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1 Introduction

Unitals of order n are incidence structures consisting of n® + 1 points such that each
block is incident with n 4+ 1 points and such that there are unique joining blocks. In the
language of designs, a unital of order n is a 2-(n® + 1,n + 1,1) design.

Unitals were first constructed by Bose [4] as a series of balanced Kirkman arrangements
(i.e. resolvable Steiner systems) with certain parameters. Bose constructed the geometry
given by the points of the curve with equation X9*! 4 Y9+l 4+ 79+ — () in the projective
plane PG(2, ¢?) and the lines of PG(2, ¢*) containing more than one point of the curve.
In the resulting geometry (today known as classical or Hermitian unital), he found a
resolution, i.e. a partition of the set of ¢>(¢*> — ¢ + 1) lines into ¢* subsets of ¢* — ¢+ 1
lines each.

Since then, unitals were considered as subgeometries of projective planes — in particular,
occurring as geometries on sets of absolute points of suitable polarities —, but they were
also studied in their own right as abstract designs, irrespective of an ambient plane.

In this thesis, we consider a special construction of unitals which is due to Grundhofer,
Stroppel and Van Maldeghem [9]. Inspired by the action of the special unitary group
of degree 2 on the classical unital, they give a general construction for unitals of prime
power order ¢, where the points outside one block are given by the elements of the special
linear group of degree 2 over the finite field F,, which we denote by SL(2,¢). Their
construction is justified by the fact that they found by it a unital of order 4 which is
not isomorphic to the classical unital. We will call the unitals given by this construction
SL(2, g)-unitals.

In Chapter 2 we will be concerned with the special linear group SL(2,¢) and its sub-
groups of orders ¢ and ¢ + 1, since they play a crucial role in the construction of
SL(2, ¢)-unitals.

In Chapter 3 we consider unitals as incidence structures and introduce the construction
of SL(2, ¢)-unitals. We will deal a lot with affine unitals, which arise from unitals by
removing one block (and all the points on it) and can be completed to unitals via a
parallelism on the short blocks. In any affine SL(2,¢g)-unital there are at least two
parallelisms — called “flat” b and “natural” § —, leading to non-isomorphic completions
if ¢ > 3.
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We are interested in automorphism groups of (affine) SL(2, ¢)-unitals, considered in
Chapter 4. We use the isomorphism between the geometry of the short blocks of affine
SL(2, ¢)-unitals and a hyperplane complement of the classical generalized quadrangle
Q(4, q) to determine all possible automorphisms of affine SL(2, ¢)-unitals. Chapter 4 also
includes a proof that in any SL(2, ¢)-unital with parallelism b, there is one block fixed by
the full automorphism group. In Section 4.3, we collect some known classes of unitals
where no block is fixed by the full automorphism group.

In Chapter 5 we introduce a new class of parallelisms, which occurs in every affine
SL(2, ¢)-unital of odd order. Further, we consider translations, i.e. automorphisms of
unitals fixing every block through one point (the so-called center). We determine all
possible translations with center on the block at infinity of SL(2, ¢)-unitals with the new
parallelism and with the parallelism b.

Chapter 6 contains results where we use our knowledge on automorphism groups and
GAP [7] — a system for computational discrete algebra — to search for new affine
SL(2, ¢)-unitals and for further parallelisms. In addition to the non-existence of affine
SL(2, ¢)-unitals under certain conditions, we find three new affine SL(2, ¢)-unitals of
order 8 and several parallelisms for order 4, leading to twelve new SL(2, ¢)-unitals of
order 4. To compute the full automorphism groups and to check isomorphisms between
the new unitals, we use the GAP package UnitalSZ by Nagy and Mez6fi [20].

For the computer searches, we explain all considerations made before using GAP and
subsequently present the results. If you are interested in the specific implementation,
you may find the code in the GitHub repository

https://github.com/moehve/SL2q-Unitals GAP.git

We conclude this thesis with some open questions about SL(2, ¢)-unitals.


https://github.com/moehve/SL2q-Unitals_GAP.git

2 About SL(2, q)

Throughout this thesis, p will be a prime and g := p® a p-power. The finite field of order ¢
will be denoted by F,.

2.1 Linear and Unitary Groups of Degree 2 over Finite
Fields

We will deal a lot with the special linear group of degree 2 over the field F,, which we
denote by SL(2, ¢). Sometimes it will be convenient to consider a special unitary group
of degree 2 rather than the special linear group, which is why we will show certain
isomorphisms between linear and unitary groups of degree 2.

Consider the quadratic field extension Fg . /F, and the unique involutory field automor-
phism
£ qu — qu, =T =z

with fixed field F,. Let h: F2 x F?, — Fp be a Hermitian form, i.e. a sesquilinear

form with h(z,y) = h(y,x) for all z, y € ]F§2. Let M be the Gram matrix of h, i.e.
h(z,y) = aMy'.

We call h nondegenerate if det M # 0. Then we define the unitary group with
respect to h by

U(h) = {A € GL(2,¢%) | Y,y € Fj2 : h(zA, yA) = h(z,y)}
— {A€GL©2,¢) | AMA" = M},

the special unitary group with respect to h as

SU(h) :== U(h) N SL(2, ¢°)
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and the group of similitudes of h as
GU(h) = {A € GL(2,¢*) | Jpua € F2 Va,y € F2 : h(zA,yA) = pa - h(z,y)}
= {A€GL((2,¢®) | 3pa €Fp: AMA" = pyM}.
The factor p4 is called factor of similitude for A € GU(h).

If A’ is another nondegenerate Hermitian form on IF(?Q and M’ its Gram matrix, we call h
and h’ equivalent if there exists T € GL(2, ¢*) with M' = TM T'. Then,

U(h) = T-'U(I)T, SU(h) = T~'SU(K)T and GU(h) = T"'GU(H)T.

Since IF 2 is a finite field, all nondegenerate Hermitian forms on ]ng are equivalent (see e. g.
8, Corollary 10.4]) and thus all resulting (special) unitary groups (groups of similitudes)
are conjugate.

Consider the (nondegenerate) Hermitian form

f: F22 X F22 — FqZ,

(21, 22), (Y1, Y2)) — ST1Ys — ST,

where s € Fj, with trace Trg ,/r,(s) = s+ = 0. Note that the Gram matrix of f is

M= (2%¢) and that M; = ET. We show certain isomorphisms between (projective)
unitary and linear groups, where the proof of the following theorem is adapted from
Stroppel (unpublished).

Theorem 2.1. Let Z = F,, - (§9) denote the center of GL(2,¢%) and let f be the
Hermitian form defined above. Then

(a) GU(f) = Z-GL(2,9),
(b) PGU(f) = PGL(2,q),

(c) SU(f) = SL(2,q).
Proof. Compute first that for any A € GL(2,¢?), we have

AM;AT = det A - M. (%)

Now let A € GL(2,¢) and ¢ € IF; and compute

(cAYM;(cA)T = ce- AM;AT 2 e - det A - M;.
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Hence, cA € GU(f). Conversely, let A € GU(f) with factor of similitude y14. Then

faM; = (aby)" = (AM;A)T = AMGA" = iy My

and hence py = Jig, i.e. pus € F,. Comparing determinants, we get u% = det A - det A
and hence the norm Ng , /r, (det A - p4') = 1. Hilbert’s Satz 90 (see e. g. [14, Theorem
4.31]) gives the existence of u € F such that det A- pu;' =7 -u~!. We compute

]\4JCZT = ,MAA_IMf (;) ,uA(det A)_leAT = uﬂ_leAT

and get uA = (UMf_leZT)T = uA. Hence, uA € GL(2,q) and (a) follows. The
statement (b) follows directly from (a) with the second isomorphism theorem.

Considering (c), we see that if A € SL(2,q) then A € GU(f) with us =det A =1 and
hence A € SU(f). If A € SU(f), then we compute as above

MfZT = uA(det A)ileAT = MfAT
and hence A = A and A € SL(2, q). O
The Hermitian form f appeared to be convenient to show isomorphisms between those
unitary and linear groups. But since the isomorphism type of the considered unitary

groups does not depend on the choice of the nondegenerate Hermitian form in our setting,
we get the following

Corollary 2.2. Let h: ]F§2 X Fgg — Fp be a nondegenerate Hermitian form. Then
PGU(h) = PGL(2,q), SU(h) = SL(2,q) and PSU(h) = PSL(2, q). ]

For further considerations, we will usually choose our Hermitian form A to be
h:F2 x F2 — Fp,
(w1, 72), (Y1, 92)) = 2171 — 202,
with Gram matrix M = ({ % ). The special unitary group with respect to h is

GL(2,¢?) | AMA" = M and det A = 1}
) | 2,y € Fpe and 27 — yy = 1}.



2 About SL(2,q) 2.2 Subgroups of SL(2,q) of Orders q and q+ 1

2.2 Subgroups of SL(2, q) of Orders q and q + 1

While considering SL(2, g)-unitals, we will be interested in certain subgroups of
SL(2, q), namely in the Sylow p-subgroups of SL(2, ¢) and in subgroups of order ¢ + 1.
The Sylow p-subgroups of SL(2, q) are well known to be characterized by their unique
fixed point in the action of SL(2,¢q) on the projective line PG(1,¢q) (see e.g. [13, Satz
[1.8.2]). They have order ¢ and there are ¢ + 1 Sylow p-subgroups, any two of which have
trivial intersection.

We will put some more effort into investigating subgroups of order g + 1. If ¢ is even,
then SL(2,q) = PSL(2,¢). If ¢ is odd, then ¢ + 1 is even and hence each subgroup of
SL(2, q) of order ¢ + 1 contains the unique involution —1. Thus, the quotient of any such
subgroup in PSL(2, ¢) is of order %(q +1). We state the possible isomorphism types of
subgroups of PSL(2, ¢q) with order ¢ + 1 if ¢ is even and with order %(q +1) if ¢ is odd.

Lemma 2.3. Let S < PSL(2,q) be a subgroup of order 2(q+1) where k = (2,9 + 1).
Then:

(a) For g #3 mod 4, the group S is cyclic.

(b) For ¢ =3 mod 4, there are the following possibilities:
(i) S is cyclic.
(ii) S is a dihedral group (and q > 7).
(iii) S = Ay for q =23 or S =S, for q=47.

For each q, there exists exactly one conjugacy class of cyclic subgroups of order %(q +1).
For g =3 mod 4, ¢ > 7, there are two conjugacy classes of groups of type (b)(ii), which
are fused under PGL(2,q). For q = 23 and q = 47, respectively, there are two conjugacy
classes of groups of type (b)(iil), which are also fused under PGL(2, q).

Proof. Using Dickson’s list of subgroups of PSL(2, q) (see e.g. [13, Hauptsatz 11.8.27]),
we see that there are no other possibilities for S. From [13, Satz I1.8.5] we know that
there is exactly one conjugacy class of cyclic subgroups of PSL(2, q) of order %(q +1).

Now let ¢ =3 mod 4 and ¢ > 7 (note that a dihedral group of order 2 is cyclic). The
statement for the exceptional cases of type (b)(iii) can easily be computed using GAP.
For type (b)(ii), we use the isomorphisms PGL(2, q) = PGU(h) and PSL(2, q) = PSU(h),

where h is our Hermitian form with Gram matrix M = (§ % ).
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Let z be a generator of Sg , = {y € Fp [ yy = 1} (note that Sy , is cyclic of order g +1),
let b € F,2 with bb = —1 and consider
A=(}9), B = (U b) and the subgroup Dy = ([A], [B]) < PGU(h).

b0

In PGU(h), we have ord([A]) = ¢+ 1, ord([B]) = 2 and [B~'AB] = [A7!],i.e. Dy is a
dihedral subgroup of PGU(h) of order 2(q + 1). Consider the subgroup

Dy = ([A%,[B]) < Da.

Then, ord([A%]) = 1(g+1) (recall that ¢ is odd) and D, is a dihedral group of order ¢+ 1.
In fact, Dy is a subgroup of PSU(h) since det B = 1 and [A?] = [(é l?z)] =[(%2)] and

det (§9) = 1. Since £(¢ + 1) is even and ¢ > 7, the dihedral group D; has two dihedral
subgroups of order %(q + 1), which are not conjugate in D;, namely

D = (A"} [B]) and D' = ([4"], [BA%).
But D and D’ are conjugate in D, since [A™'BA] = [BB~'A~'BA] = [BA?].

Every dihedral subgroup of PSL(2, ¢) of order %(q+ 1) is contained in a dihedral subgroup
of order ¢ + 1, namely the normalizer of its cyclic subgroup of order %(q + 1) (see [13,
Satz 11.8.4/5]). But the partition of PSL(2, ¢) into conjugacy classes of subgroups in [13,
Satz 11.8.5] also implies that there is only one conjugacy class of dihedral subgroups of
PSL(2,q) of order g 4+ 1, and hence every such subgroup is a conjugate of (the image
of) D;. We have already seen that the two dihedral subgroups of D; of order $(g + 1)
are conjugate in PGU(h) = PGL(2, q). O

We use Lemma 2.3 to determine all subgroups of SL(2, q) of order ¢ + 1.

Definition 2.4. Let £ € N. The generalized quaternion group of order 4k is given
by the presentation

(A,B| A** =1, A"=DB? B'AB = A1),

The generalized quaternion group of order 4 is cyclic and the generalized quaternion
group of order 8 is the quaternion group.

Proposition 2.5. Let S < SL(2,q) be a subgroup of order ¢+ 1. Then:

(a) For g #3 mod 4, the group S is cyclic.
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(b) For ¢ =3 mod 4, there are the following possibilities:
(i) S is cyclic.

(ii) S is a generalized quatemion group and the quotient S/{£1} in PSL(2,q) is a
dihedral group of order 3 (q +1).

(iii) The quotient S/{£1} in PSL(2,q) is isomorphic to Ay for ¢ = 23 or isomorphic
to Sy for q = 47.

For each q, there exists exactly one conjugacy class of cyclic subgroups of order q + 1.
For ¢ = 3 mod 4, q > 7, there are two conjugacy classes of groups of type (b)(ii),
which are fused under PGL(2,q) < Aut(SL(2,q)). For q =23 and q = 47, respectively,
there are two conjugacy classes of groups of type (b)(iil), which are also fused under

PGL(2,q) < Aut(SL(2,q)).

Proof. Since S contains the central involution —1 if ¢ is odd, S is completely determined
by its quotient in PSL(2, q). Again, we use the isomorphisms PSL(2, ¢) = PSU(h) and
SL(2,q) = SU(h).

Let first S == {[(% %)] | =1} < PSU(h) be a cyclic subgroup of order 1 (g + 1), where
k=(2,¢q+1). Then, S:={(%2) |2z =1} < SU(h) is a cyclic subgroup of order ¢ + 1
with S/{+1} = S.

Now let ¢ = 3 mod 4, let x be a generator of Squ and let b € F 2 with bb = —1. Let

further A = ( A ) B = (b o) and let S == ([A],[B]) < PSU(h) as in the proof of
Lemma 2.3 be a d1hedra1 subgroup of order 5((] +1). Then the order of A equals %(q +1),
Ail@t) = B2 = _1 and BAB = A~!. Hence, S = (A, B) < SU(h) is a generalized
quaternion group of order g + 1 with S/{£1} = S,

The statement concerning the conjugacy classes follows from the corresponding statement
for the subgroups of PSL(2, q). ]

Remark 2.6. The proposition shows that, up to the exceptional cases in (b)(iii), each
subgroup of SU(h) = SL(2,q) of order ¢+ 1 is conjugate (in PGU(h) = PGL(2,q)) to
one of the following subgroups.

(a) A cyclic subgroup of SU(h) of order ¢+ 1 is given by {(£2) | z7 = 1}.

(b) For ¢ = 3 mod 4, a generalized quaternion subgroup of SU(h) of order q + 1 is
given by
(A, B) with A = (’”02 %)2) and B = (bo)

where x generates Sy , and bb = —1.
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Using GAP, we find that in SL(2,23), any subgroup of type (b)(iii) is isomorphic to
SL(2,3). In SL(2,47), any subgroup S of type (b)(iii) is isomorphic to a non-split
extension

1-Co—S5S—S;—1

or equally to a non-split extension
1 —SL(2,3) = S — Cy — 1.

A cyclic or generalized quaternion subgroup S < SL(2,q) of order ¢ + 1 may be chosen
as described in the following

Remark 2.7.

(a) Let d € FY such that X? —tX +d has no root in F,, wheret =1 for q even and
t =0 for q odd. Then

Ci={( % atw) | & +tab+db* = 1}

is a cyclic subgroup of SL(2, f order ¢ + 1.

q) of
(b) For ¢ =3 mod 4, let M = ( )ESLQq) be of order ¢ + 1 and let A = M?.
Let x,y € F, with 2* + y* = —1 and let B == (, Y.). Then S = (A, B) is a
generalized quaternion group of order q + 1.

Proof. Consider the extension field F2 O F, as F2 = F,(u) with v* —tu +d = 0.
Consider further the isomorphism

]qu—>{( dba+tb) |a,beFy}, atub— (—%lba—ilztb)a

where det (_Cfib u ftb) equals the norm N , r, (a +ub). Then, C' corresponds to Sg , — the
group of elements with norm equal to 1 in Fj2 — and is hence cyclic of order ¢ + 1.

For ¢ = 3 mod 4, note first that M is a generator of C' and hence ord A = %(q +1)
and A1(@) = —1. Since in a finite field, each element can be written as sum of two
squares, there exist z,y € F, with 22 + y*> = —1. Compute det B = 1, B> = —1 and
B'MB = M~! (and thus also B"'AB = A™'). Hence, S = (A, B) is a subgroup of
SL(2, q) and a generalized quaternion group of order ¢ + 1. O

We want to compute the (isomorphism type of the) stabilizer in the full automorphism
group of SL(2, ¢) for each of the possible subgroups S of order ¢ + 1. We will do this in
Theorem 2.11, after some preliminary work.
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Lemma 2.8. Let m > 2 and let
S:=(AB|A*™ =1,A"=DB*B'AB=A")

be the generalized quaternion group of order 4m. Then every automorphism of S stabilizes
the cyclic subgroup (A).

Proof. Let o be an automorphism of S and assume that A - o = A*B for some k €
{0,...,2m —1}. Then A* - a = (A*B)* = (A*BA*)B(A*BA*)B = B* = 1 and hence
A* =1, a contradiction for m > 2. O

Lemma 2.9. For +1 # A € SL(2,q):
(a) A has eigenvalue 1 <= tr(A) = 2 <= ord(A) = p.
(b) Forp odd: A has eigenvalue —1 <= tr(A) = —2 <= ord(A) = 2p.

Proof. (a) If 1 is an eigenvalue of 1 # A € SL(2,¢), then det(A) = 1 implies that the
second eigenvalue also equals 1. Thus, A is a conjugate of (}?) with » € F) and
hence tr(A) = 2 and ord(A) = p. If tr(A) = 2, then the characteristic polynomial
xa(X) = X?—2X +1 hasroot 1. If ord(A) = p, then A solves 0 = X?—1 = (X —1)?
and hence det(A — 1) = 0.

(b) If —1 is an eigenvalue of —1 # A € SL(2,¢), then A is a conjugate of (_rl _01) with
x € Fy and hence tr(A) = —2 and ord(A) = 2p (since p odd). If tr(4) = —2, then
xA(X) = X% +2X + 1 has root —1. If ord(A) = 2p, then A solves 0 = X% — 1 =
(X2 —1)? = ((X = 1)(X +1))? and hence A has eigenvalue 1 or —1. Eigenvalue 1 is
not possible because of (a) and thus A has eigenvalue —1. O

In the following lemma, we exclude the case ¢ = 3 and k = 2, since then S = (—1) and
# Aut(SL(2,3)) -1y = # PGL(2,3) =24 >2-1-4.

Lemma 2.10. Let S := (s) < SL(2,q) be cyclic of order 3(q + 1) where either k =1 or
qg=3 mod4, g >7andk=2. Then

# Aut(SL(2,9))s < 2e(qg+1).

10
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Proof. Consider the additive span (S); C F2** and the centralizer Cgzx2(S). The linear
representation

2

S — GL(F,)
is irreducible, for assume there is an 1-dimensional S-invariant subspace U < Fg. Then
every vector in U \ {0} is an eigenvector of s with eigenvalue A € Fy. But ord(s) = £,

i.e. ord(\) | (%%, ¢ — 1) and hence A = =£1, contrary to Lemma 2. 9 We thus know by
Schur’s lemma (see e.g. [25, Theorem 1.2]) that Cyax2(S5) is a skew field and, since it is
finite, a field (see e.g. [29, p. 1]).

We show that (S); is a subfield of Cyzx2(S5): Since S is cyclic and hence commutative,
(S)y C C]F3><2(S). Further, (S); is closed under addition and (since S is a group) under
multiplication. Since —1 € S, we have —A € (S)4 for each A € (S);. Let 0 # A € (9).
We know (S); to be an F,-vector space of dimension < d = dimg, (F2**) and hence
there exist ¢; € F,, (not all zero) such that 0 = S>% , ¢;A". Assume ¢y # 0, for otherwise
we may multiply by A™! (recall that Cyzx2(5) is a field). Thus

]I_AZ A”

with ¢, (= %) A" € (S),.
Now we know that (S) and Cyax2(S5) are fields of characteristic p with

#(S)+ < #Cpx2(5).

For k = 1, we have #(S)y > #S > q. For k =2 (and ¢ =3 mod 4, ¢ > 7), assume
#(S), to be a p-power strictly less than ¢. Then

T2 <), <

[\l et

4
p
a contradiction. Hence #(S); > ¢. Assume (S); = F, (and still £ = 2). Then
% =ord(s) | ¢ — 1, but (q;rl,q 1) =2 and %1 # 2, since ¢ > 7. Thus, for both k =1
and k = 2, we have

g < #(S)s < #Cuer(S)
Further, we have #Cngz(S ) < ¢?, for consider the action

CF3X2<S) &% Fg

11
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Let 0 #v € F2 and A € CF3><2(S) with vA = v. Then A — 1 has eigenvalue 0 and thus,
since CF§><2(S ) is a field, A = 1. Hence, the stabilizers of the action are trivial and we get

#Cngz(S) < #FZ = q2.

Further, C]P%XZ(S ) contains F, - 1 as a subfield, which forces #Cngz(S) to be a g-power
and hence #Cmgxz(S) = ¢%. Likewise, #Cngz(S) is a #(S)-power and since #(S), > ¢,
we have #(S), = ¢* and

(S), = C]F3><2(S) =TFpe.

Now we may compute # Aut(SL(2,q))s. See e.g. [21, Theorem 5.6.6] for the fact that
the automorphisms of SL(2, ¢) are exactly the semilinear projective transformations, i.e.

Aut(SL(2,q)) = PT'L(2, q) = PGL(2, ¢) x Aut(F,),

where PGL(2, q) acts via conjugation and field automorphisms act entrywise on a matrix.
This action obviously induces ring automorphisms if applied to IFSX?. Hence, there is a
homomorphism

©: P(Npp2,9)(S)) = Aut((S)4) = Aut(F,2).

We compute
ker p = P(Crr2,)((S)+)) = P(Crr,g)(9))-

Since Fq -1 S CFEXZ(S) = <S>+, we have CFL(2,q)(<S>+) S CFL(Q,q)GFq : ]l) But no non-
linear semilinear map centralizes F,-1 (while all linear ones do) and hence Cry,2,4)(Fq-1) =
GL(2,¢q). Thus we get

ker = P(Caraq)((5)+)) = P(Corag (S)).

Since Cyax2(S5) is a field, Carz,q)(§) = Cpax2(5)* 2 F - 1 and hence

1
=q-+1.

# ker p = #P(CGL(Zq)(S)) = qg—1

Finally,

# Aut(SL(2,q))s = #P(Nrr2,9)(S)) = #kerg - #im ¢
<(qg+1) - #Aut(Fp) =2e(qg+1). O
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2 About SL(2,q) 2.2 Subgroups of SL(2,q) of Orders q and q+ 1

Theorem 2.11.

(a) For C' < SL(2,q) cyclic of order q + 1, we have

Aut(SL(Q, Q>>C = Cq+1 b 026.

(b) Forq =3 mod4, ¢ > 7 and S < SL(2,q) generalized quaternion of order q + 1,
we have

# Aut(SL(2,q))s = e(q + 1)
and Aut(SL(2, q))s is conjugate to a subgroup of Aut(SL(2,q))c.

(c) For q € {23,47} and S < SL(2,q) of type (b)(iii) in Proposition 2.5 or ¢ = 7 and
S < SL(2,q) a quaternion group, we have

Aut(SL(Q, q))g = S4.

Proof. Let C' < SL(2,q) be cyclic of order ¢ + 1. In SU(h) = SL(2, q), we can choose
C={(§3) |27 =1},

according to Remark 2.6. Let ¢: Fp2 — F2, x +— 2P, be the Frobenius automorphism of
order 2e. Then ¢ induces an automorphism of SU(h) of order 2e by (% %) Cp = (gﬁ v )
Obviously, this automorphism stabilizes C. Now consider the subgroup

U= A{[(6a)] [ aa =1} <PU(R).

The group C' is fixed pointwise under conjugation by U. Further, U is cyclic of order
g+ 1, is normalized by (p) and has trivial intersection with (¢) as automorphism groups
of SU(h). Hence,

Aut(SL(2,9))c > Cyyq X Coe

and the statement follows with Lemma 2.10.

Now let ¢ =3 mod 4, ¢ > 7, and let S := (A, B) < SL(2,q) be a generalized quaternion
subgroup of order g+1 > 8. According to Remark 2.6 and again by using the isomorphism
SU(h) = SL(2, q) we may choose

13



2 About SL(2, q) 2.2 Subgroups of SL(2,q) of Orders q and q+ 1

where z generates S]Fq2 and bb = —1. From Lemma 2.10 and the above, we know
Aut(SL(2, q))a) = Aut(SL(2,9))c = U x (¢).

Since all automorphisms of a generalized quaternion group of order greater than 8 stabilize
the subgroup (A) (see Lemma 2.8), we have

Aut(SL(2,q))s < Aut(SL(2, q)) ().

Let [(§2)] € U and compute

Qo
Qo

) B.

BOTBGAY =BG =(5%)=(;

This is in S exactly if a is an even power of x. Now let 1 <[ < 2e — 1. Since ¢ = 3
mod 4, we have p = 3 mod 4 and hence p' — 1 is even for every [ € {1,...,2¢ — 1} and
5(p' — 1) is even exactly if [ is even. Thus,

N 1) = Ny e, (07 1) = (00) ! = (=17 =1

for every | € {1,...,2¢ — 1} and N(b2®@ D) = 1 exactly if [ is even. Hence, '~ is a
power of x, say p'ol = ™, where m =1 mod 2. Compute

This is in S exactly if kp! +m is even, i.e. exactly if
O=kpl+m=k+m=k+1 mod 2.

Hence, for each ¢! € (p) (0 <1 < 2e — 1), there are exactly (¢ + 1) elements u =
[(1 y )] € U such that (u=*Bu) - ¢' € S, and we get

0z
# Aut(SL(2,q))s = 2e - ;(q +1)=e(qg+1).

The cases in (c) are obtained by direct computation, e.g. using GAP. [

14



2 About SL(2,q) 2.2 Subgroups of SL(2,q) of Orders q and q+ 1

Remark 2.12. Since
(59 =00 =0=(9"

for aa =1, we see that U x (%) is a dihedral group of order 2(q+ 1). In particular, if
e =1, then Aut(SL(2,q))c is a dihedral group of order 2(q+ 1).

Qo

Corollary 2.13. Let S < SL(2,q) be a subgroup of order q + 1. Then the stabilizer
Aut(SL(2, q))s is solvable. O
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3 Unitals

We will first consider (affine) unitals as abstract incidence structures, before we introduce
the construction of (affine) SL(2, ¢)-unitals.

3.1 Unitals as Incidence Structures

Definition 3.1. An incidence structure is a triple Z = (P, B, I), where P and B are
disjoint sets and I C P x B. The elements of P are called points, the elements of B are
called blocks and [ is called the incidence relation. We call a point = incident with
a block B if (z,B) € .

We will often use geometric language and say that a point lies on a block or a block goes
through a point if they are incident. We will also say that two points (blocks) are joined
(meet / intersect) if there is a block (point) incident with both of them.

The set of points incident with a block B will be denoted by Pg and the set of blocks
incident with a point x will be denoted by B,.

Definition 3.2. Let Z = (P,B,I) and Z' = (P’,B’,I') be incidence structures. An
isomorphism « between Z and 7’ is a bijective map a: P UB — P’ U B’, where

(i) P-ra=P and B-a=8,
(ii) for every (z,B) e PxB:(x,B)el <= (x-a,B-a)€e .

An isomorphism between Z and Z is called an automorphism and we denote by Aut(Z)
the full automorphism group of Z.

Definition 3.3. Let n € N. An incidence structure U = (P, B, I) is called a unital of
order n if:

(U1) There are n® + 1 points.
(U2) Each block is incident with n 4 1 points.

(U3) For any two points there is exactly one block incident with both of them.

16



3 Unitals 3.1 Unitals as Incidence Structures

Simple counting yields that in a unital of order n there are n? blocks through each point
and n?(n? —n + 1) blocks in total.

Remark 3.4. We will often consider an automorphism « of a unital as bijection on the
point set such that for each block B there is a block B' with Pg -« = Ppr.

Example 3.5. (a) The unital of order 1 consists of two points on one block.

(b) There is only one isomorphism type of unitals of order 2. These are isomorphic to
the affine plane over the field ;.

In the construction of SL(2, ¢)-unitals (see Section 3.2.1), there is one block playing a
special role as “block at infinity”. For this reason, we will deal a lot with affine unitals,
meaning there is “one block missing”. Note that there are many constructions of unitals
(embedded in projective planes), where there is considered only one point at infinity and
hence a unital of order n has n® affine points. However, in this thesis, an affine unital

will always be a block-affine unital.

Definition 3.6. Let U = (P, B, I) be a unital of order n and let B € B be a block of U.
The affine part ?U = (PP, 2B, BI) of U is the incidence structure obtained from U by
removing B and all the points incident with B, i.e.

Bp .= P\ Py, BB := B\ {B}, I = I|spysp.

Definition 3.7. Let n € N, n > 2. An incidence structure U = (P, B, I) is called an
affine unital of order n if:

(AU1) There are n* —n = (n — 1)n(n + 1) points.

17



3 Unitals 3.1 Unitals as Incidence Structures

(AU2) Each block is incident with either n or n 4 1 points. The blocks incident with
n points will be called short blocks and the blocks incident with n 4+ 1 points will
be called long blocks.

(AU3) Each point is incident with n? blocks.
(AU4) For any two points there is exactly one block incident with both of them.

(AU5) There exists a parallelism on the short blocks, meaning a partition of the set
of all short blocks into n + 1 parallel classes of size n? — 1 such that the blocks of
each parallel class are pairwise non-intersecting.

The number of short blocks indicated in Axiom (AUS5) follows indeed from Axioms
(AU1)-(AU4), as shown in the following

Proposition 3.8. Azioms (AU1)—-(AU4) yield: In any affine unital of order n, there
are n?*(n?> —n + 1) — 1 blocks. Through each point go n + 1 short blocks and there are
(n? — 1)(n + 1) short blocks in total.

Proof. Let x be a point of an affine unital, k£ the number of short blocks through x and
[ the number of long blocks through z. Then, by (AU3), k + [ = n?. With (AU1) and
(AU4), we get

n—n—1=k(n—1)+In=(k+n—-k=n*>—k

and hence k =n + 1.
The total number of short blocks is given by
(n*—n)k  (n®*—n)(n+1)

— = - =(n*-1)(n+1)

and the total number of blocks by

(n* —n)(n?* —n—1)

n+1

(n*—1)(n+1)+ =n*n* —n+1)—1. O

It is obvious from the definitions that the affine part U of a unital U satisfies the axioms
of an affine unital. A parallelism as required in (AU5) is given by

g = {B; \ {B} | x € B}.
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The completion of an affine unital to a unital is also possible.

Proposition 3.9. Let U = (P,B,I) be an affine unital of order n and let m =
{Bi,...,B,:1} be a parallelism as required in (AU5). Set

PT=PUr, B":=BU{[c]"} and
I"=1TU{(B;,B)|1<i<n+1,BeB}U{(B;[cx|")|1<i<n+1}.

Then U™ = (P™, B, I™) is a unital of order n, the w-closure of U. We call the block
[0o]|™ the block at infinity and the points B;, 1 < i < n+ 1, the points at infinity.

Proof. The axioms (Ul) and (U2) are obviously satisfied by U™. Any two affine points
are still joined by a unique block. Any two points at infinity are joined exactly by the
block at infinity. Consider an affine point x € P and a point at infinity B; € 7. Since
there are n + 1 short blocks through = and the blocks of each parallel class in 7 are
pairwise non-intersecting, there is exactly one (short) block B € B; incident with z. [

It is clear from the construction that [°/"(U™) = U holds for each affine unital U with
parallelism 7. If U is a unital and B a block of U, then (PU)™# is isomorphic to U via
[00]™ = B.

For the completion of an affine unital to a unital, we used the parallelism required in
(AU5). The existence of such a parallelism must explicitly be required, as is shown by
the following

Example 3.10 ((AU5) is independent of (AU1)-(AU4)). Consider the incidence struc-
ture Z with 24 points, 62 blocks and incidences as indicated in Figure 3.1, where each
column represents one block. For example, if we label the points with 1,2,...,24, the
first block is incident with the points 1, 2, 3 and 4, the second block with the points 1, 5,
6 and 7 and so on. Then, 7 satisfies axioms (AU1)-(AU4) with n = 3, but there is no
parallelism on the short blocks as required in (AU5). Indeed, there is no set of 8 pairwise
non-intersecting short blocks in Z, which can easily be computed using GAP, or with
some patience also manually.

The incidence structure Z can be obtained from an affine unital by slight changes of
incidences. Consider the unital BBTAbstractUnital (1) in the GAP-package UnitalSZ
[20]. This is the first unital in a library of unitals constructed by Betten, Betten and
Tonchev [3]. By removing a suitable block and all the points on it, we obtain the affine
unital pictured in Figure 3.2. The only changes compared to Z are the ones marked with
white circles.
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Figure 3.1: An incidence structure satisfying axioms (AU1)—(AU4), but not (AU5)

St St

Figure 3.2: An affine part of a unital constructed by Betten, Betten and Tonchev
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3 Unitals 3.1 Unitals as Incidence Structures

Note that though we must require the existence of a parallelism in the definition of an
affine unital, this parallelism does not have to be unique. It is therefore not convenient
to require that isomorphisms of affine unitals fix certain parallelisms and we will only
ask them to be isomorphisms of the incidence structures.

It might still be useful to have a notion of two parallelisms being equivalent.

Definition 3.11. Let U be an affine unital and let 7 and 7’ be two parallelisms of U.
We call m and 7’ equivalent if there is an automorphism of U which maps = to 7’

There is a strong connection of two parallelisms being equivalent and the corresponding
closures being isomorphic:

Proposition 3.12. Let U = (P, B, 1) be an affine unital of order n and let 7 and 7’ be
equivalent parallelisms of U. Every automorphism o € Aut(U) with 7 -« = 7’ extends to
a unique isomorphism é&: U™ — U™ with aly = a.

Proof. Let m:={By,..., By} and 7' = {B},..., B, } withBi-a=8; (1<i<n+1)
as subsets of the block set B. We set

r—x-a xTEP,
5 B, — B, 1<i<n+1,
' B+ B-«a, Be€DB,
[00]™ + [oo]™

Then @ is obviously an isomorphism of unitals U™ — U™ with &|y = a. It is the only way
to extend «, since there is only one non-affine block and the points B; and B, respectively,
are the only non-affine points incident with the short blocks. O

Since each automorphism of the w-closure of any affine unital U that stabilizes the
block [0o]™ obviously induces an automorphism of U that fixes 7, we get the following

Corollary 3.13. Let U be an affine unital with parallelism w. The automorphisms of the
m-closure U™ fizing the block [0o]™ correspond exactly to the automorphisms of U fixing
the parallelism 7. O

Example 3.14. An affine unital of order 2 has six points. Through each point go four
blocks, three of which are short blocks, i.e. incident with two points. Hence, the two long
blocks of the affine unital are non-intersecting and there is only one possible isomorphism
type of affine unitals of order 2:
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3 Unitals 3.2 SL(2, q)-Unitals

We still have to find a parallelism. First we notice that there are two possible parallel
classes containing the block 14:

4 d 6 4 ) 6

It is easily seen from the pictures that each of these parallel classes is contained in a
unique parallelism:

It is also obvious that interchanging the points 2 and 3 yields an automorphism of the
affine unital that interchanges the two parallelisms, which are thus equivalent.

Now we may complete the affine unital to a unital of order 2 by adding a block at
infinity and three points at infinity — labeled with the parallel classes , = and

Incidences are as in Proposition 3.9. Since the two parallelisms are equivalent, this is
one way to see that there is only one isomorphism type of unitals of order 2.

3.2 SL(2, g)-Unitals

We are now ready to consider the construction of those unitals which we are mainly
interested in, namely SL(2, ¢)-unitals. As mentioned in the introduction, the construction
of those unitals is due to Grundhofer, Stroppel and Van Maldeghem [9] and motivated
by the action of the special unitary group of degree 2 on the classical unital. We choose
a slightly different approach by using the notion of affine unitals.
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3 Unitals 3.2 SL(2, q)-Unitals

3.2.1 Construction of SL(2, q)-Unitals

Let S < SL(2, q) be a subgroup of order ¢+ 1 and let T < SL(2, ¢) be a Sylow p-subgroup.
Recall that 7" has order ¢ (and thus trivial intersection with .S), that any two conjugates
Th .= h='Th, h € SL(2, q), have trivial intersection unless they coincide and that there
are ¢ + 1 conjugates of T'.

Consider a collection D of subsets of SL(2, ¢) such that each set D € D contains 1, that
#D = q+ 1 for each D € D, and the following properties hold:

(Q) For each D € D, the set
D* ={zy ' |z, yeD, v#y}
contains ¢(q + 1) elements, i.e. the map
(D x D)\ {(z,2) | = € D} = SL(2,q), (z,y) = zy~",
is injective.

(P) The system consisting of S\ {1}, all conjugates of 7"\ {1} and all sets D* with
D e D forms a partition of SL(2,¢) \ {1}.

We will see in the example in Section 3.2.2 that for each prime power ¢ there exists at
least one such collection D.

Set

P = SL(2,q),
B:={Sg|geSL(2q}u{T"g|hgeSL2,q)}U{Dg|De€D,geSL(24q)}

and let the incidence relation I C P x B be containment.
Then we call the incidence structure Ugp == (P, B, I) an affine SL(2, g)-unital.

Although the D € D are not subgroups, we will call the sets Dg (right) cosets of D.
We collect some properties of affine SL(2, ¢)-unitals and show that they are indeed affine
unitals of order q.

Proposition 3.15. Let Ugp be an affine SL(2, q)-unital. Then:

(a) #D =q — 2.
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3 Unitals 3.2 SL(2, q)-Unitals

(b) We denote D == {Dd™" | d € D}. For each E € D, the set

()

D = (D\{D})U{E}
satisfies all the properties required for an affine SL(2, q)-unital and Ugp = Us 5.

The blocks through 1 are exactly S, all conjugates of T' and all elements of the D,
DeD.

(d) SL(2,q) acts as a group of automorphisms on Ugp via multiplication from the right.

(e)

The action is reqular on the point set and we may identify each element x € SL(2, q)
with the point 1 - x.

Usp is an affine unital of order q.

Proof. (a) The size of D can easily be computed using properties (P) and (Q) and the

(b)

(c)

fact that the order of SL(2,¢q) equals (¢ — 1)g(q + 1).

Let E€ D. Then 1 € E, the set F contains q + 1 elements and E* = D*. Since the
sets of right cosets of D and F obviously coincide, the statement follows.

It is clear that in the set of all right cosets of S and all right cosets of the Sylow p-
subgroups exactly the groups themselves contain 1. Now let D € D and g € SL(2, q).
Then 1 € Dg exactly if g7* € D and hence Dg € D.

Clear from the definition of points and blocks.

The number of points of Ugp equals # SL(2,q) = (¢ —1)g(¢+1). Each block of type
Sg or Dg, respectively, is incident with ¢ + 1 points and each block T"g is incident
with ¢ points. For the number of blocks incident with a given point, we consider first
the blocks through 1. Incident with 1 are

1+ (q+D)+(q—2)(qg+1)=¢

blocks. Because of the transitive action of SL(2, ¢) on the points, there is the same
number of blocks through each point. For the same reason, we must only show
that each point different from 1 is joined uniquely to 1. But this is clear from the
partition property (P). It remains to find a parallelism on the short blocks T"g with
q + 1 parallel classes of size ¢*> — 1. One possibility is obviously given by partitioning
the short blocks into the ¢ + 1 sets of right cosets (each of size % =q¢*—1)
of the Sylow p-subgroups. n
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3 Unitals 3.2 SL(2, q)-Unitals

Definition 3.16. Let Ugp be an affine SL(2, ¢)-unital.
(a) We call the sets D .= {Dd~' | d € D}, D € D, the hats of Ugp.

(b) We call the blocks Dg, D € D and g € SL(2, ¢), the arcuate blocks of Ugp.

The following considerations justify the name “arcuate blocks”: Consider SL(2,¢q) as
subset of the 4-dimensional affine space AG(4, q) = Fg“. The elements of the Sylow
p-subgroup T := {(} %) | x € F,} are exactly the points of the affine line

{T+A(G50) | AeFy}

and the elements of each conjugate T", h € SL(2, q), are exactly the points of the affine
line {14+ X(91)"| A € F,}. Further, any block B of an affine SL(2, ¢)-unital is given by
the point set of a line in AG(4, q) exactly if this holds for each coset Bg, g € SL(2,q).
Indeed, in any affine SL(2, ¢)-unital, the short blocks are the only blocks such that three
points lie on the same line in AG(4, q), as shown in Proposition 3.18.

Lemma 3.17. Let g,h € SL(2,q) \ {1} with g # h and assume there exists A\ € F, such
that
g—1=Ah-1).

Then, ord(g) = ord(h) = p.

Proof. Let g .= (2%), h:==(%y %) € SL(2,q) and let A € F, such that g — 1 = A(h — 1).
Since det g = det h = 1, we get

0=ad—bc—1
=AMw—1)+1)-Az—-1)+1) = Nay—1
=Nwz—a2y—w—z+ D)+ ANw—-1+2z—-1)+1-1
=MN2—-w—2)+Nw+z—2)
= (tr(h) —2)A(1 = \).

If A\=0, then g =1 and if A =1, then g = h. Hence, tr(h) = 2 and thus ord(h) = p, see
Lemma 2.9. Further, we get

tr(g) = tr(AM(h — 1)) + tr(1) = A(tr(h) —2) +2 =2

and hence ord(g) = p. O
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Proposition 3.18. Let U = Ugp be an affine SL(2, q)-unital and let B be a long block
through 1 in U. Let further g, h and k be three different points on B. Then there exists
no X € F, such that g —k = X(h — k).

Proof. Let A\ € F, and assume g — k = A\(h — k). Then gk=' — 1 = A(hk~' —1). Since g,
h and k are three different points, we obtain with Lemma 3.17 that

ord(gk™') = ord(hk™') = p.

Assume B = S. Then ord(gk™!) divides #S = ¢ + 1 and is hence different from p. Thus,
B =D e D. But then gk~ is contained in Dk~' € D and ord(gk™") # p because of the
partition property (P). O

Considered in the affine space AG(4, q), the long blocks are hence not lines, but partial
ovoids, in the sense that no three points are collinear. This justifies the name “arcuate”.
Note that the block S (and its cosets) will not be called arcuate because of the special
role of S as the long block through 1 which is a subgroup of SL(2, q).

We are now ready to define SL(2, g)-unitals as closures of affine SL(2, ¢)-unitals.

Definition 3.19. Let Ugp be an affine SL(2, ¢)-unital and let 7 be a parallelism of Ug p.
We call the m-closure of Ugp an SL(2, g)-(7-)unital and denote it by U .

Let P be the set of Sylow p-subgroups of SL(2, ¢). The short blocks through the point 1
in any affine SL(2, ¢)-unital Ugp are exactly the elements of 3. Since they intersect in
one point, any two of them are contained in different parallel classes, irrespective of the
considered parallelism 7. We may thus label the parallel classes in m — and hence also
the points at infinity in any SL(2, ¢)-unital U, — by the Sylow p-subgroups of SL(2, ¢).

There are two parallelisms of affine SL(2, ¢)-unitals to which we will pay more attention,
since they exist for every order ¢ and since they are preserved under right multiplication
by SL(2, q).

One possible such parallelism — the one mentioned in the proof of Proposition 3.15
— is the partition of the short blocks into the ¢ + 1 sets of right cosets of the Sylow
p-subgroups. Multiplication from the right by SL(2, q) fixes each parallel class. We will
call this parallelism “flat” and denote it by the musical sign b:

b= {T-SL(2,q) | T € P}.

The notion “flat” indicates that this parallelism is, though the most obvious, not the one
having the “nicest” properties. The parallelism which will turn out to be more “natural”
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— and is hence denoted by the musical sign fj — is given by the partition of the short blocks
into the ¢ + 1 sets of left cosets of the Sylow p-subgroups:

n={SL(2,q)-T | T € B}.

Each left coset g7 of a Sylow p-subgroup 7' equals the right coset 79 ¢ and is hence a
(short) block in any affine SL(2, ¢)-unital. Right multiplication with h € SL(2,¢) maps a
left coset gT to the left coset ghT". The action of SL(2,q) is thus conjugation on the
(labels of the) parallel classes of f.

The two parallelisms b and § are in fact the only two parallelisms in any affine SL(2, ¢)-
unital that are preserved under right multiplication by SL(2,¢), as shown in Propo-
sition 3.22. Recall first the following well-known lemma about normalizers of Sylow
p-subgroups (see e.g. [14, p. 81]).

Lemma 3.20. Let G be a finite group, P a Sylow p-subgroup of G and H a subgroup of
order p’ contained in the normalizer N(P). Then H < P. O

Lemma 3.21. Any two different Sylow p-subgroups of SL(2,q) generate SL(2,q).

Proof. Let first Th = {({%) | x € F,} and T, == {(;?) |y € F,}. We show (T UTy) =
SL(2,¢q). Let (¢%) € SL(2,q) and assume without restriction ¢ # 0, for else we have

d # 0 and consider (“jbg) = (2% (19). Compute

111 10V (12@-1)Y _ (a i1 13d-1)) _ (e t(ad—ata—1)\ _ (ab

(0 °(1 )) (c?) (0 C(l )> - (c °(1 )> (0 C(l )) - (c d—141 ) =(¢a)
since ad — bec = 1. Thus, (T1 UT,) = SL(2, q).

Now let P,Q € B, P # @, and consider the set A .= {P? | z € Q}. Assume P* = PY
with 7,y € Q. Then xy~! € Q N N(P) and hence z = y, according to Lemma 3.20.

Obviously, @ ¢ A and we get AU{Q} = PB. Thus, for any two different Sylow p-subgroups
P and @ of SL(2, q), we have

SL(2,q) > (PUQ) > (JAU{Q}) = (UR) > (11 UTy) = SL(2,q). O

Proposition 3.22. Let Ugp be an affine SL(2, q)-unital with parallelism m such that
right multiplication by SL(2,q) preserves . Then m € {b,1}.

Proof. Let T € B and let [T'] denote the parallel class of 7 containing the short block 7.
Since right multiplication with ¢ € T" fixes the block T', it fixes also the parallel class [T]].
We distinguish two cases.
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Assume first that [T] contains exactly the ¢ — 1 left cosets of T. Then, for each
h € SL(2,q),

[T]-h={gT | g€SL2,q)}-h={gTh|geSL2,q)} ={ghT" | g € SL(2,9)},

which equals the set of left cosets of 7" and must be a parallel class of 7. Hence, each
parallel class of 7 is the complete set of left cosets of some Sylow p-subgroup, meaning
=1

Assume now that [T'] contains at least one short block T"g = gT™"9 which is not a left
coset of T, i.e. T" # T. Then, right multiplication with T as well as right multiplication
with T"9 fixes a block in [T'] and hence also the parallel class [T']. Since (TUT") = SL(2, q),
according to Lemma 3.21, right multiplication with SL(2, ¢) stabilizes [T'] and [T] equals
the set of right cosets of T'. The same reasoning works for each parallel class and hence
T =b. O

3.2.2 Example: The Classical Unital

We will now see that for each prime power ¢ = p, the classical (Hermitian) unital of
order ¢ is an SL(2, ¢)-unital. Since the construction of SL(2, ¢)-unitals was inspired by
the action of the special unitary group of degree 2 (isomorphic to SL(2, ¢)) on the classical
unital of order ¢ (see [9]), this should not come as a big surprise.

Consider the Hermitian form
H:Fh xF — Fp,
(1, 22, 23), (Y1, Y2, Y3)) > T1T1 — T2l — 373,

where - Fp2 — Fp2, 2+ T = 2%, denotes the involutory field automorphism with fixed
field F,.
Then the classical unital of order q is defined' as U = (P, B, ) with

P ={[v] =Fgp-v|veF:L\{0}and H(v,v) = 0},

! In terms of projective geometry, the points of the unital are those points of the classical projective
plane PG(2, ¢%) that satisfy the equation

Xq+1 _ yq+1 _ Zq+1 —0.

The blocks of the unital are the projective lines in PG(2, ¢?) which contain more than one point
of the unital. For a survey of unitals embedded in finite projective planes, see the monograph of
Barwick and Ebert [2].
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3 Unitals 3.2 SL(2, q)-Unitals

B:={W <F.|dimW =2and #{P € P | P < W} > 1} and
I ={(P,B)ePxB|P<B)}.

This incidence structure is indeed a unital, as was already shown by Bose in [4, Sections
4 and 5] or can also be looked up in [2, Chapter 2].

We fix the block B = {((1,0,0),(0,1,0)) and consider the affine part 5U. (Note that
#{Pe€P|P<B}=q+1and hence B € B.) The point set of PU is

Bp = {[z,y,1] | 2,y € Fp2, 2T — yy — 1 = 0}
= {(z,y) € ng | 2T — yy = 1}.
Let h as in Chapter 2 denote the Hermitian form
h: F22 X IFzQ — FqQ,
((z1,22), (Y1, ¥2)) = 2171 — 2272,
and M = (} %) its Gram matrix. The special unitary group with respect to h is
SU(h) = {(g%) | 2,y € Fpe and 27 — yy = 1}
~ Bp

where multiplication on #P is given by (z,y) - (w, 2) == (zw + yZ, vz + yw). In particular,
BP is closed under right multiplication by SU(h).

We fix 1 := (1,0) € PP and describe the blocks through 1, i.e. the affine lines of Fzg
through (1,0) which contain more than one point P € ZP:

1. The line (1,0) 4+ F2(0,1) meets ®P only in 1, it is no block of, but a tangent to the
unital.

2. The intersection of (1,0) + F2(1,0) with #P is
C"={(x,0) | zT = 1}.

Note that €’ < SU(h) equals the cyclic subgroup of order ¢ + 1 which is given in
Remark 2.6 (a).

3. Let s € F 2, s5= 1. The intersection of (1,0) + F(1,s) with ZP is

T ={(1+x,zs8) | 2+ T = 0}.
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3 Unitals 3.2 SL(2, q)-Unitals

The sets T7, ss = 1, are exactly the ¢ + 1 Sylow p-subgroups of SU(h).
4. Let t € Fpe, tt ¢ {0,1}. The intersection of (1,0) + F2(1,?) with PP is

H ={(1+zat) | z+7=(tt — 1)aT}.

Lemma 3.23. The sets H;, tt ¢ {0, 1}, satisfy property (Q) and
H|={H-d'|de H}={H|cc=ti}.

Proof. Let d .= (1+y,yt) € H \ {(1,0)} and (1 4 z,2t) € H;. Compute

(1 +a,at)-d =1+ z;<y — )tz — v)),

using d~! = (1 + 7, —yt) and (1 —tf) = —(y + ¥)(yy) "' Let ¢ := —yy't. Then cc = tt
and (1+ x,2t)-d~' € H..

Now let (1+x,xt), (14w, wt) € H] and (14+y,yt), (1 + 2, 2t) € H/\ {(1,0)} and assume
(1+x,2t)- (1+y,yt) = (14+w,wt) (1+2,2t)" . Thenz—y=w—zand gy =z271.
With g = (tt — 1)yg —y and Z = (tt — 1)2Z — z, we get y = 2z and hence x = w. A similar
computation holds for y = 0.

Since #{H. | cc = tt} = ¢+ 1 and #H, = g+ 1 for all ¢ with c¢ ¢ {0, 1}, the lemma
follows. O

Choose an arbitrary set H' = {Hj,..., H; ,} of representatives of the H!. Then C', the
groups 17 and the sets (H))*, i € {1,...,q — 2}, satisfy property (P), since they intersect
only in 1 and have appropriate cardinalities. Right multiplication by SU(h) induces
affine maps on F2, and fixes thus the block set of the affine classical unital "U.

In the classical unital U, each block T7, ss = 1, meets the block B in the point [1, s, 0] € P.

Since
(a,b) - (1,8) = (a+bs,as +b) = (a+b3)(1,s)

for each (a,b) € SU(h), each left coset of T, meets the block B in [1, s, 0] as well.
Let ¢: SU(h) — SL(2, ¢) be an isomorphism and set
C=C"-+¢ and H={Hy,...,H, o} with H; == H, - 1.

Then it follows from the above that Ugy is an affine SL(2, ¢)-unital such that the
corresponding affine unital in SU(h) coincides with the affine classical unital #U and
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such that the corresponding unital to the g-closure IUHQH coincides with the classical
unital U. Independent of the specific choice of 9, we will call Ucy the classical affine
SL(2, g)-unital and Uhch the classical SL(2, g)-unital. Note that since there is only
one conjugacy class of cyclic subgroups of order ¢ + 1 in SL(2, ¢), we may choose 1) such
that C' equals the cyclic subgroup given in Remark 2.7.

In [9, Example 5.5], Grundhofer, Stroppel and Van Maldeghem state that the unital
U%’H coincides with a unital described by Griining, that can be embedded in a Hall plane
and in its dual, see [11].

There are hence at least two non-isomorphic SL(2, ¢)-unitals U% ; for each prime power
q > 3, namely the classical and the Griining unital, which differ only in the parallelism 7,
i.e. in the incidences of the points at infinity with affine short blocks. Further variations
could be obtained by changing the group S for ¢ =3 mod 4 or the set D. Changing S
or D does indeed not affect the parallelism 7, so the choice of a pair (5, D) such that
Ugp is an affine SL(2, ¢)-unital is independent of the choice of a parallelism on the short
blocks to obtain an SL(2, g)-unital U .

In [9], Grundhofer, Stroppel and Van Maldeghem present an affine SL(2,4)-unital U¢ ¢
which is not isomorphic to the classical affine SL(2, 4)-unital.
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4 Automorphism Groups

We are interested in automorphisms of (affine) SL(2, ¢)-unitals. Since any automorphism
of affine SL(2, ¢)-unitals maps short blocks to short blocks, we will first consider the
incidence structure & given by the points and short blocks of an affine SL(2, ¢)-unital.
Note that the short blocks are the same in every affine SL(2, ¢)-unital, independent of
the choice of S and the set of arcuate blocks D.

4.1 Automorphisms of the Geometry of Short Blocks

There is a strong connection between G and a hyperplane complement of the classi-
cal generalized quadrangle Q(4,q). We will first give the definition of a generalized
quadrangle.

Definition 4.1. Let s, € N. A generalized quadrangle @) = (P,B,) of order
(s,t) is an incidence structure satisfying the following axioms:

(Q1) Each block is incident with s+ 1 points.
Q2

(Q2)
(Q3) For any two points there is at most one block incident with both of them.
(Q4)

Each point is incident with ¢ 4+ 1 blocks.

For each non-incident pair of a point p and a block B, there is exactly one block
through p that intersects B.

Following Payne and Thas [24, p. 1] and unlike Van Maldeghem [27, pp. 5 sqq.], we do
not require a generalized quadrangle to be thick (meaning s,t > 2).

Let 9 be a quadric of Witt index 2 in the projective space PG(d, q), i.e. Q contains lines,
but no planes of PG(d,q). The points and lines (with the natural incidence relation)
of 9 form a generalized quadrangle (see e.g. [27, Section 2.3]), which is usually called a
classical (orthogonal) quadrangle. Over the finite field of order ¢, there are up to
similitudes and change of basis only three non-degenerate quadratic forms

d+1
F, = F,

32



4 Automorphism Groups 4.1 Automorphisms of the Geometry of Short Blocks

of Witt index 2, one for each d € {3,4,5} (see e.g. [1, Section IIL.6]). There are hence for
each ¢ only three isomorphism types of projective quadrics of Witt index 2 in PG(d, q)
and we may denote the classical orthogonal quadrangle in PG(d, q) (with d € {3,4,5})

by Q(d, q).

We are mainly interested in the classical generalized quadrangle Q(4, ¢). This quadrangle
is given by the projective quadric with equation

2
T123 + Toxy + x5 = 0

in the projective space PG(4, ¢) and has order (g, q). The intersection of Q(4, q) with the
hyperplane x5 = 0 of PG(4, q) is a geometric hyperplane of the generalized quadrangle,
i.e. each block of the quadrangle either lies completely in the hyperplane or intersects
it in exactly one point. This geometric hyperplane is also a subquadrangle, isomorphic
to the classical generalized quadrangle Q(3, ¢), which is given by the projective quadric
with equation

123 + Toxy =0

in the projective space PG(3, ¢q). The generalized quadrangle Q(3,¢) is a grid; it consists
of (¢ + 1)? points, each on 2 blocks, and each block is incident with ¢ + 1 points.

Note that every hyperplane in Q(4,q) with the structure of a (¢ + 1) x (¢ + 1)-grid is
given by a hyperbolic quadric in PG(3, ¢), since it is spanned by two non-intersecting
blocks. Since any two hyperbolic quadratic forms in PG(3, ¢) are equivalent, any two
such hyperplanes are isometric. Using Witt’s Extension Theorem (see e. g. [28, Theorems
6.4 and 7.6]), we conclude that the full automorphism group of Q(4, ¢) acts transitively
on the set of all hyperplanes isomorphic to Q(3, q).

Let P = {T1,...,T,4+1} be the set of Sylow p-subgroups of G := SL(2, q). Following Payne
and Thas in [24, Section 10.7], we consider the incidence structure Qg == (Py, By, Iy),
constructed as follows.
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4 Automorphism Groups 4.1 Automorphisms of the Geometry of Short Blocks

Py consists of two different kinds of points:
(a) Elements of G.
(b) Right cosets of the normalizers Ng(T;), 1 <i < g+ 1.

Note that there are (¢ — 1)g(¢q + 1) points of type (a) and (¢ + 1)? of type (b), since the
number of right cosets of each Ng(T;) equals g + 1.

By consists of three kinds of blocks:
(i) Right cosets of the groups T3, 1 <i < g+ 1.
(ii) Sets M; = {N¢(Ti)g| g€ G}, 1 <i<q+1.
(iii) Sets L; = {gNg(T;) | g€ G}, 1 <i<q+1.

Each block of type (i) is incident with the points of type (a) contained in it and with the
point of type (b) containing it. The blocks of type (ii) and (iii) are incident with the
points of type (b) contained in it. Note that each left coset g Ng(7;) equals the right
coset (Na(T3))?' g = Ne (I )g.

The incidence structure Qg is a span-symmetric generalized quadrangle of order (g, ¢)
(see [24, 10.7.8]) and hence isomorphic to Q(4, ¢), see [26, Theorem 1.1]. The restriction
to the points of type (b) and the blocks of type (ii) and (iii) is a geometric hyperplane
Hy of Qp and a (¢ + 1) x (¢ + 1)-grid with two block spreads {M; | 1 <i < ¢+ 1}
and {L; | 1 <i<q+1}.

Two different blocks T;g and T;h meet exactly (in a point of type (b)) if gh™' € Ng(T;).
The blocks of type (i) incident to a point Ng(T;) of type (b) are thus exactly the right
cosets of T; which are left cosets of the same 7). Hence, the blocks of type (i) meeting
the block M; are exactly the right cosets of T; and the blocks of type (i) meeting the
block L; are exactly the left cosets of T;.

Obviously, the hyperplane complement @y \ Hy coincides with the incidence structure &
given by the points and short blocks of an affine SL(2, ¢)-unital. The parallel classes of
the parallelism f coincide with the sets of blocks in Qs meeting the same block L; and
the parallel classes of the parallelism b coincide with the sets of blocks in () meeting
the same block M;.

We are interested in the full automorphism group of the hyperplane complement Qg \ Hyp.
Consider the quadratic form

.5 _ 2
fiF, = Fy, v = (x1,...,05) = 1103 + 2274 + 75,
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and the quadratic space V = (IFy, f). The automorphisms of Q(4,¢) are exactly the
semilinear projective similitudes of V', see e.g. [12, Theorem 8.1.5]. Hence,

Aut(Qy) = Aut(Q(4, q) = PTO(f) = PGO(f) x Aut(F,).

In any thick classical generalized quadrangle, the automorphisms of a hyperplane com-
plement are exactly the automorphisms of the quadrangle stabilizing the hyperplane (see
(23, Lemma 2.3]).

Let H be the hyperplane of Q(4,¢) induced by the projective hyperplane x5 = 0 of
PG(4,q). Clearly H is stabilized by the automorphisms of Q(4,¢) induced by field
automorphisms. Let

0 1

Mi=1"0 | 0
0 0 0 0

— o oo O

be a matrix describing f. The polar form of f is defined by

Fo x FS — Ty, (2,y) = flz+y) — f(z) — f(y),

and has Gram matrix M = My + M/ . Let [A] € PGO(f), i.e. AMAT = psM with
pa € F,, and assume [A] stabilizes H. Then [A] stabilizes also the orthogonal complement
of H with respect to the polar form of f and hence A is of the form

Ao ( X 10 )
o |a
with X € Fg“ and a € F,. The factor of similitude for A is s = a®. Choose the
representative A == a~'A € [A]. Then

Qi ( X0 )
o1
with X=a"'X and hence X € O(f), where f is the quadratic form

f: F3—>]Fq, x=(T1,...,T4) = T123 + ToZy,
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and O(f) = {M € GO(f) | pas = 1} is the orthogonal group. We thus have

Aut(Q(4,))a = O(f) » Aut(E,).

Since Aut(Q(4,q)) acts transitively on the set of hyperplanes isomorphic to Q(3,q),
we have

Aut(6) = Aut(Qy \ Hy) = Aut(Q(4, ¢))n = O(f) x Aut(F,).

We use this knowledge of the isomorphism type of Aut(&) to specify the action of Aut(&)
on the incidence structure &. We already know that SL(2, ¢) acts via right multiplication
as a group of automorphisms on &. Applying automorphisms of SL(2, ¢) to the point
set of G also induces automorphisms of & and so does inversion, since the set of short
blocks of any affine SL(2, g)-unital is given by the set of all right cosets of the Sylow
p-subgroups of SL(2, ¢), and every left coset of a Sylow p-subgroup T is a right coset of a
conjugate of T'.

Let R ={pn | h € SL(2,9)} < Aut(&) denote the subgroup given by right multiplication
of SL(2, q), where p, € R acts on & by right multiplication with A € SL(2, ¢). Let further
2 < Aut(S) denote the subgroup given by automorphisms of SL(2,¢) and I < Aut(&)
the cyclic subgroup of order 2 given by inversion. For those automorphisms o € 2 which
are given by conjugation with a € GL(2,q), we write a = 7,.

Lemma 4.2. Aut(6) = (™A x ) - R.

Proof. From the above, the product 2 - I - R is a subset of Aut(&). The product A - I
is direct (and in particular a subgroup of Aut(&)), since 2 and I commute and have
trivial intersection. The group R has trivial intersection with 2 x I, since 2 and I fix
the point 1, while all non-trivial automorphisms in R have no fixed point. Hence we may
compute

#((RAXT)-R)=#A-#I-#R
=e(q—1)glg+1)-2-(¢—1)q(g+1)
= 2e(q —1)°¢*(¢+1)%.

From the above as well, we know Aut(&) to be isomorphic to O(f) x Aut(F,). But
#0(f) = 2(q — 1)%¢*(q + 1), see [28, Theorems 6.21 and 7.23 with v = 2 and § = 0],

and the lemma follows. O
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Lemma 4.3. 2 normalizes R in the full automorphism group of &.

Proof. Let o € A, pp, € R and let x € SL(2, ) be a point of &. Then

z-(atppa) = ((z-aHh)-a=z(h-a) =2 ppa. O

Since 2 and R have trivial intersection, we thus know the product of 2l and R to be
semidirect.

4.2 Automorphisms of (Affine) SL(2, q)-Unitals

We use the knowledge of the full automorphism group of the incidence structure & of
the short blocks to compute automorphism groups of (affine) SL(2, ¢)-unitals. At first,
we show that inversion can never be involved in an isomorphism between affine SL(2, q)-
unitals.

Theorem 4.4. Let ¢: Usp — Ug p be an isomorphism of affine SL(2, q)-unitals. Then
U = app, with p, € R and o € A such that S - o= 5'.

Proof. An isomorphism of affine SL(2, ¢)-unitals maps short blocks to short blocks and is
hence an automorphism of &, since the incidence structure of the short blocks is the same
in every affine SL(2, ¢)-unital. We thus know ¢ € Aut(&) = (2 x I) - R. Let ¢ = «ipy,
with ¢ € [ inversion or identity. Then

S =S (aipy) = (S-a)h,

since S is a group and a an automorphism of SL(2,¢q). Since right multiplication by
SL(2, ¢) induces automorphisms in every affine SL(2, ¢)-unital, S - « is a block in Ug pr
that contains 1 and is a subgroup of SL(2, ¢) of order ¢ 4+ 1. The only block with these

properties is S and hence S - a = S’. Assume i to be inversion and choose g € SL(2, q)
with g - a € N(S’). Then

(Sg) - = (Sg) - (aipn) = ((S-a)(g- ) th=(5")"(g-a)"h.

Sg is a block of Usp and hence (S")9* is a block of Ugp with 1 in (S5')7* and
(57)9* < SL(2,q) is a subgroup of order g + 1. But (5")9* # S’ because of the choice
of g, a contradiction. O]

Lemma 4.3 and Theorem 4.4 yield:

37



4 Automorphism Groups 4.2 Automorphisms of (Affine) SL(2, q)-Unitals

Corollary 4.5. Let Usp be an affine SL(2, q)-unital. Then
Aut(US,D) < Q[S X R. ]

Proposition 4.6. Aut(Ucy) = e X R.

Proof. We use the description of the classical affine SL(2, ¢)-unital in SU(h) = SL(2, q),
as given in Section 3.2.2. According to the proof of Theorem 2.11, Aut(SU(h))cr = (U, ¢)
with

U={yw|u=(}§2) witha€Fp,aa=1}
and ¢: Fp2» — Fg the Frobenius automorphism of order 2e. It remains to show that

(U, ) fixes the set H'. But an easy computation shows that

Hy-p=Hj,and (§3)" H{(§$) = H,

at

with H', = HI. O

We have already seen that right multiplication by SL(2,¢) preserves each of the two
parallelisms b and f. Since those two parallelisms consist of the sets of right resp. left
cosets of the Sylow p-subgroups, they are obviously also preserved under automorphisms
of SL(2, ¢). With Corollary 3.13, we get the following

Corollary 4.7. Let m € {b,t} and let Usp be an affine SL(2, q)-unital. Then
Aut(Ug p ) o) = Aut(Us,p)

and in particular Aut(UZ 3) 00 = ™Ac X R. O

We will now have a closer look at SL(2, ¢)-unitals with parallelism b or f.

Definition 4.8. A translation with center c of a unital U is an automorphism of U
that fixes the point ¢ and each block through c.

We call ¢ a translation center if the group of all translations with center c acts
transitively on the set of points different from ¢ on any block through c.

Lemma 4.9. Let Usp be an affine SL(2, q)-unital. The Sylow p-subgroups of SL(2, q)
act via right multiplication as translation groups on [UhS’D with translation centers on [00].

For each T € B, the group Ry = {p, | t € T} is the full group of translations with
center T'.

38



4 Automorphism Groups 4.2 Automorphisms of (Affine) SL(2, q)-Unitals

Proof. Each group Ry, T € B, acts as a group of translations with center T € [o0]
on Ug’p, since Ry fixes each block T9 ' g = ¢T through the point T. The point T
is a translation center, since Ry acts transitively on the points different from 7" on
each block g7'. Now the group G|q of all translations with center ¢ of a unital U acts
semiregularly on U\ {c}, see [10, Theorem 1.3|. Thus, if ¢ is a translation center, then
G|g acts regularly on the set of points different from c on any block through ¢ and the
order of G equals the order of U. O

We use this statement on translations and a theorem of Grundhéfer, Stroppel and
Van Maldeghem to show that the block [o0] is fixed by every automorphism in any
non-classical SL(2, ¢)-g-unital.

Proposition 4.10. Let Uhsp be a non-classical SL(2, q)-i-unital. Then
Aut(U% ) = Aut(U% 1) o) -

Proof. Assume that there is an automorphism of UH&D not fixing [oo]. Since all points
on [oo] are translation centers (see Lemma 4.9), there are thus three non-collinear
translation centers of Ugp. Then Ugp is the classical unital, as is shown in [10]. O

Griining showed that in each Griining unital chﬂ, the block [oo] is fixed by every
automorphism (see [11, Lemma 5.5]). We will show this for every SL(2, ¢)-b-unital U 5,
of order ¢ > 3, independent of the group S and the set D. Note that there is only one
isomorphism type of unitals of order 2 (see e. g. Example 3.14). These are represented by
the classical unital and admit hence a 2-transitive automorphism group, which implies
that no block is fixed by the full automorphism group.

Definition 4.11. Let G be a group. The commutator series (G™),,cy, of G is defined
by
GO =q, ¢W .= [g* Y gk for k> 1.

The stable commutator (,cy, G™ will be denoted by G“).

Theorem 4.12. Let U’S,D be an SL(2, q)-b-unital of order ¢ > 3. Then every automor-
phism of Uy, fizes the block [oc].

Proof. We exclude the small cases ¢ = 3 and g = 4 first: For ¢ = 3, there is only one
isomorphism type of affine SL(2, ¢)-unitals (see [9, Theorem 3.3]), namely the classical
affine SL(2, ¢)-unital. Hence, its b-closure is the Griining unital and the theorem holds.
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For ¢ = 4, an exhaustive computer search using GAP showed that there are only two
isomorphism types of affine SL(2, ¢)-unitals (see Chapter 6) and none of their b-closures
admits automorphisms which move the block [oo].

Recall that right multiplication by SL(2, ¢) fixes each parallel class of the parallelism b
and that hence the group R < Aut(U% p)(« fixes each point on [oo].

Assume existence of an automorphism a € Aut(U%p) with [0o] - a # [oo]. Since R
acts transitively on the affine part of U%p, assume without restriction 1 € [o0] - a.
We distinguish two cases.

Case 1: The block [00] - a intersects [o0], i.e. [oo] -a =T for T < SL(2,q) a Sylow
p-subgroup.

Assume first that o does not fix T' as a point. Then [oo] - @' meets [oo] in the point

T-a ' # T. Choose h € SL(2,q) such that ([cc] - ™)k # [00] - @”!. Then the
automorphism a~!p,a moves [0o] and we know T - (o !ppa) = T as a point, since
T-at €[]

Lo T
~_
Ph 1
[oc] -a™t - py, o] - [o00] - v

We may thus assume without restriction that « fixes T as a point. The group
Rr={peR|teT} <R

acts regularly on Py \ {T'} and trivially on [0o]. Hence, the group of automorphisms
aRrpa™! acts regularly on [oo] \ {T'} and trivially on [oo] - a~!. In particular, an affine
point is fixed and we have

q = #aRpa™t | #Aut(Ubsyp)[oo],ﬂ | # Aut(SL(2,9))s.

According to Theorem 2.11, this implies ¢q | 2e(q+ 1) or ¢ | e(¢ + 1), since 24 = #8S, is
not divided by 7, 23 or 47, respectively. Now (¢,q + 1) = 1 and g = p® > e, as can easily
be shown by induction on e. Hence, ¢ = p° | 2e. Since p® > e, this implies p = 2 and
2¢71 | e. Again, induction shows that 2! > ¢ if ¢ > 3. It remains ¢ € {2,4}, but we are
only interested in ¢ > 3 and have already excluded the case ¢ = 4.
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Case 2: The block [0c] - 3 does not meet [oo] for any automorphism § € Aut(U%p) with

[oc] - B # [o0].

Recall the assumption 1 € [oo] - a. Since [00] - @ does not intersect [00], we know
[oo] - o # T for any Sylow p-subgroup T' < SL(2, q).

We show that no two blocks in the orbit [oo] - Aut(U% ) may intersect in one point:
Let ¥ € Aut(U% p) such that [oc] - a # [00] - ) and assume without restriction that the
two blocks [oo] - @ and [oo] - i intersect in the point 1. Then the automorphism ada ™!
moves the block [oo]. Let =1 -9~ € [00] - a. Note that, other than indicated in the
picture, = does not have to be different from 1. Then (z - a™') € [oco] and

(z-a™) - (ada)=1-a " € [o0].

Hence, the automorphism ada™' moves the block [0o] to a block intersecting [oo],

a contradiction to the requirement.

1-a7t T

For any arcuate block D through 1 and 1 # d € D, it holds that Dd~! is a block different
from D such that D and Dd~! intersect in the point 1. Since right multiplication by d~!
is an automorphism of UED, the block [oo] - @ may thus be none of the arcuate blocks.
Hence, [0o] - @ = S. Since R < Aut(U%p) and every affine point is contained in a right

coset of S, we have
Oe) = [00] - Aut(U ) = {Sg | g € SL(2,9)} U{[o0]}.

[o0]

q*> — q blocks

=e
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Table 4.1: Degrees of affine 2-transitive groups

Degree Gy Condition

fdd SL(d7 f) S GO S FL<da f)

f2

fﬁ

f f=05%"72,112,23% 3% 112,192,

29% 592,24 26 36

Table 4.2: Degrees of almost simple 2-transitive groups

Degree N Condition

n A, n>>5

(f'=1)/(f =1) PSL(d.f) d=>2,(df)#(22),(23)

22d—1 + 2d—1 d 2 3

P41

fF+1

f f=11,12,15,22,23,24, 28,176,276

The group of automorphisms R fixes [oo] and acts transitively on the ¢? — ¢ right cosets
of S and hence Aut(U%p) acts 2-transitively on O. Since

#O0) = —q+1,

the group Aut(U%’D) must be a 2-transitive group on ¢*> — ¢ + 1 elements and con-
tain R = SL(2,q). We use the classification of finite 2-transitive groups to reach a
contradiction.

There are several sources for the classification of finite 2-transitive groups, of which
the most convenient one seems to be two lists by Cameron, see [5, Tables 7.3 and 7.4].
In the majority of cases, the degree of the action already yields a contradiction, why we
only copied the information needed in Tables 4.1 and 4.2. In both tables, f is a prime
power. In the list of affine 2-transitive groups, GGy denotes the stabilizer of one point
in the 2-transitive action. In the list of almost simple 2-transitive groups, N denotes
the minimal normal subgroup of the 2-transitive group G. Indeed, there is one action
of degree 9% = 3* missing in Cameron’s list of affine 2-transitive groups, where SL(2,5)
is a normal subgroup of Gy, see e. g. Liebeck’s proof of Hering’s classification of affine
2-transitive groups [18, Appendix 1|. But since we are only interested in the degree in
this case, the missing action will not bother us.
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Let jo) = Aut(U% p) ] denote the stabilizer of the point [oo] in our required 2-transitive
action. Then

SL(2,q) = R < T'oq) < Ag x R = Aut(SL(2,q))s x SL(2,q).

In particular, we know that the stable commutator FE;JO)] equals SL(2, q) for ¢ > 4, since
Aut(SL(2,q))s is solvable for each choice of S, see Corollary 2.13. In the first affine
2-transitive action in Table 4.1, the stable commutator G(()w) equals the stable commutator
of SL(d, f), which is trivial or SL(d, f). Since all isomorphisms between finite (projective)
special linear groups are known (see e.g. [13, Satz 6.14]), we conclude d = 2 and f = q.
But this is not possible because of our required degree ¢ — ¢ + 1 # ¢* and we may thus
exclude the first affine 2-transitive action.

Every other affine 2-transitive action is indeed quite easy to exclude, because the degree
is always a square and our degree ¢ — g + 1 is never a square, since

(—1P2<¢@—qg+1<q.

Now we look at the list of almost simple 2-transitive groups. The point stabilizer of the
action of A,, is A,_1, which is far bigger than ') for n = ¢* — ¢ + 1.

The second entry in Table 4.2 is the action on the points or hyperplanes of a projective
space. For d > 3 and (d— 1, f) & {(2,2),(2,3)}, the stable commutator of the point
stabilizer of this action is the special affine group

ASL(d -1, f) =SL(d — 1, f) x F .

Hence, ASL(d—1, f) = SL(2,q) (¢ > 4). But ASL(d—1, f) contains the normal subgroup
IF‘}_l of order f2=1 > 4, while the highest possible order of a normal subgroup of SL(2, q)
is 2 for ¢ > 4. For (d—1, f) € {(2,2),(2,3)} the degree of the action would be 7 resp. 13
and hence ¢ = 3 or ¢ = 4, which we already excluded in the beginning. It remains the
case d = 2. Then the degree is f + 1 and hence f = ¢> — ¢ = q(¢ — 1). But since ¢ and
g — 1 have ged 1, the product g(¢ — 1) cannot be a prime power. Hence we may exclude
the second entry in the list of almost simple 2-transitive actions.

For the remaining cases, considering the degree will suffice. At first we notice that ¢ —q+1
is always odd, which excludes the degrees 22¢-1 £ 291 (d > 3) and 12, 22, 24, 28,176, 276.
Then we just showed that ¢ — ¢ cannot be a prime power f?. Finally, it is easy to see
that ¢> — ¢ = q(q — 1) & {10, 14,22} for any prime power gq.

We thus showed that Aut(Ug’D) cannot act 2-transitively on O, which completes our
proof. n

43



4 Automorphism Groups 4.3 Non-FExistence of Isomorphisms

4.3 Non-Existence of Isomorphisms

We use the results about automorphisms of SL(2, ¢)-unitals to show that SL(2, ¢)-unitals
with parallelism b or fj are not isomorphic to unitals of certain known types.

At first, we show the “uniqueness” of the classical SL(2, ¢)-unital UHH, in the sense
that S = C, D = H and m = | is essentially (up to conjugation and choice of the
representatives in the sets H , H € H) the only possibility such that U% p is isomorphic
to Uy if ¢ > 3.

Theorem 4.13. Let ¢ > 3 and let Uy be an SL(2,q)-unital of order q. If Ugp is
isomorphic to the classical unital UHC’H, then m = 1, the group S is cyclic and D 1is
conjugate to a set of arcuate blocks through 1 in Ucy,.

Proof. Since the full automorphism group of the classical unital acts transitively on the
set of blocks, we know the affine SL(2, ¢)-unitals Ugp and Ug g to be isomorphic. Since
in each affine SL(2, ¢)-unital the group of automorphisms R acts transitively on the set
of points, we know the point stabilizers Aut(Ugp)1 and Aut(Uq )y to be isomorphic.
Hence, according to Corollary 4.5 and Proposition 4.6,

Q[C = AU_t(UC’H)n = Aut(U&Dh S Q[S-

Theorem 2.11 shows that this is only possible for 2Ag = 2~ and S cyclic. Since there
is only one conjugacy class of cyclic subgroups of order ¢ + 1 of SL(2, ¢), the group S
must be a conjugate of C' and we may assume S = C. According to Theorem 4.4, any
isomorphism U¢cy — Uep must be contained in ¢ x R and is thus an automorphism
of Ucy. Hence, Usp = Ucy and D is a set of arcuate blocks through 1 in Ugy. In
particular, the sets of arcuate blocks through 1, namely the sets of hats {D | D € D}
and {H | H € H} coincide and we may choose D = H.

Assume U7, 5, = UhC,H. As above,

Ao x R = Aut(Uk ) o) = Aut(UZ 5, )joe) < Ao x R

In particular, R stabilizes 7 and thus 7 € {b, 1} (see Proposition 3.22). But as shown in
Theorem 4.12, the block at infinity is fixed by every automorphism in any SL(2, ¢)-b-unital
of order ¢ > 3, while it can be moved in chﬂ. []

In their monograph on unitals in projective planes [2], Barwick and Ebert introduce
several kinds of unitals that can be embedded in projective planes. Particular attention is
paid to (non-classical) unitals arising from Buekenhout’s construction in the desarguesian
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plane PG(2, ¢%). Barwick and Ebert distinguish orthogonal-Buekenhout-Metz unitals
and Buekenhout-Tits unitals, where an orthogonal-Buekenhout-Metz unital arises from
an elliptic cone in PG(4, ¢) and a Buekenhout-Tits unital from an ovoidal cone with base
a Tits ovoid (see [2, chapter 4] for details).

Lemma 4.14. In any orthogonal-Buekenhout-Metz unital and any Buekenhout-Tits
unital of order q, no block is fixed by the full automorphism group.

Proof. According to [2, Theorems 4.12 and 4.23], any orthogonal-Buekenhout-Metz unital
of order g admits a group of automorphisms (induced by automorphisms of PG(2, ¢?))
which fixes one point and acts transitively on the remaining points. Hence, there is no
block fixed by the full automorphism group.

According to [2, Theorem 4.31], any Buekenhout-Tits unital of order ¢ admits a group
of automorphisms (also induced by automorphisms of PG(2,¢?)) that fixes one point
and acts in ¢ orbits of size ¢? on the remaining points. Since each block is incident with
q + 1 points (and ¢ + 1 < ¢? for ¢ > 2), there is no block fixed by the full automorphism
group. O

In [15], Knarr and Stroppel investigate unitals arising from a unitary polarity in (not
necessary desarguesian) shift planes introduced by Coulter and Matthews. From their
theorem on automorphisms of those unitals, we get the following

Lemma 4.15. In any unital of order q arising from a unitary polarity in a Coulter-
Matthews plane, no block is fixed by the full automorphism group.

Proof. According to [15, Theorems 5.2 and 5.6], such a unital admits a group of automor-
phisms with three point orbits of length 1, ¢*> and ¢*(q — 1), respectively. Again, since
each block is incident with ¢ + 1 points, the statement follows. n

Another class of unitals, where no block is fixed by the full automorphism group, are
the Ree unitals. These unitals of order ¢ = 3¢, ¢ > 3 odd, are described by Liineburg
(see [19]), where the points are given by the Sylow 3-subgroups and the blocks by the
involutions of the Ree group R(q) of order (¢* 4+ 1)¢*(q — 1). Liineburg shows that the
action of the Ree group on the Ree unital is transitive on the blocks (see [19, 1.]).

In [6], Ganley determines automorphisms of unitals which are given by the absolute
points and non-absolute lines of a unitary polarity in a Dickson semifield plane of odd
order ¢>. He shows that those unitals admit a group of automorphisms which fixes one
point and acts transitively on the remaining points, see [6, Lemma 3].
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In [16], Knarr and Stroppel introduce unitals given by a polarity in planes over (not
necessarily commutative) semifields. They show that those unitals also admit a group of
automorphisms which fixes one point and acts transitively on the remaining points, see
[16, Lemma 3.3].

We summarize these considerations and the Results 4.10 and 4.12 in the following

Theorem 4.16. Let U be a non-classical unital, where Aut(U) fizes one block. Then U
does not belong to one of the following classes of unitals:
1. Orthogonal-Buekenhout-Metz and Buekenhout-Tits unitals in the desarquesian plane
PG(2,¢%),

2. unitals arising from a unitary polarity in a Coulter-Matthews plane,

co

Ree unitals,
4. unitals arising from a unitary polarity in a Dickson semifield plane of odd order as
described in [6],

5. unitals arising from a polarity in a semifield plane as described in [16].

In particular, this holds for every non-classical SL(2, q)-unital Ug , with m € {b,1}. O
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We will now regard parallelisms on the short blocks of affine SL(2, ¢)-unitals, independent
of the choice of S and D. Recall that the short blocks of any affine SL(2, ¢)-unital are
given by all right cosets of the ¢ + 1 Sylow p-subgroups of SL(2,¢). Recall also the
definitions of the two obvious parallelisms

b:={T-SL(2,q) | T € P} and §:={SL(2,q)-T|T R},

where B denotes the set of all Sylow p-subgroups of SL(2, q).

Although we consider parallelisms on the short blocks independently, we are of course
interested in their stabilizers in 2(g x R, the greatest possible automorphism group of any
affine SL(2, ¢)-unital Ugp. For any subgroup S < SL(2, ¢) of order g+ 1, the parallelisms
b and f are both stabilized by 2g x R. This implies that in any affine SL(2, ¢)-unital, no
other parallelism is equivalent to b or f, respectively (recall Definition 3.11).

5.1 A Class of Parallelisms for Odd Order

For each odd ¢, there is at least one class of parallelisms apart from b and . Let ¢ be
odd throughout this section.

Let T be a fixed Sylow p-subgroup of SL(2, ¢), namely

T={(57) |z e}

The normalizer of T' in GL(2,q) is the set of upper triangular matrices. Let ]F;’D
denote the set of all squares in F; and F;’m the set of all non-squares in F. Note that
#F D = #F Y = L(q— 1), since ¢ is odd. Let

oSL = {(25%) € SL(2,q) | c € F;*"} and SL := {( %) € SL(2,q) | c € F*"}.
Let further

A={Tg|g € Nsroq(T)yu{Tg|ge aSL}U{gT | g € SL},
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A'={Tg | g € NsL2g)(T)} U{Tg | g € pSL} U{gT | g € oSL}

and
7= {A" | h € SL(2,q)}, "m={A"|heSL(2,q)}.

Note that in A, the representatives of right cosets of T" are contained in oSL (hence the
name 7), while in A’, the representatives of left cosets of T are contained in oSL (hence
the name 7). We show the following

Proposition 5.1. For odd q, the sets 7= and “n are parallelisms on the short blocks of
any affine SL(2, q)-unital. With v € IF;’M, conjugation by (§9) maps 72 to “r.

v

Proof. Since
(6f)-(¢q)=(ca) and (25)-(57)=(2%),

the cosets in A have no common points. Further,

#A=4{Tg| g€ Noroqg(T)} +#{Tg | g€ oSL} + #{gT | g € nSL}
I ¢ g—1
=q—1+ 5 q+ 5 4

and hence A is a set of ¢> — 1 short blocks of which no two meet.

Let h € N(T) := Ngp(2,¢)(T). Then h is of the form (§ ‘1) with s # 0 and we have
W h=(0" 3 GG ) = (52D

with cs? € F; M exactly if ¢ € F;7 and ¢s® = 0 exactly if ¢ = 0. Hence, conjugation by h
stabilizes A.

Now let h ¢ N(T') and Tg € A. Then (T'g)" = T"g" is no right coset of T'. Compute
Thgh = gh(T")9" = ¢ghT9" and assume gh € N(T'). Then h = g~'n for an n € N(T') and
we have ¢g" = g9 '™ = ¢". But since ¢" € 5SL exactly if g € oSL (as shown above), the
coset (T'g)" is not contained in A. A similar consideration shows that (¢7)" is never
contained in A when g7 € A and h ¢ N(T)).

Finally, let g, h € SL(2,¢) and assume A" N A9 # &. Then A" ' N A # & and we get
hg™' € N(T), A" = A and hence A" = A9. Thus, 7= = {A" | h € SL(2,¢)} is indeed
a parallelism on the short blocks of any affine SL(2, ¢)-unital with ¢ + 1 parallel classes
with g2 — 1 short blocks each.

48



5 Parallelisms and Translations 5.1 A Class of Parallelisms for Odd Order

Now let v € F)¥ and f = (}9). Then f € Ngrpeq(T) and g/ € N(T) exactly if
g € N(T'). Further,

SO =(.5) DG = (D)
and hence g/ € gSL exactly if g € zSL. Thus, A7 = A’. For each A" € 77, we get
(Ah)f — AN — (Af)(hf) _ AW O

O O ;

Hence, we obtain "7 from 7" via conjugation by f and "7 is a parallelism, since 7" is a

parallelism. N

Since we are interested in determining automorphisms of our SL(2, ¢)-unitals, we are
interested in the stabilizer of the parallelism 7" in the group of possible automorphisms
of affine SL(2, ¢)-unitals.

Theorem 5.2. Let ¢ == (§ %). The stabilizer of 7= in the group A x R equals
(a) PXL(2,q) x (p-1) if¢=1 mod 4 and

(b) PXL(2,q) % (e p-1) if ¢ =3 mod 4,

where PSL(2, q) = PSL(2, q) % Aut(F,).

Proof. Note first that the Frobenius automorphism ¢ stabilizes F H_ the group T and
its normalizer and hence A and A’. Thus, for each A" € 7™, we have

Al = (A- gp)h"P = A% ¢ 7V
and ¢ stabilizes 77 and equally 7.

The action of PSL(2, q) obviously stabilizes 77 and " by construction. Since the index
of PSL(2,q) in PGL(2,q) equals 2, the orbit of 7” under the action of PGL(2,¢) has
length 1 or 2. From Proposition 5.1, we know that conjugation by (§9) (v € F*¥) maps
79 to U, and hence the stabilizer of 7" in the action of PGL(2, q) equals PSL(2, ¢) and
conjugation by any element in PGL(2,q) \ PSL(2, ¢) interchanges 7- and .

Since we know now that PT'L(2, q) stabilizes {77}, we need to find those elements
in R which also stabilize the set of these two parallelisms. Let p, € R and assume
7 p, € {7%,B7n}. Since for each A" € 75, it holds that p, maps the set of right cosets
of T" in A" onto a set of right cosets of T", it must then also map the set of left cosets
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of T" in A" onto a set of left cosets of T". Hence, ¢ is contained in the normalizer of
every Sylow p-subgroup of SL(2, ¢) and thus g € {£1}. We see immediately that

O o if —1¢€ F;’D,
g =
Ur if — 1€ ]F;’m.

If g=1 mod 4, then —1 € F;*" and p_y stabilizes 7. Since p_y does not fix 1 — while
every automorphism in 2l does — and since p_; commutes with every automorphism in %,
statement (a) follows.

If ¢ =3 mod 4, then both p_; and conjugation by c interchange - and Y7 and hence
the product stabilizes 7-. Again, 7. - p_1 does not fix 1 — while every automorphism in
2 does — and hence the product PXL(2,q) - (7. - p—1) is semidirect, since p_1 commutes
with every automorphism in 2l and since 7. normalizes PXL(2,¢q) < 2. O]

Corollary 5.3. Let q be odd. The stabilizer of [0o] in the full automorphism group of
the SL(2, q)-unital Ug?ﬂ has order 2e(q + 1).

Proof. According to Corollary 3.13, the stabilizer of [oco] in Aut([Ug?H) equals the subgroup
of Aut(Ucy) = Ac x R leaving 7~ invariant.

Since ¢ is odd, the index [P(Ngr2,4)(C)) : P(Nsp(2,9)(C))] equals 2. For ¢ =1 mod 4,
p—1 is as element of R an automorphism of Uc . For ¢ =3 mod 4, we may choose C' as
in Remark 2.7 to be {(fb Z) | a®> +1? = 1}, since 7" is invariant under conjugation with
SL(2,¢q). Then, ¢ normalizes C' and 7. - p_y is hence an automorphism of Ug . Thus,
for every odd prime power g,

0 - 78

# Aut(Ug 5) 2=2e(q+1). O

5.2 Translations

Recall that a translation with center c of a unital is an automorphism that fixes the point ¢
and each block through ¢. We have already seen in Lemma 4.9 that the Sylow p-subgroups
of SL(2,q) act via right multiplication as translation groups on any SL(2, ¢)-f-unital.
The possible translations with center on [oo] in any SL(2, ¢)-m-unital depend on the
parallelism 7. We will determine all translations with center on [oo] of SL(2, ¢)-m-unitals
with 7 € {b, 77},
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Recall that we may label the points at infinity of any SL(2, ¢)-m-unital with the Sylow
p-subgroups, such that each (affine short) block 7" € B through 1 is incident with the
point T" € [o0].

Lemma 5.4. Let U be a unital and let B be a block of U such that B is fized by Aut(U).
Then the center of any translation of U lies on B.

Proof. In [10, Theorem 1.3], Grundhofer, Stroppel and Van Maldeghem show that each
translation of a unital does not fix any block apart from the ones through its center. [J

Lemma 5.5. Let Uy, be an SL(2, ¢)-unital and let T be a translation of UG, with center
T € [o<]. Then, T = ap; with o € Ar NAg andt € T

Proof. We know 7 € Aut(Ug p)je) < s X R. Hence, 7 = a - p; with a € g. Since 7
fixes the short block 7', we have
T=T-1=(T-a)h

and thus « stabilizes T" and we have h € T'. O

Lemma 5.6. Let T € B and let Ugp be an SL(2, q)-unital such that every block in
{Tg|geN(T)} is incident with the point T € [00]. Let further T = ap; as in Lemma
5.5 be a translation of U p with center T'. Then one of the following cases occurs:

(i) a=1id,
(ii) p =2 and « is given by conjugation with some a € T.

Proof. Note first that right multiplication by any element ¢ € T stabilizes each block
Tg = gT with g € N(T).

Assume without restriction T'= {({ %) | z € F,} and let g € N(T). Then, g = (bgl g)
and the coset T'g is given by

Tg=1{(%'}) |z €Fy}.

Let [a] € P(Ngr(2,)(7)). Then we may choose a = (é Z) and for each T'g with g € N(T),
we have (T'g)® = T'g. Applying a power ¢ of the Frobenius automorphism ¢ stabilizes the
block T'g = {(bal ?j) | v € F,} exactly if b®") = b. According to Lemma 5.5, a = , - ¢
with a € Ngi2,9(7T). Thus, if 7 = ap, stabilizes each block T'g, g € N(T'), then a = 7,
with a € Ngp, (7).
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Let Gir) denote the group of translations of Ugp with center T According to [10,
Theorem 1.3], G|y acts semiregularly on the points different from 7" on each block
through 7" and hence Gy is a p-group. Let Ry := {p; | t € T} and let Aut(Ugp)r
be the stabilizer of the short block 7" in the full automorphism group of the affine
SL(2, ¢)-unital Ugp. Since Ry is normal in Aut(Ugp)r, we have the projection

pr: Aut(US,D)T — Aut(US,D)T/RT.

Let 7 = 7.0t € Gy < Aut(Ugp)r and consider TRy = v,Rp in the group A =
im(pr|g, ). Since the intersection of (7,) and Ry is trivial, the order of 7, Rz in A equals
the order of 7,. As homomorphic image of a p-group, A is a p-group and hence the order
of v, is a p-power.

Since o = 7y, also has to stabilize S, the order of 7, divides #P(Ngr2,)(S)). According
to Theorem 2.11, this implies ord(y,) € {1,2}. Thus, a = id or ord(y,) = 2 = p. If
ord(7,) = 2 = p, then PGL(2, ¢) = SL(2, ¢) and we may hence choose a € SL(2, q) with
ord(a) = 2. Since a normalizes T, it follows a € T' (see Lemma 3.20). O

Theorem 5.7. Let U= Ug p be an SL(2, q)-m-unital.
(a) If 7 =« then U admits no non-trivial translation with center on [00].

(b) If m =b and q > 3, then:

(i) Forp =2, every non-trivial translation is given by left multiplication with an
involution contained in N(S). For each Sylow 2-subgroup T' € B, the normalizer
N(S) contains exactly one non-trivial element of T'.

(ii) For q odd, U does not admit any non-trivial translation.

Proof. If # = 77, then ¢ is odd and any non-trivial translation with center T € [o0]
must be given by right multiplication with 1 # t € T, according to Lemmas 5.5 and 5.6.
But no right coset T'g is fixed under right multiplication with ¢ € T, unless g € N(T') or
t=1.

If m=b and g > 3, then Aut(U) fixes the block [oc] (see Theorem 4.12) and hence the
center of any translation of U lies on [co] (see Lemma 5.4). Let 7 = ayp; be a non-trivial
translation of U with center T' € [00]. As for m = 7™, right multiplication with 1 # ¢ € T
does not fix any block T'g with g ¢ N(7T). Hence, « is not the identity and we get p = 2
and « is given by conjugation with a € T. We need to show a = t. Let g ¢ N(T') and
assume (T'g)*t = Tg. Since a € T, this is the case exactly if gatg~ € T. Since g ¢ N(T'),
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this implies at = 1 and hence a = t (recall p = 2). Since a must normalize S and t = ¢!,
the translation 7 is indeed given by left multiplication with ¢ € N(S) N T.

For p = 2, the normalizer N(S) is a dihedral group of order 2(q + 1) containing S as
normal subgroup of order ¢ + 1. Hence, there are ¢ + 1 involutions in N(S), contained in
one coset of S. For any T € 3, the intersection of S and T is trivial and hence no two
non-trivial elements of 7" are contained in N(S5). O

Corollary 5.8. For q even, the Grining unital chﬂ admits exactly q + 1 non-trivial
translations, each of order 2. ]
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6 Computer Results

We will search for SL(2, ¢)-unitals using GAP [7]. As mentioned in the introduction, you
may find the code files in the GitHub repository

https://github.com/moehve/SL2q-Unitals_GAP.git

The particular files for the different searches will be named (and in the non-print version
also linked) in the text.

For the construction of an SL(2, ¢)-unital, we need to
1. choose a group S < SL(2, q) of order ¢ + 1,
2. find a set of arcuate blocks D satisfying properties (P) and (Q) and
3. choose a parallelism on the short blocks.

Finding the set D depends on the choice of the group S, while the parallelism on the
short blocks is independent of S and D. We may thus treat those subjects independently.

6.1 Search for Arcuate Blocks

We are first interested in finding a set of arcuate blocks D for a given group S. Since
applying automorphisms of SL(2, q) preserves the isomorphism type of any affine SL(2, q)-
unital, we may fix S up to conjugation by GL(2,q). For each prime power ¢, we may
choose S = C' to be cyclic (unique up to conjugation) and D = H the classical set of
arcuate blocks. Then we obtain the classical affine unital U¢ 4.

For ¢ = 2, there is only one isomorphism type of affine unitals (cf. Example 3.14) and for
q = 3, there is only one isomorphism type of affine SL(2, ¢)-unitals (see [9, Theorem 3.3]),
while there exist many other affine unitals of order 3. As already mentioned, Grundhéfer,
Stroppel and Van Maldeghem have found a non-classical affine SL(2, 4)-unital, see [9].
Our aim is to find more non-classical affine SL(2, ¢)-unitals or to show that they do not
exist under certain conditions.
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6.1.1 Orders 4 and 5

We first consider the small cases ¢ = 4 and ¢ = 5. Since ¢ # 3 mod 4 in both cases,
we may choose S = (' as an arbitrary cyclic subgroup of SL(2,¢q) of order ¢ + 1. We
consider the set

M = SL(2,9) \ (CU (J®)),

where B denotes the set of all Sylow p-subgroups of SL(2, ¢), and use GAP! to search M
for all sets D of ¢ — 2 subsets of size ¢ (note that 1 ¢ M) such that

M= Du{)

DeD

Up to choosing representatives of the ﬁ, there is only one such set for ¢ = 5 and this
set yields the classical affine unital. For ¢ = 4, we obtain six sets of two arcuate blocks
each. Since five of those six sets form one orbit under conjugation by C, while the other
one is invariant (up to choosing representatives of the ﬁ) under 2, those six sets yield
two isomorphism types of affine unitals. The one invariant under ¢ yields the classical
affine unital while the other ones yield the affine unital presented in [9]. The result of the
computer search matches the fact that the full automorphism group of the non-classical
affine SL(2, 4)-unital has index 5 in ¢ x R, see [9, Theorem 4.1].

We summarize the results for orders 4 and 5 in the following
Theorem 6.1 (by exhaustive computer search).

(a) For g =4, the only two isomorphism types of affine SL(2, q)-unitals are represented
by the classical affine unital and the one described in [9].

(b) For q =5, the classical affine unital represents the only isomorphism type of affine
SL(2, q)-unitals. O

For higher orders, the cost of an exhaustive search increases immensely, whence it is
reasonable to search under certain restrictions.

For the following considerations, it will be useful to write the arcuate blocks in a certain
way. Let D = {1,ds,...,d,+1} be an arcuate block through 1. Consider a table T = Tp
with ¢ + 1 rows and ¢ + 1 columns, where the entries in the first column are the elements
of D with 7;; = 1 and the entry in the i-th row and j-th column is 7;; = T; ~7;I1. Then
the columns of 7 correspond to the blocks in D, each diagonal entry 7; equals 1 and
Ty =Ty foralli,je{l,...,q+1}.

I The corresponding files are order4_exhaustive and order5_exhaustive.
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1 d51 d??l e d;—&l
dy 1 dodz' - dady)y
To: | ds  dedyt L dydh
dyr1 dygrdy' dgods' .01
For any arcuate block E = {ey,...,e,1}, we write E~1 == {e?, ... ,eq’jl}. Then the

rows of Tp correspond to the sets ! with F € D.

6.1.2 Order 7

We consider the case ¢ = 7. Now the group S can by cyclic or quaternion and we first
choose S = C to be cyclic. Since 7 =3 mod 4, we know that —1 is not a square in .
According to Remark 2.7, we can hence choose C' to be

{(f,,g) | a,b € Fy, a® + 0% =1}

A generator of C' is given by g = (32 :3) Let c:=(%3%) and f = (9}) and note that
¢ = g. Then

™o = Aut(SL(2,7))c = (7e) x (1) = Cs x Cy = D,

where Dy is the dihedral group of order 16. (Recall that we denote by 7, the automorphism
given by conjugation with a.) Our aim is to search for a set D such that the affine SL(2, 7)-
unital Uc p admits certain subgroups of ¢ as groups of automorphisms. Consider the
subgroups

These are — spoken in terms of dihedral groups — the subgroups given by the involutory
rotation and by representatives of the two conjugacy classes of reflections, respectively.
Hence, every other representative of a conjugacy class of non-trivial subgroups of 2o
contains (an Ac-conjugate of) one of these as a subgroup.
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We start our observations with the subgroup U < 2c. Assume Ugp to be an affine
SL(2, 7)-unital on which u = ¢* acts (via conjugation) as an automorphism. Let

M = SL(2,7)\ (CU (J%®)),

where P denotes the set of all Sylow 7-subgroups of SL(2,7). Recall #D =¢q—2 =5,
where each of the five hats 15, D € D, contains ¢ + 1 = 8 blocks. Let

A={reM|s"=2} and B={reM|z"=2""}

and compute #A = 0 and #B = 40. If x with 2% = 27! is contained in an arcuate
block D € D, then D* = D -z~ € D, since 7, is an automorphism and D - 2! is the
unique block of Ugp containing 27! and 1. Each arcuate block through 1 contains at
most one x with 2% = 27!, since: Assume z,y € D with ¥ = 27! and y* = y~!. Then
D-27'=D%= D -y~ ! and property (Q) yields z = y. Since there are 5 -8 = 40 arcuate
blocks through 1, each of them contains exactly one point z with z% = 2!

on each hat D in four orbits of length two.

, and -y, acts

Let D € D and let a,a™',b,b7%,¢c,c™!,d,d™! be the eight elements of B in the blocks
in D. Consider the table T = Tp and assume without restriction

a =Tz, b="Ti, c=Tes and d = Tgr, i.e.

*

bfl

* Xk K ¥

To :

EEE S R R

=

¥ ¥ O B % % ¥ ¥
Q|
—

S T O CHEE G O

dfl

¥ K XK X X ¥ Q =
I I R R )
* O K K B2 X X

L R O ]

Then we know
D ={1,a,w,bw,z,cx,y,dy}

1 1

with w,  and y not in B and w* = bwa™!, 2% = cza™! and y* = dya~*, since 7, acts on

the rows of Tp as it does on the columns.

We are now ready to check with GAP? for each 4-element subset {a, b, c,d} of B and

2 The corresponding file is order7_cyc_automU.

o7


https://github.com/moehve/SL2q-Unitals_GAP/blob/master/order7_cyc_automU.txt

6 Computer Results 6.1 Search for Arcuate Blocks

every 3-element subset {w, z,y} of M\ B whether D := {1, a,w, bw, z, cx,y, dy} satisfies
the above conditions and property (Q) and if D* = (UD) \ {1} is contained in M.

In the resulting list of possible arcuate blocks through 1, we search for sets D of five
blocks such that the D* with D € D have pairwise empty intersection®. The result are
all possible sets of arcuate blocks D such that Ugp is an affine SL(2, 7)-unital with
automorphism 7.

The computer search showed that the classical affine unital of order 7 is the only possible
affine SL(2, 7)-unital with automorphism -,.

Next, we consider the subgroup F' < 2 and assume U¢ p to be an affine SL(2, 7)-unital
with automorphism 4. Let M be as above and let

A={zeM|zf =2} and B={ze M|zl =271}

We compute #A = 4 and #B = 36. Again, each arcuate block through 1 contains
at most one point x € B. Assume that D € D contains two elements a,b € A. Then
Land ab~! all contained in M and

invariant under conjugation by f. This is a contradiction to #A = 4. Each arcuate block

D* contains six distinct elements a,a™', b, b7, ba™

containing an element of A is fixed under conjugation by f while each arcuate block
containing an element of B is not. Hence, each arcuate block through 1 contains either
exactly one element of B or exactly one element of A.

Let D € D. If D* contains no element of A, then the list of possible such arcuate blocks
can be computed as above. If D* contains an element a € A, assume without restriction
a € D. Then D/ = D and

D = {]]‘7 a’? w7 wf’ :C, xf7 y? yf}

with w, z,y € M\ (AU B). All such blocks can be computed with GAP* and we conclude
the search as above.

We obtain a similar result: The classical affine unital of order 7 is the only possible affine
SL(2, 7)-unital with automorphism ~;.

3 The corresponding file is order7_conclusion. This file is also used to conclude the searches with
groups of automorphisms F' and V' and with the group of automorphisms U where S is a quaternion
group.

4 The corresponding file is order7_cyc_automF.
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Finally, we consider the subgroup V' < 20 and assume Ug p to be an affine SL(2, 7)-unital
on which v := ¢- f acts as an automorphism. Let M be as above and let

A={zeM|z'=2} and B={re M|z’ =a""}.

We compute #4 = 6 and #B = 34. Since the order of v, as automorphism of
Usp is 2, the orbits of the action of «, on the arcuate blocks have length 1 or 2,
respectively. If 7, fixes an arcuate block D € D, there is at least one element d € D with
d’ = d, since D contains an odd number of elements different from 1. Let D € D with
DY +# D. If DV ¢ D, then D* must not contain any element of B — a contradiction, since
#B =34 > 32 =4 -8 and each arcuate block through 1 contains at most one element
of B. Hence, DV = D -d " for some d € D. But then we also know ((D-d~')~')v = D!
and since d € (DN (D-d~')")\ {1}, we have d* € (D-d"'ND 1)\ {1} = {d~'}. Hence,
each arcuate block through 1 not fixed by ~, contains at least one element of B and we
obtain again that each arcuate block through 1 contains either exactly one element of B
or exactly one element of A.

We conclude the search as above® and obtain again: The classical affine unital of order 7
is the only possible affine SL(2, 7)-unital with automorphism ~,.

Having considered all three conjugacy classes of minimal subgroups of 2, we are able
to state the following

Theorem 6.2 (by exhaustive computer search). Let C' be a cyclic subgroup of SL(2,7) and
let Ucp be an affine SL(2, 7)-unital with non-trivial stabilizer of 1 in its full automorphism
group. Then Ucp is isomorphic to the classical affine unital Ue . O

Next, we choose S < SL(2,7) to be a quaternion group. Since ¢*> = (%) and
22 4 32 = —1, we can choose S as in Remark 2.7 as

Let u:=g¢? f= (23 %) and v:=(3?). Then
s = Aut(SL(2,7))s = (u, s 0) = Si-

Consider the subgroups

5 The corresponding files are order7_cyc_automV and order7_conclusion.
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of Ag. Every other representative of a conjugacy class of non-trivial subgroups of 2g
contains (an Ag-conjugate of) one of these as a subgroup.

Let again
M =SL(2,7)\ (SU(UB)),
where B denotes the set of all Sylow 7-subgroups of SL(2,7). Let

A={zeM|z"=2} and B={zeM|a"=2""}

and compute #A = 4 and #B = 36. With the same considerations as above and
computation by GAP®, we obtain that there is no affine SL(2,7)-unital Ugp with
automorphism ~,.

We continue with the group F' and let
A={zeM|zf =2} and B={zeM|z/ =27}

Then #A = 6 and #B = 38. Since #B = 38 and each arcuate block through 1 with orbit
length 2 under conjugation by f contains exactly one element of B, there are exactly two
arcuate blocks stabilized by ~;. But then we may only have two fixed elements under
conjugation by f, a contradiction. There can thus be no affine SL(2, 7)-unital Ugp with
automorphism ;.

Last, we consider the group V' = C5 and assume Ugp to be an affine SL(2, 7)-unital with

automorphism ~,. Let
A={zreM|z"=uza}

and compute #A = 4. The possible orbit lengths of the action of 7, on the arcuate
blocks of Ugp are 1 and 3. If ~, stabilizes D for D e D, then there are at least two fixed
blocks in f), since #D = 8. But since the number of fixed elements under conjugation
by v is 4 < 6, the number of fixed blocks in D is at most 2. Thus, v, acts on the set of
hats {D | D € D} with two fixed hats and one orbit of length 3.

6 The corresponding files are order7_quat_automU and order7_conclusion.
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We search via GAP7 for all pairs of two arcuate blocks D; and D, through 1 with one
fixed element each and such that D} N D3 = &. For each such pair of blocks, we search for
an arcuate block D through 1 such that D* U (D¥)* U (D**)* = M \ (D: U D3). We find
that there is no affine unital Ugp with automorphism ~,,.

Again, having considered all three conjugacy classes of minimal subgroups of 2lg, we
state the following

Theorem 6.3 (by exhaustive computer search). Let S be a quaternion subgroup of
SL(2,7). Then there is no affine SL(2,7)-unital Ugp with non-trivial stabilizer of 1 in
its full automorphism group. O

For order 7, there were no new unitals appearing throughout the search. This will be
different for order 8.

6.1.3 Order 8

We consider the case ¢ = 8. Let F§ = (z), with 22 = 2 + 1. Then, X% + X + 1 has no
root in [Fg. Let further ¢ be the Frobenius automorphism

) 2
p: Fg = Fg, =+ 27,

of order 3. Since ¢ = 8 is even, any subgroup S < SL(2,8) of order 9 must be cyclic and
we may hence choose S = (' as in Remark 2.7 to be

{(%.2) | a,beFs, a® +ab+b* =1},
A generator of C' is given by g = (ji Z;) Let f:==(9}). Then
Uc = Aut(SL(2,8))c = (vg) @ (75 - ) = Cg x Cg.

Again, our aim is to search for SL(2, 8)-unitals which admit certain subgroups of ¢ as
groups of automorphisms. Consider the subgroups

Fo=(y) = (1)) = O
U= (1) 2 ((1})) = Gy and
L= <gp> = 03.

Every other representative of a conjugacy class of non-trivial subgroups of (¢ contains
(an Ac-conjugate of) one of these as a subgroup.

" The corresponding file is order7_quat_automV.
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Example 6.4 (The classical affine unital of order 8). Let

o 5 1 4 2 0 2z 3 .6 3 1 2 41 5 0
Hl '_{]17(2526)7<21 §2))<Z6Z5>7(2425)7(266))(126)7<§51 9 ZO 22 })

Hy = H,-p, Hy = Hl‘S027

. 5 6 1 5 4 5 ,2 2 4 2,5
H4':{]la<zﬁzo2>a<zz4zl)7<z6§5>7(626)7(2424)7(2‘325)7(3324)7(?526)}7

H5::H4'§07H6::H4'902

and H = {Hy,...,Hg}. Then Ug 4 is the classical affine unital of order 8. As indicated,
@ acts on the set of hats {ﬁ | H € H} in two orbits of length 3. Conjugation by g
stabilizes each H and acts transitively on the blocks of each H. Conjugation by f also
stabilizes each H but fixes exactly one block per H.

We start our observations with the subgroup F' < 2c. Assume Ugp to be an affine
SL(2, 8)-unital on which f acts (via conjugation) as an automorphism. Let

M = SL(2,8) \ (CU (%)),

where P denotes the set of all Sylow 2-subgroups of SL(2,8). Recall #D =g —2 =6,
where each of the six hats D, D € D, contains ¢ + 1 = 9 blocks. Let

A={zeM|s' =2} and B={rec M|zl =27}

and compute #A = 0 and #B = 48. As above, each arcuate block through 1 contains
at most one point x € B. Since #B = 48 > 45 =59, each D* contains at least one
x € B and the action of v, fixes every D. But since every D contains 9 blocks and Vf
has order 2, there is at least one fixed block in each D. The number of elements in B
yields that there is exactly one fixed block in each D. Since there is no fixed element
under ¢ in M and 7, has order 2, each fixed arcuate block through 1 is of the form

D ={1,a,b,c,d,a’ b, ¢ d}

with a, b, c,d € M\ B. Again, we compute all possible such blocks with GAP® and search
in the resulting list for a set D of six blocks such that the sets D*, D € D, have pairwise
empty intersection®.

8 The corresponding file is order8_automF.
9 The corresponding file is order8_conclusion. This file is also used to conclude the search with
group of automorphisms U.
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We obtain as expected the classical affine unital, but there is indeed one more affine
SL(2, 8)-unital Ucp with automorphism v, introduced in the following

2

Theorem 6.5 (Weihnachtsunital). Let C' := (g) = ((; Z;)) as above and let

Dy={1,(%5).(52).(%2).(L2).(5:) (1), (1) (5 2)
Dy =Dy -, D3 = D1'902:

Dy={1,(% %), (2%).(55).(29).(52).(22).(22).(22)
Ds =Dy ¢, Dg:= Dy - ¢?

and D == {Dy,...,Dg}. Then WU = Ucp is an affine SL(2,8)-unital and we call it
Weihnachtsunital'®. The stabilizer of 1 in Aut(WU) is

Aut(WU)y = U x (F x L) = (y4) % (vf - ) = C3 x Cg
and the full automorphism group
Aut(WU) = Aut(WU)y x R

has indez 3 in Aut(Ucy) = A X R.

Proof. The proof is basically computation. Note that the given description already
uses the automorphism ¢ € Aut(WU);. As implemented in the search, conjugation
by f stabilizes each hat with exactly one fixed block per hat. Conjugation by the
generator g of C' does not induce an automorphism of WU, but conjugation by ¢* yields
an automorphism of WU such that each hat is fixed. O

Remark 6.6. As indicated in the proof of the theorem, the action of Aut(WU)y < 2o
on the set of hats of WU is the same as in the classical affine SL(2,8)-unital Ue 3.

Having computed the full automorphism group of Aut(WU), we know in particular
that the Weihnachtsunital is not isomorphic to the classical affine SL(2, 8)-unital Uc 4.
Another way to see that WU is not isomorphic to U¢y is via O’Nan configurations. An
O’Nan configuration consists of four distinct blocks meeting in six distinct points:

10 The Weihnachtsunital was discovered around Christmas 2017, so you might guess why it is called
like this.
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O’Nan observed that classical unitals do not contain such configurations (see [22, p. 507]).

Remark 6.7. In WU, there are lots of O’Nan configurations, e. g.

C={1,9,¢°,9°,9",9°,9° 9", 9"},
T=A{1,(§1),(83

We continue our search with the group U = (v,), u = ¢*, and assume Ucp to be an
affine SI.(2, 8)-unital with automorphism ~,. Again,

M =SL(2,8)\ (CU(J®P)) and A== {z € M | 2" = x}.

We compute #A = 0 and conclude that U does not fix any arcuate block, since there are
eight non-trivial elements in each arcuate block through 1 and -, has order 3. Assume
that -, fixes each hat D with D € D (as it does on Ucy and WU). Then +, acts on D
in three orbits of length 3. We look at the table Tp and assume without restriction that
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7» permutes columns (and rows) 1-3, 4-6 and 7-9 of 7p. Then

1 * a¥ % * * |* x x
a 1T % |*x % % | * *x %
* a* 1 | * % ok |k ok ok
* % « |1 % % x  x
Tp : x % x| b 1T x| *x *x %
* % x| x b T | x x %
x % ok |x * x |1 x
* kx| ok x ¢ 1T =%
* kx| x % ok | x c* 1

and we get a** = (a%a)™", b** = (b*b) "' and ¢** = (¢*¢)~'. Computing with GAP, we find
exactly 18 = 6 - 3 three-element subsets of M of the form {z, 2%, 2*°} with 2*° = (z"z)"".

We may thus search for arcuate blocks of the form
D ={1,a,a"a,z,bx,b"bx,y, cy, c*cy},

where a, b and c satisfy the described property while 2 and y do not!'!. In the resulting
list of arcuate blocks, we search as above for a set D of six blocks such that the sets D*,
D € D, have pairwise empty intersection.

Since v, acts on the classical affine unital as well as on the Weihnachtsunital in this way,
both of them appear in the results of the search. But we obtain indeed two more affine
SL(2, 8)-unitals with automorphism #,, described in the following

2

Theorem 6.8 (Osterunital and Pfingstunital'?). Let C':= (g) = ((24 Z;)> as above.
(a) Let

and D = {Dy,...,Dg}. Then OU = U¢cp is an affine SL(2, 8)-unital and we call it
Osterunital.

1 The corresponding file is order8_automU.
12 The Osterunital and the Pfingstunital were discovered in 2018, you might guess the approximate
dates.
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(b) Let f=(9¢) as above and let
Di = Dl, D/2 = DQ, Dé = D3,
D= D], Dy = (D, D} = (D))

and D' = {D},...,Ds}. Then PU :=Ucp is an affine SL(2,8)-unital and we call
it Pfingstunital.

The full stabilizers of 1 in Aut(OU) and Aut(PU), respectively, are
Aut(OU)q = Aut(PU)q = C X L = (74) % (p) = Cy x Cs
and the full automorphism groups
Aut(OU) = Aut(PU) = (C x L) x R
have indez 2 in Aut(Uc ).

Proof. Again this is basically computation. The given description already uses the
automorphism 7, in both Aut(OU); and Aut(PU)y. The Frobenius automorphism ¢
acts as automorphism on OU as well as on PU in the same way as it does on Uq 3 and
WU. The orbits of ¢ in D are {Dy, Dy, D3} and {Dy, D5, D¢} and its orbits in D’ are
{D}, Dj, D5} and {D), D%, Dg}. Conjugation by f induces no automorphism on neither
OU nor PU. ]

Remark 6.9. Other than in the Weihnachtsunital, there is a difference between the
action of Aut(QU)y = Aut(PU)y < ¢ on the set of hats of the Oster- and Pfingstunital,
respectively, and its action on the set of hats of the classical affine SL(2,8)-unital U 3.
In Uc gy, conjugation by g fizes every hat, while on QU and PU it acts on the set of hats
in two orbits of length 3.

Remark 6.10. As in the Weihnachtsunital, there are also many O’Nan configurations
in QU and PU, e.g.
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Although they look quite similar, the Osterunital and the Pfingstunital are not isomorphic,
as shown in the following

Proposition 6.11. There is no isomorphism between QU and PU.

Proof. According to Theorem 4.4, any isomorphism between QU and PU must be
contained in 2¢ X R. But since the index of Aut(QU) in 2¢ X R equals 2 and computation
shows that D{ is no block of PU, the statement follows. m

In particular, the Oster- and Pfingstunital are two non-isomorphic affine SL(2, ¢)-unitals
with the same full automorphism group.

We conclude the search with the group L = (¢) and assume U¢ p to be an affine SL(2, 8)-
unital with group of automorphisms L. As for v,, we assume ¢ to act on the set of
hats of U¢p as it does in Ucy and in WU, namely with two orbits of length 3. We
search with GAP'® for every arcuate block D through 1 such that D*, (D - ¢)* and
(D - ©?)* have pairwise empty intersection and for each of those blocks we search in
M =M\ (D*U(D-¢)*U(D - ?)*) for an arcuate block Dy with

DU (Dy- )" U (D 9*)" =M.

Doing so, we find (as expected) all affine unitals U¢ 3, WU, OU and PU. Other affine
unitals are not found.

13 The corresponding file is order8_automL.
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We summarize the results in the following

Theorem 6.12 (by exhaustive computer search). Let C' == (g) = <<§i Z; )) and let Ucp
be an affine SL(2, 8)-unital.

(a) If conjugation by (93) induces an automorphism on Ucp, then Ucp is isomorphic

to either the classical affine SL(2,8)-unital or the Weihnachtsunital.

(b) If conjugation by g*> = (1) induces an automorphism on Ucp such that each hat
is fized, then Ucp is isomorphic to either the classical affine SL(2,8)-unital, the
Weihnachtsunital, the Osterunital or the Pfingstunital.

(c) If the Frobenius automorphism ¢ acts as automorphism on Ucp such that it permutes
the hats in two orbits of length 3, then Ucp is isomorphic to either the classical
affine SL(2, 8)-unital, the Weihnachtsunital, the Osterunital or the Pfingstunital. [

6.2 Search for Parallelisms

We will now search with GAP! for parallelisms on the short blocks of affine SL(2, ¢)-
unitals, i. e. partitions of the set of all right cosets of the Sylow p-subgroups of SL(2, q)
into ¢ + 1 sets of ¢> — 1 pairwise disjoint cosets each. We already know for each ¢ the
parallelisms b and § and for each odd ¢ the parallelism 7 (introduced in Section 5.1).

6.2.1 Orders 3 and 5

For q € {3,5}, we find by an exhaustive search (¢ — 1)g(q + 1) + 2 parallelisms on the
short blocks. As seen in Section 6.1, for both ¢ = 3 and ¢ = 5, the classical affine
SL(2, ¢)-unital Uc 3 is up to isomorphisms the only affine SL(2, ¢)-unital. The orbit
lengths of the action of Aut(Uc3) = e X R on the sets of parallelisms are the following:

gq=3 q=5
1
1 1
24 120

Hence, there are up to equivalence exactly three parallelisms for both ¢ = 3 and ¢ = 5;
namely b and f (which are both stabilized by ¢ x R) and 7. Note that the orbit
lengths 24 and 120 equal (¢ — 1)g(q + 1), which matches the fact that the stabilizer of 7
in Ao x R has order 2e(q + 1), see Corollary 5.3.

4 The corresponding file is parallelisms_search for ¢ € {3,4,5}.
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6 Computer Results 6.2 Search for Parallelisms

We summarize the results in the following

Theorem 6.13 (by exhaustive computer search). For g € {3,5}, there are exactly three
isomorphism types of SL(2, q)-unitals each, represented by UHQH, chﬂ and U&DH. ]

6.2.2 Order 4

Let F; = (z), with 22 = 2 + 1. Then, X? + X + 2z has no root in F;. Let ¢ be the
Frobenius automorphism
0:Fy =Ty, a0 22

of order 2. We choose S = C as in Remark 2.7 to be
{(Z“baib) | a,b € Fy, a*+ ab+ 2b* = 1}.
A generator of C' is given by g := (202 z> Let f:=(19). Then

™o = Aut(SL(2,4))c = (vg) * (17 ¢) = C5 x Cy.

Example 6.14 (Affine SL(2,4)-unitals). Let H = {Hy, Hy} and € = {Ey, E»} with

He={1,(52), (1D, (27).(18))

Hy = H{ - ¢,
Ev={1(57).00),(29).(1)}
Ey = E{-gp.

Then, Ugy equals the classical affine unital and Ug ¢ equals the non-classical affine
SL(2, 4)-unital presented in [9]. The full automorphism group of U¢ 4 equals ¢ X R
and the full automorphism group of Uc ¢ equals (s - ¢) X R, see [9, Theorem 4.1].

For order 4, an exhaustive computer search yields 182 parallelisms on the short blocks.
We consider the actions of the automorphism groups

Aut(G) = (Ax 1) R, Aut(Ucy)=Ucx R and Aut(Ucg) = (77 ¢) X R

on the set of 182 parallelisms found by GAP. The orbit lengths of these actions are listed
in Table 6.1.
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Table 6.1: Orbit lengths on the set of 182 parallelisms for order 4

Aut(6) Aut(Ucy) Aut(Uce)

2 1 1
1 1
60 30 24
6
25 20
5
5 5
120 60 60
60 60

The orbit of length 2 under the action of Aut(&) contains the parallelisms b and f, which
are mapped to each other by inversion but are stabilized under the action of 2 x R.
The orbit of length 60 under the action of Aut(&) contains parallelisms, where one
parallel class is given by the set of all right (resp. left) cosets of one Sylow 2-subgroup.
The remaining four parallel classes — consisting of ¢> — 1 = 15 blocks each — contain
for a set of three Sylow 2-subgroups five right (resp. left) cosets each. This structure
is indicated in Figure 6.1, where each of the small lines represents one short block and
where blocks with the same dash pattern belong to the same parallel class. The five rows
correspond to the sets of left cosets and the five columns to the sets of right cosets of the
Sylow 2-subgroups.

The parallel classes of the parallelisms in the orbit of length 120 under the action of
Aut(&) contain eleven right (resp. left) cosets of one Sylow 2-subgroup each, while the
remaining four blocks are given by left (resp. right) cosets of one (possibly different)
Sylow 2-subgroup. This structure is indicated in Figure 6.2.

Let 7y, ..., m; be representatives of the orbits of length greater than 1 under the action of
Aut(U¢ ¢) such that the orbits of m; and 7 and the orbits of 73 and 74 coincide under the
action of Aut(Ugy). Let the set of Sylow 2-subgroups of SL(2,4) be B = {T},...,T5}
with

To={1,(51). (53). (5%))
Ty={1,(19).(19). (59}
Ty={1,090). (7 2).(37)h
To={1,(%5).(72).GHL
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6 Computer Results

Figure 6.1: Structure of parallelisms in the orbit of length 60 under Aut(S)

Figure 6.2: Structure of parallelisms in the orbit of length 120 under Aut(&)
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To={1,(9%), (2 4).(i9),

and see Table 6.2 for the chosen parallelisms. Then there are twelve pairwise non-
isomorphic SL(2, 4)-unitals

T T4 5 6 i T o T3 T4 5 6 i

CHs YCH>» YCH>» YCH» YCH» YCE ~CE YC,E YCE ~YCE ~YCE ~YCE

Since those parallelisms for order 4 were found during the Leonids meteor shower in
November 2018, we will call the twelve resulting unitals Leonids unitals.

Knowing all affine SL(2, 4)-unitals and all parallelisms on the short blocks for order 4,
we state the following

Theorem 6.15 (by exhaustive computer search). There are exactly 16 isomorphism
types of SL(2,4)-unitals, represented by Uhcﬂ, chﬂ, cht7g, U"ag and the twelve Leonids
unitals. ]

Recall that the stabilizer of the block at infinity in any SL(2, ¢)-unital Ug ;, equals the
group of those automorphisms of the affine unital Ugp, which stabilize the parallelism 7.
We compute with GAP that in each Leonids unital there are indeed no automorphisms
moving the block at infinity, and we are thus able to compute their full automorphism
groups as subgroups of Aut(U¢ y) or Aut(Ucg), respectively. Let

bi=(19) andc=(39)
and see Table 6.3 for the full automorphism groups of the Leonids unitals.
Since in each Leonids unital, there is always at least one block fixed by its full au-
tomorphism group, no Leonids unital is isomorphic to a unital of the classes treated
in Theorem 4.16. In [17], Kréadinac, Nakié¢ and Pavcevi¢ introduce a method for the
construction of designs with prescribed automorphism groups. Applying this method with
some selected automorphism groups, they find 1777 non-isomorphic unitals of order 4.
These unitals are contained in a library shipped with the GAP package UnitalSZ [20].
Checking isomorphisms with GAP, we find that none of the Leonids unitals is isomorphic
to a unital in this list of 1777 unitals of order 4.

Remark 6.16. Regarding the orders of the full automorphism groups of the Leonids
unitals in Table 6.3, we see that the order of Aut(Ugy) is notably greater than the other
orders. Indeed, although R is not contained in its full automorphism group, the unital

G admits a group of automorphisms which acts regularly on the affine points, namely

(v, pe) X (Vg=1 - pg)) = Ay X Cs.
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Representatives of the orbits of length greater than 1 of parallelisms under the action of Aut(Uc¢)
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6 Computer Results 6.2 Search for Parallelisms

Table 6.3: Full automorphism groups of the Leonids unitals

v Aut(U) # Aut(U)
O (vf - ) X (g, Pb) = (Cy X Dy 40
Xt (v - @) % (s, pe) > Oy X Ay 48
Uy (@) % (oo, pe) X (g1 - pg)) = Cyx (Ay x Cs) 9240
U (Vg - Pg) X (75 - @) ~ C5 % Oy 20
2‘7,9{ <79 ) Pg> X <'7f : ‘P> = (C5 xCy 20
Ce {Pgs Pb) = Dj 10
Cre (V7 - @) % {pg, o) ~ 0y x Ds 40
Uce {Pb; pe) = A 12
e (Vs - @) X (P, pe) = Oy x Ay 48
Ce (V- @) X {pp, pe) =0, x Ay 48
Ule (v - 9) ~ A
Uce (vr - ) ~ O, A

We conclude this chapter with a description of all translations of the Leonids unitals.
Let again f = (19), b= (}9) and ¢ = (S Z%) and note that (7 - ©)* = Yr.0) = M-
With Ty .= {(19) | x € F4} as above, we have b € Ty and ~, - p, equals left multiplication
with b.

Proposition 6.17. All translations of the Leonids unitals are the following:
(1) UFy and UG, admit one translation of order 2 each.

(i) Uy, Ugy, Ufe, Ufle and Uge, respectively, admit a translation group of order 4
with translation center.

Proof. One parallel class in 7 is given by the set of all right cosets of T (see Table 6.2).
Since both Aut(Uy,) and Aut(UF¢) contain v, - p, (see Table 6.3), left multiplication
by b induces a translation of order 2 with center T; on Ug?,, and Ug?e, respectively.

In 73 as well as in m4 and 75, one parallel class is given by the set of all left cosets of
Ty (see Table 6.2). Since Ty = {1,b,b° b}, the group Ry, = {p; | t € Ty} is a group
of automorphisms of Ug'y,, Ugly, Ufle, Ugle and U, respectively (see Table 6.3). On
each of those unitals, Ry, acts as translation group of order 4 with translation center
T, € [oo].

Computation (e.g. with GAP) shows that there are no other translations in any of the
Leonids unitals. ]
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7 Open Problems

While working on SL(2, ¢)-unitals, there occurred still unsolved questions, some of which

we list here (in no particular order).

1.

Is every affine SL(2, ¢)-unital with automorphism group 2o X R isomorphic to the
classical affine SL(2, ¢)-unital?

Is the block at infinity fixed by the full automorphism group in every non-classical
SL(2, g)-unital?

Is there a non-classical affine SL(2, ¢)-unital with odd order?
If yes, is there an affine SL(2, ¢)-unital Ugp, where S is non-cyclic?

In the non-classical affine SL(2, ¢)-unitals Ug g, WU, OU and PU, can the set of
arcuate blocks through 1 be described in a way that extends to higher orders?

Can the parallelisms on the short blocks for order 4 be described in a way that
extends to higher orders?

75



Bibliography

[10]

[11]

Emil Artin. Geometric algebra. Reprint of the 1957 original, A Wiley-Interscience
Publication. John Wiley & Sons, Inc., New York, 1988. DOI: 10/bthv8b.

Susan G. Barwick and Gary L. Ebert. Unitals in projective planes. Springer Mono-
graphs in Mathematics. Springer, New York, 2008.

Anton Betten, Dieter Betten, and Vladimir D. Tonchev. “Unitals and codes”. In:
vol. 267. 1-3. Combinatorics 2000 (Gaeta). 2003, pp. 23-33. DOIL: 10/d2zrwp.

Raj Chandra Bose. “On the application of finite projective geometry for deriving a
certain series of balanced Kirkman arrangements”. In: Calcutta Math. Soc. Golden
Jubilee Commemoration Vol. (1958/59), Part I1. Calcutta Math. Soc., Calcutta,
1963, pp. 341-354.

Peter J. Cameron. Permutation groups. Vol. 45. London Mathematical Society
Student Texts. Cambridge University Press, Cambridge, 1999. DOI: 10/bx7wqv.

Michael J. Ganley. “A class of unitary block designs”. In: Math. Z. 128 (1972),
pp. 34-42. DOI: 10/b3gbjc.

GAP — Groups, Algorithms, and Programming, Version 4.8.10. The GAP Group,
Jan. 2018. URL: https://www.gap-system.org.

Larry C. Grove. Classical groups and geometric algebra. Vol. 39. Graduate Studies
in Mathematics. American Mathematical Society, Providence, RI, 2002.

Theo Grundhofer, Markus J. Stroppel, and Hendrik Van Maldeghem. “A non-
classical unital of order four with many translations”. In: Discrete Math. 339.12
(2016), pp. 2987-2993. pOI: 10/dftk.

Theo Grundhofer, Markus J. Stroppel, and Hendrik Van Maldeghem. “Unitals
admitting all translations”. In: J. Combin. Des. 21.10 (2013), pp. 419-431. por:
10/dftm.

Klaus Griining. “A class of unitals of order ¢ which can be embedded in two
different planes of order ¢?”. In: J. Geom. 29.1 (1987), pp. 61-77. DOIL: 10/cgkb6p.

76


http://dx.doi.org/10/bthv8b
http://dx.doi.org/10/d2zrwp
http://dx.doi.org/10/bx7wqv
http://dx.doi.org/10/b3gbjc
https://www.gap-system.org
http://dx.doi.org/10/dftk
http://dx.doi.org/10/dftm
http://dx.doi.org/10/cgkb6p

Bibliography

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[22]

[23]

Alexander J. Hahn and O. Timothy O’Meara. The classical groups and K -theory.
Vol. 291. Grundlehren der Mathematischen Wissenschaften. Springer-Verlag, Berlin,
1989. por: 10/dftn.

Bertram Huppert. Endliche Gruppen. I. Die Grundlehren der Mathematischen
Wissenschaften, Band 134. Springer-Verlag, Berlin-New York, 1967.

Nathan Jacobson. Basic algebra. I. 2nd ed. W. H. Freeman and Company, New
York, 1985.

Norbert Knarr and Markus J. Stroppel. “Polarities and unitals in the Coulter-
Matthews planes”. In: Des. Codes Cryptogr. 55.1 (2010), pp. 9-18. DOI: 10/ddngb3.

Norbert Knarr and Markus J. Stroppel. “Unitals over composition algebras”. In:
Forum Math. 26.3 (2014), pp. 931-951. DOI: 10/£585j5.

Vedran Krcéadinac, Anamari Naki¢, and Mario Osvin Pavcevié¢. “The Kramer-
Mesner method with tactical decompositions: some new unitals on 65 points”. In:
J. Combin. Des. 19.4 (2011), pp. 290-303. DOI: 10/dg9w6d.

Martin W. Liebeck. “The affine permutation groups of rank three”. In: Proc. London
Math. Soc. (3) 54.3 (1987), pp. 477-516. DOI: 10/brwh7q.

Heinz Lineburg. “Some remarks concerning the Ree groups of type (Gs)”. In: J.
Algebra 3 (1966), pp. 256-259. DOI: 10/dr4g54.

Géabor P. Nagy and David Mez6fi. UnitalSZ, Algorithms and libraries of abstract
unitals and their embeddings, Version 0.5. GAP package. Mar. 2018. URL: https:
//nagygp.github.io/UnitalSZ/.

O. Timothy O’Meara. Lectures on linear groups. Expository Lectures from the
CBMS Regional Conference held at Arizona State University, Tempe, Ariz., March
26-30, 1973, Conference Board of the Mathematical Sciences Regional Conference
Series in Mathematics, No. 22. American Mathematical Society, Providence, R.I.,
1974.

Michael E. O’Nan. “Automorphisms of unitary block designs”. In: J. Algebra 20
(1972), pp. 495-511. pOIL: 10/br4kéc.

Antonio Pasini and Sergey V. Shpectorov. “Flag-transitive hyperplane comple-
ments in classical generalized quadrangles”. In: Bull. Belg. Math. Soc. Simon
Stevin 6.4 (1999), pp. 571-587. URL: http://projecteuclid.org/euclid.bbms/
1103055583.

Stanley E. Payne and Joseph A. Thas. Finite generalized quadrangles. 2nd ed. EMS
Series of Lectures in Mathematics. European Mathematical Society (EMS), Ziirich,
2009. por: 10/bv8zw4.

77


http://dx.doi.org/10/dftn
http://dx.doi.org/10/ddngb3
http://dx.doi.org/10/f585j5
http://dx.doi.org/10/dg9w6d
http://dx.doi.org/10/brwh7q
http://dx.doi.org/10/dr4g54
https://nagygp.github.io/UnitalSZ/
https://nagygp.github.io/UnitalSZ/
http://dx.doi.org/10/br4k6c
http://projecteuclid.org/euclid.bbms/1103055583
http://projecteuclid.org/euclid.bbms/1103055583
http://dx.doi.org/10/bv8zw4

Bibliography

[25]

[26]

[27]

28]

[29]

Ambar N. Sengupta. Representing finite groups. A semisimple introduction. Springer,
New York, 2012. DOI: 10/c6562p.

Koen Thas. “Classification of span-symmetric generalized quadrangles of order s”.
In: Adv. Geom. 2.2 (2002), pp. 189-196. DOI: 10/dcb2b4.

Hendrik Van Maldeghem. Generalized polygons. Vol. 93. Monographs in Mathemat-
ics. Birkhéuser Verlag, Basel, 1998. por: 10/fzv2s6.

Zhe Xian Wan. Geometry of classical groups over finite fields. Studentlitteratur,
Lund; Chartwell-Bratt Ltd., Bromley, 1993.

André Weil. Basic number theory. Die Grundlehren der mathematischen Wis-
senschaften, Band 144. Springer-Verlag New York, Inc., New York, 1967.

78


http://dx.doi.org/10/c6562p
http://dx.doi.org/10/dcb2b4
http://dx.doi.org/10/fzv2s6

Acknowledgement

Zu guter Letzt mochte ich mich herzlich bei einigen Menschen bedanken, die sehr dazu
beigetragen haben, dass ich dieses Projekt realisieren konnte, das mir im Laufe der Zeit
immer mehr ans Herz gewachsen ist.

Frank Herrlich danke ich neben der prinzipiellen unkomplizierten Bereitschaft, meine
Betreuung zu tibernehmen, vor allem fiir seine grofle Flexibilitat in der Wahl des Themas
und seine zuverlissige Unterstiitzung in allen Phasen der Promotion; aulerdem fiir seine
gelebte Beantwortung der Frage, ob Mathematiker eigentlich Humor haben.

Ich danke Markus Stroppel fiir die Bereitschaft zur ,Fernbetreuung® und die Einfithrung
in die Welt der Unitale; fiir die vielen langen (!) Diskussionen (mit gelegentlichen
Ausfliigen in die heimische Vogelwelt), die zahlreichen Anregungen und ausfihrlichen
Riickmeldungen.

Ich danke Ernestina Dittrich, ohne deren Vermittlung mein Start in Karlsruhe nicht so
einfach moglich gewesen ware.

Der Abteilung fir Didaktik der Mathematik danke ich fiir die unkomplizierte Zusam-
menarbeit und die Gelegenheit zur Mitarbeit im Team des Schiilerlabors Mathema-
tik. Es war immer eine willkommene Abwechslung, Schulklassen beim Spafl mit Fisch,
Funktion & Co. zu begleiten oder ab und zu eine Bastelpause zugunsten des Schiilerla-
bors einzulegen. Besonders hervorheben mochte ich auch alle Gesprachspartnerinnen der
8-Uhr-Anrufe.

Der AGAZAGA danke ich fiir die herzliche Aufnahme, fiir die Einfiihrung in das ,,Raum-
fahrtprogramm* und insbesondere fiir die Erkenntnis, dass getackerte Objekte besser
fliegen. Besonders mochte ich auch allen Biiro-mit-Sofa-Bewohnern fiir gewahrtes Asyl
und allen sonstigen Gastgebern fiir ihre Gesellschaft bei Apfel-; Keks- und anderen
Pausen danken.

Ich danke meiner lieben groflen Familie und insbesondere meinen Eltern Gabi und Ottmar
fiir ihre bedingungslose Unterstiitzung und ihr Vertrauen in mich und meine Fahigkeiten.
Besonders erwahnen mochte ich auch meine Oma Roswitha, die nie miide wird, ihren
groflen Stolz auf alle ihre Enkel zu betonen.

Ich danke meiner langjahrigen Mathematiklehrerin Margot Hiiglin fiir ihre exakten Formu-
lierungen, ihr sauberes Argumentieren und ihr Wertlegen auf Beweise in Schulunterricht
und Klassenarbeiten.

79



Acknowledgement

Ein ganz besonderer Dank gilt der ,Mathe-Truppe” aus Heidelberg, ohne die das
Mathematik-Studium bei weitem nicht so spaflig gewesen ware, sowie der , Keller-Family*
aus dem AMH fiir die vielen schénen und blédsinnigen Erlebnisse.

Figure A.1: A pig wearing a nice shirt and saying thank you to all the people who
supported me in some way or another

80



	Introduction
	About SL(2,q)
	Linear and Unitary Groups of Degree 2 over Finite Fields
	Subgroups of SL(2,q) of Orders q and q+1

	Unitals
	Unitals as Incidence Structures
	SL(2,q)-Unitals
	Construction of SL(2,q)-Unitals
	Example: The Classical Unital


	Automorphism Groups
	Automorphisms of the Geometry of Short Blocks
	Automorphisms of (Affine) SL(2,q)-Unitals
	Non-Existence of Isomorphisms

	Parallelisms and Translations
	A Class of Parallelisms for Odd Order
	Translations

	Computer Results
	Search for Arcuate Blocks
	Orders 4 and 5
	Order 7
	Order 8

	Search for Parallelisms
	Orders 3 and 5
	Order 4


	Open Problems
	Bibliography
	Acknowledgement

