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We compute four-loop corrections to the Higgs boson gluon vertex, including finite top quark mass
effects. Analytic results are presented which serve as a building block for the next-to-next-to-next-to-
leading order corrections to Higgs boson production at the Large Hadron Collider at CERN.
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Introduction.—The precise measurement of the standard
model Higgs boson properties is a major focus of the
physics program of the Large Hadron Collider (LHC) at
CERN. A crucial quantity in this context is the total cross
section for Higgs boson production in proton-proton
collisions. There are several mechanisms which contribute
to the cross section. The largest contribution is from the
gluon-gluon fusion process [1] despite it being loop
induced. It is thus important to have precise control over
its higher-order quantum corrections.

Leading order (LO) corrections to the process gg — H
were considered 40 years ago [2] and next-to-leading order
(NLO) corrections were computed at the beginning of the
nineties, first in the infinite top quark mass approximation
[3.4] and shortly after exactly in m;, [5]. (The analytic two-
loop virtual corrections are known from [6—8].) About ten
years later the first next-to-next-to-leading order (NNLO)
results became available [9-11] in an effective-theory
framework where the top quark is integrated out. It took
a further ten years to compute corrections in my/m, and
estimate the finite-m, effects. Several expansion terms of
the Higgs-gluon form factor were computed in [12,13] and
subsequently an approximation method was developed to
treat also the real-radiation contribution [14—17]. Recently,
three-loop corrections to the Higgs-gluon vertex with a
massive quark loop have been obtained by combining
information from the large-m, and threshold expansions
with the help of a conformal mapping and a Padé
approximation [18]. For the subset of three-loop diagrams
which contain a closed light-quark loop, even analytic
results are available [19]. The next-to-next-to-next-to-lead-
ing order (N’LO) corrections to gg — H within the
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effective-theory approach have been computed in
Refs. [20,21]. At this order in perturbation theory no
finite-m, corrections are available. In this Letter we
provide the first step to close this gap and compute the
finite-m, effects of the virtual N3LO corrections. Note that
the gg — H vertex diagrams only depend on the Higgs
boson and top quark masses. Thus, it is promising to
consider an expansion for large m, which is expected to
show good convergence properties since the expansion
parameter p = m%/m? ~ 0.5 is sufficiently small. Both at
NLO and NNLO it has been shown that three expansion
terms are adequate to obtain results which, from the
phenomenological point of view, are equivalent to an
exact calculation [12,13].

In this work we concentrate on the numerically dominant
contributions from diagrams in which the Higgs couples to
a top quark loop. Note that although the Yukawa coupling
is small, diagrams in which the Higgs couples to a bottom
quark loop are parametrically enhanced by large loga-
rithms. For example, the LO contribution is proportional to
m2 /m? log*(m,/my) and thus bottom quark corrections
should be included at lower orders.

Calculation.—The LO contribution to Higgs boson
production in gluon fusion is mediated by the one-loop
diagram shown in Fig. 1. Correspondingly N¥LO correc-
tions are obtained from (k + 1)-loop vertex corrections also
shown in Fig. 1. In this Letter, we compute the four-loop
corrections.

The amplitude for gg — H can be parametrized as

A= Agh(p)5(qy - g2 9" — ¢ ). (1)

where ¢; and ¢, are the momenta of the external gluons
with polarization vectors ¢*(q,) and €(q,), respectively,
and a and b are adjoint color indices. .4 consists of various
coupling factors and mass parameters and is given by

2a,(n)
3oz

Ay =Tp , (2)
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FIG. 1. Sample Feynman diagrams contributing to the process
gg — H at LO, NLO, NNLO, and N3LO. The solid and curly

lines represent top quarks and gluons, respectively. The external
dashed line stands for the Higgs boson.

where T = 1/2, v is the vacuum expectation value, and
o, = a§5) is defined with five active quark flavors. The
function h(p) with p = m? /m? contains the top quark mass
dependence. It has the following expansion in the strong

coupling constant:

h@»—§:<%ﬂﬁ>wuﬁkm, 3)

n>1 z

where the leading term is given by

2
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with e = (4 — d)/2, where d is the space-time dimension.

We apply projectors which independently project on the
prefactors of ¢ and ¢%q5 [cf. Eq. (1)] and treat the
corresponding expressions independently. In the course
of the calculation the intermediate expressions are different,
however, the final results are equal (up to an overall sign)
which is a welcome check for our calculation.

We apply an asymptotic expansion [22] in the limit
m? > q, - g, = m%/2. This decomposes each Feynman
diagram into a number of so-called “hard subgraphs” which
have to be expanded in their external momenta. Afterwards,
they appear as an effective vertex in the “cosubgraph”
which is obtained from the original Feynman diagram after
contracting all lines present in the hard subgraph to a point.
From the technical point of view this leads to massive
vacuum integrals up to four-loop order and massless vertex
integrals, up to three-loop order, where only one external

leg is off shell. Both types of integrals have been studied in
the literature [23-31].

We organize our calculation such that the vacuum
integrals are computed first. This requires that we solve
tensor integrals since the integrand in general contains
scalar products between the loop momenta of the vacuum
integral and ¢, or g, or the loop momenta of the subsequent
massless integration. Up to two-loop order there are general
algorithms which treat tensor integrals of an arbitrary rank
[32]. At three and four loops we have implemented tensor
integrals up to rank eight, which is sufficient to obtain
expansion terms up to p?.

The application of the asymptotic expansion leads to a
separation of the scales, at the price that the number of
integrals to be computed is increased drastically; we have to
consider around 40 x 10° three- and four-loop vacuum
integrals and 1 x 10° one- to three-loop massless form-
factor integrals. Because of the expansions in external
momenta, many of the propagators are raised to relatively
high powers. Similarly, the massless vertex integrations
involve integrals with high powers of numerators.

We perform the reductions to master integrals with the
help of FIRE [33] and use symmetry relations from LiteRed
[34]. The combined size of the integral tables (as FORM
tablebases) is about 25 GB. All master integrals are
available in analytic form, both for the vacuum integrals
[26] and the massless vertices [29].

The diagrams are computed by TFORM [35] jobs, each
using four workers and requiring 20 GB of memory. The
total wall time required by these jobs to compute the p°, p!,
and p? terms of the expansion is approximately 6, 50, and
860 days, respectively.

The renormalization of the ultraviolet (UV) poles is
straightforward. We first renormalize o, and m, in the MS
scheme and the external gluon fields in the on-shell
scheme. We then transform the MS mass to the on-shell
scheme and decouple the top quark from the running of a;

our final result is expressed in terms of aff) . Note that one
has to carefully include higher-order e terms in the on-shell
counterterms and the decoupling relations (see, e.g.,
Refs. [36,37]) since our final result still contains infrared
poles.

There are several checks of our final result. First, we
project on both structures present in Eq. (1) and check that
they are equal up to a global sign. Then, we construct
the leading (p°) term independently with the help of the
effective-theory approach, i.e., we use the effective gluon-
Higgs coupling up to four loops [37-40] and the form
factor results from the literature [27,30] to obtain the
amplitude A. Furthermore, the remaining poles after UV
renormalization agree with the predictions provided, e.g., in
Ref. [30,41]. Our three-loop results for the top quark mass
corrections to the form factor agree with Refs. [12,13].

When discussing the structure of the final result it is
advantageous to extract the LO contribution and define
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=1+ 0(ay). (5)

where an expansion in p and in € on the right-hand side is
understood. Next, we consider log(F) since for this
quantity there are simple predictions for the remaining
infrared poles [30,41]. We expect that the pole part of
log(F') has no expansion in p and that the poles are given by
the massless three-loop Higgs-gluon form factor. Our
explicit results confirm these expectations. We thus define

log(F) = ]Og(F)poles + log(F)finite’ (6)
|

and find that log(F ), reproduces the results given in
Sec. 6 of Ref. [30]. log(F )y has an expansion in p which
we discuss in the remainder of this Letter.

Results.—We perform our calculation using general
color structures for the gauge group SU(N). In order to
present a compact expression we specify the color factors
in the following to their numerical values for QCD. General
expressions, for both the MS and on-shell top quark mass,
can be found in the supplementary material [42]. For
u*> = m? we have for log(F)g,ie in the on-shell scheme

a, (11 1 3 17 3553
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where {,, is the Riemann ¢ function evaluated at n, Li,
denote polylogarithms, I,;; = log(m?/m%) + iz and m, is
the top quark pole mass. It is interesting to compare the
finite m, corrections of log(F ). for the various orders is
a,. The numerical evaluation of Eq. (7) for m; = 173 GeV
and my = 125 GeV gives

108(F) e ~ a;[(11.07 = i3.06) + 0.07 + 0.004]
+ a?[(22.59 + i13.24) + (1.02 + i0.13)
+ (0.07 4 i0.01)]
+ a3[(=73.18 + i51.55) + (7.61 + i0.85)
+(0.70 + i0.14))], (8)

where a, = a§5>(m,) /z. For each order in a, we separately
display the p°, p', and p? terms inside the square brackets.
One observes that the mass corrections become more
important when going to higher orders in a,. At two loops
the p' contribution only amounts to 0.6% of the real part of
the leading term, whereas at three and four loops we have
real contributions of 5% and 10%, respectively. At four-
loop order the p? real contributions are below 1% which
justifies the truncation of the expansion at this order; we
expect that the next term is negligibly small. In all cases the
imaginary parts converge at least as well as the real parts.

If we repeat the same exercise for the MS top quark
mass, 7i,, and set the renormalization scale to p> = m?, we
observe smaller mass corrections; at one, two, and three
loops the p' terms contribute 0.1%, 2.5%, and 1.4%,
respectively, relative to the real part of the p° terms. In
all cases the p? terms are smaller again by a factor of 5
to 10.

For Higgs boson production the central value of the
renormalization scale is often set to y*> = m%/2. Adopting
the on-shell scheme for the top quark mass, this leads to p'
real contributions which amount to 0.5%, 34%, and 1.8%
for two, three, and four loops. Note that the large relative
correction at three loops is due to accidental cancellations
which make the leading term (p°) quite small at this order.

Conclusions.—In this Letter, we compute finite top
quark mass effects for the production virtual cross section
of the standard model Higgs boson. We expand the four-
loop Higgs-gluon vertex diagrams for m, > my and show
that three expansion terms are sufficient to obtain precision
results for the physical values of my and m;. Our result is
the first N’LO calculation of the Higgs production cross
section which incorporates finite top quark mass terms. In
the coming years, the LHC enters the era of precision Higgs
boson physics and quantum corrections such as those
computed in this Letter will become important.
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