Metrika (2021) 84:401-427
https://doi.org/10.1007/500184-020-00795-x

®

Check for
updates

A new test of multivariate normality by a double estimation
in a characterizing PDE

Philip Dorr! - Bruno Ebner?® - Norbert Henze?

Received: 27 November 2019 / Published online: 31 August 2020
© The Author(s) 2020

Abstract
This paper deals with testing for nondegenerate normality of a d-variate random vector
X based on a random sample X1, ..., X, of X. The rationale of the test is that the

characteristic function v (f) = exp(—||7]|>/2) of the standard normal distribution in R¢
is the only solution of the partial differential equation Af (1) = (||¢]|>—d) f(1),t € RY,
subject to the condition f(0) = 1, where A denotes the Laplace operator. In contrast to
arecent approach that bases a test for multivariate normality on the difference A, (f)—
(201> —d)¥ (t), where v, () is the empirical characteristic function of suitably scaled
residuals of X1, ..., X,, we consider a weighted L2-statistic that employs Ay, (1) —
(211> — d) ¥, (1). We derive asymptotic properties of the test under the null hypothesis
and alternatives. The test is affine invariant and consistent against general alternatives,
and it exhibits high power when compared with prominent competitors. The main
difference between the procedures are theoretically driven by different covariance
kernels of the Gaussian limiting processes, which has considerable effect on robustness
with respect to the choice of the tuning parameter in the weight function.

Keywords Test for multivariate normality - Affine invariance - Weighted
L’-statistic - Consistency - Laplace operator - Harmonic oscillator

1 Introduction

A useful tool for assessing the fit of data to a family of distributions are empirical
counterparts of distributional characterizations. Such characterizations often emerge
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as solutions of an equation of the type p (D f, f) = 0. Here, p(-, ) is some distance on
a suitable function space, while f may be either the moment generating function, the
Laplace transform, or the characteristic function. Moreover, D denotes a differential
operator, i.e., this operator can be regarded as ordinary differentiation if f is a func-
tion of only one variable or, for instance, the Laplace operator in the multivariate case.
Such (partial) differential equations have been used to test for multivariate normality,
see Dorr et al. (2020), Henze and Visagie (2020), exponentiality, see Baringhaus and
Henze (1991a), the gamma distribution, see Henze et al. (2012), the inverse Gaussian
distribution, see Henze and Klar (2002), the beta distribution, see Riad and Mabood
(2018), the univariate and multivariate skew-normal distribution, see Meintanis (2010)
and Meintanis and Hlavka (2010), and the Rayleigh distribution, see Meintanis and
Iliopoulos (2003). In all these references, the authors propose a goodness-of-fit test
by plugging in an empirical counterpart f, for f into p(Df, f), and by measur-
ing the deviation from the zero function in a suitable function space. If, under the
hypothesis to be tested, the function f has a closed form and is known, there are two
options for obtaining an empirical counterpart to the characterizing equation, namely
p(Dfu, f) =0,0r p(Dfy, fu) = 0. To the best of our knowledge, the effect of con-
sidering both options for the same testing problem and to study the consequences on
the performance of the resulting test statistics has not yet been considered, neither
from a theoretical point of view, nor in a simulation study. In this spirit, the purpose
of this paper is to investigate the effect on the power of a recent test for multivariate
normality based on a characterization of the multivariate normal law in connection
with the harmonic oscillator, see Dorr et al. (2020).

In what follows, letd > 1 be a fixed integer, and let X, X1, ..., X,, ... be indepen-
dent and identically distributed (i.i.d.) d-dimensional random (column) vectors, that
are defined on a common probability space (§2, A, P). We write PX for the distribu-
tion of X, and we denote the d-variate normal law with expectation u and nonsingular
covariance matrix X by Ny(u, X). Moreover, Ny = {Ng(u, X) : n € RY, ¥ €
R?*4 positive definite} stands for the class of all nondegenerate d-variate normal
distributions. To check the assumption of multivariate normality means to test the
hypothesis

Hy: PX e Ny, 1)

against general alternatives. The starting point of this paper is Theorem 1 of Dorr
et al. (2020). To state this result, let A denote the Laplace operator, || - || the Euclidean
norm in R?, and I the identity matrix of size d. Then Theorem 1 of Dorr et al. (2020)
states that the characteristic function ¥ () = exp (— I211%/ 2), t € R?, of the d-variate
standard normal distribution N (0, 1) is the unique solution of the partial differential
equation

@)

{ Af(x) = (IxI? —d) f(x) =0, x eR4,
() =1.

Writing 7,,_ = n~'Y5_, X; for the sample mean and S, = n~'Yi_(X; —
X)(X;—X )T for the sample covariance matrix of X1, ..., X, respectively, where
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the superscript T means transposition, the standing tacit assumptions that PX is abso-
lutely continuous with respect to Lebesgue measure and n > d + 1 guarantee that S,
is invertible almost surely, see Eaton and Perlman (1973). The test statistic is based
on the so-called scaled residuals

—12 — ]
Yn,j = Sn / X;—Xun), j=1,....n

Here, S, 12 is the unique symmetric positive definite square root of Sn_l. Letting
Y (t) = n-! 27:1 exp(itTY n,j)st € R?, denote the empirical characteristic function

(ecf) of Y1, ..., Yu.n, the test statistic proposed in Dérr et al. (2020) is
Tou=n /d A (1) — AY ()2 wa(r) dr, 3)
R
where
w, (1) = exp(—alt|®), teR?, €

and a > 0 is a fixed constant. The statistic 7}, , has a nice closed-form expression as
a function of YrIi Yuj,i,j €{l,...,n} (see display (10)-(12) of Dorr et al. (2020))
and is thus invariant with respect to full-rank affine transformations of Xy, ..., X,,.
Theorems 2 and 3 of Dorr et al. (2020) show that, elementwise on the underlying prob-
ability space, suitably rescaled versions of 7}, , have limits as @ — oo anda — 0,
respectively. In the former case, the limit is a measure of multivariate skewness, intro-
duced in Mori et al. (1993), whereas Mardia’s time-honored measure of multivariate
kurtosis (see Mardia 1970) shows up as a — 0. As n — o0, the statistic 7;, , has a
nondegenerate limit null distribution (Theorem 7 of Dorr et al. 2020), and a test of
(1) that rejects Hy for large values of T}, , is able to detect alternatives that approach
Hy at the rate n—1/2, irrespective of the dimension d (Corollary 10 of Dorr et al.
2020). Under an alternative distribution satisfying E[| X ||* < oo, n™! T, o converges
almost surely to a measure of distance A, between PX and the class Ny (Theorem
11 of Dorr et al. 2020). As a consequence, the test for multinormality based on 7}, 4
is consistent against any such alternative. By Theorem 14 of Dorr et al. (2020), the
sequence /n (n~! T,.« — Ag) converges in distribution to a centered normal law. Since
the variance of this limit distribution can be estimated consistently from Xy, ..., X,
(Theorem 16 of Dérr et al. 2020), we have an asymptotic confidence interval for A,,.

The novel approach taken in this paper is to replace both of the functions f occurring
in (2) by the ecf ¥,,. Since, under Hy, Ay, (t) and (211> = d)r, (1) should be close to
each other for large n, it is tempting to see what happens if, instead of 7}, , defined in
(3), we base a test of Hp on the weighted L2-statistic

Una = [ |a0a0) = (11 = @) 90wt ®)

and reject Hy for large values of U,, 4.
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Since Ay, (1) = —n~ ' 31 1Y, I exp(ir 'Y, ), the relation

/ (Ie11* — d)? cos(t " ¢) exp(—allt||*)dr
Rd

a2 1 2
_ (1) exp( el )(16d2 3a—1) +4d(d + 2)d®
4da

a 1644

+(8da? — 4(d + )] + el *) (©)

valid for ¢ € R? and ¢ > 0, and tedious but straightforward calculations yield the
representation

n

mNd/2 1 1Ynj — Yol > 2
Una= (%) = 3 exp (=25 ) | 1P,
na=(>)" Z] p( ” 1Yo 121 Yol

Jok=

= (1P + 1Ykl 5 (||Yn j = Yoil? +2ad2a — 1))

1
+ 17— (164% 3(a—l)+4d(d+2)d + 1Y) = Youll*

+ (8da> — 4(d +2)a) |V, — Yn,k||2)], ™

which is amenable to computational purposes. Moreover, U, , turns out to be affine
invariant.

The rest of the paper is organized as follows. In Sect. 2, we derive the elementwise
limits of U, 4, after suitable transformations, as a — 0 and a — oo. Section 3 deals
with the limit null distribution of U, , as n — 00. In Sect. 4, we show that, under the
condition I[']]||X||4 < oo, n”! U, .4 has an almost sure limit as n — oo under a fixed
alternative to normality. As a consequence, the test based on U, , is consistent against
any such alternative. Moreover, we prove that the asymptotic distribution of U, 4, after
a suitable transformation, is a centered normal distribution. In Sect. 5, we present the
results of a simulation study that compares the power of the test for normality based
on U, , with that of prominent competitors. Section 6 shows a real data example, and
Sect. 7 contains some conclusions and gives an outlook on potential further work.

2 Thelimitsa - 0 anda —

This section considers the (elementwise) limits of U, , as a — 0 and a — oo. The
results shed some light on the role of the parameter a that figures in the weight function
wg in (4). Notice that, from the definition of U, 4 givenin (5), we havelim,—, oo Uy o =
0 and lim,—,0 Uyq = 00, since [ |Ay, (1) — (|It]1> — d) 1,0,1(2‘)|2 dr = oo. Suitable
transformations of U, ,, however, yield well-known limit statistics as a — 0 and
a — o0.
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Theorem 1 Elementwise on the underlying probability space, we have

lim [(%)m Uy — 2 2)} Z 1Y, 1% — 2. (8)

a—0

Proof Starting with (7), (a/ 7)4/2 U,.q 18, apart from the factor 1/n, a double sum over
J and k. Since each summand for which j # k vanishes asymptotically as a — 0, we
have

aydz2 d(2a 1) d@a—1) dd+2)
(2)"v fZ[nYn,u - oI+ =+ = ]+o<1>
as a — 0, and the result follows from the fact that Z’}Zl DLW 1> = nd. m|

Theorem 1 means that a suitable affine transformation of U,, , has alimitasa — 0,
and that this limit is — apart from the additive constant > — the time-honored measure
of multivariate kurtosis in the sense of Mardia, see Mardia (1970). The same measure
— without the subtrahend d?> — shows up as a limit of (a/m)¥ 2Tn,a asa — 0,
see Theorem 3 of Dérr et al. (2020). The next result shows that U, , and T}, 4, after
multiplication with the same scaling factor, converge to the same limit as @ — oo, cf.
Theorem 2 of Dorr et al. (2020).

Theorem 2 Elementwise on the underlying probability space, we have

. 2 d/2+1 T
Jim —a U, = ];1 1Yo 1Y 2Y,) Yok ©)

Proof The proof follows the lines of the Proof of Theorem 2 of Dérr et al. (2020) and
is thus omitted. O

The limit figuring on the right hand side of (9) is a measure of multivariate skewness,
introduced by Mori et al. (1993). Theorems 1 and 2 show that the class of tests for
Hj are in a certain sense “closed at the boundaries” a — 0 and a — oo. However,
in contrast to the test for multivariate normality based on U, , for fixed a € (0, 00),
tests for Hy based on measures of multivariate skewness and kurtosis lack consistency
against general alternatives, see, e.g., (Baringhaus and Henze 1991b, 1992; Henze
1994).

3 The limit null distribution of Uy, 4

In this section, we assume that the distribution of X is some nondegenerate d-variate
normal law. In view of affine invariance, we may further assume that E(X) = 0 and
E(XXT) = 1,. By symmetry, it is readily seen that U, , defined in (5) takes the form

Upa = f S2(Hywa (1) dt, (10)
Rd
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where

1 & .
S, (1) = 7 (1%, 12 + 121> = d) (cos(t ¥, ;) +sin(t " ¥, ), t € RY.

j=1

Y

In view of (10), our setting for asymptotics will be the separable Hilbert space
H of (equivalence classes of) measurable functions f : RY — R that satisfy
f f 2(1)w, (t) dt < oco. Here and in the sequel, each unspecified integral will be over
R?. The scalar product and the norm in H are given by ( f, g)m = f f(t)g(t)wy(t)dt

and || fllm = (f, f )IlHI/ 2, respectively. Notice that, in this notation, (10) takes the form
Upa = ”S""]IZ&I’ where S, is given in (11).

. ... D .
Putting ¥ (1) = exp(—||7]|>/2) as before, and writing — for convergence in dis-
tribution, the main result of this section is as follows.

Theorem 3 If X has some nondegenerate normal distribution, we have the following:

a) There is a centered Gaussian random element S of H having covariance kernel

K(s,0) = (s = n{2d + s = 25 Tells = 12 = 4lls — 1]}

+21/f(s)1//(t)[2||s||2 FoP—d—2sTi — 4(st)2}, s.1 R,

such that, with S, defined in (11), S, 2) Sasn — oo.
b) We have

Upa 2> /Sz(t)wa(t)dt asn — oo. (12)

Proof Since the proof is analogous to the proof of Proposition 5 of Dérr et al. (2020),
it will only be sketched. If SS (t) stands for the modification of S, (¢) that results if we
replace Y, ; with X ;, then a Hilbert space central limit theorem holds for S,? , since
the summands of S,? are square-integrable centered random elements of H. The idea is

thus to find a random element §n of H such that §,, 2) Sand ||S, — §,, lm = op(1).
Putting ¥, ; = X; + A, j in (11) and using the fact that cos(tTY,,)j) = cos(tTXj) —
sin(@j)tTA,,,j, sin(tTYn,j) =sin(t' X;) + cos(F)tTAn,j, where ©;, I'; depend
on Xi,..., X, and t and satisfy |©; —t " X;| < |tT A, |, 1T —tTX;| < |tT Ayl
some algebra and Proposition 18 of Dérr et al. (2020) show that a choice of Sy is given
by

. 1 &
S,(t) = — h(Xi,t),
(t) ﬁ;m )

where
h(x,t) = (IIx]I* + lI7]1* — d)(cos(t " x) + sin(t " x))
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—¢(t){2||t||2 Fllxl?—d+2:Tx — 2(th)2}.

Tedious calculations then show that the covariance kernel of S, which is
E[h(X, s)h(X, )], is equal to K (s, t) given above. ]

Notice that the covariance kernel figuring in Theorem 3 is much shorter than the
corresponding kernel given in Theorem 7 in Dorr et al. (2020) for the related test
statistic 7, , defined in (3). Thus, the double estimation leads to a simpler covariance
kernel. Let U, denote a random variable having the limit distribution of U, , given
in (12). Since the distribution of U, is that of ||S ”%I’ where S is the Gaussian
random element of H figuring in Theorem 3, it is the distribution of =1 AN ]2, where
N1, Na, ...isasequence of i.i.d. standard normal random variables, and A1, A, ... are
the positive eigenvalues corresponding to normalized eigenfunctions of the integral
operator f +— Af on H, where (Af)(s) = f K (s, 1) f(t) wg(t)dz. It seems to be
hopeless to obtain closed-form expressions of these eigenvalues. However, in view of
Fubini’s theorem, we have

E[Usc.q] :/]E[Sz(t)]wa(t)dt:/K(t,t)wa(t) dr,

and thus straightforward manipulations of integrals yield the following result.

Theorem 4 Putting y = (a/(a + 1)4/2, we have

dj2 d+2 g0
E[Usoa] =24 (=) {1_y+ay _ @2y +}

+1 (a+1)? 8a2

From this result, one readily obtains

. and/? dd+27 _
31%[(;) E[Uoo’a]—T]—Zd' 13

It is interesting to compare this limit relation with (8). If the underlying distribution
is standard normal, i.e., if PX = Ny (0, I7), we have IE||X||4 = 2d + d*. Now, writing
Y,,j = X+ A, ; and using Proposition 18 of Dorr et al. (2020), the right hand side of
(8) turns out to converge in probability to E|| X ||*—d? asn — 00, and this expectation is
the right hand side of (13). Regarding the case a — o0, the representation of E[Uso 4]
easily yields

lim
a—> o0

Zad/2+l

This result corresponds to (9), since, by Theorem 2.2 of Henze (1997), the right hand
side of (9), after multiplication with n, converges in distribution to 2(d + 2) Xﬁ as
n — oo if PX = Ny(0,1,). Here, x§ is a random variable having a chi square
distribution with d degrees of freedom.
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4 Limits of U, 4 under alternatives

In this section we assume that X, X, X», ... are i.i.d., and that IE||X||4 < 00. More-
over, let E(X) = 0 and E(XX ") = I, in view of affine invariance, and recall the

Laplace operator A from Sect. 1. The characteristic function of X will be denoted by
¥ (t) = Elexp(ir T X)], r € RY. Letting

() = E[cos(r ' X)) + E[sin(r' X)], € R,

we first present an almost sure limit for n ! U,.q, which is the same limit as for 7}, 4,
see Theorem 11 in Dorr et al. (2020).

Theorem 5 We have

Una ws :=/ Z2Owa(t) dt = ||zIIF;,
n R4
where
2(1) = =AY @) + (It — )yt @). (14)

Proof In what follows, we write CSi(é) = cos(§) £ sin(§), and we put ¥; =Yy, ;,
Aj = A, ; for the sake of brevity. From (10) and (11), we have n_lUn,a = |V, +
Wn”]%p where

1o 1 ¢
Va(t) = =3 IYIPCSTTY)). Wa) = (Il —d) — 3 €S Ty)),
j=1 j=1

Putting

| & 1
Vi == IXIPCSTETX ), W = (P —d) = 3 STt X ),
J=1 j=1

the strong law of large numbers in Hilbert spaces (see, e.g., Theorem 7.7.2 of Hsing
and Eubank (2015)) yields || Vn0 + W,? ”112-11 25 I, as n — 00, and thus it suffices to

prove ||V, + Wyl — V) + W21Z 25 0. From
Vi + Wallf — 1V + WE = (Vo — V.0 4+ Wa = W Vi + W + V) + WP,

the Cauchy—Schwarz inequality, the fact that max(|W, (¢)|, |W,? M) <2d+ ||t||2),
[V ()] < 2d, |Vn0(t)| <2n! 27:1 X ; |2 and Minkowski’s inequality, it suffices to

prove ||V, — V,?||H 2% 0 and W, — W,?||H 2% 0asn — oo. As for W, — W,?,
the inequalities | cos(z " Y;) — cos(t" X ;)| < [l |A;ll, |sin(tTY;) —sin(z T X ;)| <
£l | Aj|l and the Cauchy—Schwarz inequality yield |W, (1) — W2 ()] < (l|t]* +

)2t (n" 3 11471112, In view of Proposition 18 b) of Dorr et al. (2020), we
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have |W,, — W,? lm 2%0. Regarding V,, — V,? , we decompose this difference according
to

1 n
Va()) = V,)(0) = =3 (1512 = 1X,1)CST(TY))
j=1

] n
+- dUIxjIR(CstaTyy) —cstex))).
j=1

The squared norm in H of the second summand on the right hand side converges to
zero almost surely, see the treatment of U,, | in the Proof of Theorem 11 of Dérr et al.
(2020). The same holds for the first summand, since its modulus is bounded from above
by 4[ltln =" Y 1A 11 +207 1 325, 14117, and the inequality n= ' 3 (4] <
(n~! PRI VLY )1/2, together with Proposition 18 b) of Dérr et al. (2020), yield the
assertion. O

Since, under the conditions of Theorem 5, I, is strictly positive if the underlying
distribution does not belong to Ny, U, , converges almost surely to 0o under such an
alternative, and we have the following result.

Corollary 1 The test which reject the hypothesis Hy for large values of U, 4 is consis-
tent against each fixed alternative satisfying E|| X ||* < oo.

The next result, which corresponds to Theorem 13 of Dorr et al. (2020), shows that
the (population) measure of multivariate skewness in the sense of Mdri, Rohatgi and
Székely emerges as the limit of I, after a suitable scaling, as a — o0.

Theorem 6 Under the condition E|| X ||® < oo, we have
s 2
lim 24 (3) r, = HIE(||X||2X) H .
a— 00 T
Proof By definition,

I, = /(IItII2 — d)* YT (1) w,a(1)dt — 2f<||r||2 — Yt AYT (w, (1) dr

+ f (AYT (1)) 2w, (r)dr
— 1q,l + Fa,2 + Fa,3 (SaY)-

In what follows, let Y,Z be independent copies of X. Since
Y ()2 = E[CST(+TY)CST (¢ Z)], the addition theorems for the cosine and the
sine function and symmetry yield

1= E[/(||t||2 —d)?cos(tT (Y — Z))wa (1) dt}.
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Putting c = Y — Z, display (6) then gives

w\d/2 1
Ia = (—) ——E|(16d°a*(@—1) +4d(d +2)a* + |Y — Z|*
a 16a

2 2 Iy —z|?
+ (8da” —4(d +2)a)||Y — Z||” | exp I

Likewise, it follows that y+ () Ayt (t) = —E[||Y||? cos(t " (Y — Z))], whence

Iuo = 21@[||Y||2 / (lel1* = d)cos(t T (Y — Z))wa (1) dt}

T\d/2 Yy — z|? d Yy —z|?
==2(=) E|lIYP|———+d— — )
(a) [II I ( 12 55 ) &P ”

Finally,

T\d/2 Y — Z|?
Lis=(%) E[uYnanuzexp <—— ,
a 4a

and it follows that

dj2 Y —Z 2
2a(2) = 2a1E[||Y||2||Z||2exp (—u)]
T 4a

Y — Z|)? d Y — Z|>
—4aEB| 1Y) — +d — — = =
“ [” | ( 4a? * 24 )P 4a

1 2.3 2 4
+8 sE| | 16d°a’(a — 1) +4d(d +2)a” + |Y — Z|
a

2 2 Iy —z|?
+ (8da” —4(d +2)a)||Y — Z||” | exp |

Now, dominated convergence yields

a\d/2 1
2a (;) Iy = 2ad® = SE[IYIPIZIP1Y = ZI?] - 4ad® + dE[|Y IIIY = Z|1°]
+2d* 4+ 2d%*(a — 1) — d° + o(1)
asa — 00. Since E||Y |2 =d = E| Z||? and E(Y) = E(Z) = 0, we have
2
E[IYIZ1ZI21Y — ZI*] = 2dE| Y |* - 2E| 1 X1 X ||,
E[IYI*1Y = ZIIF] = EIIY |* + d%,

and the assertion follows. O
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We close this section with a result on the asymptotic normality of U, , under
fixed alternatives. That such a result holds in principle follows from Theorem 1 of
Baringhaus et al. (2017). To state the main idea, write again CSi(é) = cos(&)£sin(§)
and notice that, by (10), U, 4 = ||Ss ”]1241’ where S, (¢) is given in (11). Putting

S, 1w
j/ﬁ :;Z(”yn,juu||t||2—d)cs+(ﬁyn,,»), t € RY,

j=1

S =

Theorem 5 and (14) show that

Un,a
ﬁ( p

- Fa> = Va(ISHE — 1z1?) = Vn(S) — 2, S} + 2)m
=S —7,22+ S — 2)m

1
=2V, 2)m + —nnv:n%ﬂ, (15)

7

where V(1) = /n(Sk(t) — z(1), t € R, In the sequel, let V(f)(t) denote the
gradient of a differentiable function f : RY — R, evaluated at ¢, and write H f(¢) for
the Hessian matrix of f atz if f is twice continuously differentiable. By proceeding as
in the Proof of Theorem 6 of Dorr et al. (2020), there is a centered Gaussian element
V* of H having covariance kernel

K*(s,0) = E[h*(X, 9)h*(X, 0],  s,t R,
where
n* e, 1) = (1P + 171P = d)CS*T e, 1) +2Vy~ () Tx = (1l = )y * ()
+ (ng(m - %(thz - d)vw(rf) (ex T —Tg)t
+H(AY~ @) = (> =y~ @)t x +x THYy T (0)x,
such that V* N V* as n — o0. In view of (15) and the fact that the distribution of
2(V*, z)m is centered normal, we have the following result.

Theorem 7 Under the standing assumptions stated at the beginning of this section,
we have

Un,a

n

a

- ra> L, N©, 02,
where

od=4 [ [ K G0z0z0m 60 s
R JRA
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We remark that a consistent estimator of aaz can be obtained by analogy with the
reasoning given in Dorr et al. (2020), see Lemma 15, Theorem 16 and the Remark
before Section 7 of that paper. Note that the above result differs from that of Theorem
6 in Dorr et al. (2020), since ~A*(-, -), compared to v(-, -) in display (23) of Dorr et al.
(2020), has different components. Interestingly and in contrast to the null distribution,
the formulas for 42*(-, -) are more involved.

5 Simulations

In this section, we present the results of a Monte Carlo simulation study on the finite-
sample power of the tests based on U,, , and T}, ,. This study is twofold in the sense that
we consider testing for both univariate and multivariate normality, where the latter case
is restricted to dimensions d € {2, 3, 5}. Moreover, the study is designed to match and
complement the counterparts in Dorr et al. (2020), Section 7, and Henze and Visagie
(2020), since we take exactly the same setting with regard to sample size, nominal
level of significance and selected alternative distributions. In this way, we facilitate an
easy comparison with existing procedures. Note that the test families U, , and T, 4
have been implemented in the R package mnt, see Butsch and Ebner (2020). In the
univariate case, we consider sample sizesn € {20, 50, 100} and restrict the simulations
to n € {20, 50} in the multivariate setting. The nominal level of significance is fixed
throughout all simulations to 0.05. We simulated empirical critical values under H
for d—2 (a /n)d/ 2 Uy.q with 100,000 replications, see Table 1, and used Table 2 in
Daorr et al. (2020) for critical values of 7, ,. In each table, the rows entitled o0’ give
approximations of the quantiles of the limit random element Uy, , = f S2(t)w, (1) dt
in Theorem 3(b). The entries have been calculated by the method presented in Dérr
et al. (2020), Section 7, setting £ = 100, 000 and m = 2000 for d € {2, 3,5, 10}.
Note that this approach only relies on the structure of the covariance kernel given in
Theorem 3(a), the multivariate normal distribution, and the weight function.

In the univariate case, we consider the following alternatives: symmetric distri-
butions, like the Student t,-distribution with v € {1, 3,5, 10} degrees of freedom
(note that t; is the standard Cauchy distribution), as well as the uniform distribu-
tion U(—«/g, «/5), and asymmetric distributions, such as the Xf-distribution with
v € {5, 15} degrees of freedom, the beta distributions B(1, 4) and B(2, 5), and the
gamma distributions 1" (1, 5) and I"(5, 1), both parametrized by their shape and rate
parameter, the Gumbel distribution Gum(1, 2) with location parameter 1 and scale
parameter 2, the Weibull distribution W(1, 0.5) with scale parameter 1 and shape
parameter 0.5, and the lognormal distribution LN (0, 1). As representatives of bimodal
distributions, we simulate the mixture of normal distributions NMix(p, u«, 02), where
the random variables are generated by (I — p) N(0, 1) + p N(u, o), p € (0, 1),
u € R, o0 > 0. Note that these alternatives can also be found in the simulation studies
presented in Betsch and Ebner (2020), Dérr et al. (2020), Romao et al. (2010). We
chose these alternatives in order to ease the comparison with many other existing tests.

First we oppose the tests 7, , and U, 4 in Table 2. Remarkably, the test based on
U,.. shows a better performance for the NMix-alternatives, especially for the choice
of the tuning parameter a € {0.25, 0.5}. On the other hand, U,, , is almost uniformly
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Table 1 Empirical quantiles for
d—2 (a/n’)d/2 Up,q and

o = 0.05(100,000 replications) | 29 14799 2586 7.14 246 147 127 1.02
50 149.69 2620 729 262 161 139 1.13
100 150.85 26.45 734 265 1.63 142 116
oo 15252 2770 794 243 161 143 116

220 6459 1161 341 126 072 061 049
50 65.63 11.87 350 133 079 068 0.6
100 6581 1194 352 134 080 070 058
oo 6633 1212 346 139 078 071 058

320 4649 822 245 091 049 040 033
50 46.81 837 252 097 055 047 038
100 46.88 841 253 097 056 048 040
oo 51.69 838 255 092 055 048 041

5 20 3579 611 179 065 031 025 020
50 3605 620 185 070 037 030 025
100 3607 623 1.8 071 038 031 026
00 3938 627 190 068 038 032 027

10 20  30.13 493 133 042 0.7 012 0.09
50 3021 501 141 049 023 018 0.14
100 3022 502 142 050 025 0.9 015
oo 3270 539 147 052 025 020 0.16

U

n\a 0.1 0.25 0.5 1 2 3 5

dominated by 7}, , for the t,-distribution. If the underlying distribution is %2, beta,
gamma, Weibull, Gumbel or lognormal, both procedures have a comparable power.
Table 4 in Dorr et al. (2020) also provides finite-sample powers of strong either time-
honored or recent tests for normality, like the Shapiro—Wilk test, the Shapiro—Francia
test, the Anderson—Darling test, the Baringhaus—Henze—Epps—Pulley test (BHEP),
see Henze and Wagner (1997), the del Barrio—Cuesta-Albertos—Matran—Rodriguez-
Rodriguez test (BCMR), see del Barrio et al. (1999), and the Betsch—Ebner test, see
Betsch and Ebner (2020). For a description of the test statistics and critical values, see
Dorr et al. (2020) and the references therein. A comparison shows that, for suitable
choice of the tuning parameter, U, , can compete with each of these tests, sometimes
outperforming them, for example in case of the uniform distribution, n = 20, and
a = 0.25, and the xlzs-distribution for all sample sizes and a = 5, but mostly being
on the same power level. It is interesting to see that the finite-sample power of U, ,
depends heavily on the choice of a. This observation is in contrast to the behavior of
T,.q, the power of which depends much less on a.

In the multivariate case, the alternative distributions are selected to match those
employed in the simulation studies in Dorr et al. (2020), Henze and Visagie (2020),
and are given as follows. Let NMix(p, u, ') be the normal mixture distribution gen-
erated by
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where p € (0, 1), u € RY and X is a positive definite matrix. In this notation, u = 3
stands for a d-variate vector of 3’s, and X' = By is a (d x d)-matrix containing 1’s on
the main diagonal, and each off-diagonal entry has the value 0.9. We denote by t,, (0, 1)
the multivariate t,-distribution with v degrees of freedom, see Genz and Bretz (2009).
The acronym DIST? (%) stands for a d-variate random vector with i.i.d. marginal laws
that belong to the distribution DIST with parameter ¢. In the sequel, DIST is either the
lognormal distribution LN, the gamma distribution I, or the Pearson Type VII distri-
bution Py ;. Note that t; (0, 1) stands for the marginal standard Cauchy distribution
cd (0, 1) in the previous notation. For the latter distribution, ¥ denotes the number of
degrees of freedom. The spherical symmetric distributions have been simulated using
the R package distrEllipse, see Ruckdeschel et al. (2006). These are denoted by
S (DIST), where DIST stands for the distribution of the radii, and was chosen to be
the exponential, the beta and the y >-distribution.

Tables 3,4, and 5 can be contrasted to Table 5—7 in Dorr et al. (2020), and forn = 50,
with Tables 3-5 in Henze and Visagie (2020). Again, we start with a comparison of
Tyh.q and Uy 4. For d = 2 (see Table 3 and Table 5 in Dorr et al. (2020)), T, 4 is
outperformed by U,, , for NMix (0.1, 3, I2) and NMix (0.9, 3, B,), but shows a stronger
performance for NMix (0.5, 3, B). In case of the multivariate t,-distributions, both
procedures have a similar performance, as well as for the DIST? (%) distributions.
The spherical symmetric distributions are dominated by U, , for a suitable choice of
the tuning parameter, except for the S%( X52) distribution, where a similar behaviour is
asserted. Again, U, , seems to be much more sensitive to the choice of a proper tuning
parameter than 7}, ,. Competing tests of multivariate normality are the Henze—Visagie
test, see Henze and Visagie (2020), the Henze—Jiménez-Gamero test, see Henze and
Jiménez-Gamero (2019), the BHEP-test, the Henze—Jiménez-Gamero—Meintanis test,
see Henze etal. (2019), and the energy test, see Székely and Rizzo (2005). A description
of the test statistics, as well as procedures for computing critical values is found in
Henze and Visagie (2020). The BHEP-test performs best for the NMix (0.1, 3, I»)-
distribution (NMIX1 in Henze and Visagie 2020) but is outperformed by 7, , for
NMix(0.5, 0, B2),and by U, , for the NMix (0.9, 3, B,) (NMIX2 in Henze and Visagie
2020), where these procedures show the best performance of all tests considered. A
similar behavior is observed for the t,- and the spherical symmetric distributions,
where again Uy, , and T, , are strong competitors to all procedures considered.

6 A real data example

As areal data example, we examine the meteorological data set weather provided
in the R package RandomFields, see Schlather et al. (2019), which consists of
differences between forecasts and observations (forecasts minus observations) of tem-
perature and pressure at n = 157 locations in the North American Pacific Northwest.
The data are pointwise realizations of a bivariate (d = 2) error Gaussian random field,
see Fig. 1. The forecasts are from the GFS member of the University of Washington
regional numerical weather prediction ensemble, see Eckel and Mass (2005), and they
were valid on December 18, 2003 at 4 p.m. local time, at a forecast horizon of 48
hours. We ignore the given location of measurements in this evaluation and test the
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Fig. 1 Histogram of n = 157 (upper row) and n = 50 (lower row) differences between forecasts and

observations of temperature (left) and pressure (middle) and scatterplot of temperature and pressure (right)

in the North American Pacific Northwest

Table 6 Empirical p-values for U, , for univariate and bivariate cases of the complete data set n = 157
and the subsample n = 50 (10,000 replications)

Diff. n\a 0.1 0.25 0.5 1 2 3 5

Temperature 0.0128 0 0 0.0001 0.0001 0 0.0001
Pressure 157 0.1042 0.0155 0.0102 0.0235 0.0292 0.0322 0.0407
Bivariate 0.0001 0 0 0 0 0 0

Temperature 0.9472 0.6847 0.3675 0.3144 0.3145 0.3168 0.3337
Pressure 50 0.1649 0.2019 0.1822 0.2282 0.2169 0.2101 0.2109
Bivariate 0.8485 0.6694 0.5528 0.5413 0.3497 0.2998 0.2879

hypothesis that the pairs of differences can be modeled as i.i.d. copies from a bivari-
ate normal distribution. In Table 6, we calculate empirical p-values based on 10,000
replications for U, , for the univariate differences of temperature and pressure, as well
as for the bivariate data for the whole data set, n = 157, and for a random selection
of n = 50 points (selected in R with function sample () and seed fixed to 0721").
Regarding the complete data set, we reject the hypothesis of normality in nearly all
cases on a 5% level of significance, while on a 1% level of significance we are not
able to reject Hy for the differences in pressure. However, for the temperature and
the bivariate data the hypothesis of normality is nearly always rejected. These results
are not surprising, since the weather data set is an example of influence of spatial
correlation, which has to be carefully modeled. In Gneiting et al. (2010), a bivariate
Gaussian random field is fitted to the data, taking the mentioned spatial correlation
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Table 7 Empirical p-values for 7, 4 for univariate and bivariate cases of the complete data set n = 157
and the subsample n = 50 (10,000 replications)

Diff. n\a 0.1 0.25 0.5 1 2 3 5

Temperature 0.0002 0.0003 0.0002 0.0001 0.0001 0.0001 0.0002
Pressure 157 0.0300 0.0231 0.0236 0.0269 0.0297 0.0334 0.0411
Bivariate 0 0 0 0 0 0 0.0001
Temperature 0.5775 0.4011 0.3100 0.2502 0.2173 0.2104 0.2118
Pressure 50 0.5871 0.4401 0.3787 0.3393 0.3164 0.3214 0.3375
Bivariate 0.7589 0.7084 0.7279 0.6455 0.4094 0.3236 0.2948

into account, for a visualization of the locations see Figure 3 in Gneiting et al. (2010).
For the subsample of points we see that the structure vanishes, and we throughout do
not reject the hypotheses. In Table 7 we conduct the same study using the method 7}, ,
to contrast the empirical p-values to those of U, ,. As would be expected, we nearly
draw the same conclusions, although we can reject the hypothesis of normality for
pressure in all cases on a 5% level of significance for the full data set. In comparison,
the p-values in Table 7 show a smaller fluctuation than in Table 6. Here, we have only
applied the methods as a proof of principle.

7 Conclusions and outlook

We have introduced and studied a new affine invariant class of tests for multivariate
normality that is easy to apply and consistent against general alternatives. Although
consistency has only been proved under the condition E|| X I* < oo, the test should be
“all the more consistent” if E|| X ||* = oo, and we conjecture that, as is the case for the
BHEP-tests, also the test based on U}, , is consistent against each nonnormal alternative
distribution. A further topic of research would be to choose the tuning parameter a
in an adaptive way, similar to the bootstrap based univariate approaches in Allison
and Santana (2015) and Tenreiro (2019). It would also be of interest to obtain more
information on the limit null distribution of U, ,. We finish the outlook by pointing out
that, with respect to the references in the introduction regarding other procedures and
distributions, a similar analysis can be performed, and it is of theoretical and practical
relevance to study the resulting statistics in order to assess the influence of the options
of estimating or not estimating certain of the pertaining functions.

After a comparison of U, , and T, , from Dorr et al. (2020), and in view of the
results of the simulation study, we recommend to use 7}, 4, since it seems to be more
robust with respect to the choice of the tuning parameter a. Nevertheless, Uy, , is a
strong competitor, and with a suitable data driven procedure for the choice of a at
hand, U, , may turn out to be a favorable choice over the most classical and recent
tests of uni- and multivariate normality.
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