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Abstract

Using the method of massive operator matrix elements, we calculate the subleading QED initial state
radiative corrections to the process etTe™ — y*/Z* for the first three logarithmic contributions from
0(a3L3), 0(a3L2), 0(a3L) to O(aSLS), 0(a5L4), 0(a5L3) and compare their effects to the leading
contribution 0(a6L6) and one more subleading term 0(a6L5). The calculation is performed in the limit
of large center of mass energies squared s > mg These terms supplement the known corrections to O (a?),
which were completed recently. Given the high precision at future colliders operating at very large lumi-
nosity, these corrections are important for concise theoretical predictions. The present calculation needs the
calculation of one more two—loop massive operator matrix element in QED. The radiators are obtained as
solutions of the associated Callen—Symanzik equations in the massive case. The radiators can be expressed
in terms of harmonic polylogarithms to weight w = 6 of argument z and (1 — z) and in Mellin N space by
generalized harmonic sums. Numerical results are presented on the position of the Z peak and corrections
to the Z width, I'z. The corrections calculated result into a final theoretical accuracy for 6 Mz and 6"z
which is estimated to be of O (30 keV) at an anticipated systematic accuracy at the FCC_ee of ~ 100 keV.
This precision cannot be reached, however, by including only the corrections up to 0 (d).
© 2020 Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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1. Introduction

At the planned future et e™ facilities which operate at high energy and at large luminosity, like
the ILC, CLIC [1-4], the FCC_ee [5], and also muon colliders [6], tests of the Standard Model
are possible at unprecedented accuracy. This concerns a further detailed exploration of the Z
peak, beyond what was possible at LEP [7], detailed studies of Higgs boson production using
Z H final states, accurate scans of the top-quark threshold region, and various other precision
measurements. Due to this the accuracy of the masses and widths of the heaviest particles of the
Standard Model will be significantly improved.

One important ingredient to these experimental precision studies are the QED radiative cor-
rections and in particular those due to initial state radiation (ISR). Very recently the O(a?) ISR
corrections for the process eTe™ — y*/Z* have been completed in a direct calculation [8—10].
Here « denotes the fine structure constant. It has been shown that the result for all channels of a
previous calculation [11] needed to be corrected in the non—logarithmic terms at O (a?). Agree-
ment has been found with the results of Ref. [12]. Due to this it has also been proven that one
may use the method of massive operator matrix elements (OMEs) for these calculations and that
the Drell-Yan process factorizes for massive fermionic states.

In the present paper we take advantage of this method and extend the calculation to the first
three logarithmic terms up to the order O () beyond the complete O (%) corrections and thus
reach O (aL?). For comparison we also calculate the leading order contributions of 0(a®L%
and one more subleading term O(oz6L5), with L =In(s/ mz), s denotes the center of mass en-
ergy squared of the annihilation process and m, is the electron mass. The universal corrections
O ((eL)*) are known in analytic form to order k = 5, cf. [13-20], accounting for the non—singlet
and singlet contributions in the unpolarized and polarized case. The method used in Ref. [12] can
be extended to higher orders in the coupling constant. For the first subleading term at O («)," all
ingredients forming the radiators in terms of Mellin transforms are known from the calculation
of the anomalous dimensions in QCD [22], the Wilson coefficients of the massless Drell-Yan
process [8,23,24] and the massive OMEs in [12]. To obtain the O(oL) and O (L) correction
we need also to calculate the massive OME Fj(,le). This also applies to the higher order subleading
contributions. This series could be continued straightforwardly to higher and higher order, for
the first three terms at each order in the logarithmic expansion in Mellin N space on the expense
of longer and longer expressions.

It turns out that it is indeed the case that one has to reach at least corrections of the order
O (a® L*) for the ISR corrections to satisfy the ambitious goals at the FCC_ee of ~ 100 keV both
for the Z mass, Mz, and the Z width, "z, on the theoretical side. The method of massive operator
matrix elements [12] makes this calculation possible. In the present approach the constant term of
O (a?) and its higher order logarithmic extensions are still missing. They require still higher order
massive OMEs and also massless Wilson coefficients in analytic form. Their size is, however,
gradually smaller.

The paper is organized as follows. In Section 2 we present the structure of the QED ISR ra-
diative corrections to the Born cross section following from the renormalization group equations
(RGEs), for which we present the analytic solutions in terms of anomalous dimensions, massive
OMEs and massless Wilson coefficients for all contributions calculated in the present paper. In

Section 3 we calculate the massive OME Fg,le) . The radiator functions in z space for the O ()

1 Subleading corrections to differential cross sections have also been studied, cf. [21].
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and O (a*) corrections are presented in Section 4. The radiators can be expressed in terms of
harmonic polylogarithms [25], to which the Nielsen integrals and classical polylogarithms form
a subset [26,27]. In Section 5, we present numerical results on the corrections in the kinematic
region around the Z peak and we determine the corresponding corrections to the pole mass of
the Z boson and the Z boson width, I"z. Section 6 contains the conclusions. In Mellin N space
the radiators are given in terms of harmonic and generalized harmonic sums. If compared to the
z space representation they are more compact. Due to the appearance of generalized harmonic
sums we derive in Appendix A the singularity structure of the radiators in the complex N-plane
and in Appendix B we present all radiators calculated in the present paper in Mellin space.

2. The initial state corrections to the et e~ annihilation cross section

The initial state QED radiative corrections to ete™ — y*/Z* can be calculated by applying
the method of massive operator matrix elements, cf. [12]. It has been demonstrated by the recent
complete calculation in [8—10] that the effective method of Ref. [12] is delivering the complete
result. Particular non—logarithmic contributions with vanishing massive OME to the Drell-Yan
process in the constant term O (a?) could be structurally absorbed in the relations and appear
as contributions to the massless Wilson coefficients given in [12], Eqs. (40—42). It is due to this
agreement, that one can now safely apply this method also for subleading logarithms to higher
orders in the coupling constant by solving the associated renormalization group equations in
the massive case. The method has been used in Ref. [11] before for the logarithmic enhanced
contributions to O («2L).2

The massive effects due to the finite electron mass m, enter here through process—independent
massive operator matrix elements. The Wilson coefficients are those of the massless Drell-Yan
process [8,23,24]. Note that there are differences between the corrections to the vector and axial—
vector coupling.

In z—space the different contributions to the radiators are connected by Mellin convolutions
® which are defined by

1 1
[A® Bl() = f dx, f dx28(1 — x1x2) A1) B(x2). (1)
0 0
The Mellin transform reads
1 1
ML f(2)I(N) = / A2V F), MIFEILIWN) = f Az - 1 f () ®)
0 0

for regular functions and +-distributions, respectively. The most recently calculated quantities
are the massive OMEs given in [12].
The radiative corrections to the differential scattering cross section is given by

do,+ 1 > k

ete” 0) k k—l

T = ;0 {1 + E a E Ck,lL } 3)
k=1 =0

in z space. Here we defined

2 Note the necessary corrections of relations in [11] given in Ref. [12].
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L=L+In(z), L=In (iz) @)
me

and o © denotes the Born cross section, cf. [12], Eq. (8), and Ref. [28]. ap = a(u? = m?) is the

normalized fine structure constant with a(/LZ) = (x(uz) /(4m), which we will widely use in the

following. Here it is convenient to refer to ag only and account also for all evolution contributions

by the functions cg ;.

For the Born cross section for ete™ annihilation, o, we will consider s-channel ete™ anni-
hilation into a virtual gauge boson (y, Z) which decays into a fermion pair f f and e # f. This
process both describes lower energy y-exchange and the Z-resonance.

do @ (s) _ azN 4m_f

749 4s cf K

4m? 8m?2
x (1 tcos20+ —1 sin29> Gi(s) — —L G (s)
S S

4m3c
+2 I—TcoseGg(s) G(s), 5
o @)= 3 Nerl= == {1+ =7 ) G16) = 6-2Ga(s) | 6(s) , (6)

see e.g. [28,29].3 Here the final state fermions are considered to be no electrons, to obtain an
s-channel Born cross section. In Egs. (5), (6) the electron mass is neglected kinematically. N¢, ¢
is the number of colors of the final state fermion, with N¢ y = 1 for colorless fermions, and
Nc, y =3 for quarks. The function G(s) = 1 in the case of the pure perturbative calculation. s is
the cms energy, €2 is the spherical angle, 6 the cms scattering angle, and the effective couplings
Gi(s)|i=1..3 read

G1(s) = 0,07 +20.0 fvevsRelxz(s)] + (v; +a2)(vF +ap)|xz (), (7
Ga(s) = (v; +a)atxz ()%, ®)
G3(s) =20, 0 racarRe[xz(s)] +4vevracarxz(s)|*. 9)
The reduced Z—propagator is given by
N
xz(s) = (10)

s—MZ+iMzTz’

where Mz and I'z are the mass and the width of the Z boson and m ¢ is the mass of the final

state fermion. Q. r are the electromagnetic charges of the electron (Q, = —1) and the final state
fermion, respectively, and the electro-weak couplings v; and a; read
ve=;[13 )—ZQesinzew], (11)
sinfy, cosfy, L W€
1
ae o e (12)

sin By, cos fy,

3 Notea missing term in [11], Eq. (2.5).
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1

vr sin 0y, cos By, [ w,.f = 2Q s 0y (13)
1

aj=— 3 (14)

sin®,, cos B, W’

where 6,, is the weak mixing angle, and ISJ ; = £1/2 the third component of the weak isospin
for up and down particles, respectively.
The inclusive s—channel annihilation scattering cross section o,+.- is given by

s 1
Ao+ (s’
Opte-(5) :/ds’%() :/dza@)(sz)R(z,s/mg), (15)
50 20

with s’ = sz, 0@ (s’) the Born cross section and R(z, s/ mz) the distribution—valued radiator [30]
describing the initial state radiation of photons and light e™e™ pairs. The lower bound 5o = sz is
an invariant mass squared depending on the experiment, cf. [7]. In the later numerical illustrations
we will choose 5o = 4m%, with m, the T lepton mass.

The general decomposition of the scattering cross section in Mellin space is given by, cf. [11]*

i =t (e (v e ()
e (8 e (e (1)
e (1o o 21 (1)
T (N, Zé) Gyy <N, E) rye- (N, Z_Zﬂ (16)

The terms in the brackets [...] are Mellin—convoluted. Only massive OME:s of the kind I' ,+,+ and
", .+ contribute because the process considered has electron—positron initial states. The last term
in Eq. (16) is only contributing with O (a*). u denotes the factorization and renormalization
scale. As we will see later, it will cancel in the scattering cross section, when performing the
expansion consistently to a certain order in ag. The massive OMEs, I';;, and massless Wilson
coefficients, o;;, obey the following series representations

2 o0 r
H 2 n
Y (N, —2) =8+ a" ) Y aiiar (N)A (17)
e r=1 n=0
s 00 r
Gk (N, W) =0+ Y a" ()Y biar(N)A, (18)
r=1 n=0

with the logarithms A and A given by

2 /
Cin (%) A:ln(%). (19)

4 In the massless case the principle solution of the RGEs to general orders has been known for long, see [31,32].
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The massive OME:s I';; and massless Wilson coefficients 6y; fulfill the following renormalization
group equations, cf. [33],

[(i +ﬁ(a>i> S+ 2y (N a)} L (N a “—2> —0 (0
A da 2 ’ " m?
d ad 1 1 . s’
[(8_)\ - ﬁ(@@) S8 jm + EVkl(Na a)djm + Eyjm(N»a)5k1i| oij <N,a, F) =0, (21
and the QED g function has the representation
o
Blay=—>_ Bra**>. (22)

k=0
Eq. (23) gives an overview on the orders of the expansion of the radiators in the fine structure
constant which are now available, including the results of the present calculation,

a L o

(23)
L oL L3
LS ofLd .
The expansion coefficients ¢ ; of Eq. (3) up to the sixth order in a¢p in Mellin space are given
by Eqgs. (25)—(41). They are expressed by the anomalous dimensions yl.(/.k) [22], the expansion
coefficients of the massless Drell-Yan cross section [8,23,24], 61‘(]@ , the expansion coefficients of
the QED g function and the renormalized massive OMEs Fff) , where (k + 1) denotes the loop
order. In the following we use the notation

v = =P W) = -MIPP @1V). .

When working in z space we will use Pl.(jk) (z) instead of the anomalous dimensions yl.;k).
One obtains

e =-y, (25)
clo=6 +2rY, (26)
1 o2 Bo 1
er2= g7+ By 4 Ly 030, @)
2= 1 v +2r Q) — gD~y DD ~ T, @8
- - 2 -
c2.0=2I'D 460 420050 4 0O~ zagg)rg)g, (29)
)3 02 2 ©). (0)
yam Yo Pove 1y 0,0 1 0,00 0P, ey
3,3 = 6 ) 4 Oyey Vye 24 yey Vye )/yy Vee 3 24 ’
(30)
0 0 0 1 0 0 1 0 0 0 0 0) ~ (0
N Fe(ee) Ve(y) V)Ee) Ve(y) V)Ee) Ve(y) V}Ee) Ve(y) F;z V)Ey) 2~ (0) Ve(y) V}ge) Uee(e)
32 = > 1 + 2 + 4 + ﬂoaee + T



J. Ablinger et al. / Nuclear Physics B 955 (2020) 115045 7

), (0) ~(0) 0) ~(0) 0) ~(0) ~(0)
Vye Vyy O, Vey I 3yye O, 2 o,
yLre vy ey Bo ye(el) 4 ey “ye  TryveTey ) ye(g) Fé‘? 4 2
4 2 2 2
(0) 1~(0) 0) ~ (0) ~(0)
,3] 3)/ r 3)/ o, 30
+7 [7+y£)+ I T A | T+ 3D
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04 (02
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where P)f?,) = —28. These functions are derived by solving the renormalization group equations
for the massive OMEs and the massless Wilson coefficients, (20, 21) up to six—loop order. We

show also the constant term c3 o which contains the term Fg), not having been calculated yet.’
A few remarks are in order. The sub—system cross section for the Drell-Yan process is flavor
dependent, cf. Eq. (16), which results in the present case from the to e*e™ initial state, the
vertex to which the produced neutral current gauge bosons, y* or Z*, couple. Le. e.g. in the
term describing intermediate photon exchange in Eq. (28) by Pe(g) P)Eg) has to be read as either

pO p@ . p©

0
- - . P ( )+ Therefore, one has
ey vye ety vye

PO (@)= P2, (2) = 4127 + (1 = 2)°), (42)

ety
and the energy—momentum sum-rule

1
/dz 2 [PO(2) + PE(E)))/ )+ P

ety

(2)]=0, (43)
0

is obeyed. Similar relations hold in higher order and also apply to the corresponding massive
OMEs. Pe(g) is flavor conserving, i.e. it does either describe an e~ — e~ or an e™ — e transi-
tion.

Furthermore, one has

1
f dz 2 [P () + P (2)] =0, (44)
0

5 For QCD the Drell-Yan cross section & has been calculated giving numerical illustrations in [34] very recently.



J. Ablinger et al. / Nuclear Physics B 955 (2020) 115045 15

where P)Eg) ()= P}Egl () + P]Eg), (2), like in Quantum Chromodynamics (QCD) setting the color
factor Cr = 1, cf. [35]. This complication is usually not present in QCD, since there the splitting
functions act in the singlet case on fully symmetrized flavor distributions, like the flavor singlet
distribution ¥ (x, Q2), summing over all quark and antiquark flavors.

In the above, PiS.k) denotes the Mellin transform of the corresponding expansion coefficient
of the splitting function. The building blocks for the above quantities are given in Eqgs. (80-82,
90-92, 94, 95) of Ref. [12] and Refs. [8,22-24] in z space and the operator matrix element
calculated in Section 3. Furthermore, a series of Mellin convolutions is needed which are given
in Appendix A of [12]. Further higher order convolutions can be carried out by the algorithms
encoded in the package HarmonicSums [36—44].

The running coupling constant is the solution of the differential equation

da(®) _ =, pe2, 2
dn(d) gﬂka (n), (45)

with B the expansion coefficients of the S-function, with

4 62
pr=—4 pr=— (46)

[45—48] in the single fermion approach, N = 1, retaining only electrons. Since we are dealing
with the first three logarithmic orders from O (a) onward only terms up to 8, are contributing.
The solution of (45) has been derived in Ref. [49], Egs. (2, 3), in the MS scheme by keeping all
terms up to B in closed form. The corresponding perturbative solution for a(u?) = a(ag, L) is
then given by

5
a(u?) =ap —ajLpo +ajL (,3§L - /31) —agL <ﬁ3L2 - EﬁoﬁlL + ﬂz) +0 (a(s)) :
(47)

One verifies the correctness of (47) by inserting it into Eq. (45). Note that if one does not expand
the fine structure constant a(,uz) w.r.t. its reference value ag = a(,u2 = mg), the u dependence in
the RGE—decomposition given in Ref. [12] is not cancelled. However, expanding to the respective
order in the coupling constant intended, a scheme—invariant expression is obtained. This is the
reason, why we are expanding the logarithmic dependence of the coupling constant and write the
scattering cross section in terms of ap.

In the above expressions we presented the sub—system cross sections 6;; in a genuine way.
One should note that these quantities are partly different for vector and axial-vector couplings,
cf. [10,23] and so are some of the radiators. The first expressions for ¢; ; in z space are presented
in Section 4. In Appendix B all coefficients ¢; ; in Mellin N space, which are more compact, are
given.

Sum rules do not only hold for the splitting functions (43)—(44) but also for the universal
unrenormalized massive operator matrix elements, cf. [50,51] to two—loop order

1
/ dxx [AI;S +APS 4 Aye} _1, 48)
0

which we have verified for Np = 1.
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3. The operator matrix element I‘;,le)

For the calculation of the operator matrix element Fl(/le) we follow the notation of [12]. After

wave function and mass renormalization we can write the operator matrix element as

A A 2, 2[R 2 3

Aye=a- AR +@[AD + 28]+ 0@, (49)
where ZgT) are the counter term contributions due to mass and wave function renormalization,

Agg are the unrenormalized operator matrix elements at i-loops and a is the unrenormalized fine
structure constant.
The renormalized operator matrix elements in the MOM-scheme are given by, cf. [51],

~ _ 2 ~ _ _ ~
AMOM _ MOM [Ag/le) i Zyel'm] 1 gMOM [Ag/zg +2,00 4z, W4,

- A A 3
+7, 1D Ay +8aYOMAD ] + 0(aMOM, (50)
where the unrenormalized coupling constant can be expressed via
a=aMoM [1 + Sa%v[OMaMOM] +0 (aMOM 3) (51)
with
/2 00 .
260 (m*\* Gi (e
MOM __ m- 2
sa}!OM = 5, = <u2 exp ;i (2) : (52)

and the spherical factor S; = exp[(¢/2)[In(47) — yEe]].
The operator matrix element, after charge and wave function renormalization, can therefore
be written as

(0) 1 ¢ | 1 0 0 r 0
A MOM r B
Aye a SS ( ”2> P)Ee) )(/e) & gze)

MOM2 2 m?\° VJES) 0 0
+a Se <F) ?[Ve(e)‘f‘)/;y)—%o]

111 ~
A 4 0r 0 o] 4 r;lz} | 5

The predicted pole structure serves as a test on the calculation. The renormalized OME in the
MS-scheme is given by

()
1 21 P
MS 0 0 MS ve 0 0 2
Aye=a [_gp;ge)L+F§/e)}+“ [T (pe(e)_|_p)5y)+2‘30)L

1 1 0 0 0 0 0 (1
+- (P;e) +1O PO + 10 PO + 2ﬂoF(V2) L+TV)

2 14
+EO PO + FQ PO + 26000 . (54)

where we used the relation

— —==2
aMOM = ™S + gy ™S (55)



J. Ablinger et al. / Nuclear Physics B 955 (2020) 115045 17

WA NN
AN

Fig. 1. The Feynman diagrams contributing to l" ) For the notation and the Feynman rules see Ref. [12]. The symbol %
denotes the counter-term insertion.

and
[ij =Tij(Np + 1) — T;(NF). (56)

The Feynman diagrams contributing to F( are shown in Fig. 1, with the corresponding sym-
metrization understood. They can be represented in terms of 18 master integrals by performing
the integration-by-parts reduction using the package Litered [52]. Here, as in previous calcu-
lations, cf. [53], we resummed the local operators into linear propagators. The master integrals
are either calculated using conventional methods like generalized hypergeometric functions, cf.
e.g. [54], or can be obtained by solving ordinary differential equations, cf. e.g. [55].° The code
Tarcer [56] has been used for checks and to determine initial values.

The expansion coefficients of the unrenormalized OME Ag/le) are given by

2\ /2
. . [ m 1 —(0
AN =a (?) S [—;PJE? @ +T Q@) + T (2) + 0(82)} : (57)

see [12]. The coefficient F( ) reads

1+ (1—2)?
r0 =2 =D e 4. (58)
z
The corresponding result in Mellin N space is the obtained as the Nth expansion coefficient
in the auxiliary variable X and the z space representation can be obtained by a subsequent inverse
Mellin transform. The renormalized OME A)(,Ze) is given by

2 2 2
AD () = (N2 +N+2)(N*+N+6)  4(N*+N+2) o |12
3(N — 1)N2(N + 1)2 (N —1)N(N +1)

2P, 4P 12(N2>+N+2) ,
|9V —12N3I(N+1)3 3(N — 1)N2(N +1)? it (N—=1DN(N+1)
12(N*+ N +2) . Py
N-DNWN D 2" T 20N (VN 3V - DN - DNFN T 1A

6 We took the opportunity to re—calculate the results of [12] by using the same techniques. Here also 18 master integrals
contribute, which can be calculated in a similar manner. This can now be done in a fully automated way. The large
mathematical and conceptional progress in performing loop integrals since 2002 is clearly demonstrated by this.
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( 2P 2(N?+ N +2)
9(N —4)(N —3)(N —2)(N — N3 (N +1)3 * (N=1DN(N+1)
N P ,  2(N*+N+2) 3

3(N=2)(N—DNN+12"" T 3(N—DNN+1)"!

Ps 4(N?+ N +2)

+ 2+ 3

3(N —2)(N — 1)N2(N + 1)2 3(N—1N(N+1)

48(N2+ N +2 . 20+N

(++)51+L251,1<11>
C(N=-DNN +1) (N=2)(N+1)
26 NP5

TIN 3N 2V — 1)2N?

2N AN +2) siSia(E 1) +50( L 2) =500 (1.2
(N—DN(N+ D[P 2 12{ 5 RRI Rt

s t21) - L5+ h
P2 PR I Y Yy VR Y X T

with the polynomials

P =25N* +44N3 + 87N? 4+ 56N + 12,
Py =112N7 + 194N 4 347N> + 339N* + 93N> — 293N — 60N + 36,
Py =17N* — 66N> — 179N? — 272N — 212,
Py=N>+4N* + 25N + 14N? + 12N + 8 — 3 - 2V PN (N — 1),
=9N> —24N* + 8N3 +4N? + 33N — 18,
Ps = 11N> —90N* — 329N> — 356 N? — 284N — 48,
=17N° +213N® — 1729N7 + 2329N% — 5196 N> + 7898 N* + 16196 N
+12528N? — 4896 N — 3456,

Sz> S|

(55(2)-+.9151(2)-— S11(1,2) — SL1(2,1))

(39)

(60)
(61)
(62)
(63)
(64)
(65)

(66)

= 509N +2365N10 +2797N° — 13158 N8 + 31274N7 — 4694N° — 64636N°

—107861N* — 14622N°> + 6588N? — 2376N — 2592.

A(z) is expressed by harmonic sums [36,37]

N . k
5300 =" T8 G20, sy=1,a1,by € 200,
k=1

and generalized harmonic sums [38,57]

Nk

- d
Spa(d. &, Ny=>_

HMS(Ck) Sg=1,ai,b € N\{0}, ¢;,d € Z\{0},
k=1

has its rightmost pole at N = 1 and is otherwise regular. In particular one may show that

64, 149 736
AT (2)=— 9 —32L — TR 1281n(2)¢2 + 3243,

287 12 1961 870277 n 1121
72 144 10368 18

A<2> (3) = 02,

(67)

(68)

(69)

(70)

(71)
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869 , 87689L 10336457 n 2027
300 9000 360000 75
applying the algorithms of package HarmonicSums [36—44]. In z space the OME is given by

16 — 28z + 1172 42 -274 72
AD () = [—% +2(2— 2Hy — %)Hl][?

AR ) =~ 0. (72)

2(32 =57+ 85z%)  2(32 —32z7+ 3172
+| - ( )+ ( )H0—2(2—Z)H(2)
9z 3z
4(20 — 8z + 1372 12(2 — 2z + 72
+ ( i )Hl— ( - )H%+8(2—z)HO,1

Py 320 — 335z +2317? 12423z, 2—27 4
- H H
13523 152 oF T T3

—8(2 — Z)§2:|L +

(Z_Z)z * * *
+32(2—Z) 322 —H() (H _1H 0 —H 0,_1) — 8(2—Z)H0’0’1

96 — 190z + 11822 — 4173

H{ —32(2 — 2)(H* - H*o — H*o 1 )H*|

322
2(32 — 48z +362% — 132°) 2Py
—~ 42— 2Ho JHo1 — (o
( 32 +42-2) o) 0.1 (45z4

2(32 — 48z + 1222 +723) 2(2-2z+2%) (H3
— 32 Hpy |H; + f 3 + 8H1Ho i

+16H*gH*g _1 — 32H*0,0.—1 — 16Hp 1.1 + SH*0§2>

4(32 — 48z + 2472 — 37°
+<( Shlai Z)—8(2—Z)(Ho+2H*1))§2

372
8(12 — 10z + 572
+ ( ) g3, (73)
Z
with
Py = 1536 — 3072z + 131222 — 3162° — 2005z%, (74)
Pio = 256 — 640z — 400z% + 13202 — 1440z* + 8197°. (75)

Here we refer to the harmonic polylogarithms [25],

Z

1 1 1
Hy2(2) = f d2fy(DH). Ha=1, fod) =0 fi)= ——\ f()=——

z 1-z7 1+7’
0

Ho..0(2) = — In“(2), (76)
—— k!

k

and define

Hi(z) :=H;(1 —2). 77
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There are some terms in Eq. (73) which are o< 1/ z*. This is a reflection of terms o< 1 J(N —4)
in Eq. (59). One derives the small z expansion of A;,ze) (z) which is given by

AP () = 16 +4/34+4Hy |L? + 64 + 64H + 250 16¢ %y 4H |L
ye\?) = 3z 0 9z 3z 0 9 2730
448 796 2
+ﬁ -5+ 1623 4 (1 + 1622)Hy + 2H3 + 3H o+ 0(2), (78)

showing that the most singular terms are of O (1/z).
4. The radiators in z space

We express the expansion coefficients (25)—(37) in terms of harmonic polylogarithms [25].
The corresponding expressions can be obtained using the package HarmonicSums [36—44],
after reducing the algebraic relations [58]. Because of the occurrence of some denominators
1/(1+2z)!, 1eN, [ > 1, one performs the corresponding series expansion and uses summation
techniques encoded in the packages Sigma [59,60], EvaluateMultiSums and SumPro-
duction [61]. As usual, one has to separate the radiators into the part o< § (1 — z), the contribu-
tion due to +-distributions and the regular part,

R(z, L) = Rs(L)6(1 — 2) + [R4 (2, L)]4 + Rieg(z, L). (79)

For the inclusive cross section the integral (15) has to account for the fact that the radiator R(z, L)
is distribution—valued [30].

For the inverse Mellin transform we use the notion PlusFunctionDefinition — 2
of the package HarmonicSums,

1

H,, 7 (H () ] _ "(z)
M {% (N) =/dzzN HHy i @) = By (D] T2, mi# 1, (80)
- 0
HiD) ] v A
M|[——|(N)=[d = 81
|:1—z ) fz(z )1—1 &1
- 0
We use the following notation
Inf(1=2) .
Di(z) = T | keN, with Hi(z) = —In(1 —z2). (82)
/s
The splitting function Pe(g ) is thus given by
PO (2) =8Dy(z) — 4(1 +2) + 65(1 —2). (83)
We use the following conventions
H;(x) =H;, Ha(l—x)EHz. (84)

The expressions up to O (a?) are given in Ref. [10]. In the following we distinguish the expansion
coefficients in the vector and axial-vector case. Coefficients ¢;; without an index v or a apply to
both cases. We also display the difference terms
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A _ a \%
Ci,j=Cij —Cij (85)

The §—terms are

(572 7040, 51243
$
=2 s(1— 86
€33 9 3 3 :| ( 2) (86)
[ 2774 7424 32
R 2 _2s6c2 + %}3(1 -2 (87)
28889 23968 5536
) 2
= - —5761n(2) + 320 22— 808¢3 — 480
a3 77 +'< 77 n(2) + Cz)(z*— G % {3 Cs}
x8(1 —2) (88)
1430  27328¢, 51202 4096¢3
) 2
= — 8(1 — 89
“4a= | A (89)
s | 27938 L (134032 51255 24832 5 30304 [0 ©0)
43T |77 27 3 )27 BT g 8 ¢
(707717 908020 6016¢3 32
) 2
= — —21121In(2) — 22 (1883 + 14401n(2
a0 63 +—< 1 n(2) 3 )§2+—15( + n(2))g;
3072 4864
+?§23+672§3+1152§§+T§5}8(1 —2). 1)
The +-distributions are given by
5744 1408
3= (7 - 256;2) Do + ——Di1 +256D; (92)
23608 4480
= (— 7 T 8324 + 384C3>Do + (— — 512§2>D1 — 512D, (93)
164608 7696 768¢2
= +( - —7681n(2) ) &2 — 222 32023 | Dy
: 81 9 5
48832 2432 2048
SO 15368 | Dy + 5Dy + 2D 94
+( > Q) 1+ 5 h + g D3 94
17792 4096 54656 2048
f= | —== —20485 + S ) o+ [ 22220 20480, | D) +2048D, + 2,
: 27 3 27 3
95)
308320 221056¢, 1024¢5
ro=[- —2048¢7 D
€43 ( Y, 2+ 0
263488 20992 22016 4096D
+(_ — 2 3072;3)1)1 + (——3 + 2048§2>D2 - s

(96)
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—\ 243

N <3135184 ( 333728
C — —_
42

—5120In(2) + 2560{3) '$)

19712 72128
- £3 — 3840¢5 | Do
5 9
1979456 36224 614422 5632
+( ot (—7—6144ln<2>>cz— 59 + 3 §3)791

D Dy, 97
9 3 3+ 4 o7

99712 32768 38912 10240
+( - §2>D2+ - 5

and the regular contributions read

—_— { 16HoPios  4Pi31 8(—3+192%)H} [16P105 128(1 +12)H0]H1

C33= — - —_ _
9(z—1) 27z 3(z—=1) 9z z—1

352 736
—128(1 +z)H% — T(l +2)Ho,1 + T(l + Z)Cz} (98)

CG32=17 _ _ - _
3z—1) 27z 9(z— 1)z 3z—1) 9z

128H, Psso 192(1+£)H3}H+{ 32Pys 128(1+z2)H0j|H2
_ _ il _

reg { 4H(2)P127 8Pig3 _ 4Hq Psg7 64(1 + 3Z2)H(3) |:_ 224 P33

3(z—1)z z—1 1
16P 64(1 + 3z2)H, 32(7 4 9z%)Ho 0.1
+[_ i, 64(1+32) }Hm_ (7+92%)Ho,

z z—1

+384(1+2)Ho 1.1

3z z—1 z—1

z—1

16P 256(2 + z2)H
+|: 153+ ( ) 0
3z z—

2(—
2360 +Z)H1}§z |3 5+3z)(5+3z)§3]

99)

reg
€31

8HEPl4  16HJ Pea  16£2Psgn  64HG _ P3ss  128Ho 10,1 Pssy
{_3(1—1) © @=Dz  5e-1  (@-Dz -1z
32Ho,0,0,1 P361 = 64Ho0,1,1 Pa02  64Ho,0,0,—1 Pa4s 4 Pgs1
- z-1z z—Dz  (—Dz  2025z— 13231 +2)?
+[_ 32H2, P3ss _ 32H_ P 4 Pgs3
3z—Dz  9z—Dz(1+2)3 675z — D*z(1+72)3
2562 +2)(1+z+22)H3, 16H_1 P304 4Pyys
B } [ 3z— Dz 45(z— D*z(1+2)3
352Q+2)(1+z+23)H | 3202+ 2)(1 +z+2%)H-,
+ i|H0 + |:_ 3z

Z

Z

+

16Pns |3 | 32(=2+2)H* Pi;  32HJPy  16H3Prs3
9z—13 | ° 922 3z— Dz 3(z—1)3z
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n 8 Pgg3 16 Pgog 512(1 +ZZ)H,1
675(z — 1)3z4(1 4 2)? 9(z — 1)4z2 z—1

512 i}
—TZ(I +Z)H_1 Hy (H;

+_16H(2)P7g 8Ho Ps30 16P563] 5 [64H0P18 64P73i|H3
1

_I_
z—Dz 3@—-Dz 922 | ' [3ez-Dz 9%
[32H}Pi3  128H_ Pisy  16H3Pus  16HPrso 8 Ps3s

23

| (2= Dz 3(z— 1)z (z—=Dz  3@—=13z 45@z—1%z2(1 +2)3

+' 128HoPss  16P3oq }H 3842+ 2)(1 + 2 4+ 22)H2

(z—1z 3(z—1)z z

32HjP3s;  64H_| P3ss 32Pm
(z—Dz = 3z—Dz  9z—Dz(l+2)>

J{ 64 Pyo7 640(2+z)(1+z+z2)H—1}H 512(1+2%)H,
_ o— v

+256(1 +z)H(’§‘]:|Ho,1 + [—

_3(1 — 1)z Z z—1
7682+ 2)(1 + z + z2)H2 32(=2+z)P;7 512
+ ( ) ! HO,—] + % — —z(14+2)Hyp
z 9z 3
[ 128(z — 1)(4+ 7z +42°) ,
+ : —512(1 + 2)Ho |H |Hjj _,
512(1+z2)HoH_1; 512
- ( ) — —Z(l +Z)H1Hi1 1
z—1 3 ’
N 64H, P11 32Ho Psog 32 P47 6402+ 2)(1 +z 4+ z%)H_; .
z—Dz  (@—Dz 3@—1)3% Z 001
+_64H0P418 2P 128Q+2)(1+z+22)Ho "
(z—Dz  3(z—-1)z Z .
-256(2 - 1)(4 +7z+ 422) 16 P375 4+ 96H( Pago
+ —512(1 + 2)Ho [H: -
3z (1+2)Hp 0.0—171 3G— 1)z
384(1 + z2)H; 128P3s9 7682+ 2)(1 +z+2%)H_,
————F— |Ho,1,1 - Ho,1,-1
z—1 3(z—1)z z
128Py; 7682+ 2)(1+z+z%)H_
~256(1 +2)H{Hj | _, +[ 3Z21 LChl - ) l:|H0,1,1

64 P3g6 128Hg P391
3z—=Dz  (z—Dz

15362+ 2)(1 +z +22)H_ 6402 +2)(1 +z +2*)Ho0,1,-1
- Ho—1,-1+ -

512 %
+ —Tz(l+z)—256(1+Z)H1 Hy i1+

<
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+ +

4+ 15z +62%)Ho, 1,11 N

Z
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Z
1536(2 + z)(l +z+ Zz)Ho,—l,—l,—l

z Z
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n 64H P43 16 P475 H 7682 + Z)(l +z+ ZZ)H%I
(z—Dz 3(z—-1)z : Z
64Ho Py 64H; P9y 16 P39
—256(14+2)H; _, [0+ | - - —
1+ ot l]gz [ -1 @-Dz 3G-D%
1408(2 +2) (1 4z + z%)H_,
+ {3
Z
caree |32 g s 32(13 — 128z + 89z%)
EL I ¢ 3—1)
1024 64(—4+10z +z%)H2 | 512H7,
+T(1 +2)H_ — Z + e Hy

2— 13z +112%)

20+ 54z +9z2%)H_;  7T04H2

32(—
R

+[_32(—

32
+|:—?(6+7z

3 256(z — 1)(1

z—1

1}{
<

128(1 — 8z +z%)Hy

3z
640H_

)+ 3z 1)

64(z — 1)(2 +72)Hyp

:|H8+ |:128(—11 +9z) —

+22)H3  256(z — 1)*H}

3z

2172
_192(z — 1)°H}

Z

N 128(—4 -5z +4z2)Ho

3z 3z

o[-
R

12 3
256(z — 1)*HoH} 265472
1%@—na+@

3z
256H;

2

3z

128(z — 1)?H?
+7

Z

+(
7

68H

512(z — D2H,

64(2 — 6z 4 3z%)HJ

+512(1 +z)H_; — Z

:|H0,1+



J. Ablinger et al. / Nuclear Physics B 955 (2020) 115045 25
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20 - O b

Fig. 2. The ratio of the cross section containing all initial state corrections up to O (a) (dotted line), to O(a2) (full line),
to 0(a3L3) (dash-dotted line), normalized on all terms including also the O (a3 L) and 0(a4L4) corrections to the cross
section ete™ — y*/Z* in the region of the Z-peak for Mz = 91.1876 GeV [62].
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(105)

The radiators depend on the polynomials Pk|,§8:1 which are too voluminous to be displayed,

like also the radiators cs 5 to ¢ 5. They are given in an ancillary file to this paper. The radiators
exhibit evanescent poles o 1/z*, which all cancel by performing an expansion around z = 0 and
the leading pole is again 1/z.

5. Numerical results

In the following we study the effect of the radiators calculated on the Z resonance. We extend
previous work [9] to O(a?) including the higher order corrections up to O (a®L>) accounting
for the first three logarithmic corrections from O0(@3) to O(a”). In Figs. 2 and 3 we compare
the ratios of the three—loop terms with all contributions (25)—(37) in the kinematic region of
/s €[85,95] GeV.

The O (a) radiative corrections are large and amount to ~ £40%, followed by the O (a?) cor-
rections, still varying from 4+15% to —7%, cf. Fig. 2. Already the leading term O (a>L?) yields
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Fig. 3. The ratio of the cross section containing all initial state corrections up to O(u3 L3) (dotted line), to O(a3 L2) (full
line), to O(a3L) (dash-dotted line), universal terms contributing to 0(a3L0) (dashed line), to 0(a4L4) (long dashed

line), normalized on all terms including also the 0(u3L) and 0(a4L4) corrections to the cross section ete™ — y*/Z*
in the region of the Z-peak for Mz = 91.1876 GeV [62].

only corrections at the 1% level. The O(a®) corrections up to the O (a>L) term are significantly
smaller and are illustrated in Fig. 3.

Finally, we summarize the shifts of the Z peak and the corrections to the Z width, I'z, by
the different orders of the ISR radiative corrections in Table 1. Here we compare the results for
the fixed and the s-dependent width [63]. In Figs. 2 and 3 we depicted only the corrections up
to O(a>). The other corrections up to 0(a6L5) are only illustrated w.r.t. its shift of the Z mass
and change of the Z width since their behavior is rather flat, yet they have an impact given the
projected experimental resolutions. The difference to the results in Ref. [11] amounts to 4 MeV
inT'z, [9,10].

The relative shifts in adding the respective order can be positive or negative. At leading order
O (¥ L*) the level of 100 keV [64] is only undershoot at O(a’L*). Even the O(a*L?) correc-
tions are of the order of 50 keV, while at O (a7 L) the level of 10 keV is reached. A missing link
is still the O (a?) term, which can be estimated to be roughly of O (30 keV), setting the frame
of accuracy which is currently reached for the initial state corrections. The QED corrections to
3—loop order are still somewhat larger than the experimental resolution at the FCC_ee [5] making
the inclusion of also higher order subleading corrections necessary.

Furthermore, we remark that we have calculated the inclusive ISR corrections only, assum-
ing that the experimental data are extrapolated to the full phase space and only a cut in s is
considered. The experimental requirements may be more ambitious, requiring more differential
radiative corrections in the future. Due to different cuts, the corrections will turn out to be dif-
ferent and one has to carefully study all the cut dependencies. For a recent summary see [65].
From the size of the corrections it seems that 3- to 4-loop corrections have there to be provided

too.

7 Statistical accuracies of AMz =0.005 MeV [stat], AT'z = 0.008 MeV [stat] are quoted in [64].
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Table 1

Shifts in the Z-mass and the width due to the different contributions to the
ISR QED radiative corrections for a fixed width of 'y = 2.4952 GeV and
s-dependent width using Mz = 91.1876 GeV [62] and 59 = 4m%, cf. [7].
(In Ref. [9] slightly different numbers were reported for the shifts up to the
@) (az) corrections due to the use of a(M%). Here we refer to a(m%).)

Fixed width s dep. width

Peak Width Peak Width

(MeV) (MeV) (MeV) (MeV)
O(a) correction 185.638 539.408 181.098 524.978
0(?L?): - 96.894 -177.147 -95.342 -176.235
ICAE 6.982 22.695 6.841 21.896
0(a?): 0.176 -2218 0.174 ~2.001
0(3L3): 23.265 38.560 22.968 38.081
0@3L?): -1.507 -1.888 —1.491 ~1.881
0(3L): -0.152 0.105 -0.151 —0.084
O *L*): - 1.857 0.206 -1.858 0.146
0(@*L3): 0.131 -0.071 0.132 - 0.065
0(*L?): 0.048 ~0.001 0.048 0.001
0@ L3): 0.142 -0.218 0.144 —~0.212
0@@L%): —0.000 0.020 -0.001 0.020
0(’L3): -0.008 0.009 - 0.008 0.008
0 (®L%: -0.007 0.027 -0.007 0.027
0@®L): ~0.001 0.000 ~0.001 0.000

Numerical implementations for harmonic polylogarithms in Fortran needed for the radia-
tors in z space are given in [66] and [67], respectively.

6. Conclusions

We have calculated the QED initial state corrections to the annihilation process eTe™ —
y*/Z* up to the terms O (a®L>). They come next to the recently completed O (a?) corrections
[8—10] and the well-known universal corrections 0((aL)k), which were known to fifth order
in explicit form in the non-singlet and singlet case [13-20]. Here we included the first three
logarithmic terms for the orders 0 (o) to O(a”). The radiators are given by convolutions of
splitting functions, the contributions to the Wilson coefficient of the massless Drell-Yan process
and massive operator matrix elements. For the present corrections the massive OME F;le) had
to be calculated newly. The other massive OMEs were given in [12] before. The corrections
calculated in the present paper can be expressed in terms of harmonic polylogarithms, if one also
allows for the argument (1 — x) in case of harmonic polylogarithms containing an index i = —1.
In Mellin space the radiators can be represented in terms of harmonic sums and generalized
harmonic sums. The present corrections may still miss terms of O (30 keV) for both §Mz and
8I"z, which can be further improved by calculating the yet missing terms.

It is needless to say that by performing Mellin convolutions, using the quantities calculated in
the present paper and the massless quantities available in the literature, one is now in the position
to calculate all corrections of O (a*L¥), O (¥ L¥~1y and O (e*L*~2) fork > 5 straightforwardly.
For the projected experimental accuracies in inclusive measurements at the FCC_ee they may not
be needed beyond the orders already obtained.
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Appendix A. The singularities of the radiators in N space

For the use of complex contour integrals to calculate the radiative corrections the position of
the singularities of the radiators in Mellin N space in the complex plane have to be known.

In the case of harmonic sums, except for S;(N), it is known from their representation in terms
of factorial series [68] that their singularities are given by the set {—n | n € N}. The sum S;(N)
has a representation by the di-gamma function v (N) for which the same holds.

A factorial series is given by

with a; € C. (106)

Q) +i ag41k!
x)=a ,
0 S D)

The question to be answered is, which functions can be expanded into factorial series. The
structure of (106) then provides the singularity structure for x € C. If a function F(x) has the
representation

1

F(x) =/ dt t* ¢(1) (107)
0
and the function ¢(#) can be expanded into a Taylor series in (1 — ¢), partial integration will then

lead to a factorial series.
The radiators are expressed in terms of the following monomials

Hz (§)

*(A =21 +2)m’
and & € {z,1 — z}, with g; € {0, 1, —1}. To perform the Mellin transform of (108) suitable regu-
larizations have to be chosen. Since the Mellin transform of the complete radiator exists and is
unique, these partly arbitrary regularization terms add up to zero.

Now one has to assure that H; (§) can be expanded into a Taylor series in the variable (1 — z).
This will require in case to change the argument from

I,meN, kef{o,1) (108)

z< (1 —-2), (109)

which is a valid operation on H; (&) on the expense of introducing the letter
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1

. 110
2—z (1o
The structure in (108) can be generated by applying the following differential operator
H;(2) 1 amt!
=— Hz 2 .5(2), 111
FA (1 1o~ F e i@ (11
with
{Clls'“sclm}:{lv1a~~-71}s {021,~--,C2l}={—]7—1,~-~,—1}~ (112)
Furthermore, one has
1 1
dz " Lo =H.() - N [dz N H, 113
2 5@ =Hz(1) — 7z 5(2). (113)
0 0

In this way and by the argument mapping (109) one arrives at valid functions ¢(¢) allowing to
expand into a factorial series. The above construction has now to be applied to all radiators and
one finds the set of singularities to be a subset of {—n | n € N U {—1}}.

Appendix B. The radiators in N space

In the following we list all radiators which were calculated in the present paper in Mellin N
space for the use in Mellin space programs. The analytic continuation of the respective harmonic
sums can be performed as described in Refs. [69,70]. The package HarmonicSums allows to
derive the asymptotic representation of these coefficients. Their recursion relations follow from
the ones of the harmonic and generalized harmonic sums. As has been shown, there are no
singularities right to N = 1, which allows to perform the contour integral to z space with the
usual contour in the singlet—case, see e.g. [31], surrounding the singularities of the expression in
the complex plane, cf. Appendix A.

The radiators R;; are related to the expansion coefficients from c3 3 to cg 5, also labeling the
difference term (85) between the axial-vector and vector contributions, by

Rij(N) =Mlci; (x)1(N). (114)

Alternating sums can be rewritten in terms of Mellin transforms such that the contribution due to
In(2) terms cancel, cf. [71]. We have also checked that the evanescent poles present in the above
radiators up to 1/(N — 4), cancel, leaving the rightmost pole 1/(N — 1).

The analytic continuation is performed from the even integers. It can be obtained in the analyt-
icity region for N — C for both the harmonic sums and generalized harmonic sums expressing
them for large values of |N| by their asymptotic expansion and by using the recursion relations
to map to finite values of N € C, [70].

The radiators in N space are given by

Rea ) 1681 Qs6 n 4096
BTNV 2N DONEZINF DEN +2) T 27(N = DN3(N + D3(N +2)

64(6+ 1IN + 1IN?)S7 256 ,
- =5 (115)
3N(N +1) 3
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12288(2 4+ 5N + 5N?)S? 1638453
(N — HN2(N + 1)2 N—DNON+D |

(128)

The polynomials Qx |,%1=31

to this paper.

are to long to be displayed here and they are given in an ancillary file
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