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Abstract 

Wi" l'0'11sider stnte eslfrrwlion lmsPrl 011 obr;ernafions 
u;hich arc simultancously corrupted by a dctcrministic 
amplitwle-bounded unkrwwn b'ias and a possibly un­
ho 1mrfrd rn:ndom pmr:ess, This problnn is sofoed by 
dcvcloping a combincd sct theoretic and Haycsian rc­
e11,rsioe estimator. Il providts a conl'invo,us transitirm 
bctwccn both conccpts in that it converges to a set thco­
r·etic estimator when the stochastic error vanishes and 
/,o a BayP-sian estimator when the detenninistie errnr 
vanishes. In thc mixed noisc casc, the ncw estima­
tm· suppl-ifs solut-ion sets definnl by bounds /hat rzrP 
unccrtain in a statistical sense. 

1 Introduction 

TJ11known bias tenns han' fmmd wme atteution in litcraturc. Scvcral authors cmploy augmentation oftbe stat,e space model, [l] 11ses a ha11k of Kaiman fil­tcrs. [5] critici7,cs statt, augmcntat.ion and p1 ovides aninnovatiw, approach using minimum bias priors based
011 ignorance. The separate estimation of bias arnlstatc has becn discusscd in [:2]. \V'e introduce a 11ew idea for state estimation fromobservations of several information sources that suffcrfrom two different uncertainties simultaneously. Onctype of 1mcprtai11ty is a deterministic but 11nknownerror for which hard amplitude bounds arc given apriori. The othPr type uf mlfe1taimy is a slod1c1s­tic proccss with givcu statistics. Prior knowlcdgc onboth forms of unccrtainty allows conceptionaJy dif­ferf'.nt reductions in 1mcertainty rl11ri11g oliservc1tio11 uf the sample paths of the information sources. Thc com­bined St atistinil ;mll SPt 1 hemeLic Iufonwition (SST) filtcr includcs the classical estimation schemros as bor­der cases: lt converges to a set theoretic estimatorwhen the stochastic error approaches zero and to aBayesian estimator when the deterministic error ap­proaches zero. In the mixed noise case, the resultingestimate is a solution set with bounds that are uncer­
tain in a statistical sense. This solution set converges to the intersection of the underlying noise-free sets foran infinite numberof observations per source. A rigor­ous problem formulation is given in Sec. 2. The special

ca,,e of t.w,i iHfonmüim1 sources i;; discussed in Sec. 3,A rccursive SSI filter for an arbitrary number of in­formal ion som-ce, i:, intrndncecl in SPc. 4. l\"umericalsolution formu:.ae are given for arbitrar:v noise densi­Li,�:,, simpEfiecl solu1.ions arise for the ca.se of Gaussiandcnsities. Sumcrical cxamples in the context ofmobilerobot localization a�e presented in Sec. -5 to clarify thcc,mveyed coucfpts. This paper i� limilPd to the scalarcarn, Sec. 6 provides hiuts for generalizatiou to highcrdir:wnsions. 

2 Problem Formulation 

N possibly conflicting sources of information
Si, i = 1, ... , N, on a desired statc x are given. Eachsuun:e Si is as,:mned to he c01T11pted by two types ofadditive errors. Thc first crror is of deterministic type,i.e., const ant ;-md unknown. lt is bounded in ampli­tnde bv a, s,,L. This set is an interva: for the sc:;-ilarcase. 'J.'he second crror is reprcsc11ted b:-,· a discrete time, 7,ero-mn,n, possibly non-wl1itf' s(ochastic pro­cess SP i with kno-wn statistics. Thc stochastic pro­
('esst·s for Jiff Prent sources are mutually independent.For the scalar ca�e. tlw nwasuremf!llt ''.quacion may bewritten as1 

Z ,= .r+'cn-f 1 E,, icr1 E [-�- j-] , i B, ~ SI\ . (1)
\\'hen the inftuence of the stoch;-is1ic P.:Tor 'Es is rn;g­ligible, cstimating t.'1e state x givcn o Jservations Z; isiwrformed hy f<et in1ersedion and rnsults in c111 iriter,-alestm1ate. Thc inliucncc of thc statistical unccrtainty is c:ventually rulf,d out by filterir1g m-1:1y outcomes ofcvcn· sourcc S';, i.c., ,standard set intcrsection could bc perfiffrned after many obserYations have been aquired. Iu 1,his paver, we wa11t to go u11e step further ancl wantto make an estimate of the state x available at everytime k. This estimate is of course not a point esti­mate, but a set estimate where the se; bounds are un­certain in a statistical sense. lt should asymptoticallyconverge to the above mentioned nc,ise-free interval
cstimate. 1 Capital letters are used for random variables or pro­
cesses, small letters denote specific realizations or deterministic 
quantities. 
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3 Two Information Sources 

We consider the special case of two independent information sourccs S,. i = 1, 2. Each sourcc is char­acterized by a priori know ledge on bo1 mds /,. of t lw determini�t ic ,,nd <rnht ,mt offset and noise dcr.sitics Jl at time k. In thc scquel, we derive thc .ioint for the left ,wd right liound of the resiilt,illg estimator. Analytical results are given for mar;c:inal dcnsitics in casc of Gaussian dcnsitics ff'. 
3.1 Arbitrary Noise Densities 

_/Yf is an estimator of x + 'cr1 with dcnsity ft, The joint density of the independent random quantities 
X;k, i = 1, 2, is giVPll hy ff2 = it ir Tl:� itdditiom;]prior knowblgp 011 tltc bounds b; of the dctcrrninisticerror ied allows clirnination of the regio:1s of this jc,intdensity for which U·t - xt 1 > ½ (b1 + b") holds. The
resulting density J['-,, is chen given by

for lx� - xtl:::; ½ (bi + b2) elsewhcre (2) 
where Cis a normalizing constant. The left and right bounds 2 Lk and 2 Rk of the interval estimator at time k are defincd as 

2 k _ , ( � k b1 )( k b2 ) L -max X 1 - 2, 
2 

- 2, (3) 
2Rk • (,:k b1 x\ b2 )=mm ""1 + 2, 2 + 2, (4) 

A A A where _,'Cf, X� are jointly distributed with density ff 2, The joint density of the lower and uppcr bound of the interval estimator is derived with the aid of Fig. 1 for b1 < b2 without loss of generality and given by 
2 k l hR(l, r)- 2Ck (5) 

LH 

[ft (r - �) h (l + �) + ft (l + �) J} (r - �)

l+� + 8 ( l + b1 - r) ir (l + �) / h (X) dx]
x=l+b,-� 

0 elsewhere 
where o (x) denotes Dirac's impulse fnnction. 2CfR is a normalizing constant and sclccted such that 

:XJ C<, J J 2 fZR (l, r) dr dl equals 1. The proofof (5) 
l�-oc r=-=--co is trivial and left to the rcadcr. 

t x�i l+b/2 
r-b/2

l+b,12 
. - -> 

Figure 1: Visualization ai<l for clerivation of the jointdistribution 2 FfR (l, r).
3.2 Gaussian Noise Densities 

If f k • 1 2 G • f Jk • 1 9 ; , z = , , are auss1an, o course ; , t = , �,are also Gaussian with 

, 1 ( 1 (X m,k ) 2 ) J;k (x) = v'2T<uf exp - 2 � (6) 
and analytical expressions for the normalizing con­stant as well as the marginal densities and cxpected values of lcft and right bound, 2 Lk and 2 Rk , are ob­tained. The normalizing constant 2C1',R is given hy

(7)



with the erf-function defined as 

erf(x) = � j
x

. exp (-Y2
) dy v27r. 2 y=O

according to [8]. 

(8) 

The marginal dcnsity 2 f1 (l) J JfR (l, r) dr 
r=-oo of thc lower bound may be expressed as 

J ffR (l, r) dl of The marginal density 2 JA ( r) 
the upper hound is given by l=-oo 

Due to space limitations, the closed-form solutionsfor the expected values of upper and lower bound areomitted. 

4 N Information Sources 

The above insights are now generalizcd to the caseof N information sources. We focus attention to thederivation of the marginal densities for the uppcr andlower bound, since they are of major interest for prac­tical applications. 
4.1 Arbitrary Noise Densities 

We begin with the derivation of a source-recursiveexpn,ssion for the marginal density of the lower bound

denoted by j Lk , which contains t.he hformation fromsources 1, , , . , j, and is defined by 
'k (· k � Ö) 1 L := max J-l L , XJ - •f (11) 

The prior knowledge on the deterministic uncertainty bound bj may be uscd to formulate the following in­
equalities for specific realizations xJ, j·-

1 zk, J-Lrk 

With (11) and (12), we obtain 
' ' [' ) 

1 1 1" 1 3 lk == -.-L 1Ck . /, 

(12) 

(13) 

where J Cf is a normalizing constanL This may bemodified to yield 
• k • 1 1 JL(1 lk) = ·

c
k (14) 

J L 

[!} (11, + � tLl ;-•it,.(l, r) dc<ll

LEMMA. The double integral over the joint density 
j-l fj\R (l, r) of the form 

Z 00 

J .l j-l !ZR (l, r) dr dl (15) 
l=--oc r:-'7z 

may be expressed in tcrms of the marginal dcnsiticsas 
/ f-l fZ (y) _ j-l tA (y;} dy · (16) 

y=::--00 

PROOF. The left hand side of (15) may be rewrittenas 
z oc. 

l .! j-l fZn (l, r) dr dl
l==-oo 1·=-00 

z z 

)r J 
l=-X)T=--CG 

j-t ffn. (l, r) ,lr dl (17)



l' si11g tlw faci t hä1 J- I f ZR (l, r) is H[Ual to 1.ern for 1 > r, wc may rcplacc thc uppcr limit of thc first integral in the S(!cond exprf':-;;im1 hy 'X. IutPrcku1girg t.hP ,mh-:r (Jf integral i1m ill thc sccond cxprcssion yiclds 
dr. (18: 

This r:oHdudes t.lw proof. =i Eq. (14) may bc furthcr simplificd by usin2; the !cmma and by again using thc fact that j-l Jf'. H (1, r)is Pcp1al tc, zprn for 1 ·> r. The lown lirnit :c - � mthc second intcgr;il of thc sccond cxprcssion m:r�· bercplacccl by -CXJ.Tlu0 desirn,l recursiuH for t.l1P m;i,rginal dcnsit:,· of thc lowcr bouncl is now oht::üncd as 
] JZ (l) =

[if (1+'?) l { H J[1111- 1 -'JA1111) dy 
Y---OC H� 

+ J l .rt (l) l ( l!J) 
In analog:,·, the recursion for thc marßinal density of the upper bound may be derived as 1 fit (r) =
[tf (, - bo )� e-• J/ (11) _ 1-, f� (11)} dy

r+� 
+ J-IJ�(r) I

x=r-� 

wherc :i C¼ is a normalizing constant. 
(20) 

This latticP-typP recursion for the marginal de11si­tics of lowcr and upper bound is dcpicted in Fig;. 2 and initialized with 
(21) 

4.2 Gaussian Noise Densities 

Again, Jf is a Gaussian density. The above expres­sions for the marginal densities may be reduced to 
iJk (l) = _l_ 

L ·ck J L
(23) 

fk V 

Figure 2: Lattice-type recursion for the marginal clen­sitics of lowcr and uppcr bound in the case of N in­formation sources. 
[ff (1 1 ';) _j {' 'JZ(y)- 1 'J/,(y)) d,

Y---x. 

+ J-1 JZ (l)

jfk (r) = _1_ (24) H 
jCk 

R 

[f,1k. (i· __ b2j) .I
r { · 1 k • l A } . 

· 
J- fi(y)- .1 - In(Y) dy 

y=-oo 

- j-1 J! (r)

5 Simulative Verification 

Since the authors' lJackgrmmd is in mobile rnhot localiz:ition b:iscd on optic:il r:inp;c d:it:i [6], [7], :icous­tical ran.ge dat.a [3:, arnl angular measnrements [4], a simple scalar mobile robot localization problem is con­sidered. Two border cases of gathering information from several sources are illustrated by numerical examples: The first case consists of sampling the first source sev­eral times, then sampling the second source, and so on. The second case assumes that samples from all sources are available simultaneously. Consider a vehicle equipped with a range sensor 
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Figure 3: Experirne11tal setup for mobile robot localiz;ition: a) sequential Ha111pli11g b) simultaneous sampling.

Box 1 2 3 4
True value ixB 125 82 28 6
Nominal value ixB 120 80 40 0
Bound b; 40 20 30 20
Standard deviation a; 10 10 10 10

Table 1: Parameters of localization experiment.

that measure� the distance to a number of boxes,Fig. 3. Thc box positions are known withii11 a given
geometric tolerancc, i.e.,

1• i b; with '.6..xB � 2 , (25)
whern i.7:8 dcnotes the unknown true value and i .6..xB 
is thc unknown but bounded deviation of the nominal
value ixn. The range sensor is corrupted by additivewhite Gaussian noisc with zero mean and a ,·arianccar which depends Oll the surface characteri:,tic of t.hebox i. The mcasurcment equation is thus givcn by 

i.l:13 + nf = ;r; + il1XB + iEs ) (2G)
where iEs ~ �V(0,a;), x denotes the vehicle position,
and Df' is the measured distance. The two sirnulationsare now performed for a true vehicle position x = 200
and the parameters given in Tab. 1. 

fl (x) is a Gaussian density where the mean anclvariance are recursively estimated by observing source
'i as [9]

'th • 0 -0 (' 0)--
1 -0 Wl mi - , CF; - . 

The first simula-,ion refers to Fig. 3 a) where t he 
vehicle tmwes along the four boxes. The boxes are 
samplcd sequentiall.y with 100 samplcs for each box.
We start with the first box, and simply obtain the 
marginal dcnsities as the shifted verslons of ff (x) ac­cording to (21), (22). These marginals serve as the 
initial densities for the recursion fonnulae (23) and(24) that are nsec! for including information sonrce1'2, 3, and 4 scqucntLally. The SSI recursion step fromi -1 to i is perfonrn-;d v1·henever the Bayesian updatf-'(27), (28) for information source i has been clone, i.e .. 100 times for boxe,, 2, 3, ancl 4, respectively Fig. 4
a) depicts thc rcsponse of the expected values of tlu,
lower and uppcr bouncl of the set estimate. Sarn­
pling a specific box reduces thc stochastic uncertainty. 
The initial deterministic uncertainty given by the in­terval [17:5, 215) is obviously reduced each time thc 
box is changed: When changing from box 1 to box 2,
the n,sulting interseetion set. wit.hout stochastic noise
would bc [188, 2081, which is cvcntually approachedwhen sampling box 2 for an infinite numbcr of timcs. When traversi11g from hox 2 to box 3, only the lower bound is updatcd, sincc the noise--free intcrval inter­
section would yield [197, 208). Switching from box 3to box 4 produces a11 upda.l.t� for the uppcr bound only, 
since the undcrlyin;� intcrval intersection would y icld
[197, 204], 

The second simulation refors to Fig. 3 b) where thevchiclc samples all four boxcs simultancously at time
k. The Bayesian update (27), (28) is performed at
every time k for each source i. Subsequently, the SSIrecursions (23), (24;, are performed, starting with (21 ), (2'.2'), up tu information sourcc 1, at evcry time k. In U1is Pxpe,irnent, thEi underlyi11g noise free intersection
set is [197, 204] for all k. This sct is approached for;i11 infinite 11umber of measuremt>nts. 

Flg, 4 evidently shows the realistic quantification oft.he ;issociatPd estimation uncert.;iinty whid1 is in sharp
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Fig,1m--, 4: ExpPr:t.Pd Yahws uf lower aud upper b01111d: a,i ccqucntial sampliug, b) simultancous sarnpling,. 

umtrast. to t l1e ,ipt irnism of point cstimators. This 
foaturc may bc cxploitcd whcn attcmpting to naYigatc 
.-1 r11()l,ilt, rnbot. t.hrnug,h uanovi upP11ings. 

6 Conclusions 

A cornbined Statistical aml Set theoretic Iriforma­
t.iou (SSI) filtr"r is iutrndur:e,l for fnsing thc informa­
tion from scvcral sources which arc simultaneously 
currupt.ed l,y .-1 rleterrninist ic .-1rnplitudP-l,ou11drcd un­
known bias crror ancl a possibly unbounclecl random 
procPss. ThP 11ew approad1 imitPs pron,n sd1PmPs 
for handliug pure st(ichastic: uoisP am! for tff,'cting 
amplitudc boundcd unccrtaintics. Set cstimatcs arc 
prnvidPrl rat.hPI t hau pui nt. estimates. Fm t hf'.rrnure, 
thc sct bouncls arc unccrtain in a statistical sense. 
Thus. thP,E: Pstinrntr0s do nut. '11fie1 fwrn the o,n­
optimism r:ncount<:rcd when just considering onc form 
of uncertainty though both are present. r-fonte Carlo 
sirnul:.\J.io11s in the r·untPxt of mohilP roliut. l, H'� li�.-1-
tion dcmonstrntc thc ctfcctivcness of the proposcd 
appro;i,ch. The sirnnlatiun rPsults rR\'Pal tlH, c,mcRp­
tionally ditferent recluctions in unccrtaint:v during the 
ll!Pasun--:Il lPJlt, IJHH'.PSS. 

Our stucly so far only considcrccl the sca,br casc. 
NPYertheless, genPralizati()JJ l,<J hight>r , 1 irnensions i, 
straightforward whcn attcntion is limi:ed to hvpcr 
rect ;i,ngles parallel to t.he comdinat P axCc,. The trCc.-1 t­
mem llf thP comrnon ellip�oidal sct buunc!H is morc 
involvecl, since ellipsoids are not closed uncler intersec­
tion, and the detection of ellipsoid overlap is tedious. 
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