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Some non-homogeneous Gagliardo-Nirenberg inequalities and
application to a biharmonic non-linear Schrodinger equation

Antonio J. FERNANDEZ, Louis JEANJEAN,
Rainer MANDEL and Mihai MARIS

Abstract

We study the standing waves for a fourth-order Schrédinger equation with mixed disper-
sion that minimize the associated energy when the L?—norm (the mass) is kept fixed. We
need some non-homogeneous Gagliardo-Nirenberg-type inequalities and we develop a method
to prove such estimates that should be useful elsewhere. We prove optimal results on the
existence of minimizers in the mass-subcritical and mass-critical cases. In the mass super-
critical case we show that global minimizers do not exist, and we investigate the existence of
local minimizers. If the mass does not exceed some threshold py € (0,400), our results on
"best” local minimizers are also optimal.

1 Introduction
We consider the biharmonic non-linear Schrodinger equation with mixed dispersion
(BNLS) 10 + aA) + BAY + [h|*7h =0 in R x RY,

where a,0 > 0 and 3,7 € R, v # 0. This equation has been introduced by Karpman and
Shagalov in [12] and [13] to take into account the role of small fourth-order dispersion terms
in the propagation of intense laser beams in a bulk medium with Kerr non-linearity; see also
[10]. It has also been used to describe the motion of a vortex filament in an incompressible
fluid ([11]). The equation received considerable attention since then.

By simple scaling it is possible to get rid of the parameters «, 3, ~. Indeed, if 5 # 0, taking
Y(t,x) = arp (L,%) where a = a2 |B/2|7 |y 727, b = az|B/2|72, and ¢ = 4a|B|72, we see

that ¢ solves the above equation if and only if ¥ solves (after dropping ” ~7)
(1.1) ity + A% + 2eAY +I9)*Tp = 0 in R x RV,

where € = sgn(f) € {—1,0,1} and ¥ = sgn(y) € {—1,1}. By analogy to the usual non-linear
Schrodinger equation, the case v > 0 (or ¥ = 1) is called defocusing, and the case v < 0 (or
¥ = —1) is called focusing.

Equations (BNLS) and (1.1) are Hamiltonian. T'wo important quantities are conserved by
the flow associated to (1.1): the "mass” |[1(t,-)[|32, and the ”energy”

Bw) = [ 8vPdr-2e [ VuPdos S [ upetan
RV RN 0+1 RN

The natural ”energy space” associated to (1.1) is H?(RY). Equation (1.1) is mass-critical for
o= %, and energy-critical when N > 5 and 0 = ﬁ (this corresponds to 20 +2 = 2**, where
2" = 2 is the Sobolev exponent satisfying ||ul| 2+ < C||Aul|fz for any u € H*(RY)).
The Cauchy problem for (1.1) has been considered in several articles; see [22] and references
therein. In the energy-subcritical case (that is, N < 4 and o € (0,00), or N > 5 and
0 < 0 < %), B. Pausader proved local existence in H?(R") as well as the conservation of

mass and energy in all cases (see Proposition 4.1 p. 204 in [22]).



In the defocusing case (¢ = 1) B. Pausader also proved global existence for any € €
{-=1,0,1} and all initial data (Corollary 4.1 (a) p. 205 in [22]), and scattering provided that
e< 0, N>5and % <o < ﬁ. In low dimensions 1 < N < 4, scattering has been proved

in [23] (see Theorem 1.1 p. 2177 in [23]) provided that € € {—1,0} and 0 > +. The latter

condition can be weakened to o > % if e = —1; this is due to the fact that Strichartz estimates
are better for e = —1.
In the focusing case (9 = —1), global existence holds provided that ¢ is energy-subcritical

and the initial data is sufficiently small in H2(RY), or ¢ < + and the initial data is arbitrary,
or o = & and the initial data is sufficiently small in L? (RI\;\S (Corollary 4.1 (b)-(d) p. 205 in
[22]). Global existence in the critical case in also shown for radial initial data (Theorem 1.1 p.
198 in [22]) and for arbitrary small data, as well as scattering for radial data if e € {—1,0}.

Equation (1.1) admits an important class of special solutions, the standing waves. These
are solutions of the form (¢, z) = e~ **u(z), where w € R and u is a complex-valued function.
They appear as a balance between non-linearity and dispersion and are supposed to play an
important role in the dynamics. The standing wave profile u satisfies the equation

(1.2) A2y + 2eAu + wu + 9ul* u =0 in RY.

Solutions of (1.2) are critical points of the action
v
(1.3) Fw(u) = / |Au)? = 2¢|Vul? + wlu|?* + —— 9|72 de = E(u) + wl|ul|3..
RN o+1

Taking into account the Hamiltonian structure of (1.1), it is natural to search for standing
waves as minimizers (or local minimizers) of the energy when the L?—norm is kept fixed. By
a standard application of the approach laid down by T. Cazenave and P.-L. Lions [9], the set
of solutions obtained in this way is orbitally stable. Studying the behaviour of the energy
with respect to the mass and to the scaling gives an insight into possible blow-up scenarios.
We refer to [6] and [3] for blow-up results.

In the case e = —1, the existence of standing waves has been investigated in several papers
(see [2], [3], [4], [5]) by using various methods, including minimisation of the energy at fixed
mass (see Theorem 1.1 p. 3050 in [4]). Some qualitative properties of these solutions as well
as the orbital stability of the set of minimizers have also been established.

In the case e = —1, it has been observed in [5], Theorem 1.1 and in [4], Theorem 1.2 that it
is possible to minimize [y [Au|? —2|Vu|? +wl|u|? dz under the constraint [g v |u[** 2 de =1
provided that w > 1. Although this approach gives the existence of standing waves, it is not
completely satisfactory because the considered quantities are not conserved by the flow of
(1.1), and consequently it does not give much information about the dynamics of (1.1).

The case € = 1 (corresponding to 5 > 0 in (BNLS)) is more difficult and, as far as we
know, there are no satisfactory results in the literature concerning the minimisation of the
energy at fixed L2—norm. Our aim is to clarify this situation in the focusing case (¢ = —1 in
(1.1) or v < 0 in (BNLS)). In the sequel we will always assume that € = 1, although most of
our results are still valid if ¢ = 0 or if e = —1. Rewriting our proofs with ¢ = —1 would give
alternate proofs of some results in [2], [3], [4], [5]-

To be more precise, we focus our attention on the minimisation problem

minimize E(u) := / |Aul? dx — 2/ |Vu|? de — . |ul?7%2 da
RN RN g + 1 RN
(Pm)
in the set S(m) := {uEHQ(RN) ‘ / |u|2dx:m}.
RN
We denote
(1.4) Enin(m) == inf{E(u) | v € S(m)}.

The basic properties of the function E,,;, are given in Proposition 3.1. In particular, we
show that E,,;,(m) is finite for any m > 0 if No < 4, and E,;;,(m) = —oo for any m > 0 if



No > 4 (of course, this is related to the fact that (1.1) is mass-critical for o = +). If No = 4,

there exists some k. > 0 such that E,,;,(m) is finite for m € (0,k.) and E,(m) = —oo
if & > k«. A simple scaling argument shows that we have always Fp,(m) < —m. If
E,in(m) = —m, the minimisation problem (P,,) does not have solutions, and all minimizing

sequences converge weakly to zero. If E,;,(m) < —m, it is shown in Theorem 3.4 that
there exist minimizers for (P,,) and that all minimizing sequences are pre-compact (after
translation), which gives the orbital stability of the set of minimizers by the flow associated
o(l.1). f0< o< %, there exists mg = 0 such that E,,;,(m) = —m for m € (0,mg] and
Ein(m) < —m for m > myg. It is an important question whether my = 0 or mg > 0. Notice
that the presence of standing waves prevents scattering for (1.1). Therefore, if mg = 0 we
cannot expect a scattering theory for solutions of (1.1) having small L?—norm.
It is easily seen that for any v € H*(RY) with [Ju[?. = m we have

[l %43
B + ol = 8w+ ulfs = bl = 18w+l (1 - o

(1.5)
— A 2 (1_ m” lull 5532 — A 2 (1_ m° 2042
= [Autullze (1= 5 iz, ) = 18wt ullze (1 - 757 2(w) )

where

||UHL2”+2

Q(u) = J- _1_°

Jull 72" [|Au + wul[ 72"
Let M = sup{Q(u) | H*(R"N),u # 0}. If M is finite, it follows from (1.5) that E(u)+|ul/2, >
0 for any u satisfying ||u||2, = m provided that m is small enough, so that 1— ﬂm—;M%” = 0.

This shows that E,,;,(m) > —m for sufficiently small m, and consequently (P,,) does not
admit minimizers for small m. If M = oo, then for any m > 0 we may find v € H2(RY),

u # 0 such that 1 — UdelQ(u)Q""‘2 < 0. Then taking v = ﬁu we see that |[v||2 = m,
L

Q(v) = Q(u), and (1.5) gives E(v) + [|[v[|2. < 0, which implies E,,;;,(m) < —m. Notice that

M is finite if and only if the Gagliardo-Nirenberg-type inequality

_o 1
U||[20+2 & Ul 52 u Ul 72
[l < COllull 2" [|Au+ul 72"

holds true for all uw € H?(RY). Obviously, M is the best possible constant in this inequality.
We will study slightly more general inequalities, namely we will investigate whether there
exists C' > 0 such that

lullr < Cllullfa |l |DFu = ullpz™  for all u € H*(RY),

where p € (2,00), £ € (0,1) and |D|* is the Fourier integral operator given by |D|*u =
F~1(]-|*F(u)). This leads us to study the boundedness on H*(RY)\ {0} of the quotient

[[ul|
Qr(u) = —.
[l 1 (ID[* = 1) ull

We obtain the following result.

Theorem 1.1 Let N € N*, p € (2,00), & € (0,1), and s > 0. Then Q, is bounded on
H*(RN)\ {0} if and only if

(1.6) m}l and MLt Sl—/@'éM L1y,

To prove Theorem 1.1 we are led to develop an original approach, based on the Hausdorff-
Young inequality in space dimension N = 1, and on the Tomas-Stein inequality in higher
dimensions. This method is not limited to the study of Q. here above. It is much more
general and can be used to prove non-homogeneous Gagliardo-Nirenberg inequalities of the
form

lulle < ClIPL(DYullf: | Po(D)ull 12",



where P;(D) and P (D) are Fourier integral operators defined by P;(D)(u) = F~1 (Pi(-)F (u)).
See Remark 2.8. Some quantitative variants are also available: see Remark 2.9.
Using Theorem 1.1 with s = 2, p = 20 + 2, and k = =% we infer that the quotient Q

o+1
in (1.5) is bounded on H?(RY)\ {0} if and only if max (1, ﬁ) < o < 4+ (see Proposition
3.3).
As a matter of fact, our method works in the simpler case when ¢ = —1 in (1.2).

20
Proceeding as in (1.5) we write E(u) = (||Aul|2, + 2| Vul|2.) (1 - %Q(U)ZJJ&)’ where

lull 20 +2
—o_ 1
lull 757 (1Aul? ,+2) Va2, ) 7+
Q to decide whether E,,;,(m) < 0 for all m > 0 or E,,;,(m) = 0 for small m. In this way it
is possible to give an alternate (and shorter) proof of Theorem 1.1 p. 5030 in [4].

Qu) = , and we need to study the boundedness of the quotient

Having at hand Theorem 1.1, we establish the existence of solutions to the problem (P,,)
under optimal assumptions. We use some ideas in [18] and [19], but all our proofs are self-
contained and elementary. The next Theorem summarizes our main results on the existence
of minimizers for (Pp,).

Theorem 1.2 Let N € N*. Let Epipn be as in (1.4). The following assertions hold true.

(1) If 0 < 0 < max (1, ﬁ) and 0 < % we have —00 < Epin(m) < —m for all m > 0.

(#) If max (1, ﬁ) < 0 < +, there exists mg > 0 (given by (3.16)) such that Ep,;,(m) =

—m for all m € (0,mp] and —oco < Ein(m) < —m for any m > my.

(iti) If 0 = &, let mg = 0 if 0 < 1 and let my be as in (3.16) if o > 1. Let k, be as
in Proposition 8.1 (vi). Then we have my < k. and Enn(m) = —m for all m € (0,mq],
—00 < Enmin(m) < —m for m € (mg, ki) and Epin(m) = —oo for m > k.

(i) If o > % we have E i (m) = —oco for all m > 0.

Problem (Py,) admits solutions whenever —oo < Enin(m) < —m; moreover, any minimiz-
ing sequence for (P,) has a subsequence that converges strongly in H*(RY) modulo transla-
tions. Minimizers of (Pp,) solve (1.2) for some w > 1.

Problem (P,,) does not admit minimizers if mg > 0 and m € (0,mq).

If e =1 and ¢ = —1, as we assume throughout this paper, writing w = 1 4 ¢ equation
(1.2) becomes

(1.7) Au+2Au+ (14 c)u — [u[*u =0 in RV,

As already mentioned, solutions of (1.7) are critical points of the action functional

1
Se(u) := /RN |Au|? — 2|Vu|? + (1 + ¢)|ul® — m|¢|2a+2 da

(1.8)
1
= Bl + (1 Ollulls = Te(w) — o [ 0P de,

where Te.(u) := / |Aul* — 2|Vu|? + (1 + ¢)|u|? dz. A classical approach to find solutions
RN

for (1.8) is to show that ¢(c) := inf{T.(u) | w € H*(RY), [qn |ul>T?dx = 1} is achieved.
In Theorem 3.7 we prove that minimizers for t(c) exist for any ¢ > 0 and any o € (0, 00)
if N < 4, respectively any o € (0, x25) if N > 5. Moreover, if u is a minimizer for ¢(c)
then v := #(c)2vu solves (1.7) and for any other solution w € H2(RN) of (1.7) we have
Sc(v) < Se(w) (see Proposition 3.9); we say that v is a minimum action solution of (1.7).
Therefore equation (1.7) admits minimum action solutions for any energy-subcritical o and
for any ¢ > 0. The next result shows that minimizers given by Theorem 1.2 are minimum
action solutions for (1.7):



Theorem 1.3 Assume that 0 < o < %. Let u be a minimizer for problem (P,,), as given by
Theorem 1.2. The following properties hold true:

(i) There exists some ¢ = c(u) > 0 such that u is a minimum action solution for (1.7).
Furthermore, any minimum action solution of (1.7) with ¢ = c(u) is also a minimizer for

(Pm)-
(i) If my < ma, the function uy solves (Pp,) and ug solves (Pum,), then c(uy) < c(ug).

(iti) If 0 < o < 4, we have c(u) — 0o as m —s oc.

(iv) If 0 < 0 < max (1,%“) and 0 < + we have c(u) — 0 as m — 0. If uyy, is any

solution of the minimisation problem (Pp,), denote v, = \'}—% = Hu:]n,imHLz’ so that ||vp, ||z = 1.
Then we have
|Avnllss — 1, [Vomlle — 1, [A+ Dol — 0 asm—0,

and ||vp||r —> 0 for any p € (2,00) if N > 4, respectively for any p € (2,2**) if N > 5.

It is proven in Proposition 3.8 that t(c¢) < C'/c as ¢ — 0 and Corollary 3.13 below shows

that for any energy-subcritical o > 0, we have ¢(c) ~ ¢TTED as ¢ —s co. The behaviour
of minimum energy solutions of (1.7) (and, in particular, the behaviour of minimizers for the
problem (P,,) as m —> oo in the case 0 < ¢ < +) is described in Proposition 3.12 and
Corollary 3.13: after rescaling and translation, they converge to minimizers of the functional

K(u) := [gn |Aul? + |u|? dz under the constraint [g [u[***?dz = 1.

In the case o > % we have F,,;,(m) = —oo for any m > 0 and the minimization problem
(Pm) does not make sense. In this case we investigate the existence of local minimizers of
E when the L?—norm is kept fixed. By local minimizer we mean a function v € H?(RY)
such that there exists an open set & C H%(R") having the property that u € U and E(u) =
inf{E(v) | v el and ||v| 2 = ||ul|r2}-

We find an open set O C H?(RY) (described in (4.4)) such that any possible local min-
imizer of E at fixed L?—norm must belong to O. The set O U {0} is star-shaped and is an
open neighbourhood of the origin in H?(R"Y), and O is unbounded in H?(RY). We denote

Epin(m) = inf{E(u) | u € O and |[u||%: = m}.

The problem of finding minimizers for E,,;,(m) (which are "best possible” local minimizers
of E when the L?—norm is fixed) in the mass-supercritical case o > % is much harder than
finding global minimizers for E,,;, in the subcritical and critical cases. To the best of our
knowledge this problem has not been addressed in the literature. Understanding the behaviour
of E with respect to the L2—norm is also an important step in understanding the dynamics
associated to (1.1). Our main results in the case o > 4 are given below.

Theorem 1.4 Suppose that o > % and o < oo if N < 4, respectively o < ﬁ if N > 5.
The following assertions are true.
(i) Assume that N > 5 and 5 < o0 < 1. Then we have Epin(m) < —m for any m > 0.
(ii) If & < o and o > 1, there exists mg > 0 such that Epin(m) = —m, for any m € (0, mg]
and the infimum Epi,(m) is not achieved for any m € (0,my).

(i) Assume that 0 < m < po, where o is given by (4.6), and Epin(m) < —m. Then
E,in(m) is achieved and any minimizing sequence for Epi,(m) has a subsequence that con-
verges strongly in H*(R™) modulo translations.

(i) Any minimizer for Epi,(m) solves (1.8) for some ¢ = c(u) satisfying

(No — 2)? 8(No — 2)

0 -1 .
Se< It NoNo—4) T N(Ne —a)?

Moreover, if N > 5 and + < 0 < 1 we have c(u) — 0 as m — 0.



Any solution w of (1.7) provided by Theorem 1.4 must satisfy (4.9), and consequently
there is some explicit constant C' > 0 such that ||u||gz < C||lul|p2. Therefore if N > 5 and
% < o < 1 equation (1.1) admits standing waves with small H?—norm and this rules out a
scattering theory for small solutions of (1.1). It is an open question whether small solutions
of (1.1) scatter or not in the remaining cases.

In the case o > %, the least energy solutions of (1.7) given by Proposition 3.9 have small
L?—norm as ¢ —» oo, but they have large H?—norm and do not belong to the set O (see
Remark 4.11 and Corollary 3.13). Thus we have two types of interesting standing waves
with small L2—norm: the minimum action solutions for ¢ — oo, and the local minimizers
provided by Theorem 1.4.

Let us compare our results to similar results in the cases ¢ = —1 and € = 0. Let us consider

the problem (P,,) with E replaced by
1
(1.9) E(u) :/ Auf? dx—25/ Valtdr— —— [ e
RN RN oc+1 RN

We define Fy;p, as in (1.4). Then Theorem 1.1 p. 5030 in [4] and Theorem 1.2 p. 2170 in [2]
give the following result:

Theorem. ([4, 2]) Assume that e = —1. Then:
(i) If 0 < 0 < %, we have —00 < Epin(m) < 0 for any m > 0.

(i) If % <o < %, there exists me,. > 0, depending on o and N, such that E,;,(m) =0
for any m < me, and —o00 < Ein(m) <0 for any m > me,.

(ii) If o = %, there exists me, > 0 such that En(m) = 0 for any m < me. and
E,in(m) = —c0 for m > me,, and Epin(m) is never achieved.

(iv) If 0 > 4+ we have Epn(m) = —oo for all m > 0.

The problem (Py,) admits solutions whenever —oo < Ep(m) < 0. Moreover, all mini-
mizing sequences have subsequences that converge strongly in H*(RY) (modulo translations).

Quite remarkably, Proposition 2.8 (ii) p. 5038 in [4] shows that for o € (%, +) and for m =
Mer, problem (P, .) admits solutions despite the fact that there exist minimizing sequences
that do not have any convergent subsequence (modulo translations). In fact, proceeding as

in (1.5) it is easily seen that in this case one has

oc+1 Hu||2LZj32 2N
S =S | ue HARY)\ {0}
g, { Full3% (TAulz, + 21 Vull3.)

and that u is a minimizer for (P,,,,) if and only if |lu[|?, = m,, and u is an optimal function

cr

for the non-homogeneous Gagliardo-Nirenberg inequality
_o _1
[v]l 202 < Cllvll 727 (1Av]1Z2 +2[VolZ2) 77

We stress that local minimizers of the energy at fixed mass are specific to the case e = 1.
Such solutions do not exist if € < 0, see Remark 4.2. If e = —1 it is shown in [2], Theorem 1.3
p. 2171 that one can minimize E in the set {u € H>(R") | |lul[2, = m and P;(u) = 0} for
some values of m > 0, where P, is a Pohozaev-type functional given in (3.39). The minimizers
found in [2] are minimum action solutions of (1.2), but are not minimizers of E at fixed L?—
norm. They correspond to solutions given by Theorem 3.7 and Proposition 3.9 below. The
instability by blow-up of such minimum action solutions has been proven in [2], Theorem 1.1
provided that they are radial and % <o <4 (and o < ﬁ if n > 5), and that instability
result is an indication that those solutions cannot be local minimizers of the energy at fixed
L?—norm.

The case € = 0 is much simpler. Proceeding as in (1.5) we find

o 2042 o
110) B = |au)z, (1< Dz _eliee )y e (1— - Qo<u>2°+2>
o+ 1 a2 Al i1



for any u € H*(R"Y) such that [|ul|?2. = m, where Qy(u) = lullpzorz A gimple

llull L2 S5z 1Aull L2 731
scaling argument shows that the quotient Qq is unbounded on H*(RN)\ {0} if o # 4. With
the above notation we get:

(i) —oo<Emm(m)<Of0ranym>01f0<o<%.

(i) Ifo = %, there exists me, > 0 such that F,,;,(m) = 0 for any m < me, and Eypn(m) =
—oo for m > me,. Epin(me.) is achieved by some optimal function for the Sobolev-
Gagliardo-Nirenberg inequality (3.3), and E,,;,(m) is never achieved if m # me;.

(iii) Epin(m) = —ocoif 0 > +.

Assertions (i) and (iii) are proven exactly as statements (v) and (i), respectively, in Proposition
3.1 below, and (ii) follows from (1.10). The existence of minimizers for any m > 0 in case (i)
is standard (one may use a simplified version of the proof of Theorem 3.4).

If ¢ < 0, equation (1.2) has infinitely many solutions that can be obtained by using
topological methods (see, e.g., Theorem 1.4 p. 2172 in [2]). This is presumably true for e = 1,
too. In this paper we focus on standing waves that minimize the energy at fixed mass, which
are the most important for the dynamical study of (1.1).

This paper is organized as follows. In the next section we develop a method to deal
with non-homogeneous Gagliardo-Nirenberg inequalities and we prove Theorem 1.1. We sep-
arate the cases N = 1 (when a simple argument based on the Hausdorff-Young inequality
is sufficient, see Theorem 2.3) and N > 2 (when a more involved argument relying on the
Tomas-Stein inequality is needed, see Theorem 2.6). Examples 2.4 and 2.7 show that the
results we obtain are optimal for the operator |D|®* — 1. Extensions to more general operators
are indicated in Remarks 2.8 and 2.9.

In Section 3 we consider the problem (P,,) and we prove Theorems 1.2 and 1.3. Statements
(i)-(iv) in Theorem 1.2 follow from Propositions 3.1 and 3.3. The existence of minimizers and
the pre-compactness of minimizing sequences are given by Theorem 3.4. Theorem 1.3 follows
from Propositions 3.5 and 3.10 (see also Remark 3.2 and Proposition 3.3). Some asymptotic
properties of minimum action solutions as ¢ — oo are given in Proposition 3.12 and Corollary
3.13.

In Section 4 we consider the more delicate problem of minimizing the energy at fixed
L?—norm in the set O when ¢ > + and we prove Theorem 1.4. Statement (i) and the first
part of (ii) in Theorem 1.4 follow from Lemma 4.4, and the second assertion in (ii) follows
from Remark 4.9. Part (iii) is Theorem 4.8. For (iv), see Remark 4.10.

2 A class of non-homogeneous Gagliardo-Nirenberg in-
equalities

Let (X, A, ) be an arbitrary measure space and let f be a complex-valued measurable function
on X. We say that f # 0 if the set {x € X | f(x) # 0} has positive measure. Obviously, if
f # 0 then fX |f|*dp > 0 for any « > 0. If f1, fo are measurable and fi fo #Z 0, then f; Z0
and fy # 0. We use the convention ggg =0if fi(z) = fo(x) =0.

The following elementary lemma will be very useful in the sequel.

Lemma 2.1 Let (X, A, u) be an arbitrary measure space, let ¢ € [1,2) and k € (0,1). Con-
sider three measurable functions w,wy, we : X — C such that wwy #Z 0, wwy Z0 and w =0
on the set {x € X | wi(x) =0 and wa(zx) = 0}. Let

@YW\ La
M; = sup |l I T
lpw |52 - [lpw2| 12

¢ is measurable, pw; € L*(X), and
pw; Z0 fori=1,2 ’

2q .
L2-a

Then M; < (1 — n)%n*%Mg. Moreover, if (X, A, p) is o—finite or if there exists t. > 0
_1 q Kol ok
such that w (wi + t.|wa|?) ? € L227—q(X), then My = (1 — H)TlﬁffMg,

w

My = sup (tlgﬁ
t>0

=
(w3 + thua )



Remark 2.2
(i) Let A; = {z € X | wi(x) = 0} for i = 1,2. We have H v
2

(wf+t|w2|2)
HL 2 ,and Hil 2 = 24 . We infer that if M < oo,
Jwi] L2-4(Ap) (wf+t\w2\2)2 L2-4(X) L2-4(Ay)
then necessarily w = 0 a.e. on A; U As (here we use the assumption that w = 0 on A; N As
and the convention § = 0).

29 =
L2=4(X)
_w
[wa]

(ii) For any fixed a,b > 0, the function g(t) = % = m achieves its maxi-
mum on (0,00) at tpee = “;?a and g(tmaz) = k(1 — k)} " a="b""1. Hence for any

Kk -1 5
x € X such that w;(x)wa(x) # 0 we have max [tlT(|w1(x)|2 + t|wa(2)[?) 2] =r2(1—
>
K) =t |wy ()|~ |wa ()"~ . We have thus a sufficient condition for the finiteness of My, namely
2
M, < 00 if w =0 a.e. on the set A; U Ay and wlw; | "|ws|*~! € L34 (X).
(iii) Assume that there is ¢, > 0 such that w (Jw;|? + t.|ws|?) 2 € L%(X). We have

t 2+ tjwel? t
(2.1) min <1, t*> < W < max (1, t*) whenever (wq,ws) # (0,0).

1 g
Since w = 0 if (wy,w2) = (0,0), we infer that w (Jwi|? + tjw|?) 2 € L;fq(X) for any t > 0.
Now let

2q

F(t) =

1—k 29
t 2w = |w(z)|>=a
H 29 = —7 du.
( Leme e (5w (2) 2 + 80w () 2) 77

S, L
wi + tlw|?)?
Clearly, M, is finite if and only if F' is bounded from above. For any z € X, the mapping

jw(z)| =5

t— —q
(7 Hws (2) 2 + t*[wa(x)[?) >~

is continuous on (0,00). Then the estimates (2.1) and the dominated convergence theorem
imply that F' is continuous on (a, b) for any 0 < a < t, < b, hence F' is continuous on (0, 00).
In order to show that M is finite, we only have to prove that F'is bounded in a neighbourhood
of zero and in a neighbourhood of infinity.

(iv) If (X, A, ) is o—finite and M; < oo, the second part of Lemma 2.1 implies that we

must have w(|w; |2 + t|wy|?) "2 € Lz%qq(X) for all ¢ > 0.

Proof of Lemma 2.1. First notice that for any given A, B > 0, the function f(t) = At"~ 1+
Bt" achieves its minimum on (0, 00) at ¢, = (1;2,)‘4 and f(tmin) = (1 — k)" FARBIF,
Let ¢ be a measurable function such that pw; € L?(X) and pw; # 0 for i = 1, 2. Using

. . . 1—5)||pwi |2
the previous observation with A = |low1[|2., B = [[pws||2, and tpmn = #
L2

we get

2(1— _ _
lpwn]|25 - pwa 29~ = (1 — &) k% (¢ low |22 + il pwa32)

(2.2) = (1= r) 7wt [ lel? (Jwil? + toinwa]?) dp

2

= (1—#) w55 o (2 + tinfoal?) * |

min

Holder’s inequality implies that for any two measurable functions f, g defined on X there holds

(2.3) 1fglle < flle2llgll 2a -
L2-4q
1 _1
Using (2.3) with f = ¢ (Jw1]? + tmin|w2|*)? and g = w (|w1]* 4 tyin|w2|?) 2 we obtain
1 _1
24 lewls < lle (o + tminlwal*)* llz2 - lw (lwr|* + tomin wa]?) "2 | 20 .



From (2.2) and (2.4) we get

||<pwHLq ol ok lom 2 o\ —3
<(Q—k) 2 k2t 2 lw(|w|® + tmin|w 2
R U P

< (1- ff)%lm_%Mg.

Since the above chain of inequalities holds for any measurable function ¢ such that pw; €
k—1 K
L?(X) and gw; # 0 for i = 1, 2, taking the supremum we get M; < (1 — k) 2 k=2 Ms.

/!

N

Next, assume that there is t, > 0 such that w (Jw:]? + t.|ws|?) 2 € L>% (X). By Remark
2.2 (iii) we have w (Jwi|? + tjw2|?) 2 € L%(X) for any ¢ > 0.

If a measurable function ¢ satisfies pw; € L*(X) and w; # 0 for i = 1, 2, it is obvious
that (2.2) holds if we replace t,,;, by any ¢ > 0 and the first ”=" by ”<.” In other words, we

have
1-k r K—1 1
lpwillfe - lowall 2" < (1= 5)"= &%77 [l (jur|* + tlwz[*)* 2 for any ¢ >0
and consequently

e lpwllee for all £ > 0.

lpws |2 - [lpwall 2 ng(\w1|2 —|—t|w2|2)% HL2

(2.5)

For any z € C we denote sgn(z) = 0 if z = 0 and sgn(z) = % if z # 0. Let ¢p =

2|

_1
sgn(w)|w| 77 (Jwi|? + t{wa|*) 277 . Then Yw; # 0 because ww; # 0, and
2q -4 1, 20 -4
s [* < o] =0 (Jwn o) 727 wal® < Slwl T (] + tlal)
hence Yw; € L?(X) for i = 1,2. It is easily seen that

1 2
[ollzo = (fn [+ Hheel?) 7 75,

and

_1 o _a
Jlon 2 )5 = [ (o o) 7 |73,

Using (2.5) with ¢ = 1, we discover
il e
(26) My > — > (1 — ,Lg;) 7 k2t 2 |lw |’LU1| + tlwzl 2 2 .

[wilg - [vwsl s [ ),

Since (2.6) holds for any ¢ > 0 we infer that M; > (1 — k)“= x~5 M,.

Finally assume that (X, A, ) is c—finite. Consider a collection of sets (X,,)n>1 C A such
that p(X,) < o0, X,, C X4 for all n and Up>1 X, = X. Fix ¢ > 0 and denote A,, =

{x € X | |w(x)(Jwi () +t|w2(x)|2)_%} < n} NX,. Then 4, C Apt1, p(An) < p(Xp) < o0

- q 1
for any n and Up>14, = X. Let ¢, = sgn(w)|w|?7 (Jwi[* + tjwa[?) > 7 14,. For all n
sufficiently large we have ww;14, # 0, and consequently ,,w; # 0.
As above we see that

29

__9q
w2 < Jw|27 (i | + thwa|?) T77 L4, <n?ily,  and

n

—_

29
n < ¥n2—q ]lAna

hence ¥, w; € L?(X). Proceeding as in the proof of (2.6) with 1/, instead of ¢ we get

1, 20 — 5L
[nwal® < ST (jun? + tlual?) "7 14

K— A —K _1
M > (1 - H)Tl/ﬁ_ftlT |w (Jwi]* + tlwa]?) 2 ||L22qu(A : for all n sufficiently large.



Then letting n — oo and using the monotone convergence theorem we find

My > (1= 9) T8 505 fuoy (L thon) 72

L2
Since this is true for any ¢ > 0, we have M; > (1 — ﬁ)%m_%Mg and Lemma 2.1 is proven.
Il

We consider the Fourier transform defined by F(u)(§) = U(§) = [gn e ™ fu(z)dz if
u € LY(RY), and extended as usually to tempered distributions. We consider the Fourier
integral operator |D|* — 1 defined by

(IDI" = Du=F1((|- " = Da).

L2(RN)).

The space H*(RY) is defined by H*(RY) = {u € S'(RY) | (1 + |- ?)31u €
€ L2(RV) and

Given a tempered distribution u, we have u € H*(RY) if and only if u
(|- ¥ = 1)@ € L3(RY). Moreover, by Plancherel’s identity we have
1 . R 1
ﬁ”UHL?(RN) and [[(|D| —1)UHL2(RN) = ~
2 (2m)2

(2m)
Let p € (2,00) and let s € (0,1). Define

2.7) lullL2mry = (- 17 = Dall L2 vy -

s e
2.8 wl(u) = for all H°(R 0},
A A (T T
and
(2.9) M = sup Qu(u).

ueH*(RN)\{0}

We will investigate whether M is finite. In the one-dimensional case we have the following:

Theorem 2.3 Assume that N =1, s € (0,00), p € (2,00), and € (0,1). The supremum

M in (2.9) is finite if and only if 5 < (11;”2)1’ <3

If N =1, the condition in Theorem 2.3 is equivalent to condition (1.6) in Theorem 1.1.
Proof. Let N € N*. Since p > 2, by the Hausdorff-Young Theorem (see, e.g., Therem

1.2.1 p. 6 in [1]) we have

N_ N~ p
(2.10) [ull o rvy < (2m) % NHUHLP'(RN)a where p’ = -1
Taking into account Plancherel’s identity and the fact that v € H*(RY) if and only if u €
L2(RM) and (|- |* — 1)@ € L2(RY), we infer that M < (27)7» ~2 Mj , where

lioll L
(2.11) My = sup{ —
el (- 1° = D el

Hence M is finite if M3 is finite. To prove the finiteness of M3 we may use Lemma 2.1 in
R” endowed with the Lebesgue measure, with w = w; = 1 and wo(¢) = |£]* — 1. By Lemma

2.1, it suffices to show that M, := sup (tlzﬁ
t>0

o, (I ° = 1) p € L*R")\ {0} }

1
(1+e( 1= =1)?)2

2p/ is finite. Notice that
L2-7p’

221” ;= %”2. Given any p > 2 and any t > 0, the function £ — ———1——— belongs to
P p (1+t(|-‘571)2)2

Lv (RY) if and only if 5ip2 > N (which is equivalent to p(N — 2s) < 2N). Let

2p

p—2 1
- [ .
22 R

e G (S

(2.12) F(t) = |

10



In view of Remark 2.2 (iii), F' is continuous on (0 20 > N.

oo) provided that =
1

Assume now that N = 1 and 2—15 < (1;_”2)” < 5. Then ;fg > ﬁ > 1, hence F is
continuous on (0,00) and we need only to check that F' is bounded in a neighbourhood of

zero and of infinity. We have

F(t)=2 /000 f(r,t)dr, where f(r,t) = ! 5

(=t s (e = 1))

For any fixed A > 0 we have

A A
A-r)p (A—-r)p
/ \f(r,t>|dr</ R e Y
0 0

Choose A > 2%, so that 7% > r® —1 > %TS for r > A. We have then

1 1
(tr=1 4 t5 zs)ﬁ <fnt) < k=1 1 Lpk,.26) 722
r (tr=t 4 fter2s)

for any r > A.

Using the change of variable r = t*iy we get
1

e o 1 G-rwp_ 1 [ 1
0< [ frntydr< A D —
A A (tn—l + %tnﬂs) p—2 135 A (1 4 iyz‘z) p—2

We conclude that F' is bounded in a neighbourhood of zero if (11)—%);) > é
Let us study the behaviour of F' as t — oo. We have

oo o 1 p oo 1
0</ f(r7t)dr</ Ldr:t_m/ —————;dr — 0ast — cc.
I e

There exist two positive constants ca, ¢z such that cily] < |1+ y|* — 1| < czly| for all
€ [-1,1]. Using the change of variable r = 1 4 y, the above estimate and then the change
of variable y = 722 we get

2 1 1 1 1
/f(r,t)dr:/ - dyg/ o dy
pP— _ k—1 K 2 p—
’ - (tﬁfl + 1 |1+y|8—1|2> 2 (vt trepy?)

N

N
= tié{k(lpfhz)p / L 41 P dZ
—t2 (14 c322)72

and we infer that F is bounded in a neighbourhood of infinity if (11)—%)19 <t

5

So far we have proved that Mj is finite (and consequently M is finite) if 2—18 < (1p:f€2)p < %
The fact that M = oo if one of these two inequalities is not satisfied follows from the next
example. O

.2
Example 2.4 Given 7 > 0, we define u,(x) := €'~ 2:2. It is clear that v € S(R) and direct
computations give

o~ _r2g=1)? 9 » 27
(2.13) u-(§) =V2rre” 7, |ulljz=var and u|}, = o7

Using Plancherel’s formula we get

S 1 S “

1(ID° = Vur |72 = o 17 = 1), [|7

_ 2 s 2 —72(6-1)?

=7 (I§° = 1)% d¢
(2.14) /R

-1
1—9s s 2 2 T as T — 00,

=T T+x|° — 7)™ dx ~

/R(| | ) {71_25 as 7 — 0.

11



Thus we obtain

1
P 1 1
(2.15) QH(UT)N%—T%+§7'{—>O® asT —o0 if —4+-—k>0,
T2T 2 p
while in the limit 7 — 0 we have
1
P r_ (1=25)(1—r) 1 1—-2s5)(1—
(2.16) QN(UT)N%:Tiifi 2 — 00 if——ﬁ_w<ol
T%Tf p 2
Notice that for p > 2 and k € (0, 1), the inequality 11; + % — k > 0 is equivalent to (1];_“2)” > %

P (1-2s)(1—k)

and the inequality % -5 = 5 < 0 is equivalent to (11:%2)10 < 2%

Remark 2.5 Let F be as in (2.12). Using polar coordinates in R" and proceeding as in the

proof of Theorem 2.3, one can prove that F' is bounded near zero if and only if (1;%)’) > %
and F' is bounded near infinity if and only if (11;%)” < % By Lemma 2.1, M3 is finite if and
only if F'is bounded, and a necessary condition for the boundedness of F' would be % < %,
or equivalently N < s. Thus any attempt to show that M < oo by proving that M3 < oo
will fall short from providing the optimal range of parameters (k, s) for which the supremum
in (2.9) is finite, given by Theorem 2.6. The Hausdorfl-Young inequality (that we have used
successfully in dimension one) is not sufficiently accurate in higher dimensions and a more

subtle argument is needed. See also the second part of Remark 2.8.

The next theorem gives optimal conditions for the finiteness of M in any space dimension

N > 2. Its proof is based on the Tomas-Stein Theorem, which asserts that for p > 2]<[v_+12,

there exists a positive constant Crg depending only on p and on N such that for any ¢ €
L?(SN=1 do) there holds

(2.17) If dollemyy < Ors||fll2sy-1y

(see, e.g., Theorem 7.1 p. 45 in [24]). Here S¥~! = {w € R | |w| = 1} is the unit sphere in
RY, o is the usual surface measure on the unit sphere, L2(S™V 1, do) is the space of measurable
functions defined on the unit sphere which are square integrable with respect to the surface
measure, and f/;l\cr is the Fourier transform of the measure f do, given by

—

fdo(&) = /SN?1 flw)e™ ¢ do(w) for any € € RY and any f € LY(SV 1, do).

Theorem 2.6 Let N e N, N > 2, p € (2,00), k € (0,1), and s > 0. Then Q. is bounded
on HS(RN)\ {0} (that is, M in (2.9) is finite) if and only if

1 N /1 1 N+1/1 1
(2.18) k=2—=- and —|=—-— gl—ngi ——=.
2 s \2 p 2 2 p
Observe that the last condition in (2.18) implies that s > ]\2,—11 and it is equivalent to
1\2,(_&:33 <p< % if 2(1 — k)s < N, respectively to ;ﬂ:i)?) <pif2(1 —k)s = N.

2(N+1)

N—T *
that we may apply the Tomas-Stein Theorem. Let u € S(RY). Using the Fourier inversion
formula and passing to polar coordinates in RY we get

Proof.  Assume that (2.18) hold and assume also in a first stage that p > SO

u(z) = 7(2711_)1\[ /000 pN—1 /SN—1 U(rw)e' ™) do (W) dr = 7(271)1\[ /000 erlﬁ?)\do(—rm) dr.

Using Minkowski’s inequality in integral form (see, e.g., Theorem 2.4 p. 47 in [16]), then the

12



Tomas-Stein inequality we get

”u”L”(RN) < (27T)N/0 TN_IHmr')dg(_r')HLp(RN)dr

1 NN
:(27T)N/0 pNt P||u(r~)do'||Lp(RN)dr

CTS > N-1—N |~
< (27r)N/0 r » Hu(r~)HL2(SN,1)dr.

N—-1

Denoting z,(r) = r 2z ([on_: [U(rw)|? do(w))
depending only on p and on N such that

1
2

, we have proved that there exists C' > 0

2N +2
N-1"-

N—1_ N
p

(219) ullprry <€ [
0

2y (1) dr for all u € S(RY) and for all p >

On the other hand, using Fourier’s inversion formula and polar coordinates in R we have

S U(rw)|? do(w) dr = 1 00227‘ r
)l = gy [ [ R de@)ar = oo [ 20

and

2 1 s 12
101 = yulls = g -1~ vl
(2.21)

—; OOTNflrs— 2 a(rw)|? do(w) dr = 1 oors_ 2.2 dr
_(27T)N/0 (r*=1) /SMI( )" do(w)d (27)N/0( 1)222(r) dr.

From (2.19) - (2.21) it follows that there is C' > 0 such that for all u € S(RY) we have

fOOO rNgl_%zu(r) dr
11—k °*

2l ey (20 = 1222(r) dr) =

Notice that z, € L?(0,00) and (] - |* — 1) 2, € L?(0,00) by (2.20) and (2.
2.1 in (0, 00) endowed with the usual Lebesgue measure and we take w(r)
1 and wa(r) =r® — 1. We get

(2.22) Qu(u) <C

21). We use Lemma
N-1_ N
=7r 2 P

(2.23) sup . ||w(p||L1(0,ool)7n < Csup t% Ll .
p€L?(0,00)\{0} H‘PHL2(0,OO)||w290||L2(o7oo) t>0 (1 + t|wy|?)? 1£2(0,00)
Let
tl_T"‘w 9 o TNflf% o)
2.24 G(t) := Hi :/ dr ::/ r,t)dr.
( ) (*) (1 —|—t|w2|2)% L2(0,00) o Tl tr(rs —1)2 0 9(r.?)

Since N —2s — % < 0 (because & (% - %) <1—k < 1), we have g(-,t) € L'(0,00) and then

Remark 2.2 (iii) implies that G is continuous on (0, c0).
For any fixed A > 0 we have

4 1 ANlﬂ 1 AN
0</ g(r7t)dr<t_”‘/ r T T dr=t """ ——x —0 ast — 0.
0 0

We have r®* — 1 > %rs if r > 25, Taking A > 25 and using the change of variable r = t’iy
we find

[e'S) [e'S) ,rN—l—% . oN [e%S) yN—l—%
0< / g(T,t)d')" < / ﬁdr:tl_ﬁ_g(N_T)/l 712dy
A A tRTE A gteres t2ea4 1+ 3y%

13



We infer that G is bounded as ¢t — 0if 1 — k > % (
It is clear that

o=
D=

).

9] oo  N—-1—
0</ g(r,t)d7“<t_"/ %dr—>0 as t — 00.
2 o (r°—1)

2N

There is C > 0 such that 7V ~'=% < C for r € [0,2] because N — 1 — % > 0 (recall that
p > 2£2) There is ¢; > 0 such that (|1 +y|* — 1) > ¢1y? for all y € [~1,1]. Using the

change of variable r = 1 + y, the previous observations, then the change of variable z = t%y
we get

2 1 1 Vit 1k
c C Ctz
0< rt)dr < dy < ———dy = ——dz.
/Og( ) /,1 (gl — 102 Y /,1 vl 4 et y? Y /ﬂ1+c%z2

We conclude that G is bounded as t — oo if kK > %
We have thus proved that if (2.18) and the additional assumption p > % hold, the

function G is bounded on (0, c0) and therefore the supremum on the right hand side of (2.23)
is finite. Then (2.22) and (2.23) imply that there exists C'(x) > 0 such that Q. (u) < C(k) for
any u € S(RM)\ {0}. Since u — Q,(u) is continuous on H*(RY)\ {0} and S(RV)\ {0} is
dense in H*(R"), we infer that Q,(u) < C(x) for any u € H*(R™)\ {0}.

It remains to consider the case ]\2,(_‘_]\;:93 <p < % We proceed by interpolation.

Denote ¢ := % We see that % (% — %) = % Since 2 < p < g, there is some 0 € (0,1)

1 _60 4 1=0
such that > =3t . We have

=) (G- o (D) s (S -t -

Since k < 1, the above inequality gives 8 < k. By Holder’s inequality we have

—0
lullze < JlullZs - ullzz

and then for any u € H*(R") \ {0} we find

ull % - el 2 - 1-0
(2.25) Qn(u) < — = (Gxw)
lullf2ll(1D]* = Lyul 2"
~ _ k=0 o~ _ 1-k o _ lullLa .
where & = §=5, so that 1 — & = =%, and Qz(u) = DAk Notice that the
inequality 6 < 2k — 1 implies that & > % and then we get 1 — Kk < % = % (% — %) Using

2

1-k N (1 1 N /1 1
1— = S ) ey (R [ e
S - (1-6) s(? p) 5(2 q)

Thus we see that (2.18) is satisfied with ¢ and £ instead of p and &, respectively. From the
first part of the proof we infer that @z is bounded from above on H*(R™)\ {0}, and then
(2.25) implies that @, is also bounded.

So far we have proved that Q, is bounded on H*(RY)\ {0} if (2.18) hold. Now let us
show that (2.18) is necessary for the boundedness of Q,. Let u € S(RY), u # 0. For 7 > 0

et ur(z) =u(%). A simple computation gives ||u., Lq:T% ul| e for any ¢ € [1,00) and
1 Z). A 1 tation g y

(2.18) and the fact that 3 — % =(1-9) (l — %), we get

7_N—2s

D1 = Dl = Tp [ (P =216l + 72) ) de.

14



Thus we find

On(uy) = (27) 5 p 3~ 0= (F o) [l 2o

lolls (e (Il2e = 2rlels +720) [a(€)12de) =

If Q. (u,) remains bounded as 7 —» 0 we must have & — 28 — (1 — )(Z — 5) > 0 and this

P2
is equivalent to 1 — k > % (% — %)

1

The next example shows that @), is not bounded if kK < % or if % (7 —

2

><1f/<;. O

Example 2.7 We consider a variant of Knapp’s example related to the Tomas-Stein inequal-
ity (see, e.g., [24] p. 46). For small § > 0, let S5 = {w = (w1,...,wy) € SV |wy > 1 -2}
Tt is easily seen that there exist positive constants Cy, Cs such that for all é € (0, 1—10), say, we

have
C1oN 7t < o(S5) < CodN T,

where ¢ is the surface measure on SY¥ 1. For small € > 0, § > 0 we define Vg5 RY — R by

1 if1—6<\£|<1+5and%655,
0 otherwise.

ves(€) = {
Let
1
@~

—€

1+e¢ )
(2.26)  wes=F ‘(v.5), that is ue 5(z) = 7/ ’I"N_l/ e do(w) dr.
1 Ss

Since 4. 5 = v. 5 is bounded and compactly supported, we have u. 5 € H*(RN) for all s. By

Plancherel’s identity we get

1
(2.27) lueslz =

—€
and

s 2 1 s 2 2
(DI =1 uesllze = W/RN(IH — 1)7|ve,5(§)]7 dS
(2.28)

1 1+4+¢
= L / N7 et — 1)20(Ss) dr ~ 36N L
7T l1—¢

Let ey = (0,...,0,1) € RN, It is clear that

1+¢

1 1+e
W /RN |Us,6(f)|2 dg = W/l TN_lo(Sa) dr ~ 6N —1

lue,s(x)] = le™" Nues(x)| = W‘/ TN*l/ i (ro=en) do(w) dr“
1-¢

e
Ss

Let Acs = {# € RN | |z.(rw —en)| < F forallr € (1 —¢,1+¢) and all w € S5}. For any

r€A.s5,7€(1—¢e,1+¢), and w € S5 we have Re(e'™(Tw=en)) > %, hence

—€

1 1+4€ No1 )
> — ix.(rw—en)
lue,s(z)] > G /1 T /Sé Re (e ) do(w)dr

14¢
> C/ TNl (Ss) dr > Ced™N 1
1

—&

for some C' > 0 independent of € and §. We infer that

N-1 1
LP(Ac5) 2 Ced |AE,5‘P.

(2.29) e, 5]l Loy 2= [lue,s

We will find a lower bound for |A. s5|. Denote z = (2/,2y), w = (W', wy) where 2/, 0’ € RN 71,

and assume that ¢ < 1. We have

|z.(rw —en)| = |2.(r oy — 1) < 2’| + ey (roy — 1)].
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For w = (W' ,wx) € S5 and r € [1 —¢,1+¢] we have |w'| < v/26 and |rwx — 1| < 262 +¢, hence
rla’.W'| < if J2f| < %5_ and |z (rwy — 1) < Z if |an| < £(26% +¢)~!. We conclude

that
\f o

(@ an) RV R o] < Y2057 fan| < 2(2524—5)1} C A.s.

Hence there exists C' > 0 independent of £ and ¢ such that |A. 5| > W and (2.29)
gives

(2.30) e 6]l o gy = Ces VD7) (62 4 )75,
From (2.27), (2.28), and (2.30) we obtain

(2.:31) Qm(ua,é) = C(S(]Vil)(%ii)cfm_%((52 + 5)7%.

and let e — 0. If Q,(ucs,) remains bounded, (2.31) implies that x > 1.

Fix d0 € (0 2

710)

Putting € = 6% in (2.31) we get Q. (us2,5) = CsN-DG =) +2e—1-3 Qr(us2 5) remains
bounded as § — 0 we must have (N —1)(1 — l) +2k—1— ; > 0, and this is equivalent to

N+1 1

Remark 2.8 The method used in the proof of Theorem 2.6 is very flexible and can be used
to prove non-homogeneous Gagliardo-Nirenberg inequalities of the form

(2.32) lulle < ClIPL(D)ullf: || Po(D)ull 12",

where N > 2, p > 2]{[V_+12 and Py (D), Py(D) are Fourier integral operators defined by
Py(D)(u) = FH(P()u), i=1,2.

Assuming that there exist non-negative functions py,ps : [0,00) — Ry such that |P;(§)| >
pi(|€]) for all ¢ € RN, i = 1, 2 and proceeding as in (2.20) and (2.21) we get for all u € S(RY)

1 ° N1
(2.33) ||Pi(D)u||2L2 > W/o pf(r)zi(r) dr,  where z,(r) =r"2 H’U,(?"')HLQ(SN—I).

In order to prove the inequality (2.32) in some function space 2~ (typically 2" = H*(RY),
but other spaces might be considered), one needs to show the continuity of the L —norm and
of the operators P; (D) and P»(D) on 27, as well as the density of S(RY) in 2". Then, taking

into account (2.19) and (2.33) and denoting w(r) = 7“%7%, it suffices to show that

w 1(0.00 .
sup { NP0 e 120,000\ (0}, = 1,2
||p1<P||L2(o OO)HPZSOHLz 0,00)

is finite. To do this, by Lemma 2.1 and Remark 2.2 (iii) it suffices to prove that the function
11—k
t7zw

|
(p? + tlp2]?)?

(2.34) H(t) :=

2 oo N-—1-21
:/ Kk—1p2 Km2 dr
L2(0,00) o tTpi(r) +trp3(r)

is bounded on (0, 00).

If N =1 or if the Tomas-Stein inequality is not available (for instance, if 2 < p <
one may try to use the Hausdorff-Young Theorem to prove the inequality (2.32), as in the
proof of Theorem 2.3. Indeed, to establish (2.32) it suffices to show that the supremum

2N+2)

el Lo 2N .
sup Pipe LF(RY)\ {0}, i=1,2
{IIPWEzHPWHLz
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is finite, and by Lemma 2.1 this amounts to proving that the function

2p

1—k p—2

Ll / 1 o dg
PEtPp)t |2 ey e PO R + e PR

Lr

(2.35) K(t) =

is bounded on (0,00). However, we expect the approach based on the Hausdorff-Young in-
equality to give weaker results than the approach based on the Tomas-Stein inequality. For
instance, if P; and P, are radial and non-negative (that is, if P;(§) = p;(|¢]) > 0), it is easily
seen that the boundedness of the function K implies the boundedness of the function H, but
the converse might not be true. See Remark 2.5.

As a matter of fact, the Gagliardo-Nirenberg-Sobolev inequality

1-Np—2) N(p—2)
lulle < Cllullp ™ I1(=A)%ull "7
L L

(with 2 < p < 22

inequality; in this case P; = 1 and P(€) = |£]?*, and the integral in K (t) is easily evaluated

using polar coordinates and the change of variables r = t‘ﬁy. For s = 1 and p = 20 + 2, this
gives (3.3).

if s < %) can be proven by using our method and the Hausdorff-Young

Remark 2.9 More quantitative variants of (2.32) can be proved, too. For instance, in some
applications it is useful to dispose of inequalities of the form (2.32) under the additional
constraint ||Pa(D)u| 2 < R||Pi(D)ul|r2, where R > 0 is given. To obtain such inequalities
we may use a slight modification of Lemma 2.1.

With the notation and the assumptions in Lemma 2.1, let

Pwi|L
MlR‘:sup |l e —
HWﬂH”L2'HWuQ”L2

b

¢ is measurable, pw; € L?(X) for i =1, 2,
and 0 < |[ows]||r2 < Rljpw1]r2
a-r)

L2-4q
Then we have ME < (1 — k)% k=5 M, "% |
To prove the above statement we use again the observation that for any A, B > 0, the
function f(t) = At*~!+ Bt"* achieves its minimum on (0, 00) at t,,in = (1;% and f(tmin) =
(1 —r)"~ 15" AF B~ If  is a measurable function satisfying pw; € L?(X) for i = 1, 2 and

_ (=r)llpwi]l?,

0 < llpwallze < Rlpwi |z, taking A = lpwi |72, B = llpwalfz and tmin = “—qizm =,

w

t>a

M3 = sup =" S ——
(w? + tlws?)

we

see that (2.2) holds and, moreover, i, = (i};). Then we use (2.2) and (2.4) and we proceed

exactly as in the proof of Lemma 2.1.

Assume that P; and Py are radial, that is P;(§) = p;(|€]) for i = 1,2. Then we have equality
in (2.33) and the condition || Py(D)ulz> < R||Pi(D)ul|r> is equivalent to [pa2(] - [)ul| L2myy <
Rlp1(] - )l 2myy and to [|pazullL2(0,00) < RlIP12ull22(0,00)- We infer that

[[ull e
(2.36) sup —
1P (D)ul5: || Po(D)ul 12

ue SRY),0< [P (D)ull e < R||P2(D)UL2}

is finite if one of the functions H or K defined in (2.34) and in (2.35) is bounded on [(5%';“) ,00).

If H(t) (respectively K(t)) is finite for some ¢ > 0, it suffices to verify the boundedness of H

(respectively of K) in a neighbourhood of infinity. Of course, having explicit bounds on H or

(1=r)

on K on the interval [~ 3

,00) would provide explicit bounds on the supremum in (2.36).
Remark 2.9 enables us to state the following quantitative variant of Theorems 2.3 and 2.6.
Corollary 2.10 Let Q. be as in (2.8). The supremum

(2.37) sup {Qr(u) | u € H*(RY)\ {0} and [|(|DI* = Dullz2 < Rllu2}
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is finite for any fized R > 0 if

>

N+1 1
d l-k<—5—(z—-]).
an K 5 (2 p)

N =

(2.38) ) K>

D=
N | =
=5

Proof. We have already seen in the proofs of Theorems 2.3 and 2.6 that the functions F’
given by (2.12) and G given by (2.24) are well-defined and continuous on (0, 0o) if % >1-=.

In the proof of Theorem 2.3 it is shown that F' is bounded in a neighbourhood of infinity
ifl-rk<3-— ]%, and Remark 2.9 above implies Corollary 2.10 in dimension N = 1.

Assume that N > 2. In the case p > 2(}57\/:1), it is shown in the proof of Theorem 2.6

that the function G is bounded near infinity if x > 3 L and this proves Corollary 2.10. In the

case 1\2[%-’:1)3 <p< Z%VH) the conclusion follows from the case p = 2(157\/;5-11) by interpolation,

using (2.25). O

3 Global minimisation of the energy at fixed L?—norm

In this section we study the minimisation problem (P,,). Recall that E,,;, has been introduced
n (1.4). Scaling properties of various terms appearing in E will be important. It is easily
seen that for any function u € H*(R™) and for any a,b > 0, letting uq,5(z) = au () we have

/ |Atg p|? do = a2bN74/ |Aul? da, / (Vg | do = a2bN*2/ |Vul? da,
RN RN RV RV

/ [t p|? T2 da = a2”+2bN/ u|? dz, / [t p|? do = asz/ lu|? da.
RN RN RN RN

Using the Plancherel Theorem we have for all u € H2(R")

(3.1)

1 1 2

A2, = Wma?aniz = W/RN [€[*[a()|* dg  and ”axjaxk’

= Gy el

L2
It is then obvious that H o2, Mk H 12 < ||Aul|g2. We have also the interpolation inequality

1 o 1 B

32 IVuls = Gy -l < Gl

ull 2 lfull L2 = [[Aul| L2 [ul] L2
Notice that we have strict inequality in (3.2), except for u = 0.

We denote 2** = oo if N < 4 and 2** = —_ if N > 5. It is well-known (see, e.g., [§]
section 9.3) that H?(RY) ¢ L=(RY) if N < 3, H*(R") c LP(R") for any p € [2,00) if
N =4 and H*>(RN) c L (RY) if N > 5. Moreover, in the latter case we have the Sobolev
inequality ||ul| 2+ < Cs||Aul|pe for any u € H?(RY).

For any o € [0, 27 — 1) we have the Gagliardo-Nirenberg-Sobolev inequality

2420 — 2N
(33) l[ul| 322, < BHAUIILz lulls ™

for all u € H*(RY),
where B is independent of u (see e.g. [21] or the end of Remark 2.8). We denote by B(N, o)
the best possible value of the constant B in (3.3), namely

|| 17542
(3.4) B(N,o) = sup e
w2 (RN), w0 | A A [lufl 377

It is also well known that there exist optimal functions for (3.4); that is, the supremum in
(3.4) is, in fact, a maximum (see, e.g., Example 3.10 in [19]).

The properties of the function E,,;, will be crucial in the sequel. They are summarized
in the next Proposition and in the remark following it.
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Proposition 3.1 The function m — Epn(m) has the following properties:
(i) If N > 4 we have Epin(m) = —oo for all m > 0.

For the following statements we assume that 0 < oN < 4. We have:
(ii) The function E,y, is concave on (0,00).

(iii) For any m > 0 there holds Ein(m) < —m.

Emin

mJl0 m
(v) If 0 < oN < 4 we have E,i(m) > —o0 for all m > 0 and there exist A€ R, B> 0

Emin
such that Epin(m) < Am — Bm°*tL (thus, in particular, Emin(m)

m
Moreover, for any ki, ko > 0 the set {u € H*(RN) | |lullz2 < k1 and E(u) < ka} is bounded
in H?(RM).

(vi) Assume that oN = 4. Let B(N,o) be as in (3.4) and let k, = (o +1)7 B(N, o) 7.

Then Epin(m) is finite for any m € (0,ky) and Epin(m) = —o0 if m = k..

In addition, for any k1 < k. and any ky > 0, the set {u € H*RYN) | [ul3. <
ki and E(u) < ko} is bounded in H*(RY).

— —00 as m —» 00).

Remark 3.2 The function E,,;, is finite and concave on (0,00) if o N < 4, respectively
on (0,k,) if oN = 4, hence it is continuous and admits left and right derivatives at any
point of these intervals. We denote by Ej ;, ,(m) and Ej,;, .(m), respectively, the left and

m min,r

right derivatives of E,;, at m. The functions £, ; , and E},;, . are nonincreasing, we have
Eine(m) = B, (m) for all m and equality must occur at all but countably many m’s.
Proposition 3.1 (iv) implies that

}%ﬂ% E;LG,l(m) = Su>po E7/nln,£(m) = 71717.5,% E7/nin,r(m) = Su>% E;nzn,r(m) =-1

m m

Let
(3.5) mo = sup{m > 0 | Epin(m) = —m}.
It is clear that E,(m) = —m on (0,mg) and Epin(m) < —m on (mg,00). If m > mg

and Eypin(m) > —oo we must have E] ;. ,(m) < —1. If oN < 4 we have mg < oo and

m
/ _ / Emin(m) _
Emin,é (m) - Emin,'r‘ m -

(m) = —oo because lim —o0 by Proposition 3.1

lim lim
m—r00 m—00 m—00

(v).
Proof of Proposition 3.1. (i) Let m > 0. Choose u € H*(RY) satisfying |lu[|2, = m.
We use (3.1) with uap = au(;) and a = t7, b = t~3. It is obvious that [[u;n/s 4-1/2[|2. =

ull3. = m for any t > 0, and consequently Epiy(m) < E(ugn/a 4-1/2) for all t. From (3.1)
we have

(3:6)  Elupa g-1/2) = t2/ |Aul? da — 2t/ Vul?de — " / ul*7+? da.
RY RN RN
If No > 4, letting t — oo we discover E,,;,(m) < tlirgc E(usn/a 4-1/2) = —00.

(ii) It is obvious that u € S(m) if and only if there exists v € S(1) such that u = /muv.
Hence for any m > 0 we have

Epmin(m) = inf{E(y/mv) | v e S(1)}

o+1
= inf {m (/ |Av|? dz — 2/ |V112da:> o / lv|>? T2 dx ’ v e S(l)} .
RN RN oc+1 Jgr~

For any A € R and any B > 0 the function m — Am — Bm°*! is concave on (0,00). The
infimum of a family of concave functions is also a concave function and statement (ii) follows.
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(iii) Let m > 0 and € > 0. Choose a function n € C2°(R") such that ||5||2, = (2m)V
and the support of 7 is contained in the annulus B(0,1) \ B(0,1 —¢). Let u = F~1(n).
Then v € S(RY) and ||ul|2, = N |n]|22 = m. Using the basic properties of the Fourier

transform, Plancherel’s formula and the fact that 0 < (|¢[? — ) < 4e? on the support of 1
we get

2 2 9, 1 4 olel2 PPN
Joaar—2 [ vapaes [ itar= e (el =2l 1) o) de

4e?

1 2
= — 1— 2 2d < —— 2d _ 4 2 )
T o ey, (IO e < 5 [ @R = e

We infer that
Epin(m) +m < E(u) + ull% </ |Au|2d:v—2/ |Vu|2dm—|—/ (uf? do < 4¢?m,
RN RN

that is Eyin(m) < —m + 4e?m. Since ¢ > 0 is arbitrary, (iii) follows.

(iv) Counsider first the case 0 < o N < 4. Let 0 < ¢ < 1. Using the Gagliardo-Nirenberg-
Sobolev inequality (3.3) and Young’s inequality (Jab] < % + % if % —1—5 = 1) with exponents
p:ﬁandq — UN,Wegetforanyv€H2(RN)

8(oc+1)—20N

2420 2N e
T el AvflEs + Crle)llull . T

1
mllvlli‘éii X ||AU||L2 v ||

where C(¢) is independent of v. It follows that

8(c+1)=20N

(3.7) E(v) > (1= ¢)l|Avli = 2[VoulZ: = Ci(e)vll = =7
Using Plancherel’s formula we get
1 1—¢ 1\?
(38) (1= 9Aols — 290l + bl = g [ (162 - 22) ORde >0
Notice that the inequality in (3.8) is strict if u # 0. From (3.7) and (3.8) we get

1 8(c+1)—20N

1_€||UH%2 —Ci()||vl " for all v € H*(RY).

(39)  E()>-

Taking the infimum in (3.9) over all v € H?(RY) satisfying |[v||2, = m we discover

(3.10) Ein(m) > — 1l ~ (e ym T for any m > 0.
—€
. 1 e Emin (m)
From (iii) and (3.10) it follows that E,,;,(m) — 0asm — 0 and — 1 < hmf(?f ———= <
— & m m
lim sup & < —1. Since ¢ is arbitrary, (iv) is proven.
mJl.0 m

Next consider the case oN = 4. The Gagliardo-Nirenberg-Sobolev inequality (3.3) be-
comes

(3.11) [vll7555 < BllAv|Z:[lv]1Z3

Let 0 < ¢ < 1. Using (3.11), for any v € H?(R") satisfying < € we get

srrllvlig
E(v) > (1 - ¢)l|Av[[7 — 2| V|2

and then using (3.8) we obtain E(v) > — 1 ||v||2.. This gives Epin(m) > —2 for all m > 0

satisfying m?? < e. Taking into account (iii), statement (iv) is now obvious.

a'+1
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(v) Using (3.10) with ¢ = %, say, it is clear that E,,;,(m) > —oo for any m > 0.
Fix v € H?(RY) such that |juljzz = 1. Let A = / |Au|? dz — 2/ |Au|? dz and
RN RN

1
B = / [u|29+2 dz. For all m > 0 we have ||m>ul|2, = m, hence Epin(m) < E(u) =
o+ 1 RN

Am — Bm°+1.
If ||ul| 2 < k1 and E(u) < kg, using (3.2) and (3.3) we get

24202 o
2

ki > || AulZ — 2k Aull 2 — 716 A

Since 2N < 2 the above inequality implies that ||Aul/z2 is bounded. Then (3.2) and the

inequality ‘

o a:p < ||Aul[z2 imply that [|ul|g2g~y is bounded.

(vi) Assume 0N = 4. By (3.2) and (3.3) we have for all u € H2(R")

B(N,
BE(u) > | Aul?. - 2lullp2l|Aull 2 — ZE2 | Aul|2,[|u) 23

(3.12)

B(N,o o
= (1 B2 32 ) 1wl — 2l 2 Aul 2.

Let ky < ky = (0 +1)s B(N, o)~ 7. Let 7(k1) = 1 — 282 k9 > 0. For any u € H*(RY)
such that [ul|2, < ki, by (3.12 ) we get

(3.13) B(u) > 7(ky)|Aul}z — 2k | Aullz> > min(r(ki)s® - 2kis) = Tfkll).

We infer that E,,;,(m) > —% > —oo for all m € (0, k;]. Since k1 < k. was arbitrary, we
see that Ey,;, is finite on (0,k,). Moreover, if ||ul|2, < k1 < k, and E(u) < ko then (3.13)
implies that || Aul|z is bounded and arguing as in part (v) we see that [|ul| z2(g~) is bounded.

Let @ be an optimal function for the Gagliardo-Nirenberg-Sobolev inequality (3.3) with
o = + such that [|Q||;2 = k*% = (0 4 1)2 B(N,0) 2+. Such a function Q exists because
whenever u is an optimal function for (3.3), the rescaled functions u, ;(-) = au (3)are optimal
functions, too. We have

1 i 1
mll@llizﬁg = 18w o)IAQZ: Q1175 = AQIIZ-.

For ¢ > 0 let uy(z) = t7Q(t2z). From (3.1) and (3.6) it follows that w2, = [|Q||22 = ki

and E(u;) = —2t[|[VQ|%,. Letting t — oo we discover Ep, (ki) = —oco. If m > k., using

the test function m3k, u; and letting t — oo we find Eypni,(m) = —oo. O

As we will see later, problem (P,,) admits solutions if and only if —co < Ein(m) < —m.

We have already seen that E,,;,(m) = —oo for all m if ¢ > %. Proposition 3.3 gives necessary

and sufficient conditions to have F,,;,(m) < —m whenever o € (0, %] Its proof relies on the
functional inequalities proved in Section 2 and on the test functions constructed there.

Proposition 3.3 Let N € N*. We have:

(i) If0<o< max( >ﬁ) , then Epin(m) < —m for all m > 0.

(ii) If max (1, ﬁ) <o < %, there exists mg > 0 such that E,,(m) = —m for any
m € (0,mg] and Epin(m) < —m for any m > mg. Moreover, mg is given by (3.16) below.

(iti) Assume that o = + and let k, be as in Proposition 3.1 (vi). Let mo be as in (3.16).
Then mo < k. and we have Epin(m) = —m if m € (0,myg], respectively —0o < Epin(m) <
—m if m € (mg, k+).
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Proof. (i) Assume that N = 1 and 0 < ¢ < 2. Fix m > 0 and let u, be as in
Example 2.4. Denote v, = 7~ 37 2mzu,. By (2.13) we have [v-l22 = m, v 3302 =

(0 +1)" 277 5m 1777 and (2.14) gives |[(A + 1), |2 ~ Cm7™% as 7 — oo. For 7

sufficiently large we have E(v,) + [lv,[|2. = [[(A + v, ||2. — %HHUTH%ZLQQ < 0, and this
implies Epin(m) < —m.
If N > 2, for small £, > 0 let ue 5 be as in (2.26). Denote w. s = %ugyg, so that
e.sllL

|we,s[|32 = m. By (2.27) and (2.28) we have [|(A + 1)w. 5|32 ~ me?, while (2.27) and (2.30)
give [[w. s]|33.2 = Cmo+eo 157N =1 (52 + &)~ for some C > 0.
If o € (0,1), fix a small dp > 0 and observe that

20+2

(3.14) E(we,s,) + wes 72 = (A + Dwe 5|72 — [we,56 | 72072 < 0

oc+1
if  is sufficiently small, hence E;,;n(m) +m < 0.
Ifo e (0, ﬁ), taking e = §2 it follows from the above estimates that ||(A+1)wsz 5(|2, ~

md* and [|wsz 5]3552 > Cmo 167 (N+D for some C' > 0 and any small § > 0. Asin (3.14), this
implies E(ws2,5) + ||[ws2 5]|22 < 0 for sufficiently small §, and consequently Ey,;,, (m) +m < 0.

(ii) It is easy to see that for any v € H2(R") we have

1 ullZ lull 7522
E(w)+|ul?2 = [(A+1D)ul|?.— wl|?73F2, = |[(A+D)u|?. [ 1 - —L L )
)+l = WA+l Il = N (1 - 28 e B
_ o _ [[u]l 2o+ : ,
Let k= 2% and Qx(u) (see (2.8)). The above equality can be written as

ullga A+ ullz"

iz

15) E 2, = A+ Dul?. (1
(8.15) B(u) + [lul72 = (A + )unL( p—

QH(U)Q‘H'Q) for all uw € H*(RN)\ {0}.

We use the results in Section 2 with s =2, p =20+ 2 and k = 5T

If N = 1, condition 2—15 < (11:@2)? < % in Theorem 2.3 is equivalent to 4 > ¢ > 2. Hence
@, is bounded from above if o € [2,4].

If N > 2, the condition x > 1 in (2.18) is equivalent to o > 1, & (l - l) <1-kis

2 s 2 p

equivalent to 0 < <, and 1 — k < % (l — %) is equivalent to o > Ni. By Theorem 2.6,

N> 2 +1

) . . 4 4
Q) is bounded from above if and only if max (1, N—_H) <o < 5

Whenever @, is bounded from above, let M = sup Q. (u), as in (2.9), and let

ueH*(RN)\{0}

(3.16) mo=(oc+1)7 M~ "
If m € (0,mo), using (3.15) we infer that E(u) + |[uf?. > 0 for any u € H*(R") satisfying
|ul|2, = m, hence E,,;n(m)+ m > 0. Then Proposition 3.1 (iii) implies Ey;n(m) = —m.

If m > myg, we have (o + l)ﬁnfﬁ < M. Choose u € H>(RY), u # 0, such that
Qu(u) > (0 +1)=Pm 572, Let v = %u, so that [|v]|2. = m and Q,(v) = Qx(u). From
(3.15) we get E(v) + ||v]|2, < 0, hence Eypin(m) < —m.

(iii) Taking into account (3.16) and the expression of k, in Proposition 3.1 (vi), the in-
equality mg < k, is equivalent to B(N, o) < M?°%2 where B(N, o) is given by (3.4). Denote
by O(u) the quotient appearing in (3.4). Let u, be an optimal function for (3.4). Then
Ur = Us (\—E) is also an optimal function for (3.4), that is Q(u,) = B(N, o) for all T > 0.
The conclusion follows if we find 7 > 0 such that Q(u,) < Q. (u,)?***2, and this is equivalent

to [[(A + Lu,||3. < ||Au,||3., or using Plancherel’s theorem, / (1€1* - 7')2 [u.)%(€) d¢ <

RN

/RN €] [T, |2 (€) d€. The last inequality can be written as

B 21~ |2 2 ~ 12
o [P P©dr [ e ds <o
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2| || |12
= 2
a1,

from part (ii) and Proposition 3.1 (vi). O

and holds true if 0 < 7 < . We have thus shown that mg < k.. The rest follows

The next Theorem establishes the existence of minimizers for the problem (P,,) as well as
the pre-compactness modulo translations of all minimizing sequences.

Theorem 3.4 Assume that No < 4 and m > 0 is such that Ep,(m) < —m.

Then for any sequence (un)n>1 C H2RYN) satisfying M(u,) — m and E(u,) —
Epmin(m) there exist a subsequence, still denoted (up)n>1, a sequence of points (x,)n>1 C RY
and a function u € H>(RN) such that u, (- + z,) — u strongly in H?(RN).

In particular, there exists a solution w € H?(RN) to the minimization problem (P,,).

The same conclusion holds if No = 4, 0 < m < k. (where k. is as in Proposition 3.1
(vi)), and Epmin(m) < —m.

Proof. Let (un)n>1 be a minimizing sequence. It follows from Proposition 3.1 (v) or (vi)
that (u,)n>1 is bounded in H2(RY).
Using (3.8) with e = 0 we infer that for any u € H?(R"Y) there holds

/ 2742 dg = (0—1—1)/ AUl = 2Vul? + [ul? dz — (o + 1)(B(u) + [[u]Zs)
(3.17) RN RN
> —(o+1)(E(u) + [|ull.).

Choose ¢’ > o such that 20’ + 2 < 2**. We denote by £V the Lebesgue measure in RV.
Using Hélder’s inequality and the Sobolev embedding we get for any u € H?(RY) and for
any t > 0,

Jro a7 2 de = [y gy P72 da ot [y T2 de

o1
o+1 N

’ ol +1 _of1
(3.18) < 120 f{|u\<t} |uf? dz + (f{|u\>t} |20 +2 dsc) LN ({Ju] = ) e

el

_ o1
<27\ ul)?s + (Csllull2)**2 LN ({fu] > t})' =71 .

Choose § > 0 such that 26 < —(0+1)(Epin(m)+m) (this is possible because E,,;n,(m) < —m).
Since |lun||2; — m and E(u,) — Epin(m), (3.17) implies that / [, |22 d2 > 26 for
RN

all n sufficiently large. Choose tq > 0 such that 3% (m + 1) = §. Using (3.18) for u,, and the
boundedness of (uy,),>1 in H2(RY), we infer that there exists a constant a > 0, independent
of n, such that £V ({|u,| = to}) > a for all sufficiently large n. Using Lieb’s Lemma (see
Lemma 6 p. 447 in [15] or Appendix 2 in [19]) we infer that there exists a constant b > 0,
independent of n, and for each n large there exists x,, € R such that

N ({x € B(zn,1) | Jun| > ’;()}) > b,

From now on we replace wu,, by u,(- + x,), which is still a minimizing sequence and satis-
fies LN ({& € B(0,1) | |un| = %}) > b. Since (un)n>1 is bounded in H?(RY) there exists a
subsequence, still denoted (uy,)n>1, and there is u € H2(RY) such that

Up — U weakly in H?(RY),
Uy —> U in LP (RN) for 1 < p < 2** and a.e.

loc

(3.19)

It is clear that fB(O 1 |un|Pdx > b (%’)p for all n sufficiently large. Take any p € [1,2**)
and pass to the limit to get fB(O 1 |ulP dz > b (%’)p In particular, we infer that u # 0.

Let my = ||lul|3,. It is clear that 0 < my < liminf, o [[u, |32 = m. We will show that
my1 = m. We argue by contradiction and we assume that m; < m. The weak convergence in
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a Hilbert space gives as n — oo
lunllZe = llullfz + llun — ullZ2 + o(1),
(3.20) IVunl2z = [IVulZe + IV (un — w2 + o(1),
[Aun |72 = |Au]Z2 + | A(un = u)[[F2 + o(1).

Using the Brezis-Lieb Lemma (see e.g. Lemma 4.6 p. 10 in [14]) we get

(3.21) / |, |22 da :/ |u|?72 dx+/ [ty — u|* 2 dz + o(1).
RN RN RN
From (3.20) and (3.21) we get
(3.22) E(up) = E(u) + E(un —u) + o(1) as n —» 0.

It is obvious that E(u) > Epin(mi) and E(u, — u) > Empin(|lun — ull32). By (3.20) we
have ||u, — ul|2, — m — my. The function E,,;, is continuous on (0,00) if 0 < oN < 4,
respectively on (0, k) if o N = 4, and passing to the limit in (3.22) we get

(323) Emzn(m) 2 Enin (ml) + Emzn(m - m1)~

Since Epnin is concave and Ep,in(n) — 0 as n — 0 we have Eyin(mi) = "L Epin(m)
and Epin(m —my) = " B (m). Moreover, equality may occur in one of these in-
equalities if and only if E,,;, is linear on (0, m]. Summing up and comparing to (3.23) we
infer that necessarily we have Epin(m1) = T2 Epin(m) and Eyy, must be linear on (0, m).
Then Proposition 3.1 (iv) implies that E,.;,(n) = —n for any n € (0,m], and in particular
E,in(m) = —m, contradicting the fact that F,,;,(m) < —m. This contradiction shows that
necessarily m; = m.

Since u, — u weakly in L2(RY) and |ju,||2. — m = |lul|2, we infer that u, — u
strongly in L2(R"). Using (3.2) and (3.3) for u,, — u we infer that Vu,, — Vu strongly in
L?(RY) and u,, — u strongly in L?°+2(RY). The weak convergence u, — u in H?(RY)
gives ||Aul|2, < linrgioréf | Aty |22, and consequently we get E(u) < hnn_l)iogf E(upn) = Emin(m).
On the other hand we have E(u) > Ep,n(m) because ||ul|2. = m. Therefore E(u) = Epin(m)

and u solves the problem (P,,). Moreover, we have ||Auy,|3. — ||Aul|?.. Since Au, —
Au weakly in L2(RY), we infer that Au, — Au strongly in L2(R"™). The inequality

‘ ﬁ Lo < ||Av||z2 for any v € H?(RY) implies that u,, — u strongly in H?(RY) and
Theorem 3.4 is proven. O

Proposition 3.5 Assume that cN < 4, m > 0 and u € H*(RY) is a solution of the mini-
mization problem (Py,). Then there exists ¢ = c(u) > 0 such that w satisfies the equation

(3.24) Au+2Au+ (14 c)u — [u*u =0 in H2(RN).
Moreover, we have:

(Z) I+ce [_E;nin,f(m% _E;nin,r(m)]'

(i) If mg = 0 (where mg is given by (4.6)), then c¢(u) — 0 as m — 0.

(iti) If oN < 4 we have c¢(u) — 00 as m — 00.

(i) If m > mq and E,;,, ,(m) > E},;, .(m), there exist at least two solutions u1 and uz
for the problem (Py,) such that 1+ c(u1) = —E, ;. ,(m) and 1 + c(ug) = —E},;,, .(m).

(v) If mq < ma, the function uy solves (Pp,) and ug solves (Pu,,), then c(ur) < c(ug).

(vi) If mg > 0, problem (Pp,) does not admit solutions for any m € (0, mg).
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Proof. Since E and M (u) := ||u||?. are C"! functionals on H*(R"), the existence of a Lagrange
multiplier A, € R such that E'(u) = A, M'(u) in H?(R") is standard. Then we have

(3.25) A2y + 280 — Nu — [u*u =0 in H2(RN).

We claim that A € [E},;, .(m), B/ ;, ,(m)]. We have [|(1+ t)ull7, = (1+t)*m, hence E(u +
tu) = Enin ((1 + t)zm) and therefore

FE tu) — F
20um = 20 ullf: = MM (w.u = E'(u).u = lim (ut “t> ()

t10 t :
We conclude that A\, > £}, .(m). Proceeding similarly with 1 — ¢ instead of 1 +¢ we get
—Au = —E;;,, (m) and the claim is proven. Denoting c(u) = —A, — 1, statement (i) follows.
Taking the H~2 — H? duality product of (3.25) and of u we get
(3.26) / |Au|2das—2/ |Vu\2da:—)\u/ |u|2dm—/ 2742 d = 0.
RN RN RN RN
Using (3.26) and the identities ||u[|2. = m, E(u) = Epnin(m) we get
(3.27)
1 1 Au
l[ul|3352, = 7 (Emin(m)—A,m) and / |Au|? — 2|Vul?dz = 7t Ein(m)——m.
o RN o o

Since Eypin(m) < —m for all m > 0, the first part in (3.27) implies that for any m > 0 and for
any solution u of (P,,) we must have A\, < —1, that is ¢(u) > 0. If mg > 0, m € (0,mg) and
u is a solution to the problem (P,,) by (i) we should have A, = —1, a contradiction. Thus
(vi) is proven.

Consider m > my such that F,,;,(m) is finite. Take an increasing sequence (my,),>2 in
(mg, m) such that m,, — m. For each n, let u, be a solution of the minimization problem
(Pm,.) (the existence of u,, is guaranteed by Theorem 3.4). Then (u,)n>2 is a minimizing
sequence for (P,,). Using Theorem 3.4 again we see that there exists a subsequence, still
denoted (un)n>2, and there exists a solution u; of the problem (P,,) such that u, — uy
strongly in H?(RY). Identity (3.26) and the strong convergence in H?(RY) imply that

Ay, = lim A, . On the other hand, (i) and the basic properties of concave functions imply
n—r oo
that Ay, — Ej,;, ,(m). Thus we have \,, = E} , ,(m). Taking a decreasing sequence

m, — m and proceeding similarly we see that there exists a solution ug of (P,,) such that
Auy = EJin . (m). This proves (iv).

min,r

To prove (v) we argue by contradiction and we assume that there are m; < ms and there
are solutions uy and ug of (P, ) and of (P, ), respectively, such that ¢(u1) = c¢(uz). Since
-1- c(ul) 2 E;nin,r(ml) 2 Einin,[(m2) > —1- C(UQ)? we see that E;nin,r(ml) = E;nin,é(mQ)a
and this implies that E,,;, is affine on [my, ms]. Hence there exist A < —1 and B € R such
that E,,;n(m) = Am+ B for any m € [my, ms]. For any m € (my, m2), Theorem 3.4 gives the
existence of a solution u to the problem (P,,) and statement (i) above implies that A, = A,
or equivalently c(u) = c(u1) = c¢(uz). Fix mg € (m1,m2) and let u be a minimizer for (Pp,,).
The first part of (3.27) gives ||lu[235% = ZELB, hence B > 0. Using v/fu as test function and
taking (3.27) into account we get for ¢ sufficiently close to 1,

At + B = Epin(tms) < E(Viu) = t x| Auf? — 2|Vul2dz — £ o [u?o+2 do
(3.28)
1 ot
—ams+B+ T g (i 7)),
o c+1 o+1
t<7+1

Since B >0 and t —

o1 — o7 <0 fort #1, (3.28) gives a contradiction. This proves (v).

All other statements in Proposition 3.5 are obvious. O
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Proposition 3.6 Assume that 0 < o < max(1, Niﬂ) and o < %. For any m > 0 let u,,
be any solution of the minimisation problem (Py,), as given by Theorem 8.4 and Proposition
3.3, and let ¢, = c(um,) be the Lagrange multiplier given by Proposition 3.5, so that (um, ¢m)
solve (8.24). Denote vy, = ”—\/% = Hu:limHLz’ s0 that ||vm||r2 = 1. Then we have

(3.29) lAvplle — 1, ||Vomllze — 1,  |[[(A+ Dogllze — 0 as m — 0,
and ||vm|lr — 0 for any p € (2,00) if N > 4, respectively for any p € (2,2**) if N > 5.

Proof. The H~?— H? duality product of (3.24) with un, gives Tt (um) = [g [tm[* T2 dz.
Using (3.2) and (3.3) we get

A, |25 — 2| A 1 — BN, O[Aun |2 w2772 <0
| At |72 = 2| A% 22 [[um || L2 + (14 em) |um || 2 (N, o) | Al 2 [[um]|; - <0.

2 _ lAuml?,

Dividing the above inequality by [u,[|7. we see that ||Avy, |7, = remains bounded

Tamll? 5
if m is sufficiently small. Using (3.3) again we find ||um|?35% < Cllun|3272, and then
dividing the equality T¢, (um) = [gn [um[**T?dz by |lum||3. and letting m — 0 we infer
that ||(A 4+ 1)vy||zz2 — 0 as m — 0.
It is proven in Remark 3.11 below that u,, satisfies the identity P,  (uyn,) = 0, where P, is
given in (3.38). Dividing this identity by ||u,[|2. and letting m —s 0 we obtain
N -4 N -2
N avlze — 22 Vel + o3 0 asm 0.
The above convergence and the fact that |[(A + 1)v,||2 — 0 and ||vy,||2 = 1 give (3.29).
We claim that for any sequence m,, — 0 and for any sequence (z,,)n>1 C RY, the only
possible weak limit in H2(R”) of v, (-+,) is zero. Indeed, assume that in H2(RY) — w # 0
weakly in H2(R"). Then by weak convergence we have

(A + 1)w| g2 < liminf [[(A + L)vg,, (- + 2,)|| 2 = liminf (A + Do, |22 = 0,
n—roo n—roo

and then Plancherel’s identity implies (|- |2 — 1)@ = 0 a.e. in R, thus w = 0, a contradiction.
The claim is thus proven. It is then standard to show that v,, — 0 strongly in L?(R") for
all p € (2,00) if N > 4, respectively for all p € (2,2**) if N > 5 (see, e.g., Lemma 6.1 in [20]).
O

So far we have solved the global minimization problem (P,,) in H2(R") in the case o N < 4
and we have shown that any solution satisfies (3.24) for some ¢ > 0. Obviously, u € H*(RY)
solves (3.24) if and only if w is a critical point of the following functional, called action:

1
Sc(u):/ \Au|2da;—2/ |Vu|2dx+(1+c)/ luf? do —
RN RN RN

— lu|?7 2 du.
o+ 1 RN

At this stage it is not clear that given any ¢ > 0, there exists m > 0 and a solution u of (Py,)
such that c¢(u) = ¢. We will show that for any ¢ > 0 and for any o > 0 satisfying 20 +2 < 2**,
equation (3.24) has solutions and, moreover, it has solutions minimizing the action S. among
all solutions (these are called minimum action solutions or ground states). Moreover, we will
show that all minimizers of a problem (P,,) are ground states. To this end we introduce
another family of minimization problems.

Let ¢ > 0. We consider the minimization problem

minimize T,.(u) := / |Aul? dz — 2/ |Vu|? do + (1 + c)/ |u|? dz
RN RN RN
(7c)
in the set U := {u€H2(RN) ’ / u|2"+2d:c1}.
RN

We denote t(c) = inf{T.(u) | u € U}. It is clear that

! / |u|> T2 dz = E(u) + (1 +¢) / lu|? da.

(3.30) Se(u) =Te(w) = ——— . RN
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Theorem 3.7 Assume that 0 <o < o0 if N 24 and 0 <o < ﬁ if N > 4. Then for any
¢ > 0 we have t(c) > 0 and the minimization problem (T.) admits solutions. Moreover, for
any sequence (un)n>1 C H2(RN) satisfying [gn [un|** T2 dz — 1 and T,(u,) — t(c) there
exist a subsequence (un, )k>1, a sequence (zx)g>1 C RN and a minimizer u for (T.) such that
Un,, (- + zx) — u strongly in H2(RY).

Proof. The proof is standard, so we only sketch it. Fix ¢ > 0. Then fix € > 0 such that
= +& < 1+c. Using (3.8) we get To(v) > || Av||2, +¢|[v]|2. for any v € H*(RY), and then

1
it is clear that 72 is a norm on H2(R™) and that it is equivalent to the usual norm. By the
1
Sobolev embedding there exists K, > 0 such that |[v]|20+2 < K. T2 (v), thus t(c) > K2 > 0.
For any v € H?(R"), v # 0 we have € U, hence T, (*) > t(c) and this gives

v
vl L2042 vl L20+2

(3.31) T.(v) = t(c)||v]|3 2042 for any v € H*(R™N).

Let (un)n>1 be a sequence as in Theorem 3.7. It is obvious that (uy)n>1 is bounded in
H?(RY). We choose 0/ > ¢ such that 20’ +2 < 2** and we use (3.18) for u,, to infer that there
exists constants tg, a > 0, independent of n, such that LY ({|u,| > to}) > a for all sufficiently
large n. Then Lieb’s Lemma implies that there exists a constant b > 0, independent of n,
and for each n large there exists z,, € RY such that £V ({z € B(z,,1) | lun| > %}) > b. We
replace u,, by un (- + x,), which is still a minimizing sequence and satisfies fB(O,l) |t |P d >
b (%O)p for all n. Since (uy)n>1 is bounded in H2(RY) there is a subsequence, still denoted
(un)n>1, and there is u € H2(RY) such that (3.19) holds. The convergence u,, — u in
LY for 1 < p < 2** gives fB(o,l) |u|P dz > b(%’)p, and therefore u # 0. Denote n =
Jan~ [ul*T2dz > 0. By Fatou’s Lemma we get n < 1. It is obvious that (3.20) and (3.21)
hold. By (3.21) we have [ [un —u[?**T?dz — 1 — 7 and then using (3.20) and (3.31) we
find

Te(un) = Te(un — w) + Te(u) + 0(1) = t(c)un — ul[Zorss + tc)l|ull720s2 + o(1).

Letting n — oo in the above inequality we obtain 1 > (1 — n)ﬂ%rl + 77#1 and this implies
that n = 1, that is w € U. Then we must have T.(u) > t(c). On the other hand, T.(u) <
liminf T (u,) = t(c) by weak convergence, and therefore T.(u) = ¢(c) = lim T.(u,). Since
n—oo n—oo

T, is a norm on H?(R"Y) we infer that u,, — u strongly in H?(RY), as desired. O

Proposition 3.8 The mapping ¢ — t(c) is strictly increasing on (0,00) and there is C > 0
such that t(c) < Cy/c for all sufficiently small c. In particular we have t(¢) — 0 as ¢ —> 0.

Proof. Let 0 < ¢; < ¢2. Let u be a minimizer for the problem (7;,). We have u € U and
t(ca) = Tey(u) > Tt (u) = t(c1). Hence the mapping ¢ — t(c) is strictly increasing.

Let uc 5 be as in (2.26). Fix 6y = 55 and let v, = u sz 4, By (2.27), (2.28) and (2.30) we
have

locl3e < i, [ AvlBa = 20Vocl3a + focl3s < Coc? and  [lucl|paesa > Coc

Te(ve)
[lve HZLQa+2

for some Cy,Cy, C5 > 0, so that T,(v.) < Cyc2. Using (3.31) we see that t(c) <
Cy/c.

Proposition 3.9 Let u be any minimizer for the problem (T.). Then v := t(c)2u i
solution of (3.24). Moreover, for any solution w € H*RN) of (3.24) we have S. (w)
Se(v) = UL_Ht(c)”TH. In other words, v is a least action solution of (3.24).

Conversely, if U is any least action solution of (3.24) then 4 := t(c)’%f) is a solution of (7).

(/AN

S

A\VARSY

Proof.  Assume that u solves (7:). The functionals T, and u — |u[?35% are C*! on

H?(RY), and consequently there exists a Lagrange multiplier x € R such that

(3.32) A?u+2Au + (1 + ¢)u = klu|* u in H2(R").
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Taking the H 2 — H? duality product of (3.32) with u we get T.(u) = £ [g~ |ul*? T2 dz, which
1
201,

implies that t(¢) = k. Denoting v = ¢(c) = k2w, it is clear that v solves (3.24). We have

(3.33) Se(v) = t(c) 7 Te(u) — p i 1

o+1

o+1 2042 o (oa
t(c) @ U dr = t(c) = .
(c) ./RN|| pn 1()

Let w # 0 be an arbitrary solution of (3.24). The duality product of (3.24) with w gives

(3.34) T.(w) :/ |w|? 2 da.

RN
From (3.34) and (3.31) we obtain T;(w) < ¢(¢) =" ~1T.(w)?*+! and this implies T,(w) > t(c) = .
(By (3.34) we have also the lower bound [p [w[***?de = To(w) > t(c)%=.) Using again
(3.34) we find

1
o+1

o+1

2042 4y = 7 _T.(w) > ——1(c) " = Se(v).
[ ol de = —Tiw) > (0 = i)

Se(w) = Tp(w) —

Conversely, let © be a least action solution of (3.24). Then we have S.(0) = S.(v) =
+1

-Z7t(c)" . On the other hand, by (3.34) we get S.(0) = 577T.(0) = ;57 /10]7%. 2. We
conclude that T,.(0) = H17||2L"2;"+22 = t(c)*= and then one immediately checks that @ = ¢(c) =27 0
is a minimizer for the problem (7¢). O

Proposition 3.10 Assume that u € H?(RY) is a solution of the minimization problem (P,,)
for some m > 0 and that u solves (3.24). Then:

(i) w is a minimum action solution of (3.24).

1) If v is any minimum action solution of (3.24) we have ||v 2, =m and v is a minimizer
L

for (Pp).
Proof. Since u solves (P,,) and (3.24), using Proposition 3.9 we get

g o+1

t(c) = .

(3.35) Epmin(m) + (1+c)m = E(u) + (1 + o) ||ul|32 = Se(u) > pg

Let v be an arbitrary minimum action solution for (3.24) (the existence of such solutions
follows from Theorem 3.7 and Proposition 3.9). From the proof of Proposition 3.9 we know

that 7, (v) = [gu [0[*7 T2 de = t(c)*= . Denote m’ = |[v||2,. For any a > 0 we have [|azv]|2, =

. 1 . .
am’ and taking azv as test function we discover

Ein(am’) + (1 + c¢)am’ < E(a%v) + 1+ C)HCL%UHQL'z

(3.36) +1
1 1 7 o
=T.(a2v) / |a%v|2"+2 dx = <a - > t(c) s
RN

70—&—1 oc+1

The mapping a — ¢(a) := a — (ﬁ:—? reaches its maximum value on (0, c0) only at @ = 1 and
the maximum is ¢(1) = ;%5. Comparing (3.35) and (3.36) we get

Q) < Bn(m) + (1 +0)m < ¢ (Z) 0™ < (e
We infer that we must have equality throughout in the above sequence of inequalities. There-
fore S.(u) = OL_Ht(c)GTJrl and v is a minimum action solution for (3.24). Moreover, we must
have m = m/, that is any minimum action solution v of (3.24) satisfies |v||2. = m. Then we
find E(v) = S.(v)— (1+0)|[v]|32 = Se(w) — (1+¢)||ul|22 = E(u) = Enmin(m), and consequently
v solves (Pr,). O
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Remark 3.11 (Some integral identities) Taking the H~2 — H? duality product of (3.24) with
u we see that any solution u € H?(RYN) of (3.24) satisfies the identity N.(u) = 0, where

(3.37) Nc(U):/ IAUIde*Q/ \VU\2dx+(1+c)/ IuIde—/ u[2+2 da.
RN RN RN RN

Any solution u € H?(RN) of (3.24) satisfies the identity P.(u) = 0, where

N4

N -2
Py =4 |Au|2d:c—27/ \vu|2dx+<1+c)/ luf? do
N RN N RN RN

(3.38)
1

- / Ju|?72 da.
o+ 1 RN

The functionals N, and P, are the Nehari and Pohozaev functionals, respectively, and N.(u) =
0 and P.(u) = 0 are the Nehari and Pohozaev (or Derrick-Pohozaev) identities. The Pohozaev
identity expresses the behaviour of the action functional S, with respect to dilations: for any
u € H*(RYN) we have P.(u) = %‘FISC (u(3)), and consequently one expects P.(u) = 0
for any critical point of S.. To give a formal proof of this fact, one first uses a bootstrap
argument to prove some regularity of solutions of (3.24) (u € H3(RY) is enough). Then
consider a cut-off function x € C>°(R”) such that x = 1 on B(0,1) and supp(x) C B(0,2),

take the H~2 — H? duality product of (3.24) with x (H) Z;\;l zj% and integrate by parts,
J

then let n — co. See Lemma 2.1 in [3] for details.
Two other functionals are of interest:

N 2 2 No 2042
(3:39) Pu(u) = 5 (No(u) — Pe(u) :/RN Al d:c—/RN IVl dx—m/RN 2742 dr
and
Paw) = ~No(w) = T2 )

_ (‘1(‘;;1)_1) /RN |Au|2dx—2(2((;v—;1)—1) /RN \W\?M-(H@/RN luf? da.

Obviously, any solution u € H?(RY) of (3.24) satisfies P;(u) = Po(u) = 0. If u € H2(R")
satisfies N.(u) = 0 and P;(u) = 0 for some ¢ € {1,2}, then P.(u) = Py(u) = Pa(u) = 0.
Given u € H?(RY) and t > 0, we denote

(3.40) w(z)=tiu(tzz)  and  ul(z) =tTru(ts).

By (3.1) we have |Ju¢||r2 = ||ullr2 and ||u?||p20+2 = ||u||g20+2 for all ¢ > 0.

One has 2 (S (u)) = 4 (E(uy)) = 2P (ug). If the mapping t — E(ug) (or, equiva-
lently, t — S.(u;)) achieves a local minimum or a local maximum at ¢ = 1 we must have
%lt:IE (ut) = 0 and this gives P;(u) = 0.

If t — T.(u') (or, equivalently, t — S.(u')) achieves a local minimum at ¢ = 1 we must

have %‘t:ITC (u') = 0 and this gives Py(u) = 0.

We will study the behaviour of minimum action solutions of (3.24) as ¢ — co. To do this
we use once again the scaling properties of functionals. Given ¢ > 0 and v € H2(RY), we
denote

2
\/1+C RN

and K (v) = [gn [Av]*dz + [~ |v|* dz. We consider the minimisation problems

(3.41) Kc(v):/ |Av|? dz — |Vv|2da:+/ |v|? dz
RN RN

(Ae) minimize K.(v) in H?(RY) under the constraint / v T2 de =1,
RN

29



(A) minimize K (v) in H*(R") under the constraint / |v[?9 2 dx = 1.
RN

Let ¢ > 0. Take b= (1+¢)~ 7. Using (3.1) we see that for any v € H2(RY) we have

To(tap) = 21+ T Ke(w)  and  Juepl[3357% = a®P2(14 )~ % |lul 3552
Now choose a such that a272(1 4 ¢)=% = t(c)%, that is a = (1 + 0)8(07%75(0)%. With
choice of a and b and using Proposition 3.9 we see that u,; is a minimum action solution
for (3.24) if and only if u is a minimizer for (A.). Theorem 3.7 and Proposition 3.9 give the
existence of minimizers for (A.) for any ¢ > 0. The existence of minimizers for (A) is standard
(see, e.g., Example 3.10 in [19]), as well as the pre-compactness of any minimizing sequence
modulo translations. We have the following:

Proposition 3.12 Let (cp)n>1 be any sequence of positive numbers such that ¢, — oo.
Assume that for each n, vy, is a minimizer for the problem (A, ). There exists a subsequence
(Cny)k>1, @ sequence of points (z)k>1 C RN and a minimizer v for the problem (A) such
that v,, —> v strongly in H?(RYN).

Proof. Tt suffices to show that (v,)n>1 is a minimizing sequence for the problem (A).
Then the conclusion of Proposition 3.12 is a consequence of the pre-compactness modulo
translations of minimizing sequences for problem (A). Let

(3.42) I =inf{K(u)|uec H*RN) and |ju|| 20> = 1}.

From (3.3) we have I > 0. !
Since ||vp||z20+2 = 1 for any n, all we have to do is to show that K (v, ) — I as n — oo.
From (3.8) we have

K.(u) < (1— )K(u) for any v € H*(RN), u # 0.

1
vV1+ec
Let @ be a minimizer for the problem (A) and let v, be a minimizer for (A.). Taking @ as

test function in (A.) we get K.(v.) < K.(Q) and taking v, as test function in (A) we obtain
K(Q) < K(v.), hence

(3.43) (1 - \/11?> K(Q) < (1 - ﬁ) K (1) < Ko(vs) < Ko(Q) < K(Q).

Using (3.43) we infer that K (v,,) is bounded, thus (v,),>1 is bounded in H2(R"). Moreover,
the above inequality implies that lim K(v,) = K(Q) = I and the conclusion of Proposition
n—oo

3.12 follows. O

Corollary 3.13 Let I be as in (3.42). For any ¢ > 0 we have

(3.44) (1 - \/11?) (14¢)' T < t(c) < (1+¢) " Tin L,
Moreover, if u. is any minimum action solution of (3.24) we have
(3.45) (1+c)3~ = /RN |uc|? do —> WIT,
(3.46) (1+c)%-%—1/RN Au|? dz —> %14 and
(3.47) (1—|—c)%_%_1 /RN \uc|2"+2d30—>I”TJrl as ¢ — o0.
Tt can be proved that I = 4(?;; ) 4(?\;; D _ 1 ot B(N, 0')7%“, where B(N, o) is as in (3.4), and

that minimizers for (\A) are optimal functions for (3.3), but we will not make use of this fact. See [19] for details.
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Proof. If Q is a minimizer for (A) and Q*(z) = t%Q(m) is as in (3.40), the mapping

t — K(Q?) achieves its minimum on (0, 00) at ¢t = 1, hence %|t:1K<Qt) =0 and this gives

No No
4— AQ|? dx — 2dx =0.
( a+1>/RN| QF d a+1/RN QF dw =0

From this identity and the fact that K(Q) = I we get

N 4 1)— N
/ IAQPde = —2 ] and / Q% dz = Ao+1)—No

Notice that the above identities hold for any minimizer of (A). For ¢ > 0, let v, be any
minimizer for the problem (A.). Then Proposition 3.12 and the previous identities imply
that

N 4 1)—N
(3.48) / |Ave|* do — — =9 7 and / |ve|? da = MI as ¢ —» o0.
RN 4(c+1) RN 4(c+1)

Given ¢ > 0, let u. be a minimum action solution of (3.24). Let a = (1 + ¢) 8<<ﬁ1>t(c)i,
b= (1+c)"%, and let v, = (Uc)a—1p-1 = 2uc(-). We have already seen that v, is a minimizer
for problem (A.). We have u, = (v.)q,6 and

o+1

tHe) T = Tulue) = a2(1+ &) " F Ko(ve) = (1 + ¢) " T t(c) 7 Ko(ve).

From the above equality and (3.43) we get (3.44). We have also

/ lue|? dz = a2bN/ [ve|? do = (1 + 0)74(1:11%(0)% / |ve|? da and
RN RN

RN

/ |Auc|2das:a2bN_4/ |Av,? dz = (1—|—c)1_74<gi1>t(c)%/ |Av,? da.
RN RN RN

Then taking into account (3.48) we obtain (3.45) and (3.46). Recall that [gy |uc|*7 T2 dz =
t(c)%l, and consequently (3.47) follows from (3.44). O

Remark 3.14 We have 1 + L — L > 0 because 2 + 20 < 2**, and (3.46) implies that
we have always ||Auc|lpz — o0 as ¢ — oo. On the contrary, from (3.45) we see that
lluellpz — o0 if No < 4 and ||luc||lpz — 0 if No > 4. In the case No = 4, (3.45) implies

that |Juc| 2 — (0 +1)7 B(N,0)~ % = k,, where k, is as in Proposition 3.1 (vi).

Remark 3.15 For any o > 0 such that 20 + 2 < 2**, the functional S, has a mountain-pass
geometry. Indeed, we have

T (’LL) o+1
c = Tc - 2042 = - ° .
S.0) = Tou) = I3t > o) - ()
o+1 41
The mapping ¢(t) :=t— 35 ( )) is increasing on [0, £(c) % |, decreasing on [t(c) =, 00),

and ¢ (t(c)%rl =5 t(c )T > 0. Denoting B, := {u € H>(RY) | T.(u) < t(c)dTH}, we
have:

Se(u) = ¢ (Te(u)) = 0 for any u € B, and me() S.(0) = 0.

inf{S.(u) | u € H*(RN) and Te.(u) = ()o}c—o—ﬂ()
e lim S.(tu) = —oo for any u # 0.

t—o0
Let I' := {v :[0,1] — H?(RY) | v is continuous, 7(0) = 0 and S.(y(1)) < 0}. It is
obvious that for any ~ € I' there exists s € (0,1) such that T,(v(s)) = t(c)“ and therefore

o+1

o+1

ic := inf ( sup Sc(v(s))) = (t(c)%l) =7 t(e) = >0.

vel s€1[0,1] o+1
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On the other hand, let u. be a minimum action solution of (3.24), as given by Theorem 3.7
and Proposition 3.9. We have

SC(T%UC) =T1t(c) = —

o+1

and we see that max SC(T%’U,C) = Sc(uc) = t(c) = . We conclude that necessarily i, =
T>

o
+1
ULHt(c)UTH, that for a > 0 sufficiently large the mapping 7 — T%auc is an optimal path in
', and that u. is a ”mountain-pass solution” of (3.24).
Conversely, if u is any critical point of S, at the mountain-pass level i, (that is, S.(u) = i.),
by Proposition 3.9 we know that v is a minimum action solution of (3.24).

4 Local minimization in the case No > 4

Throughout this section we assume that o > % and 2042 < 2** that is 0 < o0 if N < 4 and
o < w4 if N > 5. By Proposition 3.1 (i) we have E,,;,(m) = —oo for any m > 0. We will
investigate the existence of local minimizers of F when the L?—norm is kept fixed. By local
minimizer we mean a function u € H?(R") such that there exists an open set Y C H*(R")
such that v € Y and E(u) = inf{E(v) | v € U and ||v||r2 = ||u||r2}.

For any u € H2(RN) let u(z) = t7u(t2z) be as in (3.40). We denote

No
L
Pu(t) = E(u) = t2/ |Aul? do — Qt/ V| da — ——— 272 da,
RN RN o+ 1 RN
and
N N
(4.1) D(u) = / |Au|2 de — _ N [INT 1 / ‘u|20+2 de.
RN doc+1) \ 2 RN

The behaviour of the function ¢, inspired the local minimization approach developed below.
For later use we state here the following elementary lemma.

Lemma 4.1 Leta, b, ¢ > 0 and define f : [0,00) — R by f(t) = at? —2bt —ct'F . We have:

1) The second derivative f” is decreasing. There exists a unique ti,¢ > 0 such that

f
2
. . . No—4

" (ting1) =0, and it is given by tinp = (W) )

1) The derivative ' is increasing on [0,t;, 1] and decreasing on [ti, r1,00), and we have

f f

No _ o

f'(ting1) > 0 if and only if A= 2 < 8 (N"_4> ’

No(No—2) \ No—2
For the next statements we assume that f'(tins1) > 0.

(tii) There exist a unique t1 € (0,tinz1) and a unique ty € (tinf1,00) such that f'(t1) =0
and f'(t2) = 0. The map f is decreasing on [0,t1], increasing on [t1,ta], decreasing on [ta, 00)
and reaches its minimum value on [0,t2] at t1.

(iv) For ty <t <t we have f(") — f(') < S(t" — )2 f" (t).
(v) We have f(tms) — f(t1) = h (tTf) £.% ¢, where
h(s) =5 (B +1) (B2 =2) ™ = B2 (B2 — 1) s T4 22 (B - 1) s 24 A2 (s 1) + 1.
The function h satisfies h(1) = k(1) = h”(1) = 0
W(s) =N (B2 —1) (B2 —2) s F s — 1) [(BZ +1) s — (B2 - 3)],

thus h is positive, increasing and convex on (1,00).
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Proof. This is simple Calculus. We have

N (o4 (e
f'(t) =2at —2b — TCTctN2 -1 and 7 (t) =2a — Ne (NU - 1) T2,

Statements (i), (ii), (iii) are obvious. For (iv) we use the fact that f” is decreasing on [0, c0)
and f' < 0 on (f2,00). We have:

sy - s = [ (rere [roar)as< [ peards= 0o,

(vi) Let s = t“”‘—lf’ Recall that s > 1 because t; < tjns. From the identity f”(tinp) =

t
2 No_

No _
f"(t18) =0 we get a = % (% —1)ct,® “s72° 72 Replacing this into the identity f’(t1) =

No_ E
0 we obtain b = %ctl2 ! [(% — )SNT’2 - 1} . Replacing these values of a and b into

f(t1s) — f(t1) we get the announced identity. The properties of the function h are obtained
by direct computation. O

Recall that the functional P; has been introduced in (3.39). We have
(4.2)

Not'# ! 2P (u
@, () = 2t fon [Au? do — 2 [ v [Vul? do — 2(0—&—1)/RN |u|?772 do = % and

Not™ &2 [ No 2
1) =2 fqn [AuPds — S [ - — 1 e = 5 :

For any u # 0 there exists a unique t in s > 0 such that ¢, (tyinf) = 0. It is given by

2 2
8(0’—1— 1) 9 No—14 9 T No-—4
4. winfl = | ———4— A o+2 )
9 = (atra g fy, 180 ([, i

We have ¢}, > 0 on (0,ty,insi) and ¢}, < 0 on (ty,infi,00), hence ¢!, is increasing on (0, ty in f1)
and decreasing on [t i f1,00), therefore reaches its maximum value at ¢y infi. If @), (tu,ing1) <
0, the mapping ¢,, is (strictly) decreasing on (0,00) and consequently none of the functions
(ut)t=0 can be a local minimizer of E when the L?—norm is kept fixed. If ¢ (tyinpi) > 0,
it is easily seen that there exist a unique t,1 € (0,%y,ins) and a unique ty 2 € (ty,inf1, 00)
such that ¢}, (t,1) = ¢}, (tu2) = 0. We have ¢!, < 0 on (0,¢,,1) U (ty2,00) and ¢}, > 0 on
(tu,1,tu,2), therefore @, is decreasing on (0,%,1], increasing on [ty,1,ty 2] and decreasing on
[tu,2,00). It is now clear that among the functions (u;)¢>0, the only one that could eventually
be a local minimizer of E when the L?—norm is fixed is u;, ,. If u is a local minimizer of E at
constant L?—norm, we must have ,,1 = 1 and 1 < tu,infi < tu,2, thus necessarily D(u) > 0.
The above discussion indicates that it is natural to look for local minimizers of E at fixed
L?—norm in the set

O = {ue H*RM)|u+#0, tuyingt > 1 and @) (tying1) > 0}

(4.4)
= {ue H*RY)|u+#0, D(u) >0 and ¢, (tyins1) > 0}.

It is clear that u — tyinp and u — Pi(uy, . ,,) are continuous on H2(RN)\ {0} (see
(4.3)), hence O is open. Given any u € H2(RY) \ {0}, using Lemma 4.1 (ii) we see that
@l (tuingr) > 0 if and only if

No
5= —1

u) = (Jr [Auf? dz) No (No No — 2\ %2
e Jan [ul?o 2 dx - (\&{N |Vul? dac)]%_2 g 4(o +1) ( 2 1) (N(T — 4> :

Using (3.2) (with strict inequality because u # 0) and (3.3) we have

Lo 2
/RN |u|?° 2 da - (/RN |Vul? dx) < B(N, U)||Au||f2‘7_2||u||2f2.
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Therefore H(u) > W. Denote
’ L

o e ()] (520)”

We infer that (4.5) holds for any v € H2(RY)\ {0} satisfying |ju||%.

Using (3.3) we see that D(u) > [|Aul|2, — 4(2\77&) (Na 1) B(N, U)HAUH Hu”2a+2
for any u, hence D(u) > 0 if u # 0 and 1 > (Ujl) (%2 —1) B(N, a)||Au\\;_2|| HQUH_*
Let

204+2— o
O = {ue HAR) | w0, Al F ulZ™ T < oo and Jul: <o

Obviously, O@; U {0} is an open neighbourhood of 0 in H2(RY) and O; C O. It follows
immediately from the definition of D and from (4.5) that O U {0} is "star-shaped”: for all
u € O and for all a € (0,1) we have au € O.

For any m > 0 we denote

(4.7) Epin(m) = inf{E(u) | u € O and |[u||%: = m}.
It is obvious that (u;)s = uss. If w € O and t > 0 we have v, € O if and only if t < ty infi,
and &y, ins1 = t’“%”, tuyi = t“f for i = 1,2. If u € O satisfies ||ul|3. = m, the previous

discussion shows that min{E(us) | 0 < t < tyinp} = E(uy, ) and uy, , is the only function
among (ut)o<t<t, ;,; Where P; vanishes. We have thus proved that

(4.8) Epin(m) =inf{E(u) |u € O and ||ul|2. =m and P;(u) = 0}.

Remark 4.2 If ¢ > { and E is as in (1.9) with € < 0, there do not exist non-trivial
minimizers of E at fixed L2—norm. Indeed, let u € H2(RN)\ {0}, let u; = tFu(t? "),
as in (3.40), and let ¢,(t) = E(u;) as above. There exists a unique t, s > 0 such that
@i (tuinsr) = 0 and it is given by (4.3). We have ¢/, > 0 on (0,tyms) and ¢, < 0 on
(tu,infi,00). There exists a unique t,, > 0 such that ¢ (t,) = 0 and we have ¢, > ty infi;
¢!, > 0on (0,¢,) and ¢, < 0 on (¢,,00). Therefore p, is increasing on (0,t,), decreasing
on (t,,00), it achieves its global maximum at ¢ = ¢,, and it has no local minimum on (0, c0).
The previous discussion shows that no function u € H2(RM) \ {0} can be a local minimizer
of the energy at fixed mass.

Lemma 4.3 The following assertions hold true:
(i) For any m > 0, the set {u € O | |[ul|?. = m and Py(u) = 0} is not empty (thus

Emin(m) < 0), and E~mm(m) > %

(i) For all m > 0 and all d,e € R, the set
{ue H*R") | D(u) > d, |[ul|7- <m and E(u) < e}
is bounded in H?(R™N).
(iii) Eypin is sub-additive: E’mm(ml +ms2) < Em,;n(ml) + Emm(mg) for any mq,mo > 0.
() Epin(m) < —m for any m > 0.
(v) Epnin is decreasing and continuous on (0,00) and Emm(m) — 0 as m — 0.

(vi) Let m > 0. Assume that (un)n>1 s a bounded sequence in H?(RM™) such that
Un||?2: — m and E(u,) — e asn — 00, where e < —m. Then we have lim inf ||Au,, 2, >
L L

n—oo
0. In addition, if e < —m then we have liminf |[u,||2352, > 0.
n— oo

vii) If u € H*(RY) satisfies D(u) > 0 and Py(u) = 0, we have
(vii)

No — 2 No —4 No No
4.9 2 Vu|?, > ——||Aul|? — (= -2 / 2042 .
(19) Fg—glulie > IVulit > 75 1Al > 1 (5 e
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Proof. (i) If m < po (where pg is as in (4.6)), we have seen that any u € H?*(RY)
with [Jul|7. = m satisfies (4.5), and then wu, , € O, |lug, ,[|3. = m and Pi(ug,,) = 0. If
m > g, choose an integer n such that 2 <y, and take v € C°(RY) such that ||v|2, = 2.
Let w = vy, ,, so that w € C*(RY), [wl|2. = 2, Pi(w) = 0 and D(w) > 0. Choose
R > 0 such that supp(w) C B(0, R), then choose o € R such that |zo| > 2R. Let
u=w+w(-+z) +w(- +2x0) + -+ w(-+ (n— 1)z0). Then we have |[ul|?, = n|jw|2, =m,
Pi(u) =nPi(w) =0and D(u) =nD(w) > 0. From (4.2) we see that ¢/, (t) >0if ¢ > 1 and ¢
is close to 1, hence ¢!, (ty inf1) > 0 and therefore u € O.

We use (4.8) to obtain a lower bound for E,;,(m). Let u € H?(RN) such that [ul|2, =m
and P;(u) = 0. From the identity P;(u) = 0 we obtain

1 4 4
/ |u|?° T2 dx = —/ |Au|? da — —/ |Vul|? da.
O'+ 1 RN NO' RN NO' RN

Replacing this into F(u) and using (3.2) we get
Ew) = (1-+5) Ja~ |Au?dz — (2 — 35) g~ [Vul? dz

> (1= o) 18ul2: - (2 ) 1Aulolulze > inf {(1— 5) 52— (2 5) mis)

_ (No—2)?

= T NoWNo—a)™

The above estimate is true for any u satisfying ||u[3. = m and Py(u) = 0, and (i) follows
from (4.8).

(ii) From D(u) > d we get %HIRN lul?**2dx < 71\,0(13072) Ja~ |1Aul? dz — 71\,0(%,72).

Using this inequality, the bound E(u) < e, then (3.2) and the fact that ||u||3. < m we find

1
P (1 — Wo_g)) |Aull?. —2mz||Aul 2 + %-
Notice that 1 — m > 0 because No > 4, and the above inequality implies that ||Au/| 2
is bounded. Since [|ul|2, < m, we infer that ||u|| g2 is bounded.

(iii) Fix m1,mq > 0 and € > 0. Using the density of C°(RY) in H2(RY), it is easily
seen that for i € {1,2} there exist u; € C°(RY) N O such that ||u;||2. = m; and E(u;) <
Emm(mi) + 5. We may assume that P;(u;) = 0 for i = 1,2 (otherwise we replace u; by
(ui)t,, ,). Choose R > 0 so large that supp(u;) C B(0, R) for i =1,2. Choose zy € RN such
that || > 2R and define u = uy + ua(- + z¢). It is obvious that ||ul|3, = [lu1]|32 + |luz||3. =
my1 + mg, D(u) = D(u1) + D(ug) > 0 and Py(u) = Pi(u1) + Pi(uz) = 0. This implies that
Pi(ug) > 0 for t > 1 and t close to 1, and we infer that ¢/ (ty,insi) > 0 and consequently
u € O. Then we have

Emin(mi + ma) < E(u) = E(u1) + E(u2) < Emin(m1) + Emin(ma) + €.
Since € is arbitrary, the conclusion follows.

(iv) Let m > 0 and € > 0. Let u be the function constructed in the proof of Proposition 3.1
(iii). Since supp(u) C B(0,1)\ B(0,1—¢), we have ||[Aul|7. < ||u||3.. Then using (3.3) and the

2042 Bz 2+20- 52 2 2
fact that No > 4 we get [Jul|;% 5. < B(N,0)||Aull 3 [Jull}- < B(N,0)||Aul|;2||ul/73,
and consequently

No(No —2)B(N,0)
D(u) > ||[Aull72 (1 - : ).
(w) > sl oyl

1
Denote m; = min (Mm (%) 20). If m < my we have D(u) > 0 by the above

inequality. It is obvious that u satisfies (4.5) because ||u||%. < po, hence u € O. In the proof
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of Proposition 3.1 (iii) we have shown that E(u) < —|jul2; 4 4€?m, thus E,(m) < E(u) <
—m + 4e*m. Since € > 0 is arbitrary, assertion (iv) is proven in the case m < my.
If m > my, choose n € N* such that ™ < m;. Using the sub-additivity of Ey,;, we get

n

(v) Form (i) and (iv) we get Emm( ) — 0asm — 0. If 0 < my < mg, by (iii) and (iv)
we have Emm(mg) < B n(mi) + Emm(mg —mq) < Emm(ml) (mg — mq), thus Eoin is
decreasing.

Fix M > 0. By (ii), the set {u € O | ||u]|?: < M and E(u) < 0} is bounded in H*(RY).
Using the Sobolev embedding we see that there exists K = K (M, N, o) > 0 such that for any

u in the above set we have —||u||2LZ;"32 < K. It is easily seen that for any v € O and any

_1
a € (0,1) we have au € O. Let 0 < m; < mg < M and denote a = (%) * Let u € O such
that ||u||2, = ms and E(u) < 0. We have au € O, |laul|?, = m; and consequently

3 2 a® —a** 20+2 2 2042
Enin(mi) < E(au) =a’E(u) + — e || ul| 750 < a*E(u) + (a®* —a VK.

Taking the infimum in the above inequality we find

~ m

o+1
~ mp  m
Epin(m é—lEmmm —|—<— L >K.
(m1) - (ma2) -

Thus 0 < Emm(ml) — Emm(mg) < (% — 1) E’min(mg) + (m — gﬂ) K. Using (i) we infer

2 ma

that E,;, is continuous on (0, M). Since M is arbitrary, (v) is proven.

(vi) Let ¢ = liminf||u,|33/2%,. If £ = 0, there is a subsequence (un,)r>1 such that
n—o0
||un||2L‘£jf2 — 0 and using (3.8) with e = 0 we get limsup E(uy,,) > —m. Since E(u,, ) —
k—o0
e < m we infer that necessarily e = —m. Moreover, using again (3.8) we have

2~ 1 o
[ (6 =102 B O de = @) ((Bune) + ime s + -l 2552 ) —0
RN o+1

as k — oo. Using Plancherel’s formula, the Cauchy-Schwarz inequality, the above conver-
gence and the boundedness of (uy,),>1 in H? (RY) we get

180, 132 = o, 3] < e S [I€1* = 1] @ (€)

< o (Jo (€12 = 1) [ (O d€) " (frn (1612 +1)* [ty (§)2d€) " —> 0

as k — oo and we conclude that lim [[Au,, |22 = lim |up,, ||2: = m.
k—o0 ) k—o0

If £ > 0, from (3.3) and the fact that ||u,|/;2 is bounded it follows that there exist n > 0

and ng € N such that ||Auy,|[z2 = 7 for all n > ng, thus liminf |Au,||3. > 7>
n—oo

Obviously, our arguments hold for any subsequence of (u,,)n>1. We infer that there cannot
be a subsequence (un,);>1 satisfying [[Aup;|z2 — 0 as j — oo, and this implies that
lim inf || Au, ][22 > 0.
n—oo

It follows from the above arguments that in the case e < —m we must have ¢ > 0 and the
second assertion in (vi) is now clear.

(vii) Assume that u € H?(RY) satisfies D(u) > 0 and P;(u) = 0. From D(u) > 0
we get [pn [Au?de > 720 (82 — 1) [ov [u[?*T2 dz, which is the last inequality in (4.9).

4(oc+1)
Replacing this into P;(u) = 0 we obtain the second inequality in (4.9). Then the second
inequality in (4.9) and (3.2) give |lullr2 > ¥2=5|Au| ;2. Combining this with (3.2) we get
the first inequality in (4.9). O
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Lemma 4.4 (i) If N >5 and + < o <1, we have Epin(m) < —m for any m > 0.

o (zz? If % < o and o > 1, there ewists mg > 0 such that Emm(m) = —m for any m €
,Mo|-

Proof. (i) Let m > 0. We use the same test functions as in the proof of Proposition
3.3, constructed in Example 2.7. For small ¢, > 0 let u. s be as in (2.26) and let w. 5 =

Wus 5, so that [|wes[|2. = m. Fix & € (0,75). We have already seen in the proof of

Proposition 3.3 that E(w. s,) + |[we,s, |32 < 0 for all sufficiently small & (cf. (3.14)).

The conclusion of Lemma 4.4 (i) follows if we show that w5, € O for all sufficiently small
e. Since supp(we 5,) = supp(tc5,) C B(0,1+¢)\ B(0,1 — ¢), we have (1 — €)?[Jwe s, (|2 <
|Awe s, |22 < (1+€)*[[we g2 and (1 —€)lJwe s, [l L2 < |Vwe sz < (1+ €)llwe,sllz2-

By the Hausdorff-Young inequality (2.10) and Holder’s inequality we have

1

N . N 2041 1 P
e doll2rve < Clle,s, || szea < Cllie,s, 2 - [supp(@e,5,)| 277 72 < CVm (e6g 1) 772 .

Since dp is fixed, we have Hwe)5||i‘§jfg < Cm°*1e? and therefore D(we5,) = (1 — €)*m —
Cm°*1e? > 0 if ¢ is small enough. Moreover, if H is given by (4.5) we have H(w.s,) >
Cm™7¢77 — o0 as € — 0 and we conclude that w. s, € O for all sufficiently small .

(ii) Recall that by (3.15) we have

(4.10) B(w) + [[ul22 = (A + Dyul% ( [ g >2“+2) for any u € H(RM)\ {0},

where £ = 27 and Q) is given in (2.8).

Lemma 4.3 (vii) implies that there exists Ry > 0 such that ||(A + 1)u| 2 < Ro||ul/z2 for
any u € H*(R") satisfying D(u) > 0 and P;(u) = 0. Since 4 < o and o > 1, condition
(2.38) is satisfied with s = 2, p = 20 +2 and £ = ;55. Then Corollary 2.10 implies that there

exists M > 0 such that Q(u) < M for any u as above. Using (4.8) and (4.10) we infer that

Epin(m)+m >0if0<m < (0 +1)s M~ 2. The conclusion follows from this inequality
and Lemma 4.3 (iv). O

Lemma 4.5 Let (up)n>1 C O be a sequence satisfying
(a) Py (un) — 0,
(b) ||un||2L2 —m as n — oo and m < g, where ug is given by (4.6), and
(c) there exists k > 0 such that ||Auy| L2 = k for all n.
Then linrgigf D(uy,) > 0. Moreover, if || Auy|| L2 is bounded then we have linrgigf u,infl > L.

Proof. We have D(uy) > 0 for all n because u,, € O. We argue by contradiction and we
assume that there is a subsequence, still denoted (uy,)n>1, such that D(u,) — 0. We have

No 2042 5 _ _ 2 / 2
(4.11) o+1) /RN [, | dx = No =3 ( - |Auy,|* dx — D(uy,) | .

Using this identity in the expression of P;(u,) we get

No —4 2
4.12 P = Auy, |* do — 2 D(uy).
(4.12) () = o [ 1B de = [ (Vw4 s D)
From the equality above and (3.2) we obtain
No -4
[Aup|[r2]lunllr2 > HVUnH%z = m”AunH%? + mD(Un) = Pi(un).

The last inequality, assumptions (a) and (b) and the fact that D(u,) — 0 imply that
|Auy| L2 is bounded. We rewrite the last inequality in the form

No -2 2 D(up) Py (uy) )

4.13 A n n||L2 —
(4.13) A2 < NU_4(”“ s = oy T )
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Using the definition of D (see (4.1)) and (3.3) we get

No(No — 2) No(No —2)B(N,o0) 20+2— e
2 o 2042 )
[Aun|Z> = D(un) = W” Un| 72072 < 8(c + 1) ”Aun”L2 l[unllze .
Dividing by [|Au,||3. and using (4.13) we discover
D(u,) No(No—2)B(N,o) 20+2——
1- [Aunll?, < 8(o+1) |[Au n||L2 ||Un||
No
No(No—2)B(N,o0) | No—2 2 D(uy,) Py (u,) 552 2g+2,7
< 8(o+1) [No—4 (”“"”L2 T No—2[Aunll2 + ||A11M|\L2>} llun |72

Letting n — oo in the above inequality and using assumptions (b), (c) and (4.6) we obtain
1<z I contradicting the fact that m < pg. We have thus proved that hm 1nfD(un) > 0.

Smce u, € O we have ty, insi > 1 for each n. We argue again by contradlctlon for the
second part of Lemma 4.5 and we assume that there is a subsequence, still denoted (up,)n>1,

_Ne
such that t,, in;1 —> 1 as n — co. By (4.3) we have D(u,) = (1 —t, 2 +2> |Auy, |3, and

U, i1 f1

the boundedness of ||Auy,||r2 implies that D(u,) — 0, contradicting assumption (c). O

Lemma 4.6 Assume that m < pg, where pg is given by (4.6). Suppose that the sequence
(un)nz1 C H*(RN) satisfies |[un||7. — m and D(up) — 0 as n — oo,

Then we have liminf FE(u,) > Emm(m)

n—oo
Moreover, if Epyin(m) < —m we have liIr_1>inf E(up) > Emin(m).
n [ee]
Notice that in Lemma 4.6 we do not assume that (uy,)n,>1 C O.
Proof. The sequence (u,)n>1 is bounded in H?(R”Y) by Lemma 4.3 (ii). By Lemma 4.3

(iv) we have E,,,(m) < —m, so the conclusion of Lemma 4.6 is obvious if lim inf E(u,) > —m.
n—oo

Form now on we only consider the case when liminf E(u,) < —m. Passing to a subsequence
n—oo
we may assume that F(u,) — e < —m as n — oo and that [|u,||3. < po for all n > 1, so
that o;, (tu,inf1) >0 and t,, 1, ty, 2 do exist.
It follows from Lemma 4.3 (vi) that there exist > 0 and ng € N such that ||Auy,|/z2 > n
for all n > ng. Using (4.11) and (3.3) we get for n > ny,

No 20+2— 2
—  B(N Auy, n >
o B A Pl > 2 (

1- 771213(%))

Then using (4.12), (3.2) and the above inequality we obtain for n > ng

Pi(un) > [ Aunllzs (Ne=41Aunllzz = lunllzz) + 525 Dlun)

No—4 8(o+1) 1 N —A = 2D(uy,)
>||A7'L"||L2 No—2 (NU(NU—Q)B(N,U) (]‘ - nﬁD(u”))) Hun“[f" - ||un||L2 + ‘No—2*

) |

Since 0 < m < o, where pg is given by (4.6), the right-hand side of (4.14) is equal to

Letting n — oo and using the fact that D(u,) — 0 we discover

N — 4 8 1 N02—4 2042- No
(4.14)  liminf P (u,) = n ( g (N ( (c+1) ) m- T Ne=i —m
o

SIS

n—00 No -2 No —2)B(N, o)

20
r]mé (“—“) Ne=4 — 1) and this quantity is positive. We conclude that there exists n;y € N
m

such that P;(u,) > 0 for all n > n;. This means that ¢, 1 <1 <t,, 2 for all n > ns.
We denote v, = (un)¢,, ,, 0 that v, € O, ||vn|lz2 = ||unllz2, Pi(v,) = 0 and E(v,) <
E(u,) for each n > nq (recall that ¢t — E(ut) is increasing on [ty 1,%y,2]). By Lemma 4.3
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(ii), the sequence (vy,)n>1 is bounded in H*(RY). Since E~’mm(||vn||%2) < E(vy) < E(uy),
passing to the limit and using the continuity of E,,;, (see Lemma 4.3 (v)) we get
(4.15) Emin(m) < liminf E(v,) < limsup E(v,) < lim E(u,) =e.
n— oo n— o0 n— o0
We show that if Emm(m) < —m, then at least one inequality in (4.15) is strict. This
clearly implies the conclusion of Lemma 4.6. We assume that equality occurs in the first
two inequalities in (4.15), which means precisely that E(v,) — Epin(m) < —m. We show

that in this case the last inequality in (4.15) must be strict. Denote ¢ := liminf [|v, |33/, .
n—oo

Using Lemma 4.3 (vi) we see that £ > 0 and there exist 17, > 0 such that [|Av,| 2 = m
for all sufficiently large n. Now we may apply Lemma 4.5 to (v,)n>1 and we infer that
liminf D(v,) > 0 and liminft, .,z > 1.
n—oo n—oo

Denote s, = (ty, 1)}, so that u, = (v,)s,. Recall that t,, 1 < 1, hence s, > 1 for all
n > ni. We have

Noe_oNo(No —2 -
D(up) = D((vn)s,) = si (/RN |Avn|2dsc — 552 M /RN |vn|2 +2 dz) .

Since D(u,) — 0, the second factor in the expression of D((vy)s, ) here above must tend to
0, and from (4.3) and the fact that ¢ > 0 we infer that r,, := —2— — 1 as k — co. Using

tuy,infl
the boundedness of (u,),>1 in H?(RY) we obtain then

(4.16) E(un) — E((0n)ty, inp) = E(un) — E((un),-1) — 0 as n — oo.
From Lemma 4.1 (v) we have
h(ty, i -
(1.17) B((00)ty i) — Blon) = osintt) [ g o2 gy,
o+ 1 RN

Fix t, such that 1 < t, < liminf¢,, ;,p. From (4.16) and (4.17) we see that E(u,)—E(v,) >
n— oo

ﬁh(t*) for all sufficiently large n. Therefore the last inequality in (4.15) is strict and the
conclusion of Lemma 4.6 follows. O

Lemma 4.7 Let jg be as in (4.6). Denote mo = inf{m € (0, uo] | Epin(m) < —m}. Then:

Emin (7n)
m

(i) The mapping m — is non-increasing on (0, po], and it is decreasing on

(mo, pro]- 5
(#) If m € (0, po] satisfies Epin(m) < —m, then for any m’ € (0, m) we have

Proof. Tt is easy to see that for any v € O and any a € (0,1) we have au € O.
Assume that v € H?*(R") satisfies D(u) > 0, Pi(u) = 0 |[ul?2 < po. We show that

for any a € {1, ||u,u||02] we have azu € O. Since ||a%u||%2 = allu||2, < o, the function azu
L2

automatically satisfies (4.5) and we only have to prove that D(azu) > 0. Using (3.3) and the
fact that ||u|z2 > NZ=2||Aul|z2 (see (4.9)) we have

No—2
1
D(azu) = al|Aul?, — % (M2 —1) a1 u) %552,
> al Aull2 No _ (No - =2 204252
> all Al (1- 52555 (57 = 1) e BV, o) | Au] 5 ull 3 )

No

No_g
> alldal (1- i (3 - 1) B0 (¥22) T arluliz)

The last expression is non-negative if al|ul|2, < po by (4.6), hence azu € O. Thus we have

(4.18)
/ |u|** 2 dx for any a € (O, ,uo] .
RN

o+1

~ 1

Emin(allullZ2) < E(au) = aB(u) + [ul?
L2

a—a

c+1

39



Let m € (0,p0). Take a minimising sequence (un)p>1 C O such that ||uy||2 = m,
Py(u,) =0 and E(u,) — Enin(m). By (3.8) we have %_HHunHQLijQ > —(E(uy) + |lunl?,)
for each n. Using this in (4.18) and letting n — oo we obtain

Emm(am) < aBpin (m) + (a”+1 - a)(Emm(m) +m) for any a € [1, @}
m

or equivalently

(4.19) E’min(am) < Emm(m) + (a” = 1) <Em:1(m) + 1) for any a € {1, %} .

am m

Since Epin(m) < —m (see Lemma 4.3 (iv)), conclusion (i) of Lemma 4.7 follows easily from
(4.19). ) N
(ii) It follows from the continuity of Epin that Emip (m') < —m/ for m' in a neighbourhood

of m, and using part (i) we infer that E"”;L(m) < E’”";r‘;m’) for all m’ € (0,m). In particular,

for m’ € (0,m) we have E’"";L(m) < Emin(m) 0 Emi:l(m) < Emj;;(jnn;ml). Combining the last

two inequalities we get (ii). O

Theorem 4.8 Assume that 0 < m < py and Eomin (m) < —m. Then E‘mm(m) 1s achieved.

Moreover, for any sequence (up)n>1 C O satisfying |un|?. — m and E(u,) —
Epmin(m) there exist a subsequence (un,)k>1, a sequence of points (z) C RN and u € O
such that up, (- + xx) — u strongly in H*(RN). (Then, obviously, |ul|2, = m and E(u) =
Ein(m).)

Proof. Let (un)n>1 be a sequence as in Theorem 4.8. It follows from Lemma 4.3 (ii) that
(un)n>1 is bounded in H?(RY). Lemma 4.3 (vi) implies that there exist § > 0 and £ > 0
such that [|Au,||r2 > 6 and |Ju, |32 > ¢ for all sufficiently large n.

Proceeding exactly as in the proof of Theorem 3.4 we see that there exists a subsequence,
still denoted (uy,)n>1, there exist points z, € RY and there is u € H?>(R"Y), u # 0 such
that after replacing u, by w,(- + x,), (3.19) holds. Then the weak convergence u,, — u gives
(3.20), while Brezis-Lieb Lemma and the fact that u, — u a.e. give (3.21).

We denote v, = (un)t,, ,- Then we have v, € O for all n, ||[v,| 2 = ||unllL2, Pi(vs) =0,
and Emm(anH%z) < E(vy,) < E(uy,) for all n, thus

(4.20) E(v,) — E‘mm(m) < —-m as n — 0.

Lemma 4.3 (ii) implies that (v,)n>1 is bounded in H2(RY), and by Lemma 4.3 (vi) there
exist & > 0 and £ > 0 such that ||Av, |2 > § and Jun 2542, > { for all sufficiently large n.
We have ||Av,||p2 = ty, 1l|Auy| L2, and ||Av,||L2 as well as ||Auy,|/z2 are bounded and stay
away from zero, thus the sequence (¢, 1)n>1 is bounded and stays away from zero. We infer
that there exist t; € (0,00) such that after passing to a subsequence of (uy,)n>1, still denoted
the same, we have t,,1 — t; as n — oo. It is easy to see that (uy)s, , — uy # 0 as
n — oo. Let v = us,. Then v # 0 and v, — v weakly in H?(R"). Passing eventually to
further subsequences of (uy,)n>1 and of (vy,)n>1, still denoted the same, we may assume in
addition that v, — v in LY (RY) for any 1 < p < 2**, and almost everywhere. It is then
clear that (3.20) and (3.21) hold with v,, and v instead of u,, and wu, respectively.

Our strategy is as follows. We will show firstly that |[v||2, = m. Then we prove that
v, — v strongly in H2(RY) and that v € O. Finally we show that necessarily ¢; = 1 (thus
u = v) and that u,, — u strongly in H?(RN).

To carry out the first step of our plan we argue by contradiction and we assume that
|v]|2. < m. Then (3.20) implies that ||v, — v[|2. — m — ||[v||2, € (0,m) as n — co. By
(3.20) and (3.21) we have

(4.21) E(v,) = E(v) + E(v, —v) +0o(1),

(4.22) D(v,) = D(v) + D(v, —v) +0(1), and
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(4.23) 0= Pi(vn) = Pi(v) + Pi(v, —v) +0(1) as n —» oo.

Passing to a further subsequence if necessary, we may assume that

n — 027 dr — ¢

/ |Av, — Av|*dz — a, ||Vv, —Vol|7. — b and v
RN

g + 1 RN
as n — 0o, where a, b, ¢ > 0. Notice that liminf D(v,) > 0 by Lemma 4.5, and using (4.22)
n—oo

and passing to the limit we infer that D(v) +a — X2 (& — ) ¢ > 0. Thus at least one of the

D)
quantities D(v) and a — % (% — 1) ¢ must be positive. There are several possibilities and

we analyse all of them, showing that in each case we get a contradiction.

Case 1.  D(v) > 0 and a — % (% —1)c > 0. In this case we have v € O and
D(v, —v) > 0 (thus v, — v € O) for all sufficiently large n, hence E(v) = Epin(||v]22) and
E(v —vy) = Epin(v — va]/22). Using (4.21), (4.20) and the continuity of E,,;, we get

(4.24) Emm(m) 2 Emm(”“”%’é‘) + Emm(m - HU”%?)

and this contradicts Lemma 4.7 (ii).

Case 2. D(v) >0 and a — 22 (82 — 1) ¢ = 0. We have v € O and D(v, —v) — 0, and

Lemma 4.6 implies lim inf E(v, — v) = Epnin(m — |[v]|22). Proceeding as in the first case we
n—oo
get (4.24), and this is in contradiction with Lemma 4.7 (ii).

Case 3. D(v) =0and a— % (% — ) ¢ > 0. Asin Case 1, for all sufficiently large n we

have D(v, —v) > 0, hence v, —v € O and we find lim inf E(v, —v) = Epin(m — |Jv]|22). We

n—oo
have t, ;51 = 1, hence E(v) > E(vy, ;) = Epin(||v]|32) and using (4.21) we get (4.24) (with
strict inequality), contradicting again Lemma 4.7 (ii).

Case 4. a— N2 (%2 —1) ¢ < 0. In this case we have necessarily D(v) > 0, hence v € O
and F(v) > Epin(|[v]|2,). We distinguish two subcases:

Subcase A. There is a subsequence (vy, )g>1 such that Py (v,, —v) > 0, that is bwp, —0),1 S
1 < t(,, —v)2- For all k sufficiently large we have [lv,, — v||2, < po and then (v, —
”)twnkfwg € O, hence

(v, =) > E (0 = Vi, ) > Emin (1o, = vll32)

Letting k — oo we discover likm inf E(vn,, — v) = Emin (m — [|v]|72) . Then using (4.20) and
— 00

(4.21) for the subsequence (v, )r>1 we infer that (4.24) holds and we reach a contradiction
as in the previous cases.

Subcase B. Py (v, —v) < 0 for all sufficiently large n. To simplify notation, let w,, = v, —v.
Since v,, satisfies (3.19), we have w,, — 0 weakly in H?(R") and w,, — 0 strongly in L?(R")
for all p € [1,2**) and almost everywhere, and it is clear that for any fixed ¢ > 0, the sequence
((wn)t)n>1 has the same properties. We fix ¢ > 1 (and ¢ sufficiently close to 1) such that

N N -

Such t exists because D(v)+a—22 (82 — 1) ¢ > 0. Let §,, = v+ (wy);. The weak convergence

(wy)¢ — 0 weakly in H?(RY) gives
19nllZ2 = [0l1Z> + l(wn)ell 72 + 0(1) = [[vllZ2 + llwnllZz +0(1) = [vallZ2 + 0(1) = m + (1),

IVTalZe = IVUllZ2 + IV (wa)ellZ> + o(1),
1AT |72 = [Av]IZ2 + [Awn)elF2 + o(1).

Since (wy,); — 0 a.e. and ||(wy)¢||7%47 is bounded, using Brezis-Lieb Lemma we have
- No
1Tnll753% = 0l 7552 + 1(wn)ell 7552 + 0o(1) = [vl|7532% + 727 wall753% + o(1).
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In particular, we infer that
(4.25) E(v,) = E(v) + E((wy)t) + o(1) as n —» 00.

It follows from the above that D(@,) — D(v) +at? — &2 (¥2 — 1) ™ > 0asn —s oo,

hence D(%,) > 0 and consequently @, € O for all sufficiently large n. This implies E(7,) >

Epin(]|0]|32), and letting n — oo and using the continuity of Ey,;, we get

(4.26) liminf E(9,) > Epin(m).

n—oo

On the other hand, from (4.21) and (4.25) we get
E(tn) = E(vn) = E((wn)t) = E(wa) + o(1).
For all sufficiently large n (so that P;(w,) < 0), using (4.2) and Lemma 4.1 (iv) we obtain
BE((wn)t) = B(wn) < 2(t = 1)Pr(wy) — (t = 1)*D(wy) < (£ —1)°D(wn).
We infer that
limsup E(9,) < lim E(v,) + (t —1)* lim D(w,)

n—oo n—oo n—oo

(4.27)
= Bpin(m) + (¢ = 17 (a = 52 (32 = 1) ) < Bin(m)

and this is in contradiction with (4.26).

Case 5.  D(v) < 0. This case is very similar to Case 4, and a bit simpler. We have
necessarily a — % (% — ) ¢ > 0, thus D(v, —v) > 0 and consequently v, —v € O for all

sufficiently large n, and we find E(v,—v) = Epin(||vn—v|/22), which implies lim inf E (v, —v) >
n—oo

Emin(m — HUH%Q) B

If Pi(v) > 0 we have t;, < 1 < ta,, hence E(v) = E(v, ,) 2 Emin(||v[32) and we find
that (4.24) holds.

If Pi(v) < 0 we may choose t > 1 such that D(v;) +a — &2 (£2 — 1) ¢ > 0. Denoting
vh = vy + v, — v we see that |[v}|2. — m and D(v) > 0 if n is sufficiently large. Thus
v € O for all large n and then it is easy to see that linn_1>ior01f E(v%) > Epin(m). On the other

hand,

nl;r& E(!) = B(v) + nl;rrgo E(v, —v) < E(v) + nl;rrgo E(v, —v) = nhﬁnolo E(vy) = Enin(m),
which is a contradiction.

Cases 1-5 here above cover all possible situations and all of them lead to a contradiction.
We have thus proved that |[v]|2, = m. Now let us prove that v, — v in H*(R") and
v € O. The weak convergence v, — v in L?(R") and the convergence of norms |[v, %, —
m = ||v||2. imply that v, — v strongly in L?(R"). Then (3.2), (3.3) and the boundedness
of v, in H2(RY) imply that v, — v in L2T2(RY) and Vv, — Vv in L2(RY). Since
Av, — Avin L?(RY) we have ||Avn||%2 = ||Av||2L2 + HAvanvH%Q +0(1), therefore E(v,) =
E(v) +||Av, — Av||2, + o(1). We have E(v,) — Eynin(m) and we infer that [|Av, — Av|2,
converges in R. It is clear that D(v,) = D(v) + |[[Av, — Av||2, 4 o(1). Recall that by
Lemma 4.5 we have linrging(vn) > 0, hence D(v) + nlingo|\A(vn —v)[|32 > 0. We may
thus choose ¢ € (0,1) such that D(v) 4+ ¢*||A(v, — v)[|3. > 0 for all n sufficiently large and
we denote ¥, = v + t(v, — v). Since v, — v in L? N L?**2(RY) we have ¢, — v in
L? N L2 T2(RY). Similarly we get V3, — Vo in L2(RY). Since Av, — Av — 0 we get
|AD, |22 = ||Av]|2, +t2[|A(v, —v)[|25 +0(1) and then D(2,,) = D(v)+t?||A(v,, — )25+ 0(1).
Therefore ||,]|3. < po and D(%,) > 0 for all sufficiently large n, which implies that o, € O
and consequently E(9y,) = Epmin(]|0,]/22) for all large n. Letting n — oo we get

lim inf E(#,) > Epin(m).

n—oo
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On the other hand we have
E(on) = E(v) + *| A(vn — v)[[72 + 0(1) = E(v,) + (2 = D[ A(vn — v)[[72 + o(1)

and letting n — oo we find

Epin(m) < liminf E(0,) = Epin(m) + (2 = 1) lim [|A(v, — v)]|2e.
n— oo n—oo
We conclude that necessarily ||Av, — Av||pz — 0. Since ||v, — v||rz2 — 0, this implies
that v, — v in H?(R"), as desired. Then D(v) = lim D(v,) and Lemma 4.5 implies
n— oo

that D(v) > 0, hence v € O. Moreover, we have E(v) = lim E(v,) = Emnin(m), hence v
n—oo
minimizes F in the set {w € O | |w||3. = m}, and Pi(v) = lim P;(v,) = 0.
n—oo
Recall that v, = (un)t,, , and t,, 1 — t1 € (0,00) as n — oo. Then we have u, =
(V)1 .- Since v, — v in H?(RM), it is easy to show that u,, — v;," in H*(RY). This

implies that E(u,) — E(v;,"), that is E(v;,") = Emin(m). We have D(u,) > 0 for all n
and we infer that D(v;;') > 0; in other words, t1 ™1 <ty ing. Therefore 0 < t171 < ty i p
and E(v;;') = E(v) = Epin(m). Since t — E(v;) reaches its minimum on [0, %, 4, ] only at
t = 1, we infer that necessarily t; = 1, thus v = v and u,, — u strongly in H?(RY). This
completes the proof of Theorem 4.8. O

Remark 4.9 If there exists mg > 0 such that Emm(m) = —m on (0, mg], it is easily seen
that Emm(m) is not achieved for m € (0,mgp). Indeed, if u € O is a minimizer for EN'mm(m)
then y/au € O for a > 1 and a close to 1 and we get Epi,(am) < E(vau) < aE(u) = —am,
contradicting the fact that Emm(am) = —am.

Remark 4.10 Let v be a minimizer for E’min(m), as given by Theorem 4.8. It is obvious
that P;(u) = 0 and u satisfies (4.9). In particular, we have [|ul|3;. < Cm = C|jul|3>, where C
depends only on N and on o.

Since v minimizes E at constant L?—norm in the open set O C H2(RY), it is standard to
see that there exists a Lagrange multiplier \, such that (3.25) holds. Taking the H~2 — H?
duality product of (3.25) with u we see that u satisfies (3.26) and this integral identity can
be written as o

E(u) - m”uﬂi‘iﬁ? = )\uHuHQL?

Since 0 < ULHHuHiijQ < %HUH%Q (see (4.9), we infer that
12— >\, > — .
m m N(No —4)?
Denoting A, = —1 — ¢(u) and using the above estimate and Lemma 4.3 (i) we see that u
(No—2)2 8(No—2)

satisfies (3.24) with 0 < ¢(u) < —1+ No(No—1) T N(No—iz- Lhus we have an explicit bound

on Lagrange multipliers associated to local minimizers provided by Theorem 4.8.

Using (3.8) with e = 0 and (3.26) we get c(u)||u[|2, < [[u[|33/Z. Then using (3.3) and
(4.9) we see that there is C' > 0, depending only on N and o, such that |Jul|33.2, < C||u[33"2.
These estimates give c¢(u) < C||ul[?3 = Cm° and we conclude that necessarily c(u) — 0 as

m — 0.

Remark 4.11 Let u. be a minimum action solution of (3.24) as provided by Theorem 3.7
and Proposition 3.9. We have already seen (cf. (3.45) and Remark 3.14) that in the case
No > 4 we have |luc||2, — 0 as ¢ — co. Using (3.46) and (3.47) we see that as ¢ — oo,

N_ 1 No No o+1
1 =77 'D(u, — | 2—— | .
(I1+¢) (ul)ﬂ4(0+1)( 2) <0

Therefore for sufficiently large ¢ we have |uc||2, < po and D(u.) < 0, hence u. ¢ O. We
conclude that if c is large enough, . cannot be a local minimizer of £ when the L?—norm is
kept fixed. (See Remark 3.15 for another interesting variational characterization of u..)
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We have thus proved that there are at least two types of small L2— norm solutions for
equation (3.24):

(a) the minimizers in O of the energy E at fixed L?— norm. They exist for any L?—norm
smaller than po. Their Lagrange multipliers are bounded, and their H2—norm is controlled
by their L2—norm because they satisfy (4.9).

(b) the minimum action solutions u,. for large values of the Lagrange multiplier ¢. These
solutions have large H2—norm: although |lu.| 2 — 0, we have ||Auc||z2 — 0o (see Remark
3.14). We were no able to show that the set {||uc|22 | ¢ > 0} contains an interval of the form
(0,a) with a > 0.

Remark 4.12 Some related results have been obtained in [17]. The authors have worked
in the space of radial functions H2,, = {u € H*(RY) | u is radially symmetric} and for m
sufficiently small they proved the existence of two solutions of (3.24) with L?—norm equal to
m. The first one is a local minimizer, and the second one is a mountain-pass type solution.
The associated Lagrange multipliers are not explicit (they are part of the problem).

It is an open question whether the minimizers provided by Theorems 3.4, 3.7 and 4.8
are or not radially symmetric (some partial results if ¢ is an integer can be found in [7]).
We could have worked in HZ2 ; too. All our arguments are valid when working in this
space, and most proofs become much simpler. In this way we get the analogues of Theorems
3.4, 3.7 and 4.8 in HZ, ,, which give the existence of radial solutions to (3.24). We do not
know whether the energies of solutions in Hfad are higher or not than the energies of the
corresponding solutions in H2(RY). Our main motivation is to understand the existence and
the properties of standing waves to a fourth-order non-linear Schrodinger equation. Since F
and the L?—norm are conserved quantities by that equation, the set of travelling waves that
we obtain is orbitally stable. When working in Hfad one can get stability only with respect
to radial perturbations.
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