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In memory of Enrico Jannelli

ABSTRACT. We look for multiple solutions U: R? — R? to the curl-curl problem
VXVxU=h(U), zcR
with a nonlinear function h: R? x R® — R3 which has subcritical growth at infinity or is

critical in R?, i.e. h(z,U) = |U[*U. If h is radial in U, N = 3, K = 2 and a = 1 below,

)

then we show that the solutions to the problem above are in one to one correspondence
with the solutions to the following Schrédinger equation

—Au + %u:f(a:,u), u: RYN -5 R,
r

where z = (y,2) € REXxRVN"K N > K > 2 7 = |y and a > a9 € (—0,0]. In
the subcritical case, applying a critical point theory to the Schrédinger equation above,
we find infinitely many bound states for both problems. In the critical case, however,
the multiplicity problem for the latter equation has been studied only in the autonomous
case a = 0 and the available methods seem to be insufficient for the problem involving
the singular potential, i.e. a # 0, due to the lack of conformal invariance. Therefore we
develop methods for the critical curl-curl problem and show the multiplicity of bound states
for both equations in the case N =3, K =2 and a = 1.

INTRODUCTION

We look for weak solutions u: RY — R to the problem
a . N
(1.1) —Au+ﬁu:f(x,u) in R™,

where © = (y,2) € RExRV"K N > K > 2 r = |y| is the Euclidean norm in RX,
a > agp € (—00,0]. Here f: RN x R — R is a nonlinear function with critical growth,
ie. f(z,u) = |ul*2

The problem appears in the study of stationary solutions to nonlinear Schrédinger or Klein-

u, or subcritical growth at infinity, see assumptions (F1)-(F5) below.

Gordon equations [5]. On the other hand we are also interested in finding solutions U: R? —
R? to the following curl-curl problem

(1.2) VxVxU=h(z,U) inR?
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2 M. GACZKOWSKI, J. MEDERSKI, AND J. SCHINO

with a nonlinear function h: R?* x R?® — R3, which arises in the study of the propaga-
tion of time-harmonic electromagnetic fields in a nonlinear medium by means of Maxwell’s
equations and the constitutive laws, see [1,13,17,23] and the references therein.

Suppose that N =3, K =2, a =1 and h(z,aw) = f(z,a)w for a € R, w € R? such that
|w| =1 and = € R®. Then one can easily calculate that if u(z) = u(r, z3) with r = |(z1, 22)|
is a classical solution to (1.1), then

13 U =2 (%), o= (@nenm) € B\ ({0} x {0} x R),
satisfies div (U) = 0 and V x (V x U) = —AU = h(x,U) for z € R*\ ({0} x {0} x R),
cf. [18,24]. Our first aim is to show that solutions to (1.1) provide solutions to (1.2) of
the form (1.3); this generalization to nonclassical solutions is not immediate and will be
demonstrated in Theorem 2.1. In particular, the existence results for (1.1) provide new
results for the curl-curl problem. It is also possible to study (1.1) by means of (1.2), which
will be crucial for the critical nonlinearities.

Concerning the nonlinearity in (1.1), we collect some assumptions on f and F', where
F(xz,u) == [} f(z,t)dt and O(K), O(N) stand for the orthogonal group actions in R*, RY
respectively.

(F1) f: RY x R — R is a Carathéodory function (i.e. measurable in z € RY for every
u € R, continuous in u € R for a.e. x € RY). We assume that f is O invariant with
respect to O 1= O(K) x {Iy_x} C O(N), i.e. f(gx,u) = f(x,u) for g € O, for
a.e. x € RY and for every u € R. Moreover f is Z"¥E-periodic in the last N — K
components of z, i.e. f(z,u) = f(:c + (O,z’),u) for every v € R, a.e. € RY and
a.e. 2/ € ZN7K,

(F2) \11L1|—>0 {;SZ’?B = lul"inoo {;SZ’?B = 0 uniformly with respect to 2 € RY, where 2* = 2.
F
(F3) ‘ llim ‘(I";L) = oo uniformly with respect to z € RY.
u|—00 u
(F4) u— f(z,u) is nondecreasing on (—oo, 0) and on (0, 00) for a.e. x € RV,

Jul

Observe that the following functional

J(u)zl/ |Vu|2+g|u|2da:—/ F(z,u)dz
2 RN T2 RN

is of class C! in X C DY?(RY), where DV?(RY) is the completion of C5°(RY) with respect
to the usual norm |Vuls and

2
X = {ueD2RY): / [l g < o},
RN T
is endowed with the norm |jul| = (|Vu|2 + |u/r|3)*/2. Here and in the sequel | - |, denotes

the L%-norm for ¢ € [1,00]. Due to the singular term, we consider the group action O,
which acts isometrically on X, and let X denote the subspace of X consisting of invariant
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functions with respect to O. Note that, if K > 2, then

/U—de< . 2/ (Vul? dx
RN 7"2 - K -2 RN

for every u € DM?(RY) (see [6]) and X and D"?(R¥) coincide. Note also that
7)) = [ (Vo) + Guods— [ flawjods
RN r RN

needs not be finite for K = 2, u € X, ¢ € C°(RY). Therefore, by a solution to (1.1) we
mean a critical point v € X of J. By ground state solution to (1.1) in Xp we mean a
nontrivial solution to (1.1) that minimizes {J(u) : u € Xp \ {0}, u is a solution to (1.1)}.
If K > 2, then C3°(RY) is dense in X and, by the Palais principle of symmetric criticality
|21], critical points of J|x, correspond to critical points of J and are weak solutions in RY,
i.e. J'(u)(¢) = 0 for every ¢ € C°(RY). If K = 2, then in view of [5, Proposition 5| any
nonnegative solution to (1.1) is a weak solution in RY.
The first existence result reads as follows.

Theorem 1.1. Suppose that a > —(%)2 and (F1)-(F4) hold. Then there exists a ground
state solution u to (1.1) in Xo. If, in addition, f is odd in u € R, then u is nonnegative

and (1.1) has infinitely many geometrically ZN~X -distinct solutions in Xo.

Two solutions are called geometrically ZN X -distinct if and only if one cannot be obtained
via a translation of the other in the last N — K variables by a vector in Z¥ ¥,

The growth conditions (F1)—(F4) are provided in [19, Section 7| for the problem (1.1)
with a = 0, ZN-periodic f, O = {Iy} and Theorem 1.1 is known in this particular case; see
[19, Theorem 7.1|. These assumptions imply that f(z,u)u > 2F(x,u) > 0. However, if I’
does not depend on y, we may consider also sign-changing nonlinearities under the following
weaker variant of the Ambrosetti-Rabinowitz condition [2]:

(F5) There exists v > 2 such that f(z,u)u > vF(z,u) for every u € R and a.e. 2 € RVN"K
and there exists uy € R such that essinf,cpn-—x F(2, 1) > 0.

Theorem 1.2. Suppose that a > —(%)2, (F1)-(F2) and (F5) hold and f does not depend
on y. Then there exists a nontrivial solution u to (1.1) in Xo.

Notice that every solution u to (1.1) can be supposed to be nonnegative if f(z,u) > 0 for
every u < 0 and a.e. z € RV~ because, in this case,

uu_—

0> —|lu_|*= / (Vu,Vu_) + — dex = f(z,u)u_de = flz,—u_)u_dz >0
RN RN

RN
(where u_ := max{—u, 0} denotes the negative part of u), therefore u_ =0 and u > 0.
Recall that if f(z,u) = f(u) does not depend on z and a = 1, then Badiale, Benci and
Rolando [5] found a nontrivial and nonnegative solution to (1.1) under more restrictive
assumptions than in Therorem 1.2, in particular (cf. assumption (f;) there) they assumed
the double-power like behaviour |f(u)| < Cmin{|u|P~!, |u|?"'} for u € R, some constant
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C > 0and 2 < p < 2" <q. For instance, the result of [5] does not allow nonlinearities such
as
lulP?uln(1 + |u|) for |u] > 1
flu) = In(2) 12 for 0 < |u| < 1
0 for u =0,

where 2 < p < 2%, not even if considering fx(o,00), Where X(o,) is the characteristic function
of [0,00). Observe that f(z,u) = I'(z)f(u) satisfies (F1)-(F4), where I' € L®(R"Y) is O-
invariant, Z"~%-periodic in the last N — K components, positive and bounded away from
0. (F5) is satisfied if and only if p > 2 and I" does not depend on .

In general, if f satisfies (F1), (F2), (F5) and does not depend on y as in Theorem 1.2,
then fxo,00) satisfies the same assumptions, but clearly (F3) does not hold.

We show that the problem in Theorem 1.2 has the mountain pass geometry, however
the presence of the singular potential and the nonlinearity of general type cause difficulties
in the concentration-compactness analysis. In [5], dealing with an autonomous double-
power like nonlinearity, the authors provided a technical analysis involving translations and
rescaling in DM?(RY) [5, Section 4]. We show, however, that this rather involved argument
can be replaced by a Lions-type lemma for functions in X, where we only make use of
translations, see Lemma 3.1 for the precise statement. In order to obtain a ground state
solution and infinitely many solutions to (1.1), instead, we apply the critical point theory
from [19, Section 3].

In view of Theorems 1.1, 1.2 and taking into account Theorem 2.1 below, we obtain the
existence of solutions of the form (1.3) to the curl-curl problem (1.2). By a solution to (1.2)
we mean a critical point U € DV2(R3,R?) of £, where the functional £: DV2(R? R?) — R
is defined as
(1.4) U =2 [ |VxUPdr— [ H(z,U)d,

2 Jps R3
H(x,U) := fol (h(z,tU), U) dt and D'*(R3 R3) is the completion of C5°(R?, R?) with respect
to the norm |VU|,. Clearly every solution to (1.2) is a weak solution in R, i.e. £'(U)(¢) =0
for every ¢ € C5°(R?,R?). Moreover we define Dr as the subspace of D'?(R3, R?) consisting
of vector fields of the form (1.3), which will be defined rigorously in Section 2.

Observe that the kernel of V x (+) is of infinite dimension since V x (V¢) = 0 for all ¢ of
class C? and €& is strongly indefinite, i.e. it is unbounded from above and from below, even
on subspaces of finite codimension. In order to avoid the indefiniteness we use Theorem 2.1
which states that U € Dz is a solution to (1.2) if and only if u € X is a solution to (1.1)
witha=1, N =3 and K = 2.

The curl-curl problem (1.2) in a bounded domain or in R?® has been recently studied
e.g. in [3,7-9,15,17, 19| under different hypotheses on h assuming h is subcritical, i.e.
h(z,U)/|U]°> — 0 as |U| — oo. A multiplicity result in R?® has been recently obtained in
[19]. Below we provide the multiplicity result inferred by Theorem 1.2 under more general
growth assumption, although we have to assume the radial symmetry of h as follows.
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Corollary 1.3. Suppose that h(x,aw) = f(z,a)w for « € R, w € R3 such that |w| = 1
and a.e. x € R3.
(a) If (F1)-(F4) hold, then (1.2) has a nontrivial solution U € Dz minimizing {E(V) :
V € Dz \ {0}, V is a solution to (1.2)}.
(b) If (F1)-(F4) hold and h is odd in u € R, then (1.2) has infinitely many ZN=5-
distinct solutions in Dx.
(c) If (F1)-(F2), (F5) hold and h does not depend on y, then (1.2) has a nontrivial
solution U € Dx.

Note that the condition h(z,aw) = f(z,a)w for « € R and w € R?® such that |w| = 1
means that h is O(3)-equivariant (radial) with respect to U, i.e. h(z,gU) = gh(z, U) for
g € O3), U e R? and a.e. x € R3; however, in general, we cannot expect that solutions
obtained in Corollary 1.3 preserve this symmetry. Indeed, it follows from |7, Theorem 1.1]
that any O(3)-equivariant solution to (1.2) is trivial provided that f(x,u) # 0 for u # 0
and a.e. v € R

Observe that in Corollary 1.3 we obtain weak solutions to (1.2) by critical points of J
from Therorem 1.1, although we do not know, in general, whether they are weak solutions
to (1.1) in R3.

Next we investigate the problems with the critical nonlinearities in dimension N = 3:
from now on we assume that

f(z,u) = |u/*v and h(z,U) = [U*U for u € R,U € R®.

We point out that in [4] Badiale, Guida and Rolando found a ground state solution in Xp
to (1.1) for a > 0. Again, an immediate consequence of Theorem 2.1 is the existence of
a solution to (1.2) of the form (1.3) that minimizes the energy functional £ among all the
nontrivial solutions of the same form, although it is not clear whether it is a ground state
solution in the general sense, i.e. minimizing & among all the nontrivial solutions (not
necessarily of the form (1.3)). We would like to mention that the existence of a ground
state solution in this general sense has been recently obtained by the second author and
Szulkin [20], however the problem of the existence of multiple solutions to the critical curl-
curl problem remained open and will be investigated below. Moreover, up to our knowledge
the multiplicity result for (1.1) in the critical case is not known unless a = 0.

If a = 0, then the most prominent result is due to Ding [14], which establishes the existence
of infinitely many sign-changing solutions (u,) invariant under the conformal action of
I := O(2) x O(2) on R?, shortly I'-invariant, induced by the stereographic projection of
the unit sphere S* C R*

7:S* = R3U {oo},
i.e. for each v € I' we set ¥(z) := (1 oy ' o 1) (x) and yu(zx) := |dety (z)|/Su(F(x)) for
all ¥ € T and a.e. # € RY. Such group action restores compactness, e.g. similarly as in
Clapp and Pistoia [12], i.e. the subspace of I'-invariant functions in D*?(R3) is compactly
embedded into L5(R?). If a # 0, then one easily checks that J is not [-invariant due to the
term u/r? and the lack of the conformal invariance, hence this approach no longer applies.
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In order to solve (1.1) in N = 3 and with a = 1, we find infinitely many solutions to
(1.2), which does not involve a singular term, and use the relation (1.3) in the opposite

way. In the vector-valued problem we introduce the following O(2) x O(2)-group action on
DL2(R?, R?).

Definition 1.4. For g1, g» € O(2) we denote g = (% ;’2) = (g1,92) € O(2) x O(2). We say

that U € DM2(R3,R3) is O(2) x O(2)-symmetric if and only if

U(r(on'@) vt
<p<7r(g7r‘%x))> p(z)

for every g1, go € O(2) and a.e. v € R3, where p(z) = , /1+|x|2 and g1 = (%4 9).

The subspace of O(2) x O(2)-symmetric vector fields is denoted by Dp2)xo(2) and the
main result concerning (1.2) in the critical case reads as follows.

Theorem 1.5. There exists a sequence (Uy,) C Doyxo) of solutions to
(1.5) VxVxU=|UM inR?
such that £(U,,) — 00 as n — oco. Each U, is of the form (1.3).

In order to overcome the difficulties owing to such indefiniteness we consider again vector
fields U of the form (1.3), but instead of focusing on the corresponding scalar fields u (like
for the noncritical case) we exploit the property that such vector fields are divergence-free
in the distributional sense (cf. Lemma 2.4). Similarly as in [3], this allows to reduce the
curl-curl operator to the vector Laplacian by means of the appropriate group action and
the Palais principle of symmetric criticality, see Section 2 for details. Of course we need to
work with vector fields of the form (1.3) that are additionally O(2) x O(2)-symmetric (cf.
Lemma 4.4). Inspired by [12,14], we show that such symmetric vector fields are compactly
embedded into L5(R3 R3).

In view of Theorem 1.5 we obtain the following result.

Corollary 1.6. There exists a sequence (u,) C Xo of solutions to
u
—Au+ — = |ul'u in R?
r
such that J (u,) — 00 as n — oo. Moreover each |u,| is I'-invariant.

It remains an open question whether there are infinitely many solutions to (1.1) with
a # 0,1 and the critical nonlinearity. Concerning the higher dimensional case, it is not
straightforward and is postponed after further investigation. If N > K > 2, then we would
like to mention the existence of a ground state solution for —(%)2 < a < 0 and the
nonexistence of ground states solution for a > 0, see [11, Theorem 1.2].

The paper is structured as follows. In Section 2 we build the functional setting for (1.1)
and (1.2) and prove that solutions to (1.1) in X are in one-to-one correspondence to
solutions to (1.2) in Dz. In Section 3 we study the noncritical problems, while in Section 4

we study the critical ones in dimension N = 3.
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2. AN EQUIVALENCE RESULT

In this section we deal with the case N = 3 and, consequently, K = 2. In particular
2* =6 and r = 1, = Ja?+ a2 for x = (x1,29,23) € R3. For g € O(2) we denote
g=1(99) € 0O=0(2) x {1}. We say that B: R* — R? is O-equivariant if and only if
9B = B(g-) for every g € O.

Let

3 3 b(x) o2 3

F = {U: R® — R” : U(zy, 29, x3) = T( A ) for some O-invariant b: R® — ]R)}
Then Dy := DM?(R?, R*)N.F is a closed subspace of DV?(R?, R?) and note that every U € F
is O-equivariant.

The main result of this section is the following.

Theorem 2.1. Let f satisfy (F1) and |f(z,u)] < Clul|® for a.e. x € R3, every u € R and
some constant C > 0. Let h: R x R® — R3 be such that h(z,aw) = f(z,a)w for a.e.
xr € R3, for every a € R and for every w € R with |w| = 1. Suppose that U and u satisfy
(1.3) for a.e. x € R3. Then U € Dr if and only if u € Xo and, in such a case, div (U) = 0
and J (u) = E(U). Moreover u € Xe is a solution to (1.1) with a = 1 if and only if U € Dz
is a solution to (1.2).

Lemma 2.2. If U € D"?(R3 R?) is O-equivariant, then there exists (U,) C C°(R3 R?)
such that U,, is O-equivariant and |VU, — VU|y = 0 as n — oc.

Proof. Since U € DM?(R3 R?), there exists (V,,) C C5°(R3, R?) such that |[VV,,—VU|y — 0
as n — 00. Let

U, (2) = /O 67V u(g2) du(g) = /@ §"V.u(g7) du(g).

where p is the Haar measure of O (note that O is compact).
For every e € O we have

U, (ex) = /O 9" Va(gex) du(g) = e /O g"Va(gd'z)du(g') = eUy(z),

i.e. U, is O-equivariant. Moreover U,, € C5°(R3 R?) because so does V..
First we prove that |U,, — Uls — 0. From Jensen’s inequality there holds

6
U= U= [ | [ ¢"Valge) — Ula) diutg)]| da < / 9" Va(ge) — Ula)|" dr dulg)
= / 9" Viulgx) = ¢"Ulge)|” de du(g / / Va(gz) — Ulge)|” dz du(g)
O JR3
= [ IVa = Ulgdute) = 1V, = Ul 0
as n — oQ.

Finally (U,,) is a Cauchy sequence in D'?(R3, R3) because
VU, — VU,|» < [VV, = VV,u|s — 0
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as n, m — oo and we conclude. O
Proposition 2.3. Let
H:={U: R’ = R*: |U(z)| < C|(x1,22)| for some C >0
uniformly with respect to x3 as (x1,1x) — O},
and set R2 :=R3\ ({0} x {0} x R). Then
Dr = Co(R3,R3) NC>®(R2,R3) N H N D,

where the closure is taken in D?(R3 R3).

Proof. The inclusion ‘D’ is obvious since D is closed. Now let U € Dz. Since U
is O-equivariant, in view of Lemma 2.2 there exists an O-equivariant sequence (U,) C
Cs°(R3, R3) such that U, = (UL, U2, U3) - U in DV3(R3, R?).
As in [3, Lemma 1|, for every n there exist O-equivariant U, ,,, U, ,, U¢,, € D"?(R? R?)
such that for every z € R?
e U, ,(x) is the projection of U, (x) onto span{(z1,,0)},
e U, ,(z) is the projection of U, (x) onto span{(—x2,x1,0)},
e Uc,(z) = (0,0,U3(x)) is the projection of U,(z) onto span{(0,0,1)}.
In particular U,,,, U, ,, U¢, € C*(R3 R?), they vanish outside a sufficiently large ball in
R? (in fact U¢,, € CP(R?, R?)) and U, (2) = U, ,(2) + U, (x) + U¢ n(2) for every o € RE.
Moreover VU, (), VU, (), VU, (2) are orthogonal in R? for every = € R?.
Then we infer that U,, — U in D"*(R* R3) so we just need to prove that U,, €
Co(R3,R3) NH for every n.
Since U,, is O-equivariant, for every g € O and every z3 € R we have

gUn(O> 0, 1'3) =U, (g((), 07 $3)) = Un(07 0, x3)a
which implies U} (0,0, x3) = U2(0,0,x3) = 0, so that UL = U2 =0 on {0} x {0} x R.
Observe that for every x € R? we have

it (1) and et = @ (5)

0
and it follows from the uniform continuity of U,, that for every z3 € R

lim U,,(zr)= Ilim U,;,(z)=0

(z1,22)—0 (z1,22)—0

Up,n(I) =

uniformly with respect to x3. Hence we can extend U,, and U,, to R?® by setting them
equal to 0 on {0} x {0} x R and get that U, ,,, U,,, € Co(R* R?) and U, (z) = U, ,(z) +
U, ,.(z) + Ue,(x) for every o € R?.
To prove that U,, + U, , € H, first we notice that (Un — Uc,n) € C°(R3 R?) and
(Upn +Urp)(2) = (U, =Ugy)(z) = (U, —Uc,)(0,0,z5)
£V (U, = U, ) (0,0, 23) (w1, 22, 0)7 + of (a1, 22)])
— V(U — U, (0,0, 23) (1,22, 0)7 + of (a1, 22)])
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as (x1,22) — 0, hence U,,, + U,,, € H. Finally note that |U.,| < |U,, + U,,| and we
conclude. ]

From now on we assume that U and u satisfy (1.3) for a.e. z € R3.

Lemma 2.4. U € Dz if and only if u € Xo. In such a case, div (U) = 0 and J(u) = E(U),
where f and h satisfy the assumptions of Theorem 2.1.

Proof. Suppose that u € Xp and let U be of the form (1.3). We show that the pointwise a.e
gradient of U in R? is also the distributional gradient of U in R®. Indeed, for the derivative
along x; of the first component of U we have

I ) =g On () do -/ (axlumﬁas(x) - u(x)ﬁaﬁ(az)) da

=~ | O (ulr) = )o(x) do < oc
foo (o0 7)

XT1T2

N

for every ¢ € C5°(R?), since / u(r)———=¢(x) dx < oo for u € X. For the derivative

R3 (@f +a3)2
along x; of the second component of U similarly we get

() a0, 6 () da
oo

- T 1 B x? ))

- /R (a”““(x) o “(x)( g @i
T

= — /RS O, (u(x)ﬂ)gb(m) dr < 00

for every ¢ € C5°(R?). The remaining cases are similar.
Now observe that U = (Uy, Uy, U3) € L(R3 R3) N F. Moreover

i) T1T9 2
02, Us(z) = Oy u(r)——=—= —u(z)7——5 € L'(R

and

T 1 3 2
0y, Us(2) = &Blu(x)\/m u(x)(\/m o —l—x%)g) € L*(R),
since u € X. Again, the remaining cases are similar and we infer that U € D
Now suppose that U € Dy and, due to Proposition 2.3, let (B,) C Co(R?* R?) N
C>®(R3,R3) NH N D such that lim, |[VB,, — VU], = 0 and let (b,) be O-invariant such
that B,, and b, satisfy formula (1.3).
We prove that b, € Xp. Since |B,| = |b,], of course b, € Co(R?) NC>(R?) C L°(R?) and
|b, ()| < C|(x1, 22)] for some C' > 0 uniformly with respect to z3 as (x1,z9) — 0, therefore

/ —Zda:<oo
R37‘



10 M. GACZKOWSKI, J. MEDERSKI, AND J. SCHINO

Moreover
1 bo(2) T1Ty  —2% 0
Lz(Rs, R3X3) = VBn(LL’) = ﬁ ( _I;? )Vbn(l’)T + ﬁ [L’% —T1T2 0

and the second summand is square-summable because

] T1Ty  —2% 0 1 x4 1
———— | 23 —maxs O =——||2]| (2 —21 0) =
3 2 3 ’
($% + Zlﬁ'%)2 0 0 0 R3%3 (Zlf% + 1’5)2 0 R3%3 V ,’L’% + IL’%

where | - [gsxs stands for the matrix norm in R3*3. Tt follows that Vb, € L?(R3 R?), thus
b, € Xo.

Since lim,, |b, — u|¢ = lim, |B,, — Ulg = 0, it is enough to prove that (b,) is a Cauchy
sequence in X, therefore we compute

— b)) (bp, — bin)

r2

16, — b|* = /RB(V(bn — ), V(b — bp)) + (b dx

- / (V(B, —B,,),V(B, —B,))dr = |V(B, — B,,)|2 = 0

as n, m — oo.

Finally, observe that div (B, (z)) = 0 for every x € R2. Tt follows that, up to a subse-
quence, div (U(z)) = lim,, div (B,(z)) = 0 for a.e. z € R? and recall that the pointwise a.e.
divergence of U is also the distributional divergence of U.

Finally, observe that if u € Xp and U € D satisfy (1.3) a.e. on R?, then ||u]|> = |[VU|3 =
|V x U3 and F(z,u(z)) = H(x, U(z)) for a.e. z € R>. O

Proof of Theorem 2.1. The first part follows directly from Lemma 2.4. Recall (cf. |3, Section
2]) that if U € DM?(R3 R3) is O-equivariant, then U € Dz if and only if U is invariant
with respect to the action

SU)=85U,+U,+U;):=-U,+U, - U,
Recall also that the functional £ defined in (1.4) is invariant under this action.

Let V € Dz and v € X satisfy (1.3) and note that, arguing as in Lemma 2.4,

/(VxU,VxV>d:c:/ (VU,VV>d:c:/ (Vu, Vo) + — dz
R3 R3

R3 r2

and

/Rg<h(x,U(x)),V(x))dx:/RS h(x,%(_sngz)),v(f) _w;iz>>dx
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3. THE NONCRITICAL CASE

In this section we prove Theorems 1.1 and 1.2. Throughout this section we assume f
satisfies (F1) and (F2). The following lemma is proved in |16, Proposition A.2].

Lemma 3.1. Suppose that (u,) C DY3(RY) is bounded and O-invariant and for all R > 0

(3.1) lim sup / |, |* dw = 0.
B((0,2),R)

N0 ,cRN-K
Then
/ O(u,)der —0 asn— o0
RN

for any continuous function ®: R — [0, 00) such that

(3.2) lim 28) _  20)

s—0 |S

=0.

|s| =00 ‘8‘2*

We need the following results as well.

Lemma 3.2. Let 1 <p <2< qg<oo. Ifuec L* (RY), then

2*
2%

[ux <1yl [uxgusnlh, [{lul > 1} < |u

where x denotes the characteristic function and | -| stands for the Lebesgue measure.

Proof. Clearly

2*
2

[ s do < [l xguen do <

Moreover, we have that
{lul > 1}] :/ 1d:c§/ [l de < [ulZ
{lul>1) {lul>1}

2¥—p 2% _ *
/RN "X g1y do < Julpel {[ul > 1377 < Jufpfuly ™ = [ul3.

and so

O

Lemma 3.3. Suppose that (u,), (v,) C DY*(RY) are bounded and O-invariant and (u,)
satisfies (3.1) for all R > 0. Then

‘/uwmwmﬁo
]RN

as n — Q.

Proof. Let 1 < p < 2* < ¢ < oo and define ®(¢) := Olt‘ min{s?~1 577!} ds. Note that @
satisfies (3.2). (F2) implies that for every ¢ > 0 there exists C. > 0 such that for every
t € Rand a.e. z € RY we have |f(x,t)| < elt|* ~! + C.|®'(t)|. Moreover

[ @@l de= [ (@0 o+ [ 800 <) de = A, + B
RN RN RN
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Concerning the first integral A,, Lemmas 3.1 and 3.2 imply that, for some C,Cy > 0,

An :/ |0 lP ™ X o> 13 [ [ X (] 51y A +/ 0|7 X ol <13 [tn| X (Jun| 51} d
RN RN

< ([oaXquaisy 157" + ||vn|q_1X{|vn\§1}|p%)|unX{|un|>1}|p

., q(p—1) P
< Cl(lan{|vn\>1}|§ + [V X{jonl<1}la " ) (/N O (uy,) da:)
R

1
< Cysup ||v;.c||2 1 </ D (uy,) dx) —0
k RN

_pP
because ([v,|171) " Xqjuai<1y < [Val Xjon|<1}-
Finally, similar computations hold for the second integral B,. 0

In order to prove Theorem 1.1 we aim to use the abstract critical point theory from
[19, Section 3|, in particular Theorems 3.3 and 3.5(b) therein. We need to prove that
assumptions (I11)—(I8), (G) and (M) for every > 0, which in our setting read as follows,
are satisfied. For simplicity, we set

Z(u) ::/ F(z,u)dz forue Xo
RN

and
N = {ue Xo\{0}: J'(u)u=0}

stands for the Nehari constraint, which needs not be a manifold of class C*; see [19]. We
enlist the required conditions:

(I1) Z € C*(Xp,R) and Z(u) > Z(0) = 0 for every u € Xo.
(I2) T is sequentially lower semicontinuous.
(I3) If u,, — w and Z(u,) — Z(u), then u,, — u.
(I4) ||ul| +Z(u) = oo as ||u]| = oo.
(I6) There exists > 0 such that ~ inf  J(u) > 0.

UGX(97||H||:T

(I7) (g")—>ooiftn—>ooandun—>u07£0asn—>oo.

2 —1

(I8) T'(u)u + Z(u) — Z(tu) < 0 for every u € N and every t > 0.

(G) ZN~F is a group that acts on X by isometries and such that for every u € Xo,
(ZN7E s u) \ {u} is bounded away from u.

The ZN~E-action is given as follows: z * u(x) := u(x + (0, 2)) for z € Z¥N "X and u € Xo.
ZN=EK s is called the orbit of u and if, in addition, w is a critical point of 7, then ZN =X x4
is a critical orbit.

Note that (I1)-(I4) and (G) are obviously satisfied and (I6) follows easily from (F2) and
the embedding of X¢ into L (RY). We have skipped (I5) from [19, Section 5], since it is
an empty condition. (I7), (I8) and the following variant of Cerami condition will be verified
in the next lemmas.
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(M)J (a) There exists Mz > 0 such that limsup, ||u,| < Mj for every (u,) C Xo such
that 0 < liminf, J(u,) < limsup,, J(u,) < S and lim, (1 + |Ju,||) T’ (u,) = 0.
(b) If J has finitely many critical orbits, then there exists mg > 0 such that, if
(un), (vn) € Xo are as above and ||u, —v,|| < mg for n large, then lim inf,, ||u,, —
vs|| = 0.

Lemma 3.4. (a) Suppose f satisfies (F'3). If t, — oo and u, — ug € Xo \ {0} as n — oo,
then

1
lim — F(z,tyu,) dr = co.
noty JrN

(b) Suppose [ satisfies (F4). For every u € Xo and everyt > 0

- f(x,u)udx+/

2 RN RN

F(z,u)dz — / F(z,tu)dz <0.
]RN

Proof. (a) Since X is locally compactly into L?(RY), up to a subsequence u, — uy # 0

a.e. in RY. Moreover, there exists € > 0 such that limsup, |Q,| > 0, where Q,, := {z €

RY : Ju,(z)| > e}, for otherwise u,, — 0 in measure and consequently, up to a subsequence,
a.e. in RY. Tt follows from (F3) that

F(x,tnun)dx:/ M|un|2dx262/ Mdm—ﬂ)@

£2 Juw Rt |un|? £ lun|?
as n — oo.
(b) For fixed z € RY and u € R we prove that ¢(t) < 0 for every ¢ > 0, where
2 —1
o(t) == 5 flz,u)u+ F(z,u) — F(x,tu).

This is trivial for u = 0, so suppose u # 0. Note that ¢(1) = 0, so it is enough to prove that
¢ is nondecreasing on [0, 1] and nonincreasing on [1,00). This is the case in view of (F4)
and because

O (t) = tf(z,u)u— flz, tu)u = mm(f(x, u f(:)s,tu))

Jul |tul
for ¢t > 0, therefore ¢(t) < 0 for every t > 0 as ¢ € C'(]0, c0)). O
The following lemma shows that (1)) holds for every £ > 0.

Lemma 3.5. Suppose f satisfies (F'3) and (F4).

(a) For every 3 > 0 there exists Mg > 0 such that imsup,, ||u,|| < Mg for every (u,) C Xo
such that J (u,) < B for n large and lim, (1 + ||u,||)J’ (u,) = 0.

(b) If the number of critical orbits of J is finite, then there exists k > 0 such that, if
(un), (v,) C Xo are as above for some 5> 0 and ||u, —v,|| < k forn large, then lim, ||u, —
vy || = 0.

Proof. (a) Let (u,) C X as in the assumptions, suppose that (u,,) is unbounded and define
Uy = uy,/||luy||. Passing to a subsequence we may assume that |u,| — oo as n — oc.
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Similarly as in the proof of Lemma 3.3, for any € > 0 we find C. > 0 such that

/ F(x, ) de < &|ty,|3: + C.® (i)
RN

for every n, where ® is defined therein. If (u,) satisfies (3.1) for every R > 0, hence the
same holds for (su,) with s > 0, then in view of Lemma 3.1

n

limsup/ F(z, suy)
RN

for every & > 0, hence lim,, [, F/(x, si,) dz = 0. Then applying Lemma 3.4(b) with u = u,
and t = s/||u,|| we obtain, up to a subsequence, that for every s > 0

t2—1
S > limsup J (u,) > limsup J (si,) — lim "Tj’(un)un

n n
= limsup J (sti,) > Cs* — lim F(z,st,)dr = Cs®
n n RN
for some C' > 0, a contradiction. Hence, up to a subsequence, lim,, f B((0.20) \un\ dx >0
for some R > N — K and (z,) C Z" ¥, where 2, maximizes z fB(OZ gy ltn|* dz.

Exploiting the Z¥~¥-invariance, we can assume that

/ |, |* dw > ¢
B(0,R)
for n large and some ¢ > 0.

It follows that there exists 4 € Xp \ {0} such that, up to a subsequence, @, — % in X
and @, — @ in L} _(RY) and a.e. in RV,

From (F4), 27 (un) — J'(up)tn = [fon f(@,un)un — 2F (2, u,) dz > 0, thus (T (uy)) is
bounded and due to (F3) we obtain

o(l) = J(tn) < C—/ L(z’u") ]

lunll*
for some C' > 0, which is a contradiction. This shows that (u,) is indeed bounded. If by
contradiction there exists no upper bound Mg, then for every k € N there exists (uf) C X
as in the statement such that limsup,, ||ul|| > k and it is easy to build a subsequence (uf. )
that is unbounded, again a contradiction.
(b) Assume that there are finitely many critical orbits of 7. From (G) we easily see that

_ %inf{Hu — o]l s u#vand J'(u) = T'(v) = 0} > 0.

Let (un), (v,) be as in the assumptions of (b). In view of (a) they are bounded.
If [on f(2,un)(ty — vy) dz or [on f(2,vn)(tn — v,) do do not converge to 0, then in view
of Lemma 3.3 and the Z"~%-invariance there exist R > /N — K and ¢ > 0 such that

/ [ty — vp|* d > €.
B(0,R)
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We can assume that w, — u, v, — v in X, and v # v. Hence J'(u) = J'(v) = 0 and
consequently

liminf ||u, — v,] > |Ju — v]| > 2k,
n

in contrast with the assumptions.
Therefore it follows that limy, [5x f(2, un)(uy —v,) do = limy, [on f(2,05)(uy —v,) dz =0
and, finally,

|2, — UnHZ = jl(un)(un — V) — jl(”ﬂ)(un — V) + / (f(xu Un) — f(, Un))(un —vy,) d

RN
= o(1) + flz,up)(up — vy) de — [z, v)(up — vy) de — 0. O
RN RN

Proof of Theorem 1.1. Note that A contains all the nontrivial critical points of ;7. Applying
[19, Theorem 3.3] we obtain a Cerami sequence (u,) C X at level ¢ := infyr J > 0.
Lemma 3.5(a) implies that there exists u € X such that u,, — u up to a subsequence, thus
J'(u) =0

If by contradiction [un f(2, un)u, dz — 0, then similarly to the proof of Lemma 3.5(b)
we infer that u, — 0, in contrast with J(u,) — ¢. Hence, again similarly to the proof of
Lemma 3.5(b), u # 0.

Fatou’s Lemma and (F4) imply

c=1lim J(u,) =1lim J(u,) — %j'(un)un = lim %f(a:, Up ) Uy, — F (2, u,) dr

n Jgn
> lf(:z,u)u—F(:z,u)dx:j(u)—lj’(u)u:j(u)20

RN 2 2
and we conclude J(u) = c.

Now assume f is odd in u, which implies that J is even. The existence of infinitely many
ZN~E_distinct critical points of J follows directly from [19, Theorem 3.5(b)]. As for the fact
that the ground state solution is nonnegative, since J(u) = J(|u|) and J'(uv)u = J'(|u])|u]
for u € X, we can replace (u,,) with (|u,|) and still we obtain a weak limit point, which is
a nonnegative ground state solution. 0

Lemma 3.6. Suppose that f does not depend on y and satisfies (F5). Then there ezists
w € Xo such that [pn F(z,w)dz > 1 [0y |[V.owl|®.

Proof. Similarly as in [10, page 325|, for any R > 3 we define an even and continuous
function ¢p : RY — R such that ¢r(t) = 0 for |[t| < 1 and for |t| > R+ 1, ¢r(t) = ug
for 2 < |t| < R and ¢g is affine for 1 < [t|] < 2 and for R < |t| < R+ 1. Then let
wgr(r) = ¢r(ly])or(|z]). Observe that wr € Xp and there are constants Cy,Cs,C3 > 0
such that

/ F(z,wg)dr > CiRNessinf,cpn x F(z,up) — CoRY™'  sup  esssup,cgnv-x F(2, 1)
RN R<|u|<R+1

—C5 sup esssup,cpn-x F(z, u).
1< ul<2
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Moreover
1
—/ |V.w|* < C4LRN !
2 RN
for some constant Cy > 0. Then for sufficiently large R > 0 we conclude. U

Proof of Theorem 1.2. First we prove that J has the mountain pass geometry [2,22|. Let
w € Xo as in Lemma 3.6. Due to (F2) and the embedding of X into L (RY), there exists
0 < p < ||w|| such that inf{J(u) : v € Xp and ||u|| = p} > 0. Moreover, for every A > 0 we
have

_ ! 2 ey (L 2_ _
T (w(A-,)) = N /RN |V, wl +T2\w| dx—l—)\K(Q/RN\VZw\ /RNF(z,w)dx> — —00

as A — 07. The existence of a Palais-Smale sequence (u,) C X for J|x, at the mountain
pass level ¢ > 0 follows. Such sequence is bounded because (F5) holds.

Now, suppose by contradiction that (3.1) holds for every R > 0. Fix R > v/N — K such
that (3.1) holds with the supremum being taken over Z¥~%. Since I and (z,u) — f(z,u)u
satisfy (3.2) uniformly with respect to 2 € R¥=% arguing as in Lemma 3.3, Lemma 3.1 we

obtain
: 1, , 1
c=lim J(u,) — §j (up)u, = lim §f(z, Up Uy, — F(2,uy,) dz =0,

n RN

which is a contradiction. It follows that there exist R > VN — K and € > 0 such that

(3.3) / |un|* da > €
B((0,2),R)

up to a subsequence, where 2z, € ZN~X maximizes z — fB((Qz),R) |u,|? dx. Since J is
invariant with respect to ZN=X translations, up to replacing wu, with u,(- — z,) we can
suppose that z, = 0. Since (u,) is bounded, there exists u € X such that w, — u in X,
which in turn implies that J’(u) = 0 and that u, — u in L*(B(0, R)) and a.e. in RY; in
particular u # 0 because (3.3) holds. O

Proof of Corollary 1.3. The proof follows from Theorems 1.1, 1.2 and 2.1. OJ

4. THE CRITICAL CASE

In this section we prove Theorem 1.5. Recall that in this context N = 3 (hence K = 2),

1 1
EU) = R3\V><U|2dx—6/R3|U|ﬁdx,

1 1 1
T) = §/H£3\Vu|2+ﬁ\u\2dx—6/w ul® dz.

Let 7: S*\ {Q} — R? be the stereographic projection, where Q = (0,0, 0, 1) is the north
pole, and let
2

€ R.
|z]2 4+ 1

0:z€R3
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Explicitly,

1
71'(6) = ?@(5%52)53)7 €: (61752763764)7
and
B 1
o zl2+1
) for g € O(2), 0 ={g: g € O(2)} and Do()x0(2) is the subspace of
O(2)-symmetric vector fields according to Definition 1.4.

(2x172x272x37‘x|2_ 1)7 T = (x17x27x3)'

m(x)

Recall that g = ( ’

0
1
DL2(R?,R?) of O(2) x

Lemma 4.1. If U € D'?(R3,R3) is O(2) x O(2)-symmetric, then U is O-equivariant.
Proof. Let g1 € O(2) and define g := (g1, I2) € O(2) x O(2), where I, € O(2) is the identity
matrix. Note that
gn(z) = 77 (Gix)
for every x € R3, therefore
~ w\r _
iU =y (x(gr (@)
so(ﬂ(gﬂ‘l(fv))>
P(®) 1y~ .
= ——=U(giz) = U(g12). O
S0(911’) (gl ) (gl )

Lemma 4.2. The embedding Do2yxo2) C LS5(R3,R?) is compact.

Proof. For every U € Do)xo(2) define V(§) = g((:((g)) for ¢ € $*\ {Q}. We note that

V € H'(S?,R?) and similarly as in [12, Lemma 3.1] [VU]; = || V|| g1(ss g3y and [Ulg = [V,
where

3
IVl = [, IV VE+5IVE,

is the norm in H*(S*,R?) and V, is the gradient on S*. Therefore U +— V is a linear
isometric isomorphism between D'?(R3? R3?) and H'(S?, R?) and between L°(R3 R?) and
L5(S®,R?). Note that, since U is O(2) x O(2)-symmetric, then V(g€) = g, V(£) for every
g=(g1,92) € O(2) x O(2) and, consequently, |V|is O(2) x O(2)-invariant.

Let (Un) c 'D@(g)x(g(g) such that U,, — 0 in DO(2)><O(2)- Then V,, = 0 in H1<Sg, Rg) and,
up to a subsequence, V. — 0 a.e. in S?; this implies that |V,| — 0 in H'(S?) and so, in
view of [14, Lemma 5|, [V,| — 0 in L5(S?). Hence V,, — 0 in L°(S? R3) and so U,, — 0 in
L5(R3, R3). O

For U € D"?(R? R?) recall from the proof of Proposition 2.3 the definition of U,, U,
and Uc.

Lemma 4.3. If U € Dp@)xo(), then U,, U, Us € Do2)x0(2)-

Proof. We begin proving that U, € Do@)xo). For every matrix A, let AT denote its
transpose.
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Let a; € R, g; = (‘;?jg; Iig;f;) € 0(2),i=1,2, and set g = (% 902). We want to prove
that

#(z) m(gr ' (z))) = iU, (x
-y @(w(gﬂ‘l(x))>UT< ol ))) .

provided

o(x _ -
() U(W(gﬂ' 1(:17))) = ¢ U(x).
30(7?(97?‘1(%)))
We compute the two sides of (4.1) separately. We use the convention that R3 = R3*!
and treat the scalar product in R? as matrix multiplication.
As for the right-hand side we have
7 ( S )UT(:c) ( S ) ( o e cot oy )UT(;C) ( B )
ﬁUT(I) _ 0 0 o 0 0

(23 + 3) (23 + 3)

—ZL’QUl(I) -+ LUlUQ(LU) —x2 cos o] F1 sinag
= 5 5 —xosinaytxy cosay |.
r] + T35 0

Let us write 7 = (% ) As for the left-hand side we have

—ma(gn ! (2)) ([ —m2(gm ()
( 7r1(97r0’1(:v)) )UT(@“)QIT< 7rl(g7r0*1(96)) )

i (grt(x)) + 73 (97 (x))

Let us compute

2x1 cos a1 F2x2 sin g
-1 o 1 2x1 sin a1 £2x2 cos ap
gr (LU) - ‘SL’|2 +1 223 cos anF(|z|2—1)sinas |
223 sin ag+(|z|2—1) cos az
1( ) 1 211 cos a1 F2x2 sin ag
7T(g7T_ X ) = - 2x1 sin a1 £2x2 cos aip
|z]2 + 1 — 2z3sinag F (Jz|2 — 1) cos ag \ 223 cosaaF(|z[>~1)sinaz )’

Ui (z) cos a1 FU2(z) sinay T
UT(;);')Q"lT — (Ul(m) sinal:I:Ug(x)cosal) ,

Us(x)
UT(:L’) ~T —W2(97f:11(w)) B 2(:FSL’2U1 (x) £ :L’1U2(:L’))
91 mlgm S@) ) = |z]2 + 1 — 2zgsinag F (Jz|2 — 1) cos az

and
4ot + 43

2 -1 + 2 -1 =
s (gﬂ' (ZL')) UP) (gﬂ- (l’)) (|l’|2 +1—2z3sinay F (|ZI§'|2 + ]_) CcoS a2)2
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so for the left-hand side we have

—ma(gr—(z)) —m2(gn ! (2))
w1 (gm— Yz UT m (g~ (z
< 1(9 0 ( ) ( ) < 1(9 0 ( )) ) B _x2U1(:1;) _|_x1U2(gj> (—xzcosoq:Fan sina1)

—x9 sin ag +x1 cos a1

3 (gﬂ—l(z)) + 72 (gw—l(x)) 22 + 23
and (4.1) holds.
Similar computations hold for U,. Finally, Us = U — U, — U, € Do(2)x0(2)- O

Note that €|p, = L|p, in view of Lemma 2.4, where L: DY?(R?* R*) — R is defined as

1 1
:_/ |VU\2d:c——/ U da
2 R3 6 R3

Lemma 4.4. ) is infinite dimensional.

Proof. Let e = (') € O(2) and

We set Y = DO(2)><O(2) nF.

X = {U € Do@yxoe) : U(x1, 22, 23) = u(®) (%) for some O-invariant u: R® — R},
r
Z = {U € Do@yxo) : U(x1, 22, 73) = u(w) (%) for some O-invariant u: R* — ]R}.

In order to prove that ) is infinite dimensional, we build an isomorphism between X and
Y and an isomorphism between X and Z. The conclusion will follow from the fact that
Do@)yxo(2) is infinite dimensional and that, in view of Lemma 4.3, we get the following
decomposition Dopyxo@) =X &YV D Z.

Indeed, for every U € X define U(z) := U(ex). It is clear that U € Y and that U — U
is an isomorphism.

Now consider U € X and let u: R* — R be O-invariant such that U(z) = @(%)

Define U(z) := u(x) (%). By similar arguments to those used in the proof of Lemma 2.4

it is easy to check that U € DM?(R? R®). Finally, explicit computations show that U is
0O(2) x O(2)-symmetric (hence U € Z) and of course U + U is an isomorphism. O
Proof of Theorem 1.5. Lemma 4.1 implies that )) C D; moreover Y is closed in DV2(R3, R?)
and infinite dimensional by Lemma 4.4. Since U E om is a linear isometry between
DL2(R3,R3) and H*(S?, R3) and between L°(R3, R3) and L5(S3,R?), one easily checks that
E|p, is invariant under the action of O(2) x O(2). Hence every U € ) is a solution to (1.5)
if and only if it is a critical point of &£|y.

It is easy to see that there exists p > 0 such that inf{E(U) : U € Y and |[VU|y = p} >0
and, in view of Lemma 4.2, that £|y satisfies the Palais-Smale condition at every positive
level. Let £ C Y be a finite dimensional subspace. Then the norms |V(-)|; and | - |¢ are
equivalent in £. This implies that there exists R = R(F) > 0 such that £(U) < 0 for every
U € E with |U|s > R. Hence the conclusion follows from [22, Theorem 9.12] and by the
Palais principle of symmetric criticality [21]. O

Proof of Corollary 1.6. The proof follows from Theorems 1.5 and 2.1. O
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