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A LIMITING ABSORPTION PRINCIPLE FOR LINEAR AND
NONLINEAR HELMHOLTZ EQUATIONS WITH A STEP POTENTIAL

RAINER MANDEL AND DOMINIC SCHEIDER

ABSTRACT. We consider the Helmholtz equation —Au + Vu — Au = f on R™ where the
potential V : R™ — R is constant on each of the half-spaces R" ! x (—o0, 0) and R"~!x (0, o0).
We prove an LP — L9-Limiting Absorption Principle for frequencies A > max V and derive
the existence of nontrivial solutions of linear and nonlinear Helmholtz equations.

In this paper we are interested in the Limiting Absorption Principle (LAP) for the Helmholtz
equation on R"™ involving a step potential of the form

f Rnfl
1) Viey)={ 0 TrERTy>0
Vo ifxeR"7 y<0

where V) # V5, are two fixed real numbers. We will without loss of generality assume V; > 1,
in the following. To explain the motivation behind our study, we recall the interesting
phenomenon called “double scattering”. In the context of the Schrodinger equation it means
that for sufficiently regular and fast decaying right hand sides f the unique solution of the
initial value problem

i) — A +Vip=f inR™,  (0) =y,

with V" as in (1) splits up into two pieces as t — Fo00 that correspond to the two different val-
ues of V' at infinity. This phenomenon is mathematically understood in the one-dimensional
case n = 1 [16, Theorem 1.2], see also [6,7]. One byproduct of our results is that such
a splitting into two pieces may as well be observed for the solutions of the corresponding
Helmholtz equations in R™ which are obtained through the Limiting Absorption Principle,
see for instance the formula (19) where the two parts f(z,y)1(x)(£y) of the right hand
side contribute differently to the LAP-solution of the Helmholtz equation. Notice that so-
lutions u of such Helmholtz equations provide monochromatic solutions ¢ (z,t) = e*Mu(z)
of the Schrodinger equation where A belongs to the L?-spectrum of the selfadjoint operator
—A + V with domain H?(R"). We prove our LAP in the topology of Lebesgue spaces in
order to treat both linear and nonlinear Helmholtz equations. As far as we can see, the more
classical results in weighted L? spaces resp. B(R"), B*(R") (for the definition, cf. [4, page
4]) by Agmon [1-3] and Agmon-Hormander [4] do not apply in the nonlinear setting. We
refer to [8, Theorem 1], [9, Theorem 2] and [19] for recent contributions about linear and
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2 RAINER MANDEL AND DOMINIC SCHEIDER

nonlinear elliptic problems on R"™ involving interfaces modelled by potentials with different
asymptotics at infinity.

Being interested in the LAP for the Helmholtz operator —A 4 V' we fix the notation
R(u) = (—A+V —p)™? for ue C\o(-A+V)
A computation reveals o(—A + V) = [min{V}, V2}, 00) = [V2,00). Our LAP reads as follows.

Theorem 1. Let V' be given by (1) and assume A > Vi > V. Then the resolvent estimate

(2) sup ||R(A +ie) || r(mnic)—La@nic) < 00
0<le|<L1

holds provided that n € {2,3,4} and p,q € [1,00] satisfy one of the following conditions:
()n=2and4<p.q<oco, 2<1—1<1and(pq) #(L3)

p
3 1 3
T2

(i) n=3and P <p,q<30, 1 —1<

1
) p =
<

1

p

(iii)) n =4 and ¥ < p',qg <5, &<
3 7 15

Moreover, the resolvent operators R(A + ig) converge to nontrivial operators R(A £ 10) as
+e \( 0 in the weak topology of bounded linear operators from LP(R™;C) to L(R™;C).

Y= Q=
R ol
N

For an illustration of our conditions in (i),(ii),(iii) see the three respective panels in Figure 1
in Section 3. Our resolvent estimates for n = 2 coincide with the corresponding estimates for
the constant potential whereas the ones for n € {3,4} cover a smaller range of parameters,
cf. Theorem 2. It is unclear to the authors whether there is a fundamental reason behind
this or not. If the Restriction Conjecture was true, then our method would allow for larger
ranges of p,q than the present ones (but possibly still non-optimal). Let us mention that
our result only covers frequencies in the range A > V; > V5, and thus not all frequencies in
the (essential) spectrum. We believe that in the larger range A > V5 we actually get the
same estimates with some technical work. Especially regarding the treatment of Schrodinger
or wave equations, uniform estimates with respect to all A € C would be very helpful and
remain a challenging task for the future.

As an application of the above Limiting Absorption Principle we consider Helmholtz Equa-
tions on R™ involving the potential V' given by (1). We start with linear problems of the
form

(3) —Au+Vu—Au=f inR"

where f is supposed to belong to LP(R™). Theorem 1 allows, for p,q as described there, to
define the outgoing solution u, := R(A+i0)f € LI(R"; C) of this equation. Notice that in the
context of Helmholtz equations the word “outgoing” is used to distinguish u, = R(A +10) f
from the corresponding “incoming” solution u_ := R(A —i0)f = w5, see [4, Definition 6.5].
Combining this with local elliptic regularity theory we obtain the following result.

Corollary 1. Let V' be given by (1) and assume A > Vi > Vi. Moreover assume that
n,p,q satisfy one of the conditions (i), (i1),(ii1) in Theorem 1. Then for any f € LP(R™;C)
the Helmholtz equation (3) has a nontrivial “outgoing” resp. “incoming” strong solution
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uy (resp. u_) € LY(R™";C)N W2P(R™; C) obtained by the Limiting Absorption Principle, and

loc
there holds an estimate of the form

(4) lulzan) + l[urllzo@ny S 1l oon)-

Here the symbol < is used in the sense that there exists some constant C' > 0 depending
only on the parameters Vi, V5, n, p, ¢, A such that
[ zaqeny + [[tes || ageny < Ol fl|Lr@n)-

Several questions remain open. As in the context of Theorem 1 it is unclear whether the
ranges for p, ¢ are optimal and whether the corresponding theory for frequencies A € (V3, V4]
is similar. Next, an analysis of the appropriate radiation conditions for “outgoing” resp.
“incoming” solutions remains to be done. Here we believe that the results for the ranges
A€ (Vo,V1),A =V and A € (V4,00) will be different. Moreover, it would be nice to provide
a reasonable notion of Herglotz-type waves, i.e. localized solutions of the homogeneous
Helmholtz equation (3) (i.e. f = 0) with the property that for each sufficiently regular right
hand side f the imaginary part of R(A +1i0)f belongs to this class of functions.

In our final result we use the Limiting Absorption Principle from Theorem 1 to prove the ex-
istence of solutions to nonlinear Helmholtz equations following the dual variational approach
developed by Evéquoz and Weth [14, Theorem 1.2]. We refer to the articles [13,15,20,21,23]
for related results and other approaches to such equations.

Corollary 2. Let V be given by (1) and assume X > Vi > V,. Let I' € L®(R") satisfy I' > 0
on R" and I'(z,y) \( 0 as |(x,y)| = co. Then the nonlinear Helmholtz equation

(5) ~Au+Vu—u=Tu?u inR"
has a nontrivial solution in LY(R™) N W2 (R™) for all 7 < oo provided that

loc
15
(i) n=2,6 <q < oo, (i) n=3,4<q<6 or (i) n:4,z<q§4.

We stress that despite the limited range of exponents this result covers the physically relevant
special cases of the cubic and quintic nonlinearities for n = 3. More refined dual variational
techniques as in [10, 12, 14] might be applicable as well to get one or even infinitely many
solutions for larger classes of nonlinearities. For the proof of Corollary 2 we concentrate on
an adaptation of [14, Theorem 1.2] in order to keep the technicalities at a moderate level. Let
us mention that the integrability properties of the solution at infinity are actually slightly
better, which can be proved along the lines of [14, Theorem 4.4] with the aid of a nonlinear
bootstrap procedure based on Theorem 1.

The outline of this paper is the following. In Section 1 we first present our approach in
the technically easier one-dimensional setting. Here, the one-sided Fourier transforms are
introduced and their use in the Limiting Absorption Principle is demonstrated. In Section 2
we generalize these ideas to the n-dimensional setting and derive the formula for u, =
R(A+i0)f. In Section 3 we state all the essential estimates (Propositions 4, 5, 6) and combine
them in order to prove our main results. The Propositions are proved in the following three
sections; some technical parts of the required estimates are moved to the Appendix.
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Before starting our analysis let us fix some notation and conventions. For p € [1, 0], we
write LP(R?; C) resp. LP(R?) for the (classical) Lebesgue space of p-integrable functions
which are complex-valued resp. real-valued. The corresponding standard norms are in both
cases denoted by || - [|L»(gs). Moreover, we let p’ = ~F5 € [, oo] be the conjugate exponent.
The inner product in L*(R¢; C) is given by (f, g) LQ(Rd fRd g(x) dz. The d-dimensional
Fourier transform is given by Fug(§) = (2m)~%2 [L,g(z ””5 dx Wlth inverse F; 'h(§) =
(Fah) (=€) where g, h : R? — R are sufficiently regular. At some points it will be necessary
to slightly abuse the notation by writing F; " (¢g(£))(z) in place of F,;'(g)(z). The sphere of
radius p in R? is given by Sﬁ_l = {¢ € RY: [¢] = u} along with its canonical surface measure
0,. The corresponding Lebesgue spaces will be denoted by L*(S%~; C), L*(S{ '), s € [1, 00].

1. THE ONE-DIMENSIONAL INTERFACE PROBLEM

In this section we discuss the Limiting Absorption Principle for the one-dimensional Helm-
holtz equation with a step potential V' given by

if
V(y) = i 1 y >0, where V| > V5.
Vo ifty<O

Our motivation is to present the method in the technically simpler one-dimensional setting in
order to treat the higher-dimensional case later in an efficient and reasonably quick manner.
The differential operator ¢ — —" + V(y)y, v € CX(R;C) is symmetric, bounded from
below and densely defined in L?(R;C) and thus possesses a unique selfadjoint extension
with domain H?*(R;C) and spectrum [V5,00). The Limiting Absorption Principle aims at
constructing nontrivial solutions of the associated Helmholtz equation

(6) —u"+V(yu—Iu=f inR

for frequencies A inside the spectrum. To this end one analyzes the uniquely determined
functions u. € H*(R;C) satisfying

(7) —u + V(y)ue — (A +iJue = f iInR

as e \, 0 for a given right hand side f € L?(R;C). To keep the presentation simple, we
concentrate on the case A >V and € N\, 0. The three remaining cases A = Vi, A € (V3,1])

and A = V5 will be commented on later, see Remark 1. A solution formula for u, can be
found with the aid of the Laplace-Fourier transform

Fi ) -m/f Wy, Frfn -\/—/f e v dy,

We collect a few elementary facts.

Proposition 1. For all v € H*(R;C) and n € R we have F; = F,” + F, and
F W) = =i Ffo(n) = (2m)72 (0(0) + ine(0),
FLW")) = —n*Fro() + (2m) 72 (0 (0) + ino(0)).

Moreover, the spaces ran(F; ), ran(F; ) are L*(R; C)-orthogonal to each other.
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We only comment on the orthogonality property. For f,g € L*(R;C) set F := f - 1(0,00) and
G =g 1(—s,0). Then Plancherel’s identity implies

<F f, 1 g>L2 (R) = <f1F F1G>L2(]R <F G>L2 =0

since the supports of F, G intersect only in a null set. We now use Proposition 1 in order
to find a solution formula for the solutions w. in (7). To this end we introduce the complex
numbers fiy ¢, f12 . by requiring

(8) ,uis =A—V +ie, pye =X —Va+ie, Im(pq0), Im(peec) > 0.
Notice that ;. — pj := /A —Vj as € \( 0 because A > V; > V5.

Proposition 2. Let A > Vy >V, and f € L*(R;C). Then, for any given € > 0, the unique
solution u. € H*(R;C) of (7) is given by
i N
/ el\y—ZIMQ,ef(Z) dz

> ily—zwl,af dz +
e z)dz
2/“,8/0 ( ) 2/L2,a —00

‘ i ilylp,e ily| g2,
+ afec - W (ei‘yml,s _ ei|y|p,27€) . 6f€ ) l e 1 B e 5
| ’ 7 2 Hie M2 ¢

u:(y) =

where the complex numbers oy ., B satisfy

(9) (af,a) _ V2r ( i i ) (fl—’—f(_ul,a>>
Bf,a Hie + Hoe \M2e —Hie 'Fl_.f(:ula) ‘

Proof. Without loss of generality we prove the statement only for f € C°(R"). We set
are = u(0), By := ul(0). Applying F", F; to equation (7) we obtain from Proposition 1
and (8)

FI) — 2m)H(0) + inu(0) _ F S () - (2 >%</3f6 + inay.)

Fou(y) = TLI )+ Cm) 3 (0 (0) +inuc(0)) _ Fifln) + (2m) %< Bre +inays)
Pt Pt Va— \—ic ey

The function g,(y) = V2me™P¥ p > 0 satisfies Fi-g,(n) =
relation from Proposition 1 yields

0 = (F ue, Fi gp) r2w)

:/ Fifn) + (2 )*%(gfﬁinafﬁ)_ 1 0
R n? _M —in+p

[ T Ny

r (0? — 15,.)(=in +p) NG =) (=in+p)

_ iT Bf . im Qe T
= .F e) . . - — - . .
v ze) po(p — luz,s) vV o po(p—ipoe) V21 p—ipa

%. So the orthogonality
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The last equality holds because of the Residue Theorem. Similarly we get

0 = (Fi ue, Fy gp) r2(m)
_ [ (Ff) = @m) (B tinap) 1
s 2 _ 2 i n

n? — pi. in+p
_ / T f(n) Bre +inay.
r (1?2 — u?,a)(iwrp) \/27T (n* — pi)(in +p)
iT ﬂf,g iT oy T

= F f(— . - — . - —.
v =me) p(p—ime)  V2m (P —ime) V21 p—ipe

Rearranging the previous equations we find
_iul,s 1 Oéf,s) _ \/% (Fl—i_f<_ﬂ1,s))
(—iuz,s —1) (ﬁf,e Fi flpze) )7
which proves (9). From this and (10) we get

ue(y) = (K + )7 (F e + Frue) ()
:Ff(ﬂvm%w%r%mfummxpaﬂm+@m%wk+mwg>@

n? — 13, n? — s,

_ <f1+f(77) awiU) > )

" —pi. o n?— i,
Oéfﬁ 1 ( 177 1?7 ) /st 1 1 1
_ F (y) — a - (v)
Vor b\ -l - \/ P\ -pd. n? -,
1 [ i(y—2)n el(y=2)n
=5 f(2) ———dn ) dz —|— — ———dn ) dz
T Jo R 1P — i, R — 13,
af,e / ( 17] 17] ) iyn d BfE / ( 1 1 ) iyn
- - n— - e’ dn
2 Jp \n? — i, n?— uéa 2 Je \m? —pi. n*—ps,

_ 1 / eily_z““’ef( )dz + / eily—z\m,sf(z) dz
21 Jo

2,UQ €

. : ilylp1,e ilylpz,e
sign : : i [ellvikr, ellvlue,
+ af,e . g—(y) (el|y|.u‘1,s _ el|y‘ﬂ2,8) _ /Bfﬁ . - ( — ) .
2 2 H1.e H2.e
Again, the Residue Theorem was used. This proves the claim. Il

Given the formula from Proposition 2 we may pass to the limit ¢ \, 0. The only reasonable

limit function is given by
. o . 0
i : i -
. ily—z|p ily—z|pe
u = e z)dz + — e z)dz
) = 5 fE) st o [ g

SEn(®) | s [ o bl
af_T(ewml_emg)_ﬁfE( o

(11)
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where oy 1= ayo = uy(0), By := Bro = /. (0). One can check that u, is a strong solution of
the Helmholtz equation (6). In the following section we will generalize the above approach
to define the corresponding solution in the higher-dimensional case, see (19). Notice that
lengthy computations show that u, can be rewritten as

Yy
oy cos(py) + 2 sin(uy) + & [sin(u(z - y) f(2)dz if y >0,
ut(y) = 5 y
aycos(pay) + oL sin(pay) + - [ sin(ua(z — y)) f(2)dz  if y <0
0

Remark 1. In the case A = Vi we have py = 0 so that the formula (11) does not make sense
a priori; nevertheless, a lengthy computation allows to evaluate the limit € , 0 in the formula
for u. given in Proposition 2. In the case A € (Va, V1) it suffices to replace gy = /A — Vi by
iy :=iv/Vi — X in (11) so that exponentially decaying terms show up. The case X\ = Vo may
then be treated like the case X = V.

2. THE HIGHER-DIMENSIONAL INTERFACE PROBLEM

In this section we generalize the one-dimensional approach to the higher-dimensional case.
Once again we consider the simplest possible step potential V' given by

Vi if r e R* 1y >0,

V, itreRely<o ez

V(z,y) = {

In the following we will always write z,£ € R* ! and y € R,n € C. The first task is to find
a solution formula for u, € H*(R"™; C) solving the perturbed Helmholtz equation

(12) —Au. + V(z,y)ue — (A +ic)u. = f in R"

where A > Vi > V5. Again we use the one-sided (one-dimensional) Fourier transforms Fi-
and define the corresponding full one-sided Fourier transforms by F* := F,_; ® Fi". Using
the shorthand notations fi(z,y) := f(z,¥y) - L0,00)(£y) we may rewrite this definition as
(FE)(E&n) = Falfr)(&n) for £ € R"1 n € C. Furthermore, we need the complex-valued
functions v, . : R ! — C defined via

vie(§) = 15 — 16 = A=V, — |¢[* +ie and  Im(v;(€)) > 0.
Notice that v;.(§) — v;(§) as € N\, 0 where
(43— 16P)z Il <
13 (&) = J 1
(19) 5té) {w By TR

We will need the following elementary estimate:

(14) L+ €] S (/T +[Vy (O S 1+ [¢].
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Proposition 3. Let A > V) >V, and f € L*(R™;C). Then, for any given € > 0, the unique
solution u. € H*(R";C) of (12) is given by

_ Frf Ff )
U\ T, Y :]:nl( L + - T,y
(.9) TP T reg) @Y

(15) N 51gn( )f 1 (( ilylvre _ ei|y|1/2,5)oéf’€> (2)

i]_-_1 eilvlvie  gilylvae
- 5 n—1 (( Ve - Vae >Bf5) ( )7
where, for all £ € R" 1,

(16) (g;gD - ul,g(g)\/:zle(g) (umi(f) —ml(&)) (J‘;ifﬁé_vzl(gw |

Proof. Without loss of generality we prove this only for f € C2°(R"). We define

d
are(§) = Fnoa(ue(-0)(€),  Bre(§) = i Fn-1 (= 9))(E).
Notice that these point evaluations are possible since . is continuously differentiable by local
elliptic regularity theory. Applying first F,_; to (12) with respect to z we get for all £ € R"~1

(€7 = 8yy + Vi = A — i) (Foruc(5,9))(€) = (Faca f (- 9))(€) (y > 0),
(€7 = Oyy + Vo = A — i) (Fro1ue(-,9))(€) = (Far f(9))(€) (y <0).

Applying now the one-sided Fourier transforms ;- with respect to the y-variable and using
pi. = XA—=V;+ie, we get

(€2 + 17 — 2 )Ffua(€,m) + (2m) 72 (inay,(€) + Bre(€)) = FEF(€,m),
(€2 + 02 — 12 ) Fuc(€om) — (2m) 2 (inage(€) + Br(€) = Fyy f(Em).

This and v;.(£)* = p5 . — |£]?> imply the analogue of (10) in the one-dimensional case,

Fif(&m) = (21)73 (Bro(€) + inays(€))

(
(

.F:UE(€>77) = 772_y (6)2 :
(17) - . l,e ‘
Frulen) = T 2 Co Brel6) £ hnase(6))

As in the one-dimensional case we may exploit ran(F;") L ran(F;) in order to compute
e, Bre. The Residue Theorem gives for all ¢ € S(R"1;C) and g,(2) := v2me P for
z € R and some p > 0

0 = (Fy, te, Fri (0 @ gp)) 2mni0)
://Rn 1 (]:nf(f,ﬁ)‘f‘(QTF)_;(ﬁf,e(f) +i7706f75(f)) . ¢(§) > dfd?]

n? — 1p(§)? —in+p
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8| ([ Vi“"’w)dn)
\/_(/(77 — Vae —in +p) >

+af/7€§)</R(772_V2 —in +p) )]

= iﬂ¢(5) . - 1% 2 v a
—Amw%@mFﬁ%@»<EJ“7u@)( 75 (Br0(6) + s E)aa(€)) ) de

and similarly

0= (Fifue, F, (¢ ® gp))r2mn)

. 17r¢A5(§> X -+ .y ,% iy o
= o ) (P ) = 0 310 — o (0) e

Since ¢ € S(R"™!) was arbitrary, we get for almost all £ € R"!

G 2 (68) - (Belid))

which implies (16). With these formulas we may now solve (17) for u.. From F, + F = F,
we get for z e R" Ly eR

u(z,y) = F, (Fiue + F, ue)(z,y)
a0 o [ Faf(Em) Fof(En)
= F, <77 (62— V2’€(§)2> (x,y)
L -1 in B in Y N
vk Kn? —v1e(8)? 0P - V2,s(£)2) f’s(é)} (z.9)
1

G G i e o REEC (X
Frf F,
-7 () e

%E”(A(WZ&VWZAW)W”wamwgw

1 1 1 o
- %Fn—ll (/R (172 — Vl,s(g)Q - 772 — VQ,E(§)2) € d77 5]”,8(5) (l’)

Frf Fof )
=F, n + n x,y
(IP—ua o) Y

S0 o, (e a0
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i ei‘yh’l,e ei|y|l/2,s
—1
(G 8 [
Vie Vo e

which is all we had to show. O

Notice that the last two lines may be rewritten as
z Z 1 F2 (ei\ylw (zﬂﬁgyj—’; — sign(y) af6>> Z (wj-(z,y) + Wje(z,y))
j 1,2 7j=1,2
where the small frequencies are collected in w;. and the big ones in W;.. More precisely,
(_1)] — ily|v;e(-
wj75<x7 y) = T TL—l]. (1‘|S,u'je ‘yl j’s( )mj757y(.)) (x)7

18 (_1)] — ily|lvie(-
(18) I/Vj,a(x,y) = T n—ll (1H2uje e )mjva,y(')) (),

mj,s,y(g) = iBf,e(é)”j,e(g)_l - Sign(y>af,s(§)'

In the following section we will present estimates for w; ., W; . that evetually lead to the proof
of Theorem 1. Before going on with this we first identify the limit of u. as € 0. The above
representation formula for u, leads to the definition

(ROAN+10)f) (z,y) == us(z,y) == lm F, " (| ‘ ’2}—;[]0 — + Fut ig) (z,y)

N0 —pi—ie [P —pg—

(19) N slgr;(y) 1 <<ei|y|y1 _ ei|y\u2>af> ()

: ilylv ilylve
Clpa (e e
2fn71 << 1 Vo )6f> (.CL’)’

where af = ayo, B¢ := Bfo and the limit in the first line has to be understood in the
distributional sense. Notice that

ar(€)) _ __ vor i i (FHE )
20) (548) = @ @ ey —ni0) (F R )
As above, the last two lines of (19) can be rewritten as

5 S CPED (A (i —sint)ay ) ) (2) = 3 (wy(w9) + Wy(a,p))

j=12 =12

where
ERY, o
wi(z,y) = ~—==F ) (1<, €™ my, (1) (2),

2y W) = O F (U @ 0m,, () ()

m;y(€) == 187(§)v;(§) " — sign(y)ay(§).
The essential new ingredients for the proofs of Theorem 1 and Corollary 1 are estimates for
wy, wy, Wi, Wy and wy ¢, wa e, Wi ., Wa ., see Propositions 4, 5, 6 in the following section.
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3. PROOF OF THEOREM 1 AND COROLLARY 2

We collect a few results that we will need in our estimates. For n > 3, the first line in (15)
and (19) may be analyzed with the aid of Gutiérrez’ Limiting Absorption Principle [18,
Theorem 6] for the Helmholtz equation with constant coefficients in R”. The corresponding
result for the case n = 2 was provided by Evéquoz [11, Theorem 2.1].

Theorem 2 (Gutiérrez, Evéquoz). Assume n € Nyn > 3 and p',q > =% %H <

nl’

If Vi =V then the solutions u. of (12) and uy,u_ from (19) satisfy

lugllLagny + lu-|lagny + sup |luellagny S (1] o@n)-
0<le|<L1

1<«
RS

3IN>

1
p

The same is true in case n = 2 if additionally % — % < % s assumed.

We will also need the Fourier restriction theorems by Stein and Tomas as well as its gener-
alization due to Tao, see [24, Figure 3] and [25, p.1382]. Since we will use it for the Fourier
transforms F,,, F,,_1 restricted to spheres in R"~! respectively R", we use d as the dimensional
parameter.

Theorem 3 (Stein-Tomas). Letd € N;d > 2 and 1 <p < Q(ddjgl), > 0. Then

[ Fafllrz@ay S W lleeey,  (1Falgdow)ll i ey S N9l p2sa-1)-
Theorem 4 (Tao). Let d € N,d > 2 and assume p' > (d+2),q > (ﬁ p’) 0> 0. Then
[Fahllpo a1y S Alloway, I Falg do)ll ey S 9l pase-1)-

Loosely speaking, Tao’s result will play the role of the “best known approximation” to the
Restriction Conjecture. Recall that the latter says that the above estimates even hold under
the weaker assumption p’ > d 1 ,q > ( ] p) , which would yield larger ranges of admissible
exponents p, ¢ in Propositions 4, 5 below and hence in Theorem 1. The above tools are used
in our derivation of the estimates for the small frequency parts wy, wa, wy o, wa ., see (21),(18).

2)
(n+ and L_ 1> _2 e have

Proposition 4. Let n € {2,3,4}. Forp',q > i +1

[Jwi ]| La@ny 4 llw2 || Lagrny +OS|U|P< (||w1,s||Lq<Rn) + ||w2,e”Lq(R")) S lle@ny-
<lel<L1
The proof will be given in Section 4. Next we estimate the large frequency parts Wy, Wy and
Wi ., Wy.. In our first estimate we use Theorem 4 for d = n — 1 and thus only deal with
dimensions n > 3.

Proposition 5. Letn € {3,4}. For 1 <p < 2n+l) % < we have

1
n+3 qS

S o

1
P

[WillLagn) + [[WellLagn) + O<S|u|p<1 (”Wl,sHLq(Rn) + ||W2,e||Lq(Rn)> S 1 llze .-
el<

Notice that the conditions on p, ¢ implicitly imply n € {3,4} because
n+3 1 1 2

3
— < <-4+2<Z = nP-3n-6<0 = n<4
2n+1) p~q n " n
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In order to cover the case n = 2 we circumvent Fourier Restriction Theory with the aid of
the Hausdorff-Young inequality. The same technique actually applies in all space dimensions
but the ranges for the exponents turn out to be worse than those obtained in Proposition 5.

Proposition 6. Let n = 2. For p,¢ > 1,2 <1 —é < 2orp=13<gqg<o0or

hS]

q:oo,1<p<%wehcwe

[Willzan) + [[WallLaen) + sup <||W1,a||Lq(Rn) + ||W2,a||Lq(Rn)> S I ller@n)-

0<lel<1

The proof of Theorem 1 is now a matter of combining the previous results and to improve the
resulting estimates with the aid of the corresponding dual estimates where (p, q) is formally
replaced by (¢/,p’). This is justified because of

(22) RA+ie)f-gd(z,y) = f-R(A+ie)gd(z,y) forall f,g € CZ(R").
R™ Rr

Finally, interpolating our estimates with their dual counterparts will prove Theorem 1. In-
stead of going into the tedious details of the interpolation procedure, we prefer to illustrate
the situation with the aid of the corresponding Riesz diagrams in Figure 1.

Proof of Theorem 1. From the Proposition 3 and the representation formula (19) we get

[l ony + lJu-|[Lony + sup el zon)

0<lel<1
Fr 7y
< sup Fn1<2"€.+2"£.)
0<le|<1 | P —pi—ie [ [P py—ie L4(Rm)
(23)
+ 37 (0l pagury + 1l agen))
j=1.2

+ Z sup <||IUj,a||Lq(Rn) + ||M/VJ’7E||LCI(R")> ’
=12 0<e|<1

In the case n = 2 we get from Theorem 2, Proposition 4 and Proposition 6 that these terms
can be bounded by HfHLp(Rn) for exponents p, ¢ such that

2 1
n=2, 4<p,g<oo, =< -

1
- < 1.
37 p ¢

This already proves part (i) of the Theorem. In the case n = 3, Theorem 2, Proposition 4
and Proposition 5 allow to estimate all terms in (23) by || f||;»(gn) under the assumptions

, 10 2 1 1 1 2
n=3 4<p <oo, ¢g>—, maxq—, -, < ———< —.
3 q 2 p q 3

This corresponds to the black region in the second picture of Figure 1 below. The corre-
sponding dual estimates enlarge the range of admissible exponents by the grey region in the
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same picture. A tedious computation reveals that the corresponding region of admissible
exponents is given by

1 1 3
q ¢ P’
which is convex and hence cannot be extended further by interpolation. This proves (ii).
Similarly the aforementioned results guarantee a bound for (23) in terms of || f|[ ,, g« provided

3
S 2_7
q

D=

=3 —10< ' g <30 L 2
n = - Z
M 3 p7q ) p 3’

10 , 2 2 1 1 1
n=4 —<p<oo, ¢>3, maxq—, -, < - ——-< —
3 ¢5) " p q 2
hold. Again referring to the Riesz diagrams from Figure 1, duality and interpolation yield
the estimates for p, ¢ satisfying

4 10 <p,q<5b ! < S < L
n = — _ —_— = —
Y 3 p 7q Y 15 p q — 2
so that claim (iii) is proved as well. O

03 e 0.3

03
02 I

0.1

0.1

0.7 0.8 0.9 1.0 0.7 0.8 0.9 1.0 0.7 0.8 0.9 1.0

1 1 1
P P p

FIGURE 1. Riesz diagrams for the cases n = 2 (left), n = 3 (middle) as well
as n = 4 (right) in Theorem 1. The LP — L%boundedness for (i, %) in the
black regions directly follows from the Propositions 4, 5, 6. The grey regions
are obtained by duality. Then the combined region is symmetric to the red
dotted line, which indicates the line of duality % + % = 1. The blue region in
the diagram on the right is gained via interpolation.

Proof of Corollary 2. We briefly recall the dual variational technique for nonlinear
Helmholtz equations from [14]. We aim at proving the existence of a real-valued function
u € LI(R™) satisfying

(24) —Au+Vu— u=T|u|!%u in R"

in the distributional sense. In view of elliptic regularity theory any distributional solution of

such an equation will actually belong to VV;Z(R”) for all » € [1,00). Such solutions of the
nonlinear PDE (24) will be obtained solving the integral equation u = K (T'|u|?"*u) where
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K¢ :=Re(R(A+10)¢) and R(A +10) has the mapping properties stated in Theorem 1. We
1 /
set v := I'¢ |u|??u and thus look for v € L7 (R") satisfying
0|7 2y = Ta K(T'wv).
Since K is symmetric in the sense of (22), this equation has a variational structure. So we

have to prove the existence of a nontrivial critical point of the functional
1 1

I(v) = — |7 — —/ (F%v) [K(F%v)} :
This functional has the Mountain Pass geometry, as we will explain and verify below. More-
over, exploiting I' — 0 at infinity, it satisfies the Palais-Smale condition. This can be shown
exactly as in [14, Lemma 5.2] where the corresponding statement is proved in the special case
Vi1 = V5. With these two ingredients we may apply the Mountain Pass Theorem [5, Theo-
rem 2.1] and obtain a nontrivial critical point v of I. Transforming this function back ac-
1 / ES

cording to v = ' |u|?"%u, we get a nontrivial solution u = I“%Mq 2y = K(Fflzfu) e LYR")
of the nonlinear Helmholtz equation (5).

We now check that I has the Mountain Pass geometry. First, by choice of ¢ in Corollary 2,
the operator R(A +i0) : L9 (R") — L4(R"; C) is bounded and thus K : L9 (R") — LI(R") is
bounded as well. Moreover,

1 1 2 )
I(v) = gllvlqu/(Rn) = S e @y-s o @) IVl 2w ) 10l o oy

and ¢’ < 2 imply I(0) = 0 < infg, I for some sufficiently small ¢ > 0 where S, denotes the
sphere in LY (R™) with radius . Finally, I(tv) — —oco as t — oo for some v € L7 (R™), the

proof of which will take the remainder of this section. We adapt an idea from [22, Section 3]
and choose the ansatz v = vs where

(25) vs(z,y) == T(z,y) cw(x)e 15 00) (T2, 4)) 10,00 (¥) (zeR" 1y eR,d>0)
with sufficiently small § > 0 and with a nontrivial Schwartz function w satisfying supp(w) C
B, (0) \ B, (0) = {€ € R"™ | g < |€] < 2us}. Notice that vs € L7 (R™) because of § > 0
and

Tivs — f oin LY(R™) as d \,0 where f(z,y) = w(z)e™¥1(0,00)(¥)-
Here we used I' > 0 on R™. So we find with the aid of Plancherel’s theorem

%i{‘% s (Tivs) [K(F%UJ)} d(z,y)

=/ F(Kf) d(z,y)
= Re (/ (R(A+10)f) - fd(x,y))

. Fif Fuf
e ([ A (e ) ) S )
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+ Re (/n %fnll ((ei|y|l/1 - ei|y\1/2) af) (z) - f(z,y) d(x,y))

([ 3En (S5 -S2) ) 0 s )

:Re< Frf&n) Fuf€n) | Faf&n) - Fuf€n) d(w>

re €2+ 12— pi—1i0 €12 +n? —p3 —i0

+ 5 Re (/n sign(y) (ei|y"’1(£) — eily|l'2(£)) ar(€) - (Facrf () (©) d(, y))

1
o] (S e )

Inserting (25) we get F. f(§,n) = Fuf(&,n) = 14&?77 —f =0 as well as

(36) * 70 o (e o) (BT S))
Vor () (i)
(&) + 12(8) 1 — 1y (€) (&)

Notice in particular that, by choice of w, we have [£|?+n? > |£|> > p3 > u? for all £ € supp(w)
and hence also for all (§ n) € supp(F," f ) = supp(F,.f). Thus, there is no singularity in the

former integral, and in the latter integrals we may use v;(§) = iy/[¢[> — p3 for j = 1,2,
see (13). This implies

[ S A

[ Fuf (€, 77)|2
g [§2 + 1% —

- W (€) _ gum(©)) V2T W) e

"2 " </R“x<07oo> e =) vi(€) +1a(6) 1 — i () W(E)e d(g, )

~ IR (i / <eiy’“@> B eiy”2<f>> V2ma(6) ) d(g,y)>
2 R™»=1x(0,00)

d(&,n)

vi(§) v2(§) ) vi(§) +1a(§) 1 — iy (§)

N 6 2 1+ 2\—1

Ve (L e ety (o) a)

- E 2 1+ 2\—1
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e [(6) 21 (€) — 1(€))
i \ﬁR ( / (&) + () (1 — 11 (€)1 (&) d5>
_/ OL

€] + n? ,Ul
\[/ PO = Im(@)
re-1 ([V1(€ |+ w2 (&)L + [ (E) D[ (E)]
because both terms are positive. As a consequence, we have

/R (Tho) [K (Th)| (g > 0

provided that 6 > 0 is small enough. This gives the result. |

4. PROOF OF PROPOSITION 4

In this section we prove Proposition 4 dealing with the small frequency parts w;. of the
solutions of the perturbed Helmholtz equation. In order to avoid heavy notation we carry
out the estimates for w; = lim.\ o w; . in detail and briefly discuss the necessary modifications
afterwards. We recall from (20),(21) the formulas (j = 1, 2)

e >=<‘T”jfn ! (1@ O () (2),

(26) My (&) = 187 (E)v;(&) ™" — sign(y)ay(€),

#(¢) var i\ (EE ()
( (5)) IRAGERZ1) (Vz(f) —Vl(f)) (f;f(é, v2(§)) )
We actually prove the following slightly more general result.

Proposition 4 (generalized version). Let n € Nyn > 2. For p/,q > @ such that

15 2 1241 1
—= > and Stn—Tyg > 3 we have

[wi ] Lagny + ||wa | Lo@ny + S (lwrell Lany + NlwaellLagny) S N Fllpe@ny-
<lgl<

T =
Q
|
3
+
—
bS]

In particular, if n € {2,3,4} then this is true whenever p',q > (”+2 and 1_ é > niﬂ

Proof. In line with our explications above, we first show the estimates for w;. For every fixed
r € R" y € R we have according to (26)

—1)7 . L
(—)1/ el(@-E+lyl 7(5))m]~,y(§) de¢
2(2m) = Jigi<n,

— U [ e o, (€1 + V3P Lo 6) 4o, (6 6

’LU]'(QZ,Q) =

2(2m) " 7
= fgl(bj doy, ) (=, |y]) + Sign(y)fgl(aj doy, ) (=, |y])
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where the densities a;,b; : Sj;' — C are given by
05(6.80) = (-1 30+ V() Hom (6 a5
b€ 6n) = i(—l)j\/g(l + Vi (&)2)215(8) ™ L00) (&) - By ()

2(n71+'2). we may apply Theorem 4 and obtain for s := (21 q)’

Since q > Pl

lw; || La@ny S I1F, (a5 Aoy, pe@ny + |1 F,  (b; do,) || Laen

S laj L) + (1B Lo(sph)
(14)
S oy Lo T 185 Lo(sp )

Notice that in the last line v; is considered as a map on SZ;l by putting v;(&,&,) = v;(€) for
(€,&n) € SZ;l, Plugging in the formulas for oy, B¢ from (26) and using

() +m(©1 21, @I+ 1@ ST, 4EOFC+[Vy©P)2 ST (1€ <),
cf. (13),(14), we continue the above chain of estimates as follows:
(26)

lwjll cagemy S Mlv; ()T £ G = ()
+ () F f (=)

s + IO £ va()
Losph T [ (1) Fy (5 v2())

Ls(Sih)

Ls(Sih)

W =

S (4 (175 (1" + ()T f(€ (&))" + |ij(g)|2)éd§>

W |

N

—+ (/|‘£|< (’V](€)|5 + ’Vl(g)‘s)‘fn_f(gj 1/2(5))’5(14— ‘VVJ(SMQ) df)

+ —|y s ”, 2%
S(ﬁwfﬂﬂal(mﬂﬂﬂv(&>dg

! (/£I<u2 | Fr FE (D1 + [Vra(§)]7)2 dg)

1
s

i (/MSSIS;LQ | (€)1°|F5F (&~ () (1 + [V (€)?)2 dg)

a
S IF

ponty 1P fllps sy + (/ | For f(€ —1|V1(§)|)|Sd§> ,
! : p1<[g|<p2

Since % — é > -2 implies s’ > (2= p' ),, Theorem 4 applies and we get

n+
H}—:f Ls(Sih + |7 f

Ls(Sp, ) S I llze ey
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Notice that FFf = F,(f+) where fi(z,y) = f(2,¥)10.00)(£y). So it remains to estimate
the last integral. From Minkowski’s inequality, Holder’s inequality and the Hausdorff-Young
inequality we obtain

(/ <Jel< | Fo f(E, —i|V1(€)|)|Sd£)S
(3 </ /oo(fnlf(w))(f)ezmdz | dg)s
m<[g[<p2 170

:ﬁ/m(/ mﬁhﬁcw»@n%*““””ﬂﬁ)sdz
0 u1<|€]<p2

o0 s sp
5 / H*anlf<'7 Z) HLp/(Rn_l) </ e_ S+pzispz\/ |E|2—H% dg) dz
0 pn1<[€|<p2

s+p—sp

e’} H2 s sp
< / ||f<-7z>||Lp(Rn71) (/ e S+ppj57pz\/7’2—/"/%rn—2 dT) dz
0 H1
st+p—sp
« IR, z
S [T ([T ) a
0 0
o _2(s+p—sp)
S [y (425 s
0
S I lzen)-
Here the last estimate follows from Holder’s inequality and —2(5%;51”) . p%l < —1. Notice
that the latter inequality is equivalent to (Z—ji q)/ =5 < %p’ and thus to % — %% > %
2(n+2)

In the special case n € {2,3,4} this condition is automatically satisfied because ¢ > ===
implies
1_2(n+1)1_1> 2 1 1_2(n—i—1) 1 5-n 1_n+11 >0
3(n—1)/)q 3(n+1) n—1gq

This proves the estimate for wj.

Now we indicate the necessary modifications to get the corresponding uniform estimates for
w1 ¢, Wy with respect to € € (0,1]. From (18) we recall

. _ WY o g ey,
wg,a(xmy) = T n—1 ( [-|<p; € ’ m],e,y(')) (:L'),

mjﬁ,y(g) = iﬁf,a(é)yj,s(g)_l - Sign(y)afﬁ(g)‘

In order to use the same estimates as above, we consider some smooth closed compact hyper-

surface S 1 with {(§, Re(v;(€))) : [¢] < p;} =S 1N {& > \/¢/2} and with the property
that its Gaussian curvature has a positive lower bound independent of €. Denoting by o, .
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its surface measure we can proceed as above and obtain

wjﬁ(x: y) = ‘Frjl(bjyf da#j,a)('rv |y|> + SigH(g)Fgl(a]’,E daﬂj75)(x7 ’y‘)

where

aj,s(£7£n) = _(_1>j\/§(1 + IVRG(VJ',E(O)F)?%e? Im(uj,s(é))ly\l(\/m,oo)(gn) 'af,s<£)7

bm@@w=4v4v¢§u+wvRaonFr%rm%d@M%AQ*awﬁmg@»@m@y

Replacing a;, b, v;, 0, by a;.,b;.,Re(vjc), 04, ¢, respectively, all of the above estimates hold
uniformly with respect to e, which yields the result. Notice that the factor e~ ™®i(@)l¥l has
a damping (absorptive) effect due to Im(v;.(£)) > 0 and may simply be bounded by 1 in all
subsequent estimates involving a;.,b;.. The same is true for the indicator functions acting
on &,. U

5. PROOF OF PROPOSITION 5

Proposition 5. Let n € N;n > 3 and assume 1 < p < Antl) % <

— L <2 Then we have
n+3 q n

1
p

IWillza) + 1Wallzagn + s (IW3el pagny + 1 Warcll gy ) S 11l zogany -

0<lel<1

Proof. Again we concentrate on the estimates for Wy, Wy since the corresponding modifica-
tions for Wi ., Wy are purely notational. We recall that W5, W, are given by

—1)/ — izie n— .
W) = L (@ 0my, () (1) (e € R yeR,j € {1,2)

for m;, as in (26). The Hausdorff-Young inequality and v;(§) = iy/[&]* — p3 for [£] > p;
(cf. (13)) imply

|’Wj||LQ(R") 5 </]R H]:.nifll (1|'\2Hjei|y|l/j(.)mj7y<'))||(2q(]Rn—1) dy)

— 527 2 q
S (/RH1~IZuje VIR, ()

q

1
d q
L (Rn=1) y)

q £
-7 q
ql

< /(/ e_q/y"/|§|2_”?|mj,y(§)|q/df) dy
R €1> 15

Here m;,(€) = 18;(&)v;(§) ™ — sign(y)a,(€) and hence by (20)
[ ()] < lees (E)] + 1B (E)] | ()

S+lep! (’VQ(f\):(rg’)Tj@’

(O] +[1(6)

’VZﬂ&w@DO-
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We discuss the case j = 1 in detail and concentrate on the first term, which is responsible
for the most restrictive conditions on p and ¢, see (29) and (30) below.

First (more singular) term for j = 1.

In view of (1 + [£]) 7 (|w2(&)] + |11 (€)]) S 1 (cf. (14)) we have to prove
f;—f(f, —Vl(f)) !

o a7 (/lgwa— T

Minkowski’s inequality in integral form and v (§) = iy/|£]? — p for |§] > py (cf. (13)) yield

1 ‘
o
vy
0 [€1>p1
R
0 0 [§1>p1
q

1
o0 oo f poo ) 72 o—d (z4y)(r?—p3) v
< / / / { | Fnalf(, 2)](rw)|? da(u})} 7 dr | dz | dy
o \Jo \Ju Lsr® 02 - i)

A AVA TG de¢ dy
As already announced, the key idea in this proof is to use Fourier restriction theory in order to
handle the integral with respect to the angular variable w. We use Tao’s Fourier Restriction
Inequality from Theorem 4 saying that for any fixed z,7 > 0 we have

d{) dy S ||f||LP(]R”)’

/ Foalf (26 - mdz
v|§|2—u1

1 q =
/ - q
q/

Foalf(-,2)](E) ' ~d )V - ¢ dz | dy

VIER — i

IN

ol

(28) /S [ Faalf W) do(w) S "IV £(- SOl
since our assumptions imply n > 3 as well as

-2\ 2(n+1
(29) q> (n p’) and p’ > (n—+)

n n—1

Using this we obtain

1
(28) 00 o0 oo —(n—l)i, / =2 o—4q ! (z+y) (r2 7u1) pr
A S / / / r p’ Hf( *y Z)H%P(Rnfl) ” dr dz dy
A (r? —pi)=

1 q
/oo /oo /oo /rn727(n71)
o \ b\ o2

Q=

ql

, 1
e CE DY Q| £ ) gy d2 | dy

’d\‘»e\

o

Q=
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< ([ ([ rnrera)a)

where

T p g w(r?— 1
KA(w) — 1(0’00)(11]) . / —< ; )i, e ¢ (r2—p2)2 dr 7
mo (r2—pg)2

F(w) = 1(0,00)(w) 1f( 7w)||L1’(R"*1) :

In the Appendix we will prove
(30) K€ Lvvtra®(R)  if 1<p< =~

So the weak-space version of Young’s convolution inequality (cf. [17, Theorem 1.4.25]) yields

1
AS KA * F(=pa@ S 1o = </0 1 )y dW) = £l o ny

Second term for 7 = 1.

In place of (27), we have to demonstrate that our assumptions also imply

o ([

By definition of 15(&), see (13), the estimate (31) follows once we have proved

Fo (€ 1(8))
1+ ¢

q/ ? q
df) dy S ||f”Lp(Rn)~

/ T q

FofeiviEE—m)| .\°
1+ €| dg dy S ”f”LP(R”) ;

(o]
/ / P CRVAET
0 |€]>p2

Q|

N

Fa e3P .\
nf(élw N oag) ay| <l

oo
2
/ / e~ 4V IEP—n1
0 p1<[E|<po

The first integral can be treated just as (27) with ps in place of p; because || > pp and
p1 < po implies y/]€]2 — 2 > /|€]2 — p2. The second term will be interpreted as a surface
integral over a sphere and can then be estimated using Fourier Restriction Theory:

/°° / RN/ riEmd M A CSRVAL Bl A9
0 1 <[€|<p2

q
, qa
q q

¢ | dy

1+ (¢
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1
a(2—q") q

2 % 00 ’ 7
(] ([ (o)™
|€]<p2 0 p1<[E<pe

The finiteness of the iterated integral will be checked in the Appendix. Applying the Stein-
Tomas Theorem (Theorem 3) we thus get

(AKHQ
2(n+1)

Notice that this theorem applies since our assumption (29) implies 1 < p < =15 - Hence,
we finally conclude [[Wil[pqgny < I1f|l o gny-

Fu FE& 13— I€)

Fu F(E& /13— 1517

1
2 2
d’f) S Hf;fHLQ(Sﬁgl) S HfHLp(Rn)‘

All terms for j = 2.

Here one has to show

) SN = A8 A CRma1 )] K K R
A (‘/|;2N2 © 1 + |£| g Y ~ ||f||LP(Rn) y

Q|

Qe

q
/

/0 (/ﬁ|> o—tvy/F— | Fu (& 1(8)) dg) dy | S Uf N e -

va(§)
The second (most singular) term can be estimated in exactly the same way as the most
singular term for 7 = 1, replacing puy,v; in the proof above by us,vs, respectively. The

estimate for the first is obtained as the one for (31); it is even easier to prove due to the

smaller region of integration and e *V P~ < o=V~ for 4]l |€| > po. Notice that it is
not necessary to split the integral as we have done for (31). Once again we find |[Wa[ qgn) <

Y

111 o oy O

6. PROOF OF PROPOSITION 6

Proposition 6. Let n = 2 and p,¢ > 1,2 < —% < Z2orp=13<gqg<ocoor

1
p
q=00,1<p< 3. Then we have

Wil + Wl + s (Wil + Wocllogu) S 1l
e|<

Proof. In order to avoid redundance, we only show how to estimate the most singular term
for Wi. So we prove the estimate (27) for n = 2, namely

[o@)
B .= / / VA
0 [§1>p1

1
q

S 1l o ny -

FriE—m@)” .\
vi(§) ‘ dg) d
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Proceeding as in the proof of Proposition 6 one finds with the aid of Minkowski’s inequality

o= e
Fuctlf (26|

: /om /om /m VIEP =7

Using first Holder’s inequality and then the Hausdorff-Young inequality we obtain

<| [T [ 1Emaue oV \
B ~ / / anl f B z Lp/ R" / Pq_ dg dZ dy
o\ Jo I\ Sz (VIER = 1)

4 1
’ Z q
q q

o~ T YV IEP 13 d¢ dy

/Oo .Fn—l[f( . ’Z)](f) e—z\/m dz

1 q v
/ 2 q
7

o0 (zy) /117 —pi d¢ dz dy

¢\ a
q9—p
o0 [e¢) o] n—2 1 Pq
5 / / ||f(, Z)HLP(Rn) / r—pqe_%(z-‘ry)(rZ_M%)? dr dz dy
0 0 1 (T2 — #%)2(%1))
—Kp(=+y)
In the Appendix we verify
pa 2 1 1
Kp € Lri-a77°(R) if - <-—--<1,
37p ¢
32) ;
KBEmengP(R) ifp:1,3<q<ooor1<p<§,q:oo.
So Young’s convolution inequality implies B < || f{| zr(&n).- O
APPENDIX

From the proof of Proposition 5 - Proof of (30).
We have to estimate the function
o0 T?’L—Q—(n—l)%

’ _ 1
) = o) | [ et
238 e —ui)2

> / "*37(”*1%1/ —d'w q
= 1(0,00) (W) (/ (P g) T T W et ng) :
0
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Notice that the integral is finite since we assumed ¢ > 3p > 3 in (30), hence 1 —¢ > —1. For
some fixed ¢ € (0,¢’) we find for all w > 0

1 oo /
Ka(w) 5 < / o e do + / A d@)
0 1

< (0w s o)

U

m\‘,_.

e (1 _1 _2
< 1oy (w)w'™* G ’)+1<1oo>( yw™ 7

2

< 1(0,1} (U))’wl*(nfl)(%i%) + 1(1700)(w)w—1+5.

~

Our assumptions from Proposition 5 on p, ¢ imply

2 1 1 11
—1+—§————1§1—(n—1)(———)
q P (g p q

and thus the claim (30) follows from |Ka(w)| < \w\l_l_l.

From the proof of Proposition 5 - Second term.
We estimate the integral

o0
2q
L
0 u1<|§|<p2

a2—=q")

1 1
q’ a o0 125 a2 E
) Ty 5 (/ ( RAVGaT: dr) 2 dy>
0 ni

1

(L))
s(gwu+yfq@oé

and this is finite because of ¢ > 3 as we have seen above.

€12 -3

From the proof of Proposition 6 - Proof of (32).

We have to estimate the function

a—p

o0 n—2 rq
Kp(w) = 10,00 (w) / T—qe—ﬁw(r —u2)? dr
m ( — U3 )2(q p)

a—p

o _ P9y, __pq n—3 pa
= 1000 (w) ( / e e TR (0" + ) dg) |
0
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For any fixed ¢ € (0, 24) and w > 0 we have
U b pq g pa =
ot 5 ([ e e Fags [T ot Fa)
0 1

a—p

< ((1 +w)_2+% _’_w—n-i-l-l-%e—cw) Pa

S 0G0y () + ! T g (w).
The assumptions of Proposition 6 on p, g imply

1 1 1 1 2 2
(33) l+(n—1)(-—=)>=-—-—1>1-=42,
q D p q p q

and thus |Kg(w)| < |w|%_%_1, whence Ky € L (R). Moreover, in case p = 1,3 < ¢ <
0o or 1 < p < 3,q = oo both inequalities in (33) are strict (recall n = 2) and we can even

conclude K € L« (R). This is precisely the claim of (32).
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