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NONLINEAR ASYMPTOTIC STABILITY OF
HOMOTHETICALLY SHRINKING YANG-MILLS SOLITONS
IN THE EQUIVARIANT CASE

IRFAN GLOGIC AND BIRGIT SCHORKHUBER

ABSTRACT. We study the heat flow for Yang-Mills connections on R? x
SO(d) for 5 < d <9. It is well-known that for this model homothetically
shrinking solitons exist and an explicit example was found by Weinkove
[21]. In this paper, we prove the nonlinear asymptotic stability of this
solution under small SO(d)—equivariant perturbations and extend the
results of [8] for d = 5 to higher space dimensions. Also, we substantially
simplify proof and provide new techniques to rigorously solve the spec-
tral problem for the linearization, which turns out to be more involved
in higher space dimensions.

1. INTRODUCTION

In this paper, we study connection 1-forms A; : R — so(d), j = 1,...,d,
where so(d) denotes the Lie algebra of the Lie group SO(d), i.e., so(d) can be
considered as the set of skew-symmetric (d x d)-matrices endowed with the
commutator bracket. In the following, Einstein’s summation convention is in
force. The associated covariant derivative acting on so(d)-valued functions
is defined by D; := 0; + [A4;, ] and the curvature tensor amount to

ij = 83Ak — @Ak + [Aj,Ak].
The Yang-Mills functional is then defined as

FlA] = ;/Rd tr(Fjp,, FI%)da. (1.1)

The associated Euler-Lagrange equations read
DI Fjy(a) = 0 (1.2)

and solutions are referred to as Yang-Mills connections. By introducing an
artificial time-dependence, the gradient flow associated to Eq. (1.2) yields

OpAj(x,t) = DI F(a,t), >0, (1.3)

for some initial condition A;(0,z) = A;(x). This model is referred to as

the Yang-Mills heat flow for connections on the trivial bundle R? x SO(d).

The natural question concerns the existence of solutions to this initial value

problem and the possibility of the formation of singularities in finite time.
1
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Eq. (1.3) enjoys scale invariance, A; — Aj‘,
Aj(x,t) == AA;(Ax, \%t), A>0

and the model is critical for d = 4. In this case, global existence of solutions
in the equivariant setting was shown by Schlatter, Struwe and Tahvildar-
Zadeh [17]. For more general geometric situations, this was a long-standing
problem, which has been resolved only very recently by Waldron [19]. In
the supercritical case d > 5 the picture is more clear and it is well-known
that the Yang-Mills heat flow can develop singularities in finite time, see
the works of Naito [15], Grotowski [12] and Gastel [11]. Weinkove [21] in-
vestigated the nature of singularities for the Yang-Mills heat flow over a
compact d-dimensional manifold and proved that under some assumption
on the blowup rate, solutions converge in a suitable sense to homothetically
shrinking solitons, locally around the blowup point. These objects corre-
spond to self-similar solutions of the Yang-Mills heat flow on the trivial
bundle over R™. An explicit example was provided for Eq. (1.3) and is given
by

A;‘-F(x,t) = up(|z], t)oj(x), (1.4)
where U§k<$) = 5;@"“ — 5;-“:&,
ur(rt) = 75 W (A=) W) = ~(ap® + )7, (L.5)
for some T > 0, with constants
a= édf? b=1(6d 12— (d +2)V2d — 4), (1.6)

for 5 < d < 9. In this paper, we investigate the stabilty of the Weinkove
soliton in the SO(d)—equivariant setting, i.e., we only consider connections
of the form

Aya,t) = ullal, )0 (@), (L7)
It is well-known that this symmetry is preserved by the flow, see for example
[12], [11]. Furthermore, Eq. (1.3) reduces to a single equation for the function
u: [0,00) x [0,00) — R, given by

Opu(r,t) — O%u(r,t) — #&u(r, t)

+3(d — 2)u?(r, t) + (d — 2)r2u3(r, t) = 0,

with initial condition u(-,0) = up. The scale invariance of Eq. (1.3) implies
that Eq. (1.8) is invariant under u — wuy,

ux(r,t) = N2u(\r, \2t), A > 0.

In analogy to the related heat flow of harmonic maps, infinitely many self-
similar profiles are expected to exist in dimension 5 < d < 9 with W as a
ground state, see Biernat and Bizon [1]. In higher space dimensions d > 10,
the existence of self-similar solutions to Eq. (1.8) was excluded by Bizon and
Wasserman [3].

(1.8)
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1.1. The main result. In view of (1.8) it makes sense to consider u as a
radial function on R%*2. Since (1.8) is basically a quadratic heat equation,
scaling implies that the H® (R%?)-norm for s. = g — 1 is scale invariant.
Now, for the blowup profile, we have W € H* (R¥+2) for every s > s. but
it fails to be in the critical space. Furthermore, the corresponding blowup
solution behaves like

led_q_g
ez (1 1, 8) e gasay = (T — )36 19), (L9)

for s > s., i.e., ur blows up in H*(R%?2) . In the following we set n := d +2
and define
Srad(R™) :={f € S(R™) : f is radial}

and set
171 2= 1w geny + 1 e oy (1.10)
where
n=3 dd
ro=1<.2" "% k= ko +2 (1.11)
“5=, for n even

We denote by (X, || - || x) the completion of S,.q(R™) with respect to || - || x-
Note that in the X —norm, the blow rate of ur is given by

_ L1k _n
lur(l -, Dllx = (T - t)"3¢1+2-5), (1.12)

In the following, we fix T' = 1 and consider the time evolution governed by
(1.8) for perturbations of the blowup initial data

u(+,0) = u1(+,0) +v (1.13)
where v denotes a free radial function.

Theorem 1.1. Fiz 5 < d < 9. There exist 6 > 0 amd M > 0 such that
the following holds: For every v € Spaq(R4T2) satisfying ||v]|x < 2, there
isaT =T(v) €[l—0,1+0] such that the Cauchy problem given by (1.8)
and (1.13) has a unique solution u : [0,00) x [0,T) — R. Furthermore, the
solution blows up att =T and converges to ur in the sense that

u(l -], t) —ur( -], 8)x

fur(- 1, 8)llx ST —1), (1.14)
and
(T = Ollu(+t) = ur(, )l L @r) S 0T — 1), (1.15)

for allt € [0,T) and some w > 0.

The case d = 5 has been addressed by Donninger and the second author in
[8]. Theorem 1.1 extends this result and shows that the blowup described the
Weinkove soliton is nonlinear asymptotically stable under small equivariant
perturbations in all space dimensions where the solution is defined.

We note that notions of variational stability of homothetically shrinking
solitons have been investigated by Kelleher and Streets [13] as well as by
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Chen and Zhang [4]. However, to the best of our knowledge, there is no
result other than Theorem 1.1 that would imply the stability of the Weinkove
solution (in any sense).

1.2. Some comments on the method of proof. For the proof of Theo-
rem 1.1 we generalize techniques developed in previous works by the second
author with Donninger [8] addressing the case d = 5, respectively, with Bier-
nat and Donninger [2] concerning the related heat flow of harmonic maps in
d=3.

The general idea is to consider the problem in adapted coordinates and to
study small perturbations of self-similar blowup solutions, which correspond
to static solutions in the new coordinates. The aim is to investigate the lin-
earized problem by means of semigroup theory and to treat the nonlinearity
as a perturbation by using fixed point arguments.

For the implementation of this strategy a suitable functional analytic setup
has to be found. For the linearized problem, there is a canonical choice
provided by a weighted L?-space, which we denote by #, where the problem
is self-adjoint. However, the weight function decays at infinity which renders
this setting useless for the nonlinear problem. Instead, we work in the
intersection Sobolev space X = H® N H* (R"), s, < kg < 5 < K1.

In [8], the problem was considered in a non-selfadjoint formulation on X.
This approach uses very little structure but comes at the price of some
technical difficulties that have to be overcome in order to prove a spectral
mapping result. In [2], a different point of view was taken; by exploiting
the continuous embedding of X into H, it was shown that the semgroup
on X can be defined by restriction (for this the explicit form of the free
semigroup was used). The bounds for the linearized time-evolution on X
are then obtained by exploiting the decay of the potential at infinity in order
split the problem into a problem on a bound domain, where the self-adjoint
growth bounds can be utilizied, and a remainder that can be made small in
a suitable sense.

Both methods crucially rely on spectral theory for a self-adjoint Schrodinger
operator A : D(A) C L*(R*) — L?(R"), which corresponds to the lin-
earization around the blowup profile. More precisely, one has to show that
o(A) € {-1} U (0,00), where the unstable eigenvalue arises as a result of
time-translation symmetry. For the Yang-Mills heat flow in d = 5, this was
established in [8] by using ideas from supersymmetric quantum mechanics
in order to remove the unstable eigenvalue and to show that (Agf|f) > 0
for the corresponding supersymmetric operator Ag : D(Ag) C L?*(RT) —
L2(RH).

In this paper, we implement the strategy of [2] for the Yang-Mills heat
flow and generalize the approach to arbitrary space dimensions (although
it is applied only to 5 < d < 9 where the blowup solution exists). This
yields a simple and general framework to investigate the stability of self-
similar solutions in semilinear heat equations. The spectral analysis for the
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problem at hand turns out to be more involved in higher space dimensions
and cannot be solved by the techniques used [8]. Instead, we resort to more
advanced tools from the theory of Schrodinger operators.

1.3. Notation and Conventions. We write N for the natural numbers
{1,2,3,...}, Ny := {0} UN. Furthermore, R* := {z € R : z > 0}. The
notation a < b means a < Cb for an absolute constant C' > 0 and we write
a~bifa Sbandb S a. If a < C.b for a constant C. > 0 depending on some
parameter €, we write a <. b. We use the common notation (x) := /1 + |z|?
also known as the Japanese bracket. For a function x — g(x), we denote by

g™ (z) = %(f) the derivatives of order n € N. For n = 1,2, we also write
¢'(x) and g¢”(z), respectively. The spaces L?(Q2) and H*(Q2) for k € Ny and
Q) C R" some domain, denote the standard Lebesgue and Sobolev spaces

with the usual norm
lalgy = 3 0%l

a:|al<k

On R”, inhomogeneous Sobolev spaces H® (R™) for s > 0 can be defined via
Fourier transform, which we denote by f — F f. For a closed linear operator
(L,D(L)), we write o(L) for the spectrum. The resolvent set is defined as
p(L) :=C\ (L) and we write Ry ()\) := (A — L)~ for A € p(L).

2. FORMULATION OF THE PROBLEM IN SIMILARITY COORDINATES

Fix 5 <d <9, d € N. We rewrite the initial value problem given by (1.8)
and (1.13) in similarity coordinates (p,7) € [0,00) x [0,00) defined by

r
T—t
The blowup time 1" > 0 enters the analysis as a free parameter that will be
fixed only at the very end of the argument. By setting

w(\/%, —log(T —t) +1logT) := (T — t)u(r,t),

T=—log(T —t)+1logT, p=

we obtain

O-(p, ) = (05 + 18, — 5p0, — 1)¥(p, T)

2.1
—3(d = 2)¢(p,7)* — (d — 2)p°Y(p,T)" 21

with initial condition
¥(p,0) = TW (VTp) + Tu(v/Tp) (2.2)

The differential operator on the right hand side of Eq. (2.1) has a natural
extension to R™, n = d+2. In fact, the evolution equation can be formulated
as

d

E\I’(T) = Lo¥(7) + F(¥(r)) (2.3)
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with the formal differential operator

Lof(x) i= Af(@) = 32 Vf(z) - f(2) (24)

acting on radial functions. Note that here A denotes the Laplace operator
of R™. Inserting the ansatz V(1) = W + ®(7), yields

d /
(1) = (Lo + L)®(r) + N(&(r)), >0 (25)
®(0) =U(v,T).
with
Li=Lo+ T, I'f(x)=V(af() (2.6)
where the potential is given by
3(n —4)[2b+ (2a — 1)p?]
= 2.
V(o) eyt (27)
for a = V;\L/;l, b=n(3— % 2n — 8) — 12. The remaining nonlinearity is
given by

N(®(r) ==3(d—2)[1+ |- PW (|- D]®(1)* = (d —2)| - "D (7)°
and the initial data transforms to

U(v, T) i= To(VT| - )+ TW (VT - [) = W (| -|).

2.1. Preliminaries. In the following, we restrict ourselves to radial func-
tions and use the same symbol for the function an its radial representative,
ie. f(z) = f(Jz|). On S;qa(R™) we define the scaling operator

Af(x) = g Vf(@) + f(2)

and the (radial) derivative operators

AF/2 f
Dk ._ ) or k € Ny even (2.8)
VAGE-D/2 for k € Ny odd.
Then we have the commutator relation
k
DFA = ADF + §Dk, (2.9)

which will be crucial later on. We define the Hilbert space H as a weighted
L?-space of radial functions

H = {f € LZ(R") : f is radial},

with o(z) = e~ 17I*/4 and note that Sy,q(R") C H is a dense. This space is the
natural environment for the linear operator Ly as it can be defined in a self-
adjoint manner. However, this setting is not suited to study the nonlinear
time evolution because the weight function decays at infinity. Hence, the
goal of the next section is to utilize the self-adjoint framework to derive
suitable bounds for the linearized time evolution in X.



3. OPERATOR ANALYSIS AND SEMIGROUP THEORY

3.1. Self-adjoint theory. It is easy to see that Lg is symmetric on S,44(R™) C
‘H. The following Lemma summarizes some well-known results.

Lemma 3.1. The free operator has a self-adjoint realization Lo : D(Ly) C
H — H, Lof = Lof with compact resolvent and S;aq(R™) C D(Ly) a core.
Furthermore, Lo generates a strongly continuous one-parameter semigroup
{So(T) : 7 >} which is explicitly given by

[So(7) f)(@) = ¢ (G * f)(e ) (3.1)
for all T >0, where Gyry(7) = [471’05(7‘)]%6_'96'2/40‘(7-) and (1) = (1 —e™7).

Proof. The first part of the result is immediate by noting that Lg is unitarily
equivalent to the Schrdinger operator

Agu(p) = —u"(p) + q(p)u(p) (3:2)
with
2 n—3)(n—1 n—4
= 4 07301 -

via the map U : L(RT) = H, u — Uu = |S”_1\_%p_n7_lep2/8u(| ), ie.,
—Ly = UAgU™!. Obviously, Ay corresponds to the quantum harmonic
oscillator. First, we define Apg on C2°(0,1) and apply standard criteria to
see that Ay is limit-point at both endpoints of the interval (0, c0), see [20],

Th. 6.6, p. 96 and Th. 6.4, p. 91 (we have lim,_, ¢(p) = o0 and ¢(p) > %
for p close to zero). As a consequence, the maximal operator
D(Ag) = {u € L*(RM) : u, v/ € AC)o(RT), Agu € L*(RT)}, (3.3)

Aou = Apu for u € D(Ay) C L*(RT) is self-adjoint and C°(0,1) is a
core. Furthermore, the growth of ¢ at infinity implies that Ay has com-
pact resolvent. Hence, by defining D(Lg) := UD(Ag) C H, Lof = Lof,
the same holds for the self-adjoint operator (Lo, D(Lyp)). It is easy to see
that (Lof[f)rzmn) < —1; hence Loy generates a strongly continuous one-
parameter semigroup {So(7) : 7 > 0}. In fact, since we are simply dealing
the the heat equation in rescaled variables, the semigroup can be given ex-
plicitly by just transforming the usual heat semigroup, which gives (3.1).
It is easy to see that S;,q(R"™) is invariant under the semigroup and by the
density of S;,q(R™) C H we conclude that the radial Schwarz functions are
a core for L. O

We note that the above formula for the semigroup is also referred to as the
Ornstein-Uhlenbeck semigroup.

Proposition 3.2. The operator L : D(L) C H — H, L = Lo+ L,
D(L) = D(Ly) is self-adjoint, has compact resolvent and generates a strongly
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continuous semigroup {S(7) : T > 0}. For the spectrum, which consists only
of eigenvalues, we have

o(L) C (—o00,0)U{1}.
The spectral point A = 1 is a simple eigenvalue with eigenfunction g =

9/119ll 2 @ny, where
9(p) = (ap® +b) 7%

Proof. The decay of the potential implies that it gives rise to a bounded
operator on H which implies that £ as defined as above is self-adjoint Kato-
Rellich theorem and has compact resolvent. By the bounded perturbation
theorem L generates a strongly continuous semigroup {S(7) : 7 > 0}.
For the structure of the spectrum, it suffices to investigate the Schrodinger
operator A : D(A) C L} (R*") — L?(R*) defined by D(A) = D(Ap), Au =
Apu + Vu where Ap is given by (3.2) and (3.3). First, one can easily check
that A = —1 is an eigenvalue of A with eigenfunction
2

g(p) = p"T e 5 (ap® +b) 2.
The aim is to show that this is the only non-positive spectral point. For this,
we exploit the fact that g is strictly positive which leads to the factorization
A = AT A~ —1 such that the kernel of A~ is spanned by §g. The correspond-
ing supersymmetric expression A~ A1 —1 gives rise to a (maximally defined)
self-adjoint operator Ag : D(Ag) C L2(RT) — L2(R*). On the C2°(0, c0),
which is a core for Ag, it is given by

n? —
Asulp) = =" (p) + = ulo) + Qlo)ulp) (3.4)
with
_p* n 3 _a(2a(n—4)+b)r? +b(2a(n — 2) + b)
Q(T)—E_Z+§_2 (ap® +b)2 )

We show that Ag has no postive eigenvalues, which implies the result. For
n = 7 the claim is proved in [8]. However, the method used there does not
carry over to higher dimensions. We therefore take a different approach.
Namely we resort to integral bounds for the number of negative eigenvalues
for Schrodinger operators. We first define

_ —1 +oo
Bnp) = Lot [t orap (29)

where

Q-(p) == {—QW Q(p) <0,

0, otherwise.

For % < p < oo, the number of negative eigenvalues of Ag is bounded by
B(n,p), see e.g. [16], Theorem XIII.9. It is therefore enough to prove that

B(n,p) <1 (3.6)
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to rule out negative eigenvalues. However, we need to show that A = 0 is
not an eigenvalue as well. In fact, for operators of the form (3.4), in [6],
Sec. A, authors use a perturbative argument to show that having (3.6) is
already enough.

The proof therefore reduces to showing that given n € {8,9,10,11} there
is a choice of p, such that (3.6) holds. We now fix n = 8, and show that

B(8,4) < 1. Since Q(p) > 0 for p > %, we have

47
945 [10
B(S.4) < by /0 oW () dp. (3.7)

Now we observe that the integrand has a unique partial fraction decompo-
sition of the following form

8

6
. bip
7 4 27+1 )
PW () = aip™ + )
) i=0 i=1 (ap? +0)’

for some real a;, b;. Hence, the integral in (3.7) can be explicitly computed,
and this yields B(8,4) < 1. In the same way we prove that the same holds
for B(9,4), B(10,6) and B(11,6). O

In the following, we use Proposition 3.2 to derive growth estimates for the
semigroup on the graphs of fractional powers of the generator. For this, we
summarize some important properties.

Lemma 3.3. There is a unique self-adjoint, positive operator (1 — E)% such
Srad(R™) € D((1 — ﬁ)%) is a core and

1
11 = L)2 |2 mny = | Bfll L2 ®n)
for all f € Spaa(R™), where

Bf(p) = g(p)jp (g(p)lf(p)>-

Furthermore, [(1 — E)%F = 1— L and the square root commutes with any
bounded operator that commutes with L.

Proof. The existence and the basic properties of the square root are standard
results. Let f € D(((1 — E)% and € > 0 be arbitrary. The fact that D(L)
is core for (1 — ﬁ)% and S;ada(R™) is a core for D(L) implies that there is
a f € Sa(R") such that [|f — Fllzcae) + (1 = £)3(F = Fllsagen) < & by

. 1 n
using that [[(1—L£)2 fllzz®n) S (1= L) fllzz@ny + 1 fll 22 @®n)- On Sraa(R™),
we can write (1 — £) = B*B, where B is defined above and

i (1),

B = oo ap
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where pu(p) := p"le=P*/4_ Tt is easy to check that B and B* are formally
adjoint to each other. This implies that for all f € S;aq(R"™),

(1= £)2 fl172gny = (1= £)f1 /) 2@y = (B*Bf|f)2@ny = | Bf 172 @ny-
U

[NIES

In the following, work with graph norms associated to powers of (1 — £)2,
i.e.,

1 llg(a—cyrrzy = I £z @ny + 11 = £)*2 £l 12wy (3-8)
for k € Ny.
Furthermore, we denote by P the orthogonal projection onto g,
Pf:=(flg)rz®~)8 (3.9)

which commutes with S(7) for all 7 > 0.
Proposition 3.4. There is an wg > 0 such that

IS(T)A =P)fllga-cyrrzy < € TIA = P) fllgia—cyrr2y
for all k € Ny, all f € D((1 — L£)*?) and all 7 > 0.

Proof. The operators P, £ and S(7) mutually commute. This implies that
(1— E)% commutes with the projection and the semigroup and thus, the

same holds for (1— E)g, k € N. By Proposition 3.2, there is an wg > 0, such
that for all f € H,

[S(T)(1 = P)fllrz@ny < e 7L = P)fllz mnys
for all 7 > 0. Hence, for all f € D((1 — £)¥/?),
11 = £)*2S(m)(1 = P) fl 2 @ny = 1S(T)(1 = P)(1 = L) fl 12 &)
< e (1= P) (1 = L) f 2 @)
= e T|(1 = L) (1 = P) fll @),
which implies the claim. O

The graph norms turn out to be extremely useful in order to control local
Sobolev norms.

Lemma 3.5. Fiz k € Ng. Then for all R > 0,

k
ID* fll2@n) < Cri Y flga—cyire
=0

for all f € §2a(R™) and some constant Cry > 0.
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Proof. First, we note that g1 (p)g’(p) = O({p)~2). We proceed by induc-
tion. For k = 1, we estimate

n—

IV £llzzagy = 1172 £ Dllzzo,r Sk 172 e PREA Dlz2,00
S IBFlrz@y + 1z @ny = 10— £)Y2 Fll 2 @n) + 11£ ]l 22 n)-
We assume that the statement holds up to some k € N. Since,
|IDF1(1 - E)f”%%m&;g) = |D* = DFHA -V 1)f||%2(18%)

= ||Dk+1f||%2(155§) — 2(DM DR A =V 4 1) f) 2sn)

+ DA =V A+ D) f 2y
we obtain
HDkaH%?(B’;%) SIDMa - ﬁ)f\\%z(%) +[IDFHA -V + 1)fH%2(IBT§)

SIDM (1= )73y + A+ B DF

k
+ HDk_l(Vf)H%%B;{) Sex D11 - ﬁ)f”%?(m;;) + Z HD]fH%%By{)-
j=0
By assumption,
k—1 k+1
”Dk_l(l - £)f||L2(B;;) SRk Z 11— 'C)f||g((l—£)j/2) SRk Z Hf||g((1—c)d/2)
j=0 j=0

and Z?:o ||Djf||%2(]%) < Z?:o 1 fllg((1—¢)i/2) which implies the claim. O

With these observations, we can now turn to the investigation of the problem
on X.

3.2. Some properties of X. We start with some basic observations.
Lemma 3.6. For all f € S,4q4(R™), we have
1f | oo my S I1F11x (3.10)

Consequently, X is a Banach algebra and

If9llx S I1f1Ixllgllx-
forall f,ge X.

Proof. Eq. (3.10) follows from Fourier transform by noting that
[ fllzoe@ny S NFfllr@ny + IF Il mesny
ST Ffllz@mlll - 1" F fll 2 @n)
I T 2z @mvgn ] - 1 Ffll2@apny S 11 1x-



12 IRFAN GLOGIC AND BIRGIT SCHORKHUBER

To show the Banach Algebra property, we proceed as usual and use that
k—1
D¥(fg) = fD*g+gD*f + > ;DI fD* g (3.11)
j=1
for some constants ¢; > 0 and all f,g € S;4q¢(R"). For k = ko, the control
of the first to terms is immediate. Holder’s inequality and Proposition 3.5
in [18] imply that
DI fDF ny < || D Dk
D9 5D gl oy < D951 1Dl
ilk 1—j/k
S (gl 1D fllzzen)) " (11l 1D gl 2 )

S 7 x Mgl

and for k = k1 the argument is the same, which implies the claim. O

Corollary 3.7. The function space X is continuously embedded into H,
ie, X = H.

Proof. In view of Lemma 3.6 and the exponential decay of the weight func-
tion, we immediately obtain that

1 fll2@ny S 1 fllpeomny S N Fllx

for all f € Spqq(R™). Now, let f € X. Then there is a sequence (fj)jen C
Srqd(R™) such that f; — f in X. By the above inequality (f;)jen is a
Cauchy sequence in ‘H and we denote its limit by g. We define ¢ : X — H
by «(f) := g and show that it is injective. In fact, if «(f) = 0, there is
a sequence (fj)jen C Spaa(R™) such that f; — f in X and f; — 0 in H.
Assume that f # 0. Then (D" f;) ey and (D" f;) jen are Cauchy sequences
in L2(R%) converging to some fo, f1 strongly and thus also in the sense of
distributions. The assumption on f implies that at least one of two limit
functions has to be nonzero. However, for every test function ¢ and every
k € N we obtain that

(D f10) 2| = |(£51D* ) 2yl < 1£ill 2wy — O
By uniqueness of distributional limits we have a contradiction, which shows

that f = 0. The continuity of the embedding now follows from the above
inequality. (]

By a straightforward approximation argument, see e.g. the proof of Lemma
4.7 in [2], yields the next useful result.

Lemma 3.8. Let f € C(R") and assume that
|DFf(a)] S (2)~>7*
for all z € R™ and all k € {0,...,k1}. Then f € X.

The next statement is crucial and again relies on the strong decay of the
exponential weight.
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Lemma 3.9. For k € {0,...,Kk1}, we have

(1= L)l 2@y S 1 11x (3.12)
for all f € S;aa(R™).
Proof. First, we show that for polynomially bounded functions w € C*°(R"),

lwD* fll 2 ny S I1fl1x (3.13)

for k € {0,...,k1}. In fact, by exploiting the decay of the exponential weight
and Hardy’s inequality, see e.g. [14], Theorem 9.5, we get for k € {0,..., Ko},

HWDkaLg(Rn) S |_HO+kafHL2(R") S I o ey (3.14)
since ko < §. Furthermore, for k € {x1 — 1, K1},
||WDkf||Lg(R”) S ||| : ’_m—’—kafHL?(R") 5 Hf||H*”~1(Rn) (3'15)

Now, it is easy to see that for f € Sp.q(R™);

k—1

(L= L)% £l 12 rmy S I1D* fll 2 ey + Z l[w; D7 f| £2 ()
=0

for smooth, polynomially bounded functions w;, which implies
(1= L) fll 2@y S 1/ 1lx
for k€ {1,...,k1} and all f € S;.q(R"). O
Corollary 3.10. We have
[l ey < Crillfllx (3.16)
for all f € §;2a(R™), all R >0 and k ={0,...x1}.
Proof. Lemma 3.9 and Lemma 3.5 imply that

”DkaL?(B;;) < Crilflx

for all f € S;aq(R™), all R > 0 and k € {0,...k;1}. In the radial context, one
can easily show that the full Sobolev norm is controlled by radial derivatives,
i.e., that

k
£l p) < Cra D ID"fllr2p),
§=0
see for example Appendix B in [9] for R = 1, or Lemma 3.4 in [2] for the case
k =2, n =35 The main idea is to define a suitable, compactly supported
extension from B, to R™ and to use that || f[| gr@ny S 1C)F fll22(Ra)-
By density, Eq. (3.16) extends to all of X and Sobolev embedding implies
the claim. (|
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3.3. The time evolution on X. By using Lemma 3.6 and the explict form
of the semigroup, we obtain the following result.

Lemma 3.11. The restriction of {S(t) : 7 > 0} to X defines a strongly
continuous one-parameter semigroup {Sx(7) : 7 > 0} on X. Its generator
is given by the part of L in X,

Lxf:=Lf, DLx)={feDL)NX:Lfe X}
Furthermore, S;aq(R™) is a core of Lx.
In fact, by the above results it is clear that X C D(L).

Proof. First, we show that the semigroup leaves X invariant and is strongly
continuous with respect to the norm on X. We first establish these properties
for the free semigroup {So(7) : 7 > 0}, which is known explicitly and given
by Eq. (3.1). We proceed as in the proof of Lemma 3.8 in [2]. Since G ;) €
LY (R™) for every 7 > 0, Young’s inequality yields

Lin_o 1Vr
I D*So(r) f122ny S €232 BT DF £l 2 (3.17)

for all k € Nyp. In particular, X is invariant under Sy(7) for all 7 > 0.
Also, this shows that the free time evolution is growing exponentially in
homogeneous Sobolev norms below scaling. By using again the explicit
form of the semigroup, rescaling and Minkowski’s inequality yield

ID*[So(7)f = fll 2y
Set [ DNEEC) - alr)by) - DFflaqmndy

and by dominated convergence we infer that || D¥[So(7)f — 2@y = 0
as 7 — 07. This shows that the free semigroup is strongly continuous on
X. By Lemma 3.9 and a standard result from semigroup theoy, see p.60,
I1.2.3 in [10], we infer that the part of the operator Ly in X defined as

Lolx f = Lof,
'D(/:,o’)() = {f € 'D(ﬁo) NX:Lyf € X}

generates the restricted semigroup {So|x(7) : 7 > 0}. An application of
Corollary 3.10 shows that V € X and thus

VxS IVIxIflix (3.18)

by Lemma 3.6. By the bounded perturbation theorem, Lx, D(Lx) =
D(Lo|x) generates the strongly continuous semigroup {Sx(7) : 7 > 0}.
The density of S;aqa(R™) in X and the fact that So(7) leaves radial Schwartz
functions invariant implies last statement. [l

Lemma 3.12. The projection operator P defined in Eq. (3.9) induces a
(non-orthogonal) projection Px on X,

Pxf=(flg)zeng for f € X,
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which commutes with operator Lx and the semigroup Sx(7) for all T > 0.
Furthermore,

ker PX = {f e X: (f|g)Lg(R") = 0}

Proof. The decay of g and Corollary 3.10 imply that g € X. By Cauchy-
Schwarz and Corollary 3.7

IPx fllx = [(flg)rz @ |lgllx < Ifllzz@mlglx < 1flx.
The other properties follow from the properties of the semigroup on H. [

In the following, we drop the subscript for Lx, Sx(7) and Px for the sake
of readability. To derive a suitable growth bound for the semigroup on X,
the following Lemma is crucial.

Lemma 3.13. For all f € §,44(R™) and all R > 1 we have

(LhH)x < 0+ G+ Cr DIy (319)

=0
with @ == (ko — 2 +2) > 0.
Proof. Let f € Spaa(R™). The commutator relation (2.9) yields
k

2
We use that (Af|f)L2(Rn) =(1- %)Hf”%z(w) to estimate
(DFLFID* f) L2 (@ny < —(AD*FID* ) pa@ny = 510" Fl172ny
+ (DR(VAIDFF) oy < =3 (k= 5 + 2 DX £1132 gy
+ (DE(V F)ID* f) 2@y
This yields the bound
(Lf1N)x < =@fI% + (Vf1)x.

To estimate the last term, we exploit the decay of the potential at infinity
and Lemma 3.5. We use the Leibnitz formula (3.11) and estimate for j =
0,...,k,

DFLf =DF2f — DEAf+ DF(Vf) = D*2f — ADFf — ZDFf + DF(V f).

. . . & .
|(DIV DRI FIDF f) oy | < I1DIVIT2 DRI £
N
+ 1DV |72 DX f [ T2 oy
For the last term, we get for every R > 1,

.
1DV |72 DX f| paeny < CrID* fllL2@p) + G1D" fll 2@

k
<CrY_ W llgiaryizy + GNP Fllran).
i=0
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For the first term we argue similarly and use Eq. (3.14) to obtain
k—j

gl
1DV |52 DE £ pagny < CRZ 1 lg(a-cyir2)
i=0

+C|I- ’_j_le_ijm(Rn\Bg)-
For k = ko < 5, Hardy’s inequality yields

KO
(D VHID™ ) pagam] < Cr S I 0y + G 1D Fla gy
7=0

For k = k1 > 5, we estimate

I - 7D fllza@ny S 1D fll2rn)
for j =0,...Ko and treat separately the cases j € {k1 — 1, K1} for which we
get ||| - |_]DH1_]fHL2(R”\[BV§) S D™ fll2(rny This implies that

K1
(VFNxI < CrY NG apyirm + 2 f%
j=0

for some constants C,Cg > 0 and Eq. (3.19) follows. O

Finally, we obtain the desired growth bounds for the linearized time evolu-
tion on X.

Proposition 3.14. There is a w > 0 such that
[S(r) A =P)fllx S e "1 =P)fllx
1S(T)Pfllx = €[[Pfl
forall f € X and oll 7 > 0.

Proof. Let f € Spqq(R™) NkerPx. We use Lemma 3.13, Proposition 3.4 and
Lemma 3.9 and chose R > 0 sufficiently large to obtain

30:1S(m) fllx = (8-S(1)F1S(7) f)x = (LS(7) f|S(7) f)x

K1

< (—0+ %)HS(T)fH%( +Cr Z HS(T)f||(2;((1_ﬁ)j/2)
j=0

K1
< 2SIk + O S NFIZ oy
j=0
< =SS fllx + Ce || fllx < —2collS(r)fI% + Ce 7| fII%
for co = 4 min{wo, ¥}. This inequality can be written as
30 [ TIIS(n) %] < CllFIIA
and integration yields
IS() flI% < (1 +2CT) e T||fII% S e 7 fI%,

(3.20)
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for some suitably chosen w > 0. By a density argument, this can be extended
to all f € ker Px C X. O

4. NONLNEAR TIME EVOLUTION

4.1. Estimates for the nonlinearity. The bounds for the nonlinearity
follow from the Banach algebra property of X and a generalized version of
Strauss’ inequality for higher homogeneous Soblev spaces that can be found
for example in [5]. More precisely, we need the following estimates.

Lemma 4.1. We have

3
I - 12 DF fll oo @evgey S 1fllx, for n odd (4.1)
|- "5 D* £l oo gy S I fllxs,  for n even (4.2)
for all f € §10a(R™) and k= 0,...,k9 — 1. Furthermore,
Il 1272 D™ f | oo mmgmy S 11 £l (4.3)

Proof. Proposition 1 in [5] implies that for all n > 2 and £ < s < 2,

11137 Fll e @gm) S 151 e ey

The proof follows from the Fourier transform of radial functions and the
Cauchy-Schwarz inequality. From this it is immediate that for j = 1,.. ., kg,

I - 127 DO | poo mmgny S 1D -
Setting £ = kg — j and inserting the definition of kg yields the first two
estimates. The last one follows from the fact that

I 122D f| oo emymmy S 1D Fl L2 ggmy -
O
In the following, we denote by Bx the unit ball in X. We set
N(f)(@) = =3(d = 2)[1 + 2 PW (jz])] f(2)* = (d = 2)|z[ f(2)®  (4.4)
for f € Syaa(R).

Lemma 4.2. The nonlinearity defined in (4.4) extends to a map N : X —
X satisfying
IN() = N@llx < (Ifllx + gl f = gllx (4.5)

for all f,g € Bx and N(f) = N(f) for all f € S;aq(R™). Furthermore, N
is differentiable at every f € X with Fréchet-derivative DN(f) : X — X
bounded and the mapping f — DN (f) is continuous.

Proof. To see this, we first prove that

3
I1- Pffafsllx S T Nx (4.6)

j=1
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for all f1, fa, f3 € Sraa(R™). First, for a function w € C*°(R"™) we write

ID* (W)l 2@ny = 1D (wf)ll L2(em) + ID* (W) 2 (@n\gr) (4.7)

For k = ko < 5, the Leibnitz rule (3.11) and Hardy’s inequality imply that

Ko Ko
D" (wf) 2@y S Z D077 fll L2@ny S Z I+ [77 D" fl 2 mn)
=0 =0

SID™ fllez@ny S 11 llx-

Similarly,

K1

1D (w )l r2@ny S Y ID™ 7 fllrz@ny S 1D fllr2em
=0

Ko
7D f |l e ey + Z D7 fllp2@ny S 11l x-
=0

Using this and the Banach algebra property yields

3
I1- PAfefslx ST x + 1Dl - [ fufafslll 2 gepn

II (4.8)
+ 1D P fr fafalll L2 @m\gn)-
Now,
IDH1- P Afedsllz@onen S M- PO fafilloqanian (+9)

+ |- ID* fr fofalll e gemny + 1D 2L f o falll Lo gmn)-

To control D (f1 fof3) we have to estimate terms of the form D71 f; D32 f, D73 f5
for j € N3, |j| = k. First, we discuss k = ro. Assume that j; = xg for some
i € {1,2,3} and without loss of generality we set ¢ = 3. Then

I+ ? f1faD™ fal| 2o\ mny
3
S LAl @zl - |2l oo o 1D fsll a@epny S [T Il x
j=1

by Lemma 4.1. If all j; # ko then

| - [2D7 f1D72 fo D7 f|| 12
= ||| - [FHH2| . |~GRR) DIt £y DI £ DROTUITIR) ol oy gy

2 3
S| - 7RI Dro= Gt fo| oy Y I - 1D fi] Lo ey S T T I 1x
i=1 j=1
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by Lemma 4.1 and Hardy’s inequality. For the last term in Eq. (4.9), we
similarly estimate

ID"02[f1 f2 f3]l L2 (Re\B)
3

S - PHFRDI DR fo] - | 727 0142) pro=2= i) ol o gegny S TT 151X

j=1
and the corresponding bound for the second term in Eq. (4.9) follows analo-
gously. For k = k1 the last term in Eq. (4.9) can be controlled just by using
the Banach algebra property of X. For the first term we distinguish again
several cases. Let js € {k1,k1 — 1} the bounds follow immediately by using
the same arguments as above and similar for js = kg, j1 =jo=1. If j1 =0
and jo = 2, then (4.1) and (4.2) imply the required bounds for n > 8, where
ko > 3. However, for n = 7 one has to use (4.3) in addition. Now, if all
Ji < kg—1and 0 < j1 + j2 < Ko, the we can apply again Hardy’s inequality
to obtain

| - [P D7 f1D72 fo D7 f|| 2 (g
S - PR DI LD fo - |_(j1+j2)Dm_(j1+j2)f3||LQ(Rn\Bn) S ﬁ 1 £illx-
j=1
For j1 + jo = ko + 1, we have j3 = 1 such that
3
|- 2D fs] - '~ D7 fy] - \_(jl_l)DKO_(jl_l)fé||L2(Rn\18n) S H | £illx-
j=1
and for j1 + jo = Ko + 2,
3
I - |fal - " D3 fy| - [ D20 ol oy S T 111
j=1

which yields the bound for the first term in Eq. (4.9) . The corresponding
estimate for the remaining second term follows from similar reasoning and
we thus obtain Eq. (4.6). Now, W € X by Lemma 3.8 and the fact that
W® (p) = O((p)~27%). Hence, we can use Eq. (4.6) to obtain the bound

- PW (- Dffllx S Hlxl fllx (4.10)

Finally, the first term in A/ can be controlled by simply using the Banach
algebra property of X. In summary, we infer that A" : S;aq(R™) — X and by
using a? —bP = (a —b) Z?;é aP~1=IbJ together with Eq. (4.6) and Eq. (4.10)
we infer that for all f, g € S;aq(R™),

INCF) = NIl <UL NglDILS = gll

for a continuous function v : [0, 00) x[0, 00) — [0, 00) satisfying (|| 1], [|lgll) <
I f1l + llg]| for all f,g € Sraa(R™) N Bx. Hence, by density N extends to a
continuous map N : X — X satisfying the same bounds, see e.g. Lemma
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3.2 in [7]. For the differentiabilty, we refer the reader to the proof Lemma
6.2 in [8]. O
The strategy of proof is the same as in [8], [2] and thus some details will be
omitted in the following.
4.2. The initial data operator. We set R(v,T) := Tv(v/T-) we describe
the properties of the initial data operator

U, T) == R(v,T) + R(W,T) — R(W, 1) (4.11)
and show that it is well-defined on X.

Lemma 4.3. The map U(v,T): Bx x [3,3] — X is continuous. Further-
more, if [|[v|| < § then
[U(v, T)|| <6
for allT € [1 —6,140].
Proof. First, note that for all v1,v9 € X and all T € [%, %]
[R(v1,T) = R(ve, Tl x < llor — 2| x

such that U(-,T) : X — X is Lipschitz continuous. Next, for v € C2(R"),

and T1,Ts € [%, %] , the fundamental theorem of calculus implies that

1
v(vTip) —v(\/Tap) = (VT — \/Tg)/ pv' (p(A1 — A2)s + rA2)ds.
0
Now, the integral term can be controlled in X provided that v has sufficient
decay at infinity. This in particular shows that
[RW,T1) = RW, Ta)||x < [T1 — Taf,

ie., T — R(W,T) is Lipschitz continuous. For general v € X, this is not
the case. However, for given & > 0 we find a 0 € S;5q(R"™) with |[v—7||x < &
such that

lo(v/T1) — v(vV/To) | x <|v(V/T1) = 5(/T1)llx + |9(V/Ti-) — 5(v/T2) || x
+10(V/Ta) = v(VTa")||x SE+|T1 — Tal.

Hence, for given (v1,T1) € Bx x [5,3] and £ > 0 let (v2,T%) be such that
|lv1 —va||x +|T1 — Ta| < § for 6 > 0. Furthermore, chose 01 € S;aq(R™) such
that [ — 9||x < ¢, then by the above considerations

[U(v1, T1) — U(ve, T2)|| x < [|R(v1,T1) — R(v1, 1) x
+ R (v1,T2) — R(v2, T2) || x + [[R(W, T1) — R(W, T2)|| x < 6.

This implies the claim provided that § is chosen sufficiently small. Finally,
forve X, [jv]|x <9 we get

(v, T)l[x S lvllx +T =150
forall T € [1 — 6,1+ 4. O
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4.3. The nonlinear time evolution. We consider the integral version of
Eq. (2.5) by using the Duhamel formula and the above defined operators.

O(1)=S(n)U((v,T) + / S(r— "N (®(7))dr'. (4.12)
0
The aim of this section is to prove the following result.

Theorem 4.4. Let M > 0 be sufficiently large and § > 0 sufficiently small.

For everyv € X with ||v]|x < %, there exists a T =T, € [1— 2,1+ 2] and

a unique function ® € C([0,00), X) that satisfies Eq. (4.12) for all T > 0.
Furthermore,
1@(7)[| < de™7, V7 >0.

First, we introduce the Banach space
X :={® e C([0,00),H) : ||| x :=sup e ||P(7)]| < o0} (4.13)
>0

and set X5 := {® € X : |®||lx < 0}. To control the behavior of the
semigroup on the unstable subspace PX, we define the correction term

C(P,u) :=Pu+ /00 e T PN(®())dr! (4.14)
0
and set

K(®,u)(r) :== S(1)u + /OT St —TYN(®(7"))dr" — e"C(®,u).  (4.15)

Lemma 4.5. There is a ¢ > 0 such that for all v € X with ||u||x < %,
K(-,u) : X5 — X5 provided that 6 > 0 is sufficiently small. Furthermore

1
(@, u) = K(T,u)|lae < Sl|1® — Pix
for all &,V € X5 and all u € X.
Proof. We have

PK(®,u)(r) = — / T e TP (@())dr
and '
(1-P)K(®,u)(1) = e " (1 — P)u+ / " (1 - PN (@() dr’
From this it is straightforward to see tha‘s Lemma 4.2 implies

IPE(®,u)(7)|| S e 2762,
and
I(1 = P)K(D,u)(7)]| S e (2 +67)
for all ® € X5 and v € X satisfying ||ul|x < %. This implies the first claim.
For the Lipschitz estimate we use that

IN(@(7)) = N (¥(7))[[x < de T — ¥[lx
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by Lemma 4.2 to obtain
K (P, u)(1) = K(¥, u)(7)[[x S de™ 7| — W[|x
which yields the result provided that § > 0 is chosen sufficiently small. [J

4.4. Proof of Theorem 4.4. Let v € X with |jv|x < % By Lemma 4.3
we can chose M > 0 large enough to guarantee that

let(v, T)lx < ¢

for all T € Ispr = [1 — %, 1+ %], where ¢ > 0 is the constant from Lemma
4.5. An application of the Banach fixed point theorem implies that for every
T € 15 there exists a unique solution ®7 € X5 to the equation

O(1) = K(®,U(v,T))(T), T2>0. (4.16)

Furthermore, by Lemma 4.3 and continuity of the solution map, the map
T +— &7 is continuous. To prove Theorem 4.4, we show that there exists a
T = T(v) such that C(®p(,),U(v,T)) = 0. In fact, we show that

For this, we use that OrR(W,T)|r=1 = ag for some o € R to write
U, T) =R(v,T) +a(T — g+ (T — 1)?R(T, -)

by Taylor expansion, where the error term depends continuously on 7' and
satisfies ||R(T,-)||x <1 for all T € Is p. Thus,

(PU(v,T)|g) = C(1 = T) + f(T),
where |f(T)| < % + 62. By using the bounds of Lemma 4.2, Eq. (4.17)

can be written as T' = F(T') + 1 for a continuous function F' that satisfies
|F(T)| < % + 62, Hence, by choosing M > 0 sufficiently large and § =
(M) > 0 sufficiently small we obtain |F(T)| < %, hence T' — F(T) +
1: Isp — Isn- An application of Brower’s fixed point argument shows
that there is a 7' € I5 s such that Eq. (4.17) is satisfied such that the

corresponding ®p € Xy solves Eq. (4.12).

4.5. Theorem 4.4 implies 1.1. Fix 5 < d < 9 and set n = d + 2. Let

d > 0and M > 0 be such that Theorem 4.4 holds and set §’ := %. Let

v € Spad(R™) such that [jv]|x < % Then there exists a function ® € Xj
and a T € [1 — 6,1+ 6] such that (4.12) is satisfied for all 7 > 0 and decays

exponentially to zero. Our assumption on the data imply that U(v,T) €
D(Lx) and thus, in view of Lemma 4.2, ® € C1(]0, c0), X) solves

0:®(7) = Lx®(7) + N(®(7))

with ®(0) = U(v,T) and ®(7) € D(Lx) for all 7 > 0. In particular (1 —
L)®(7) € X. By combining Lemma 3.9 and Lemma 3.5 in a similar manner
as in Corollary 3.10, we infer that ®(r) € H"T2(BR) for every R > 0
which implies ®(7) € C2 ,(R"™) by Sobolev embedding. Thus, £|x acts as a

rad



classical differential operator and by setting (7, ) := W (:) + ®(7)(] - |) we

obtain a classical solution to the initial value problem (2.1)-(2.2). Finally,
1 T
u(r,t) = ﬁw(ﬁ, —log(T' —t) +logT)

solves Eq. (1.8) with initial data given by Eq. (1.13). In view of Eq. (1.9),
we have )
lur (|- |, )| x = (T —t)"201+272)
such that
1 n
(T =072 u(] - | 8) = ur(| - |, 1)l|x

= (T =) =4 ®(—log(T — t) + log T) () x
S [@(=log(T —t) +1logT))|[x < (T —1)*
which implies Eq. (1.14). Convergence in L™ follows from Eq. (3.10),
(T =t)llulst) = ur(, 1) Loy = [|2(=1og(T — 1) +10g T))| Lo~ (=)
S 1®(=1og(T = #) +log T))|lx < 6(T —1)*.
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