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Chapter 1

Introduction

The study of torsion invariants, which this thesis is devoted to, has been a driving force in the advance
of modern mathematics in the last 100 years. To provide the necessary context, we aim to give a
comprehensive, yet by no means exhaustive, summary of important foundational works and key results
in that field. Being a prime motivation behind the development and main results of this thesis, the
summary will have a strong focus on the close connection between torsion invariants and L2-invariants,
as well as the relationship between their respective cellular, topological and analytical versions.

At the beginning of the last century, the primary invariants of topological spaces, such as the fundamental
group, the (co-)homology groups, as well as derived quantities such as the Betti-numbers and the Euler
characteristic, had already been well-known and put to great use. A commonality of all these objects
(and simultaneously a reason for their naming) is that they are homotopy invariants, i.e. they agree on
homotopy equivalent spaces, and thus they can be used to distinguish between non-homotopy equivalent
spaces. As such, they alone are however insufficient in classifying spaces up to more rigid transformations,
such as homeomorphisms, diffeomorphisms or isometries. In fact, little was known at that time on

elaborate methods that could distinguish between homotopy equivalent, yet non-homeomorphic spaces.

1.1 Brief history on classical torsion invariants

The first prominent result in this vein was established by Kurt Reidemeister [80] in 1935. Given a finite
simplicial complex K with K its universal cover and a unitary representation p : m; (K) — U(n), one can

form the twisted cellular cochain complex
C*(K,p) = C*(K)®,C" (1.1.1)
oy®v=0® p(y)v.

Together with a choice of homology bases u C H*(K, p), one can define a positive real number

T(Ka Ps p’) € R>O

nowadays called Reidermeister-Torsion (shortly R-torsion) in honor of its inventor. Provided that p is

additionally acyclic, i.e. the twisted cohomology H*(K,p) vanishes (so no choice of u is necessary), it



can be computed as follows: Choosing a representative lift for a given oriented basis of cocells in C*(K),
we obtain linearly independent elements in C*(I? ). Together with the canonical basis of C", this set of
representatives tensors up to become a complex, finite basis for the twisted complex C*(K, p). Choosing
the unique inner product on C*(K,p) with respect to which this basis is orthonormal, we can further
construct (combinatorial) Laplacians Ay : CP(K, p) — CP(K, p) for each degree 0 < p < dim(M). Since

p was assumed to be acyclic, each A is a positive, invertible endomorphism, and we get an equality

| dimQ)
log(T(K, p)) = 5 D (—1)Pplog(det(AL)). (1.1.2)
p=0
Using R-torsion, Reidemeister was able to give a complete combinatorial classification of 3-dimensional
lens spaces. While he defined the torsion only for complexes on lens spaces, Franz [37] generalized
the definition of R-torsion to arbitrary finite simplicial complexes. In the same process, he generalized
Reidemeister’s classification result onto higher-dimensional lens spaces. Both authors implicitly used
the important fact that the R-torsion associated to acyclic representations is a combinatorial invariant:
Two simplicial structures of the same space admitting isomorphic subdivisions have the same acyclic
R-torsion, a fact that was later proven rigorously in a more general fashion by Whitehead in a series
of papers [100], [99], [98], [97]. Namely, he proved that R-torsion is invariant under a special class of
homotopy equivalences, so-called simple homotopy equivalences. In the same body of work, he also gave
the homotopy classification of lens spaces and provided examples of homotopy equivalent lens spaces
with different R-torsions, thus showing that not every homotopy equivalence is simple. All of this he
achieved by introducing a new torsion invariant, called the Whitehead torsion, which provided an effective
new tool in analyzing two homotopy equivalent spaces. Lastly, he also raised the question whether all
homeomorphims are simple homotopy equivalences. Combined with his previous result, this would imply
that R-torsion for acyclic representations is a homeomorphism invariant.
Arguably the decade in which Whitehead torsion was used most beneficially, the 1960’s began with a
satisfying completion of the earlier mentioned classification results by Reidemeister, Franz and Whitehead,
obtained by Brody [17] in 1960. Namely, he proved that the simple homotopy class, the combinatorial class
and the homeomorphism class of lens spaces all agree. Shortly afterwards in 1961, Milnor [67] prominently
applied a relative version of R-torsion to disprove the ”Hauptvermutung”, one of the famous topological
conjectures of its time which stated that two homeomorphic finite-dimensional simplical complexes always
would always have isomorphic subdivisions. He was also the one to define another torsion invariant, called
the Milnor torsion, which would generalize Whitehead torsion even further. Thirdly (and perhaps most
famously), Whitehead torsion played an important part in the proof of the s-cobordism theorem, shown
independently by Mazur [65], Stallings [93], and Barden [5] for the category of piecewise-linear and smooth
manifolds, later extended to the category of topological manifolds by Kirby and Siebenmann [49| Essay 1.
It says that for n > 5, given a topological /PL/smooth inclusion M™ < N™*! of a closed n-manifold into
a compact (n+1)-manifold that is a homotopy equivalence, one has N 22 M x [0, 1] (here, = stands for the
isomorphism in the respective category) if and only if the inclusion is a simple homotopy equivalence. Most
notably, the s-cobordism theorem has as an (almost) immediate consequence the generalized Poincaré
conjecture for dimensions n > 5: Any n-manifold homotopy equivalent to the n-sphere S™ must in fact
be homeomorphic to S™. To close off the decade, it was shown by Kirby and Siebenmann [50] in 1969 for
simplicial structures on manifolds, later by Chapman [24] in 1975 for arbitrary simplicial complexes, that
all homeomorphisms are simple homotopy equivalences, thereby confirming Whitehead’s old conjecture

that R-torsion for acyclic representations indeed is a homeomorphism invariant.



Among the most influential mathematical achievements that were brought forth in the 60’s also ranks
the Atiyah-Singer index theorem. Roughly stated, this deep result relates the index of certain elliptic
differential operators defined over a manifold M to various of its topological properties. In the aftermath
of the proof, more and more people became interested in discovering new sophisticated analytic quantities
on manifolds that could possibly shed light on equally sophisticated topological properties.
One of the quantities discovered this way was the analytic torsion, first appearing in a paper by Ray and
Singer [78] in 1971, where they rigorously defined it and proved some of its basic properties (therefore, it
is sometimes called Ray-Singer torsion):
Given a closed Riemannian manifold (M, g), and a unitary representation p : m (M) — U(n), one
obtains the flat, complex vector bundle E? | M over M associated to p, with E” the total space of
the bundle and M the base space (this notation will be used throughout the thesis). E? | M comes
equipped with a canonical flat bundle metric h,, since p is unitary. If Q®(M, E”) denotes the de Rham
complex of EP-valued differential forms over M, then the pair of metrics (g, h,), together with the
differential d,: Q*(M, EP) — Q*T1(M, Er) give rise for each 0 < p < dim(M) to the p-th Hodge-
Laplacian A, = (db)*db + db='(db=1)*: QP(M, EP) — QP(M, EP). In that situation, it is due to the
classic de Rham theorem that ker(A,), the space of harmonic p-forms, is a finite-dimensional complex
vector space isomorphic to the twisted singular cohomology HP(M, p). Moreover, A, is a non-negative,
elliptic operator with discrete spectrum spec(A,). One can therefore at least formally define the (-
function of A, as the series
Ca ()= > A
0#£AEspec(A,)
for varying s € C. In analogy with the classical Riemannian {-function, this expression determines a
convergent series for R(s) >> 0 sufficiently large that extends to a meromorphic function on all of C with
0 being a regular point. The extension is also denoted by (a, (s). As such, the (-reqularized determinant
of A, can now be defined as
det®(A,) = e 62 ()

and the analytic/Ray-Singer torsion TA™(M, p,g) € Rsq as

im(M)

> (—1)Pplog(det(A,)).

p=0

d
log(T4" (M, p,9)) = 3
Of course, the naming ”determinant” is not without reason: It is easy to check that, replacing A, by an
invertible n X n-matrix A, one recovers the classical determinant of A in the process previously described.
Inspired by the de Rham theorem and the Atiyah-Singer-index theorem, Ray and Singer believed that
for unitary representations p : 7 (M) — U(n), the resulting analytic torsion T4"(M, p, g) must have
a topological interpretation. Indeed, further substantiating their conjecture, they showed that, if p is
unitary, TA™(M, p, g) is always independent of the choice of g and for even-dimensional M always equal
to 1. The precise statement of their conjecture is as follows: If K is a smooth simplicial structure on M,
then the integration over simplices map determines a cochain map I : Q*(M, EP) — C*(K, p), so that
its restriction to harmonic forms, post-composed with the projection map, induces by Hodge-de Rham’s
theorem for each 0 < p < m an isomorphism & : ker(A,) — HP(K, p). Choosing a basis u C ker(A,) of
harmonic forms that is orthonormal with respect to the inner product on Q*(M, E*) defined by g and
h,, we obtain by push-forward a basis ®(u) € H*(K, p) for twisted simplicial homology. Then Ray and
Singer conjectured that

T4(M, p, g) = T(K, p, (1)) (1.1.3)



In particular, provided that p is acyclic, it would follow that T4™ (M, p, g) is a homeomorphism invariant.
The conjecture was proven independently by Miiller in 1978 [27], and by Cheeger in 1979 [27], and is
nowadays consequently referred to as the Cheeger-Miiller theorem.

Since then, the result has been extended and generalized in multiple different directions — there are
versions for manifolds with singularities as well as for families of representations, all of which are often
referred to as Cheeger-Miiller (type) theorems. For the purpose of this thesis, we restrict our attention
on the versions for manifolds with boundary and unimodular representations. The table below collects

all relevant results in this vein.

Cheeger-Miiller p unitary p arbitrary & unimodular

M closed Cheeger, 1979 [27] | Bismut/Zhang, 1992 [12]
Miiller, 1978 [74] Miiller, 1993 [73|

M compact with boundary | Vishik, 1987 [96] Briining/Ma, 2013 [18r
Liick, 1993 [58]

M non-compact Miiller /Rochon, 2019 [68r

Observe that in the construction of both the Reidemeister torsion and the Ray-Singer torsion of a pair
(M, p), the deck group action of 71(M) on the universal cover M is already a key ingredient. For the
former torsion element, it was used to construct the relevant cellular cochain complex C*(M, p), while
for the latter, it allowed us to construct the flat bundle E? | M associated to p. In the construction of
an L2-torsion, which is the subject of the next section and generalizes the ordinary torsion invariants we
have introduced, the deck group action will also play an important role, although in a slightly different

manner.

1.2 L’-torsion on finite CW-complexes and compact manifolds

Let K be a finite, d-dimensional connected CW-complex, let p : K — K be the universal cover and let
I := deck(p) = 7 (K) be the corresponding deck group. The associated cellular cochain complex C*(K)
with integer coefficients then has the structure of a finitely generated, free Z[I']-module cochain complex.
A preferred admissible Z|T']-basis E C C* (IN(, p) is given by a choice of lifts of oriented cocells of K, one
for each I'-orbit of cocells.

Now assume that we are given a complex, finite-dimensional representation p : I' — GL(V'). This allows
us to form the twisted cochain complex C* (IN{ ,p) =C* (I? )®z V. The diagonal action of I" on elementary
tensors, given by v.(w ®v) = (y.w) ® (p(7) - v) intertwines with the natural C-multiplication on the right
factor, endowing C* (K, p) with the structure of a finitely-generated free C[I']-module.

Observe that C’*([N( ,p) differs from the cochain complex C*(K, p) that was defined in Equation (in
case that T is infinite, C* (K, p) is not a finite-dimensional complex vector space, unlike C*(K, p)).

The tensor product of a basis B C V' with an admissible basis of C* (I~() produces a C[[']-basis E ® B
of C*(K, p), so that the T-orbit I'.(E ® B) forms a C-basis for C*(K, p) (infinite whenever T' is infinite).
Equipping C* (K, p) with the unique inner product with respect to which the C-basis I'.(E ® B) is
orthonormal and taking the L2-completion, we obtain a cochain complex of Hilbert spaces C’E*Q)(I? 2 0)s
which is in fact a finite Hilbert N'(T')-module cochain complex (cf. Definition [£.1.28). As such, the resulting
boundary operators 9% : Cf)z) (K, p) — Cg)rl (K, p) can further be regarded as bounded morphisms of finite-
dimensional Hilbert NV (I')-modules, thus admitting a Fuglede-Kadison determinant detr(95) € Rxo (see



Definition |4.1.9)). Now assume that

« the representation p is unimodular, i.e. one has |det(p(y))| =1 for each v € T,

+ the pair (M, p) is combinatorially L*-acyclic (shortly: c-L*-acyclic), which means that ker(92"!) =
im(9%), and

« the pair (M, p) is of combinatorial determinant class (shortly: c-determinant class), which means
that detp(ﬁg) > 0 for each 0 < p < d.

In this case, one can define the topological L2-torsion element Té;’p (K,p) € Ryg as

o0

log(Ti5y" (K, p)) = > _(=1)"*" log(detr (35)). (1.2.1)
p=0

It does not depend on the explicit choices of bases F and B that we have made (Corollary .
Most importantly, however, it is a homeomorphism invariant of the pair (K,p): If f : L — K is a
(not necessarily cellular) homeomorphism between finite CW-complexes and p : m1(K) — GL(V) is a
representation as above, then we obtain a pullback representation po fi : w1 (L) — GL(V) (unique up to
conjugation), so that T(g;’]”(L7 pofi) = T(TQ)OP(K, p). In fact, provided that the Whitehead group Wh(T") of
T" vanishes, T(:g;’p (K, p) is even a homotopy invariant of the pair (K, p). Crucially, the latter observation
allows us to define a topological L?-torsion T (ng)p (X, p) for any space X that is not necessarily compact,
but modeled on some finite CW-complex and satisfying Wh(m; (X)) = 0. The proofs of these statements
are carried out in Sections 5.1 — 5.2.
Any smooth, compact d-dimensional manifold M admits a finite CW-structure. Therefore, given some
CW-structure K on M and a unimodular, L?-acyclic representation p : 71 (K) = w1 (M) — GL(V) of
determinant class, we can define the topological L2-torsion T(TQE’p (M, p) = T(:g;p (K, p) € Rsg. By what we
have said before, this depends only on M and the representation p itself, but not on the specific choice
of K. This suggests that there must be a way to compute the quantity Té;p (M, p) without employing
any CW-structures at all:
Indeed, assume that p : 7 (M) — GL(V) is an arbitrary finite-dimensional, complex representation
(not necessarily c-L?-acyclic or unimodular). Then we can always form the I'-equivariant vector bundle
Er=MxV 4 M over the universal cover M of M , on the total space of which I' acts diagonally via
~v.(v,x) == (p(v)v,v.x). Note that EP 1 M is precisely the pullback under the covering map p : M — M
of the flat, canonical bundle E?” | M over M associated to p.
By acting fiberwise, this I'-action extends in natural fashion to a C[I']-action on the associated de Rham
complex of Er-valued forms Q*(M , E;) Picking a I'-invariant Riemannian metric g on M, as well as
a D-invariant Hermitian form h on EP further gives rise to a natural inner product structure on the
subcomplex (M ,Evp) - Q*(M ,Evp) of compactly supported forms. The choice of g and h guarantees
that the complex Q?Q)(M , E,) obtained by L2-completion is a Hilbert space with isometric I'-action, so
that the closures of the exterior differentials dP : Q’(’Q) (1\7 , Evp) — Q’ggl(ﬂ , E’vp) are I'-equivariant, densely
defined operators. In fact, more is true:

1. Qz‘z)(ﬂ , E;) is a Hilbert A/(T')-module. In fact, if F is an arbitrary fundamental domain for the
I'-action of M, then szz)(M , E,) is T-equivariantly isomorphic to the Hilbert space tensor product

LA(D)&Q%, (F, E?| 7).



2. The Hodge-Laplacian A, == (dP)*dP +dP~'(dP~')* is an elliptic differential operator of order 2 (with
certain boundary conditions if M # 0)), as well as a positive, self-adjoint unbounded morphism of
Hilbert NV (I')-modules.

3. For each t > 0, the heat operator et : Q€2)(M7 E;,) — Ql(’z)(ﬁ, E\;) defined via Borel functional

calculus on A, is a positive, bounded morphism of Hilbert A/ (I")-modules. Moreover, for fixed p € N,

the assignment ¢ — trp(e”t4r)

determines a smooth, real-valued non-negative function in ¢.

Here, as everywhere else, trr denotes the von Neumann trace. It can be viewed as a generalization of the
usual trace of positive bounded operators onto the realm of positive, bounded I'-equivariant operators.
We refer to Section 4.1 for a precise definition, as well as a list of its most important features. All this
permits us to define the p-th analytic L?-Betti number bg) = limy_, o trp (e_mf’) € R>p. We say that
the pair (M, p) is analytically L*-acyclic (shortly: a-L2-acyclic) if b§,2) =0 for each 0 < p < n.

We wish to define the L2-Torsion of the complex Q’&)(M,Evp) using suitable determinants of the I'-
equivariant Laplacians A,. However, since M is in general non-compact, spec(A,) is in general not dis-
crete, which is why a different approach than in the construction of ordinary analytic torsion is needed.
Remedy comes in form of the von Neumann trace trr(e~*47). Namely, with the aid of trp(e7*47), we
will essentially mimic the regularization procedure used in the previous section to define the (-regularized
determinant. First, under the assumptions made on g and h, the small-time asymptotics of the function

~tAr) are sufficiently well understood. This is why there exists ¢ > 0 small, so that the formal

trr(e
expression (p(s) = [t~ (trp(e A7) — bg))dt determines a holomorphic function for R(s) >> 0 large
that extends to a meromorphic function on all of C with 0 being a regular point.

On the other hand, the large-time asymptotics can potentially be complicated. We say that (M, p) is of
analytic determinant class (short: a-determinant class) if the expression trp(e™*4r) — b§,2) decays suffi-
ciently fast as t — oo, in the sense that [~ ¢~ (trp (e "47) — 61(72))dt < oo for each 0 < p < n. Just as the
L?-Betti numbers, the determinant class property is independent of the particular choices of ¢ and h.
Provided that (1\7 , E;) is of a-determinant class, we can now define the L?-analytic torsion T(’;‘;L(M P9, h) €

R<o as

1 d o _
log(T(} (M, p, g, b)) = 3 Y (-1Ptp (dscp(s)so +/ t~ trp(e e — b§9)dt> . (1.2.2)
p=0 €

As outlined before, the right-hand side of the equation should be understood as an alternating weighted
sum of (logarithms of) (-regularized determinants of the Laplacians. Further, as already indicated in
the notation, T(‘;‘)”(M, 0,9, h) depends in general on g and h, even if M is compact. However, in case
that M is compact and odd-dimensional, the metric anomaly, i.e. the difference log(Tégl(M, p,g,h)) —
1og(T(‘2‘)”(M 0,9y h')) equals a sum of integral expressions over only the boundary M. Assume addi-
tionally that x(M) = x(0M) = 0 (which is true whenever M is odd-dimensional with empty or toroidal
boundary, for example) and that the representation p and the metrics h, h’ are unimodular (cf. Section
5.3.1). In this case, the anomaly further reduces to an integral expression depending only on dim(p) and
the metrics g, vanishing whenever both g and ¢’ are product near 9M, as shown by Ma and Zhang [60].
Its relative rigidity under metric transformations raises the suspicion that Té;‘(M , 05 g, h) must in fact
be a topological quantity.

Many partial results in that spirit have been obtained in the past. The case when p is a unitary represen-
tation and h is the flat canonical metric associated to p was famously covered by Burghelea, Friedlander,

Kappeller and MacDonald in [22] and [21]. The case when p is unimodular and M is closed was dealt



with by Zhang [102]. All of these results, however, have in common that they do not relate T(‘g? to
its natural counterpart, T(g)oz’ . Instead, they employ the L2-Morse-Smale torsion T(%S , a variant of the
topological torsion which we will define in Section 5.3. Although probably known to the authors, they do
not explicitly establish a relation between T, (2M)S and T é;’p . This, along with generalizing the techniques
of [21] to our setting, is what goes into the proof of two main theorems of this thesis, to be proven in

Chapter 6:

Theorem A (Theorem [6.3.5). Let M be a compact manifold and p : m(M) — GL(V) a complez, finite-
dimensional representation, and let K be a CW-structure on M. Then there is an L?-chain homotopy

equivalence of Hilbert N'(T')-module cochain complexes Qz‘z)(M,Evf’) ~ Oy (K, p). In particular

1. (M, p) is c-L?-acyclic if and only if (M, p) is a-L*-acyclic.
2. (M, p) is of c-determinant class if and only if (M, p) is of a-determinant class.

Theorem B (Theorem[6.1.8)). Let (M, g) be a compact, odd-dimensional, oriented Riemannian manifold
with Wh(my (M)) = {0}. There exists a form B(g) € Q""1(OM) depending only on the restriction of g to
a neighborhood of OM and vanishing whenever g is a product near OM, so that the following holds: Let

p:m(M) — GL(V) be any complex, finite-dimensional, unimodular representation so that

o pis L?-acyclic and of determinant class,

« the pair (OM, p|r, (oar)) is of determinant class.

Then, for a choice of I'-invariant, unimodular metric h on Er + M, one has

TAn 1\47 , ,h
log <<2>(’09)> — Ldim(p) /aMB(g). (1.2.3)

To
T(z)p(M7 p) 2

Remark 1.2.1. Via methods different from the ones we will employ, Theorem B has recently also been

proven by Guangxiang Su in a currently unpublished paper.

Recall that under certain circumstances, there is a reasonable topological L2-torsion for non-compact
spaces. On the other hand, in our definition of analytic L?-torsion, as well as all results mentioned so
far, we have restricted our attention exclusively to compact manifolds. In what follows, we will introduce
a realm of spaces, many of them non-compact, in which an analytic L?-torsion is always defined: Locally

symmetric spaces.

1.3 L?-torsion on locally symmetric spaces

Throughout this section, we assume that we are given a linear algebraic group G defined over Q, by
which we mean a subgroup of GL(n, C) for some n € N that is the zero locus of a set of polynomials in
the n? variables with coefficients in Q. We set G to be the identity component of G(R) = G N GL(n,R).
Then G is a real Lie group, which we assume from now on to be semi-simple without compact factors.

For K C G a maximal compact subgroup, the quotient space X := G/K then has the natural structure

10



of a non-positively curved globally symmetric space: As a smooth manifold, X is diffeomorphic to R?
for appropriate d € N and there exists a canonical Riemannian metric g on X of non-positive sectional
curvature, unique up to a positive scalar, turning the transitive action of G on X into an action by isome-
tries. In the sequel, we will often employ the fundamental rank §(G) of G, defined as the non-negative
integer 0(G) := rankc(G) — ranke(K) € Np.
Let p: G — GL(V) be a complex, finite-dimensional irreducible representation. Consider the G-equivariant
bundle E” := X x V | X, on the total space of which G acts diagonally via v.(z,v) = (y.x, p(y)v). Due
to a result by Matsushima and Murakami |64, Lemma 3.1], E® can be equipped with a canonical G-
equivariant Hermitian metric h,, unique up to a positive scalar. For each degree 0 < p < d, the pair
of metrics (g, h,) induce on the associated EP-valued de Rham complex Q*(X, E”) Hodge-Laplacians
A, QP(X, EP) — QP(X, EP). Crucially, for each t > 0, A, possesses a smooth heat kernel e~ *2»(z,y) :
X x X — End(V). Due to G-equivariance of the pair (g,h,), one has e *27(z,y) = e "2 (y.2,7.y)
for each v € G. It follows that there exists a smooth, non-negative, monotonically decreasing function
HP(p,t) in t > 0 which satisfies tr(e 7?27 (z,x)) = HP(p,t). Therefore, we can define for each 0 < p < d
the non-negative real number

bP(p) = lim HP(p,t). (1.3.1)

t—o0
It vanishes precisely when there are no harmonic, L?-integrable p-forms in QP(X, Ef). We say that p is
L2-acyclic if and only if b?(p) = 0 for each 0 < p < d.

Remark 1.3.1. With the aid of some uniform lattice I' < G, it is easily verified that there exists a
constant x = x(G) € Z, such that for all representations p : G — GL(V') under consideration, one has

d

S (~1)767(p) = dim(p) - x. (13.2)

p=0
Furthermore, in case that p = li¢ is the trivial complex representation, it was shown by Olbrich [76] that
p is not L?-acyclic if and only if both §(G) = 0 and d is even, in which case bP(p) > 0 precisely when
p = d/2. The main idea of his proof was to establish a correspondence between L2-harmonic forms in
O*(X, Ey,.) and discrete series representations of the ambient Lie group G. It is a classic result that
there exist such representations if and only if 6(G) = 0.
Together with Equation we now conclude that there exists a positive constant ¢ > 0, such that for
any representation p : G — GL(V'), we have

d .
Z(—l)pbp(p) _ 0 if 6(G)#0 or d odd, (1.33)

=0 (=1)%2 . dim(p) - ¢ else.
Consequently, we can conclude that a representation p : G — GL(V) can be L2-acyclic only if either
0(G) # 0 or d is odd. In fact, the same methods applied in [76] should still be applicable in order to
prove the equivalence of the two conditions for any arbitrary irreducible representation p, namely that p
is L2-acyclic if and only if either §(G) # 0 or d = odd. To the author’s knowledge, this is not explicitly

written down anywhere in its full generality. However, partial results in that direction, which are also

relevant for the results of this thesis, can be found in the literature (cf. [30]).

As we briefly explain here, analogous to the construction of the analytic L2-torsion as in the previous

paragraph, one can construct from the collection of functions H?(p, t) an L2-torsion element 7(2)(p) € Rxo.
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For this, one first needs to consider to small-time asymptotics of HP(p,t), which are sufficiently well-
understood. Namely, it was shown by Bergeron and Venkatesh [9, Lemma 3.8] that for ¢ — 0, one
has HP(p,t) € O(t~4m(X)/2) Tt follows that for s € C with R(s) >> 0, there exists ¢ > 0 such the
expression (P(s) == T'(s)™" Jo t°"H(HP(p,t) — bP(p))dt determines a holomorphic function, that extends
to a meromorphic function on all of C which is regular at 0.

However, to define an L2-torsion element, one also needs information about the large-time asymptotics
of HP(p,t). Assuming that these are sufficiently well-behaved, so that [ t='(HP(p,t) — bP(p))dt < oo
for each 0 < p < d, we can define the L?-torsion element 7(2)(p) € R of p as

dim(X)

rae) =y 3 0 (et [0 - o).

p=0

and the analytic L2-torsion of a given lattice I' < G as

T(o)' (T, p) = exp (VOI(T) - 72 (p)) -

Here, Vol(T') denotes the (finite) Riemannian volume of a fundamental domain F C X for the I'-action
on the symmetric space X. It was proven [9, Proposition 5.2] that 7(5)(p) (and therefore also Té;l(F, o)
for each I' < G) is indeed always well-defined. In fact, using representation theory, the authors were able

to provide a very explicit description of a positive number ¢(p) > 0 depending on p, so that

0 if §(G) # 1,
T(2)(p) = s (1.3.4)
(=)= c(p) ifo(G)=1.
We now sketch how these torsion elements relate to the L?-analytic torsion of the corresponding locally
symmetric quotient spaces. For this, first observe that for each torsion-free lattice I' < G, the bundle
E? | X descends to a flat bundle T\E? | T'\X, which is precisely the flat bundle associated to the
restricted representation p|r. Furthermore, since both g and h, are G-equivariant, they descend to
metrics g* and hg on M\ X and T'\ E”, respectively. It is now easily verified from the definitions that the
flat bundle (I'\E” | T\ X) is det-L?-acyclic if and only if p is det-L?-acyclic, in which case the equality

TAT(T\X, plr, g" b)) = THT (T, p) (1.3.5)
holds.

Remark 1.3.2. The importance of 7(2)(p) becomes apparent in the far-reaching conjecture by Bergeron
and Venkatesh: Namely, given a congruence lattice I' < G, one always finds a basis B C V, such that the
free abelian group A := Z.B C V generated by B is an arithmetic I'-module, meaning that the I'-action
on V induced by p leaves A invariant. Now let (I'y)nen be a nested sequence of finite-index congruence
subgroups of I' with trivial intersection. Since A is an arithmetic I-module, it follows that for each
n € N, A is a Z[I'y]-module. Thus, we can consider for each 0 < p < d the singular homology group
Hy(TN\X, A) == Hp(Ci(X) ®zry) A) with coefficients in A. Observe that Hy,(I'y\X, A) is a finitely
generated abelian group, and thus splits as a direct sum of its free and its torsion part. The conjecture
by Bergeron and Venkatesh [9, Conjecture 1.3] now predicts a growth estimate of the (finite) torsion part,
with the asymptotic limit being the twisted L2-torsion

[ 10 [H (Th\X, A)uors| _ 0 ifop£d—1,
N0 [I: T log(TAP (T, p) if2p=d — 1.
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For a detailed discussion on this conjecture, as well as proofs on partial results, we refer to the original

paper [9]. For an overview on its various possible ramifications, we refer to the survery article [10] instead.

The torsion element 7(2)(p) does not depend on the normalization constant of the Hermitian form
h,, and changes by the factor C~?% when scaling the Riemannian metric g by the factor C > 0. In
particular, T(’;‘;’(F, p) does not depend on the normalization constants of g and h,, but only on I" and the
given representation p. Just like in the previous instances, this suggests that there must be a topological
counterpart, to Té;l(F, p). Indeed, if G is a connected semi-simple Lie group with finite center and no
compact factors and I' < G is a torsion-free lattice, the quotient manifold I'\ X, although not necessarily
compact, is always a CW-model for the classifying space BI'. That is because X =2 R? is contractible.
Notably, however, it is not finite CW-model whenever I' is not uniform. Regardless, it is known, cf.
[4, Theorem 13.1], that I'\X is always the interior of a compact manifold with boundary, which we
denote by T\ X. As such, a given CW-structure on I'\ X always serves as a finite CW-model for BT.
Identifying I" with the fundamental group of I‘\iX under the homotopy equivalent inclusion I'\ X < I‘\iX,
choosing a finite CW-structure on I‘\iX and some basis on the representation space V', we can form the
L?-cochain complex C(*z) (Y, p). In this instance, Y denotes a preferred universal cover of F\iX, equipped
with the I-CW structure induced by the chosen CW-structure on I'\ X. Since Y is a finite I'~-CW complex,
it follows that C,, (Y, p) is a finite cochain complex of Hilbert N (I')-modules. We say that the pair (T, p)
is det-L2-acyclic if the combinatorial complex C’(*Q)(Y, p) is det-L2-acyclic. This property neither depends
on choice of basis on V nor the specific CW-structure on I'\X. Crucially, semi-simplicity of G implies
that the representation p must in fact be unimodular (see for example |73, Lemma 4.3]). As such, if (T, p)
is det-L2?-acyclic, we can define the topological L2-torsion

TP (T, p) = TP (T\X, p) € Ro .- (1.3.6)

The choice of F\iX as the finite model of '\ X might seem arbitrary. However, it was proven by Farrell and
Jones [36, Proposition 0.10] that the Whitehead group Wh(T') (cf. Equations of T’ vanishes.
From this, it follows in fact that T(TQ;”’ (T, p) is a homotopy invariant, in the sense that we may have
chosen any finite CW-model of BI" to define the same number T(E)Op (T, p) in the above fashion (this will
be explained in Definition .

Since we speculate the equality between the two torsion invariants Té)” and T(TQ;P , let us first of all specify
the realm of Lie groups and representations, in which both torsion invariants could be reasonably defined.
For this, recall that the L2-analytic torsion Té;‘(ﬂ p) is always defined, while the L2-topological torsion
T(‘;‘)"(l"7 p) is only defined if the pair (T, p) is det-L?-acyclic.

In view of Remark it is therefore reasonable to restrict our attention to the case that either §(G) # 0
or d odd. In fact, the next result, to be proven in Section [6.6] is an almost immediate consequence of the

preceding two Theorems [A] and [B}

Corollary C. In the above situation, suppose that p is L*-acyclic and that T < G is a uniform lattice.

Then the pair (T, p) is det-L*-acyclic. Moreover, if d is odd, we have an equality of L*-torsion elements
To n

T3P (T, p) = T} (T, p). (1.3.7)

However, if I is not uniform, no such relation is known to hold in full generality. All in all, this

motivates the next conjecture:
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Conjecture D. Let G be a connected, semi-simple Lie group with no compact factors, let K C G be a
mazimal compact subgroup and let d == dim(G/K). Suppose that either §(G) # 0 or that d is odd. Let
p: G — GL(V) be an irreducible, finite-dimensional, complex representation and I' < G a torsion-free
lattice. Then the following holds:

1. The pair (T, p) is det-L*-acyclic.

2. One has

Tia) (T, p) = T 55" (T, p). (1.3.8)

Example 1.3.3. Suppose that p = lic : G — C* is the trivial representation. Then the first assertion
is well-known to hold in full generality for all lattices, while the second assertion holds true for uniform
lattices by the first assertion and the celebrated result in |22]. Namely, it was shown by Olbrich 76| that
L2-acyclicity of the pair (T, IIc) always holds whenever §(G) # 0 and I' < G is uniform. By Gaboriau’s
proportionality principle [38, Corollary 0.2], this results extends to arbitrary lattices in G.

Moreover, it is under the correct basis identification that the boundary operators of the corresponding
L2-cochain complex Cly (T\X, p|r) are elements of Mat(k, I, Z[T']) for appropriate integers k,! € N. Since
T is residually finite as a finitely generated linear group by the classic result of Malcev [62], it follows
from [54, Lemmas 13.6, 13.11] that any matrix in Mat(k,[, Z[I']) has Fuglede-Kadison determinant > 1.
In particular, the complex C'(,) (T\ X, p|r), thus also the pair (T, p), is of determinant class as stated. We
remark that the det > 1-property we have employed here is much stronger than the determinant class con-
jecture from above. In fact, it cannot be used to prove the conjecture for arbitrary representations, since
the corresponding boundary operators are in general elements of Mat(k, [, C[T]), and we find elements
inside Mat(k, 1, C) C Mat(k, [, C[T']) with arbitrarily small non-zero Fuglede-Kadison determinant.

Example 1.3.4. For p = li¢c and G = SO(n,1) with n odd, the conjecture is known to hold for all
lattices I' < G by the main result of [55], established by Liick and Schick.

The last main theorem of this thesis, proven in Section and generalizing the main result of [55],

can now be stated as follows:
Theorem E. C’onjecture@ holds true in full generality for G = SOq(n,1) with n € N odd.

Remark 1.3.5. An analogous comparison result for the ordinary (i.e. non-L?) versions of analytic and

topological torsions for hyperbolic lattices was achieved very recently by Miiller and Rochon in [68].

We emphasize that the proof of the above theorem strongly relies on the well-understood end structure
of complete, finite-volume hyperbolic manifolds (see Section . In fact, this is also what allowed Liick
and Schick to achieve their original result in [55], and a good part of this thesis will be devoted to
generalizing their methods. However, aside from the geometry itself, another key ingredient of the proof
is derived from the fact that the fundamental group of each such end is finitely generated free abelian.
This allows us to take advantage of two recent results by Liick on finite-dimensional representations
factoring over Z< |52,/53], both of which play an essential part in the proof that (T, p) is always c-det-L2-
acyclic, even if I is not uniform.

To the author’s knowledge, none of these ingredients do admit straightforward generalizations onto non-

hyperbolic lattices.
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Putting the results of this thesis into perspective, the table below collects all versions of the L?2-

Cheeger-Miiller theorem known to date.

L?-Cheeger-Miiller p unitary p arbitrary & unimodular
M closed Burghelea et al., 1996 [22] | Burghelea et al., 2001 [20]
Zhang, 2005 [102]
M compact with boundary | Burghelea et al., 1999 [21] Su, 2019 (unpublished)i
Theorem |E|
M non-compact Liick/Schick, 1999 [55] Theorem
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Chapter 2

Equivariant Hermitian bundles

In this chapter, we will carefully introduce the fundamental complex, with aid of which all analytic
L?-invariants to be studied in this thesis are defined: The twisted De Rham complex associated to an
equivariant Hermitian bundle. This will take up Sections In Section we introduce for
G = Isom™ (H"), the group of orientation-preserving hyperbolic isometries, and for a given torsion-free
lattice I' < G an exhaustion { Mg} ger of H” of complete manifolds-with-boundary. The isometric action
of I' on H" leaves each Mp invariant and restricts on each Mp to a cocompact action. We will then
apply the theory from the previous two sections to the finite-volume, hyperbolic manifolds T\Mg and
'\ H" and certain types of finite-dimensional, complex representations p : I' — GL(V) of their (common)
fundamental group. As a consequence of results on uniform ellipticity of associated Hodge-Laplacians,
shown in Chapter 3, we can define analytic L?-torsions Té;l(F\MR, 0), T(‘ggl(l"\ H") and finally state two

of the theorems, which will be proven in later chapters.

2.1 The twisted De Rham complex

We will commence by introducing some of the fundamental frameworks this thesis builds upon. Detailed
introductions, discussions, and proofs of the well-established theory about to be presented can be found,
for example, in [48].

Let (M, g) be an n-dimensional complete oriented Riemannian manifold, possibly with boundary. Let
E | M be a m-dimensional complex vector bundle over M and denote by I'(E) the space of smooth
sections into E.

For 0 < k < n, we define the space of E-valued k-forms over M as
QF(M, ) i= Q*(M) @0~ (a1 T(E) = DA M @5 B),

and the twisted de Rham complex of E-valued differential forms as
O (M, E) = P Q" (M, E).
k=0

Since A*T* M ®g E has the natural structure of a complex vector space induced by C-multiplication on
the left factor, it follows that (M, E) has the natural structure of a graded C*° (M, C)-module with the
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obvious grading coming from the individual summands QF(M, E),0 < k < n.

The wedge product on ordinary differential forms gives naturally rise to a C*° (M, C)-bilinear pairing
A QF (M, E) x QM) — QY (M, E), 0<kl<n.

Moreover, by intertwining the ordinary wedge product with the evaluation pairing with E and its dual

bundle E*, we also obtain a natural C*° (M, C)-bilinear pairing
A QF(M,E) x QY(M, E*) — QFY(M), 0<kl<n.

Observe that, if either the first or the second factor in the pairing is compactly supported, the resulting
form is also compactly supported.
A connection on F is a C-linear map V : I'(E) — I'(T*M ®g E), satisfying the Leibnitz-rule:

V(if-w=df @w+ f-Vw, VfeC®MR) and Yw € T'(E).

Here, df € Q'(M) denotes the ordinary exterior derivative of the smooth function f. A choice of
connection V on E | M gives rise to a C-linear operator dy : Q°(M, E) — Q**1(M, E), that is uniquely

determined by its behavior on elementary tensors: For o € Q¥(M) and w € T'(E), we have
dy(0 @w) =do@w+ (—1)"c A Vw € QFT(M, E). (2.1.1)
dy is called the covariant exterior derivative induced by V.

Definition 2.1.1. V is called a flat connection if al2V = 0, i.e. if dy takes the form of a differential
on Q*(M,E). A complex vector bundle E | M, equipped with a fixed flat connection is called a flat
bundle.

Since it will always be made clear from the context which derivative is used, we simplify the notation
and drop the subscript V from the covariant exterior derivative dy, from now on.
The differential d canonically induces a dual differential d*: Q*(M, E*) — Q*+1(M, E*), which is com-
pletely determined by the following Leibnitz-identity:

dwAo)=dwho+(—1)wAdo, Vw € QF(M, E) and Vo € Q'(M, E*). (2.1.2)

In this instance, d(w A o) denotes the ordinary exterior derivative of the C-valued differential form w A o.
If f: N — M is a smooth embedding between smooth manifolds, and if f*(E) | N denotes the (smooth)
pullback bundle of E | M over N, then any connection V on E | M pulls back to a connection f*V on
the pullback bundle f*(E) ] N. This connection is uniquely determined by the identity

(f*V)x (f*s) = * (Varx)s) » Vs € I°(E). (2.1.3)

Here, f*(s) € T'(f*(E)) denotes the smooth pullback section induced by a section s € I'(E), X €
[(TN) = Q°(N) is a vector field over N and df : TN — T M denotes the differential induced by f. This
determines a connection over f*(E), since every section in I'(f*(F)) is the pullback under f of some
section in T'(F). Assuming that V is flat, the above equation implies that the pullback connection f*V
gives rise to a degree-1 differential dy-v on the complex Q*(M, f*(E)), so that f* extends to a C-linear

map between cochain complezes

[ (Q.(M7E)7dV) - (Q.<N7 f*(E))vdf*V)a
FHdvw) = dpew (@) Ve € Q*(M, E). (2.1.4)
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Now let g be a Riemannian metric on M. Together with the chosen orientation on M, it gives rise to
the classical Hodge *-operator *,, a bundle isomorphism *, : AFT*M — A" *T*M for each 0 < k < n
uniquely determined by the identity

VA xgw = (0, W) g0y - dig(2),  v,w € (AFT*M),

for each x € M. ( , )4(z) denotes the inner product on the fiber (A*T* M), induced by the metric g(x)
on TM, while du, € Q*(M) denotes the volume form on M induced by ¢ and the fixed orientation on
M.

By letting it act on the first factor, *, extends for each k& € N to two smooth bundle isomorphisms
AFT*M @ E =2 A™*T*M @ E and A*T*M ® E* =2 A™~*T*M ® E*, and therefore to two C°°(M, C)-
linear isomorphisms *, : Q*(M, E) — Q™ *(M, E) and *, : Q*(M, E*) — Q™ *(M, E*) (in both cases,
we use by slight abuse of notation the same symbol). Here, as everywhere else in the paper, E* denotes
the conjugate dual bundle of E.

Our intermediate goal is to define a formal adjoint of the differential operator d, which can be established,
in the case that E is the trivial complex line bundle over M, purely by means of the previously defined
Hodge *x-operator. For general flat complex vector bundles, however, we will also need a way to canonically
identify E-valued forms with E*-valued forms. This is done via means of a fixed Hermitian form h €
[(GLc(E, E*)). Recall that a section h € I'(GLc(E, E*)) is called an Hermitian form (or Hermitian

metric), if for each € M, the isomorphism of complex vector spaces

E

B

8%

hy: E, (2.1.5)

is conjugate-symmetric, i.e. hy(v)(w) = W)(v) for any pair v,w € FE,, and non-degererate, i.e.
hy(v)(v) # 0 for 0 # v € E,. Equipped with h, we call (E,h) | M an Hermitian bundle (whenever
clear from the context, h will be left out from the notation and we simply write E | M). In the obvious
manner, the isomorphism described in induces a degree-0 C*°(M, C)-linear isomorphism between
graded modules

#1n,:Q(M, E) — Q*(M, E*).

Note that, however, since h is in general not parallel with respect to the chosen connection V, #j is
in general not a map between cochain complexes, i.e. one generally does not have d* o #, = #j o d.

Nevertheless, we obtain a bundle isomorphism that further gives rise to a C'*° (M, C)-linear isomorphism
H#H: =xkg0o#y =FH#pox,: Q(M,E) = Q" *(M, E¥),

called the Hermitian Hodge x-operatoron (E,h) | (M, g). The underlying bundle isomorphism is uniquely
determined by the identity

VA FHWw = (U, W h(r(e)) - dlg(T), v,WE (AFT*M @ E), (2.1.6)

for each x € M. Here, as everywhere else in this paper, ( , )j() denotes the inner product on the fiber
(E® A*T*M), induced by g(x) and h(x), where g is implicit and left out from the notation.

Finally, we can define for each 0 < k < n a C-valued pairing on compactly supported forms
(,)V: QM E)xQF(M,E) - C, (2.1.7)

(v,0) = /M vA#o = /M<u(x), 0 () p(z)dptg (). (2.1.8)

18



Just like for the trivial bundle, one verifies that this pairing is C-linear in the first argument, conjugate-
symmetric and positive definite. Therefore, it defines an inner product on each module of compactly
supported k-forms

Q" (M, E) := {w € Q(M, E) : supp(w) compact}.

Endowing the subcomplex of compactly supported forms Q2 (M, E) = @} _, Q% (M, E) with the direct
sum inner product structure, we obtain a cochain complex of pre-Hilbert spaces. This further allows us
to define the Hilbert space .
0% (M, E) = P 0, (M, E), (2.1.9)
k=0
obtained by L2-completion of Q(M, E) with respect to the inner product previously defined. In order

to set it apart from the other summands, we denote the space of L?-sections into E by
L*(E) ==y (M, E).

Also, if there two or more pairs of metrics (g, h) at play, we will denote the corresponding L2-de-Rham
complex by sz) (M,E,g,h).
As announced, the Hodge #-operator induced from g and h is also used to construct a formal adjoint &

to d, defined as the following degree —1 differential:
§=(=1)*"# Tod* o#: Q°(M,E) = Q* (M, E).

Since M might have non-empty boundary, we do not have (dw,c) = (w,dc) for arbitrary compactly
supported forms that do not vanish at the boundary. To deal with that issue, we start by considering the
boundary inclusion map i : 9M — M and define for any bundle E | M the restriction bundle E|gps | OM
simply to be the pullback i*F | M. Note that a metric h on E pulls back to a metric on i*E = E|s;,
which we fittingly denote by h|sas. As in there is a flat connection on E|gps | M, whose induced
differential on Q*(0M, E|anr) is also denoted by d, so that the inclusion map ¢ naturally gives rise, as in
to a degree-0 C-linear map of cochain complexes i* : Q*(M, E) — Q*(0M, E|sps). This means that

doi* =i*od. (2.1.10)

i* is called the tangential boundary projection. It is a pseudo-differential operator of order 1/2.

Lastly, observe that the pair of restricted metrics gloas and hlgys gives rise to a Hodge -operator # :
Q*(OM, Elan) — Q" 17*(OM, E*|5p) and to an inner product { ., . ) on Q*(0M, E|gps). Using Stokes’

theorem, one can now easily verify the following:

Lemma 2.1.2. Let 0 < k < n and suppose that w € Q"1 (M, E) and o € QF(M, E) are forms, so that

either w or o is compactly supported. Then

(dw, o) = (w,d0) + (i*w, # Vi #0).

Proof. Stokes’ theorem says that for any compactly supported n — 1-form w € Q?~1(M), one has

/dw:/ Fw. (2.1.11)
M oM

It is also easily verified that the tangential boundary projection respects wedge products, i.e. we have for
any bundle £ | M and any pair of differential forms w € Q%(M, E), o € Q!(M, E*) the equality

"(wAo)=1i'wAi*c € QT OM). (2.1.12)
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Using [2.1.2] 2.1.11] and 2.1.12] one now computes
(dw, o) = / dw A #o = / d(w A #0) + (—1)’9/ wAd*#o
M M M

=4

—_—
:/ z'*w/\i*#o-i—/ WA# (D)4 1d # o
oM M

/ Fw A FE T Ho 4+ (w,60) = (iFw, # Vi H#0) + (w, 00).
oM

O

From now on, we fix two smooth submanifolds 9; M and 92M of OM (either of which could be
empty), so that M decomposes as the topological disjoint union M = & MUy M. With respect to the
corresponding differentials induced by the flat connection on E | M, this yields a natural isomorphism

of cochain complexes
Q'(@M,E|@M) = Q.(81M7E‘31M) ® Q.(agM,ElazM).

Here, the right-hand direct sum is orthogonal with respect to the induced pair of metrics g|ans and hloas.
Throughout the rest of the thesis, 9; M constitutes the part of the boundary on which relative (Dirichlet)
boundary conditions are imposed, and d; M the part on which we impose absolute (Neumann) boundary
conditions. For j = 1,2, denote by 4; : ;M — M the respective smooth inclusion maps and by
it QY (M, E) — Q*(0;iM, E

supported forms satisfying certain boundary conditions

8, M) the tangential boundary projections. We define subspaces of compactly

Q*(M,0,M,E) ={we Q:(M,E): ijw =0},
QO (M,0oM,E) ={w e Q:(M,E): i;#w = 0},
Q' (M, 0M,E) ={w e Q2(M,E): ijw = ijdw = is#w = i5#dw = 0}

and (graded) linear maps

d1 = d; = d‘Q'(M,alM,E): Q.(M, 81M, E) — Qz+1(M, E), (2113)
61 =0} = 8las(moom,m): Q°(M,0:M, E) — Q2™ (M, E), (2.1.14)
A=Ay = 01dy + didy - Q°(M,0M,E) — Q2 (M, E). (2.1.15)

Observe that[2.1.10|shows that, in fact, we have both im(d;) C Q*(M, 0, M, E) and im(8,) C Q*(M,0:M, E).
We regard the operators [2.1.13H2.1.15| as unbounded, densely defined operators over the L?-completion

08, (M, E).

Lemma 2.1.3. The unbounded, densely defined operators dy, 01, A: QZ2)(M’ E) — QZZ)(M, E) are clos-

able. Moreover, the closure of the operator A is symmetric.

Proof. Since the proof is completely analogous for all operators under consideration, we will only show
that d; is closable. For that purpose, let w,, € Q’j(M, 01 M, E) be a sequence satisfying both lim,, o wy, =
0 and lim,, oo diw, =0 € Q](C;)l(M, E). To show that d; is closable, we must verify that o = 0. For that
purpose, let * € Q¥1(M, E) be a k + 1-form with = 0 on a neighborhood U > dM. Then, applying
Lemma and L?-continuity of the inner product, it follows that

(o,2) = nlingo(dlwn,m> = nlLr&(wn,éx> = 0.
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Since the subset of compactly supported forms vanishing on a neighborhood of the boundary is L?-dense
in Q%) (M, E), it follows that (o,y) = 0 for all y € O, (M, E), hence o = 0 as desired.
Using Lemma [2.1.2] it is also easily verified that A is symmetric. Since closures of symmetric operators

are always again symmetric, the second assertion follows. O

Remark 2.1.4. The (closure of) the operator A is called the Bochner-Laplace operator on Q*(M, E).
In case that M # 0, we say that A satisfies relative, respectively absolute boundary conditions if
OM = 01 M, respectively if OM = 9, M. Often, we will employ the symbol E of the total space in the
notation and write A[E] instead of A. This will be helpful in order to distinguish between two or more

Laplacians arising from distinct Hermitian bundles.

From now on, as a consequence of the previous lemma, we can, and will, identify each of the respective
unbounded operators with their minimal closure inside QZ2)(M VE).
We want to retrieve meaningful numerical quantities from these operators. First, equipped with (the
minimal closure of) the differential d;, we call QEQ) (M, E) the L?-de-Rham cochain complex of E | M.
Although not apparent in the notation, note that QZQ) (M, E) depends on the choice of Riemannian metric
g on M, the choice of Hermitian form h on E | M, as well as on the decomposition OM = 9, MUy M of
the boundary. For notational convenience, these quantities are mostly left out from the notation, but will
be included whenever it becomes necessary. Also, observe that since d* = 0, we have im(d;) C ker(d;).
Moreover, since d; is a closed operator, ker(d¥) C Qé)(M, E) is a closed subspace for each 0 < k < n, so

that we have
im(d%1) C ker(d¥). (2.1.16)

This permits the next definition:

Definition 2.1.5 (L?-de-Rham cohomology). For 0 < k < n, the k-th L?-de-Rham cohomology is
defined as the quotient Hilbert space

H{y, (M, E) = ker(d}) /im(dy ™). (2.1.17)

As for the L2-de-Rham complex, if there are more than one pair of metrics (g, h) at play, we will
denote the corresponding L?-de-Rham cohomology by 117(’“2)(M,E,g7 h). In general, i.e. if M is non-
compact, H (’“2) (M, E) need not be a finite-dimensional complex vector space. However, the main focus
of this thesis will be bundles with the property that Hg“Q)(M, E) has finite von Neumann dimension (see
4.1.3).

To derive this, a key concept we will take advantage of are so-called smoothing operators:
If E | M is a Hermitian bundle, then its induced homomorphism bundle is defined as the complex vector
bundle

hom (73 (E), 71 (E)) L M x M,

where 7; : M x M — M denotes the projection onto the i-th factor for i = 1,2. The fiber hom (73 (E), 7{ (E))(4,4)
at a point (z,y) € M x M is precisely the space hom(E,, E,) of C-lincar homomorphisms from E,
to E,. Observe that any Hermitian form h on F | M extends naturally to an Hermitian form on
hom(73(E), 7 (E)) 4 M x M. With respect to this form, we can and will regard hom(n3(E), 7} (E)) |

M x M also as an Hermitian bundle.
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Definition 2.1.6 (Smoothing operator). Let E | M be a Hermitian bundle. A bounded operator
A : L*(E) — L%*(E) is called smoothing if A (T'.(E)) C I'°(E) N L?(E) and if there exists a smooth,

integrable section
A(z,y) € T (hom(m3 (E), 7{ (E))) N L? (hom(m3 (E), 7} (E))

such that, for each ¢ € T'.(F) and each © € M, we have

Ad(z) = /M Az, 9)d(y)dy.

The section A(z,y) is called the (integral) kernel of the operator A.

In the next chapter, we will introduce the notion of a bundle of bounded geometry. The class of such
bundles is quite large, including for example all Hermitian bundles £ | M over compact Riemannian
manifolds M and all lifts E J M thereof (here, M is an arbitrary covering space of the compact manifold

M). As two main results, we will obtain the following;:

Theorem 2.1.7. Let E | M be a flat Hermitian bundle that is the lift of a flat Hermitian bundle E d M
over a compact normal quotient M of M (under the corresponding covering map and with lifted Hermitian

metric). Then, in the notation established as above, we have for each 0 < k < n, that

1. The (closed) unbounded operator Ay,: Q’(“Q)(M, E) — Q?Q)(M, E) is positive and self-adjoint.
2. Let f € B(RY) be a rapidly-decreasing Borel function, that is, we have for all j € Ny, that

sup [N - f(N)] < Cy
AeRT

for some constant C; > 0. Furthermore, let
f(AR): Qf (M, E) — QF,) (M, E)

be the bounded operator defined via Borel functional calculus of the self-adjoint Ay. Then f(Ay) is

a smoothing operator.

3. One has di = 61 and 67 = dy, i.e. the Hilbert-space adjoint of the exterior derivative dy is precisely
the (closure of ) the formal adjoint 8, and vice versa. In particular, since both di and §; are closed

and densely defined, one has

ker(dy)* = im(6,), (2.1.18)
ker(6;) = im(d;). (2.1.19)

4. For each 0 < k < n, we have the orthogonal Hodge-decomposition
Ofy (M, E) = ker(Ay) @ im(df 1) @ im(6}) 2 ker(Ay) @ im(df ') @ ker(d¥)*. (2.1.20)

5. With respect to the above decomposition, the Laplacian Ay decomposes as the orthogonal direct sum

(of unbounded operators)
Ap=0@di~ ok @ordr. (2.1.21)
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Moreover, assertions 1 and 2 are also true for the operator (Ay)*:, which is defined as the restriction of

Ay onto ker(Ag)t.

Proof. Assertions 1-4 are proven in Theorem Proposition [3.:4.2] and Proposition [3.4:6] To see that

assertions 1 and 2 hold also for (Az)*, we only need to observe that
(AR)T = Ay — xq03 (D), (2.1.22)
and that by assertion 2, x{0}(Ag) is a bounded, self-adjoint, smoothing operator. O

Corollary 2.1.8. Let E | M be a flat bundle satisfying the assumptions of Theorem |2.1.7 Then, for
each 0 < k < n, we have ker(Ay) C ker(d¥). Moreover, the restriction of the canonical projection

7 : ker(dy) — H(’%)(M, E) onto ker(Ayg) is an isometry of Hilbert spaces.

2.2 Flat bundle isometries

Until the end of this section, we will use the results from Theorem [2.1.7] They allow us to effectively
compare the Laplace operators of two flat bundles of bounded geometry.

For that purpose, let (M, g) and (M’,¢’) be two Riemannian manifolds and let (E,h) | M and (E',h) |
M’ be Hermitian bundles. A bundle map

is called a bundle isomorphism, if

1. f: M — M’ is a diffeomorphism, and

2. for any x € M, F, := F|g, is a linear isomorphism between the vector spaces E, and E}( )"
To simplify and streamline notation, we will from now on identify M C E with the zero section and
simply write £ | M RNy % J M for a bundle isomorphism. Each such bundle isomorphism naturally

induces an isomorphism F*: Q¥(M', E') — QF(M, E) for each 0 < k < n, defined on elementary tensors
w®s e Qk(M/) ®(Coc (M',C) F(M/, E/) = Qk(M’, EI) via

F*(w®s)(z) = Df*(w)(z) @ F; ' - s(F(x)).

Observe that F* identifies Q¥ (M, 0M; E) with QX(M',0M'; E').

If f = F|p is additionally a Riemannian isometry between M and M’ and F,. : (E,, hy) — (E}?(x).h’F(x))
is a linear isometry for each z € M, then E | M RiNg o7 J M’ is called a bundle isometry. Note that, if
F is a bundle isometry, the induced map F* satisfies for each o € QF(M’, 0M’; E')

/ 1F* (0(2))ln, dtg () = / l0(2)1ng dpge ().
M M’
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Hence, F* extends to an isometry between L?-completions F*: Q?Q) (M',E") — Q?Q)(M, E).

Lastly, suppose that both £ | M and E’ | M’ come equipped with flat connections, giving rise to degree-
1 differentials dg : Q*(M, E) — Q*T1(M, E) and dg : Q*(M',E') — Q*TY(M’, E’) as explained above.
A bundle isomorphism FE | M RNy % $ M’ is called flat if

dEOF*:F*OdE/,

i.e. if F'* extends to a morphism of complexes F*: Q*(M’, E') — Q°*(M, E). Equivalently, F is flat if and
only if

Vp(F(w)) = F(Vew)

for any w € T'(E’), where Vg, Vg are the connections inducing dg and dg/ (as in .

Let (E,h) | M i>(E’, h') } M be a flat bundle isometry between flat Hermitian bundles. For 0 < k < n,
denote by Ay[E], respectively Ax[E’], the p-th Bochner Laplace operator on QF(M,OM; E), respectively
QF(M',0M'; E'). Furthermore, let ¢ : RT — C be a rapidly decreasing Borel function. Then the
respective operators ¢(Ag[E]) and ¢(Ag[E’]), defined via Borel functional calculus, have integral kernels

O(ALE])(x, ) and ¢(AL[E])(z,y) by Theorem EL7p

Proposition 2.2.1. In the above situation, we have for any pair ,y € M the equality
(AR[EN)(F(2), F(y)) = Fi - $(Ak[E])(x,y) - Fy

In particular, we have

tr(@(Ax[E]) (2, 2)) = tr(¢(Ap[E'])(F(2), F(x))),
| S(ARIE]) (,y) || =[] d(ARIET)(F (), F(y)) I

Here, as everywhere else in this paper, tr denotes the complex trace of finite-dimensional endomorphisms
and|| . || denotes the norm on the bundles hom(w} (E), 75 (E)) } M x M, respectively hom(ws(E"), 7 (E")) |
M’ x M', induced by the pair of Hermitian forms h and I'.

Proof. We prove the result only for k£ = 0, the methods employed here can easily be extended to higher
degrees. Denote by dg, respectively dgs, the differential on Q*(M, E), respectively Q*(M', E’), in-
duced by the flat connections. Similarly, denote by #z : Q*(M, E) — Q™~*(M, E*), respectively by
#p QM E) — Q" *(M', (E')*), the isomorphism as defined in Equation induced by the cor-
responding Riemannian metric and Hermitian form.

By assumption, F' is a flat isomorphism, therefore F*odg = dgoF*. Secondly, the fact that F is a bundle
isometry implies that #5 o F* = F* o #p/. Taken together, we obtain that Ag[E] o F* = F* o Ag[E'],
which, by the spectral theorem, further implies that

G(Do[E]) o F* = F* 0 ¢(Ag[E]).
Now let w € Q°(M’,0M’; E') be arbitrary. Then, for any # € M, we compute

SB0[EN o P 0) - Fylagy - wle)de = [ o(olE ) - By w(F(y)dy
M’ M
— (B(80[E]) 0 F'w)(z) = (P o ool N)(w) = [ Ft- oAl BN(F(0).2) - w(2)d

M’
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Fixing y € M and a vector v € E%(y), we can choose a sequence of smooth functions (wp)men C
Qo(M',0M'; E') that converge as distributions to dg(,) - v, where dp(,) is the Dirac delta function,
centered at F'(y). Then, using the Transformation formula, the previous equation implies that for any
r € M, we have

Fb - o(DoE)(F(2), F(y) v = lim Fr b (Dol EN)(F(x), 2) - wm(2)dz

m—o0 [

m [ S(AG[E]) (2, F~1(2)) - Fpli L - wm(2)dz = ¢(AoE])(2,y) - F, ' - 0.

m—o0 [y F=1(z2)
Since v and y were chosen arbitrarily, the result follows. O

Definition 2.2.2. Let (M, g) be a Riemannian manifold, let (E,h) | M be a flat Hermitian bundle over
M and let G C Isom(M, g) be a subgroup. If (E,h) | M is equipped with an G-action by flat bundle
isometries that extends the isometric G-action on M, we say that the bundle (E, h) | M is G-equivariant
and the group G is compatible with F | M.

In the following, we will fix a subgroup G < Isom(M, g) of isometries on (M, g).

Definition 2.2.3. Let (M, g) be a Riemannian manifold and let (E,h) | M a flat Hermitian bundle.
We say that (E,h) | M is of trace class if

sup || tr(e 2 E (2 2)|] < oo (2.2.1)

zeM

for each ¢ > 0 and each 0 < k < n. If (E,h) | M is additionally G-equivariant for some subgroup
G < Isom(M, g), we can define for any lattice I' < G < Isom(M, g) the I'-regularized trace of e tAx[E]
as
tre(e 8181) = [ (e 1P (o, ) )y o),
f

where F is an arbitrary fundamental domain for the I'-action on M and du, is the volume element on
M induced by g.

Observe that if G contains a uniform lattice T', then (E, h) | M is automatically of trace class. Namely,
we can choose in that case a compact I'-fundamental domain F C M and obtain from Proposition [2.2.1
that sup, ¢y || tr(e "2l (2, 2))|| = sup,e 7 || tr(e *A*Fl (2, 2))|| < co. In particular, any flat Hermitian
bundle (E,h) | M over a compact manifold M is always of trace class. Furthermore, Proposition

also shows that the above definition of trp(e makes sense, i.e. does not depend on the choice of

I-fundamental domain F on M.

Remark 2.2.4. We will employ the same notation trp for the von Neumann trace, to be introduced in

Section 4.1. This will be no cause of confusion, since these two traces coincide in all instances relevant
for this thesis (see Proposition [4.2.2)).

2.3 The flat, canonical p-bundle over H"

For n € N odd, we set G := SOqy(n,1) be and let K := SO(n) C G. Then K is a maximal compact
subgroup of G and we can identify the quotient G/K with the n-dimensional hyperbolic space H".

25



Conversely, we can identify G with Isomg(H™), the identity component of the hyperbolic isometry group.
Let T C G be a non-uniform lattice. Here, as everywhere else in this paper, lattices are always assumed
to be torsion-free (this way, the induced quotient map H™ — I'\H" is an honest covering projection).
It is well-known (see for example [8, Chapter 4] or |45] embedded within a more general context) that,

associated to I', we then find a totally ordered set
{Mr CH": Re€[0,00)} (2.3.1)

of complete T-invariant submanifolds of H" (with Mr C Mg if R < R' ), such that, additionally,

1. H" = Upso Mr,
2. I' acts cocompactly on each Mg,

3. the complete submanifold
Cr = clos(H" \Mg) (2.3.2)

is also I'-invariant. Moreover, there exists an integer £ € N and, for each 1 < j < k, complete,
connected submanifolds Cg of Cy with C’f% =CgrN Cg complete, connected submanifolds of C'r for
each R > 0, such that the following holds:

(a) € 21[0,00) x R"! under a diffeomorphism that identifies Cﬁ% with [R, 00) x R"~!. Further-
more, under the aforementioned identification, the hyperbolic metric restricted to Cg is of the

form

dt* + e *da?, (2.3.3)
where dt? is the Euclidean metric on [0, 00) and dz? the Euclidean metric on R™ ™',

(b) For each R > 0, we have an equality of stabilizer subgroups F% = I‘Cg = ch < I". The action
of T on CJ 2 [0,00) x R" ! is the product of the trivial action on the first factor [0, 00) and
a cocompact, free, properly discontinuous action by Euclidean isometries on the second factor
R™! of Cg. In particular, 1’% is isomorphic to Z" 1.

(c¢) For each R > 0, we have an isometric diffecomorphism of principal I-bundles

k
crJ]T xps Ch. (2.3.4)
j=1
Remark 2.3.1. In fact, the above decomposition of H" into I'-invariant parts still holds true if T" is
uniform (i.e. T' acts cocompactly on H™) for trivial reasons. Namely, in this instance, we can simply
define Mp .= H" for all R > 0.

Example 2.3.2. Below left, we have sketched the decomposition of H? as defined above, along with
10
a fundamental domain for the lattice I' < Isom™ (H?) (freely) generated by the matrices (2 1) and

1 2
(O 1) (the action on H? is by Moebius transformations). In this instance, we have k = 3. The

colors indicate which horoballs are identified in the quotient space I'\ H?, sketched below right, which is

homeomorphic to a three-holed sphere.
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H2

§+1

For each R > 0 and each 1 < j < k, we further define the complete submanifolds

Tr = CrN Mp4i1,
T} = C%HNTg.

(2.3.5)
(2.3.6)

From the above, it follows that each T is I'-invariant, and that the stabilizer of Tﬁ inside I' equals I‘%.

Moreover, we can identify le% with [R, R 4+ 1] x R"™" and the hyperbolic metric correspondingly with

dt? + e~2*dx?. Finally, it follows that also T is a principal I'-bundle, isometrically diffeomorphic to

L .
[T, T X T%.
Jj=1 F% R

Ch
77777777777777777777777777777777777 R+1 |
Tk
________ e D D o o
R
0

Consider an irreducible representation p : G¢ — GL(V) of the complexification G¢ of G on some

complex, finite-dimensional vector space V. Observe that p gives rise to a diagonal action of G on the
product H” xV. Evidently, this determines an action on the vector bundle H" xV | H" by flat bundle

isomorphisms, so that the projection map becomes G-equivariant (with respect to the G-actions on the
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base space and the total space). Here, we choose as flat connection V the trivial one on H" xV, defined
by

— f n
Vi=) o ® dx; € QY H", V) (2.3.7)
k=0

for any function f € C*>°(V) =T (H" xV).

Our next result is concerned with the existence of a special Hermitian metric h, on that bundle.

Lemma 2.3.3. There exists a distinguished Hermitian metric h, : H" — GL(V,V™*), so that the resulting
Hermitian bundle (H" xV, h,) | M is G-equivariant (in the sense of Definition [2.2.9). The Hermitian
bundle (H" xV,h,) | H" is called the flat, canonical p-bundle over H" and is denoted by Ef | H".

Proof. First, consider the trivial vector bundle G x V | G and define both a left G-action and a right

K-action of bundle isomorphisms on it via

v-(9,v) = (vg,v) v €G,
(g,v).k = (gk™* p(k)v) k€ K.

Clearly, any one action commutes with the other one. It follows that the G-action descends onto an
action of bundle isomorphisms on the homogeneous quotient bundle G xx V' | G/K = H".
Moreover, since K is compact and the representation p : Gc — GL(V) is assumed to be irreducible, there

exists by |64, Lemma 3.1] a canonical K -invariant inner product (, ) on V, i.e. we have

(p(k)v, p(k)w) = (v, w),

for any k € K and any two v,w € V. Consequently, we obtain a canonical G-equivariant bundle metric
(, ) on the quotient bundle G xx V over H", i.e. we have for any p € H", any v € G and any pair of
vectors v, w € (G Xk V), that
(v, w)p = (71,7 W)y .p-

Next, observe that (the trivial) bundle H" xV | H" is an obvious quotient bundle of G x V' | G obtained
by dividing out the K-action on the first factor. Moreover, it is easy to see that the bundle automorphism
(g,v) = (g,p(g)v) of G x V' | G descends to a G-equivariant bundle isomorphism from G x g V | H"
to E? | H". Under this isomorphism, the canonical G-equivariant Hermitian metric on G x g V — H",
as constructed above, pushes forward to a Hermitian bundle metric on E” | H", which we denote by
hy : H" — GL(V,V*) and which satisfies for any p € H", any pair of vectors v,w € V and any v € G the
desired equality

(v, W, ) = (P(V) -V, P(V) * W), (.p)-
O

In other words, the action of G on E* is by flat bundle isometries. This fact will be of central importance
throughout this paper.

For X C H" a complete, codimension 0 hyperbolic submanifold, we let E4 | X be the Hermitian re-
striction bundle of EP over X, obtained by pulling back the Hermitian bundle E* through the inclusion
X < H".

Let Q°*(X, E%) be the de Rham complex of E% -valued differential forms over X (with pulled-back differ-
ential and inner product). Also, we set Gx = {y€ G :v.X = X} < G to be the subgroup of G leaving

X invariant. We will show the following:
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Lemma 2.3.4. If X is connected, then the Hermitian bundle E | X is Gx -equivariant.

This is an immediate consequence of Corollary [2.3.6] which is in turn the immediate consequence of

the next result:

Lemma 2.3.5. Let X, Y C H" be connected Riemannian codimension-0 submanifolds and let f : X —Y

be an orientation-preserving isometry. Then there exists a global isometry v € Isom™ (H™), such that

f:7|x~

Proof. Let p € X. Since X has codimension 0, we find an open subset U > p contained in X, which
is diffeomorphic to an open subset V' C T,X = T, H™ via the Riemannian exponential map expi( =
expgn 1T, X — H". Let f; : T, H™ — Ty,) H" be the differential of f at p. Since expgﬂnt T,H™ — H"

is a diffeomorphism for any g € H", we can define a global isometry ~v : H" — H" as

= expﬁ;l(p) ofy o (expgj1 )L
One now easily verifies that the subset {¢ € X : f(¢) = v(¢)} C X is non-empty, open and closed in X.

Since X is assumed to be connected, the result now follows. O

Corollary 2.3.6. Let X, Y C H" be two connected, codimesion 0 Riemannian submaifolds of H" and
let f: X —Y be an isometry. Then f extends to a flat bundle isometry F : E5 — EY.. Namely, there
exists a unique element vy € G, such that f = v¢|x and that for any pair (z,v) € X x V = E%., we have

F(z,v) = (vr.2,p(7) - v).

For any R > 0, we introduce the following notational conventions

Bf = Ef, (2.3.8)
= o/ (2.3.9)
By = FEf =B N B, . (2.3.10)

Here, Mg, Cr and Tg are the complete submanifolds of H" as defined in Equations [2.3.1}|2.3.2| and [2.3.5]

As before, we let, for each 1 < j <k, Cg = [0, 00) X R™! be a connected component of Cy, so that for

any R >0, Cl, = Cg NCrand T% = Tr N C’g are connected components of C'g, respectively Tg.
Lemma 2.3.7. For each 1 < j <k and any R > 0, the collection of hyperbolic isometries

fh:Ch 2[R 00) x R™™! = € 2 [0,00) x R™ 7,

(t,x) — (t — R, e 2)
extend to a flat bundle isometry
Fr:E%, | Cr— Ej, | Cy, (2.3.11)
which induces by restriction a flat bundle isometry

Frlps: Ef L Tr — B | To. (2.3.12)
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Proof. By Corollary there exists a unique hyperbolic isometry 'ﬂ% € G extending fé and a flat
bundle isometry F3, : Eg;? 1 ¢ — Egg 1 CJ of the form F},((t,x),v) = (vh.(t, ), p(v4) - v). Notice that
we have obvious identifications ]_[?:1 I'xp Egé. =~ Ej, and likewise H?Zl [ xpy Eg{% = E7%. (as bundles
over Cp, respectively Cr). Lastly, observe that the diffeomorphism

k

FR:]_[Fng —>Hr><EC],
j=1

[0 ) HH( ) e (2), k) -v)

J

. k =~ ok
descends to a flat bundle isometry Fr: [[;_; ' Xrq Eg% — = T Xrg Eég' The result follows. O

Let us now take advantage of these geometric results within the framework developed in the previous
section. For that purpose, we consider the four L?-cochain complexes sz) (Mg, EY,_), QZ2) (Cr,E%.L), Q( )(TR, E?%)
and Qo) (H", EP) as defined in Section with inner product induced by the hyperbolic metric g and the
Hermitian form h, constructed above, all with absolute boundary conditions (that is, we set OM = 0, M
for M = Mg, Tgr,Cr). Let

A[E} ]: Qty (MR, B ) = Q) (Mg, Ef,), (2.3.13)
A[E?]: Q) (H", E?) — Q05 (H", E). (2.3.14)

be the respective Bochner-Laplace operators. Due to Theorem [2.1.7} it then follows that both opera-
tors are self-adjoint. In particular, for any rapidly decreasing Borel function f € B(R"), the bounded
operators f(Ag[EY_]) and f(A[EP]) are well-defined via Borel functional calculus and have well-defined
smooth integral kernels. Combining Lemma Lemma, and Proposition [2.2.1] we also obtain
the following:

Lemma 2.3.8. The bundle E? | H" is G-equivariant, so that for all0 < k < n and any rapidly decreasing
Borel function f € B(RT), we have

tr(f(AR[EP)) (z,2)) = tr(f (AR [EP]) (v.2,v.2)), VzeH" and Vy € G. (2.3.15)

Moreover, for all R > 0, the bundle Efz— $ Mp is T-equivariant, so that for all 0 < k <mn and allt >0

we have

tr(f(AR[EL-]) (2, 2)) = tr(f(Ar[ER-])(v.2,7v.2)), Vo€ Mg and ¥y eT. (2.3.16)

The main takeaway from Lemma is that for each rapidly-decreasing Borel function f € B(R™),
the bounded operators f(Ax[Ef_]) and f(Ag[E?]) are both of trace class, as according to Definition
Consequently, if 7 C H" is a fundamental domain for the I'-action on H" and, for each R > 0,

Fr € Mg a fundamental domain for the I'-action on Mg, the I'-reqularized heat traces
tree 81 = [ an(e 2 (02) diy (o), (23.17)
F
tree ) = [ (e S (0,0)) dpy ) (23.1)
FRr

are convergent integrals for each t > 0, whose respective values do not depend on the explicit choice of

F, respectively Fg.
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Observe that, since G acts transitively on H" (i.e. H" is a homogeneous space), the first result of Lemma

in fact implies the existence of a smooth function H,(t) : Rso — R, satisfying
tr(e A BT (¢, ) = H,(¢). (2.3.19)

Using the Plancherel Formula, H,(t) can actually be explicitly computed, as done in |72, Section 9]. The

conclusion to be drawn from this observation that is relevant for our purposes is the following:
Corollary 2.3.9. Let A,T < Isom™ (H", g) be two hyperbolic lattices. Then, for all t > 0, we have

trp (e tARETT)  Vol(T)

= ) 2.3.20
tra (e tAREPTT)  Vol(A) ( )
Here, as everywhere else, Vol(T') denotes the hyperbolic volume of the quotient T\ H".
An important result of this paper, proven in Corollary can now be stated:
Theorem 2.3.10. For each 0 < k <n and s € C with Re(s) >> 0 the integral expressions
1 .
Cr(s) =T (s)™* / 57 trp (e THARETT) g, (2.3.21)
0
1
CE(s) = F(s)_l/ L rp(e Py @, R >0 (2.3.22)
0

determine holomorphic functions, each admitting meromorphic extensions on all of C which are reqular
at 0.

Remark 2.3.11. The meromorphic extensions will also be denoted by (x(s) and (F(s), respectively.

Another key result of this paper, obtained from Proposition [4.2.11] and Corollary [4.2.18] is as follows:

Theorem 2.3.12. For each 0 < k # n, we have
/ t1 trp(e_m’“[Ep]L)dt < 00.
1
Similarly, for all R > 0, we have

= Ag[E? ]+
/ t~ttrp(e”! wlB-] )dt < o0.
1

We will follow the strategy developed in [55] for the case of the trivial bundle (i.e. the bundle E, | H"
associated to the trivial representation p : G — C) and show that it extends to the general case that we
are concerned with here. The integrals from Theorem will be investigated in Section 4.3, while
the integrals from Theorem will be the main focus of Section 4.2. In each of the previously men-
tioned sections, the key results will be extracted from a thorough inspection of the asymptotic behavior

*tAk[Ep}L) and trr(eftA’“[Ef%—]L) for small time t — 0 (Section 4.3), respectively for large time

of trp(e
t — oo (Section 4.2).

The respective methods involved in the inspection will actually be quite distinct, since the small time
asymptotics depend only on the local geometry of H", while for the large time asymptotics, the large

scale geometry of the quotients '\ Mg, T'\ H" comes into play.

31



As a consequence of Theorems |2 3. 10| and|2 3. 12|, we can finally define the analytic L?-torsion T, (‘3;’ (T\Mg, p)
and TA”(I‘\ H", p) of the Hermitian bundles E%_ | Mg and E* | H" as

log ( y(O\VH"™, p) ) = kZ_O]; 1)k+? ((Zgék(sﬂso + /1 t! trp(e_tA’“[Ep])dt) (2.3.23)
log (T4} (M\Mn, ) ) = Z B (LR (o)l + / T (e R (2.3.24)
(2) R, p : : 2 ds k S—O 1 F . J.

Observe that from [2.3.19] it actually follows that there exists a number 7(p) € R depending only on the
representation p, such that for any lattice I’ < Isom™ (M, g), one has

log (T4} (P\H", p)) = Vol(T) - 7(p).

For a detailed description of the element 7(p), we refer again to [72, Section 9]. The two main results of
Chapter 4, Theorems [4.2.21] and can now be summarized:

Theorem 2.3.13. For each 0 < k < n, one has

. d d
Aim £C5(5)|s:0 = 25Ck(8)ls=0, (2.3.25)
(oo} oo
lim trp(e A PRl ar = / = trp (e tAkE ) dr. (2.3.26)
R—oo Jq 1
In particular
: An _ mAn n
i T(0\Mg, p) = T3 (V" ). (2.3.27)

Remark 2.3.14. The quantities T(‘;‘)”(I‘\MR7 p) and TA"(F\ H", p) both depend on the pair of met-
rics (g, h,), which is why we will often write TA"(F\ H", p, g, h,), respectively TA”(F\ H", p,9,h,), to

emphasize this dependency.
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Chapter 3

Analysis on bundles of bounded

geometry

Throughout this chapter, we will investigate in Sobolev spaces of sections over certain Riemannian man-
ifolds M and metric bundles E || M over them, so-called manifolds/bundles of bounded geometry. These
generalize bundles over compact manifolds. On the basis of the classic theory around uniformly elliptic
differential operators over compact manifolds, one derives that the Hodge-Laplacians A, defined over
space of differential forms Q*(M, E') with values in certain flat bundles E | M are essentially self-adjoint,
even if M is not necessarily compact. This works even if M has boundary — one then has to add certain
boundary conditions to the domain space of A,, coming from either the Dirichlet, Neumann, or from
mixed boundary conditions on the complex Q*(M, E) itself. Firstly, this allows us to give a coordinate-
free description of the associated Sobolev spaces. Secondly, and perhaps most importantly, we can apply

—tA« Tt is an L2-bounded operator,

spectral theory to A, and define for each t > 0 the heat operator e
defined over the L?-completion Q, (M, E) and taking values in smooth, L?-integrable sections. Inter-
preting an input function f € Q’&)(M , E) as an initial assignment of heat along the closed system M, we
can further interpret e 7*2 f as the heat distribution on M after time ¢ has passed. Crucially, e *2 admits
an integral kernel e ' (x, y), the so-called heat kernel. Given a manifold M and a complete, codimension
0 submanifold N C M, we will also compare the heat kernels coming from a flat bundle £ | M with the
ones coming from the restriction F|y | N of E to N and derive pointwise estimates. These comparison

results will be fundamental for the convergence results of the next chapter.

3.1 Bundles of bounded geometry

For the sequel, we will denote for m € N by RS, := {(z1,..., %) € R" : 2,, > 0} the upper half-space
of R™.

Definition 3.1.1. [Normal coordinates on a manifold with boundary] Let (M, g) be a complete Rieman-

nian manifold. For » > 0 and zg € M, we say that xp admits r-normal coordinates if either
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1. ©p € M \ OM and the Riemannian exponential map exp% :R" = T, M — M maps the Fuclidean
ball B,.(0) C R™ diffeomorphically onto its image, denoted by N (r,zg), or

2. xo € OM and the boundary exponential map aexp% : TpyOM x [0,7) — M, defined via
aexp% (Uv t) = expé\ipgé‘l (1))(tu(expgé\/[(v)))' (311)

maps the Buclidean cylinder B,.(0) x [0,7) C R%, (with B.(0) C R™ ! the m — 1-dimensional
Euclidean ball) diffeomorphically onto its image, also denoted by N(r,zg). Here, exp? is the

exponential map of the Riemannian submanifold (OM, g|gar) and p is the inward unit normal field.

From now on, we will denote such a normal chart at a point zo € M simply by ks, : RSy D Uy, —
N(zo,Tg,)-

Throughout, we will use the letter « = (aq,...,a,) € NJ for a general multi-index (of size n) and

set its length to be

n
la| == Zai € Np.
j=1

Further, for an open subset O C RY; and an integer K € N, we set CK(O,F™) to be the space of all
K-times continuously differentiable vector fields over O. For a function f € C¥(0O,F™) and a multi-index
a with |a] < K, we define

O f =000 ...0%m f e CKlel(0,F™). (3.1.2)

Also, for f € C°(O,F™), we define its co-norm
||f[loo := sup [f(2)]. (3.1.3)
xz€O

In this instance, |f(z)| denotes the norm of the vector f(z) € F™ induced by the standard orthonormal

basis of F™.

Definition 3.1.2 (Uniformly bounded sets of functions). Let n,m € N and let I be an index set. For
each i € I, let O; C RY; be an open subset and f; € C°(0;,F™) be a continuous function. For K € Ny,
we say that the set of functions U = {f; : i € I} is K-uniformly bounded if f; € C¥(O;,F™) and if
there exist a universal upper bound for the co-norm of all f; and all their partial derivatives up to order
K. More explicitly, this means that there exists a constant Cx > 0, such that for each non-negative
integer k < K, one has

sup sup ||0% filloo < Ck. (3.1.4)
i€l |a|=k

U is oco-uniformly bounded if it is K-uniformly bounded for each K € N.

Definition 3.1.3 (Manifold of bounded geometry). A Riemannian manifold (M, g) is said to be of
bounded geometry if there exists constants Ry, Rc > 0, such that each of the following conditions
hold:

(1) The injectivity radius of OM is bounded from below by R¢.
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(2) The geodesic collar
OM x [0,R¢c) — M,
(2, 1) = expy (tp(x))

is a diffeomorphism onto its image, denoted by N. As before, u denotes the inward unit normal
field on OM. For 0 < ¢ < 1, we set N, C N to be the image of OM x [0, ¢ - R¢) under the geodesic

collar map.
(3) Each p € M \ Ny/3 admits R;-normal coordinates.

(4) The set of functions consisting of all Riemannian metric tensors and their inverses induced by g,

pulled back via sufficiently small normal normal charts, is co-uniformly bounded.

Kp

N(p,r)

ls

TM @ TM* |N(p,r)

|
|
|
|
|
|
|
|
|
| ~ ~ %
} L%P@NP
'

R™ «— "2 N(p,r)xR”

Here, &p : TM|n@p,r) — N(p,r) x R™ denotes the local trivialization of the tangent bundle 7'M
over N(p,r) that is naturally induced by the smooth normal chart x,, and » < min{2R¢, Rs}.

Although not necessary for this particular paper, we remark that there is an equivalent, coordinate-
free characterization for a Riemannian manifold (M, g) to be of bounded geometry. Namely, one may
replace condition (4) by uniform bounds on the covariant derivative of the curvature tensor and the
second fundamental form on M with respect to the Levi-Civita connection induced by g, compare for
example with [25, Page 33] or |84, Definition 3.1] (the equivalence to the above definition was shown in
[85, Proposition 3.7, Appendix A]). For the sequel, we introduce the letter F, which will stand for both

the field R of real numbers or the field C of complex numbers.

Definition 3.1.4 (Bundle of bounded geometry). Let (F,h)]M be a m-dimensional metric F-vector
bundle over a Riemannian manifold (M, g) of bounded geometry, with & either a Riemannian metric, for
F =R, or an Hermitian metric, for F = C. Let 7 : E — M denote the projection map, and let I be an
index set. Further, let R > 0 and assume that {z;};cs is a set of points, each of which admits R-normal
coordinates. A set P = {t; : N(z;, R) x F"" — 7= }(N(z;, R)) : i € I} of local trivializations, covering all
of E | M, is called bounded, if both of the following two properties are satisfied:

1. The corresponding set of all transition functions between overlapping trivializations, regarded in

normal coordinates, is co-uniformly bounded.

K, X1

U,, x F™ D k71 (N (2, R) N N(z;, R)) x F™ 5 N(z;, R) N N(x;, R) x F™

-1
J/ti

E|N(e;,R)NN(,,R)

|

|

i

I

|

|

i

|

|

} ltj
! _1 :
¥ K . x1

Uz, x F™ 2 k7 H(N (i, R) N N (25, R)) x F™ <— N(z;, R) N N(x;, R) x F™
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2. The corresponding set of all metric tensors and their inverses induced by h, pulled back via the

trivializations and regarded in normal coordinates, is co-uniformly bounded.

| E @ E*|N(a:,R)
| Jti@ti*
F™ 22 N(z;,R) x F™

If | M comes also equipped with a flat connection, we say that the covering P is flat, if

1. for any ¢ € I, the pullback ¢;V of the flat connection V on E | M is the trivial connection on
N(z;,R) x F™ | N(z;, R), and

2. every transition function between two overlapping trivializations of P is locally constant.

(E,h) | M is a (flat) bundle of bounded geometry if it admits a bounded (and flat) set P of

trivializations.

Example 3.1.5. 1. Every compact Riemannian manifold M and every (flat) metric F-bundle E | M
over it are of bounded geometry. This is easily verified, taking a finite cover {U;} of M, so that
E|y, is trivial (and flat), and (with the aid of Lebesgue’s lemma) choosing an appropriate R > 0,

so that each x € M admits R-normal coordinates and each normal chart of size R lies in some Uj.

2. From this, it also follows that, if (M, g) is a non-compact Riemannian manifold admitting a uniform
(i.e. cocompact) lattice I' < Isom(M, g), then (M, g) is of bounded geometry. If, moreover, E | M
is a (flat) metric F-bundle over M that is T-equivariant, then E | M is a (flat) metric bundle of
bounded geometry.

3. If (M, g) is a Riemannian manifold of bounded geometry, then for any m € N, the trivial F-bundle
M xF™ | M with trivial flat connection and constant (canonical) metric is a flat bundle of bounded

geometry over M.

4. If (M, g) is a Riemannian manifold of bounded geometry, then its tangent bundle TM | M, with

obvious metric and trivializations given by normal charts, is a bundle of bounded geometry.

5. The class of bundles of bounded geometry over a fixed Riemannian manifold (M, g) is closed under
all common algebraic operations, including (but not limited to) taking duals, Whitney sums, tensor

products and exterior powers.

3.2 Sobolev spaces

Our goal for this subsection is to define Sobolev spaces on bundles E | M of bounded geometry. Naively,
we would like to take the same local-to-global approach as it is available for flat Hermitian bundles over

compact manifolds: Choose some boundedly flat trivialization P of E | M of bounded geometry and
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define the Sobolev norm on compactly supported (or measurable) sections simply in the usual fashion, via
passing to Euclidean charts, taking the standard Sobolev norm there, and patching everything together
using an appropriate partition of unity (cf. [51, Chapter III, 2]).

However, unlike in the case for compact manifolds, a different choice of trivialization P’ might result in a
non-equivalent norm. Fortunately, we do not have to steer too far away from this naive approach, since
there is always a class so-called admissible trivializations on a bundle of bounded geometry that all give

rise to equivalent norms:

Lemma 3.2.1 (Admissible triple). Let E' | M be a (flat) bundle of bounded geometry. Then there exists
a constant Rg > 0, such that for any r € (0, Rg], we find a countable subset {b;}icz C M, along with

1. a bounded (and flat) set {t; : N(b;,r) x ™ — 7= Y(N(b;,7)): i € Z} of trivializations,
2. associated normal coordinate charts {k; : RS, D U; S N(bi,r): i€ Z}, and
3. a smooth partition of unity {1, € C°(M): i € Z} with supp(¢;) C N(b;,7/2),
such that all of the following additional properties are satisfied:
« For any s € [r/2,r], the trivialization {t; : N(b;,s) x F™ — 7= Y(N(b;, s)): i € Z} still covers all of
E| M.
o by € OM for i <0, while N(b;,7/2)NOM =0 fori > 0.

o The underlying covering of M is uniformly locally finite: There exists some Dg > 0, such that for
any b € M, the index set {i € Z : Is < Ry with N(b,s) NN (b;,r) # 0} has cardinality at most Dg.

+ The set of real-valued functions {1; o kj : N(bj,r/2) N N(b;i,r/2) # 0} is co-uniformly bounded.

The resulting sequence of triples (t;, ki, Vi )icz will be called an admissible triple for the bundle E || M.

The underlying, boundedly flat bundle trivialization (t;);cz is called an admissible trivialization.
Proof. See |85 Lemma 3.22] for the elementary, but technical proof. O

Suppose that an admissible triple (¢;, ki, %;)iez for a bundle E | M of bounded geometry is fixed.
Then, for any smooth section f € T'(E) and any ¢ € Z, we obtain a smooth vector field
fi e T(RY,, F™),
proot; o (i flori(z) xeU;
filz) = . (3.2.1)
0 ¢ U

Below is the schematic commutative diagram, highlighting the general situation:

1

F™ P2 N(br) X F™ e (N (b, 1))
fi i f
202 Ui ad N(b;,r)
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Having established this notation, we can now finally define the natural Sobolev Spaces on bundles of

bounded geometry:

Definition 3.2.2 (Sobolev Spaces). Let E | M be a bundle of bounded geometry. Further, let s > 0
and let (¢;, ki, ¥;)icz be an admissible triple for E | M. Let L(E) be the space of equivalence classes
of measurable sections of F, where as usual, two sections are identified if they agree almost everywhere.
For s > 0, we define the Sobolev space of sections as the subspace
Wa(E) = {f € L(E) : fi € Wa(RE,F™) Vi € Z A} || ill3y, e gm) < 0}. (3.2.2)
i€Z -
Here, W4 (RY ,F™) denotes the standard Sobolev norm of vector fields on the upper half-plane, i.e. we

have

1B, gy = [ (1+1ER) - IF@P ds.

>0°
>0

—

where f;(§) denotes the Fourier transform of the vector field f;. On W (E), we define an inner product
(,)s via

(f,9)s = Z(fugﬁws(n@go,wy (3.2.3)
i€z
The induced norm will be denoted by || . ||s. Sometimes, we will use the abbreviation L*(E) = Wy (E).

Lastly, we define the s-th local Sobolev space

Ws,loc(E) = ﬂWS(E‘K)7 (324)
K

where K ranges over all compact, codimension-0 Riemannian submanifolds K C M.

One can show that the definition of W, (FE), as well as the equivalence class of norm || . |5, does not
depend on the particular choice of admissible triple (¢;, ki, %;)icz, see |85, Lemma 3.24]. Equipped with
the inner product ( , )5, Ws(E) becomes a Hilbert space. Moreover, completeness of M ensures that
I'®(E) C W4(E) is a dense subspace. Lastly, note that if £ | M is a bundle of bounded geometry,
s0is APT*M @ E | M for any 0 < p < m (with respect to the natural induced (intertwined) metric).

Therefore, we can define the s-th Sobolev space of differential p-forms as

WE(E) = Wy(APT*M ® E), (3.2.5)
WE Lo (B) =[] WE(E|k). (3.2.6)
KCM

From the definition, it becomes obvious that for any w € QE(M,FE) and any pair s > k, we have
[lw|ls > |lw]|k. Furthermore, it is clear to see that on Q.(M, E), the norm || ||o is equivalent to the norm
[| ||, as defined in via means of the wedge product and the Hermitian Hodge #-operator. These
two observations allow us to think of Sobolev spaces of differential forms as naturally sitting boundedly

nested inside QEQ)(M7 E), i.e. we have in particular
- CW3(E) C WI(E) S WH(E) = Q) (M, E), (3:2.7)

and each inclusion is a continuous embedding of Hilbert spaces with dense image. Lastly, this further

allows us to define the infinite order Sobolev space of differential forms as

WS (E) = [\ Wh(E) C Q) (M, E). (3.2.8)
k=1
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Definition 3.2.3 (Bounded differential operator). Let E | M and E’ | M be two bundles of bounded
geometry over a Riemannian manifold M. A differential operator A : Q*(M, E) — Q*(M, E') is called
bounded if the set of all complex valued coefficient functions of A, obtained via an arbitrary admissible
trivialization, is oco-uniformly bounded. A bounded boundary differential operator B : Q*(M,E) —
0*(OM, E'|opr) is the composition of a bounded differential operator A : Q°*(M, E) — Q°*(M, E’) with
the tangential boundary projection i* : Q*(M, E’) — Q*(OM, E'|anr).

Lemma 3.2.4. Let E | M be a flat bundle of bounded geometry. Then all of the operators 1, #,d,0 and
A = dé + dd are bounded differential operators.

Proof. Boundedness for 1 is on the nose, while boundedness for d is also obvious, since any admissible
trivialization of £ | M is also always a flat trivialization by requirement. # is bounded, since its
coefficient functions in an admissible trivialization involve only the Riemannian and Hermitian metric
tensors, which are co-uniformly bounded by assumption. Finally, both 6 and A are by definition sums and

compositions of the bounded differential operators # and d, and therefore also bounded themselves. [J

Definition 3.2.5. Let E | M be a bundle of bounded geometry, let (¢;, k;, 1;)icz be an admissible triple
and let K € N. We define the normed vector space

TE(E) = {f e T®(E): {fi,i € Z} is K-uniformly bounded}
with norm

|k =sup sup [|0°fi|sc-

1€L |a| <K

The next proposition is a collection of all the results on Sobolev spaces of bundles of bounded geometry
that, using an admissible trivialization, easily extend from well-known classic results in the Euclidean

setting. The proofs, or at least clear guidelines of such, can be found in [85, Proposition 3.23].

Proposition 3.2.6 (Elementary properties of Sobolev spaces). Let E | M and E' | M be two bundles
of bounded geometry over a Riemannian manifold M, A: Q*(M,E) — Q*(M,E") a bounded differential
operator of order ui, and s,k € R>o. Then,

1. for any K € Ny and any s € R with s > m/2+ K, we have a bounded embedding of normed vector
spaces Ws(E) < TE(E). In particular, we have W3 (E) C Q*(M, E) N Q0)(M, E).

2. If s > i, then A extends to a bounded operator A : W3(E) — Ws_ (E').

3. For any 0 < t < R, identify OM x {t} with its image in M under the geodesic collar map, see
Definition . Further, let if, : Q*(E") — Q*(E'|gamrxqey) be the pullback-map induced by the
inclusion. Then if s > u+ 1/2, the operator iz‘t)A (Q(E) = Q(E'|omxqy) estends to a bounded

operator iz‘t)A W2(E) — W._H_l/g(E/be{t}) (the corresponding norm depends continuously on

t). S

Together with Lemma [2.1.2] we obtain a generalized version of Stokes’ theorem for Sobolev 1-forms:
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Corollary 3.2.7. Let E | M be a flat bundle of bounded geometry, 1 < k < n, w € Wf_l(E) and
o € WE(E). Then dw € WE(E), 60 € WETH(E), i*w, # Vi*#o € Wf/gl(EbM), and

(dw, o) = (w,d0) + (i*w, # Vi #0).

For the next technical lemma, we define for an admissible triple (¢;, k;, ¢;), any f € W4(E) and any

measurable subset N C M the restricted Sobolev norm

Islit= 3 [ s ey @ ae (3:29)

i€Z

Evidently, if N is a set of measure zero, then we have ||f|y||? = 0. In particular, if N = OM, the
restricted Sobolev norm should not be confused with the Sobolev norm of the pull-back section i* f on

OM, where i : OM — M denotes the boundary inclusion.

Lemma 3.2.8. Suppose that Ny 2 No O N3 O ... is a nested sequence of measurable subsets of M with
N :=(NoeoNi. Let s e R and f € W,(E). Then we have

Jim (|13 = (1Ll
bde el

Proof. For i € Z and k € K, we define the positive real numbers

alik) = [ () - (14 [€P)° - (TP de,

i) = [ ) (L [€P) - [FOP de,

by i= [ (1 P (T de

Then ||f[n I3 = Xiez a(i k), [1fINII3 = 2sez a(i) and [[f][F = 3255 b(d). Since a(i, k) < b(i) < oo for
all i and all k, and since g;(k) = x(x; ' (Ni)) converges point-wise to g; == x(x; '(N)) for each i, we
can apply the dominated convergence theorem to obtain that limy_, . a(i, k) = a(i) for each . Since
moreover » ., b(i) < oo, we can apply the same theorem a second time to obtain that
. 2 . . o . . o N 2
A klggo%a(u k) = %,}g{g@ a(i, k) = ;a(l) = Il f1wlf3-

The result follows. O

Lemma 3.2.9. Let E | M be a bundle of bounded geometry, let N = OM x [0,1] be a collar neighborhood
of OM and let 0 <p <m. For 0 <t <1, letif,, : WH(E) = Wi (Eanxqy) be the (continuous) tangential
boundary projection induced by the smooth inclusion iy : OM x {t} < M. Then there exists constants
C,e > 0, such that for all w € WY(E) and all 0 < t < €, it holds that

lizyeld < € (Ilifgll3 + tiwlorsxioall?) - (3.2.10)

Proof. Because of the W;-continuity of all operators involved (Proposition it suffices to prove these
statements for elements of QZ(M, E'). Choose an admissible triple (¢;, £4,;)icz for E | M. Recall that,
by definition, the indexing is chosen in such a way that i < 0 < b; € M. We can choose 0 < € < 1 small
enough such that for any i > 0, we have x; '(N.) = 0, where N, & M x [0, ¢) is the collar neighborhood
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of OM as in Definition B1.3
Choose some i > 0 and let w; be the vector field on B,.(0) x [0,r) derived from w with the aid of the
triple (¢;, ks, ;) as explained in Equation . In this way, we have a decomposition

wi(z,t) = wi1(x,t) + w2z, ) Adt (3.2.11)

with w; 1 (2,t) a tangential form with image in F™ @ AP R" ™! and w; »(x,t) a normal form with image in
F™ @AP~1R" !, Now applying the fundamental theorem of Calculus, we have for any 0 < t < r and any
x € B(0,r), that

du
Using the triangle inequality, the fact that 2ab < a?+b? for any two real numbers a, b, along with Holder’s

t
wii(z,t) = w;1(x,0) —|—/ iwi,l(as,u)du. (3.2.12)
0

inequality, we therefore obtain

t
s (2, )2 < 2 <|wi,1(x,0)|2 v [ Clem(x,u)qu) . (3.2.13)
0

Integrating over B,.(0) then yields

t
/ w1, )2 < 2 / |wi71(x,0)|2da:+t/ /|iwi71(a:,u)|2du
B..(0) B,.(0) B.(0)Jo du
t
<2 / |wi,1(x,0)|2dx—|—t/ /|Dwi(a:,u)|2dudac
B,.(0) B, (0) JO

<C- </ |w; 1 (2, 0)|*dx + t/ (1 +[€) - |@:(6) df)
B,(0) B:-(0)x[0,t]

for a constant C' > 0 that depends only on the H'-norm on Rgo, but not on ¢. For any ¢t < ¢, we then

have

0
il = 3 [ fnae.t)Pds
wli= 3 [

1=—00

0
¢ i L0)1? 1 2. 15,(6) 12 d
- <i_2:m/far(o) i (=, 0)l H/BT(O)X[M( +1€1%) - 1@ (8] 5)

).

= C (1150w + tlwlorrxio.

3.3 Uniformly elliptic boundary value problems

Definition 3.3.1 (Elliptic boundary value problem). Let M be a manifold of bounded geometry and let
E | M, F | M and, for each i =0,...,n, X; | M be bundles over M of bounded geometry. A system of
operators A := (A,po,...,pn) : T(E) = T'(F) ® @;_, ['(Xs|onm) is called an elliptic boundary value
problem of order p, if

1. A is a bounded differential operator of order u > n +1/2,

2. p; are bounded boundary differential operators of order at most ¢,
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3. A is elliptic in the sense of Schwartz |88| Definition 1.6.1].

In [84] Definition 4.3], systems of operators satisfying properties (1) and (2) are defined to be boundary
value problems, while boundary values problems that additionally satisfy condition (3) are called elliptic
in slight distinction. However, for the purpose of this work, we will exclusively look at elliptic boundary
value problems, which is why we include this particular property already in the basic definition. Note that
we have refrained from explicitly writing down the complicated definition of ellipticity for a boundary
value problem, which involves delving deep into local coordinates at the boundary. Instead, we will focus
on one of the main applications of ellipticity, the one that motivates the extensive study behind such
problems: Elliptic regularity. To begin with, observe that, because of assertion (1) and (2) in the above
definition and Proposition we have:

Corollary 3.3.2. Any elliptic boundary value problem

n

A=(Apo,...,pn) : T(B) = T(F) & DT (Xilom)
i=0

of order u extends for each s > 0 to a bounded operator

AW u(B) 5 Wo(F) & P W,ipio1 (Xilonr)- (3.3.1)

i=0
Definition 3.3.3 (Formally self-adjoint boundary value problem). In the situation as in the previous
definition, an elliptic boundary value problem A := (A4,po,...,pn) : [(E) = I'(E) ® @i, T'(Xilon) is
called formally self-adjoint if there exists a system (q1,...,q,) : [(E) = @, I'(X;|oar) of bounded
boundary differential operators, such that, for any pair w,o € T'(E) with either w or o compactly

supported, we have
n

(Aw,0) — (w, Ao) = Z(ﬁ}w,q’}a) —(Giw, pio). (3.3.2)

An important feature of formally self-adjoint boundary value problems is that they give rise to a

Hodge-Decomposition as follows:

Theorem 3.3.4. |84 Corollary 4.20] Let M be a manifold of bounded geometry and let E | M, and, for
each i =0,...,n, X; | M be bundles over M of bounded geometry. Further, let A = (A,po,...,Dn) :
['(E) = T(E) ® @ T'(Xilom) be an elliptic, formally self-adjoint boundary value problem. Consider
the subspace T'(E,t) == {f €TE) :pof =+ = pnf = 0} of compactly supported functions satisfying

certain boundary conditions. Then we get an orthogonal decomposition

L*E)={fcT(E)NL*E): Af =pof = ...pnf =0} ® AT(E, 1). (3.3.3)

A classical problem in the field of partial differential equations, translated into the language of linear
operators, asks whether such an A has a (bounded) inverse, a so-called solution. As a matter of fact,
ellipticity ensures that this is always locally the case. More precisely, a classic result by Hormander
[44, 7.3.1, 10.4.1] states that, for any elliptic boundary value problem A = (A, po,...,pn) as above, one

has the following properties:
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1. For each x € M, there exists constants D, > 0, and 0 < €, < R¢ depending continuously on z and

a bounded linear operator

Sy WO(EN(w,ew)) D Z Wu—l—l/Q(EN(Lew)ﬁ@M) - WH(EN(a:,em))v (334)
=0

called a local fundamental solution of A, satisfying

(a) N(z,e;) NOM =0, if & ¢ OM, in which case we set Y," W, 1_1/2(EN(s,e.)n0om) = 0.

(b) One has ||S;|| < D,.

(c) The restriction Alw, By, ..,) of A t0 Wu(EN(@,.,)) is a left inverse for S, i.e.
A|WH(EN(})I,€$)) 05, = HWO(EN(WFMGBZZ;U Wiy—i1-1/2(EN(,eq)nonm)"

(d) For any f € W,(FE) that is compactly supported inside N(z, €;), it also holds that S; 0 A(f) =
f-

Definition 3.3.5 (Uniformly elliptic boundary value problem). In the above situation, an elliptic bound-

ary value problem A = (A, po, ..., pn) is called uniformly elliptic if

1. there exists a global constant C 4 > 0, bounding D, from above for all x € 9M and, and
2. there exists a global constant r4 > 0, bounding €, from below for all z € M.
3. The differential operator A is uniformly elliptic, that is

(a) the matrix a(z, £), representing the principal symbol of A at x in admissible normal coordinates

of E and F, is invertible [ellipticity].

(b) There exists a constant C' > 0 independent of = or &, such that
la™ ! (z,6)] - [ < C,

where p1 € Ny is the order of A. Here, the (matrix-)norms used are the ones induced by the

chosen admissible trivialization.

Remark 3.3.6. As shown in [85] 4.10, 4.11] a consequence of uniform ellipticity of a boundary value
problem is that the regularity of local fundamental solutions scales proportionally with the regularity of
the initial problem. Precisely, this means that for each s € R and each z € M, the bounded map S,
as in can be chosen with domain space Wi (En (z.c,)) ® Z?:o Wt p—i1-1/2(EN(z,e,)nom) and target
space Wyt s(En(a,e,))-

Example 3.3.7. Any elliptic boundary value problem A = (A4,po,...,pn) over a compact manifold
M is automatically uniformly elliptic. The existence of the global constants C'y > 0,74 > 0 are direct
consequences of compactness and Lebesgue’s lemma.

What might be less obvious is the existence of the constant C' bounding |a~!(z,¢)| - [£|* from above for
all relevant pairs (x,&). Note that, because of compactness of M, it suffices to prove the existence of
such a constant C, for any fixed x € M. To this effect, first observe that ellipticity of A implies that
one finds a constant ¢, > 0 such that sup ¢y |a(z,£)| > ¢;. Now observe that for fixed z, a(z,§) is a
homogeneous (matrix-valued) polynomial in £ of degree u, which is why we obtain for any £ € T M that
la(z,€)| = |€|*a(x, £/[€])| > |€|ee. Setting C,, := ¢, 1, the previous arguments imply that |a(z, &)™t <
|€|7#C,, for any 0 # |£]| as desired.
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Example 3.3.8. More generally, if M is a normal covering of a compact manifold M and if A is a system
of differential operators on M, we can lift A to a system A of differential operators over M , defined on
sections of corresponding lifted bundles. Then, as the lift of a uniformly elliptic boundary value problem,

it is evident that A itself must be uniformly elliptic.

Example 3.3.9. For an elliptic boundary value problem A = (A, pg, ..., pn) over a Riemannian manifold
(M, g) of bounded geometry to be uniformly elliptic, it is not necessarily required that A by itself is the
lift of a boundary value problem over a compact manifold. Indeed, suppose that there exists Riemannian

manifolds X, Y of bounded geometry and the same dimension as M, such that

1. both M and Y are complete Riemannian submanifolds of X,

2. there exists a uniformly elliptic boundary value problem Ax = (Ax,...) over X with the property
that A = Ax|a, i-e. the elliptic operator A is the restriction of the uniformly elliptic operator Ax
to M,

3. OM is a connected component of dY. Moreover, there exists a neighborhood U C M NY of
OM inside both M and Y and a uniformly elliptic boundary value problem Ay over Y so that

Aly = Avlu.
Then it is easily verified that A itself must be uniformly elliptic.

We will apply three essential results on general uniformly elliptic boundary value problems, whose
proofs can be found in [84] Theorem 4.14, Theorem 4.23, Theorem 4.26] (in that order):

Proposition 3.3.10 (Elliptic regularity). Let E | M be a flat bundle of bounded geometry and A =
(A, po,-..,m) a uniformly elliptic boundary value problem of order . Then, for any s € R, there exists a
constant C(s, ) > 0, such that if w € W(E)NT'(E) and Aw € WS(E)@@ézo Wetpu—j—1/2(Xy) = Mgy,
then w € Wey,(E) and

el 24 < Csy ) - (A, , + 1][2)

Proposition 3.3.11 (Self-adjoint closures). Let E | M be a bundle of bounded geometry and let
(A,p0,...,pn) : T(E) = T(E)@)_, L'(Xilom) be a uniformly elliptic, formally self-adjoint boundary
value problem of order p. Consider the subspace T(E,t) == {f € To(E) : pof = -+ = puf = 0} of
compactly supported functions with boundary conditions and define the unbounded operator

Ay = A|F(E,f) : Wo(E) — Wo(E) (335)

Then Ay is essentially self-adjoint, i.e. Ay admits a minimal closure with the property that Ay = Aj.

Moreover,

dom(Ap) = {w € W,(E) : pow = -+ = ppw = 0},
ker(Ap) = {w € W (E) : Agw = pow = ...ppw = 0}.

Last but not least, if A = (A,po,...,pn) and B = (B, qo,--.,qm) are two elliptic boundary value
problems, and if the individual composite operators Ao B, as well as ¢;0 A (1 < ¢ < m) are well-defined,

we can consider the composite system of operators

AoB:=(AoB,q10A,....,qmoA,p1,..-,Dn)- (3.3.6)
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Observe that we may rearrange the boundary differential operators in the system .4 o B, such that (after
possibly filling up with some zero operators) the i-th boundary operator has order at most i. In this
way, it becomes natural to ask whether the composition of two elliptic boundary value problems remains

elliptic. Schick gives a partial positive answer which is sufficient for our purposes.

Proposition 3.3.12. |84 Proposition 4.15] Let A and B be uniformly elliptic boundary problems of order
1, respectively v. Then, if it is well-defined, Ao B is a uniformly elliptic boundary value problem of order

m+v.

3.3.1 The standard boundary value problem on flat bundles

Throughout this section, we will fix an n-dimensional manifold (M, g) of bounded geometry and a flat
Hermitian bundle (E, h) | M of bounded geometry over M. Just like in Section we fix a (possibly
empty) decomposition M = 8; MUds M of M into its Dirichlet boundary d; M and Neumann boundary
0> M. Denote by iy : O1M — M and iy : oM — M the respective smooth inclusion maps. Our goal of
this section is to define elliptic boundary value problems over M of varying degrees that depend only on
the flat bundle structure, the choice of bounded metrics, and the boundary decomposition of OM.

As before, we let Q* (M, E) = T'(M,@,_, A*"T*MerE) = @) _, (M, E) and define bounded boundary

differential operators

to,ﬂo,thnl ZQ.(M,E) —)Q'(&M,EbM), (337)
to(w) = itw + # Lij#w, no(w) = # it#dw — 56w, (3.3.8)
t1(w) = it6w + # it H#dw, ny(w) = A Vit Hw — itw, . (3.3.9)

As usual, # denotes the Hermitian Hodge *-operator on F | M and ;% the (invertible) Hermitian Hodge
x-operator on the restriction bundle £ | M. Note that, as boundary differential operators, ¢ty and
n1 both have order 0, while ¢; and ng both have order 1. Combining them produces further boundary

differential operators

—

i Q%(M,E) — Q*(OM, E|ar)?, (3.3.10)

U

~+

(w) = tow & t1w, fi(w) == now B niw. (3.3.11)

Lastly, for fixed 0 < p < n, we let # be the restriction of £ onto p-forms and define a (sub)bundle im(#?)

over OM of bounded geometry via
m(#) = (APT*OM @ AP~ 'T*OM) @ E.
We consider the first-order differential operator
d+6:Q°(M,E) - Q*(M, E),
along with, for 0 < p < n, the second-order differential operator
Ap: 67T P + dP6P ™ = (d+ 6)?|aw (. p) s (M, E) — QP(M, E).

Taken together, we can define systems of differential operators on M that depend only on the flat bundle
E | M and the choice of boundary decomposition OM = 9; MUdy M:
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Definition 3.3.13 (Standard boundary value problem). Let E | M be a bundle of bounded geometry
and let OM = 9, MUy, M be a decomposition of M. We set

A= (d+,ty): Q*(M,E) = Q°*(M,E)® Q*(OM, E|on).
Further, for fixed 0 < p < n, we define a system of differential operators By, for any k € N as follows:

By = (Ap,t) : QP (M, E) — QF (M, E) & I (im(#")),
B, =BoBjo---oB} keN.
N— e ————

k times

Explicitly, this means that for k € N, we have
BY = (AL f,... . TAETY) : QP(M, E) — QP (M, E) @ T'(im(2))".

A and By, are called the standard boundary value problems over M, associated to E and the decomposition
O MUOy M.

Lemma 3.3.14. The system A, as well as the systems By for each 0 < p < n and each k € N are elliptic,
formally self-adjoint boundary value problems of order 1, respectively 2k. Whenever w,o € Q*(M, E) are

forms (of the correct degree), so that either w or o is also compactly supported, we get

((d+ d)w, o) — (w, (d+ d)o) = (pow, n10) — (N1w, poo), (3.3.12)
k—1

(Abw,0) = (w,Abo) =Y (TALw, TAL ™ o) — (AR w, TA ). (3.3.13)
1=0

Proof. Equations|3.3.12|and [3.3.13| both follow from an iterative application of Lemma It is a well-

known classic result that the systems A and B are elliptic boundary value problems, see for example

[88, Lemma 1.6.5] or [51, Page 169]. Since compositions of elliptic boundary value problems, whenever
they can be defined, remain elliptic boundary value problems [85, Proposition 4.16], the result follows for
B with k > 2. O

Together with the arguments laid out in Examples|3.3.7H3.3.9] we obtain the two following important

results:

Corollary 3.3.15. Let E | M be a flat, Hermitian bundle of bounded geometry over a manifold of
bounded geometry. Further, suppose that there exists manifolds X,Y of bounded geometry and of the
same dimension as M, as well as flat bundles Ex | X, Ey 'Y of bounded geometry, such that

1. both M and Y are Riemannian submanifolds of X and both E and Ey are the restrictions of Ex
to M, respectively Y,

2. Ex is T-equivariant with respect to some uniform lattice T < Isom™ (X)),
3. By is A-equivariant with respect to some uniform lattice A < Isom™ (Y),

4. the intersection M NY 1is a codimension 0-submanifold containing OM C Y UOM.

Then the the standard elliptic boundary value problems A and By derived from E | M, constructed as
above with respect to a decomposition OM = 0, MU0, M , are uniformly elliptic.
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Remark 3.3.16. Note that bundles E | M that are themselves I'-equivariant for some uniform lattice
I' < Isom™ (M), the most common case appearing throughout this thesis, trivially satisfy the assumptions

of the above corollary (apparent from choosing X =Y = M).

3.4 Applications to the De Rham complex

From now on, until the end of this chapter, we will now make the following global assumption: All
appearing (metric) bundles F | M satisfy the assumptions of Corollary (3.3.15
This is because all the examples presented in forthcoming chapters are exclusively of this shape and the

derived standard boundary value problems A and B} are then uniformly elliptic. Together with Theorem

3.3.11] we first obtain:

Theorem 3.4.1. For ecach 0 < p < n and each k € N, the operator A’;[E], defined as the unbounded
operator A% on WE(E) with domain {w € Q2(M, E) : tw =--- = tAF 1w} is essentially self-adjoint. Its
minimal, self-adjoint closure, also denoted by AY[E], has domain {w € W5, (E) : tw=--=tA"1w =0}.

Among many other things, Theorem [3:4.1] now guarantees the existence of several smoothing smooth-

ing operators constructed via the spectral theory of the self-adjoint A, [E]:

Proposition 3.4.2 (Kernel). Let E | M be a bundle of bounded geometry and let 0 < p < n. For
f € RY — RY a rapidly-decreasing, positive Borel function, let f(A,[F]) : L*(E) — L*(E) be the
bounded, self-adjoint operator defined via Borel functional calculus of Ap[E]. Then f(Ap[E]) is a smooth-

1ng operator.

Proof. We claim that, for each k£ € N, f(A,[E]) has image in dom(A’; [E]) € W5, (E). To see how the
result follows from the claim, we get as an immediate consequence that f(A,[E]) has image in W2 (E).
By Proposition it follows that f(A,[E]) has image in I',(E). Since f(A,[E]) is self-adjoint, the
existence of a smooth integral Kernel, hence the result, then follows from |85, Lemma 13.6].
It therefore remains to prove the claim. For n € N, let x[g,,,) be the characteristic function of the interval
[0,n] € RT and let = - |9, : R" — RT € B(R) be the bounded, positive Borel function, defined for
n € N. Moreover, let ¢ : B(R) — B(Q&)(M7 E)) be the Borel functional calculus of the self-adjoint
Ap[E]. In particular, we have f(Ap[E]) = ¢(f) in that notation. Since AX[E] is simply the k-th power
of the self-adjoint operator A,[E], we get from the spectral theorem for all w € Q](DQ)(E), that

w € dom(A];[E]) & lim ¢(z* * X[o,n] )W exists. (3.4.1)

n—oo
Since f € B(R) is rapidly decreasing, we get both that z* - f € B(R) and that zF*'. f € B(R). In
particular, we find for any € > 0 an index N € N, such that for all n > N, we get |z - f- (1= x[0,n)|% < €.

From the spectral theorem, we therefore obtain that

Tim §(a* o) = 6(a* - o, (3.42)
implying that ¢(f)w € dom(AK[E]) for any w € 91(72) (M, E). O

Applying |85, Theorem 4.26] to the uniformly elliptic boundary value problem B, we further obtain:
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Theorem 3.4.3 (Hodge decomposition). For 0 < p < m, define the space of harmonic integrable

p-forms with boundary conditions

HP(M,0M,E) = {w € QP(M, E) ﬂQ’(’Q)(M,E) s Aw = 0,ijw = i3 (#w) = 0}.

Then HP(M,0M, E) = ker(A,[E]). Moreover, for each k € N we obtain the following orthogonal decom-
position of the Sobolev space W[ (E) called Hodge decomposition

WE(E) = HP(M,0M, E) ® d»—Qp—1(M, 0, M, E) @ 6pQ+1 (M, 9,M, E). (3.4.3)

Theorem 3.4.4 (Elliptic regularity). Let E | M be a bundle of bounded geometry. We consider the

elliptic boundary value problem A as an unbounded operator between Hilbert spaces
A:WH(E) = W(E) & WI/Q(E|3M) (3.4.4)

with initial domain Q8 (M, E). Moreover, for each k € N, we consider the elliptic boundary value problem
By = By as an unbounded operator between Hilbert spaces
k—1

By : W(E) = Wo(E) & @W;k—2j—1/2(E|3M) S Wik_2j—3/2(Eom) (3.4.5)
=0

with initial domain QP(M, E). Then

1. both A and B are closable. We set dom(A), respectively dom (BY), to be the domain of its minimal

closed extension.

—_~—

2. The bilinear forms </w,\;>1 = (1 + A)w, (I + A)o), respectively (w, o)y, = (1 + B )w, (1 + By)o)
for k € N, define complete inner products on dom(A), respectively dom (B}). In fact, the identity
map 1 : QP (M, E) — QP(M, E) extends to isomorphisms of Hilbert spaces

dom(A) 2 WI(E), (3.4.6)
dom (BY) = W5, (E). (3.4.7)

Proof. 1: For the sake of brevity, we will prove this statement explicitly only for A, the remaining cases

0
n—00

for some y = (y1,y2) € WH(E) & Wf/Q(E). Therefore, we have both lim,, . (d? + §°~1)z,, = y; and

follow by analogous arguments: Let z,, € W§(E) be a sequence with lim zn, = 0and lim, . Ax, =y
limy, o0 poTn, = y2. We must show that both y; and ys vanish, starting with the former: For every
o € Q2(M, E) with 0 = 0 on a neighborhood of OM, we get by Equation [3.3.12] that

(y1,0) = lim {(d + 6* Yz, 0) = lim (2, (d®~* +6P)o) = 0. (3.4.8)

n— oo n—oo

Since the subspace of all such ¢ forms an L2-dense subspace of QEQ)(M , E), we must have y; = 0. Now
y2 = 0 in W’l’/z(EbM) if and only if yo = 0 in WH(E|anr). Hence, we can use same trick of testing yo
against an appropriate, L?-dense subspace of WE(E|sar). Note that we have pox, = iz, + #_12'3#30”.
We show separately that both lim,_, . ijx, = 0 and lim, . %E’li;#a:n = 0, which then implies that
ya = 0. For the first equality, it suffices to show that lim,, o (ijz,,2) = 0 for any z € QP(01 M, E|o, mr)-
Therefore, we may also assume that z|p,ns = 0. We can construct a p + 1-form w € QL (M, E), whose

normal component equals z near ¢y M, vanishes near 0, M, and whose tangential component vanishes on
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all of OM. Explicitly, this means that pow = 0 = 5w and njw = #’%’T#w = z. Using Equation [3.3.12

we therefore have

Sw=0

nl;n;Q(szn,z> = nl;rr;(zfxn, # i) P nan;O(poz7l,n1w>
= lim ({2, pow) + ((d° 4+ 0" "z, w) — (T, (AP~ + 6P)w)) = 0.
n— oo v

=0

The identity lim,,_ #*lig#xn = 0 can be proven similarly, finally showing that yo = 0 and, hence,
that AP is closable.

2: From Corollary we obtain that both A and B} are uniformly elliptic. Proposition then
provides us with constants C, C), > 0, such that

CHwlly < llwlh < Cllwll;

CiMlwllay, < Nwllze < Crllwlly,

for any w € QP(M, E), from which the result immediately follows. O

Beginning with the proof of the next lemma, we will make use of the the following notational conven-
tions for subsets A C W$(F) and subspaces V C WS (E):
A° = W, -closure of A inside W(E), (with 4:=A"),
V+ts = W, -orthogonal complement of V inside W (E) (with V* := V1o).
We say that a subspace A C W{(E) is s-closed if A = A°. Recall also that, for each p € N, we have

previously (cf. Section [2.1]) defined the subspaces of forms satisfying certain boundary conditions, as well

as closed, densley defined operators over their respective L?-completions:

OP(M,0M;, E) = {w € Q(M, E) : ilw = 0} (3.4.9)
OP(M,0Ms, E) = {w € Q(M, E) : i}#w = 0}, (3.4.10)
& = dlanaronne: WH(E) = WiH(E), (34.11)

O = Dlarer(aromnm: WET(E) = WE(E). (3.4.12)

With aid of the results on elliptic regularity and Hodge decomposition, our intermediate goal is now to
show that the two operators df and &% 1 are mutually adjoint for each 0 < p < n — 1. In order to do so,

we need the following auxiliary lemma:

Lemma 3.4.5 (Sobolev functions with boundary conditions). Let E | (M,g) be a bundle of bounded
geometry. For p > 0, define the subspaces

WEU(E, 01 M) = {w € W{(E) : ijw =0} C WY(E),
WL (E, 0o M) = {w € WY(E) : i3#w =0} CWI(E),
WE(E,0M) = {w € WH(E) : ijw = ijdw = ij#w = i5#dw = 0}.

Then

1. WY(E, 01 M) and WY(E, 02 M) are 1-closed subspaces of WY (E),
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2. WE(E,0,M) = QP(M, 0 M, E) C dom(d?),
3. WE(E,0,M) = QP(M, 0, M, ) C dom(d?),

4. dom(A,[E)) = WE(E, OM).

Proof. 1 : follows from Theorem [3.4.4]
2 : First, we prove the inclusion Wl C dom(d}). Therefore, let w € Wﬂ\([,E)l and
choose a sequence w,, € QP(M,0; M, E) with lim,_, ||w — w,||? = 0. By Proposition we get
both 0 = lim,, o ||w — wy|]3 and 0 = lim, 0 ||dPw — dPw,||3 = lim, e ||dPw — diw,||3. Therefore,
w € dom(d?) (and djw = dPw). The inclusion Wl CWY(E, 9, M), now follows directly from
1. The non-trivial part is to show the inclusions WY (E, 0, M) C Wl.
For that purpose, let N = OM x [0, 1] be a regular neighborhood of OM. For any form w € QP(M, E),
we can write

wlu(x,t) = wi(z,t) + wa(x,t) Adt (3.4.13)

for a tangential form w; € QE(M, E) and a normal form wy € Q2~1(M, E) that both contain no dt-factor.
Since [|w;||? < ||w]|? for i = 1,2 and any r > 0, such a decomposition into tangential and boundary
parts still exists for forms in WP (F) and varies continuously within WE(E) (in W,-norm). We can write
N = N1UN,, where for i = 1,2, N; is a regular neighborhood of 9; M. For the course of the proof, we

will define for 4 = 1,2 the subspaces

Qb(M,0;M,E) :={w € QY(M, E) : w; = 0 in a neighborhood of M}, (3.4.14)
WE (B, 0;M) == QR(M, 9;M, E) € WE(E, ;M) (3.4.15)

Since QF(M,0;M,E) C QP(M,0; M, E), 3 and 4 will be a consequence of the inclusions WY (E, 0, M) C
WE o(E,0, M) and WE(E,,M) C WY ((E,d,M).

Let ¢ : R — [0,1] be a smooth function with ¢ = 0 on [0,1], ¢ = 1 on (2,00) and ||¢'|| < 1. For each
n € N, we set ¢, (t) .= ¢(2nt) and define a linear map

F, : Q?(M, E) — QP(M, E)

w on M\ N,
Fp(w) =

On(t) - wi(z,t) + wa(z,t)dt on N.
Clearly, it holds that F,,(QE(M,E)) C Qf(M,0;M,E). Moreover, it is also clear that there exists a
constant C,, > 0, such that ||F,(w)||1 < Cpllw||1. Therefore, F,, extends to a continuous map from
WE(E) to WY o(E,01M). We claim that lim, . [|w — Fn(w)|l1 = 0 for any w € WY(E,0,M). This
implies in particular the inclusion WY (E, 01 M) € WY (E, 01 M).
For 0 <t <1, set Nf:=d;M x [0,t]. Then, for any smooth form w € Q2(M, E), we easily see that

llw = Frn (@)l < llwlnpll3- (3.4.16)

In order to properly estimate the remaining terms of ||w — F,(w)||?, we temporarily assume that g|n,
is of the form dt? + gp,ar, i-e. g is a a product near the boundary component 0 M. First, we establish

an upper bound on ||d¢, A wi|[§. For 0 <t < 1, let iy 4y : 1M x {t} < M be the smooth boundary
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inclusion at level ¢. Then, using Lemma [3.2.9] we can further compute

1 1
||d¢n/\w1|\g:/ / \dqbn/\wl(x,t)ﬁdxdtgzxn?/’/ |wr (, t)|*dadt
0 oM 0 oM

— an? / 177 ool Bt < ACn? / 512 + tllwlwp |t = AC (nllijel 2 + [wlnp]2)
for some constant C' > 0 independent of n and w. This implies that

lld(w — Fr()[5 = lld(w — Fu(w)) Nl < (1= ¢n) - dwl[§ + [|den Awrl[3
< [|dw|np|l3 +4C (n]|i5w|[3 + ||w|np]13) - (3.4.17)

Moreover, if 7@ denotes the Hodge x-operator on the bundle E|g, ps | 01 M, we find that
#Huw|n, = %\éwz + #wldt.
Using this, one computes further
18(w = Fa(@)IIF < lld#wr |ng 13- (3.4.18)

By continuity of all maps involved, inequalities [3.4.16] [3.4.17] and [3.4.1§] also hold true for any form

w € WI(E). Furthermore, since any metric g on M of bounded geometry contains in its bounded

conformal class a metric that is a product near the boundary (see [84, Proposition 7.3]), these same
inequalities hold true for any metric of bounded geometry (up to some constant factor).

Summarizing, we therefore obtain the following limits

i [lo— Fu(@)|3 < Tim [l |3 =0, (3.4.19)
i — < i 7 n 2< i n 2: . X
Jim 10w = Fu(@)lo < lim [lden g < lim Jlwlng | =0 (3.420)

Moreover, if w € WY (E, 01 M), we have ijw = 0, hence
Tim (e = Fu@)I < i (lldslg 3 +4C wlay )
. 2
< lim (1+40) - [lw|np |l = 0.
The equality lim,, , ||w — F,(w)||? = 0 follows now from Corollary |3.4.4] from which we finally obtain
the inclusion WY (E, 01 M) € WY o(E, 0, M).

3 : is proven in the same way as 2.

4 : follows directly from Theorem [3.4.1 O
Proposition 3.4.6. Let E | M be a bundle of bounded geometry and 0 < p < m. Then the following
holds true:

1. One has (d})* = 67 and (67)* = df.

2. One has (A [Elw,w) = ||dEw|? + |67 w||? for any w € dom(A,[E]). In particular, Ay[E] is a

positive operator.

3. With respect to the Hodge—decomposz'tion we can write the orthogonal complement A, [E]L as
the direct sum of self-adjoint operators A,[E]* = ((d})* o d’f)l @ (dP o (a1t
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Proof. 1 : Let w € dom(6}). By definition, there exists then a sequence w, € QPT1(M,0,M, E) with
L2-limits

lim w, = w,

n—oo

lim 6Pw, = é’w.
1
n— o0

Therefore, we have for any o € QP (M, 0, M, E), that

(dVo,w) = (dPo,w) = lim (dPo,w,) = lim (o, 8Pw,) + <iia,#71if#wn>
n—oo n—oo v

=0
+ (50, # Vit Hw,) = (0, 50w).
——
=0
By definition of the adjoint, we obtain that w € (d})* with (d})*w = 6w, showing that 67 < (d})* (in
the sense of unbounded operators).
The inequality (d})* < 67 is considerably more difficult to show. We will proceed as in |55, Lemma 5.16].

Throughout, we will use the Hodge decomposition

iy (M, E) = H*(M,0M, E) ® &, (M, 0, M, E) ® 6,201 (M, 0:M, E).

Since d} is closed and densely defined, it follows that im(d})t = ker((d})*). From this and the fact that
im(d}) C diQ» (M, 0, M, E), it now follows that

HP(M,0M, E) ® 67T Qr+2(M, 0, M, E) C ker((d})*).

Next, observe that P H1QPT2(M, 0o M, E) C QPTY(M,0: M, E) Nker(6P), from which immediately follows
that 0P+1QP+2(M, 05 M, E) C ker(67) (here, we have used Equation [2.1.10{ and that ker(d;) is L?-closed

in QE‘2)(M, E)). By Theorem and the previous lemma, we obtain that

HPTYH (M, 0M, E) = ker(Ap41[E]) € QPTL(M, 0, M, E)l Nker(67) C ker(87).

Summarizing, we have

HPTL(M,0M, E) @ 6PH1QP+2(M, 05 M, E) C ker(o) Nker((d?)*). (3.4.21)
Therefore, to show that (d})* < 6%, it now remains to show that

(dy) (3.4.22)

o < S et
d1Q*—1(M,0, M,E) 14 Q=1 (M,0,M,E)"

For this, let w € d1Q*~1(M,0, M, F) N dom((d})*) and let o € Q0 (M, E) = {w € Qi(M,E) : ijw =
i5#w = 0} be arbitrary. We decompose o into its harmonic, exact and coexact parts, according to the

Hodge decomposition
oc=o0a+ 04+ 0s. (3.4.23)

Observe that o € dom(d;) N dom(d;) = dom(dy + d1). Since oa + o4 € ker(dy) and oa + o5 € ker(dy),

we obtain both o4 € dom(d;) and o5 € dom(d;). Therefore, we compute

(d))*'w,0) = (w,d10) = (w,d1oa) + (w,d104) + (w, d105)
= (w, (dy + 01)oa) + (w, (d1 + 01)oq) + {w, (d1 + 61)0s) = (w, (d+ )o).
—— —— ——

=0 1w =0
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From [84, Theorem 4.18], we obtain that w is locally integrable with a local weak derivative, i.e. w €
WP (E), that dP'w, 6w € W3 10c(E) and both i*#w, i*w € Wg 1,.(Elanr), and finally, that (df)*w =

1,loc

(d"F! + 07w € Q) (M, E). Furthermore, for any x € QF(M, E), the equality
(z,0Pw) = (dPz,w) + (i*z, # i #w) (3.4.24)

holds. We claim that w € WY(E, 92 M) and that (d})*w = 6°w. By the previous lemma, this implies that
w € dom(d}), that 6?w = 67w and hence the desired equality of operators 67 = (d¥)*.

For this, we need to show by elliptic regularity that both d?™'w,Pw € Q(Q)(M, E), itw € 9(2)(M, E)
and i5#w = 0. Now,

w € im(d?) C ker(dP™') = dPTlw =0,
Pw = (" + 6")w = (df)*w € Qf (M, E),

w e im(d)) = ijw=0.

Therefore, it remains to show that i3#w = 0. For this, let ¢ € Q)T (M,9, M, E) (so that ¢ = 0 in a
neighborhood of &) M). Then é?w € dom(d}) and

(P57, w) = (670, (dF)*w) = (P, 8Pw) = (dP6P0,w) + (i56P0, # ™ Lit#w).

Since i567(Q T (M, 8, M, E)) is L-dense in Qp (82M E|a, 0 ), we finally obtain that i5#w = 0 as desired.

Now since df is closed and densely defined, and o = (d))*, we also get
() = (@)Y = . 3.4.25)

This finally proves 1.

2 : By the previous lemma, we have dom(A,[E]) = W5(M,dM), WP (M, d, M) C dom(d?) and Wt (M, 8, M

dom(d¥). In particular, we get from 1 that

dom(A,[E]) € dom(df~"67~") N dom(67d}) N dom(df) N (677"
= dom(d?~"6"1) N dom(67d?) N dom((67)*) N dom((d?~")*).
Therefore, we can write
(Ap[Elw,w) = (7167 4 6T dD)w, w) = (df 07w, w) + (07 dfw, w)
(7w, 67 w) + (dfw, diw) = |67 wl[f + [|dfwl[5
3 : We have
A[E] = 80l + d0 o0 & (db) b+ A ()

) Nker(0?™") C ker(Ay[E]). The reverse inclusion is an immediate
A E]) = ker(d?) Nker(0?~") and the result follows from the Hodge
decomposition |3.4.3 O

From this, it is clear that ker(d}
(

consequence of 2. Therefore ker

3.5 Heat kernel estimates

In this section, we will generalize the important Sobolev estimates and heat kernel comparison results

from [55, Theorems 2.4, 2.26] onto differential forms with values in a general flat bundle E | M of
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bounded geometry that satisfy the assumptions of Corollary [3:3.15] To this effect, we will closely follow
the methods employed there.

Throughout, we fix a bundle £ | M of bounded geometry and a constant R > 0 such that for any
0 <r < Rand any x € M, we find normal coordinates N(2r,x) around x and a bundle trivialization
N(2r,z) x F™ 2 E|n(2r,2) around x that is contained in an admissible trivialization of the whole bundle

E | M. For the remainder of this section, let us fix some notation: For numbers a, b, ¢ € R, we will write
a <b, (3.5.1)

if a < ¢ - b holds and
a=b, (3.5.2)

if both ¢ < b and b < a hold.

Lemma 3.5.1. Let E | M be a flat bundle of bounded geometry and let 0 < r < Rp, where Rg
is the comstant from Lemma m Furthermore, let ¢,¢ : M — [0,1] be two smooth functions with
supp(¥) C supp(¢) C N(r,z9) and ¢ = 1 on supp(v)). Via an admissible normal trivialization around
xo, we identify E|n(rq.) with Uy(zo) x F™, where U,(x9) C R} is some open, relatively compact subset.
Let k,l € N. Then there exists a constant Cy.(k,1) > 0, depending only on k,l, and the partial derivatives
of ¢ in U(xg) up to order 21, such that for each w € Q*(M, E) Ndom(A![E)), we have

Cr (kD)
||¢'w||§{k+2l(Rgo,Fm) < ||¢'Alw\|ifk(Rg0,JFm)+||¢'w|@{k(Rg0,Fm)+||T/J'W|\%1k+2l—1(ﬂgo,mmy (3.5.3)

Proof. Without loss of generality, we may assume that for each s € R, the Sobolev norm || . ||s defined
on E | M satisfies

c
llolls = llof =@y Fm) (3.5.4)

for an appropriate constant C' > 0 depending only on the geometry of the bundle and for any form
o € Q(M, E) with supp(c) C N(r,z9) = U,(xo). This follows because there is only one equivalence class
of Sobolev norms on E | M (and by extension on F® A*T*M | M) induced by admissible trivialization,
and by assumption on 7, we can find via Lemma an admissible trivialization of E | M, whose
induced Sobolev norm satisfies the above equality. Therefore, the assertion of the lemma will follow once
we show that o

- wllksar < (6 - Al + 116 - @I+ [0 - wl[Fyaim1)- (3.5.5)
By Proposition we find a constant C, = C1(k, 1), depending only on & and I, such that

-1

C1 kA - i
llowlltrar < A (@w)I[7 + ll6wllE + D IEFAT + i5#A) w4 o)1/
=0

+ (7007 + i3 #dA )Pl [} 00 jy—3/0-
Since w € dom(A![E]), we have
AW =i # AN w=iT0A w = i #dATw =0

for all 0 < 7 <[ —1. Therefore, the right-hand side of the above inequality can be further estimated

from above by the term
-1

AW + [I[AY, Glollf + [lgwl[F + D IGTIAT, 6] + i3 [#A7, Dwllfa(-g)-12

=0

+ |[GT[0A7, ¢] + i5[#d A, ¢])w] |i+2(lfj)73/2' (3.5.6)
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For 0 < j <[, the commutators [A7, ¢| and [#A7, @], respectively [OA7, ¢] and [#dA7, ¢], are bounded
differential operators of order 25 — 1, respectively 2j, whose norms depend only on the partial derivatives
of ¢, as well as on the partial derivatives of the metric and Hermitian tensors, pulled back from M
through the admissible normal trivialization. Since F | M is a bundle of bounded geometry, the latter
two terms can be estimated from above by a uniform constant, depending only on ¢ and the degree of
differentiation (but neither on xg nor r). Also, since ¢ = 1 on supp(v)), it follows that w by ¥w have the
same image under any of the aforementioned four differential operators. Using Proposition [3.2.6] we can
therefore find a constant Ca(r) > 0, depending only on the partial derivatives of the pullback of ¢ onto
U, (zo) (up to some finite order), such that Term is bounded from above by Co(r)-times:

oA W[} + l[Ywllf o1 + llgwl[F. (3.5.7)
The result now follows. O

Lemma 3.5.2. In the setting of the previous lemma, with o, = 0|N(r.zy) for any o € 9?2)(M, E), there
exists a constant C,. > 0, depending only on k and the partial derivatives of ¢ and 1p on U,.(zg), such that
we have for any k > 1 and any w € Q*(M, E) N dom(A![E)).

||¢w||H2k(Rgo,JFm) (3.5.8)
Crk) 1(AFw). 1§ + 1A w)r I3 + [(Aw)r |1 + Nlwr [[§ + [[Wwll -2y oy k> 1 (3.5.9)
[[(AFw) 17 + [[(A* w)p [[§ + [(Aw)e [[§ + [lwr I + lvwllo k=1
Proof. Firstly, one verifies via elementary computations (cf. [55, Lemma 2.5]) that
ld(f - )15 +116(f - 0)I[§ = (Ao, f2o) + [ldf Aollg + |ldf A #al[ (3.5.10)

for any o € Q*(M, E) N dom(A[E]) and any f € C*°(M,C). Choose an intermediate smooth cut-off
function 5: M — [0,1] with ¢ =1 on supp(ngS)7 (E = 1 on supp(?) and such that the partial derivatives of
$ can be estimated from above and below by the partial derivatives of ¢ and v (on U,.(x)). Using the

previous lemma twice, we obtain

C(0,k) ~
[l ¢wllfron g, pmy < oWl + [[@A%WIIG + 1wl Fr2e-1 (o, )

C(1,k—1) |

< el + (ARG + Hlowl [} + [[0A" wllF + [l [z g pm)

for constants C,-(0, k) and C,(1,k — 1) depending only on the partial derivatives of ¢ and ¢ on U, ().

Furthermore, we compute

~ D N2 RNID

g1 < [lowllg + [ld(@w)l[5 + [[6(dw)l[5

< [lwn |3 + (Aw, §%w) + [1dd A wl[[3 + [|de A #ewl[3

14+-2-sup \:j;h

72
< well§ + 1(Aw)elo - ll¢*wllo < 2[wr][§ + [1(Aw),|[5-

Here, we have used (in order) Proposition|3.3.10|for the constant D > 0 that depends only on the geometry
of the bundle E | M, Equation [3.5.10, the Cauchy-Schwarz inequality and the fact that ab < a? + b? for
any two real numbers a,b. The resulting constant C/. therefore depends only on first partial derivatives

of ¢ and . Analogously, one obtains an estimate

6K 1w]12 < [[(ARw), |13 + [1(Akw), |2

Putting all of the inequalities together yields the desired result. O
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Lemma 3.5.3. Let m,k € N be fized integers. Then, for each 1 < I < k, there exists a smooth 1-
parameter family of bump functions ¢[r] € C®(R™, [0, 1]), varying smoothly in r € RT and satisfying for
each r > 0:

1 I <1< k1, we have supp(érsa[r]) € supp(dilr]) and dulr] = 1 on supp(@rs1[r])-
2. ¢r[r](0) =1, and

3. supp(¢1[r]) € B.(0).

Proof. Denote by | . | the standard Euclidean norm on R". For fixed k € N, each r > 0 and each
1 <[ <k, define

1 2| < s
. 2 1+1)? -1 r r
Gfr)(z) =41~ (1 +eXP(—z2|x\lLr2 + (lJrl()z\w?er?)) 1 <ol <7, (3.5.11)
0 ol 2 .
It is clear that the family (¢ [r])’éﬂf; « has the required properties. O

Theorem 3.5.4 (Sobolev estimates). Let (E,h) | (M,g) be a flat bundle of bounded geometry. Then
there exists a smooth, monotonically decreasing function C' : Rt — R, such that for each v > 0, each
xo € M with the property that xo admits r-normal coordinates, and each form w € Q*(M, E) satisfying

relative boundary conditions, we have

c(r) &

w(@0) Rz < D IAW) N wom]IE- (3.5.12)
i=0
Proof. Again, we will use the abbreviation w, = wy(4,,). Also, denote by | . | the standard norm on

F™. Since E | M is of bounded geometry, there exists a universal constant Cj, > 0, such that for any
2o € M, any admissible normal trivialization of the bundle E | M around zy and any form w € Q(FE),

we have
W (@0) [} (o) < Chlw(o)[?, (3.5.13)

where w is regarded as a F"-valued form via the aforementioned trivialization. Identifying N (r, z¢) with
B(r,0) C R", let ¢1]r],...,pam[r] be the family of smooth bump functions from the previous lemma,
each supported on a neighborhood of zg, so that supp(¢1) C supp(¢2) C -+ C supp(¢am) € N(r,xo),

satisfying ¢;11 = 1 on supp(t;) for each 0 < ¢ < 2m. Then we first obtain be the Sobolev lemma on

Euclidean space the following inequality

C1
w(o)” = |¢2mw(z0)|* < [|domwl|Fram @n pm) (3.5.14)

with a constant C; > 0 depending only on the dimension m of M. Now, by an inductive application of

the previous corollary to w, ¢;+1 and ¢;, we obtain

Cz[’l‘] m .
b2l o ggemy < S I(AW) 3, (3.5.15)
i=0

where the constant C3[r] > 0 depends only on the co-norm of the ¢;[r]’s and their respective partial
derivatives. Now since ¢;[r] varies smoothly in r (for fixed 4), it is apparent that the constant Cs[r] also

varies smoothly (and monotonically decreasing) in r. The result now follows. O
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Theorem 3.5.5 (Properties of the solution to the wave equation). Let (M, g) be a Riemannian manifold
of bounded geometry and let (E,h) | M be a flat Hermitian bundle of bounded geometry over M. Further,
let uw € QP(M; E) be a smooth p-form, compactly supported in M. Then, for any s € R>, the p-form
cos(s\/mm € QIEQ)(M; E), defined via the spectral theorem, is sufficiently smooth in R>o XM and the

unique (sufficiently smooth) solution to the wave equation

82

=0+ Ay[Ely =0, (3.5.16)
v(0,z) = u(x), (3.5.17)
%U(O, x) =0. (3.5.18)

Moreover, the support of the solution propagates at unit speed in time from supp(u). Explicitly, this

means that we have

supp(cos(sA,[E])u) C By (supp(u)). (3.5.19)

Proof. It is well-known that v(s,z) := cos(sy/Ap[E])u is the unique sufficiently smooth solution for the
wave equation, see for example |25, with the unit propagation speed being also well-established in the
case that u is a function, see |95, Theorem 6.1]. What remains to be shown is that the unit-propagation
speed property of a solution v(s,z) which we assume to be twice continuously differentiable in s, also

holds for forms. For notational convenience, we will abbreviate vy == %v. In this notation, the solution

v satisfies
Vss + Apv =0, (3.5.20)
v(0,z) = u(x), (3.5.21)
v5(0,2) = 0 (3.5.22)

for all (s,z) € R>o xM. Let 2o € M and let Ry > 0 denote the positive injectivity radius of the complete
manifold (M, g). Further, let 0 < r < Ry, so that exp,, : T, M D B,(0) — B(xo,r) is a diffeomorphism
onto the geodesic ball B(xg,r) of radius r around ;.

Claim 1: Let 0 < r < Rj; and suppose that v(ty,y) =0 for all y € B(zg,7) and some ty € R>q.
Then v =0 on the cone C(zg,r,t0) == {(s,y) € Rsg xM :tg < s<to+randy € U(xg,r+1t —s)}.
Proof of Claim 1: We may assume without loss of generality that ¢ty = 0. Define 0 < s < r the energy

functional
B(s) =3 | o o)l ot + 1900wy dooly
xo,r—S

Then E € C?([0,7],R). Moreover, note that s-differentiation commutes with both d and 4, i.e. we have
both

(dv)s = d(vs) =: dvs,
(6v)s = §(vs) =t dvs.

For notational simplicity, we will set By := B(xg, 7 —s), 0B; := 0B(zo,r — s) and denote by dVolyp, the

Riemannian volume form on the submanifold 0B, induced by the restriction of g. Using Green’s theorem
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and Equation [3.5.20] one now computes that

agE(s) = %(/ (vs, Vss) + (dvs, dv) + (dvg, 6v) dVolpy
s

s

1

2 / vs|? + l|dvl|* + ||6v|[*dVolys, ) = §R(/ (s, vss + Apv)dVolps
2 OB Bg

~ ~ 1
+/ itvg AN HET Vi Hdy — # Vi, Aty — 3 ([|vs||* + ||dv][* + ||6v]]?) dVolsp,)
OB (xzo,r—s)
~ ~ 1
=R (/ itvg AT A — # N Hug N itov — 3 (lvs||? + ||dv]|* + ||6v]|?) dVolaBS> .
0By

Here, as before, # : Q*(M, E) — Q" *(M, E*) and 4 Q°*(0Bs, Egp,) = Q" '7*(0Bs, E5p ) denote the
isometric Hodge-* operators on the respective twisted de Rham complexes induced by the Riemannian
metric g and the Hermitian metric h of E. Furthermore, i : Q*(M, E) — Q°*(0Bs, Egpp,) denotes the
tangential boundary projection induced by the smooth inclusion 0B; C M. By Gauss’s lemma, one has
for any w € Q*(M, E), that

[lwl[? = [lizwl|* + |lii#wl[* (3.5.23)

on all of dB,. Next, note that for any two differential forms w,o of complementary dimensions, one
has |[w A o] = [(w, # 1) < ||w]| - [|# tol] = ||w|| - ||o]|. Along with the triangle inequality and the

elementary fact that ab < %(a2 + b?) for any two real numbers a,b € R, one obtains that

llisvs A isgEdy — #Visdts Aiou]] < ligvsl] - 14 aidvl| + ([ sl - [lizovl]

= [l5vsl| - [li5#tdvl| + [l #vs || - 155001 < 5 (lla5vs]* + (155 #0s]1* + [l #dv]|* + [[i5ov][?)
1

< 5 (vs]* + [ldv[[* +[[dv]?)

Therefore, 2 E(s) < 0 for all 0 < s < r. Since v,(0,y) = 0= v(0,y) for all y € B(zo,r), we obtain that
E(0) = 0, and therefore also E(s) = 0 for all 0 < s < r. This in return implies that vs(s,y) = 0 for all
y € B(zg,r — s), from which then also follows that v(s,y) = 0. This finally proves Claim 1.

Now let B(xg,r) denote a general geodesic ball of some positive radius r > R, around some point zg.
Claim 2: Let r > Rj; and suppose that v(0,y) = 0 for all y € B(xp,r). Then v = 0 on the
cone C(zg,r,0) :={(s,y) e R>g xM : 0 < s <randy € B(zg,r — s)}. Observe that Claim 2 obviously
immediately implies the unit propagation speed of the solution.

Proof of Claim 2: First, observe that for any 0 < s < r, we have equality of sets

B(zg,r) = U B(z,s). (3.5.24)
w€B(zo,r—s)

The inclusion B(zg,r) C UxeB(IO’PS) B(z, s) follows from the fact that, due to completeness of M, any
y € B(xp,r) can be connected to xg by a minimizing geodesic 7. By the intermediate value theorem,
we therefore find some x € v with d(y,z) < s and d(z,z¢) < r — s. The reverse inclusion immediately
follows from the triangle inequality.
Now choose some fixed 0 < 7 < Ry < r and an integer k € N so that 0 <r — kT < Ry <r — (k—1)7.
For 1 <1<k, set U= UZEB(wO,T_lT) C(z,7,(l = 1)7). Equation now implies all of the following
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equalities of sets

k
C(zo,7,0) = | JU U C(xo, 7 — k7, k7),
=1

UsninU = U {ir} x B(x,7),

z€B(xo,r—(1+1)T)

UpNC(xg,r — kr,k7) = {k7} X B(zg, 7 — KT).

Therefore, using the assumption of the claim and starting with Uy, an iterative application of Claim 1

can be used to show that u =0 on all U; and C(zg,r — k7, k7), and therefore also on C(zg,r,0).

O

Theorem 3.5.6 (Heat kernel estimates). Let (M, g) be a Riemannian manifold of bounded geometry and
E|M a flat trivial bundle of bounded geometry over M. Further, let N C M be a (topologically) closed
submanifold and let ELN be the flat bundle over N, obtained by restriction of E to N. For p > 0, let
Ay [Enr] and Ap[EN] be the corresponding Bochner-Laplace operators on twisted p-forms on the restriction

bundles Eyr, respectively En. Fort >0, k € Ny and z,y € N, denote by

Ab[Ey e 2B (2 y) : B, — By, (3.5.25)
AMEN]e 2 BN (2 y) : B, — B, (3.5.26)

the respective smooth heat kernels.

Then the following two results hold true:

1. There ezists a constant k > 0 depending only on the dimension of M, and, for each k € N and any
D > 0, a constant Cy(D) > 0, depending only on the bundle geometry of (E,h) | M (but not on
N ), such that for any pair xo,yo € N with dy(z¢) == d(xo, M \ N) > D and dn(yo) > D, we have
the inequality

_ dy (o) +d g (wp)+2d(=0,v0)
Kt

1A, [Ear] e 2 M (20, y9) — Ap[EN] e 2N (20, 30)|| < Ci(D)e (3.5.27)

2. For any tg > 0, there exists a constant c(tg), such that for all t > to, we have
e~ 22l ()| < c(to), (3.5.28)
He_tAP[EN](x,y)H < c(to). (3.5.29)

Proof. 1: We will proceed as in the proof of |55, Theorem 2.26]. An elementary, yet essential observation
we will take advantage of is the fact that, for E-valued p-forms w, compactly supported inside N (so

that, in particular, w lies in the domain of both A,[Ex] and A,[Ej]), we have
ApEnlw = Ap|Eprlw in N. (3.5.30)

Throughout this proof, the symbol A stands for both A,[Ey] and A,[EN]. By well-known properties

of the Fourier Transform of complex-valued functions and the spectral theorem, we have for any triple

m, [, k of non-negative integers and any ¢t > 0 the following equality:

(—1)mtitk %0 g2(m+1+k)
Jrt o ds2(mHi+k)

ATMAIARetA = s /4 cos(sA)ds. (3.5.31)
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Now let ¢ and yo be two points satisfying the assumptions of the theorem. Then the geodesic ball
Bp,4(yo) of radius D /4 around yo is the same for M and N, and we have Bp/4(y0) C N. Choose a p-
form u with compact support inside Bp/4(yo0), so that u lies in the domain of both Ap[Ex] and A, [Ejy].
Then, by the previous equation, there exists for any triple m,l, k of integers a universal polynomial
P :R? - R, independent of z, yo and N, such that for

fi= (A[N]ke_tA[N] — A[M]ke—tA[N])u’ (3.5.32)
we have

ATALf :/ fz(m“*k)*l/?P(\/f,3)6752/4’5(005(3 Ap[Ewm]) — cos(sy/Ap[En]))u ds. (3.5.33)
0

Next, we will need to find a good upper bound for ||AmAlf||BD/4(IO). For that precise purpose, we first
prove the following:

Claim 1: For any 0 < s < L(xg,y0) = max{d(xo,%0)/2,dn(y0)/2}, we have
(cos(sy/Ap[Eam]) — cos(sy/Ap[En]))u =0 on Bp4(o). (3.5.34)

Proof of Claim 1: By definition, we have that for any s < dn(yo)/2 the geodesic ball B (supp(u))
satisfies Bs(supp(u)) € Bsip/a(yo) € Bagy(yy) (%) S N since D < dy(yo) by assumption. From the
unit propagation speed property of Theorem and Equation [3.5.30] it follows that

A, [En] cos(sy/Ap[Enm])u = Ap[En] cos(sy/Ap[Epm])u 0 < s <dn(yo)/2. (3.5.35)

This implies that cos(sy/Ap[Enm])u satisfies the wave equation on [0,dn(yo)/2] x N, given by Theorem
with A, = A,[En], which, by the first part of that theorem, is uniquely solved on that domain
by cos(s\/Ap[En])u (and vice versa). It follows that cos(sy/Ap[Eam])u = cos(sy/Ap[En])u for 0 < s <
dn(yo)/2. If d(xo,y0) > dn(yo) > D, we have Bp,4(zo) N Bs(supp(u)) = 0 for any s < d(xo,¥0)/2,
so by the unit propagation speed property of Theorem applied to both Cos(s\/m)u and
cos(s\/Ap[En])u, we have cos(sy/A,[En])u = cos(s\/A,[En])u =0 on Bp,4(xo), finally proving Claim
1.

Together with the observation that |cos(r)] < 1 for all r € R and the spectral theorem, we can now
compute

> —2(m — —s?
||AmAlfHBD/4(a:0) < 2(/L( )t AmAFR)=12p(\ft s)e™ /4t ds) - ||ul]o
Zo,Yo

< 2 g e 00 /ALy | (3.5.36)

for an appropriate constant Cp,;; > 0 independent of zg, yo or N. We further obtain a pointwise
estimate

Al f(w0)] < Cf (D) 0wl /4 iy, (3.5.37)

for an appropriate constant Cl’7 (D) independent of x¢, yo or N. This follows from the previous estimate,
along with the Sobolev estimates from Theorem and the assumption that (M, g) is of bounded
geometry. Now, the definition of f, together with the equality A"e *A = ¢ *AA™ for any n € N, and an

iterative application of Stokes’ theorem imply that

Alf(z0) = /M ALAINT e 2 (@, y) — A[M] e 2 (20, ) u(y)dy, (3.5.38)
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where A; denotes the appropriate Laplacian in y-coordinates. Choosing a sequence of smooth functions
(Un)nen C L2(BD/4(y0)), with compact support inside Bp/4(yo) and converging in L?-norm to the
restriction of A'(A[N]Fe=*AWN (2, y) — A[M]Fe~t2WN(20,y)) € L?(Bp4(yo)), we obtain from [3.5.37
that

|AN(A[N]Ee AN (29, y) — A[M]Fe AN (@0, W) L2(Bp 4 (yo)) < Clp(D)e™ Lm0 vo) /48,

In the very same way as above, we use Theorem and the assumption that (M, g) is of bounded
geometry (and therefore, also the associated bundle 7{E* @ n5E | M x M) to pass from the above

L?-estimate to a point-wise estimate
(A[N]Fe AN (2, 50) — A[M]*e AN (g, y0))| < Ci(D)ekov)/4t (3.5.39)

for a constant Ci(D) as in the original assertion of the theorem. Analogously, swapping the roles of
and yo and using the fact that the heat kernel is adjoint-symmetric, i.e A¥e™*2(x,7y) = (AFe 2 (y, x))*

holds for any appropriate pair z,y, we obtain

[(AINTFe 2 (20, y0) — A[M]Fe 2N (20, o) ) (3.5.40)
A[NTEe ANy, 29) — A[M]Fe ™ 2N (g, 20))7| (3.5.41)

I(
|(AINTE 2N (o, 20) — A[M]Fe AN (yo, )] < Cp(D)etvomo) /4, (3.5.42)

where L(yo, ©o) := max{d(zo, yo)/2,dn(x0)/2}. Since
max{L(zo,y0), L(yo, o)} > %(dN(xo) + dn(yo) + 2d(xg, yo)), the result follows.

2 : is proven using the same methods as in 1, cf. |55, Theorem 2.35]. O
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Chapter 4

Analytic torsion

Applying the technical results from the previous chapter, we can finally define in general the analytic
L2-invariants associated to a (not necessarily compact) given manifold-with-boundary M and a repre-
sentation p : m (M) — GL(V) of its fundamental group, cf. Definition As the title of this chapter
indicates, of particular interest is the analytic L?-torsion T(‘;‘gl(M ,p) € Ry, which can only be defined if
the pair (M, p) satisfies the technical det-L?-acyclicity condition.

Regarding the main results of this thesis, we will then focus on a torsion-free lattice I' < G := Isom™ (H")
of orientation-preserving isometries on odd-dimensional hyperbolic n-space and an irreducible representa-
tion p : G — GL(V). Recall from Section [2.3| the associated exhaustion (Mg)grer., of H" by I'-invariant
submanifolds. From Section 4.2.3 onwards, we will show that the pair (I'\ H", p) as well as each pair of
the family {('\Mg, p) : R € R>o} meets the det-L2-acyclicity condition. Thus, we obtain L2-torsion
elements T(‘;‘;" (T\H", p) and Té?(F\MR, p). The two main results of this chapter, Theorem and
Theorem [4:3.7] then establish the large-time convergence and the small-time convergence of the respective
summands in the function T (‘;‘)” (T\MR, p) as R — oco. Taken together, these then imply the fundamental
convergence result limpg_, o Té;‘(I‘\M Ry P) = Té;l(F\ H", p) from Theorem

First of all, however, we will introduce in Section the algebraic foundation of general L?-invariants:
Hilbert N'(T')-Modules and Hilbert N'(T')-cochain complexes. This way, we also provide the framework,

with the aid of which the combinatorial L?-invariants of the next chapter are defined.

4.1 Hilbert N (I')-modules

Throughout, we fix a countable group I'. We denote by L?(T") the complex Hilbert space with orthonormal
basis the set I'. It comes equipped with a natural left, linear I'-action by isometries, arising as the extension

of the left multiplication by I' on itself.

Definition 4.1.1. A Hilbert NV (I')-module is a complex Hilbert space H, equipped with a left, linear
T'-action by isometries, such that there exists a separable Hilbert space H and an isometric, I'-equivariant
embedding H — L? (F)®H Here, & denotes the tensor product of complex Hilbert spaces and the T'-

action on L?(TI')®H is the natural one induced by the canonical isometric I'-action on the left factor (as
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described above). H is called finitely generated if we can chose H = C™ in the above identification.

A (not necessarily bounded) linear operator f : H — H' between two Hilbert A'(I')-modules is called a
morphism of Hilbert A/(T") modules if it is closed, densely defined and I'-equivariant. Here, I'-equivariant
means that I'. dom(f) = dom(f) and g.f(z) = f(g.x) for any x € dom(f) and g € T.

If f is, additionally, bounded, we say that f is a bounded morphism (of Hilbert N'(T')-modules). Observe
that by the closed graph theorem, any bounded morphism is automatically everywhere defined, from which
immediately follows that the composition of two bounded morphisms is again a bounded morphism.

Since the property of being closed and densely defined is preserved under taking adjoints, the Hilbert
space adjoint f* : H' — H of a morphism f : H — H' is also again a morphism. Less trivial, but still

true, is the following important result:

Theorem 4.1.2. Let f : H — H be a morphism between Hilbert N'(T')-modules. Then the composition
f*f : H — H with dom(f*f) == f~1(dom(f*)) is a positive, self-adjoint morphism.

Proof. 1t is easily verified that f*f is I-equivariant, positive and symmetric. The proof of the fact that
f*f is self-adjoint and still densely defined can be found, for example, in [47, Page 275, Theorem 3.24]. O

For the purpose of this paper, the most important consequence of this theorem is that for any mor-
phism f : H — H' of Hilbert N(I')-modules, the induced operator f*f has a functional calculus, and
that, since f*f is a morphism of Hilbert A/(T')-modules, the same is true for any operator constructed
via functional calculus of f*f.

We denote by Br(H) to be the space of all bounded endomorphisms of H and by Br(#) the sub-monoid
of positive bounded endomorphisms. Note that Pr(#H) includes in particular all projections onto closed,
I-invariants subspaces of H: Perhaps the essential feature of Hilbert A/(T")-modules is the existence of
a particular positive function trp : Pr(H) — [0, o0], the so-called von Neumann trace. As indicated by
its properties below, trr can be viewed as a generalization of the standard trace of finite-dimensional

endomorphisms:

1. trr(A) = 0 < A = 0 [Faithfulness],

2. trp(A*A) = trp(AA*) for all A € Br(H) [Adjoint Symmetry].

3. If A, B € Pr(H) with A < B (as positive operators), then trp(A) < trp(B). [Monotonicity].
4. For any A > 0 and all A, B € Pr(H), we have trp(A + AB) = trp(A) + Atrp(B) [Linearity].
5. trp is ultra-weakly continuous.

6. If H is a finitely generated Hilbert N (I')-module, then trr(A4) < oo for any A € Pr(H).

In fact, as shown [54] Definition 1.8], the von Neumann trace trr has the following explicit description:
Let e € L%(T) be the unit element. Further, let ¥ : H — L*(I')&H be some I'-equivariant, isometric
embedding and {x;};c;r C H some (countable) orthonormal basis of H. Then, for any A € Pr(H), one
has

trp(A) :Z(A\Il*(e@)xi),\l/*(e@xi)) € [0, 00]. (4.1.1)
il
Here, as everywhere else, e € I" denotes the unit of T".
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Definition 4.1.3. A bounded morphism f € Pr(H) is said to be of trace class if
trr (| f]) < oo, (4.1.2)

where |f| := /f*f is the positive, self-adjoint square root of f defined via Borel functional calculus of
f*f. We denote by Br(H):1 € Br(H) the subset of trace class operators.

One can show that Br(H); is, in fact, a subspace of B (#) and that trp extends to a linear functional
trr : Br(H)1 — C that still satisfies Identity The well-known proof in the case T' = {0}, see for
example |79, Section VI.6], can be adapted to the case of general countable groups I" without difficulty.
Observe that Br(H) = Br(H); whenever H is finitely generated.

Finally, we can define the von Neumann Dimension of a Hilbert N (T')-module as
dlm/\/’(p) (H) = trp(ﬂ.y) S [0700] (413)

The von Neumann dimension is an isomorphism invariant of finitely-generated Hilbert A/(I")-modules,
see |54, Theorem 1.12]. We also remark that for a generic infinite group T', any real Number can occur
as the von Neumann dimension of an appropriate Hilbert A/(T')-module, and that there exists infinitely-
generated Hilbert N (T')-modules that are still have finite von Neumann-dimension, see [54, Examples
1.11,1.14].

Lemma now permits the next definition:

Definition 4.1.4. The spectral density function of a morphism f : # — #H' between two Hilbert
N (T')-modules is defined as

F(f,A) = trr(xpo (1 f1)) € [0,00], (4.1.4)

where x[o, is the indicator function of the corresponding closed set in R and xjo,x (| f]) is the associated

positive, bounded morphism defined via Borel functional calculus of |f|. If F(f,0) < oo, we also define

E(f,)) = F(f,\) — F(f,0) € [0,00]. (4.1.5)

For a closed, I'-invariant subspace L C H, we denote by pr : H — H the orthogonal projection onto
L. Tt is easy to see that py, is a bounded, positive morphism of Hilbert A/(T')-modules (with ||pL|| = 1).

Lemma 4.1.5. [54, Section 2.1] Let f : H — H' and g : H" — H' be two morphisms of Hilbert N'(T')-
modules. Then, for any X > 0, the following holds true:

1. We have F(f*£,V/3) = F(f,) = F(If], V).

2. We have F(f @ g, \) = F(f,)) + F(g,\).

3. We have F(f,\) =sup{trr(pr) : L € L(f, \)}, where
L(f,A) ={L CH closed, T'-invariant subspace : || f(z)|| < Al|z|| Y € L}.

Definition 4.1.6. A morphism f : H — H' between Hilbert A(I')-modules is said to be Fredholm if
F(f,A) <oo  YA<||f]| (4.1.6)

f:H — H is called left Fredholm if the weaker condition F(f,\) < oo for some A > 0 holds. Here, we

use the convention ||f]| = co whenever f is unbounded.
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Using Lemma [£.1.5 we find:

Corollary 4.1.7. Let f: H — H and g : H" — H be two morphisms of Hilbert N'(T')-modules. Then

1. f is (left) Fredholm < f*f is (left) Fredholm < |f| is (left) Fredholm.

2. f and g are (left) Fredholm < f @ g is (left) Fredholm.

Note that any morphism f : H — H' between Hilbert N'(T') is automatically Fredholm whenever H
has finite von Neumann dimension. This follows since x[o,A(| f|) < 1% (as positive operators), and hence
also F'(f,\) = trr(xqo,n(1f]) < trr(ly) = dimpsry(H) < oo.

If f is Fredholm, it follows from the monotonicity of the trace and Lemma [A.1.5[(3) that F(f, . ) is
a non-decreasing, right-continuous function. Therefore, it defines a Borel measure Fy on R that is

uniquely determined by the identity

Fy((a,b]) = F(f,b) = F(f,a) (4.1.7)

for any half-open interval (a,b] C R-g. From its definition, it is evident that the support of the measure
F¢ equals the spectrum of f*f, i.e.
supp(Fy) = o(|f]).

Moreover, under the convention that ||f|| :== oo whenever f is unbounded, we have o(|f|) C [0,]|f]]. In

particular, if f is a bounded morphism, F is a compactly supported measure.

Definition 4.1.8 (Determinant class). Let f : H — H' be a Fredholm morphism. Then f is of deter-
minant class if f01+ log(A)dF(X) > —o0.

Definition 4.1.9 (Fuglede-Kadison determinant). Let f : H — H’ be a bounded morphism with #
finite-dimensional. Define the Fuglede-Kadison determinant detr(f) € R>¢ of f as

exp(fooj log(A)dFf(N)) € Ry if fis of determinant class,

detr(f) = (4.1.8)

0 else.

Remark 4.1.10. As stated above, any bounded morphism f over a finite-dimensional Hilbert N (T')-
module is automatically Fredholm and has compactly supported measure Fy. That is why we have
an equality [~ log(\)dFy(\) = flllfll log(A)dEy (), ie. [ log(A)dF () is always a convergent integral.
Provided that f is also of determinant class, the integral fooj log(A\)dFy(A) therefore also always converges.

Example 4.1.11. Assume that I' = {0}. In this instance, any finitely generated Hilbert A (I")-module
‘H is simply a finite-dimensional complex inner product space, and trp becomes the usual trace for linear
endomorphisms of finite-dimensional spaces. This means that for any f € Br(H), trr(f) is just the sum
of all eigenvalues of f, counted with multiplicity. This implies that the spectral density function of f is

a step function taking the form

F(fax): Z j)m

AEE(|f])<a?
where E(|f]) the set of all (positive) eigenvalues of |f| and jy is the geometric multiplicity of A. In
particular, the measure F is simply the finite sum of Dirac measures, which is why f is of determinant

class and

logdetr(f) = > Jxlog()). (4.1.9)
0#AEE(|f])
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Since for any invertible matrix, the eigenvalues of |f| are just the absolute values of the eigenvalues

of f (with same geometric multiplicities), we deduce from this example, that:
Lemma 4.1.12. Let T' = {0} be the trivial group and let f € GL,(C). Then
detp(f) = [det(f)], (4.1.10)
where det denotes the usual algebraic determinant.
Note that unlike the algebraic determinant, the appearance of the adjoint in the definition of detr

suggest that for general (non-invertible) operators f € B (H,H'), the function detr € Br(H,H') does

depend of the choice of inner products on H and H'.

Example 4.1.13. That this is indeed the case can already be witnessed in the basic case I' = {0}: For
i=1,2,let H; = (C? (-, -);), where (-, -); is the inner product induced by the positive matrix A4; with

1 1
A1: 0 ) A2: 0 .
0 1 0 4
0 0
B = ,

when regarded as an element of B (H;) satisfies detp(B) = 1, since

. (o1
B =

in this case, so that the matrix B* B has 1 as its unique non-zero eigenvalue. However, when regarded as

Then the endomorphism

an element of Br(Hsz), we compute that

which is why we obtain detr(B) = 2 in that case.

Conversely, while the algebraic determinant is only well-defined for finite-dimensional endomorphisms,
the Fuglede-Kadison determinant has the added advantage of being defined for all bounded morphisms
between any two arbitrary finitely-generated Hilbert A/(T')-modules. Moreover, it has various natural
and useful properties, many of which are (slightly modified) generalizations of properties of the algebraic

determinant.

Proposition 4.1.14. [54, Theorem 3.14, Lemma 3.15] Let H, H', H" and H" be finitely generated
Hilbert N'(T)-module. Further, let f :H —H', g: H" — H" and h : H" — H' be bounded morphisms.
Then:

1. One has detp(X - f) = |A| - detr(f) for any A € C*.

2. If f : H — H' is a partial isometry, then detr(f) = 1.

3. If f : H — H' has dense image and g : H' — H" is injective, then detr(go f) = detr(g) - detr(f).
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h
4. Let <£ ) cHOH — H'©H" be a morphism, such that f : H — H" has dense image and
g

h
g:H — H" is injective. Then detr (g ) = detr(f) - detr(g).

9

Any morphism f : H — H' admits an orthogonal complement

FH = fler(pyr : ker(f)= — im(f). (4.1.11)

It is an injective morphism with dense image that satisfies (f*)* = (f*)* and (f4)*f*+ = (f*f)*. From
this, it follows that f+ is Fredholm whenever f is Fredholm. The converse direction need not necessarily
hold, since f' doesn’t "see” the kernel of f, which could be of infinite von Neumann dimension. In

general, if f has finite-dimensional kernel, we have the correspondence
F(f+0) = F(f,\) = F(f,\) — F(£,0) (4.1.12)

for any A > 0, showing that, in this case, f is Fredholm if and only if f* is Fredholm. In this case, it
follows that Fy(\) = Fyo(\) for all A > 0, which implies that detp(f) = detp(f*), if f: H — H'is

bounded and H finite-dimensional.

Lemma 4.1.15. Let H be a finite-dimensional complex vector space and let H = L*(T') @c H be the
Hilbert N'(T)-module with its obvious (left) T-action. Then, for any bounded morphism f € Br(L?(T))
that is injective with dense image and any invertible endomorphism A € GL(H), the tensor product f ® A
lies in Br(L*(T') @c H) and satisfies

detp(f ® A) = detp (f)dmeE)]| det(A)]. (4.1.13)

Proof. We can write (f ® A) = (f @ lg)o (L2 ®A) = (Iz2ry ® A) o (f ® ). Since A is invertible
and f is injective with dense image, we obtain from Proposition [4.1.14}(2), that

detr‘(f ® A) = detr‘(f & IIH) detp(lle(p) ® A) (4.1.14)

To compute detr(f ® 1y), we observe that under a linear isometry H = C" with n = dimc(H), we

can identify (f ® 1z) with a diagonal matrix over L?(I')" with diagonal entries f. Consequently, by

Proposition 4.1.14}(2)—(4), we get

detp(f @ Iy) = detp(f)dime), (4.1.15)

From (54, Theorem 3.14,(6)] and Lemma [4.1.12] we also get
detp(ﬂlz(p) ®A) = det{o}(A) = | det(A)|. (4.1.16)
The result now follows from [L.TT4HAT.T6l O
We wish to extend the concept of the Fuglede-Kadison determinant onto unbounded Fredholm op-
erators over infinite-dimensional Hilbert A (I')-modules. However, although the notion of determinant
class, i.e. the question of convergence of the integral f01+ log(X)dF () still makes sense in this scenario,

the measure Fy of an unbounded operator is not compactly supported anymore. Therefore, if f is un-

bounded, the integral floo log(A\)dF; will never converge, which is why a different method is needed in
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order to define a reasonable determinant of f.

For an arbitrary Borel measure 1 on R>(, we introduce the space of essentially bounded Borel functions

B(R>o,p) == {¢: R>¢g = C Borel : ||¢||oc = sup |¢(z)| < oo}.
z€supp(p)

Lemma 4.1.16. Let (p,)nen be a sequence of Borel measures on R>q. Further, assume that there exists

a Borel measure u on R>q with the property that, for every measurable subset O C Rt

1. pm(0) < (0), and

2. if 1(0) < oo, we have limy,_, o0 p1n(0) = p(0).

Then, for any positive function ¢ € B(R>o, 1), we have an equivalence
¢ € L' (R0, p) <= ¢ € [ | L'(R, ) and lim inf ¢ dpy, < 0. (4.1.17)
- n—oo R
neN >0

Finally, if one of the two equivalent conditions hold, then

lim O dy, = o du. (4.1.18)

n—oQ
RZO REO

Proof. First, we show that ¢ € L*(R>o, 1) implies both ¢ € N, . L'(R, i) and
lim,, o0 fR>0 o dpy, = fR>o ¢ du. The weaker property liminf, . fR>o ¢ du,, < oo then clearly follows.
Since ¢ € B(RZO, w) N LT(RZO, 1) by assumption, the containment gb_E B(R>o, ftn) N L' (R, py,) for each

neN

n € N follows immediately from assertion 1. Now let ¢ > 0. As ¢ € L'(R, i), there exists some large
K >> 0, so that | [, ¢du| < e/4. From assertion 1, it follows that also | [, ¢ dpu,| < €/4 for each n € N.
Moreover, by assertion 2, we find N € N such that for all n > N, we have |u([0, K)) — ([0, K))| <
1¢/l|¢|oc- Therefore, for all n > N, we get

du — du,| < du —
| Rzoqbu /R>O¢u|<| [O’K)sbu /[0
< [@]loo ([0, K)) = pn ([0, K))| +€/2 < €.

)

¢dﬂn|+|/ ¢dm+|/ 6 dyi|
K) K K

Letting € > 0, the result follows.
Conversely, if ¢ € (,,cny L' (R, 1) and liminf, Je., #dtn < 00, then the containment ¢ € LY (R>o, p1)

follows from assertion 2 and Fatou’s lemma, since

/ o du < liminf/ o dp, < o0,
Rso n—00 R

completing the proof. O

Lemma 4.1.17. Let f : H — H' be a Fredholm morphism, and let ¢ € B(R>o, Fy) be positive. Then the
bounded morphism ¢(|f|) is of trace class if and only if ¢ € L*(R>o, Fy), in which case we get

tre(o(70) = [ 00 aF5 . (4.1.19)

In particular, ¢(|f]) is of trace class if either

1. ¢ or Fy is compactly supported, or
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2. ¢ € CL(R), ¢'(N) - F(£,A) € L(R) and limy_y 400 d(A) - F(f, ) = 0.

Proof. From spectral theory, it follows that ¢(|f]) is bounded with norm estimate ||¢(]f])|| < ||¢||co < 00.
Recall from that we find a countable subset {e;}52; C H (with e; = 0 for all j > dimprry(H)),

such that the von Neumann trace trr(g) for any positive, bounded morphism g € P(#H) can be written

as
trr(g) = Y (gei, e:) € [0, 00].
i=1
In particular, we get
Fr((a,]) = trr (X () = D _(Xan ([fDei e5) < oo
i=1

This observation allows us to define for any n € N the right-continuous Borel measure F¥, on Ry via

n

Fra((a,8) =Y (x@u (| f]ei e
i=1
for any half-open interval (a,b] € R*. By spectral theory, any bounded Borel function ¢ € B(R>o, Fy)
lies in L*(R>q, Fy,,) for any n € N and satisfies

n

/Ooo (b . de,n = Z<¢(|f|)eu€z>

i=1

Now observe that the pair ((Fy.,)nen, Fy) satisfies the assumptions of Lemma [4.1.16] Using the results
of the same lemma, we have the following chain of equivalences

o0

tre(@(1f1) = lim [ 60 dFy,(3) < o0 6 € L (Bz0.dF)
d NdFe(N) = 1 A) - dFrn(N).
and [ o)aFy ) = lim [ o) - apy,0)

Next, under the additional assumptions made on ¢, we show that the integral fooo d(A)-dF¢(X) converges.
This is immediately obvious if ¢ or Fy is compactly supported, since then, one finds a compact subset
K C Rxo, so that [;° ¢(A) - dFf(A) < ||¢]|ocFy(K) < 0o. Under the the second assumption, we have

k—o0

/0 T 600 - dF () = lim <— /0 qb’()\)-F(f,)\)d)\+¢(l<:)-F(f,k:)—¢(0)-Ff(O)> ER.  (41.20)

We refer to [57, Lemma 4.1] for a proof of the above identity. In other words, we also have ¢ € L*(R,dFYy).
O

Suppose that f is a Fredholm homomorphism with the property that for each ¢ > 0, the heat evolution
operator e~/ " is of trace class. At least formally, we can now consider the (truncated/small-time) zeta-

function of f as
1
Cr(s) = r(s)—l/ L rp (e M1 at, (4.1.21)
0
for any s € C. Here, ['(s) := [;° t*"'e~'dt denotes the complex Gamma function.

Definition 4.1.18 ((-regular). A Fredholm morphism f : H — H’ is said to be (-regular if the following

two conditions hold:
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1. For each t > 0, the operator e~t1FI" is of trace class.

2. There exists some constant C' > 0, such that (f s (s) is a holomorphic function on {s € C: R(s) >

C'}, extending to a meromorphic function on all of C that is regular (i.e. holomorphic) at s = 0.

Remark 4.1.19. Observe that for any morphism f : H — H' with the property that trp(e*”f'L) is of
trace class for each t > 0, it actually follows that f* is Fredholm. Indeed, notice that X[07>\}(|f\J-) =
X (Lf1F) celfl” X (Lf1)- e~ 171" for each A > 0. Together with the fact that I'-trace class morphisms
form an ideal inside the algebra of bounded endomorphisms over a Hilbert A/ (I")-module, it follows that
X[, ([f]F) is of T-trace class, i.e. that f* is Fredholm. Provided that F(f,0) = dimy/(r)(ker(f)) < oo,
it also now follows that F(f,\) = F(f1,\) + F(f,0) < oo for each A > 0, i.e. that f is Fredholm.

For a (-regular morphism f : H — H', the (complex) derivative C%Cf(s)\szo € C of ¢y at 0 is well-
defined. In fact, we must have (¢(s)[s—o € R. This follows since (s(s) is of the integral shape as in
4.1.21| for any s € C with sufficiently large real part, from which one deduces that (¢(3) = (s(s) for all

sufficiently large s. Therefore, the same equality holds true for the meromorphic extension, which is why

in particular (¢(s) € R for all s € R near 0, proving that %(f(sﬂs:o eR.

Proposition 4.1.20. [54, Lemma 3.139] Let f : H — H' be a Fredholm morphism, such that trp(e =117 <
oo for allt > 0. Then f is of determinant class if and only if

/ trp(e 1) dt < co. (4.1.22)
1

Definition 4.1.21 ((-regularized Determinant). Let f : H — H' be a Fredholm morphism that is
¢-regular. Then its (-regularized determinant det%( f) € Rxg is defined as

exp (fg}(o) — [ trp(e*t‘fH)dt) € Ry if f is of determinant class,

det.(f) = (4.1.23)

0 else.

Remark 4.1.22. Observe that by definition, one has dets(f) = det&(f1).

Before we unwind this complicated definition and relate it to the Fuglede-Kadison determinant, let us
first address one of the main problems that we will frequently encounter, namely the question of whether
or not a given Fredholm morphism f : H — H’ is of determinant class. The quantity we will introduce

next will play an important part in that.

Definition 4.1.23 (Novikov-Shubin invariant). Let f be a morphism that is left Fredholm. The
Novikov-Shubin invariant a(f) € [0, c0]U{co™} of f is defined via
sup{a € [0,00] : E(f,\) € O(\¥) for A — 0} if E(f,A\) >0 VA >0,
iy o [Pt € 000 PG € 00) )it F(£) iy

oo™, else.

Observe that a(f) will attain the value of the formal symbol oot precisely when £+ has a spectral gap
at zero, i.e. when f* is has a bounded inverse (with norm exactly the size of the spectral gap). Using
[54, Lemma 3.139,(6)], it can be checked that for morphism satisfying trp(e_t‘fH) < oo for all t > 0, one

has
trp (et —a it f
ol f) = sup{a € [0,00] : trr(e )eO@E @) fort — oo} if F(fyA)>0 VYA>0 (4.1.25)

oot else.
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Proposition 4.1.24. |54, Theorem 3.14,(4)] Let f : H — H' be a Fredholm morphism, such that
trp(e’”f'L) < oo for allt >0 and a(f) #0. Then f is of determinant class.

For the next proposition that relates the Fuglede-Kadison determinant to the (-regularized deter-

minant, we introduce the complete zeta-function and the large time zeta-function of f as the formal

expressions
Crep(s) = F(s)_l/ st trp(e_t‘flL)dt, (4.1.26)
0
Crials) = F(s)_l/ 51 trp(e_“fH)dt. (4.1.27)
1

Proposition 4.1.25. Let f : H' — H be a bounded morphism on a finite-dimensional Hilbert N'(T)-
module H', such that o(f) = oco™. Then f is (-reqular. In fact, the integral expression for fep(s)
determines a holomorphic function on the half-plane {R(s) > 0}, which extends to an entire function on

all of C. Moreover, we have

detr(f) = exp(—d%Cf,cp(s)ls:o) = detf(f), (4.1.28)

i.e. the Fuglede-Kadison determinant agrees with the (-regularized determinant of f.

Proof. First, recall that a(f) = oot is just equivalent to the statement that f* has a spectral gap at 0.
In other words, there exists an € > 0, so that o(|f|*) C [e, || f||]. Together with Lemma |4.1.17, we obtain
that

71
trp (e~ 1) = / e M F(N) < dimpry(H)e ™!

We use the well-known identity

/ ts_le_tzdt = P(S)Z_S = F(s) . e_SIOg(Z)
0

for any pair of complex numbers z, s € C with z € C\(—o00,0] and R(s) > 0. Observe also that for ¢t > 0,
one has [t*~1| = tR()~1,

This way, we obtain for any s € C with R(s) > 0 that

/ t%(s)*ltrr(eft\fll)dtSdimN(F)(rH)/ R()—1 —te gy
0 0

= dimp(ry(H)D(R(s))e™™) < 0.

We may therefore apply the Fubini-Tonelli theorem and obtain for R(s) > 0 that

o0 II£11 0
Crrep(s) :F(s)’l/ ts’ltrp(e’t‘fll)dt:/ r(s)*1/0 5= le™ N dt dFy(N)

_ /ﬂ AdF; (), (4.1.29)

It is well-known that for fixed A > 0, the function A™° is an entire functions on s € C. Conversely, fixing
s € C and varying A, the function A~%, as well as its s-derivative —log(A\)A™%, is uniformly bounded on
the interval [e, || f||], which is why both are integrable over [e, || f||] with respect to the spectral measure
Fy.

From the dominated convergence theorem, we now conclude that the integral expression of (fcp($)
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determines a holomorphic function on the half-plane {s € C : R(s) > 0} and extends via the formula
4.1.29| to an entire function on all of C, such that

d [£11 .
G Oemsy = = [ gy, (4.1.30)

In particular, one has
d
logdetr(f) = 7£Cf7cp(s)|5:0. (4.1.31)

Furthermore, as the integral floo ts~le~!* converges absolutely for any s € C and any z € C with ®(z) > 0,

the same holds true for [~ ¢~ trp(e~tf17)dt, since

o0 (o) oo
/ |51 trr(e_tlfH)|dt = / ()1 trp(e_t‘fH)dt < dimprry(H) / RO~ te—tedt < 0.
1 1 1

Therefore, the expressions [ ¢t*7! trp(e*tmL)dt and (4 (s) actually are entire functions for s € C (no
regularization is required here).

Together with the above, we conclude that the expression (¢ sm(s) = (f,cp(S) — (f,1a(s) determines a holo-
morphic function on the half-plane {s € C: R(s) > 0} and extends via the expression felml ATdF () —

Cf.1a(8) to an entire function on all of C. In particular, f is (-regular and we get

d d d
%Cf,w(s)lszo = @gf,SM(Sﬂs:O + %Cf,la(s)h:o' (4.1.32)

Lastly, it is well-known that for any complex-valued function h(s) holomorphic at 0, it holds that

4 (D(s)"*h(s))|s=0 = h(0). Applied to h(s) = [~ ¢! trr (eI, we therefore obtain

d < gL
£<f,la(s)|520:/l t~ L rp (e, (4.1.33)

The equality exp(—-(y,cp(s)|s=0) = det%(f) now follows from |4.1.314.1.33 O

Remark 4.1.26. In order to justify the introduction of the (-regularized determinant, one has to provide
examples of unbounded operators (for which detr cannot be defined, as already mentioned) that are still
(-regular and of determinant class. In fact, many such examples exist and will be thoroughly studied in

the next chapters.

Although the previous lemma shows that they agree in some instances, detf; is in general not as well-
behaved as detr. For example, a multiplicativity formula as in Lemma [4.1.14] does in general not hold
for detlg. We refer to |33] for more details on this phenomenon. In spite of this, the crucial additivity

property from detr still extends to det%.

Lemma 4.1.27. Let f : H — H' and g : H" — H""" be morphisms of Hilbert N'(T')-modules. Then the
direct sum f ©g: HOH" — H ©H" is a Fredholm morphism if and only if f and g are Fredholm
morphisms. Moreover, for each t > 0, e—tifealt g of trace class if and only if both et and e—tlal”

are of trace class, in which case we get
trp(e 29I = trp (e 117 ) + trp(e M9, (4.1.34)
In particular, if both f and g are (-regular, so is f @ g, in which case we get

dets (f @ g) = dets(f) deté (9) € Rsg. (4.1.35)
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Proof. First, observe first that (f @ g)* = f+ @ g*. Together with Lemma |4.1.5) we deduce that

VAERsg: F((f @ g)t N) = F(f5,A) + F(g", \) = Flagr = Fpo + F,o. (4.1.36)
Applying Proposition it follows that for any t > 0, e~t1f®9l" ig of trace class if and only if both
trp(e~t/17) and trp(e=t1917) are of trace class

trp(e—tlfeag“):/o e—tAdF(f@g)i(A):/o e (dFyi (M) + dF,. ()

= trp(e_t‘fll) + trp(e_tlglL).

O
4.1.1 Hilbert N (I')-cochain complexes
Definition 4.1.28. A Hilbert A (T')-cochain complex (C,, c.) is a sequence
(Cure) 10— Co 5 Cp 0y 251 (4.1.37)

where C), is a Hilbert A (I')-module, each ¢, is a morphism between Hilbert N (I')-modules, satisfying
cpt1 0 ¢p = 0. (Cy,cy) is called finite if additionally, C, = 0 for all but finitely many p’s, each ¢, is
bounded, and each C), is a finitely-generated Hilbert N (I")-module.

A morphism f, : (Cy,¢.) — (D, d,) of Hilbert N (T')-cochain complexes is a family f, : C;, — D,

of bounded morphisms, satisfying for each p € Ny

* fp(dom(cp)) C dom(d,),

* fp+16p = dpfp on dom(cp).

We say that two morphisms f,g. : C. — D, between Hilbert A/(I')-cochain complexes are L?-chain
homotopic (written f ~ g) if there exists a collection of bounded morphisms K, : Cx — D,_1, satisfying

for each p € Ny

* Kj(dom(cp)) € dom(dy—1),

* fp —gp = Kpi1cp + dp_le on dom(cp).

K, is called an chain homotopy between f, and g.. Two Hilbert A (T')-cochain complexes (Ck,cs)
and (D,,d) are called chain homotopy equivalent (written C, ~ D,) if there exists morphisms
fe : Cu = Dy and g, : D, — C, such that f.g. ~ 1p, and g.f« >~ o, . f« is called a chain homotopy
equivalence between C, and D, with chain homotopy inverse g..

A cochain complex (Cly,c,) is said to be contractible if it is chain homotopy equivalent to the trivial
complex ({0}.,0,) = {0} — {0} — {0} — .... Equivalently, (C,, c.) is contractible if the identity map
1¢, : Cy — C, and the trivial map O¢, : Cy — C, are chain homotopic.

Since ¢, is by requirement closed and I'-equivariant, it follows that for each p € Ny, ker(c,) C C, is a
closed, I'-equivariant subspace. Since im(c,—1) C ker(c,), we must therefore also have m C ker(cp),

so that the next definition makes sense.
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Definition 4.1.29 (L2-cohomology). Let (C.,c.) be a cochain complex of Hilbert N(I')-modules. For
p € Ny, the p-th L?>-cohomology of (C,,c,) is defined to be the Hilbert A/(I')-module (with induced

inner product and I'-action)
H,(C) = ker(cp)/im(cp_1). (4.1.38)

Similarly, the p-th (unreduced, ordinary) cohomology of (C,,c.) is defined to be the (not necessarily

complete) quotient space
ﬁp(C) = ker(c,)/im(cp—1). (4.1.39)

Definition 4.1.30. The p-th L?-Betti-number of a Hilbert A/(I')-cochain complex (C\, c,) is defined
as
b3 (C.) = dimp(r) (H,(Cy)) € [0, 00]. (4.1.40)

we say that (C, c) is (weakly) acyclic if béz)(C’*) = 0 (equivalently, if H,(C,) = {0}) for all p € Ny.

Using the definitions, the next lemma can be proven straightforwardly:

Lemma 4.1.31. Let (Cy,cx) and (Dy,d) be two Hilbert N'(T')-cochain complezes. Then any morphism
f« 1 Cx = Dy induces for each p € Ny a bounded morphism of Hilbert N'(T') modules H.(f:) : H.(C) —
H.(D) that is natural in the sense that

1. if g« : Dy — E, is a another morphism of Hilbert N (T')-cochain complexes, then H.(figx) =
H. (f«)H:(g+),

2. H.(1¢c,) = 1y, (c) for 1c, : Cix — Cy the identity, and

3. if f~g, then H.(f.) = Hy(g+).

Immediately, we obtain
Corollary 4.1.32. If C. ~ D, wvia the chain homotopy equivalences f, : Cx — Dy and g, : D, — C\,
then H.(f.) : H.(C) — H,.(D) is an isomorphism of Hilbert N'(T')-modules with inverse H,(g.). In
particular, we get b;E,Q)(C’*) = bz(,Q)(D*) for any p € Np.
Given a chain complex (Cy,c,) and p € Ny, we define its p-th Laplacian
Ay =cpoic, g+ 00 (4.1.41)

simply as the sum of two self-adjoint operators. Since both dom(c,_1cj_;) and dom(cyc,) are T'-
equivariant by Theorem 1.2} it follows that A, is a T-equivariant operator. That A, is, in fact, a

self-adjoint morphism will follow from the next proposition:

Proposition 4.1.33. For each p € Ny, we have
ker(A,) = ker(c,) Nker(c,_1) (4.1.42)
and an orthogonal Hodge decomposition

Cp =ker(A)) & ker(c;_l)J‘ @©im(cp) = ker(A,) @ im(cp—1) © ker(c,)™*. (4.1.43)
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In particular, we have a natural isomorphism of Hilbert N (T')-modules
ker(A,) = H,(C.).
Moreover, with regards to the above Hodge decomposition, A, decomposes as the diagonal operator

A, =06 cj,;l(c;;l)* & (c;‘)*c;‘ (4.1.44)

and is therefore self-adjoint (as the direct sum of self-adjoint operators).

Proof. The inclusion ker(c,) Nker(c;_;) C ker(A,) follows directly from the definition. For the opposite
inclusion, observe first that, by the definition of sum and composition of unbounded operators, we have
dom(A,) = dom(c,—1¢5_1) Ndom(ciey) = (¢5_y) "' dom(c,—1) N e, dom(cy) € dom(c)_;) Ndom(c,) =
dom(cy_y) Ndom((cy)*). Therefore, if z € ker(A,), we can make the following algebraic simplifications

0= (Ayr, ) = (eporchy,2) + (chepr,a) = ||y |* + ey, (4.1.45)

implying that x € ker(c;_;) Nker(c,), therefore |4.1.42 as desired.

Using the inclusion im(c,—1) C ker(c,) and the equality im(c,_1)*" = ker(c}_;), we can now compute
Cp = ker(c,) @ ker(c,) ™ = (ker(c,) Nim(cy—1)") @ im(cy—1) & ker(c,) ™
= (ker(cp) Nker(cj_)) @ im(cp—1) & ker(c,)™ = ker(A,) @ im(c,_1) @ ker(c,)*.

O
For a Hilbert A/(I")-cochain complex (C\,¢,) and p € Ny, we set
FP(C*, )\) = F(cp|im(cp,1)i s A) S [0, OO] (4146)
If F,(C.4,0) < 0o, we can further define
F,(Cy, N) == Fp(Cy, A) — F,p(C4, 0). (4.1.47)

Such a complex (C,c,) is called Fredholm at p if the restricted morphism cp|im(c,_,)+ 18 Fredholm.
(Cy, cy) is called a Fredholm complex if it is Fredholm at p all p € Ny, i.e. if all of its restricted boundary
maps are Fredholm operators. Observe that any finite Hilbert N (I')-cochain complex is automatically
Fredholm.

For p € Ny, define the p-th Novikov-Shubin invariant of (C,,¢,) that is Fredholm at p via

p(Cs) = a(Cplim(e, 1)+ )- (4.1.48)

Observe that the inclusion im(c,—1) C im(cp—_1) induces a canonical embedding of vector spaces H,(C') C
H,(C). Therefore, H,(C) = 0 certainly also implies H,(C) = 0. A more precise relation is formulated

next:

Lemma 4.1.34. |54, Lemma 2.18] Let (C., c.) be a cochain complex of Hilbert N'(T')-modules. Then the

following properties are equivalent:

1. (Cy,cy) is strongly acyclic, that is fAIp(C*) =0 for all p € Ny,
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2. A, is boundedly invertible for all p € N,

3. (Cy,cy) is Fredholm, acyclic and satisfies a,(Cy) = 0ot for all p € Ny.

Given a sequence of Hilbert A/(T')-cochain complexes
0= C 15D, 25 B, -0 (4.1.49)

that is exact (i.e. f, : C, — D, is injective, g, : D, — E, is surjective and ker(g,) = im(f,) for each

p € N), we obtain a sequence of morphisms in reduced cohomology

) Hy (f+) ) Hyp(g+)

o H(C H,(D. Hy(E.) 2 Hyir(CL) = ... (4.1.50)

which is weakly exact whenever all three complexes Ci, D,, E, are Fredholm, see [54, Theorem 1.21].
Op : Hy(E,) = Hp1(Cy) is the connecting homomorphim induced be the above short exact sequence.
A central result that relates the spectral density functions of cochain complexes in a given short exact

sequence is the following:

Proposition 4.1.35. [55, Theorem 4.11] Let (Cy, ¢x), (Ds,ds) and (E., ey) be three Hilbert N'(I')-cochain
complezes, and
005D, 2 E S0 (4.1.51)

a short exact sequence of morphisms between them. Suppose that C, and E. are both Fredholm at p.
Then D, is also Fredholm at p and the connecting homomorphism 9, : Hy(E) — H,11(C), induced by

the above short exact sequence, is left Fredholm. Moreover, we have

Fy(D., \) < EBy(Cuyco - AY2) 4 F(Bp, co - N4 + Ey(Ey e - AY?) for 0 <A < ¢y, (4.1.52)
where
cc = If M2 1, (4.1.53)
cg = (44 2[|dyl)lIgp+all - 19, I, (4.1.54)
co = ||y 12+ 20 Fia |- 11l D) - (g5 ] (4.1.55)
1= (44 2||d,||) V2. (4.1.56)

Definition 4.1.36. A Hilbert A/ (I")-cochain complex (C, c.) is of determinant class if all of its boundary

morphisms ¢, are of determinant class.

The next central result, due to Gromov and Shubin, states that near 0, the spectral densities of
homotopy equivalent complexes decay at essentially the same speed. More precisely, the spectral densities

are said to be dilatationally equivalent.

Theorem 4.1.37. [42], Proposition 4.1] Let (Cy, c.) and (D, d,) be two Hilbert N'(T')-cochain complezes,
f+« 1 Cx — Dy a chain homotopy equivalence with chain homotopy inverse g, : Dy — Cy, and K, : C, —
C«_1 a chain homotopy between g, f. and 1¢c,. Then, for each p € Ny, we have

Fp(CoN) < (Dl fa PllgplPN) for0 < A < (12K, |72 (4.1.57)

The most important consequence that will be frequently used throughout this thesis is the following;:
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Corollary 4.1.38. Let (C.,c) and (D, d,) be two Hilbert N'(T)-cochain complezes with Cy ~ D,. Then

1. For all p € Ny, C, is left Fredholm at p if and only if D, is left Fredholm at p. In this case, we
have ap,(Cy) = ap(Dy).

2. In case that both complexes are Fredholm, C, is of determinant class if and only if D, is of deter-

minant class.

Definition 4.1.39 (L?-torsion of finite-type chain complexes). Let (C,c,) be a Hilbert A/(I')-module
cochain complex of finite type and of determinant class. We define the L2-torsion T(C,) € R, of C,
by

oo

log T(Cy) = Z(—I)P log(detr(cp)). (4.1.58)

p=0

The L?-torsion of finite-type chain complexes behaves nicely with respect to chain homotopy equiva-

lences, as shown in the next proposition:

Proposition 4.1.40. [54, Lemma 3.44] Let (Cy, c.) and (D.,dy) be two finite-type cochain complexes of
Hilbert N'(T')-modules and let f, : Cx — D, be a chain isomorphism. Then, for any p € No, Hy(f:) :
H,(C.) — Hy(D,) is an isomorphism of Hilbert N'(I')-modules. Moreover, (Cy,c.) is of determinant

class if and only if (D, d,) is of determinant class, in which case we get

log(T(Cy)) —log(T(Dy)) = Z(fl)p log(detr(fp)) — » (—1)Plog (detr(Hy(fp))) - (4.1.59)
p=0 p=0

Using the (-regularized determinant, we wish to extend the notion of L2-torsion onto Hilbert N/ (T)-
cochain complexes (Cy, ¢,) that are not necessarily of finite type, but still of finite length (that is, C,, =0
for all but finitely many n € N). To motivate the definition, we remark that one can easily verify directly
with aid of Proposition that a Hilbert A/(I")-cochain complex is Fredholm and of determinant class
if and only if all of its Laplacians A, are Fredholm and of determinant class. Moreover, it is shown in
[54, Lemma 3.30] that on a finite type Hilbert N (I')-cochain complex (C\,c,) of determinant class, one

has

1
log T'(C Z = 1P log(detr(A,)).

[\D

For practical purposes yet to be estabhshed, it will be convenient in many instances to consider the

determinant of the Laplacians instead of the determinant of the boundary operators.

Definition 4.1.41 (Regularized L2-torsion for finite-length chain complexes). Let (C., c.) be a Hilbert
N (T')-cochain complex of finite length that is Fredholm and of determinant class. We say that C, is
¢-regular if all of its Laplacians A, are (-regular. In this case, we define the regularized L?-torsion
Te(Cy) € Ry of Cy as

p(—1)Ptt log(detC (Ap)). (4.1.60)

N |

log T (C i

p=1

As already mentioned, the (-regularized determinant is not as well behaved as the Fuglede-Kadison
determinant, which is among the reasons why we cannot expect a similar formula as in to hold for
the (-regularized torsion in general. In spite of this, using Proposition and Lemma we still

get sum formulas for both torsion elements.
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Proposition 4.1.42 (Sum formula). Let (C.,c.) and (Dy,d) be two Hilbert N'(T')-cochain complezes,
and let (Cy @ Dy, c, @ dy) be the direct sum complex. Then,

1. if (Cy,ci) and (Dy,dy) are of finite type, then so is (Cyx @ Dy, ci @ dy). Moreover, (Cy,ci) and
(D, dy) are of determinant class if and only if (Cy ® Dy, ¢ ® d.) is of determinant class, in which

case we get
logT(Cy ® D,) =1log T(Cy) + log T'(D.). (4.1.61)

2. If (Cy,ci) and (Dy,dy) are of finite length, (-reqular and of determinant class, then the same
properties hold for (Cy @ Dy, c. @ dy), in which case we get

log T¢(C @ D) =log T (Cy) + log T (D.). (4.1.62)

4.2 The De Rham and Sobolev complexes

Throughout the whole section, we assume that (E,h) | (M,g) is a flat Hermitian bundle of bounded
geometry over a complete Riemannian manifold (M, g) of dimension n and of bounded geometry. We also
assume absolute boundary conditions, that is OM = 0o M throughout. This allows us to draw algebraic

conclusions out of the next geometric constructions.

Definition 4.2.1 (The de Rham and Sobolev complexes). Let E | M be as above and let 0 < p < n.

1. The Sobolev chain complex at level p, denoted by D,[E] is the cochain complex of Hilbert

spaces, defined as

oo 0 WETH(M, B) S WR(M,E) S WET (ML E) = Q0 (MLE) 0 — ... (4.2.1)

2. The absolute Sobolev chain complex at level p, denoted by D, qs[E] is the cochain complex

of Hilbert spaces, defined as

e 0 WHL(MUE) SWE L (MLE) S WETH (MLE) -0 ..., (4.2.2)

where
WE 1o (M, B) == {w € WETH(M, E) : i (#w) = 0 = i* (#dw)}, (4.2.3)
WY s (M, E) = {w € WI(M, E) : i (#w) = 0}. (4.2.4)

and the inner product on each space is the one induced by Wg_l(M , E), respectively WY (M, E).

3. The de Rham complex at level p, denoted by L,[E] is the cochain complex of Hilbert spaces,
defined as

(M,E) % VA (M, E) -0 — ... (4.2.5)

= 0= O (ML E) S O (2

(2) (2

Observe that by Theorem we have an inclusion of cochain complexes Dy, ops[E] C Dy[E] C
Ly[E] € Q) (M, E) for any 0 < p < n, so that that Dy aps[E] C Dp[E] is a closed subcomplex. Note
also by Proposition that the differentials on D,[E] are bounded and everywhere defined as linear

operators. Using the machinery developed in the previous section, we get:
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Proposition 4.2.2. Let (E,h) | (M,g) be as above. Suppose that T C Isom™ (M) is a lattice (not
necessarily uniform) compatible with (E,h) | (M,g). Then the following holds:

1. For each 0 < p < n, there exists a linear T'-action on QP(M, E), so that, with respect to this action,
the differential d : QP (M, E) — QPYY(M, E) is '-equivariant. Moreover, the action restricts to an

action on QP(M, E) by bundle isometries.

2. Qpy

(M, E) and L,[E] are Hilbert N (I')-cochain complezes,

3. Dp|E] and D, aps|E] are bounded Hilbert N (I')-cochain complezes.

4. Assume also that that there exists some uniform lattice A < Isom™ (M, g) compatible with (E,h) |
M. Then:

(a)

(b)

The Laplacian Ap[E] : QZ()Q)(M, E) — (2{’2)(M7 E), defined as the minimal closure of the op-
erator §PdP + dP~16P1 with initial domain {w € QP(M,E) : i*(#w) = i*(#dw) = 0} is a

self-adjoint morphism of Hilbert N'(T')-modules.

Let f : [0,00] = Rxq be a rapidly decreasing Borel function, let f(Ap[E]) : 91(32)(M7 E) —
P

Q)

Then f(Ap[E]) is a positive, bounded, trace class morphism of Hilbert N'(I')-modules, that

is moreoever an integral operator: Let f(A,[E])(x,y) be its smooth Schwartz kernel and let

(M, E) be the positive, bounded operator defined via the spectral theorem applied to A,[E].

F C M be a fundamental domain for the I'-action on M. Then the von Neumann trace of
F(AL[E]), as introduced at the beginning of Section coincides with its I'-reqularized trace
from Definition i.e.

tre(f(Ap[E]) = / tr(f(Ap[E]) (2, z))dr < oo (4.2.6)

F

holds. In particular, both Xy (M, E) and Ly[E] are Fredholm complexes of Hilbert N(T)-

modules.

Proof. 1: Since I' acts on E | M by bundle isomorphisms, we obtain a C-linear I'-action on the space of
sections I'(E) = Q°(M, E), defined for f € ['(E), v € T and z € M via

(.H)(@) =7 - F(r (@) € By (4.2.7)

Similarly, for p > 1 and QP (M, E) = QP (M) ®ce (ar)I'(E), we define the linear I'-action to be the induced
tensor product action (on QP(M), I' acts by the standard pullback). Flatness of the I-action on E | M
implies that the action thus defined commutes with the differential d : QP(M,E) — QP~1 (M, E). It
is clear that, with respect to this action, the subspace Q2(M, F) is I'-invariant. We will prove that I"

acts isometrically on QO(M, E) = T'.(E), for p > 1, the proof works completely analogous. Let h be

the Hermitian form on £ | M. Using the transformation formula and the fact that I' acts by bundles

isometries on F | M, we compute for any f € ['.(F) and any v € I', that

Iy £13 = /M e (@) = A b F7 @) Bda
- /M 1 @)1 oy = /M £ @) 20y = 1112
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2: The T-action, defined in (1), extends to an action on Q*(M, E) and L,[E] by isometries. We claim
that for each 0 < p < m and for F C M a closed fundamental domain for the I'-action on M, there exists
a I'-equivariant isometry of Hilbert spaces €, (M, E) = L? (F)QAK)QZ&)(]:7 E|#). (2) then follows from the

claim. To prove the claim, we only need to show that the C-linear map

G:Q2(M,E) - CI'l ®c Q(F, E|r),
[ Z’Y@) (v DlF

~ver

of inner product spaces is I'-equivariant, isometric and has dense image. Observe that left-hand sum is

finite, since f is compactly supported, so G is well-defined. Since

’1—

=S e () TE TS Y e L)l

yel’ yel’

=7 v HlF=7G(f),

el

G is T-equivariant. Moreover, considering the image of forms having compact support in +.F with ~
ranging over all of ', one sees that, with respect to the inner product defined on C[I'| ®c QE(F, E|#),

(@) is also dense. Finally, we calculate

IIfI\o—/ 17 @)1, >dx—Z/ 172, >dx—Z/||fm|W>dx

yel’ ~yerl

=5 [ @R e = G

vyel’

3: The T'-action, defined in (1), extends to an action on D,[E] by isometries. Here, one additionally
needs the fact that the differential, the Hodge-# operator and the restriction to the boundary oM
commute with the I'-action. Now for any r > 0, one establishes a I'-equivariant, isometric isomorphism
WP(M,E) = L*(T)® WE(F, E|#) just like in assertion (2). The assertion for D,[E] then follows. The
assertion for D,, 45| E] follows, since it is a closed, I-invariant subspace of D,[E].

(4a): By our initial assumption, there exists some uniform lattice A that is compatible with E | M.
Therefore, E | M is the lift of a flat bundle over the compact quotient M/A. By Theorem [3.4.1] it follows
that A,[E] is self-adjoint. Recall that A,[E] is the minimal closure of the symmetric Hodge-Laplacian
with initial domain QP(M,0M,E) = {w € QP(M,E) : i*#w = i*#dw = 0}, where ¢ : OM — M
denotes the smooth inclusion map. Since QP(M,90M, E) is obviously T'-invariant, the same holds true
for dom(A,[E]). We have already mentioned that I' commutes with the differential and the Hodge-#
operator. Therefore, v - A,[E] = A,[E] - v and the assertion follows.

(4b): That f(A,[E]) is a morphism of Hilbert A/ (I')-modules follows from (4) and the spectral theorem,
while the result that f(A,[E]) posseses a smooth integral kernel follows from Proposition Finally,
the equality trr(f(A,[E])) = [ tr(f(A,[E](z, ))dz is shown in |1, Proposition 4.16, pp. 63-65]. O

Definition 4.2.3. Let E | M be a flat bundle over a Riemannian manifold (M, g) associated to a finite-
dimensional, complex representation p : w1 (M) = T’ — GL(V) and let E | M be the -equivariant lift of
E | M onto the universal cover M of M. Further, let g be a Riemannian metric on M, h a Hermitian form
on E and ﬁ,ﬁ their respective lifts. We say that (E,h) | (M, g) is L*>-acyclic/Fredholm/{-regular/of
analytic determinant class, if the corresponding L?-cochain complex Q(Q)(M, E) = Q(Q)(M,Ejﬁ)
of Hilbert A/(I')-modules with absolute boundary conditions is L?-acyclic/Fredholm /(-regular/of deter-

minant class.
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For 0 < k < dim(M), we define the k-th analytic L>-Betti Number bé’)ik(M, p) € [0, 0] as

b (M, p) = b7 (Qe) (M, E)). (4.2.8)
In case that (E,h) | (M,g) is Fredholm, we define for k € N the k-th analytic Novikov Shubin
invariant a"(M, p) € [0,00] U {co™} as

™ (M, p) = ay(Q) (M, E)). (4.2.9)

If (E,h) | (M, g) is also (-regular and of determinant class, we define the analytic L?-torsion T(‘;‘;‘(J\J7 p) €
R as

p (=1)P+ ! log(dets (A,)). (4.2.10)

N | =

(oo}

log(T33' (M, p)) = log(T¢ () (M, E)) =

p=1

Remark 4.2.4. Suppose that M is compact. Then, if ¢’ is another metric on M and h’ another metric
on FE, the identity map 1 : ng)(M,E,ﬁ,%) — QZZ)(M,E,Q’,E’) is an isomorphism of Hilbert N (T')-
modules. Together with Proposition [£.1.35] as well as Corollaries [£.1.32] and [1.1.38] it follows that the

Fredholm and determinant class properties of E | M, as well as the L?-Betti numbers bé’ik(M ,p) and

Novikov-Shubin invariants a,f”(M ,p), don’t actually depend on the specific choice of metrics, and can
thus be seen as invariants and properties of the tuple (M, p), as indicated in the notation. On the other
hand, the term T(‘g;l(M, p) does depend on the pair of metrics (g, h), which is why we will sometimes

write Té;‘(M, 0, g, h), respectively T(‘;‘)" (M, E,g,h) in order to highlight this dependency.

Remark 4.2.5. In the notation, if the group I' := 71 (M) is clear from the context, we will also often

replace M by its universal cover M and write bg)‘k(ﬂ . 0)s aﬁ”(ﬂ ,p) and T(‘;‘)” (M ,p) instead.

4.2.1 Estimates for the spectral density function

Throughout this subsection, we fix a lattice T' C Isom™ (M) compatible with £ | M and also assume that
there exists some uniform lattice A C Isom™ (M) compatible with E | M. Proposition allows us to
consider the spectral density functions of the Hilbert A/ (I')-cochain complexes Q) (M, E), Ly[E], Dy[E]
and D, qps[E]. This section is devoted to comparing their respective behavior near 0. Our first result in

that vein is the following;:

Proposition 4.2.6. Let E | M be as before and 0 < p < m, let A, [E] : Q](DQ)(M, E) — Q?Q)(M, E) the
orthogonal Laplacian. Suppose that Q’@(M, E) has trivial L?-cohomology. Then we have
F(Ap[E], \/X) = F(Aé[E]’ \/X) = Fp(Lp[E], ) + Fp—1(Lp-1[E], A) (4.2.11)

for all X > 0.

Proof. Since there is no L*-cohomology, we have both A,[E] = AX[E], as well as F,(L,[E],\) =
F((d¥,,)*, \) for each p. Using Proposition and Lemma we now compute:

FAFIEL V) = F () i) & () (@.)) V)

D abs abs

)5V By (dy (dy ) V) = F((dhy, )5, 0) + F((dhy, ) )

abs abs abs

= F(((dgy,)"dy

abs

= FP(LP[EL )‘) Fp (Lp—l [E], )‘)~
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For the next result, we assume that the underlying vector bundle of E | M is trivial, i.e, of the form
M x C™ for some n € N (however, we do not assume that the Hermitian form is constant on the fibers)
and that T' C Isom™ (M) is uniform. Triviality of E | M allows us to identify smooth sections of E with
smooth maps from M to C", which further leads to an identification of C'*° (M, C)-modules

OF (M, E) = QP(M)", (4.2.12)
QP(OM,E) = QP(OM)™. (4.2.13)
Assume that M # (. For appropriate w > 0, let M, = [0,w) x M be the geodesic collar around

OM of width w. Under this identification, we therefore find for any w € QP (M, E) appropriate smooth
l-parameter families of forms wq () C QP(OM)™ and we(t) C QP~H(AOM)™, such that

w(t,z) =wi(t)(x) + dt Awa(t)(z), V()€ [0,w) x OM = IM,,. (4.2.14)

Denote by AP[E] the p-th Laplacian on the flat Hermitian restriction bundle E | M. Let ¢ : [0,w] — R
be a smooth map identically 1 near 0 and identically 0 for all ¢ > w/2. With this data in mind, define

K?:QP(M,E) — QP (M, E), (4.2.15)

() - [ et (1) )dt on OM,,

KPw = (4.2.16)

0 elsewhere.

An immediate, but important consequence is that KPw depends only on the restriction w|gps, and that

w

the support of KPw lies in OM,,. Just as in the case with for the trivial bundle, one can now proceed line

by line as in |56, Lemma 5.5, Proposition 5.6] to show the following:

Proposition 4.2.7. Let p € N. Then, for r =0,1,2, the map K? extends to a bounded operator.

KP :WE(M, E) — WP (M, E). (4.2.17)

The norm ||KP|| depends only on r and flat isometry class of the restriction bundle El|gps, 4 OMy,.

Setting K*, == 0 for all p € N, we furthermore obtain
1. For x =0,1,2 and each p € N, the map

T = = AT KPR W (ML E) — W (M, ) (4.2.18)

has image in WpH**(M, E) and extends to a morphism of Hilbert N'(I')-cochain complezes j, :

*,abs

D,[E] = D, us[E].
2. The reduced complexes

DylE] ==...0 = WE(E)/im(d) — WETH(E) = 0...,

pabs[E] = ...0 > W, (E)/im(d) - WETH(E) - 0...

™)

are chain homotopy equivalent. More precisely, the map j, descends to a map 317 : ﬁp[E] —
Dy.avs|E], that is the chain homotopy inverse to the induced inclusion iy : Dy aps[E] — Dp[E]. The

respective null-homotopies are induced from i, o K} and K} oi,.

From this, we now obtain the following important, intermediate result:
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Proposition 4.2.8. Let E | M be a bundle of bounded geometry over M and T" a lattice, compatible
with B | M, so that, if OM # (), we additionally assume that T is uniform and that E | M is trivial.
Then we find constants C1,Cy > 0, depending only on the flat isometry class of the restriction bundle
Elon, 4 OMy,, (with OM,, =0 if OM = 0) such that all of the following hold:

1. We have
Fp(Dp,abS[E]7C;1)‘) < Fp(Dp[EL)‘) < Fp(Dp,abS[E]vcl)‘)

for all N < Cs.

2. We have
FP(LP[E]a )‘) < Fp(Dp,abs [E], )‘) < FP(LP[E]7 \@)‘)
1
for all A < ok
3. We have

Fy(Lp[E], CT'X) < Fyp(Dy|E), ) < Fy(Ly|E], C1V2)).

: 1
for all X < min{Cq, m}

Proof. (1): Follows from Proposition and Theorem |4.1.37]
(2): Throughout the proof, we will use the equalities

ker(d”| 1.0 ) = D(d) N ker(d?) ™ = Wyl (E) N 6rQb (M, E), (4.2.19)

[yt
Wobe abs abs

as established in the proof of Proposition [3.4.6] as well as the identity
F(f,A\) =sup{trr(pr) : L C H closed, T-invariant subspace : ||f(x)|| < A||z|| Vz € L}, (4.2.20)

as established in Lemma Recall that for a subspace A C W*(E), Atr C WY*(E) denotes the
orthogonal complement of A with respect to the Sobolev 1-inner product.
We will first show that

FP(LP[E]v )‘) < Fp(Dp,abs [E], )\)-

For this, we let L C D(dP) Nker(dP)* be a O-closed, I'-invariant subspace, such that each v € L satisfies
l[dv||o < Al|v||o. By the left-hand equality of and the fact that the 1-topology is stronger than the
O-topology, it follows that L C Wall;f,(E) is a 1-closed, T'-invariant subspace. Since ||v||p < ||v]|1, we also
have ||dv||o < Al|v||1. All in all, this implies that F,(L,[E], \) < F,(Dp abs[E], A).

In order to show that
FP(Dpyabs [E], )‘) < Fp(Lp[E]a \/5)‘),

we let L C ker(dp|wl,p(E))J-1 be a 1l-closed, I-invariant subspace, satisfying ||dv|lo < Al|v||y for any
abs

v € L. Now observe that by the equality of the first and the last term in Equation 4.2.19] we also have

[[v]|? = [|[v||2 + ||dv||3 for any v € L, which implies that

[lvllo < [lvlly < V1 = A2[[ollo, (4.2.21)
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for any v € L. Therefore, L is also O-closed inside D(dP) N ker(dP)+. Moreover,
1
[ldvl[5 < N*[ol[} < N*[[oll§ + 5 lldv]lo
= [|dvllo < V2X[Jvllo,

from which the inequality F},(Dyp.aps[E], \) < Fp(L,[E],v/2)), and therefore the desired claim, follows.
(3): This follows immediately from (1) and (2). O

4.2.2 Comparison with the combinatorial complex

For the purpose of the next important result, we introduce the notion of a I'-CW-cochain, further details
will be developed in Chapter 5: Let X be a CW-complex, on which a countable group I' acts freely,
cellularly and co-compactly with a finite number of cell orbits. Such X is called a free, finite -CW
complex. The associated cellular cochain complex C*(X,C) with complex coefficients then has the
structure of a complex of free and finitely generated C[I']-bimodules, with C[I']-bases given by explicit
representatives of orbits I'.e for each cocell e of X.
Now assume that there exists a complex, finite dimensional representation p : I' — GL(V). Such a
representation naturally endows V' with the structure of a left C[I'l-module. We therefore can form the
cochain complex

C*"(X,p) =C"(X,C)®cV (4.2.22)
with (left) diagonal T-action given by v.(e ® v) = v.e ® p(y)v on elementary tensors. It is still a
complex of free, finitely generated left C[I']-modules. Let E C C*(X,C) the set of all cocells, each
equipped with some orientation. Additionally fixing a C-basis B C V, the T'-orbit T'. (E ® B) of the
subset EQ B:={e®b:e € E,bec B} C C*(X,p) is a C-basis for C*(X, p), which is infinite whenever T
is infinite. Equipping C*(X, p) with the unique inner product, with respect to which the set I'. (F ® B) is
orthogonal, and forming the corresponding L?-completion, we obtain a cochain complex of Hilbert spaces
Cy) (X, p). As a matter of fact, it is a finite Hilbert N (T')-cochain complex.
Let (M, g) is a Riemannian manifold and let T' C Isom(M, g) be a uniform lattice. Choose on the quo-
tient manifold M/T a (finite) CW structure X, so that, additionally, the restriction to the boundary
0X = X NO(M/T) is a CW-structure on d(M/T). The lift X of X onto M is then a free, finite T-CW
structure on M, so that X N OM is a free, finite I-CW structure on M. Any CW-structure X on M
obtained this way is called an admissible I'-CW structure on M. The next important theorem is shown
in Chapter 6:

Theorem Let (M, g) be a simply-connected Riemannian manifold and let T C Isom™ (M, g)
be a uniform lattice. Further, let p: T — GL(V') be some finite-dimensional, complex representation and
let E:=MxV | M be the associated flat, T'-equivariant bundle over M. Choose some (finite) admissible
I-CW structure X on M and let (22‘2)(M7 E) be the L?-cochain complex with absolute boundary conditions
(constructed with respect to some choice of T'-equivariant Hermitian form h). Then there is a L?-chain

homotopy equivalence of Hilbert N'(T')-cochain complezes
2‘2)(M7 E) ~ C'(*Q) (X, p). (4.2.23)

Remark 4.2.9. In Section 5.1, we will define the notion of combinatorial determinant class (short:

c-determinant class). Namely, a pair (X, p), where X is a finite I-CW-complex and p : I' — GL(V)
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is a finite-dimensional representation is said to be of c-determinant class if the corresponding cellular
L2-cochain complex of Hilbert A/(I')-modules (2)(X, p) is of determinant class. In case that X is the
I-CW structure of a smooth Riemannian manifold (M, g) and T' C Isom™ (M, g) is a uniform lattice,
then the above theorem, along with Proposition and Corollary shows that the pair (M, p) is
of analytic determinant class (short: a-determinant class) if and only if (X, p) is of c-determinant class.

Throughout this thesis, both notions will be used interchangeably.

4.2.3 Applications to the representation bundle E* | H"

Recall the following notions and facts from Section For H" the hyperbolic n-space with n odd, set
G = Isom™ (H") and let E” | H" be the flat, canonical, Hermitian bundle associated to an irreducible,
complex, finite-dimensional representation p : G¢ — GL(V). For a fixed non-uniform lattice ' C G and
R >0, let Mg, Cr and Tg be the complete, I'-invariant submanifolds associated to it. Equip E” with the
canocial bundle metric h?. We’ve seen that I is compatible with E” | H", in the sense that the action
of I" on M extends to an action on E” | H" by bundle isometries. Hence, I' is also compatible with the
restriction of E¥ over each My, Cr and Tg, which we have denoted respectively by E%_, E%, and E7.
Because of Proposition the associated four L?-de Rham cochain complexes are Hilbert N(T)-
module cochain complexes. Moreover, since I' acts cocompactly on Mi and Tk and is compatible with
the overlying bundles, the bundles E%, | Mp and EY, | Tgr are Fredholm by Proposition The
same result holds true for the cochain complex induced by E? | H", using that E” is G-equivariant.
The ultimate goal of this section is to find a uniform polynomial upper bound for the spectral density
functions of the complex Q*(Mg, Er), independent of R, which will then easily imply the desired

large-time convergence.

Proposition 4.2.10. There ezists constants C1,Co > 0 independent of R > 1, such that for all p =
0,...,m and all A < min{Cy, ﬁ}, we have

FP(LP[Ep]val)‘) < Fp(Dp[Ep]a)‘) < Fp(Lp[Ep]acl\/iA)v
FP(L;D[EE—]’Cfl)‘) = Fp(Dp[E%—], ) < FP(LP[EJPQ—LOl\[Q)‘)v
Fp(Lp[Eﬁ]:Cl_lA) < Fp(Dp[Eﬁ]a A) < Fp(Lp[Ef%]vClﬁ/\)-

Proof. Since EP | H" is a bundle of bounded geometry and I" acts cocompactly on both Mg and Ty,
we get the above inequalities from Proposition choosing w = 1/3 (the width of the geodesic collar
around the boundary), with constants C4 (R), Ca(R), depending a priori on R > 1, but only on the flat
isometry classes of the restrictions E?|g(nry,), 5 + O(MRr)1/3 and EP|o(zy), 5 + O(Tr)1/3. Let G(MR)?/:,’ be
a connected component of d(Mg), /3 and let d(Tg)) /3 be the intersection of (Tk)1/3 with a connected
component of Tr. Then, from the explicit end structure laid out in Section there are isometric

diffeomorphisms

d(Mg){ )3 = [R—1/3,R] x R"™",
O(Tr){ )3 = ([R,R+1/3]JU[R+2/3, R+ 1]) x R"™!,

each sending the hyperbolic metric to the warped product metric dt?> + e~2*dz?. Using the very same
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local isometries and following the same arguments as in Lemma[2.3.7 we obtain two bundle isometries

EP|oatr). s + O(MR)1/3 = EPlouy), s + O(Mi)1ys,
Ep|8(TR)1/3 i’ a(TR)l/S = Ep|8(T1)1/3 l, 6(Tl)1/3-

Consequently, we get C1(R) = C1(1) = Cy and Cy(R) = C3(1) = Cy for any R > 1 and the result
follows. O

Proposition 4.2.11. [30, Theorem 1.1, Proposition 1.2] The Hilbert N'(T')-cochain complex QE‘Q) (H", E?)

has trivial cohomology and positive Novikov-Shubin invariants.

We want to show that the same holds true for the Hilbert A/(T')-cochain complex Qfy) (11, EY). For
that purpose, we need some additional preparation:
Let T be a countable group, equipped with some finite-dimensional representation p : I' — GL(V).
Further, let I'y < T’ be a subgroup and denote by py the restriction of p to I'y. Choose X be a finite
I'yp-CW complex and let C*(X, pg) be the associated free, finite Hilbert A(T'g) cochain complex, whose
construction was laid out in the previous section. We now explain how C*(X, pg) gives rise to a free,
finite Hilbert N (T")-cochain complex via the principle of induction: Since I'g < T, we can naturally regard
the group ring C[I'] as a right C[I'g]-module. Hence, we can define the following cochain complex of free,

finitely generated left C[I']-modules
C*(X, po, T) 1= CIT] @ciry) O (X, po). (4.2.24)

Similarly as before, the canonical inner product on the group ring C[I'] turns C*(X, po,I") into a complex
of inner product spaces, whose L2-completion we denote by C(*Q) (X, po,T). It is a free, finite Hilbert
N (T')-cochain complex. It follows from [54] Lemma 1.24] that, for each p € N, we have
»
b2
aP(C(*Q) (X7 Po, F)v F) = O‘p(c(*2) (X, PO), FO)' (4'2'26)

(C(*Z) (X’ Po; F)’ F) = b;?Q) (C(*2) (X7 p)7 F0)7 (4225)

Now consider the principal I'-bundle Y := I' xp, X. The CW-structure on X then extends to a free,

finite T-CW structure on Y. Just as above, form the twisted L2-cochain complex C’(*Q)(Y, p). Tt is proven

in [52, Lemma 1.1, Theorem 6.7,(5)] that there is an isomorphism of Hilbert A (I')-cochain complexes
Cin(Y,p) = Cy)(X, po,T'). (4.2.27)

Using Corollary [£.1.38] along with equations [£.2.25] and [£.2.26] we thus obtain for each p € N the
Equalities

bl(72) (C(*Z) (}/’ p)a F) = bz()Q) (C&) (Xa pO)a FO)a (4228)
ap(Clyy (Y, ). T) = ay(Cly (X, o), To)- (4.2.20)

Proposition 4.2.12. The Hilbert N'(T')-cochain complex Qfy) (11, EY) has trivial cohomology and positive

Novikov-Shubin invariants.

Proof. For each 1 < j < k, let le be the complete submanifolds of T7 with Fé ={yerl: 7~T1j = le}

the stabilizer of le , so that we have a decomposition

k
T [0 < 1,

Jj=1
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as detailed in Section In the same section, we have shown that Fé C Isoer(le ) is a uniform lattice,
isomorphic to Z4~!. Therefore, we can choose a finite I‘%—CW—structure on le , giving rise to the free,
finite Hilbert A/ (F%)—complex Cly (Tf , pé)7 where pg denotes the restriction of p to 1"%. Moreover, since
we have an identification 77 = ]_[?:1 r Xri TY, the free, finite Fé—CW structure on each T¢ naturally
extends to a free, finite '-CW structure on 77. In particular, we can form the associated free, finite

Hilbert N (I')-cochain complex Cly)(T1, p), so that we have an orthogonal direct sum decomposition

k
Clyy(T1,p) = P Cly (T %y T, p). (4.2.30)
j=1

By Theorem we have a chain homotopy equivalence of Hilbert N (T')-cochain complexes

Qfo)(T1, EY) = Cly)(T1, p). (4.2.31)

Applying Corollary along with the Equalities |4.2.3()|, |4.2.28| and |4.2.29|, QF

(T, E 7Y is a Fredholm

complex and we have for each 0 < p < m

k

b](JQ)( (2)(T1’E ):T) :sz(jz)(ce)( 1 ,00) Iy, (4.2.32)
j=1

o ( (2)(T1,E ),I) > k;-J nlun ap(Clo)( T, ), T9). (4.2.33)

For the remainder of the proof, the isomorphism I‘% =~ 74-1 will be of central importance. Firstly,
[52, Theorem 7.7] implies that

where 1 : Fé — C* denotes the trivial representation. From the multiplicativity of ordinary L?-Betti
numbers under coverings, see |54, Example 1.37], it follows that any G-CW complex X, whose quo-
tient space X/G admits non-trivial self-coverings, satisfies b(2)(0(2) (X,1),G) =0 for all p > 0. Since
the quotient space T7 /T 22 [1,2] x (S1)™~! clearly admits non-trivial self-coverings, we obtain that
M) B
Secondly, observe that the boundary operators of C’(*Q)(Tf , p}) are matrices over C[I'g] = C[Z] (acting by

(g (T1, E7),T) = 0 as well, so the complex Q, (T3, EY) has trivial cohomology.

right-multiplication). It is shown in [53| Theorem 1.2], that any such matrix has positive Novikov-Shubin

invariant. Therefore
(C(z)( 1vp0) rg) >0 (4.2.35)

for each 1 < j < k and each 0 < p < m, finishing the proof. O

In view of Remark £.2.9] note that in the course of the previous proof, we have in fact also shown the

following:
Corollary 4.2.13. For each R > 0, the pair (0MEg, p) is L?-acyclic and of determinant class.

Proposition 4.2.14. There exists constants €, > 0, such that for all R > 1 and all 0 < p < m the
following hold true

1. For all R > 1 we have
F(AERLN) < F(A[EL] ). (4.2.36)
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2. For all A < e, we have

F,(Dy[E?),\) < €+ A%,
F,(D,[E%], ) < €- \°.

In particular, both D,[E”] and D,[EY%] are Fredholm at p and have vanishing p-th cohomology.

Proof. 1. There is a flat bundle isometry Fr : E% | Tr — Ef | Ty, as defined in Lemma m
Consequently, by Proposition [2.2.1] we have for any « € Tg and any A > 0, that

tr(xjo.x21 (Ap[Eo]) (Fr(7), Fr(2))) = tr(xjo.x2 (Ap[Er]) (2, 2)). (4.2.37)

We may choose fundamental domains D C Tk and D; C 17 for the respective I'-actions, satisfying
Fr(Dg) C D;. Therefore, we have

F(Ap[ER], A) = tro(Xpo,22)(Ap[ER])) = /D tr(x (0,32 (Ap[ER])(z, )))dx

- / tr(xjone) (Ap[E1)) (Fr(2), Fir(2)))da
Fr(Dr)

S/ tr(Xjo,n2] (Ap[E1]) (Fr(2), Fr(2)))dr = F(Ap[E1], A).
D1

2. Define § := min{a(A,[X]) : 0 < p <m, X € {EP, E{}}. Propositions [4.2.11 and [4.2.12 imply that
we have 3 > 0, as well as both A, [Ef] = AF[EF] and A,[EY] = AL[EY]. For Ef, we can apply
Propositions |4.2.10| and to find a constant ¢ > 1, such that for all0 < p < m, and all A < ¢!

we have

Fy(D,[E”],A) < Fy(Ly[E*),e)) < F(A[E?], VeX) < *A°.

For Ef,, we can use the same argument, along with assertion (2), similarly yielding

FP(DP[EfZ]v A) < Fp(Lp[ElszC)\) < FP(AP[EIpz]» \/a)
< Fy(8[Ef), VeN) < o/2x/2,

Setting € :== max{c*/?, ¢} and 8 = a/2 > 0, we obtain the result.

O
For R > 1, denote by
iMR :Mp — Hn, (4238)
icn, : Crp — H", (4.2.39)
i(Tr,—) : Tr = Mp1, (4.2.40)
i(TR7+) :Tr — CR. (4241)

the respective smooth inclusion maps. Each of these induces a I'-invariant map between the corresponding
twisted de Rham complexes, bounded with norm 1. Moreover, the following important result holds true.
The proof for the scalar-values case, presented in the reference, carries over to our situation of bundle-

valued forms without further modification:
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Lemma 4.2.15. |56, Lemma 5.14] For any R > 1 and any 0 < p < m, the sequence of morphisms of
Hilbert N'(T')-cochain complezes

0= Dp[E) L% DBy, | & DBl )] 25 DB y] =0 (4.2.42)
is exact. Here, for smooth forms, we have
JRW =i, w D g, W, (4.2.43)
qr(w1 ®wa) =i, | wi—ip, ,  w. (4.2.44)
Lemma 4.2.16. There exists a constant C > 0, such that for all R > 1 and all 0 < p < m, we have

Fyp(Dp[ By,

LA < Fy(Dp[EP],C - AV + Fy(Dy[EL_(1,C - AY?) for0< A< C™L. 4.2.45
R p P p p R—1

Proof. Consider the exact sequence

0 — Dy[EP] 2% Dy[Ef 1@ Dy[Ef, )] =5 DylER 1] = 0 (4.2.46)

from Lemma [£.2.15] Because of Proposition [£:2.14] the outer two complexes are Fredholm at p and,
moreover, have vanishing p-cohomology. In particular, we can apply Proposition [4.1.35| to obtain that
FP(DP[EIIZ*L )‘) < Fp(Dp[Ep]a a(R)-A)+ Fp(Dp[EfzflL €1 (R) ’ )‘)7 (42'47)

for all A < ca(R), where ¢1(R) and ca(R) are constants given by rational expressions of the norms of
4R, jr, the differential on Dy[E%_] ® D, [E(p R_1)+], and their respective inverses. Using the flat bundle
isometries given in Lemma one can now proceed analogously as in [55, Lemma 6.6] to show that
these norms are bounded from above by universal constants independent of R > 1, thus proving the

lemma. O

Proposition 4.2.17. There exists constants C, 5 > 0, such that for all 0 < p < m, the following hold:

1. The Hilbert N'(T')-cochain complex sz)(MR,E%,) has vanishing p-th homology. Equivalently, we
have

A EL 1= Ay [EL_]. (4.2.48)
2. For all R > 1, we have a uniform bound on the spectral density functions as follows

F,(A[Er-1,0) < CN foro<a<C™L (4.2.49)

Proof. First, observe that the p-th cohomology of Q* (Mg, E;,) is isomorphic to the p-th cohomology of
Ly[EY,_]. To show that the latter is trivial, we only need to show that

F,(L,[E%_],0) = 0. (4.2.50)

Using Lemma [1.2.16] together with both Proposition [£:2.10] and Proposition [£:2.6] we obtain constants
a,c,C1,Cs > 0 independent of R > 1, such that

Fy(Dy[Ef 1, A) < Fp(Dp[EP), eAY*) + Fp(Dy[Ef ], eAY?)
< Fp(Ly[EP], cCiV2AY4) + Fy(Ly[Ef, ], cC1V2AY?)

< Fy(AF ]\ eCiVaNY®) + By (AL G ]\/eCivaAY?),

< 2(cCyV/2)¥/2)\/8
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for A < min{1,c¢=1,C;t, Cy, ﬁ} and all 0 < p < m. In particular, since F/(L,[E%_],0) < F,(D,[E%_],0)
by Proposition Equation [4.2.50| immediately follows from the above computation.
Applying now again Proposition and Proposition together with the above inequality, we

compute
FP(AP[E;%J?)‘) = Fp(Aé[ng]a A) < Fp(Dp[Elpzf}»Cl)‘Q) + prl(Dpfl[E;g—]vCl/\Q)
< 4(ch/2\/§)a/2)\a/4

for A < min{1,c¢"1,C;t, Cy, ﬁ,C;lC% m} = .
Setting C' = max{(C")™!, 4(ch/Qﬁ)a/2} and B := a/4, we obtain the desired result. O

Neatly summarized, we get the following result:

Corollary 4.2.18. For each R > 0, the pair (Mg, plar,) is L?-acyclic and of determinant class. In

fact, there exists a uniform constant 8 > 0 independent of R, so that for each 0 < k < n, one has
a?n(MRap) > 5

4.2.4 Proof of large-time convergence

For the next result, choose a nested sequence
- CFrp1 CFrC Fry1 C... (4.2.51)

inside H", where Fg is a compact fundamental domain for the I'-action on Mg and F = (Jp., Fr is a

finite-volume fundamental domain for the I'-action on H". Thus, we have in particular

Vol(Fr) < Vol(F) < oo, (4.2.52)
lim Vol(F \ Fg) = 0. (4.2.53)
R—o00

Proposition 4.2.19. For allt > 1, we have

lim trp(e” 25 Pr-1) = trp (e—tA7 E7)), (4.2.54)

R—o

Proof. Propositions [4.2.11 and [4.2.17) tell us that both AJ[Ef_] = A [Ef_] and A [EF[:- = AL [E”].
Moreover, since R > 2, we may apply Theorem to find appropriate constants ¢, Cy,Cy > 0 indepen-
dent of R and t, so that

2
tr(e ™20 Pr-D) (2, 2) — tr(e A0 BN (2, 2)| < Cre™ O

for all # € Fr/o. Together with £.2.52 and [£.2.53] this implies that

[trp(e 72 ER-1) —rp(e 20BN = | [ tr(e 20PN (2, 2)da — / tr(e~ 2o F ) (2, )]
Fr F
< / (e e Pr) (2, 2) — tr(e~ A0 B (2, 2) | dar + / (e 2 Pr-) (2, 2)|dx
Frya Fr—=FR/2

R—o0

+ / | tr(e "2 (2, 2)|dar < Vol (Fpy2)Cre™ 22 4 Vol(F \ Frya)e. 2= 0.
F—=FRry/2
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Lemma 4.2.20. There exists a positive function G € C°(1,00) N L(1,00), such that for all t > 1 and
all sufficiently large R >> 0, we have

tLrp(e 20 Br-ly < G(1). (4.2.55)

Proof. Throughout the proof, we will abbreviate
FR(A) = Fy(Ap[ER ], N). (4.2.56)

Since AIJ; = A, is Fredholm by Proposition , we can apply Lemma to conclude that one has
for any R > 0, any ¢t > 1 and arbitrary € > 0

brp (et [BR]) = /0 e B\ = /0 e NAFE(N) + / e~ dFR(\)

Fr(0)=0 n ‘ —t\ P —te p > —tA
= e B(N)dX+ e " Fp(e) + e MFgR(X)
0 €

t>1 € )
<t /0 e AFB(N)dN + e T Fh(e) + et / e MedFR(N)
—t /0 e NFR(N)AA + e Fh(e) + e e trp(e 20 (BT ),

and therefore in particular

o € —te
 rp(e 0 PRy < / e FB(\)dA +

—(Fg(e) + e trp (e~ 27 1FR-1y), (4.2.57)
0

i AL [E7 ]
By Proposition |4.2.19| we find some 6 > 0, such that for all R >> 0, we have trp(e” "7 "r=1) <
trp(e_A;[Ep]) + 6. Similarly, by Proposition 4.2.17} we can choose €, 3 > 0 independently of R and
small enough, such that Fh(X) < e *A\? for all A < e. From this, it becomes obvious that the function

€ —te
G(t) = e / e PAPdN + eT(e*”ﬁ + e (trp (e 2P (B 4 6)) (4.2.58)
0

satisfies the assertions of our lemma. O

Using Proposition 4.2.19] Lemma[4.2.20and Lebesgue’s theorem of dominated convergence, we finally

obtain the main result of this section:

Theorem 4.2.21 (Large-time convergence). We have

lim t L rp(e A ER-l gt = / ttrp (et E D dt. (4.2.59)
R—co Jq 1
In particular, we obtain
lim T e (e A P g — /ootfltr e tAelE gy, 4.2.60
) B ) (4200)
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4.3 Small-time convergence

4.3.1 Small-time asymptotics on bundles of bounded geometry

In this section, we will deal with the small time asymptotics of the heat equation on a vector bundle over
a manifold. As a start, we will provide the physical context, out of which these investigations originally
arose:

If we interpret a Riemannian manifold (M, g) as a closed system, we can further interpret a smooth func-
tion f: M — R as a momentary assignment of heat to each point of x € M. The natural physical question
of how the initial heat f distributes over time inside the closed system M translates in mathematical

terms to finding a solution F': M x [0,00) — R to the partial differential equation

0

7 F (@ Ole=to = —AF (2, %), (4.3.1)

F(z,0) = f(z), (4.3.2)

the so-called heat equation. Here, A is the Hodge-Laplacian on functions C*°(M,R) constructed from
the Riemannian metric g. Roughly speaking, this equation sheds light on the fact that the rate of change
over time of the temperature at any given point z € M is proportional to the difference of the average
temperature in a neighborhood of x € M to the value of the temperature at . The latter difference is
encoded in the Laplacian, which in turn depends on the Riemannian metric g. Below we have sketched
the heat evolution on a closed system, modeled on a euclidean disc with absolute boundary conditions (in
physical terms, with vanishing outward heat flow at the boundary), after applying heat to three different
areas. As t approaches oo, the heat will evenly distribute among the manifold, i.e. converge to a constant

function.

@@@0

O0<t<e to > €

Spectral theory then tells us that, provided that A is essentially self-adjoint, the heat equation is uniquely
solved by F( . ,t) = e *A f. Moreover, the theory of elliptic operators tells us that e~** has an integral

~tA(z,y), the so-called heat kernel, which means that the solution F (w t) can be written in more

kernel e
concrete terms as the integral expression F(z,t) = (e '2f)(z) = [, e x)f(y )dy Classically, the
heat kernel is constructed from a parametrix of the elliptic dlﬁerentlal operator A+ 5 on M x R, cf.
[2g).

It should be noted that finding an explicit expression for the heat kernel e=*2(z, ), (i.e. for a parametrix
for A+ %), and thus an explicit formula for the solution F, is a fruitless endeavor on a general Riemannian
manifold M. In this section, we are only interested in rough asymptotics of the heat distribution for small
time ¢t > 0. With that in mind, the heat equation tells us that the rate of change over time depends on
the previous values of F' and on the local geometry. In fact, one can derive that for small time ¢t > 0,

the solution F'(z,t) is essentially only influenced by f and local geometric data on supp(f). Namely,
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although the heat equation does not have the finite propagation property of the wave equation [3.5.19]
it holds that for small time ¢ > 0, the contribution to the heat flow at a given £ € M coming from the
temperature at another y € M is negligible if the Riemannian distance dg(x,y) is not small. At least
theoretically, one should therefore be able to approximate the heat operator e=*2 for small time ¢t > 0
sufficiently well by local quantities. This is adequately reflected in the small-time asymptotics of the heat
kernel near the diagonal, stated in the forthcoming result.

Replacing f by a general differential form with values in a flat, Hermitian vector bundle E | M and
the Laplacian of functions by the corresponding Hodge-Laplacian yields the generalized heat equation
that we have implicitly already studied to a great extend. Provided that M is compact, the locality

—tAL[E

of the resulting heat operator e I for small time ¢t > 0 is made precise by the following result,

originally due to Greiner, see [41, Theorem 2.6.1]. In the form stated below, the proof can be found in
[40, Theorem 1.11.4].

Theorem 4.3.1 (Asymptotic expansion: Compact case). Let (M, g) be an n-dimensional compact, ori-
ented Riemannian manifold and let E | M be a flat Hermitian vector bundle over M.

Then, for each 0 < p <n and each i € N, there exist forms a;[E] € Q"(M) and B;[E|an] € Q"1 (OM),
such that the following holds

For each t > 0 and each f € C™(M,R), the (modified) heat operator f - e **»[Fl is of trace class.
Additionally, for small time t — 0, it has the following asymptotic expansion.

f e = S0 ([ poagpe [ fosima) +0@. @33)
=0

Furthermore, both «;[E| and B;[E] are invariant under local bundle isometries in the way described
as follows: Suppose that (M',g') is another n-dimensional compact, oriented Riemannian manifold and
E' | M’ a flat Hermitian bundle over M'. Then, if U C M and V C M are open subsets, such that there
exists a flat bundle isometry Ey | U EiN E{, 1V, we have for alli € N

@|E) = o[E' o F on U,
BilEom| = BilEspp] o F onU NOM.

We wish to extend the result onto the non-compact setting.

Theorem 4.3.2 (Asymptotic expansion: Cocompact case). Let (M,g) be an n-dimensional oriented
Riemannian manifold, let (E,h) | M be a flat trivial Hermitian bundle over M. Suppose that (E,h) | M
is H-equivariant for some subgroup H C Isom™ (M, g) that contains a uniform lattice.

Then, for each 0 < p <n and each i € N, there exists forms o;[M] € Q"(M) and B;[Ean] € Q"1 (OM),
such that the following holds:

For each t > 0, each uniform lattice T C H and each T-invariant function f € C*°(M,R), the operator
f e t2elEl s of T-trace class. Additionally, for t — 0, we have the following asymptotic expansion:

trF(f . e—tAp[EM]) _ it—(n—i)/Q (/ f- OZZ[E} + f- ﬁz[EaMO + O(tl/2)7 (4'3.4)
i=0 F

OF

where

o F is a fundamental domain for the T'-action on M, and
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o OF is a fundamental domain for the induced T'-action on OM.

Furthermore, both «;[E] and B;[E] are invariant under local bundle isometries in the same way as de-

scribed in Theorem |/. 3. 1.

Proof. Let (M = M/T', ) be the compact quotient Riemannian manifold, with § the quotient metric
induced by g (which is well-defined, since the action of T" leaves g invariant). Similarly, let E | M be the
flat complex vector bundle with total space E=F /T, obvious projection map and the induced (flat)
connection. Denote by 7 : E | M — E | M the corresponding quotient map. Since I" was assumed to
be compatible with £ | M, the Hermitian form h descends to a Hermitian form honE 4 M.

The metric structure that we endowed E 4 M with now ensures that there exists a constant K > 0 such
that, for any x € M, the restriction

T Bl (a) + Bar(z) — EA‘|BQK(7T(I)) | Bog(m(x)) is a flat bundle isometry. Here, Bk (x) denotes the
metric ball around « of Radius 2K, similarly Bog (7(x)). For fixed x € M and & := 7(z), let N C M be
a closed connected Riemannian submanifold, satisfying Bx (#) € N C Byg(z) and let N :== 7(N) C M
be its diffeomorphic image in M. Then 7 : E|lNn{N— E|N 4 N is a flat bundle isometry. In particular,

we obtain

|| tr(etAEIN (2, 2)) — tr(e AN (2, 2))]| = 0. (4.3.5)
Moreover, we have dy(x) = dg(#) < 2K. Therefore, by Theorem we obtain constants Cy,Cy > 0
independent of x and N, such that following equations hold.

|| tr(e tAE) — e tALEIN) (3 2)|| < Cy/2¢” T51, (4.3.6)
|| tr(e tAE) — e—tALEIN]Y (3 7)|| < Cy/2¢” Tot (4.3.7)

Therefore, by the triangle inequality, we obtain
| tr(e AEN (2, 2) — tr(e AN (3, 2)|| < Cre” st (4.3.8)

Applying Theorem to | M yields density functions a; [E] and f3; [E] for each ¢ € N, such that for

t — 0, we have the expansion

k

tr(e 20 [El) = > s ( / Ca[BEl(x) de+ [ BilEan(x) dx) + O(ttk—n+1)/2y, (4.3.9)
=0 M oM

Defining «;[E] == o;[E] o 7, 3i|E] == B;[E] o 7 and using the fact that e T € O(tF=n+1/2) for any
k € N yields the asymptotic expansion for trp(e_tAP[E]).

We have to show that the densities defined this way do not depend on the particular choice of compatible
uniform lattice in H. For that purpose, let A C H be another such lattice, let E | M be the Hermitian
quotient bundle over M = M /A constructed as above, with densities c;[E] and 3;[E] corresponding to the
p-th Laplacian A,[E], provided by Theorem For 7 : M — M the quotient map, @;[E] == a;[E] o7
and $3;[E] := B;|E] o 7, our goal is to show that

;[ E]
BilE] =

I
2

i [E, (4.3.10)
[E). (4.3.11)

=l

For fixed x € M, we can choose a neighborhood U > z such that both 7 : E|y | U — EW(U) J m(U) and
T:EylU— E?(U) 1 @(U) are flat bundle isometries. Therefore, the composition 7o 77! : E|W(U) i
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m(U) — E|;(U) 1 7T(U) is also a well-defined flat bundle isometry. Applying the local bundle isometric

invariance properties to a;[E] and o;[E], as stated in Theorem Equations [4.3.10| and [4.3.11| now

directly follow. The local bundle isometric invariance of o;[E] and §;[E] is shown similarly, finishing the

proof.

This proofs the result in case that f = 1. The case for general I'-invariant f € C'(M,R) follows from

tAp[E]

observing that the integral kernel of f-e~ is given by f(z)-e~**#[Pl(y, ) and repeating the argument

from above. O

4.3.2 The asymptotic expansion of the hyperbolic heat kernel

Recall the following notions from Section Let H" be hyperbolic n-space, G := Isom™ (H") the group

of orientation-preserving isometries on H" and let
rca (4.3.12)

a torsion-free, non-uniform lattice. Let p : G — GL(V) be a complex, finite-dimensional irreducible
representation of G and let E” | H" be the associated flat bundle over H", equipped with the canoncial

G-equivariant metric h”. For each R > 0, recall the associated, I'-invariant bundles

E;;— \L MR7
E]pz+ \L CR7
E]pQ \I/ TRv

obtained by restriction of E” to the respective base space, and the I'-regularized traces

trp(e_tAP[Ep]):/ tr(e A E (1 2))dpg (2), (4.3.13)

F

trp(e_tAp[E;*]):/ tr(e_m”[El’;f}(gc,QL‘))dug(ac)7 (4.3.14)
Fr

where as before, dpug(x) denotes the volume form on H" induced by the hyperbolic metric g. Here, we
can and have chosen the I'-fundamental domains F, respectively Fg for the I'-action on H", respectively
Mpg, so that for each R >0

1. MrNF = Fg, so that F = URZO‘FR‘
2. OMgrNF = 0Fg is a fundamental domain for the I'-action on 0Mg.

3. There exists a finite family (G;);ecs with each G; € R"™! a compact euclidean submanifold, such
that for 0 < R < S < 0o, we have

(a) Fs\ Fr = [R,S] x [Le; 9
(b) 0Fr ={R} x ;e 9i-
Corollary 4.3.3. For fixed p € N and each i =0, ..., n, there exist constants a;,b; € C, such that for

t — 0, we have

trp(e "4 = Vol(F) Y "t~ (0/20; + O(t'/?), (4.3.15)
1=0
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and, for each R > 0, we have fort — 0

trp(e” A1) = 3 =m0 (Vol(Fr)a; + Vol(0Fr)bi) + O(tY/2). (4.3.16)
1=0

Proof. Since I' acts cocompactly on each Mg, the previous theorem provides us with asymptotic ex-

pansions of trp(e 27 (-] )

for t — 0, with respective density functions a;[E%_] and 3;[Ef,_| which a
priori are non-constant and depend on R. However, H" is a homogeneous space. In particular, any
two points z,y € H" have arbitrarily small isometric neighborhoods. Hence, by Corollary there
exists arbitrarily small neighborhoods U > z and V' > y and a bundle isometry F': Ef, | U — E{, |V
such that y = F(x). Since a;[E%_] and §;[E%_] are invariant under local bundle isometries, we obtain
both a;[E%_] = a; and 3;[E}_] = b;, with constants a;, b; € C independent of R. Equation now
follows. To obtain Equation we apply the previous theorem to E” | H" and some uniform lattice
A C Isom(H™) (note that I' C Isom(H") is not uniform, by assumption). The same argument as before

then yields

n
tra (e 201"y = Vol (F) Z =02, 4 O(tY/?), (4.3.17)
i=0

where F' is some fundamental domain for the A-action on H". From Corollary we obtain
trp (e A2 IE"Y = Vol (F) / Vol (F) trp (e t4 B, (4.3.18)

Equation [£.3.15] now immediately follows from the previous two Equations. O

In order to streamline the notation, we will set
a; == Vol(F)a; , off :=Vol(Fr)a; , BE = Vol(Fg)b;. (4.3.19)
whenever p = 0,...,n is clear from the context.

Corollary 4.3.4. The T'-equivariant Fredholm bundles Ef | H™ and Eg, 4 Mg for each R > 0 are
C-regular. Namely, for any fired 0 < p < n the integral expressions
€L

1
(5(8) = I‘(s)_l/ 51 trp(e_tAp[ng] )dt, (4.3.20)
0

1
Cp(s) =T(s)7" /0 7L trp (e~ AP ET gy, (4.3.21)

determine holomorphic functions for sufficiently large s >> 0, each admitting a meromorphic extension
onto all of C that is reqular at 0. In fact, it holds that

d ! _ P NP dt
225 (5)ls=0 = / <trr(€ BelFd) =S e W(afwf‘)) "

=0
+>cli,n)(aff + 8, (4.3.22)
=0
d ! , - ; dt &
RO / trp (et AelE) N "m0 2, +) elin)as, (4.3.23)
0 i=0 i=0

where

c(i,m) = 2 (4.3.24)



Proof. First, Propositions|4.2.11{and [4.2.17|imply that we have A,[E?] = A, [EP]*, as well as A [Ef,_ ] =

JAVS [E;,H for each R > 0. Then the result follows from the asymptotic expansions as outlined in Corollary

along with elementary complex analysis and well-known properties of the inverse Gamma function,
see |55, Lemma 2.36] for additional details. O

Since tr(e *A»(x,x)) is constant on H", we obtain from Equation [4.3.15] the following

Corollary 4.3.5. There exists a constant C > 0, such that for all x € H", we have fort — 0

(e~ 2o (2, 2)) = > 4020, < 1!/, (4.3.25)
i=0
Corollary 4.3.6. For R>1 andt — 0, we have

n

/ tr(e A ER- (2, 1)) dpg(z) — > =TI (NVol(Fr \ Fro1)a; + Vol(0Fr)bi)
Fr\FR-1 i=0

e O(t'/?). (4.3.26)

Proof. We can write

/f . tr(e” " r (2, 2)) dpg(x) — Yt D/2(Vol(Fg \ Fr-1)a; + Vol(0Fr)b;)
R R—1

=0
= trp(e " Pr-d) = N4 (02 (Vol(Fr)a; + Vol(OFR)b;) (4.3.27)
=0
- / tr(eitA"[E;*](x, x)) — th("fi)/zai dpg(x). (4.3.28)
Fr-1 i=0

4.3.27|is in O(t'/?) by Corollary Next, observe that dys,,(x) > 1 for any # € Fr_1. Therefore,
applying Theorem to M =H", N = Mg and D = 1, we find constants C,x > 0, such that for all

x € Fr—1, we have

|tr(e” A BT — 20BN (3 2)| < Cem2/(51) (4.3.29)
Since e=2/("Y) ¢ O(t/?), we can apply Corollary and obtain that [4.3.28 is also in O(t'/2). The
result follows. O

Proof of small-time convergence

Theorem 4.3.7 (Small-time convergence). For each 0 < p < n, we have

lim d d
im — il
ds

pmo Cp(8)ls=o0- (4.3.30)

G (5)|s=0 =
Proof. First, observe that limp ., Vol(Fgr) = Vol(F) and, since OFg is a flat subspace of dMp = R"~!

which is equipped with the flat metric e=2"dx, we also have limp_,o, Vol(O.F. r) = 0. We deduce that
R

limp o0 (0 — aff) = limp_, oo B = 0 for each i = 0,...,n. Therefore, the statement of the theorem will

follow once we show that for

1 n
, tAL(EP : dt
Y[R] = / trp(e A By — trp (e PR Ty = N m(m02(0 — o ff - 5?)? (4.3.31)
0 =0
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we have

lim Y[R] = 0. (4.3.32)

R—o0

Recall that trr(e~*A»[E") = Vol(F) tr(e~*4»[E") (2, 2)) for any = € F. For fixed R > 2, we can therefore
decompose X[R] = %1 [R] + X2[R] + E3[R] — X4[R], with

31 [R] == Vol(F \ Fr— 1)/1tr( —tAL[E"] Zt (n—3) aZ (4.3.33)
/ [ e ) )y (o) (43.34)
Fry2 dt’

: = r((e tAn[E] eitAP[E;f] T, x x i 3.

SyiR) = [ L. ), 2)) g ) 5 (4335)
1

= r efAP[Elp%—] T, T x 3.
SA[R] = / /F o ), ))dy (2) (4.3.36)
> RVl (Fi \ Fo)es + Vol(0F)h) - (43.37)

1=0

This splitting is allowed, since each one of these integrals converges. Convergence of 31[R] follows
from Corollary convergence of ¥3[R] and X3[R] each follows from Theorem and finally,
convergence of Y¥4[R] follows from Corollary Our strategy now is to show that limp_,o 3;[R] for
each i = 1,...,4. For this purpose, observe first that we may apply Corollary [£:3.5] to obtain a constant
C > 0 independent of R, such that

1
I21[R]| < CVOI(F\ Fr_1) / =124t = 2C Vol(F \ Fr_1) 222 0. (4.3.38)
0

Secondly, observe that for any R > 0, the bundle map
tr: FT(E*) ®7T§(E)  Mrx Mr —Cx Mg x Mg | Mg x Mg (4339)

is uniformly bounded (with respect to the canonical constant Hermitian metric on C x Mg x Mg |
Mg x Mpg) by a constant independent of R. Now dz,(z) > 1 for any © € Fr_1 and dr,(z) > R/2 > 1
for any x € Fg/p. Thus, we can now apply Theorem W(Q) with D = 1 and obtain constants C, Ca,
independent of R, such that

‘tr((eftAp[Ep] _ eftAp[E;_])(x 7)) < C1 67}22/(2156'2) Vz € Frya, (4.3.40)
| tr((e 20 1E7] — e 7t EL Y3 2))| < Cre2/(1C2) gy e Fp_y. (4.3.41)

Heuristically, these estimates imply that the integrand in 33[R] decays exponentially fast in R, while the
volume of the domain of integration Fg/s is, of course, uniformly bounded by the volume of F. On the

other hand, the integrand in X3[R] is uniformly bounded for all R, while the volume of the domain of
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integration, Fr_1 \ Fr/2 decays exponentially fast. Put into action, we obtain

1 1
2 dt 2 dt
135[R]| < Cy Vol(]-'R/g)/O e /<2tC2>7 <C Vol(]-'R/z)/o e R /<2tc2>t—2 (4.3.42)
2C, C _R2 R—o0
< Vol(F) =gy e /0 2=,
Y sy dt _ CiCo —2/C
353[R]| < C1 Vol(Fr—1 \.7:3/2)/0 e Yos TVOI(]:R_l \ Frya)e 22 (4.3.43)

< 01202 e,(ngR)/C2 (R/2 _ 1) R—o0 0.

The proof of limpg_,« |X4[R]| = 0 requires a little more work. For that purpose, first define the horoball

" = (—o0, R] x R"™' € H", so that the restriction of the hyperbolic metric on HY is of the warped
product form dr? + e~?"dz?. Denote by A,[H}] the Bochner-Laplace operator corresponding to the
flat restriction bundle E|gn over H}. Observe now that E°|g» | HF, still satisfies the assumptions of
Corollary We may therefore apply Proposition [3.4.2] and obtain for each ¢ > 0 a heat kernel

e~ tAe MRl (2, 4). This allows us to decompose ¥4[R] as the sum of the following convergent integrals

Z4,1(R]
! P dt
Y4[R] = / / tr((e " FR-] — e 1A MR\MR2)y (4 a))dp, () —, (4.3.44)
0 JFr\Fr-1 t
34,2[R]
! n dt
+/ / tr((e~tApIMr\MR—2] _ o =t& R (4 0))dpu, (2) —, (4.3.45)
0 JFRr\Fr-1 t
34,3 R]
1 n
+ / / tr(e A ER (2 2))dp, () — Z t= =/ 2(Vol(Fr \ Fro1)a; + Vol(@]-'R)bi)% . (4.3.46)
0 JFr\Fr-1 i—0

The first two summands converge, as is shown in the course of the next paragraph, and therefore also
the third. To deal with the first two summands, we can apply Theorem [3.5.6] in the following fashion:
For ¥41[R], we put Mg in the role of the ambient Manifold and regard Mg \ Mr_2 as a submanifold.
In this setting, we have ds\ v, (2) > 1 for any « € Fg \ Fr—1. Therefore, Theorem m provides us
with constants D;, Do > 0, such that

[ tr((e e FR-] — e=tApIMR\Mr—2]y( 2))| < DyeTar. (4.3.47)

Moreover, as M and My have isometric neighborhoods (in H"), both D; and D5 can be chosen inde-

pendently of R. This implies that

D1D26L R—oo

R4 [R]| < Vol(Fr \ Fr1)—5—eP> 0. (4.3.48)

Replacing Mp by H% in the role of the ambient manifold, an analogous argument yields
lim [¥4[R]| = 0. (4.3.49)
R—o0

Next, observe that by our choice of Fg, we have

Vol(Fr \ Fr-1) = e 2 Vol(Fy \ Fo), (4.3.50)
Vol(0Fg) = e 22 Vol(0.F,). (4.3.51)
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Secondly, recall that R" ! has transitive isometry group, and observe that any isometry i : R" ™! — R" ™!

extends to an isometry ¢ x 1 : Hy — Hp. Moreover, we have an isometry

Ir: HTIL{ — H’f,
Ir(u,y) = (u+1— R, e 1y).

Using Corollary and Proposition [2.2.1] we therefore obtain a smooth map h : (0,

such that for z = (u,v) € (—00,00) x R" ! we have

tr(e A (2, 1)) = h(t,u), if z € HY,
tr(e AR (2, 2)) = h(t,u +1 — R), if x € HYp.

This implies that

R
/ tr(e AR (4 2))do = / / h(t,u — R+ 1)e *“dudy
Fr\FRr-1 R—-1

// (t,u)e 2t B=1) qydy = e~ 2R+2// (t,u)e > dudy

= 6_2R+2/ tr(e A (2, 2)de.
]:1 \]:0
Equations [£.3.50] [.3.51] and [£.3.55] now yield the equality

1
24,3[R]em+2< / / tr(e”t 2ol 2)))da
F1\Fo

dt oo
— Zt (n=0/2(Vol(Fy \ Fo)a; + Vol(dF1)b;) t) Eime N}
1=0

(4.3.52)

00) X (—o00,1] = C,

(4.3.53)
(4.3.54)

(4.3.55)

(4.3.56)

Therefore, limp_, o, 34[R] = 0 follows from Equations [4.3.48} [4.3.49|and |4.3.56/and Corollary finally

finishing the proof of the theorem.
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Chapter 5

Combinatorial torsion

In this chapter, we will shed light on the combinatorial L?>-Torsion invariants that one can assign to a
reasonable space and a representation of its fundamental group: Given a finite connected CW-complex
K with T' := 7 (K) its fundamental group, the associated cellular cochain chain complex C* ([N( ) of the
universal cover K (cf. Section can be seen as the algebraic foundation for all (known) combinatorial
L2-invariants that can reasonably be assigned to K. Crucially, the action of ' on K by deck trans-
formations endows C*(K) with the structure of a free, finitely-generated Z[I'-module cochain complex.
Therefore, given any finite-dimensional, complex representation p : I' — GL(V), the twisted complex
C*(K,p) = C*(K) ®c V can be regarded as a free, finitely-gencrated C[I'}-module cochain complex.
Moreover, there is a designated class of I'-invariant complex basis for C* (I? ,P), so called admissible pairs
(see Definition , each giving rise to a unique inner product structure. Taking the corresponding
L?-completion C’Z‘Q)(f( ,p) and employing the theory of group von Neumann algebras, one is now able to
define for each p € N the p-th twisted L2-Betti number bg‘;f’p(f( ,p) € R>g. It is invariantly defined, in
the sense that it does not depend on the specific choice of inner product structure that was made in the
process. Furthermore, provided that (M, p) is det-L?-acyclic, meaning that all L?-Betti numbers vanish
and the boundary operators fulfill the technical determinant class condition, one can define an L?-torsion
element T(g)(C'*(f( ,p)) € Ry of the associated complex. Although det-L2-acyclicity is again an invariant
property, we show that T(q)(C* (I? ,p)) itself does, in general, depend on the choice of inner product. How-
ever, provided that p is unimodular, we prove that the cellular L?-torsion Tg)w (K,p) =T (C* (K, p))
is invariantly defined, see Corollary In this manner, it was also considered in earlier publications,
such as in a joint work by Carey, Braverman and Farber |16]. However, unlike in previous publications,
we establish that this twisted L2-torsion is a homeomorphism invariant (Corollary and, under the
assumption that I' satisfies the Farrell-Jones conjecture, even a homotopy invariant (Definition .
As such, we obtain a topological L?-torsion Té;)p (K, p). It can be seen as a strict generalization of ordinary
topological L2-torsion Té;’p (K, 1¢), defined with respect to the trivial representation 1¢ : I' — C, and
first introduced by Mathai in [63]. As a prime application, the latter statement allows one to naturally
define a twisted topological L2-torsion for locally symmetric spaces and unimodular representations of

their fundamental group, as will be done in Section [5.5
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5.1 Preliminaries

Throughout this chapter, we will study different quantities attached to a finite, connected CW-complex
X and a complex, finite-dimensional representation p : m(X) — GL(V). Many of these quantities will
prove to be quite rigid under certain transformations of X. As a key intermediate step in all of these
instances, the fundamental group m;(X) will always be identified with the deck group deck(px) = I'x
of a universal covering map py : X - X. Although there is no canonical universal covering space, and
thus also no canonical representative of 71 (X) as the deck group of such covering, the quantities yet to
be defined will turn out to be unaffected by different choices of universal cover.

As a first general step, it is essential that we analyze the following situation (all spaces are assumed to
be path-connected, locally path-connected and semi-locally simply connected). Given a map f: X =Y
between spaces, elementary covering theory tells us that, picking some = € X and setting y = f(z),
there is a surjection from the set of pairs {(Z,9) : 7 € px'(z) and ¥ € py'(y)} to the set of maps
{f: XY fis a lift of f}. Namely, the surjection assigns to each pair (Z, %) the unique lift f: XY
of f with the property that f(%) = y. Since the deck groups are in one-to-one correspondence to, and act

transitively on each fiber, any choice of lift J?: X Y of f therefore gives rise to a group homomorphism

f*l I'x —)Fy, (511)

whose image is uniquely determined by the identity

fs(of=foy ~elx. (5.1.2)
For a different lift f’ : X — }77 it also follows from the above correspondence that we find an element
a € I'x such that f: f' o«a. This is clearly equivalent to f/ = fo a~l = ﬂ(oz)_1 o f, therefore also
equivalent to f = f*(a) o f’. Consequently, we obtain that f, = f*(oz)_l fa f;(a) :T'x = Ty, ie.
the homomorphisms f. and ]”; are the same up to conjugacy. Less trivial to see, but still true, is the

following statement:

Lemma 5.1.1. Let f; : X — Y be a (not necessarily based) homotopy between path-connected, locally
path-connected and semi-locally simply connected spaces. Let ft X >Ybea lift of f: onto the universal

covering space. Then, for all t € [0,1], we have

(fi)« = (fo)u: Tx = Ty (5.1.3)

Proof. Tt suffices to show that the assignment ¢ — (ﬁ)* is locally constant. Assuming the contrary, we
find s € [0,1] and a sequence (s, )nen C [0, 1] with lim, o0 s, = s and (fs )« # (fs)« for all n € N. This
means that for each n € N, there exists some ~,, € deck(px) with §,, :== (j‘;)*(%) #* (ﬁn)*(fyn) =:00.
By the defining Property of the deck group elements §,, and §/,, we have 4/, o fs % 0p 0 fs = }TS °Yn.
Because all of the above maps are lifts of the same map fs : X — Y and each such lift is uniquely
determined by the image of one point, it follows from the above that for any arbitrary fixed x € X, one
has (6], o fs 0 v 1) (z) # fo(z) for all n € N.

Since the subset [J,, (07, © feov7)(z) C Y is discrete and does not contain fy(z), and since the
assignment ¢ — ]?t is continuous, one finds an € > 0 and open subsets U D J,, (97, © JF‘V(S_E,S_‘_E) oy, ()
and V 5 fy(z) with UNV = 0.

Note that there exists some N € N, such that s, € (s—e, s+¢) for alln > N, hence also (6,0 fs oy 1) () €
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U for all n > N. However, since ¢/, = (fsn)*('yn), we must have (d], o fsn oy, H(z) = ﬁn (z) 22255 fo(x),

implying that (8, o fs, o~; 1) () € V for sufficiently large n, a contradiction. O

These results allow us for extract from any given map f : X — Y a group homomorphsim f. =
j‘;: I'x — T'y, where f: X = Yis any lift of f. Note that f, is only well-defined up to conjugacy,
which is why for any representation p : I'y — GL(V), the pull-back p o f, is also only well-defined up
to conjugacy. However, this will not affect any of the results yet to be stated, as we will show that the

invariants yet to be defined are impervious to conjugacy of the underlying representation. From Lemma
[(.1:3] we now also deduce:

Corollary 5.1.2. Let f,g : X — Y be two homotopic maps. Then, up to conjugacy, we have f, =
gx: I'sx - Ty.

5.2 Cellular torsion of a pair

Let (X,Y) be a CW-pair. Throughout, we assume X to be finite of dimension n and connected. Let
p: X — X be a universal covering map (fixed throughout, unless stated otherwise) and set Y := p~(Y).
Then (X,Y) is also a CW-pair (with the obvious lifted CW-structure). Let

I := deck(p)

be the deck group of the covering projection. Then I' acts freely and cellularly on the pair ()Z' ,}7)
Consider the relative cellular chain complexes C\ ()? , }7) and C,(X,Y), whose underlying modules can be
identified with the free abelian groups generated by all cells of X , respectively X, not entirely contained
in Y, respectively Y. Observe that the cellular T-action on (X,Y) endows C,(X,Y) with a canonical
Z[T'-module structure, under which the differential 0 : C,(X,Y) — C,_1(X,Y) becomes Z[I'|-linear.

This allows us to define the equivariant cellular cochain complex

with differential : C*(X,Y) — C*t1(X,Y) the map dual to 0.

For each 0 < k < n, we choose a subset F; C Ck()N( , IN/) of oriented representatives of k-cells not entirely
contained in Y, one for each T-orbit. It is easy to see that this forms a Z[I']-basis for the module Cy(X,Y).
We let E¥ C C*(X,Y) be the dual basis to Ej, and define

E = U EF C C*()Z',f/) , jr = |E*| = # k-cells in X not entirely contained in Y,
k=0

j=IE[=> i (5.2.2)

We call such graded Z[I']-basis E constructed this way an admissible basis for the Z[I']-cochain complex
C*(X,Y). In particular, we see that each Z[I'|-module C*(X,Y) is free of rank jj.

Now consider additionally a representation p : I' — GL(V') of I over some finite-dimensional complex
vector space V. A choice of basis B C V' (which we assume to always be ordered, from now on) yields an
isomorphism

¢p:V = C™, (5.2.3)
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where m = dimg/(V), identifying B with the (ordered) standard basis of C™, as well as a unique inner
product (, )p on V, with respect to which B is an orthonormal basis and so that ¥p,(V,(, )p) —
(C™, (', Ym) is an isometry of Hilbert spaces. Here, as everywhere else, ( , ),, denotes the canonical
inner product on C™, which we will always assume C™ to be equipped with, unless specifically stated
otherwise.

With this in mind, consider the twisted cochain complex
C*(X,Y,p)=C*(X,Y)®,V (5.2.4)
with twisted differentials
5@z 1y : C*(X,Y,p) = C*tY(X,Y, p). (5.2.5)

Note that the C-multiplication of the left factor turns each C* ()~( , 17, p) into a complex vector space. This
and the representation p allow us to define a left-C[[]-module structure on C*(X,Y, p) via the natural

C[I']-extension of the I'-action, as defined below on elementary tensors

g.(c @) = (g.0) @ p(g)v. (5.2.6)

We wish to define an inner product on C* ()? , 17, p) compatible with the previously defined I'-action. For

this, picking an admissible basis [E, B] will be essential:

Definition 5.2.1. Let (X,Y) be a CW-pair with X finite and connected, and let p : T' — V be a

finite-dimensional complex representation. A tuple [E, B], where

« B C V is a C-basis for V, and

« E=|J;_, E" is an admissible basis for C* (X', }7)
is called an admissible pair for C*(X,Y, p).

Let [E, B] be an admissible pair for C*(X,Y, p) and consider the unique inner product ( , ) on V,
with respect to which B is an orthonormal basis. Together with E, we define ( . >[ £,B] to be the unique

inner product on the complex vector space C* ()N( , 37, p), with respect to which the set
{g9.(e®b): g€ G,ec E,be B} (5.2.7)
is an orthonormal basis. On the resulting inner product space, denoted by
C*(X,Y,p,|E,B)), (5.2.8)

it is clear that the I'-action defined in [5.2.6]is by isometries.
We wish to compare the norms coming from two different choices of admissible pairs [E, B] and [E’, B'].
For this, we first observe that

llg-e @ p(g) - vl = [lvllB (5.2.9)

for any v € V, any e € E and any g € I'. Without loss of generality, we may assume that E*¥ =
{e1,...,¢ej,} and (E*) = {€],... , €}, } are ordered in such a way that for each 1 <i < ji, e; € E} and
e, € (Eg) lie in the same I'-orbit. In other words, for each 1 < i < ji, there exists a unique h; € T
satisfying

e; = th;.€. (5.2.10)
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Consequently, we get for any e; € E¥ and any v € V, that
llei @ vl = [1hi-e; @0l 51 = [Ip(hi )l B
<c-lp(h Dl - lls = ¢ lph )| - llei @ vl p,

where ¢ > 0 is an appropriate constant depending only on the equivalent norms || , ||z and ||, || on
the finite-dimensional vector space V and | , | is an appropriate norm on GL(V). Analogously, we get
for any e € (E*)', that

llei @ vllz,m) < e |p(ha)l - |l€f @ vl 5. (5:2.11)
As X is compact, we have |E| = |E'| < oo, and so
sup{p(hi)l, [o(h7 D) 1< < i, 0 < b <} < o0, (5.212)

from which we finally deduce the following important property:

Lemma 5.2.2. For any two admissible pairs [E, B] and [E’', B'], the identity map
1:C*(X,Y,p,|E,B]) = C*(X,Y,p,[E,B]) (5.2.13)
is a bounded morphism of inner product spaces.
A fixed admissible pair [E, B] also gives rise to isometric isomorphism of inner product spaces and

left-C[I']-modules

Upp: éc’f(fa?,p, [E, B]) — é P CIrle ®c C™ = (C[T)) ™, (5.2.14)

k=0 k=0 ecEF

as the unique C[I']-linear extension of the assignment
\I/E)B(€®’U) = 1E®¢B(U> € (C[F]e Rc (Cm, (5.2.15)

with e € F and v € V, where now

+ CI'e :=C[I'] is a copy of C[I'] with 1. =1 its unit element, and

« the C[T']-action on @) _o D, pr C[T]e @c C™ = (C[L])7 ™ is the direct sum of the left-factor actions

given by g.(h ® v) := (gh) ® v on elementary tensors. Moreover,

« the inner product structure on @ _; @, pr C[T]e ®c C™ is the direct sum of the canonical inner

products on each factor.

We wish to apply to C’*()? Y, p, |[E, B]) the theory of Hilbert N (T')-cochain complexes of finite type
that we have developed in Section However, although C’*()Z’ , Y, p,[E, B]) is already a complex inner
product space, equipped with an isometric I'-action, it is only complete as a metric space if I is a finite

group. To remedy this, we construct the following twisted cochain complex:

Clpy (X, Y p,[E, B)) = 1*(T") ®cyr) C*(X, Y, p, [E, B)), (5.2.16)
6, = Lyz(ry ®cyry (6 ®z Lem) : CFQ)()?a?apa [E, B]) — 05“51()?,17,/), [E, B]). (5.2.17)
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With the choice of [F, B], as before, and equipped with the left A/(T')-module structure inherited from
I2(T"), each Cé) (X,Y,p,|E, B]) becomes a finitely generated free Hilbert A/(I')-module, isometrically
isomorphic to [2(I')7* @c C™ =2 [2(T)7*™ via

Ik
Uy =Ty @cqr) Ue,s : Ol (X, Y, p) = (D) @cr) @ CI)s @ €™ = P07 @ C™. (5.2.18)
=1

Furthermore, it is apparent that under the identification ¥p p, the twisted differential ¢, becomes an
element of Mat(l - m,C[[']) with [ := }_}'_( lx. In particular, 6} is a bounded morphism of Hilbert N(T')-
modules and CE"Z)()A(:, 37, p, [E, B]) is a Hilbert N'(I')-cochain complez of finite type. Observe that, although
the specific Hilbert space structure on C*(X,Y, p, [E, B]) depends on the particular choice of [E, B], the
underlying Hilbertian N (T)-module structure does not. Namely, it follows directly from Lemmathat

the identity map is an isomorphism of Hilbert A (T')-cochain complexes
1:CL)(X,Y,p, [E, B]) = C,) (X, Y, p, [E, B']), (5.2.19)

which is of course generally not an isometry. Together with Corollary [4.1.38] Corollary [4.1.32] and
Proposition we conclude that all of the following objects and features are well-defined invariants
of the triple (X,Y, p).

Definition 5.2.3. Let (X,Y) be a CW-pair and let p : T' — V be a complex, finite-dimensional repre-
sentation of I := 71 (X). Further, let 0 < k < n.
« The number b{;)'f’k (X,Y,p) = bf)(Cé)(f, Y, p,[E, B])) € R is called the k-th topological L?-Betti

number of (X,Y, p). We set bg;’jk(X, p) = b{z‘;’jk(X, 0, p).

o The element af(’p(X,Y,p) = ak(C’(*2)()?,)~/, p,|E, B])) € R>gU{co™} is called the k-th topological
Novikov-Shubin invariant of (X,Y, p). We set a,. P(X, p) = o (X, 0, p).

« (X,Y,p) has the determinant class property if the cochain complex C’(’CQ) ()Z', ?,p; [B, E]) is of de-
terminant class, i.e. if for any 0 < k < n and all boundary morphisms 5’; : C(ICZ)()?,?, p, [E,B]) —
C(]’gl()?, Y, [E, B]), we have

detr(5%) # 0. (5.2.20)

« (X,Y,p) is det-L?-acyclic if it has the determinant class property and b?;)pk(X,Y,p) = 0 for all

0 < k <n. We say that the tuple (X, p) is det-L2-acyclic if the triple (X, 0, p) is det-L2-acyclic.
Here, [E, B] is an arbitrary choice of admissible pair for (X,Y, p).

The index Top for bé‘;{’ and a”°P instead of C'W is used in order to underline the fact that these
quantities are in fact homotopy invariants of spaces admitting a finite CW-structure, as shown in Corollary
5.3.7. We remark that, although the det-L2-acyclicity property is in general hard to verify, it is the
immediate consequence of stronger properties that are somewhat easier to verify, and will be satisfied in

many of our applications. The whole situation is summarized in the next lemma:

Lemma 5.2.4. Let (X,Y) be a CW-pair and let p : T' — V be a finite-dimensional, complex representa-

tion. Consider the following properties
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1. The cellular cochain complex C* ()?, 17) of Z[T']-modules is algebraically acyclic, that is
ker(6*) = im(d™). (5.2.21)
2. For each 0 < k < mn, we have both b(;)pk(X,Y,p) =0 and a, "(X,Y,p) > 0.

3. (X,Y,p) is det-L?-acyclic.

Then
(1) =(2)= ). (5.2.22)

Proof. (1) = (2) : Because C* ()} ,Y) is algebraically acyclic and it is a free Z[I']-module-cochain complex,
it is also contractible. This means that there exists a chain contraction

¢ CH(X,Y) = CHX,Y), (5.2.23)

a Z[[']-linear map satisfying

og +5" o = L 3.9 (5.2.24)
for every n € N. For any admissible pair [E, B] of (X,Y, p), the map
¢ = Ny @y (e ®c Iy) : Coy (X, Y, p, [E, B) = Cip (X, Y, p, [E, B) (5.2.25)

is bounded and C[[J-lincar. Moreover, as the two functors involved in transforming C*(X,Y) into
C(2)(X Y, p,[E, B]) are both additive, we must have

cn+1o(5n+6n—locn:]1

P ) P Oy (XY p,[E,B]) (5.2.26)

for every n € N. In other words, C'(*Q) (X ,)N/, p,[E, B]) is contractible as a cochain complex of Hilbert
N (I')-modules. The conclusion (1) = (2) then follows from [54, Lemma 2.18].

2) = (3) follows from Proposition 4.1.24 O
(2)=(3) P

Just like the Betti-numbers and Novikov-Shubin invariants, the next number will involve a choice of

[E, B] and, unlike the previous quantities, will in general depend on the choice of [E, B].

Definition 5.2.5. Let (X,Y) be a CW-pair, let p : I' — V be a representation and let [E, B] be an
admissible pair for (X, Y, p). Suppose that (X, Y, p, [E, B]) is det-L?-acyclic. Then, we define the cellular

L2-torsion T(%W(X,Y,p) [E, B] the quintuple (X,Y, p, [E, B]) as

log(TG}Y (X, Y, p))|E, B] = 1og( (Ciy(X.Y,p,E, B) ) 3 (—1)F log(detr(65)) € R. (5.2.27)
k=0

As before, we set TSV

@' (X, p)E, B] = TG" (X0, p)[E, B].

(2)
As hinted towards in the introduction, these numerical invariants are unaffected when replacing a
representation p by some conjugate.

Lemma 5.2.6 (Invariance under conjugacy). Let (X,Y) be a CW-pair, and let p,p' : T — V be two
conjugate representations, that is, there exists some o € GL(V), such that p' = a~1-p-a. Then, for any
0 <k <n, we have
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1P (X, Y, p) = O

(2) k (2) k(X7 Y7 pl)7

2. a (XY, p) = a (XY, p),
3. (X,Y,p) is det-L*-acyclic if and only if (X,Y, p') is det-L*-acyclic,

4. In case that (X,Y,p) is det-L*-acyclic, we have for any choice of admissible pair [E, B], that
TSW (X, Y, p)IE, B = TSV (X, Y, p')[E, B,
Proof. The isomorphism F* : C* ()?,37,/)) — C* ()?,}7,,0'), defined on elementary tensors e ® v via
F(e®v) = e®(a-v-a~!) is obviously I'-equivariant, and extends in the obvious fashion to an isomorphism
of Hilbert A(I)-modules F* : Cf, (X, Y, p, [E, B]) = C (X, Y, ', [E, B]). To verify 1—3, we now simply
apply Proposition and Corollary To verify 4, we use Proposition together with the
fact that detp(F*) =1 forall 0 < k < n. O

Our intermediate goal is to provide a large class of examples (X, Y, p), for which such an L?-torsion

can be defined also independently of a choice [E, B]. To do so, we first need to quantify the quotient

cwW
log (W) for two distinct admissible pairs [E, B], [E’, B'] of (X,Y,p). The following aux-

iliary lemma is essential:
Lemma 5.2.7. Let [E, B] and [E’, B'] be two admissible pairs for (X,Y, p) and let Mg/ =1 o wgl €
GL,,(C) be the basechange isomorphism from B to B’. For fized 0 < k < n, denote by

- Cé)()?a?:apv [EvB]) - Cé)()?,?,p, [El,B/D

the identity map to the underlying Hilbertian N (T')-module. Then, for each 1 < i < jy., there exists group
elements g; € I', such that
Jk , L Jk
detr(1l) = [ [ [det(ME)]| - | det(p(g:))| = | det(ME)P* - [T | det(p(g:))];

i=1 i=1

where det denotes the usual determinant of endomorphisms over finite-dimensional complex vector spaces.

Proof. Consider the following diagram

Jk e 1 @
. (P55 5 =~ ~ ~ ) 5]
Drmect D o (KT, 0.8 B) & Oy (KT, p. 8, BY) T2 @12 Ji&C™.
(5.2.28)
Here, both the left-hand and the right-hand arrow are isometries of Hilbert N(T')-modules. Setting

F[[g BJ]B = gb%), polo ((;Sﬁj) B])*l, we therefore obtain by Proposition [4.1.14{ (1) and (2), that

detp(1) = detr (Flf ;7). (5.2.29)

For 1 <i < ji, v € C™ arbitrary and e € T the unit, consider the tensor e @ v € [2(T'); @ C™. Then, one

verifies by direct computation that there exists some element h; € I' and some 1 < I; < ji, such that
{Ele,] m
FIE B e, 0 v) = hi @ (b o pl(h 1) 0 05 (v) € (D), © C™, (5.2.30)

and l; # ly for i # i (compare with the arguments preceding Equation [5.2.10)). After reordering

summands (which is done via some matrix of determinant 1), we may assume without loss of generality
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that [; = i for all 1 < ¢ < j;. Consequently, with respect to the direct sum decomposition described

above, we get that

i*(rn, @ ¥ o p(hi ) ozt) 0 0
[E',B"] _ 0 i (Thz ®1/}B/Op( ) 1/’3) 0
Flep = : 3 :
0 ( ®wB/Op( ) 'I/JB )

Here, 75, € Br(1%(T);) denotes right-multiplication by the group element h;, while
i*(rp, @Yprop(hy H)oyp') denotes the extension onto Br(12(T");& C™) of the tensor product of morphisms

inside the parentheses. Applying Proposition [4.1.14] (1) and (3), Lemma [4.1.15 (with T :== T and A :=
{0} CT'), along with Lemma [4.1.12} and setting g; == h; ', we then compute

detr(Flf 1) H detr (i*(r, 1 @ $pr © pl(gi) H detr(r,—1) - detyoy (15 0 p(gi) o V")
Jk Jk Jk ,
= [[ detioy (Wm0 plgi) o ") = [ | det (o 0 p(gi) 0 w5 = [ Idet(ME )| - | det(p(g:))]-
i=1 =1 =1
O

Together with Proposition we arrive at the central comparison result of this section.

Proposition 5.2.8. Let [E, B] and [E', B'] be two choices of admissible pairs on C(,) (X,Y,p). Assume
that (X,Y, p) is det-L?-acyclic. Then, for each 0 < k < n and each 0 < i < ji, there exist elements
gi € I', such that

TSW(X,Y, p)[E', B’ Z ) log(| det(p(gir))|)- (5.2.31)

<T(C)W(XYp)[EB )_ n s
@

Proof. Using Lemma together with Proposition [4.1.40] and the fact that p is L2-acyclic, we obtain

TSWY(X,Y, p)[E, B n n
! (T(g)gv(;yjj[g, B%)=Z( 1)* i log (| det(ME)]) + >~ 3 (~1)* log(| det(p(gun)])  (5.2:32)
2 [ ’ k=0 k=0 i=1

for appropriate g;x € I'. Again, because p is L%-acyclic, we have 0 = Y }'_,(—1)" b(g) P (X,Y,p) =
dim(p) - x(X,Y). Therefore

n

0=x(X,Y)=> (1) (5.2.33)
k=0
Combined with the previous equation, the result now follows. O

The result highlights the fact that Tg)w (X,Y,p)[E, B] does not depend on the choice of basis B.
However, with no conditions on the representation p itself, choosing different lifts of cells £ and E’
might produce a non-trivial anomaly of torsion elements, which is due to the the possibly non-trivial
sum Zgil(—l)k log(] det(p(gix))|). In order to achieve vanishing of this sum, we must also impose

additional conditions on p, motivating the next definition.
Definition 5.2.9. A finite-dimensional, complex representation p : I' — V is called unimodular if

|det(p(g))| =1Vg eT. (5.2.34)
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Summarizing this investigation now readily yields:

Corollary 5.2.10. Let (X,Y) be a CW-pair and let p: T' — V be a unimodular representation, so that
(X,Y, p) is det-L*-acyclic. Then, for any two bases B,B" C V and any two admissible bases E, E' of

C*(X,Y), we get TGV (X, Y, p)[E, B] = TGV (X, Y, p)[E', B'] . We call

TG (X,Y,p) = TG)" (XY, p) [, B] (5.2.35)
the cellular L?-torsion of the triple (X,Y,p).

Remark 5.2.11. Notice that the existence of a det-L?-acyclic representation p : I' — GL(V) on (X,Y)
requires the vanishing of the relative Euler Characteristic x(X,Y). That is why we will assume x(X,Y) =

0 from now on, until the end of the chapter and unless explicitly stated otherwise.

Remark 5.2.12. It should be said that cellular L2-torsion, at least the way it is defined above, is studied
almost exclusively for unitary representations p : I' — O(V), cf. [23], [22], [21], [55], [54] or [46]. In fact,
all L%-invariants of pairs (X, p) = (X, 0, p) with p an arbitrary finite-dimensional, unitary representation
can directly be derived from the basic pair (X, ), where lic : I' — C* is the trivial representation.

Namely, in this instance, it is well-known (see e.g [52, Theorem 4.1]) that

1. one has b(,”, (X, p) = dim(p) - b, (X, Ic), and

2. (X, p) is det-L2-acyclic if and only if (X, 1) is det-L2-acyclic. In this case, one obtains that
T (X, p) = dim(p) - TG)" (X, Lc). (5.2.36)

Remark 5.2.13. For any fixed t € R" and any group homomorphism ¢ : I' — (R,+), we obtain a
1-dimensional representation py[t] : T — C* over C via v — t?) | which is of course in general not
unimodular. However, under the assumption that x(X,Y) = 0 and that the triple (X, Y, p,[t]) is det-L2-
acyclic, Proposition [5.2.8] tells us that for any two admissible basis pairs [E, B], [E’, B'] the corresponding
L2-torsion elements satisfy T(%W(X7 Y, pslt])[E,B] =1t - Tg)w (XY, py[t])[E', B'] for some r € R. Thus,
if one declares two functions in ¢ to be equivalent if they satisfy a relation as above, one obtains a well-
defined equivalence class Tg)w (XY, pslt]) of cellular torsion functions in ¢, independent of the choice of
admissible basis. If (X,Y) = (X,0) is a CW-structure on a prime 3-manifold with empty or toroidal
boundary, the corresponding torsion function is called the L2-Alezander torsion function. Originally
introduced by Dubois, Friedl and Liick, the study of its properties as well as relations to other 3-manifold

invariants has attracted some attention in recent years, see for example [31] and [32].

5.3 Topological torsion

So far, we have been able to construct an invariant T(%W (X,Y, p), called the cellular L?-torsion of a

finite CW-pair (X,Y) with x(X,Y) = 0 and a finite-dimensional complex representation p : m1(X) =
I' — GL(V). This should raise the question of whether in certain instances, the dependency of a spe-
cific CW-structure can be dropped entirely. For example, one could ask whether for a given compact
topological space M admitting two CW-structures X and Y, one always has T, 8)W (X,p) =T, (%W (Y, p).

This would allows us to define a topological L2-torsion T(TQ;”’ (M, p) for any compact topological space
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M admitting some CW-structure and a finite-dimensional complex, det-L?-acyclic unimodular represen-
tation p: m1(X) — GL(V). Indeed, we will show the more general statement that for any two finite
CW-complexes X, Y with x(X) = 0 and a (not necessarily cellular) homeomorphism f : X — Y,
one has T((;)W(X,p o f.) = T(%W(Y7 p), where p : m(Y) — GL(V) is a representation as before and
fe:m(X) = m(Y) is the induced map on fundamental groups.

A fundamental tool for dealing with this and related kinds of problems comes in form of a classic in-
variant, the so-called Whitehead Torsion, which will be the subject of the next section, first defined for

cochain complexes, then for cellular homotopy equivalences.

5.3.1 Whitehead torsion of a cochain complex

Let R be a ring with unit 1z. Throughout, we also assume that R has the IBN (invariant basis number)
property, that is, we have R™ = R™ if and only if n = m. Let n € N and let GL(n, R) be the group of

invertible n x n-matrices over R. We obtain an induced diagram of embeddings
R* =GL(1,R) - GL(2,R) — GL(3,R) — ..., (5.3.1)

where each arrow sends a matrix A € GL(n, R) to the matrix

A 0
€ GL(n+1,R).
0 1p

We set GL(R) = hﬂGL(n,R) to be the colimit group of this sequence. Let E(R) be the subgroup
generated by all elementary matrices of GL(R), that is, all matrices of the form 1 + r - E;; for ¢ # j,
with r € R. Here, E;; is the matrix with every entry zero except for the (7, j)’th entry which equals 1g.
Observe that every upper, respectively lower triangular matrix with 1%s on the diagonal lies in E(R).

More generally, it is well-known, see for example [66, Lemma 1.1], that
E(R) = [GL(R) : GL(R)]. (5.3.2)
Define the first K-group of R by
K,(R) = GL(R)/E(R), (5.3.3)
as well as the reduced first K-group of R
Ki(R) = K1(R)/ < —1p > . (5.3.4)

where < —1p > is the subgroup generated by the image of —1p € R* = GL(1, R) in K;(R).
Consider the special case R = Z[I'] for some countable group I'. Observe that there is a natural homo-
morphism ¢ : I" — I?l(Z[F]) with image

W) < K (Z[T]), (5.3.5)

which arises by post-composing the projection GL(Z[I']) —» Ki(Z[I]) to the canonical map 7 : I' —
GL(Z[T')), identifying each element v € I' with the invertible 1 x 1 matrix (7).

A cochain complex ... i) c! i) cO — Ot i) ..., where each C" is a finitely generated free
R-module and each map ¢" is R-linear is called an free R-module cochain compler. Any such cochain

complex gives to a unique differential graded R-module (C*,c*), where C* = @, , C* with degree-1

111



differential c* == @), ck . C* — C**1. From now on, we will identify a free R-module cochain complex
with its corresponding differential graded R-module (C*,c*). We call (C*,c*) finite if there exists some
K € N such that C* = 0 whenever |k| > K.

We call (C*, c*) based if it is equipped with an (ordered) graded R-basis E C C*, such that E¥ .= ENCF
is an ordered R-basis for the free submodule C*. Via the fixed choice of E, we find for each k € N some
jr € Ny, so that we can identify C* with R’* and consequently ¢* : R7* — R7*+1 with an appropriate
matrix over R (acting by right multiplication). We will write C*[E] for the corresponding based cochain
complex Let (C*, c*) = (C*[E], ¢*) now be such a based cochain complex (with fixed basis E throughout)
that is additionally acyclic, i.e. satisfies ker(¢*) = im(c¢*). Then, one can define a torsion element 7(C*) €
K (R), which can be constructed as follows: Since (C*,c*) is acyclic, of finite length and the underlying
R-modules are free, there exists an R-linear chain contraction v* : C, — C,_1, i.e. a left-multiplication
matrix satisfying y**1c* 4+ ¢*71y* = Lo, Set C == @), . RI2++1 and CV" := @, .y R’ and observe

that we have matrices

(72*+1 + C2*+1) . C«odd N C«even’

(,72* + 02*) - oeven _y Codd.
Then (72*-&-1 +C2*+1)(’}/2* +C2*) _ Ilc’even — 72*—&-1,72* and (72* _*_02*)(,}/2*—&-1 +C2*+1) _ ﬂcodd — 72*72*4—1.
It follows that the endomorphisms (y***1 4 ¢**¥1)(4** 4 ¢*) and (y** + ¢*)(7**T' + *1) are upper

triangular matrices with 1’s on their diagonal, and therefore determine elements in E(R). Moreover, the

matrix (y2*F1 + ¢2**1) must be invertible as well, and therefore determines an element in GL(R).

Definition 5.3.1. The Whitehead torsion of C* is then defined to be the class

7(C*) = ¥ 4 ) = —[v** + *] € Ki(R). (5.3.6)

Since there is no canonical choice of chain contraction, we must show that [y2*t1 4 ¢2*+1] = [§2*+1 +

c2**1 for any other choice of chain contraction §* : C* — C*~!. For this purpose, define
,U* — (7*71 _ 5*71)7* . C* N 0*72.

Analogously as before, one computes that both 1 oas +p2* Tt and (v +c2 1) (1 goaa + p2* 1) (§2* +¢2*)
are triangular square matrices with 1’s on the diagonal, and therefore elements of E(R), from which follows
that

[P 4 21 = 5% 4 2] = [§2F 4 2.

5.3.2 Whitehead torsion of a homotopy equivalence

Let X and Y be two connected CW-complexes, let f: X — Y be a cellular map between them, and let
fi: Cu(X) = Cu(Y) be the map of chain complexes induced by f. The mapping cylinder Cyl,(f) is
defined to be the Z-module chain complex with k-th differential

& 0 fe
0 6 1
0 0 —&¥,
Cr(Y) & Cr(X) ® Cp—1(X) Cr—1(Y) & Cr—1(X) ® Cp—2(X). (5.3.7)
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Further, the mapping cone Cone,(f) (relative to X) is defined to be the quotient of Cyl,(f) by the
copy of C,(X). Therefore, its k-th differential is of the form

((5{ Jr-1 )
0 =0,
Ck(Y) D Ck_l(X) _— Ck_l(Y) D Ck_g(X). (5.3.8)

There are obvious split exact sequences of Z-chain complexes

iX X

0 — Cu(X) 2 Cyl,(f) £ Cone, (f) — 0, (5.3.9)
iY Y

0 — Co(Y) 25 Cyl, (f) 2= Cone, (1 x) — 0. (5.3.10)

Observe that the map

0 0
Yy = <1 O) : Cone, (1x) — Cone,y1(1x)

defines a chain contraction on Cone,(llx). Thus, Cone.(lx) is always algebraically acyclic. More

generally, the following correspondence is well-known:

Proposition 5.3.2. [66, Section 7] Let f : X — Y be a cellular map between CW -complexes. Then, if

f is a homotopy equivalence, Cone,(f) is algebraically acyclic.

Now assume that X and Y are finite, connected C'W-complexes and that f : X — Y is a cellular
homotopy equivalence. Let px : X — Y and Py : Y — Y be the corresponding universal covering maps
and set

I :=deck(px) , I'y = deck(py). (5.3.11)

Then f lifts (non-uniquely) to a cellular homotopy equivalence f: X — }7, further inducing a group
isomorphism f* : ' — I'y as defined in the beginning of this chapter. In particular, I" acts both cellularly
on X and (by push forward through f,) on Y with finitely many orbits. Permutation of cells then gives
rise to both on C,(X) and on C,(Y) a structure of free and finite Z[I']-module chain complexes, so that
the map f, : C,.(X) — C.(Y) becomes Z[I']-linear. By the definitions laid out in m and each of
the three chain complexes Cyl, (X), Cone,(f) and Cone, (1 <) inherits the structure of a free and finite
Z[T')-module chain complex, so that, with respect to those structures, the maps from and are
Z[T']-linear.

We denote by C*(X), C*(Y), Cyl*(f), Cone*(f) and Cone™ (1l ) the free and finite Z[I']-cochain com-
plexes that are obtained by applying the contravariant dualization functor homgm( . ,Z[I']) to the
corresponding chain complexes. Observe that, since homgzr( . ,Z[I']) is an additive functor, the split
exact sequences and dualize to split exact sequences of Z[I']-cochain complexes

0 — Cone*(f) 255 Cyl*(f) =5 ¢*(X) — 0, (5.3.12)
0 — Cone™ (1 %) b, Cyl*(f) v, C*(Y) — 0. (5.3.13)
Let Ex = U, %, E% | respectively By = o E% be a fixed admissible Z[I']-basis for the cellular complex

C*(X), respectively a fixed admissible Z[I'y] for the cellular complex C*(Y), constructed as in m
Since f* : I' —» Ty is an isomorphism, Fy will there automatically also be a Z[I'|-basis of C*(f’)
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Formulas - along with the canonical isomorphism homgr(A @ B, Z[I']) = homg (4, Z[T']) &
homg ) (B, Z[I']) for each pair of Z[I']-modules A and B, allow us construct out of Ex and Ey Z[I'|-bases

nx+ny nx+ny
Ezyl = U E?(UE?’UE_I;(il - Cyl*(f) ’ Egone = U EQUE?(?I C CODe*(f)7 (5314)
k=0 k=0
nx+1
Blye= |J EXUEY C Cone*(1lg) (5.3.15)
k=0

on Cyl*(f), Cone™(f) and Cone™ (1l ), called the bases compatible with [Ex, Ey]. We denote by Cyl*(f)[Egyl],
] and Cone™ (1 3)[EL

cone

By Proposition the relative chain complex Cone*(f) is algebraically acyclic. Since it is a free and

Cone*(f)[E/

J ne | the corresponding based complexes.

finite Z[I']-chain complex, we can find a Z[[']-linear chain contraction v, : Cone,(f) — Cone,._1(f). Using
again the additivity of the functor homgr)( . ,Z[I']) the dual

~* : Cone*(f) — Cone*+1(f) (5.3.16)

determines a Z[[']-linear chain contraction on Cone*(f), proving that also Cone*(f) is also algebraically
acyclic. With all this in mind, we can define the based Whitehead torsion 7(f)[Ex, Ey] € K1 (Z[I]).

Definition 5.3.3. Let f : X — Y be a cellular homotopy equivalence between two finite, connected
CW-complexes. Further, let Ex and Ey be two admissible pairs for C*()Z' ), respectively C’*(}N/') The
(based) Whitehead torsion 7(f) of f is defined as the Whitehead-torsion

7(f)[Ex, By] = 7(Cone™ (F) [EL,,.]) € Ki(Z[T), (5.3.17)

where EJ . is the basis on Cone®(f) compatible with [Ex, Ey].

cone

For completion, we remark that there also is a (probably more commonly used) unbased version of

Whitehead torsion of a cellular homotopy equivalence f : X — Y, living in the Whitehead group
Wh(T) == K;(Z[I)/u(T") (5.3.18)

of T'. Here, +(T') < K 1(Z[T']) is the subgroup described in the paragraph containing Equation m This
torsion is well-defined, since any admissible pair [Ex, Ey] can be, up to sign, translated via appropriate
elements of I' to any other admissible pair [ETS(, Eig/]7 implying that the corresponding based Whitehead
torsion elements of f differ by an element in ¢(I') (See [66, Section 7] for more details). Together with
the fact that homotopic cellular homotopy equivalences f,g: X — Y satisfy 7(f) — 7(g) € ¢«(T"), we can

now make the following:

Definition 5.3.4. A (not necessarily cellular) homotopy equivalence f : X — Y between finite CW-
complexes is simple if 7(feerr) € ¢(T') (i-e. if the unbased 7(feer;) = 0 € Wh(T')), where T' = 71(X)
and fee is some cellular approximation of f. Two finite CW-complexes X and Y are simple homotopy

equivalent if one can finite a simple homotopy equivalence between them.

Within our current context of comparing homotopy equivalent CW-complexes via appropriate maps,
let us also shortly talk about the topological importance of simple homotopy equivalences. Namely, it
is well-established (see [28]) that two finite CW-complexes X and Y are simple homotopy equivalent if

and only if that Y can be constructed out of X by a finite composition of very explicit cellular maps,
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so-called elementary expansions and elementary collapses of cells. To provide examples of homotopy
equivalent, yet not simple homotopy equivalent spaces, we construct for a pair (p, q) of coprime integers
the 3-dimensional lens space L(p,q), which arises as a quotient of the 3-sphere S* C C? by the free
Z,-action generated by the map

(21,22) — (e%i/”zl, 627Tiq/p22).

Notice that w1 (L(p, q)) = Z,.
Then, it is known that

« L(p,q) and L(p,q') are homotopy equivalent iff ¢q¢’ = £n? mod p for some n € N, and

« L(p,q) and L(p, q') are simple homotopy equivalent, in fact homeomorphic, iff ¢ = +(¢’)*!

mod p,
see |80] and |17]. Implicitly in this classification also lies a criterion for the non-vanishing of Wh(T") if I’
is finite-cyclic of a certain type. Indeed, we see that for any integer p, for which there exist two integers
q and ¢’ both coprime to p, satisfying g¢’ = £n? mod p for some n, but are not related by ¢ = 4(¢’)*"
mod p, we must have Wh(Z,) # 0. For example, we see by the above that the spaces L(7,3) and L(7,1)
are homotopy equivalent (since 3-1 = 3 = —22 mod 7) but not simple homotopy equivalent, which
implies that Wh(Z7) # 0.

Let us also remark that all known examples of homotopy equivalent CW-complexes X and Y that are
not simple homotopy equivalent contain torsion in their fundamental group. Indeed, it is a well-known
conjecture, confirmed for a large class of groups and a consequence of the stronger Farrell-Jones Conjec-
ture, that Wh(I') = 0 for any torsion-free group I'; which would imply that any two homotopy equivalent
finite CW-complexes with torsion-free fundamental group are in fact simple homotopy equivalent. We
refer to [6] for a comprehensive summary of the current status of this and closely related problems.
Perhaps not surprisingly, though highly non-trivial to prove is the following celebrated theorem by Chap-

man, which will be one of the main two ingredients in establishing the topological invariance of L2-Torsion:

Theorem 5.3.5. [24] A homeomorphism f: X —'Y between finite CW-complezes is a simple homotopy

equivalence.

5.3.3 L?-Whitehead torsion of a homotopy equivalence

Now assume that we are given a finite-dimensional, complex representation p : I'y — V. Given some
choice of admissible pairs EFx on X and Ey on )7, as well as basis B C V, our goal now is to obtain an
explicit formula for the anomaly of the twisted L?-torsion Tg)w (X,po fu)[Ex,B]— Tg)w (Y, p)[Ey, B] in
terms of a twisted L2-torsion defined over Cone®(f).

For this, first consider the twisted cochain complexes C* ()N(, po f.) and C* (37, p), constructed as inm
Recall that they are both cochain complexes of free, finitely-generated C[I']-modules (the diagonal
action of I on C*(Y, p) is given by g.(e @ v) == f.(g).e ® p(fi(g)) - v for g €T, e € C*(Y) and v € V).
Further, define the twisted cochain complexes of C[I']-modules

Cyt*(F,p) == Oy () @2V, (5.3.19)
Cone*(f, p) := Cone*(f) ®z V, (5.3.20)
Cone* (1 ¢, p) = Cone™ (1 ) ®z V, (5.3.21)
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with differentials twisted by ®z1y and diagonal I'-action defined on elementary tensors by

v (e®@v) =vy.e® p(f(7)) - v. (5.3.22)

Since ®z1y is an additive functor and since both C*(X, po f.) and C*(Y, p) are free and finite C[I]-
module cochain complexes, the same properties hold true for the complexes [5.3.19H5.3.21 Moreover, the

split exact sequences [5.3.12 and [5.3.13| tensor up to split exact sequences of C[I']-cochain complexes

0 s Cone(F, p) 255 Cyl(f, p) 25 C*(X, po f.) — 0, (5.3.23)
0 — Cone(lLg, p) 25 Cyl(f. p) 25 C*(Y, p) — 0. (5.3.24)

Given admissible pairs Ex on C* ()} ), respectively By on C* (37), consider the induced compatible bases

Egyl C Cyl(f), EL . C Cone(lg) and Ef,, C Cone(f). Together with a fixed C-basis B C V, these
determine C[I']-bases

[EgylaB] ={e®b:ec Egybb € B} C Cyl(f, p),

[EY .. Bl={e®b:ec EL . bec B} C Cone*

cone’ cone’

[Ef ..Bl={e®b:ec E! . be B} C Cone*

cone’

(1 X P,

(f.p)

for the respective C[I']-cochain complexes. Each of these bases determines a unique I'-invariant complex
inner product on the underlying complex vector spaces, with respect to which the corresponding I'-
invariant subsets F.[chyl,B], [.[EL. ., B] and T.[ES .,
resulting inner product spaces by Cyl*(f, p) [Efy17 B, Cone*(f, p) [E{ e, B] and Cone*(15,p)[EL ., B].
Note that, after endowing each cochain complex with the previously described inner products, the chain

maps from [5.3.23 are all partial isometries.

Finally, we tensor up to our inner product spaces to obtain the three the Hilbert A/(T')-cochain complexes

B] form an orthonormal basis. We denote the

of finite type

Cyliay(f. P)ELy, B] = (L) @cpry Cyl" (f, ) [ELy, B, (5.3.25)
Conez‘g)(]’”v7 p)EL .., B] = I*(I) ®c(r) Cone” (f, p)EL .. B, (5.3.26)

Cone&)(]l)?v P) [E]l B] = l2 (F) ®(C[F] Cone*(lfp p) [Egloncv B]’ (5327)

cone’

with differentials twisted by 1;2(r)®cr). Because l2(I‘)®Cm is also an additive functor, the next propo-

sition is an immediate consequence of the previous discussion:
Proposition 5.3.6. In the notation established above, the following results hold true:
1. The Hilbert N'(T')-module cochain complexes Conea)(f, p)EL,,.., B] and Conely) (1L g, p)[Elyyes B]
are contractible. Moreover,

2. there are split exact sequences of Hilbert N'(T')-module cochain complexes

0— Cone&) (f} p) [Egonea B] L_1> Cyla) (f) p) [Efyh B] 7"_1> C(*Q) ()?a po f*)[EXa B] — 0, (5328)
0— Conez(Q)(ﬂ)?vp)[E}onm B] L_1> Cyr(k2)(f’ p)[E{yh B] 7T_1> 052)(Y7p)[EY7 B] —0, (5329)

where all maps involved are partial isometries.
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Corollary 5.3.7. Let f : X — Y be a cellular homotopy equivalence between finite, connected CW-
complexes and let p : 'y — V be a finite-dimensional, complex representation. Then, for all k € Ny, it
holds that

bk (Xop 0 ) = b5 (Yo ), (5:3.30)
ar (X, po f.) = aP(Y, p). (5.3.31)

Proof. In the situation of the previous proposition, we use the simplified notation

A" = Conely)(f, p)[Ed e, B . B = Cyliy) (f, p)[EL, B], C* = Cly (X, po f.,[Ex, B)),

D* = Cone(y) (1L ¢, p)[Elope, Bl , E* = Cly(Y,p,[Ey, B)).

Recall that we have short exact sequences of Hilbert A/(T")-cochain complexes

0— A% B 50" =0 (5.3.32)
0— D" 2 B* 2 E* -0, (5.3.33)

which by [54, Theorem 1.21] each induce long, weakly exact sequences in L?-cohomology

k—1 k k ak

LA gy B, gk gy HEED, gk oy O gLy (5.3.34)
k—1 k k k

LB g (pry ) gk pey 2 gk ey % gty (5.3.35)

Since both A* and D* are contractible, we have H*(A*) = H¥(D*) = 0 for each k. In particular, both

H*(my) and H*(ry) are weak isomorphisms, implying that
2) / v 2) ok 2) 7k
b2 (c*) =P (B*) = b'P (E¥) (5.3.36)

for each k € N.

Secondly, observe that since H*(A*) = H**1(A*) = 0 for each k € N, both maps H*(11), OF are trivial,
so that a(H*(11)) = a(d¥) = oot for each k € Ny. Moreover, since A* is contractible, we also have
ag(A*) = o™ by |54, Lemma 2.18]. Applying |54, Theorem 2.20] to we obtain that

ag(B*) = ap(C™)

for each k € Ng. Analogously, one shows that ay(B*) = ai(E*) for each k € Ny, finishing the proof. [

Most importantly, Proposition [5.3.6] also allows us to make the next definition:

Definition 5.3.8. Let f : X — Y be a cellular homotopy equivalence between finite, connected CW-
complexes and let p : I'y — V be a finite-dimensional, complex representation. For an admissible pair Ex
and Fy on X , respectively )7, as well as C-basis B C V, we define the (based) twisted L?-Whitehead
Torsion of f as

7). [Ex By, B)) i= T (Conelyy (] ) [Elynes B ) (5.3.37)

where Ef

cone

is the basis on Cone&)(f, p) compatible with [Ex, Ey].
Lemma 5.3.9. In the above situation, one has

T (Coneg)(n % p)[E}m,B])) =1 (5.3.38)
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Proof. One easily verifies that, under the identification Cone’é)(]lx,p o f[EL .. Bl = C*(X,po f,) &
CH*1(X,po f.), the k-th differential 6* : Cone’&)( z:p0 f)[EL ., B = Coneggl( 500 [[EL ., B]

takes the form
_1)k+1gk 0
ok = <( U B ) , (5.3.39)

k—1
Lonz pos) Ox

where 0% = (5’;Of :C*(X,po f.) — C*(X, po f,) is the corresponding twisted differential.

Consequently, one sees that the map ~* : Cone(y) (15, p o fi)[Elone, Bl — Conez}_)l(]lx,p o f)[EL e, B]
defined by
0 M,y 5
AR = CE=H(Xopof.) (5.3.40)
0 0
is an explicit chain contraction for Cone(y)(1g,p o fOIEL ., Bl
To streamline the notation, we will abbrev1ate by
O* — C*()Z',pof*) , D" = Conezz)( .00 fo)] EL .. Bl
Define
Dodd = @ DkaDev = @ Dka
ke2N—1 k€2No
(V" +6%)oda = (V" + 6")Dpaa * Dodd = Deo-
From the isometric isomorphism D* 2 C* @ C*~1, one obtains isometric isomorphisms
odd - ev - @Ck (5341)
Under this identification, one computes that
Lo o%71 0 0
0 lgna %2 0
(Y +6)oaa=| 0 0 lgno 0% -] (5.3.42)
0 e e 0 Tco
The result now follows from Proposition [4.1.14] and [54, Lemma 3.41], since
T(D*) = detr (7" + 0" )oaq) = 1. (5.3.43)
O

The relevance of the L2-Whitehead torsion lies in the fact that it precisely describes the anomaly of

L2-torsion between homotopy equivalent complexes, as highlighted in the next central result:

Corollary 5.3.10. Let f : X — Y be a cellular homotopy equivalence between finite, connected CW-
complezes and let p : Ty — V be a finite-dimensional, complex representation. Then, the tuple (X, po fy)
is det-L%-acyclic if and only if (Y, p) is det-L?-acylic. In this case, one gets for any pair of admissible

pair Ex and Ey on )~(, respectively 17, that
TSV (Y, p, [Ey, B])

TGV (X.p o -, [Bx. B))

= T@)(fa P [EXvEva])' (5344)

118



Proof. Recall from Proposition that there are split exact sequences of Hilbert A/ (I')-module cochain

complexes

0 — Conely) (f, p)[Edpne: B] 2 Cylio) (£, p)EL), B ™ Cly (X, po fu, [Ex, B]) = 0, (5.3.45)
0— COHB&)(]I)?7 p) [Ecllone7 B]) L_2> Cyl?Q) (f7 p) [Egylv B] ﬂ—_2> C&) (Ya P [EY7 B]) — Oa (5346)
where all maps involved are partial isometries. The same proposition also yields that both CE*Z)( = X, p, [EL .., B])

and Conefy) (1 g, p)[Ex,

cone’

B] are always det-L?-acyclic. From [54, Theorem 3.35], we then conclude that

(X, f. o p) is det-L3-acyclic < CZ‘Q) ()N(, po f., [Ex,B])is det-L*-acyclic
< Cyliy (f, p)EL |, B]is det-L*-acyclic < C?Q)(f/, p, [Ey, B]) is det-L?-acyclic

cyl’

& (Y, p) is det-L*-acyclic.
Moreover, along with Proposition [5.3.9] we also get in the det-L2?-acyclic case, that

T (Cyliy) (£, P)IEL,, BI) = TG (Y. p, [By, B) - T (Conely) (g p) [Edynes B)) ) = TG} (Y. p, [y, B)),

T (Cyliyy (£, P)EL, BI) = TG (X, po fu. [Ex, B)) - 70)(f. 0. [Ex, By, B)).

The result now follows. O

With regards to topological invariance, the last component that we need is the concrete connection
between the L2-Whitehead torsion of a homotopy equivalence f: X — Y complexes X and Y and its
ordinary Whitehead torsion as described in the previous section.

For that purpose, let p : I' = GL(V) be a finite-dimensional, complex representation and let B C V be
an ordered basis of V', which gives rise to the isomorphism ¢g: V — C™ and the based representation

5: ' = GL(m,C). Out of pp, we construct a the group homomorphsim

PB GL(Z[F]) — GL(C[T)), (5.3.47)
O oM -9zt OoN, - ppl9) - 912 (5.3.48)

In view of the canonical group embedding GL(C[I]) < GL(N(T)), let detr: GL(C[[]) — Rs¢ be
the group homomorphism, obtained by restricting the Fuglede-Kadison determinant onto elements of
GL(C[I']). From the definition of AP5, it is evident that A?2 (E(Z[T'])) € E(C[I]). Since also detr(A4) =
detp(—A) for any A € GL(C[I), we obtain a homomorphism A””: K;(Z[l']) — Rs that fits into the
commutative diagram below
GL(Z[T]) —— K\(Z[T))
lApB lATB . (5.3.49)

GL(C[T]) — Ry

Let Cone*(f)[EL,.] be the finite, based, acyclic Z[I']-module cochain complex that we have defined
previously. Further, let 6*: Cone*(f)[EL,.] — Cone*(f)[E

v*: Cone*(f)[EL,.] — Cone* }(f)[EL,.] be a choice of chain contraction. With aid of the basis
E]l

cone’

1 o] be the boundary operator and let

both morphisms can be identified with appropriate square matrices in Mat(Z[[']). Now let
Cone(y ( 1 p)[EL ., B] be the other finite, acyclic Hilbert N/(I')-module cochain complex that was pre-
v1ous1y defined. Using the admissible basis [EY, B], it is clear that the matrix A?Z(§*) is the boundary
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operator on Conefz)(f, P)EL ., B] and that A?Z(y*) € Mat(C[l']) determines a chain contraction on

Coney) (f,p)[EL ., B]. By |54, Lemma 3.41], we therefore get
7(2)(fs p, Ex, By .B) = detr (A" (v" 4 6%)|oda) - (5.3.50)

Combining [5.3.49] and [5.3.50] with Definitions [5.3.1] and we arrive at the following relation between
the ordinary based and the L?-Whitehead Torsion.

Lemma 5.3.11. In the notation as above, the equality
T(Q)(f,p,Ex,Ey,B) :ApB(T(f,Ex,Ey)) (5351)
holds. In particular, if f is a simple homotopy equivalence, there exists some g € I, such that

72)(f,p, Ex, By, B) = | det(pp(g))|- (5.3.52)

Theorem 5.3.12. Let M be a connected topological space admitting a finite CW-structure and let p :

I:=m(M)—=V be a unimodular representation of I'. Then,

1. for any two CW-structures X,Y on M, the tuple (X,p) is det-L2-acyclic if and only if (Y,p) is

det-L?-acyclic. In this case, one obtains that
TG/ (X, p) = TG (Y, p), (5.3.53)

allowing us to define

Ty (M, p) = TG (X, p) (5.3.54)

to be the topological L*-torsion of the tuple (M, p).

2. If N is another space admitting a finite CW -structure and f : N — M either a homeomorphism
or a general simple homotopy equivalence, then (M, p) is det-L*-acyclic if and only if (N,po f)

det-L?-acylic. In this case, we obtain

TTP(N, p) = TT"(N,po f.).

Proof. 1 : First, note that since X and Y are cell-structures of the same ambient space M, lifting to
cell-structures X and Y on M , we have a canonical identification of deck groups I' = I'y = I'x. Now
choose for the identity homeomorphism ida;: X — Y some cellular approximation f ~idy; : X — Y, of
which we further pick a lift ]?: X — Y. Let f*: I' = T be the induced group automorphism, as defined
in Equation Since f ~ 1,7, we must also have (up to conjugacy) fo= (IL37)+ = Lip by Corollary
Corollary [5.3.10| therefore implies that (X, p) is det-L?-acyclic if and only if (Y, p) is det-L-acyclic.
In this case, since p is unimodular, we can further apply Corollary to obtain for any choice Ex
and Ey of admissible pairs on C*(X), respectively C*(Y), that
CW cwW
lo o) _Toy o B Begm, (o bx, By, BB R (r(f, B, By)). (5859

By definition of AP5, we have A5 (7(f, Ex, Ey)) = detr(AP2 A) for any representative A € GL(Z[T'))

of 7(f,Ex, Ey) € K (Z|T). Since f is the cellular approximation of a homeomorphim, it follows from
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Theorem that we may choose A as a 1 x 1 matrix of the form (g) for some g € I'. Applying Lemma

5.3.11] we therefore obtain
NP5 (1(f, Ex, By)) = | det(pg(9))| = 1, (5.3.56)

since pp is unimodular. The result readily follows.
2 : Choosing CW-structures X and Y on M and N respectively, the argument is completely analogous

as the one presented in 1. O

Remark 5.3.13. Observe that assertion 2 of the above theorem shows in particular that T(:g;p (M, p)

does not depend on the particular choice of universal cover p : M— M , i.e. on the particular choice of
representative of the fundamental group m (M) as the deck group of such covering map. That is why
henceforth, we will simply talk about a representation p : w1 (M) — GL(V) of the fundamental group

without specifying a representative deck group for 71 (M).

As it will become relevant later on, we now also introduce a topological L?-torsion for certain non-

compact spaces. Explicitly:

Definition 5.3.14. Suppose that M is a connected topological space, such that

1. Wh(m(M)) =0, and

2. M has the homotopy type of a finite CW-complex.

Given any unimodular representation p : 1 (M) — GL(V), let K be a finite CW-complex and i : K — M
a homotopy equivalence. Assuming that the pair (X, p o i,) is det-L?-acyclic, we define the topological
L2-torsion of the Tuple (M, p) as

Ty (M, p) =Ty (X, poi). (5.3.57)

Remark 5.3.15. The large pool of spaces satisfying these assumptions contains in particular all non-

positively curved locally symmetric spaces of finite volume, cf. [36, Theorem 0.10] and [4, Theorem 13.1].

Of course, we have to show that these definitions do not depend on the choice of i : X — M. Therefore,
assume that Y is another space admitting a finite CW-structure and homotopy equivalent to M via a
map j : Y — M. In choosing a homotopy inverse k : M — Y of j, we obtain a homotopy equivalence
f=koi: : X =Y, whose induced map on fundamental groups fits into a diagram that is commutative
up to conjugation

GL(V)
P

7T1(M

)
NN
X) - 1

Observe that the condition Wh(m; (M)) = 0 ensures that f is a simple homotopy equivalence. We may
therefore apply Theorem [5.3.12| and Lemma to obtain that

mi( (v).

T(,Z;)OP(X’pO 7’*) = Tg)op(Xapoj* o f*) = T(j;))p(y7poj*).

If M is compact, both notions of topological torsions T(:g;p (M, p) introduced this section coincide.
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5.4 The Morse-Smale torsion

We now return to the realm of smooth, compact manifolds. On such a manifold M, given a det-L2-acyclic
representation p : w1 (M) — V, a choice of bundle metric & on the flat bundle E, | M associated to p,
as well as a smooth Morse function f : M — R satisfying the Morse-Smale transversality conditions,
we will define the so-called L?-Morse-Smale torsion T(I‘Q/[)S(M, p.hy f) € Ryg. Although its definition is
more involved than the topological torsion, it has the advantage of being more easily compared to the
L?-analytic torsion Té;‘(M , 0, g, h) that we studied in previous chapters. This comparison will be the
subject of the next chapter. Moreover, in all our relevant instances, namely when p is unimodular and h
is a unimodular metric, we show that it coincides with the corresponding topological torsion T(E)Op (M, p),
defined in the previous section.

For a given smooth function f : M — R, we introduce the following objects:

1. Weset Cr(f) ={pe M : Df, =0} C M to be the subset of all critical points of f, and

2. for each p € Cr(f), the index ind(p) € {0,...,m} is defined as the number of negative eigenvalues
of its Hessian H f, (independent of the choice of coordinates at p). Lastly,

3. for each 0 < k < m, we set Cri(f) = {p € Cr(f) : ind(p) = k} C Cr(f) to be the subset of critical

points of index k.

f is non-degenerate at a point p € M if the corresponding Hessian H f;, has (in an arbitrary choice of

coordinates) only non-zero eigenvalues.

Definition 5.4.1 (Morse function). Let M be a smooth manifold, a,b € R with a < b. A smooth
function f: M — [a,b] is called a Morse-function if f is non-degenerate at each of its critical points.

In case that OM # (), we demand that additionally one of the following two (mutually exclusive) conditions
hold:

1. fis of type I, that is

(a) the restriction f|aas of f to OM is non-degenerate at each of its critical points.
(b) There exists a collar neighborhood U D> OM of M, a parametrization G : OM x [0,¢) — U of
OM satisfying G(x,0) = x, such that (f o G)(x,t) = flon () + 2.

2. fis of type II, that is,

(a) one has OM C f~*({a,b}) with 0_M = f~*(a) NOM and O, M = f~1(b) N OM, and
(b) There exists a collar neighborhood U D OM of M, a parametrization G : OM x [0,¢) — U of
OM satisfying G(z,0) = z, such that

b—t $€8+M,
(foG)(z,t) =
a+t x€d_M.

Observe that for a type I Morse-function f on M, the restriction f|gas is a Morse-function on the
(closed) boundary, such that Cr(f|oar) = Cr(f) N OM. Conversely, for a type II Morse-function, the
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restriction f|gas is locally-constant and Cr(f) is a subset of the interior of M. If f is a Morse-function,
it follows easily that Cr(f) is a discrete subset of M. In particular, if M is compact, this means that
Cr(f) must be finite.

Now assume additionally that M comes equipped with some Riemannian metric g. Recall that the
gradient Vo f € T'(M,TM) of f with respect to g is the vector field uniquely determined by

<ngaX>g :Df(X)

for any other vector field X € T'(M,TM). For an appropriate neighborhood U C M x R of M x {0}, the
gradient then generates the negative gradient flow ¢ : U — M of f. It is the unique 1-parameter family
of diffeomorphisms of M whose infinitesimal generator is the negative gradient —V,f. This means that
it is the unique solution on U to the differential equation

0

a(b(th)lt:to = —ng((b(tml‘)),

$(0,2) ==

for each x € M. By construction, one can show that the set Cr(f) of critical points is precisely the set
of stationary points for the gradient flow ¢.

Assuming that ¢ can be extended globally, so that U = M x R (automatically true if M is compact), the
requirement that f has compact range guarantees that for any y € M, the limits lim;—, 1 ¢(y, t) exist,
are distinct, and lie Cr(f) if f is of type I and in Cr(f) UOM if of f is of type II. Visually speaking, this
means that Cr(f) (respectively Cr(f)UOM, if f is of type II) is precisely the set of sources and sinks for
the gradient flow ¢, that the source of each non-constant flow line is always different from its sink and
that any point in M emanates from a source and eventually flows into a sink. For fixed y € M, the flow
line at y is the map ~, = ¢( . ,y) : R — M. Observe that for p € Cr(f), -y, is the constant map. This
allows us to further define define for each p € Cr(f) the stable manifold W (p) C M and the unstable
manifold W~ (p) C M via

Wt(p)={zxeM: tliglo v (t) = p}, (5.4.1)
W=(p) ={zeM: tii{noo ~v:(t) = p}. (5.4.2)

If f is of type I, it follows that
M= U Wt = | W), (5.4.3)
peCT(f) peCr(f)

i.e. the stable, respectively unstable, manifolds form a partition of M.

Example 5.4.2. Below, we have sketched the gradient vector fields coming from a type I Morse function
(left), as well as a type IT Morse function (right) on the closed unit disc D? = {|z| < 1} C C. In the first
case, there are precisely three critical points, 0, 1 and —1. The corresponding unstable manifolds are the
interior of D%, {1}, and dD? \ {1} (as such, they form a partition of D?). In the second case, 0 is the
only critical point, with corresponding unstable manifold being only {0} itself and 9D? = 9, D?.
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Intuitively, W (p), respectively W~ (p), may be regarded as the set of points that, under the negative
gradient flow ¢, flow into, respectively away from, p. As their name suggests, both W (p) and W~ (p)

are indeed submanifolds of M. Specifically, it is well-known, see for example [91], that

1. in case that f is of type I and p ¢ OM, or if f is of type Il and &4 M = (), WT(p) is diffeomorphic
to R"~"4(P) and disjoint from M, while

2. W~ (p) is always diffeomorphic to R™®) if either f is of type I (in this case, W~ (p) C M if
p € IM) or f is of type IT and d_M = () (in this case, one always has W~ (p) N OM = 0).

Since limy_, oo Yy (t) # limyyo0 vy (t) for every y € M\ Cr(f), we get that W~ (p) N W (p) = {p},
which can be phrased as follows: The stable and unstable manifold of the same critical point p intersect
precisely at the 0-dimensional submanifold {p}. More generally, we would like for any pair p,q € Cr(f)
a non-empty intersection W~ (p) N W (q) (i.e. the set of all flow lines between a fixed source and sink)
always to be a submanifold. While this is false in the very general setting, it will always be fulfilled if ¢

satisfies the so-called Smale-transversality condition, which is part of the next definition

Definition 5.4.3. Let M be a smooth manifold. A pair (f,g), where f : M — R is a Morse function

and ¢ is a Riemannian metric on M is called a Morse-Smale pair if

1. the gradient flow ¢ of —V,f is globally defined over M x R,
2. for each p € Cri(f), there exist only finitely many y € Cry1(f) such that W~ (y) N W+ (p) # 0,
3. (local triviality) Each p € Cri(f) Nint(M) admits a coordinate chart ¢, : U, — R", such that

(a) The pull-back ¢5(geuer) of the euclidean metric on R™ equals g,
(b) f has normal form on Uy, that is fog, ' (p1,...,pn) = f(p)—pi—- -—pi?nd(p)+pi2nd(p)+l+~ p2.

4. ¢ satisfies the Smale-transversality condition, that is, for any two p,q € Cr(f) and any x € W~ (¢)N
W(p), one has
TwW+ (p) + TIW_(Q) =T, M. (T)

5. If f is of type I, the restriction (f|oar, gonr) also satisfies assertions (1) — (4),

6. The parametrization G : M x [0,€) — U of the collar neighborhood U of M from Definition [5.4.1]
is the Riemannian exponential boundary map induced by g, so that the pull-back metric G*(g) is

of product form glgas & dt?.
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Finally, a Morse-Smale pair (f,g) is of type I/IIif f is of type I/IL.

Tt is a classic result that any compact manifold admits a Morse-Smale pair (f,g), both of type I and
type II, see for example [92], [75] or |3]. By considering appropriate lifts, the same is therefore true for
any manifold M that admits a compact manifold quotient.

The essential property of a Morse-Smale pair (f, g) is that for any pair p,q € Cr(f), the intersection
N(p.q) =W~ (p) nW*(q) (5.4.4)

is a (possibly empty) submanifold of of dimension ind(p) — ind(q). In the case ind(p) = ind(q) + 1,
this means that the union of all flow lines emanating from p and flowing into ¢ form the 1-dimensional
submanifold N (p, q).

We now describe the construction of the (ordinary) Morse-Smale complex on a compact manifold M,
provided that we have fixed a Morse-Smale pair (f, g) on M . Namely, choosing orientations O, on W (p)

for each p € Cr(f), we explain now how such a choice gives rise to numbers
n(p,q) € Z (5.4.5)
for each pair p,q € Cr(f), such that the following is satisfied:

n(p,q) =0 if N(p,q) =0 or ind(p) # ind(q) + 1. (MS1)
VO<k<m,VpeCri(f), Vqge Criia(f): Z n(q, z) -n(z,p) = 0. (MS2)
2€CTR41(f)

If either N'(p, q) = 0 or ind(p) # ind(q) + 1, we set n(p,q) = 0, so that is automatically satisfied. In
the remaining case, it follows by compactness of M that N (p, q) is the non-empty disjoint union of finitely
many flow lines of ¢, the gradient flow determined by the pair (f,g). Let I'(p, q) to be the set of those
flow lines and fix one such v € I'(p, ¢). Recall that it is an embedding v : R — M with lim; ,~ y(t) = ¢
and limy,_ () = p. Observe that for each ¢t € R, the negative gradient —V, f. ) is non-vanishing,
and therefore a basis for the 1-dimensional vector space T,y € Ty ;) M. In particular, it determines a
natural orientation [~V fy )] on T,y

To proceed, we need the following auxiliary lemma:

Lemma 5.4.4. Let
0=V =V 5 V30 (5.4.6)

be a short exact sequence of finite-dimensional R-vector spaces. Then, two choices of orientations on two
of the vector spaces canonically determine an orientation on the third. Namely, given two orientations [B;)
of Vi and [B;| € Vj fori,j € {1,2,3}, there exists a unique orientation [By| € Vi, with k € {1,2,3}\{4,7},
such that, for any choice of split v : V3 — Va, we have [By U ((B3)] = [Ba].

Proof. This is an immediate consequence from the observation that any two splits ¢,/ : V3 — Vo of T
differ by a translation along the subspace V;. In particular, for any two bases B; C Vi, By C V3, the
sets By U «(B3) and By U ¢/(Bs) both are bases of V3, such that the corresponding base change matrix
Mgfj:(gi) is a transvection. We conclude that [By Ut(B3)] = [B1 U/ (Bs)], from which the result readily

follows. O
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Observe that we have a for each ¢ € R a short exact sequence
0— Tv(t)’y — T,y(t)W_(p) — Ty(t)W_ (p)/Tv(t)’y — 0.

By the previous lemma, the orientations [—V, f(7(t))] on Ty and Opy(t) € Ty W™ (p), the restriction

of our initial global choice O, on W~ (p), canonically determine a compatible orientation O;17(t) on

TyeyW=(p)/ Ty )7
Due to the transversality condition the inclusions T/ W™~ (p) < T4y M and T,W~(q) < T, M induce

canonical isomorphisms
TyiyW™ (0)/Tyyy = Tyoy M/ Ty 0y W (q), (5.4.7)
T,W~=(q) = T,M/T,W*(q). (5.4.8)
Moreover, since W (q) is contractible, the bundle TM/TW ™ (q) { W (q) trivial. Using this, along with

the canonical isomorphisms and we see that the orientation O4(q) of T,W~(q) canonically
determines an orientation Op(t) on T4 M /T ). We define

n(p,q) = Lron( =090, (5.4.9)
—1 if O1y(t) # O27(1),
npg) = Y. ny(pq). (5.4.10)
YE€L(p,q)

The number n.(p, q), and therefore also n(p,q), does not depend on the choice of t € R. It is a classic
result, shown for example in [87, Chapter 4], that the numbers n(p, ¢) satisfy Also, it is clear from
the construction that choosing the opposite orientation —O,, has the effect of changing the sign of n(p, ¢).

For p € Cr(f), we denote by [O,] the free abelian group generated by the orientation O, on W~ (p).

Definition 5.4.5. The Morse-Smale complex C*(M,V, f) associated to a Morse-Smale pair (f, g) is

defined as the following cochain complex of free abelian groups

COMLV, )= @ (0] LY, = @ (0] (5.4.11)

peCT(f) peCTL(f)

with boundary map
9:C*(M,V,f) = C*TH(M,V,f)
being the unique Z-linear extension of the assignment

90,] = Z n(q,p) - [Og]. (5.4.12)
q€Cr(f)

Due to [MS1}{MS?2| it is evident that 8 is well-defined and satisfies 9> = 0. Note that C*(M,V,f) is
independent of the explicit choice of O,.
Let M be the universal cover of a compact manifold M with covering map = : M — M and let T =
deck(p) 2 7 (M). For a choice of Morse-Smale pair (f,g) on M, let f = f o, let § be the pull back of

g, and define for each pair p,q € Cr(f) the integer

n(p,q) = n(r(p), 7(q)), (5.4.13)
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where n(m(p),7(q)) is defined with respect to (f,g) as in [5.4.10l Clearly, the integers n(p, ¢) then also
satisfy properties (MS1) and (M S2), along with the additional invariance property

n(p,q) = n(v.p,v.p) V¥yeT. (MS3)

Lastly, for each p € Cr(f), let O, be the orientation on W~ (p) that is the pullback of the orientation
Onr(py on W (m(p)) via .

Definition 5.4.6. The lifted Morse-Smale complex C*(]T/f , ng) is the cochain complex of free
abelian groups

C(M,Vgf) = P [0,]. C*M. V)= P (0] (5.4.14)
peCT(f) peCri(f)

with boundary map
0:C*(M,V5f) = C* (M, V)
being the unique Z-linear extension of the assignment

00, = > nlg.p)-[Og)- (5.4.15)

q€Cr(f)

It follows from and that the corresponding differential ¢ is still well-defined and satisfies
62 = 0. Also, observe that the assignment O, — Onr(p) for each p € Cr(f) gives rise to a Z-linear map of
cochain complexes

C*(M,V5f) = C*(M,V,f). (5.4.16)

Observe that whenever I' is infinite, the modules C* (1\7 , ng) are not finitely generated over Z, in contrast
to the modules C*(M,V,f). That is why the ordinary Morse-Smale complex C*(M, V,f) might seem
better suited for direct computations. However, the essential feature that sets C* (M , ng) apart from

C*(M,V,f) is the intrinsic I'-action on it, given by permutation of the fibers.

Definition 5.4.7. Given a finite-dimensional, complex representation p : I' = GL(V), the twisted Morse-

Smale complex is the following cochain complex of complex vector spaces:

C*(M,V3f,p) = C*(M,Vsf) @2 V (5.4.17)
0 == 0@ 1y : C*(M,V;f,p) = C*H(M, V51, p). (5.4.18)

This complex comes equipped with a natural I'-action, given by
10, @) = (045 @ plx)0 (5.4.19)

on elementary tensors.

With respect to this action, it is due to property [MS3| that the differential 9 is I'-equivariant, which
allows us to regard C* (M , ng, p) as a C[I']-module cochain complex. Moreover, it is easily verified that a
choice of basis B C V, together with a choice of representatives P, one for each I'-orbit of each p € Cr(f)

yields a C[I']-basis {q® b : ¢ € P,b € B} of C*(M, Vgi p). We have thus shown that C* (M, ng, p) is

a free and finite C[I'-module cochain complex.
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We wish to define an inner product on C*(M , V;,f, p) that is compatible with the T'-action. Although
there are several ways to proceed, we will derive an inner product on C* (M , ng, p) from a choice of
Hermitian form h on the flat quotient bundle M x V/T' | M/T". This way, one is able to efficiently
compare the L?-Morse-Smale torsion yet to be defined with the corresponding L?-analytic torsion, as will
be done in the next chapter.

Recall that the metric h lifts to a unique I'-equivariant metric h on the bundle M x V. This means that
we can identify h with a smooth map h : M — GL(V, V*) such that

1. for each p € M, E(p) = ﬁp is a RieszIsomorphism. Equivalently, for each p € M, the map
(v,w); = hy(w)(v) (5.4.20)
is a complex inner product on V.

2. For each v € I" and each pair v,w € V, one has

(v, w); = (v, p(V )y, . (5.4.21)

v-P

For each p € M, we choose an orthonormal basis
By[h) =, .. v® c vV (5.4.22)

of the inner product space (V, Ep).
Since h is I'-equivariant, we may assume without loss of generality that we have chosen the bases Bj,[h]

to satisfy a compatibility of the form
By p[h] = p(7) - By[hl]. (5.4.23)

This allows us to define an inner product { , ), on C* (]Tj , ng, p), which is uniquely determined by speci-
fying its orthonormal basis as the set {{O)] ®b§p) :peCr(f),i=1,...,n}. We declare C*(M, ngj p,h)
to be the inner product space (C*(M , ng, p),{, )n)- Again because of I'-equivariance of 7L, is evident
that the T-action on C*(M, ng, p, h) it inherits from C*(M, ng, p) is by isometries. Set

J=#Cr(f), jr = #Cri(f) (5.4.24)

and fix a choice of representatives
P CCr(f), (5.4.25)
P, :=Pn CTk(f), (5426)

one for each I'-orbit for each p € Cr(f). For each p € Cr(f), we let
Pplh]: V- C™ (5.4.27)

be the isometric isomorphism of inner product spaces that sends the (ordered) basis B, [h] to the (ordered)
standard basis of C™. Because of [5.4.23] it is clear that

Vplh] = ¥y .plh] 0 p(7) (5.4.28)
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for each v € T'. This further allows us to construct a C[I']-isomorphism and an isometry of inner product

spaces

W@ O, Vaf. 0. B) — @ @) Ty o O iy, (5.420)

k=0 k=0 pe Py

determined by the assignment
[Oypl ®@v =y - 1p @ Py p[h](v) € C[IT], ® C, (5.4.30)

for each p € P, eachy € " and each v € V. Evidently, this assignment satisfies the identity .U p[h]([O,]®
v) = Up[hl([O4.p] ® p(v) - v) for each p € Cr(f) and each v € V because of [5.4.28 and is therefore

extendable to a unique C[I[']-linear bijection. Here,

1. for each p € P, C[I'],, is a copy of C[I'], with 1, = 1 its unit element,

2. the inner product on @} _, ®D,cp, C

products of the respective canonical inner products on each factor, and

[I', ® C™ is the canonical one, i.e. the direct sum of the tensor

3. the TI'-action on @;_, P
elementary tensors by v.(g ® v) = (yg9) ® v.

pep, ClIp @ C™ is the direct sum of the left-factor actions, given on

It is easy to see that under the identification ¥ p[h], the differential 9 becomes a square matrix over C[I']
of size j - m, that is
Uplh] 00”0 Uplh]~! € Mat(jm, C[T]). (5.4.31)

Note that the inner product structure on C’*(M , Vg]?, 0, E) only depends on h, and not the choice of P
and basis By[h] C V.

Just as for the cellular complex, we wish to apply to C* (M , V;,f, P, 71) the theory of Hilbert A'(T")-modules
of finite type. However, just as for the cellular complex, C* (M , ng, 0, E) is complete as an inner product

space if and only if T is a finite group. To remedy this, we proceed as in the case of the cellular complex:
Definition 5.4.8. The L2-Morse-Smale complex CE“2)(M, Vg]?, 0, E) is defined as
Cloy (M, V5, p,h) = 1*(T) ®cqry C* (M, V5[, p, h), (5.4.32)

Oy =) ® 0 : Clyy (M, V5, p,h) — C(*;)l(M,vgf, p,h). (5.4.33)

Using and the isometry
U h] = Ny ® Uplh] : Clyy (M, Vg f, p, h) — 12(T) @cir CII)™ = 2(1)!™, (5.4.34)
it becomes apparent that C’(*Q)(M, ng, p,ﬁ) is a Hilbert N'(T)-cochain complez of finite type.
Definition 5.4.9. Let M be a compact manifold, (f,g) a Morse-Smale pair on M, p: T = m (M) —
GL(V) a finite-dimensional, complex representation and h a I'-equivariant Hermitian form on MxV N M.

Further, suppose that the Hilbert A/(T')-cochain complex C(Q) (M Vs f 0, ) is det-L2-acyclic. Then, the
L?-Morse-Smale torsion associated with the quadruple (M Vi f 0, ) is defined as

log (T(2 (M,Vyf.p, )) = log (T (c;z)(ﬂ,vgﬁp,ﬁ))) :i( 1) log(detr (9f)).  (5.4.35)
k=0
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This L?-cochain complex, along with its induced torsion element, has made numerous appearances
throughout the literature, see for example [22],(21], where only unitary representations p were considered,
or [102] for a detailed study of C(*Q)(M , ng, p) for arbitrary representations p.

However, what lacks in the existing literature is a direct comparison of the twisted L2-Morse-Smale torsion
T(%S(M, V,f,p,h) with the based/unbased topological L?-torsion of (M, p) that we have previously
defined. The relations between the non-L2?-versions of the respective torsion elements are well-known, see
for example |12, Chapter 1] or |66, Theorem 9.3]. Our comparison result will be based on the fact that
a Morse-Smale pair (f, g) naturally determines a CW-structure on the compact quotient M, whose open

cells are in 1 : 1-correspondence to Cr(f) and such that its cell-attaching maps are completely determined
by the integers n(p, ¢) defined in

Theorem 5.4.10. |77, Theorems 3.8, 3.9] Let M be a compact manifold and (f,g) a Morse-Smale pair
on M. Then,

1. if (f,g) is of type I, the unstable manifolds {W~(p) : p € Cr(f)} are the open cells of a CW-
structure Xy on M, so that 0Xy = Xy NOM is a CW-structure on OM. Moreover, the Z-linear

extension of the assignment W~ (p) — [O,] induces isomorphisms of (relative) Z-cochain complezes

Frg:C"(Xy) = C*(M,V,f), (5.4.36)

FPY o (Xp0Xp) —» B (0] (5.4.37)
pECT(f) p¢OM

2. If (f,9) is of type IT and Y is any CW-structure on O_M, the open cells of Y, together with the
unstable manifolds {W~(p) : p € Cr(f)} form a CW-compler Xy =Y UU,ccrpy W™ (p) with
Y a subcomplex, so that the inclusion of pairs (X¢,Y) — (M,0_-M) is a homotopy equivalence.
Moreover, the Z-linear extension of the assignment W~ (p) — [O,] induces isomorphisms of Z-

cochain complezes
Frg:C*(X5,Y) = C*(M,Vyf). (5.4.38)

Remark 5.4.11. For the comparsion results of the next chapter, we will exclusively focus on type II
Morse-Smale pairs. This is because the techniques that we will employ require that the critical points of

the relevant Morse function f all lie in the interior of M.

Throughout the rest of this section, we assume that f is either of type I or of type II
with O_M = (. Let )}f C M be the lift of the CW-complex Xy on M, so that the open cells of )?f
are precisely the unstable manifolds {W~(p) : p € Cr(f)}. Because of the previous Theorem,
and the subsequent Definition of the boundary operator 9 : C* (M, ng) — C’*H(]T/[/, ng), it is
clear that the assignment [O,] — W~ (p) extends uniquely to an isomorphism of Z[I']-cochain complexes
Fp, : C* (M, ng) — C*(Xj). Note that Fj, also fits into the commutative diagram of Z-cochain

complexes

C*(M, V5 f) —22— C*(Xy)
[Op]=[Or ()] W= (p)—»W™ (n(p)) "

C*(M,V,f) —22 (X ;)
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Choosing an admissible basis pair [E, B] for the twisted cellular complex C* (X 7, p) (cf. Definition 5.2.1)),
the map
F}),g = ﬁf,g ® Iy : C*(Ma V§f7pa h) - C*(jzfa p)[Ea B]7 (5439)

is therefore an isomorphism of C[I']-cochain complexes. We claim that it is also bounded, when regarded as
a linear map between the underlying inner product spaces. Consequently, we would obtain an isomorphism
of Hilbert N (T') cochain-complexes

FP® Ny @ Ff : Cloy (M, V5], p,h) = Cloy (X, p)E, B, (5.4.40)
Py e
Fyy K] = FFg” o (319,00 (5.4.41)

To prove the claim, first observe that by Lemma we are free to choose whatever set E of cell-orbit
representatives we like. Specifically, we choose a fundamental domain F C M for the T-action on M ,
representatives P := Cr(f) N F and cell representatives E; = {W~(p) : p € P} that induce by
and isometries of inner product spaces

Vg, 5 C*(Xs.p)Er. Bl - P P calecr,

k=0 pEpk

Uplh] : C*(M,V3f,p,h) = é P criecm.

k=0 pEPk

From the explicit formulas of ¥p[h] and ¥ 5, one easily sees that the map Vg, 5o Ff o (Uplh])~tis

a diagonal matrix of the form

Vg, poFl o (Uplh]) ™" = <]1<C[F] ® Mgp[h])pep : (5.4.42)
which proves our claim. Together with Proposition [4.1.14f and Lemma we conclude that
log (detp(F;jf) )) =3 log | det(ME )], (5.4.43)
peP
log (detp(FJf”f)[lﬂ})) = 3" log|det(ME ). (5.4.44)
PE Py,

Due to Proposition we can now summarize our investigation as follows

Corollary 5.4.12. Let M be a compact manifold, (f,g) a Morse-Smale pair on M, p : T := 71 (M) —
GL(V) a finite-dimensional, complex representation and h a I'-equivariant Hermitian form on MxV d M.
Further, let B C V be a fized basis for V.. Then, there exists a I'-CW-complex )N(f - ZT], along with a
choice of representatives E¢ of cells for )?f, one for each T'-orbit, such that the following results hold:

1. If f is of type I with, one has )N(f =M.
2. If f is of type II with O_M =, the inclusion )?f < Misa I'-homotopy equivalence.
3. The Hilbert N'(T')-cochain complezes C(*Q)(M, Vfg]?, p,h) and Cly ()Z'f, p)|Es, B] are isomorphic.

4. The complex C(*Q)(]Tj, ng, p,fNL) is det-L?-acyclic if and only if C(*z)()?fv p)[Ef, B] is det-L?-acyclic.

In this case, one has

(T(%S(M, Vofsp:h) ) g
log

=) (=)%Y log|det(ME ). (5.4.45)
TG (Xy.p)[Ey, B] kZ:O p;k Bolhd

131



This result emphasizes the fact that the anomaly of (based) cellular torsion and the Morse-Smale
torsion is trivial if one can find an Hermitian form A and a fixed basis B C V that are appropriately

compatible with each other:

Lemma 5.4.13. Let V be a finite-dimesional real vector space of dimension m and let h € GL(V,V*).
For a fired (ordered) basis B C 'V and its dual basis B* C V*, let ¢p : R™ — V and ¢p- : R™ = V* be
the isomorphisms identifying the ordered standard basis with the ordered basis B, respectively B*. Set

WP = ¢zl ohogp € GL(m,R). (5.4.46)
Then, for any other basis C' C V, it holds that
det(hY) = det(h®) - det(ME)?, (5.4.47)

Here, as everywhere else, Mg = gbgl o ¢pc € GL(m,R) denotes the base change matriz.

Proof. Tmmediately follows from the identities (M§. )" = (M&) and h¢ = M§. o h® o ME. O

Definition 5.4.14 (Unimodular metric). Let M be a compact Riemannian manifold and let p : I' :==
w1 (M) — V be a representation on M. Further, let f be a Morse function on M and let M be the
universal cover of M. A metric h on the associated flat bundle E, | M is called unimodular, if for any
basis B C V one has

det(h?) = ¢, (5.4.48)

for some constant ¢ > 0. Here, h is the lift of i on the trivial bundle M x V' J M.

Observe that by the previous lemma, unimodularity of a form h needs only be checked for some
arbitrary basis B C V. In the next subsection, we will show that any unimodular bundle admits a
unimodular metric. For now, let us formulate the most important consequence that can be derived from

the existence of a unimodular metric.

Theorem 5.4.15. Let M be a compact Riemannian manifold, and let p : T = m (M) — V be a det-L>-
acyclic unimodular representation on M. Further, let (f,g) be a Morse-Smale pair on M and let h be a

unimodular metric on the associated flat bundle E, | M. Lastly, assume either that

(a) f is of type I, or

(b) Wh(T') =0 and f is of type II with O_M = ().

Then, we get an equality of torsion elements

T35 (M, N f,p,h) = Ty (M, ) (5.4.49)

Proof. (1): Choose as B an orthonormal basis on the inner product space (V, Epo), where py € Cr(f) is

arbitrarily picked. Since h is unimodular, it follows that

det(hB) = det(hP ) = 1
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for any other p € Cr(f). Lemma |5.4.13| then further implies that
det(MF 1,)? = det(hf) ™" det(h#") = 1

Choose as in Theroem [5.4.10] and Corollary [5.4.12| the CW-complex X; C M, its I'-equivariant lift
Xs C M and the Z[T]-basis of cells Ef on C*(X). Tt then follows that

THS (LY f.p.h)
(
<T0W<X,p>[Ef,B1> Z " 2 log | det(Mg )] =0

(2) PEP;

Assuming either one of the conditions (a) or (b), it further follows that the I'-homotopy equivalence
)A(;f < M is simple. Now since p : I' — GL(V) is unimodular, we may apply Theorem [5.2.10} followed by
Theorem [£.3.12] to conclude that

T( 2) (X, p)[Ef, B] = Té;p(M,P)-

5.4.1 Unimodular metrics

The goal of this subsection is to show that any flat bundle £, | M over a compact manifold M, associated
to a unimodular representation p : w1 (M) — GL(V'), admits a unimodular metric, and to give equivalent
characterizations for such metrics in terms of differential forms. The latter part will prove to be very
valuable when comparing the L2-analytic with the L?-topological torsion of the pair (M, p), as will be
done in the last chapter.

Unless specifically stated otherwise, all appearing complex vector bundles/vector spaces are considered as
real bundles/vector spaces with regards to their natural underlying real scalar multiplication: Let M be
a compact manifold, p: I' := m (M) — GL(V) a finite-dimensional, complex representation of dimension
m and E, | M the associated flat bundle over M associated to p (of real dimension 2m). Let E; 1 M
be the dual bundle and let AQmE; I M the real 2m-th exterior power of Ej. Observe that since E, is
the underlying real bundle of a complex bundle, it is orientable. Equivalently AQmE; 4 M is the trivial
R-bundle over M.

Given a Riemannian metric h € GL(E),, E) and a fixed orientation, we obtain an oriented atlas of £, (i.e.
a cover of M by local trivializations of £, so that the transitions functions have positive determinant),

further allowing us to construct the volume form
on €T(M,A*"E?) (5.4.50)
induced by h. It is the section uniquely determined by the equality
(D5t o op)(x) = det (hij’U(m) BLA .- A bE™ (5.4.51)

for each x € M. Here, B = {b1,...,by,,} C V is a basis of V with B* = {b*,...,b?™} C V* its dual
basis,

UXV—> o

\ / Li=ouly, )V o (B, (54.52)
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is a flat trivialization of F, over U, which naturally induces a flat trivialization on AQWE;)k over U

Ux A2mVF — 20 (APEN)|y
Xl)
U
To see that oy, is well-defined, one has to show that a different choice of basis C' C V', as well as a different
choice of flat trivialization over a point x yields the same element oy, (). This follows from Lemma
together with the fact that, due to orientability of E,, the determinant of a (locally constant) transition
function of two flat trivializations, which have been chosen to lie in the same orientation class, is positive.
Let V be the flat canonical connection on E,. Observe that the V canonically induces a flat dual
connection V* on the dual bundle E; | M, which in turn induces a flat connection A?"V* on the real
line bundle AQmE;, the 2m-th exterior power of E7.
The connection V, along with its dual connection V*, together also induce a canonical connection VHom
on the homomorphism bundle Hom(E,, E;) 1 M. For a Hermitian form h on E, | M, this allows us

to define a 1-Form w(p, h), taking values in the endomorphism bundle End(E,), as well as a C-valued
1-form @(h) = 6(p, h) via

w(p, h) == h"*VH™p € O (M,End(E,)), (5.4.53)
0(p, h) = tr (w(p, h)) € Q' (M). (5.4.54)

As highlighted in the next lemma, 6(h) measures precisely the flatness of the volume form oy,.

Lemma 5.4.16. Let E, | M be the flat bundle over a compact manifold associated to a finite-dimensional,
complex representation p : I' == m (M) — GL(V). Let h be a Hermitian form on E, | M and let
h:C> (M, GL(V,V*)) be its lift to M. Then, the following assertions are equivalent

1. The volume form oy, is flat, i.e. one has A™V*o, =0
2. 0(p,h) =0,

3. h is unimodular.

Proof. (1) < (3) : Observe that the condition A"V*g;, = 0 can be checked locally. Since the flat
connection V on E, pulls back to the trivial connection on MxV d M , the condition A™V*o), = 0 is
equivalent to the equality Do = 0, where o7 € C (M ,A?™V*), denotes the volume form of the lifted
metric h. Fixing a real basis B = {by, ..., by} with B* = {b',...,b>™} the dual basis, one has by
definition

o7 () = det(hP () - b A - - A B2

for each = € M. , from which the equivalence Do; =0 < det(iNLB (z)) = c readily follows.

(1) & (2) : The vanishing of the two forms is a local condition. Therefore, similar as in the previous
paragraph, we will fix a flat (local) trivialization ¢y : U x V' — E*|y and identify oy, respectively 6(h, p)
with their corresponding pullbacks under ¢, i.e. elements in C>° (U, A2™V*), respectively Q!(U). This
way, if U = R" is additionally a coordinate neighborhood of M (so that Q'(U) can further be identified
with C°°(U,R"™)), one verifies via direct computation that for x = (z1,...,2,) € U and B C V a fixed
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basis with B* = {b',...,b*™} its dual basis, one has

on(x) = det(hB(x)) - o' A--- ADP™ € C°°(U, A*™V™), (5.4.55)
O(h, p)(z) = itr(hB(x)*%hB(x)) ~dx; € QYU) = C>(U,R"). (5.4.56)

The result, i.e. the equivalence Doy, = 0 < 6(h, p) = 0 now follows from Jacobi’s formula

0 1 0
o, det(A(z)) = det(A(x)) - tr(A(x) 187%

[61, pp. 149-150], which holds true for any smooth function A € C*°(R", GL(m, R)). O

A(z)) (5.4.57)

Lemma 5.4.17. Any flat bundle E, | M over a connected manifold M induced by a unimodular rep-
resentation p : I' — GL(V) admits a unimodular metric h. In fact, for any basepoint xog € M and any
choice of Hermitian metric h € GL(E,, E%), there exists a smooth function f., € C°°(M,Rxq) with the
property that

(@) fao(z0) =1,
(b) fory € M with h unimodular in a connected neighborhood U 3 y of y, one has flu = fz,(y),

(¢) f+h is unimodular.

Proof. Consider the volume form o), € F(Asz;) induced by h. For any point y € M, choose a smooth
curve 7 @ [0,1] = M with 7, (0) = 2o and 7,(1) = 1. Let P, : A*™E%(x0) — A*™E}(y) be the parallel
transport along 7, with respect to the flat connection A%2™V*. Since o0y, is nowhere-vanishing and P,

preserves orientations, it follows that there exists some constant c(y) > 0, such that

P, (on(0)) = c(y) - on(y). (5.4.58)

We claim that the choice of ¢(y) does only depend on y, and not on the explicit path ~,. Assuming
the claim, multiplying the function f,, : M — Ry with fy,(v) = c¢(y) to h, the induced volume form
of.n = f-op then clearly is flat, which is why f -k is unimodular by the previous lemma, so that (a) — (c)
are satisfied.

To prove the claim, assume that -, : [0,1] — M is another path with initial point zo and end point y.
Let (fy;)*l -y be the concatenation of the two paths. It is a loop based at xg, and therefore determines
an element 3 € (M, o). The corresponding parallel transports P, : A" E%(xz0) — A*™E%(y) and

Ply)-1y, t A2 E5(20) — A*™Ej(20) then fit into a diagram of isomorphisms
2m p*
A" E3 (y)

Py, '\
P,

!
P(w@)*l-“/y v

AQmE; (1?0) AQmE; (Zo)
Moreover,
unimodular
Plyg) 1, (@h(@0)) = | det(p(B))]* - wnlzo) "™ =" wp (o).
It follows that we have an equality of parallel transports P% = P, , readily implying the claim. O
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For the last chapter, we will also need the existence of the following, more refined version of con-

structing a unimodular metric out of a given, partially defined metric.

Corollary 5.4.18. Let E | M be a flat, unimodular bundle over a connected manifold M and U =
|_|Z-€I U, C M a subset with each U; open and connected. Let xo € Int(M \ U) and z; € U; for eachi € I
be chosen basepoints with curves ¢; C M connecting xg to x;. Further, let %0 be a Hermitian metric on

E,, and i?z a Hermitian metric on E,, satisfying
det(h; - P2, (ho) ") =1, (5.4.59)

where P, : GL(EIO,Eizo) — GL(Ezi,Ei;i) denotes the parallel transport along the curve ¢;. Then, for any
unimodular metric | | h; on E|y extending |_|lz, there exists a global unimodular metric h on E further
extending | | h; U 7L0.

Proof. Choose some extension h’ of | | h; U EO on M. With f;, : M — Ry the smooth function defined

as in the previous lemma, the form h := f,, - A’ is the desired unimodular extension of | | h; U EO. O

5.5 Applications to the representation bundle E? | H"

Let H" be hyperbolic n-space for n odd, let G := Isom™ (H") and let E” | H" be the flat, canonical,
Hermitian bundle associated to an irreducible, complex, m-dimensional representation p : Ge¢ — GL(V).
For a fixed non-uniform lattice I' C G, R > 0 and w > 0, let Mg, Cr and Tg be the complete, [-invariant
submanifolds associated to it, as constructed in Section[2:3] In the same section, we have constructed a

G-equivariant metric h, on E° | H".

Lemma 5.5.1. The metric h, is unimodular.

Proof. For a point x € H" and a fixed ordered basis B C V, the matrix hpB(x) € GL,,,(C) =2 GLay, (R) is
defined as

hB (x) = ¢+ 0 hy(2) © o € GL(C) = GLoy (R), (5.5.1)

where ¢p : C" — V is the isomorphism identifying the ordered standard basis of C™ with the ordered
basis B. In order to show that h, is unimodular, it suffices to show by definition that for any two points

z,y € H", one has
det(hf(m)) = det(hf(y)). (5.5.2)

To this effect, since G acts transitively on H", there exists v € G with y = v.x. Since h,, is G-equivariant,
it follows that
ho(x) = p(7) 0 hp(y) © p(7), (5.5.3)

where p: Gc — GL(V*) is the representation contragredient to p. As p is unimodular, one has

| det(p(7))] = | det(p(7))] = 1. (5:5.4)
The desired result now can readily be derived from [5.5.1] [5.5.3] and [5.5.4] O
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Theorem 5.5.2. The unbased topological L?-torsion of the pair (I'\H", p) can be defined. The same is
true for (I\MRg, p), for any fized (arbitrary) R > 0.

Further, let (f,g) be a Morse-Smale pair on the compact quotient T\Mp which is either of type I or of
type II with O_Mpr = 0. Let (f, g) be the lift of (f,g) to Mgr. Then, the associated L?-Morse-Smale
cochain complex CEKQ)(MR, ng, p,hy) is det-L*-acyclic. Finally, we have an equality of L*-torsions

T(2 (F\MRy Vol pshp) = (2) P(T\Mkg, p) = (2) PC\H", p). (5.5.5)

Proof. Let X be some CW-structure on I'\ My and X its lift onto M R Corollaryand Theoremm
together show that the the associated cellular L2-cochain complex C(*Q) ()2 ,p) is det-L2-acyclic. Moreover,
since T is the fundamental group of the complete, non-positively curved, locally symmetric space I'\ H",
one has Wh(I') = 0 by [36, Proposition 0.10]. Now observe that the inclusion I\Mp — T'\H" is a
homotopy equivalence, which is why x(I'\H") = x(I'\Mg) = 0, since '\ My is odd-dimensional with
toroidal boundary. Therefore, the pair (I'\ H", p) satisfies all assumptions of Definition which is
why the unbased topological L2-torsion 175" ) P(T'\H", p) can be defined, so that

T (T\H", p) = Ti5y"(T\Mg, p). (5.5.6)

Finally, recall that have shown in the previous lemma that %, is unimodular. Together with Wh(I") =0
and x(I'\Mg) = 0, it follows by Theorem [5.4.15| that for a Morse-Smale pair (f,g) on I'\Mg, such that
f either of type I or of type II with O_M = @, one has

T(2 (F\Mva f7p7 ) TTOP(F\MRv )7 (557)

as desired. O
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Chapter 6

The L-Cheeger-Miiller theorem on

manifolds with boundary

The goal of this chapter is to prove that for a compact manifold-with-boundary M and a unimodular
representation p : w1 (M) — GL(V), the combinatorial L?-invariants that we have defined in the previous
chapter essentially agree with their analytic counterparts, as introduced in Chapter 4. For the associated
Betti-Numbers and Novikov-Shubin invariants, the relevant result is Theorem which states an
honest equality of the combinatorial and analytic versions without any further conditions, holding even
if p is not unimodular. For the associated L?-torsions, however, unimodularity of the representation p
becomes essential. Only then, we can find a unimodular metric h on the associated flat bundle £, | M
with associated flat volume form oj. Given some Riemannian metric g on M, we will show that flatness of
this form implies that the anomaly log(T(‘;‘;I(M, 0,9,h)) —log(Té)Op(M7 p)) depends only on the restriction
of g near M and the dimension of the representation p. This will also provide us with the final ingredient

in the proof of Corollary [C]and Theorem [E] which are carried out in the last section of this chapter.

6.1 Preliminaries

By asystem D = (E | M,g,h,X), we will always mean a set of data consisting of a flat, complex vector
bundle E | M over a smooth manifold M, along with a Riemannian metric g on M, a Hermitian form h
on E and X either a vector field or a complex-valued function over M.

Given a uniform lattice I' < Isom(M,g), such a system D is called I'-invariant if in addition, the
isometric action of I' on (M, g) leaves X invariant and extends to an action of bundle isometries on the
metric bundle (E,h) | (M, g). Observe that I'-invariant systems on M are precisely the lifts of systems
defined over the compact quotient M/T.

Throughout this chapter, we will frequently form products of systems: Given for ¢ = 1,2 two systems
(E; L M;, gi,hi, X;) with X; either both vector fields or functions, one obtains a new system (E;®E, |
My x My, g1 @ go, hi®ho, X1 + X5), where My x My is the product manifold equipped with the (direct)

sum metric g1 @ g2, X1 + X5 is the sum of the two vector fields or functions, and
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o E1®Fy | My x M, is defined to be the flat tensor product bundle i Ew @75 Ey | My x Ma, where
m; » My x My — M; denotes the projection onto the i-th factor. Here, the flat structure we choose

is the canonical one induced by its flat factors =} E;. Moreover,

o hi®hy = mih1 ® w3 ho is the tensor product of the respective pullback Hermitian forms.

The main focus of our attention will be Morse-Smale systems, which are by definition systems D =
(E |l M,g,h,Vgf) with (f,¢") a Morse-Smale pair.

Definition 6.1.1. A Morse-Smale system of the form D = (E | M, g,h, Vg f) will be called a type II
Morse-Smale system if (f, ¢’) is a type II Morse-Smale pair with absolute boundary conditions. Recall
from Definitions and that this means that the following conditions are satisfied:

(II1) For any 0 < k < n and any p € Cri(f), there exists (pairwise disjoint) coordinate neighborhoods
¢p : Up—R" of p disjoint from OM, with ¢,(p) = 0 and such that we have (f o d);l)(xl, ey X)) =
Fp) = 5% + . af) + g(afpy + -+ ad).

(I13) The pullback metric ¢5(ggr) of the standard Euclidean metric on R" equals ¢'[y, .

(II3) There exists a collar neighborhood U of 9M, disjoint from UpECT( #) Up, along with a diffeomorphism
thg 1 OM x[0,€) — U, coming from the normal exponential map induced by ¢’, so that (fo¢)(p,t) =
b —t with b = max(f) € Z (In particular 9M C f~1(b) and Cr(f) N OM = 0).

A type IT Morse-Smale system is of product form, if

(Py) g is a product near OM: There exists a collar neighborhood V of 9 M that is the diffeomorphic image
of the normal exponential map v, : 9M x [0,€) — V induced by g, such that ¢*(glv) = glor ©dt?,

where dt? denotes the standard Euclidean metric on R.

(P) The isometry 1, further extends to a flat bundle isometry
U : (Elom®Fc | OM x [0,1), hlop®1c) = (Elv | V, hy).

Here, Ec | [0,1) is the trivial 1-dimensional vector bundle over [0,1) (with trivial connection),
Elom®Ec | OM x [0,1) denotes the flat, complex product bundle as introduced in the previous

paragraph and h¢ denotes the canonical constant Hermitian form on Fg.
A type IT Morse-Smale system of product form is called weakly admissible, if

(A1) M is compact.
(A3) One has g = ¢’ near Cr(f) and outside from a neighborhood of OM.

(A3) For each p € Cr(f), the isometric embedding ¢, : (Up, ¢'|u,) — (R", ggn) extends to flat bundle
isometry @, : (E|y,,hly,) — (C™ xR", hem). Here, as everywhere else, hcm denotes the ordinary

(constant) inner product on C™.
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Finally, a weakly admissible system D is called admissible if the following extra compatibility condition

is satisfied:
(A4) hloar is unimodular.

A T-invariant system D = (E | M, g, h, V4 f) that is the lift of an admissible, respectively weakly admis-

sible system on the compact quotient M /T is called I'-admissible, respectively weakly I'-admissible.

Observe that a weakly admissible system is a Morse-Smale system on a compact manifold M with
special local conditions on the Riemannian metric ¢ and Hermitian form h near OM and the critical
points of f, while for an admissible system, we additionally demand a global condition on hlgp;. In
particular, it follows from the discussion laid out the previous chapter that any flat bundle £ | M over a
compact manifold fits into some weakly admissible system D = (E | M, g, h, V4 f), which can be chosen
admissible if and only if the restriction bundle E|gys | M is unimodular.

We now describe for a general Morse-Smale system D = (E | M,g,h, Vg f) with M compact the
construction of the relative L?-torsion R(D) € R, provided that E | M is determinant class. Let

Cloy (M, Vg f,E.h) = Cly (M, Vg f,p, ) (6.1.1)

be the L2-Morse-Smale complex defined as in Lemma (because the comparsion with the analytic
torsion is key for this chapter, we suppress the representation p from the notation and replace it by the
flat bundle F associated to p). Assuming that f has range [a, b], we define

f~Ya)nOM fis of type II,

O_M: = (6.1.2)
0 else.

Note that O_M = @ whenever D is admissible. We now let Wl’i*(M 78/_\]_\//[ ,E,ﬁ, 71) be the (relative)
Sobolev cochain complex defined in as Proposition for I > 3n/2 + 1 and set

Int* : Wy, (M,0_M,§, B, h) = Clyy (M, Vg f, E, h), (6.1.3)
It (o) == ) ( / o) ®[p] oeWr, (6.1.4)
PECV‘}C(JT) W)

to be the C[I']-equivariant map given by integration of Sobolev forms over unstable manifolds. Here, the

integral fw,(p) o € E, makes sense, since

« w € C'N L? by the Sobolev inequality, which is why the left-hand side is finite. Moreover,

« we can, and do, identify o|y - (,) with an Ej,-valued Cl-form over W~ (p) under a flat, canonical
bundle trivialization E|y -,y = E, x W~ (p). This trivialization is induced by parallel transports
along curves starting at p and entirely contained within W~ (p) (since W~ (p) is contractible, the

result does not depend on the explicit choice of curves).

By a result of Laudenbach |12, Appendix, Proposition 6], Int* is a cochain map. Let 7* : ker(d},4) —

H(*g)(ﬂ, Vglf, E,Tl) be the projection of the kernel of the L2-Morse-Smale boundary operator onto the
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corresponding L2?-Morse-Smale homology. By a theorem of Dodziuk [29], extended by Schick [85] to
manifolds with boundary and by Shubin [90] to non-unitary bundles, the map

O : My (M,0_M.§,E,h) — Hjy (M, Vg f,E,h), (6.1.5)

defined as the restriction of 7*oInt™ onto the closed subspace of W;"_, (M E.3, ) h) of (relative) L2-harmonic
forms is an isomorphism of finitely generated Hilbert A/(I')-modules. Define the metric L?-torsion
T(]gEt(EiM 9,h, Vg f) € Rxg of the system (E | M,g,h, Vg f) as

o0 o0

€ 1 *
log TH " (E L M,g,h, Vg f) = (—1)" logdetr(0") = 3 > (=1)* log detr ((©%)*0F). (6.1.6)
k=0 k=0

Note that since ©F is an isomorphism, log detr(©F) is always well-defined. Assuming that £ | M is of
analytic determinant class, we define the Ray-Singer L? Torsion T(Q) (E) M,g,h,Vygf)€eRsgas

log TS (E | M, g,h,Vy f) =

An
<T(2) (Bl M,0_M,g,h) ) 617

TM(E L M,g.h,Vy f)

where TA”(E L M,0_M,g,h) € Ry is the analytic torsion that was introduced in Of course,
if ’H*(M,a_M,g,E,h) = 0, ie. if E | M is L?-acyclic, then TM”( 1L M,g,h,V, f) = 1, so that
Tg)S(E L M,g,h,Vgf) = T(“Q‘;L(E $ M,0_M,g,h). Assuming that E | M is also of combinatorial
determinant class, the L2-Morse-Smale Torsion TM S(E LM, h, Vg, f) (see j is well-defined. This
allows us to define the relative L?-torsion R(’D) € R of the corresponding Morse-Smale system D =

(B M,g,h,Vyf)as
R(D): =

RS ,
<T<2) (EL Mg, 1,V f)> . (6.1.8)

THS(M, Yy f, B, h)

We will show in Theorem that the condition F | M being of analytic determinant class is equivalent
to E' | M being of combinatorial determinant class. Therefore, we are justified to say that E | M is of

determinant class whenever either determinant class condition (and therefore both) is satisfied.

Remark 6.1.2. It should be mentioned that the relative torsion R(D) € R can be defined even if the
corresponding bundle E | M is not of determinant class. In that case, the individual terms T(%g (E |
M,g,h, Vg f) and T(%S(E L M,g,h, Vg f) are not real numbers, but non-vanishing vectors in the same
orientation class of a particular 1-dimensional real vector space. Therefore, their quotient yields a positive
real number, which is why R(D), the logarithm of the quotient as above, is still well-defined. It can be
shown that the main Theorem [6.1.5]still holds in this case. We refer to [20], [102] and [16] for a detailed

study of L2-torsion without the determinant class conditions.

Our goal is to derive an explicit formula the relative torsion R(D) of a given Morse-Smale System
D=(E|M,g,h,Vgf) for which h is a unimodular metric. We will do so by first finding a formula in
case that h is not necessarily unimodular, but D is admissible.

In order to formulate these results, we need to introduce the notion of a local quantity: Let M be a smooth
manifold of dimension n. The orientation bundle Op; | M is the real line bundle, whose fiber Oy, at
a given x € M is the real vector space generated by the set of two orientations on the tangent space
T, M, subject to the (sole) relation [-B] 4+ [B] = 0 € O, M for any basis B C T, M. It has the natural
structure of a flat vector bundle over M and is isomorphic to the trivial line bundle if and only if M is

orientable. In particular, we obtain a twisted de Rham complex Q*(M, Oyps). The top-dimensional forms
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in Q"(M,Oypy) are called densities over M. Perhaps the essential feature of the orientation bundle is

that densities can be integrated over M. Namely, there exists a well-defined R-linear integration map
/ Q" (M, 0pn) = R (6.1.9)
M

that coincides with the usual integration whenever M is orientable (and thus Oy =2 R x M), cf. [15] pp.
85-88]. Moreover, given any smooth embedding f : M — N between two manifolds, the pullback
bundle f*Opy can canonically be identified with Op;. Therefore, any such map induces a pullback
f* Q5 (N,On) — Q*(M, Oyy) that is in fact even a chain map.

Given two systems D; = (E; | M;, gi, hi, X;), an isometry ¢ : (M7, g1) — (Ma, g2) between the underlying
Riemannian manifolds that satisfies ¢* X5 = X; and extends to a flat bundle isometry ® : (Ey,h;) —

(E9, ha) is called an isomorphism between the systems.

Definition 6.1.3 (Local Quantity). An assignment of a form o = «a(D) € Y, where either ¥ =
O (M,Op), or Y = QU1 OM,Oppy) for any system D = (E | M,g,h,X) is called a local quan-
tity of D if it satisfies the following compatibility conditions:

1. For any open subset U C M, it holds that «(D|y) = a(D)|v.

2. If ¢ : M7 — M, is an isomorphism between two systems D; = (E; | M;, g, hi, X;) (for i = 1,2),
then ¢*a(D3) = a(Dy).

For any system D = (E | M, g,h,Vy f) with (f,¢') a Morse-Smale pair, we will now construct a local
quantity of the derived system D = (E|ypcr(p) + M\ Cr(f), g, h, Vg f) that constitutes an integral part
in the analysis of the anomaly between L?-Ray Singer and Morse-Smale torsion.

First off, as carefully explained and constructed by Bismut and Zhang in |12, Section 3], the Levi-Civita

connection of the Riemannian metric g gives rise to the Mathai-Quillen Current
U(M,g) € Q"1 (TM \ M, Orn). (6.1.10)

Here, we have identified M C T'M with its zero section inside TM. For the Morse-Smale pair (f,g’),
the corresponding gradient Vg f thus determines a smooth embedding Vg f : M\ Cr(f) — TM \ M.
As explained in the previous paragraph, it follows that the pullback Vg f*W (M, g) yields an element of
Q=Y (M \ Cr(f),On). Wedging with the 1-form §(h) € QL (M) as defined in we obtain a density
over M \ Cr(f)

O(R) AV g f*U(M,g) € Q" (M \ Cr(f),Oum). (6.1.11)

This allows us to, at least formally, define the integral
/ O(h) AV f*U(M, g) ::/ 0(h) AV f*U(M, g). (6.1.12)
M M\Cr(f)
Note that since M \Cr(f) is not compact (unless Cr(f) = 0), the integral need a priori not converge. That
this indeed always case has been shown in [12], as an immediate consequence of their main result. More-
over, one can verify either from its explicit construction as done in [12] or immediately from |20, Section
4], that 0(h) AV f*W(M, g) is a local quantity of the system D = (E|ypncrir)y + M\ Cr(f),9,h, Vg f),

as claimed. The theorem that we wish to generalize is the following result by Zhang:
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Theorem 6.1.4. [102, Zhang, '04] Let D = (E | M,g,h, Vg f) be a system with (f,g') a Morse-Smale
pair and M closed. Then

R(D) = —% /M O(h) AV g fU(M, g). (6.1.13)

With aid of the above theorem, we will derive a similar result in case that M is odd-dimensional with

non-empty boundary:

Theorem 6.1.5. Let D = (E | M,g,h,Vy f) be a type II Morse-Smale system of product form, where
M is an odd-dimensional manifold and h|gr is unimodular. Further, assume that both E | M and

Elon | OM are of determinant class. Then

R(D) =~ 52\ (oM) dim(E) ~ /M 0(h) AV 0 f*U(T M, g). (6.1.14)

Remark 6.1.6. Similarly as in the unitary case (cf. |21, Theorem 4.1]), there is also a version of Theorem
for relative/mixed, instead of absolute boundary conditions as we assume here throughout. The
proof presented here carries over to this case with only minor modifications. Although not relevant for
this thesis, this generalization will provide to be useful when one wants to extend the glueing formula

[21, Theorem 4.3] to non-unitary bundles, which could in turn be used for future computational purposes.

Example 6.1.7. Set I = [a,b], and let E¢ := C x[I be the trivial 1-dimensional complex vector bundle
over I. As metrics, we choose gy to be the standard Euclidean metric and hy the canonical constant
Hermitian form, i.e (z,2")py) = 2z for any € I and any pair z,2/ € C. Further, we choose as

Morse-function a smooth map fy : [a,b] — R satisfying

« fo(z) = 3(z — (b+ a)/2)? away from a neighborhood of {a, b},

o fola+te) = fo(b—te) = b —te for all ¢t € [0,1] and some small € > 0, and so that

o (b+ a)/2 is the only critical point of fj.
One now easily verifies that Dy := (E¢ | I, go, ho, Vg fo) is an admissible system and that E¢ | I is of
determinant class. In fact, we can directly compute the corresponding analytic and combinatorial torsion
elements. This computation will also be essential for the proof of Theorem [6.1.5] Firstly, since fo has

by construction only one critical point, the corresponding Morse-Smale complex has only one non-trivial

chain module, immediately implying that
log T(5\° (1, 9o, ho, F, fo) = 0. (6.1.15)

Similarly, it follows that the de Rham integration map

b
Int* : Q*(I, F) = Cirs(I, go, ho, F fo) = C® [ i a]

2

is only non-trivial on Q°(I,F) = C*(I,C), on which it is defined by
w1 (52)o 2]

b—l—a]

Therefore, the isomorphism

®O:H°(I,]:)—>(C®[ 5
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obtained by simply restricting Int® to the space of harmonic, i.e. constant, functions, maps the function
f=ctoc® [HT“] Since the inner product on C ®[b+7“] in the canonical one determined by h¢ and the

inner product H°(I, F) is induced by integration over the interval I = [a, b], it follows that the adjoint

b+a

O :Cw® [ ] — HO(I, F)

sends ¢ - [2£%] to the constant function f = c¢(b — a)~!. Therefore, the composition (6°)*©° is simply

scalar multiplication by (b — a)~!, from which we deduce that
1 1
logT(]g)et(DI) =3 log (det((6°)*0%)) = —3 log(b — a). (6.1.16)

In order to compute the analytic torsion, observe first that, under the isometric identification Q! (I, F) =
C*°(I,C) with f(x)dz + f(x), the Laplacian A; defined over Q!(I, F) corresponds to the closure of the
elliptic operator _86722 with initial domain {g € C*° : ¢’ =0 on {a,b}}. It is well-known, see for example

|94, Section 4.2] for each n € Ny that

0? n2m?

spec(Aq) = spec(—@) = {l—2 :n € No}t,

with [ :== b — a (and eigenspace of n?72/I?> the C-span of cos(nz/l(x — a)). Therefore, the Zeta function
Ca, (8) of Ay satisfies

oS () (O S () e

where ¢ denotes the ordinary Riemann Zeta-function. Applying the well-known equalities ¢(0) = —% and

¢’(0) = —3 log(2), we can thus compute

log TAY(Dr) = %g’AI (0) = —% (log(2) + log(b — a)) (6.1.17)

From [6.1.15H6.1.17] we get
=0

b
B2 B2 (aut)) — 5 [ B AV fo) WTT, o), (6.1.18)

R(Dr) = — 5 1

The main part of this chapter is devoted to the proof of We will adapt the techniques and
strategy developed by Burghelea, Friedlander and Kappeler in [21] to our situation of non-unitary bundles,
together with employing several known anomaly results that have been shown since. We remark that
Theorem has also recently been verfied in an (as of now) unpublished paper by Guangxiang Su,
employing techniques and methods different from the ones that we are using. Theorem together
with the main results established by Briining and Ma in 18], Zhang and Ma in |60], and Zhang in [102],

are then used to prove the next key result of this thesis:

Theorem 6.1.8. Let (M, g) be a compact, connected, odd-dimensional Riemannian manifold with Wh(w(M)) =
0. Then there exists a density B(g) € Q"Y1 (OM, Oanr) with B(g) = 0 when g is product-like near OM,

such that the following holds:

Let p: m (M) — GL(V) be a complez, finite-dimensional representation, such that

(a) p is unimodular and det-L*-acyclic,
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(b) the restriction E,|aon | OM of the flat bundle E, | M associated to p is of determinant class.

Then, for any choice of unimodular metric h on E,, one has

TAME, | M,g,h) 1
1 @ ° — —di B(g). 1.
© ( TP (M, p) 5 dim(p) /d y (9) (6.1.19)

In particular, for i = 1,2 and any two representations p; : w1 (M) — GL(V;) satisfying the above asser-

tions, it follows that

TAYE,, | M,g,h TAY(E,, | M,g,h
(2)( P1 1)) :dim(pﬂlog( (2)( P2 2) 7 (6.1.20)

dim(p2) log ( - -
Té)p(Mapl) T(T;)p(MaPZ)

for any choice of unimodular metric h; on E,, | M.

Remark 6.1.9. Observe that the statement is vacuous in the case that M possesses no such represen-
tations. In particular, this is true whenever (M) # 0, since then, no representation can be L2-acyclic
(cf. [54, Theorem 1.35]).

Proof. Let p be a representation satisfying the assumptions from the theorem. By the previous remark,
we must have

0=x(M)= %x(f)M)a (6.1.21)
where the last equality follows since M is odd-dimensional and compact.
Choose a Morse function f on M of type II, along a Riemannian metric ¢’ on M that is a product near
OM and so that (f,g¢’) is a Morse-Smale pair. By Lemma we may also choose a unimodular
metric b’ with h'|gar = hlon and so that D = (E, | M,¢’,h/, f) becomes an admissible system (in
particular, A’ is of product form near OM). First, since A’ is unimodular, E, | M is det-L2?-acyclic and
Wh(m(M)) = 0, we obtain from Theorem that

T (B, L M1 Vg f) = T (M, p). (6.1.22)

Furthermore, we can apply [6.1.21} and Theorem to this situation and obtain

An NG

THS(E, | MW, Vg f)

Next, choose a type I Morse function f' : M — R on M. As E, | M is by assumption L?-acyclic,

we have T(g‘;l(Ep 1 M,g,h) = Tg)s (E, | M,g,h, f') and analogously T(ggl(Ep L M, ¢ 1) = T(Ig)s (E, |

M, g’ 1, f"). Moreover, by the main result of [60], we have the equality of Ray-Singer anomalies

( T4 (E, L M.g.h) ) ~ log ( TS (E, L M.g.h.f) ) o (G B L g )

= . (6.1.24
T (E, L M./ ) T (B, L Mg 1, ) TRS(Ep¢M,g',h',f')) (o120

Here, TES(E, | M, ¢',h’) is the (ordinary) Ray-Singer-metric as originally introduced in [12, Definition
2.2] and first extended to manifolds with boundary in [19]. Further, it is shown in |18, Theorem 3.4] that
there exists a density B(g) € Q""1(OM, Ogpr) with B(g) = 0 whenever g is also product-like near M,
so that

TRS(E, 4 Mog,h ) 1
e (TRS<Epp¢ M,g',h',f'>) R ey (61.25)
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The density B(g) is constructed as in |18, Page 1103]. It depends only on the local geometry of (OM, gloar)
inside (M, g).
Using [6.1.22[—[6.1.25] , we finally obtain

(T(‘z‘mm,g,m)_bg(TA"(E L M.g, ’>+1 ( TAN(E, | M, g/, 1) )

T (M, p) TE (B, 4 M, 1) THS(E, L MWV, )

=1 TRS(EP\LM7gah7f/)
; TRS(E, | M,g'. IV, ')

as desired. ]

) ~Lamp) [ B, (6.1.26)

2 oM

6.2 Product formulas, determinant class and subdivisions

As hinted towards in the introduction, given two Morse-Smale systems D; = (E; | M;, g;, hi, Vg fi) for
i = 1,2, an integral part of our methods will involve considering the product system Dy x Dy = (E1®E |
My x My, g1 X g2, hi®ha,V g, xgh +(f1+ f2)) and derive meaningful information of Dy x D in terms of D,
and D-, and vice versa. Throughout, we assume exclusively that M; has non-empty boundary and M,
has empty boundary. In this case, a problem that we have to address is that a product of two type II
Morse-Smale systems need not be a type II Morse-Smale system anymore.

The problem is due to the fact that the Morse function f; + fa is not necessarily of shape (I13) as in
Definition anymore (in particular, it is not necessarily constant on the boundary 9(M; x Ms) =
OM; x Ms). This can be remedied by deforming f1 + fo in a sufficiently small neighborhood of 9M; x My
to be of the type II shape as described in Definition [6.1.1] which can be arranged in such a way that the
resulting Morse function, denoted henceforth by f1 + fa2, equals f; + f> outside of a small neighborhood

of OMj x My, has the same critical points as f1+ f2, the same gradient trajectories with respect to Vg 4

and the same unstable cells. We denote the resulting modified product system by
Dy X Dy == (Ex®Ey | My x M, g1 X g2, hi®ha, Vg (f1 + f2)), (6.2.1)

and observe that D; x Ds is of product form, respectively weakly admissible whenever both D; and D,
are of product form, respectively weakly admissible. Moreover, under the assumption that both M; and

My are compact, it follows immediately from the construction of f; + fo that the Morse-Smale cochain

complexes corresponding to Dy X Dy and Dy x Dy are the same (as Hilbert A/(I")-cochain complexes).

This immediately implies that
log T(5)" (D1 x Dy) = log T(5)* (D1 x Da). (6.2.2)

In case that F | M is of determinant class, we also get

log T(5)° (D1 x Dy) = log T(5)* (D1 x Dy), (6.2.3)
log T(3} (D1 x D3) = log T(3" (D1 x Dy). (6.2.4)

Still, to obtain an admissible system from two admissible systems D; and Ds, we need to ensure that
h1®hs is unimodular near dM; x M,, which can only be guaranteed if we assume additionally that hsy is
(globally) unimodular. For our purposes, this will provide no restriction at all, since we will always form
products, where Es | Ms is in fact a unitary bundle and hy is an associated unitary (and flat) metric.

Summarizing, we have the following:
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Lemma 6.2.1. For, i = 1,2, let D; = (E; | My, gi, hi, Vg fi) be two type II Morse-Smale systems with
OM; # 0 and OMs = 0. Then the modified product system system Dy x Dy as m 18 also a type II
Morse-Smale system. Moreover, if both D1 and D2 are additionally of product form/weakly admissible,
then also Dy x D is of product form/weakly admissible. Lastly, if both D1 and Dy are admissible, so that

ho is globally unimodular, then Dy X Dy is also admissible.

The first product formula that we state is as follows:

Proposition 6.2.2 (Product Formula 1). For i = 1,2, let D; = (E; | M;, gi,hi, Vg fi) be two type II
Morse-Smale systems with My compact, OMy # O and with My closed. Then the type II Morse-Smale

system D1 X Dy is also of determinant class and we get

1. log T3 (D1 x D2) = x(Mu, E1) log T3 (D2) + log T (D1)x(Ms, Es),

2. log T(y)* (D1 x Da) = x (M, E1) log T(5\*(D2) + log T\ (D1)x (M2, E»),

3. log T(5)* (D1 x Dy) = x(My, E1) log T5)* (D2) + log T(5)* (D1)x(Ma, E2),

4. R(Dl X Dg) = X(Ml, El)R(Dg) —+ R(Dl)X(MQ, EQ)

Proof. (1) — (3): If we replace Dy x Dy by the genuine product system D; X Da, the equalities are well-
known. Namely, the proofs presented in |21, Proposition 1.21, Proposition 4.2] can be copied line by line,
after changing the definition of A™%(M, ) to be the C*-closure of d (Qq'*‘l(M7 OM, E)) Now apply
6.2.216.2.4] (4) is an immediate consequence of (1) — (3). O

In addition, we will need to analyze the behavior under taking products of the local quantities in-
troduced in the previous section. Here, the assumption that the Hermitian forms are unimodular at the
boundary becomes essential.

For this, note first that we have a natural embedding Q*(M7) ® Q*(Ms) — Q*(M; X Ms) (which is dense
under the natural C*°-topology). By passing to local trivializations over coordinate charts, one easily
sees that the 1-form §(hy®hs) lies in Q* (M) ® Q*(Ms) and is of the form

0(h1®hs) = 0(hy) @ dim(Ey) + dim(E;) @ 0(hy). (6.2.5)

Furthermore, it has been shown in [20, pages 63-64] (see also |12, Chapter 4] or |13, Theorem 2.7] for
additional details) that

Vyrsgy (fr + f2) (T (My x My), g1 X g2)) = (Vg [1)"U(T My, g1) ® e(T Ma, go)
+e(TMi,91) @ (Vg f2)" U (T M2, g2) (6.2.6)

on My x Ma\Cr(fi+ f2) = My x Ma\Cr(f1) x C(f2). Here, for a Riemannian manifold (M, g), the Euler
form e(M, g) € QU (M, Oy,) is a density defined using Chern-Weil theory. It has the property that
e(M, g) = 0 whenever M is odd-dimensional. Moreover, if M is closed, it is a representative of the Euler
class of the tangent bundle TM | M. By the Gauss-Chern-Bonnett theorem, it then follows that

/ e(M,g) = x(M), (6.2.7)
M
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if M is closed. We refer [18, Page 1103] for an explicit formula for e(M, g).
Combining with we get

O(h1@h2) AV greg (fi + f2)"U(T (M1 x Ma), g1 X g2) = 0(h) A (Vg f1)"U(T My, g1) @ dim(E)e(T Mz, g)
+ dlm(El)e(TMl, 91) X H(hg) AN (Vgé fz)*\I’(TMg, gg) (628)

on My x My \ Cr(fy x fo). Here, we have used that (h;) A e(TM;, g;) € QEmMI+L(AL, Oy) = {0} for
both ¢ =1,2.

Lemma 6.2.3 (Product Formula 2). For i = 1,2, let D; == (E; | M;,gi,hi, Vg fi) be two type II

Morse-Smale systems of product form, so that both hilaar and he are unimodular. Then it holds that

0(h1®h2) AV gr g (f1 + f2) " ®(T(My x Ma), g1 X g2),
=0(h1) A (Vg f1)"U(T My, 91) ® dim(E2) - e(T' M2, g2) (6.2.9)

on all of M\ Cr(f1 + f2). In particular, if either My is odd-dimensional or hy is also unimodular, then

O0(h1®h2) AV g1 g (f1 + f2)*®(T(My x My), g1 X g2) = 0. (6.2.10)

Proof. Due to the assumption that hi|gp;, and he both are unimodular, it follows from that
hilonr, @he determines a unimodular metric on the restriction bundle Ela(vy xmz) = Elans, xa,- Since

the system D; is of product form, this allows us to choose a small neighborhood U of M, so that
6(h1) =0 on U. Together with Equation and 6(hg) = 0 everywhere on My, we deduce that

0(h1®hs) =0 on U x Ms. (6.2.11)

By choosing U smaller, if necessary, we also have by construction f; + fo = f1 + fo on (M; \ U) X My,

and therefore the equality of gradients

Vyixg,(fi + f2) = Vs, (f1 + f2) on (My \ U) x M. (6.2.12)
The result now follows from [6.2.11] [6.2.12] and the product formula O

Apart from considering products of systems, we will also have to investigate in the anomaly of the
relative torsion that arises when changing the metrics of a given system. In fact, we will only look at
anomalies under the assumption that the metrics are left unchanged in a neighborhood of 9M. The propo-
sition below covers this situation, generalizing |20, Proposition 5.1,5.2] onto odd-dimensional Manifolds

with boundary with product metrics near OM.
Proposition 6.2.4 (Metric anomaly with boundary conditions). Let D; = (E | M, g;, h;,Vyf) for
i =1,2 be two Morse-Smale Systems with M odd-dimensional, such that either

1. near OM, g1 = g2 are of product form and hi|gar = halon, or

2. near OM, g1 and go are of product form (although possibly distinct) and hi|op = halon is unimod-

ular.

Then

R(D1) = R(Dy) = Y (=1)™® log (det(hy (p)~" o ha(p))) - (6.2.13)
peCr(f)
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Proof. First, observe that
D1) TMe(Dy) TMS(Dsy)
(2) (D1 (2) 2 (2) \F2
R(D;) — R(D log | =22 ") +log | =2 | +log | —L—""]. 2.14
(D1) = R(D2) = log (Tm (Dg)) +log <T(M2)et(z>1) +log TMS(Dy) (6.2.14)

Furthermore, we have

Me n
M — (_1)’f log <(16tr(6’2€)> (6.2.15)
T (Dy) detr(0F) )

k=0

where ©F : ’H*(/J\Z,@-,E,f;) — H(* )(M,E,hi,ng) are the isomorphisms of finitely generated Hilbert

N (T')-modules as defined in We let
Uy pay ¢ Hipy (M, Vg, E, hy) — Hiy (M, Vg f, E, hs) (6.2.16)

be the isomorphism of Hilbert A/(I')-modules induced by the (not necessarily unitary) identity map
I SNE 0(2)(M % f E hg) — C’E"Q)(M,ng,E,hl). Also, we let
T H (M, Ga, E, ha) — H*(M, 1. E, ) (6.2.17)

be the isomorphism of Hilbert A/(T")-modules making the diagram below commute.

—~ ~ —~ @* —~ ~ o~ ~
H* (M, G, B, h) — Hpy (M, V5f, B, h)

T*T [0 (6.2.18)
—~ ~ @ ~ o~ —~
H*(MmglanhQ) 4> H(*Q)(Mvvﬁf7Ea hQ)
By Proposition [f.1.14] it follows that
detp( )detp( [h1, hg]) = detp(@ ) detr(@z) (6219)
Therefore, Equation decomposes into
TMet (DQ) n n
2
log % = Z( 1)* log det(7%) + Z )% log det (1L [h ha])- (6.2.20)
Ti)"(Dy) k=0 k=0

By Proposition [£.1.40} we have
n TMS (Dy) .
> (=1)" logdet(1f;, ) + log (T(M)S(m = 37 (~1)™@ log (det(hy (1)1 0 ha(p))) . (6.:221)
k=0 2 peCr(f)
For the remaining term, it is due to the main Theorem of [60] that we have an equality
TAn n TRS(Dl)
1 *log d t(T 1 — ). 6.2.22
- <T<’3>”< ) 2 (" otz = s (7=05) (6:222)

Here, TH9(D;) denotes the Ray-Singer Torsion element as originally defined in [12, Definition 2.2]. It is
shown in |18, Theorem 3.4] that, under the conditions that M is odd-dimensional and either one of the

two assertions mentioned in the statement of the proposition is satisfied, one has

TRS (Dl)
1 ———2 | =0. 2.2
o (st ) = (6:2.23)
The result direct follows from [6.2.14] and [6.2.2016.2.23 O
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Definition 6.2.5 (Subdivision). Let M be a compact manifold and for i = 0,1, let (f;, g;) be a Morse-

Smale pair. Then (f1, g1) is called a subdivision of (fy, go) if all of the following conditions are satisfied

L Cry(fo) € Cry(f1) € Upecisyy Wa (fo) for each 0 < p <,

2. W (f1) CW, (fo) for each x € Cr(fo),

3. Wi (fo) = Uyecoririynwy (s9) Wy (1), and

4. go = g1 near Cr(fy) UOM and and fy = f; near OM.

We now describe the effect on the relative torsion under taking taking subdivisions. For that, let M be
a compact manifold, let (f;, g;) be a Morse-Smale pair on M for ¢ = 0, 1, so that (f1, g1) is a subdivision of
(fo,90). Let h be Hermitian form on a flat bundle E | M. By definition, there exists for each y € Cr(f)
a unique z € Cr(fo) satisfying y € W, (fo). Let h(y) € GL(E,, E;) be the Hermitian metric on E,
obtained by parallel transport of the metric h(z) € GL(E,, E%) along a curve connecting z and y that
is entirely contained within W, (fy). Note that since W (f) is simply-connected, the resulting metric
doesn’t depend on the particular choice of curve. Note also that h(y) = h(y) whenever h is a unitary
metric.
For each y € Cr(f1), define
w(y) = logdet(h(y) "' o h(y)) € R>o. (6.2.24)

Observe that w = 0 whenever h is a unimodular metric. The proof of the following statement for closed
manifolds is laid out in [20, Proposition 5.3] and carries over to general compact manifolds without further

modification:

Proposition 6.2.6. In the above situation, we have

R(E | M,g,h,Vy,fo) = R(E L M,g,h, Vg, i) = > (=1)™Wu(y). (6.2.25)
y€Cr(f1)

Corollary 6.2.7 (Relative Torsion under subdivision). Let Dy = (E | M, go,ho, Vg fo) be a weakly
admissible system with M odd-dimensional and let (f1,g}) be a subdivision of (fo,9(). Then one finds a
Riemannian metric g1 on M and an Hermitian form hy with g1 = go and hy = hg near OM on E, so

that Dy = (E L M, g1,h1,V g f1) is a weakly admissible system, satisfying

R(Do) = R(Dy). (6.2.26)

Proof. For each y € Cr(f;), there exists by the definition of a subdivision a unique = € Cr(fy), such that
y € W (fo). As above, we let ilvl(y) € GL(E,, E,") be the Hermitian metric on the fiber E, obtained by
parallel transport of the Hermitian metric ho(z) € GL(E,, E%) along a curve between z and y contained
entirely within W_ (f). With

w(y) = logdet(hn (y) ™" © ho(y)),

we obtain from Proposition [6.2.6

R(E | M, go, ho, Vg fo) = R(E | M, go, ho, Vg, f1) + Z (—=1)mdWy(y). (6.2.27)
yECr(fl)
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In order to construct the metric hq, choose small disjoint open coordinate neighborhoods Uy, D V,, > y
around each y € Cr(f1), each also disjoint from a neighborhood of the boundary, such that V,, C U,,.
Define the Hermitian form h; € GL(E, E*) to be an extension of the metrics Uyecr(fl)ﬁl(y) that is
yeor(f) Vy and equal to ko on M\
satisfying g1 = g7 near Cr(f1) and g; = go near OM (in particular, g; is also of product form near 9M).

parallel on | J (f\Cr(fo) Uy~ Lastly, choose a Riemannian metric

yeCr

By construction of the metrics hy and g1, the system Dy = (E | M, g1, hq, Vg1f1) is weakly admissible.
Moreover, an application of Proposition gives

R(E L M,go,ho, Vg f1) = R(E L M, g1, i Vg fi) + > (1)@ +u(y). (6.2.28)
yeCr(f1)

The result now follows from and [6.2.28] O

The proof of the last result of this section can be found in [21, Proposition 3.7]

Proposition 6.2.8 (Determinant Class under Glueing). Fori = 1,2, let (E; | M;) be two flat, complex
bundles over a compact manifold, satisfying Ei|on, + OMy = Es|onr, 4 OMs. Assume that both E; | M;
and Eilon, 4 OM; are of determinant class. Then the flat bundle E | M with E = Ey Ugg, Es and
M = My Ugps, Mo is of determinant class as well.

6.3 Witten-deformation of the De Rham complex

Throughout this section, we fix a Morse-Smale system D = (E | M,g,h, Vg f). For any parameter
t € R>q, the Witten-deformation d; of the exterior derivative d on Q*(M, E) is defined as

dy = e Yde! =d+tdf\:Q(M,E) = QY (M, E). (6.3.1)

Observe that d? = 0 for any ¢t € R>g, which is why we can regard the pair Qf (M, E) :== (Q*(M, E), d;)
as a cochain complex. In this context, it is evident that the multiplication map w — e'f - w becomes an

isomorphism of cochain complexes
et QMM E) — Q8(M,E) = Q*(M, E). (6.3.2)

Fixing a Riemannian metric g on M and an Hermitian form h on E | M allows us to further construct
the formal adjoint
§p = —# todio#:Q"(M,E,g,h) = Q* Y(M,E,g,h), (6.3.3)

of dy, where
d; - Q*(M,E*) = Q* Y (M, E¥) (6.3.4)

is the differential on Q*(M, E*) dual to d; and
#:Q%(M,E,g,h) — Q"*(M, E*, g, h) (6.3.5)

is the Hodge-#-operator constructed from the metrics g and h. For the remainder of this subsection, the

Riemannian metric g and Hermitian form h are fixed, which is why we will simply denote by Q°*(M, E)
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the inner product space Q*(M, E, g,h). With i : 9M — M the inclusion map, we further set

A,y =0T+ d 716 QF(MLE) — QF(M, E), (6.3.6)
QO (M,0M, E) = {w € Q*(M, E) : i* #w = 0}, (6.3.7)
Q3 (M, 0M, E) : {w € Q:(M, E) : i"#w = i"#dyw = 0}, (6.3.8)
Hy (M, 0M,E) = {w € Q"(M,E) N Q) (M, E) : i*#w = dw = §w = 0}, (6.3.9)
Asi[E] = Adlog , (m,000,B)- (6.3.10)
As shown in |12, Proposition 5.5], one has
At = Ao+ 2|V f| + LY, (6.3.11)

where L* is a degree-0 differential operator (i.e. a bundle endomorphism) on Q¥(M, E). Observe that for
any t > 0, d; and ¢, are all elliptic differential operators of order 1, while A, ;[E] is an elliptic differential
operator of order 2 that is symmetric with respect to the inner product on Qf (M, E) induced by g and
h. Moreover, just as in the case ¢ = 0, one verifies that all three operators are closeable when regarded
as unbounded operators on the L%-completion sz)(M ,E). We define the L2-Witten-de Rham complex
of the system D as

QE2)¢(M’ E) = ZQ)(M, E),dy), (6.3.12)

where we identify d; with its minimal L2-closure. Similarly, for fixed [ > n/2+ 1, we define the Witten-de

Rham-Sobolev complex of the system D as
Wl.fo,t(M7 E) = (Wl.fo(M7 E)7dt)a (6313)

where now, we identify d; with its bounded extension d; : W (M, E) — W' (M, E). The closed,
symmetric operator A¢[E] : 0y, (M, E) — Q) (M, E) is called the Witten-Laplacian associated to the
system D = (E | M, g,h,V,, f).

In the situations relevant for our results, namely if D is a I-invariant Morse-Smale system, A.[E] will
also always be a self-adjoint operator, which is established as follows: For fixed m € N, we define the a

bounded boundary differential operator
t: Qp (M, E) = Q*(OM, E|on)
Lt(w) = #‘H’*#w + #_1i*#dtw.

One now verifies that these differential operators all fit together to define an elliptic, formally self-adjoint

boundary value problem of order 2m (compare with [21, Page 50])
Bt = (AT 1, .o AT, (6.3.14)

Since all operators involved are I'-equivariant, B,, ; is the lift of a unique elliptic boundary value problem
over the compact quotient M/T'. Thus, By, is therefore uniformly elliptic, cf. Corollary [3.3.15| Using

the very same methods and arguments as in Section we can conclude as follows:

Proposition 6.3.1. Let D = (E | M,g,h,Vy f) be a I'-invariant Morse-Smale system. Then, for any
t > 0, the following holds:

1. The cochain complex sz) (M, E) is a Hilbert N'(T')-cochain complex. Moreover, the multiplication
map from extends to an isomorphism of Hilbert N (T')-cochain complezes

el Q) (M, E) = Q2 (M, E). (6.3.15)
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2. Forl>mn/2+1, the cochain complex W} _, (M, E) is a Hilbert N'(T')-module cochain complex with
bounded differentials. Moreover, the multiplication map from extends to an isomorphism of
Hilbert N'(T')-cochain complezes

e W, (M,E) —» W (M,E). (6.3.16)

3. For any m € Ng and each 0 < k < n, the (minimal) closure of the unbounded operator AJ,[E] :
Q’(Cz)(M, E)— 9?2)(M, E), which we also denote by AJ',[E], is a positive, self-adjoint morphism of

Hilbert N (T')-modules, so that

dom(A}Y[E]) = {w € me,t(M, E): yw= ...LtAth_lw = 0},
HF(M,0M, E) = ker(Ay ¢ [E]).

4. For any m € Ny and each 0 < k < n, we have the orthogonal Hodge-decomposition of Hilbert
N (T)-subcomplezxes

2m

—_—2m
Wi +(E) = ker(Ag [E]) @ diQE™ (M, E) @ 6,Q81(M,0M,E) . (6.3.17)

Here, A" denotes the Wy, -closure of a given subspace A C Wi (E).

By Statement 3 of the previous theorem, the operator A, ;[E] admits a spectral projection for each

interval in R>q. This allows us for A > 0 to define the partial isometry
Py (1) 1 Q09 (M, E) — Q5 (M, E)

as the spectral projection of A, ;[E] associated to the half-open interval [0, \). We define the submodules

St (M, E) = @im (B (1)) (6.3.18)
k=0
bad (M, E) = (20 5,,(M, E)) " = @im (1 - P10 (1)) (6.3.19)
k=0

Then

Proposition 6.3.2. (a) We have an orthogonal decomposition of Hilbert N'(T')-module subcomplexes

(o) (M, E), di) = (L, (M, E), di) © (10, (M, E), dy). (6.3.20)

(b) The Hilbert N'(T)-cochain complex (Q%,, (M, E),d;) is of finite type.
(¢) One has Q%,, (M, E) C (N2, Wi (M, E). In particular, ¥5,, (M, E) consists of smooth forms.
(d) The inclusion iy : Q%,, (M, E) — Q3 (M, E) is a chain homotopy equivalence of Hilbert N(T)-

cochain complexes with chain homotopy inverse Pf (1) : 02y (M, E) — Q%,, (M, E).

Proof. (a) For asubset I C R™, we denote by A;[E] = @} _, Ak¢[E] the total Laplacian, by Pr(A[E])
the spectral projection of A;[E] corresponding to (the indicator function of) I and set Q;(F) =
im(Pr(A¢[E]). We claim that (Q;(F), d) is always a subcomplex of Hilbert N'(T')-modules. Applied
to I =1[0,1) and I = [1,00), (a) then clearly follows.
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First, Q;(F) is clearly a closed, I'-invariant subspace, since it is the image of a T'-equivariant
projection.

To see that Q7 (FE) is a subcomplex, it suffices to show that

A Pr(AE)) = P(AE))d. (6.3.21)

To prove this, consider first the left-handed polar decomposition dy = u |ds| : ker(d;)* — im(d;) of
dy.

With this restriction of domain and range (implicit throughout) the operator is injective with dense

image, therefore u is an honest unitary, and |d;| = v/;d;.

Note furthermore that under the Hodge decomposition
8y (M, E)M) = ker(d;)" & ker(A[E]) @ im(dy),

the Laplacian A;[E] decomposes as direct sum of self-adjoint operators d;d; @ 0 @ did¢, implying
that

Therefore, to prove Equation [6.3.21] it suffices to show that d;x(0:d;) = Pr(did:)d;. Now, using

the above polar decomposition for d;, we get &; = |d¢| u*, so
Pr(de6;) = Pr(uldy|® u*) = uxr(|de)*)u*.

Consequently, using the fact that the spectral projections for any positive operator f commute with
Vf, we compute

dixr(0:de) = ulde| Pr(|de|*) = wPy(|de]*) |ds|
= uPr(|di|)u"u|dy| = Py (dy6;)ds.
(b) By the spectral theorem, we have for each 0 < k < n that

Qo (M, E) = im(Ppo,1)(Ar[E])) C dom(Agy[E]) C {w € WH(M, E) : i*#w = i*#,dw = 0}
C W5 (M, E).

Moreover, since the spectral projections of Ay [E] commute with Ay [E], it also follows that
Ak,t[E]Qg'm,t(Mv E) C ngm,t(Ma E)

Inductively, one concludes that Qf, (M, E) C dom(Aj,[E]) € W, (E) for each m € N, from
which (c) follows.

(¢) The proof in case that 9M = (), which can be found in [90], can be adapted word-by-word when
OM # 0.

O

Now assume additionally that the I'-invariant system D = (E | M,g,h,Vy f) is also weakly I'-
admissible. Recall from the axioms laid out in Definition that ['-admissibility implies that we can
choose for each p € Cr(f) radii r, > 0, coordinate charts ¢, : B, (0) 5 Up, C R" disjoint from OM with
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B,,(0) == {z € R" : |[z]| < 1} and ¢,(0) = p, along with a flat bundle isomorphism &, : B, (0) x C" 5

E|y, that fit into the commutative diagram

B, (0) x C" —22 By,
lph lﬂE (6.3.23)
B, (0) —=— U,

and such that all of the following conditions hold:

(H1) The pullback metric ¢5(glv,) equals the Euclidean metric on R".
(Hz) The pullback Hermitian form @7 (h|y,) equals the standard inner product on C™.

(H3) One has

1nd n
(fo¢17)(x17"-7xn = - = Z (E _|_7 Z mZZ
i=ind(p)+1

(H4) The above choices are I'-invariant, i.e. 7.U, = Uy.p, 7p = T'y.p, YO ¢p = ¢y and yo &, = &, for

each p € Cr(f) and each v € I.

Together with the global form [6.3.11] of the Witten-Laplacian A, ¢, it is precisely due to this I-invariant
shape of f and metric bundle (E, k) | (M, g) near Cr(f) that Burghelea et al. were able to prove the
next theorem. With the aid of properties (H;) — (Hy), their proof from [21], Section 3.3] can be adapted,

word by word, to our situation of non-unitary bundles without any further modification.

Theorem 6.3.3. Let (E | M,g,h, Vg f) be a weakly I'-admissible system. Then, for each t > 0, there

exists an isometric embedding of Hilbert N (T')-modules
@Jk : Cly (M, Vg f,E, h) — Q0 (M, E),

Moreover, for large t >> 0, the composition
Qt) = P 1) (t) 0 J*(t) : Cly) (M, Vg f, B, h) — Q. (M, E)

is an isomorphism of Hilbert N'(T')-modules.

We stress the fact that the map of Hilbert A/(I')-modules J*(t) from the previous theorem (and there-
fore also the isomorphism Q*(¢)) is in general not a map of cochain complexes. This is why the maps
Q™ (t) alone cannot be used to reach our desired conclusion, namely that the complexes C('Q) (M,Ngf,E h)
and Q;’m,t(M ,E,g,h) are chain homotopy equivalent. In spite of this, it still follows that for sufficiently
large t >> 0, the isomorphism @Q*(¢) can be used to define the isometry

I*(8) = Q*(1) (Q°(1)*Q*(1)) /% : Oty (M, Vg f, B, h) = Q% (M, E, g, h). (6.3.24)

Moreover, since (E | M, g,h, V4 f) is the lift of an admissible system with deck group T, there are also
isomorphisms of Hilbert NV (I')-modules for ¢ > 0:

S*(t) : Clyy (M, Vg f,E h) = Cly (M, Vg f, E, h), (6.3.25)
Ap @ [p] = (m/t) T e TN, @ [p] p e Cri(f), (6.3.26)
@S : Oty (M, Vg f,Eh) = Cly) (M, Vg f, E, h). (6.3.27)
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Here, we have used the fact that f is I'-equivariant, hence in particular satisfies f(v.z) = f(z) for any
re M.

Observe that because of Propositionm(b), we may regard Q%, . (M, E) as a subcomplex of the Sobolev
complex Wy, (M, E) where | > n/2+1. This allows us to define the morphism of Hilbert AV (I")-cochain
complexes

F*(t) ==Int* 0e : Q% (M, E,g,h) = Cly) (M, Vy f, E, h), (6.3.28)
as restricting to the subcomplex Qém’t(M , E) the composition of the isomorphism
el W (M E) = W (M, E)
from Proposition [6.3.1}(a) with the integration map
Int®* : W (M, E) — C('2)(M, Vg f,Eh),

defined as in Just as before, the proof of the next theorem, laid out for unitary bundles in

[21, Section 3.3], can be adapted to our setting without any modifications:

Theorem 6.3.4. Under the previous assumptions, we obtain for large t >> 0, that
S*(t)o F(t)oI*(t) = 1 + Ot ). (6.3.29)

Consequently, for large t >> 0, the map F*(t) is an isomorphism of Hilbert N'(T')-cochain complezxes.

Finally, we arrive at the following very important intermediate result

Theorem 6.3.5. Let M be a compact manifold, let p : 71 (M) — GL(V) be some finite-dimensional,
complex representation and let E = E, | M be the associated flat complex vector bundle over M. Choose
some CW structure X on M with X the lifted structure on M and let CE"2) (5(7 p) be the associated cellular
L2-cochain complex. Further, let E | M be the lifted bundle on the universal cover, and let Qz‘z)(M,E)
be the L?-cochain complex with absolute boundary conditions (with inner product constructed with respect
to some choice of lifted metrics). Then there is a L*-chain homotopy equivalence of Hilbert-N'(T') cochain
complezes

i) (M, E) ~ Cly) (X, p). (6.3.30)

In particular, we obtain:

1. For each 0 < k <n, it holds that bé’)L’k(M, p) = bg;‘;f’k(M, ).
2. For each 0 < k < n, it holds that a(M, p) = o °"(M, p).

3. (M, p) is of analytic determinant class if and only if it is of combinatorial determinant class.

Proof. Choose a type II Morse-Smale function f : M — R, along with a Riemannian metric g on M and
an Hermitian form h on E,, so that the system (E, | M, g, h,Vy f) is weakly admissible. Consequently,
the lifted system (Ep i M, §,7L, Vg ]7) is weakly I'-admissible.

Recall from Proposition that for any ¢ > 0, there is an isomorphism of Hilbert A/ (T")-complexes

e Q2 (M, E,,5,h) = QY (M, E,,§.h). (6.3.31)
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Moreover, due to Proposition 3, the spectral projection of A, [E'p} associated to [0,1) determines a

chain homotopy equivalence of Hilbert N (T')-cochain complexes
P(t): QY (M, E,.§,h) = Q%,, (M, E,.§,h). (6.3.32)

Next, for sufficiently large ¢t >> 0, Theorem implies that there is an isomorphism of Hilbert A/(T')-
cochain complexes

Let X be any CW-structure on M. Then Corollary m implies that there is a chain homotopy

equivalence of Hilbert A/(T')-cochain complexes
G : Cly (M, Vg f,Eph) = Chy (X, p). (6.3.34)
6.3.3116.3.34] imply that the two Hilbert A (T')-cochain complexes Q(Q)(M Ep,g, h) and C 2)(X p) are

chain homotopy equivalent. O

6.4 Asymptotic expansions

Let D = (E | M,g,h,V,f) be a weakly admissible system with I' = 7 (M) and let D= (F |
M , §,i~z, ng) be the T-invariant lift of D (throughout this subsection, we assume that g = ¢’). We set
b= f~YOM). For t > 0, let QZQ))t(M, E) be the Witten-deformed complex defined in the previous
section (with metric induced by g and h implicit, in order to simplify notation) with Witten-deformed
Laplacian A, ;[E E]: Q)¢ ( E) — Q7 t(M ,E). the orthogonal decomposition into the small and large
subcomplex. Further, we deﬁne O*(t) : ker(A,4[E]) — H(*Q)(M,ng,E,h) to be the isomorphim of
finitely-generated Hilbert A/(I")-modules that is the composition ©* - e/, where ©* : ker(A, o[E]) —
H, (M Vs f E h) is the isomorphism from Introduce

Vol(D H detp(©F(t) (6.4.1)
Observe that
Vol(D)(0) = T (E | M, g,h,V,f). (6.4.2)

Moreover, recall the orthogonal decomposition of subcomplexes
QEQ),t(M7 E) = g’m,t(M’ E) @ Q;La,t(Mv E)7

which implies the following: Provided that E' | M is of determinant class, the torsion elements Té;‘ (D)(¢), T(S2’)” (D)(t)

and T(LQ‘)I(D) (t) of the complexes QZz),t(Mv E), §2§7?17,§(M7 E), respectively Q% t(M, E) are all well-defined

positive real numbers, so that
T(z) (D)(0) = T(z) (M,E,qg,h), (6.4.3)
Ta} (D)(t) = T (D)(1) - Tis5 (D)(1). (6.4.4)

A function F' : R — R is said to admit an asymptotic expansion, if there exists an integer N € N and
constants (a;)., (b;)_y such that for ¢ — 400

N
Ft)=) (a;+bjlog(t))t +o(1). (6.4.5)
=0

The coefficient ag in the expansion is called the free term of F' and is denoted by FT(F).
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Proposition 6.4.1 (Asymptotic expansion for the analytic torsion). There exists a constant C € R, such
that the following holds: For any weakly admissible system D = (E | M,g,h,Vyf) of determinant class
with M odd-dimensional, the function log T( o) (D)(t) — log Vol(D)(t) admits the asymptotic expansion.

log T (E | M, g, h) — log Vol(D)(0) + Ct dim(E)x (9 M). (6.4.6)

Proof. For 0 < p < n, recall that the Wltten—LaplaC1an Ap B [N] of the lifted system
D= (E] M,§,h,V; f) is the lift Apt[ ] of the Witten-Laplacian corresponding to D. For ¢, A > 0,

introduce the function .

Op(A 1) = Y (~1)P trp(f - e A3relEl), (6.4.7)

p=0
It follows from Theorem that for fixed ¢ > 0, ©p(\, t) is smooth in A, and that for each 0 < k < n,

and each t € R>g, there exists I'-equivariant differential forms

af (D) € Q" (M), (6.4.8)
BL(D) € Q"~1(DM), (6.4.9)

that are local quantities of the lifted system '5, depend smoothly on ¢, satisfy af (D) = 0 whenever k is
odd, and such that for A — 0, we have

n+k

Op(t,A) =Y A77 (at(D)+bt(D)) + O(\/?), (6.4.10)
k=0

— [ 1eak0) W)= [ b5, (6.4.11)
F OF

where F is a fundamental domain for the I-action on M , such that OF = F N OM is a fundamental
domain for the T-action on OM. Moreover, the very same arguments employed in |22, pp. 821-824] can
now be applied to show that

(D). (6.4.12)

n n

= <log TE (D))~ log Vol(D)(1)) |,_,, = a2 (D) + b2 (D) "2 biy

Therefore, in order to show the proposition, it remains to find a constant C' > 0 independent of D or ¢
satisfying
bl (D) = Cdim(E)x(OM) vVt € Rsq. (6.4.13)

For this, the assumption that the metric bundle (E,h) | (M,g) is of product structure near M is
essential.

First, we will show that for a simple system Dy we now construct, b, (Dy) is completely independent of ¢:
Let Ec | [a,b] be the trivial complex line bundle over [a,b]. We equip [a,b] with the standard Euclidean
metric 1g and the bundle E¢ with the constant (parallel) Hermitian form 1¢. Further we choose a Morse
function fo(z) : [a,b] — R on [a,b] in such a way that fy(a + se) = fo(b — se) = b — se for all s € [0,1]
and some small € > 0. These choices form the admissible system Dy = (FE¢ | [a, ], 1g, g, & = fo)-

We wish to compute the density 3%(Dy) that appears in the asymptotic expansion of the theta function

Op, (A 1) = tr(fo - e MoelEely _gr(fy - e MA1elBel), (6.4.14)

For this, observe first that the function G(z) := b+ a — = gives rise to a bundle isometry of E¢ | [a, ] to

itself that also satisfies fo(z) = fo(b+ a — z) for all « near a. Therefore, G is an isomorphism between
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the restricted systems Dol(q,q¢) and Dol(y—c . Consequently, since 57 (Dy) is a local quantity, it follows
that %(Dg)(a) = BL(Dy)(b) for all t € R. Next, observe that the two Witten-Laplacians A; ;[Ec] and
Ao +[Ec] are elliptic operators of order 2 over a 1-dimensional manifold, which is why 8{(Dy) depends

only on the principal symbol of the A; ;[Ec] with ¢ = 0,1. Lastly, under the natural isometry

Q' ([a, 0], C) = Q°([a, b], C),
f@)dx — f(z),

the Witten-Laplacian A ;[E¢] of 1-forms can be identified with the Witten-Laplacian Ag ;[E¢] of 0-forms,
which takes the form
d2
Ao ¢[Ec) = a2 + 2

near b. Since the principal symbol of Ag;[E¢] is independent of ¢, we finally obtain
B (Do) = ', (6.4.15)
b (Do) /{ o BP0 = (BP0 + BLDOB) = 24" (6.4.16)
for some constant C’ € R.
Consider the weakly admissible system Dy = (E|an @ Ec | OM x [a,b], gloam @ 1r, hlop®1c, F), where

F : OM x [a,b] — R is the Morse function defined by F(p,z) == fo(z) and we let D; be its lift to
OM x [a,b]. We use the abbreviations

—_—~

A*,t = A*,t[E|8M®EC] 5 A*,t[o] = A*,t[E(C] s A, = A*[E|8M]

and observe that we have a orthogonal sum decomposition of the Laplacian

p
- 69 0@ 1) + (L @ Ay g0]).

From this, we deduce the decomposition of heat operators
P
e*AAILf — @ ef)‘Aq ® e*AAP—q,t[O]. (6417)
q=0

Using the Hodge-decomposition, one verifies as in [22, Proposition 1.21, Proposition 4.2 | that

n

> (1) trp(e ) = x(OM, E) = dim(E)x(0M), (6.4.18)

q=0

Applying Equations [6.4.14] and [6.4.1716.4.18] we compute

n

Op, (Avt) = Z(*l)p trp(ﬁ . ef/\(Ap,t))

p=0

— Z(_1>q+7" tI‘F (e_A(Aq) ® fO . e_)‘Arm[O])

= Z D)7 trp(e ) > " (=1)" tr(fo - e *4[0)

T

= dim(E)x(dM) - Op, (A, ). (6.4.19)
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In particular, for any ¢ > 0, the functions ©p, (A, t) and dim(E)x(0M )Op, (A, t) have the same asymptotic

expansions for A — 0, therefore also the same constant terms
bt (D1) = dim(E)x(OM)b: (Do) dim(E)X(BM)%C’. (6.4.20)
Furthermore, using the locality of densities, one deduces that
Br(D) (@) = B,(D1)(w,b) = B,,(D1)(x, a)

for all x € OM = OM x {b} = OM x {a}, which implies that
1 1
O = [ w0 = [ )= [ 58D = (D) = bC' dim(E)x(0M).
oM OM x {b} 2 Jomx{ab} 2

With C = bC’, Equation |6.4.13|is finally proven. O

Proposition 6.4.2 (Asymptotic expansion for the small torsion). For any weakly admissible system
D= (E | M,g,h,V,f) of determinant class with n = dim(M) and my = #Cri(f), the function
log T(Sz’)”(D)(t) — log Vol(D)(t) admits the asymptotic expansion

log T4 (M, E, h, YV, f) + dim(E) Z(_nkmk”;%1og(7r/t)+t(—1)k+1 S f@) | + o).

k=0 z€Cri(f)

(6.4.21)

Proof. For large t >> 0, there exists by Theorem [6.3.4] an isomorphism of finitely generated Hilbert

N (T')-cochain complexes
Fo(t): Q%,, (M, E,§.h) — C&) (M, V5, E.h). (6.4.22)

From Proposition it then follows that

log TG} (M, E, g, h, £)(t) = log Vol(t) = log T4 (M, E,h, Vo f) — S (=1)F log detr F¥(t).  (6.4.23)
k=0

Recall also from Theorem the formula S*(t)o F¥(t)o I*(t) = ﬂ.c(ké) +O0(t™1), where I*(t) is the isom-
etry from [6.3.24{ and S*(¢) is the scaling isomorphism from [6.3.25| Consequently, by the multiplicativity
of the Fuglede-Kadison determinant in this setting, it holds that

log detp F*(t) = — log detr S*(t) + o(1). (6.4.24)

From the explicit formula of S*(t), along with Proposition [4.1.40, we obtain

dim(E)
detr S*t)= [ (/0" e @ . (6.4.25)
z€Cri(f)
The result now is an immediate consequence of - O

Corollary 6.4.3 (Asymptotic expansion for the large torsion). Let D = (E | M,g,h,V,f) be a weakly

admissible system of determinant class with M odd-dimensional. The, the following assertions hold
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1. The function log T(LQ‘)I(D) (t) admits an asymptotic expansion. More precisely, there exists a polyno-
mial ®(D)(t) : R — R in t and log(t), such that for t — oo

log T(5 (D)(t) = R(D) + ®(D)(t) + o(1). (6.4.26)

Finally, for any arbitrary small neighborhood U of Cr(f)UOM, the polynomial ®(D) depends only
on the isomorphism class of the system Df |y == (E|y | U, glu, hlu, flv)-

2. Suppose that D1 = (Eqv | Mi,g1,h1, Vg, f1) is another weakly admissible system, such that there
exists neighborhoods U C M of Cr(f)UOM and Uy C My of Cr(f1) UOM; with the property that
the derived systems D |y = (E|y | U, glv, hlv, flu) and
DIy, = (Bilu, L Ur,glu,,hlu,, filu,) are isomorphic (in particular #Cry(f) = #Criu(f1) for
each 0 < k <mn). Then

R(D) — R(Dy) = FT (1og T(L2§(D)) —FT (1og T(L2‘)’(D1)) . (6.4.27)

3. Under the assumptions of (2), there exists local quantities a(D) € Q"(M\ Cr(f), Onr) and a(Dy) €
Q"(My\ Cr(f1),Own,) of the derived systems systems D|ap\cr(r)y and Di|ap\cr(sy). such that one

has

FT (log T(LQ‘)‘(D)) —FT (log T(LQ‘)‘(Dl)) = a(D) — a(Dy). (6.4.28)
M\Cr(f) M\Cr(f1)

Proof. 1. We have log T(;‘;L(D)(t) = log T(SQS”(D)(t) + log T(LQ‘)I(D)(t), hence also in particular

(log TAr(D)(t) — log Vol(D)(t)) - <log TSP (D)(t) — log Vol(D) (t)) = log T (D)(1).

Since the left-hand side of the equation admits an asymptotic expansion, given by the sum of the
explicit formulas [6.4.6] and [6.4.21] the result follows.

2. Observe that F'T <log T(LQ‘)I(D)) = R(D)+FT(®(D)) and analogously FT (log T(Ii‘)’ (Dl)) = R(D1)+
FT(®(Dy)). Since the systems D/ |¢; and D/ |y, are isomorphic by assumption, assertion (1) implies

that ®(D) = ®(D;) and the result follows.

3. In case that &M = (), this is proven in [22] Theorem B, Section 6.2] for unitary bundles ( whose
proof is also referred to in [20, Proposition 4.2] for arbitrary flat bundles). The same proof works
without any modifications in the case that M # ().

6.5 Proof of Theorem [6.1.5|

Proposition 6.5.1. For i = 1,2, let D; = (M;, E;, gi, hi, Vg, fi) be two weakly admissible systems sat-
isfying the assumptions of Corollary[6.4.3 2. Moreover, assume that there exists a flat bundle E5 | M3
with M3 compact, satisfying

1. (Esloms,) L OMs = Eilonm, L OM;, and
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2. the bundle E; | Nj is of determinant class, where N; = Mj Uan, M; and
E; = Es UE3|81\/]3 E;.

Then

R(D1) + % o O(h1) A (Vg, f1)"U(T My, 91) = R(D2) + % o O(h2) A (Vg, f2)"W(T' Mz, g2).  (6.5.1)

Proof. Choose a smooth function f5: M3 — R on M3 with f3]|an, = filom, for i = 1,2 and such that the
function ?i = faUom, fi : Ni = R is a Morse function. Furthermore, choose a Riemannian metric g3 on
M; with g3|an, = gilons, for i = 1,2, such that for the metric g; = g3 Ugnr, g; on Ny, the pair (f,,7;) is a
Morse-Smale pair (since NV; is closed, there is no distinction between type I and type II). Lastly, choose
a Hermitian form h3 on the flat bundle E3 | M3 with hs|ans, = hiloar, for i = 1,2 with h; == hs Upas, hs,
such that the system

D; = (E; | Ni,g;,hi, Vg, [;) (6.5.2)

is weakly admissible. By construction, the pair D; also satisfies the assumptions of Corollary 2.
Applying Corollary 3, we can find densities o;; on M; \ Cr(f;) and @; on N; \ Cr(f;), so that

ngwag:/ (6.5.3)

a1 — / a2,
M\Cr(f1) M2\Cr(f2)

ROD-RP)= [ wm-[ @ (6.5.4)
Ni\Cr(f1) N2\Cr(f2)

Since the densities are local quantities, it follows from the chosen metrics on the respective bundles that
a; = &, and a7y, = @z pr,. Moreover, since Cr(f;) N M; = Cr(f;) by construction, we get from
and [6.5.4]

R(D1) — R(D2) = R(D1) — R(D»). (6.5.5)

As N; is closed, we can apply [102, Theorem 4.2] and obtain

| _ _
R(D) =5 [ O(FT) A (Vi) W(T N 30 (6.5.6)
N;
As mentioned in the introduction, the n-form 6(E;, h;) A (Vg f,)*W(TN;,g;) is a local quantity. In
particular, it follows both that 6(E;, h;) A (Vg fi)* U (TN;, i) v, = 0(Ei, hi) A (Vg, fi)* ¥ (T M;, g;) and
that 0(E1, h1) A (Vgrf1)*U(T N1, G1) vy = 0(E2, ha) A (Vs f2)* (T Na, g2)|as,- Therefore

Ny N2
= [ 0B h) AN (Vg f1)"W(TMy,g1) = [ 0(E2,h2) A (Vg, f2)" V(T M3, g2). (6.5.7)
My M,
Equation now is an immediate consequence of - O

Theorem 6.5.2. Assume that D; = (E; | Mi,gi,hi,vgéfi) are two admissible systems with M; odd-
dimensional, (OMy,g1lon,) = (O0Ma, g2lonm,) and (Eilon,, hiloar,) = (Ealon,, halom, ). Then, if both
E; | M; and E;|om, L M; are of determinant class, we get

1 1
R(Dy) + B O(E1, ki) A (Vg f1)"U(T My, g1) = R(D2) + 3 0(Ea, ha) A (Vg fo) " U(T' Mz, ga).
Ml M2

162



Proof. We consider different cases:

Case 1: The systems D; satisfy the hypotheses of Corollary [6.4.3]2:

Consider the admissible system Dg2 : (E(gQ 1 52,9, h, V4 f) with Egz 1 S? the the trivial complex line
bundle over S2, (f, g) some Morse-Smale pair on S? and h a parallel metric on ESZ. Since S? is simply-
connected, the system Dg2 is of determinant class. It follows from Proposition [6.2.2] that that also the

modified product systems D; x Dg= are of determinant class, so that

where we have used that x(S?) = 2, as well as the well-known fact that R(Dgz) = 0, which follows for
example also from [102, Theorem 4.2].

Next, consider the trivial complex line bundle Eg ° 1 D3. Since D? is simply-connected, it is of deter-
minant class. Moreover, since E|gpr, 4+ OM; is of determinant class by assumption and 9M; is closed,
it follows again from Proposition that the product bundle E|y M1®E€ ° 1 OM; x D3, as well as its
restriction to (OM; x D3) = OM; x dD3, is of determinant class. Now observe that by construction,
the identification dD? = S? induces an isomorphism of flat bundles E1®E€3|3M1X3D3 1 OM, x D3 =
Ei®Eéz loas, xs2 4 OM; x S? for i = 1,2. Just as in Proposition we can therefore define for i = 1,2

Ni := M; x Sy Uppr, xs2 OMy x D,

- BoRS s 1 D?
Ei = E®FEg Up,  ops2 F1OLC .

By Proposition [6.2.8] it follows that F; | N; is of determinant class. Hence, the modified product systems
D; x Dge satisfy also the assumptions of Proposition @ from which we get

1 R
R(Dl X DSZ) + */ 6(h1®h) A Vglxg(fl =+ f)*\IJ (T(M1 X 52),91 X g)
]\/[1><S2

= R(Dy x Dg2) + 1/M - O(ha®h) A (Vgyxg(fo+ )W (T (M x S?),92 % g) - (6.5.9)

Applying the product formula we obtain for ¢ = 1,2
O(hi®h) AV g, xg(fi + )V (T(M; x S?),9; x g) = (0(hi) A (Vg 1) U (TM;, g;)) ® e(T'S?, g),

Since e(T'S?,g) is a representative of the rational Euler class of T'S?, we obtain that [, e(T5?,g) =
x(5%) = 2. Together with the previous equation, this implies for i = 1,2, that

/ O(hi®h) AV g,xg(fi + )W (T(M; x S%),9; x g) = 2/ O(hi) A (Vg )" O (T M;, g;). (6.5.10)
M;xS2 M;

The result now follows from [6.5.8] - [6.5.10l

Case 2: The systems D; don’t satisfy the hypotheses of Corollary [6.4.3]2:

Since the D; are by assumption admissible, we find a neighborhood U of M, such 6(h;) =0 on U and
gi = g; on M \ U, which is why 0(h;) A (Vg fi)*U(T'M;, 9;) = 0(hi) A (Vg, i) V(T M;, gi) on all of M.
Moreover, since both g; and g; are of product form near OM; and h;|sas, is unimodular, it follows from
Proposition that R(D;) = R(E; | th;hi,vg;f,»). Therefore, we may assume without loss of
generality that g; = g on all of M.

Now since the M; are odd-dimensional with OM; = OMs, we have x(M;) = x(Mz). Using this, one
proceeds as in [22, Section 6] to show that there exist subdivisions (f;, ;) of (fi, ;) (with g; = g; near
OM;), neighborhoods U; of Cr(f;) UOM; and an isometry 0 : (Uy,g1) — (U, ga) satisfying 6(Cr(f1)) =
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Cr(fz), 0(My) = My and fy00 = f1. By Lemma one additionally finds a Hermitian form h; on the
bundle E; | M; (with h; = h; near OM;) so that D; == (E; | M;,g;, hs, Vmﬁ) is an admissible system,
satisfying

R(D;) = R(D;). (6.5.11)

Moreover, since the new systems D; now also satisfy the assertions of Corollary 2, we can apply
Case 1 to them and are finished. O

Proof of Theorem Let D= (E | M,g,h,Vy f) be an Morse-Smale system of product form,
M odd-dimensional, so that E|gp | OM is also of determinant class. After pertubing the metric g
outside from a neighborhood of M, it is because of Proposition that we may assume without loss
of generality that g = ¢’ outside from a neighborhood of M, i.e. that D is admissible.
Choose a Morse-Smale pair (f,§) on M. Then

D= (Elom | 3Ma9|8M7h‘3M7V§f)

is a Morse-Smale system of determinant class. Since M is closed, we have by [102, Theorem 4.2]

1

R(D) = =5 [ 6(blons) A (Vo) 9(TOM. glon) = 0. (6512

where the last equality follows from the assumption that hgas is unimodular, i.e. 8(h|ons) = 0.
Now recall the trivial system Dy = (Ec | I, go, ho, Vg, fo) over the interval I = [a, b] that we have defined

in [6.1.7] and its relative torsion

log 2
R(Dy) = — Og . (6.5.13)

Since OM is closed and I = {a, b}, we can form the modified product system
D' x Dy = (E; | OM x I,g1,h1,Vg, f1), (6.5.14)

with Er = Esn®@FEc, 91 = gomr X 9o, 91 = § X go, h1 = hlap®ho and fI the sum of the Morse
functions f + fo that is appropriately modified near the boundary dM x {a, b}, so that D’ x Dy is a type
II Morse-Smale system. By Proposition this system is of determinant class as well and satisfies
log 2 log 2
R(D' x Dy) = R(D') — Og x(oM, ) BE2 Og X(OM) dim(E). (6.5.15)
Moreover, as 0(hg) = 0 and 0(h|sar) = 0 by assumption, we retrieve from the product formula the
equality

0(hr) = 0(h|lorr®hg) = 0. (6.5.16)

Notice that D’ x Dy is not necessarily an admissible system. This is due to the fact that neither is g;
trivial nor h; parallel near Cr(f;). However, since Cr(fj) is disjoint from OM x {a,b}, we can pertube
the metrics outside of a small neighborhood of OM to produce metrics g7 and E;, so that 71; is parallel
near Cr(fr), and that we have g; = g outside of a neighborhood of 9M and near C’r(fl). By Lemma
the pertubation of the Hermitian form h; can be performed in such way that still, we have

6(hy) =0, (6.5.17)

hi(p) = hi(p), pe€ Cr(fy). (6.5.18)

164



For the resulting admissible system Dy := (Ey | OM X I, g, E, Vi f;), we obtain from Proposition|6.2.15
that

log 2
R(Dy) = R(D' x Dy) = — 2

X(OM) dim(E). (6.5.19)

Observe now that by construction, Dy and the disjoint union DUD = (E | MUFE | M,gUg,hU
h, Vg fUVyf) of D with itself are two admissible systems satisfying the hypotheses of Theorem

This allows us to finally conclude as follows:
2R(D) R(DUD)
1 — . ~
RN = [ 000 A (Vo)) UTM) + 5 [ 00) A (Ty, iy w(T0M 1))
"EIR(D)) ~ [ (1) A (Vo) UTM, )
M
EETD _ 1052 (0M) dim(E) — /Me(h)/\(vgf)*\II(TM,g). (6.5.20)

This finishes the proof of Theorem O

6.6 Proof of Corollary [C| and Theorem [E]

Together with the work done in the previous chapters, we are finally ready to prove Corollary [C] and
Theorem [E] To refresh our memory, we start by re-introducing the broader mathematical realm, from
which these two results emerged (cf. Section [1.3):

A linear algebraic group G over Q is a subgroup of GL(n,C) for some n € N that is the zero locus of
a set of polynomials in the n? variables with coefficients in Q. We set G to be the identity component
of G(R) = G N GL(n,R). Then G is a real Lie group, which we assume to be semi-simple without
compact factors. For K C G a maximal compact subgroup, the quotient space X := G/K then has
the natural structure of a non-positively curved globally symmetric space: As a smooth manifold, X
is diffeomorphic to R? for appropriate d € N and there exists a canonical Riemannian metric gon X
of non-positive sectional curvature, unique up to a positive scalar, turning the transitive action of G
on X into an action by isometries. The fundamental rank §(G) of G is the non-negative integer
§(G) == rankc(G) — rankc(K) € Ny.

Let p: G — GL(V) be a complex, finite-dimensional irreducible representation. Such p gives rise to the
G-equivariant bundle E? := X x V' | X, on the total space of which G acts diagonally via v.(z,v) =
(v.z, p(y)v). Due to |64, Lemma 3.1], E” can be equipped with a canonical G-equivariant Hermitian
metric h,, unique up to a positive scalar. For each degree 0 < p < d, the pair of metrics (g, h,)
induce on the associated E,-valued de Rham complex Q*(X, E,) Hodge-Laplacians A, : QP(X, E,) —
QP(X,E,). Fort > 0, let e *»(x,y) : X x X — End(V) be the associated heat kernel. Due to G-

—tA,

equivariance of the pair (g, h,), one has e~ (z,y) = e~ "2 (y.z,7.y) for each v € G. It follows that

there exists a smooth, non-negative, monotonically decreasing function H?(p,t) in ¢ > 0 which satisfies

tr(e~tA»(z,x)) = HP(p,t). Therefore, we can define for each 0 < p < d the non-negative real number
P(p) — 1 P
b (p) = tlggoH (p,t). (6.6.1)

It vanishes precisely when there are no harmonic, L?-integrable p-forms in QF(X, E,). We say that p is

L?-acyclic if and only if bP(p) = 0 for each 0 < p < d. From the collection of functions H?(p,t) a number
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7(2)(p) € Rs is constructed as follows: By [9, Lemma 3.8, Proposition 5.2],

1. we have HP(p,t) € O(t~4m(X)/2) for ¢ — 0. It follows that for s € C with R(s) >> 0, there exists
€ > 0 such the expression ((s) = I'(s)~" fOE ts=Y(HP(p,t) — bP(p))dt determines a holomorphic

function, that extends to a meromorphic function on all of C which is regular at 0.
2. We have [ t=1(HP(p,t) — bP(p))dt < oo for each 0 < p < d.

3. The real number

d oo
T(2)(p) = %Z(—l)”“p (jscp(s)ls—o + / Y (HP (p, 1) — b”(p))dt)

p=0
is well-defined by assertions 1 and 2. Moreover, there exists a positive number ¢(p) > 0, satisfying
0 if 5(G) #1,

T(2)(p) = . _ (6.6.2)
(=)= c(p) ifo(G)=1.

The number 7()(p) does not depend on the normalization constant of the Hermitian form h,, and changes
by the factor C~?¢ when scaling the Riemannian metric g by the factor C' > 0. In particular, given a

lattice T' < G, it follows that the positive number
T} (T, p) = exp(Vol(T') - 72) (p)) € Rso -

does not depend on the normalization constants of g and h,. Here, Vol(I') denotes the Riemannian
volume of a fundamental domain for the I'-action on X.

In the case that I' is torsion-free, the bundle E” | X descends to a flat bundle T\E? | T'\X over the
locally symmetric quotient space I'\X, which is precisely the flat bundle associated to the restricted
representation p|r. To avoid cumbersome notation, we denote the respective quotient metrics on '\ E” |
I\X also by g and h, on T\E? | T\ X. It is now easily verified from the definitions that the flat bundle
(T\E* | T\ X) is analytically L2-acyclic if and only if b”(p) = 0 for each 0 < p < d, and that we have

THMI\X, plr, g, hy) = T (T, p). (6.6.3)

Since by assumption, G is a connected semi-simple Lie group with finite center and no compact factors
and I' < G is a torsion-free lattice, the quotient manifold T'\ X, although not necessarily compact, is
always a CW-model for the classifying space BI'. That is because X & R? is contractible. Notably,
however, it is not finite CW-model whenever I' is not uniform. Regardless, it is known, cf. [4, Theorem
13.1], that T\ X is always the interior of a compact manifold with boundary, which we denote by I‘\iX
As such, a given CW-structure on F\iX always serves as a finite CW-model for BT'.

Identifying I' with the fundamental group of I'\ X under the homotopy equivalent inclusion '\ X < T'\ X,
choosing a finite CW-structure on I‘\iX and some basis on the representation space V', we can form the
L?-cochain complex C’(*Q)(Y, p), defined over a preferred universal cover Y of I‘\iX (equipped with the
induced I'-CW structure). It is a finite cochain complex of Hilbert A/(I")-modules. The pair (T, p) is said
to be det-L*-acyclic if the combinatorial complex Cfy (Y, p) is det-L*-acyclic as in Definition Since
G is semi-simple, p is unimodular (see for example [73, Lemma 4.3]). Thus, if (T, p) is det-L?-acyclic, we
can define by Theorem the topological L2-torsion

Ty (T, p) = TP (T\X, p) € R (6.6.4)
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Since Wh(I') = 0 (see (36, Proposition 0.10]), T(TQSW(F,p) is in fact a homotopy invariant of the space

I\ X: We may have chosen any finite CW-model of BI' to define the same number Té;’p(F,p) in the

above fashion. This follows from the arguments succeeding Definition

Corollary C. In the above situation, suppose that p is L?-acyclic and that T < G is a uniform lattice.
Then the pair (T', p) is det-L?-acyclic. Moreover, we have an equality of L?-torsion elements

To

Proof. Since I'\ X is compact, we have I'\X = I'\X. Therefore, we may choose ¥ := X as the universal
cover of I'\ X and obtain by Theorem a chain homotopy equivalence between the combinatorial L?-
cochain complex Cf,) (X, p) and the twisted L?-de Rham complex Qf,) (X, E?) (as complexes of Hilbert
N (T)-modules). Since det-L?-acyclicity is a chain-homotopy invariant of Hilbert cochain complexes by
Corollaries |4.1.32| and |4.1.38|, and det-L?-acyclicity of Hilbert N (T')-cochain complex Q% (X, E?, h,) is

)
satisfied if and only if p is L2-acyclic, the first assertion follows. For the second assertion, first note

that h, is unimodular. This can be deduced from the fact that h, is G-equivariant and the underlying

representation p is unimodular. The proof is completely analogous to the one carried out in Section [5.5
for the special case G = SOq(d, 1), and will be therefore be omitted. Finally, taking Equation into

account, we may apply Theorem to obtain the equality Tg)Op (T,p) = Té;‘(I‘, ). O

Theorem E. Let G := SOy(n,1) with n odd, p : G — GL(V) be an irreducible, finite-dimensional,

complex representation and I' < G a torsion-free lattice. Then the following holds:

1. The pair (T, p) is det-L*-acyclic.

2. One has
Ti3 (T, p) = TP (T p). (6.6.6)
Proof. Let Mr C H" (R € R>g) be the the exhaustion of complete, I'-invariant hyperbolic submanifolds
constructed as in Section Firstly, Equation [6.6.3] and Theorem [2.3.13] imply that

TG (T.p) = lim TEH(T\Mp, p,g,hy). (6.6.7)

Secondly, we can apply Corollaryin order to see that the L2-de Rham complex Q’(kz) (Mg, E?,g,h,)
(with absolute boundary conditions) is det-L?-acyclic. Due to Theorem the same must therefore
be true for the cellular cochain complex associated to a I-CW structure of M. Since I'\ My, is a finite
CW-model for I'\ H", we now obtain by definition that also (T, p) is det-L2-acyclic. Moreover, this allows
us to apply Theorem in order to obtain an equality of topological L?-torsions

T (T, p) = TP (T\ Mg, p) (6.6.8)

for all R > 0. Thirdly, we have both that Wh(I') = 0 by [36, Proposition 0.10], and that the pair

(OMRp, p) is of determinant class by Corollary [4.2.13| Therefore, if we denote by 1 : G¢ — C the trivial
representation, we may apply Theorem to obtain that

TAMT\Mg, p, g, h TAMT\Mg, 1,9,k
] ((2)(\ Ry P> 9 p)>dim()~lo < (2)(\ R, A, 9 ]1)>'

Tiyy" (T\Mg, p) T(y? (T\Mp, 1)

(6.6.9)
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Finally, the main result of implies that

TAYT\Mg, 1,g,h
lim log (2); \ AN (6.6.10)
R—o0 T(QSJP(F\MR, ]1)

The equality T(‘;‘)” (T, p) = T(E)Op (T, p) is now a direct consequence of Equations [6.6.7H6.6.10 O
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