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SHARP CONSTANT IN THE CURL INEQUALITY AND GROUND
STATES FOR CURL-CURL PROBLEM WITH CRITICAL EXPONENT

JAROSEAW MEDERSKI AND ANDRZEJ SZULKIN

ABSTRACT. Let Q2 C R3 be a Lipschitz domain and let Scu1(92) be the largest constant such
that

|V x ul|?dz > Seunn(Q) inf ( \u—¢—11)|6dac)g
R3 wGWO(’ (curl;R®) R3
V xw=0
for any u in W§(curl; Q) € W¢(curl; R?) where W¢(curl; Q) is the closure of C§°(Q,R3) in
{ue L5(Q,R?) : V x u € L?(Q, R?)} with respect to the norm (|ul2 + |V x u|3)'/2. We show
that Seun(Q) is strictly larger than the classical Sobolev constant S in R®. Moreover, Seu1(€2)
is independent of 2 and is attained by a ground state solution to the curl-curl problem
V x (V x u) = |u|*u
if O = R3. With the aid of those results, we also investigate ground states of the Brezis-
Nirenberg-type problem for the curl-curl operator in a bounded domain €2
V x (Vxu)+u=|u*u inQ

with the so-called metallic boundary condition v x u = 0 on 92, where v is the exterior normal
to Of.

1. INTRODUCTION

Sharp Sobolev-type inequalities have been widely studied by a large number of authors
and the best Sobolev constants play an important role e.g. in the theory of partial differential
equations, differential geometry, isoperimetric inequalities as well as in mathematical physics,
see e.g. [4,20,33]. In particular, if Q is a domain in R?, then the best constant S in the Sobolev
inequality

(1.1) / Vul? dz > S(/ |u|6dg;)5 for u € D'2(Q)
Q Q

has been computed explicitly by Talenti [33] and as is well-known, it is achieved (i.e., equality
holds) if and only if = R? and u is the Aubin-Talenti instanton U, ,(x) := 3Y/4(e2 + |z —
y|?)~1/2 see [4,33]. When & = 1, this is the unique (up to translations in R?) positive solution
to the equation —Au = |u|*u in D'?(R3) and a ground state, i.e. a minimizer for the energy
functional among all nontrivial solutions.

The aim of this work is to perform a similar analysis for the curl operator V x (-). This
is challenging from the mathematical point of view and important in mathematical physics;
such operator appears e.g. in Maxwell equations as well as in Navier-Stokes problems [13,
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2 J. MEDERSKI AND A. SZULKIN

17,26]. Finding a formulation in the spirit of (1.1), but involving the curl operator, is not
straightforward and there are several essential difficulties as we shall see later.

For instance, the kernel of V x (-) is of infinite dimension since V x (V) = 0 for all
¢ € C*). Hence the inequality (1.1) with Vu replaced by V x u would hold for all u €
Cs°(R3,R?) only if S = 0. This makes it necessary to introduce a Sobolev-like constant in a
different way which we now proceed to do.

Let © be a Lipschitz domain in R? and for 2 < p < 6, let

WP(curl; Q) := {u € LP(Q,R?*) : V x u € L*(Q,R*)}.
This is a Banach space if provided with the norm
1/2
||u||W”(curl;Q) = (|U|12; + 1V x u|g) .
Here and in the sequel | - |, denotes the L9-norm for q € [1, 00]. We also define
(1.2) W (curl; ) := closure of Cg°(2, R?) in W?(curl; ).

If O = R?, these two spaces coincide, see Lemma 2.1. Although results of this kind are
well known, we provide a proof for the reader’s convenience. The spaces W2(curl; ) and
W (curl; Q) are studied in detail in [13,18,26]. Extending u € W¥(curl; 2) by 0 outside  we
may assume W' (curl; Q) C Wl (curl; R?). Denote the kernel of V x (-) in W¢(curl; R?) by

W = {w € Wi(curl; R*) : V x w = 0}.
Let Scun(€2) be the largest possible constant such that the inequality

1
(1.3) IV x ul|? dz > Seun () inf ( lu + wl|® dx) ’
R3 weW R3
holds for any u € W¢(curl; ). Note that here u but not necessarily w is supported in €. Tt is
not a priori clear that S.,;1(£2) is positive or that it is independent of 2. That this is the case

follows from Theorems 1.1 and 1.2(a) below:
Theorem 1.1. S.1(2) = Seun where Seur = Seun(R?).

In the next result we show that Seu is attained provided 2 = R? and the optimal function
is (up to rescaling) a ground state solution to the curl-curl problem with critical exponent.
Existence of a ground state in this case has been an open question for some time. Let

1

(1.4) J(u) ==

1
2d ——/ d
5 R3|V><u| z - g |ul® dx

and introduce the following constraint:
(15) N = {u € Wh(curl; R®) \ W : / IV x uf? = / lu|8 dz and div(|ul*u) = o}.
R3 R3

As we shall see later, this set is a variant of a generalization of the Nehari manifold [27] which
may be found in [28] for a Schrodinger equation.

Theorem 1.2. (a) Sey > S.
(b) infpr J = %Sg’ﬁ and is attained. Moreover, if u € N and J(u) = infy J, then u is a ground

state solution to the equation

(1.6) V x (Vxu)=|ul*u inR3
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and equality holds in (1.3) for this uw. If u satisfies equality in (1.3), then there are unique
t >0 and w € W such that t(u+ w) € N and J(t(u + w)) = infpr J.

A natural question arises whether ground states must have some symmetry properties. It
follows from Theorem 1.1 in [5] that any O(3)-equivariant (weak) solution to (1.6) is trivial,
hence a ground state cannot be radially symmetric.

The curl-curl problem V x (V x u) = f(z,u) in a bounded domain or in R? has been
recently studied e.g. in [5-8,22,24| under different hypotheses on f but always assuming f is
subcritical, i.e. f(z,u)/|ul’ — 0 as |u| — co. However, the occurence of ground states to (1.6)
(i.e., in the critical exponent case) has been an open problem as we have already mentioned.
In view of the existence of Aubin-Talenti instantons, this is a very natural question. While
the instantons are given explicitly, we have no such explicit formula for ground states in the
curl-curl case. Since the instantons are radially symmetric up to translations, one can find
them by ODE methods. In view of the above remark concerning O(3)-equivariant solutions,
such methods do not seem available for the curl-curl problem and a different approach is
needed. Note further that there is no maximum principle for the curl-curl operator and, to
our knowledge, no unique continuation principle applicable to our case. An approach different
than for (1.1) is also required for the proof of Q-independence of S, see Section 5. Moreover
concentration-compactness analysis for the curl operator is considerably different from that
in [16,21,36] — see our approach in Section 3.

We would like to emphasize an important role of the analysis of nonlinear curl-curl prob-
lems from the physical point of view. Solutions w to nonlinear curl-curl equations describe
the profiles of time-harmonic solutions E(x,t) = wu(z)cos(wt) to the time-dependent non-
linear electromagnetic wave equation, which together with material constitutive laws and
Maxwell equations, describes the exact propagation of electromagnetic waves in a nonlinear
medium [1,6,31]. Since finding propagation exactly may be very difficult, there are several
simplifications in the literature which rely on approximations of the nonlinear electromagnetic
wave equation. The most prominent one is the scalar or vector nonlinear Schrodinger equa-
tion. For instance, one assumes that the term V(div(u)) in V x (V x u) = V(div(u)) — Au
is negligible and can be dropped, or one uses the so-called slowly varying envelope approxi-
mation. However, such simplifications may produce non-physical solutions; see [2,11| and the
references therein.

We also point out that the term |u|*u in (1.6) as well as in (1.7) below allows to consider
the so-called quintic effect in nonlinear optics modelled by Maxwell equations. See for instance
[1,6,14,15,23,25,31] and the references therein. We hope that our results will prompt further
analytical studies of physical phenomena involving the quintic nonlinearity, e.g. the well-known
cubic-quintic effect in nonlinear optics |14, 25].

Using our concentration-compactness result we are also able to treat the Brezis-Nirenberg
problem [10] for the curl-curl operator

(1.7) Vx(Vxu)+=uv inQ
together with the so-called metallic boundary condition
(1.8) vxu=0 on 0f2.

Here v : 9 — R3 is the exterior normal and Q C R? is a bounded domain. This boundary
condition is natural in the theory of Maxwell equations and it holds when € is surrounded
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by a perfect conductor. If the boundary of 2 is not of class C!, then we assume (1.8) is
satisfied in a generalized sense by which we mean u is in the space W¢(curl; Q) defined in
(1.2). Weak solutions to (1.7)—(1.8) correspond to critical points of the associated energy
functional Jy : W (curl; Q) — R given by

1 A 1
(1.9) Ja(u) ::—/ \qu\%la:—k—/ |u\2dx——/ lu|® da.

Recall from [7,23] that the spectrum of the curl-curl operator in Hy(curl; Q) := Wg(curl; Q)
consists of the eigenvalue \g = 0 with infinite multiplicity and of a sequence of eigenvalues

0<)\1§)\2§§)\k—>00

with corresponding finite multiplicities m()\;) € N. Let Ny be the generalized Nehari manifold
for Jy (see (6.1) for the definition), and for A < 0 let

¢y = inf Jy.
A I A

Denote the Lebesque measure of 2 by |Q2]. We introduce the following condition:
(2) Q2 is a bounded domain, either convex or with C*'-boundary.

The reason for this assumption will be explained in the next section.
In domains  # R? we also introduce another constant, S..;1(€2), such that the inequality

‘ 2 > - . 6 3

(1.10) /Q|V X ul|*dr > S () wle%ﬂ (/Q |u+ w| d:z:)

holds for any u € Wg§(curl; Q), where Wy := {w € Wg(cur; Q) : V x w = 0}, and Seun(Q) is
largest with this property. Although S¢u;1(£2) seems to be more natural than Se,,;1(£2), we do
not know whether it equals S.,;1. We are only able to prove the following result:

Theorem 1.3. Let Q be a Lipschitz domain in R3, possibly unbounded, Q0 # R3. Then
Seurt = Seurt(). If Q satisfies (), then Seun(Q2) > S.

Finally, the main result concerning the Brezis-Nirenberg problem for the curl-curl operator
(1.7) reads as follows.

Theorem 1.4. Suppose Q satisfies (). Let A € (=N, —\,_1] for some v > 1. Then ¢y >0
and the following statements hold:

(a) If cx < co, then there is a ground state solution to (1.7)—(1.8), i.e. ¢y is attained by
a critical point of Jx. A sufficient condition for this inequality to hold is X € (—=\,, =\, +
S (Q)[0]2)

(b) There exists £, > Seu1(Q)|Q7%3 such that cy is not attained for X € (—=\, + &, —A,_1],
and ¢y = ¢y for X € [=A\, + €,,—A,_1]. We do not exclude that €, > A\, — \,_1, so these
intervals may be empty.

(c) cx — 0 as A = =)\, and the function

(=X, =AM +e )N (=X, = 1] 2 A=y € (0,+00)
1 continuous and strictly increasing.

(d) There are at least #{k DA <A< A+ %gcurl(ﬁ)m]’%} pairs of solutions Fu to
(1.7)—(1.8).
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Note that if A is as in (a), then the relation —X\;, < A < =)\, + %ﬁcurl(ﬁ)lﬂl% holds for
k=v,...,v+m—1 where m is the multiplicity of A\, but it may also hold for some k£ with
)\k > A\,

The above result is known for cylindrically symmetric domains where it is possible to
reduce the curl-curl operator to a positive definite one, see [23|. However, the solution obtained
there is a ground state in a subspace of functions having cylindric symmetry and we do not
know whether it is a ground state in the full space.

Let us recall from earlier work that the main difficulties when treating J and .Jy, also in the
subcritical case, are that these functionals are strongly indefinite, i.e., they are unbounded from
above and from below, even on subspaces of finite codimension. Moreover, the quadratic part of
J has infinite-dimensional kernel and J’, J§ are not (sequentially) weak-to-weak* continuous,
ie. u, — u does not imply that J;(u,)e — Jy(u)p for all p € C°(Q,R?). This lack of
continuity is caused by the fact that W (curl; ©2) is not (locally) compactly embedded in any
Lebesgue space and we do not know whether necessarily u,, — v a.e. in 2. A consequence of
this is that for a Palais-Smale sequence u,, — w it is not clear whether u is a critical point.
In the subcritical case one can overcome these difficulties since either a variant of the Palais-
Smale condition is satisfied or some compactness can be recovered on a suitable topological
manifold, see e.g. [6,22,24]. In the critical case however, there are additional difficulties. In
Section 3 we introduce a general concentration-compactness analysis for this case. We show
that the topological manifold

{u € W (curl; R?) : div(|ul*u) = 0}

is locally compactly embedded in LP(R3 R3) for 1 < p < 6 and that if a sequence (u,) is
contained in this manifold and u,, — u, then u,, — u a.e. after passing to a subsequence. This
result will play a crucial role because it implies that if such (u,) is a Palais-Smale sequence,
then u is a solution for our equation. If the condition div(|u|*u) = 0 is violated, the embedding
need not be locally compact.

The paper is organized as follows. In Section 2 we introduce the functional setting and
some notation. Section 3 concerns the concentration-compactness analysis as we have already
mentioned. In Section 4 we prove Theorem 1.2, and in Section 5 we show that Se,1(€) is
independent of 2 and we also prove Theorem 1.3. The proof of Theorem 1.4 is contained in
Section 6 whereas in Section 7 we state some open problems.

2. FUNCTIONAL SETTING AND PRELIMINARIES

Throughout the paper we assume that Q is a Lipschitz domain in R and 2 < p < 2* = 6.
The curl of u, V x u, should be understood in the distributional sense. We shall look for
solutions to (1.6) and (1.7)—(1.8) in the space W(curl; R?) and W (curl; Q) respectively. We
introduce the subspaces

Vo = {v € Wi (curl; Q) :/

(v, p) dr = 0 for every o € C5°(,R?) with V x ¢ = 0} ,
Q

Wo = {w € W¥(curl; Q) : /(w,V x p)dz =0 for all p € CSO(Q,R?’)}

Q
= {w e W(curl; Q) : V x w = 0 in the sense of distributions}.
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The second one has already been defined in Section 1. Here and below (., .) denotes the inner
product in R3. If QO = R?, we shall usually write ¥ and W for Vs and Whs.

In the sequel € is always a Lipschitz domain and C' denotes a generic positive constant
which may vary from one equation to another.

In the following subsections we consider two cases.

2.1. O =R3.
Lemma 2.1. W?(curl; R?) = W¥(curl; R?) for each p € [2,6].

Proof. We show C3°(R?, R?) is dense in WP (curl; R?). Let xr € C°(R?) be such that |[Vxg| <
2/R, xgr = 1 for |z| < R and yg = 0 for |z| > 2R. Take u = (uy,us, uz) € WP(curl; R®). Then
Xru — u in LP(R3 R3) as R — oo. We have

(2.1) Oi(xru;) — 9j(xrus) = (Oixr)u; — (Ojxr)ui + Xr(Oiu; — Ojus), i # j.
If p =2, it is clear that (9;xr)u; — 0 in L*(R?). If 2 < p < 6, then

2/q 2/p
/ (81»)(3)2%2 dr < (/ |0ixRr|? d;c) (/ |u;|P da:)
R3 R<|z|<2R R<|z|<2R

where ¢ = 2p/(p — 2) > 3. Since
/ 10ixr|?dr < OR*™? < 400,
R<|z|<2R

also here (9;xr)u; — 0in L*(R3). As d;u; —;u; € L*(R?), it follows that the left-hand side in
(2.1) tends to d;u; —dju; in L*(R?) as R — oco. Hence ygu — u in WP(curl; R?) and functions
of compact support are dense in W?(curl; R3).

Suppose now u € W?(curl; R?) has a compact support. Clearly, j. * u — u in LP(R? R3)
as € — 0 where j. is the standard mollifier. Since

(2.2) 0i(Je * uj) = 0;(je * wi) = je * (O — Ojus)
and O;u; — Oju; € L*(R?), the right-hand side above tends to dju; — d;u; in L*(R?) as e — 0.
This completes the proof. O

As usual, let D?(R3 R3) denote the completion of C5°(R3 R?) with respect to the norm
|V - |2. The following Helmholtz decomposition holds, see [22,24]:

Lemma 2.2. V and W are closed subspaces of W (curl; R3) and
(2.3) W (cur; R?) =V & W.
Moreover, V C DY*(R*,R?) and the norms |V - |5 and || - |lwo(cuirs) are equivalent in V.

We note that W is the closure of {Vy : ¢ € C°(R?)}. Indeed, if w € W, then V x w =0,
hence we can find ¢, such that Vi, — w and Vg, € C°(R? R?) [22,24]. Since Ve, = 0
outside of some ball, ¢, is constant there and we may assume this constant is 0.
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2.2. Q bounded. Recall Hy(curl; Q) := Wg(curl; ) and note that
Vo C {u € Ho(curl; Q) : div(u) € L*(Q,R?)} .

Here we have used the fact that if ¢ in the definition of Vg, is supported in a ball, then ¢ = V1)
for some 1) and hence u € Vg implies div(u) = 0. It follows from [3,12] that Vg, is continuously
embedded in H*(Q,R?) for some s € [1/2,1], hence compactly in L*(Q, R?). If, in addition {2
satisfies (), then Vg is continuously embedded in H'(2,R3), hence compactly in LP(Q, R?)
for 1 < p < 6 and continuously in L°(Q, R3). This implies in particular that

(24) Vo= {v € Hy(curl; ) : /(v, ¢) dz = 0 for every ¢ € C°(Q,R?) with V x ¢ = O}
Q
is a Hilbert space with inner product

(U,z):/Q<Vxv,sz)dwz/g(Vv,Vz>d:c.

Observe that the right-hand side of (2.4) is a closed linear subspace of W¢(curl;Q)) as a
consequence of (§2). Using this, it follows from the decomposition in [18, Theorem 4.21(c)]
that also here there is a Helmholtz type decomposition
We(curl; Q) = Vo @ Woy
and that
/(v,w>dx:0 if ve Vg, we Wy
Q

which means that Vg and Wq are orthogonal in L*(Q2,R?). In W¢(curl; Q) = Vo & Wy we can
use the norm )
v+ wl| := ((v,0) + |[w[§)?, v € Va, we Wy
which is equivalent to [ - [[ys (w0 if (€2) is satisfied.
According to |13, Theorem IX.2| or 26, Theorem 3.33|, there is a continuous tangential
trace operator y, : H(curl; Q) := W2(curl; Q) — H~/2(99) such that
Ye(u) = v X ulga for any u € C*(Q, R?)
and
Ho(curl; ) = {u € H(curl; Q) : v(u) = 0}.
Hence any vector field u € W(curl; Q) = Vo & Wq C Hy(curl; Q) satisfies the metallic
boundary condition (1.8).
Denote the subspace of all gradient vector fields in W, %(Q) by VW, %(Q). Clearly,
VWOI’G(Q) C Wq. However, for general domains {w € Wy : div(w) = 0} may be nontrivial
and hence VW, %(Q) € Wy, see |7, pp. 4314 and 4315] and [26, Theorem 3.42].

Lemma 2.3. There holds Wo = W(cur; Q) N W = Wf(curl; Q) N VIWLE(Q). If 9Q is
connected, then Wo = VW, (Q). If Q is unbounded, Wo = W(curl; Q) N W still holds.

Proof. Let w € Wq and take a sequence (¢,) C C5°(£2,R?) such that ¢, — w in W¢(curl; Q).
Extend ¢,, by 0 in R?\ Q and note that (,) is a Cauchy sequence, so ¢, — @ in WS(R3 R3)
where W] = w and w = 0 in R®\ Q. As

[ @ Vxwyde = lin [ (o9 xvhdo= lin [ (Vg 0o < lim V% gl = 0
R3 n—00

n—oo R3 n—oo R3
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for any ¢ € C°(R3, R?), it follows that w € W. Moreover, since w € L*(R3?, R?) and Vxw = 0,
in view of [19, Lemma 1.1] we obtain @ = V4 for some » € W,2*(R?). Therefore w = V| €
VW(Q). Clearly, W(curl; Q) N W and W¥(curl; Q) N VIW14(Q) are contained in Wy,

Suppose that 0€) is connected. Similarly as above, we obtain w = V1 for some v €
W16(Q) and the surface gradient

Vstp = (v x V) x v =0.
Therefore we may assume that ¢» € W,°(Q), cf. [26, Theorem 4.3 and Remark 4.4]. O

3. GENERAL CONCENTRATION-COMPACTNESS ANALYSIS IN RY

In this, self-contained, section we have N > 3 and we work in subspaces of L* (RY RY)
where 2* := 2N/(N —2).
Let  be a domain in R, V a closed subspace of DV?(RY RY) and

(3.1) W= {w = (wy,...,wy) € L* (LRY) : Vxw =0}

where V x w denotes the skew-symmetric, matrix-valued distribution having d,w; — dw;, €
D'(2) as matrix elements. So for N = 3, W corresponds to Wy, in Section 2 but V may be
a more general subspace. Note that Vx is the usual curl operator if N = 3. Let Z be a
finite-dimensional subspace of L?" (€, RY) such that Z N W = {0} and put

W::WEBZ.

Assume

(F1) F: Q x RY — R is differentiable with respect to the second variable u € RY for a.e.
r€Q, F(z,0) =0and f = 9,F : O x RY — R¥ is a Carathéodory function (i.e., f is
measurable in x €  for all w € RY and continuous in u € RY for a.e. z € Q);

(F2) F is uniformly strictly convex with respect to u € RY | i.e. for any compact A C
(RN x R\ {(u,u) : uwe RN}

inf (%(F(x, w) + F(z,up)) — F (x n “2)) > 0:

z€EQ 2
(ug,ug)€A

(F3) There are c;,c; > 0 and a € L™/?(Q), a > 0, such that

cl|u|2* < F(x,u) and |f(z,u)] < a(z)|u| + c|u -1

for every u € RY and a.e. z € Q.

In view of (F2) and (F3), for any v € V we find a unique wq(v) € W such that
(3.2) /QF(x,v + wq(v)) de < /QF(x,v +@)dr forallweW.
This implies that
(3.3) /Q(f(x,v +@),¢)dz =0 forall ¢ €W if and only if @ = wq(v).

Denote the space of finite measures in RY by M(RY).
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Theorem 3.1. Assume that (F1)-(F'3) are satisfied. Suppose (v,) C V, v, — vy in V,
U = vg a.e. in RN |Vu,|2 = uand |v,|> — p in M(RY). Then there exists an at most
countable set I C RN and nonnegative weights {iz }eer, {pz}oer such that

= |VUO|2 + Z,um(sm P = ’U0|2* + széma

zel zel

and passing to a subsequence, Wo(v,) — Wa(ve) in W, Wg(v,) — Wa(vy) a.e. in Q and in
LY (Q) for any 1 < p < 2%

loc

Remark 3.2. We shall use this theorem in Sections 4 and 6. In Section 4 we have Q = R3
and Z = {0}, so w = w and we will write w(v) for wgs(v). In Section 6, where we treat a
Brezis-Nirenberg problem, 2 will be bounded and Z the subspace of Vg on which the quadratic
part of Jy (see (1.9)) is negative semidefinite.

Proof of Theorem 5.1. Step 1. Let p € C°(RY). By the Sobolev inequality,

(3.4) (/RN [ol* g dx)m* S 5_1/2</RN IV [e(vn — vo)]|? dx)l/2

1/2
s [ JePI9 - w0 de) " o).
RN

Passing to the limit and using the Brezis-Lieb lemma [9,36] on the left-hand side above we
obtain

(3.5) (/RN |90|2*dﬁ> 1/2* < 5_1/2</RN |(,0|2 d,u>1/2

where fi := i — |Vpl? and p:= p — |vo|*. Set [ = {x € RN : p, := pu({x}) > 0}. Since p is
finite and 4, i have the same singular set, I is at most countable and p > Vo[> + 37 ; pa0a-
As in the proof of Theorem 1.9 in [16] it follows from (3.5) that p = > _; p»d,, see also
Proposition 4.2 in [35]. So u and p are as claimed.

Step 2. Using (F3) and (3.2) we infer that

£ o< [P+ @) < [ Fle) de
Q

Q

*

Un — Vo

c1lvn + wa(vy,)

2
2%

< CQ|Un 3: -+ |CL|N/2|’Un

and since the right-hand side above is bounded, so is (|wq (v, )|2+). Hence, up to a subsequence,
we(v,) — wy for some wy. Write wq(v,) = wy, + 2,, Wo = wo + 2o where w,,wy € W and
Zn, 20 € Z. We shall show that wg(v,) — Wy a.e. in Q after taking subsequences. Obviously,
we may assume z, — 2o in Z and a.e. in €.

We can find a sequence of open balls (B;)°, such that Q = |J2, B;. Fix [ > 1. In view
of [19, Lemma 1.1 there exists &, € WH¥(B)) such that w, = V¢, and we may assume
without loss of generality that |, B, &, dx = 0. Then by the Poincaré inequality,

2*

“gn”le?*(Bl) < O|wn|L2*(Bl,RN) < Clw,

and passing to a subsequence, &, — £ for some £ € WY (B)). So &, — £ in L? (B;). Now
take any ¢ € C5°(B;). Since V(|¢]|* (&, — £)) € W, in view of (3.3) we get

/Q (f (00 + Ba(02)), (0l (€0 — €))) di = 0,
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that is,

/Q o (F (@, vn + Ta(vn)), wn — VE) do = / (F (v + Fia(on)), V(I

Q

7)€~ &) da,

where the right-hand side tends to 0 as n — co. Since w, — V¢ in L* (B)),
6P (o + 9+ 20), w0, = € do = o),
hence, recalling that wq(v,) = w, + 2, and z, — 2o, we obtain
(3.6) /Q o (f(, v, + Wa(v,)) — f(2,00 + VE + 20), Wa(v,) — VE — 20) dv = o(1).
The convexity of F'in u implies that

F(x, > ZF(x,u1)+<f(x,u1), u2;u1>

Ul—l—UQ

and

F(:c, U1;u2> > F(x,uz) + <f(x,u2), u1;u2>.

Adding these inequalities and using (F2), we obtain for any k£ > 1 and |u; —usg| > %, lug], Jus| <
k that

1 up +u 1
(1) me < S(F(u) + Flr,u)) - F(x = 2) < (@) = flua), w = ug)
where
) 1 U1 + Us

(3.8) M= ulnf - i(F(I’ w) + F(x,up)) — F(x, 5 ) > 0.

%Swui—uzl,

u],Juz|<k
Let

- 1 -
Q= {x € Q: v, +wa(v,) —vg — VE — 20| > % and |v, + Wa(v,)|, [vg + VE + 20| < k:}

Taking into account (3.6) and using (F3), (3.7) and Holder’s inequality, we get

4my, / l* da
Qn,k

< /Q o> (f(z, v + Wa(vy)) — f(z,00 + VE+ 20), vy + Wa(v,) — vo — VE — 20) da

< /Q ‘90‘2*<f(%’,?1n + wq(vn)) — f(z,v0 + VE+ 20), vy — Vo) dz + 0o(1)

* * 1/2*
<O [ 1ol =l dr) " oy =c( [ 1o

where k is fixed. Here we have used the fact that [, a(z)|v, — vol*dz — 0 if v, — v in
L*¥ (Q,RY). Since ¢ € C§°(By) is arbitrary,

. 1/2*
“dp) " +o(1),

1/2*

(3.9) 4| Qi N E| < (p(E)) " +0(1)
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for any Borel set £ C B;. We find an open set Fj D I such that |Ej| < 1/2¥!. Then, taking
E = B\ Ei in (3.9), we have 4my|Q,, N (B, \ Ex)| = o(1) as n — oo because supp(p) C I;
hence we can find a sufficiently large ny such that [, , N B;| <1/ 2% and we obtain

!ﬂUanmBl|< hmZIankﬂBI|< lim —— — 0.

oo 2011
J=lk=j

Ifz ¢ n;; UZO:] nik and x € By, then

|V () + Wa (v, ) (7) — vo(x) — VE(2) — 20(2)] < % or |vy, () + wa(vn,)(2)| > K,
or |vg(x) + VE&(z) + z0(x)| > k

for all sufficiently large k. Since v,, + wq(vy, ) is bounded in L?"(Q, RY), the second and the
third inequality above cannot hold on a set of positive measure for all large k. We infer that
vnk + wa(v,,) = vo + VE + 2o, hence wq(v,, ) — VE+ 29 a.e. in B;. Since wq(v,) — Wy,
= V& + 2y a.e. in B;. Now employing the diagonal procedure, we find a subsequence of
wg(vn) which converges to wp a.e. in Q = J;°, B.
Let p € [1,2%). For ' C 2 such that || < +00 we have

d:c)p,

hence by the Vitali convergence theorem, v, — vy + wa(v,) — wo — 0 in L] () after passing
to a subsequence.

Step 3. We show that wq(vg) = wy. Take any w € W and observe that by the Vitali
convergence theorem,

():/g)(f(m,vnqLﬂ?Q(vn)),@)da:—)/Q<f(x,v0—|—ﬂ70),ﬂ7>dx

up to a subsequence. Now (3.3) implies that wy = wq(vg) which completes the proof. O

[ — v + To(vn) — Tol? dz < |1~ /|vn—vo+w9(vn)
Q/

4. PROBLEM IN €2 = R? AND PROOF OF THEOREM 1.2

Let S be the best Sobolev constant for the embedding of D'%(R?) into L%(R?), see (1.1).
It is clear that a minimizer w(u) in (3.2) exists uniquely for any v € W¢(curl; ©2), not only for
u € V. Here we have F(z,u) = $|u|® and Z = {0}. So by Lemma 2.3, u +w(u) = v+ w(v) €
V @ W for some v € V and therefore
(4.1) inf lu +w|®dr = lu+w(u)|® dx = lv 4 w(v)|° da.

weW Jrs R3 R3

Since div(v) = 0,
Vxup |V

in —_ = = 72
ueW(curtR®) [u + w(u)|z  vev\{o} |v + w(v)|2
V xu#0

(42) Scurl -

Lemma 4.1. S, > S.
Proof. Given € > 0, by (4.2) we can find v # 0 such that

(4.3) /R IVof? dar < (Seun + e)(/RB o+ w(v)l*d) J
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Let v = (vq, v2,v3). By the Holder inequality,

(4.4) / v2vivi dr < (/ 8 dx/ V9 dx/ V9 dm>§
R3 R3 R3 R3

and

(4.5) /Rsva?dxg ([RSU?>§<ASU?d$>é7 i # 7.

Using this and the Sobolev inequality gives

(4.6) / ywﬁdpsi(/ |vi\6dx)1/3 > s(/ \v[6dx>l/3
R3 - i—1 R3 - R3 ’

and since w(v) is a minimizer, we obtain using (4.3) and (4.6)

(4.7) Voldz < (Sewn +e)( v —i—w(v)|6da:>§ < (Seut —|—€)( |U\6dx>§
R3 R3 R3
< (Sean +€)/S | |Vv|*da.
]R3
Hence Sy + € > S for all € > 0 and the conclusion follows. O

Next we look for ground states for the curl-curl problem (1.6), i.e. nontrivial solutions
with least possible associated energy J given by (1.4). Throughout the rest of the paper we
shall make repeated use of the following fact:

Lemma 4.2. Let A > 0. Then w(Au) = Aw(u). Similarly, if Q is a proper subset of R3, then
wo(Au) = Awg(u).

Proof. We prove this for wg. Using the minimizing property of wq(u) we obtain

)\6/|u+w9(u)|6dx = /|)\u+/\wg(u)|6da:2/|/\u—|—wg()\u)|6dx
Q Q Q

= )\6/ lu + wo(Au)/A\|° dr > )\6/ lu + waq(u)|® dz.
0 0

Since the minimizer is unique, wq(u) = wo(Au)/A as claimed. O
Lemma 4.3. Let N be the set defined in (1.5). Then
(4.8) N ={u e W(lcur; R\ W : J'(u)u = 0 and J'(u)|w = 0}.

Proof. The first condition in (1.5) is equivalent to J'(u)u = 0. The second condition is satisfied
because div(|u|*u) = 0if and only if [, (|u|*u, V) dz = 0 for all ¢ € C5°(R?) and each element
of W can be approximated by such ¢, see the comment preceding Section 2.2. 0
By Lemma 2.2, W¢(curl; R?) = V@& W. Tt follows from (3.2) and (3.3) that if v € V, then

J'(v+w(v))|w =0, and as

t? t°
(4.9) Jtv+ww)) == [ |Vvf*de— —/ v+ w(v)|® dr,

2 R3 6 R3
there is a unique #(v) > 0 such that

(4.10) m(v) :=t(v)(v+w)) e N forveV\{0}.
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We note that
(4.11) J(m(v)) > J(t(v+w)) forallt>0and weW.

Since J(m(v)) > J(v) and there exist a,r > 0 such that J(v) > a if ||v|| = r, N is bounded
away from W and hence closed.

Lemma 4.4. The mapping m : V \ {0} = N given by (4.10) is continuous.
Proof. Let v, — vy # 0 in V. Since

(4.12) / \vn+w(vn)\6dm‘§/ |vn|® d,
R3 R3

it follows that (w(v,)) is bounded and it is then clear from (4.9) that so is (¢(v,)). Hence
we may assume t(v,) — to and w(v,) — wp in L°(R3 R3?). By the weak sequential lower
semicontinuity of the second integral in (4.9) and by (4.11),

J(to(vo + wp)) > limsup J(t(v,)(vn + w(vy))) > limsup J(to(v, + wo)) = J(to(ve + wo)).

n—oo n—o0
So w(vy,) — wy and since N is closed, to(vo + wo) = t(vo)(vo + w(wvg)) = m(vy). O
Now it is easily seen that m|s : S := {v € V : ||v|| = 1} — N is a homeomorphism

with the inverse u = v + w(v) — v/||v||. Note that N is an infinite-dimensional topological
manifold of infinite codimension. Although J is of class C?, we do not know whether A\ is
of class C'. However, repeating the argument in |22, Proposition 4.4(b)] or [32, Proposition
2.9] we see that Jom|s : S — R is of class C! and is bounded from below by the constant
a > 0 introduced above. By the Ekeland variational principle [36, Theorem 8.5|, there is a
Palais-Smale sequence (v,) C S such that

(4.13) (Jom)(vn)—>i1§fJom:i/r\1/fJ2a>0.

It follows from [22, Proposition 4.4(b)| again or from [32, Corollary 2.10] that (m(v,)) is a
Palais-Smale sequence for J on N, so in particular, J'(m(v,)) — 0 as n — oo. See also
an abstract critical point theory on the generalized Nehari manifold in [6, Section 4| and
in [7, Section 4].

For s > 0, y € RY and u : R® — R3 we denote T ,(u) := s*/2u(s - +y)). The following
lemma is a special case of |29, Theorem 1|, see also |34, Lemma 5.3].

Lemma 4.5. Suppose that (v,) C DM*(R3 R3) is bounded. Then v, — 0 in LS(R® R?) if and
only if Ty, 4, (vn) = 0 in DY*(R?, R?) for all (s,) C RT and (y,) C R3.

Lemma 4.6. Ty, is an isometric isomorphism of W (curl; R®) which leaves the functional J
and the subspaces V., W invariant. In particular, w(Ts u) = Ty yw(u).

The proof is by an explicit (and simple) computation.

Lemma 4.7. Suppose u+ w(u) € N. Then

|V x ul? ‘ . .
m =A ifand only if J(u+w(u)) = §A3/2'

G3/2

curl”

In particular, inf J = %
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Proof. Since u + w(u) € N, J'(u)u =0, i.e. |V x u|3 = |u+ w(u)|S. Hence

|V x ul3

4 an u+ w(u zlu w(u)|8
m_|u+w(u)|6 d J(u+w(u)) 3’ +w(u)|g.

O

Proof of Theorem 1.2. We prove part (b) first. Take a minimizing sequence (u,,) = (m(v,)) C
N constructed above and write u,, = t(v,) (v, + w(v,)) = v}, + w(v)) € VO W. As

1 1 1
(4.14) J(up) = J(un) — éJ’(un)un = g|v X Up|s = §|VU;L|§

and |V - |3 is an equivalent norm in V, (v),) is bounded. We also have

(4.15) T(u) = () = 5T (et = %\un\g.

Since J(uy) is bounded away from 0, |u,|¢ # 0 and hence by (4.12), |v]|¢ # 0. Therefore,
passing to a subsequence and using Lemma 4.5, v, = T, ,, (v,) — vy for some vy # 0,
(sp) C RT and (y,) C R3. Taking subsequences again we also have that v, — v a.e. in
R? and in view of Theorem 3.1, w(?v,) — w(vy) and w(v,) — w(vy) a.e. in R?. We set
u = vy + w(vg) and by Lemma 4.6 we may assume without loss of generality that s, = 1 and
yn = 0. So if z € W{(curl; R?), then using weak and a.e. convergence,

J (up)z = / (V X uy, z)dr —/ (| i, 2) dz — J'(u)z.
R3 R3

Here we have used that |u,|*u, — ¢ in L%°(R3,R?) for some ¢ but since |u,|*u, — |[u*u a.c.,
¢ = |ul*u. So u is a solution to (1.6). To show it is a ground state, we note that using Fatou’s
lemma,

infJ = () + (1) = () - %J’(un)un Lo(l) = %\un\g +o(1)
> %|u|g +o(1) = J(u) — %J’(u)u +o(1) = J(u) + o(1).

Hence J(u) < infy J and as a solution, u € N. Tt follows using Lemma 4.7 that J(u) =
infy J = 1572

If u satisfies equality in (1.3), then ¢(u)(u + w(u)) € N and is a minimizer for J|y. But
then the corresponding point v in S is a minimizer for J o m|s, see (4.13). So v is a critical

point of J o m|s and m(v) = u is a critical point of J. This completes the proof of (b).

(a) By Lemma 4.1, Seun > S and by part (b), there exists u = v + w(v) for which Scyn
is attained. Suppose Scy1 = S. Then all inequalities become equalities in (4.7) with € = 0,
and therefore also in (4.6). But then [u, |Vuv;|>dz = Slv;[j for i = 1,2,3 and hence all v; are
instantons, up to multiplicative constants. Since v # 0 and div(v) = 0, this is impossible. It
follows that Sy > S. O
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5. PROOF OF THEOREMS 1.1 AND 1.3

Let © be a Lipschitz domain in R?. Recall from Section 2 that we have the Helmholtz
decompositions

(5.1) We(cwr;R*) =V W and W(curl; Q) = Vo & Wy

where the second one holds if condition (£2) from Introduction is satisfied. For u € W§(curl; Q2),
denote the minimizer of

/|u+w|6dx, w € Wy
Q

by wq(u) (cf. (4.1)) and, according to our notational convention, write w(u) for wgs(u). Recall
from (1.3) the definition of Sey(€2):

1/3
IV x u|?dz > Seun () inf ( lu + w|6dx)
R3 weW R3
where u € W¢ (curl; Q) and S () is the largest constant with this property. By (5.1) we
have u = v +w € V& W. We emphasize that although u = 0 in R*\ Q, v and w need not be
0 there. Note that S.,;1(€2) can be characterized as

V x ul? V % ul2
(5.2) Sear1(Q2) = inf sup % = inf ‘—7”22
weWg (curli®) wew [t + w[g  wewg(cula) [u + w(u)l
V xu#0 V xu#0

(cf. (4.2)). In domains € # R? there is also another constant, Seui(2), introduced in (1.10).
Similarly as in (5.2), it can be characterized as

— i V x ul? . V x ul?
(53) Scurl(Q) = inf su % = |—‘22
weWE(curl,) wew, |U+ Wi uewd(eur) |u + wo(u) |z
V xu#0 V X u£0

As we have noticed in Introduction, although this constant seems more natural, we do not
know whether it equals S¢y.

Lemma 5.1. The mapping u — wq(u) : L°(Q,R3) — LY(Q,R3?) is continuous (Q = R? is
admitted).

Proof. Let u,, — ug. Since (wq(uy,)) is bounded, wq(u,) — wy after passing to a subsequence.
By the maximality and uniqueness of wgq(-),

/|uo+w9(uo>|6 de < /|U0+U10|6 dr < hminf/ |t + wa (uy)|° d
< liminf/\un+w9(u0)\6d:c:/\u0+w9(uO)|6da:.

Hence all inequalities above must be equalities and it follows that wy = wq(ug) and we(u,) —
wo (up). O

We shall need the following inequality:

Lemma 5.2. If u € W8(curl; Q) \ {0}, w € Wq and t > 0, then
2 —1

(5.4) J(u) > J(tu+ w) — J' (u) [ u—i—tw] :
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Moreover, strict inequality holds unless t =1 and w = 0. (Q = R?® admitted.)

Proof. The proof follows a similar argument as in [22, Proposition 4.1] and [23, Lemma 4.1].
We include it for the reader’s convenience. We show that

2

(5.5) () = J(tu+w) + J'() [ et tw] _ /R plt ) de >0,

where
2

t, ::—< 4,
olt, ) = —(lulu,

An explicit computation using V X w = 0 shows that both sides of (5.5) are equal. Clearly,
o(t,r) > 0if u(z) = 0. So let u(x) # 0. It is easy to check that ¢(0,z) > 0 and ¢(t,z) — oo
as t — o0o. Note that if Jyp(tg,x) = 0 for some ¢, > 0, then either (u, tou + w) = 0
or |u| = |tou + w|. In the first case, substituting —(u,w) = to|ul?, we obtain ¢(ty,z) =
(% + 3)|ulf + §|tou+ w|® > 0. In the second case we have, using —to(u, w) = ﬁ%llup + 3 wl?,
that o(to, ) = 1|ul*|w|> > 0. Hence ¢(t,z) > 0 for all ¢ > 0 and the inequality is strict if

w# 0. If w=0, then ¢(t,z) = (% — % + 3)|ul® > 0 provided ¢ # 1. O

+t > Lo & L 4 e
u w ) — —(u —|TtUu wi .
6 6

Similarly as in (4.8) we introduce the set

(5.6) Ng = {u € Wo(curl; Q) \ Wa : J'(uw)u = 0 and J'(u)|w, = 0}.

Proof of Theorems 1.1 and 1.3. Since tu + w(tu) = t(u + w(u)) according to Lemma 4.2, we
may assume without loss of generality that u+w(u) € N in (5.2) and similarly, u+wq(u) € Ng
n (5.3). According to Lemma 4.7,
inf L Q inf Ls Q
1}/\1/. J|W§(curl;ﬂ) - gscurl( ) ) 1/{}9 J = gScurl( )

In view of Lemma 2.3, W, C W, hence we easily infer from (5.2), (5.3) that Seuu(Q2) >
Seart (). As W(curl; Q) € W(curl; R?), it follows that Seu < Seurn(Q).

Next we show that Seu1(€2) < Seur- Let ug be a minimizer for J on A provided by Theorem
1.2(b) and find a sequence (u,) C C5°(R3, R?) such that u, — ug. We can decompose u,, as
Up = Vp + Wy, U, €V, w, € W. Since ug = vg + w(vg) (recall ug € N), u, = v, +w, — ug =
vo + w(vg) and therefore v,, — vy, w, — w(vg). So vy # 0 and v,, are bounded away from 0 in
LS(R3, R?). Assume without loss of generality that 0 € 2. There exist A, such that u, given
by Up(z) == A 2w, (A\,z) are supported in Q. Set @, = w(i,) € W and choose ¢, so that
tn(Uy + w,) € N. Then

[SJIe]
wlw

. 1.3
) 1/1\1/f J = gSCQurl'

V x u,
(5.7) 2= L—libg
U + Wnl3
According to Lemma 4.6, ||u,|| = |Ju,|| and @, + Wsle = |un +w(u,)|e = [vn +w(v,)]6. As

(uy,) is bounded, so is (u,) and as |v, + w(v,)|e = |vo + w(vo)l6, |Un + Wn|e is bounded away
from 0. So (¢,) is bounded. Moreover, |w,|s = |w(u,)|¢ and therefore (w,) is bounded. Since
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J () = J(u,) — 15’3/2 and ||J'(w,)|| = ||/ (un)|| — 0, it follows from Lemma 5.2 that

curl

21
Lo _ lim J(@,) > lim (J(tn<an+an)) — J(@) rn2 an+t,3ﬁ7nD

3 curl — oo

= lim J(tn (U 4 @n)) > = Seun ()2

n—o0

Wl

The last inequality follows from Lemma 4.7 and the fact that w, are as in (5.2), i.e. @, €
W (curl; Q).

It remains to show that S..,(Q2) > S if () is satisfied. But this follows by repeating the
argument of Lemma 4.1 with obvious changes: S,y should be replaced by S..1(9), w(v) by
wq(v) and the domain of integration should be €. 0

Remark 5.3. Let Q # R3 and suppose Sq1(€2) is attained by some u. Extend u by 0 outside
Q. As Seu1(Q) = Sewt, u also solves (1.6) in R3, possibly after replacing u with au for an
appropriate « > 0. In particular, if S¢,;1(€2) were attained in a bounded €, this would imply
the existence of ground states in R® which have compact support. To our knowledge, there is
no unique continuation principle which could rule out this possibility.

In view of this remark we expect that similarly as is the case for the Sobolev constant,
Seur is attained if and only if Q = R3. We leave this problem as a conjecture.

6. THE BREZIS-NIRENBERG-TYPE PROBLEM AND PROOF OF THEOREM 1.4

Let A < 0. In this section Q C R? is a fixed bounded domain satisfying (£2) but A will be
varying. Therefore we drop the subscript € from notation and replace it by A (Jy, N, etc.).
We also write V, W for Vg, Wa.

Recall from Introduction and Subsection 2.2 that the spectrum of the curl-curl operator
in Hy(curl; ©2) consists of the eigenvalue Ay = 0 whose eigenspace is W and of a sequence of
eigenvalues

0<>\1§/\2§§/\k—>00

with finite multiplicities m(\;) € N. The eigenfunctions corresponding to different eigenvalues
are L2-orthogonal and those corresponding to A\, > 0 are in V. N

For A < 0 we find two closed and orthogonal subspaces V' and V of V such that the
quadratic form @) : ¥V — R given by

Qo) = / (IV x of? + Aof?) di = / (Vo + Ajo]?) da

is positive definite on YV and negative semidefinite on V where dimV < oc. Writing v =
vtw=0vt4+04+weV eV eW, we have

Qv) = Q") + Q@)

and our functional Jy (see (1.9)) can be expressed as

() = 5Q(*) + 2@ + / ol dr — Jul dr.
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We shall use Theorem 3.1 with

F(x,u) = 6’“‘6 -
Here W :=Va@& W (so Z =V in the notation of Section 3) and @ = ¥+ w. V, and hence V7,
may be considered, after a proper extension, as closed subspaces of D"*(R? R?). Indeed, let
U be a bounded domain in R, U D Q. Since ¥V C H'(2,R?), each v € V may be extended

to v' € Hj(U,R?) such that v'|q = v. This extension is bounded as a mapping from V to
H}(U,R?). Since

Jul®.

V= {v' € Hy(U,R®) : v'|q € V}

is a closed subspace of H}(U,R?), and hence of D'*(R? R?), we can apply Theorem 3.1 with
F as above and V' replacing V. The generalized Nehari manifold is now given by

(6.1) Ny = {u € W (ewr Q) \ (Ve W) : J4(u)|gueien = 0}-

As in Section 4, also here it is not clear whether N, is of class C'. Setting m(v*") := vt +w(v™)
where v € VT and w(v") = wq(v") is the minimizer as in (3.2), we have

my(vh) =t (Wt +w()) eNy, vt eVT\{0}

(cf. (4.10)) and Jy o my is of class C' on ST. Moreover, my|s+ is a homeomorphism between
ST and N,. As in (4.13), we may also find a Palais-Smale sequence (v;") C 8T such that

(6.2) (Jyomy)(v)) — i§1+fJ>\ omy = ¢y and Jy(my(v))) =0

where
Cy) ‘= lj{[lf J)\.
Note that ¢ = %gcur1(9>3/2 > %5’3/2.
Lemma 6.1. Let A € (—\,, —\,_1]| for some v > 1. There holds

1 —
ey < §(>\ + )\1/)3/2|Q| and cx < (o Zf>\ < _>\u + Scurl(Q)|Q|_2/3'

Proof. The first inequality has been established in [23, Lemma 4.7]. However, for the reader’s
convenience we include the argument. Let e, be an eigenvector corresponding to A,. Then
e, € Vt. Chooset >0,v €V and w € Wsothat u =v+w = te, +v+w € N,. Since
A < A, for k<,

1 A 1
cr < JA(u):é/glv><v|2dx—|—§/9|u|2dx—6/g|u]6dx

Y A 1 oY |
< E/Q\v|2dx+§/Q|u\2da:—6/g\u|6d:c§ s /Q]u\2d:c—6/ﬂ\u|6dx
A+ A 13 1
< 2P / ufde) - / [ul® dz < Z(A+X,)¥?Q).
2 0 6/, 3

In the last step we have used the elementary inequality 5¢* — 16 < 1A%/2 (A > 0).
Since ¢y = +Scu1(22)%?, the second inequality follows immediately. O
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If ¢\ < g, then in view of [23, Theorem 2.2 (a)] there is a Palais-Smale sequence (u,,) C N,
such that Jy(u,) — ¢y > 0 and u,, — uy # 0 in W¢(curl; Q). It has been unclear so far whether
ug is a critical point of J,. Now we shall show using the concentration-compactness analysis
from Section 3 that ug is not only a solution but even a ground state for (1.7). The following
lemma plays a crucial role.

Lemma 6.2. If (u,) C N, is bounded, then, passing to a subsequence, u, — uy in L*(Q, R3)
for some uy.

Proof. Let u, = my(v}) = v +w(v}). Since V* and W are complementary subspaces, (v;") is
bounded in V*. So passing to a subsequence, v;7 — vj in YV, and v} — vf in L?(Q,R3) and
a.e. in ). Hence by Theorem 3.1, w(v,) — w(vO ) in L%(€, R3), and therefore also u,, — ug
there. 0J

Lemma 6.3. (¢f. [23, Lemma 4.6]) Jy is coercive on N.
Proof. Let (u,) be a sequence in Ny such that Jy(u,) < d. Then

d > Jy(un) = Ja(un) — J/\ Up ) U, / |, |® do,
hence (u,,) is bounded in L°(Q, R?), and therefore also in L*(2, R?). It follows that
1
42 Hw) = 5Qf) + Q 5) / w2 dar — / P da

where the last three terms are bounded (recall dimV < o). Hence also (v;7) is bounded. [

Let
N(u) := |ul*u.
It is clear that N : LS(,R3) — L%5(Q,R%). We shall need the following version of the
Brezis-Lieb lemma:
Lemma 6.4. Suppose (uy,) is bounded in L(Q,R3) and u, — u a.e. in Q. Then
N(up) — N(up —u) = N(u) in L°(Q,R?) as n — co.

Proof. Since N(u,) — N(u, —u) — N(u) a.e. in Q and N(u,) — N(u, — u) is bounded in
LS3(Q,R3), N(u,) — N(u, —u) = N(u). We claim that [N (u,) — N(u, —u)|ess — |N(u)]e/s-
Using Vitali’s convergence theorem we obtain

Q

1
:// %|un+(z€—1)u!6dtdz:6/ /(\un+(t—1)u|4(un—|—(t—1)u),u>d$dt
QJO
—>6/ /t5|u|6d1’dt /|u|6d:17

Hence N(u,) — N(u, — u) converges strongly to N(u O

Lemma 6.5. Let < c¢g. Then J, satisfies the (PS)[g—condztzon in Ny, i.e. if (u,) C Ny,
In(uyn) = B and J§(u,) — 0 asn — oo, then u, — ug # 0 in W (curl; Q) along a subsequence.
In particular, ug is a nontrivial solution for (1.7)—(1.8).
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Proof. Let (u,) be a (PS)s-sequence such that (u,) C N,. According to Lemma 6.3, (u,) is
bounded and we may assume u,, — ug in W¢(curl; Q). By Lemma 6.2, u,, — ug in L*(Q, R3)
and hence also a.e. in 2 after passing to a subsequence if necessary. As in the proof of Theorem
1.2 in Section 4 we see that J{(ug) = 0, i.e. ug is a solution for (1.7)—(1.8). According to the
Brezis-Lieb lemma [9],

lim (/]un]6dx—/|un—uo|6d:v> :/\u0]6dx,
n—>00 Q Q Q

hence

(6.3) Jim (Ja(n) = Jn(un —ug)) = Ja(uo) > 0,
and by Lemma 6.4,

(6.4) i (4 (1) — st — 0)) = (1) = O,
Since J}(u,) — 0 and u,, — ug in L*(Q, R3),

(6.5) lim Jo(un — ug) = 0.

Suppose liminf,, o [|u, — upl| > 0. Since lim,, o J)(un — up) (un — up) = 0, we infer that

liminf |V X (u, — ug)]2 > 0.
n—oo

Let u, — ug = v, + W, € V& W according to the Helmholtz decomposition in W¢(curl; Q). If
v, — 0 in L5(Q,R3), then by (6.5) we have J)(u, — ug)v, — 0, thus

IV X (U, — ug)|5 = |V X 0|5 = J)(tp — ug)vy, + /(\un — ug|*(uy — up), vy) dz — 0
Q
as n — oo which is a contradiction. Therefore |v,|¢ is bounded away from 0. If w, =
w(u, — ug) € W, then (w,) is bounded and since u, — uy + w, = v, + w(v,) € VO W,
|tun, — ug + wy|e is bounded away from 0. Choose t,, so that t,(u, — ug + w,) € Ny (Ng = N
in the notation of Section 5). As in (5.7) we have

o |V X (Un — U0)|2

2 =
U — o + w[§

n

so (t,) is bounded. Using Lemma 5.2, as in the proof of Theorems 1.1 and 1.3 we get
2 —1
2

Joltn = 10) = Jo(bn(tn = o + wn)) = Jy(tn = 1t0) | (= o) + L2,

so by (6.5) and since u,, — uy in L*(Q, R?),

B = lim Jy\(u, —up) = lim Jo(u, —ug) > lim Jo(t,(u, — uo + wy)) > co,
n—o0 n—oo n—0o0

a contradiction. Therefore, passing to a subsequence, u,, — ug. Since ug € Ny, uy # 0. O

Proof of Theorem 1.4. (a) It follows from (6.2) and Lemma 6.5 that if ¢y < ¢, then ¢ is
attained and hence there exists a ground state solution. By Lemma 6.1, this inequality is
satisfied whenever A < \,_; and A € (=, =\, + Scun(Q)[Q]72/3).

In view of |23, Theorem 2.2(b)|, the function (—=\,, —A,—1] 2 A — ¢\ € (0,400) is non-
decreasing, continuous and ¢y — 0 as A — =\, and if ¢, = ¢, for some —\, < p; < py <
—A,_1, then ¢, is not attained for A € (u1, p2]. Hence (b) and (c) follow.
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(d) Since Jy is even and, by Lemma 6.5, satisfies the Palais-Smale condition in Ny at any
level below ¢y, then, in view of [23, Theorem 3.2(c)|, Jy has at least m(Ny, ¢y) pairs of critical
points +u such that v # 0 and ¢, < Jy(u) < ¢y where

(6.6) m (N5, o) := sup{y(J5 ' ((0, B]) NNL) : B < co}

and ~ is the Krasnoselskii genus [30]. This is a consequence of the standard fact that if

B :=nf{B € R: y(J5 (0, 5]) NNy > k},

then there are at least as many pairs of critical points as the number of & for which (PS)g,
holds, see e.g. [30].
In order to complete the proof we show that

_ 1 2
MmN, co) = iy 1= #{k s =M < A < =M+ SSan(@)I07F }.
Let

1— 2
A()\) = {k’ >1: _)\k <A< —)\k + gSCurl(Q)’Qrg and )\k > /\k—l}

and observe that

T7l>\ = Z m()\k),
kEA(N)
where m(\;) stands for the multiplicity of \g. For k € A()), let V() denote the eigenspace
corresponding to Ax. Then dim V(Ay) = m(Ay). Let S(A) be the unit sphere in €, 4,y V(M) C
V*. Recall that my|s+ is a homeomorphism from S* to N). Since J, is even, my is odd.
Similarly as in Lemma 6.1 we show that for u € S()\)

1 )
< = 2|Q)| =:
Talma(w)) < maxc (A + )2 (0] =2 8

and thus my(S(\)) € J;1((0, 8]) N N,. Hence
(50, 8]) NN = 9(S(N)) = .

Since A < —\;, + %gcurl(ﬁ)m]’%, we have 8 < ¢y and it follows that m(Ny, ¢y) > my which
completes the proof. O

7. OPEN PROBLEMS

In this section we state some open problems. Some of them have already been mentioned
earlier.

(P1) Does there exist a ground state solution u whose support is a proper subset of R3? In
particular, can a ground state have compact support?

(P2) Can one find an explicit expression for a ground state? Or at least, what can be
said about the decaying properties of ground states? If they are the same as for the
Aubin-Talenti instantons, then one could hopefully retrieve the formulas in the middle
of p. 35 in [36] which could be useful when looking for ground states for (1.6) with the
right-hand side |u|*u + g(x,u) where g is a monotone lower order term.

(P3) Do the solutions to (1.6) have any symmetry properties? How regular are they?
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(P4) If © is a bounded domain which is neither convex nor has C! boundary, then V C
H*(Q,R3) where s € [1/2,1] and s may be strictly less than 1, see Subsection 2.2
and [12]. Note that the critical exponent for H® is 6/(3 —2s) < 6 if s < 1. Do
the results of Theorem 1.4 remain valid (with the same right-hand side)? Here the
boundary condition (1.8) should be understood in the generalized sense, i.e. u should
be in W (curl; Q).

(P5) Can the inequality Sew1 > Sew1(€2) > S be sharpened? Do there exist domains as in
(P4) for which Scun(Q) < S?
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