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Abstract In this paper we introduce a class of second-order exponential schemes
for the time integration of semilinear wave equations. They are constructed such
that the established error bounds only depend on quantities obtained from a well-
posedness result of a classical solution. To compensate missing regularity of the
solution the proofs become considerably more involved compared to a standard
error analysis. Key tools are appropriate filter functions as well as the integra-
tion-by-parts and summation-by-parts formulas. We include numerical examples
to illustrate the advantage of the proposed methods.
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1 Introduction

In this paper we are interested in solving abstract wave equations of the form
q'(t) = —Lq(t) + G(t,q(t)), t€[0,tenal, q(0)=qo, ¢'(0)=4qo, (1.1)

in some Hilbert space H where L is a positive, self-adjoint operator and G is a
sufficiently regular nonlinearity (e.g., Fréchet-differentiable). Such equations arise
in many physical models. A prominent example is the cubic wave equation

Fq(t,x) = d2q(t, ) +q(t,x)?,  (t,z) € [0, tena] x I
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posed on some interval I C R and equipped with appropriate initial and boundary
conditions.

In the finite dimensional case (dim H < o), unconditionally stable integra-
tors (in the sense that L does not cause any restriction on the time step) for this
equation were already considered in [BLOLI3L20]. Such exponential (or trigonomet-
ric) integrators were shown to be second-order convergent while only assuming a
finite-energy condition. This was somewhat surprising since usually, second-order
(exponential) schemes need two bounded time derivatives of the solution in the
error analysis. The key ingredient are certain matrix functions that act as filters.
The effect of these filters is that they remove resonances in the local error, which,
in contrast to a standard error analysis, enforce cancellation effects in the global
error. In fact one can prove that local and global error are of the same order if the
filters are chosen appropriately.

Recently, in [IL2] we presented a completely new techniques to prove related
results for ordinary differential equations by reformulating a trigonometric inte-
grator as a Strang splitting applied to a modified problem. Using ideas from [I6]
17], a specific representation of the local error was derived, which allowed us to
separate terms of order three (which can be treated in a standard way) and the
leading local error term, which is of order two only. A carefully adapted Lady
Windermere’s fan argument is employed to treat these terms in the global error
accumulation.

In this paper we prove error bounds for different classes of exponential inte-
grators applied to an evolution equation in a unified way. More precisely,
we characterize the structure of the defects and the properties of filter functions
which allow second-order convergence under a finite-energy condition in different
abstract frameworks (i.e., in different function spaces), which define the assump-
tions on L, G, and the initial data. Within this framework we can handle various
boundary conditions.

We point out that our results are not restricted to globally Lipschitz con-
tinuous functions G, but also apply to locally Lipschitz ones that satisfy certain
growth conditions. Our analysis thus covers the class of nonlinearities for which
the existence of a classical solution can be guaranteed. In particular, this includes
polynomial nonlinearities up to a certain degree which is determined by the spatial
dimension and the corresponding Sobolev embeddings. In the one-dimensional case
such equations with periodic boundary conditions and arbitrary high polynomial
degree have been studied in [6] for nonlinearities with Lipschitz properties on
a whole scale of Sobolev spaces. However, this rich structure is not available in
our general framework and, in contrast to our work, well-posedness cannot be
guaranteed.

The paper is organized as follows. In Section [2] we give an informal overview
over the methods of interest, the main concepts, and the main results and also
present a numerical examples illustrating the main results of our work. In partic-
ular, the necessity of using averaging techniques in the regime of low-regularity is
shown.

The informal overview is made rigorous in Section 3| where we introduce the an-
alytic framework and a functional calculus which allows us to define the operator-
valued filters and ensures well-posedness of the problem as well as of the schemes.
We further state the assumptions on the operator L, the nonlinearity G, and the
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initial data that on the one hand will guarantee the well-posedness of and
on the other hand allow to carry out the error analysis.

In Section [4] we characterize filter functions which allow to prove that the
exact solution of the original problem and the solution of the averaged problem
only differ up to terms of order 72, where 7 > 0 denotes the step size. Section
provides a characterization of numerical methods in terms of the structure of their
defects, which are necessary to derive error bounds.

Finally, Sections |§| and@ contain our main results the error bounds for one-step
and for multistep methods, respectively.

2 Informal overview of methods, concepts and results

Before we present the analytical framework necessary to formulate our results rig-
orously, we first give an informal overview of the methods of interest, the main
concepts, and the main results. In the finite dimensional case dim H < oo (which
is not the situation of interest in this paper), all the approximations presented
are well-defined and the statements valid. However, for evolution equations posed
in appropriate function spaces, this is no longer true unless additional assump-
tions are imposed. Since some of them are rather technical we postpone them to
Section [31

2.1 Problem statement: 2nd-order differential equation

Let L be a linear, self-adjoint, and positive-definite operator on H and G :
[0, tena] X H — H. We consider the differential equation

q"(t) = —Lq(t) + G(t,q(t)), t€[0,tena), q(0) =qo, ¢'(0)= o,
and assume that the solution ¢ satisfies the finite-energy condition

(La(t),a()) s + (' (1),d' () < K*  for t € [0, tend], (2.1)

where (-,-) i denotes the inner product on H. In first-order formulation, the dif-
ferential equation can be written as

W) = Ault) + fEu(t),  u= (qq) , (2.2)

4= (—OL é) fw) = (G(gv‘Z)) ’

(u1,u2) = {q1,q2)m + (L™ q1,¢5) mr -

with

and inner product

Obviously, A is skew-adjoint with respect to (-, -) and hence has a purely imaginary
point spectrum.
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2.2 Methods

In the following we shortly present four different types of methods to discretize
equation (2.2) in time with a constant stepsize 7 > 0.

2.2.1 Strang splitting

The exact flows apf and <p]; of the two subproblems

()= () ()= (),

are given explicitly by

Afto _ (to+T flto) _ to
©r U - ETA’U,Q ) ©r o - u0+Tf(t0,Uo) .

We consider the Strang splitting in the variants (A, f, A) and (f, A4, f) given by

tn+1 A A t

<u7::+1> = 720wl opl (u2> ; (2.3a)
[E2 2 NN R A N (2.3b)
un+1 <p~,—/2 (107' QOT/Q Un, ) .

respectively. Note that the ( 1A, f) variant (2.3b)) is equivalent to a trigonometric
integrator without filter functions, see, e.g., [10, XIII.2.2].

2.2.2 Corrected Lie Splitting

Next we consider the second-order corrected Lie splitting given by

2

Unp1 =€ (tn +7f (tny1/2,un) + S (tns1/2,un)) (2.4)

with the correction term

r(t,u) = Jg(t,u) (fu) — Af(t,u).

It is inspired by a fourth-order method of this type proposed in [I8, 4.9.3 (c)].
Note that in the linear case, where f(t,u) = Fu, the correction term reduces to
the commutator

r(t,u) = FAu— AFu = [F, Alu.

Hence, one can consider (2.4)) as an approximation to the method

7_2
TATE IR AL,

Un+1 = € ,

which was considered in [22] (3.37)].
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2.2.8 Ezxponential Runga—Kutta methods
General two-stage exponential Runga—Kutta methods are of the form

U, = e, + CQT<,01(02A)f(tn, un)

A (2.5)
Un4+1 = € " Up + Tbl(TA)f(tn,un) + ba(TA) f (tn + 2, Un) ,

where c2 € (0, 1] is a given quadrature node. Recall that the p-functions are defined

as
1

wr+1(z /1S)z—ds kE>0.
0

If the coefficient functions by, b satisfy

bi(2) + ba2(2) = @1(2),  c2ba(0) =3,

the method is second-order convergent for parabolic problems, see [14] Theorem
4.3.]. Popular choices are ca = 3, by = 0 or c2 = 1, ba(2) = p2(z). All our
results also apply to the symmetric, but implicit exponential Runga—-Kutta scheme
from [3, Example 2.1] and to ERKN methods, e.g., those considered in [24]. The
necessary modifications are straightforward so that we omit the details.

2.2.4 Exponential multistep methods
The two-step exponential multistep method from [I5] (2.7)]

Unt1 = € M n 4+ 701 (TA)f (tn, Un)
+72(TA) (f (tnsun) = f (tn-1,un-1)), n=>1, (2.6)
ui = " (uo +7f (to, o)) ,
is derived from the variation-of-constants formula for the exact solution of (1.1])
by approximating the nonlinearity f in the integral term by an interpolation poly-

nomials using the last two approximations wp—1, Un.
In a similar manner we consider a method that was used in [4, (B 4)], namely

Unt1 = 2T un_1 + 27" f(tn, un) @7)

T

Uy =e€ A(UO -l—Tf(to,Uo)) .

For A = 0 it reduces to an explicit Nystrom method, cf. method (1.13) in [I1].

2.3 Averaged differential equation

Let x = ¢,v: iR — R be even (i.e., x(—z) = x(z)) and analytic functions satisfy-
ing x(0) = 1. Then we define

X = x(rL'?)
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Fig. 1 Different ways to construct an approximation uy of the solution wu(t,) of the original
equation (2.2)) and the solution @(t,) of the averaged equations (2.8]).

and an averaged nonlinearity

G(t,q) = VG(t, dq) -

Using the block diagonal operators

oo (30) 4 _ (00}
0¢ 0y
we consider the averaged differential equation

() = Au(t) + f(t,a),  ft,u) =wf(tou) = ( & (2 6)) . (2.8)

The averaging is done such that the solution u of ([2.8]) also satisfies a finite-energy
condition (2.1)) (with a modified constant K, which is independent of 7 and n, c.f.,
Lemma below). In Theorem we provide sufficient conditions on v, ¢ such
that

”u(t) - 1N'L(t)” < 07'2’ te [OatendL

where ||-|| denotes the norm induced by (-, ).

2.4 Averaged methods

The main idea is to apply one of the numerical methods to the averaged equation
instead of the original one . Equivalently, one could modify the numerical
scheme in an appropriate way using filter functions. This is illustrated in Figure

Since the solutions of 1) and only differ by terms of order 72, one
might hope for second-order accuracy if the method is of order two at least. In
fact we will later see that in the case of evolution equations, this intuition is not
always justified, i.e., order reduction might appear. The main goal in this paper
is to characterize the numerical methods, the assumptions on L and G, and the
choice of the filter functions which lead to second-order error bounds.
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2.5 Main results

Our main results, which are detailed in Theorem [6.2] for exponential onestep meth-
ods and in Section [7] for exponential multistep methods, are the following error
bounds.

(a) The Strang splitting, the exponential Runga—Kutta, and the exponential mul-
tistep methods applied to the original equation (2.2)) satisfy

[u(tn) = un|l < Ci7.

nd
(b) All methods of Section applied to the averaged equation (2.8)) with ap-
propriate filters ¢, ¢ satisfy

lutn) = unl| < Car®.

The constants C'1,C2 only depend on the initial value uo, the finite energy K,
properties of G, and tenq, but not on n and 7.
The strategy to prove these bounds is to split the error into two terms, namely

lu(tn) — unl| < |lultn) — wltn)|| + [@(tn) — unl| - (2.9)

The first term is bounded by Theorem the second by Theorem or Corol-
laries[7-1] and [7:2] respectively. A crucial step is to show that the averaged solution
inherits the regularity of the original solution, which is done in Lemma [4.2

2.6 Numerical example

In this section we illustrate the effect of averaging within numerical methods by
approximating the solution of a variant of the sine-Gordon equation given on the
torus T = R/(27Z) by

q"(t) = Aq(t) - q(t) + masin(m; q(t)) a(t), (2.10)
with ¢ € [0,1] and m;, mq € L°(T). Note that for ¢ € L*(T) and
G(q)(x) == mq(x) sin(mi(z) q) q,

we have G(q) in L*(T), but even for ¢ € H*(T) we cannot expect G(q) € H(T) for
any € > 0. Hence, the analysis of [6L[7] does not apply to such non-smooth nonline-
arities. For the spatial discretization, we used a Fourier spectral method in order
to control the regularity of the solution. The initial values (go,vo) € H"(T)x L*(T)
are constructed such that

(go,v0) € H'(T) x L*(T) \ H'T(T) x H*(T)

for € = 1079, see [12] for details.
In Figure [2] we computed the approximate solution with the Strang splitting
variant 1} ie., (4, f,A), with filters (blue, dots)

9(2) = ¥(2) = sinhe(3) = 5 (#1(5) + @1(-3)) (2.11)
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10-2 | N=2°

1075 |

10_8 T T 1] T T T 17 T T T 17 T T

1072 N = 210

10—8 T T T T T T T T T T

1075 |

]_078 T T T 1] T T T T 1] T T T T 1] T T T
10-3 102 101

Fig. 2 Discrete L™ ([0, 1], L%(T) x H’l('ﬂ')> error (on the y-axis) of the numerical solution

of (2.10) plotted against the step size 7 (on the z-axis) with N grid points. The gray lines
indicate order one (dotted) and two (dashed).

and without filters, i.e., ¢ = 1) = 1, (red, crosses) with N = 27, j = 9,10, 11, spatial
grid points. We observe order reduction of the non-averaged scheme to order one
in the stiff regime, while in the non-stiff regime, the two errors of both schemes
are quite close. The non-stiff regime is characterized by time steps 7 for which
¢1(7A) is invertible for all 7 < 79. Since ||A]| & N/2, this is true for 79 &~ 47/N.
For abstract evolution equations, only the stiff regime is relevant, i.e.;, the limit
N — oo.

3 Analytical framework

We fix some notation for the rest of the paper. For Hilbert spaces X,Y,
(-,-) = {,)x denotes the scalar product on X and B(X,Y") the set of all bounded
operators T': X — Y equipped with the standard operator norm ||T||y«x. Fur-
ther, C*(X,Y) is the space of all k-times Fréchet-differentiable functions from X
to Y. We write W*P(2), k € No, 1 < p < oo, for the Sobolev space of order
k with all (weak) derivatives in LP(£2) and abbreviate H*(£2) := W*?2(£2). For
multi-indices o, 8 € N* we write a < B if a; < f; foralli=1,...,¢.
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3.1 Second order equation

Let H be a real, separable Hilbert space and L: D(L) C H — H be a positive, self-
adjoint operator with compact resolvent. We consider the abstract second-order
evolution equation in H. To reformulate it as a first-order system we use the
intermediate space V = D(L'/?) with

D)=V H  lly = |22

with dense and compact embeddings, in particular, there is a constant Cep,p, such
that

||U||H < Cemb ||"U||V7 velV, ||Q||V < Cemb ||Q||D(L) , g€ D(L). (3.1)

We exemplify the abstract framework considered in the rest of the paper by a class
of semilinear wave equations.

Example 3.1 We consider the semilinear evolution equation (|1.1]) in the following
setting:

(a) B # 2 CR?is a convex, bounded Lipschitz domain with d € {1,2,3}.

(b) L = —div(AV) with uniformly positive definite A € L°°(£2)?*<.

(c) For g: [0,tena)] X 2 X R — R there is some a = (ax, o, ay) € N? such that all
partial derivatives 9°g, 8 < a, exist, are continuous in ¢ and y and bounded
in z.

(d) There is v > 1 and a constant Cy > 0 such that for all (¢,z,y) € [0, tend] X
2 x R we have

|g(t7$7y)|7 |8tg(t,l',y)| S Cg(]‘ + |y|’7) ’

2 (3.2)
0yg(t, z,y)| < Cg(L+ [y~ ").

For (t,z) € [Otend] X 2 and ¢ € V we define

G(t,q)(z) = g(t,x,q(z)).

In Table[T]at the end of this section, details for different choices of H are presented
for these problems.

In the following we recall sufficient conditions on the nonlinearity G' to guar-
antee well-posedness of the equation and to establish the error analysis presented

in Sections [ [B} [6 and [7}

Assumption 3.2 (Well-posedness) For G we have G € C'([0,tena] x V, H),
i.e., G is Fréchet-differentiable with Fréchet-derivative Ja(t, q) € B([O, tend] XV, H)
for all ¢ € V,t € [0, tend]-

The most subtle assumption is given now. It states the necessary regularity for
G evaluated at a sufficiently smooth function.
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Assumption 3.3 (Regularity of G evaluated at a smooth function) For
q € C'([0,tenal, V) N C([0, tena), D(L)) we have

t > G(t,q(t) € C* (0, tenal, V) with %G(mq(t)) = Ja(t,q(t)) (q,it)) , (A1)

t Ja(t,qt)) € C* ([0, tena), B ([0, tena] X V, H)) with C' > 0 such that

| gt ate)| <¢ =0 (la®lowy ld®l,) (A2

H<+[0,,tena]l XV

The next assumption states bounds of G and Jg. We point out that the depen-
dency of the constants arising from different radii is crucial for the error analysis.

Assumption 3.4 (Regularity of G) There are constants C = C(r) such that
for given ry, 7 > 0 and ¢ with ||q||,, < 7v, Hq||D(L) <rp,p€V,and t € [0, tend]
the following inequalities are satisfied:

G lly < C(re), (A3)
Jsate.a (3)],, < o) s+ 1ol (Ada)
HJG(t’Q) (;) HV < C(re) (Isl + llplly) - (Adb)

Remark 3.5 Note that shifting G to G + ¢l for some ¢ € R does not affect the
validity of Assumptions to Hence, we can also treat positive semidefinite
operators L by applying a shift.

In Table [l the main example is specified more precisely. We collected three
examples where we stated for a given Hilbert space H the dimension d of the
domain {2 and additional assumptions on the data such that Assumptions
to[3-4] are satisfied. All examples are posed with homogeneous Dirichlet boundary
conditions. By possibly shifting L, we can also treat Neumann, Robin, or periodic
boundary conditions.

Higher order Sobolev spaces H = H*(£2), k > 2, can be handled as well but the
spaces and conditions for the operators and parameters become more complicated.

Remark 3.6 Note that from Assumption [3:2] and the chain rule one can only
conclude that

t— G(t,q(t)) € C* ([0, tena), H)

instead of (Al)).

(a) In Example[3.1]the additional regularity ¢ € C([0, tena], P(L)) is sufficient to
verify the Assumption .

(b) For G € C'([0,tena] X V, V) the chain rule immediately yields Assumption
(A1). However, in Example with H = H () and V = L?*(£2), this
would imply that G is already affine-linear, see [8, Section 3]. Hence, not even
the function ¢ +— sin(q) would be covered by the analysis.
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H | H1(2) L%(0) Hi(02)
d d=1 d=1,2,3 d=1,2,3
A _ Wl,oo(Q)dxd Cl,l(_(z)dxd N W2,oo(_(2)d><d
or H4(Q)d><d
N - — 912 of class C3
D(L) Hj(£2) H?(£2) N Hg (1) {g€ H3(2) N Hy(2) |
Lq € Hj(2)}
\% L%(02) HS(Q) H2(2)N Hé(.Q)
a (2,0,2) (2,1,2) (3,2,3)
g - g(t,-,0) =0 on 082 g(t,-,0) =0 on 012
growth v<2 ’y{<oo d=12 -
bound <3 d=3

Table 1 Overview on examples.

3.2 First order equation

We consider the first-order formulation of equation on the separable
Hilbert space X = V x H. The skew-adjoint operator A is given on its domain
D(A) =D(L) x V. Hence, A is the generator of a unitary group (etA)teR. We call
u a classical solution of on [0,t") if u solves (2.2)), u(0) = uo, and

u € C([0, tena], X) N C([0, tena], D(A)) (3.3)

for any teng < t*. The Assumptions to are translated into this setting by
means of the following three Lemmas. The first one provides a classical solution of
by standard semigroup theory. All statements in the Lemmas directly follow
from the special structure of f and the assumptions in Section [3:1}

Lemma 3.7 (Well-posedness Let G satisfy Assumption ‘ Then
f: 00, tena) X X — X defined in (2.2) satisfies f € C*([0, tena] X X, X) with Fréchet
derivative J¢ (t,u) € B([0,tena] X X, X) for allu € X and t € [0, tend]-

The following lemma shows differentiability of f in the stronger D(A) norm.

Lemma 3.8 (Regularity of f evaluated at a smooth function) Let G
satisfy Assumption and u satisfy (3.3). Then we have

t e f(t,ut)) € C ([0, tena], D(A)) with %f(t,u(t)) = Jg(t,u(t)) <u,1(t))
(A1)
t e Jp(tu(t)) € C" ([0, tena), B ([0, tend] X X, X)) with C > 0 such that

| G5 (o) <c(aol. o)) . (a2)

X<[0,,tena] x X
The the next Lemma contains two Lipschitz properties of f which easily follow from
the corresponding bound on the derivative. They are crucial for the forthcoming
error analysis.
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Lemma 3.9 (Regularity of f) Let G satisfy Assumption . Then there are
constants C = C(r) such that for given rx,ra > 0 and u; with |lu;i|| < rx,
||“i||D(A) <ra,i=1,2,v € X, and t € [0,tena] the following inequalities are
satisfied:

15w Iy < Clra), (A%)
Jaste.a) (3) ]| < e st + o (Ada)
Jasttea) (3) 1,y < COR sl 10, (A2b)

| £t un) = f(tu2) | < € ) s = wal (A5a)
15(tsu) = 70,02l ay < © ) s — vl (Asb)

Lemmal3.7|guarantees local well-posedness of ([2.2)), see [I9] Thm. 6.1.5]. Our error
analysis only requires assumptions on the data, which then implies the following
regularity of the solution.

Proposition 3.10 Let Assumption be satisfied and take an initial value
uop € D(A). Then there exists a time t* > 0 and a classical solution of
on [0,t") satisfying (3.3]). Hence, for every 0 < tena < t* there exists a constant
K > 0 with

max {[|[Au(®)||, ||'(#)||} < K, t € [0, tend]- (3.4)

In the following we refer to (3.4) as the finite-energy condition.

Remark 3.11 (a) Note that for u = (g,q’) in the situation of Examplewith
H = H™'(£2), the finite energy condition implies

1Au@)|® = lalp, + 145 = |AY2 Va3, +||d |5, < K°.

This corresponds to the finite energy condition used in [5,0113120].
(b) The bound ({3.4) also implies

[ @I =[5 + lla" 15 < &2

3.3 Filter

From the compact resolvent property of L and the compact embeddings we can
infer that also A has a compact resolvent. Hence, A admits an orthonormal basis
of eigenvectors

(Br)renm, Ady =i\pdr, ok € [ D(A7),

JEN
where M C N and A\ € R. Any = € X can thus be represented as

T = Z ardr, ok = (T, Pr)x ,

keM
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with the equivalence

z€D(A) <= Y |Maxl® < oo.
keM

This enables us to define the following functional calculus on the set
Cp (iR) := {h: iR — C | h is continuous and ||h||cc < o0 },

see |21} Section 3.2] or [25, Sections 5.8 and 5.14, Example 6]. It leads to the
following properties of operator functions.

Theorem 3.12 Let A: D(A) — H be a skew-adjoint operator on a separable
Hilbert space X with compact resolvent. Then the map Wa: Cy (iR) — L(X),

h(A): X — X
h— xr = Z ok — h(A)l' = Z h(l/\k)ak¢k
keM keM

satisfies the following properties:

(a) W4 is linear

() M) xx < [h]oo

() (gh)(A) = g(A)h(A)

(d) For x € D(A) it holds h(A)x € D(A) and Ah(A)x = h(A)Ax

For the construction of the integrators we make use of filter functions.

Definition 3.13 Let x € Cp (iR). We call x a filter of order m, m = 1,2, if the
following properties are satisfied. There exist ¥, @ € Cp, (iR) such that for all z € iR

IX(=) <1, (F1)
1—x(2) = 2M9(2), (F2)
2x(2) = (e —1)6(2). (F3)

In addition, for m = 2, x is symmetric, i.e.
x(2) = x(=2). (F4)
Note that (F3]) is equivalent to x(z) = 1(2)O(z).

By Theorem we can define a corresponding class of filter operators that
we later use in the averaged schemes.
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Theorem 3.14 Let 7 > 0 and x € Cp (iR) be a filter of order m with 9,0 from
Definition [3.13] Then we have

Boundedness:  ||[x(TA)| x_x <1 (OF1)
[P A xcx < 1Plloo;, 1O A x x < [1Olloo
Smoothing: x(TA): X — D(A) is continuous with (OF2)

[TAX(T A x  x <20l
Consistency:  9(tA): X — D(A™),

I—x(tA) = (TA)™Y(TA) (OF3)
Cancelation:  (TA)x(TA) = (™ — 1)O(TA) (OF4)
Block structure: Form =2 and i € {1,2}

mix =0 implies mix(TA)x =0. (OF5)

Here, m;: X — X denotes the projection onto the i-th component.

Proof The properties (OF1f), (OF3)), (OF4) directly follow from the functional
calculus and is a direct consequence of . To prove , we use the
fact that we can approximate x uniformly on iR by even rational functions as
limg 400 x(iz) = 0, see [23, Section 1.6]. Hence, the assertion is true since it is
easily verified for functions of the type

22 . 1
_c s
22 -4’ 22 -4

with some § > 0. O
Remark 3.15 (a) An example for m = 2 is the short average filter proposed
in [5] that we used in (2.11). We note that in this example x(iz) = sinc(3)
holds for all x € R, which relates our filters to the ones considered in [10]

Chapter XIIL].
(b) We further obtain HTA19(TA)||§((_X < 2||Y||oo for m =2 as

120(2) 7 = |229(2)| |0(2)] < 2||0]|oc for all zeiR.

4 Averaged problem

In this section we bound the difference between the solution u of the averaged

equation (2.8]) and the solution w of (2.2). Note that by Proposition a unique
classical solution w of 1| exists since the assumptions on f also hold for f.

In order to apply (Ab5a’)) we define rx via

max u(t)]] < CompK = 57x
t€[0,tenal

with Cempb defined in (3.1) and K in (2.1]).
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Theorem 4.1 Let Assumptions to be valid and consider the averaged non-
linearity f defined in 1} with second-order filters. Then there is a 1o > 0 and a
constant Cqy > 0 such that for all 7 < 19

lu(t) —a®)|| < Cawt®,  0<t<tend- (4.1)
The constant Cqy and 1o depend on rx, uo, tend, the finite energy K defined
n , the filter functions, and the embedding constant Cemp, but not on 7. In

particular, u exists on [0,tena] and is bounded by

ma, a)| < 2rx.
,cpax lu®)ll < grx

Proof Let t* > 0 be the maximal existence time of % and define
to == sup{s € (0,t*) | max ||u(t)|| <rx}.
t€(0,s]
We first observe that for ¢ < min{¢o, tend } the variation-of-constants formula yields
b i—sa =
u(t) — u(t) :/ e\’ ? (f(s,u(s)) — f(s,u(s))) ds
0
t ~ ~
=1(t) + I2(t) +/ elt=9)4 (f(s,u(s)) - f(s,ﬂ(s))) ds (4.2)
0
with
t
Li(t) = / A (T —w) f(s,u(s)) ds,
0
t
I () :/ =94y (f(s,u(s)) — f(s,Pu(s))) ds.
0

By Assumption (Aba’) and since ¢t < tg, the third term in (4.2]) is bounded by

H/O I (F(syu(s)) = Fls ) ) ds| < C(rx)/o lu(s) — a(s)|| ds.
It remains to prove
1w <cr?,  j=1.2, (4.3)

since these bounds are sufficient to apply a Gronwall lemma which shows the
assertion for all ¢ < min{to, tend }-
To bound I; we use integration-by-parts and (OF3) to obtain

L(t) =72 /Ot e(tfs)AAQﬁ(TA)f(s, u(s)) ds
= 72 [76(:&75),41419(7_14)]0(87 u(s))};

+ 72 /0lt I AY(r A) Ty (s,u(s)) <u’%s)) ds,
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where we used that f (s, u(s)) is differentiable in X. By Assumptions (A3’ m,
and the bound (3.4) on u’ we have

1
@) <. [asam) ()] <cw.
This proves (4.3) for j = 1.
Using the notation u(s,o) = ou(s) + (1 — 0)Pu(s) and the differentiability

of f we get
Ix(t) =/ (t=) Ay ¥ (s, f(s,u(s)) — f(s,Pu(s))) ds

// (= S)AW Lf(s,u(s,0)) dods
(t—s)A
// Wstusa <I 45) >dords

(t—s)A
// WJs(s,u(s,o0)) (I - QS)GSA >dads
0

t ol
(t—s)A s
+/O /0 e !I/Jf(s,u(s,a)) (I—@)bfe(sfe)Af(H,u(H)) df do ds

=I21(t) + I2,2(2).
By (OF3)) and integration-by-parts, the first term can be rewritten as

Li(t) =717 [/1 "IN I (s, u(s, o)) (ﬁ(TA)SSAAuo) dUI)

0

+7 / / =4 4w J; (s, u(s, a))( 9(rA )OSAA >dads
_Tz/o /0 (= AG L 5 (s u(s, o)) (19(TA)((3)SAAUO) do ds .

Hence, we have ||I21(t)|| < C72 by (A2)), (Ada’), and (A4b’).
By assumption (A1’)) we also have

S

/e(S_e)Af(H,u(Q))dH € D(A),

0
(s—0)A _ (s—6)A
Ao/e f(@,u(@))d@-o/e Af(6,u(6))do.

Again integration-by-parts and Assumptions (A1) and (A4b’) yield the desired
bound (4.3). Using (4.1) for ¢ < min{to, tena} we obtain for 7 < 79

mae [[(s)] < max [u()] + Cav? < rx

This proves to > tena and hence (4.1]) holds on [0, teng] for all 7 < 79. |



Averaged exponential integrators 17

In the next lemma we show that @ inherits the regularity of v uniformly in 7.

Lemma 4.2 Let Assumptions [3-2] to B4] be valid. Then there is a 70 > 0 and a
constant Cgqy > 0 such that for all 7 < 19

| Au(t) — AT@)|| € Cavr, 0 <t < tona. (4.4)
In particular, u satisfies the finite-energy condition uniformly in v < 79, i.e.,

max { || A(t)||, |7’ ()]} < K, 0 <t < tend, (4.5)

where 19 and the constants az\v and K depend on Tx, U0, tend, the finite energy
K defined in (2.1)), the filter functions, and the embedding constant Cepmp, but not
on T.

Proof We proceed as in the proof of Theorem [f.I] and define ¢y by

to == sup{s € (0,tend] | max, Au(®)| < 2K} .
€1[0,s
For 0 <t <‘tg, (4.1)), (4.2), and (A5b’) imply

Au() - Aae)] = | / FALIA (s, u(s) — T, (9))) |

< AL D)) + [AL(0)] + C (2K) / Ju(s) —(s)]| ds
< JAL O]+ [AL(0)]| + 73C (2K) Can.

With Remark [3.15] similar arguments as before yield O(7) bounds for ||AI1(t)]|
and ||AI2(t)||. By possibly reducing 79 we obtain the result for 0 < ¢ < tenq. This
immediately implies the first bound in (4.5 and the second bound is then obtained

from (2.8). O

Remark 4.3 Note that Theorem [£.1] and Lemma[£2] remain true for ¥ = I as for
this choice I1(t) = 0 and the proof does not require (F3). This case is of interest

for methods ([2.5) and (2.6).

5 Abstract assumptions on the methods

In this section we characterize the classes of methods which are covered our error
analysis.

We recall that v denotes the solution of the original problem and u the
solution of the averaged problem . Further, we denote the numerical flow by
S> and the defect by dn, i.e., a one-step method is given by

Un+1 = S (tn, un), On = S+ (tn, u(tn)) — (tng1). (5.1)

We start with an assumption on the stability of the method.
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Assumption 5.1 (Stability) The method applied to (2.8) is stable in the sense
that for all v,w € X, t > 0,

S (t,v) — Sy (t,w) =™ (v —w) + 7T (t,v,w), (5.2)
where J : R x X x X — X is bounded by
17 (¢, v, w)|| < Cg (ol [wl) [l —=wll, & €[0,tena]. (5.3)
Next, we consider the consistency.

Assumption 5.2 (Consistency for order one) The method applied to the
original equation satisfies Assumption (with ¢ = ¢ = 1) and its defect
(5.1) satisfies

16l < C7°,

where C' > 0 is independent of 7 and n.

For second-order methods, our analysis requires a particular structure of the
defect. Before we state this in an abstract way, we briefly motivate it. Most of the
methods we consider are constructed from the variation-of-constants formula

1
Wtnsr) = € ATi(tn) + 7 / cmITAFT (G s i+ 78))ds,  (5.4)
0

where only the integral term is approximated. Hence, this defect can be expressed
as some quadrature error that contains the second derivative in s of

f1(s) = 7f(tn + 75, U(tn + 75)) or fa(s) = 797411 (s), (5.5)

depending on the precise method. Terms of order 72 do not cause any difficul-
ties. However, terms of lower order exist which, in general, require more careful
treatment. From f; we obtain the second-order term

TQJf(tn + 78, U(tn + 75)) ((TA@) A'g(tn + 7-5)) (5.6)

and fo gives in addition the term
72 (1 AW) T TAAS (b, 4 75, Bt + T5)). (5.7)

For these terms property (OF4) needs to be used in order to carry over the local
convergence order to the global error. Similar terms are obtained for the defect

of the splitting scheme (2.4])). Together with the integral in (5.4)), equations (5.6))
and (5.7)) give rise to the following general structure of d,.

Assumption 5.3 (Structure of defects for order two) The defect d,, defined
in (5.1)) of a numerical method applied to the averaged equation (2.8)) is of the form

6n =60 +6P + D, (5.8)

with |Dy|| < C73, where the constant C' > 0 is independent of 7 and n. In
addition, one of the following sets of conditions is satisfied:



Averaged exponential integrators 19

(a) If ¢,9 are filters of order 2, then there exist w, € X and a linear map
n: X — D(A) which satisfy

lwall < C, |2 wnra =) <, (5.92)

IWallxex <C, |2 Wss - W) < (5.9)

[AWnllx x < C, (5.9¢)

with a constant C' which is independent of 7 and n such that 5,@ can be
written as

8 = (T AW wy, 8 = TP Wa (TA®) Au(ty), (5.10)

(b) If » = 1 and ¢ is a filter of order 2, then and hold with w, = 0

for all n.

Remark 5.4 From (5.9) and (OF2) one can directly derive ||8,|| < C72. However,

this would only yield a suboptimal first-order bound in the global error.

The following proposition embeds the methods presented in Section [2.2]in the
abstract framework.

Proposition 5.5 Let Assumptions to be satisfied.

(a) The Strang splitting methods (2.3a)) and (2.3b)) applied to the averaged equa-
tion ([2.8)) satisfy Assumptions [5.1} and (a).
(b) The second-order variant of the Lie splitting (2.4)) applied to the averaged

equation ([2.8]) satisfies Assumptions and (a).
(¢) The exponential Runga—Kutta method ([2.5]) applied to the averaged equation

(2.8) satisfies Assumptions and ().

Proof Assumption is easily verified for all schemes. We only prove part (a) for

the Strang splitting (A, I, A) as the statement for the (f, A, f) variant and part
(c) can be adapted from this proof. We comment on part (b) below.

Let tn4e = tn + 7, Upye = U(tnte), and frie = f(tnte, Unte). Since we
can write the scheme as
ST (tnaan> = eTAan + TegAf(tn-‘rl/Z?egAﬂn)v
the defect is given by
6 = € Mn + Te%Af(tn+1/2,egAﬂn) — Un41
TAF TA~ T—EA T
= reE Pt/ 3 0) - [0 e de
0

=1 + I,

where

T

fl = TegA.fn+1/2 - /e(Tig)AJ?m-g dg
0

fg = Te%A(f(tn+1/27€%A17n) - fn-l-l/?) :
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11 is the quadrature error of the midpoint rule. It can be written in terms of the
Peano kernel k2 as

1
_ / k2 (€) e A AR (1 L i) de
0

1

3 1-€)7A ~ 0 ~(1

47 /Iig(f)e( ) LDJf (tn+§,d5un+§) (A@Aﬁn+§) dg —+ D%)
0

with Hﬁ,(LI)H < C73. Again using the variation-of-constants formula, (OF2

(Aba’), and (A5b’) we obtain

1
T=r® / k(€)™ A A2 (1, 4o BETAT,) de
0

1
—o)r - 0 ~
+T3/HQ(£)€(1 &) A!PJf<tn+E7§Pun+5) (A@AeETAﬂr) df—l—Dn
0
= 1} AWw, + °W, AP Aty + Dy, ,
with HlA)nH < COr3.

To bound I recall that f only depends on the first component of u. Using
(A52’), the variation-of-constants formula, and 71 f,, 1,2 = 0, we have

Hf(tn+1/2,€gAﬂn) - fn+1/2H = Hf(tn+1/2a7rlegAﬂn) - J?(tn+1/277T1?7n+1/2)H
< Clrx) Hm (6%A”En - ﬁn-~-1/2) H
T/2

= C(Tx)Hﬂl(%ﬁzﬂm - /6(7/2_§)Aﬁ”+5 dg)H
<Ctr°, O

since this is just a quadrature error of the (right) rectangular rule.

The properties (5.9a) to (5.9¢) follow directly from Lemma Using the first

order Peano kernel k1, Assumption is verified by writing

1
I = T/m(é)d%(e(lfg)mfnﬁ) d¢
0

as this yields HEH <Cr?foryp=¢=1by and .
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We briefly comment on the scheme (2.4]). The defect can be written as

671 = e‘l’A (an =+ Tf(tn+1/2517n) + ;T(tn_;’_l/z,’ljn)) - ﬂn«kl
= / %(em(anﬂ—g + ff(tn+1/27ﬁn+1—g) + %T(tn+1/2,ﬂn+1—g))) d§
0
.

= /6£A (f(tn+1/2,ﬁn+17§) - JF;nJrlfﬁ) dg

0

2 ~ ~
+ / %egA(%T(thrl/z,unﬂ—g) + AT(tn+1/2,un+1—§)) dg§
0
=I3+1s.

In the first term IA3 we add and subtract Te™/ QAan /2 and get the quadrature

error of the midpoint rule. The term I, admits a similar structure as in 7; and
hence Assumption [5.3] can be verified as before. O

Remark 5.6 We note that method (2.4]) applied to the original equation (2.2)
does not satisfy Assumption

6 Main result for exponential one-step methods

The following result is the last step towards our main Theorem [6.2] It states the
global error of a numerical integrator applied to the averaged equation (2.8]) with
suitable filters satisfying our assumptions (e.g., all the methods of Section [2.2)) is
second order accurate. As before, u denotes the solution of the original problem

(2.2) and % the solution of the averaged problem (2.8)).

Theorem 6.1 (Global error of the averaged problem) Let Assumptions
to be fulfilled. Moreover, let (un)rn be the numerical approzimations of a scheme
applied to the averaged equation that satisfies Assumptions and ‘ Then
there is a 10 > 0 and a constant C. > 0 such that for all T < 19

llun — @(tn)]] < Ce7®,  0<tn =n7 < tena.

The constant Ce and 1o depend on ug, tend, the finite energy K defined in (2.1),
the filter functions, and the embedding constant Cepmp, but are independent of T
and n.

Proof The proof makes use of the error recursion from [9] and adapts techniques
from Theorem 5.3 in [I].

Due to definition of the defect d,,, the global error €, = @(tn) — un can
be written as

gn+1 = S'r(tn»a(tn)) — S'r(tn’un) — On.
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By Assumption the global error satisfies

n n
Enp1 = e"TITAG £ 23" TG (1 (), ug) = Y eI (6.1)
3=0 3=0

The error bound follows from a discrete Gronwall lemma, once we established the
bound

H 3 T, H < Cyr? (6.2)
=0

with a constant Cs being independent of 7 and n.
The proof is done by induction on n. For n = 0, the statement is obviously
true. Hence we assume that for all 0 < k < n it holds

lunll <rx, g —@(tw)]| < Ce7®,  Coi= Cgef)tend,

By Assumption the defect is split into three parts, which motivates to write

S el rAg _ g @)y D)

=0

where
4 - n—j3)TA (£ D = n—4)TA
~£H)~l Ze( 7) 5; )7 £:1’2’ é“;+)1:ze( 7) D
Since ||D;|| < C7% and n7 < tena we easily see
n .
B = <o
§=0

To bound éfﬁ_l, £ =1,2, we define

= ZejTA and F, = Zﬂ(tj).

§=0 3=0

Summation-by-parts, Assumption and (OF4)) yield

. n—j)TA (1) _ (1) (1) (1)
I 9 WRSIU R
n—1
= TBEnAWwo + T3 Z En,jflALD(wj+1 — wj)
§=0
2 TA
=71"En(e™ — I)Bgpwo
n—1 1
+T2 TZEn = 1 7[)@%;(11)]‘4_1711)]')).

j=0
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To bound E; (e — I) we exploit a telescopic sum to get

J
HEj(eTA B I)H _ H ZekTA(eTA _ I)H _ He(j+1)rA B [H <9
k=0

Together with 1} and 1' this yields 1j for 5V instead of ;.

Next we consider en2+1. Again, Assumption 5.3, summation-by-parts, and
(OF4) with x = @ yield

n n—1
ST eI = BWL,AGAF, + 72 Y IR (W, — e TAW, 41 ) ADAF;
j=0 j=0

= °W,Os (e — ) AF,

n—1
+7° ('r > e<“‘j>”‘% (Wj —e T W;41)Os(e™* — I)AFj).
§=0

Here, we have
1 . —TAyr/. _ 1 ;a4 ) . 1 —TA .
;(WJ — € WJ+1) = ;6 (W] — Wj+1) — ;(6 — I)WJ.
The terms can be estimated by ([5.9b)) and ([5.9¢])

e 0 - wia)]

pu Wi —Wj+1)H <C

_Hl(
xex 7T XX

1, 74
TeTA T WH :H - AAW-H <c,
HT(e Wi XX p1(=mA)AW; XeXx

since |p1(2z)| <1 for z € iR.
Next we consider (e”* — I)AF; for j < n. After adding the exact solution we
apply the variation-of-constants formula, (A3’), and (4.5]), which gives

H(eTA — I)AF; H - HA i(e”‘ﬂ(tk) At )+ A i(ﬁ(tk ) — a(tk))H
k=0

k=0
J T .
- | Z/ TIANF (@t + 5)) ds + Aty 1) — o)
k=070
< tenaC(K) + 2K.
This yields 1) for 5;2) instead of §; and together with the results above proves

©2).
Finally, (5.3)), (6-1), (6-2), and €o = 0 give

lent1] = HTZ e(n_j)TAj(tj,ﬂ(tj),uj) — Ze("_j)TA6jH
j=0 =0

< Cor? 41y Carx) &) -

Jj=1
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A discrete Gronwall Lemma thus yields

lEns1] < 72 05 eC7(rx)tena Cor?,

[uns1ll < Na(tnt)l| + [IEns1]l < §rx + Cer? <rx

for 7 <1 < %(%‘)1/2 and the induction is closed. O
Our main result is the following theorem.

Theorem 6.2 Let Assumptions to be fulfilled. Further let (upn)n be the
numerical approzimations of a scheme that satisfies Assumptions and [5.3]

(a) If the method also satisfies Assumptions and is applied to the original
equation (2.2), then there is a 1o > 0 and a constant C1 > 0 such that for all
T <70

lun — u(tn)]| < Cr, 0<tn=n7 <tenq-

(b) Let ¢, such that Assumption is satisfied. Then there is a 70 > 0 and a
constant C2 > 0 such that for all T < 19

lun — u(tn)|| < Car?, 0 <tp =n7 < tend,

if the method is applied to the averaged equation (2.8)).

The constants C1,C2 and 1o depend on ug, tend, the finite energy K defined in
(2.1), the filter functions, and the embedding constant Cepmp, but are independent
of T and n.

Proof Part (a) follows directly from Assumption and equation (6.1]). For part
(b), we simply combine Theorem and Theorem by the triangle inequality

(2-9)-

7 Main result for exponential multistep methods
We briefly indicate how to extend the developed theory to the exponential multi-
step methods of Section The first-order convergence as in part (a) of Theorem
[6-2] is easily shown. To get second order, Assumption [5.1] needs to be modified.
For method (2.6]), we denote the numerical flow by S-(t, vn,vn—1) and obtain
S‘r(t, Un, U’n—l) - ST(t7 Wn, w’n—l) - eTA (U’n - wn) + Tjn;
where Jp, = j(t, Un, Un—1, Wn, wn_1) is bounded by

17all < Cq (Ilonll s lwnll) lvn — wll
+Cg (llvn—all llwn-all) [on—1 — w1, t € [0, tena]-

This yields the following convergence result.
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Corollary 7.1 Let Assumptions to be valid. Consider the numerical ap-

prozimations (un)n from (2.6) applied to the averaged equation (2.8]) with ¢ =1
and a filter ¢ of order 2. Then there is a 79 > 0 and a constant C' > 0 such that
for all T < 19

lw(tn) — un|| < C72, 0<tn =n7 < tend,

where C' and 1o depend on uo, tend, the finite energy K defined in (2.1)), the filter
functions, and the embedding constant Cemp, but are independent of T and n.

Proof We first employ Theorem [£-1] and Lemma [£:2] so again it remains to prove
the error in approximating the filtered solution. As in the proof of [15, Thm. 4.3]
the defect stems from a quadrature error that yields the dominant terms as in
(5.6). Considering the defect
6n = Sr(tn, u(tn), u(tn-1)) — U(tns1),

Assumption (b) is satisfied and a slight modification of the proof of Theorem
yields the assertion. O

For method (12.7)) we have

27'14(

S-,—(t,’l}n,’l)n—l) - ST(t7wn’wn—1) =e€ Un—1 — w’n—l) + Tjn

where J, = J (t,vn,wy) is bounded by
17n]l < Ca (lvall, wnll) lvn — wnll, ¥Vt € [0, tend].
In order to apply the techniques from above we define the modification
xz : Gy (iR) = Cp(iR), x(-) = x(2),
and can state the following result.

Corollary 7.2 Let Assumptions [3.2] to[3.4] be valid and u be the classical solution
of . Consider the numerical approximations (un)n from applied to the
averaged equation with filters x21, x2¢ where 1, ¢ are filters of order 2. Then
there is a 70 > 0 and a constant C > 0 such that for all 7 < 19

[u(tn) —unll < C7%, 0 <tn =n7 < tena,

where C' and 1o depend on ug, tena, the finite energy K defined in (2.1)), the filter
functions, and the embedding constant Cepyp, but are independent of 7 and n.

Proof Since the method stems from a midpoint rule applied to the variation-of-
constants formula the defect is again given with dominant terms similar to
and . If we resolve the error recursion, we only obtain every second defect and
the propagation is driven by €274, As € in is replaced by e??, this can be
combined to conclude the assertion similar to the proof of Theorem [6.1 o
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