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ABSTRACT: We show that the Grossman-Nir (GN) bound, Br(K;, — 7’vi) < 4.3Br(K*+ —
ntv), can be violated in the presence of light new physics with flavor violating couplings.
We construct three sample models in which the GN bound can be violated by orders
of magnitude, while satisfying all other experimental bounds. In the three models the
enhanced branching ratio Br(K; — 7° + inv) is due to K — 7%, K1 — 7°¢1¢1,
K1, — 72141 transitions, respectively, where ¢1(¢1) is a light scalar (fermion) that escapes
the detector. In the three models Br(K+ — 7" + inv) remains very close to the SM value,
while Br(K; — 7°+inv) can saturate the present KOTO bound. Besides invisible particles
in the final state (which may account for dark matter) the models require additional light
mediators around the GeV-scale.
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1 Introduction

In the SM, the K; — 7%vv and Kt — 7tvi decays proceed through the same short
distance operator, involving the fields of the quark level transition (s — dvr). The matrix

0

elements for the K; — 7’vi and K+ — 7 v transitions are thus trivially related through

isospin, leading to the Grossman-Nir (GN) bound [1]

Br(Kp — 7'vp) < 4.3Br(KT — 7uvp). (1.1)



The bound remains valid in the presence of heavy New Physics (NP), i.e., for NP modifi-
cation due to new particles with masses well above the kaon mass. The bound is saturated
for the case of maximal CP violation, if lepton flavor violation can be neglected (see ref. [2]
for counter-examples).

In this paper we investigate to what extent NP contributions to K — 7 + inv decays
can violate the GN bound. Simple dimensional counting shows that for large violations of
the GN bound the NP needs to be light, of order of a few GeV at most (see section 2 and
refs. [3, 4]). Such light NP faces stringent experimental constraints from rare meson decays
and collider /beam dump searches as well as from astrophysics and cosmology. Nevertheless,
the couplings needed to modify the rare K — m + inv decays are small enough that
interesting modifications of the GN bound are indeed possible. We identify three sample
models that achieve this through the following decays:

e Model 1: K; — 7%, where the mass of the light scalar, ¢1, can be anywhere from
me, S MK — My to a few MeV or even less,

e Model 2: K — 7%¢1¢1, where the mass of the light scalar, ¢1, is required in a large
part of the parameter space to be mg, 2 mx/2 in order to avoid constraints from

~

invisible pion decays,

e Model 3: Kj — 7%)1pq, with ¢; a light fermion whose mass is required to be
My, 2 Mx/2 in most of the phenomenologically viable parameter space.

The ¢; and v particles are feebly interacting and escape the detector, resulting in the
K1 — 7%+ inv signature, as does the SM transition, K7 — 7%v>. The NP is thus detected
through an enhanced I'(K; — 7" + inv) rate. Furthermore, the three models can be
distinguished from the SM and each other by measuring the energy distribution of the
neutral pion, dI'(Ky, — 7° +inv)/dE,, see figure 1 for several sample distributions. While
the two body decay in Model 1 results in a fixed pion energy, the three body decays in
Model 2 and 3 can be close to the SM distribution for light ¢; and 1; masses and differ
from it for non-negligible masses. Let us mention in passing that the lightness of the scalars
could be due to them being a pseudo Goldstone boson of a broken global symmetry whereas
for fermions light masses are natural due to chiral symmetry.

In all three models the branching ratio Br(K™ — 7 4 inv) remains close to the SM
value, Br(K™ — 7 Tvv)gy = (8.441.0) x 10~ [5-7], and thus below the preliminary NA62
bound Br(KT — 7 vir)exy < 1.85 x 10710 [8], while Br(K — 7¥ + inv) can be enhanced
well above its SM value, Br(K; — mvp)sy = (3.4 £ 0.6) x 107! [5-7]. The NP induced
K1 — 7% +inv transitions, on the other hand, can saturate the present experimental upper
bounds. The exact experimental bounds depend on the assumed NP decay channel. For
instance, for the SM decay kinematics KOTO obtains Br(Ky — 700 )ex, < 3.0 x 1079 [9],
while for two body decays the bound is somewhat stronger, Br(K — 7r0w7)exp < 24x1079,
for my, < mx [9]. Recently, KOTO unblinded its 2016-18 data and found four events in
the signal region, while only 0.05 £ 0.02 background events were expected [10] (under
additional scrutiny this has been revised to 0.34 4 0.08 expected background events [11]).
If the preliminary data are interpreted as a signal, they correspond to a rate Br(K; —
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Figure 1. Left: the normalized decay width distributions as functions of the pion energy, E,, for
the SM (black line), for the decay dominated by the two body NP transition (Model 1), K — 7°¢1,
for two choices of invisible scalar masses, mg, = 1 MeV, 200 MeV (red lines) and for three body NP
decay (Model 2), K1, — 7% ¢1, with mg, = 1MeV, 120MeV (blue lines). Right: the branching
ratio distributions, where NP contributions saturate the present KOTO bound [9]. At the kinematic
endpoint, E; — m,, we have dl'sy o p3dE, while for NP Model 2 AUk, 794, 6, X PrdEr, where

pr = (E2 — m2)"/2 (similarly for Model 3, section 5, dl'g, 04,5, ~ PrdEx unless the Yukawa

couplings y;; are purely real). This follows from the partial wave expansion, dI'/dE, ~ 2+t

adapted to EFTs [22]. In the K — mvv rate the V-A SM interaction induces a negligible S-
wave contribution proportional to the neutrino mass, whereas the scalar interactions in our model
induce a non-suppressed S-wave. The maximum recoil, F, — E,r]max, in contrast, is controlled
by a single power of the v/¢;-velocity in the ¢/ rest frame, 3,4, = (1 — 417713/¢1/(]2)1/2 (where
q®> = m3% +m2 — 2mgE,). For small m,/¢; this velocity goes to 1 for most values of ¢?, leading
to a sharp cut-off at EW|

max’

70 +inv)koto = (2.11%(1)) x 1072 [12]. Note, that while some of the observed events may be
due to yet unidentified backgrounds — according to KOTO the four events do have some
suspicious features — they cannot be conclusively rejected [11]. As a useful benchmark we
will thus compare our results also with Br( Ky — 70+ inv)kgoro as though these events are
due to NP. Furthermore, in the numerics we quote the experimental bounds on three body
decays, K — w101 K — w14, assuming the experimental efficiencies are the same as
for the SM K — mvp transition. In reality, we expect the bounds to be weaker, since the
experimental efficiencies are highest for larger values of E, while NP decays considered
here are less peaked towards maximal E; (as compared to the SM).

The three models considered in this work differ from the other proposed NP solutions
to the KOTO anomaly in that they allow for large violations of the GN bound at the
level of the amplitudes already. In contrast, ref. [13] relies on the fact that the available
phase space is larger for neutral kaon decays due to mg, —m o > mg+ — m + and thus
KT — 7% X;,, decays can be forbidden by a finely tuned choice for the mass of the invisible
final state Xj,y. Ref. [12] instead obtains, in one of the models, an apparent violation of



the GN bound from the experimental set-up; the produced light NP particles decay on
experimental length-scales, and are not observed in NA62 but are observed in KOTO
due to the geometry of the experiments. Finally, the NP models of refs. [12, 14-21] do
not violate the GN bound, but can allow for a large signal in KOTO since NA62 is not
sensitive to Xj,, with a mass close to the pion mass.

The paper is organized as follows. In section 2 a general Effective Field Theory analysis
is presented. The three models are discussed consecutively in sections 3, 4 and 5 with the
main plots collected in figures 5, 6, in figures 15, 16 and in figures 19, 20 for Model 1, 2
and 3, respectively, with constraints due to K — K" mixing, cosmology and invisible pion
decays discussed in the respective sections. The paper ends with conclusions in section 6,
while details on decay rates and integral conventions are deferred to two short appendices.

2 The EFT analysis

We first perform an Effective Field Theory (EFT) based analysis, assuming that the SM is
supplemented by a single light scalar, ¢, while any other NP states are heavy and integrated
out. The light scalar has flavor violating couplings and is created in the K° — 7% decay.
The effective Lagrangian inducing this transition is given by

()
Leg =W (5d)p+> %(gl“id) (dUjd)p+--- | (2.1)

where we only keep the parity-even operators of lowest dimension and work in the quark
mass basis. There is a single dimension 4 operator, and the sum runs over the dimension
7 operators, where I';, I} include both Dirac and color structures. In (2.1) solely parity
even operators, relevant the K — 7 decay, are displayed. Moreover, 0B = (57,d)0, can
be traded for the dimension 4 operator O = (ms — my)(5d)p, by use of the equations
of motion (EOMs). Similarly, the EOM EBﬂd = —0"(5iod) + i(ms + mg)dy,d allows

us to replace 00 = (EBMd)8“¢ with the same operator (m2 — m2)sdyp. This leaves the
dimension 4 and dimension 7 operators in (2.1) as operators of lowest dimension.

At the quark level the dimension 4 operator induces the s — dp transition and thus
contributes equally to K° — 7% and K+ — 71 ¢ decays, see the first diagram in figure 2.
The resulting matrix elements for the K7 — 7% and KT — 7t ¢ decays are

2 _ 2
(M (KL, = 70%), MO (KT = 7o)} = ZE = (0){Tm @), ¢}, (2.2)

ms —Mmgq

The K; — 7% decay is CP violating and vanishes in the limit of zero weak phases,
Imc® — 0. These contributions therefore obey the Grossman-Nir relation,

IMBD(Kp — 70%) < IMB(KT = aty)|. (2.3)

The dimension 7 operators, on the other hand, contribute to K® — 7% and KT — 7ty
decays in a qualitatively different way. The K; — 7m%p decay can proceed through the
weak annihilation type contractions of valence quarks, i.e., through the third diagram in



Figure 2. Contributions from dimension 4 (first diagram) and dimension 7 (2nd and 3rd diagrams)
EFT operators to the K — mp transition. The last diagram contributes to K; — 7% only.
The quark-loop diagram in the middle corresponds to the S, E classes of diagrams and the weak
annihilation diagram on the right to the W, C classes of diagrams in the lattice computation of
ref. [23].

figure 2. The K+ — m¥¢ transition requires the dd internal line to close in a loop (cf. the
2nd diagram in figure 2). Such contractions also contribute to K — 7’¢. Using at first
perturbative counting the latter contributions are suppressed, giving parametric estimates

3
{M(7)(KL — 7r0g0),./\/l(7) (Kt = 717p)} o %{ Im czm, (471r)2 (Z—;)ncl(-?)}, (2.4)
where we neglected m, compared to mg and do not write factors that are parametrically
of the same size but may differ by O(1), such as different form factors in the two cases.
Depending on the Dirac-color structures FE/) of the operator one or more gluon exchanges
may be required leading to additional (a,/4m)"-factors shown in (2.4).

A priori this leaves two classes of NP models with potentially sizeable violations of the
GN bound. The first possibility is heavy NP, with a suppressed ¢*) Wilson coefficient such
that dimension 7 operators dominate. The other possibility is light NP such that the EFT
assumption, on which the above analysis is based on, is violated.

Building viable heavy NP models that violate the GN bound faces several obstacles.
First of all, ¢® would have to be heavily suppressed, W« mgq/ A, well below naive expec-
tations. If this is not the case, the “heavy” NP scale needs to be quite light. For instance,
for ¢ ~ my/A, clm ~ O(1) the dimension 4 operator contributions dominate over the
dimension 7 ones already for A 2 O(3GeV) (see also the discussion in [3]). Furthermore,
even if the hierarchy ¢® < (") was realised, it is not clear whether the GN bound could
be violated by more than a factor of a few. The scaling estimates in (2.4) were based on
perturbative expansion, while the kaon decays are in the deep non-perturbative regime of
QCD. One can get an idea of the size of the Mg) o (mp|OM|K) matrix elements by linking
them to the ones for K — 7/7¢~ decays that were explored in lattice QCD for light quark
masses above their physical value (m, = 430 MeV and mg = 625 MeV) [23]. Figure 5 in
ref. [23] indicates that the quark-loop and weak annihilation contractions, corresponding
to the middle and the right diagrams in figure 2, lead to contributions of comparable size,
contrary to the perturbative expectations in (2.4). If these results carry over to K — mp
decays, it would seem that the ratio of M (K} — 7%)/ MM (K+ — 7% ¢) would not
easily exceed a factor of ~ 2 in models of heavy NP. It is unclear, however, whether this
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Figure 3. Diagrams for the K’ — 7¢; decay in Model 1 with the GN-violating contribution to the
very right. These diagrams enter the matrix elements in eqgs. (3.13), (3.14). Note that the 7 in the
loop contributes to the K, decay only. Diagrams which we neglect, such as the diagrams of O(p*)
or O(g3 /), are not shown.

qualitative feature, based on the evaluation of the SM V' — A four quark operators [23],
would carry over to a model with scalar-scalar four quark operators, originating from a
scalar mediator. For instance, for V' — A operators the weak annihilation topology is chi-
rally suppressed in the factorisation approximation, while this is not the case for scalar
operators.

In conclusion, for heavy mediators the GN bound might or might not be violated in
the case ¢ <« ¢(M. In this manuscript we therefore focus on the second possibility, the
possibility of light NP mediators, where we can use Chiral Perturbation Theory (ChPT)
with light NP states as a reliable tool to make predictions.

3 Model 1 — scalar model leading to two-body kaon decays

In the first example we introduce two real scalar fields, ¢1 and ¢o. The enhancement of the
K — m+inv branching ratio over the SM is due to the K — w¢; decay, while K — mw¢q is
kinematically forbidden, i.e., we take mgy, > my —mz. The ¢, interacts feebly with matter
and escapes the detector, resulting in a missing momentum signature.! The relevant terms

in the Lagrangian are

L5 0 (qrdr)di + hc. + Xmsdier | (3.1)

(@)

where ¢, ¢ = {u,d, s} and summation over repeated indices is implied. The couplings Yo

are complex, and their imaginary parts trigger the K — 7%, decay.
Large violations of the GN bound arise when there is a large hierarchy among the
following couplings,

921) < gﬁfl) < géfl), (3.2)

while all other couplings are further suppressed. In our benchmarks these remaining cou-
plings as well as 921) will be set to zero. Before proceeding to predictions for branching
ratios and the numerical analysis, it is instructive to perform a naive dimensional analysis
(NDA). This will give us insight into why large violations of the GN bound are possible as

well as to how large these violations can possibly be.

The ¢1 could also decay to neutrinos, ¢1 — v, so that the final state can even be the same as in the
SM, though with the vo pair forming a resonant peak. We do not explore this possibility any further.
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Figure 4. The contributions to the K — m¢; decay in Model 1 proportional to {(¢s) (right), and
the related one-loop tadpole diagram (left).

Taking mg ~ mg, ~ mg the NDA estimate for the two decay amplitudes are,

M(Kp — 7%1) o« Im gé? +0(1) x )\Regi? Imgu(lz) , (3.3)
1
MET = 7861) oc gy + O(1) x 75 M g3 a5 . (3.4)

where the first term in each line is due to the 1st diagram in figure 3. The second term
in (3.3) is due to the 3rd diagram in figure 3, which is absent in the K™ — 7t ¢; decay.
This is the crucial difference between the two decays and leads to large violations of the
GN bound, provided giil) is small.

However, violations of the GN bound cannot be arbitrarily large. Even if gSl) is
set to zero, the KT — 7T ¢; transition is generated at the loop level from the 2nd dia-
gram in figure 3, giving the 2nd term in (3.4). Without fine-tuning the ratio M(Kp —
70¢1)/M(K* — nt 1) is thus at best as large as the loop factor, 1672 ~ 103. Taking into
account the present experimental results, this is more than enough to saturate the present
KOTO bound while only marginally modifying the K™ — 7" +inv decay.

In order to simplify the discussion we assume below that the vacuum expectation values
(vevs) of the scalar fields ¢; 2 vanish, (¢1) = (¢2) = 0. If this is not the case the K — m¢
decays receive additional GN-conserving contributions, see figure 4 (right). More precisely,
it is the renormalised vevs that are set to zero, (¢1)ren = (P2)ren = 0, since we work to
one loop order. That is, we set the sum of the two diagrams in figure 4 to be zero. Had
we set them instead to their natural value, (¢;)ren ~ m Kg((jg /1672, our results would not
change qualitatively. While M(KT — 77 ¢1) would be modified by an O(1) factor, in
M(K — 7%) such contributions are always subleading and one would thus still have
large violations of the GN bound.

3.1 Estimating the transition rates using ChPT

We use ChPT to calculate the transition rates. In constructing the ChPT we count ¢ ~
¢2 ~ O(p).2 As far as QCD is concerned ¢; o are external sources and can be treated as

2That is, we count mg, and mg, both as O(p) ~ mx — mx, even though ¢z is mx — m. by a factor of
a few in large part of the parameter space that we consider. Hence for heavy ¢2 our ChPT based results
should be taken as indicative only and could receive corrections of O(1). Since we only wish to demonstrate
that large deviations of the GN bound are possible this suffices. However, should an anomalously large
K1 — n°+inv rate be experimentally established our results should be revisited, say, for me, towards and
above 1GeV.



spurions [24, 25] when building the low energy effective Lagrangian. The QCD Lagrangian,
including (3.1), can be conveniently rewritten as,

Lacpro =q(id + g @ T g — Mg — Y ¢ia(xy — ixVys)a, (3.5)

where we keep only the light quarks, ¢ = (u,d,s). The diagonal mass matrix is M, =
diag(my, mq, ms), while Xg)P are 3 x 3 Hermitian matrices describing the quark couplings
to ¢1,25 )
@ __ L@, s @ _ bt @ ()
[XS }qq’ - _§(gqq’ T 944 )’ [XP ]qq’ - _§(gqq/ “Yqq ) : (36)

Since we set the couplings to the up quark to zero they have the following form?

0 O 0 0 O 0
A = — | 0Re A ) =0 Im A (3.7)
N T

The off-diagonal couplings in (3.7),

_(0)x _ 1 (9 (i)* A() _ (s i (8) (i)«
Jas = Jsq = 3(9as + 94 ), Jas = 9sa = ~5(9as — 9a ) (3.8)
are the origin of the flavor violations.
The Lagrangian for QCD with the flavor violating ¢1 2, Locp+¢, is formally invariant
under a global SU(3)r x SU(3), transformation, qr,;, — grLgR.L, provided Xg)PQSZ- and
M, are promoted to spurions transforming as

s+ip — gr(s+ ip)gz, (3.9)
where s and p stand for
s=Mg+Y xon  p=Y xPei (3.10)

with Xg,)P given in (3.7).

The LO ChPT Lagrangian, with ¢1 2 included as light degrees of freedom, is given by
(2) _ st f? : - Nrrt
Lénprig = 1 Tr(9,U8"UT) + By 5 Tr [(s — ip)U + (s +ip)U"]
3.11
1 M .
+ §au¢i8“¢i - Tz% + Amgadr + -+,

where the ellipses stand for additional terms in the scalar potential. Here U(z) =
exp(iA?m®/f) is the unitary matrix parametrizing the meson fields [24, 25], By is a
constant related to the quark condensate, Bo(p = 2GeV) = 2.666(57) GeV, f is re-
lated to the pion decay constant f =~ fr/v2 = 92.2(1)MeV [26], with normalization

3For light ¢2, which is our preferred scenario, assuming gffu) # 0 would not introduce new qualitative

features. According to chiral counting, gffu) # 0 induces a K77~ ¢1-term at O(p*), and is thus subleading

to Kpn%¢i-terms that we consider. Hence we set gq(fu) to zero for simplicity rather than necessity.



(0]uy,v5d(0)|m~ (p)) = ipufr. The kaon decay constant fx = 155.6 = 0.4 MeV [27] accom-
modates SU(3) breaking at times.

In this paper we work to partial NLO order: all LO terms in the chiral expansion
O(p?) are kept, as well as the one loop corrections which are of order O(p*) and all finite.
The complete O(p*)-expressions for decay amplitudes involves additional contact terms
(counter-terms or low energy constants), parametrically of the same size as the one loop
corrections. However, since ¢ 2 are propagating degrees of freedom in our EFT the values
of the low energy constants in O(p*)-ChPT are generally different from the ones in pure
QCD and therefore unknown. The associated error in K — 7%¢; is small, since the NLO
corrections are always subleading, while in KT — 7t ¢; they could give O(1) corrections
but would not invalidate our conclusions. For simplicity they are set to zero throughout
and we do not discuss them any further.

Next we calculate the K — w¢, decay amplitudes. Expanding in the meson fields the
O(p?) Lagrangian reads

£upres > Bof 32 05(VRILRS + VG ~ Ty + JoTm (g — 203 )n)
+ Bo Y &n{ Relgf)) + 90)K K + Re(gly)) (3(")? = Lonm®)+ (3.12)
+Reg K"K~ +Re gglgﬂ+ﬂ_+

+ [gg’;( — LK 4 Ktrm — K ) + h.c.} +oo } ,
where we only kept terms relevant for the calculation of the K — mw¢; transition, and the
analysis of experimental bounds on the ¢1-couplings.

The NP contributions to the decay amplitude for the K; — 7% and K+ — 77 ¢,
transitions are, see figure 3,

M(EL — 7%1)xp = {2Im 32 1 g7 A, (m3) Ao, (m2) Nims Bo fc fx

Im g2 (3.13)
+Img't) — Eg;é‘i)\mSBg}‘f)(I)}Bo ,
1 §(2) 2
MK+ = 7t é1)np = — {ggd> -5 )\msBO}'J(r)(I)}BO , (3.14)
where Ay (k?) = 1/(k* — m%) hereafter and
FY) = Reg@Y (i) + Re gl (Y (mu) + Y (me) — §¥ (), (3.15)
FOY) = Reg®Y (mi) + Re gl Y (ms) | (3.16)

are structures occurring in all three models. They depend on the loop function I(mx) =

%,m%,miz,mgh), with Cpy the standard scalar three-point Passarino-

Co(m3, mél ,m
Veltman function (cf. appendix B). In the mg, > mg, mx limit we have I(mx) — —1/m%¢2.

Moreover, the replacement f? — f fx/2 accounts for the main SU(3) breaking effects.



Note that the amplitude vanishes in the limit of no CP violation, Im f]ﬁi), Im ggf} — 0.

The first term in (3.13), proportional to Qg?

, is the O(p?) contribution due to the tree level
exchange of ¢9, see the 3rd diagram in figure 3. It is isospin violating since it gives rise to
the K1 — 7%¢; transition but not to KT — n+¢;. The first term in the second line of
eq. (3.13) is the remaining O(p?) contribution, due to the emission of ¢; directly from the
meson line, see the 1st diagram in figure 3. This contribution is isospin conserving — it is
present for both K — 7%¢; and Kt — 7 ¢ transitions. It is proportional to ggl) and is
thus small due to the assumed hierarchy among the couplings, eq. (3.2).

The hierarchy of couplings | gg? asl > | gi}i? 45| thus leads to maximal violation of the GN
bound by NP contributions. However, this violation cannot be arbitrarily large. Even in
the gi{li) — 0 limit we still have isospin conserving NP contributions generated at one loop,
see the 2nd diagram in figure 3, giving the last term in (3.13). If ¢ is heavy and integrated
out these radiative corrections match onto the ¢; — K« vertex, which is then radiatively
induced. Moreover the K; — 7% and KT — 7T ¢; decays receive contributions from
70 — ¢1 mixing where flavor violation comes from the SM K — 77 transition. For our
choices of parameters these contributions are always negligible.

The NP contributions add coherently to the SM rate,
DK — 7% +inv) = (K — 7°vp)sm + (KL — 7°¢1)np, (3.17)

and the partial decay width due to NP is

1 .
D(KL = w60 = 5| M(KL — w061 )xp 2L, (3.18)
™ mK

where p, = A\/2(m?%, m%,’mél)/(ZmK) is the pion’s momentum in the K, rest frame and
Nz, y, 2) = 22+ y? + 22 — 20y — 222 — 2y the kinematic Killén function. The expressions
for the KT — 7 + inv decay is completely analogous. Numerically, this gives (the SM

predictions are taken from refs. [5-7, 28])

Br(K;—7" +inv) = (3.4 +0.6) x 1071
SM

+6.0x107° Im g \? (Imgi) \? ( dms \?(1GeV\® (3-19)
' 5- 10_9 10—3 1GeV My s

NP

where we kept only the leading term for the NP contribution. The typical values of the
inputs parameters for the NP contribution were chosen such that they reproduce roughly
the KOTO anomaly (in fact slightly larger, but within 10). Note the very high scaling
in the ¢9 mass, underscoring that ¢2 needs to be relatively light in order to have large
violations of the GN bound. For the charged kaon decay the numerical result is

_(1
gid)

10713

2

Br(K* — 7" +inv) = (84 +1.0) x 107" +5.0 x 1071 : (3.20)

SM

NP
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where in the NP contribution we only kept the tree level term and set the value of gi? to

be similar to the one-loop threshold correction ggf ~ gg? 9((1?1)/ 872, cf. eq. (3.14), with the
typical values of the later couplings as in (3.19). While the correction to K+ — 7 + inv
is O(1) of the SM branching ratio, the correction to K — 7 + inv can be orders of
magnitude above the SM, giving large violations of the GN bound. Note that NP in Model
1 contributes to the 2-body decay K+ — 71+ X0 only, and for massless XY is subject to the
bound Br(K+ — 7t + X0) < 0.73 x 10710 from E949 [29], which is slightly stronger than
the preliminary NA62 bounds on the 3-body decay Br(K* — 7" +inv)eyp < 2.44 x 10710
and the 2-body decay Br(K+ — 77 + X%)eyxp < 1.9 x 10710 (for massless X0) [8].

3.2 Constraints on gfl? from K% — K° mixing

The K° — K9 mixing is an important constraint on the model. The contributions to the
meson mixing matrix element are

1 _ i
Mg = MR+ M7y = — ——(K°|L3 (0)| K°) — X
2mK 4mK (3 21)

A (KO T£(2) £(2) 0 KO ce

x z(K”| ChPT+¢(m), ChPT+¢( JHET) + -+,

where the tree-level exchanges of ¢9 is
A(2)B 2
Mll\;P - _ (gds ZOfK) 5 4+ (3.22)
2mg (mg, —mi)

with the ellipses denoting higher order terms (we also neglect the NP contributions to the
absorptive mixing amplitude since it only enters at one loop). The replacement f — fx /v/2
accounts for the SU(3) breaking.

We consider two constraints, Amg and ex which are CP conserving and CP violating
respectively. Using the relation Amyg = 2ReMi5 and conservatively assuming, due to the
relatively uncertain SM predictions of Ampg, that the NP saturates the measured Amg,
we obtain in the limit mg, > m,

Amg 0.69| Re | (3%2)°]| <1 Gev>2 , (3.23)

mK Mo

and with the experimental value AmP" = 3.484(6) x 10~'2 MeV [27], this translates to

~(2)2 10-7 Mg,
V| Re [@2)?]| <1010 X(lGeV) . (3.24)

To obtain the bounds on non-SM CP violating contributions to K° — K° mixing we use
the normalized quantity

ey
ek = S (3.25)
For the theoretical prediction of ex we use the expression [30]
; Im M
ex = €% sin ¢€< mA2 +§> , (3.26)
AmK
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h
where ImT

&= ATk
We take the values for Amyg = mp —mg, Al'g =T's—T'z, and ¢, = arctan(2Amg /AT'k)
from experiment [27]. With the SM prediction for |ex| from [31], and the NP contribution
to Mg, I'12 from eq. (3.22) we get

(3.27)

1 2
§Ces = Cere —1 = —5.8 x 10" Tm [(5'2)?] < GeV) , (3.28)

My
The global CKM fit by the UTFit collaboration results in 0.87 < C¢, < 1.39 at 95%
CL [32, 33], which translates to the following 1o bounds

2 2
_ m N _ m
— (2.6 x 10 9)2<m<‘:v> <Im [(32)?] < (1.5 x 10 9)2<1G‘22V> . (3.29)

These bounds will improve in the future, once the improved prediction for ex [31] is im-
plemented in the global CKM fits.

3.3 Constraints from €' /e

The tree level exchanges of ¢ contribute to K — wm decays. These contributions can
be CP violating and can thus contribute to €¢'/e. In general, the matrix elements can be
decomposed into isospin amplitudes A; of the final state pions |(7wm);). The latter read,
with appropriate Clebsch-Gordan coefficients for our chiral Lagrangian [35],

M(K® = 7tn™) = Ag + \}EAQ ,

M(KO — 71'071'0) = AD — \/§A2 s

3
M(KT — ntn%) = 342 (3.30)
In terms of these amplitudes the real part of € /e assumes the form
€ w ImAg ImA, ]
Re|—)=—- — , 3.31
(6) \/§’€K| [ReAO ReAQ ( )
where w = ReAs/ReAp. In our model, the isospin amplitudes are easily obtained

from (3.30) through an emission and s-channel tree level diagram

2
Ay = 2 B3 faly Im gy Ay, (m3), (3:32)
— VaB2 ¥ Re @ gy _ 1
Ag = V2B5fg./ Regyi Ag,(my) — EAQ . (3.33)

Using the measured values, Re Ag = 27.04(1) x 1078 GeV, Re As = 1.210(2) x10~% GeV [34],
w™t =22.2(1) [35], |ex| = (2.107027)-1073 [36], our model then affects the imaginary parts
of the isospin amplitudes and leads to the following shift

) o o) (B 10 1
e (2), =0 (R g M) (]
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with mg, = 1 GeV for reference. For brevity we used the central values of the inputs above.
This is to be compared with the experimental value Re(€'/€)exp = (16.6 £ 2.3) x 1074 [27]
and the SM prediction from lattice QCD, Re(€'/e)rpc—ukqep = (21.7 £ 8.4) x 1074 [37],
which gives the 95 % C.L. for the positive BSM contributions to be Re(€'/e)psm < 2.2 x
1073 (alternative treatments of lattice QCD inputs as well as isospin breaking effects can
lead to somewhat stronger bounds Re(€'/e)psym < 1.3(7) x 1072 based on octet (nonet)
schemes [38]).

3.4 Constraints on representative benchmarks

To highlight the typical values of couplings that can lead to sizable correction in K — 7w+
inv decays, while passing all other constraints, we form a benchmark 1 (BM1) and a
benchmark 2 (BM2),

BM1:  gi= "0, 33 =93 = 0u. (3.35)
BM2: g2 g2 =0, §¥ =i 3.36
L g = 19dd » 9sd =0, gy =1i9sa - (3.36)

These depend on two real parameters, gqq and g4, parametrizing couplings of ¢9 to quarks.
All the remaining couplings of ¢ to quarks as well as all the direct couplings of ¢1 to quarks
are set to zero in accordance with previous discussions. The triple scalar coupling is fixed
to Agmg = 1GeV (and other potentially relevant scalar couplings assumed to be small,
see section 3.5.1). The mass of ¢; is taken to be small, my, = 1 MeV, while my, is kept as
a free parameter that is varied in the range mgy, € [0.4,1.5] GeV, cf. footnote 2.

The form of couplings in BM1, eq. (3.35), is such that the NP contributions to ex
are maximized. This benchmark is thus representative of the parameter space that is
most constrained. Fixing ggg = 1072 the allowed regions are shown in figure 5. The red
regions are excluded by the NA62 bound on Br(KT — 77 ¢1)exp < 1.9 x 10710 [8], the
E949 bound Br(KT — 77 ¢1)exp < 0.73 x 10719 [29] and by the KOTO bound Br(Kj, —
m0¢1) < 2.4 x 1072 [9]. The E949 and NA62 bounds shown are for massless ¢1, which
is a good approximation for our benchmarks, where mg, = 1MeV. For heavier masses,
above m,, the bound is expected to become significantly weaker and completely disappear
for mg, ~ m, o, as in [39]. The green bands denote the 1o bands of the branching ratio
Br(K; — 7° + inv)koro = (2.11%?) x 107 [10, 12] that corresponds to the anomalous
KOTO events. The blue line denotes the GN bound, showing that large violations of the
GN bound are possible in this model.

This violation is most apparent in figure 5 (right) which gives the allowed values of
gsd as a function of mg,, with the dashed lines denoting contours of the ratio Br(K; —
70 +inv)/Br(KT — 7" +inv). The present KOTO bound is saturated by values for this
ratio of around 20, while still satisfying the ey constraint, eq. (3.29), and the 7% — inv
constrain discussed below, see eq. (3.39). The excluded regions are shown hatched in
figure 5 (right). The bound from Re(€'/e), eq. (3.34), is less stringent and not displayed
as there is already a lot of information in the figure. It is straightforward to plot this
constraint from the formulae given in section 3.3.
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Figure 5. The parameter space for Model 1, BM1, for gsq = 1072 in (3.35). The GN bound
is denoted with blue lines, while the green regions give the 1o bands corresponding to KOTO
anomalous events [10, 12]. Left: the predictions for Br(K™ — 7 + inv), Br(K; — 7° + inv),
varying mg, € [0.4,1.5] GeV and for two values of gsq (black lines). The values closest to the SM
(black cross) are reached for mgy, = 1.5 GeV. Blue regions are the 1o SM prediction bands, with
the central values denoted by the dashed lines and a star, red regions are excluded by NA62 [40],
E949 [29] and KOTO [9]. Right: contours of Br(K; — 7° + inv)/Br(K+ — 7t + inv) (dashed
lines) as functions of gs4, mg,, with the hatched regions excluded by K° — K° mixing and 7° — inv
bounds. The region around the kaon mass is masked out (gray region).

The solid black lines in figure 5 (left) show the values of Br(K; — 7% + inv) and
Br(K* — 7t +inv) for gsq = 5- 1071 and gsg = 2- 1077, varying mg, € [0.4,1.5] GeV,
while fixing g4q = 1073 (the grey dotted parts of the lines are excluded by a combination
of K — K% and 7° — inv constraints). The SM predictions for the two branching ratios,
Br(K+ — ntuv)gm = (8.4£1.0) x 10~ and Br(Ky, — 7n%v)gum = (3.4£0.6) x 10711 [5-7],
are denoted with blue bands (1o ranges). For the larger value, gsq = 2-107%, the prediction
is still quite far away from the SM for mg, = 1.5 GeV, but would of course tend to the SM
for mg, — oo. For larger values of gsq deviations from the SM prediction for Br(K* —
7T +inv) at the level of a few are predicted for this benchmark and subject to the indicated
constraints from E949, while for smaller values of gs4 the deviations in Br(K™ — 71 +inv)
become negligibly small. That is, it is possible to explain the KOTO anomalous events
without having any appreciable NP effects in the charged kaon decay nor in K° — KY
mixing.

We next move to BM2. The form of couplings in eq. (3.36) was deliberately chosen
such that there is no NP CP violation in K" — K mixing, in order to avoid the ex bound.
The bound from Amg, eq. (3.24), on CP conserving contributions to K° — K° mixing is
much weaker, giving the hatched excluded region in figure 6 (right). This means that for
the same mass of ¢o the flavor violating couplings to quarks can be much larger than in
BM1. In figure (right) 6 we show the g4q = 3 x 107° slice of the parameter space, in which
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Figure 6. The preferred parameter space for Model 1, BM2. Color coding is the same as in
figure 5. See end of section 3.4 for comments on these figures.

case gsq can be as large as 10~7. Furthermore, the form of couplings in BM2, eq. (3.36), is
such that there is no NP effect at all in Br(K+ — 7 4 inv), to the order we are working,
and the E949 bound is completely avoided. In contrast, the effect on Br(K; — 7° + inv)
can be very large and easily saturate KOTOQO’s present upper bound, as shown for two
representative couplings gsq = 3 x 10798 x 107 (black lines, with dashed parts of the
lines excluded by Amp). BM2 comes with enhanced symmetry; ¢2 is a pure pseudoscalar
and ¢; a pure scalar. This has implications for flavor conserving couplings of ¢1, to which

we turn next.

3.5 Constraints on the ¢;-couplings

So far the scalar mass ¢ has been fixed to 1 MeV. Next, we show that for the two bench-
marks the radiatively generated couplings of ¢ to pions, nucleons, and photons are all well
below the bounds for a large range of ¢; masses (including my, = 1 MeV). Figures 5 and 6
are thus valid for a larger set of ¢; masses, as long as mgy, < mg.

3.5.1 Invisible pion decays

If kinematically allowed, 7% — ¢1¢; can be an important phenomenological constraint. In
Model 1 this decay can proceed through ¢, — 7° mixing though the loop diagram shown
in figure 12 (left). In the mgy, > my , limit the decay amplitude is

M(70 = ¢11) =

1 (Ams)*B3f ., (2 2) 2
15,2 méQ Reg,, <21mgdd —Img§8)> . (3.37)

The corresponding width is given by
(M[?

2mma

D% = ¢1¢1) = 3 By » (3.38)
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)

Figure 7. The leading order and one loop induced ¢; — 7° mixing.

where here fy, = (1 — 4m§>1 /mzr) 1/2, so that in the limit my, < m; < mgy,, one has for

the branching ratio (setting Im gg)

Br(n® — ¢161) = 1.2 x 107 Regl " (Imai)) " (Ams) " (Gevy® (3.39)
s = 10-3 10-3 GeV My, ) '

The preliminary 90% C. L. experimental bound reported very recently by NA62 [8]

= 0 for simplicity)

Br(n® — ¢1¢1) < 4.4 x 1077, (3.40)
improves the £949 bound of 2.7 x 10~7 [41] by almost two orders of magnitude. BM2 obeys
this bound trivially, since 7° — ¢1¢; if forbidden by parity (Re 91(1121)) = 0). For BM1, on

the other hand, the bound on Br(7® — inv), eq. (3.40), represents a stringent constraint,
as shown in figure 5 (right).

Finally, the 7° — ¢1¢1 decay could also proceed at tree level via an additional inter-
action term in (3.11) of the form §£ = N'mgpap?. Whereas, contrary to Model 2, A plays
no role in the K — mw¢; decays per se, it is potentially dangerous for the invisible pion
decay. In the absence of a UV completion we may choose its initial value to be sufficiently
small (zero in practice) to pass the constraint.

3.5.2 ¢ — ¥ mixing

(@)
qq’
of the mass matrix to one loop receives contributions in figure 7, and is parametrized by

The ¢; mix with light pseudoscalars through the g ', couplings, eq. (3.1). The ¢; — ¥ part

the Lagrangian, mg, > Mg, xn,
Eeff D) _glﬂ'BOfQSlﬂ—Oa (341)

with the effective ¢y — 7° coupling given by

1 [(AmgB
g1r = Imgly + ( mi 0) { fm g3 Re g5 L(mx)

82 5
) 2 (3.42)
+ 3 (Im 951251) —2Im gé?) Re gc(lZ)L(mn) + (yﬁ)ggfl) + h.c.) L(mK)} ,

where we have exceptionally kept the gg)—terms since they are leading in BM2. The

first term is due to tree level mixing, see figure 7 (left), the second term are the
one loop corrections due to diagram in figure 7 (right). The loop function L(mx) =
_miQCO(O,O,O,mg(, méQ,m?h) is normalized such that L(mx) — 1 for mg, > mx. In the
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following we will take for simplicity this limit, which provides a reasonable approximation
for the parameter region of interest, since L, ~ 0.8, L, ~ 0.4 for mg, = 400 MeV. In the
two benchmarks (3.35), (3.36), the effective ¢1 — 7° couplings are

2 (GeV?
BM1: ¢BM =23x108 (%) <me¢ ) , (3.43)
2

BM2: gM=0. (3.44)

In BM2 there is no ¢; — 7 mixing ¢; is a pure scalar and parity is conserved.

Working in the mass insertion approximation for the off-diagonal mass term, eq. (3.41),
the ¢1 — 7 mixing angle, sy = sinf ~ 6, between the interaction states ¢; and the mass
eigenstate ¢ ~ ¢ — sgm* is

B
of = Gin- (3.45)

S — B}
mﬁ —m¢1

Note that this expression for the mixing angle is only valid for my, sufficiently far away
from m, . For the two benchmarks, we have

2 2
BM1:  sBMI_g0x 107 (94l ) GV (3.46)
0 103 Mg,

BM 2: spM2 =0 . (3.47)

The ¢ — 7" mixing is thus very small in most of the viable parameter space, justifying the
use of the mass insertion approximation.

3.5.3 Couplings of ¢; to photons

The dominant decay channel of ¢; is to two photons. In the limit mg, < m;, the interac-
tions with two photons are described by the effective Lagrangian

1 1
ﬁeff D) —églw(;ﬁlFWFpaeWpa — Zh177¢1FuyFNV . (348)

The dominant contribution to the CP violating coupling g1, is from the 70 anomaly term

0

via the ¢1 — 7 mixing, see figure 8. Working in the mass insertion approximation for the

off-diagonal mass term, eq. (3.41), gives

V2a 6.2 x 1073 GeV my, <ma _
iy = S0 A Gin— g & 917 0.34GeV 1, (3.49)
T fr ma —my

with g1, given in (3.42).

The CP conserving hi,~ coupling receives the first relevant contributions from radiative
corrections with K and 7% running in the loop cf. figure 9. For our benchmarks the first
nonzero contributions arises at two loops, while for BM2 the numerically most important
contribution arises at three loops

hiyy = hy 2?10 4 h3100P (3.50)
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Figure 9. CP conserving contributions to ¢; — 7y, matching onto the coupling 1.
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Figure 10. Tree level and one loop contributions matching onto the effective couplings g1, /g1 xk -

In the mg, > mg (mz > my, by assumption) limit the one and two loop contributions,
in figure 9, assume the form

byy 127 \ m2 m2-

h1+2100p o <gl7r7r + glKK> (351)
whereas the effective couplings of ¢1, Leg D &1 (g1arm 7~ + ixkxk KTK ™), to two light

charged mesons evaluate to

guee = o Regl + L2000 (el + 931) (352)
and g1kK = Girr|dd—ss- The first term in (3.52) is the tree level term from (3.12), see
figure 10 (left). In both benchmarks, BM1 and BM2, this contribution was set to zero.
The second term in (3.52) is the one loop correction, see figure 10 (right). We kept the
flavor violating contribution proportional to gsq even though it is numerically negligible.
For the three loop contribution to hi, we resort to a NDA estimate, still in the

My, > my limit,

3loop _ O Amg By \2 (2)12 (2)42 (2) (2)
M~ e () (1) +001) x (g2 +0(1) x (tmgf3)) m gf2)]

where the O(1) factors are not displayed.
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Finally we are in a position to assemble the results for the benchmarks. Using gsq <
Jdd, the ¢1-photon couplings evaluate to

7.7 %107 1 gag \2 [ GeV?
. BMI .
BML1: g1y = GeV (10—3> My, )

) (3.53)
e A8 10710 ( 9dd )2 GeV
T GeV 10-3 Mgy )
in BM1, while for BM2 they turn out to be
BM2: g¢PM?=0,
7y GeV  \3x 105 me, )

and we remind the reader that Amg = 1 GeV for reference. The g1, coupling vanishes in
BM2 since ¢; is a parity even scalar in that benchmark. The value quoted for h]f’%2 is the
NDA estimate of the flavor conserving 3 loop contribution. For representative values of
Jdq in the two benchmarks we used the values in figures 5 and figure 6 for BM1 and BM2,
respectively.

The above couplings of ¢1 to photons are sufficiently small that for both benchmarks
the ¢ is stable on collider scales. More concretely, the ¢; — 7y partial decay width is

given by

L9 2 3
Tiyy = %(glw + hlw)mqﬁl ) (3.55)

and this translates to

MeV\? 71073\ * /my, \4
BM1: erBML — 7 10! ¢2 3.56
CTI'W % o Mg, gdd ( GeV ) ’ ( )

MeV\? /3% 1072\ /my, \4
BM2: rBM2 102 ¢2 3.57
“Tyy m Mg, 9dd ( GeV ) ’ ( )

such that ¢; is stable on solar to cosmological timescales. For such small couplings the
laboratory constraints from, e.g., 7 — ¢1etv decays [42] are irrelevant, whereas astro-
physical and cosmological constraints are important (cf. figure 1 in ref. [43]) and further
discussed in section 3.5.5.

3.5.4 Couplings of ¢; to nucleons

The couplings of ¢ to protons and neutrons are tree-level and loop-level induced by géb)
and gc(lz) respectively, cf. figure 11. One can use Heavy Baryon Chiral Perturbation Theory
(HBChPT) [44] to organize different contributions. We only keep only the leading terms

which are (in relativistic notation)
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with t* = 0%/2, a = 1,2,3 and o® are Pauli matrices, N = (p,n) the isospin doublet of
nucleons, and

5, Re(g)ot /mq 0
0 5, Re(gia)on /my

the coupling between ¢; and nucleons with summation over ¢ = d, s (by assumption the

YN =

)

: (3.59)

couplings of ¢12 to up quarks are zero). For the matrix elements of the scalar current,
aéV@NuN = (N|mgyqq|N) we use the values from [45], o) = (32 + 10) MeV, o)} = (36 &
10) MeV, 0¥ = 0" = (41.3 £ 7.7) MeV, along with the quark masses at u = 2GeV, my =
4.67(33) MeV, ms = 93(8) MeV, while g4 = 1.2723(23) [27].

In the heavy ¢ limit the following effective Lagrangian

Leg = ginnmNO1(NN) + 251 v vmn o1 (Niyst?N) | (3.60)

provides a good description of the ¢i-nucleon system. Assuming mg, xy > my,, the dia-
grams in figure 11, evaluate to

_ 1 N Amg N2 2 Bo\? =
gINN = |:}/1 T S ma {(Y2 )7 F(r) — <9A Im g4, miN) F(r)el (3.61)
- gabB mg [ B
JINN = m2—770135 [Imgc(lz) + 1972 (m?j) (2 Imgc(l? - Imgﬁ,?) Regc(l(?i)] ) (3.62)
™ 1 2

where YV stands for the nucleon-nucleon entries in (3.59). In the F(r) term in (3.61) we

in addition assumed the m; > mg, limit. The real-valued loop functions F(r), F(r), with
r =m?2_/m?2, are given by*
¢2/ "N

F(r):Wlogr—1+(1—T)Mlog[;<m+\/;>] : (3.63)

F(r)=— ! og B (szH ﬁ)] : (3.64)

Ny

In the limit mg, > my we have F(r) — —3/(2r), F(r) — Inr/(2r?). For my, €
[0.5,1.5] GeV the loop functions take values in the intervals F(r) € [—2.7, —0.46], F(r) €
[4.5,0.13]. The first term in (3.61) is due to the 1st diagram, while the one loop corrections
are due to the 2nd and 5rd diagram in figure 11. For the pseudoscalar coupling to nucleons,
J1NN, we keep the pion exchange term (dropping the n-exchange) in the 4th and the 5th
diagram in figure 11 resulting in the tree level and one loop terms in (3.62). To simplify

the expressions we show the one loop contribution in (3.62) only in the heavy mg, limit.

41t is noted that the 3rd diagram, in figure 11, does not introduce any infrared (IR) divergences in
the limit m, — 0. This is a consequence of the derivative couplings of pions, cf. eq. (3.58). We note in
passing that for a double insertion of this interaction term one cannot use the naive EOM and replace
ga(Ny# 5t N)O,m* — —2mpygaN75t*N7®. For a concise technical discussion we refer the reader to
ref. [46]. Use of the naive EOM leads to the IR divergence that is linked to the absence of the derivative
coupling in that case. The same applies to the single insertion of the ga-term in 4th and 5th diagram.
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Figure 11. The leading order and one loop induced ¢;-couplings to nucleons grouped into parity
conserving coupling giyn (even in ga) and parity violating coupling giyn in (3.61) (odd in ga).
The 3rd diagram is the only non-vanishing contribution to g yx in BM2.

Model 1 Model 2
- = L0 /él
7 /
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Figure 12. Diagrams for the invisible pion decay, m° — ¢1¢1, in Model 1 (left) and Model 2
(middle and right). The diagram for Model 3 are analogous to Model 2 with the difference that the
graph on the right needs an extra 1o propagator as in figure 18.

Numerically, we have for BM1, setting mgy, = 1 GeV,

2

gBML ~ 3.5(4.3) x 1077 GeV L (%) , (3.65)
2
GEML ~ 4 %1070 Gev L (%) , (3.66)
where the gPML central value refers to protons (neutrons), while for BM2,
9dd ?
BM2 ~11 -1

gPM2 ~ 8 % 1071 GeV <3 . 10_5> , (3.67)
ginn =0 (3.68)

Below we analyse the combined constraints from the previous two subsections.

3.5.5 Combined analysis of ¢;-constraints

The most important constraint on the ¢;-couplings comes from the neutrino burst duration
observed in the supernova SN1987A. The interactions of ¢ with matter inside an exploding
supernova are dominated by its couplings to nucleons. For mg, = 1MeV, used in our
benchmarks, the SN1987A observations exclude ¢S = (FZyn + (3/2)g2yn) "2 in the
range 7- 10710 GeV™! < g < 4.1076GeV ™! [47]. For larger values of g5t the ¢;
gets trapped inside the proto-neutron star (PNS) and does not contribute to the cooling.
This is the case for BM1, see eqs. (3.65), (3.66). For smaller values of g5\ the emission
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Figure 13. The constraints on the ggq coupling in BM1 (left) and BM2 (right) due to couplings
of ¢1 to photons and nucleons as a function of the ¢; mass. The purple regions are excluded by
beam dump searches, E949 (K+ — 7t X) and NA62(7® — inv), the red region by SN1987, while
the dashed line shows the upper bound from cosmology in the absence of any other light states or
¢1-couplings. The star denotes the values of g4q and mg, in figure 5 (figure 6) for BM1 (BM2).
The region around mgy, ~ mo is masked out (gray region).

of ¢ is suppressed sufficiently that it again does not contribute appreciably to the cooling
of PNS. BM2 falls in this regime, see egs. (3.67), (3.68).

The photon couplings of ¢ are less relevant for SN1987A since the Primakoff emission
of ¢1 is always subdominant relative to the emission of ¢; in nucleon-nucleon scattering.
This is best illustrated by the fact that SN1987A would exclude the range 1078 GeV ™! <
iy, Py S 107° GeV ™1, if ¢ were to coupled to photons only. The induced couplings
of ¢1 to photons are at the lower edge of this range for BM1 and well below for BM2, cf.
egs. (3.53) and (3.54) respectively. This should be contrasted with nucleon couplings which
for BM1 traps ¢; inside the PNS as it is above and not below the exclusion window.

The constraints from the SN1987A neutrino burst duration are shown for a range of
¢1 masses for benchmarks BM1 and BM2 in figure 13 (left) and (right) as red regions,
respectively. According to the analysis of ref. [47], the bounds are relevant all the way up
to mg, < 300MeV, though we truncate the plots at 200 MeV. These bounds may however
depend on the details of the SN1987A explosion, and may even be absent if this was due
to a collapse-induced thermonuclear explosion [48].

In addition, figure 13 shows with purple shading the constraints from beam dump
experiments (we use the combined limit as quoted in [47]), and from the invisible pion decay
by NA62 [8]. The ¢ —7° mixing angle sy needs to be smaller than about 2 x10~° in order to
satisfy the Kt — 7t X constraints from E949 [29] and NA62 [8]. This imposes a constraint
on ggq that is comparable but slightly less stringent than the beam dump limit. The
upper bound from cosmology, i.e., the impact of ¢1 decays on big bang nucleosynthesis and
distortions of cosmic microwave background, are shown with a dashed line [49]. This bound
is very sensitive to the details of the model. For instance, if the ¢ decays predominantly
to neutrinos these bounds would be drastically modified and thus potentially irrelevant.
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Figure 14. The diagrams inducing the K — m¢1¢1 decays in Model 2, with the matrix elements
shown in eqs. (4.3) and (4.4). The 3rd diagram violates the GN bound.

4 Model 2 — scalar model leading to the three-body kaon decays

Model 2 has the same field content as Model 1, except that we impose a Zs symmetry
under which the scalar ¢; is odd, ¢1 — —¢1. The relevant terms in the Lagrangian are

LD g;i?(ﬁ(ﬂ%)% + h.c. + Mg3dT + Nmgpag? + N mges + - -+ . (4.1)

Note that the coupling (grgj)¢1 is forbidden by the Zs-parity. Because of the Zy parity
the ¢, always appears in pairs in the final state and we thus focus on the K — w¢p1¢1
transitions with leading diagrams shown in figure 14.

The 1st diagram in figure 14, proportional to the trilinear coupling )\, gives the same
contribution to both K+ — nt¢1¢; and K° — 7%¢; transitions in accordance with
isospin. Since we are interested in violations of the GN bound, we impose the hierarchy

NN <\, (4.2)

and assume mg = O(my). For simplicity we further assume that ¢; 2 do not have vevs,
or that they are negligibly small (cf. related discussion for Model 1 in section 3).
Keeping the leading diagrams in the X and )\4g$j) expansion, i.e., the diagrams in

figure 14, the K7, — 1%¢1¢1 decay amplitude reads

M(KL — WO¢1¢1)NP = i{41m giz) Im gc(il))u;A@ (m%()A(m (mi)BQfoﬂ

- ) (4.3)
—2Im g2 N msAy, (¢%) — 47T;dA4Jf§>(l)1_9o}fEsc) :
with ]-'f) given in (3.15), while the KT — 77 ¢1¢1 decay amplitude is
(2) 95 @) §
M(K+ — 7"'Jr(bl(z)l)NP = {2950[ )\/mSA¢2 (qz) + 4577;12)\430]:’_’_ (I)}Bo s (4'4)

with ]-"f) defined in (3.16), I(mar) = Co(m%(,qQ,mgr,m?w,m?bQ,miz), and ¢% = (p1 + p2)?
is the invariant mass squared of the ¢1¢1 final state system. As for Model 1, f2 — fr fr/2
in order to account for the main SU(3) breaking effect.

The structure of the two decay amplitudes is reminiscent of the results in Model 1 in
egs. (3.13), (3.14). The main difference is that there is no direct coupling of ¢; to quarks
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due to the Zs symmetry. The ¢1¢; pair couples to d — s current instead through the
off-shell tree level exchange of ¢, see the 1st diagram in figure 14. This leads to isospin
symmetric contributions to KT — 7t ¢4, and K1, — 7%¢1¢1, proportional to the trilinear
M\ coupling. Hence, in the ' — 0 limit, the KT — 7+ ¢1¢1 transition only receives loop
contributions, and the GN bound is maximally violated. Note that A’ cannot be arbitrarily
small, since it is generated at one loop through ¢5 loop, A ~ A\g\”’/(1672), and at two
loops with ¢ and 7%, 7 running in the loop: N ~ 4 (gc(iz))g /(1672)2. For our benchmarks
this gives a vanishingly small \' and thus this contribution can be safely ignored in our
analysis provided the bare value of X, )\’ are set to zero. In this limit the first isospin
conserving contribution is at one loop due to the 2nd diagram in figure 14. The GN-
violating contribution instead arises at tree level, see the 3rd diagram in figure 14 and the
first term in (4.3).

The total rate of K7, — 7°¢1¢1 adds coherently to the SM Kj — nvo rate. The
differential rate for K — n%¢1¢1 is given by

ar M
dE, 12873m

PrBoy (4.5)
K

where pr = \/E2 —m2 and E, = (m% +m2 — ¢*)/(2mx) are the pion’s momentum and
energy in the K, rest frame, while 84, = (1 — 4mil/q2)1/2.

4.1 Benchmarks for Model 2

The bounds from K° — K9 mixing on flavor violating ¢s-coupling gi? are exactly the same

as for Model 1, section 3.2. To illustrate the available parameter space we therefore use
the same two benchmarks for the ¢o-couplings, egs. (3.35), (3.36), with results shown in
figures 15, 16. In both cases we set A4 = 1 and all the other couplings, apart from the ones
in egs. (3.35), (3.36), to zero (including \'). In summary, the two benchmarks for Model 2
are thus

Model 2, BM 1: eq. (3.35) and my, =100 MeV, Ay =1, N =)' =0, (4.6)
Model 2, BM 2: eq. (3.36) and my, =100 MeV, Ay =1, N =)\"=0,

while my, is kept as a free parameter. The results in figures 15, 16 are fairly independent
of the ¢1 mass as long as it is taken to be small, mgy, < mp, and thus does not modify
the final phase space. The choice of benchmark value mg, = 100 MeV is driven by the
constraints of the invisible pion decays, see section 4.2. BM1 and BM2 thus have three free
parameters: gqq, gsq and mg,.

BM1, shown in figure 15, has a well restricted {gsq, m4,} parameter space, since the
tree level exchanges of ¢ contributes a new CP violating source in K — K% mixing. This
then restricts gsq to be below the hatched region in figure 15 (right), see also eq. (3.29).
However, large enhancements of Br(K; — 7° + inv) over Br(K+ — 7" + inv) are still
possible in significant parts of the parameter space. For instance, setting ggq = 5 - 1072,
the KOTO upper bound Br(Ky — 7m0, < 3.0 x 107 [9] (red region in figure 15)
are obtained for gsg < O(107%) and my, < O(1GeV). Figure 15 (left) shows that in

~
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Figure 15. The parameter space for Model 2, BM1, eq. (4.6). The color coding is the same as
in figure 5. In the predictions for Br(K*™ — % +inv), Br(K; — 7° + inv) on the left plot (black
lines) we vary mg, € [0.55,1.5] GeV for two values of gsq = 2 x 10710,2 x 1079,
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Figure 16. The preferred parameter space for Model 2, BM2. The color coding is the same as
in figure 15. For the model predictions (black lines) in the left panel we set gsq = 107,107 and
vary mg, € [0.55,1.5] GeV.

the relevant region of parameter space the deviations in Br(K* — 7 + inv) from the
SM prediction are negligible, while Br(K; — 7" + inv) can be enhanced well above the
GN bound (blue line). For illustration we vary mg, € [0.55,1.5] GeV, the same range as
is shown in figure 15 (right), fix ggq = 5 - 1072 and show predictions for two choices of
gsa = 21071921072 (black lines). The resulting range in Br(K; — 7° +inv) is denoted
with arrows. For geq = 2- 107 the ex bound is reached, and the exclusion range is shown
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with gray dotted lines. For both choices of gs4 the enhancements can easily be in the range
of the KOTO anomaly (green band) without violating any other bounds.

For BM2 the allowed {gsq, mg,} parameter space is much larger, since in this case
¢ exchanges only induce CP conserving contributions to K° — K% mixing. This gives
the bound in (3.24), denoted in figure 16 (right) with the hatched region. Very large
violations of the GN bound (blue line) are thus possible without violating K° — K° mixing
constraints. For instance, for gzq = 3 - 1073 the KOTO upper bound is reached for ggq ~
fewx 1078 and mg, ~ 1GeV. Figure 16 (left) shows predictions for Br(K™ — 't + inv),
Br(K; — 7° 4+ inv), for two choices of gsq = 10791077 (black lines, gray dotted line
excluded by K% — K° mixing) when varying mg, € [0.55,1.5] GeV, setting gqq = 3 - 1073.
The deviations in Br(K* — 77 + inv) = 1.0 - 107® vanish in BM2, while over a large
region of {gad, gsa, Mg, } the KOTO upper limits on Br(K — 7° + inv) are saturated,
while avoiding any other constraints.

4.2 Constraints on the ¢;-couplings

The most stringent constraints on the couplings of ¢, to quarks are due to the invisible 7°
decay. In the mg, > m;, limit, the 70 = ¢1¢1 decay amplitude is given by,

B M B
M0 = dr161) = 2oL oxmg g2 + 200 Re g2 (21m gl Imgé?)], (48)
P2

where the first term in the parenthesis originates from the tree level exchange of the ¢o,
figure 12 (middle), the second from the one loop contribution shown in figure 12 (right).

Using eq. (3.38) for the 7% — ¢1¢; partial decay width, the corresponding branching
ratio in the my, < my; < my, limit are, setting ggg) =0,

342 ( Reg) ’ Im g2 ’ Gev)? /
3.8 10702 oty ) ( gy ) (V)7 for X' =0,

2 (2) 4
_7 N Img GeV -
211077 (e ) (3X10dd2> (S¥), for A =0.

These should be compared with the experimental bound Br(7® — ¢1¢1) < 4.4 x 1079 [8].
For Ay ~ O(1), which is required for large violations of the GN bound, this excludes ¢,
masses Mg, S My/2 for BM1. In BM2 the 70 — ¢1¢1 is forbidden due to parity, so that
¢1 can be light, as long as the parity breaking term \'mg is sufficiently small.

Br(n® — ¢101) = (4.9)

The beam dump and SN constraints in BM1 and BM2 are very similar to the ones
shown in figure 13 for Model 1, but with rough identification gdd|Mo g1 — 1/(4m) x

9ddtodel 2 |Model 1 = 2M61 |ygoda 2
ticles in the final state. In particular, for the choices of parameters in figures 15 and 16

and mg, since the transitions now involve two ¢ par-

the collider and SN constraints are presumably satisfied.

4.3 ¢; as a dark matter candidate

Since ¢ is odd under the Zs-parity, it is absolutely stable and could be a dark matter
(DM) candidate. If mg, > mgo the ¢1¢y — 7% annihilation channel is open. Below
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Figure 17. Graph dominating the annihilation cross section of ¢1¢; — 7°7° and ¢, — 7070

in Model 2 and Model 3 respectively.

we shall see that the annihilation cross section is large enough, in part of the parameter
space, such that the correct DM relic abundance is obtained. Note however, that this
restricts ¢ to a rather narrow mass range, m,o < mg, < (mg, —myo0)/2, or numerically,
135 MeV < my, < 181 MeV.

~

The annihilation cross section for ¢1¢; — 797Y process is dominated by the A4 vertex

O_conversion, while the ¢, s-channel resonance contribution is subleading, since

and ¢o —
N < Ay, cf. (4.2) and figure 17. Assuming a non-relativistic ¢1, as is the case at the time

of freeze-out, the leading thermally averaged cross section is given by

1 @na (Bofe\" pr
(ov) = ﬁAi(Imgdd) < mi mz , (4.10)
2 1

where in this approximation p, = (m?p1 — m?r)l/ 2. Taking mg, = 160 MeV as a representa-

tive value gives

3 Img(2) 4 71Gev\*?
~3.10726 L )2 dd 411
(o0) =310 = XX 556w 102) g, ) (4-11)

which is of the right size to get the correct DM relic abundance (3 - 10726cm? /s ~ 1 pb).

For mg, < m o the ¢1¢1 — 7070 annihilation cross section is kinematically forbidden.

In that case the dominant annihilation channel becomes ¢1¢1 — 7. The resulting annihi-
lation cross section is so small, that if this were the only annihilation channel, the ¢; would
overclose the universe [50]. This means that ¢; should also couple to other light states.
For instance, ¢1 could annihilate into light SM particles, e.g. ¢1¢1 — eTe™ or ¢p1¢1 — viv.
Alternatively it could annihilate away to other light dark sector particles or dark photons
¢101 — vpyp (if ¢1 was gauged under a dark U(1)). Since none of these couplings are
related to K — m¢1¢1 decays we do not explore the related phenomenology any further,
beyond stating the obvious — that ¢; could well be a thermal relic for appropriate values
of these additional couplings.
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5 Model 3 — light dark sector fermions

In this model we introduce a real scalar, ¢, of mass mgy, and two Dirac fermions, 11,2,
with masses my, y,, where the couplings relevant for the K — m+inv decay are

L£> géf;/) (GLaR)® + Yijd¥LiR,; + hec. . (5.1)
The fermion 1), is massive enough such that the decays of K — m91by and K — w1109 are
kinematically forbidden. In contrast and crucially, the decay K — w110y is assumed to be
kinematically allowed. The couplings of ¢ to the quarks are assumed to have a hierarchical
flavor structure

gg(czl),)ds < gc(l(fl?ss ) (52)

reflecting the suppression of flavor changing neutral currents of the SM, whereas the Yukawa
couplings of ¢ to 11 2 are assumed to favor off-diagonal transitions,

y11,22 < Y12,21 - (5.3)

While we do not attempt to build a full flavor model we remark in passing that such flavor
structures can easily be realised within Froggatt-Nielsen (FN) type models [51]. Choosing
for instance the U(1)pn charges to be [¢r 2] = [Yr2] =0, [Yr1] = —[¥r1] = [¢] = 1 and
with € = (¢pn)/Mpn the FN spurion carrying the charge [¢] = —1, the Yukawa and mass

€1 € e
o . My~ , 5.4
Yij ( 1 6) P mo ( ¢ 1) ( )

where the “~” sign denotes equality up to O(1) factors. Similarly, if [df r] > [sr 1], the

gég) 45 can be arbitrarily suppressed in accordance with (5.2).

Keeping the leading diagrams in y;; and gc(l(z), shown in figure 18, gives the following

K1 — %191 decay amplitude

matrices take the form

MK, — 7%%191)np =

—i{ Im ggﬁ) Im gflﬁ)A‘b(m%)Aqg(mi) [m¢2y12y21 (aPrv) A+ \y12!2(@’mPLU) A“} Bofk f=

~(¢)

Im - _

—TZ_SQCI |:m1/,2y12y21 (ﬂPR’U) fl(/qb) (14) + ‘y12’2 (ﬂ")/MPL’U)fgt)) (IE)} B()

+Tm g9 y11(ﬂPRv)A¢(q2)}Bo + {Yij:v5 < Ui =5} (5.5)

where 2Pg 1, = 1 + 75, we have shortened @ = u(p), v = v(p), while ¢*> = (p + p)? is the
invariant four momentum of the fermion pair. The A stands for combinations of fermion
propagators

>

= [Au (et + {50 p}]

A = [(pr + 9" Do ((p+9)2) — {7 & P} | (5.6)
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Figure 18. The K — mi11); in the fermion Model 3 with contribution evaluated in egs. (4.3)
and (5.8) respectively. The third diagram only contributes to K; — 7%¢14;, as the notation
suggests, and is therefore responsible for potential violation of the GN bound in Model 3.

where Ay (k?) is defined below (3.13), while F”(2) = F{?/(2)| » _, ., with the latter
q9q aq

defined in (3.15). Its arguments are given in terms of loop integrals,

Li(mar) = Li(mar, p) +{p — p}
I (mar) = {1} (mar, p) + (P + pr)* La(mar, D)} — {P — p} (5.7)

where Iy(mas, P) = Do(m2, (pr+P)?, (pk—pr—P)?, (px—px)?, P2, m%, mi, m?w,miymi)
(cf. appendix B) and I} is the same integral with an additional Lorentz-vector k* in the
integrand.

The decay amplitude K+ — 7414 is analogous, but without the 3rd diagram in
figure 18. This gives

M(KT — 7 1)np =

—()
{ 1965 3 [mw2yl2921 (a@Prv) fJ(rd))(L;) + |912’2(Q’YMPLU)~F.(~_¢) (Iff)} By (5.8)

- ggz)yll(@PRU)A¢((]2)}BO+{Z/U775 Y —5)

where ff’)(z) = fg_Q)(Z)‘g(Q)_}g(@ with the later defined in (3.16). A formula for the rate,
a9 a9

in differential form, is given in appendix A.

5.1 Benchmarks for Model 3

The new elements of Model 3 are the Yukawa couplings between ¢ and 1 2, as well as the
absence of the light-scalar ¢;. In order to ease comparisons with Model 1 and Model 2, we
use g\ — g1%) eqs. (3.35), (3.36)

Model 3, BM 1: ¢ = Wgyy, gl = g0 = g yo=yu=1, (59)
Model 3, BM 2: g((l(z) = 1944 , gg) =0, ggd) =1igsd, Yi2=y21 =1, (5.10)

while all the other couplings are set to zero. In particular, the only nonzero Yukawa
couplings of v; fermions for ¢ are the flavor violating ones, y12 21, while the diagonal ones
are assumed to be vanishingly small, and set to y11,22 = 0. The mass of the lightest fermion
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Figure 19. The parameter space for Model 3, BM1, eq. (5.9). The color coding is the same as in
figure 5. In the predictions for Br(K+ — 7+ +inv), Br(K; — 7% +inv) in the left plot (black lines)
we vary mg € [0.55,1.2] GeV for two values of g = 1071%,107 and fix my, = 0.8 GeV. Right
(middle) panels show the parameter space as functions of my, (mg), fixing mg(y,) = 0.8 GeV.

is set to my, = 100 MeV. The benchmarks are thus described by four continuous variables:
the masses mg, m,, and the real parameters gqq, gsq-

The flavor violating coupling, ggj), is constrained by K° — K° mixing. The bounds are
the same as for ¢2 in Model 1, section 3.2, and are thus obtained from egs. (3.29), (3.24)
through the gﬁ? — giﬁ), me, — Mg replacements. BMI is severely constrained by ey since
tree level exchange of ¢ induces a new CP violating contribution to K — K° mixing. Fig-
ure 19 (middle) and (right) show that large enhancements of Br(K — 7’ +inv)/Br(K*T —
7T +inv) are possible only for small values of mg and my,, comparable to the kaon mass.
Still, such light NP states are not excluded experimentally and can saturate the present
KOTO bound. Figure 19 (left) shows that in this regime it is possible to have values for this
ratio well above the GN bound, in the range of the anomalous KOTO events (green band).

BM2, on the other hand, does not lead to tree level contributions to ex. The constraints
from K°— K° mixing are therefore relaxed compared to BM1 as they are only due to Amp.
As shown in figure 20, it is thus possible to saturate the present KOTO upper bounds over
a much larger set of parameter space, with masses of my and my, up to ~ 1GeV for
gad = 5 - 1072, Next, we discuss the constraints on the v-couplings.

5.2 Constraints on the ;-couplings

The leading diagrams for 7% — 114, relevant to the invisible pion constraint, are analogous
to the Model 2 ones shown in figure 12 with ¢o — ¢, ¢1 — 11 with a 1), inserted in between
the final state pair in the loop diagram. Assuming mg v, > mr y, the corresponding matrix
element reads

_ Bof . .
@

where M is a shorthand for

S T (0 (¢) L Bo (¢)
M =T ggi yn + Re g o 15 (2 Im g — Imggf>) H(z) (5.12)
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Figure 20. Same as figure 19 but for Model 3 BM2. In the predictions for Br(KT — 7 + inv),
Br(K; — 7° + inv) in the left plot (black lines) we vary mg € [0.55,1.2] GeV for two values of
Gsa =T7-1079,7-1077 and fix My, = 0.8GeV.

where x = mé/m?/&, H(z) = (14+x(Inz—1))/(1-2)? quoting H(0) = 1 and H(1) = 0.5 as
representatitve values. The total rate is easily obtained from the matrix element squared
given in (A.4) and the 1 — 2 decay rate (3.38) (without the symmetry factor 1/2)

(BOf 7r)2

D(r® = i) =~ 7 (ﬁil (Re M) + (ImM)2> f;—;@l : (5.13)
¢

replacing f — fr/v/2 and adapting By, = (1 — 4mfb1 /m2)Y/2. Assuming Im ggf) =0,

my, =0 and H(x) — 1 one gets values

2 (1@ 2 4
) ) 2.6-107° (5“{51_'6) (;ﬁg‘i‘é) (%) : y12y21 =0,
Br(r” — ¢191) = 2/ heo® 1 0@\ 2 4 9
— € m
a0 ()" (Bt ) ()" (52)° w0,
(5.14)

which are close to the upper experimental bound Br(7 — ¢1¢1) < 4.4 x 1079 [8]. Clearly
the tree graph is leading and imposes a constrain |y11| < O(5-107%) on the Yukawa
couplings to the light fermion for the two benchmarks in figures 19 and 20. We observe
that, for both BM1 and BM2 the lightest fermion is required to be heavy enough that
invisible pion decay is kinematically forbidden, my, 2 m 0/2. Reducing somewhat the

value of |yiay21| ~ O(1072), very light v are possible. Even in this case the KOTO
bounds could be saturated (at least for the BM2 flavor structure of the couplings).

5.3 1 as a dark matter candidate

In the minimal version of Model 3, presented in this work, 1, and 9 are odd under the
Zo-parity. The lightest fermion, v, can thus be a DM candidate. The situation is similar
to Model 2. For t7 in the mass range 135MeV < my, < 181MeV, ¢1th; — 7970 is

~

kinematically allowed, and can lead to the correct relic DM abundance. For lighter
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only the v11); — v annihilation is allowed. However, if ¢ were to couple to electrons or
neutrinos, the resulting annihilation cross sections can be large enough such that ; can
be the DM.

For now, let us assume that 1197 — 7979 is kinematically allowed. Then at leading
order there are two relevant diagrams as shown in figure 17. The corresponding matrix
element reads

_ 2 ~ ~
M(¢11/J1 — 71’071'0) = (Bgflmggg)A¢(m3r)> [m¢2y12y21A(@PRU) + !y12|2A“ (77'7,uPLU):|
+ By Regc(lfl) [y11A¢(5)77PRU} + {Yij, 15 < Vi =5} (5.15)

where 7 = ©(p), u = u(p), s = ¢*> = (p + p)?, and by crossing symmetry from the right
diagram in figure 18: AW = AW |, o - in (5.6). The cross section is obtained from
the spin-averaged squared matrix element (including a symmetry factor for identical fi-
nal states)

o |M* 8,
dQ 512725 By,

(5.16)

where Br 4, = (1 —4m? il s)1/2 are the respective velocities in the centre of mass frame.
The thermally averaged cross section at leading order in the non-relativistic expansion is
given by

o Pr 2
(ov) = 7327”7%1 |P|*, (5.17)

where in this approximation p, = (mfp1 —m2)Y2 and

P = i{BoReg'y) Ay(4m?, ) Imyi, +

2
(BofrIm ggalp(m2))” Ay, (m2—m7, Ymy, Imya1y12} (5.18)

is the pseudoscalar part in (A.3). It is easily obtained from (5.15) taking into account that
the role of u and v are interchanged. All other contributions, such as |S|?, vanish in the non-
relativistic approximation. And for values of input parameters, y11 = 0, my, = 160 MeV,
and mg = 1 GeV one obtains a total cross section

3 I (¢) 4 2 2
<JU>:3X10—26CH1 < m gy, ) (Imyilym) (1G6V> , (5.19)

s \7.5x1072 My,

which is of the right order of magnitude to produce the required relic abundance (1 pb =
3-1072cm3s71). In quoting the dependences in (5.19), we have neglected terms of

(’)(mfnwl/m?h).
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6 Conclusions

We have presented three models that can lead to large deviations in Br(Ky — 7° + inv),
while leaving Br(K+ — 7° +inv) virtually unchanged from the SM expectation. The three
models are: Model 1 where the invisible decay is the two body transition K — 7%¢1,
Model 2 with K7 — 7%¢1¢; and Model 3 with K7 — m%)11); three body transitions, can
be viewed as representatives of a larger class of models. The scalar ¢; or fermion 1, that
escape the detector could be replaced by a dark gauge boson, or more complicated dark
sector final states, without affecting our main conclusions.

Common to all these possibilities is that in addition to the invisible final state particles
(in our case ¢ and 1), there has to be at least one additional light mediator with a
O(1 GeV)-mass in order to have large violations of the Grossman-Nir bound. In Models
1 and 2 the mediator is another scalar, ¢o, while in Model 3 there are two mediators, the
fermion v and scalar ¢. The scalar mediators mix with K7 and 7°, which then leads to
enhanced Br(K; — 7° + inv) rates. The required mixings are small, and thus for large
parts of parameter space the most stringent constraints are due to the present KOTO upper
bound on Br(Kj — 7% +inv). If the anomalous events seen by KOTO turn out to be a
true signal of new physics, then these models are natural candidates for their explanation.

In Models 2 and 3 the lightest states, ¢; and ¥, can be dark matter candidates. For
the restricted mass range m, < mg, 4, < (mg — my)/2 and suitable parameter ranges
these particles can be the thermal relic. For lighter ¢; or i new annihilation channels
are required. For example the mediators could couple to either electrons or neutrinos, in
addition to the couplings to quarks.

In the numerics we followed the principle of minimality and switched on the minimal
set of couplings required for large violations of the GN bound. We took great care to ensure
that the radiative corrections do not modify the assumed flavor structure and potentially
invalidate our conclusions. In the future, it would be interesting to revisit our simplified
models in more complete flavor models which fix all the couplings to quarks. An even more
ambitious possible research direction could be to explore whether the light mediators could
be tied to the SM flavor puzzle itself, e.g. along the lines of ref. [52]. We leave this and
related open questions for future investigations.
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A The K — w19, decay rate

For completeness we give here the explicit expression for the K — w114 differential rate in
Model 3. The expressions become rather involved because of the presence of the fermions
in the final states. For instance, the analytic expression for the rate can only be given as
a double differential rate since both variables enter the loop diagram, cf. figure 18, in a
non-trivial way. At the end of the appendix we also comment on how this decay defies the
helicity formalism used for semileptonic and flavor changing neutral currents.

The generic double differential rate in terms of Dalitz plot variables is given by [53]

d? - 1

—— (K — K — Al

dquQQ ( TP1P1) = (27 32m \M( mp)|? (A1)

where ¢% = (p + p)?, = (p + px)? are the kinematic variables with ranges 4m121}1 <@ <
(mg —my)? and Q2 < Q2 < Q%, with

Q:F (Elm +E ) (pdu :l:pTr)2 ) (A2)

Ey, = q/2, B = (m} — ¢* —m2)/2q and p; = (E} — m?)"/.
Decomposing the matrix element M in terms of fermion bilinears

M = Suv + Puysv + VFay,v + Ay, ysv + TH aopv (A.3)

the generic matrix element squared, summing over fermion polarizations, reads

M2 =2q2{|P|2 B2 IS+ 2 (4 p)- AP + (p— p)-VS" +hc.) (A.4)

+ A (myyw — 53)19##’)‘4“ C V(e — gup )V
' 4 . _ * _ *

+ 2T g, (g — 2my )THY ™ + ? (@TH" (my, (p — p)u Ay, + Pupu P*) + h.c.) } ,
where 0., = /2[vu, W), By, = (1 — ernil/qQ)l/2 and my, = 2(Pupy + pubv)/q?. For
completeness we have included the tensor current in (A.3) even though it does not appear
in our models.

The conversion from a form M = LuPpv + RuPrv + L*uvy,Prv + R*uvy, Prv, used
n (4.3), to the form in (A.3) proceeds via: S[P] =1/2(R+ L) and V[A]* =1/2(R £+ L)".
In particular for K — 7014

S[P]r = —iBy <Bom¢2 Re[i Im](y12y21) X, + Reli Im]yi; Imgg )A¢( )) , (A.5)
VIAY = —iB§/2 (ly21|* £ [y12]?) XV, (A.6)

with X, = Im gugA frcfr — B2 F?) (L) and X} = Xp|j, e an, whereas for K+ —

7101 (5.8) the decomposition reads
SIP]+ = Bo (Bomy, Relim](yioye1) X+ + Re[ilmlyng Au(¢®)) . (A7)
VAL = B3/2 (Jya1|* + |y12f?) X1 (A.8)

with X, = —&4 F?(I}) and X! = X, |7, .
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It seems worthwhile to point out that this decay cannot be cast in the Jacob-Wick
helicity formalism, since it does not corresponds to a chain of 1 — 2 decays. This also
applies, e.g., to the generalisation of the formalism to effective theories used for B —
K¢t0~ [54]. The issue is that in Model 3 the ¢ particle breaks factorization of the fermion
part and the rest in the same way as the photon does between the lepton and the quarks, cf.
section 5.3. in ref. [54]. On a technical level, this can easily be seen from the decomposition
of the vector matrix element

Vi = y o Oy (A.9)

which necessitates all independent momenta of the decay. In the B — K/{*/~ case, in-
duced by the standard dimension six effective Hamiltonian and no QED or electroweak
corrections, the amplitude only depends on p,, p+ p but not the difference p —p. However,
using such a decomposition in the expressions given above does allow in practice for a fast
numerical evaluation of the differential rate thereby retaining one of the main advantages
of the helicity amplitude formalism.

B Integral conventions

For convenience and clarity we collect here the conventions of the Passarino-Veltman func-
tions [55, 56, 56, 57] used in this work. The conventions are equivalent to those of Loop-
Tools [56] and FeynCalc [58, 59]. The loop function used are the triangle and box integrals
defined by

1
CO p27p27 P1+p2 27m27m27m2 E/ )
(PP (PrEpa) 100 ) = G ()2 — ). (Gh i+ — )
(B.1)
and
DO(m?ﬂ (p7r+P)27(pK_pﬂ'_P)27(pK_pﬂ')27P27m%(7m3)7m%\47m127m5)) =
1 (B.2)

J (ks =) (b pa)? = m2) (k-4 e+ PYE—m3 ) (2= 3,)

2
respectively, with i0-prescription suppressed and [, = (2rp)*?/(in?) [ d?k. The argu-
ments of the Dy function are those appearing in Model 3 in section 5. It seems worthwhile
to mention that the two-point Passarino-Veltman function does not appear in this paper
and the symbol By is used for a quantity related to quark condensate as stated at the
beginning of section 3.1.
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