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LOW REGULARITY WELL-POSEDNESS FOR GENERALIZED
BENJAMIN-ONO EQUATIONS ON THE CIRCLE

KIHYUN KIM AND ROBERT SCHIPPA

ABSTRACT. New low regularity well-posedness results for the generalized Ben-
jamin-Ono equations with quartic or higher nonlinearity and periodic bound-
ary conditions are shown. We use the short-time Fourier transform restriction
method and modified energies to overcome the derivative loss. Previously,
Molinet-Ribaud established local well-posedness in H(T,R) via gauge trans-
forms. We show local existence and a priori estimates in H*(T,R), s > 1/2,
and local well-posedness in H*(T,R), s > 3/4 without using gauge transforms.
In case of quartic nonlinearity we prove global existence of solutions conditional
upon small initial data.

1. INTRODUCTION

In this article we improve the well-posedness theory for the k-generalized periodic
Benjamin-Ono equation in L?-based Sobolev spaces

(1.1) O+ HOppu = F0,(u¥) (t,z) eR x T,
’ u(0) =ug € H*(T,R),

where £ > 4 and T = R/(27Z). Throughout this article, % denotes the Hilbert
transform, i.e.,

H: LA(T) — LA(T), (Hf)"(€) = —isgn(€)f(£).

Note that real-valued initial data give rise to real-valued solutions. We shall
implicitly consider real-valued initial data in the following, unless stated otherwise.

By local well-posedness we refer to the following: the data-to-solution mapping
S22 H*(T) — C([0,T], H>*(T)) assigning smooth initial data to smooth solutions
admits a continuous extension S% : H® — CpH?® with T = T(||ug||g=), which can
be chosen continuously on ||ug||zs. Existence and continuity of S5 : H® — CprH*®
for s > 3/2 follows from the classical energy method (cf. [3, 1]). Solutions to (1.1)
on the real line admit the scaling symmetry

u(t,x) — )fﬁu( 2t ).

This leads to the scaling critical space H%(R), s.(k) = 1 — L, which is the largest

L2-Sobolev space for which local well-posedness can be expected.
Conserved quantities of solutions to (1.1) are the mass, i.e., the L?-norm,

M (ug) :/ugdx,
T

Key words and phrases. dispersive equations, quasilinear equations, generalized Benjamin-Ono
equation, short-time Fourier restriction.
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and the energy, related with the H/2-norm,

ugHOLUo u’é“
E = + dx.
(o) /T 2 k1"

The =+ signs correspond to (1.1).

When k is even, there is no difference between the dynamics of (1.1) with +
signs in front of the nonlinearity, because if u is a solution to (1.1) with + sign,
then —u is a solution to (1.1) with — sign, and vice versa. However, when k is odd,
there is a big difference between the dynamics. (1.1) with a minus sign is referred
to as defocusing equation and with a plus sign as focusing equation. The energy is
positive definite, and a local well-posedness result in H'/2 can be extended globally
in the defocusing case. On the contrary, in the focusing case, Martel-Pilod [32]
recently proved the existence of minimal blow-up solutions in the energy space for
k = 3 on the real line (see also [25]). This indicates blow-up in the periodic case
for focusing nonlinearities.

Equations (1.1) have mostly been studied on the real line, where the dispersive
effects are stronger and the solutions are easier to handle. We digress for a moment
to review the results on the real line to highlight key-points of the local well-
posedness on the real line. Some transpire to the periodic case. We shall refer to
the most recent results and the references therein.

The Benjamin-Ono equation (k = 2) is completely integrable and has been
studied extensively. We first note that the High x Low— High-interaction
(12) 8I(PNuPKu),

with Pr, L € 2%, localizing to frequencies of size about L, leads to derivative loss.
This makes it impossible to solve the Benjamin-Ono equation via Picard iteration
(cf. [33, 26]). Via gauge transform (introduced by Tao in [49]), Tonescu—Kenig
proved global well-posedness in L?(R) in [24] making use of Fourier restriction
spaces; see also [36]. Ifrim—Tataru significantly simplified the proof by normal form
transformations and relying only on Strichartz spaces in [22]. Recently, Talbut
proved a priori estimates up to the scaling critical regularity in [47] via complete
integrability as well on the real line as on the circle.

For the modified Benjamin-Ono equation (k = 3), Guo showed global well-
posedness for complex-valued initial data in the energy space in [14]. He used
smoothing effects on the real line instead of the gauge transform to overcome the
derivative loss. Moreover, he proved a priori estimates up to s > 1/4 using short-
time Fourier transform restriction. In this work becomes clear that for k > 3 the
High x High x High—High-interaction is also problematic below H'/2:

PNax(PNluPN2UPN3u),

where N ~ N7 ~ Ny ~ N3. In this case the resonance function (see Section 5) can
become arbitrarily small. Furthermore, in [14] was shown how smoothing effects
on the real line can replace the gauge transform for £ = 3. For k = 4, Vento
[51] proved local well-posedness in H 1/3 which turned out to be the limit of fixed
point arguments, and reached the scaling critical regularity for k& > 5; see also
[2, 38, 37, 6].

There are fewer results for (1.1) with periodic boundary conditions. Molinet [34]
adapted the gauge transform to the periodic Benjamin-Ono equation to prove global
well-posedness in L?(T). Herr [21] showed that the Benjamin-Ono equation with
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periodic boundary conditions cannot be solved via Picard iteration directly. By
complete integrability, Gérard—Kappeler—Topalov [12] proved global well-posedness
up to the scaling critical regularity s. = —1/2; see also [13]. For k = 3, Guo—Lin—
Molinet [15] showed global well-posedness in the energy space by adapting the gauge
transform and using Fourier restriction spaces. For k = 3, the second author proved
existence and a priori estimates for s > 1/4 using short-time Fourier restriction, but
not relying on gauge transforms, in [42]. For k& > 4, Molinet-Ribaud [39] proved
local well-posedness in H!(T) via gauge transforms and Strichartz estimates.

At last, we address ill-posedness issues. Firstly, we remark that Christ’s ar-
gument [7], originally applied to the quadratic derivative nonlinear Schrédinger
equation

10y + Oppu = tudpu, (t,z) e R T,
shows norm inflation for complex-valued initial data at any Sobolev regularity.
Secondly, the HighxLow-interaction (1.2) leads to the failure of the multilinear
X*b_estimate’

k
102 (ur - wg) | xcomrre S T T lutill 2,
i=1
also after removing trivial resonances.
This contrasts with the generalized KdV-equations on the circle

dyu + Pu = 9, (u"),

where Colliander et al. [11] showed the crucial multilinear X **-estimate for s = 1/2
after renormalizing the nonlinearity.

We now state our main results. Our first result shows the local existence and a
priori estimates for s > 1/2.

Theorem 1.1 (Local existence and a priori estimates). Let k > 4 and s > 1/2.
Then, for any ug € H*(T) with ||uollgs < R, there is T = T(R) > 0 such that
a solution uw € CrH?® to (1.1) exists in the sense of distributions and the a priori
estimate

(1.3) sup |lu(t)[|m= Sk lluollas
te[0,T)

holds true.
The result can be globalized in case of quartic nonlinearity.

Theorem 1.2 (Global existence for quartic nonlinearity). In the quartic case k = 4,
the statement of Theorem 1.1 holds under the assumption ||ug|| g2 < R instead
of |lwollgrs < R. If in addition R is sufficiently small, then we can find a global
solution u.

Our second result shows local well-posedness for s > 3/4. Since the difference
equation satisfies less symmetries than the original equation, we can only prove the
following weaker result for continuous dependence.

Theorem 1.3 (Local well-posedness). Let k > 4 and s > 3/4. Then, we find (1.1)
to be locally well-posed.

1We set b =1 /2 for simplicity. Note that in this limiting case one actually has to consider a
smaller function space.
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Comments on Theorems 1.1, 1.2, and 1.5.

1. The restriction s > 1/2 in Theorem 1.1. In [42, Theorem 1.1], the second
author proved the analog of Theorem 1.1 in case k = 3 with improved range s > 1/4.
This improvement relies on the resonance relation. In k = 3, the zero set of the
resonance function is nontrivial, but the (symmetrized) multiplier used in the energy
estimates simultaneously vanishes. However, this does not necessarily hold for & > 4
and our restriction s > 1/2 comes from these resonant interactions. In the quartic
case, we can show a priori estimates in the short-time function space F'*/2. In the
quintic and higher cases, our argument merely gives a priori estimates in the Besov
refinements Fll/ % As these miss the energy space, we cannot extend them globally.
See Section 5 for more details.

2. The restriction s > 3/4 of Theorem 1.3. To prove local well-posedness, we
need to consider the difference equation. When deriving energy estimates, the lack
of symmetry does not allow for the same favorable cancellations, as for solutions.
The restriction s > 3/4 again comes from the resonant interactions. More precisely,
it comes from HighxHighxHighxHigh interactions. See Section 6.3 for details.

3. Gauge transforms. Our method does not make use of gauge transforms in
contrast to the works [51, 39]. Here we mean by gauge transforms the usual ones
used in the previous literatures.?

The main reason is that the gauge transforms in our case do not behave as
well as on the real line or for k € {2,3}. By a gauge transform, it is possible to
delete LowxHigh interactions of the nonlinearity. However, we have to deal with
error terms generated by the gauge transforms (e.g. when 9; falls onto the gauge
transforms). On the real line, these can be estimated® using better linear estimates
than on the torus. When k € {2, 3}, these errors have better structure than those
of k > 4; compare [15] of k = 3 and [39] of &k > 4. When k > 4, 0; acting on
the gauge transforms leads to problematic HighxHigh—Low interactions, so we
choose to avoid using gauge transforms. Hence, we have to deal with LowxHigh
interactions in the original nonlinearity, and we choose to work with short-time
Fourier restriction spaces to recover the derivative loss (cf. (1.2)).

Avoiding the use of gauge transforms, our method can be adopted to other mod-
els where the gauge transforms become very involved, if available at all. Examples
include the dispersion-generalized models (cf. [44]). Moreover, for quadratic non-
linearities, an improvement of the energy method was proposed by Molinet—Vento
[40]. This makes use of a precise comprehension of the resonance function and
avoids gauge transforms, too.

4. Extension of the methods for k € {2,3}. We remark that our method can be
easily modified to yield the same results (i.e., s > i in Theorem 1.1, and s > 1/2
for k =2 and s > 2 for k = 3 in Theorem 1.3) for the cases k € {2,3}. However,
there are stronger results for k € {2,3} as mentioned above.

To prove Theorems 1.1-1.3, we use short-time Fourier restriction spaces as in
[42]. We extend the approach of [42] to k > 4 in the present paper. In the following
we elaborate on short—time Fourier restriction and the proof of the theorems. Since

2Any transform of the kind u — e'Xu is a gauge transforms. For the current discussion we
focus on the gauge transform introduced by Tao [49] and variants thereof.
30r, one can use a fixed-time gauge transform as in Vento [51].
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the body of literature on short-time Fourier restriction is already huge, we do not
aim for an exhaustive review of references. We also refer to the references within
the discussed literature and the PhD thesis of the second author [43].

The first key ingredient of our method is the use of short-time Fourier restriction
spaces. This relies on the observation that the frequency dependent time local-
ization allows to prove low regularity results for quasilinear dispersive equations.
By quasilinear we mean that the equations cannot be solved by fixed point argu-
ment in L2-based Sobolev spaces. In Euclidean space, early works on short-time
Fourier restrictions are due to Koch—Tataru [27], Christ et al. [8], and Tonescu et
al. [23]. Guo et al. observed in [17] that the frequency dependent time localization
T =T(N)= N—1 allows to overcome the derivative loss for High x Low — High—
interaction (1.2) on the real line. This showed how to avoid the gauge transform
and proved that inviscid limits recover solutions to the Benjamin-Ono equation.

The second author observed [42; 43] that this extends to periodic solutions.
Although dispersive effects on tori are weaker, for time intervals of length T =
T(N) = N~! Schrédinger wave packets cannot distinguish between Euclidean space
and compact manifolds. Hence, Strichartz estimates on frequency dependent time
intervals remain valid on compact manifolds. This was observed for linear estimates
by Staffilani-Tataru [46] and Burq et al. [4] and for bilinear estimates by Moyua—
Vega [41] and Hani [20].

The second key ingredient is to use cancellation effects, which allows to control
low Sobolev norms, in a similar spirit with the I-method (cf. [10]). For differences
of solutions, due to less symmetries, this is known as normal form transformations
or modified energies as used by Kwon [31] and Kwak [29, 30]. We are not aware of
previous instances of short-time Fourier restriction analysis combined with modified
energies for quartic or higher nonlinearities. We hope that the arguments of the
present work can be applied more generally. For instance, the model

O + HOppu = 05 (e")

seems to be in the scope of the methods of the paper.

We end the introduction by explaining key steps of the short-time analysis.
Further details of the proofs are provided in Section 3. For solutions, the above
program leads to the following set of estimates for solutions u in the short-time
function space F*(T), s > 1/2, e =¢(s) > 0:

IIU\LFsm S ”quES(T) + (102 (uF) | s ()
(1.4) [0 () ey < HUHFS(T)
k
lalZeiry S Mol + lull 52 oy + el .

This gives a priori estimates and existence of solutions by standard bootstrap
and compactness arguments (cf. [16]) for small initial data ug. To deal with large
initial data, we rescale the torus yielding small initial data on tori with large period
A. Molinet introduced this argument in the context of short-time Fourier restriction
in [35]; see also [42]. We omit the standard arguments and refer to the literature.
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For the proof of Theorem 1.3 we firstly show Lipschitz continuity in the weaker
norm H~'/* by the set of estimates for v = u; — us, u; solutions to (1.1) in F*(T):
(1.5)

HUHF 1/4(T) S Haw(vu’f—1)||N,1/4(T) + [[vll g-1/a ()
0. (UU )HN 1/4(T) S HU”F*U‘*(T)(HulHF3/4(T) + ||u2HF3/4(T))k_1
o2 ey S RO
012 s gy Loy + szl o Vo
Hol% sy (s rary + lluzll msagry)? =2
In the above display u™ denotes a linear combination of ufuj*~ ¢ i=0,...,m. This

set of estimates yields Lipschitz continuous dependence in H ™ 1/ 4 for small initial
data in H3/%. We extend this to large initial data by rescaling the torus as above.
To prove continuous dependence in H3/4, we prove in addition the following set of
estimates:

HU||F3/4(T) S 0x (UU )||F3/4(T) + [[v]| gs/a (T)
Hax(vukfl)”NSM(T) 5 vl ps/a ¢y (lul| ps/agry + Hu2HF3/4(T))k71
Pl < IO,
ol sy (10l sy + Nzl porary)*
(1.6) ol p-1/amy 10l ps/a ey ||U2||F7/4(T)

(||v||F3/4(T + lluzll pssar) ™~
+||UHF3/4(T)(HU||F3/4 0y + w2l ps/acr)
vl p-1/a¢y |0l pasary luzll prra oy

(||v||F3/4(T + l[uzll para(r) )22
We finish the proof of Theorem 1.3 for small initial data by a variant of the Bona—
Smith method (cf. [3, 23, 44]).

The case of large initial data additionally requires rescaling to small initial data
on tori with large periods as above. For this, we need to modify the Sobolev weights
for the frequencies less than 1 (2.1).

Outline of the paper. In Section 2 we introduce notations, function spaces, and
recall short—time (bilinear) Strichartz estimates. In Section 3 we conclude the proofs
of the main results with the crucial short-time nonlinear and energy estimates at
hand. In Section 4 we propagate the nonlinear interaction. In Section 5 we bound
the energy norm for solutions and in Section 6 the energy norm for differences of
solutions.

In the following we assume that k, the power of the nonlinearity, satisfies k > 4.
Moreover, we suppress dependence on k for the implicit constants. The parameter A
(see Section 2.1) is always assumed to be A € 2Y0 and A > 1. The dyadic frequencies
range from 2% N [A71, c0).

2k—2

2. FUNCTION SPACES, AND LINEAR AND BILINEAR SHORT-TIME ESTIMATES

2.1. Fourier analysis on AT. As mentioned above, the (local-in-time) large-data-
theory is reduced to the small-data-theory via a scaling argument on circles. For
this purpose, we need to develop our arguments working uniformly for functions
with large periods. Set AT = R/(2wA\Z) with A > 1. The Fourier transform of a
function on AT will have the domain Z/\.

Throughout this article, we assume

Ae 2N g0 that A > 1.
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1

We will also assume that the dyadic frequencies always range in [A71, 00), e.g.

N,N;, M, M;, K,K;,--- € 22N [\71, 00).
We define the Lebesgue spaces LP(AT) on AT through the norm

1/p
f||L§=</w|f($)|pd$) Cl<p<oo

with the usual modification for p = occ.

We turn to the Fourier transform on AT. As guideline for the conventions from
below, we require that Plancherel’s theorem remains valid; see [10]. The Fourier
coefficients of f € L*(AT) are given by

f&) = | flx)e ®de, €eZ/A
AT
such that we have the Fourier inversion formula

) =5 3 fee

£€T/N

and Plancherel’s theorem:

1 R
17135 ~ 5 D 1F©F

£€T/A

The Littlewood-Paley projectors are defined as follows. Let x : R — R>( be
a smooth, compactly supported, radially decreasing function with x(z) = 1 for
|z < 1 and x(x) = 0 for |z| > 2. For dyadic” u, set x,.(z) = xa-1(z) = x(A\z)
if = A"1'and x,(z) = x(z/2p) — x(z/p) otherwise. For the sequence of func-
tions {xx-1, X2a—1, X4r-1, - - - }, we denote the corresponding Fourier multipliers by
Py-1, Pyy-1, .... We refer to these as Littlewood-Paley projectors. We note that
Bernstein’s inequality holds as on T and R, uniformly in .
The L2-based Sobolev spaces H*(AT) on AT are defined through the norm
1 A
IfllE =5 D2 ©FIF©F, seR,

EEL/ N

where we denoted (&) = (€2 4+ 1)%/2. In view of Plancherel’s theorem, HO(AT) =
L?(AT). In terms of Littlewood-Paley projectors, we have

NG = Y IPNFIIZ: + > N> Pa -
N<1 N>1

However, as (1.1) for k > 4 is L?-supercritical, the usual Sobolev spaces H* does
not work well with the scaling argument. The remedy is to consider a norm with a
different weight on low frequencies. Set for 3 = (s1, s2) € R?:

1 A 1 .
@1 F g = 112 = 5 > AT D AP + 5 IRERHGIE
EEL/N, EEZ/ N,
[gl<1 |€]>1

4Recall that we assume the dyadic numbers to range in 2% N [A~!, c0) throughout this article.
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Note that H*(AT) = H%*(AT). It is convenient to introduce the notations

S {Nsl if N <1,

N2 if N >1,
and
5+ =(s1,82+5), s € R,
cs' = (csy,cs2), ceR.
so that
IF s = D N*UIPnfl7a + Y N2 Pufll7s =~ ZNQSHPNme
N<1 N>1

For the scaling argument, we will use 3 = (s1, $2) such that s. < 51 < 59, i.e.,
the subcritical regularities. Let so = s as in our main theorems. Any large data
ug € H*(T) is reduced to a small data by

A" lug(A™1) gz — 0 as A — o0
More precisely, we have

_s 1 _ 6.—s
(22) A2 gl e S AT FTug(A ) g S A% |uol| are-

2.2. UP-/VP-function spaces. We consider short-time UP-/VP-function spaces
as in [45]. Adapted UP-/VP-function spaces to treat nonlinear dispersive equations
were introduced in the work [18, 19]. There are several reasons for this choice.
Firstly, (bi-)linear estimates for linear solutions transfer well to these spaces. Sec-
ondly, the duality estimates are also available. Lastly, these spaces behave nicely
with sharp time localizations. We shall be brief and for details refer to [45].

For a time interval I, we set

HUHU]’;O(I)A = He_ ”UHUP (I;L2)s
”UHVB?O(I)A = He_m =0y (I;L2)s
1 flpvz, ), = le= %0 pyro (I;L2)-

Let T € (0,1] and s = (s1, s2) be given. We define the F§(T')-norm (for solutions)
and the N§(T)-norm (for nonlinearities) by

[[ul %g(T) = Z N2§1||PNUHU2O([0 ™ms T Z N2 SUP HPNUJ”U'ZO(])A
A<, Ne2No Icfo,r
Neo? [I]= N
1l Ay = > N® | Pyulbys oo, + > N2 sup 1Pxullers  ory,-
ATL<N<I, Ne2vo refo.1],
Ne2t (=N~

As in [45], if T < N~ read (likewise for V7 and DUP):
sup p (= . ’
b 1A lloz, oy = 1 flloz, o,

[I|=N"1

We define the energy norm E3(T') (for solutions) by

wrery = [ P<u(0)|[3 + > N2 sup ||Pyul(t )Mz
* N>1 t€[0,7]

]
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A consequence of the definition of the function spaces is the following linear
estimate; see [9] for the proof in a different context.

Lemma 2.1 (Linear estimate). Let T € (0,1], s = (s1, $2), and let u be a smooth
solution to

w4+ HOzzu =v on (=T,T) x AT.
Then, we find the following estimate to hold:

lull pzery S Nlullzzery + 10l vser)-

2.3. Short-time linear and bilinear Strichartz estimates. Here we record
short-time linear and bilinear Strichartz estimates.

Proposition 2.2 (Short-time linear Strichartz estimates). Let p,q € [2, 00| be such

that % + % = % Then, we find the following estimate to hold:°

HPNe_tHamf”Lf([o,)\Nfl],L‘;) SIPNfllzz-

The analogous linear estimates for the Schrédinger propagator et'*ds« were
proved in [5, 46]. Proposition 2.2 for A\ = 1 follows after projecting to positive
and negative frequencies due to Pye M9z = ¢+t P, where Py is the Fourier
multiplier operator 1.4 ¢>o. The general case A > 1 follows from the scaling argu-

ment. We omit the proof.

Proposition 2.3 (Short-time bilinear Strichartz estimates). Letr > A~! and N >
1. Let m,n2 € R be such that ||&1] — |€2]] 2 N > 0 for & € B(n;,r). Then, we find
the following estimate to hold for f; € L*(AT) with supp(f;) € B(n;,r):

(2.3) ”e_tHa“fle_tHaNf2||L§([O,)\N*1],L§) S N_1/2||f1||L§ [ f2ll 2 -
Remark 2.4. The frequency separation in its magnitude is required.

For the Schrodinger case, it is proved in [45] that Proposition 2.3 holds under
the (weaker) assumption [§1 — &2| 2 N > 0 instead of [|¢1| — |&2]] 2 N > 0. This
is the transversality assumption |9¢h(€1) — O¢h(&2)| 2 N, where h(€) = |¢[? is the
dispersion relation for the linear Schrodinger flow. For the Benjamin-Ono case, this
becomes ||€1] — |€2]] = N as the dispersion relation is h(§) = |£]£. We omit the
proof of Proposition 2.3 and refer to [45].

For Schrédinger equations on compact manifolds, such short-time bilinear esti-
mates for dyadically separated frequencies were discussed in [41, 20].

In most cases, we apply Proposition 2.3 for dyadic frequency interactions. More-
over, we will restrict the time interval [0, A\N~!] to [0, N~!]. One consequence of
this restriction is the gain when a low frequency wave interacts.

Corollary 2.5 (Bilinear Strichartz for dyadic frequency interactions). Let N3 2 1.
Let u;(t, ) = [e~ 9% f;](z) for f; € L3, where i € {1,...,4}.
e (Highx Low) Assume N1 > Ny. Then, we find the following estimate to
hold:

—1/27,1/2,0
1PNy us Py izl 2 o, v 1,220 S Ny 20 full s N fel e

5Note that AN—! is the maximal time scale, on which a wave packet with frequency N cannot
distinguish the domains AT and R.
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e (Highx Highx High— Low) Assume Ny ~ No ~ N3 > Ny. Then, we find
the following estimate to hold:

N;? 4 4
/ / 11 Px.ui(s, ) dads < N{IND/20 [Tz
0 AT ;4 i=1 §

Proof. The first estimate for Ny 2 1 follows from Proposition 2.3 with almost

~

orthogonality. For Ny < 1, we combine Hélder’s and Bernstein’s inequality to find:
1Pyt Py iall o, vy, 22)
—-1/2
SN / ||PN1U1PN2u2||L,?°([0,Nf1],L§)

—1/2

S Ny PPN unll e o, v, 2) I1PN2 U2l e o, 1,250
—1/2,1/2

S NNl s s

We turn to the second estimate. Let ¢ denote a small constant (depending on
implicit constants involved in Ny ~ Ny ~ N3 > Ny). Let I; denote consecutive
intervals of length ¢N; and write Py, = Ejle Pr, Py, where M <1 and Py, is a
(smooth) Littlewood-Paley projector onto the frequency interval I;. Due to M < 1,
it is enough to show

/ 1 / Pr,uq (s, x) Pryus(s, ) Pryus(s, ©) Py, ua(s, ©) dzds
0 AT
(2.4) .
SNV il e
i=1

because the claim follows from crudely summing over the I;.

We claim that for any nontrivial interaction in (2.4), there are i,5 € {1,2,3},
i # j, such that ||| — |§]] 2 N for & € I and & € I;. At first, if (/; and
I,) or (I; and —I3) are not neighboring intervals, we find ||&1]| — [&2|] 2 N for
& € I;. Now suppose that I; and I are neighboring intervals. Due to otherwise
impossible frequency interaction, we find ||€2| — [£3]| 2 N for & € I and & € Is.
The case when I; and —I5 are neighboring intervals is impossible: it would imply
|&1 + &| < 2¢N, contradicting |3 + 4] = N, if ¢ was chosen sufficiently small.

Having settled the claim, we finish the proof. Say (i,7) = (1,2) is a pair of the
indices as in the claim. We apply a bilinear Strichartz estimates (Proposition 2.3)
and the first estimate to find

—1
Ny
‘ / / le u1P12 UQPISU3PN4U4d$dS
0 T
< 1Prun Pryual o vy ) | Py Pl o v )

—1/2 —1/2 1/2,0
<NV NP full e | P fall o Ny 2N 20N Pry a2 | P, fall s

4
S NTINGPOTT Py, fill s

i=1

This completes the proof. (I

We will not treat the case N; < 1 with short-time bilinear Strichartz estimates

~

because Holder’s and Bernstein’s inequality suffice.
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We record the corresponding estimates for U} ,-/V} ,-functions.

Proposition 2.6. Let Ny > 1, Ny > Ny and |I| = N;'. Then, we find the

~

following estimates to hold:
e (Short-time U}, -estimate)
||PN1U1PN2U2||L§(I,L§)
(2.5) < n-1/2771/2,0
SN TN, ||PN1U1HU§O(1)AHPN2U2||U§O(1)A-
o (Short-time V3, -estimate)

([ Pnvyur Pryuz|| L2 r 22
(2.6) N,

—1/2771/2,0
Slog (N PN 2 P vz o, P llvg o ),
e (Linear L{, and LYL} estimates)
(2.7) I Pnvsullzocr sy + [1Pvoullosrey S I1Pvaullvz, (1), -

Proof. (2.5) is an immediate consequence of the atomic representation of UP--
functions; see [18, Section 2] for details. In a similar spirit, (2.7) follows from
||PN2u||L?(I,L§) S ||PN2U||Ugo(1)A S ||PN2U||V§O(I); and likewise for the LjL;-

norm. For the proof of (2.6) we note that
[ Pny w1 Pryunllpzcr 2y < |1Pvyuallzacr o | Prsuell s s
—1/4
<N Y 1Pny wall s ooy 1 Pnauzll s .04y
—1/4
< NPy i oy

< NV Py o

B

oM IPNuzllus (s
o IPnzuzllus )y

by Holder’s inequality, Proposition 2.3, and the transfer principle. Interpolating
(cf. [18, Proposition 2.20, p. 930]) with (2.5) yields (2.6). O

3. PROOF OF MAIN RESULTS

In this section we show how to conclude Theorems 1.1 - 1.3 with short-time
nonlinear and energy estimates at hand. Many of the below arguments are standard
in the literature, where short-time Fourier restriction is used (cf. [23]).

We note that existence of solutions for (rough) H?®(T)-data follows from the
smoothing effect in the energy estimate for smooth solutions and a compactness
argument. We refer to the literature [16] for details, and focus on a priori estimates
for smooth solutions subsequently.

Local-in-time a priori estimates and existence for small initial data in H*(T),
s>1/2:

Let v € C75.([0,T4), T) be a smooth solution to (1.1) with maximal forward-in-
time lifespan [0,7%) and ||up|zs < € for sufficiently small € > 0. Note that the
existence and uniqueness of smooth solutions are ensured by the classical energy
method (cf. [1]). Gathering the linear short-time energy estimate (Lemma 2.1),
the nonlinear short-time estimate (Proposition 4.1), and the energy estimate for
solutions (Proposition 5.1) for A = 1, we find the set of estimates (1.4) for T €
(07 1] n (07 T+)'
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Set X(T) = |02 (u*) || v (1) + lul|g=(ry for T € (0,1] N (0,T%). Thus (1.4) reads
X(T) £ ljwolle + X (T)5" + X(T)*,
Since the function T' — X (T') is continuous, non-decreasing, and satisfies

| o
lim X(T) < Jluoll

(cf. [27, Section 1]), a continuity argument gives
X(T) < lluollme S €

uniformly for T € (0,1] N (0,T), provided that € is sufficiently small.
Note the following persistence property: For 1/2 < s < s’ we find the following
estimates in addition: (see for instance Proposition 5.1)

HUHF*’/(T) S lul B (1) T H’?:vl(uk)HNs/(T),
(3.1) ”aw(“k)HNs’(T) S ||U||Fs’(T)||U| Fﬁ(T),
el iy S Mol + el oyl e iy Nl s g Nl 2 -

This gives

k—1

k
letll oy S Mol e+ el o oy all 22 oy =+ el oo oy Nl o -

oy S X(T) S € is small, we find

Since we know that ||u|

lull por (ry S ol s

uniformly for T' € (0,1] N (0,75). Recall the blow-up alternative (cf. [1]): either
limyr, [|u(t)||gs = oo, or u can be extended beyond T'y. This points out that
T, > 1so we can take T' =1 to get ||ul|ps1) S |luol|ms-

Local-in-time a priori estimates and existence of solutions for arbitrary initial
data in H*(T), s > 1/2:

To extend the previous claims to large data ug € H*(T), we rescale: ug x(x) ==
)fﬁuo()\_lx). Let s. < 81 < 1/2 and set 5 = (s1,s). For sufficiently small
€ > 0, we choose A = A(||luo[m+,€) = 1 such that [lugx[|gz < e by (2.2). For the
corresponding solutions uy on AT, we find

lurllrsery S lualles ey + 102 (@) gy
(3.2) 10=WS) I ngery S Nuallfsry:
2 < 2" k1 2%

We recall that the implicit constants can be chosen independently of A\. The reason
is that the underlying Strichartz estimates and pointwise estimates are independent
of A. This yields like above a priori estimates for uy on [0, 1]

sup flua(®)ll gz < lluoalles
t€[0,1]

with persistence of regularity. Scaling back using (2.2) gives

sup u(t)][ge S X |uol ae-
te[0,A—2]
This proves Theorem 1.1.
Improved local-in-time a priori estimates and existence of solutions in the quartic
case:



LOCAL WELL-POSEDNESS FOR GENERALIZED BENJAMIN-ONO 13

Here, it suffices to show that we can choose T' depending only on ||ug||g1/2-
Let s < s1 < 1/2 and set 5 = (s1,1/2). Choose A = A(||uol| g1/2,€) > 1 such
that [Jug ||z < €. For the quartic case, we have (3.2) uniformly in A, even for
5 = (s1,1/2). Together with persistence of regularity and the blow-up alternative,
we have a priori estimates for uy on [0, 1],

sup [Jux(®)llgrze < lluoall s
te[0,1]

for any s > 1/2. Scaling back, we have

sup u(@)|lze S A |uol|
te[0,A—2]

Since A only depends on ||ug||f1/2, the desired local-in-time a priori estimate is
proved.

Global existence for H*(T)-solutions, s > 1/2, with small H/?(T) initial data,
in the quartic case:

Again, we focus on a priori estimates for smooth solutions u € C¢¥,([0,T4), T)
with |lug||g1/2 < € for sufficiently small € > 0. Recall that the energy and mass

5
Elu] = UHaxudx + [ Y, Mu] = [ v?dx
2 5
T T T

are conserved quantities. The potential energy is small relative to the sum of kinetic
energy and mass:

u® uHOu
| [ o] Sl <l ~ [ 25 o+ [
T T

provided that ||u||z1/2 is small. Therefore, the conservation of mass and energy
yields sup,eor, ) [u(t)l|g1/2 < € provided that e is sufficiently small. Together
with persistence of regularity and the blow-up alternative, we find Ty > 1 and
sup;efo.1) [u(®)|| o < [luoll o for any s” > 1/2. However, the H'/?-norm of u(t)
is uniformly bounded, the argument can be iterated. Thus T} = oo and iterating
[u(n+Dllger S llu(n)] o gives

C
lu@®ll g < e lluoll g

for any s’ > 1/2. This yields global existence in the quartic case. This concludes
the proof of Theorem 1.2.

We turn to the proof of Theorem 1.3. We restrict to the lowest regularity s = 3/4.
Lipschitz continuous dependence in H~1/4:
For small initial data in H3/* say ||u;(0)|/pss < e < 1 for i = 1,2, we can

proceed as follows. Let v = u; — uy denote the difference of solutions w; to (1.1) in
F3/4(1). v is governed by (cf. (6.3))

00 + HOpzv = 6‘%(1)(1/{371 + u’ffzug + .+ ugfl)).

Lemma 2.1, Proposition 4.1, and Proposition 6.1 yield the set of estimates (1.5).
Due to smallness of ||u;|| ps/a(1) < € (by the a priori estimates for solutions), the set
of estimates (1.5) yields

[ollp-141) S I0(0)[[ 7715
The previous argument can be extended to the large data case paralleling the
arguments for the a priori estimates. Let s, < s1 < 1/2 and set 5 = (s1,3/4).
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Choose A sufficiently large such that [u;x(0)[| gz < e < 1. We find the following
set of estimates independent of \:°

loallp—s S loallgzs + 10s(oay ™)l ye-s
19 (x-S Noallpg-s (lun sl + s all )
loales S ToaO) s + loales (s all g + luzall g2,

By the a priori estimates for solutions, |luj x| ps(1) < €. This smallness yields

sup [loa(®)]l gz-1 S lloall pr=1¢1y S Noa(O)]] -1
t€[0,1] A A A
Scaling back yields
1
sup o)l g-1a S X TE[0(0)]| gg-1a-
te[0,A—2]
Since X only depends on the H3/4-norms of initial data, this yields Lipschitz con-
tinuous dependence in H /4,
Continuous dependence in H3/*:
Lastly, we prove continuous dependence with the Bona—Smith approximation.
Let s, < s1 < 1/2 and set 3 = (s1,3/4). Lemma 2.1, Proposition 4.1, and Proposi-
tion 6.1 read

ol pz S 10z (vu =Y [ ns + vl s
10z (vu*DIns S ollps(llunllps + luallps)* 1,
1] % S w017 + [l (vl ey + lluzllmg)
Holl pgllvll ps= [l pees (0l g + luzll 7g)* 2
Hlvll s (lvll g + lluzll7p)* 2
Holl pglloll gz lluzll g (0]l g + lluzll mp) 2

Consider a H3-Cauchy sequence of smooth initial data uf € C°°(AT) with
|ug ||z < e Note that this smallness can be assumed thanks to the scaling ar-
gument. Due to the smallness of Hj-norm, we can define S{°(uf) by the classical
solution to (1.1) with initial data u{, on the time interval [0,1]. By the density
argument, it suffices to show that S°(uf}) is a Cauchy sequence in C([0, 1], H3).

To show this, we start from writing

ST (ug) = S7%(ug') = (S77(ug) = S7%(ug <n)) + (ST7(ug <) = S1°(ug <n))
+ (ST°(ug < n) T (ug")),
where f<y denotes P<y f and N > 1 will be chosen large. For the first (and third)
term of (3.3), temporarily denoting v = S7°(ug) — ST°(ug <), we use the above
set of estimates to get

ol Frry S Mt s wllEg + 10l ey €7+ lollmsy vl -1 0y NeE

where the factor N comes from the persistence estimate
(157 (ug <)l

The above loss of N is balanced by the Lipschitz dependence in Hi_l:

FEHi(1) N Hug,gN”Hfﬂ S N||Ug,§N||H§ < Ne.

oll -y sl S Nl

6T — 1 is omitted in the estimate for brevity.
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Therefore, smallness of € implies
157° (ug) = S7°(ug < n)ll 51y = [l

uniformly in N and n. As u{ is a Cauchy sequence in H;, we have

F3(1) S ||U61,>NHH§’

sup ||S1OO(“8,3N) - S1°°(“8)||C([0,1],H§) — 0 as N — oo.

The second term in (3.3) is bounded by the standard energy estimate’
HSfo(ug,gN) - Sfo(ugng)HC([o,l],H;") S ||Sfo(ug,g1v) - Sfo(ugng)HC([o,u,H;)
S NN Pan(ug — ug)ll
S NN ug = ug || iz

Thus, for any N, this term converges to zero. This concludes that ST (uy) is a
Cauchy sequence in C([0,1], H). The proof of Theorem 1.3 is completed.

4. NONLINEAR ESTIMATES

The main purpose of this section is to propagate the nonlinearity in short-time
function spaces:

Proposition 4.1 (Nonlinear estimates). Let T € (0,1]. Then, there is s < 1/2
such that we find the following estimate to hold:

k k
(4.1) ”ax(H w)l Nyery S H lwill 7z (1),
=1 =1

provided that 0 < s1 < 1/2 and sy > sk, and we denoted 3 = (s1, 82).

In Section 4.1, we prove Proposition 4.1. In Section 4.2, we estimate the non-
linearity in the smaller space L}L2; see Lemma 4.3. This aids in simplifying the

x)

energy estimates in Sections 5 and 6.

4.1. Short-time DU3,-estimate. In this subsection, we prove Proposition 4.1.
After localizing the frequencies of the u; and the output frequency, we reduce the
proof of Proposition 4.1 to estimates of the following kind:

HPN(?E(PNlul . 'PNkuk)”DU%o(I),\ < C(N, Nl, .. .,Nk)

~

k

[T sw Pl o
i—1 Li€[0,T7], UZoTi)x0

[Li|=nN;!
where I C [0,7T], |[I| = N~ C(N,Ny,...,Ny) is a constant allowing for dyadic
summation after adding frequency weights giving (4.1).

By symmetry and otherwise impossible frequency interaction, we can suppose
that Ny > Ny > ... > N and N; ~ N,. We give an overview of the arising
frequency interactions.

e Firstly, suppose that N ~ N; with Ny 2 1.

— If Ny < Ny, we apply Holder in time and a bilinear Strichartz estimate
to ameliorate the derivative loss. The remaining factors are estimated
with pointwise bounds. In the following cases, we do not mention the
application of pointwise bounds to the remaining factors.

(4.2)

"In the following estimate, C' = C(k) varies line by line.
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— If Ny ~ Ny > N3, we can apply two bilinear Strichartz estimates after
dualization.
— If Ny ~ Ny ~ N3 2 N4, we use Holder in time and linear Strichartz
estimates on the high frequencies to estimate the interaction.
e Secondly, suppose that N < Nj with N; 2 1. Due to otherwise impossible
frequency interaction, we can suppose that Ny ~ Ns.
— If Ny ~ Ny > N3, we apply two bilinear Strichartz estimates after
making use of duality.
— If Ny ~ Ny ~ N3 > Ny, we still apply two bilinear Strichartz estimates
as observed in Corollary 2.5.
— If Ny ~ Ny ~ N3 ~ Ny, we use linear Strichartz estimates and Hélder’s
inequality to estimate the interaction.
e Finally, suppose that N; < 1. We merely use Holder and Bernstein’s
inequalities.

Lemma 4.2 (Short-time DU3,-estimate). Let T € (0,1] and Ny 2> ... 2 Ni. The
constant C(N, Ny, ..., Ny) can be chosen as follows:

e Case A: N~ N; 2 1.

Ny O TT N2 if Ni>> Na,
C(N,Ni,...,Ni) S { log(NYNAPOTTE_, N2 if Ny ~ Ny > Ns,
[Ty v;/° if Ny ~ N3 ~ Ns.

e Case B: N <« Ny ~ Ny with N1 2 1.

log(N1)Na/2OTTE_, N2 if Ny > N3,

C(N,Ny,..., Ng) S N¥20 jog(Ny) T]E_, N}/ if Ny ~ N3 > Ny,
NOL/2TTE NI/ if Ny ~ Ny.

e Case C: N; < 1.

k
C(N,Ny,....Ny) S NV N2
i=1
Proof. Case A: N ~ Ny 2 1.
Subcase I: N7 > N;. We claim that (4.2) holds with C'(N,Ny,...,Ny) =
N/20 e, N2 We use the embedding L'(I, L2) < DU%,,(I),, Holder in time,
bilinear Strichartz (2.5), and pointwise bounds to find

1PN Oz (Pn,ur - .. Prug)l puz )y

S NPy (Pyyur - .. Prvug)|| Lo z2)

S NV Pyyun o Prurl 2,2
k

< NY2|| Pyyus Pryusl| 2y [ [ IPvwill s 7,050
1=3

k k
1/2,0 1/2
,SNQ/ (HNi/ )H sup ||PNUiHU§O(Ii)x
i=3 i=1 ‘I”%[(;VT_]l
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Subcase II: N3 ~ N3 > N3. We claim that (4.2) holds with C'(N, Ny,...,Ny) =
log<N>N§/2’0 Hfﬂl Nil/g. We use duality (cf. [18, Proposition 2.10]) to write
k
(4.3) 102(T T Pvui)llpoz, )4

i=1

S

= up
v =1
” HV}%OU))\

// (0xPnv(s,x)) Py, ui(s, ) ... Py uk(s, x)dzds|.
1Jar

As in Corollary 2.5, either PyvPn,u1 or PyvPp,us are amenable to a bilinear
Strichartz estimate (after breaking the frequency support into intervals of length
¢N for some ¢ < 1). Say we can use the bilinear Strichartz estimate for Pyv P, ug.
Then we find using (2.5) and pointwise bounds:

(43) SN sup |[PyvvPn,uillpz(rr2) [ Praue Pryusllnzorn2)

lollyz, =1
k
1112w willge (1,050
1=4
k k
1/2,0 1/2
Slog(N)N;2 (TI N2 TT s IPwuillos, s
i=d i=1 1C[0.T],
II\:Nfl

Subcase IIT: N7 ~ Ny ~ N3. We claim that (4.2) holds with C(N, Ny,...,Ng) =
Hf:3 Nil/z. Indeed, we use the embedding L'(I, L3) < DU%(I)x, Holder in time,
and L -Strichartz (2.7) to find

| PN Oz (Pryua - .- Pyyun)l puz (s

S N|Pyvyut - Prvyuellpirnz)

< N1/2HPN1u1 ... PNkUkHLf(I,Lﬁ)
. k
< N2 H [P, will Lo 7,6 H 1P, il e 2. 250)
i=1 i=4
k

k
S(HMW)H sup || Py, uilluz (1, -
=3

i—1 Li€[0,T7],
[i|=N;!
Case B: Ny ~ Ny > N, N; 2> 1.
In this case, we have to increase the time localization matching the highest
frequency.
Subcase I: N7 > N3. We claim that (4.2) holds with C(N,Ny,...,Ny) =
N3/2.0 1og<N1>N§/2’O 1 N2 Indeed, we use duality to write

=4 "1

1PN 02 (P, us -« Payug) | b, (1),

= sup // (0xPnv)(s, ) Pnyui(s,x) ... Py, ug(s, x)dzds
1JAT

”'U‘lvéo(jb\:l

< sup Z ’// (0xPnv) (s, 2) Py, ui(s, ) ... Py, uk(s, x)dzds
g1, 1Jadar

H”‘|VJ§O(1))\=1
|J|=Ny !
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For an interval J C [0,T] with |J| = , we estimate the above integral by

1(0x Pnv) Pyvyua - - . Py uk 1 g,2)
k

S @2 Prvo) Prv,ua |l 22,020 | P Py uall 202y T 1Pl e (.50
=4

S Ny log(N)NY2ONG 2010, Prollva ), H 1Pnwilluz o )

1
HN P Pyuills, (s

The claim follows from replacing d, by N and summing over J C I, |J| = Ny L
which loses N>—1N;.
Subcase IT: Ny ~ N3 > Ny. We claim that (4.2) holds with C'(N, Ny,..., Ng) =

N3/2010g(N) 15, N2 Indeed, we notice that as in Corollary 2.5, (after break-
ing the frequency support into intervals of length ¢N for some ¢ < 1) there are two
frequencies among N7, No, N3 for which the bilinear Strichartz estimate applies.

Thus the same proof as in Subcase B.I works.
Subcase III: Ny ~ Ny. We claim that (4.2) holds with C'(N,Ny,...,Ny) =

N3/21/2[T5_ N2, We use the embedding L'(I,L2) < DUZ,(I)x, Hélder in
time, and Bernstein to find:

1PN e (Py,us - .. Pyuk) |l puz, )y
S NPy (Pryus - PNkuk)”Ll(IL )
< NN sup 1P (Pryun -« Pryug )|l s,22)

JCI,
[ JI=N1"
1/2
< Nl/ N3/212 sup  ||Pynug ... Prukllpzcroyy-
JCI,
| Jl=nNy
For an interval J C [0, 7] with |J| = Ny !, we estimate the above L% L}-norm using

L8L2-Strichartz (2.7) and pointwise bounds to find

[Py - Pyl 22,01y

4 k
< sup || P willzs(r,, 04 sup || Py, uillpe 1,
;l_[lIlC[OT, ' Lt(I“L);lI)I <lo,7), ' Pt
|I;|=N; [1;|=N;"
NI/Q)( sup || Py, sl )
(H HIC[O,T], Vot
|I;|=N; "

The claim follows from substituting this bound into the above DUZ(I)x bound
with N1 ~ N4.
Case C: N; < 1.
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Note that N < N; < 1. Thus we may assume that I = [0,7]. We use the
embedding DU%,(I)x < L}(I,L3), Holder and Bernstein’s inequalities to find

| PnOx (P, uy - PNkuk)|‘DU]23()(I)>\
S NPy ... Pryukllpyrce)
k

S N||PN1U1||L§C(I,L§) H ||PNiUi||L§°(I,L§<>)
i=2

k
S NI N2 Pruillus, o)y -
1=1

This completes the proof. (I

Proposition 4.1 follows from Lemma 4.2 by summing over the Littlewood-Paley
pieces. We remark that one should use the gain (e.g. 1\721’0 in Case A.L) for low
frequencies < 1 under the condition s; < 1/2. We omit the proof.

4.2. L}L2-estimates. In this section, we estimate the nonlinearity in L} L2. Due
to the embedding L} L2 < DU3,, the L} L2-norm is never smaller than the DU -
norm. Indeed, if one uses Lemma 4.3 (see below) instead of Lemma 4.2, then the
short-time nonlinear estimate follows only for so > % However, L} L2 is well-suited
for the product estimate (e.g. [|fgllrirz S 1fllziz2ll9llzgs,)- This helps us to deal
with the spacetime error terms in Section 6.

We start with the short-time L} L2-estimate of each Littlewood-Paley piece.

Lemma 4.3 (Short-time L} L2-estimate). Let T € (0,1] and N1 = Ny = - -+ = Nj.
We find

sup |PN O (Pnyus ... PNk“k)”L}(I,Li)
IC[0,T), [T|=N-1 ’
1/2,0 17k 1/2 11k -
< Nl’ONz/O 1};:031\%/ '1}2:1 HfN'iui”F)(\)? if N~ Ny > Ny,
~ 1’ s .
N1/2N1 Ny Hi:4Ni 'Hi:1HPN«Lui”Fg if Ni ~ Nz 2 N.

Proof. By the proof of Lemma 4.2, it suffices to deal with Cases A.II, B.I, and B.II.
Case A.ITl: N ~ N1 ~ Ny > N3 with N 2 1. We use Hoélder in time, bilinear
Strichartz, and pointwise bounds to find

1PN Oz (Pryua - .. Pyyur)l Ly r,n2)
k

S NY2| Pyyun || nse (1,050 | Pvoua Pagus 2 ,ez) [T I Pavwillee .2
=4

k k
< N1/2N31/2’0 HNi1/2 : H [P, il o
i=4 i=1

Case B.I: We consider the case N; ~ N > max(N, N3) with N; > 1. Here we

~

need to increase time localization. Decompose I into O(N%~1Nj)-many intervals
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J of length N !, We apply Bernstein and bilinear Strichartz to find
1PN o (Pyyu - - Pryur) |l Ly ,22)

< N3/2HpN1u1...PNku;ﬂHL%(J,L;)

k
< N¥2N{H Py, us Payusll 27,020 | Pro o P, sl 120,22 [T 1Pxwill oo r.o5e)
i=5

k k
< <N3/2Nf1N§/2’ONi/2’O H Nil/z) H ||PNiUi||Fg~

=5 i=1

The claim follows from summing over J C I, |J| = Nl_l, which loses N~ 1N;.

Case B.IT: We consider the case N3 ~ Ny ~ N3 > max(N, Ny) with N > 1. As
in the proof of Lemma 4.2, there is a pair of frequencies among N1, Ny, N3 amenable
to the bilinear Strichartz estimate. Say N7, N3 is such a pair. One then proceeds
as in Case B.I. This completes the proof. O

We turn to the L1 L2-estimate of the nonlinearity. For later purposes, we esti-
mate each Py-portion of the nonlinearity, i.e., Py, (u*). Due to High x High—Low
interaction, we cannot say that Py0,(u*) = (PyO,u)uf~1. However we want to
ensure Py0,(uF) < eyuf~!, by introducing some (3 -sequence cy that mimics
|P<nu||po and also incorporates frequencies other than N. This is related with
the frequency envelopes in [48].

Let 3 = (s1,82), 0 < 81 < 1/2 < 89, § == min(% — 81,82 — %,l—éo), and s’ €
{=1} U [0, 00). Define for dyadic N

(44) N = | Puyvllpg + NO 0 Nl e
‘We use short-hand notation
c(u,g) _ C(u,?,O)
N  —Cn .
Set
(4.5) Ay = N R
. N = N .

Due to § > 0, we have a ¢4 -summation property

(4.6) 1dS = s, < 0]

s+s! .
Fy

Lemma 4.4 (L} L2-estimate). Let T € (0,1]; let 3 = (s1,52), 0 < 51 < 1/2 < 59,
§ = min(3 — s1,82 — 5, 75), and s € {=1} U[0,00). Then we have the Li.L2-
nonlinear estimates

1P 0 (v Y| 10,7722

5,—1 .
o flullppely™ ™Y if ' =—1,
F§

< N1/20 LY _,
S ull g+ 5 ol gy if s> 0.

Jul

Remark 4.5. Lemma 4.4 can be viewed as
PO, (vu* 1) = (Py0,v)u* 1 + (PnOyu)vut2,
provided that v € Fffl and v € F; for s = —1, or v,u € FEJFS/ for s/ > 0.

We need to choose a function space to make sense of ~. The crude choice L{°L?2
rather than L} L2 would work for sy > %, but it seems difficult to reach sp > % due
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to problematic HighxHigh—Low interaction of vu. In order to reach s > %, we
choose a slightly larger space L} L2.

Remark 4.6. These estimates will be used in the energy estimates for the differences
of solutions. The case s’ = —1 will be used for the Lipschitz estimates in a weaker
topology; see (6.7). The case s’ € {0,1} will be used in establishing continuity
estimates; see (6.8) and (6.9).

Proof of Lemma /.4. For technical convenience, let us give a proof only for 1/2 <
sg < 1. The case sy > 1 is in fact easier, because we have higher regularity.

We decompose [0,7] into O(N%!)-many intervals of length ~ min(N~1, 7). It
suffices to show the estimates

(47) ||PN8 (Uu )HLl(IL )NN1/2 OHUHk 1 5\1;:,, )7

pg + ") o]l )

b2 (™ lul

(4.8) | PN O (UU )HLl(IL ) S

uniformly for I C [0, 7] with |I| = min(N 1, T). Fix such I. We will estimate each
piece

(49) ||PNaac(PK'UPK1U-~-PK;C,1U)||L%(I7L§)
and sum over K, K1,...,K;_1. Denote by Mjy,..., M} the decreasing rearrange-
ment of K, K;,...,K,_1. Due to otherwise impossible frequency interactions, we

consider two cases: (Case A) N ~ M; > My and (Case B) M7 ~ My 2> N.
Case A: N ~ My > M. Recall from Lemma 4.3 that

k k—1

1/2,0 1/2
(4.9) S N 2O (T M) | Pacollrg T
=3 =1

Subcase I: K = M;. We find

k—1
(4.9) £ N O Picoll g TT 1Ps,ll o
i=1
Summing over Ki,..., K1 and K ~ N yields both (4.7) and (4.8). (Recall
1
51 <5< 52.)
Subcase II: K € {M,..., My}. Note that K; = M; ~ N. We find
k—1
1 _s51,—(s2+s'
(49) g ]\/vLO||PK1u||F)‘\)I(2 ) (52 )”PKU”F§+5’ H HPK1’U’||F>1\/2
i=2
We sum over K, Ks,...,K;_1 and then use K1 ~ N. If & = —1, then this

sums to N3751 252+1Hv|Fa 7

to N300 P g o] ellull 2, vielding (4.5).
Case B: My ~ My 2 N. Recall from Lemma 4.3 that

(4.9) S (N0 >0 HM”Q) ol T WPl
i=1

Subcase I: K € {M;y, My}. Note that {K, K1} = {M;y, M2}. We find
k—1

FE ||PK1U||F§ 1_[2 ||PK¢“HF§/2'
i

Fg , vielding (4.7). If s > 0, then this sums

(4.9) S NEM 2 b2 pry |
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Since s > 5 Land s’ > —1, we have —2s9 — s’ < 0. Separately considering the cases
N < 1and N > 1, this sums to N2-—25275'+2 ||U||Fs+s s = ! yielding both (4.7)
and (4.8).

Subcase II: K € {Ms, ..., My}. Note that {K;, Ko} = {My, M>}. We find

(19) S NV Py

Fere | Pyl pg
k-1
. .
x K275t (52+J)||PK’U||F§+J' H ||PKZ.U||F>1\/2,
i=3
where j,¢ € R. Choosing j = —1 and ¢ = 0, the above sums to

N2 73243 o] o ul 5

yielding (4.7). Choosing 7 = 0 and £ = ¢’ > 0, the above sums to

N

wellull e 3,

yielding (4.8). This finishes the proof. O

5. ENERGY ESTIMATES
The purpose of this section is to propagate the energy norm.

Proposition 5.1 (Energy estimates for solutions). Let 0 < s1 < 1/2 < s9 and
set 3 = (s1,82). Let s’ > 0. Then there exists € = €(3) > 0 with the following
properties: (denote 3(e) = (s1 +€,82 —¢€))

e If s > 1 and u is a smooth solution to (1.1) on [0,T] C [0,1], then we

have
51 gy € Moo+ Iy (gt 2
e If so =% and u is a smooth solution to (1.1) with k =4 on [0,T] C [0,1],
then we have
62 Nl gy S ool + Dol gy el + 12552 )

Remark 5.2. The case s’ > 0 corresponds to the persistence of regularity estimates.

Remark 5.3 (Besov version for £ > 5 at sy = 1/2). If u is a smooth solution to
(1.1) with k& > 5, the argument of the proof of (5.2) gives the estimate

k+1

Jul s,

<
o S ol

2 2k
E;l/\’lm + ||U| F1571)\+E,1/2(T)'

2 iy + Il

In the above display le /2 Efxlp(T), and Fil;s’l/z (T') denote 1-Besov variants,
ie.,

[ull gorirz oy = 1P<1u(O)] gorarz + >NV sup || Pyu(t)lz,
b N>1 t€[0,T]

and likewise for le’l/2 and FSI’I/Q( T).

To prove Proposition 5.1, we have to estimate the E§+s/—n0rm

el s gy = IP1O) s + 30 N2 Pl o1
N>1
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Since the low frequency part (< 1) is only written in terms of the initial data,
it suffices to consider the high frequency part (> 1). Instead of estimating each
N2(32"’S/)||PNuH%%OLi (having the symbol N2(52+5)32 ) directly, it is more conve-
nient to estimate a variant of N2(52+S')HPNu||2L%QLi with slowly varying symbols,
which are smoother in a sense.

More concretely, we consider the following set of symbols:

St = ot N 2 1),
a3 (€) = NI (1 - x(4g/N)).

In what follows, we use short-hand notations ay = af\?“/ or a = ay. These
symbols satisfy the following properties (uniformly in N = 1):
e (Vanishing) an (&) = 0if || < N/4.
e (Comparison with Sobolev weights)
an(§) = N*C2+D for €] > N2,

(5:3) S an(e) S JgfPet),

N>1

o (Regularity) [0%an (€)] Sa max(N2(27) ay (€))(€)~* for [¢] > N/4.

For a € $%2*%' we define the generalized Sobolev (semi-)norm
1 . . "
[u®lf =3 3 a©lat. &P = [ ateitt. it gars,
EEZ/A 3

where the real-valuedness u = w is used in the last equality. The measure F’; on
{(&1,...,6) € xE Z/X| S8 & = 0} is defined via pullback:

)\k 1
E1yee€k—1€ZL/N

/rk f(&ry. o, &)dT = 1_ S fG &&= = &),

Following [28, Section 6] we compute by the fundamental theorem of calculus and
symmetrization

l[u(t) 71
t

= HUOH%—IU. + C/ /k+1 A&,y Eerr)a(s, €1) - ﬁ(s,§k+1)dF§+1ds
o Jr¥

= |luollFa + CRi(u,t),

where
k+1
A&, k) = Y al&)s
i=1
This symmetrization can be viewed as a multilinear version of the integration
by parts in space. As the symbol & — a(§)€ is odd, Ag(&1, ..., Ek+1) enjoys better
bounds than a(;)&; on the diagonal set I‘i“. For instance, when (£1,...,&k+1) €
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DiH satisfies [€1] ~ |&| 2 (€3] 2 -+ 2 [€k41], we have

(5.4)  Ap(&ry-- o 8kr1) = al&)é1 + a(62)ée + O(a(és)|€s])
= a(§1)(& + &) + (a(§2) — a(—£61))&2 + O(a(é3)|€3])
= O(a(&1)[&]),

which is better than the crude bound a(&1)|&1].
The symmetrization by itself does not make use of dispersion. To observe further

smoothing effects from the dispersion, we change to the interaction picture via
o(t, &) = €l q(t, €) to find

(5.5) Ri(u,t)

t
- / /FM e ) A (&, ey )D(5,&1) - (8, Gpgr AT ds,
0 A

where y is the k-resonance function
E+1

Q(&ry oo hn) = > Giléil.
=1

For frequency interactions such that Qg(&1,...,&k+1) is large, i.e., the nonreso-
nant interactions, we can use that e*** rapidly oscillates by writing e~ "% =
(—iQ%) " 0se 7 and integrate by parts in time. See for instance Lemma 5.6.

In previous works on the Benjamin-Ono and the modified Benjamin-Ono equa-
tion (see [42, 44] for details), we have

1Q2(&1,82,&3)| ~ 6283,

Ap(§1y -5 &) | o al6r)
Qk)(gla"wgkﬂ‘l) ~ |€1|

In particular, in case of kK = 2, frequency interactions among mean zero functions
are always nonresonant. In case of k = 3, there are nontrivial resonant interactions,
but the multiplier Ay also vanishes simultaneously.

In case of k£ > 4, the multiplier A; does not necessarily vanish for resonant
interactions. However, we show that Ay specialized to resonant interaction satisfies
better bounds than (5.4). It turns out (Lemma 5.5) that we have a decomposition

A = b, +c,

vk € {2,3}.

such that
bl S a@)l&nl™ and |e| < (al€n)l&] ™€l + al&s)) [€s]-

Thanks to (5.3), Proposition 5.1 follows from summing over N the following.
Lemma 5.4 (Estimate of each |jul|
5.1. Let ay € §%2%5" for N > 1.

o Ifso > 1/2, there exists € = €(5) > 0 such that we have the estimates

sup Ry (u, )| S N™(||ul
t€[0,T]

QLOOHQN ). Assume the hypotheses of Proposition
T A

k+1 2k
FEO (1) + |u| F;'1+e,1/27£(T)).

o If k=4 and sy = 1/2, there exists € > 0 such that we have the estimates

. < 2@ 3? N—¢ 27 , 6 .
300 1Ras )] S el oy gy + Nl gy 0 o



LOCAL WELL-POSEDNESS FOR GENERALIZED BENJAMIN-ONO 25

Here, we recall that 5 = (s1, $2) and 3(€) = (s1 + €, 82 — €), and used the notation

(5.6) lullfon gy = N2C=50 37 sup [Pty )
x N ICo.T],
T I=W) T

Henceforth, we focus on showing Lemma 5.4. In Section 5.1, we give details of
the above decomposition of Ay. In Section 5.2, the contribution of bQy in Ry (u,t)
is handled in a favorable way through integration by parts. In Section 5.3, the
contribution of ¢ in Ry (u,t) is estimated. We do not integrate by parts in time, but
we can use the bound of ¢ in (5.8), which is better than the integration by parts in
space bound (5.4).

5.1. Decomposition of Aj. The aim of this subsection is to detail the decompo-
sition of Aj: Lemma 5.5

Let us introduce some notations. Let Ny,...,Nzi1 € 22N (A1 00). For
+1,...,Fp41 € {+,—}, define

D:|:1N1,-~-7:|:1c+1Nk+1 = {(517 s a€k+1) € Zk+l/>‘ :
+,& >0, ‘€z| ~ N;,1 € {1,...,]{;4—1}}

with the exception to take & < N; for N; = A71. We then define the set
Dy, ... Ny, relevant to the frequency interactions:

._ . k+1
s Ngp1 = U {Dilva---vik+1Nk : Di1N1,---7ik+1Nk nry # 0,

il)"'aik+1 € {+7_}}

In other words, Dy, ... N, is the union of rectangles on which nontrivial frequency
interactions can occur.

Lemma 5.5 (Decomposition of Ag). Fiz a = ay € Ss2ts" for N > 1. Let Ny ~
Ny 2 --+ 2 Nii1. Then, there exist b and ¢ defined on Dy, ... N, salisfying the
following:

(1) (Decomposition of Ay on T5*") We have

A, =00, +c¢c on F’f\“ N DNy, Niys -
(2) (Symbol regularity) For ai,...,ars1 € Ny, the symbols b and c satisfy®
(57) |a?11 ak+1b(§l7 v >§k+1)| A0y O 1 a(Nl)Nle_ay

Ek+1

(5.8) |98 ... 0k  e(ér, - €rr1)] Sarvonss (@(N1)Ny ' N3 + a(N3))Ns N~

fk+1

where we denoted N~=* = Ny ' ... N, .
(3) (Support property of ¢) c is supported on the region where Ny ~ Ny.

Proof. For the symbol regularity, we only show the pointwise bounds of b and ¢ on
Ff\“ NDny,...,Ny,, for simplicity. The symbol regularity estimates on the larger set
Dny,,.... Ny, follow from deriving the explicit representation formulas of b and c¢; see
for instance [28, Proposition 6.3].

We can suppose that N; 2 1 as for N; < 1 due to vanishing property of a on

low frequencies Ay = 0, and we can set b = ¢ = 0.

8Tn fact, when a = ay € S°2 and N1 ~ N, then one should replace a(N1) by N252 because
a(N1) itself may vanish. The same remark applies for a(N3), and other estimates having upper
bounds in terms of a(N1) with N1 ~ N.
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We proceed by Case-by-Case analysis.
Case A: N3 > Njy.
In this case, there are only nonresonant interactions; we claim that

(5.9) [y Ehrr)| ~ N1Ng ~ [Q3(&1,£2,83)]-

By otherwise impossible interaction and symmetry, we can suppose that & > 0,
2 <0, & < 0. We compute using {1 = —(§2 + &3) + O(Na)

Q€. &) =68 — & — & + O(NF)
= 2683+ 2(& + &) - O(Ny) + O(NF)
= 2863 + O(N2Ny).

Since N3 > N4 and Ny ~ Ny, we have
[ (&1, &hr1)| ~ NiNg ~ [Q3(&1, &2, 83)]-

Having settled the claim, we set b and ¢ by

The estimate of b follows from (5.4) and (5.9).

Case B: Ny ~ Ny > N3 ~ Njy.

Due to otherwise impossible interaction and symmetry, we can suppose that
& >0,& < 0. Choose £ € {4,...,k+ 1} such that Ny ~ Ny > N3 ~ Ny > Ny
(set Niio =0 when £ =k +1).

Subcase I: &3...,& have the same sign. By & > 0 and & < 0, this means
&3,...,& < 0. Then, the following computation shows that this case is nonresonant:

O =& — & + O(N3)
= (& —&)(—&— - — &+ O(Ney1)) + O(N3) ~ Ny N3,

where in the last inequality we used the fact that &3,.. ., &, have same sign. There-
fore, we set
A
bi==" and c:=0.
Qe

The estimate of b follows from (5.4) and 2 ~ N1 Ns.

Subcase II: &3, ..., & have both positive and negative signs. This case is similar
to [28, Proposition 6.3]. By symmetry, we may assume &3 > 0 and & < 0. We first
observe that

Q=& — & +& — &+ O(N3)
= (61— &) (& + &) + (& — &) (=61 — &2 + O(N5)) + O(N?)
= (&1 — & — & + &) (& + &) + O(N3N5)
= —2(& + &) (&1 + &) + O(N3N5).

We define a smooth function (because a is even and smooth)

o€ = "I sty that Jg(e, )] < atma(el o)
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and observe

a(&1)ér +a(§2)é2 = q(61,&) (61 + &2) = —M(Qk + O(N3Ns)),
a(€)65 + al€)Es = —q(€s, €4)(E1 + &0 + O(Ny)) = Q‘fffg))m + O(N,Ns)).

Thus
A = a(§1)& + -+ +a(€a)éa + O(a(Ns)Ns)

— 2602~ 0L ©)0, 1 O(alN)N] NN + (Vo) ).

Therefore, we set

_ a(&3,84) — q(&1,62) A
b= 2 T £1) and c¢:= A, — bQy.

The estimate |b| < a(N;)N; ' follows from |q(&3,&4)l, |q(&1,&2)] < a(Ny). The
estimate for ¢ is immediate.

Case C: N1 ~ N2 ~ N3 ~ N4.

Subcase I: Ny > N5. Due to otherwise impossible interactions and symmetry,
it suffices to consider the following two cases: the four highest frequencies contain
(i) three positive and one negative frequencies (say £1,£2,&3 > 0 and & < 0); (ii)
two positive and two negative frequencies (say £1,&3 > 0 and &2,&4 < 0).

The case (i) is nonresonant:

Q=G+ +& - +0(N2)
=142 (E1+&+E&+O(Ns)2+0O(N2)
= —2(£189 + &2&3 + £361) + O(N N3) ~ N3,

where in the last inequality we used the fact that &£, &5, €3 have same sign. There-
fore, we set

The estimate |b| < a(Ny)Ny ' follows from |Ax| < a(N7)Ny and Q, ~ N7
The case (ii) is similar to [28, Proposition 6.3]. Proceeding as in Case B.II, we
have

Qp = — (&1 — & — & +80) (61 + &2) + O(N3N5),
a(€)é + -+ ala)éa = (91, &2) — (€5, 6)) (& + &2),
a(§5)8s + -+ a(€k41)8k+1 = O(a(N5)Ns).
If we define a smooth function (because 0:q(&,n) = —0,¢(&,n))

q(&laf?) - q(£3a€4)
§1— & — &+ &

(€1, €2,€3,64) = such that |r| < a(Ny)Ny ',

then
Ap(€ry oo &) = 7(61582,63,84) (&1, - -+ &) + O(a(N1)N5s).

Therefore, we set

b(glv"'agk—i-l) = T(§17£27£3a€4) and c¢:= Ak 7ka
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Subcase II: Ny ~ N5. In this case, we set
b:=0 and c = Ayg.
The estimate of ¢ follows from the crude estimate |Ay| S a(N1)Ni.
This completes the proof. ([

5.2. Contribution of b(;. The goal of this subsection is to estimate the contri-
bution of b2 in Rg(u,t): Lemma 5.6. We integrate by parts in time. The case
k = 3 is detailed in [42]. Here we deal with general k.

Lemma 5.6 (Contribution of bQy). Let T € (0,1] and 0 < s3 < 1/2 < s5. For
sufficiently small € > 0, we ﬁnd

(5.10)  sup
t€[0,T) Ny~Nos > >Nt

b1y &) &y - Eprr)

Fk+1

k+1

< [T xv: (&)a(s, &) dr5*ds
i=1

SN™ EHUHQ s(s)+s (||“| e1+e 12— T ||u\ 2’111 1/2— s

where we recall that 3 = (s1,$2) and 3(e) = (51 + €, 52 — €).

Remark 5.7. We remark that s = 1/2 is included in Lemma 5.6. Moreover, it is
possible to lower the threshold for so slightly. Thus the contribution of b2y is not
the source for the restriction sg > 1/2 in our energy estimate (Proposition 5.1).

We first estimate each Littlewood-Paley piece.

Lemma 5.8 (Integration by parts in time). Let T € (0,1]. We have the following
integration by parts in time estimate:

k+1

//pk+1 fl,...,fk+1)Qk(§1,...,§k+1 HXN fz fi)drk+1ds

sup
t€[0,T]

S al (H N H | Pxcullizomy 22 )

a(Ny)Ny N3 sup // Py, (u HPNudxds|
AT

te[0.T] i#]

Remark 5.9 (Separation of variables). In what follows, we need to estimate the ex-
pression of the form [x+1 b(&1, ..., &pt1) Hkill Z-(&)dl"’f\“. We will simply estimate
A

K2

this by [|bllz~ [\y Hf:ll i(z)dz. By the symbol regularity (5.7), b(&1,. .., &k+1)
has a rapidly converging Fourier series, say Eb>\1,,,,,Akﬂei(’\lfl‘*‘""“’\’““fk“) with
rapidly decaying coefficients by, ... x,,,, Where the summation ranges over A;’s in
Ni_lZ. As the modulation on the Fourier space corresponds to the translation
on the physical space, estimating frk+1 b(&1, ., &kt1) Hf;l ;. (&)df’;ﬂ essentially

reduces to estimating [[b]|z~ [\ Hfill i(x)dx, as long as our estimates are trans-

lation invariant. This can be justified in this paper because we rely on frequency
interactions, and our arguments do not depend on how functions are distributed in
physical space. For a detailed discussion, see [50] and [9] in the context of dispersive
equations.



LOCAL WELL-POSEDNESS FOR GENERALIZED BENJAMIN-ONO 29

Proof of Lemma 5.8. Changing to the interaction picture by introducing

B(s, &) = eI¥%q(s, €),

we need to estimate

(5 11)
k+1
/ / 7ZSQk('£17 ,§k+1 (517---7§k+1)Qk(§1,--~,5k+1 HXN 51 S gl) dr§+1d5.
Fk+1 i=1

Integrating by parts in time using

83672'552)C — _ileiSQk’

050(s,€) = (i§)e™*1 (u" (s, )" (),
we find

k+1 t

(5.11) = /F o e 6) Lo @it 0art

0
k+1 k+1

" Z/ / bers o) [ (60600608

[T s, &)drs+ds.
i#j

We call the first term the boundary term and the second term the spacetime term.
We turn to the estimates.

We firstly estimate the boundary term. By Remark 5.9, we may replace b by
a(N7)N; ! and return to the physical space representation:

k+1

a(Ny)Ny / Py, udz
/\'JTH

Applying L2 to the highest two frequencies and pointwise bounds to the remaining
ones, the boundary term is estimated by

k41 k+1
— 1/2
1(H Ni/ ) H ”PNz‘uHLfC([O,T],L)\)
i=3 i=1

Next, we estimate the spacetime term. We focus on the Z -_,-part of the space-

time term. We rewrite the Z?Zl—part as

/Ot /F2k (b(fsum’ £,6, ... ’ﬁk)fsumXNl (fsum)XNQ (51)

k+1

+ b(&lagsumvg% cee 7§k)§sumXN1 (gl)XN2 gsum ) ( H XN; gz 1 ) Hu S 52
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where we denote Esym = k1 + - - - + 2. We then integrate by parts in space as in
(5.4); the following holds after taking [, () TTi3 X, (§i-1) [Try (s, &)dl 2
b(Esumy €152, - - -+ Ek)EsumX Ny (Esum ) XN, (€1)
+0(&1 Esumy 25+ 5 §k)EsumX Ny (§1) XNz (Esum)
= 0(Esum» §15€25 - -+ &) (§1 + Esum )Xy (§sum )X, (1)
= =b(&oum, 1582, &) (G2 + -+ &) x vy (Esum) X v, (€1)
= O(N3) - b(Esum» 1,62, -5 &) )Xy (Esum) X v, (€1),

where we changed the variables & <> gy and used frequency localization |&;_1| ~
N; for 3 <i<k+1. For the E?:g—par‘c, we simply bound &; by N3.
As a result, the spacetime term is estimated by

t

/ / Py, (u®) H Py, udzds
0 Jar it

by Remark 5.9. The proof is completed. (]

a(Ny)N; N3

For s > 1/2, we can estimate the spacetime term with L2 in the highest fre-
quencies and pointwise bounds for the remaining ones. We then give L} to Py, (u®)
and apply Lemma 4.4 with s’ = 0. Then, the spacetime term is estimated by

k+1 k+1
];:11+5152,EG(N1)N171N3( H Ni1/2> H cg\zq(lerE,sz*E))’
. i=3 i=1

with €(3) > 0 sufficiently small. For so = 1/2, this argument fails as it does not
allow for the use of multilinear estimates involving factors from P, (u¥) and Py, u,
1 # 7. This shortcoming is remedied in the following;:

[l

Lemma 5.10 (Estimates of spacetime term). Let j € {1,...k+ 1} and

t k
Ropj(Ny, ..., N1, My, ..., M) = ‘/ / Py, (T] Prsw) [ P, udads|.
0 JAT i=1 i#j
Let Ky, ..., Ky denote a decreasing rearrangement of My, ..., My, N; (i # j) with
multiplicity. Then, for K1 ~ Ko 2 1, we find the following estimate to hold:

2k
R2k,j(N17 e 7Nk+17M1a s 7M/€) 5 C(K17 e aKQk) H HPK1’U’||F§))
i=1
where
C(Ky,...,Kox)
(5.12) KyOKPOTIE KNP if Koy > K or Ky ~ Ky > Ky,

K{PKRYPOTIZE K if Ky~ Ki> K or Ky ~ K5 > K,
K T2, K2 if K1 ~ K.

Proof. As explained in Remark 5.9, we can dispose of Py, by expanding the Fourier
multiplier into a rapidly converging Fourier series. The resulting expression

t
// Py, u... P, udxds
0 JaT
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is estimated by linear and bilinear Strichartz estimates after partitioning [0, ¢] into
O(K7') time intervals of length K;':

(1) If K1 ~ Ko > K3 or Ky ~ K3 > K, following the proof of Corollary 2.5
we can apply two bilinear Strichartz estimates involving K, ..., Ky. This
gives the first bound.

(2) If K1 ~ K4 > K5 or K1 ~ K5 > Kg, we can apply one bilinear Strichartz
estimate and three L?’w—StriChartz estimates involving K7,..., K5. Point-
wise bounds for the lower frequencies give the second estimate.

(3) If K ~ Kg, the claim follows from six linear LY ,-Strichartz estimates.

]

Proof of Lemma 5.6. By Lemma 5.8, it suffices to estimate the summation of bound-
ary terms and spacetime terms. For the boundary terms, we use

a(Nl (HN1/2> < N— 6N27S2+S 26N2,82+S —2e HN2’§_2E
=3

to find

k+1 k+1
Z a(N)N;? ( H Nl-l/z) ( H ||PNiuHLt°°([O,T]7L§\))

Ni~N2>-- >Ny i=3 i=1

k—
S Nl llel slﬁ Ve

For the spacetime terms, by Lemma 5.10, it suffices to estimate

2k
(5.13) > N2 AN C(Ky, o Kog) [ 1Pl o
Ki~vKo2 -2 Koy =1

K1~K221

where C(K7, ..., Ky) is given in (5.12), and we used a(N;)N; ' < N?%271 and
Ki ~ Ky 2 N 2 1. Due to (5.12), we have

2k

/ s’ s 11
N2t DTG C(K, o Kag) S NTORG 2 Kt 2 [ 2™,
i=3
provided that e is sufficiently small. Therefore,
- 2k—2
(‘) 13) SN E||u||2 <(€)+S ||u|| ?1+e 1/2—e"
This completes the proof. (I

5.3. Contribution of c.

Lemma 5.11 (Contribution of ¢). Let T € (0,1] and 0 < 51 < 1/2.
o If sy > 1/2, then there exists € = €(5) > 0 such that we find

k+1

‘ / / e(€r, i) [ ow (&)is, &) dT s
=1

N1~N2> -2 Nit1
Ny~N2ZN

SNT ||UH2 <<e>+s Hu”k ()
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o If k=4 and sy =1/2, we find

5
’/ / (&5 s &ht1) HXNi(ﬁi)ﬁ(S,&)dFids
i=1

N1NN2> >Nk+
Ny~N2ZN

< Nl

Here, we recall that the FYN -norm is defined in (5.6).

Proof. By Lemma 5.5, ¢ is nonzero only when N3 ~ Ny. By Remark 5.9, we
may replace ¢ by (a(N7)N; N3 +a(N3))Ns and change back to the physical space
representation. a = ay enables us to restrict to Ny ~ Ny 2 N 2 1. Thus it suffices
to estimate

k41
> (a(N1)N7 N5 + a(Ns) N5/ / HPNludxds
Ni~N2>N3~Ny, AT
N5Z+2Nit1,
N1NN2>1

We also note that the proof of Lemma 5.10 implies

k+1 4 k+1
1/2
[ [ Prudes| < TT WPty TN 1 Pl
AT 5 i=1 i=5
Therefore, it suffices to estimate
k+1 E+1
_ 1/2
(5.14) > (a(N1)NT N3 + a(N3))Ns [T N2 T 12wl eo.
Ni1~N32N3~Ny, i=5 i=1
N5Z-ZNky1,
N1~N221
If so > 1/2, then we find
k+1
(a(N1) N7 N3 + a(N3))Ns [ V)72
i=5
) . k1
g N_€N11/2752+s —25N21/2,52+s —2e H Ni1/2752—2s.
i=3
Therefore,
(5.14) SN~ E||U| FEO+ U| s( )

If k =4 and sy = 1/2, then we find
(a(N1)N7 Ny + a(N3)) N2 < a(N))NZ/2 < N2 HINS/2,

Therefore,
5
(514) g Z N2s/+lN§/2
Ni~N32N3~N42 Ns =
4
!

Z N2s +1N4HHPNiu||F,[\) < ||UH2§+5/HU|%‘§T
N1~N22Z N3~Ny4 =t A
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The proof of Lemma 5.4 (and hence that of Proposition 5.1) is now completed
by Lemmas 5.6 and 5

6. ESTIMATES FOR DIFFERENCES OF SOLUTIONS

The goal of this section is to estimate the differences of solutions: Proposition
6.1. We firstly prove the Lipschitz continuity in a weaker topology Hi‘l for H3-
solutions (6.1). Furthermore, we bound the H}-difference of solutions by the Hj '-
difference estimate and the H;™'-a priori bound (6.2), as usual for the Bona-Smith
approximation (cf. [23, Section 4]).

Proposition 6.1 (Energy estimates for differences of solutions). Let 5 = (s1,52)
with 0 < s1 < 1/2 and s3 > 3/4. Let uy and ug be smooth solutions to (1.1) defined
on [0,T] C[0,1]. Set v =wu; —uz. Then, we find the following estimates to hold:

1) Lipschitz continuity in Hs * for H? solutions:
Y A A
61 ol S 1O + o

+ vl

k—1

e (luall g + lluallrg)

)2]@—2.

?,f,l(Huﬂ ry + lluzllFr
(2) Continuity in Hs :

k—

62 1ol S IO + o2 ol + )

+ ol pgllol

vl pz + lluzllFs

k—2

izl g (ol g + s
)2k—2

F3 F¥)

ol

ol pglloll e el s (ol g + llua o).

We start with the equation for v:
v 4+ HOppv = 0 (ul — ub).
We write 0, (uf — u%) in two ways. A standard way of writing 9, (uf¥ — u%) is
Dp(uf —ub) = 0 (v +ul2uy + -+ ub™h).
For simplicity of notations, let us express this as

(6.3) 0a (uf —uf) = O, (vu"1),

means a linear combination of u§ ™", uf ™ %uy, ..., ub~t. We use (6.3) to

where u
show (6.1). However, when we show (6.2), we express 8w(u1 - ulg) in another way.
It is straight-forward that there exist integers cg,...,cx—2 and dy,...,dx_3 such

that

k—1

k—3
Dy (ul —ub) = (0,v)( chklll—kv@ug Zdqu’Q)
=0

We compactly write this as

k_ ok k—1 k—1
(6.4) Oz (uy —ug) = (Ox0)u™" " +ow® ",
where ©*~! means a linear combmatlon of uf~* u]f 2Uy, ..., uk™! as above, but
w®~1 means a linear combination of u1 20, us, u’f 3uadpus, . .. ,u’;—Qaqu. An ad-

vantage of using (6.4) is that 9, is not applied to u; so that we can avoid F7/4-norm
for uy, as stated in (6.2).
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For (6.1), we take Py to (6.3) for N > 1 (the case N < 1 does not require an
estimate by the definition of the F§-norm), multiply with N*27!Pyv, and then
integrate on [0,t] X AT to get

t
N282_2||PNU(t)H%§ = N282_2||PN1}(0)||2L§ + N252_2/ Pnvd, Py (vu* V) dzds
0 Jar

for any t € [0,7] and N. Thus,
H’U||2E§71 < |lv(0 )||2 -1 Z N?%272 sup ’/ Pynv0, Py (vu*~Y)dads|.
N1 te[0,T) AT
We split the integrand into the sum of Littlewood-Paley pieces:

t
(6.5) ZNZSTZ sup ‘/ PNvaxPN(vukfl)d:Cds‘
AT

N1 tef0,7]

t
< Z NZ272 gyp ’// Pynv0y PN (PrvPk ... Px,_ u)dxds|.
AT

KKy, K 1, te[0.7]
N>1

Here, N > 1 and Pg,u can be either Pg,u; or Pk, us.
For (6.2), we similarly find

t
||v||2E; <|lv(0 HH + Z N%*2 gup ’/ Pnvd, Py (vu*~1)dzds|,
N1 t€[0,T] AT

and further using the expression (6.4),

t
(6.6) Z N?%2 sup ’ / Pyv Py ((00)uf~t + vwk_l)dxds’
N1 t€[0,T] AT

< Z N2S2( sup ‘/ / PNUPN((3 PK’U)PK1 Pkalu)dl‘dS‘
K,K1,..,Kn_1 AT

te[0,T

Here, Pk, u can be either Pg,u; or Pk, us; Pk, w can be either Pg,u;, Pk, uz, or
Pg,0yu9, but Pg,0zus should appear ezactly once among Pr,w, ..., Pk, ,w

We may assume K; > --- > Ky_1. Let My,..., Miy1 be the decreasing re-
arrangement of N, K, K1, ..., Kx_1. In particular, My ~ My 2 1. We distinguish
three cases:

e My ~ My = Mz > M,: We treat this case in Section 6.1. Here, we
have seen in (5.9) that |Qg| ~ M; M5 and integrate by parts in time. The
estimates allow for sg > %

o My ~ My > M3 ~ My: We treat this case in Section 6.2. We do not
integrate by parts in time, but apply two bilinear Strichartz estimates to
the four highest frequencies. The estimates allow for sy > %

o My ~ My ~ Ms ~ M,: We treat this case in Section 6.3. We do not
integrate by parts in time. We merely apply the linear Strichartz estimates
(LEL}) to the highest four frequencies. The estimates allow for sy > 3.
This is why we set so = % in Proposition 6.1.

N>1

+ sup ’// PnvPy(PrvPg,w. .. Pg,_ w)dxds
te[0,T] AT
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6.1. Case My ~ My 2 M3 > M,. Recall from (5.9) that
|Q| ~ My Ms.

We handle these interactions via integration by parts in time (only for M5 2> 1).

~

The following lemma systematically treats the error terms arising from integration
by parts in time.

Lemma 6.2 (Integration by parts in time). Let T € (0,1]; let 5 = (s1, s2) be such
that 0 < s1 < 1/2 < s9. Assume My ~ My = M3 > My and M, 2 1.

e For the Hgfl—estimate we find

sup ’// PyvPgvPg u. .. Pk, ,udzds
AT

t€[0,T)
1/2\ (v,5,—1) (U 5,—1) (u s)
(T ) g

e For the Hj-estimate, we find

67 <A

t
sup ‘// PNvamPKvPKlu...Pkaludxds‘
t€[0,T) AT

6.8) <KMP! ( H M1/2) ( H (u, ”)
{(M el

and

ey Pee™ + 0™ |

sup ‘/ /PNUPKUPK1 PKk_lwdxds‘
te[0,T]

(6.9) < Mo ( H M¢1/2) ( 1:[ C%’E))
i=3 i=1

{0+ g )y

5.1
where cgg} ®) = Kicyéf’é’ ) when w = Ops.

(u,g) }C(Kv,s,l),

Here, we recall that the quantities c%’g’sl) are defined in (4.4).

Proof. When M3 < 1, the estimates follow from applying two short-time bilinear
Strichartz estimates to M1, ..., My after localizing to intervals of length M{l
From now on, we assume M3 2> 1. Here we focus on (6.7). The proofs of (6.8)
and (6.9) will be briefly sketched at the end of the proof. Fix t € [0,7]. The
following estimates will be uniform for ¢ € [0, T]. Since || ~ M1 M3, we integrate

t
/ PNUPKUPKIU...PKk71Ud$dS
0 JAT
by parts in time to get the boundary term

MMt - PnvPgvPg u. .. Py, _judz
0
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and the spacetime term

¢
M MG (/0 . Pn0Oy(vu* ") PgvPg u. .. Pk, udzds

t
+ / PNUPKaw(vuk_l)PKlu ... Pr,_ udxds
0 JaT

k—1 t
+ Z / PNvPgvPy;0, (uF=1) H Py ,u dxds) )
=170 Jar Py
The boundary term is estimated by applying L? to the two highest frequencies,
applying pointwise bounds for the remaining factors:

k+1 k—1
e 1/2
(M1 1M3 ! H Mi/ )||PNU||L§O([0,T],L§)||PKU||L;?°([0,T],L§) H | Prc,u
i=3 i=1

|L;?°([0,T],L§)-

The spacetime term is estimated by applying L2 to the two highest frequencies,
pointwise bounds to the remaining factors, and L} to 0, (vu*~1) or 9, (u*). We find
by Lemma 4.4 (s’ = —1 for 9, (vu*~!) and s’ = 0 for 9, (u*)):

k+1 k—1

k-1 -1 1/2 (v,5,—1) (v,5,—1) (u,s)

||UHF; (Ms HMz )CN Ck HCKi :
i=3 i=1

This completes the proof of (6.7).
For (6.8), we replace 0, by K and integrate by parts in time. We apply Lemma
4.4 with s’ = 0 for both 9, (vu*~1) and 9, (u*). For (6.9), we apply Lemma 4.4
with s’ = —1 for Px0,(vuF~1), s’ = 0 for Px0,(vuf~1) and Pk, 0, (u*), and s’ = 1
for Pg,0pr(uf). For the last one Pr, 0., (ub), we use
||PKL8:1::E(/U/]2€>||L%([O7T],Li) 5 KZHPKLaw(ué)||L%([O,T]7L2) 5 K7;1/2,1

A

Juz e Kche ™.

This finishes the proof. O

From now on, we estimate (6.5) and (6.6) using the above integration by parts
in time lemma. Recall again that M7 ~ My 2 N 2> 1.

Case A: N € {M;, Ms}.

Subcase I: K € {M;, My}. We start with the H; '-estimate. In this case, we
can integrate by parts in (6.5) to move the derivative d, to Ki,..., Kx_1. We may
replace 0, by K; and let K = N (due to M; ~ Ms). Then (6.5) is of the form

Z Z N2272K, sup

t
//(PNU)QPKlu--.PKk_ludmds.
NZ1Kq,.., K 1SN te[0, 7] 1 Jo JAT

By (6.7), each summand is estimated by

(N7 + lul

k—1
— v,5,—1 1/2 (u,s
N T [T e
i=1
where we recall the definition d%}’g’_l) of (4.5). Using (4.6), this sums up to (6.1).

For the Hj3-estimate, we consider (6.6). As before, we can move the derivative
Oy on v to Ky,...,Ki_1. We may replace 0, by K; and let K = N. Then (6.6) is
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of the form

Z Z N22K, sup

t
/ (Pxv)?Pg,u. .. Py,  udxds|.
N>1Ky,....Kp_1<N t€[0,T7] AT

By a variant of (6.8) (deleting K), each summand is estimated by

k—1

1/2 (u,s — — v,S
(TT#2e) {0+ Hullgh )2 + o
i=1

Using (4.6), this sums up to (6.2).
Subcase II: K € {Ms,...,M;11}. We may assume K; = N. We start with the
H; '-estimate. Replacing 9, Py by N, we read (6.5) as

Z Z N2Zs2=1 gyp

N>1 KK, K1 <N ¢€[0,7]

// PnvPgvPnu . .. Pk, udxds|.
AT

By (6.7), each summand is estimated by (use My ' < K%~ and K2—s1—52+3 <
K(H_’O_)

<H K1/2 uf > N + ||qu l)d(’u 8771)K0+ 0— d(}(v,?,fl)dgz;ﬁ).
This sums up to (6.1).
For the H-estimate, we apply (6.8) and (6.9) to each summand of the expression

(6.6) by the sum of (use again My~ " < KO~1 and Kz—s—s2%3 < K0+0-)

k—1
a7 (T8 oo v 4l
=2

)d(” 9)d(KU’S)

el Va2 + a0 )|

and
dg:]u,s) ( H K;/QC(KUZ,S))KOer{( l;:?l)dg\] ||Fsd u,s) }dg,s,—l)'

1=2

Using ||wHk b < g F5+1Hu||Fs , these sum up to (6.2).

Case B: N € {Ms, ... Mk+1} B
Subcase I: K € {M;y, M>}. Note that Ky ~ K. We start with the Hf\fl—estimate.
Replacing 0, Py by N, we read (6.5) as

Z Z N29 1 sup

N>1 K~K 2N tE(0,T]
Ks,....Kr 15K

/ / PN’UPKUPK1 PKk luda:ds
AT

By (6.7), each summand is estimated by (use My~' < N—1)
k—1
O 1 R [ L e U
=2

Using s > %, this easily sums up to (6.1).



38 KIHYUN KIM AND ROBERT SCHIPPA

For the H§-estimate, we apply (6.8) and (6.9) to each summand of the expression
(6.6) by the sum of (use again My ' < N—1)

k—1
g (TL ek vt wse L 4 gyl
=2

gy ™™ + dwdgw)}

and

< )dy

k—1
dy(?S) ( H Kil/QC(IéaS))N527%K7252+1
=2
||F us)}d(u S,—l)

X {(
Using sp > & FiH ||uHFS , these sum up to (6.2).
Subcase II: K € {Mg,.. Mk+1} Note that K1 = My and Ko = M. We start
with the H; '-estimate. We replace 0, Py by N to rewrite (6.5) as

Z Z N252 1 sup

NSl KRN t€[0,7)
K,Ks,....Kp_1SKo

/ / PNUPKUPK1 PKk ludxds
AT

By (6.7), each summand is estimated by (use My ' < K%~ and K2—su—52+3 <
K0+,07)

(K71 + [Juf ket )Nt 8 00~ fe 2029 g S)(HKW (u, s>)d<v A1) glos)
A
=3

Using so > %7 this sums up to (6.1).
For the Hj-estimate, we apply (6.8) and (6.9) to each summand of the expression
(6.6) by the sum of (use again My ' < K%~ 1 and K2 —st.—s2t3 < gO0+0-)

k—1
NS2+%K0+,0*K1—282d%173)dygs) ( H Kil/gcg?;s)>

{ Tl el + ay e

and

k—1
stJr% K0+,07K;282 d%,g) dgg;,g) ( H K;/2C§}Ui7§))
=3

v,5 u,S v,5,—1
{(K ol ™ + llul 2 o] iy >}d§< .
Using s > 4 and ||w||’“ L < ||U2||F5“||“HFS , these easily sum up to (6.2).

Therefore, the proofs of (6.1) and (6. 2) are completed in case of My ~ My 2
M3 > My.
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6.2. Case My ~ My > Mz ~ My. We directly estimate (6.5) and (6.6) in this
case. We do not integrate by parts in time. We can use two bilinear Strichartz
estimates in the form

t
sup / Pyru ... P, umdzds
tel0,T] | Jo JAT
(6.10) m m
< M2 020 (T ) T Passuill g

i=5 i=1
Case A: N € {M;, Ms}.
Subcase I: K € {My, M>}. We start with the H; '-estimate. In this case, we can
perform integration by parts in space to the expression (6.5) to move the derivative
Jy to K1,...,Ki_1. Replacing 9, by K7, we need to estimate

Z Z N2272K, sup

N>1 Ki~Ka<N t€[0,77]
Ks,....Kp_15SKs

¢
//(PNU)2PK1u...PKk_1udmds.
0 Jar

By (6.10) and K7 ~ Ko, each summand is estimated by

k—1
1PaolZe s TT 1Pl e
=1

This sums up to (6.1).

For the Hj-estimate, we also integrate by parts in space to the expression (6.6)
to assume that 0, is applied to K7,..., Ki_1. Replacing 9, by Kj, it suffices to
estimate

Z Z N252K, sup

N>1 Ki~KakN t€(0,T]
Ks,....Kp1SKo

By (6.10) and K; ~ K5, each summand is estimated by

k—1
|1 Pxollge [T I1Pwul e

i=1

t
//(PNU)QPKlu...PKk_lud:Eds.
0 JaT

This sums up to (6.2). B
Subcase Il: K € {Ms, ..., My+1}. We may assume K; = N. For the Hf\_l-
estimate, it suffices to estimate

Z Z N2s2-1 sup

N>1  Msg~oMa<N t€[0,T]
Ms,...,My+1SM3

t
// PnvPrgvPnu. .. Pk, ,udzds|.
0 JAT

Applying (6.10) and Mé/z’OMi/Q’O < K1/2’_1/2K21/2 (due to M3 ~ My ~ Ky 2 K),
each summand is estimated by
k—1
N2 K222 P o || Prcol| pol| Pl o T 1Prc,ull s
. =2
S IPNoll - 1Pl pp KOO Prcol| s T 1P ull -
i=2
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This sums up to (6.1).
For the Hj-estimate, we apply (6.10) to (6.6) to estimate each summand by

k—1
| Pwolleg (KOO I Picoll | Pl TT 1Pl
=2
k—1
+ KOO Prev| s | Py g T ||PKiw|\Fi/2).
=2

This sums up to (6.2).

Case B: N € {M3,..., My i1}

Subcase I: K € {M;, M>}. Note that K; ~ K and M3 ~ My 2 N 2 1. For the
Hi_l—estimate, it suffices to estimate

Z N25271 gup

My~ My Mg~ My 21 telo,7]
Ms,...;Mp41SMy

t
/ PyvPgvPg u. .. Pk, ,udzds|.
0 JAT

Using (6.10), K; ~ K, and N'/2 < K21/2 (due to Ky € {Mj3, M,}), each summand
is estimated by

k+1 k-1
N2t (T MY iPweoll ol Pacoll g T 1Px,wlrg
1=5 =1
k—1
_1 _
S N%2— 2 K 252+1HPNU| F§—1||PK’U| F§71||PK1’LL| FEH ||PK1~UHF;/2'
1=2

Using s, > % to guarantee —so + % < 0, this sums up to (6.1).
For the Hj3-estimate, we apply (6.10) to (6.6) to estimate each summand by

k—1
1 _
N K2 P (Pl gl Pl g T 1Pl o
=2
k—1
+ 1Pl -t 1P, wl g TT I Pk,wll e )

=2

Using so > % to guarantee —sq + % < 0, this sums up to (6.2).
Subcase II: K € {Ms, ..., Mgy1}. We still have M3 ~ My, 2 N 2 1. For the

Hf\fl—estimate, it suffices to estimate

Z NZs2=1 gup

My~ My Ms~ M3 21 tel0.T]
Ms,...,Myp 1 SMy

t
/ PNUPK’UPKIU...PKkilud{EdS.
0 JAT
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Using (6.10) and {K7, Ko} = {My, M3}, each summand is estimated by

k+1 k-1
— 1/2,0 4 71/2,0 1/2
N2 2O (T a2 I Paoll gl Pcoll g T I1Prcullg
=5 =1
A R e N e L e
k-1

Pr,ull g [] 1P ull g2
=3

X || Prcyull g

Using s, > % to guarantee —2s5 + 1 < 0, this sums up to (6.1).
For the Hj-estimate, we apply (6.10) to (6.6) to estimate each summand by

k—1
F§ H ||PK1U||F;/2
=3

1_ _ —
N2 ot U2 Py o (11 Prcol g Prcy il g Prcy

k—1
+ | Prevll o1 | Preywl e | Preow g T ] ”PKiw“Fi”)'

=3

Using s > % to guarantee —2s + 1 < 0, this sums up to (6.2).
Therefore, the proofs of (6.1) and (6.2) are completed in case of My ~ My >
Ms ~ M,.

6.3. Case My ~ My ~ M3 ~ M,. We estimate (6.5) and (6.6) via linear Strichartz
estimates:

t m i
(6.11) sup ‘/ / PMlul...PMmumdxds‘ ng/Q(HMil/z) HHPM%HFQ
tel0, 7] ' JOo JAT i=5 i=1

Here, our estimates only allow for so > 3/4 due to the loss of Mll/2 compared to
the previous case.

Case A: N € {M;,..., My}

Subcase I: K € {My,..., My}. Note that N ~ K ~ K; ~ K so we may
assume K = Ky = Ky = N. For the H} '-estimate, we use (6.11) to estimate each
summand of (6.5) by

k—1
1
N3 | Pyl g [ Pyullfg [T 1P ull oo
i=3
We use sg > % to estimate the above by

k—1
Pl sl Pruliie TT 1Pl oo
i=3
This sums up to (6.1).
For the Hj-estimate, we replace 9, of (6.6) (even for w when w = d,us) by N
and use (6.11) to estimate each summand by
k—1

3
N2 2| Pyl o | Pyl [ I1Pw.ul pave.
=3
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We use sy > % to estimate the above by

k—1

if H HPKlu”Fi/z
1=3

|1 Pnvl

PN’Ltl

27
3

This sums up to (6.2).

Subcase I: K € {Ms,..., Mg41}. Note that N ~ Ky ~ Ky ~ K3, so we may
assume K1 = Ko = K3 = N. For the Hffl—estimate, we use (6.11) to estimate
each summand of (6.5) by

k—1
N7252+%K%*51,*52+% HPNUHFE*l ||PK'U||F§*1 ||PNU||:;’;,§ H ||PKiu||F1/2.
A
=4

This sums up to (6.1) provided that sy > 2.
For the Hj-estimate, we find similarly

k—1
_ 1 1_ _ 3 ‘
N-2sa+d s, 82+2||PNU\F§<||PKU|F§ Pl TT 1Pl o2

=4
k—1

3

+ 1Pl s [Pl TT 1Pk, wll e )

=4

This sums up to (6.2) provided that so > %

Case B: N € {M5,..., My41}.

Subcase I: K € {M;,...,M,}. Note that K ~ K; ~ Ko ~ K3, so we may
assume K = K; = Ky = Ks. For the Hffl—estimate, we use (6.11) to estimate
each summand of (6.5) by

k—1

_1
N2 3 K2 Pyl o | Prcvll g | Preullg TT 11Prcll oo
i=4
k—1
1 _ 3
5 N2tz f—ds2+5 ||PNU||FE’1 HPKUHFE*1 HPKUH:}))TE ]:[1 ||PKZU||F>1\/2
1=
This sums up to (6.1) provided that so > %
For the H3-estimate, we find similarly
k-1
1 3
Nt Pyl g (I1Picol gl Prlie TT 1Pkl e
by X Y ) A
i—4
k-1
+ 1Pxcvll g 1Pvwlie [T 1Pkl e ).
i=4

This sums up to (6.2) provided that so > %
Subcase II: K € {M5,...,Mp1+1}. Note that Ky ~ Ky ~ K3 ~ K4, so we may
assume K7 = Ky = K3 = K, are the largest four frequencies. Using (6.11), each
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summand of (6.5) is estimated by

k—1
o — L 1/2
N2 =3 2 gy 1P| o || Prcvll 9 | Py wll g II [P ull 2
=5
1.1 3 45041 .
ST R 3. —4sa+3
S N2tz 3751, 82+2K1 2 2||PN1}||F§—1||PKU||F§—1||PKIUH}1,§ H HPK«;U‘”F;/Q'
i=5

This sums up to (6.1) provided that s > 3.
For the Hj-estimate, we find similarly for each summand of (6.6)

k—1
ot l ol o g 13 —dsat+i
N52+§K2 81, 52+2K1 52 ZHPNUHFf(HPKvHFf PKlu”éIl?fH”PKiuHFim
=5
k—1
1Pl | Prcywll e TT 1Pl )-
=5

This sums up to (6.2) provided that sg > %

Therefore, the proofs of (6.1) and (6.2) are completed in case of My ~ My ~
Ms ~ M,.

The proof of Proposition 6.1 is finished. O

ACKNOWLEDGEMENTS

The first author is partly supported by NRF-2016K2A9A2A13003815 (Korea)
through the IRTG 2235 and NRF-2018R1D1A1A0908335 (Korea). The second
author is supported by the German Research Foundation (DFG) through the CRC
1173, Project-ID 258734477. Much of this work was done when the first author was
visiting Bielefeld University. He would like to thank the Center for Interdisciplinary
Research (ZiF) at Bielefeld University for its kind hospitality.

REFERENCES

[1] L. Abdelouhab, J. L. Bona, M. Felland, and J.-C. Saut. Nonlocal models for nonlinear,
dispersive waves. Phys. D, 40(3):360-392, 1989. 1, 3, 3

[2] H. A. Biagioni and F. Linares. Ill-posedness for the derivative Schrodinger and generalized
Benjamin-Ono equations. Trans. Amer. Math. Soc., 353(9):3649-3659, 2001. 1

[3] J. L. Bona and R. Smith. The initial-value problem for the Korteweg-de Vries equation.
Philos. Trans. Roy. Soc. London Ser. A, 278(1287):555-601, 1975. 1, 1

[4] N. Burq, P. Gérard, and N. Tzvetkov. An instability property of the nonlinear Schrédinger
equation on S%. Math. Res. Lett., 9(2-3):323-335, 2002. 1

[5] N. Burq, P. Gérard, and N. Tzvetkov. Strichartz inequalities and the nonlinear Schrédinger
equation on compact manifolds. Amer. J. Math., 126(3):569-605, 2004. 2.3

[6] Nicolas Burq and Fabrice Planchon. Smoothing and dispersive estimates for 1D Schrédinger
equations with BV coefficients and applications. J. Funct. Anal., 236(1):265-298, 2006. 1

[7] Michael Christ. Yet more ill-posedness. 2004. 1

[8] Michael Christ, James Colliander, and Terence Tao. A priori bounds and weak solutions
for the nonlinear Schrodinger equation in Sobolev spaces of negative order. J. Funct. Anal.,
254(2):368-395, 2008. 1

[9] Michael Christ, Justin Holmer, and Daniel Tataru. Low regularity a priori bounds for the
modified Korteweg-de Vries equation. Lib. Math. (N.S.), 32(1):51-75, 2012. 2.2, 5.9

[10] J. Colliander, M. Keel, G. Staffilani, H. Takaoka, and T. Tao. A refined global well-posedness
result for Schrodinger equations with derivative. SIAM J. Math. Anal., 34(1):64-86, 2002. 1,
2.1



44

(11]

(12]

(13]
14]
(15]
(16]
(17)

(18]

(19]

[20]
(21]
(22]
23]
24]

25]

[26]
27]

(28]

[29]
[30]
[31]
[32]
[33]
[34]
[35]

(36]

KIHYUN KIM AND ROBERT SCHIPPA

J. Colliander, M. Keel, G. Staffilani, H. Takaoka, and T. Tao. Multilinear estimates for
periodic KdV equations, and applications. J. Funct. Anal., 211(1):173-218, 2004. 1

P. Gérard, T. Kappeler, and P. Topalov. Sharp well-posedness results of the Benjamin-
Ono equation in H*(T,R) and qualitative properties of its solution. arXiv e-prints, page
arXiv:2004.04857, April 2020. 1

Patrick Gerard and Thomas Kappeler. On the integrability of the Benjamin-Ono equation
on the torus. arXiv e-prints, page arXiv:1905.01849, May 2019. 1

Zihua Guo. Local well-posedness and a priori bounds for the modified Benjamin-Ono equation.
Adv. Differential Equations, 16(11-12):1087-1137, 2011. 1

Zihua Guo, Yiquan Lin, and Luc Molinet. Well-posedness in energy space for the periodic
modified Banjamin-Ono equation. J. Differential Equations, 256(8):2778-2806, 2014. 1, 1
Zihua Guo and Tadahiro Oh. Non-existence of solutions for the periodic cubic NLS below
L2. Int. Math. Res. Not. IMRN, pages 1656-1729, 2018. 1, 3

Zihua Guo, Lizhong Peng, Baoxiang Wang, and Yuzhao Wang. Uniform well-posedness and
inviscid limit for the Benjamin-Ono-Burgers equation. Adv. Math., 228(2):647-677, 2011. 1
Martin Hadac, Sebastian Herr, and Herbert Koch. Well-posedness and scattering for the KP-
IT equation in a critical space. Ann. Inst. H. Poincaré Anal. Non Linéaire, 26(3):917-941,
2009. 2.2, 2.3, 4.1

Martin Hadac, Sebastian Herr, and Herbert Koch. Erratum to “Well-posedness and scattering
for the KP-II equation in a critical space” [Ann. I. H. Poincaré—AN 26 (3) (2009) 917-941]
[mr2526409]. Ann. Inst. H. Poincaré Anal. Non Linéaire, 27(3):971-972, 2010. 2.2

Zaher Hani. A bilinear oscillatory integral estimate and bilinear refinements to Strichartz
estimates on closed manifolds. Anal. PDE, 5(2):339-363, 2012. 1, 2.3

Sebastian Herr. A note on bilinear estimates and regularity of flow maps for nonlinear dis-
persive equations. Proc. Amer. Math. Soc., 136(8):2881-2886, 2008. 1

Mihaela Ifrim and Daniel Tataru. Well-posedness and dispersive decay of small data solutions
for the Benjamin-Ono equation. Ann. Sci. Ec. Norm. Supér. (4), 52(2):297-335, 2019. 1

A. D. Ionescu, C. E. Kenig, and D. Tataru. Global well-posedness of the KP-I initial-value
problem in the energy space. Invent. Math., 173(2):265-304, 2008. 1, 1, 3, 6

Alexandru D. Ionescu and Carlos E. Kenig. Global well-posedness of the Benjamin-Ono equa-
tion in low-regularity spaces. J. Amer. Math. Soc., 20(3):753-798, 2007. 1

C. E. Kenig, Y. Martel, and L. Robbiano. Local well-posedness and blow-up in the energy
space for a class of L? critical dispersion generalized Benjamin-Ono equations. Ann. Inst. H.
Poincaré Anal. Non Linéaire, 28(6):853-887, 2011. 1

H. Koch and N. Tzvetkov. Nonlinear wave interactions for the Benjamin-Ono equation. Int.
Math. Res. Not., pages 1833-1847, 2005. 1

Herbert Koch and Daniel Tataru. A priori bounds for the 1D cubic NLS in negative Sobolev
spaces. Int. Math. Res. Not. IMRN, pages Art. ID rnm053, 36, 2007. 1, 3

Herbert Koch and Daniel Tataru. Energy and local energy bounds for the 1-d cubic NLS

equation in H™%. Ann. Inst. H. Poincaré Anal. Non Linéaire, 29(6):955-988, 2012. 5, 5.1,
5.1

Chulkwang Kwak. Local well-posedness for the fifth-order KdV equations on T. J. Differential
Equations, 260(10):7683-7737, 2016. 1

Chulkwang Kwak. Low regularity Cauchy problem for the fifth-order modified KdV equations
on T. J. Hyperbolic Differ. Equ., 15(3):463-557, 2018. 1

Soonsik Kwon. On the fifth-order KdV equation: local well-posedness and lack of uniform
continuity of the solution map. J. Differential Equations, 245(9):2627-2659, 2008. 1

Yvan Martel and Didier Pilod. Construction of a minimal mass blow up solution of the
modified Benjamin-Ono equation. Math. Ann., 369(1-2):153—-245, 2017. 1

L. Molinet, J. C. Saut, and N. Tzvetkov. Ill-posedness issues for the Benjamin-Ono and
related equations. STAM J. Math. Anal., 33(4):982-988, 2001. 1

Luc Molinet. Global well-posedness in the energy space for the Benjamin-Ono equation on
the circle. Math. Ann., 337(2):353-383, 2007. 1

Luc Molinet. Sharp ill-posedness results for the KdV and mKdV equations on the torus. Adv.
Math., 230(4-6):1895-1930, 2012. 1

Luc Molinet and Didier Pilod. The Cauchy problem for the Benjamin-Ono equation in L2
revisited. Anal. PDE, 5(2):365-395, 2012. 1



LOCAL WELL-POSEDNESS FOR GENERALIZED BENJAMIN-ONO 45

[37] Luc Molinet and Francis Ribaud. Well-posedness results for the generalized Benjamin-Ono
equation with arbitrary large initial data. Int. Math. Res. Not., (70):3757-3795, 2004. 1

[38] Luc Molinet and Francis Ribaud. Well-posedness results for the generalized Benjamin-Ono
equation with small initial data. J. Math. Pures Appl. (9), 83(2):277-311, 2004. 1

[39] Luc Molinet and Francis Ribaud. Well-posedness in H! for generalized Benjamin-Ono equa-
tions on the circle. Discrete Contin. Dyn. Syst., 23(4):1295-1311, 2009. 1, 1

[40] Luc Molinet and Stéphane Vento. Improvement of the energy method for strongly nonresonant
dispersive equations and applications. Anal. PDE, 8(6):1455-1495, 2015. 1

[41] A. Moyua and L. Vega. Bounds for the maximal function associated to periodic solutions of
one-dimensional dispersive equations. Bull. Lond. Math. Soc., 40(1):117-128, 2008. 1, 2.3

[42] Robert Schippa. On a priori estimates and existence of periodic solutions to the modified
Benjamin-Ono equation below HY2?, arXiv e-prints, page arXiv:1704.07174, Apr 2017. 1, 1,
1,5,5.2

[43] Robert Schippa. Short-time Fourier transform restriction phenomena and applications to
nonlinear dispersive equations. PhD thesis, Universitat Bielefeld, 2019. 1

[44] Robert Schippa. Local and global well-posedness for dispersion generalized Benjamin-Ono
equations on the circle. Nonlinear Anal., 196:111777, 38, 2020. 1, 1, 5

[45] Robert Schippa. On short-time bilinear Strichartz estimates and applications to the Shrira
equation. Nonlinear Anal., 198:111910, 22, 2020. 2.2, 2.3

[46] Gigliola Staffilani and Daniel Tataru. Strichartz estimates for a Schrodinger operator with
nonsmooth coefficients. Comm. Partial Differential Equations, 27(7-8):1337-1372, 2002. 1,
2.3

[47] Blaine Talbut. Low regularity conservation laws for the Benjamin-Ono equation. arXiv e-
prints, page arXiv:1812.00505, Dec 2018. 1

[48] Terence Tao. Global regularity of wave maps. I. Small critical Sobolev norm in high dimension.
Internat. Math. Res. Notices, (6):299-328, 2001. 4.2

[49] Terence Tao. Global well-posedness of the Benjamin-Ono equation in H'(R). J. Hyperbolic
Differ. Equ., 1(1):27-49, 2004. 1, 2

[50] Michael Taylor. Pseudo differential operators. Lecture Notes in Mathematics, Vol. 416.
Springer-Verlag, Berlin-New York, 1974. 5.9

[61] Stéphane Vento. Well-posedness for the generalized Benjamin-Ono equations with arbitrary
large initial data in the critical space. Int. Math. Res. Not. IMRN, (2):297-319, 2010. 1, 1, 3

E-mail address: khyun1215@kaist.ac.kr

DEPARTMENT OF MATHEMATICAL SCIENCES, KOREA ADVANCED INSTITUTE OF SCIENCE AND
TECHNOLOGY, 291 DAEHAK-RO, YUSEONG-GU, DAEJEON 34141, KOREA

E-mail address: robert.schippa@kit.edu

FAKULTAT FUR MATHEMATIK, KARLSRUHER INSTITUT FUR TECHNOLOGIE, ENGLERSTRASSE 2,
76131 KARLSRUHE, GERMANY



