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Abstract 

A new algorithm is derived for estimating the state of a linear dynamic system by fusing uncertain observations, which suffer 
from two types of uncertainties simultaneously. The first uncertainty is a stochastic process with given distribution. The second 
uncertainty is only known to be bounded, the exact underlying distribution is unknown. The new fusion algorithm combines set 
theoretic and stochastic estimation in a rigorous manner and provides a continuous transition between the two classical information 

fusion concepts. lt converges to a set theoretic estimator, when the stochastic error goes to zero, and to a Kaiman filter, when the

bounded error vanishes. In the mixed noise case, solution sets are provided that are uncertain in a stochastic sense. 
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1. Introduction

Estimating the state of a dynamic system by fusing 
uncertain information is a topic of extraordinary im­
portance. In a wide variety of applications, where an 
appropriate system model together with a stochastic 
noise model is given, the Kaiman filter [l] and its many 
variations have proven to be usefull [1 1]. 

In many cases, however, uncertainties arise, for ex­
ample from unmodeled dynamics or unmodeled non­
linearities, which cannot satisfactorily be described as 
stochastic signals with known distribution. In addition, 
correlated noise terms or systematic errors may be pre­
sent but neglected for the sake of simplicity. In that case, 
Kaiman filter estimates tend to be overoptimistic [12], 
i.e., the covariance is underestimated. Several heuristics
have been suggested for coping with this problem, which
of course do not provide optimal estimators.

In some situations, bounds for these uncertainties can 
be provided. In that case, set theoretic estimation can be 
applied [14], which often leads to good results [4]. 
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However, when additional uncorrelated noise is present, 
the error bounds become unnecessarily conservative. 

In [5,8], a concept for information fusion in the 

presence of both bounded and stochastic uncertainties 
has been introduced. The proposed algorithm for the 
case of a scalar state is exact, but computationally 
complex. In [6,7], an approximate solution for the case 
of a scalar state has been derived, that is computation­
ally attractive. Furthermore, a generalization towards 
arbitrary dimensional states and observations of the 
same dimension has been proposed in [9]. 

This paper is concerned with updating the estimate of 
an arbitrary dimensional state based on scalar observa­
tions. For this very relevant case, an approximate solu­

tion is derived, that is computationally attractive. 
Nevertheless, it combines both set theoretic and sto­
chastic estimation in a rigorous manner. lt bridges the 
gap between both estimation schemes, because a set 
theoretic estimator is obtained, when the stochastic er­
ror goes to zero, and a Kaiman filter is obtained, when 
the bounded error vanishes. When both types of un­
certainties are present, the new estimator provides So­
lution sets that are uncertain in a stochastic sense. The 
propagation of estimates suffering from both uncer­
tainties through a dynamic system is discussed in [10]. 

In Section 2 ,  standard uncertainty models are first 
reviewed. Then a generalized uncertainty model 



combining stochastic and set theoretic models is intro­
duced. In Section 3, standard approaches for informa­
tion fusion are reviewed. Section 4.1 then presents a new 
concept for information fusion in case of the generalized 
uncertainty model. In Section 4.2, the estimation prob­
lem is solved on the basis of a sum approximation. An 
exact second-order description is derived in Section 4.3. 
In Section 4.4, the results are summarized. In Section 5, 
a two-dimensional simulation example is presented that 
further clarifies the conveyed concepts. 

1.1. Notation 

Vectors are underlined, e.g. !, matrices are denoted 
by boldface letters, e.g. E. True values are denoted by a 
tilde, e.g. :!· Random variables are denoted by capital 
letters, e.g. Realizations of a random variable K are 
denoted by a small letter ,!. i is used for denoting either 
the estimate of an unknown true value :! or for denoting 
the mean value of a random variable The covariance 
matrix of a random variable K is given by Cx . For 
simplification, the covariance matrix of a random vari­
able K, is given by C.,. The density of a random variable 
K is written as J

:,. 
(!). 

2. Problem formulation

We consider the problem of updating the estimate of
a multidimensional state ! based on a scalar observation 
y. The observation process is modeled by a linear mea­
surement equation according to

y =HT'!.+ Vy 

with scalar observation y, state vector !, additive un­
certainty vy, and known vector H. Furthermore, there 
exists a prior estimate !

p 
of the state vector. also 

suffers from an additive uncertainty according to 

!
p =!+ 

2.1. Stochastic uncertainty model 

The most popular approach to modeling uncertainty 
is to adopt a stochastic noise model. Here, we have 

where cy, fp are assumed to be
• zero mean;
• mutually independent;
• Gaussian distributed
random variables with known covariances according to

cy ~ N(O, Cy), fp ~ N(Q, C
p

)• 

Of course, it is possible to drop the independence as­
sumption and just call for known correlation between cy 

and fl.r Furthermore, it is also possible to drop the 
Gaussian assumption and assume given moments up to 
second order. 

2.2. Set theoretic uncertainty model 

Another common approach is to use a set theoretic 
uncertainty model 

where we assume no prior information about e
y
, fp be­

sides boundedness [14]. The scalar uncertainty e„ is 
bounded by an interval according to 

e_� � E
y
, 

Ey defines the size of the interval. The vector-valued
uncertainty is typically bounded by an ellipsoidal set 
according to 

TE-l s: I f!.p p fp"" 

EP is a symmetric, positive definite matrix, which defines
size and orientation of the ellipsoid. 

lt is important to note that this uncertainty model is 
different from assuming a uniformly distributed random 
variable. Here, the model includes every distribution 
with the assumed bounds. Typical uncertainties, that 
naturally fall into this class, are deterministic errors. 

2.3. Generalized uncertainty model 

The key point of this paper is the use of a generalized 
uncertainty model unifying stochastic and set theoretic 
modeling [2,3]. This allows the treatment of systems 
corrupted by both bounded and stochastic uncertainties 
simultaneously. Hence, the model is well-suited for, but 
not limited to, the combination of deterministic/sys­
tematic errors and random noise. 

Here, we consider the additive combination of the 
standard uncertainties, i.e., of stochastic and set theo­
retic uncertainties, according to 

V == 
-p 

+ 
ey, fl.p represent the set theoretic uncertainty part, cy, 12.p 

are random noise terms. 

3. Standard information fusion approaches

3.1. Kaiman filter 

When a stochastic noise model is adopted, a Kaiman 
filter is appropriate for updating the system state esti­
mate according to [l ] 

A A 
CpH ( A 

H
T~ ) 

X =X +--='---- - X = -P C + HTC H 
y 

- -P y - P-
(1) 

with the following recursion for the covariance matrix 



(2) 

3.2. Set theoretic filter 

In the case of a bounded uncertainty model, a set 
theoretic filter is appropriate for updating the system 
state estimate. The set theoretic filter calculates an el­
lipsoidal set of possible states, which is consistent with 
the assumed a priori bounds on ey and The fusion 
result is then given by the set 

Xs = { f, : if E; 1 i,) � 1} 
with 

and 
Es= dP,

with 

and 

l E [0, oo) is chosen to minimize the size of Es [4].

4. Generalized information fusion

4.1. The estimation concept 

For deriving an appropriate state estimator, we define 
=X y=y Cy·· -P 

Since there is no prior infonnation about the remaining 
uncertainties �

P
' ey besides their boundedness, we make 

the worst case assumption that (4,, ey are fully correlated. 
Hence, a set theoretic estimator is appropriate for fusing 
y and ,!P. The fusion result is then given by the set 

Xs = {t: (t-Ks?E; 1 (t-&) � 1}

with 

(3) 

and 
Es dP„ (4) 
where d is given by 

11
2 

), 
T Ey + }J{ EPH

and Ps is given by 

P, 
' EpliliTEp Ep - li Ev + )HTE,J:i •

The appropriate selection of the parameter l E [0, oo) 
will be discussed later. (3) can be rewritten as 

with 

and 

W + WHT =I X 
-;r----

'l' 

where I denotes the identity matrix. 

(5) 

However, !p and y cannot be measured directly. Only
their noisy counterparts given by !p = + fp and
y = y + cy are available. Hence, the midpoint of the el­
lipsoidal set Xs 

is a random variable according to 

{ WxXp 
+ WY Y for IY HT ,!

P
I � JE;+ ✓HTEpH,

undefined elsewhere, 

with random variables XP, Y and their realizations !p ,Y,
respecti vel y. 

To simplify the following derivations, we note that 
the set theoretic uncertainty Es given by (4) depends ony 
and ! . Setting r, = 0 leads to d = I + 1 and is equivalent
to bC:unding E, from above. The resulting Es is then 
given by 

(6) 

Since the simplified Es in (6) does not depend on the 
actual values, it is not a random variable. 

In this paper, we provide two different solutions for 
estimating the unknown state vector j:: 
• An approximation of the density of K., by a sum (Sec­

tion 4.2), which in contrast to the exact density can be
used for recursive estimation.

• An exact second-order description, i.e., mean and co­
variance (Section 4.3).

4.2. Calculating the density 

Since the random variable & is defined only for

IY - HT !p i � K with K = JE;,..;.. ✓HTEpH,

the density of K., is given by [13) 



where W x is assurried to be regular and 

f,. (x ) = { cif1Ji.p)fy(y) for ly- HT!p !:,;; K,
� -P'Y 0 elsewhere , 

(7) 

with normalizing constant c1• fo,,
(J.,,) and fy(y) are de-

fined as 

f!p (!p) Cz exp { - � (!p !p) Tc;
! (Jp - :!p)} 

and 

with normalizing constants c2, c3. 
Calculating the exact density f"" {!.,) directly from (7)

gives a rather complicated and not very useful expres­
sion. Hence, a series expansion will be calculated in­
stead. For that purpose, we use 

{ ) { 
1 for lxl :,;; 1 ,rect x = 0 elsewhere, 

to interpret the constraint iY - HT !pi:,;; K as 
rect((y-HT !p)/ K), which is then approximated by a 
weighted Gaussian sum 

(8) 

with m� = i(K/L), Cg = c(K/L). Note that the integral
from -oo to oo over the sum yields 2K independent of
L. The free parameter c E (0, oo) may be obtained by a
one-dimensional search to give the best approximation
of the rect-function according to a given norm. 

Based on this approximation of the rect-function, the
exact density f:r, in (7) can be approximated by a sum of
simple densities. For that purpose, we first consider one
term of the sum (8) which gives 

1 c4 f 00 
{ 

1 
[ , )Tc-1 ( A )f!. (!',,) = �Wxl -x 

exp - 2 (Jp !p P !p - !p 

+ L (y - y)2 + ;
g 

(y - HT !p - m�) 2] } dy

for i = -L, ... , L, !p w.; 1 [!s Wyy], and normalizing 
constant c4. A tedious calculation reveals that this ap­
proximation can be simplified to 

with normalizing constant c5, weighting factors 

for i = -L, ... ,L. The covariance matrices are the same
for each term in the sum and given by 

i T T Cs = W,CPWx + wy wy cv 

(WxCpH_ - lf.yCi)(W,CPH !f:,,C,/ 
HTCPH + Cy + Cg 

The approximate solution for the density f!s is then 
given by 

L 

i�J!s) RJ I: J{, (!s), (9) 
i=-L 

which is a weighted sum of Gaussian densities, where the
weighting factors g; are themselves values of a Gausssian
function. 

Note: lt can be proven that this approximation con­
verges to the exact density for L -+ oo. 

4.3. Exact analytic solutions for mean and covariance 

In the following, an exact second-order description 
for &, i.e., mean t and covariance Cs, will be derived. 

4.3. l. Exact analytic solution for the mean 
An approximate expression for the mean or expected

value t = E[&] of & is given by 
'-'L 

x1, ~ L..,=-L g,'-s fs~ L 
Li=-Lgi 

For L-+ oo, this expression gives the exact mean f,·
L -+ oo also implies Cg -, 0, and the summation can be
replaced by integration. A lengthy calculation gives 

t = Wx!p + Wyy- Fi (.:v HT!p) (WxCpli - WYC�) 
( 10) 

with Fj (y- HT!p) according to Appendix A. 

4.3.2. Exact solution f or the covariance 
For obtaining the exact covariance of &, the first step

is to calculate the covariance of the (approximate)
Gaussian sum density fx (!s) in (9) based on the relation-s 

"'L {ci Ai('i)T} L..i=-Lgi s + !s!,, . ,T Cs = L -fs!s '
I:i=-Lgl 

which gives the exact Cs for L -> oo as 



Cs=WxCpw; +WyW;Cy
-Fz(y-HT!.p) (WxCpH-WyCv) (WxCpH -WyCy) T 

( 11) 

with F2 (9- HTg_P) according to Appendix A. 

4.4. The new estimator 

In Section 4.2, it has been shown that the uncertainty 
of the fusion result is given by a bounded uncertainty 
and a sum of Gaussian densities. When the number of 
terms included in the Gaussian sum tends towards in­
finity, the exact density is approached. In addition, 
mean and covariance of the exact density have been 
given in closed form. These important results can now 
be applied to derive a second-order estimator for solving 
practical estimation problems. 

This estimator keeps second-order information on 
both the set theoretic and the stochastic uncertainty. 
The set theoretic uncertainty is given by the ellipsoidal 
set derived in Section 4.1. The stochastic uncertainty is 
given by the exact mean and covariance derived in 
Section 4.3. The parameter ). is chosen such that an 
appropriate measure of the total uncertainty is mini­
mized. Here, minimization of det(Es) + det(Cs ) has been 
performed numerically. Closed-form solutions for opti­
mal values of ). for different uncertainty measures are 
available, but outside the scope of this paper. 

The estimator unifies Kaiman filtering and set theo­
retic estimation: A Kaiman filter is approached, when 
the bounded error vanishes. On the other hand, a set 
theoretic estimator is attained, when the stochastic error 
goes to zero. When both types of uncertainties are pre­
sent simultaneously, the new estimator provides solution 
sets that are uncertain in a stochastic sense (see Fig. 1). 

5. Simulation example

Consider a vehicle equipped with range sensors that
measure the distances to two walls i, i = 1, 2, Fig. 2. The 
wall positions are known within a given geometric tol­
erance, i.e., 

wall 1 

distance measured 
towall 1 

y 

wall2 

distance of wall 2 to origin 

X 

Fig. 2. Setup for simulative example. 

d; = d; + -1..d; with j-1..d;! ,s:; b;,

where d; denotes the unknown true (signed) distance of 
the wall to the origin and ß.d; is the unknown but 
bounded deviation of the nominal value d;. The corre­
sponding unit normal vector H; is assumed to be known. 
The range measurements are corrupted by additive 
white Gaussian noise with zero mean and a variance o}. 
The measurement equation is given by 
Ak A Al< T- k y = d; + LI; = H; ! + l'id; + C;) 

where c} ~ N(O, o';), g denotes the vehicle position, and 
i>1 is the measured distance. A true vehicle position 
g = [2000, 2000]T is assumed. The remaining parameters 
are given in Table 1. The initial position estimate is 
given byl = [1900,2100]T with E? = diag(20002 ,20002) 

and C� = diag(20002, 20002). At each time step k, the 
distances to both walls are measured. 

Fusion with the Kaiman filter: The Kaiman filter is 
evaluated by recursively updating the position estimate 
using the equation (1) for .i; and (2) for C�. To employ 
standard Kaiman filtering, the wall uncertainties are 
viewed as additional uncorrelated noise terms. For wall 
i = 1, 2, we obtain a total measurement variance of 
c; + E; = o'f + bf. At every time step k, the filter is 
applied twice: The measured distance to wall 1 yields an 

ls = Wxlp + Wyy- F1 (y-H.Tlp) (WxCpH.-WyCy)
E HHTE E = (1 + >.) E - (1 + >.)>. P-- P s p Ey + >-H.TEpH

Cs = WxCpW; + Wywrcy - F2 (y--H_T;i;_P) (WxCpH- WyCy) (WxCpH - WyCyr

W = 1 - >- EpH_fl.T 
W = >, Epfl_ 

X Ey + >-H.TEpH ' -y Ey + >.HTEpH

Fig. 1. Summary of equations for the new estimator: Mean value ,t, set theoretic uncertainty E,, stochastic uncertainty C,, and weighting factors W.n 
lf.

_v
• F1 (y- ![ !p) and F2 (y -H_T gP) are given in Appendix A. 



Table 1 Parameters of localization experiment Wall Unit normal vector, !L Nominal distance, d1 True distance, d1 Bound, b1 Standard deviation, a1 

1 [1,0]T 0 -4050100
2 
-1/v'2[1, 1f-6000-603050100

intermediate estimate, and the measured distance to wall 
2 yields the estimate that incorporates all measure­
ments available up to time k. The evolution of the re­
sulting confidence set is depicted in Fig. 3 for 
k l, 2, 3, 10, l00, 1000. The optimal estimate for an 
infinite number of measurements would be the set re­
sulting from intersecting the two strips that correspond 
to the uncertainty of the two walls. The true state 
i = [2000, 2000? is marked by a dot. The confidence set 
has been calculated based on nine times the Kaiman 
filter covariance matrix c; centered at �. 

Note: The confidence set for k----; oo does not contain 
the true state. 

Fusion with the set theoretic estimator: The set theo­
retic estimator is applied in a similar fashion. Here, the 
noise in the distance measurements is included by in­
creasing the measurement uncertainty according to 
E! + y c; = bf + yaf, i = 1, 2. To consider the long tails 
of the assumed Gaussian distribution, y must be chosen 
very conservative. The smaller the choice of y, the higher 
the probability of producing a wrong estimate. 

2200 !2000'l, 
1800 

1600 

1400 -----•-- --------- ·--��� 

The result for y = 4 is shown in Fig. 4. 
Note: The confidence set for k _. oo does no( contain 

the true state. Application of y = 9 is shown in Fig. 5. 
Here, the estimator is consistent, but gives a very con­
servative result. 

Fusion with the new estimator: The proposed new es­
timator is evaluated by recursively updating the position 
estimate using the equations for � in (10), E! in (6), and 
c; in (11) twice: Once for wall 1 with E� = bf and 
C! af, which yields an intermediate estimate, and once 
for wall 2 with Et b� and c; a�, which yields the 
estimate that incorporates all measurements available 
up to time k. The parameter ..1.k is chosen such that 
det(E;) + det(C,) is minimized. Fig. 6 depicts how the 
resulting estimate evolves over time. Here, the confi­
dence set is given as the Minkowski sum of E: and 9 c; 
centered at i-

Note: The confidence set for k oo bounds the exact 
set (the intersection of the two strips) from above and 
hence contains the true state. 

6. Conclusions

Many problems in information fusion can be at­
tacked in a mixed noise setting, i.e., the arising uncer­
tainties can be modeled as being additively composed of 
both: (1) noise with known bounds and (2) noise with 
known distribution. For these problems, a new fusion 
algorithm has been derived for the important case of an 
arbitrary dimensional state and scalar measurements, 

1400 160:l- 1800- 2000 :2200 :2400 2600 
X➔ 

1400 • 600 ! 800 2000 2200 2400 2600 
x-, 

�600 1800 2000 2200 2400 2600 
X➔ 

2600 

24CO 

2200 

14CO 1600 
- - �- ---' _ _._ --- --- ·--

18CO 2000 2200 2400 2600 
X➔ 

2200 

1800 

""' 

1400 

k•100 

2600 

14001600'.aoo 2000 2 �2o·o�OO�oo 
X-> Fig. 3. Results of fusion with the Kaiman filter: Evolution of confidence sets over time. 
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t2000 

1800
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1400 1600 1800 2000 2200 2400 2600 
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2600
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1400 1600 1800 2000 
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1600 

1◄00 

1400 1600 1600 2000 
' _, 

1400 1600 1800 2000 2200 2400 2600 

X-> 
1400 Hi00 1800 2000 2200 2400 2600 

'➔ 

Fig. 4. Results of fusion with the set theoretic filter (y = 4): Evolution of confidence sets over time. 
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Fig. 5. Results of fusion with the set theoretic filter (y = 9): Evolution of confidence sets over time. 

2600 

which combines set theoretic and stochastic fusion in a 
rigorous manner. Hence, it provides solution sets that 
are uncertain in a stochastic sense. The proposed fusion 
algorithm is efficient and, hence, well-suited for practical 
applications. 

date, i.e., propagating the state estimate through a dy­
namic system model, is discussed in [10]. 

This paper focused on the measurement update, i.e., 
on updating the estimate of an arbitrary dimensional 
state based on given scalar observations. The time up-

Appendix A 

The nonlinear functions F1 (y - HT !
p
), F2 (y - HT !

p
) 

of the innovation y - HTs_
P 

are given by 
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Fig. 6. Results of fusion with the new estimator: Evolution of confidence sets over time. 

F1 (ß-HTg_p)

= Go(ß-HTg_P' JF:; + JHTE,lf_,Cy + JHTCPH ),

F2 (ß-HTg_p)

[ Go (y-HT!p, p:; + ✓ li_TEpli_, Cy + ✓ li_T Cpli_) r

G1 (_p-HTg_P' �+ ✓HTEpH,Cy+ ✓HTCpH)
+ 

T Cy +H CPH 

with functions Go and G 1 

G0(x, B, a) = ;.
a [ ( exp { -� (x �/

)
2

} 

- exp { - � (x :/)2 } ) / ( erf { x � B 
}

_ erf {
x 

: 
B 

} ) ] , 

G 1 (x,B,a)= ;.
a [ (x-B)exp{-� (x�:)

2

} 

-(x+B)exp{-�(x::)
2

}) / (erfe��}

-erf { x:�})]

and erf(x) defined according to [13].
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