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Abstract— Sequence-based control is a well-established
method applied in Networked Control Systems (NCS) to
mitigate the effect of time-varying transmission delays and
stochastic packet losses. The idea of this method is that the
controller sends sequences of predicted control inputs to the
actuator that can be applied in case a future transmission fails.
In this paper, the stability properties of sequence-based LQG
controllers are analyzed in terms of the boundedness of the
long run average costs. On the one hand, we derive sufficient
conditions, each for the boundedness and unboundedness of the
costs. On the other hand, we give bounds on the minimal length
of the control input sequence needed to stabilize a system.

I. INTRODUCTION
The research area of Networked Control Systems (NCS)

investigates control systems whose components are con-
nected via digital data networks. Controller design for such
systems is challenging as the data networks cannot only
introduce time-varying sampling times but also stochas-
tic transmission delays and packet losses into the control
loop [1]. These network-induced effects can strongly degrade
system performance and destabilize the control loop [2].

Therefore, a plethora of techniques and control methods
have been proposed in the literature to analyze and ensure
the stability of systems subject to network-induced effects
(see [3], [4] for a survey). Most of the approaches deal
with the case that the controller sends one control input
per data transmission to the actuator (see, e.g., [2], [5], [6],
[7], [8], [9]). It has been shown, however, that the stability
of a system can be significantly improved if the controller
sends additionally to the current control input also control
inputs applicable at future time steps [10]. The “predicted”
future control inputs can be applied by the actuator in case
a future transmission is delayed or lost. This control method
was first mentioned in [11] and is, among others, known as
sequence-based control.

In this paper, we investigate the stability properties of
such a sequence-based controller. An interesting question is,
e.g., whether there exists a minimal sequence length that
guarantees stability of the closed-loop system. In literature,
stability results for sequence-based controllers are available
for constrained systems where the state is directly accessi-
ble [12], [13], the system is assumed to be undisturbed [10],
[14], [15], [16], [17], the disturbances are supposed to be
bounded [18], or where packet drops can occur but no
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Fig. 1. Considered system setup: A linear plant is controlled and observed
over a network. To mitigate stochastic time delays and packet losses in
the network connection between controller and actuator, a sequence-based
controller sends sequences of control inputs to the actuator. It is assumed
that the actuator acknowledges successfully received data packets within
one time step due to the TCP-like protocol.

time delays [19]. In the context of unconstrained Linear
Quadratic Gaussian (LQG) control, the work [20] and [21]
derive stability conditions for TCP-like data connections (see
Chapter II for a definition).

In this paper, we consider the setup depicted in Fig. 1
and extend the former results [20] and [21] on stability of
sequence-based LQG controllers. In this context, stability
is considered in the sense of boundedness of the long run
average costs. The work is based on our previous work [22],
where we derived the optimal sequence-based LQG con-
troller for the considered system.

One contribution of this paper is that we derive a sufficient
condition for the boundedness of the long run average costs
in the sequence-based LQG setup. The condition relaxes the
stability conditions derived in [20] and [21] and, furthermore,
directly considers stochastic transmission delays. In addition,
we determine bounds for the minimum length of the control
sequence for which the long run average costs are bounded.

A. Outline

In the following section, we describe the system setup
and the sequence-based control method in more detail. In
Sec. III, results derived in our previous work on the optimal
sequence-based LQG control problem are summarized. The
main result of this paper is stated in Sec. IV and a numerical
example presented in Sec. V.

B. Notation

Throughout the paper, vector-valued quantities are under-
lined (a) and matrices are denoted by bold face capital letters
(A). Furthermore, the notation ak refers to the quantity a at
time step k. The identity matrix is denoted by I, a matrix con-
sisting only of zeros by 0, the expectation operator by E{·},



the trace operator by tr(·), the Moore-Penrose pseudoinverse
of a matrix A by A†, the set of all eigenvalues of A by
eig (A), and the set of all natural numbers including and
excluding zero by N0 and N>0, respectively. Furthermore, a
sequence of N+1 matrices (A0,A1, · · · ,AN ) is denoted by
A0:N and A0:N > 0 means that all matrices of the sequence
are positive definite.

II. SYSTEM SETUP

The system setup is depicted in Fig. 1. We assume that
all components of the NCS are time-triggered, synchronized,
and have identical cycle times. Plant and sensor are given by

xk+1 = Axk + Buk + wk ,

y
k

= Cxk + vk ,
(1)

where xk ∈ Rm, uk ∈ Rn, and y
k
∈ Rq denote the

plant state, the control input applied by the actuator, and
the measured output, respectively. The terms wk ∈ Rn and
vk ∈ Rq represent mutually independent, zero-mean, white
Gaussian random processes with finite second moments
and covariance matrices W and V. The initial state x0

is Gaussian distributed with mean x0 and finite covariance
matrix P0.

Controller and actuator, as well as sensor and controller,
are connected via a network that transmits data in time-
stamped packets. The data packets are subject to stochastic
time delays and packet losses described by mutually inde-
pendent white stationary random processes with known char-
acteristics. The probability that a packet is delayed by i ∈ N0

time steps is denoted by qCAi for the controller-actuator
network and by qSCi for the sensor-controller connection.
Packet losses occur with probability qCA∞ and qSE∞ , respec-
tively. In addition, the controller-actuator network provides
acknowledgments for successfully transmitted data packets.
The acknowledgments are supposed to arrive at the controller
within the same time step as the data packet was successfully
transmitted to the actuator. In literature, such a network is
often referred to as a TCP-like network.

Remark 1 The TCP-like network does not reflect a real
TCP/IP connection since the acknowledgments are assumed
to arrive without time delay. In some cases, a TCP-like
network can be implemented by , e.g., priorizing the acknowl-
edgments. Furthermore, TCP-like connections constitute an
upper performance bound for real UDP/IP and TCP/IP
connections for which no analytic solutions are available.

To mitigate the network-induced effects, the controller not
only sends a single control input to the actuator, but also
control inputs for future N − 1 time steps (with N ∈ N>0)
within the same data packet. When such a control sequence
is received by the actuator, it is stored in a buffer if it contains
the most recent information (indicated by the time stamps) or
discarded otherwise. At every time step, the actuator applies
the appropriate control input of the buffered sequence to the
plant. When the buffer is empty, the actuator applies a default
control input denoted by udk.

For the rest of the paper, a control sequence generated by
the controller at time step k is denoted by the vector Uk.
The entries of such a sequence of length N are given by

Uk =
[
u>k|k u>k+1|k . . . u>k+N−1|k

]>
, (2)

with the index uk+i|k (i ∈ {0, 1, ..., N − 1}) specifying that
a control input is applicable at time step k + i and was
generated at time step k.

III. OPTIMAL SEQUENCE-BASED CONTROL

The stability analysis is based on our previous work [22]
where we derived the optimal sequence-based LQG con-
troller for the system setup described in Sec. II. In the
following, we briefly summarize the obtained results. To that
end, we introduce the augmented state

ξ
k

=


xk

[u>k|k−1 · · · u>k+N−2|k−1]>

[u>k|k−2 · · · u>k+N−3|k−2]>

...
uk|k−N−1

 (3)

that contains the plant state and all control inputs of the
formerly sent sequences Uk−1, · · · , Uk−N−1 that still could
be applied by the actuator. Setting udk = 0, the augmented
state evolves according to

ξ
k+1

=

[
A B ·H(θk)
0 F

]
︸ ︷︷ ︸ ξk +

[
B · J(θk)

G

]
︸ ︷︷ ︸Uk +

(
wk
0

)
︸ ︷︷ ︸

= Â(θk) ξ
k

+ B̂(θk) Uk + ŵk ,

with

F =



#columns: n︷︸︸︷ n(N−2)︷︸︸︷ n︷︸︸︷ n(N−3)︷︸︸︷ n︷︸︸︷
0 0 0 0 · · · 0

0 I 0 0 · · · 0

0 0 0 I · · · 0
...

...
...

...
. . .

...
0 0 0 0 · · · I



#rows:

}n(N−1)

}n(N−2)

}n(N−3)

}n

,

G =

[#columns: n︷︸︸︷ n(N−1)︷︸︸︷
0 I
0 0

] #rows:

}n(N−1)

}n(N−1)(N−2)
2

,

J(θk) =
[#columns: n︷ ︸︸ ︷ n(N−1)︷︸︸︷
δ(θk,0) I 0

]
, δ(θk,i) =

{
1 , if θk = i
0 , if θk 6= i

,

H(θk) =
[#columns: n︷ ︸︸ ︷ n(N−2)︷︸︸︷ n︷ ︸︸ ︷ n(N−3)︷︸︸︷ n︷ ︸︸ ︷
δ(θk,1) I 0 δ(θk,2) I 0 · · · δ(θk,N−1) I

]
,

where θk ∈ J with J = {0, · · · , N} is the state of
the Markov chain that describes the age of the buffered
control input, i.e., how many time steps ago the buffered
sequence was generated. For the transition probabilities



pji = P (θk = i|θk−1 = j) of this Markov chain, it holds

pji =



0 for i ≥ j + 2 ,

1−
i∑

r=0
qCAr for i = j + 1 ,

qCAi for i ≤ j < N ,

1−
N−1∑
r=0

qCAr for i = j = N ,

(4)

where qCAr is the known probability that a
sequence is delayed for r ∈ N0 time steps. Defining
Â0:N=

(
Â(0), . . . , Â(N)

)
, B̂0:N =

(
B̂(0), . . . , B̂(N)

)
,

Q̂0:N=
(
Q̂(0), . . . , Q̂(N)

)
, and R̂0:N=

(
R̂(0), . . . , R̂(N)

)
,

the main results of [22] are stated in the following Theorem.

Theorem 1 [22] Consider the problem of finding an admis-
sible control law with given sequence length N−1 according
to (2) that minimizes the LQG cost

JT = E

{
CT +

T−1∑
k=0

Ck

∣∣∣∣∣U0:T−1, ξ0
,P0, θ0

}
, (5)

with CT = x>TQxT , Ck = x>k Qxk + u>k Ruk ,

T ∈ N>0 , Q ≥ 0 , R > 0 ,

subject to the system setup described in Sec. II. Then,
a) as in standard LQG control, the separation principle

holds, i.e., the optimal control law can be separated
into 1) an estimator that calculates the minimum mean
squared error (MMSE) estimate of the augmented
state E{ξ

k
|Ik}, where Ik represents the information

available to the controller, and 2) into an optimal state
feedback controller with feedback matrix Lk,

b) the optimal control law is linear in the MMSE estimate
of the augmented state, i.e., Uk = Lk E{ξ

k
|Ik} ,

c) the feedback matrix Lk explicitly depends on the
acknowledgment signal θk−1 of the controller-actuator
network so that Lk = L

θk−1

k , and
d) the feedback matrix Ljk is given for all j ∈ J by

Ljk = −

[
N∑
i=0

pji

(
R̂i +

(
B̂i
)>Ki

k+1B̂
i
)]†

×

[
N∑
i=0

pji
(
B̂i
)>Ki

k+1Â
i

]
, (6)

where the matrices K0
k+1, . . . ,K

N
k+1 are obtained by

the Riccati-like recursion evolving backwards in time

Kj
k =

[
N∑
i=0

pji

(
Q̂i +

(
Âi
)>Ki

k+1Â
i
)]

−

[
N∑
i=0

pji
(
Âi
)>Ki

k+1B̂
i

]

×

[
N∑
i=0

pji

(
R̂i +

(
B̂i
)>Ki

k+1B̂
i
)]†

×

[
N∑
i=0

pji
(
B̂i
)>Ki

k+1Â
i

]
, (7)

Q̂(i) =

[
Q 0

0 H(i)
>

RH(i)

]
, R̂(i) = J(i)

>
RJ(i),

that is initialized with Kj
T =

[
Q 0
0 0

]
.

Proof: The proof is given in [22].

Remark 2 As shown in [23], the MMSE estimate E{ξ
k
|Ik}

is obtained by a time-varying Kalman filter that buffers re-
ceived measurements to incorporate delayed measurements.
For an optimal estimate, the length of the buffer, NB , has to
be chosen so that

NB = max{i ∈ N : qSE
i > 0} . (8)

In practice, NB has to be limited leading to a potentially
suboptimal filter. Theorem 1 and the following stability
analysis, however, also hold if NB is not optimally chosen.

IV. STABILITY ANALYSIS
In this section, we analyze the stability properties of the

optimal sequence-based LQG controller given in Theorem 1.
For this purpose, we introduce the long run average costs

J∞ = lim
T→∞

1

T
JT , (9)

used to evaluate the stability of the infinite-horizon optimal
sequence-based controller. The controlled system is said to
be stable if the associated long run average costs (9) are
bounded, i.e., if there exist a J such that for all initial
conditions J∞ ≤ J .

Remark 3 In literature, also other stability criteria are
investigated such as mean square stability (MSS). General
results for MSS of MJLS are given, e.g., in [24]. These
results, however, cannot be directly applied as we do not
assume a special structure of the estimator and controller
gain. Furthermore, we consider the case where the mode of
the associated MJLS is only available with a time delay and
the weighting matrices are only positive semidefinite.

In the following stability analysis, we use the operator

gj
(
X0:N

)
=[

N∑
i=0

pji

(
Q̂i +

(
Âi
)>XiÂi

)]
−

[
N∑
i=0

pji
(
Âi
)>XiB̂i

]

×

[
N∑
i=0

pji

(
R̂i +

(
B̂i
)>XiB̂i

)]† [ N∑
i=0

pji
(
B̂i
)>XiÂi

]
(10)

that maps a sequence of N + 1 square matrices X0:N =
(X0, . . . ,XN ) to a matrix with the same dimension as Xj .
Furthermore, we introduce the operator

g
(
X0:N

)
=
(
g0
(
X0:N

)
, . . . , gN

(
X0:N

))
, (11)

that maps a sequence of N+1 square matrices to a sequence
of N+1 matrices with the same dimension. The main results
are given in the following theorems.



Theorem 2 The long run average costs (9) are upper
bounded for all initial condition (ξ0, θ0) if and only if

a) the control related costs described by the sequence
X0:N
k+1 = g

(
X0:N
k

)
are upper bounded and

b) the expected estimation error covariance

E

{(
ξ
k
− E

{
ξ
k

∣∣∣Ik})(ξk− E
{
ξ
k

∣∣∣Ik})> ∣∣∣I0

}
(12)

is upper bounded.

Proof: For any symmetric random matrix S and zero-
mean random vector x that are stochastically independent of
each other, we have

E
{
x>Sx

}
= tr

(
E {S}E

{
xx>

})
. (13)

Using this fact and combining (22), (24), and (32) of [22],
it follows for the minimal expected cumulated costs

JT = tr
(

E
{

Kθ0
0

∣∣∣I0

}
P0

)
+
T−1∑
k=0

tr
(

E
{

Kθk
k+1

∣∣∣I0

}
W
)

+

T−1∑
k=0

tr

(
E
{

Q̂θk +
(
Âθk

)>Kθk
k+1Â

θk −K
θk−1

k

∣∣∣I0

}
× E

{(
ξ
k
− E

{
ξ
k
|Ik
})(

ξ
k
− E

{
ξ
k
|Ik
})> ∣∣∣I0

})
.

The term Ik represents the information set available to the
estimator at time step k and contains the information about
the initial condition as well as all received measurements,
acknowledgment signals, and sent control sequences.

Since the matrices Q̂θk and Âθk are bounded and P0 and
W are supposed to have finite second moments, the long
run average costs (9) are bounded for every initial condition
if and only if the sequence X0:N

k+1 = g
(
X0:N
k

)
and

E

{(
ξ
k
− E

{
ξ
k
|Ik
})(

ξ
k
− E

{
ξ
k
|Ik
})> ∣∣∣I0

}
are bounded, which concludes the proof.

In the following, we give sufficient conditions for the
boundedness of 2b) and 2a) in Theorems 3 and 4, respec-
tively. The boundedness of the expected error covariance
matrix (12) has already been investigated ([23], [25]) so that
Theorem 3 summarizes these results without proof.

Theorem 3 [23] Assume that (A,C) is observable,
(A,W1/2) is controllable, and V > 0. It holds,

a) if max |eig (A) | < 1, then (12) is bounded,
b) if max |eig (A) | ≥ 1, then (12) is

unbounded if pSCarr ≤ 1− 1

max |eig (A) |2
and bounded if pSCarr > pSCcrit ,

where pSCarr =
∑NB

i=0 q
SC
i is the probability that

a measurement sent over the network can be pro-
cessed by a Kalman filter with a buffer of length
NB (see Remark 2) and pSCcrit can be computed by
the solution of the quasi-convex optimization problem

pSCcrit = arg minp Ψp (Y,Z) > 0 with constraint 0 ≤
Y ≤ I and

Ψp (Y,Z) =

 Y
√
p (YA + ZC)

√
1− pYA

(∗)> Y 0
(∗)> 0 Y

.
Proof: The proof is given in [23].

Theorem 4 Consider the sequence X0:N
k+1 = g

(
X0:N
k

)
with

g(·) defined in (11). Then,
a) the sequence is bounded for any initial condition

X0:N
0 ≥ 0 if there exist N + 1 matrices L̂0:N and N + 1

positive definite matrices X0:N such that

Xj >

N∑
i=0

pji

(
Âi + B̂iL̂j

)>
Xi
(
Âi + B̂iL̂j

)
, (14)

b) if the sequence converges, it converges to the positive
semidefinite fixed point

K
0:N

=
(
g0
(
K

0:N
)
, . . . , gN

(
K

0:N
))

,

c) the condition in a) is equivalent to the existence of N+1
matrices Y0:N and Z0:N such that ΘN

(
Y0:N ,Z0:N

)
>

0 and 0 < Y0:N < I, where

ΘN

(
Y0:N ,Z0:N

)
=


Θ0 0 · · · 0
0 Θ1 0
...

. . .
...

0 0 · · · ΘN

 ,

with

Θj =


Yj Σ(j, 0) · · · Σ(j,N)

Σ(j, 0)> Y0 0
...

. . .
...

Σ(j,N)> 0 · · · YN

 ,
Σ(j, i) =

√
pji

(
Yj
(
Âi
)> + Zj

(
B̂i
)>) ,

d) the sequence is unbounded for all initial conditions
X0:N

0 ≥ 0 if (A,Q1/2) is observable and

pNN · max |eig (A) |2 > 1 , (15)

where pNN = 1−
N−1∑
r=0

qCAr as defined in (4).

Proof: The proof is given in the appendix.
Now, we discuss some special cases and implications of

Theorems 2 - 4, starting with the case that no time delays
and packet losses occur in the network connections. Then,
the sequence-based controller reduces to the standard LQG
controller and condition 4a) gives

X0 >
(
Â0 + B̂0L̂0

)>
X0
(
Â0 + B̂0L̂0

)
. (16)

According to Lyapunov theory, if this inequality has a solu-
tion, all eigenvalues of (Â0 +B̂0L̂0) are strictly smaller than
one justifying that the control related costs 2a) are bounded
if 4a) holds. Furthermore, it can be seen that (16) has always
a solution if (Â0, B̂0) is stabilizable since this implies that
there exists an L̂0 such that max |eig(Â0 + B̂0L̂0)| < 1. It



can be shown that the stabilizability of (Â0, B̂0) is equiv-
alent to the stabilizability of (A,B), so that condition 4a)
reduces to this fundamental assumption of LQG control.

Assuming there are no time delays but only data losses
in the network connections, i.e., qSC∞ = 1 − qSC0 and
qSC∞ = 1 − qSC0 , the setup reduces for N = 0 to the
one investigated in [26]. The authors have shown, under the
additional assumption (A,B) is controllable and (A,Q1/2)
is observable, that the corresponding conditions 4a) and 4c)
are not only sufficient but also necessary and that the fixed
point is strictly positive definite. For N ≥ 0, the conditions
in Theorem 3 and 4 are similar to the ones derived in [20].
However, we are able to drop the assumption on the steady
state distribution of the Markov chain in Prop. 3 of [20].

An interesting implication of 4b) is that if the long run
average costs are bounded, the gain of the optimal sequence-
based infinite-horizon LQG controller converges to

Lj∞ =

[
N∑
i=0

pji

(
R̂i +

(
B̂i
)>Ki

∞B̂i
)]†

×

[
N∑
i=0

pji
(
B̂i
)>Ki

∞Âi

]
, (17)

with K0:N
∞ = g

(
K0:N
∞
)
. This is a very useful property for

practical implementation where resources might be limited.
Finally, we state some important observations regarding

the length of the control sequence.

Corollary 1 If condition 4a) is satisfied, the minimal se-
quence length Ncrit guaranteeing boundedness of the long
run average costs satisfies Nmin ≥ Ncrit ≥ Nmax , where

Nmin = min
n

{
n ∈ N0 :

n∑
r=0

qCAr ≥ 1− 1

max |eig (A) |2

}
,

with max |eig (A) | 6= 0, and Nmax can be obtained as the
solution of the optimization problem

Nmax = arg min
N

ΘN (Y,Z) > 0, (18)

with constraints 0 < Y0:N < I .

Proof: This directly follows from 4c) and 4d).
In the next section, we demonstrate the applicability of the
derived stability criteria by a numerical example.

V. SIMULATION
The conditions of Theorem 3 on the boundedness of the

error covariance matrix (12) have already been evaluated
in [23]. Therefore, we focus on demonstrating the results
obtained in Theorem 4 and Corollary 1 and consider a
directly observable plant with direct connection between
sensor and controller. The system matrices are chosen as

A =

[
0.5 0
1 1.5

]
, B =

[
1
0

]
, C = I ,

where A has eigenvalues 0.5 and 1.5. The covariances and
initial condition are set to

W = I , V = 0 , x0 =
[
10 10

]
, P0 = I .
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Fig. 2. Comparison of the averaged cumulated LQG costs (5) for different
control sequence lengths N .

We assume that a packet sent from the controller to the
actuator suffers a delay of 0, 1, 2, or 3 time steps with
probability 0.25, each, i.e., q0 = q1 = q2 = q3 = 0.25.
Based on this network characteristics, the controller gains
L0:N
k are computed according to Theorem 1 for different

control sequence lengths N = {1, . . . , 4}, where we choose
the weighting matrices to Q = I and R = 10 · I.

For this system, the optimization problem in 4c) turns out
to be unfeasible for N = {1, 2} and feasible for N = {3, 4}.
Consequently, the condition in Corollary 1 gives that the
upper bound on the minimal sequence length Ncrit for which
the long run average costs are bounded is Nmax = 3.
Furthermore, Nmin = 3 since 1− 1/max |eig(A)|2 ≈ 0.55
and

∑1
r=0 q

CA
r = 0.5 and

∑2
r=0 q

CA
r = 0.75. This indicates

that the costs are unbounded for N ≤ 2. Together, we have
that 3 ≤ Ncrit ≤ 3 and therefore Ncrit = 3.

To evaluate this theoretical result, we conduct 100000
Monte Carlo simulation runs over 50 time steps for several
control sequence lengths N . The average costs Jk

k are calcu-
lated over all simulation runs, with Jk as in (5), and plotted
against the time step (Fig. 2). The exponential increase in
the average costs for N = {1, 2} indicates that the long
run average costs are indeed unbounded. For N = {3, 4}
the average costs converge and, consequently, are bounded.
Finally, the figure verifies that Ncrit = 3.

VI. CONCLUSIONS

In this paper, we presented results on the boundedness
of the long run average costs of sequence-based LQG
controllers for NCS with time-varying transmission delays
and stochastic packet losses. We showed that the costs are
bounded if the estimation error covariance is bounded and
a Riccati-like recursion associated with the controller costs
converges. For the former, we summarized sufficient condi-
tions given in the literature and for latter derived sufficient
conditions in form of a LMI feasibility problem. Finally, we
derived a procedure to calculate the critical sequence length
that guarantees boundedness of the long run average costs.



VII. APPENDIX
The proof of Theorem 4 is based on [25] and [20], where

the boundedness of the expected estimation error covariance
and the long run average costs in the case of packet losses
only were studied. The incorporation of time delays into the
stability analysis is not straightforward as control sequences
arriving at the actuator with a time delay do not have to be
applied starting with the first control input of that sequence.
Therefore, when generating a control sequence, the controller
does not only know which control inputs will be applied
directly before a control input of the currently computed
sequence is applied (if any is applied at all), but it is also
unknown which control input of the currently computed
sequence will be applied. This is a fundamental difference
to [20] and major source of difficulty of the stability analysis.

Before we can prove the assertion of Theorem 4, we
introduce the operators

Φj(L̂j ,X0:N ) =

N∑
i=0

pjiQ̂
i +

N∑
i=0

pji(L̂
j)>R̂iL̂j

+

N∑
i=0

pji

(
Âi + B̂iL̂j

)>
Xi
(
Âi + B̂iL̂j

)
, (19)

LjΦ(X0:N ) =−

[
N∑
i=0

pji

(
R̂i +

(
B̂i
)>XiB̂i

)]†

×

[
N∑
i=0

pji
(
B̂i
)>XiÂi

]
, (20)

and h(X) = ΦN
(
LNΦ(0, . . . ,0,X), (0, . . . ,0,X)

)
. (21)

The following Lemmas state some useful properties of
Φj(·) and h(·) that will be used to constitute an upper and
lower bound for the sequence X0:N

k+1 = g
(
X0:N
k

)
.

Lemma 1 The following facts are true:
a) arg minL̂j Φj(L̂j ,X0:N ) = LjΦ(X0:N ) ,
b) minL̂j Φj(L̂j ,X0:N ) = Φj(LjΦ(X0:N ),X0:N )

= gj
(
X0:N

)
,

c) gj
(
X0:N

)
≤ Φj(Lj ,X0:N ) ,∀ Lj ,

d) if X0:N ≥ Y0:N , then gj
(
X0:N

)
≥ gj

(
Y0:N

)
,

e) if X0:N ≥ 0 and XN ≥ Y , then gN
(
X0:N

)
≥ h(Y) ,

f) if X ≥ Y , then h(X) ≥ h(Y) .

Proof:
a) Since Φj(L̂j ,X0:N ) is convex and quadratic in L̂j and

X0:N , R̂0:N ≥ 0, it holds for the minimizer of (19) that

dΦj(L̂j ,X0:N )

dL̂j
= 2 ·

(
N∑
i=0

pjiR̂
i

)
L̂j

+ 2 ·
N∑
i=0

pji

((
B̂i
)>XiB̂iL̂j +

(
B̂i
)>XiÂi

)
!
= 0 .

Solving for L̂j gives L̂j = LjΦ(X0:N ).
b) The fact follows from Lemma 1a) and substitution.
c) This is a direct implication of Lemma 1b).

d) gj
(
Y0:N

)
= Φj(LjΦ(Y0:N ),Y0:N )

≤ Φj(LjΦ(X0:N ),Y0:N )
≤ Φj(LjΦ(X0:N ),X0:N ) = gj

(
X0:N

)
.

e) With X0:N ≥ (0, . . . ,0,Y) it follows from Lemma 1d)

gN
(
X0:N

)
≥ gN (0, . . . ,0,Y)

= ΦN (LNΦ(0, . . . ,0,Y), (0, . . . ,0,Y)) = h(Y) .

f) The fact follows from Lemma 1d) with
X0:N = (0, . . . ,0,X) and Y0:N = (0, . . . ,0,Y).

Lemma 2 Consider the operators

Lj
(
Y0:N

)
=

N∑
i=0

pji

(
Âi + B̂iLj

)>
Yi
(
Âi + B̂iLj

)
and L

(
Y0:N

)
=
(
L0
(
Y0:N

)
, . . . ,LN

(
Y0:N

))
,

and assume that there exist matrices Y
0:N

> 0 such that
Y

0:N
> L

(
Y

0:N
)

, then

a) it holds for the sequence M0:N
k+1 = L

(
M0:N

k

)
initialized

with M0:N
0 ≥ 0 that limk→∞M0:N

k = 0, and
b) the sequence M0:N

k+1 = L
(
M0:N

k

)
+ (S0, · · · ,SN ) ini-

tialized with M0:N
0 ≥ 0 is bounded for all S0:N ≥ 0.

Proof:

a) Choose 0 ≤ m such that M0:N
0 ≤ mY

0:N
. Furthermore,

choose 0 < r < 1 such that L
(
Y

0:N
)
< rY

0:N
and

consider the sequence N0:N
k+1 = L

(
N0:N
k

)
initialized

with N0:N
0 = mY

0:N
. Then,

0 ≤M0:N
k+1 ≤ N0:N

k+1 ≤ mr(k+1)Y
0:N

since 1) Y0:N ≥ 0 implies that L
(
Y0:N

)
≥ 0 and 2) if

Y0:N ≥ X0:N then L
(
Y0:N

)
≥ L

(
X0:N

)
. Taking the

limit k →∞ justifies the proposition.
b) Choose 0 ≤ s such that S0:N ≤ sY

0:N
. Consider the

sequence S0:N
k+1 = L

(
S0:N
k

)
initialized with S0:N

0 =
S0:N and the sequence N0:N

k+1 = L
(
N0:N
k

)
initialized

with N0:N
0 = M0:N

0 . Then M0:N
k+1 = N0:N

k+1 +
∑k
t=0 S0:N

t

and it follows by Lemma 2a) with 0 ≤ mN ,mU and
0 < rN , rU < 1 that

M0:N
k+1 ≤ mNr

(k+1)
N Y

0:N
+

k∑
t=0

mUr
(t)
U Y

0:N

≤
(
mN +

mU

1− r

)
Y

0:N
.

With Lemmas 1 and 2 we are ready to prove Theorem 4.
Proof: Theorem 4
a) Using Lemma 1c), we have

X0:N
k+1 = g

(
X0:N
k

)
≤ Φ(L̂0:N ,X0:N

k )

= L
(
X0:N
k

)
+ (S0, . . . ,SN ) ,

where

Sj =

N∑
i=0

pji

(
Q̂i + (L̂j)>R̂iL̂j

)
,



Φ(L̂0:N ,X0:N
k ) = (Φ0(L̂0,X0:N

k ), . . . ,ΦN (L̂N ,X0:N
k ) ,

and L
(
X0:N

)
as defined in Lemma 2. By the assump-

tion X0:N > L
(
X0:N

)
, the condition of Lemma 2

is satisfied and according to Lemma 2b) the sequence
X0:N
k+1 = g

(
X0:N
k

)
is bounded.

b) Consider the sequence X0:N
k+1 = g

(
X0:N
k

)
initialized with

X0:N
0 = 0. Since this sequence is monotonically increas-

ing (Lemma 1d) and bounded from above (Theorem 4a),
the sequence converges. As g(·) is a continuous function,
the limit has to be the fixed point K

0:N
= g

(
K

0:N
)

.
The uniqueness of the solution and the convergence for
sequences initialized with X0:N

0 ≥ K
0:N

can be proved
similar to Theorem 1 in [25].

c) The Linear Matrix Inequality (LMI) can be derived by
applying the Schur complement on (14) and introducing
the new variables Yj = (Xj)−1 and Zj = (Xj)−1 · L̂j .

d) Consider the sequences X0:N
k+1 = g

(
X0:N
k

)
and Nk+1 =

h(Nk) initialized with X0:N
0 = 0 and N0 = 0. Then,

X0:N
1 ≥ 0 and XN

1 ≥ N1 and it follows from 1d) that
XN
k ≥ Nk, i.e., that XN

k is lower bounded by Nk.
If Nk+1 = h(Nk) converges, N = limk→∞Nk has to
be a fixed point of h(·) since h(·) is a continuous operator.
Using (21), the fixed point equation N = h(N) is given
by N = Q̂ + Â>NÂ , with

Q̂ =

N∑
i=0

pjiQ̂
i + pNNL

>
R̂iL ,

Â =
√
pNN

(
ÂN + B̂NL

)
.

The observability of (ÂN , (
∑N
i=0 pjiQ̂

i)1/2) and
(Â, Q̂1/2) follows from the assumption that (A,Q1/2)
is observable, what can be proved by using the Belovich-
Popov-Hautus test. In addition, since Q̂ ≥ 0, it follows
according to Lyapunov theory that there exists no
positive semidefinite solution to the fixed point equation
if max |eig(Â)| > 1. Noting that eig(A) ⊂ eig(Â),
it holds that the sequence Nk has no fixed point
if
√
pNN max |eig(A)| > 1. Under this condition,

the sequence Nk diverges because, first, it does not
converge to a fixed point and, second, it is increasing
monotonically (Lemma 1f). Noting that XN

k ≥ Nk,
concludes the proof.

e) The assertions follows directly from Theorem 4c).
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