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ABSTRACT. In this paper we will establish nonlinear a priori lower and upper
bounds for the solutions to a large class of equations which arise from the study
of traveling wave solutions of reaction-diffusion equations, and we will apply
our nonlinear bounds to the Lotka-Volterra system of two competing species as
examples. The idea used in a series of papers [2, 3, 4, 5, 6, 7] where the linear
N-barrier maximum principle was established will also be used in the proof.

1. INTRODUCTION

The present paper is devoted to nonlinear a priori upper and lower bounds for
the solutions u; = u;(x) : R — [0,00), 4 = 1,--- ,n to the following boundary value
problem of n equations

d’i (uz)m—l-ﬂ(ub)x—l—ui‘ fi(uhuQa"' aun) :Oa x 6R7 1= 1a25"' » 1y
(1)

(’U,l,u2,'~' ,un)(—oo) =€, (ul?u2a"' ’un)(oo> =€4.

In the above, d;, [; > 0, § € R are parameters, f; € C°([0,00)") are given functions
and the boundary values e_, e, take value in the following constant equilibria set

@ {ue ) | e ) =0, w =0, Vi=1,n).

Equations (1) arise from the study of traveling waves solutions of reaction-
diffusion equations (see [16, 18]). A series of papers [2, 3, 4, 5, 6, 7] by Hung
et al. have been contributed to the linear (N-barrier) maximum principle for the n
equations (1), and in particular the lower and upper bounds for any linear combi-
nation of the solutions

Zai ui(z), Vo, -, an)
i=1
have been established in terms of the parameters d;, l;, 6 in (1).
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Here we aim to derive nonlinear estimates for the polynomials of the solutions:

n

[Tui(e) + k), Yaa, -+ an)

i=1
for some k; > 0, which is related to the diversity indices of the species in ecology:
DT = (30 (u;)))Y/(1=9 g € [1,00). Observe that when either e, = (0,---,0)

or e = (0,---,0), the trivial lower bound of H(ul(m))o‘l is 0. For k; > 0 the
i=1
following lower bound for the upper solutions of (1) holds.

Proposition 1 (Lower bound). Suppose that (u;(x))"; € (C*(R))"™ with u;(z) >
0,Vi=1,---,n is an upper solution of (1):

dl(ul)mz+6(u7‘)m+u51fl(u17u27 7u’n)§07 xeRv Z:172a , N,
(3)

(ula U, 7un)(7oo) =€, (u17u27 T ,un)(oo) = €.
and that there exist (u;)?_, € (RT)™ such that

) filug, -+ yun) >0, for all
(Ul,"' un)eR _{ uZ 1= 16([0 OO))n| Zz 1’U/l Sl}

Then we have for any (o), € (RT)™,

(5) H(ul(m) + k)% >eM zeR,
i=1
where
(6a) A= mln (nd + Z a;(d; — lnkzl),
i=1,i#7

(Gb) n= min i (/\2 — zn: Oél(dl — dj) In k‘l),

1<j<n d; i=1,ij '

n
(6¢) Ao = 1r§nji£1n (ajdj In(u; + k;) + _ 12;6'041-@ In k,»).
i=1,i#j

Remark 1 (Equal diffusion). When d; = d for all i = 1,2,--- , n, then

A= min (s + ky) + i_lz;# asInk;)d = Az = di,

and the lower bound (5) becomes

n
H(ui(x)—kki) i 21%1£n< uj + k) Hk ) xeR.
i=1 i#]

If furthermore o; = o, Vi = 1, - - - , n, then the inequality of arithmetic and geomet-

ric averages yields
n n 1
. RIS ) AR RS : @
Z(ul—ﬁ—kz) 7n(H(uZ+kl) ) 7n11<1;1£1n( uj + kj) Hk‘ )

i=1 i=1 - i#£]

3=
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On the other hand, we can find a upper bound of ﬁ(ul(m))a’ for the lower
solutions of (1). =
Proposition 2 (Upper bound). Suppose that (u;(z))?_; € (C*(R))™ with u;(z) >
0Vi=1,---,n is a lower solution of (1):
di(Ui)ww + O(ui)y + b fi(ur, ug, - yup) >0, z€R, i=1,2---n,

(7)

(ula Uz, -+ 7un)(_oo) =€, (ulvu?v T ’un)(oo) = €y,
and there exist u; > 0,1 =1,--- n, such that
() filur, -+ up) <0, for all
(wr, -y up) € R= {(wi)iy € ([0,00))" | S0y 7 > 1}
Then we have for any m; > 1 and a; >0 (i =1,2,--- ,n)
. o
(2 mi (77 )i St
9) Zal(uz(x)) < <1I£1?an o (;) ) min 4 r eR,
=1 1<i<n
and hence
- B, T g
10 i(x))mi/n < =20 == z€R
(10) e < =
. (H ai) i
=1
In particular, when a; = « for alli =1,---  n, (10) becomes
" 2, e,
11 ()l < == == R
(1) H(u (z)) - n min d;’ re
i=1 1<i<n

The remainder of this paper is organized as follows. Section 2 is devoted to the
proofs of Proposition 1 and Proposition 2. As an example to illustrate our main
result, we use the Lotka-Volterra system of two competing species to conclude with
Section 2.

2. PROOFS OF PROPOSITION 1 AND PROPOSITION 2

Proof of Proposition 1. We first rewrite the inequality d;(u;)” + 0(u;)" + uki fi <0
in (3). If u(xz) > 0, then for any k > 0, a straightforward calculation gives

,__u(z)
(nu(z) + 0 = 250
" (z) (u'(2))?
u(@) +k  (u(@)+k)?
Hence we divide the inequality by u; + k; > 0 with k; > 0 to arrive at
2 l;
Thus (U;)7 := (In(w; + k;))7, satisfies the following inequalities:

l;

(In(u(z) + k)" =

di(ln(ui + ki))” + d1

(12) ;U +0U; +

)
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For any (a;)", € (RT)™, let

n n
ple) =) il gqlx) =) aid;Ui,
i=1 i=1
then the above inequality (12) reads as
(13) q/l—|—9p’—|—FSO, F = Zuz—f—k‘ fZ Up, - ,’U,n).

We are going to derive a lower bound for
q= ZaidiU Zazd In(u;(z) + ki),

and hence a lower bound for [];_, (u; + k;)%:. The idea is similar as in the papers
[2, 3, 4, 5, 6, 7], namely we are going to determine three parameters

>‘13 , )‘2
to construct an N-barrier consisting of three hypersurfaces

Q1 ={(uw)izlg=M}, P={(w)iz[p=n}, Q2:={(w)iLi|q= N2},

such that the following inclusion relations hold:

Qu = {(wi)ity € ([0,00))" [¢ < M} C P o= {(wi)iy € ([0,00))" [p < n}

C Qo= {(u;)=y € ([0,00))" | g < A2} € R = {(us)—; € ([0,00) "|Z <1}

zl_l

It will turn out that if A1, , and Ap are given respectively by (6a), (6b), and (6¢),
then \; determines a lower bound of ¢(z): ¢(z) > A1, which is exactly (5).

More precisely, we follow the steps as in [2, 3, 4, 5, 6, 7] to determine Ay, 7, A\
such that the above inclusion relations @; C P C Qs C R hold:

(i) Determine A\, The hypersurface Qo intersects the wj-axis: {(u;)j, |u; =
0, Vi # j} at the point

{(UZ)?:l |Uz = O7 Vi 7& j, U, = € g dj — ]{JJ}

If ug ; <y, Vj=1,---,n, then by the monotonicity of the function In(- + &),
Qy C R. That is, Q2 C R if A is chosen as in (6¢):

n

A2 = min (Oéjdj ln(uj —l-k]) + Z a;d; lnkl)

1<j<n
i=1,i#j
(i) Determine n As above, the hypersurface P intersects the uj-axis at
N=YR ) ey i Ik
{)i lus =0, £, wog=e 5 —k}

If up; <wugy, Vj=1,---,n, then P C Qs and the hypersurface @ is above
the hypersurface P. That is, P C Q5 if 1 is chosen as in (6b):

n

7= min i()\2— Z Ozi(di—dj)lnki)

1<j<n d; i=1,i#j
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711) Determine \; Replacing Ao by Ap in (i), the u;-intercept of the hypersurface
etermine A J
A1 72;1:111#]. a;d;Ink;

Qi isgiven by u; ; = e oy dj — k;. Hence if we take A\; as in (6a):

)\1 = 1ISnjl;ln (77 dj + i_;;éj Oél(dl — d]) In kz>,

then uy ; <wugj, Vi =1,---,n and hence Q; C P.

We now show ¢(z) > A1, ¢ € R by a contradiction argument. Suppose by
contradiction that there exists 2 € R such that g(2) < A;. Since u;(z) € C?(R)
(it =1,---,n) and (uy,uz, - ,u,)(£o0) = ey, we may assume miﬁq(m) = q(2).

e
We denote respectively by zo and z; the first points at which the solution trajectory
{(u;(z))?_, | x € R} intersects the hypersurface Q)2 when z moves from z towards

oo and —oo. For the case where 6 < 0, we integrate (13) with respect to « from z;
to z and obtain

) G~ +H00) ~pe) + [ Fln), o un(@)de <o

We also have the following facts from the construction of the hypersurfaces Q1, Q2, P:
e ¢'(z) = 0 because of mi}g q(z) = q(2);
re

e ¢(z1) = A2 because of (u;(z1)) € Q2.

e ¢'(z1) < 0 because z; is the first point for ¢(x) taking the value Ao when z
moves from z to —oo, such that g(z1 + ) < Ag for z — 21 > § > 0;

e p(z) < 7 since (u;(2)), is below the hypersurface P;

e p(z1) > n since (u;(21))"; is above the hypersurface P;

o Flui(z), - ,un(x)) = g uc»ul—flk filug, -+ yun) >0,V € [21, 2]. Indeed,
i=1 " ’

since (u;(#1))i; € Q2 C Qy C R and (ui(2))i—y € Q1 C R, we derive that
F(ui(z), - ;un(x))|ze[z,2) = 0 by the hypothesis (4).
We hence have the following inequality from the above facts when 6§ <0

()= (20) +00(:) — ) + [ Flun(o). () di > 0

which contradicts (14). Therefore when 6 < 0, ¢(z) > Ay for € R. For the case
where 6 > 0, we simply integrate (13) with respect to x from z to z2 to arrive at

z2

q'(22) = '(2) + 0 (p(22) — p(2)) +/ F(uy(z),- - un(z)) dz < 0.

Then we apply the facts that ¢'(z2) > 0, ¢'(2) = 0, p(22) > n, p(z) < n and
F(ui(z), - ,un(2))|se[z,2,) > 0, as well as a similar contradiction argument as
above, to derive g > Ay.

O

Proof of Proposition 2. We prove Proposition 2 in a similar manner to the proof of
Proposition 1. We first rewrite the inequality d;(u;)"” 4 6(u;)’ +ul' f; > 0in (7). A
straightforward calculation shows

(um)/ — mum—lu/’

(um)// =m ((m o 1) um72(u/)2 + umflu//(x)) )
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Hence we multiply the inequality by m; u™i~1(x) to arrive at
di(uimi)" — dz mi(ml — ].) uimi72(uil)2 —+ 9 (Ulml)/ -+ m; Uimiil’uii fz Z 0

For notational simplicity, we will adopt the same notations as in the proof of Propo-

sition 1. Since u; > 0, Vi = 1,--- ,n, for any (m;)", € ([1,00))", the vector field
(Ui)i—y == (u]"")?_, satisfies the following inequalities
(15) dZUZ”—i—HU;—i—mlulmf_luil fi>0, Vi=1--- n.

For any (o), € (RT)™, p(z) =Y i, o; U; and q(x) = Y., a; d;U; satisty
(16) " +0p +F>0, F:= Zai m; uimﬁluii filur,ug, -+ uy).
i—1

We are going to show the upper bound ¢ < A; by employing the N-barrier
method as in the proof of Proposition 1. That is, we are going to construct the
three hyperellipsoids

Qu={(w)iila= A}, P:={(w)iLlp=n} Q2:={(w)iti]q= A2},
such that the following inclusion relations hold:
Q1 = {(wi)it, € ([0,00))"[¢ 2 A} D P :={(us)iy € ([0,00))" |p = n}

> Qo = {(u)iy € (10,00))" [ g2 Ao} D R = {(w)iy € (0,50)" | Y- = > 1},
i=1 "

and the upper bound ¢ < A\; follows by a contradiction argument. More precisely,
we take

(17) A2 = max «;di(u;)™,

1<i<n
such that the u;-intercept of the hyperellipsoid @2

u2,j:<ajdj> Zuja ]:]—723”'777“

Then we take
(18) n=-——r,

such that the u;-intercept of the hyperellipsoid P
T] l/mi
ug,j = (aj) >uzj, j=1,2,--,n
Finally we take
(19) A1=7 max d;

such that the u;-intercept of the hyperellipsoid ¢

)\1 l/mi
Uy,; = (Oéjdj) Zuo,j7 j:1a27"'7n'

Combining (17), (18), and (19), we have

g di
(20) A= (fgggxnai d;(u;) ) min 4

1<i<n



NONLINEAR ESTIMATES FOR REACTION DIFFUSION EQUATIONS 7

We follow exactly the same contradiction argument to prove g(z) < A; for z € R
as in the proof of Proposition 1, which is omitted here. Since (a;)"; € (RT)™ is

arbitrary, q Z a; d;(u; ()™ < A1 implies the upper bound (9). Now we use

the inequality of arlthmetlc and geometric means to obtain

@ St 2 {lawer)* 2n(e)’ fuer®

which together with (9) yields (10).

The construction of the N-barrier for the case n = 2 is illustrated in the following
example, which provides an intuitive idea of the construction of the N-barrier in
multi-species cases.

To illustrate Proposition 2 for the case n = 2, we use the Lotka-Volterra system
of two competing species coupled with Dirichlet boundary conditions:

ditge +0uy +u(l —u—ayv) =0, x € R,
(22) dovVer +0v, + Av (1 —asu—v) =0, z€R,

(u,v)(—00) =€, (u,v)(+00) = ey,
where a1, as, A > 0 are constants. In (22), the constant equilibria are e; = (0,0),
1-— 1-—
e = (1,0), e3 = (0,1) and e4 = (u*,v*), where (u*,v*) = (1 7a?;2, 1 7@?22

is the intersection of the two straight lines 1 —u —ayv=0and 1 —asu—v =0
whenever it exists. We call the solution (u(z),v(x)) of (22) an (e;, e;)-wave.

Tang and Fife ([17]), and Ahmad and Lazer ([1]) established the existence of
the (e1,eq)-waves. Kan-on ([10, 11]), Fei and Carr ([8]), Leung, Hou and Li ([15]),
and Leung and Feng ([14]) proved the existence of (eq,esz)-waves using different
approaches. (eq,ey)-waves were studied for instance, by Kanel and Zhou ([13]),
Kanel ([12]), and Hou and Leung ([9]).

For the above-mentioned (e1,es)-waves, (e3,es)-waves, and (eq, e4)-waves, we
show by Proposition 2 that an upper bound of u(x)v(z) exists for all of these waves
(see (24) below). To this end, letting

we see that (8) in Proposition 2 is satisfied. According to (10), letting a1 = ag =
mi1 = mo = 1 leads to

(23) u(z)v(z) < %max (@, ) m, z€R
(24) u(z)v(z) < i(max (@, 7)) (E?r}f((jf j;;) , z€R
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For the equal diffusion case di = dy = 1 with the bistable condition a1, as > 1 For
the bistable condition aj,as > 1 and the equal diffusion case d; = dy = 1, (24) is
simplified to

(25) u(x)v(z) < -, zeR

=

If we further consider the boundary conditions in the (es, e4)-waves (also (es, e4)-
waves) or the (e4, eq)-waves, the upper bound given by (25) is optimal for the case
a:=a; = as > 1 since as a — 17, we have

@) )= (e ) — ()~ 212,

1l—ajas’ 1—ajas 14a’1+a
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