposition 4 (b). Moreover, F is twice continu-
ously Fréchet differentiable; we have for ¢, i) € X; and b € R, denoting by D the Fréchet derivative w.r.t. the

w and v components,
(o) _(3Rw5e)) _[¢-3Rip
DF(0,0, b)l(¢, ¥)] < 4») (bm’(ug ¢)> ( bR ¢> (12)

with compact linear operators R,RY : X; — X; as in (11). We deduce that, due to (N) and 7 # Ty,
DF(0, 0, b)[p, Y] = 0 implies ¢ = 0. So nontrivial elements of ker DF(0, 0, b) are of the form (0, 1)) where
i satisfies = b R¥1). By Proposition 9, a nontrivial solution exists if and only if b = by(w, v, ud), i.e.
wv(b u(z)) = km + w for some k € Z, and that the associated eigenspaces are one-dimensional. We abbreviate

bi(w) := by(w, v, u3) and write
ker DF(0, 0, by(w)) = span { ( 0 ) }
Vi

for some ¥, € X1 \ {0}. Thus b € {bi(w) | k € Z} is a necessary condition for bifurcation of solutions of
F(w, v, b) = 0 from (0, 0, b). We show in the following that it is also sufficient.

Step 2: Local Bifurcation.

We apply the Crandall-Rabinowitz Theorem at the point (0, O, by (w)). As F(-, b) is a compact perturba-
tion of the identity on X; x X, the Riesz-Schauder Theorem implies that DF(0, 0, b;(w)) is a Fredholm op-
erator of index zero with one-dimensional kernel spanned by (0, 1), see above. To verify the transversality
condition, we first compute

@_ (0 \__ 1 [0
0, DF(0, 0, bi(w))[(0, Y )] = <R3)l/)k> bi(w) (Ebk) '

Then, assuming there is v € X; with v - b;(w) RY'v = i, we conclude
v € ker(I - bi(w)R?)? \ ker(I - by (w)RY),

which contradicts the algebraic simplicity of the eigenvalue by (w)™! of R proved in Proposition 9. Thus
0, DF(0, 0, bi(w))I(0, )] ¢ ranDF(0,0, by(w)), and the Crandall-Rabinowitz Theorem provides the
smooth curve of solutions of F(w, v, b) = 0 as in (ii). Further, possibly shrinking the neighborhood where
the local result holds, we may w.l.0.g. assume fully nontrivial solutions (ug + w, v) of (H) since the direction
of bifurcation is given by (0, Y;).

Step 3: Global Bifurcation.

We have already seen that F(-, b), b € R, is a compact perturbation of the identity on X; x X;. Thus
the application of Rabinowitz’ Global Bifurcation Theorem only requires to verify that the index of F(-, b) in
(0, 0) changes sign at each value b = by(w), k € Z. By the identity (12), for b ¢ {b;(w) | k € Z},

inXmxXl (F( *y b), (O, 0)) = inXmxXl (DF(O, o, b), (0, O))
@ indy, (I- 3R, 0) - indy, (I~ bRY,0),
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and hence indy, x, (F(+, b), (0, 0)) changes sign at b = by(w) if and only if so does indy, (I - b Ry, 0). The
latter change of index occurs since b (w) is an isolated eigenvalue of algebraic multiplicity 1 of Ry, see Propo-
sition 9.

The Global Bifurcation Theorem by Rabinowitz asserts that (ug, 0, bi(w)) € 8 and that the associated
connected component €, of § is unbounded or returns to T, at some point (ug, 0, b"). We prove that, in any
case, the component is unbounded.

The asymptotic phase satisfies wy (by(w)u3) = w+km by definition of by (w), see Step 1, and w, (v +bu?) €
w+nZforall (u, v, b) € € withv # 0. This is due to (A) and Proposition 6. So if all elements (u, v, b) € C;\Ty,
satisfy v # 0, then as a consequence of the continuity of wy (see Proposition 7) and of the fact that € is
connected, we infer that wy(v2 + bu?) = w + kn for all (u, v, b) € € - Let us now assume that €, returns to the
trivial family in some point (ug, 0, b") € Ty,, b™ # bi(w). Then wy (b uf) # w + km by strict monotonicity (see
Proposition 8), hence (u, v, b) — wy(v? + bu?) is not constant on C. Thus, there exists a semitrivial element
(u1,0, b1) € C; \ Tuy, U1 # Up. Since € is maximal connected, it contains the unbounded semitrivial family
Tu; = {(u1,0,b) | b € R}.

Thecasew =0and 7 € (0, W) \ {1o}-

Step 1: The Setting.

We recall that, in case w = 0, the map F resp. RY is not well-defined due to the pole of the cotangent. To
write down a suitable replacement, we use the Hahn-Banach Theorem to define functionals a(v), ﬁ(") € X
with the following property: For w € X; with

sin(x|vv) | g cos(dv) (;) as [x| - oo (13)

41| x| 41| x| |x|2

W(X) = Aw

for some aw, fw € R, we have a¥(w) := ay and ﬁ(")(w) := Bw. We then define for g = +1

Go: X1 ><X1 XR—>X1><X1,

Gg(w, v, b) := <

w - REW? + 3uow? + 3udw + b (uo + w)v?)
V=¥ *[v(? + bW+ up))] - (VW) +opV V) - ¥, |

Using Proposition 4, we see that G¢(w, v, b) = 0 if and only if (ug + w, v, b) solves the nonlinear Helmholtz
system (H) with asymptotics (4), w = 0. Indeed, by (13), one sees that Gs(w, v, b) = 0 implies ﬂ(‘”)(v) = 0.
Further, recalling the property (N), (¢, ) € ker DG4(0, O, b) if and only if

0=0, Ap-vip=budyp, Yoo’ PO SHEVY) (i)

x| [x|2

for some ¢ # 0. As before, Propositions 6 and 8 allow to conclude that solutions of (H), (4) for w = 0 can
bifurcate from (ug, 0, b) € Ty, only if b = b;(0) for some k € Z, and that there exist i, € X; \ {0} with

ker DG4(0, O, by (0)) = span { ( 0 ) } .
Y

The proof of transversality as required in the Crandall-Rabinowitz Theorem has to be adapted. Assuming
for contradiction that there are ¢, ¥ € X; with DG4(0, 0, b(0))[(¢, Y)] = 0,DG(0, 0, bi(0))[(0, Y;)], ashort
calculation gives ¢ = 0 (due to (N)) and

Step 2: Local Bifurcation.

¥ = bi(0) Py * [ud ] + @V () + BV (W) - By — Wy * [ud .
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Applying the functional a’”) to this identity, we infer 8)(1)) = 0. Moreover, Proposition 4 (c) gives —' - 2y~
vip = b(0)ud ¥ — u . Further, by Step 1, B (1)) = 0 as well as ~p} — 21}, —vipy = br(0)ud ;. Using these
differential equations, one finds

2Py’ - R = rPud(yw;  forr>o0.

Integrating by parts and exploiting the asymptotic behavior of i resp. Y, and their derivatives, see Proposi-
tion 4 (d) and equation (13), this finally implies

R
/ Pup(MPR() dr = R? (PrRY' (R) - pRPL(R)) = O (%) ,
0

which is a contradiction as R — oo; hence transversality holds.

Step 3: Global Bifurcation.

We apply Rabinowitz’ Global Bifurcation Theorem from [13], Theorem II.3.3, which as above yields un-
bounded connected components €, C 8§ once we show that the index

indy, (I-Kp,0) where Kp, := b ¥, * [uj -]+ (@ + opV) - &,

changes sign at b = b;(0), k € Z. More precisely, we analyze bifurcation at by (0) = 0 using the map G. and at
b;(0) < 0 using G-. In the following, we present the main ideas how to verify that 1 is an algebraically simple
eigenvalue of K}, ;) and that the corresponding perturbed eigenvalue A;, ~ 1 of K}, for b ~ b;(0) crosses 1
as b crosses by (0). For the existence, algebraic simplicity and continuous dependence of A;, on b we refer to
Kielhofer’s book [13], p. 203.

Algebraic Simplicity.

We adapt the proof of Proposition 9 to the case w = 0. Assuming ker(I - K}, () = span{w} and v € ker(I -
Ky, ) \ ker(I - K}, (), we have w.Lo.g.

w=K,ow and v=KpqV+w). (14)

Then, Proposition 4 (c) implies that the profiles satisfy

-w" - %w' -vw=bOQudw, -v'- %v' —wv = b (0)ud (v +w) onR>. (15)

We let g(r) := r? (w(r)V'(r) - v(r)w'(r)) for r = 0. Using (15), we find
q' (1) = -’ b (Ous(IwW’(r) (r>0), g(0)=0

hence q is nondecreasing if b;(0) < 0 and nonincreasing if b;(0) > 0. On the other hand, applying a™ to (14),
we infer ﬁ(") (w) = 0and B(")(v) = —0a") (w). Then the asymptotic expansions of v, w due to equation (14) and
Proposition 4 (d) imply as r — oo

a¥ (w)? 1
an -0 2 ﬁ+0(;).

Since a™(w) # 0 by Proposition 6, and since we choose o = +1 for b;(0) > 0 and ¢ = -1 for b;(0) < 0, this
contradicts the monotonicity of g. Hence ker(I - K}, () = ker(I - Kj, ())*
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Perturbation of the eigenvalue.

Throughout the following lines, we consider a perturbed value b ~ by (0), b # b (0) and the corresponding
eigenpair with K,w;, = A,w,,. The latter implies

A - D (wy) = 0¥ (wy) (16)
and hence A;, # 1 due to B(V) (wy,) # 0, see Proposition 8. We recall that

a¥(wy)

BM(wy)

where the second identity can be deduced comparing the expansions in equation (13) and in Corollary 5 resp.
Proposition 6.

We now discuss the values b;(0) = 0, i.e. ¢ = +1.In case b > b;(0) we show that A, > 1. Assuming
Ap < 1, we infer from (16) that sgn a®)(w;) # sgn B (w}) and thus wy(bA;'u3) € (-%,0) + nZ due to (17).
Butsince bA," > by(0), the monotonicity stated in Proposition 8 implies wy(bA;'u3) € wyv(bi(0)ud)+(0, %) C
(0, %) + 117, a contradiction. In the same way, for b < b;(0), we can show that A;, < 1. Following the same
strategy, we see for b;(0) < 0, i.e. 0 = -1, that b > by (0) implies A;, < 1 and b < b;(0) implies A, > 1.

We have thus proved that, as b crosses by (0), the perturbed eigenvalue A, crosses Abk(o) = 1 and hence
the sign of the Leray-Schauder index indy, «x, (Ga(' , b), (0, 0)) changes at b = b;(0) for all k € Z and for
o € {#1} chosen as above.

wv(bk(O)u%) e nZ and

= cot(wv(bA,'ud)) (b # bi(0), b = by(0)) (17)

The case T = 0.

This is covered by redefining the first components of F resp. Gg,

(w,v,b) —»w-W,* W + 3uow? + 3udw + b (ug + w)v?] - [a(")(w) + B(V)(w)} . ‘Py

instead of (w, v, b) — w — RE(W> + 3uow? + 3ugw + b (uo + w)v?) similar to the modification of the second
component in the case w = 0. The argumentation works as before, which is why we omit the details. O

Proof of Remark 2

(a) The Steps 1 of the proof above in fact show that solutions of (H), (4) bifurcate from (ug, 0, b) € Ty, only if
b = by(w) for k € 7Z; Steps 2 show that this is also sufficient. Moreover, since by (w) is the unique solution
of wy(b u(z)) = w + km, its value does not change when choosing another asymptotic parameter 7 in (4).

(b) By Proposition 8, the map q : R — R, g(b) := wy(b ud) is strictly increasing and onto. Having chosen
bi(w) = ¢ Y(w + kn) for w € [0,7), k € Z, we infer strict monotonicity and surjectivity of the map
R = R, w+ km+— bi(w).

(c) In Steps 2 we have seen that in a neighborhood of the bifurcation point (ug, 0, by(w)), the continuum €
contains only fully nontrivial solutions apart from (ug, 0, by (w)) itself. In Step 3, we infer for all (u, v, b) €
@y from this neighborhood that the asymptotic phase of v satisfies wy,(v? + bu?) = w + k. More generally,
wy(v? + bu?) = w + km holds on every connected subset of C; containing (uo, 0, b;(w)) but no other
semitrivial solution with v = 0.

(d) By Proposition 6, the (formally derived) initial value problem has a unique radial solution with ¢ =
0u(3ud) # 0 and 19 = wu(3u}) € [0, ). O
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4 Proof of Theorem 3

We now prove the occurence of bifurcations from the diagonal solution family ¥, . To this end we first rewrite
the system (H) in an equivalent but more convenient way. Looking for solutions (u, v, b) € X1 x X1 x R\ Ty,
we introduce the functions w1, w, € X; via

Uu=:uy+wp—wy, V=:Up+wi+w,.

A few computations then yield that bifurcation at the point (uy, uj, b) occurs if and only if we have bifurcation
from the trivial solution of the nonlinear Helmholtz system

-Awy — pwy = (1 +b)((wy +up)® —u3) + (3 - b)(wy +up)w; onR3, (8)
~Awy = uw; = (1 + b)w3 + (3 - b)(wy + up)*w, onR3,
and the asymptotic conditions (4428) are equivalent to
wilx) =1 7SIH(|X||)‘(/|H+ 2 +0 (%) , wa(x)=cy 7sm(\x\|\f +w) +0 (ﬁ) 19)

as |x| — oo for some c1, c; € R. As in the proof of Theorem 1, the functional analytical setting in the special
cases w = 0 or 7 = 0 is different from the general one since a substitute for the operators Ry, R}/ has to
be found, see the definition of G4 in the proof of Theorem 1. In order to keep the presentation short we only
discuss the case 7, w € (0, ) and refer to the proof of Theorem 1 for the modifications in the remaining cases.
So we introduce the map F : X; x X1 x (-1, 0) — X; x X; via

W1> ) R, ((1 +b)((wy +up)® —uj) + 3 - b)(wy + ub)wﬁ)
w2

F(Wls W, b) =

RY ((1 +b)w3 + (3 - b)(wy + ub)zwz)
Then F(0,0, b) = 0 for b > -1, F(-, b) is a compact perturbation of the identity on X; x X; and it remains
to find bifurcation points for F(wq, w;, b) = 0. First we identify candidates for bifurcation points, i.e. those
b € (-1, oo) where ker DF(0, 0, b) is nontrivial. Using

(1) (mG@bugg)) _ (¢1) [ 3Ridn
DF(0,0, b)[((l’l» ¢2)] <¢2) (iRﬁJ ((3 _ b)ulz)(pz) ¢2 % R}‘:}(Pz s
f3-b

we get that nontrivial kernels occur exactly if 177 = by(w) for some k € Z, cf. Steps 1 in the previous proof.
For the analogous result in the Schrddinger case, see Lemma 3.1 [11]. So

3-bilw) |

1+ by(w) -1

ker DF(0, 0, b) = span { (1/? > } provided b =
k

for some i, € X; \ {0}. Using the algebraic simplicity of ), proved in Proposition 9 we infer exactly as in the
proof of Theorem 1 that the transversality condition holds and that the Leray-Schauder index changes at the
bifurcation point. So, choosing by (w) := iﬁ’;gzg for all k € Z with by(w) > -1, the Crandall-Rabinowitz The-
orem and Rabinowitz’ Global Bifurcation Theorem yield statements (ii) and (i) of the Theorem, respectively.
We remark that, to be consistent with the labeling in the Theorem, we might have to shift the index in such
way that bo(w) < -1 < b1(w).

Unboundedness of the components can also be deduced as before. Indeed, assuming that ¢ is bounded,
it returns to Ty, at some point (u-, uy-, b") # (u b, (w)> Y, (w)s 0k(@)) by Rabinowitz’ Theorem. We then infer
that the phase w,((1 + b)w3 + (3 - b)(w; + up)?) cannot be constant along ¢;. Due to Proposition 6 applied
to w,, in (18), this requires the existence of some element (u, v, b) € ¢; with w, = %(v —-u) = 0, and hence the
associated unbounded diagonal family belongs to ;. g
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5 Proofs of the Results in Section 2

Before proving Proposition 4, we state two auxiliary results. The first one provides a formula for the Fourier
transform of radially symmetric functions, see e.g. [14], p. 430.

Lemma 11. For f € X3 and x € R? \ {0}, we have
20y sin(jx|r)
OF \f/f( n SO 2 ar.
1\[\)(\ (5)

We denote by @,(x) := TIXI ¥ (x) +i P)(x) for A > 0,x # 0 a (complex) fundamental solution of the
Helmholtz equation ~A¢ - A¢ = 0 on R>. A short calculation using spherical coordinates provides the fol-
lowing pointwise formula for convolutions with kernel @,.

Lemma 12. Forf € X3 and x € R3 \ {O}, we have

nﬁ\xl sm(\fr) ) P sin(\f/\|x\)_ T elVar
x| VAr x| VAr

x|

T VA sin(vA|x|) - eV sin(vAr) 2
\f fom -0 /f() D dr.

f)r*dr

(@) *f)x) =

x|

5.1 Proof of Proposition 4

We now prove, one by one, the assertions of Proposition 4 for convolutions with @, in place of a¥) + &¥%,.
The latter (real-valued) case can be deduced from the former via @; = ¥, + i ¥). Unless stated otherwise,
we extend norms defined on spaces of real-valued functions to complex-valued functions g : R> — C by
considering the respective norm of |g| : R3 — R. (a) is a consequence of Theorem 2.1 in [3]. The solution
properties stated in (c) can be verified by direct computation.

Step 1: Proof of (b), first part. Continuity.

Due to the continuous embedding X3 C L3 d(R3) see (6), the convolution is well-defined for f € X3.
Using Young’s convolution inequality, we get

(@2 * ] < || (1,0 P) * Fll sy + || (Lenr8,0)P2) * F ooy

< || 1,0 Pall gy I li=o) + | Lro\By () Pall ooy ||f||Lg(R3)

ESTSY

dy
S\Ifl\Lw(RB)/4n|y\ 1714 e / Gnly)

B1(0) 3\B;(0)

(6)
< Cr-|fllx,

for some C; = 0. Next, by means of Lemma 12, we estimate for x € R3\ {0}

x| - (@3 * )OO = [VAN. Sm\([fr) - f(r) r* dr + sin(vA|x]) - /l Tir f)r*dr
x| oo
1 fllx, 2ars [ 2 Nl 2 dr

fr (1+7r2)3 fr (1+72)3
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=G+ [Ifllx,
with some C; = 0. Combining both estimates, we have || @, * f||y, <[C1 + C2] - [Iflx,-

Step 2: Proof of (d). Asymptotics of w and w'.

Given f € X5, welet w := @, * f. Then for r = |x| > 0, Lemma 12 implies

w(r)-\/?

~ T Vs gin(vAr) - eV sin(vAs)
- /f( s) VAsr s7ds

r

Wik, 2 4 (20)

_r (1+52)% VAr

To understand the asymptotic behavior of the radial derivative w’, a short calculation shows that the auxiliary
function 6(r) :=r- w(r) - \/g F(VA) - VA satisfies

6(r=0 <%) , 8'(N=-A6)-r-f(nN=0 (%) asr — oo.

Then for r > 0, we find 7, € (0, 1) with 8(r + 1) = 6(r) + 6'(r) + 38" (r + 1), whence also §'(r) = (%) This
shows the asserted properties of w’ since

r-w'(r) =iva - \/gf(\ﬁ) el VAT _ w(r)+0 (%) asr — oo,

As a consequence of equation (20), we derive the formula stated for ¥, *f. Due to (c), ¥, *f is a radial solution
of the homogeneous Helmholtz equation ~Aw — Aw = 0 on R> and hence a scalar multiple of ¥, itself. The
asymptotics in (20) justify the asserted constant.

Step 3: Proof of (b), second part. Compactness.

We consider a bounded sequence (f)r in the space X3 and aim to prove convergence of a subsequence of
(un)n, un := @, * fn, in the space X;. First, due to the continuous embeddings into reflexive L? spaces stated
in (6), we can pass to a subsequence with

fn, — f weakly in L*®R*) N Lg(R3), Up, — u weakly in LY(R?)

forsomef € L}, (R%)n Lrad(R3) u € L} (R?). Then the regularity properties in Proposition A.1in [3] and the
Rellich-Kondrachov Embedding Theorem 6.3 in [15] allow to extract a subsequence with u,, — u strongly in
Ci;.(R3), in particular for any R > 0

H]]'BR(O) “Un —1p o) un,HX1 —0 as k,l — oo. 1)

On the other hand, on the unbounded set R3\Bg(0), convergence in X; follows essentially from the asymptotic
expansion in equation (20) where w.1.0.g. fn,(VA) — f(v/A) as k — oo. Then,

||]1R3\BR(0) “Uny =~ Lga\gy(0) * unzHX

(1+|x])2 2(1+|x| )2 ~
< |sxl\l>§)2 [\/7|fnk(\f) fm(\[)| x| \f| 2 “If fm”X; (22)
1 42
< VAlfu (V) = fr VD) + - WSUPanHX;-
Thus given € > 0, we can choose R(¢) > O large enough and k(¢) € N such that (21) and (22) imply
|un, — un, |, < €forall k, I = k(e). Hence (un,)ren is a Cauchy sequence in X;. O

Bereitgestellt von | Karlsruher Institut fir Technologie KIT-Bibliothek
Angemeldet
Heruntergeladen am | 18.11.19 12:29



1040 — R. Mandel and D. Scheider, Bifurcations of nontrivial solutions of a cubic Helmholtz system DE GRUYTER

5.2 Proof of Proposition 6

Let g € X,. Then the profile w : [0, o) — R is a (global) solution of the initial value problem (9) if and only if
y : [0, 00) — R, y(r) = r - w(r) solves

(23)

{—y” ~Ay=g(r)-y on(0,00),
y(0)=0,y'(0) = 1.

Moreover, w € X; if y is bounded. Global existence and uniqueness of such y € C2([0, oo)) are consequences
of the Picard-Lindeldf Theorem and of Gronwall’s Lemma since g € L*([0, oo)). We apply the Priifer transfor-
mation. Since y % 0, uniqueness implies that y(r)? + y’(r)? > 0 for all r = 0. We thus parametrize using polar
coordinates in the phase space

y() = o) -sin(p(NVA),  y'(r)=p(r)- VAcos(p(NVA)  (r=0) (24)

with functions g : [0, o0) — (0, ) and ¢ : [0, ) — R. A short calculation shows that we thus obtain a
solution of (23) if and only if p and ¢ satisfy the first-order system

(logpo) = —% sin(2¢vA) on (0, ),
¢’ =1+ 5D sin?(pv/A) on (0, o), (25)
0(0) = 7, $(0)=o0.

Equivalently, for r = O,

o(r) = 1 exp ( L0 sin(2¢()VA) dt)

VA 2VA
° (26)
o) =r+ / & sm2(¢(t)ﬁ) dt.
0
We will frequently refer to the estimate
.o L 8) c L exp (T .
Vr=0 e P (‘/ sin(2¢(£)VA) dt) < ﬂexp <4ﬂ ||g\|X2) : Cq. 27)

Indeed, (26) and (27) immediately yield boundedness of y and moreover convergence of the integrals in

_ [g® 1 ol
w,(g) : A sin?(¢p(t)VA) dt and p,(g) : ﬂ exp( J i sin(2¢(t)VA) dt)

Thus g,(g) > 0, and we verify the asserted asymptotic behavior of y as r — oo:
Y - 02(@sin(rVA + wa(8)|
2o sin@rIVD) - er(®) sin(rvA + w(s))|
< |[) - 22(®)] sin(@MIVA)| + |ea(s) [sin(@()VA) - sin(rvA + wa(s))]|
@ (e _
= Ce (’ oxr(®)

where we estimate both terms as follows, using |g(r)| < [|g]|x, - (1 + r?) L forr >0,

+ ’sin(cp(r)ﬂ) —sin(rvA + w/t(g))D

o(r)
‘QA(g) !

+ )sin(qb(r)ﬂ) - sin(rvA + w,\(g))’
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(26)

<

+)¢(r)f—rf wA(g)‘

/%

exp ( ff? sin(2p(OVA) dt) 1

(26), (27)
<

gi 2
/ 810 sin(2(OVA) de + sin?(¢()VA) dt

) (gH) el 1
2 N/

Thus y(r) - 04(g) sin(rvA+ wy(g)) = 0 (%), and similarly y'(r) - 02(g) VA cos(rvA + wx(g)) = 0 (1) asr — oo.
Since y(r) = r - w(r), all assertions are proved. O

S\”“

5.3 Proof of Proposition 7

We consider gn, go in X, with gn — go in X, and aim to show that w;(gn) — w;(go). By ¢n € CL((0, o)) N
C([0, o)) we denote the unique solution of

Pr=1+ g”/l(’) sin®(¢nVA),  $n(0) =0

Then we have pointwise convergence, ¢n(r) — ¢o(r) for all r = 0. Indeed, let us fix any R > 0 and estimate
forO<r<RandneN

|61 - o] = g"“)sm Bn(OVAD) - £ sin? (o (0D it

0

% / |gn(t) - go(0)] dt + 5 / lgo(®)] - \sinz(d)n(t)ﬂ)—sinz(qbo(t)ﬁ) dt
0

oo r
dt_, 2goll
<3 [ len=goll, 155 + 250 [ 1n0 - go(o) at
0 0

>-\>—\

n 2)g0ll.. |
< ﬂ||§n—go||xz +T(j1/’¢’n(t)—¢o(t)’ dt.
0

Thus, by Gronwall’s Lemma, we have forO < r < R

2ol 2ol

VA 21500
‘¢n(") - ¢0(r)} 31 lign - 8ollx, & V4 2/[ lgn - gollx, & V&

Since gn — go in X;, we conclude ¢, — ¢ locally uniformly on [0, o), in particular pointwise. Now we can
deduce the convergence of the asymptotic phase,

wa(gn) = % /gn(r) sin®(gn(MVA) dr - — /go(r) sin®(¢o(NVA) dr = w,(go),
0

which follows by dominated convergence since sup,,cy [|8nllx, < - O

5.4 Proof of Proposition 8

Let us first recall that, given the assumptions of Proposition 8, equation (10) implies for b € R

wa(bud) = % 0/ u3(1) sin (¢ (r)V/A) dr
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where ¢, satisfies ¢}, = 1 + %u%(r) sin?(¢,,v/A) on (0, o0), ¢,(0) = 0. We immediately see that w,(0) = 0 and
sgn w,(bud) = sgn (b) for all b € R \ {0}. Further, continuity of b — w,(b u3) is a consequence of Proposi-
tion 7. The assertions are proved once we show that b — w;(b u3) is strictly increasing with w;(b u3) — +oo
as b — oo,

Step 1: Strict monotonicity. We let b1 < b,, define

sin’ (¢, (NVA)-sin*(¢p, (NVA) .
X = D1, OV, (VI if 5, (1) # b, (1)

2 sin(¢y, (NVA) cos(¢y, (NVA)  else

and observe that x is bounded with O < [x(r)| < 2 and continuous. Y := ¢}, — ¢}, satisfies

W' = PN s (B, (VD) + TL 00, 9(0) -0,

The unique solution is given by the Variation of Constants formula. We have

b, - by

oo b
7 u3(0) sin(¢hy, (@) VA)els HHOKO A g5 5

(b2 1) - wa(by ) = VA Jim p) = [
0

since the integrand is nonnegative and not identically zero.

Step 2: Asymptotic behavior as b — oo.

By the uniqueness statement of the Picard-Lindel6f Theorem, ug # O requires uo(0) # 0. We can thus
choose rg > 0 with

%u%(o) <ud(r) < %ué(O) forall r € [0, ro]. 28)

To keep notation short, we let in this paragraph ¢ := ﬁué(o). We have for b > 0

By =1+ 2ud()sin(ppvD) ¥ 1+ b £sin2(PpVA) onlo,rol,  $y(0) =0,
We now study the modified initial value problem
Yy =1+b-&sin’(Y,VA) on[0,r0l,  ¥,(0)=0.

For O < r < rg withr ¢ Z + nZ, its unique solution is given by the expression

1 tan(rﬂ\/1+b-{)
abv nm + arctan NEYIY

where n € Ny. We deduce immediately y,(rg) — oo as b — oo. Since by construction ¢, = ¥}, on [0, r¢], this
implies ¢, (rg) — oo as b — oo. Substituting t := vA¢,(r), we estimate

Pp(r)

for ‘\/mﬂr—nn’ <g

wbud) = % O/ u3(r) sin?(y (VD) dr

(28)

2 p. .fﬂ/sinz(qbb(r)ﬂ) dr
0

\f/\¢b(70) dt
=b. in(t) B
J 0/ T b @)
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e bes VApy(ro)

28 . 5

> T+3b ¢ sin”(t) dt
0

and hence ¢,(ro) — oo implies w,(bu3) — ccas b — oo.
Step 3: Asymptotic behavior as b — —oo.
For b < -1, we introduce

rp 1= max {r >0 | cl)b(r)\/i = arcsin(|b\’%)} ,

b] lluoll,

which is well-defined due to 1 - 5 -5

< ¢}, < 1 and ¢,(0) = 0. In particular, we have
dp(rp)VA = arcsin(\b|‘%) and ¢,(NVA> arcsin(|b|'%) forallr > ry,. (29)
We prove below that r;, — o as b — —cc. Then for r > rj, equation (29) and ¢}, < 1 imply
Pp(NVA< Pp(rp)VA+ ([ —rp)VA=1VA+ (arcsin(\br%) - rb\f/\) .
Then the asymptotic phase satisfies
wy(bud)=vA- rlLII;(d)b(r) -r)< arcsin(|b\_%) -1,V = —oo as b — —oo.

It remains to prove that r;, — oo as b — —oco. We assume for contradiction that we find a subsequence (by)yen
and ¥ > O with by N —oo, 1, — Fas k — oo. Then, since ¢ﬁ,k < 1 and due to equation (29), we have for
sufficiently large k € N

arcsin(|bk|"%) < ¢y, (NVA < arcsin(|bk|"%) +1< g forr, <r<r, + (30)

1
"

We conclude sin(¢bk(r)ﬂ) > |bk\‘% and hence as k — oo

%
1
¢bk (rbk + 7) = ¢bk(rbk) + ¢2;k(rbk +t)dt
)]

%

29) 1 . _1 b .

@ 7 arcsin(|by|™*) + / [1 - %u%(rhk +t) smz(q[)bk(rbk + V)| dt
0
2

Go) 2 1 /Ibil / 2

< - | ug(ry, +t)dt

\/X 1 A / 0( by )
— —oc0

since u3 > 0 almost everywhere and rp, — T. On the other hand, for every k € N, the differential equation
¢ =1+ %u%(r) sin®(¢v/A) states that ¢y, (r) = 0 implies ¢}, (r) = 1. Thus ¢, cannot attain negative values,
which contradicts the limit calculated before. O

5.5 Proof of Proposition 9

For w € (0, ) and A > 0, we compute the spectrum of

RY : X1 — X1, we RYudw] = (¥) + cot(w)‘?’,\) * [ud wl.
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Compactness of R} is a consequence of Proposition 4 (b). Then immediately o(RY) = {0} U op(RY) with
discrete eigenvalues of finite multiplicity.
Step 1: Eigenvalues.

We find the eigenfunctions of RY, that is, we look for such n € R,n # 0 and nontrivial w € X; that
RYw = - w. Corollary 5 implies that this is equivalent to n € R, n # 0 and nontrivial w € X; n C*(R?),

—Aw—Aw=%-u(2)(x)w on R3

sin(jx|VA + w) ‘0 ( 1

with w(x) = ¢ —
x| |x|?

)as|x|—>oo

for some ¢ € R. By Proposition 6, such an eigenfunction exists if and only if w, (% u(z,) = w + km for some
k € Z; in this case, ¢ # 0 and every eigenspace is one-dimensional since the radially symmetric solution w
is unique up to multiplication by a constant. Since we have seen in Proposition 8 that R — R, b — w,(b u(z))
is strictly increasing and onto, we can define by (w, A, u(z)) via w) (by(w, A, ué) u%) =w+kmnforallk € Z, and

conclude
ke Z} .

It remains to show that the eigenvalues are algebraically simple. We consider an eigenvalue 7 :=

Up(Rﬁ)) = {

1
bi(w, A, ug)
Step 2: Simplicity.

1
bi(w,A,uf)
of R{ with eigenspace ker (R{ - nlx, ) = span {w}. We have to prove that

ker (R} - r]IXl)2 =ker (RY - nly, ) .
So let now v € ker (RY - nlx, ) 2. We assume for contradiction that v ¢ ker (R‘/{’ - nly, ). By assumption on v,
we have R{'v — v € ker (R{ - nlx, ) \ {0}, and since n # O we may assume w.L.o.g. RYv - nv = -nw = -R{w.
Then by Proposition 4 v, w € C*(R>) as well as

-w' - %w’ -Aw = % ut@)-w, —-v"'- %v’ -Av = % ud() - (v+w) on (0, o). (31)

Furthermore, Proposition 4 (d) implies

W(r)=C1W+O<1>’ W/(r)=C1\//TCOS(rrM+O<1>;

2 )
. (32)
) = ¢, sm(r\?+w) ‘0 (riz) V)= VA cos(r\rﬂuu) +0 (rlz)

for some cq,c> € R. Let us define g(r) = (W (r)v(r) - v/(r)w(r)) for r = 0. Then, using (31), we find
q [ = % r?ud(r) - w(r) for r = 0. Hence g is monotone on [0, o) with g(0) = 0. On the other hand, the
asymptotic expansions in (32) imply q(r) = O (%) as r — oo. We conclude ¢(r) = 0 for r > 0. Since all zeros of
w are simple, one can deduce that v(r) = ¢ - w(r) for all r > 0 and some ¢ € R, and thus v € ker (Rj{’ -nl Xl),

a contradiction. O
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