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Abstract 

We study the problem of localizing a mobile robot 
with an onboard~ device making angular measurements 
on the location of known but undistinguishable land­
marks. N 011d algorithms an'- propo.9ed for 1. efficient 
posture initialization based on a simple linear solution 
and for 2. recurs-ive posture estimation. Derived in 
a set theoretic /ramework, the algorithms cope with 
nonwhite, nongaussian noise and deterministic errors. 
Experiments with the set theoretic posture estimator 
demonstrate its simplicity and effectiveness in real­
world applications. 

1 Introduction 

This paper introduces a new view of estimating the 
absolute posture, i.e., position x, y, orientation '1/J, of 
a fast mobile robot on a planar surface. Thc estirna­
tion is based upon onboard rncasurcments of angular 
locations of known landmarks. Not only initialization 
of the robot posture, but also recursive iu-motiou po­
sture estimation is considered. 

For initialization purposes, a set of angles rneasured 
with rcspect to the robot coordinate systern needs to 
be paired with a snbsct of thc undistinguishable land­
marks. In (1], an enumerative schcme has becn repor­
ted for pairing the first three angles with landmarks. 
The remaining angles are used for plausibility tests. 
Several solutions for calculating the post.ure given the 
association of measured angles with laudrnarks have 
becn reported: [1], [2], and [3] consider only triples 
of landrnarks. For the case of morc than threc land­
marks some authors average triple solutions, ot.hers 
use iterative techniques. [4] supplies a closed-form so­
lution for N angles without considering uncertainties. 
In this paper, an efficient association algorithrn is de­
veloped. lt discards false measurements, is fast, and is 
further accelerated by incorporating prior knowledge. 
In addition, the algorithm takes advantage of a simple 
closed-form solution, which consists of a set of N - 1 
linear equations for the vehicle position, Sect. 3. An 
error propagation analysis considers uncertainties in 
both landrnark positions and angle measurement. 

Posture estimates are sequentially updated by 
newly incoming angle measurements, if the vehicle ve­
locity is high compared to the angle measurement rate. 
The updates are usually performed within the Kaiman 
filtering framework. White Gaussian zero-mean ran­
dom processes are then used as uncertainty models. 
In (l], a Kaiman filtering scheme is introduccd for this 
purpose, which is ba.'.lcd on a kinematic vehicle mo­
dcl; fusion of dcad-reckoning information is not con­
sidered. [5] uses a Kaiman filter to fuse sensor data 
with dead-reckoning data. Real-world uncertainties, 
howcver, also includc nongaussian, nonwhite noise and 
systematic errors. These uncertaintics rnay easily be 
considered in a set theoretic setting. For example, 
(6] describes a set theorctic approach to stereo vision 
based robot. locali,1at.ion without dead-reckoning. In 
this paper, we solve the problem of locating a mo­
bile robot. based on onboard angle mea8urernents in a 
set theoretic frarnework, Sect. 4. Basic concepts for 
prediction, rneasurernent, and combination of infor­
rnation are devclopcd from a set theoretic viewpoint 
in Sec. 4.1, Sec. 4.2, and Sec. 4.3 respert.ively. Sect.ion 
4.3 theu discusses two new approaches for 1. tailo­
ring set theoretic estirnators to specific applications, 
and for 2. achieving robustness against modcling er­
rors. The individual cornponents are ticd together in 
Sec. 4.4 to construct a recursive set theoretic estirna­
tor with real-time capabilities. The bencfits of the 
developed localization algorithm are demonstrated by 
experiments as discussed in Sect. 5. Combining sct 
theoretic and ßayesian estirnation is discussed in [7]. 

2 Problem Formulation 

Consider a pool of M landmarks in a two-dirnen­
sional world or map. The positions of the landmarks 
;?;.tM = [xtM ,YtMf, i = 0, 1, ... , M -1 in a reference 
coordinate systemare assumed to be known with ad­
ditive bias errors �

M 
= [Llxr' LlyyM ]T ' which are of 

course unknown. True values of * are denoted as *, 
nominal values as *· The true landmark position itM 

is assumed to lie somewhere within the set 
nLM = {x�M : X

LM = XLM + Ll�M Ll�M E !1b.} (1)1. -i -l -t -l '-l 't ' 
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whPn-' the Prrurs in the posit.io11 of lamlmark i are cun­
Gned to an P!lipsui<lal set. D� given 1Jy 

Possiblc correlation of crrors for different l:mdmarks 
is ignorrd. Thr rohot is capahlc of dctermining thc 
angular locations of thesP landmarks with respect 
to its coordiuatP system. Individual lanclmarks clo 
not necessarily have to be clistinguished. The a11gle 
rneasurcments are corrupted by additive noisc, i.e., 
a; = a; + ßa;, wherc ßa,; is assumcd to be boundcd 
m amplitude (b.i.a.) according to jßa, i < 6�. 

To accouut for possible orclusion of lanclmarks in 
nonconvex rooms, partitioning walls are addec! tn the 
map. The landmarks are ordered i11 the map in such 
a way, that the robot always detects the subset of 
unoccluded landrnarks in that order when scanning 
counterclockwisc. 

3 Posture Initialization 

This section is concerned with (re-) initializing the 
robot posture � = (x,y,'ljJ)T in nonconvex rooms, 
when only very littlc prior knowledge is available. A 
priori information is specified by confining the posture 
to an ellipsoidal set !1•-pdu,, · Jf hmdmarks are aYaila­
ble and N > 3 angles ui, i = 0, l, ... , X -1 have been 
measured. The association, i.e., the !ist of pairings 
of measured angles to landmarks is initially unknown. 
Inspirnd by the int.erpretation-tree (IT) mcthod in [8], 
the association search is kept. from becoming intracta­
ble hy approachiug it in two steps: In the firnt step, for 
every measured angle cq t.he set of visible landrnarks 
frorn n.-p

00
„ is determiued. In the second step, these 

visibility constrainLs are exploited for pruning the IT. 
Thus, only a small portion of all associations needs to 
bc generatcd and tcstcd. 

Step 1: The projcction of !1,-p„
0
„ onto thc x/y­

planc is examined at polar grid points x(r, IJ), y(r, /J)
for some r, 0. \Ve dcfine a visibility matrix V wit.h 
dimerrnions N by J'v[. The elements Vij are huo­
lean variables which are TRUE, if the single rnearn­
recl angle n; may be caused by lamlmark j. A vi­
sibility test is performed for every grid point x(r, 0), 
y(r, 0). If the landrnark j is visible, i.c., whcn thc 
sstraight line from the considered grid poim x(r, 0), 
y(r, 0) to :r!J"', y�M does not iutersect any partitio­
ning walls, a hypothetical angle cx.hyp is calculated. 
The minimum and maximum angles at x(r, 0), y(r, 0)
within !1.-p,,

0
„ are denoted as 'lj)ww , 'lj)HIGH respec­

ti vely. ex.; may then be caused by landmark j, if 
a; + 'f/;Low < CY.hyp < a; + '1/JHIGH· If row i of V does 
not contain any TRUE value, CY.i has been identified 
as false measurement. Row i is then removed from V
and the number of measurements N is decremented. 

Step 2: Only thuse camlidate associations are ge­
neratecl that clo not violate thc visibilitv constraints 
representecl by V and that also follow 'the ordcring 
assumption. Erroneous mcasurcmcnts arc hanclled cf­
ficicntly by adopting the "least bad data" constraint 
proposcd in [!J]. For a spccifir association, a tentative 
po�ition is calrnlated and checkecl for cornpatibility 
witl1 the error boimds, the posture constraint ft_P''°'', 
ancl the requiremcnts for joint visibilitv of all land-
marks invokcd. • 

Tentat.iYe post11res are quickly calcuhüed by use of 
a closed-form sol11tion. The correspondinp., set of N - l 
linea1· equations for the position is derive<l next. The 
rneasurement equation for a singlc angle mcasuremcnt 
ai is µ;i ven b�· 

i = 0, l, ... , N - 1. Definc 1; as thc diffcrencc be­
tween two consecutive angle measurements a; and 
CYi+l 

�1i = CXi+l - ü; 

= atan2(x�"t\ - x, vf.t\ - y)

- atan2(x;" - x. Yt"' - y)

Application of trigonometric identities leads to 

tanb,) =

which may be rewritten as 

(4) 

(,5) 

for i = 0, 1. ... , X - 1. Index operations are perfor­
med modulo N, i.e., i + 1 = Cl for i = N - l. Subtrac­
ting from every equation its follower eqnat.ion yielcls a 
,ystern of X - 1 equations that are linear in ;r, and y, 
Le., 

with 

�::::: [zo, Z1, • • ·, ZN-2]T 

H::::: [.ll,o, ß1, · · ·, fiN-2f 
ß; = [hf, hff 

(7) 

(8) 

and error g_ == [eo,e1, ... ,eN-2]T . The corresponding 



elements are given by 

hf' = cot(r;){y;M - yffi} + xt' (9) 
- coL(r;+1){Yf+1 - Y7+2} - :t��2

hf = cot("Yi){xt+i - xt"'} + yfM 

- cot( "Yi+l ){ x;.t'2 - .rtt'i} - Y7-t2

Once x, y are known, 1/; can be obtained as the 
(weighted) LS--solution of (3) for i = 0, 1, ... , N - 1. 
An error propagation analy�is is performed, which 
provides 1. the optimal weighting rnatrix for the LS­
solution of (7) and 2. the initial sct of postures that 
are compatible with the a priori error bounds. This 
analysis is found elsewhere. 

4 Recursive In-Motion Localization 

Once the robot posture is initialized using thc me­
thod developed in the last section, the robot may sta.rt 
moving. During motion, the robot posture estimate is 
updatcd with the information obtaincd from every sin­
gle angle measurement. A dead-reckoning system is 
used lo smooth the estimate hy predicting the posture 
change between two measurernents. 

üsually, problems of this type are solved within 
the Kalman filter framework. Mcasurcment noise 
and dead-reckoning errors are assumed to be zero­
mean, white, mutually independent random proces­
ses. For these assumptions, the Kalman prcdiction 
step ( time update) provides first and second order 
moments of the predicted state given any noise dis­
tribution. The Kaiman estimation step (measurement 
update), however, yields precisc values of first and se­
cond order moments of the cstimated state only for 
Gaussian noise densities. For any other noise density, 
the Kaiman estimation step just represents the best 
linear estimator. 

In practical applications, however, a state estima­
tor must cope with 1. nongaussian noise densities, 2. 
nonwhite noise, 3. systematic errors, and 4. mutally 
dependent noise sources. For the localization problem 
at hand, at least two error sources may be identified, 
that violate the Kalman filter assumptions: 

1. landmark positions are only known within a de­
terministic offset, and

2. a robot's dead-reckoning system - espec:ially for
the omnidirectional robot considered in Sec. 5 -
suffers from nonwhite noise and deterministic er­
rors.

A nonlinear filter, which copes with the above men­
tioned uncertainties, is dcveloped by set theoretic con­
siderations in the following. The proposed filter is first 
order for the sake of simplicity, i.e, strictly optimal for 
white b.i.a. noise processes. How0.vcr, the output re­
presents an upper bound for uonwhite noise or deter­
rninistic errors, which is in sharp contrast to first order 
Kalman filters. Furthermore, the noise processes may 
stem frorn anu distribution that is compatible with the 
amplitudc bounds.1 Ellipsoidal bounding scts (EBS) 
are used to approximate the sets of feasible solutions. 
They may be manipulated by matrix operatious only, 
which leads to efficient algorithms with real-time ca­
pabili ties. 

Section 4.1 devclops a simple method for sct theo­
retic posture prediction. The determination of the set 
of fcasiblc postures defined by a singlc angle measure­
ment is discussed in Sec. 4.2. An cfficicnt algorithm for 
apprnximating the intersection of prcdiction and mea­
snrement, set is introduced in Scr. 4 .. 3. These three 
filtering cornponents are put togetlwr iu Sec. 4.4 to 
form a noulinear recursive set theoretic estimator. 

4.1 Set Theoretic Posture Prediction 

When moving from onc measurement at time k - 1 
to the next, the vehicle posture suffers from accurnu­
lating uncertainties. The relative uncertainty rnay be 
estimated and must then be "added" to the absolute 
uncertainty µrevalent at time k - 1. Usually, the re­
lative uncertainty is assumed to be imlepenclent from 
the absolute uncertainty at time k - 1, which leads to 
the well known Kalman covariancc propagation for­
mula. For nonwhite noise and dctcrministic errors, 
howcver, this propagation formula is too optimistic. 
In the following, a simple set theoretic propagation 
formula is devcloped, that provides a guaranteed up­
per bound for the post.ure error even in the case of 
nonwhite and deterministic errors. 

The result of the fusion process at time k - 1 is 
denoted as nff-

1 
and given by 

nf-1 = (10) 

{• E ( E ,E )T(CE )-!( E -E )<1} ±k--1: ;?Zk-1 - i&.k-1 k-l ;?Zk-1 - ;?Zk-l - • 

The dead-rcckoning system supplies the set of relative 
postures with respect to Off:- 1, henceforth dcnoted as 

r,A { A ( A ,A
)
T ( A)-1 ( A ,A) } "k = i&Jc : :&k - :&k Ck ;!;.k - i&.k :::; 1 ·

(11) 
The calculation of nf depends on the vehicle kine­
rnatic. For the omnidirectional vehide considered in 
Sec. 5, determining nf is rather complex and outside 
the scope of this papcr. 

The exact set of absolute postures is given by trans­
forming the set Of' to the incrtial coordinatc systcm 

1 Not only uniform densities !



for all feasible posture cstimatcs contained in Df_ 1. This is written as 

with ;i;.f_ 1 E nf _ 1, ;i;_f E nf, I the identity matrix,am! 

(13) 

Unfortunatcly, nf is not in general an ellipsoid. Li­nearizing (12) around the nominal values yields 
(14)

with the Jacobian

(15)

nf may then be approxirnated as the EBS for theMinkowski sum of the two ellipsoids in (14) 
nP { p ( p -P)T (Cp)-1 ( p .p) } "k � ;i;_k : !&.k - !&.k k !&.k - ;fk :S:: 1 , (16)

with center ;i;.f and Cf given by

4.2 Posture Set Defined by Measurement
The measurement equation for a single O:k at timek and an associatcd landmark at ;&.LM is given by (3)and may be rewritten as 

sin(ak + 1Pt1){xLM xf}
= cos(o:k + '1/JfI){yLM - yf'I} (18) 

Linearizing around the predicted posture ;i_;_f, the mea­sured angle ak, and the nominal landmark posltion 
;r;_

LM yields the measuremcnt set 

zk, H k, and Ek are derived in the appendix.
2 -0.5 < K < 0.5 leads to symmetric solution formulae for K in contrast to the formulation in [10), that assumes O <"' < 1.

b)-

c) .\ d)<C471J//

plane intersecting ellipsoid 
,.f plane outside 
" the ellipsoid 

', '- w�', w' ' M 

� rJ. 
tangential planes 

Figurc 1: 1: Configurations for measurement strip andprediction ellipsoid (2D). 2: Definitions for assessingconsistency of the two sets. 

4.3 Robust Combination of Information 

After measurement k, the vchicle posture simul­taneously belongs to two sets: 1. the prediction set
nf, which carries all past information from dead­reckoning and previous measuremcnts, and 2. thc mea­
surement set !1t1°, which accounts for the last anglemeasurement. Consequently, fusion consists of cal­culating thc interscction of thc two sets nf, n{:.
However, the intersection of nf and f2t1° is not in ge­neral again an ellipsoid. Thus, an ellipsoid circumscri­bing the int.ersection is required to arrive at a recursivescheme. A bounding ellipsoid is given by [11] 

nf = faf: (1J - tf) (cf)-
1 
(;r_f -tf)r 

� 1}

cf= dkDk 

D - cP - ), cf H.kH.[ Cf
k - k k 

Ek + AkGk 

-E -P \ D H E-1 ;r_k =;&_k + Ak k-k k t'-.k 

Gk =HICfHk 

dk = 1 + Ak - AkEU(Ek + >..kGk) 

(20)

for all >..k ::=:: 0. The set nf possesses the interestingproperty t.hat it both contains the intersection of themeasuremcnt and the prediction set and is itself con­tained in their union, i.e., 
(nf n nf) c of c (n{1 u nf) . (21) 

Furthermore, the set nf is valid for any noise distribu­tion complying with the amplitude bounds. But moreimportantly, no inclPpenrlPnce assnmption is used inthe derivation. As a result, the estimator provides ardiable uncertainty quantification even in the case ofnonwhitc or detcrministic mcasurement errors. Although very similar in appearance to the Kai­man filter equations 3, (20) defines a nonlinear estima-
3In fact, for >.k = 1 an<l dk � 1, (20) yields the Kaiman filterequations, when Cf, C[, and Ek are interpreted as covariance rnatriccs. 



tor which inherits a sclcctivc update mechanism. The 
nonlincar cstimator compriscs the following cascs: 

• Consistency: Pn�diction set nf :-u1d measure­
ment srt nf possrss common points.

Full consistency: 
* No uncertainty reduction: Thc ac­

tual measnrement is of no help in re<h1-
cing the uncertainty, Fig 1.1 a).

* Uncertainty reduction: Both planes
defining the mcasnrcment set intcrsect
thc ellipsoi<lal prcdiction sct, Fig. 1.1 b).

Partial consistency: Only oue plane m­
tersects the prediction set, Fig. 1.1 c). 

• Inconsistency: Prediction set nf aud rneasu­
rcment sct nt1 <lo not share a common point,
Fig. 1.1 d).

Inconsistency is detected by checking the condi­
tion 

d ( ,min) 0 ,v1·t.h ,rkr.1in = {E;
G
Ek
k .k Ak < ' A 

V 
cf; (22) 

No update is then performed. For the case of consi­
stency of ellipsoid and strip, thc volume of the bonn­
ding ellipsoid in (20) may be minimized by selecting 
the wcight >.f PT as the most positive root of the qua­
dratic equation given by [11] 

>-i(N - l)G� + >-k{ tk + (2N - l)E1,; - Gh}G1,; 
+{N(Ek - EÜ - Gk}Ek = 0 , (23) 

wherc N is thc dimcnsion, here N = 3. The case of no 
uncertainty reduction is characterized hy ).kPT ::; 0. 

Ellipsoidal Bounding Set with 
Minimum Volume Projection Onto Subspace 
For the considered application, it is more natural to 
minirnize the volurne of the projection of the EBS onto 
the x, y subspace. The EBS with a minimum volume
projection onto an arbitrary subspace is obtained with 
>.f PT as the positive real root of 

>-i(Gk-Kk)G�L+>-�{L(3Gk-2Kk) - Kk}EkGk
+ Ak{Ef(L(Kk - Gk) + Kk) + Ek(L(3Gk - Kk) - Kk)
- GkKk}Ek + {L(Ek - Ek} - Kk}Ef = 0 , (24) 

with L the subspace dimension and

Cf is obtained from cf by eliminating the rows not 
associated with the considered subspace. The proof 
is patterned after the one in (12] and is sketched in 

thc appendix. Application to the iocalization prob!Pm 
lcads to a tailor-ma<lc bouncling operation. The in­
herently high precisiun of the orientation estimat.e ·11'!f 
compared to the position estimate x[, y[' is considc­
rcd by minimizing thc projcction of thP EBS outo the 
.r, y subspace. The resulting EDS is rnore consen-ative 
in �;f, but tight for the mure critical positiun estimate 
.r{:' yf. 

Robust Fusion 
Using the '·smallest" EBS is successful as Iong as thc 
model is sufficiently precise. However, rnodeling errors 
nrny lead to an unreasonably small estimation set; n:7-
Enhanced robustness is achieved by imposing a higher 
priority on thc set of predicted statcs flf sincc it con­
tains all past information. This priority should depend 
on the dcgrce of consistency of the two sets nf and 
nt1. Roughly speaking, the idea is to select the set 
nf such that it cxhibits a growing tPwlency t.owards 
the prediction set nf with falling dcgree of consist­
ency of the sets or am! n�'- RPfPrrillg to Fig. 1.2, a 
reasonable con:-;is\ency mea�mP i:, givPH by thP inter­
section width lV ff divided hy the geornetric rnean uf 
thc strip width Wf and thr <,llipsoid width W{ 

WE C:\1(!1f, nr) = k , 0 :S CM$ l. 
JwPW.W k k 

(26) 

Ak in (20) is sclectcd from [ü, ).�PT ] as an appropriate 
function of the consistcncy measure. For this purpose, 
a shifted logistic function 

is used with S = 10, M = 0.5. The influence of this 
extension on the fusion result is dcmonstrated in Fig. 2 
by comparing it with thc common approach for four 
cases. For the common approach, the volnme of the 
resnlting EBS Of cxperiences !arge changes whcn the 
measurement set just changes slightly. Single (unmo­
deled) measurement outliers may !Pad to an extremely 
small EBS. On the other hand, the new approach cal­
culates flf by modifying flf depending on its consist­
ency with nt1. Thus, single erroneous measurements 
have a reducecl impact on the fusion result. The vo­
lume of the EBS as a function of d, where d is the 
distance of the ellipsoid center frorn the strip center 
axis, is shmvn for this example in Fig. 3. 

Remark: The smallest possible EBS is obtained from (20) 
when both hyperplanes defining Of intersect nf. Overboun­
ding occurs when one of the hyperplanes falls outside nf. The 
minimum volume bounding ellipsoid would then be obtained 
by parallel repositioning of the outside plane to be tangential 
to nf [13]. This is not exploited here, since overbounding is in­
tentionally performed in the ca.se of partial consistency by using 
consistency mea.sures. 
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Figure 2: EBSs for thc intcrsection of ellipsoid and 
strip. Top: Common scheme. Bottom: Extension 
employing consistency measures. 
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FigurP 3: Volume of the EBS iu Fig. 2. 

4.4 Set Theoretic Recursive Estimator 

Thc proposc,d recurnivc cstimation schemc for loca­
lization during fast rnotion is depicted in Fig. 4. Based 
uu the sPt. of estirnated postures Of_1 ilt time k - 1, 
thc visible landmarks are dctermined and validation 
bounds for a mcasured angle arc predicted. If the ac­
tual measurcd angle falls outside of thcsc bounds, it 
is discarded. Othcrwise. it is associatcd with the best 
matching landmark a.nd the mcasurrment strip ll(f is 
calculatcd. 0�1 is then fused with thc set of predic­
ted µo�tures rtf to pro<luce Of. The feedback uf tf 
to tlu· process for cletcrmination of ut d0scrves some 
attcntion. It replaces t_f for iterative rcfincmcnt of 
the lincarization of (rn). For implement,JJion purpo­
ses, the scheme has ben1 parallelizcd into thrce tasks: 
The fusim1 loop, the determination of landmarks not 
ocdnded by partitiouing walls, ancl de3cl-reckoning. 

5 Experimental Validation 

The effectiveness of the new approach is demon­
strated by navigating the fast (2 m/sec) omnidirectio­
nal service robot ROMAN (ROving MANipulator) [14] 
through an office environment. ROMAN is a full scale 
mobile robot adapted to indoor requirements: width 
0.63 m x depth 0.64 m x height 1.6 m. Three indepen­
dently steerable wheel systems provide excellent ma-

Figure 4: Scheme of set theoretic recursive estimator. 

neuverabilitv. Whccl diametcrs of 0.2 m allow travcl 
across rough surfaccs like rarpeted floor. For abso­
lute loca!i7ation of ROMAN, an onboard laser-based 
goniometer is used. An eye-safe laser beam scans 
the environrnent in a horizontal plane and deterrni­
ncs the azimuth angles to known artificial landmarks, 
i.c .. retro -reflecting tape strips attached to thc walls.
To kccp the ha.rdwarc simple, no distancc information
is supplied and the landmarks are not distinguished.
20 horizontal 360°- -scans per second am performcd;
absolute arcuracy is about CJ.02° . A map contains no­
minal positions of .34 identical landrnarks and parti­
tiouing walls, Fig. 6. Landmark positions have been
aquired by the robot itself during an exploration trip.
The dead-reckoning system employs the robot's o<lo­
mctry an<l a gyroscope. Odomctry is based on the
drive wheels and suffers from error sourccs likc im­
pcrfect wheel coordination and uncertain whcel/floor
rontact points. The gyroscope suffers from a slowly
time-varying unknown offsRt..

Once initializcd, the robot repetetivcly tra.vcls 
along thc predefincd coursc depictcd in Fig. 6. The 
total distance t.raYclled is about. 650 m, thc total time 
is :J::, min. ThP maximnm speed is 1000 mm/sec, and 
thP averagP s1wed is 312 mm/sec. The robot passes 
four doorways at. each loup, two of which are nar­
row (8D cm, robot \,·idth is 63 cm). The localiza­
tion cstimatc based on the fusion of goniomcter <lata 
and deo.d reckoning is comparcd for the first two loops 
with data from dcad reckoning only. The highly cor­
rclated nature of the accnmulating dcad-reckoning cr­
rors is ,)hYious. On thc othn hancl, thr vehicle is kept 
accuratPly on track by means of t.lw localization rsti­
mate. Absolute rleviation ltas fonnd t,o be about ±2 
cm am! :::::0 .. j0 for l he low-spePd passages ancl abont 
c=S cm ancl ±1 ° for the high-s1wed passaßPS. 

The localization systern is now in opcra.tion for 
more than one year and serves as the basis for re­
search on mobile manipulation tasks. lt has been ex­
tensively tested by covering a distance of more than a 
hundred kilometers. Experiments include long-range 
navigation like the one discussed above, door ope­
ning/ passing maneuvers, and high-speed runs with 
maximum velocities of up to 2 m/sec. Set theoretic 
estimation proved to be an appropriate alternative to 



Figure 5: Omnidirectional mobile manipulator. 

the common statistical approaches when dealing with 
strongly correlated or deterministic uncertainties. 

6 Conclusion 

Set theoretic concepts have been applied to posture 
estimation of fast-moving mobile robots which per­
form angular measurements on the location of known 
landmarks. The landmarks do not need to be distin­
guished by the robot. Four main results have been 
presented: 
1. an efficient algorithm for posture initialization in
nonconvex rooms,
2. a simple closed-form solution for the robot position
given angular locations of N known landmarks, which
consists of N - 1 equations linear in the position,
3. an extension of the common minimum volume EBS
algorithms to obtain the EBS with minimum volume
projection onto an arbitrary subspace, and
4. a new design approach for set theoretic estima­
t.ors which ernploys consistency measures to achieve
robustness against modcling crrors.
The effectiveness of the proposed set t.heoretir esti­
mator has bccn demonstrated by experiments with a
fast omnidirectional service robot. The full scale ro­
bot is cquippcd with a lascr- bascd goniomctcr which
makes angular rneasurements on the location of tape
strips attached to thc wall as artificial landmarks. Na-

vigation in an office environment revealed a maximum 
deviation of about ±5 cm and ±1° between true and 
estimated robot location. 
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7 Appendix 

The coeffü:ie!lts of (19) are given by 
Zk = cU:LM - cr1?M - ci�fH k = [cL -cZ, -ct] T 

ek = [-cL c%Jl 6.xLM , 6.yLMf - c! .6.o:k
(28) 

The constants are defined as et = sin(&k -i- Jf), ci =rn�(h1c + 7/Jf), and ci = ci{:i:LM - .in+ ct{yLM -yf}.
ck can thus be bounded, i.e .. 

(29) 

Proof of (2,1): The projection of Cf 011to a certai11 subspace is c!enoted as proj(Cf) anc! may be written as 
p T p l ·(cP

) 
\ d proj(Ck Jiklik ck)( k pro J k - Ak k ' y 

Ek + >.kGk 
The volume of proj(Cf) is proportional to 

(30) 

>-.kdk (proj(Cf)J- 1

cf likli[ (Cf)T ) • Ek + Ak Gk (.31) where Cf is rlPfined as Cf with those rows elirninated, that are not associated with the considered subspacc. Applying the matrix identity [12] 

where L is the subspace dimension, (31) becomes 
dLEk + >..k(Gk - Kk) k Ek + >-.1; G 1, ' (33) 

with Kk from (25). Differentiating with respect to )..k and setting the result to zero yields (24). 




